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The rocky interior of the Earth flows viscoelastically over timescales on the or-

der of 1000 years in response to sustained stresses. Such flow is still occurring

today as a result of the growth and collapse over the last ice age of massive ice

sheets and is evident in changes of the Earth’s surface and gravity, a process

called glacial isostatic adjustment (GIA). This thesis presents a new technique

for computing this viscoelastic deformation and statistical methods for more

efficiently inferring properties of the Earth’s mantle and the deglaciation from

geophysical observations.

The first chapter introduces an updated time-domain method for computing

the viscoelastic Love numbers — normalized spherical harmonic responses of

an Earth with radially symmetric properties. The method employs a novel nor-

malization and coordinate transformation that, when used in combination with

the relaxation method for two-point boundary value problems, yields a very

effective method of computation that is applicable to a wide range of possible

rheological models.

The second chapter describes a geometric perspective of GIA modeling us-

ing a heuristic example of the sea level response of a single ice cap melting, a

prototype of a full inversion of global rheology and deglaciation. By considering

the locus of all possible model predictions, a surface called the model manifold,

we demonstrate universal features of nonlinear models, such as edges where



parameters unphysically go to infinity, and how these can interfere when infer-

ring parameters from data. Applying geometric corrections to the Levenberg-

Marquardt least-squares algorithm facilitate finding the best-fit on the model

manifold without getting stuck on an edge, even when started from far away.

The final chapter employs a different aspect of this perspective, optimal ex-

periment design, to evaluate the geophysical constraints on the configuration

and volume of the Barents Sea Ice Sheet over the last glacial cycle and propose

maximally constraining observations. Available observations of GIA in the Bar-

ents Sea cannot distinguish between a single, large dome and a more moderate

amount of ice in the north. Experimental design identifies an area in the central

Barents Sea within which a single observation of uplift would be very constrain-

ing.



BIOGRAPHICAL SKETCH

Samuel Benjamin Kachuck left Los Angeles, California, where he grew up, for

the friendlier climate of Middletown, Connecticut, where he studied at Wes-

leyan University (class of 2010). He received a degree in Physics and Mathemat-

ical Economics, earning high-honors for his thesis on granular fluids. He then

attended Cambridge University for part III of the Mathematics Tripos (2011),

graduating with merit for performance on examinations in theoretical fluid dy-

namics and an essay on experiments with buoyant plumes. Longing for even

nicer weather, he moved to Ithaca, New York to study physics, and eventually

geophysics, at Cornell University (2018). He next moves to Ann Arbor, MI to

study glacier calving dynamics at the University of Michigan as a postdoctoral

research fellow. He looks forward to sharing his love of fluid mechanics and

dedication to the human aspects of science with peers and students.

iii



ACKNOWLEDGEMENTS

The list of people whose contribution to this thesis merit acknowledgement is

long and must necessarily be incomplete. First and foremost, I owe a massive

debt of gratitude to Larry Cathles, who as an advisor exemplified the motto of

the Royal Society: Nullius in verba (take nobody’s word for it). Even if it led

to the odd disagreement and occasional reinvention of the wheel, he encour-

aged me to forge my own way and sharpen my own intuition. James Sethna

and Carl Frank brought to my committee an exceptional love of learning and

insight into physics and the scientific process that I could only hope, one day, to

approximate.

The faculties and administrations of both physics and Earth sciences depart-

ments have always made themselves available to me as I learned to navigate

and translate between multiple disciplines. In particular, Muawia Barazangi,

who took it on himself to orient me in the Earth sciences and never missed an

opportunity to remind me that “it’s never too late to become a seismologist.”

To that end, I would also like to acknowledge the field system at Cornell, which

allowed me to continue to delve into fields of physics while simultaneously pur-

suing geophysical applications with little administrative friction.

I have been the fortunate recipient of a great deal of friendship, much more

than I feel I could possibly have earned. I am immeasurably grateful for the

friendship of Colin Clement, which has encompassed all dimensions of life:

through the personal, musical, social, philosophical, and, of course, scientific.

Matt Bierbaum, Greg Stiehl, Summer Saraf, Ben Savitzky, Joey Durkin, my com-

munity from Wesleyan, and so many other friends from each stage of my life.

My brothers, Gabriel and Aaron, have been continuous sources of love

and gibes, depending on my need. Thanks to them, and to my parents and

iv



grandparents, my aunts, uncles, and cousins, my sister-in-law, Sarah, my step-

relations, and the rest of my family for their support.

And, finally, thanks to my daughter Eloise who, through her first year, con-

tinuously reminded me of the joys of discovery, large and small. May your

frustrations always be commensurate to your ability to overcome them.

v



To Kacey, m’colleague, m’love,

soupy twist

vi



TABLE OF CONTENTS

Biographical Sketch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi
Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

1 Introduction 1

2 Benchmarked nondimensionalized relaxation method for computa-
tion of time-domain viscoelastic Love numbers 10
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 Elastic Love Numbers . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.1 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2.2 Elastic Results . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.2.3 Discussion: Benefits of the transformed, relaxation method 22

2.3 Viscoelastic Love numbers . . . . . . . . . . . . . . . . . . . . . . . 25
2.3.1 Time-domain theory . . . . . . . . . . . . . . . . . . . . . . 25
2.3.2 The Lithosphere . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.3.3 Viscoelastic Results . . . . . . . . . . . . . . . . . . . . . . . 29
2.3.4 Discussion: Non-adiabatic density gradients . . . . . . . . 34

2.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.A Derivation of Elastic Equations of Motion . . . . . . . . . . . . . . 40

2.A.1 Review of Spherical Coordinates and Harmonics . . . . . 40
2.A.2 Stress-Strain Constitutive relations . . . . . . . . . . . . . . 43
2.A.3 Gravity Perturbations . . . . . . . . . . . . . . . . . . . . . 45
2.A.4 Momentum Balance Equations . . . . . . . . . . . . . . . . 47
2.A.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.B Incompressible and Small Wavelength Limits . . . . . . . . . . . . 56
2.C Condition Numbers of Integration Methods . . . . . . . . . . . . . 57

3 Fitting on the model manifold of glacial isostatic adjustment 59
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.2 Background Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
3.3 The Heuristic Model . . . . . . . . . . . . . . . . . . . . . . . . . . 67
3.4 The Model Manifold . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.5 Fitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
3.A Supplemental Plots . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
3.B Model Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
3.C Least-squares algorithm details . . . . . . . . . . . . . . . . . . . . 82

vii



4 Constraining the Geometry and Volume of the Barents Sea Ice Sheet 83
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
4.2 Modeling and Estimation Methods . . . . . . . . . . . . . . . . . . 89

4.2.1 GIA Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.2.2 Ice Volume Estimation Methods . . . . . . . . . . . . . . . 91

4.3 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.4.1 The fit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
4.4.2 Sloppiness in the Central Barents Sea . . . . . . . . . . . . 98
4.4.3 Optimal Experiment Design . . . . . . . . . . . . . . . . . . 100

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.5.1 Regional independence . . . . . . . . . . . . . . . . . . . . 104

4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.A Additional Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
4.B Error Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
4.C Calculation of Prediction Variance Update . . . . . . . . . . . . . . 113
4.D Effect of Alternate Viscosity on Configurational Uncertainty . . . 115
4.E GRACE filter limitations and GPS observation errors . . . . . . . 117

5 Conclusions 119

viii



LIST OF TABLES

3.1 Summary of model parameters and two sets of “true” values.
Earth models are computed using TABOO (Spada, 2003) and the
sea level equation using giapy (Kachuck, 2017). . . . . . . . . . . 69

4.1 Table of all paleoshoreline emergence records’ locations, refer-
ences, and number of observations. Location numbers refer to
the locations in figure 4.1. . . . . . . . . . . . . . . . . . . . . . . . 109

ix



LIST OF FIGURES

2.1 Elastic Love numbers h (blue), L (red), and K (purple) for 2 ≤
` ≤ 6, 000 computed by us using the transformed, normalized
relaxation method with 100 points (lines) are compared to Love
numbers computed in Spada et al. (2011) (crosses) (M3-L70-V01
and VSS96, which go to ` = 256) and Pan et al. (2015) (which uses
PREM from Dziewonski and Anderson, 1981). Note the differ-
ence in vertical scales and signs that result from the assumption
of incompressibility in the calculations shown in the first two
panels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2 The transformed radial coordinate. a) Vertical displacement
Love numbers as a function of χ computed on a uniform mesh of
normalized radius r̃ (circles) and transformed variable χ (see eq.
2.16) (crosses) for order numbers ` = 5, 50, and 500. b) The corre-
spondence between the uniform mesh in r̃ and the uniform mesh
in χ for the same order numbers. Note that for ` = 5 the meshes
are approximately overlapping, but for ` = 500 the only points
in common are the core-mantle boundary (bottom left) and the
surface (top right). The uniform mesh in χ allocates many more
points near the surface to capture the dynamics there. . . . . . . 22

2.3 Root mean squared error versus execution time for the 256 elastic
Love numbers for model M3-L70-V01 rheology model with com-
binations of integration method (relaxation vs. shooting) and ra-
dial variable (linear vs. logarithmic) for increasingly dense uni-
form meshes: from 25 to 1000 points. The relaxation method cuts
the execution time by almost 80% while the logarithmic transfor-
mation decreases the error by almost an order of magnitude. . . 24

2.4 Comparison of viscoelastic Love numbers in the isostatic (equi-
librium) limit computed by the method described here (solid
lines) and by the Correspondence Principle (crosses) for vis-
coelastic models M3-L70-V01 and VSS96 from Spada et al. (2011).
The dash-dot curves show our Love numbers before the elastic
response of the lithosphere has been added back in, e.g., when
h = hVE(t) rather than h = hVE(t) + (1 − α)hE. . . . . . . . . . . . . . 29

2.5 Viscoelastic Love numbers calculated by our method (red lines)
compared to those calculated by a Correspondence Principle
method (black crosses) for models M3-L70-V01 (left) and VSS96
(right) (Tests 5/1 and 6/1 in Spada et al., 2011, , respectively) for
three sets of order numbers: 2 ≤ ` ≤ 9 (top), 12 ≤ ` ≤ 96 (mid-
dle), and 128 ≤ ` ≤ 256 (bottom). The crosses are computed with
normal modes from Spada et al. (2011). . . . . . . . . . . . . . . . 32

x



2.6 The response of the (a) surface height and (b) geoid to a spher-
ical ice cap at the north pole with viscoelastic Love numbers
computed to model M3-L70-V01 with the normalized, trans-
formed relaxation method presented here (solid) and the cor-
respondence principle implemented in TABOO (Spada, 2003)
(dashed), corrseponding to test 1/2 in Spada et al. (2011). Curves
are shown at 1, 2, 5, 10 thousand years (ka) and the infinite-time
fluid limit and the differences between the curves are inset. Dif-
ferences are small (less than 1%) and primarily a consequence of
the timing of the decay, except the difference in the fluid limit of
the geoid, which is on the order of 1 m. . . . . . . . . . . . . . . . 33

2.7 Comparison of viscoelastic Love numbers incorporating a fully
non-adiabatic mantle ρ′nonad = ρ′ (solid lines) and a fully adia-
batic mantle ρ′nonad = 0 (dashed) for model M3-L70-V01 (Corre-
spondence Principle solution shown in crosses). . . . . . . . . . 35

2.8 Reproducing viscoelastic h2 Love numbers computed by Nakada
(1999). a) Agreement with three models with different non-
adiabatic properties. b) Model (D1,V0,0), with a total density
jump at 670 km depth (∆ρ = 400kg/m3), with varying non-
adiabatic density jumps ∆ρNA. A smooth range of behaviors is
exhibited without changing the total density structure of the Earth. 35

2.9 Condition numbers for propagator and relaxation matrices as
functions of order number and solution scalings. . . . . . . . . . 58

3.1 a) Snapshot of an area of the globe at t0, the beginning of the
simulation. The blues show the spherical ice cap and the black
line the edge of the ocean (the Earth’s true coastlines are shown
only for scale). The dots show the observation locations for the
heuristic model. b) Sets of behaviors for two instances of the five
parameter model, P1 and P2 (3.1). The relative sea level response
as a function of time is are shown by lines (dotted and solid for P1

and P2, respectively). The artificial data are indicated as points
with error bars. Colors correspond to locations in a) . . . . . . . . 67

xi



3.2 The model manifold for a grid of upper-mantle viscosities (10η1)
and deglaciation times (t1) for (a) the relative sea levels at 2 ka; (b)
the three largest principal components of the 15 behaviors; and
(c) the three smallest principal components. The blue and red
lines indicate the edges of the model manifold for low viscosity
(η1 → −∞ Pa s) and instantaneous deglaciation (t1 → 0 ka), re-
spectively. Components of data sets P1 (green) and P2 (purple)
are plotted as points, except in c), where they are too far away
and represented by arrows. The smallest principal components
are tightly coiled, with the highest curvature, and so are not in-
formative. Animations of these surfaces can be found in the sup-
plemental material. d) The spectrum of singular values of the
model manifold, corresponding to the even spread of extrinsic
curvatures over eight orders of magnitude. . . . . . . . . . . . . 71

3.3 Cost per Jacobian evaluation for five-parameter model for
both datasets P1 (dashed) and P2 (solid), as fit by Levenberg-
Marquardt (LM, light blue) and Geodesic Accelerated Levenberg-
Marquardt (GALM, orange). GALM takes fewer steps to reach
the optimum. For P1, LM evaporates the lithosphere to 0 km
thickness, as seen by the slightly elevated cost at optimum. . . . 76

3.4 Fitting on the model manifold using standard Levenberg-
Marquardt (LM, light blue) and Geodesic-Accelerated Levenberg-
Marquardt (GALM, orange) as seen in behavior space (left) and
parameter space (right) for observations a) P1 and b) P2 starting
from two initial guesses each (points A-D). The best fit parame-
ters are shown as the white circles in parameter space while the
parameters used to create the data before the noise was added
are represented by the white star. The shading of the surface and
parameter space is the distance (equation 3.1), or the cost, from
P1 and P2. Note the evaporation of the upper mantle viscosity to
the inviscid limit (blue line) using LM from point A. . . . . . . . 77

3.5 One behavior (the largest principal component of the model
manifold) plotted as a function of both the logarithm of upper
mantle viscosity (η1) and the logarithm of the final deglaciation
time (log(t1)). Note that this is not an image of a model manifold,
as it combines both parameter and behavior spaces. The blue
line represents what would be an edge of the model manifold.
Beyond this line, there is no change of behavior based on viscos-
ity. It is effectively a one-dimensional model that only depends
on the deglaciation time. If the surface were continued for even
lower viscosities the blue line would simply be repeated. . . . . . 80

xii



3.6 Parameter steps for fitting the five parameter model (see param-
eter definitions in table 3.1) for P1 (left) and P2 (right) for the two
algorithms: Levenberg-Marquardt (LM, light blue) and Geodesic
Accelerated Levenberg-Marquardt (GALM, orange). Note that
GALM takes fewer steps to approach the same best-parameters
with two exceptions. For P1, the lower mantle viscosities in-
ferred are slightly different (see a) and LM evaporates the litho-
spheric thickness to 0 km (see e). . . . . . . . . . . . . . . . . . . . 81

4.1 Barents Sea ice load areas indicated by white grid with num-
bers 1 to 19. Small numbers indicate the locations where post-
glacial shoreline emergence has been determined (see table 4.1
for references). The background color shows water depth from
the IBCAO (Jakobsson et al., 2012). Yellow lines indicate moraine
positions and black arrows ice flow directions inferred from sub-
glacial features (Ottesen et al., 2007; Dowdeswell et al., 2010; An-
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CHAPTER 1

INTRODUCTION

The earth’s mantle is composed mostly of aluminosilicate rocks. Yet, it is also

capable of flowing like a liquid: for instance supporting the large convective

curls that are part of the force that drives plate tectonics. For stresses less than

the yield stress of the mantle rocks (about 103 MPa), the flow is dominated by

creep (King, 1995). Atomically, the stress applied to a small portion of the man-

tle simultaneously reduces the inter-atomic distances and affects both the dif-

fusion rate of crystallographic vacancies and the migration of dislocations on

the boundaries between mantle crystals, resulting in a continuing displacement

rate (Turcotte and Schubert, 2002). In macroscopic media, the former deforma-

tion is elastic and the latter viscous, so that the mantle’s total deformation may

be described by a theory of viscoelastic materials. The proposed mechanisms of

viscous flow — diffusion and dislocation creep — are strongly temperature and

grain-size dependent and the latter is nonlinear (greater stresses induce even

greater displacements). Nevertheless, the linear viscoelastic approximation re-

mains an important and applicable model.

The most common linear viscoelastic constitutive equation, relating the

stresses applied to a body to the strains it experiences, is the Maxwell body.

In a Maxwell body, the material is imagined to be composed of springs and

dashpots connected in series. When a stress is applied, the initial response is

a compaction of the spring, and over time this gives way to the viscous dis-

placement of the dashpot. To compute the displacements of a Maxwell body

requires integrating Newton’s first law over time with a constitutive equation

that has a complicated time-dependence. It is typical, instead, to transform the
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constitutive equation to be a function of frequency (in the frequency-domain)

rather than time (in the time-domain). Rather than remove the complications,

however, they are delayed. To compute meaningful quantities, the results in the

frequency-domain must be inverse transformed to the time-domain, a difficult

step for a material, such as the mantle, with complicated material structures.

The motion of the mantle is parameterized by its density, elastic coefficients,

and viscous coefficients, all of which depend on location. As the variation with

depth is much larger than lateral variations for much of the mantle, it is a good

approximation to model the mantle as radially symmetric. Quantifying the vari-

ation of these material properties for the purposes of understanding the past

evolution of the earth and predicting future dynamics is a goal of geophysics.

Elastic deformation occurs very rapidly, propagating through the earth at

the speeds of sound. Thus, the material parameters that control the elastic com-

ponent of the deformation can be measured by observing the response of the

Earth to sudden impulses, like earthquakes. This is achieved by a global array

of seismometers capable of inverting surface oscillations for bulk wave veloci-

ties, and, from there, density and elastic properties (Dziewonski and Anderson,

1981).

To determine the viscous properties, however, requires a large enough stress,

applied long enough to accumulate measurable viscous displacement, which

can take thousands of years. Such a load was applied and removed over the

course of the last glacial cycle. Starting around 120 thousand years ago (120 ka),

periodic changes in the earth’s orbit, known as Milankovich cycles, started cool-

ing the earth, allowing the growth of ice sheets over North America and Europe,

in addition to expanded ice sheets over Greenland and Antarctica and numer-
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ous smaller glacial systems. At the last glacial maximum, around 20 ka, these

ice sheets contained 4 Gigatons of water, an amount taken out of the oceans, re-

ducing their volume by almost 4%. This transfer of mass loaded the continents

with a stress on the order of 101 MPa, far below the yield strength of the mantle

rock, and initiated mantle creep in response (King, 1995). Parts of the surface

sank into the mantle, closer to the center of the earth, and other parts rose, seek-

ing isostatic equilibrium in a process called glacial isostatic adjustment that is

still ongoing today.

Contemporary glacial isostatic adjustment is responsible for both deforma-

tions (uplift, subsidence, and horizontal motions) of the surface and changes in

the earth’s gravitational strength. The former may be measured, for instance,

by GPS (Sella et al., 2007; Kierulf et al., 2014), the latter by low-earth orbit satel-

lites, such as GRACE and GOCE (Paulson et al., 2007). These signals, however,

are not purely caused by glacial isostatic adjustment. They frequently include

significant contributions from tectonic processes and recent load changes and

responses that make isolating the relevant signals difficult (Barletta et al., 2008).

A longer history of the viscoelastic deformation induced by the glacial load

is recorded in markers of sea level that can be dated: beach deposits like fos-

silized plants, corals, and shells (Engelhart and Horton, 2012). When parts of

the surface were depressed under the load, beaches were formed that were then

lifted when the load was removed. The total volume of the ocean and its geopo-

tential also changed as the mass moved on the surface and within the mantle.

The height and age of these ancient beaches, called relative sea levels, suggest

how much the solid surface and seas have shifted since that time.

This process is described by an integral equation called the sea level equa-
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tion, an expression of conservation of mass that convolves the redistributing

ocean and glacial loads with the viscoelastic response of the surface through

time (Farrell and Clark, 1976; Mitrovica and Milne, 2003; Martinec et al., 2018).

The equation is nonlinearly dependent on the glacial loads and response of the

surface. As water mass is transferred between the oceans and continents as

glacial ice changes and around the ocean as the sea floor responds, some coast-

lines are submerged and loaded while others are exposed and unloaded, lead-

ing to further responses. An accurate solution to the sea level equation, there-

fore, requires keeping track of the changes to the solid surface and geoid the

occur in response to the load changes (both positive and negative) as the conti-

nents exchange water mass with the ocean and the ocean within itself. Required

inputs to the sea level equation are the time-evolution of the ice sheets and the

viscoelastic properties that control the earth’s response.

Models of glacial isostatic adjustment have been used to infer viscous prop-

erties of the earth’s mantle from observations since the early days of its de-

scription. In 1935, Haskell concluded from the response of areas peripheral to

the last glaciations that flow occurred deep into the mantle. He then extracted

a viscous decay time for the relative sea level curve from a location that was

roughly beneath the center of the primary European ice sheet of the last glacial

cycle, at the mouth of the Angerman River in Sweden. In the regime of deep

mantle flow (modeled by a viscous half-space), this exponential decay time for

the viscous response led to an average viscosity on the order of 1021 Pa s for

the upper mantle, a lasting constraint (Mitrovica, 1996). Though this estimate

was based on a viscous half-space, the method of estimating the viscosity of

the mantle through the timing of the viscoelastic response continues (Mitrovica

and Peltier, 1993). A reason for the longevity is that substantial uncertainties
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in the configuration and volume of the ice sheets make the inversion for rheo-

logical parameters highly non-unique (non-uniqueness is still present between

viscosities at different depths). Focusing on only illustrative relative sea level

data at a small collection of locations can limit the dependence of the estimate

by choosing locations where such dependence can be ignored or removed. The

drawback of such focus is that it requires decisions on which data will be fit

and can never entirely remove the effect of the ice sheet uncertainty, limiting

the accuracy of the errors of the estimated viscosities.

Another approach, articulated by Cathles (1975) and others (Peltier, 2004;

Lambeck et al., 2017), uses as much data as possible to infer the earth’s rheology

alongside reconstructing the glacial growth and collapse of the last glacial cycle.

By focusing on one glacial system at a time, starting with the largest and mov-

ing progressively smaller, all observations, including those from glaciological

and climatological indicators, are progressively fit and refit until some conver-

gence criterion is met. The logic behind the method is that larger loads induce

response from a larger portion of the mantle, constrain deeper, more averaged

viscosities, and smaller loads constrain more local, shallower properties. This

staggered fitting can result in very well-fit data and very reasonable ice sheet

reconstructions, although at the expense of robust uncertainties, detailed pa-

rameter trade-offs, and a model with predictive ability.

Furthermore, the difficulty of jointly fitting the earth rheology and a full

glacial chronology risks an ever-expanding set of possible parameters to fit. To

avoid this, the parameter space is artificially restricted. For instance, it is com-

mon practice to accept the deglacial timing of one particular reconstruction of

the last glacial cycle, despite significant uncertainties, and fit only the relative
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heights within a glacial systems (Simon et al., 2016). Alternatively, the abandon-

ment of algorithmic optimization for guess-and-check or grid search can result

in slow convergence and a failure to account fully for the non-uniqueness of the

result.

The Bayesian approach to parameter estimation is able to assimilate a broad

range of data types and provide accurate uncertainties. Briefly, explicitly speci-

fied prior beliefs about the possible values of the parameters are incrementally

refined as new modeled observations are incorporated. This method has been

used to create a suite of possible North American glacial chronologies (Tarasov

et al., 2012) and to constrain the viscosity of the mantle given a simple pa-

rameterization of global glacial chronologies (Caron et al., 2017). These stud-

ies, however, are limited by a large parameter space in which to search for the

most-likely parameters before representative models can be sampled and inves-

tigated. Improved methods to explore these large parameter spaces, determine

the joint uncertainties, and evaluate the advantages of certain parameterizations

over others will certainly facilitate the use of glacial isostatic adjustment in de-

termining properties of the earth’s mantle and the ice sheets of the last glacial

maximum.

This thesis presents three independent research projects concerning model-

ing glacial isostatic adjustment and using these models to constrain their pa-

rameters.

The first paper presents an improved numerical method for computing the

viscoelastic deformations of a radially symmetric mantle. Specifically, it re-

views, updates, and benchmarks the purely time-domain theory of glacial iso-

static adjustment of Cathles (1975). This method succeeds by decoupling the
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elastic and viscous motions, treating the elastic motion as instantaneously re-

sponding to the slow viscous creep of the mantle. In contrast to other methods,

this time-domain approach avoids the challenges associated with transforming

the results back from the frequency-domain, and the simplifications necessary

for making this tractable.

The paper demonstrates that the time-domain approach to solving the vis-

coelastic equations matches the glacial isostatic adjustment predicted by other

theories for the simplified benchmarking earth models of Spada et al. (2011),

which are layered and incompressible. The presented theory, however, is

equally equipped to compute the response of a compressible earth with contin-

uously varying parameters. In addition, the theory is able to relax the require-

ment that the layers be materially distinct, allowing for a more comprehensive

analysis of the mantle’s dynamics on the timescales of glacial isostatic adjust-

ment.

The second paper introduces a perspective on model fitting that is well

suited to the challenges of simultaneously inferring parameters in glacial iso-

static adjustment. Models of glacial isostatic adjustment transform a set of pa-

rameters of glaciation and mantle rheology into a set of predictions (e.g., of

deformations and relative sea levels). The perspective presented starts with the

observation that all possible model behaviors (achieved, for instance, by vary-

ing each parameter over its entire range) fill a space of lower dimension than the

number of behaviors modeled. The model can thus be represented as a surface,

described in the field of information geometry as the model manifold. The ge-

ometry of the model manifold affects every aspect of fitting, from the error with

which parameters and predictions can be independently constrained to whether
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a certain fitting algorithm is even likely to succeed.

The paper explores the model manifold of a heuristic example of glacial iso-

static adjustment. It demonstrates how the model manifold elucidates some

of the common difficulties of procedurally inferring parameters of glacial iso-

static adjustment, such as infinitely small viscosities, and presents a geometric

solution. The paper describes a computationally inexpensive curvature correc-

tion to the traditional Levenberg-Marquardt fitting method, called the Geodesic

Accelerated Levenberg-Marquardt (Transtrum and Qiu, 2012), that ameliorates

these difficulties and speeds up the fitting, a boon for models of glacial isostatic

adjustment, which can require large computational resources.

The third paper, reproduced from the Journal of Quaternary Science

(Kachuck and Cathles, 2018), applies another aspect of the geometric perspec-

tive, optimal experiment design, to the problem of reconstructing the config-

uration of the Barents Sea Ice Sheet. The Barents Sea is a shallow continental

shelf in the European Arctic that was covered in ice during the last glacial cycle.

How much ice there was, and the timing of its deglaciation, are unconstrained

by observations of glacial isostatic adjustment, most of which are relative sea

level records from the archipelagos of small islands around the periphery of the

sea. The response from loads on this scale do not extend very far from the load

center, and so the amount of ice in the center of the Barents Sea, a few hundred

kilometers from relative sea level indicators, is free to vary over a large range.

This variation is demonstrated using Monte Carlo sampling of ice configura-

tions that fit the data and through an analysis of the surprisingly independent

regional errors in the volumes of the Barents Sea Ice Sheet.

Extended inspection of these uncertainties allows the analysis of proposed
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new observations for their power to add additional constraint to predictions,

such as the total volume of the Barents Sea Ice Sheet at the last glacial maxi-

mum, given the model and the data it has already been fit to. The technique of

optimal experiment design provides the efficient machinery. Remote measure-

ments of the change in gravity from the GRACE satellite have been proposed

as candidates (Root et al., 2015). We show, however, that once all of the filters

are in place to extract only the component of the signal due to glacial isostatic

adjustment, this observation provides very little additional constraint. We pro-

pose a measurement of the vertical deformation rate of the surface and predict

the region in which such a measurement would be optimally constraining.

The methods introduced and demonstrated here should be of great use in

providing the means of computing and constraining glacial isostatic adjust-

ment. In addition to the application of the statistical methods to constraining

the Barents Sea Ice Sheet, I, with colleagues, have used the elastic Love num-

ber calculator in Durkin et al. (2018, in preparation) to establish uncertainties

in elastic uplift for present day ice mass changes in Southeast Alaska. Many

of these methods, including the viscoelastic Love number solver benchmarked

in chapter 2, a python interpretation of the Geodesic-Accelerated Levenberg-

Marquardt used in chapter 3, and a solution to the sea-level equation bench-

marked in a forthcoming (Martinec et al., 2018, in review), can be found on-line1.

Additions to these codes will be made available as they are produced.

1http://github.com/skachuck
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CHAPTER 2

BENCHMARKED NONDIMENSIONALIZED RELAXATION METHOD

FOR COMPUTATION OF TIME-DOMAIN VISCOELASTIC LOVE

NUMBERS

Abstract

A common representation of the Earth’s response to surface mass redistribution

over thousands of years is given by the viscoelastic Love numbers. These are

the solution at the surface of the Earth of set of coupled differential equations

in displacement, stress, and gravity through a spherically-symmetric mantle as

it relaxes to spherical harmonic loads. Computing the Love numbers is made

challenging by large numerical errors and complicated time-dependence. Here

we review and benchmark the time-domain theory for computing the viscoelas-

tic Love numbers of Cathles (1975) that avoids many of these problems. We

develop a novel, physically-motivated normalization and coordinate transfor-

mation for the differential equations that make these equations easier to solve

for all spherical harmonic order numbers. We present the relaxation method

for solving the differential equation quickly and efficiently for continuous pa-

rameter distributions. We demonstrate the method’s validity by comparing its

elastic and viscoelastic Love numbers with those computed by other methods

for Earth models used in previous benchmarking studies. We show excellent

agreement with the elastic Love numbers and slight disagreement in the vis-

coelastic that we attribute to differences in how the theories treat the lithosphere

and non-adiabatic density gradients and jumps. All method implementations

are available open-source.

10



2.1 Introduction

Numerical models of the mantle’s self-gravitating, viscoelastic deformation in

response to shifting surface loads are used to predict local sea level changes,

correct observations of geodetic measurements, and constrain mantle rheology

and glacial chronologies (Peltier et al., 2015; Steffen and Wu, 2011). These mod-

els can be fully three-dimensional (in which parameters can vary everywhere

within the Earth) or assume radial-symmetry so that the spherical harmonic

transformation may be employed. Here we deal only with radially symmet-

ric models whose calculation involves repeated integration of displacements,

stresses, and perturbations to gravity from the core of the Earth to its surface.

Solutions are found that satisfy conditions at both boundaries for a unit-load of

a particular spherical harmonic. When normalized to the gravitational potential

of the unit spherical-harmonic load, the computed displacements and potential

at the surface are called the Love numbers. Models differ in how they perform

the integration through the mantle and, more importantly, how they treat the

time-dependence of the response. The purpose of this paper is to review, up-

date, and benchmark the technique for computing the compressible viscoelastic

Love numbers entirely within the time-domain as laid out initially in Cathles

(1975).

The dominant technique to compute the time-dependence of the viscoelastic

Love numbers has been to transform time t into the complex frequency s us-

ing the Laplace transform. In the Laplace domain, the viscoelastic equation of

state for a Maxwell viscoelastic body has the form of the elastic equations with

s-dependent elastic parameters that incorporate the viscosity of the material,

a simplification called the Correspondence Principle (Cathles, 1975; Sabadini
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et al., 2016). These effective elastic Love numbers are computed for a suite of

s values and inverted back to the time domain to recover the glacial isostatic

responses to loads.

In radially-symmetric models it has been typical to stratify the mantle’s

properties into by piecewise-constant layers, so that the inverse Laplace trans-

formation is dominated by a few isolated, first-order poles, called the viscoelas-

tic normal modes (Peltier, 1985; Wolf, 1985). For more complicated, realistic

rheologies, e.g., with continuously varying parameters, it is unclear whether

the assumption of isolated, simple poles is satisfied, and therefore whether the

viscoelastic normal mode theory is appropriate (Al-Attar, 2011; Al-Attar and

Crawford, 2017). Another challenge associated with this method’s reliance on

a piecewise-constant stratification of the mantle is that the boundaries between

these layers are assumed to be material boundaries that do not permit mass ex-

change (Wu and Peltier, 1982; Sabadini et al., 2016). Each of these boundaries

introduces a buoyant mode that affects the timing of total viscoelastic deforma-

tion (Nakada, 1999; Wolf and Kaufmann, 2000), but may be artificial (Johnston

et al., 1997). Methods to remove these artificial sources of buoyancy result in

flow instabilities if there is more than one boundary (e.g., Johnston et al., 1997),

or require altering the density contrasts between the layers so that the Earth’s

mass and gravity within the model are wrong (Nakada, 1999).

The time-domain method we present is unique among solutions for the Love

numbers. By forgoing use of the Correspondence Principle, we require no in-

verse Laplace transformation. We thus avoid issues with locating and com-

puting the amplitude of the modes for compressible models, or for continuous

material properties. Furthermore, decoupling the viscous and elastic compo-

12



nents of the viscoelastic material facilitates separating the density gradients and

jumps that affect the flow (non-adiabatic) from the total density profiles in the

mantle without compromising the gravity perturbations. The decoupling faith-

fully reproduces viscoelastic flow in the mantle as viscous displacements are

attended by instantaneous shifts in the elastic displacements that update the

gravity perturbations at each time. We have updated the original theory of

Cathles (1975) in two ways: in its method of computation and to correct for

the instantaneous and time-independent elastic deformation of the lithosphere

for higher order-number loads.

We also present an alternative integration scheme — the relaxation method

(Press, 2007) — for solving the two-point boundary problem in the mantle. The

integration through the mantle is typically performed using a shooting method

(Press, 2007), in which independent trajectories are computed for each condi-

tion at one boundary (the core-mantle boundary) and recombined at the other

(the surface) to determine the solution. This method is prone to large numerical

errors for ill-conditioned equations and must be started new for each order-

number and time-step, without benefiting from the similarity of the solutions.

The relaxation method is particularly well-suited to solving the normalized dif-

ferential equations repeatedly and is therefore useful to compute the Love num-

bers for a large range of order-numbers and the time-dependence of the vis-

coelastic Love numbers. The relaxation method can be further improved by

irregular node spacing that concentrates the grid in regions of the mantle where

the largest displacements are occurring. For large loads the entire mantle is en-

gaged in the relaxation, whereas smaller loads have deformations concentrated

near the surface. A transformation of the radial variable based on the flat-Earth

limit simultaneously simplifies the equations and dramatically reduces errors
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in the integration for both shooting and relaxation methods.

The methods here are benchmarked against results for both elastic and vis-

coelastic deformation computed using other numerical techniques. To bench-

mark the viscoelastic computation, we compute the viscoelastic Love num-

bers for two rheological models (both elastic and viscous) from tests 5/1 and

6/1, M3-L70-V01 and VSS96, in the multicode benchmarking exercise reported

in Spada et al. (2011). Those tests found close agreement in Love numbers

computed using multiple theoretical and computational methods (Spada, 2003;

Spada and Boschi, 2006; Martinec, 2000), so we will only compare to the results

from the first. These benchmarking models assumed that the mantle was incom-

pressible to make it possible to compare methods that cannot include compress-

ibility, such as the open-source TABOO (Spada, 2003). To our knowledge, no

benchmarking has been performed with compressible viscoelastic mantles, so

we demonstrate our method’s extension to compressibility by additionally con-

sidering the compressible elastic model of PREM (Dziewonski and Anderson,

1981), and comparing these elastic Love numbers to those in Pan et al. (2015).

We first introduce our transformed relaxation method for performing the

mantle integration to compute the elastic Love numbers. We then show that the

decoupled viscous and elastic equations can be integrated to generate viscoelas-

tic Love numbers similar to those computed using the Correspondence Princi-

ple. A key difference between these methods lies in how non-adiabatic sources

of buoyancy within the mantle are treated. We demonstrate that a secondary

difference, which we attribute to the lithosphere, introduces negligible error to

computations of glacial isostatic adjustment in response to realistic loads of the

last glacial cycle. All of the methods described here are available as part of
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the open-source giapy (Glacial Isostatic Adjustment in PYthon) package, which

also includes a benchmarked implementation of the sea level equation (Mar-

tinec et al., 2018, in review).

2.2 Elastic Love Numbers

2.2.1 Theory

The self-gravitating, compressible elastic equations of motion linearized for

small perturbative displacements u are given by (Cathles, 1975; Peltier, 1982;

Tromp and Mitrovica, 1999)

τ = λTr(ε)I + 2µε (2.1)

∇2ψ = −4πG∇ · (ρu) (2.2)

0 = (∇ · τ)I − ∇(ρgu · r̂) + g∇ · (ρu)r̂ − ρ∇ψ, (2.3)

where τ is the stress tensor, ε = 1
2 (∇u + ∇uT ) is the strain tensor, ψ is the pertur-

bation to the gravitational potential, I is the identity tensor, and G is Newton’s

gravitational constant (6.6732 × 10−11 N m2 kg−2). We assume that the material

parameters λ(r), µ(r), ρ(r), g(r) (the first and second Lamé parameters, the unper-

turbed density and gravity, respectively) are all functions of the radius r alone,

specified by a globally averaged model, e.g., PREM (Dziewonski and Anderson,

1981).

So that the system includes only first order derivatives, we introduce a new

variable, q, which we define as the first radial derivative of the perturbation to

the gravitational potential q ≡ ∂ψ/∂r, or the perturbation to the radial accelera-

15



tion due to gravity. This definition of q is different from the generalized gravi-

tational flux frequently used in the literature (Sabadini et al., 2016), but retains

explicit dependence of the equations of motion on the density gradient. This

is important when separating the adiabatic density gradients that do not affect

viscous motion from the non-adiabatic density gradients that do, as described

in the next section. See, in particular, the discussion surrounding equations 2.62

and 2.63 in supplemental text 2.A.

Following the notation of Pan et al. (2015), each variable is expanded into its

vector or scalar spherical harmonic fields,

u(r) =
∑
`,m

[
UL(r)L(θ, φ) + UM(r)M(θ, φ) + UN(r)N(θ, φ)

]
(2.4)

τ r(r) =
∑
`,m

[
TL(r)L(θ, φ) + TM(r)M(θ, φ) + TN(r)N(θ, φ)

]
(2.5)

ψ(r) =
∑
`,m

Ψ(r)Ym
` (θ, φ) (2.6)

q(r) =
∑
`,m

Q(r)Ym
` (θ, φ). (2.7)

Ym
` (θ, φ) is the spherical harmonic function of order ` and rank m. The subscript

L identifies coefficients for radial vectors L(θ, φ) = Ym
` (θ, φ)r̂. Similarly, subscripts

M and N identify poloidal and toroidal coefficients, associated with basis vec-

tors M(θ, φ) = ∇Ym
` (θ, φ) and N(θ, φ) = r̂ × ∇Ym

` (θ, φ)
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The elastic equations of motion (2.1-2.3) are then expressed

∂

∂r



UE
L

UE
M

TL

TM

Ψ

Q



= AE



UE
L

UE
M

TL

TM

Ψ

Q



, (2.8)

with

AE =



− 2λ
r(λ+2µ)

`(`+1)λ
r(λ+2µ)

1
λ+2µ 0 0 0

−1
r

1
r 0 1

µ
0 0(

4µ(3λ+2µ)
r2(λ+2µ) −

2gρ
r + 4πGρ2

)
−

(
2µ(3λ+2µ)
r2(λ+2µ) −

gρ
r

)
`(` + 1) −

4µ
r(λ+2µ)

`(`+1)
r 0 ρ(

ρg
r −

2µ(3λ+2µ)
r2(λ+2µ)

)
2µ(2(λ+µ)`(`+1)−(λ+2µ))

r2(λ+2µ) − λ
r(λ+2µ) −3

r
ρ

r 0

0 0 0 0 0 1

−4πG
(
ρ′ + 4µρ

r(λ+2µ)

)
8πG `(`+1)µρ

r(λ+2µ) −4πG ρ

λ+2µ 0 `(`+1)
r2 −2

r



,

(2.9)

in which ρ′ is the density gradient with respect to radius (∂ρ/∂r) and the super-

script E indicates an elastic component. A full derivation of this matrix may

be found in supplemental text 2.A. The toroidal components (subscript N) of

displacements and radial stresses are independent of the radial and poloidal

components. As no toroidal stresses are present in glacial isostasy, these defor-

mations are exactly zero and not considered here (Pan et al., 2015).

It is common to normalize the displacements and perturbed gravity poten-

tial at the surface of the Earth in response to an applied surface load σ. When

normalized to the gravitational potential of the load these surface perturbations
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are called Love numbers. The Love numbers are defined
h

l

kd

 =
1
Ψl


g0UL

g0UM

Ψd


rE

, (2.10)

where g0 is the acceleration due to gravity at the Earth’s surface. The gravita-

tional potential of the load is

Ψl =
4πGrE

2` + 1
Cm
` , (2.11)

where Cm
` are the expansion coefficients of the surface load σ(θ, φ) =∑

`,m Cm
` Ym

` (θ, φ). Here kd and Ψd refer to the perturbations of the gravitational

potential due to the deformation alone, excluding the effect of the load. Includ-

ing the self-gravitation of the load gives us k = kd + 1. Normalization makes

it easier to evaluate the significance of terms in the equations of motion. Also,

as all the Love numbers have magnitude of order unity, evaluation using the

relaxation method is facilitated and rounding errors are reduced.

It is typically convenient to consider azimuthally symmetric, unit loads so

that all C0
` ≡ 1 kg

m2 . The response to an arbitrary load can be found by decompos-

ing the load into spherical harmonics coefficients, multiplying each coefficient

by its order’s Love number, and synthesizing back into the spatial domain.

To keep all terms of order unity, we define L = `l and K = `k. Normal-

ization for the remaining variables (TL,TM,Q) is based on the surface boundary

conditions, giving

h =
(2` + 1)g0

4πGrECm
`

UL L =
`(2` + 1)g0

4πGrECm
`

UM kd =
2` + 1

4πGrECm
`

Ψd (2.12)

fL =
1

g0Cm
`

TL FM =
`

g0Cm
`

TM q =
1

4πGCm
`

Q.
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Units are removed from parameters using the following scales

r̃ = r/rE g̃ = g/g0 ρ̃ = ρ/ρ̄ ≡ ρ/
g0

4πGrE
λ̃, µ̃ = λ, µ/ρ̄g0rE. (2.13)

With these choices, all normalized parameters are of the same magnitude. For

instance, with rE ≈ 6 × 106m, and g0 ≈ 10m
s2 , ρ̄ ≈ 2000 kg

m3 , which is on the order of

the average density of the Earth. Additionally, ρ̄g0rE ≈ 102 GPa, similar to λ and

µ in magnitude.

The normalized surface boundary conditions for a load with no horizontal

tractions are 
fL

FM

q


r=rE

=


−1

0

−1 − 1
2`+1

(
ρ̃hE + (1 + `)kd

)


r=rE

. (2.14)

The bottom boundary conditions are the stresses and gravitational perturba-

tions from the displacement of the boundary between the mantle and the invis-

cid core 
fL

FM

q


r=rc

=
1

2` + 1


ρ̃cg̃chE + ρ̃ckd

0

(ρ̃c − ρ̃m)hE + `
r̃c

kd


r=rc

, (2.15)

where ρc and ρm are the densities of the core and mantle just at the core-mantle

boundary.

Finally, we introduce a novel transformation of the radial variable that dra-

matically simplifies the equations by, once more, considering the behavior of

the solutions asymptotically for large `. For a flat half-space, the deformations

and stresses decay into the bulk exponentially, sampling ever shallower regions

of the mantle, suggesting we rescale the radial vector as

χ ≡ e−
(2`+1)

2 (1−r̃). (2.16)
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This transformation explicitly accounts for the dependence of the behavior on

the order number. Normalized, and in the transformed variable, the system in

equation 2.9 is

∂

∂χ



hE

LE

fL

FM

kd

q



= Â
E
·



hE

LE

fL

FM

kd

q



(2.17)

with

Â
E

=
1
χ



− 4λ̃
r̃(λ̃+2µ̃)

1
2`+1

λ̃
r̃(λ̃+2µ̃)

2(`+1)
2`+1

2
λ̃+2µ̃ 0 0 0

−1
r̃
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.

(2.18)

There are now no terms with an unmatched ` in the numerator, so no terms

diverge in the limit of small loads (` → ∞). For large ` this matrix simplifies to

a form where small wavelength perturbations to the Earth’s internal gravity do

not contribute to the dynamics (see supplemental text 2.B).

We solve equation 2.17 using the relaxation method of Press (2007, §18.3). In

this method, the differential equations are replaced explicitly with finite differ-

ence equations and a test solution is iteratively refined until the errors in the

finite differences between points in the solution mesh are within a desired tol-

erance. The method can take advantage of the slow variation of the solution

with respect to order number or time (frequency). By using the previous order-

20



number’s or time step’s (frequency’s) solution as the initial guess, the method

usually requires only one iteration to converge. An open-source implementa-

tion of the method as applied to the problem of Love number computation can

be found online1.

2.2.2 Elastic Results

h
K

L

Figure 2.1: Elastic Love numbers h (blue), L (red), and K (purple) for 2 ≤ ` ≤
6, 000 computed by us using the transformed, normalized relaxation
method with 100 points (lines) are compared to Love numbers com-
puted in Spada et al. (2011) (crosses) (M3-L70-V01 and VSS96, which
go to ` = 256) and Pan et al. (2015) (which uses PREM from Dziewon-
ski and Anderson, 1981). Note the difference in vertical scales and
signs that result from the assumption of incompressibility in the cal-
culations shown in the first two panels.

We compute the elastic Love numbers for several models of the Earth’s elas-

tic parameters (ρ(r), λ(r), µ(r)) of increasing complexity. The first two models are

M3L-70-V01 and VSS96 from the viscoelastic benchmarking exercise of Spada

et al. (2011), which will be used again in the next section to benchmark the time-

domain viscoelastic Love numbers. Theses models are incompressible, with

step-wise constant layers: the first has 3 layers and the second has 28. The third

1https://github.com/skachuck/giapy
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model is the compressible model 56C-UInc, with 56 step-wise constant mantle

layers (Pan et al., 2015) taken from PREM (Dziewonski and Anderson, 1981).

The Love numbers for the three models are shown in figure 2.1, computed us-

ing the relaxation method on an equally-spaced mesh in the transformed radial

variable of 100 points. The agreement for these models is excellent.

Figure 2.2: The transformed radial coordinate. a) Vertical displacement Love
numbers as a function of χ computed on a uniform mesh of nor-
malized radius r̃ (circles) and transformed variable χ (see eq. 2.16)
(crosses) for order numbers ` = 5, 50, and 500. b) The correspon-
dence between the uniform mesh in r̃ and the uniform mesh in χ for
the same order numbers. Note that for ` = 5 the meshes are approx-
imately overlapping, but for ` = 500 the only points in common are
the core-mantle boundary (bottom left) and the surface (top right).
The uniform mesh in χ allocates many more points near the surface
to capture the dynamics there.

2.2.3 Discussion: Benefits of the transformed, relaxation

method

The effect of the transformation of the radial variable is shown in figure 2.2. Ra-

dial displacements through the mantle (from the core mantle boundary to the
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surface) are shown for uniform meshes of 15 points in r̃ (circles) and χ (crosses)

for three order numbers in figure 2.2a and the relationship between the vari-

ables r̃ and χ is shown in figure 2.2b for the respective meshes. For the lower

order number ` = 5 (blue), the meshes nearly coincide and the computed dis-

placements agree.

For the higher order number ` = 500 (purple), the displacements all occur

within a small range very near the surface (r̃ = 1). Thus the uniform mesh in

r̃ only has a few points to capture the variation, as seen by the majority of the

purple dots residing at the far left of the plots (very small χ). Furthermore, the

poorly conditioned matrix results in large oscillations near the surface (where

the slopes are large). In contrast, the ` dependence of the transformation means

that the uniform mesh in χ allocates the majority of its points near the surface

(see purple crosses in figure 2.2b), effectively spreading the displacements over

the full range of χ (figure 2.2a). The surface values for h with ` = 500, computed

with the different variables, are very different (h = −1.4 with r̃, −2.4 with χ),

demonstrating the importance of allocating more points to the region where the

solution is varying.

To investigate the effect the transformed relaxation method has on an en-

tire Love number calculation, figure 2.3 compares the computation of 256 elas-

tic Love numbers for model M3-L70-V01. Using different methods with an in-

creasingly dense mesh (25 to 1000 points), the execution time is plotted against

the root mean squared error with those computed with TABOO (Spada, 2003).

Filled symbols show computations in the normalized radial coordinate r̃ and

open symbols show computations in the transformed coordinate χ. Increasing

the number of computed points increases the execution time for all methods.
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But increasing the number of computed points only assures decreased error in

χ, because the near-surface oscillations for a poorly chosen mesh results in er-

rors, as previously noted. All methods eventually converge to less than 0.001

RMS error for a dense enough mesh.

Figure 2.3 also shows the benefits of using the relaxation method (circles),

when compared to a shooting method using matrix exponentials (as in Pan

et al., 2015) (triangles). The relaxation method results in a speed up of about

five times for all numbers of layers. Combined, the relaxation method in the

transformed variable for the elastic equations runs and converges quickly.

25

1000

25
25

25

1000 1000

1000

Figure 2.3: Root mean squared error versus execution time for the 256 elastic
Love numbers for model M3-L70-V01 rheology model with com-
binations of integration method (relaxation vs. shooting) and ra-
dial variable (linear vs. logarithmic) for increasingly dense uniform
meshes: from 25 to 1000 points. The relaxation method cuts the exe-
cution time by almost 80% while the logarithmic transformation de-
creases the error by almost an order of magnitude.
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2.3 Viscoelastic Love numbers

2.3.1 Time-domain theory

Our approach to the time dependence decouples the elastic and viscous dis-

placements, allowing them to influence each other via stresses and gravity, as in

Cathles (1975). In this view the total displacements are expressed

hVE(t) = hE(t) +

∫ t

−∞

ḣV(t′)dt′ (2.19)

LVE(t) = LE(t) +

∫ t

−∞

L̇V(t′)dt′, (2.20)

where the dot over a function represents a derivative with respect to time. The

viscous equation of state relates stresses to shear rate as

τ = 2ηε̇ (2.21)

for a fluid with viscosity η. This approach omits the small magnitude interac-

tions during the fluid-elastic solid-elastic transition on timescales on the order

of the Maxwell time, η/µ (about 200 years for the mantle) (Cathles, 1975; Mitro-

vica, 1997; Johnston et al., 1997).

The viscous displacement rates are derived and described in a fashion simi-

lar to the elastic equations. The resulting system of equations is

∂

∂r̃



ḣV(t)

L̇V(t)

fL(t)

FM(t)


= ÃV

·



ḣV(t)

L̇V(t)

fL(t)

FM(t)


+ b̃V

(t), (2.22)
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where

ÃV
=



−2
r̃

(`+1)
r̃ 0 0

− `r̃
1
r 0 2(2`+1)

η̃

6η̃
r̃2

1
(2`+1) −

3η̃
r̃2

(`+1)
(2`+1) 0 (`+1)

r̃

−
3η̃
r̃2

`
(2`+1)

η̃

r̃2
(2`(`+1)−1)

(2`+1)
`
r̃ −3

r̃


(2.23)

and b̃V
is described below. The normalization for η and t are the average mantle

viscosity η̄ = 1021 Pa s and the time constant for exponential decay of a harmonic

load on a uniform viscous half-space

tvisc =
η̄(2` + 1)
ρ̄g0rE

. (2.24)

The vector b̃V

b̃V
(t) =

1
2` + 1

ρ̃



0

0

(2` + 1)q(t) +
(
ρ̃ − 4g̃

r̃

)
hE(t) +

g̃
r (` + 1)LE(t) − ρ̃′nonadg̃hV(t)

g̃
r̃ `h

E(t) + 1
r̃ `kd(t)


,

(2.25)

makes equation 2.22 inhomogeneous and makes the flow dependent on the elas-

tic and viscous displacements and gravity perturbations. Most importantly, b̃V

contains a buoyancy term from the viscous displacement of non-adiabatic den-

sity gradients (the term ρ̃′nonadg̃hV(t)). The density gradient is assumed to sepa-

rate as

ρ̃′ = ρ̃′ad + ρ̃′nonad (2.26)

into an adiabatic portion, to which viscously displaced fluids immediately con-

form (in density, temperature, composition, etc.), and a non-adiabatic portion,

to which displaced fluid does not conform and so is a source buoyancy.

Equation 2.25 also contains terms from the elastic deformation. The gravi-

tational effect of the viscous displacement of non-adiabatic density gradients in
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the mantle affects the elastic system by a similar inhomogeneity, given by

b̃E
(t) =

1
2` + 1

ρ̃′nonadhV(t)



0

0

−g̃

0

1

−(`+1)
2`+1



. (2.27)

The time-dependent boundary conditions for both the elastic and viscous

components of the viscoelastic equations at the surface are
fL(t)

FM(t)

q(t)


r=rE

=


−α − ρ̃

2`+1hV(t)

0

−α − 1
2`+1

(
ρ̃
(
hE(t) + hV(t)

)
+ (1 + `)kd(t)

)


r=rE

(2.28)

and at the core-mantle boundary are
fL(t)

FM(t)

q(t)


r=rc

=
1

2` + 1


ρ̃cg̃chE(t) + (ρ̃c − ρ̃m)g̃chV(t) + ρ̃ckd(t)

0

(ρ̃c − ρ̃m)(hE(t) + hV(t)) + `
r̃c

kd(t) − `
(2`+1)2

(ρ̃c−ρ̃m)
r̃c

hV(t)


r=rc

.

(2.29)

Here ρc and ρm are the densities of the core and mantle on either side of the

core mantle boundary. α is a dimensionless value incorporating the effect of the

elastic lithosphere, as described below.

The time-domain integration of the viscous velocities is an initial-value dif-

ferential equation starting with zero-displacement and ending in isostatic equi-

librium. It is carried out using the fifth-order Dormand-Prince method (a

Runge-Kutta method with adaptive step sizes) (Press, 2007, §17.2). At each time

ti, b̃E
is populated using the previously computed values (hV(ti−1)) and hE(t),
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kd(t), and the other elastic quantities are then computed. These values (along

with hV(ti−1)) are used to populate b̃V
and solve for the new velocities ḣV(t) and

L̇V(t).

2.3.2 The Lithosphere

Following Cathles (1975), we model the effective elastic lithosphere as a low-

pass filter for the viscoelastic response. Small wavelength loads are supported

by the lithosphere and therefore induce a weaker viscoelastic flow in the mantle.

The ratio between an applied harmonic stress at the top of the lithosphere and

the stress that induces viscoelastic flow in the mantle is

α−1 = 1 +
(2` + 1)4D

16r4
Eρg

, (2.30)

where ρ and g are the density and gravity of the uppermost part of the viscoelas-

tic mantle and D is the flexural rigidity of the elastic lithosphere, given by

D =
1
3
µ(λ + µ)
λ + 2µ

H3 (2.31)

for a lithosphere with thickness H and Lamé Parameters λ and µ. The limits

are α → 1 for ` ∼ 1 and α → 0 for ` � 1, as expected for a low-pass filter.

The lithosphere also accelerates the viscous velocities, as noted by McConnell Jr

(1965) and Cathles (1975). This may be equivalently achieved by including a

factor α in the denominator of the time normalization given in equation 2.24 or

simply by dividing the velocities obtained from solving equation 2.22.

The elastic part of the response to loading is computed to the surface rather

than from the base of the lithosphere as done for the viscoelastic response. Thus,

the response of high-order number loads that are partially elastically supported
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include the elastic response in the lithosphere. This new modification of the vis-

coelastic theory not made in Cathles (1975) is achieved by making the correction

h(t) = hVE(t) + (1 − α)hE. (2.32)

where hVE is computed up to the bottom of the lithosphere while the elastic Love

number hE is computed all the way to the surface. The equivalent correction is

made for the other Love numbers.

2.3.3 Viscoelastic Results

VSS96
M
3-L70-V01

M
3-L70-V01

VSS96
- -

Figure 2.4: Comparison of viscoelastic Love numbers in the isostatic (equilib-
rium) limit computed by the method described here (solid lines)
and by the Correspondence Principle (crosses) for viscoelastic mod-
els M3-L70-V01 and VSS96 from Spada et al. (2011). The dash-dot
curves show our Love numbers before the elastic response of the
lithosphere has been added back in, e.g., when h = hVE(t) rather than
h = hVE(t) + (1 − α)hE.

We compute the time-domain viscoelastic love numbers using the elastic and

viscous profiles of M3-L70-V01 and VSS96, corresponding to the benchmarking

tests 5/1 and 6/1 in Spada et al. (2011). As the relaxation method has been im-

plemented for continuous profiles, the density jumps defined in these layered

Earth models have been spread across a depth of 100 km. Figure 2.4 compares
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the equilibrium fluid Love numbers computed using the lithosphere method de-

scribed above (equation 2.32) to the equilibrium fluid Love numbers computed

by the Correspondence Principle, as reported in Spada et al. (2011).

Figure 2.4 compares viscoelastic Love numbers in the isostatic (equilibrium)

limit. Equilibrium occurs when there are no longer any surface stresses, or

when hV = −α(2` + 1)/ρ̃(re) (obtained by setting fL to zero in equation 2.28).

For long-wavelength (` < 10) loads, the lithosphere is unimportant and full vis-

cous isostatic equilibrium is possible. For smaller-wavelength loads (` � 1),

the lithosphere elastically supports more of the load and at short enough wave-

lengths it supports all of it (where −h becomes constant). The match between the

equilibrium Love numbers calculated by our method (solid line) and the Cor-

respondence Principle (crosses) is excellent. The dash-dot lines show the Love

numbers when the elastic response between the surface and the bottom of the

lithosphere is not included.

Our time-dependent Love numbers (lines) are compared to those computed

by the Correspondence Principle (crosses) from Spada et al. (2011) in figure

2.5. The vertical displacement (−h) and gravity potential perturbation (−k) Love

numbers are shown for two viscoelastic models: M3-L70-V01 (left) and VSS96

(right). The crosses are computed from a normal mode Laplace-space solution,

which determines the amplitudes hi and relaxation times si for a finite number

(M) of modes that dominate the inverse Laplace transform in incompressible

models. The time domain Love numbers can be reconstructed from these modes

with

h(t) = hE +

M−1∑
i=0

hi(1 − esit), (2.33)

where hE are the elastic (instantaneous) Love numbers, and equivalent for the
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others (Vermeersen and Sabadini, 1997). The number of modes is determined

by the layering of the Earth model.

The Love numbers computed by our method agree well with those com-

puted by the Correspondence Principle for 2 ≤ ` ≤ 9 (first row, both models)

and for 12 ≤ ` ≤ 96 (second row, both models). For the higher order numbers

(128 ≤ ` ≤ 256), our computed response is faster than that computed using the

Correspondence Principle. The mismatch between the two methods is greater

for VSS96 (with a 120 km lithosphere and 28 layers) than for M3-L70-V01 (with a

70 km lithosphere and 3 layers). The fact that the mismatch between the meth-

ods is greatest for high order numbers and for a thicker lithosphere suggests

that the lithosphere is responsible. Note, however, that the magnitude of the

Love numbers is small at high order numbers. Furthermore, the power in these

order numbers (the Cm
` ) for loads on the scale of the last glacial cycle is also

small. Thus the difference in the glacial isostatic adjustment computed using

the Love numbers of the two methods will also be small.
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This last important point is illustrated in figure 2.6. It shows the difference

in the glacial isostatic adjustment computed using Love numbers from the two

methods using model M3-L70-V01 in response to a theoretical load. The load

is a spherical ice cap centered at the north pole, with a radius of 10◦ and a cen-

ter height of 1500 m, used in benchmark test 1/2 in Spada et al. (2011). The

Heaviside load is applied instantaneously at time t = 0 and the evolution of

the surface is computed at times t = 1, 2, 5, 10 ka (thousand years) and the equi-

librium fluid limit. As seen in the insets, the difference between the models is

less than a percent, well within observational error for both uplift and potential

perturbations.

(m
)

t=1 ka

2

5

10

∞

(m
)

t=1 ka

2

5

10

∞

Figure 2.6: The response of the (a) surface height and (b) geoid to a spherical
ice cap at the north pole with viscoelastic Love numbers computed
to model M3-L70-V01 with the normalized, transformed relaxation
method presented here (solid) and the correspondence principle im-
plemented in TABOO (Spada, 2003) (dashed), corrseponding to test
1/2 in Spada et al. (2011). Curves are shown at 1, 2, 5, 10 thou-
sand years (ka) and the infinite-time fluid limit and the differences
between the curves are inset. Differences are small (less than 1%)
and primarily a consequence of the timing of the decay, except the
difference in the fluid limit of the geoid, which is on the order of 1
m.
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2.3.4 Discussion: Non-adiabatic density gradients

There are two differences between the method presented here and others. The

first is that, in linearly separating the elastic and viscous deformations, we have

ignored the transition between these behaviors. But this effect is small and

short-lived, being on the order of the Maxwell time, and thus unimportant to

glacial isostatic adjustment.

The more important difference lies in the treatment of internal sources of

buoyancy in the mantle. Fjeldskaar and Cathles (1984) raised the criticism that

methods based on the Correspondence Principle could not properly incorporate

gravity and flow perturbations. Density ρ̃ only enters the viscous equations by

way of the inhomogeneity vector bV (equation 2.25), and viscous displacements

are only affected by non-adiabatic density gradients. With adiabatic density

gradients, the displaced fluid immediately conforms to its new environment

(density, temperature, etc.) and so behaves as if the gradient were not present

(Turner, 1979).

For the viscoelastic Love numbers shown in figure 2.5, we have considered

the density gradient to be entirely non-adiabatic (i.e., ρ̃′nonad(r) = ρ̃′(r)). Fig-

ure 2.7 shows the viscoelastic response when there are no non-adiabatic density

gradients (ρ̃′nonad(r) = 0). Without the internal sources of buoyancy, the mantle

reaches equilibrium much faster and doesn’t go through the additional accel-

erations and decelerations associated with the relaxation modes of the density

stratification.

In the viscoelastic normal mode theory that uses the Correspondence Prin-

ciple, the time-dependence of the response is broken into a number of modes
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ℓ=2

9

Figure 2.7: Comparison of viscoelastic Love numbers incorporating a fully non-
adiabatic mantle ρ′nonad = ρ′ (solid lines) and a fully adiabatic mantle
ρ′nonad = 0 (dashed) for model M3-L70-V01 (Correspondence Princi-
ple solution shown in crosses).

Figure 2.8: Reproducing viscoelastic h2 Love numbers computed by Nakada
(1999). a) Agreement with three models with different non-adiabatic
properties. b) Model (D1,V0,0), with a total density jump at 670 km
depth (∆ρ = 400kg/m3), with varying non-adiabatic density jumps
∆ρNA. A smooth range of behaviors is exhibited without changing
the total density structure of the Earth.

(see equation 2.33) associated with various aspects of the mantle model consid-

ered (Wolf, 1985). For instance, there are modes associated with the relaxation

of buoyancy forces at the density contrasts between the mantle and the atmo-

sphere (at the surface) and between the mantle and the core (called L0 and C0,
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respectively). There are two modes associated with each change in viscoelastic

parameters within the mantle, called the transient modes (Ts) that are fast and

have small amplitudes. Finally there is a mode associated with each change in

density, called the mantle modes (Ms), which are slower, larger, and thus have

a larger impact on the response.

To isolate the impact of non-adiabatic density gradients from the density

jumps associated with the mantle modes and chemical boundaries, Nakada

(1999) separated the density stratification into a self-compressive component

and a chemical/compositional component. Making the compositional compo-

nent zero simulates a fully adiabatic mantle. It is important to note that a den-

sity jump alone is not necessarily proof that the jump is non-adiabatic. If the

jump were the result of a phase boundary, then the jump could be adiabatic

if heat were advected quickly enough by mantle flow (Cathles, 1975; Johnston

et al., 1997). The approach in Nakada (1999) removes the source of buoyancy

at locations where density jumps occur (e.g., between each layer in models M3-

L70-V01 and VSS96) by removing the density jumps and therefore altering the

total mass and gravitational attraction of the Earth, validating the concerns of

Fjeldskaar and Cathles (1984).

To investigate this further, figure 2.8 compares the ` = 2 viscoelastic Love

number h2 computed with our method (lines) for three models in Nakada (1999)

(crosses), (D0,V0,0), (D1,V0,0), and (D2,V0,0). These correspond to a fully adi-

abatic mantle (with all density discontinuities removed, D0), a mantle with a

non-adiabatic 400 kg/m3 density jump at 670 km depth (D1), and a mantle with

a constant non-adiabatic gradient in the upper 670 km of the mantle that inte-

grates to 400 kg/m3 (D2), respectively, with a uniform 1021 Pa s viscosity mantle
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(V0) and no lithosphere (0). We were able to reproduce the Love numbers from

these models reasonably well (left), but were required to halve the magnitude

of the non-adiabatic component of the density gradients and jumps to do so.

The right panel of figure 2.8, compares the Love numbers of Nakada’s

(D1,V0,0) to those computed for an Earth model with a density jump at 670

km whose nonadiabatic magnitude is varied between ∆ρNA =0 kg/m3 (i.e., adi-

abatic) and 600 kg/m3. Our ∆ρNA jump is spread over 50 km, though the Love

numbers computed are not changed by choosing to spread it over 25 km or

100 km instead. These curves show the continuous range of non-adiabatic flow

behaviors possible using our method without altering the actual density of the

Earth. Note that the blue curve associated with an adiabatic mantle in our model

(∆ρNA = 0) reaches the same fluid equilibrium value as the others, unlike the

adiabatic model (D0,V0,0) of Nakada (1999, blue crosses), which removes the

density jump. Also note that our simulation that matches Nakada’s (D1,V0,0)

model has a density jump of 200 kg/m3 whereas his model has a density jump

of 400 kg/m3. We have no explanation for this discrepancy.

The methods used to compute the Love numbers from the Correspondence

Principle in figure 2.5 (Spada, 2003; Spada and Boschi, 2006; Martinec, 2000),

treat every change in density as a discontinuous chemical boundary, as op-

posed to non-adiabatic phase transitions. The mantle modes occurring from

these boundaries, we suggest, are the primary reason for the small difference

between our computed viscoelastic Love numbers for the lower order numbers

(` ≤ 9) and those computed for Spada et al. (2011). This also explains the in-

creased difference for the love numbers computed with model VSS96 compared

with M3-L70-V01. VSS96 is a model with 28 mantle-layers, a seven-fold increase
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in the number from model M3-L70-V01. If we explicitly introduced these dis-

continuous, internal material boundaries into the relaxation method in a form

similar to the core-mantle boundary as opposed to as a sharp density gradient,

we would expect to see even better agreement between the viscoelastic Love

numbers computed using the Correspondence Principle and those computed

entirely within the time domain using our method.

2.4 Conclusions

The non-dimensionalized and transformed relaxation method presented here

for computing the viscoelastic Love numbers in the time-domain is efficient

and accurate. By not requiring the inverse Laplace transformation, our method

avoids certain issues with the Correspondence Principle, particularly those as-

sociated with continuous parameter profiles and phase change regions. Our

time-domain method gives the same elastic and viscous Love numbers for

fully nonadiabatic cases benchmarked in the literature, providing confidence

in the validity of all modeling methods (normal mode, finite-element, and time-

domain) for these simplified Earth rheologies. Our method, furthermore, eas-

ily includes compressible viscoelasticity and adiabatic transitions in continuous

profiles with no significant change in algorithmic performance.

Though the treatment of the time-dependence and the lithosphere are quite

different from the currently commonly used methods, the agreement is very

good. Differences in the timing of relaxation seem to result from the different

ways in which the model density layering affects the flow and in the treatment

of the lithosphere. Our method is available for use in the open-source giapy
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(Glacial Isostatic Adjustment in PYthon) package (Kachuck, 2017).
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2.A Derivation of Elastic Equations of Motion

This appendix presents a derivation of the spherical harmonic expansion of the

elastic equations for a self-gravitating sphere. It is a review of Backus (1967)

using modern notation that facilitates understanding of how the equations of

motion can be cast as coupled first-order differential equations in matrix form.

2.A.1 Review of Spherical Coordinates and Harmonics

We can define the surface differential operators in spherical coordinates

r∇S = θ̂
∂

∂θ
+

φ̂

sin θ
∂

∂φ
(2.34)

r2∇2
S =

1
sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂φ2 (2.35)

=
∂2

∂θ2 +
cos θ
sin θ

∂

∂θ
+

1
sin2 θ

∂2

∂φ2 . (2.36)

In order to properly take gradients of vectors and tensors, we need to account

for the derivatives of the unit vectors. This is given by their Jacobian transfor-

mation:
r̂ θ̂ φ̂

∂/∂r 0 0 0

∂/∂θ θ̂ −r̂ 0

∂/∂φ sin θφ̂ cos θφ̂ − cos θθ̂ − sin θr̂

(2.37)

The definition of the spherical harmonic functions is

Ym
` (θ, φ) =

√
(2` + 1)(` − m)!

4π(` + m)!
Pm
` (cos θ)eimφ (2.38)

where Pm
` are the associated Legendre functions. This normalization of the

spherical harmonics ensures that the spherical harmonics are orthonormal and
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the Laplacian has the form

∇2
S Ym

` = −`(` + 1)Ym
` (2.39)

An arbitrary scalar function φ(r) can be expanded into spherical harmonics:

φ(r) =
∑
`,m

Φ(r)Ym
` (θ, φ) (2.40)

An arbitrary vector a has an expansion in the vector spherical harmonic basis,

a(r) =
∑
`,m

[
AL(r)L(θ, φ) + AM(r)M(θ, φ) + AN(r)N(θ, φ)

]
, (2.41)

where

L(θ, φ) = Ym
` (θ, φ)r̂ (2.42)

M(θ, φ) = r∇S Ym
` (θ, φ) (2.43)

N(θ, φ) = r∇S × Ym
` (θ, φ). (2.44)

This can be re-expressed in the spherical basis for simplification later

a(r) =
∑
`,m

[
arr̂ + aθθ̂ + aφφ̂

]
, (2.45)

with components

ar =
∑
`,m

AL(r)Ym
` (θ, φ) (2.46)

aθ =
∑
`,m

(
AM(r)

∂Ym
` (θ, φ)
∂θ

+
AN(r)
sin θ

∂Ym
` (θ, φ)
∂φ

)
(2.47)

aφ =
∑
`,m

(
AM(r)
sin θ

∂Ym
` (θ, φ)
∂φ

− AN(r)
∂Ym

` (θ, φ)
∂θ

)
. (2.48)

The approach is to express all the equations of state and motion with spheri-

cal harmonic expansions in the spherical basis, which allows the surface-parallel

derivatives to be eliminated analytically, leaving only radial derivatives. In

what follows we work systemically through the various equations for a self-

gravitating elastic body.
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VSH expansion of the divergence

Start with a derivation of the divergence of a vector field a(r, θ, φ)

∇ · a =

(
r̂
∂

∂r
+
θ̂

r
∂

∂θ
+

φ̂

r sin θ
∂

∂φ

)
· (arr̂ + aθθ̂ + aφφ̂). (2.49)

Applying the product rule above yields the following, in which the derivatives

of unit vectors (using the Jacobian of transformation in equation 2.37) have been

underlined:

= r̂ ·
(
r̂
∂ar

∂r
+ θ̂

∂aθ
∂r

+ φ̂
∂aφ
∂r

)
+
θ̂

r
·

(
r̂
∂ar

∂θ
+ θ̂ar + θ̂

∂aθ
∂θ
− r̂aθ + φ̂

∂aφ
∂θ

)
(2.50)

+
φ̂

r sin θ
·

(
r̂
∂ar

∂φ
+ φ̂ sin θar + θ̂

∂aθ
∂φ

+ φ̂ cos θaθ + φ̂
∂aφ
∂φ
− (θ̂ cos θ + r̂ sin θ)aφ

)
.

Employing the orthogonality of the basis vectors, this simplifies to

∇ · a =
∂ar

∂r
+

2ar

r
+

1
r
∂aθ
∂θ

+
cot θ

r
aθ +

1
r sin θ

∂aφ
∂φ

. (2.51)

Substituting the spherical harmonic expansion in equations 2.46-2.48 elimi-

nates all but the radial derivative:

∇ · a =
∑
`,m

∂AL

∂r
+

2AL

r
Ym
` +

1
r
∂

∂θ

AM
∂Ym

`

∂θ
+

AN

sin θ
∂Ym

`

∂φ


+

cot θ
r

AM
∂Ym

`

∂θ
+

AN

sin θ
∂Ym

`

∂φ

 +
1

r sin θ
∂

∂φ

(
AM

sin θ
∂Ym

`

∂φ
− AN

∂Ym
`

∂θ

)
The underlined terms above cancel with each other and result in

=
∑
`,m

[
∂AL

∂r
+

2AL

r
Ym
` +

AM

r

(
∂2Ym

`

∂θ2 + cot θ
∂Ym

`

∂θ
+

1
sin2 θ

∂2Ym
`

∂φ2

)]
.

The term in parentheses above is simply the surface Laplacian of equation 2.36

=
∑
`,m

[
∂AL

∂r
+

2AL

r
Ym
` +

AM

r
r2∇2

S Ym
`

]
,
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which simplifies by equation 2.39 to

∇ · a =
∑
`,m

[
∂AL

∂r
+

2AL

r
−
`(` + 1)

r
AM

]
Ym
` . (2.52)

2.A.2 Stress-Strain Constitutive relations

The constitutive relation is given by

τi j = λεkkδi j + 2µεi j. (2.53)

Consider first τrr

τrr = (λ + 2µ)εrr + λεθθ + λεφφ, (2.54)

and in the vector spherical harmonic expansion,

τrr =
∑
`,m

TLYm
` . (2.55)

Noting that

εrr =
∂ur

∂r
=
∂

∂r

∑
`,m

ULYm
` =

∑
`,m

∂UL

∂r
Ym
` (2.56)

and

εrr + εθθ + εφφ = ∇ · u,

we see by equation 2.52 that

∑
`,m

TLYm
` =

∑
`,m

[
(λ + 2µ)

∂UL

∂r
+

2λ
r

UL −
`(` + 1)λ

r
UM

]
Ym
` .

This expression must be true for every ` and m, so by comparing terms in the

spherical harmonic expansions, it follows that

TL = (λ + 2µ)
∂UL

∂r
+

2λ
r

UL −
`(` + 1)λ

r
UM,
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which is a first order differential equation for UL:

∂UL

∂r
= −

2λ
r(λ + 2µ)

UL +
`(` + 1)λ
r(λ + 2µ)

UM +
TL

λ + 2µ
. (2.57)

Now consider

τrθ = 2µεrθ = µ
∂uθ
∂r

+
µ

r

(
∂ur

∂θ
− uθ

)
.

Expanding ur and uθ using equations 2.46-2.48,

2µεrθ = µ
∑
`,m

[
∂UM

∂r
∂Ym

`

∂θ
+
∂UN

∂r
1

sin θ
∂Ym

`

∂φ
+

UL

r
∂Ym

`

∂θ
−

1
r

(
UM

∂Ym
`

∂θ
+

UN

sin θ
∂Ym

`

∂φ

)]
= µ

∑
`,m

[(
∂UM

∂r
+

UL − UM

r

)
∂Ym

`

∂θ
+

(
∂UN

∂r
−

UN

r

)
1

sin θ
∂Ym

`

∂φ

]
.

Noting from equation 2.47 that

τrθ =
∑
`,m

(
TM

∂Ym
`

∂θ
+

TN

sin θ
Ym
`

∂φ

)
,

and comparing terms, we see that

TM = µ

[
∂UM

∂r
+

UL − UM

r

]
and

TN = µ

[
∂UN

∂r
−

UN

r

]
.

Rearranging, we obtain the following first-order differential equations

∂UM

∂r
= −

1
r

UL +
1
r

UM +
1
µ

TM (2.58)

and
∂UN

∂r
=

1
r

UN +
1
µ

TN . (2.59)

We would get the same results by expanding τrφ. There are two things of note

here. First, these again give first order differential equations for UM and UN .

Second, the N component does not depend on the L or M components, and

vise-versa. We will see that for the equations of motion the toroidal and poloidal

elements are decoupled as well.

44



2.A.3 Gravity Perturbations

Next, expand the perturbation to the gravitational potential

∇2ψ = −4πG∇ · (ρu). (2.60)

First, decompose the scalar field ψ =
∑

ΨYm
` and expand the left-hand side, again

using equation 2.39:

∇2ψ =
1
r2

∂

∂r

(
r2∂ψ

∂r

)
+ ∇2

Sψ

=
∑
`,m

[
∂2Ψ

∂r2 +
2
r
∂Ψ

∂r
−
`(` + 1)

r2 Ψ

]
Ym
` .

To expand the the right-hand side, note that ∇ · (ρu) = u · ∇ρ + ρ∇ · u. The first

term only has a radial component because the unperturbed density profile is

assumed to be spherically symmetric. The second term is, again, the divergence

of the displacements (equation 2.52). Thus, comparing terms in the spherical

harmonic expansion,

∂2Ψ

∂r2 +
2
r
∂Ψ

∂r
−
`(` + 1)

r2 Ψ = −4πG
[
UL

∂ρ

∂r
+ ρ

(
2UL

r
+
∂UL

∂r
−
`(` − 1)

r
UM

)]
. (2.61)

To convert this second-order differential equation into two coupled, first-

order ODEs, we need to introduce a new variable. There are several such

choices. We could choose (in spherical harmonic expansion)

Q1 =
∂Ψ

∂r
(2.62)

or alternatively

Q2 =
∂Ψ

∂r
+ 4πGρUL +

` + 1
r

Ψ. (2.63)

This second choice is sometimes called the generalized flux of the gravity poten-

tial.
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The first of these choices results in the following coupled equations (after

substituting equation 2.57 for ∂UL/∂r)

∂Ψ

∂r
=Q1 (2.64)

∂Q1

∂r
= − 4πG

(
∂ρ

∂r
+

4µρ
r(λ + 2µ)

)
UL + 8πG

`(` + 1)µρ
r(λ + 2µ)

UM − 4πG
ρ

λ + 2µ
TL

+
`(` + 1)

r2 Ψ −
2
r

Q1.

The second choice bears a more complete derivation. Taking the derivative

of equation 2.63,

∂Q2

∂r
=
∂2Ψ

∂r2 + 4πG
(
∂ρ

∂r
UL + ρ

∂UL

∂r

)
+
` + 1

r
∂Ψ

∂r
.

Rearranging and substituting into equation 2.61,

∂Q2

∂r
− 4πG

(
∂ρ

∂r
UL − ρ

∂UL

∂r

)
−
` + 1

r
∂Ψ

∂r
+

2
r
∂Ψ

∂r
−
`(` + 1)

r2 Ψ =

− 4πG
[
UL

∂ρ

∂r
+ ρ

(
2UL

r
+
∂UL

∂r
−
`(` − 1)

r
UM

)]
. (2.65)

The underlined terms cancel with each other. Regrouping the remaining terms,

∂Q2

∂r
= −4πGρ

2UL

r
+ 4πGρ

`(` − 1)
r

UM +
` − 1

r
∂Ψ

∂r
+
`(` + 1)

r2 Ψ.

Isolating the derivative term in equation 2.63 and substituting into the above

gives the following pair of differential equations:

∂Ψ

∂r
= −4πGρUL −

` + 1
r

Ψ + Q2 (2.66)

∂Q2

∂r
= −4πGρ

` + 1
r

UL + 4πGρ
`(` + 1)

r
UM +

` − 1
r

Q2.

One of the benefits of this second definition for Q in computing the elas-

tic response is that it removes the explicit dependence of the equations on the

density gradient ∂ρ

∂r (see cancellations in equation 2.65). This choice, however,
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greatly complicates the physics of fluid flow around chemical boundaries in the

mantle, where density gradients associated with non-adiabatic thermal gradi-

ents must be separately accounted for.

2.A.4 Momentum Balance Equations

These equations are the most difficult to derive, with the most terms and com-

plications resulting from the calculus of tensors in spherical coordinates. The

vector equation is given by

∇ · τ − ∇(ρgu · r̂) + g∇ · (ρu)r̂ − ρ∇ψ = 0, (2.67)

and we will expand it component by component.

r̂-Component

The r̂-component of the momentum balance equation looks like

(∇ · τ)r −
∂

∂r
(ρgu · r̂) + g∇ · (ρu) − ρ

∂

∂r
ψ = 0. (2.68)

We’ll take each term separately, starting with the divergence. The tensor τ can

be expanded in the spherical basis

τ = τrrr̂r̂ + τrθr̂θ̂ + τrφr̂φ̂ + τθrθ̂r̂ + . . . . (2.69)

When taking the divergence, we need to consider the derivatives of the unit

vectors, as recorded in equation 2.37. For instance consider the component τθθ.

It is introduced into the divergence

∇ · τ = · · · +

[
r̂
∂

∂r
+

1
r
θ̂
∂

∂θ
+

1
r sin θ

φ̂
∂

∂φ

]
· τθθθ̂θ̂ + · · · .
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Performing all the derivatives yields 9 terms, but most of these will be zero by

the orthogonality of the basis vectors. The ones remaining are

∇ · τ = · · · +
1
r

[
∂τθθ
∂θ

θ̂ − τθθr̂ +
cos θ
sin θ

τθθθ̂

]
+ · · · .

Only one of those terms contributes to the r̂ component of the divergence of the

tensor, 1
r τθθ. All together, the r̂ component is

(∇ · τ)r = ∇ · (τ · r̂) −
τθθ + τφφ

r
. (2.70)

The traction τ · r̂ has been given coefficients in vector spherical harmonic ex-

pansion (TL,TM,TN), we can expand its divergence immediately (equation 2.52)

as

∇ · (τ · r̂) =
∑
`,m

[
∂TL

∂r
+

2
r

TL −
`(` + 1)

r
TM

]
Ym
` . (2.71)

As the second term in equation 2.70 does not have any explicit coefficients in

our chosen vector spherical harmonic expansion, we will expand these using

the constitutive relation

τθθ + τφφ = 2λεrr + 2(λ + µ)(εθθ + εφφ). (2.72)

From equations 2.52 and 2.56,

r(εθθ + εφφ) =
∑
`,m

[2UL − `(` + 1)UM] Ym
` . (2.73)

Hence,

(∇·τ)r =
∑
`,m

[
∂TL

∂r
+

2
r

TL −
`(` + 1)

r
TM −

2λ
r
∂UL

∂r
−

4(λ + µ)
r2 UL +

2(λ + µ)`(` + 1)
r2 UM

]
Ym
` .

(2.74)

Now the gravity terms. Using the chain rule for derivatives,

−
∂

∂r
(ρgur) = −

∂ρ

∂r
gur − ρ

∂g
∂r

ur − ρg
∂ur

∂r
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For a radially symmetric body (for which ρ = ρ(r)), the unperturbed gravita-

tional acceleration at r is given

g =

∫
Gdm

r2 =
4πG
r2

∫ r

0
ρ(r′)r′2dr′,

so that
∂g
∂r

= −
2
r

4πG
r2

∫ r

0
ρ(r′)r′2dr′ + 4πGρ =

−2g
r

+ 4πGρ.

Thus

−
∂

∂r
(ρgur) = −

∑
`,m

[
∂ρ

∂r
gUL −

2ρg
r

UL + 4πGρ2UL + ρg
∂UL

∂r

]
Ym
` . (2.75)

The next term is

g∇ · (ρu) = g
∂ρ

∂r
ur + gρ∇ · u

=
∑
`,m

[
g
∂ρ

∂r
UL + gρ

(
∂UL

∂r
+

2
r

UL −
`(` + 1)

r
UM

)]
Ym
` . (2.76)

Combing the two gravity terms in equations 2.75 and 2.76,

−
∂

∂r
(ρgur) + g∇ · (ρu) =

∑
`,m

[
4gρ

r
UL −

gρ`(` + 1)
r

UM − 4πGρ2UL

]
Ym
` (2.77)

Now, when we subtract ∂ψ

∂r , we can make either choice of Q1 (2.62) or Q2 (2.63)

−
∂

∂r
(ρgur) + g∇ · (ρu) − ρ

∂ψ

∂r
=

∑
`,m

[(
4gρ

r
− 4πGρ2

)
UL −

gρ`(` + 1)
r

UM − ρQ1

]
Ym
`

=
∑
`,m

[
4gρ

r
UL −

gρ`(` + 1)
r

UM +
ρ(` + 1)

r
Ψ − ρQ2

]
Ym
`

(2.78)

Substituting in, and using equation 2.57 to convert equation 2.74 to a form with

only one derivative, we get the two following differential expressions for the TL

stress component.

∂TL

∂r
=

(
4µ(3λ + 2µ)
r2(λ + 2µ)

−
4gρ

r
+ 4πGρ2

)
UL −

(
2µ(3λ + 2µ)
r2(λ + 2µ)

−
gρ
r

)
`(` + 1)UM

−
4µ

r(λ + 2µ)
TL +

`(` + 1)
r

TM + ρQ1 (2.79)
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and

∂TL

∂r
=

(
4µ(3λ + 2µ)
r2(λ + 2µ)

−
4gρ

r

)
UL −

(
2µ(3λ + 2µ)
r2(λ + 2µ)

−
gρ
r

)
`(` + 1)UM

−
4µ

r(λ + 2µ)
TL +

`(` + 1)
r

TM −
ρ(` + 1)

r
Ψ + ρQ2 (2.80)

θ̂-Component

The θ̂-component of the momentum balance equation is

(∇ · τ)θ −
1
r
∂

∂θ
(ρgu · r̂) − ρ

1
r
∂

∂θ
ψ = 0 (2.81)

The second and third terms expand easily:

−∇θ(ρgu · r̂) − ρ∇θψ =
∑
`,m

[
−
ρg
r

UL −
ρ

r
Ψ

] ∂Ym
`

θ
. (2.82)

The stress divergence is a bit trickier than the r̂ component, as it involves new

elements from the stress tensor, and will have contributions from the toroidal as

well as the poloidal elements. In spherical coordinates,

(∇ · τ)θ =
3
r
τrθ︸︷︷︸
0

+
∂τrθ

∂r︸︷︷︸
1

+
1
r
∂τθθ
∂θ︸︷︷︸
2

+
1

r sin θ
∂τφθ

∂φ︸       ︷︷       ︸
3

+
1
r

cos θ
sin θ

τθθ −
1
r

cos θ
sin θ

τφφ︸                       ︷︷                       ︸
4

, (2.83)

and we expand this expression term by term.

As before, τrθ expands in vector spherical harmonics:

τrθ =
∑
`,m

[
TM

∂Ym
`

∂θ
+

TN

sin θ
∂Ym

`

∂φ

]
, (0)

and its radial derivative

∂τrθ

∂r
=

∑
`,m

[
∂TM

∂r
∂Ym

`

∂θ
+

1
sin θ

∂TN

∂r
∂Ym

`

∂φ

]
. (1)

All of the remaining terms will need to be expressed in terms of shear, spatial

derivatives of the displacement u.
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For τθθ, first recall from the constitutive equation:

τθθ = λ(εrr + εθθ + εφφ) + 2µεθθ

Inspection of the Jacobian in equation 2.37 (observe that the θ derivative of the

r̂ component of displacement, urr̂, yields the term urθ̂) indicates that the shear

element is

εθθ =
1
r
∂uθ
∂θ

+
1
r

ur

=
∑
`,m

[
1
r
∂

∂θ

(
UM

∂Ym
`

∂θ
+

UN

sin θ
∂Ym

`

∂φ

)
+

1
r

ULYm
`

]
.

Combining the above with equation 2.52 gives

τθθ = λ
∑
`,m

[
∂UL

∂r
+

2
r

UL −
`(` + 1)

r
UM

]
Ym
`

+ 2µ
∑
`,m

[
1
r
∂

∂θ

(
UM

∂Ym
`

∂θ
+

UN

sin θ
∂Ym

`

∂φ

)
+

1
r

ULYm
`

]
.

The θ derivative of this expression is:

∂τθθ
∂θ

= λ
∑
`,m

[
∂UL

∂r
+

2
r

UL −
`(` + 1)

r
UM

]
∂Ym

`

∂θ

+ 2µ
∑
`,m

[
1
r
∂2

∂θ2

(
UM

∂Ym
`

∂θ
+

UN

sin θ
∂Ym

`

∂φ

)
+

1
r

UL
∂Ym

`

∂θ

]
. (2)

The τθφ component is

τθφ = 2µεθφ.

Its shear element is

2rεθφ =
∂uφ
∂θ
−

cos θ
sin θ

uφ +
1

sin θ
∂uθ
∂φ

with vector spherical harmonic expansion, using equations 2.46-2.48,

2rεθφ =
∑
`,m

[
∂

∂θ

(
UM

sin θ
∂Ym

`

∂φ
− UN

∂Ym
`

∂θ

)
−

cos θ
sin θ

(
UM

sin θ
∂Ym

`

∂φ
− UN

∂Ym
`

∂θ

)
+

1
sin θ

∂

∂φ

(
UM

∂Ym
`

∂θ
+

UN

sin θ
∂Ym

`

∂φ

)]
.
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Substituting into the constitutive relation,

1
r sin θ

∂τθφ

∂φ
=

µ

r2 sin θ

∑
`,m

[
∂2

∂θ∂φ

(
UM

sin θ
∂Ym

`

∂φ
− UN

∂Ym
`

∂θ

)
−

cos θ
sin θ

∂

∂φ

(
UM

sin θ
∂Ym

`

∂φ
− UN

∂Ym
`

∂θ

)
+

1
sin θ

∂2

∂φ2

(
UM

∂Ym
`

∂θ
+

UN

sin θ
∂Ym

`

∂φ

)]
,

which we can regroup into spherical harmonic coefficients

1
r sin θ

∂τθφ

∂φ
=
µ

r2

∑
`,m

[
2

sin2 θ

∂

∂θ

∂2Ym
`

∂φ2 −
2 cos θ
sin3 θ

∂2Ym
`

∂φ2

]
UM

+
1

sin θ
∂

∂φ

[
−
∂2Ym

`

∂θ2 +
cos θ
sin θ

∂Ym
`

∂θ
+

1
sin2 θ

∂2Ym
`

∂φ2

]
UN . (3)

The final terms are best expanded together. Noting from the constitutive

relation that

τθθ − τφφ = 2µ(εθθ − εφφ)

and keeping track of the derivatives of basis vectors,

=
2µ
r

[
∂uθ
∂θ
−

cos θ
sin θ

uθ −
1

sin θ
∂uφ
∂φ

]
,

we may expand this to

τθθ − τφφ =
2µ
r

∑
`,m

[
∂

∂θ

(
UM

∂Ym
`

∂θ
+

UN

sin θ
∂Ym

`

∂φ

)
−

cos θ
sin θ

(
UM

∂Ym
`

∂θ
+

UN

sin θ
∂Ym

`

∂φ

)
−

1
sin θ

∂

∂φ

(
UM

sin θ
∂Ym

`

∂φ
− UN

∂Ym
`

∂θ

)]
. (4)

Now we collect all the terms from equation 2.83, 0-4. Collect first the terms
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that contain µUM

2µ
∑
`,m

UM

[
∂

∂θ

∂2Ym
`

∂θ2 +
1

sin2 θ

∂

∂θ

∂2Ym
`

∂φ2 −
cos θ
sin3 θ

∂2Ym
`

∂φ2

+
cos θ
sin θ

∂2Ym
`

∂θ2 −
cos2 θ

sin2 θ

∂Ym
`

∂θ
−

cos θ
sin3 θ

∂2Ym
`

∂φ2

]
= 2µ

∑
`,m

UM

[
∂

∂θ

∂2Ym
`

∂θ2 +
cos θ
sin θ

∂2Ym
`

∂θ2 −
cos2 θ

sin2 θ

∂Ym
`

∂θ
+

1
sin2 θ

∂

∂θ

∂2Ym
`

∂φ2 −
2 cos θ
sin3 θ

∂2Ym
`

∂φ2

]

= 2µ
∑
`,m

UM

[
∂

∂θ

∂2Ym
`

∂θ2 +
∂Ym

`

∂θ
+
∂

∂θ

(
cos θ
sin θ

∂Ym
`

∂θ

)
+
∂

∂θ

(
1

sin2 θ

∂2Ym
`

∂φ2

)]
= 2µ

∑
`,m

UM

[
∂Ym

`

∂θ
+
∂

∂θ
r2∇2

S Ym
`

]
= 2µ

∑
`,m

UM [1 − `(` + 1)]
∂Ym

`

∂θ
(2.84)

We can do the same for the terms that contain µUN . We pull the ∂
∂φ

out front,

and work with an eye toward factoring out a denominator of sin2 θ, with the

expectation that the UN term will be independent of the others:

µ
∑
`,m

UN
∂

∂φ

[
∂2

∂θ2

2
sin θ

Ym
` +

1
sin θ

[
−
∂2Ym

`

∂θ2 +
cos θ
sin θ

∂Ym
`

∂θ
+

1
sin2 θ

∂2Ym
`

∂φ2

]
+2

cos θ
sin θ

∂

∂θ

1
sin θ

Ym
` −

2
sin θ

cos2 θ

sin2 θ
Ym
` +

2 cos θ
sin2 θ

∂Ym
`

∂θ

]
(2.85)

In order to factor the denominator of sin θ, however, we need to expand the first

term.

∂2

∂θ2

2
sin θ

Ym
` =

∂

∂θ

2
sin θ

(
∂

∂θ
Ym
` −

cos θ
sin θ

Ym
`

)
=

2
sin θ

∂2Ym
`

∂θ2 − 2
1

sin θ
cos θ
sin θ

∂Ym
`

∂θ
− 2

cos θ
sin θ

∂

∂θ

1
sin θ

Ym
` + 2

1
sin θ

Ym
` +

2
sin θ

cos2 θ

sin2 θ
Ym
`

(2.86)

The many cancellations between terms in equations 2.85 and 2.86 result in a UN
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term of

µ
∑
`,m

UN
1

sin θ
∂

∂φ

[
2Ym

` +
∂2Ym

`

∂θ2 +
cos θ
sin θ

∂Ym
`

∂θ
+

1
sin2 θ

∂2Ym
`

∂φ2

]
µ
∑
`,m

UN
1

sin θ
∂

∂φ

[
2Ym

` + r2∇2
S Ym

`

]
µ
∑
`,m

UN [2 − `(` + 1)]
1

sin θ
∂Ym

`

∂φ
. (2.87)

Thus, substituting equations 0-4, 2.84, and 2.87, into 2.83 the θ-component of

the divergence of the stress field in the vector spherical harmonic basis is

(∇ · τ)θ =
∑
`,m

[
∂TM

∂r
+

3
r

TM +
λ

r
∂UL

∂r
+

2(λ + µ)
r2 UL +

2µ − (λ + 2µ)`(` + 1)
r2 UM

]
∂Ym

`

∂θ

+
∑
`,m

[
∂TN

∂r
+

3
r

TN +
µ (2 − `(` + 1))

r2 UN

]
1

sin2 θ

∂Ym
`

∂φ
. (2.88)

Substituting equations 2.82 and 2.88 into equation 2.81 and grouping terms,

we have

0 =
∑
`,m

[
∂TM

∂r
+

3
r

TM +
λ

r
∂UL

∂r
+

2(λ + µ)
r2 UL +

2µ − (λ + 2µ)`(` + 1)
r2 UM −

ρg
r

UL −
ρ

r
Ψ

]
∂Ym

`

∂θ

+
∑
`,m

[
∂TN

∂r
+

3
r

TN +
µ (2 − `(` + 1))

r2 UN

]
1

sin2 θ

∂Ym
`

∂φ
. (2.89)

For the whole expression to be zero, each coefficient of the spherical harmon-

ics (and their derivatives) must independently be zero. Thus, as before, all the

radial and poloidal terms (subscripts L and M) are independent of the toroidal

terms (subscript N). Also as before, we’re left with two radial derivative terms

on the left hand side. This can be removed by substituting in from the constitu-

tive equation in equation 2.57.

∂TM

∂r
=

(
ρg
r
−

2µ(3λ + 2µ)
r2(λ + 2µ)

)
UL +

2µ(2(λ + µ)`(` + 1) − (λ + 2µ))
r2(λ + 2µ)

UM

−
λ

r(λ + 2µ)
TL −

3
r

TM +
ρ

r
Ψ (2.90)
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Similarly, we have
∂TN

∂r
= −

µ (2 − `(` + 1))
r2 UN −

3
r

TN . (2.91)

2.A.5 Summary

All together, we have the following two systems of coupled, first-order differen-

tial equations in the radial direction r for each spherical harmonic order number

`,

∂

∂r



UE
L

UE
M

TL

TM

Ψ

Q



= AE



UE
L

UE
M

TL

TM

Ψ

Q



, (2.8)

where for the first definition of the flux of the gravitational potential, Q1 in equa-

tion 2.62, AE is

AE =



− 2λ
r(λ+2µ)

`(`+1)λ
r(λ+2µ)

1
λ+2µ 0 0 0

−1
r

1
r 0 1

µ
0 0(

4µ(3λ+2µ)
r2(λ+2µ) −

2gρ
r + 4πGρ2

)
−

(
2µ(3λ+2µ)
r2(λ+2µ) −

gρ
r

)
`(` + 1) −

4µ
r(λ+2µ)

`(`+1)
r 0 ρ(

ρg
r −

2µ(3λ+2µ)
r2(λ+2µ)

)
2µ(2(λ+µ)`(`+1)−(λ+2µ))

r2(λ+2µ) − λ
r(λ+2µ) −3

r
ρ

r 0

0 0 0 0 0 1

−4πG
(
∂ρ

∂r +
4µρ

r(λ+2µ)

)
8πG `(`+1)µρ

r(λ+2µ) −4πG ρ

λ+2µ 0 `(`+1)
r2 −2

r


(2.9)
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and for the second definition of the gravitational potential, Q2 in equation 2.63,

AE is

AE =



− 2λ
r(λ+2µ)

`(`+1)λ
r(λ+2µ)

1
λ+2µ 0 0 0

−1
r

1
r 0 1

µ
0 0(

4µ(3λ+2µ)
r2(λ+2µ) −

2gρ
r

)
−

(
2µ(3λ+2µ)
r2(λ+2µ) −

gρ
r

)
`(` + 1) − 4µ

r(λ+2µ)
`(`+1)

r −
ρ(`+1)

r ρ(
ρg
r −

2µ(3λ+2µ)
r2(λ+2µ)

)
2µ(2(λ+µ)`(`+1)−(λ+2µ))

r2(λ+2µ) − λ
r(λ+2µ) −3

r
ρ

r 0

−4πGρ 0 0 0 − `+1
r 1

−4πGρ `+1
r 4πGρ `(`+1)

r 0 0 0 `−1
r



.

(2.92)

Note again that a primary difference between the two systems is the explicit de-

pendence on the density gradient in the first, which potentially has deep conse-

quences for the inclusion of adiabatic density gradients when viscous relaxation

is considered.

2.B Incompressible and Small Wavelength Limits

For incompressible models, we take the limit λ → ∞ for the differential system.

This limit for the normalized system is

ÃE
=



−2
r̃

`+1
r̃ 0 0 0 0

− `r̃
1
r̃ 0 (2`+1)

µ̃
0 0(

12µ̃
r̃2 −

4ρ̃g̃
r̃

)
1

2`+1 −
(

6µ̃
r̃2 −

ρ̃g̃
r̃

)
`+1

2`+1 0 `+1
r̃ −

ρ̃

r̃
`+1
2`+1 ρ̃(

ρ̃g̃
r̃ −

6µ̃
g̃r̃2

)
`

(2`+1)
2µ̃(2`(`+1)−1)

r̃2(2`+1) − `r̃ −3
r̃

ρ̃

r̃
`

(2`+1) 0

0 0 0 0 0 (2` + 1)

−
ρ̃′

2`+1 0 0 0 `(`+1)
r̃2(2`+1) −2

r̃



. (2.93)

Note the similarities to the matrix for the viscous system given in equation 2.23,

with the shear viscosity η replaced by the shear modulus µ and the dependence
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on the displacement of densities included in the matrix rather than in the inho-

mogeneity b̃V .

In the small wavelength limit (` → ∞), the matrix representing the normal-

ized differential system in the transformed radial coordinate in equation 2.18

reduces to

Ã =



0 λ̃
r̃(λ̃+2µ̃)

2
λ̃+2µ̃ 0 0 0

−1
r̃ 0 0 2

µ̃
0 0

0 0 0 1
r̃ 0 0

0 2µ̃(λ̃+µ̃)as
r̃2(λ̃+2µ̃) − λ̃

r̃(λ̃+2µ̃) 0 0 0

0 0 0 0 −1
r̃ 2

0 ρ̃

2r̃ 0 0 0 1
r̃



, (2.94)

which shows clearly how the self-gravitation (last two columns and rows) is

affected by, but does not contribute to, the dynamics.

2.C Condition Numbers of Integration Methods

The reason for the enhanced stability and accuracy of the relaxation method lies

in the condition of the matrix equations to be solved. The condition number

of a matrix, which is equal to the ratio of the largest to smallest eigenvalue of

the matrix, is an indication of how sensitive the it is to numerical errors (Press,

2007, §2.6.2). As a shorthand, the condition number of a matrix indicates how

many digits are lost in reducing the matrix to a scalar by multiplication with two

vectors on either side. Floating point errors are typically of the order of 10−16;

thus, a matrix whose condition number is greater than 108, for example, leaves

a numerical precision of 10−16 · 108 = 10−8, or only half the machine precision

of floating point numbers, on top of other sources of numerical errors in the
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method.

In the shooting method, a propagator matrix is built by the matrix multipli-

cation of each layer’s differential operator matrix:

P =

Nz∏
i=1

eÃE(zi)(zi−zi−1). (2.95)

Prior transformation of the radial coordinate, the condition number for P with

Nz = 50 is ≈ 103 for ` = 2 and ≈ 1019 for ` = 100. After the transformation, the

condition numbers are smaller (103 and 108), but still quite large. On the other

hand, the relaxation matrix, while much larger (size 6(Nz + 1) × 6(Nz + 1) com-

pared to 6× 6), is much better behaved, both before the transformation (102 and

105), but especially after (102 and 103). These results are summarized in figure

2.9, which shows the dependence of the condition number for these solution

methods on the order number considered. Introducing the transformation of

the radial variable decreases the condition number further for each order num-

ber.

Figure 2.9: Condition numbers for propagator and relaxation matrices as func-
tions of order number and solution scalings.
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CHAPTER 3

FITTING ON THE MODEL MANIFOLD OF GLACIAL ISOSTATIC

ADJUSTMENT

Abstract

Observations of glacial isostatic adjustment have long been inverted to infer rhe-

ological properties of the Earth’s mantle and glacial loading histories. Models

of glacial isostatic adjustment, however, are sufficiently expensive to prevent

performing a simultaneous inversion in their entire parameter space, missing

joint uncertainties between rheology and loading history. The models, as map-

pings from parameters to observations, share geometric features with many

other nonlinear models. By characterizing these geometric features, it is pos-

sible to investigate where inversion attempts are likely to fail and to propose

corrections to exploit these features to facilitate better fitting. We introduce the

information geometric perspective of model fitting in the context of a heuristic

model of glacial isostatic adjustment. Employing this perspective, we describe a

straightforward correction to the common Levenberg-Marquardt least-squares

minimization algorithm that avoids common problems encountered during fit-

ting and reduces the cost of performing a simultaneous inversion for the heuris-

tic model’s rheological and glacial parameters by over a third. This is a first step,

demonstrating the potential value of the geometric perspective, to be followed

by applications to real datasets and parameterizations.
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3.1 Introduction

During the last glacial cycle, from about 120 thousand years ago (120 ka) to 10

ka, some 4% of the ocean’s mass redistributed to the continents as ice. As the

large ice sheets grew, perturbations to the Earth’s gravitational field and defor-

mations in the lithosphere and mantle were induced. These perturbations began

reversing after the last glacial maximum, about 20 ka, when the ice sheets began

collapsing. This response of the Earth’s surface, called glacial isostatic adjust-

ment, is still a significant component of the magnitude and spatial variability

of sea-level and gravimetric changes today (Peltier et al., 2015; Steffen and Wu,

2011).

Predictions of glacial isostatic adjustment rely on the quality of knowledge

of: 1) the glacial chronologies that dictate the distribution of ice mass over space

and time, and 2) the rheological parameters that describe how the Earth’s man-

tle deforms viscoelastically. Glacial isostatic adjustment is modeled by solving

the Sea Level Equation (Milne and Mitrovica, 1998), an integral equation that

describes the evolution of the surface of the Earth in response to shifting ice and

ocean loads. Because the coastlines migrate in response to the loads, the inte-

gral equation is nonlinear, and so model predictions are nonlinear with respect

to rheological and deglaciation parameters.

Information geometry, the application of differential geometry to probability

theory, has uncovered universal properties of nonlinear models. Consideration

of these geometric model properties is particularly useful in diagnosing and cor-

recting where fitting goes awry (Transtrum et al., 2011). This perspective treats

a model, a mapping from a set of parameters to predictions, as a surface called
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the model manifold that has complex geometric features, such as edges and cur-

vature. These features impede straightforward parameter fitting, but are easily

exploited to created solutions. Fitting models of glacial isostatic adjustment is

an excellent example of the type of problem these techniques are able to amelio-

rate.

In addition to identifying and solving problems with parameter fitting, this

geometric perspective leads to other insights. It facilitates an intuitive method

of model reduction — reducing a model’s complexity by removing unneces-

sary parameters for desired predictions — by moving to the edge of the model

manifold closest to the data (Transtrum and Qiu, 2014). A geometric perspec-

tive also leads to efficient methods of optimal experiment design, to maximize

the informational content of making new observations (Casey et al., 2007). We

have described how optimal experiment design can be applied to the problem

of constraining the configuration of the Barents Sea Ice Sheet in a previous paper

(Kachuck and Cathles, 2018).

The majority of attempts to characterize the sensitivities and uncertainties

of models of glacial isostatic adjustment focus on independent errors for the

glacial chronology and the Earth rheology (see e.g., Mitrovica et al., 2015; Lam-

beck et al., 2017). The reason for this is primarily one of computational and nu-

merical difficulty. A full inversion of all of the parameters requires significant

computational resources. Even then, physically reasonable convergence is not

assured. Inversions frequently result in parameters being drawn to their lim-

iting values, a phenomenon called parameter evaporation. Methods to avoid

parameter evaporation include restricting the number of parameters that are

optimized at one time, creating ‘trust regions,’ or forgoing automated fitting al-
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together in favor of relying on intuition (guess and check) or enumeration of

parameter space (grid search). All of these methods skew the results and inhibit

uncertainty estimates.

Furthermore, with a few notable exceptions (see e.g., Tarasov et al., 2012;

Boer et al., 2017), parameterizing the glacial chronology for studies of glacial iso-

static adjustment has relied on a few global models (e.g., ICE-6G (Peltier et al.,

2015) or ANU (Lambeck et al., 2014)). At most, only the relative heights of ice

sheets (or portions thereof) have been varied (Simon et al., 2016; Caron et al.,

2017; Kachuck and Cathles, 2018), despite the fact that issues with the timing

of deglaciation have been consistently noted (Root et al., 2015; Kachuck and

Cathles, 2018). This lack of proper parameterization stems from computational

convenience - the response to changes in ice heights are close to linear, making

these models easier to fit, at the expense of accurate parameterizations.

We can gain significant insight by drawing from the technical literature on

model fitting methods. Advances in and applications of Markov-Chain Monte

Carlo (MCMC) methods, have led to more comprehensive estimates of uncer-

tainties in deglacial chronoloiges (Tarasov et al., 2012) and rheological physics

(Caron et al., 2017). In these methods, rather than seeking the best-fit pa-

rameters, an ensemble of parameters explain the statistics of the observations.

Though this approach can accurately capture the tradeoffs between the param-

eters, even MCMC methods suffer from long convergence when started in the

flat regions of parameter space. Furthermore, summary statistics can depend

on the parameter range allowed during sampling (Caron et al., 2017).

In the remainder of this paper, we will illustrate how to explore and uti-

lize the geometry of the model manifold in the context of a heuristic model of
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glacial isostatic adjustment. What we present here is a prototype of a future

inversion that would incorporate published databases and fully parameterized

models. We will focus here on how geometry may be applied to better perform

and interpret the fit between models and data, rather than on the mathematics.

Thus, while we start with a general introduction to the relevant theory of the

geometry of model fitting, section 3.2 can be skipped by those more interested

in the phenomenology and readers interested in more detailed derivations are

encouraged to read Transtrum et al. (2011).

After giving some background theory in section 3.2, we introduce the heuris-

tic model (section 3.3), and show how its model manifold exhibits classical signs

and pathologies of nonlinear models and how these relate to the underlying

physics (section 3.4). We then demonstrate fitting to two artificial data sets in

section 3.5, and show the improvements gained from including a correction for

the model manifold’s curvature.

3.2 Background Theory

To investigate these universal properties of nonlinear models, some definitions

will be useful. A model is a mapping from some set of N parameters to some

set of M behaviors, be they observations to be fit or predictions to be made.

A model is nonlinear when the behaviors depend nonlinearly on the parame-

ters. We may describe a particular parameter combination (a particular value

for each parameter) as a point in the N-dimensional (N-D) vector-space of all

possible parameter values, which we call parameter space. Likewise, a partic-

ular combination of each behaviors is a point in the M-D vector space of all
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possible behaviors, behavior space (also called sample space in Bates and Watts

(1980) or data space in Transtrum et al. (2011)). These two spaces are connected

by the model that maps points in parameter space to points in behavior space.

Typically, the number of parameters is smaller than the number of behaviors

(N < M), so the model cannot reproduce every possible behavior. With only

N parameter values to change (provided the model is continuous and differen-

tiable), the model can only trace out an N-D surface embedded within the larger

M-D space. This surface is called the model manifold, and its geometry affects

how well data can be fit and parameters constrained.

To examine the geometry and performing fitting, we first need to define a

measure of distance in the behavior space, and then distance on the model man-

ifold. The most straightforward distance for behavior space, and the one most

commonly encountered in the literature, is the least squares distance, which is a

consequence of the assumption that uncertainties are normally distributed. The

distance between a point x in behavior space (with coordinates xm) and a point y

on the model manifold corresponding to parameters θν (called the residual r(θ)

of the model) is

r2 =

M∑
m=1

r2
m(θν) ≡

M∑
m=1

(
xm − ym(θν)

σm

)2

. (3.1)

Here the distance in each direction of behavior space has been weighted by

one standard deviation (σm) in the expected uncertainty of measurement of that

behavior. This distance can also be called the cost of the model at parameters θ.

The convention is to use Latin indices for behavior space and Greek indices for

parameter space to emphasize that the model is a mapping between these two,

distinct spaces.

Distance on the model manifold will not, in general, be equivalent to the
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least squares distance as paths are confined to lie along a curved surface. For

these more general geometries, distance is defined by the metric, which mea-

sures how infinitesimal movements in parameter space correspond to distance

on the model manifold, and vice versa. The metric depends on the location

on the manifold. All spaces have metrics, although the metric for flat spaces

is everywhere the identity. The metric on the manifold can be expressed as a

function of the model parameters with

gi j = JT J, (3.2)

where

Jmν(θ) =
∂rm(θ)
∂θν

∣∣∣∣∣
θ

(3.3)

is the Jacobian of the residuals at parameters θ. For models of glacial isostatic

adjustment, no analytic form of the Jacobian is possible, which means it must

be approximated numerically. Evaluations of the Jacobian are therefore com-

putationally expensive, and so methods to invert for parameters should seek to

converge with as few evaluations as possible.

Though the metric is a local feature, it shares properties with the global ge-

ometry of the model manifold (Transtrum et al., 2011). The model manifold

in behavior space is characterized by a hierarchy of widths and curvatures:

in three-dimensions, the manifold resembles a ribbon that is long, thin, and

flat. This is reflected locally by a hierarchy of eigenvalues in the metric, evenly

spread over several orders of magnitude, indicating that equal movements in

two different directions in parameter space yield drastically different distances

along the model manifold. A consequence of this hierarchy is that some direc-

tions in parameter space will be well constrained by the data, while others are

free to vary over a broad range, resulting in a long, very narrow low-cost re-
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gion in parameter space. Outside of this canyon, the cost surfaces are very flat,

making it difficult to determine where the canyon is.

Variations of the metric on the model manifold reflect the surface’s curva-

ture. A primary consequence of this curvature is that the surface’s geodesics,

the shortest distance between any two points on the model manifold, are not

straight lines through behavior space. When attempting to follow a path from

an initial guess of parameters to the best-fit parameters, an algorithm that can

follow the geodesic will take fewer steps, require fewer evaluations of the Jaco-

bian, and run into fewer obstacles on the way to the cost-canyon and the best-fit.

The Levenberg-Marquardt algorithm is the current gold-standard for least-

squares minimization (Press, 2007, §15.5.2). At each iteration, the parameters

are updated θ → θ + δθ1 according to

δθ1 = −(g + λI)−1JT r, (3.4)

where I is the (N × N) identity matrix. The Levenberg-Marquardt parameter,

λ, is tuned during fitting to turn the direction of the step from the gradient-

descent direction (λ � 1, which locates the narrow, low-cost canyon) to the

Gauss-Newton direction (λ � 1, which navigates the canyon to the best-fit). As

a linear approximation, however, it ignores the curvature of the manifold. A fit-

ting algorithm can stay closer to the geodesics of the model manifold by adding

a second-order (curvature) correction, δθ2 to the typical Levenberg-Marquardt

step, δθ1 (Transtrum et al., 2011; Transtrum and Sethna, 2012):

δθ = δθ1 + δθ2 (3.5)

δθ2 = −1
2 (g + λI)−1JT r′′, (3.6)

where r′′ is a directional curvature (second derivative) of the model manifold.

This curvature can be computed with minimal additional overhead because the
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Figure 3.1: a) Snapshot of an area of the globe at t0, the beginning of the simula-
tion. The blues show the spherical ice cap and the black line the edge
of the ocean (the Earth’s true coastlines are shown only for scale).
The dots show the observation locations for the heuristic model. b)
Sets of behaviors for two instances of the five parameter model, P1

and P2 (3.1). The relative sea level response as a function of time is
are shown by lines (dotted and solid for P1 and P2, respectively). The
artificial data are indicated as points with error bars. Colors corre-
spond to locations in a)

pertinent direction is the one from the original Levenberg-Marquardt step. Thus

r′′ can be approximated using finite-differences requiring only one additional

residual evaluation:

r′′ =
2
h

(
rm(θ + hδθ1) − rm(θ)

h
− Jmνδθ

ν
1

)
; (3.7)

The residuals rm(θ) and Jacobian Jmν at θ have already been evaluated for the

first order step. The effect of this correction will be particularly pronounced

in regions of high curvature, as we illustrate with two examples drawn from a

heuristic model of glacial isostatic adjustment.

3.3 The Heuristic Model

We use a heuristic model of glacial isostatic adjustment to illustrate the proper-

ties and applications of a model manifold. The model is a slight modification
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of test D for the benchmarking of sea-level equation solvers found in Martinec

et al. (2018) that uses the benchmarked code giapy (Kachuck, 2017). It predicts

the response to the deglaciation of a spherical ice cap at the edge of a single

circular ocean, as shown in figure 3.1(a). The continental coastlines are shown

purely for scale. The ocean is an exponential basin, so that as it fills and subsides

(and then uplifts), the coastal areas are loaded (and then unloaded). This water

load contributes to the viscoelastic response. Details of the model can be found

in Supporting Information 3.B.

We model the ice sheet evolution as a spherical ice cap that deglaciates lin-

early in thickness and radius over time. The ice cap is centered at (25◦) and

initially has a radius of 10◦ (roughly 550 km, about the size of the Fennoscan-

dian ice sheet) and a central height of h0. The deglaciation starts at time t0 = 0

ka (thousand years) and finishes at time t1.

The Earth is modeled as a spherically symmetric, incompressible, viscoelas-

tic body with two viscoelastic layers and an elastic lithosphere, as described in

Spada et al. (2011). Though the elastic parameters of the upper mantle and lower

mantle viscoelastic layers are given, their viscosities, 10η1 and 10η2 , respectively,

are allowed to vary. The viscoelastic relaxations are computed using TABOO

(Spada, 2003).

Combined, the parameters related to the deglaciation history and the rheol-

ogy occupy a 5D space. These parameters are summarized in table 3.1. Two sets

of parameter values, P1 and P2 have been chosen to highlight different aspects

of how the model manifold geometry affects fitting.

To complete the model specification requires identifying the behaviors we
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Table 3.1: Summary of model parameters and two sets of “true” values. Earth
models are computed using TABOO (Spada, 2003) and the sea level
equation using giapy (Kachuck, 2017).

Parameter Description P1 P2

10η1 Upper mantle viscosity 1019.0 Pa s 1021.7 Pa s
t1 Ice-free time 3.71 ka 9.15 ka

10η2 Lower mantle viscosity 1021.3 Pa s
L Elastic lithosphere thickness 70 km
h0 Initial ice height 1500 m
σ Noise modela 10% 10 m

aThe standard deviation used for normally distributed noise.

are interested in. Relative sea levels (RSL), the elevation of past coastlines rela-

tive to present-day sea level, provide an important long-term record of glacial

isostatic adjustment (Engelhart and Horton, 2012). RSL observations are taken

at five times and three locations: the center of the ice load, the edge of the ice

load, and the center of the ocean basin, shown in figure 3.1(b). Normally dis-

tributed error is added to the RSL model predictions using two error models:

one whose noise has a standard deviation 10% of the true displacement, which

has the effect of adding larger error to the observations closer to the start of

deglaciation, when displacements are largest; and the second with a uniform

standard deviation of 10 m.

3.4 The Model Manifold

The model manifold of this system is a 5D (five parameters) surface embed-

ded in the 15D (15 observations) behavior space. For purposes of visualization,

consider varying only two parameters — deglaciation time and upper-mantle

viscosity — the other parameters are held at their values in table 3.1. We sam-

ple the model manifold by evaluating the model at a (50×50) grid of points in
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parameter-space. Considering only the RSL at the three locations at 2 ka, the

model manifold is the 2D surface embedded in a 3D space, as shown in figure

3.2(a). We can make several general observations about the typical structure of

model manifolds by looking at this diagram.

The model manifold shown represents all of the possible combinations that

the model can produce for the RSL at the three locations at 2 ka after the initia-

tion of deglaciation by varying the upper mantle viscosity and the ice-free time.

Points not on this surface cannot be produced by varying the parameters of the

specified model.

Our first observation: the model manifold has edges; The model maps un-

bounded regions in parameter space to bounded behaviors. The edges shown

in figure 3.2(a) with blue and red lines correspond to limiting values in the vis-

cosity and the deglaciation time, respectively. The physics of one is clear: when

the upper mantle viscosity is small enough, it is approximately inviscid, the vis-

coelastic response of this layer is so rapid that the behavior only depends on

the deglaciation time. The model is thus reduced to an effectively 1D model,

which corresponds to the blue line in 3.2(a) (see also supplemental figure 3.5 for

a combined behavior- and parameter- space view of one of these edges). Simi-

larly, when the upper mantle viscosity is large enough (especially compared to

the lower mantle value — 2×1021 Pa s here), it behaves like a solid, and further

increases again don’t affect the model behavior.

We will see in the next section how a fitting algorithm can get erroneously

stuck on one of these edges, a problem common in fitting. Because the edge

represents an unbounded region in parameter space, along which the cost func-

tion is essentially flat and unchanging, derivative-based methods can make little
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Figure 3.2: The model manifold for a grid of upper-mantle viscosities (10η1) and
deglaciation times (t1) for (a) the relative sea levels at 2 ka; (b) the
three largest principal components of the 15 behaviors; and (c) the
three smallest principal components. The blue and red lines indicate
the edges of the model manifold for low viscosity (η1 → −∞ Pa s) and
instantaneous deglaciation (t1 → 0 ka), respectively. Components of
data sets P1 (green) and P2 (purple) are plotted as points, except in c),
where they are too far away and represented by arrows. The small-
est principal components are tightly coiled, with the highest curva-
ture, and so are not informative. Animations of these surfaces can
be found in the supplemental material. d) The spectrum of singular
values of the model manifold, corresponding to the even spread of
extrinsic curvatures over eight orders of magnitude.

progress, even if the fit is not adequate. Thus, to invert for physically meaning-

ful parameter values, we wish to avoid the edge. On the other hand, if the data

lies near an edge, it may be viewed as an effective model with fewer parameters,

and so may be better suited to make certain kinds of predictions, making it an

attractive target for reducing the complexity of a problem (Transtrum and Qiu,

2014).

The limits to deglaciation time are complicated by the fact we have assumed
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that the timing of the glacial maximum (0 ka) is known and is not a free pa-

rameter. The limits under this assumption are an instantaneous deglaciation

(t1 − t0 = 0) or no deglaciation at all ((t1 − t0) → ∞). This can be mapped to

an unbounded domain, aligning with the definition of an edge, by taking the

logarithm, log(t1 − t0). This transformation may seem counterintuitive at first,

except that it highlights how the assumption that the time of the last glacial

maximum limits the possible behaviors of the model by imposing an edge to

the model manifold. If such a boundary is not intended, then the assumptions

underlying the model, and its parameterization, need to be amended. We per-

form this transformation of the deglaciation time parameter when fitting with

least-squares minimization to enforce that t1 > t0 without restricting its domain.

Our second observation: the model manifold has curvature. Though there

are several types of curvature in geometry, only two concern us here: extrinsic

curvature and parameter-effect curvature (Bates and Watts, 1980). The former

is the curvature of the surface in the embedded behavior space (how not flat

it appears) and largely affects the estimated uncertainties of fitted points. The

latter has entirely to do with our parameterization of the model (the curvature

of the grid lines within the surface).

Not all directions along the manifold have the same extrinsic curvature. Us-

ing principal component analysis on the entire model manifold, we can rank all

of the collective behaviors of the model by how much they vary over param-

eter space (corresponding to the singular values of the principal components),

and generate more insightful 3D slices of behavior space. The principal com-

ponents and singular values of the model manifold define combinations of the

behaviors that vary independently of each other and the magnitude of variation

72



of these behaviors (the length of the model manifold along these directions in

behavior space). It has been demonstrated that the model manifold can be con-

tained completely within the hyper-ellipsoid defined by these principal com-

ponent axes, suggesting a universal connection between the possible variation

of a model (given by the PCA) and the global curvature of the model manifold

(Quinn et al., 2018, in preparation).

Figure 3.2(b) and (c) show the behavior space along the three largest and

smallest principal components of the model manifold, respectively. The man-

ifold along the largest principal components is comparably flat and extended.

In contrast, the manifold along the three smallest principal components has the

appearance of crumpled paper. Furthermore, these small principal component

dimensions of the manifold sit approximately equidistant from the data, indi-

cating that they will not contribute information while fitting. For this reason,

the effect on fitting of extrinsic curvature is minimal. The remaining six compo-

nents have lengths and curvatures evenly spread between these, as shown by

the spectrum of singular values in figure 3.2(d).

Extrinsic curvature affects the uncertainty of estimated parameters through

the area of the manifold that is close to the data. For instance, if the model man-

ifold curves around the data, then a circle of points on the manifold equidistant

from the data encircles a larger area than if the manifold were flat. This large

area corresponds to an expansive region of parameter space, representing the

uncertainties in the parameters. The extent and orientation of this region are re-

flected in the eigenvalues and eigenvectors of the metric on the model manifold.

Analysis of these eigenvalues and their corresponding directions in parameter

space can be used to design optimally informative experiments, an approach

73



used to estimate the volume and configuration of the Barents Sea Ice Sheet in

Kachuck and Cathles (2018).

Parameter-effect curvature (Bates and Watts, 1980) is evident in how the pa-

rameter grid-lines converge and diverge on the model manifold in behavior

space. Curvature in the grid lines is a consequence of the parameterization of

our model and is responsible for sending fitting algorithms astray. Poor param-

eterization results in a trajectory that moves unnecessarily through areas of high

cost, slows down near the best fit, and is attracted to edges. Performing a change

in variable of the parameters to account for this curvature could make the cost

contours in parameter-space into concentric circles around the best-fit location

(Transtrum et al., 2011). Finding the best fit would then be trivial. However,

this reparameterization would be exceedingly costly to perform and largely un-

necessary, if the objective is to find the best-fit parameters from a starting guess

along a single path. A cheaper solution is to correct for the parameter-effect cur-

vature so that the trajectory is estimated by piecewise parabolas that stay closer

to the shortest path (the geodesic) to the best-fit and away from the edges. This

approach is described in the next section.

3.5 Fitting

The object of fitting is to find the point on the model manifold closest to the

data, that is, to find the θ∗ that minimizes the distance r2 given in equation 3.1.

Noise and unmodeled aspects of our observations mean that we will not be able

to exactly reproduce the observations with our model. The point in behavior

space that represents our observations will lie off the model manifold. Thus,
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the smallest r2 is unlikely to be zero and, in fact, the expected value is r2(θ∗) = 1,

so that each prediction is on average one standard deviation from its observed

value.

We fit the full five-parameter model to the two sets of relative sea level

observations (with different underlying parameters and error models) using

two algorithms: the standard Levenberg-Marquardt method (LM) and the

geodesic-accelerated Levenberg-Marquardt method (GALM) (Transtrum and

Sethna, 2012) implemented in Python1. The primary difference between the

algorithms is the inclusion in the latter of a term that estimates and corrects for

the local parameter-effect curvature on the model manifold. The two methods

are implemented with the same step-acceptance and convergence criteria (see

supplemental text 3.C).

All of the fits reproduce these artificial relative sea levels very well. In the

case of P1, LM evaporated a parameter (sending the lithosphere thickness to

zero), while GALM did not (the lithosphere best-fit was ≈20 km). This is the

primary advantage of the geodesic-acceleration: by following the curvature of

the model manifold, it can find a finite best-fit without getting stuck in an edge

and without needing to initially be close to the best-fit (Transtrum et al., 2011).

The best-fit of ≈20 km is far from the true value of 70 km (see table 3.1) as a con-

sequence of the added error, but is still within 2σ. See supplemental figure 3.6

for the steps in the five parameters. As shown in figure 3.3, for P2, GALM took

a third fewer steps than did LM, requiring four fewer evaluations of the model

Jacobian (eq. 3.3). At thirty-minutes per Jacobian evaluation, this corresponds

to two saved hours for this five-parameter model, a saving which is expected to

increase with more parameters.

1Available at https://github.com/skachuck/geoleastsq
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Figure 3.3: Cost per Jacobian evaluation for five-parameter model for both
datasets P1 (dashed) and P2 (solid), as fit by Levenberg-Marquardt
(LM, light blue) and Geodesic Accelerated Levenberg-Marquardt
(GALM, orange). GALM takes fewer steps to reach the optimum.
For P1, LM evaporates the lithosphere to 0 km thickness, as seen by
the slightly elevated cost at optimum.

To better understand the geometric differences between the algorithms, con-

sider the two parameter (10η1 and t1) fitting curves for P1 and P2 as trajectories

in both behavior space (left) and parameter space (right), with both methods,

as shown in figure 3.4. For two parameters, the number of steps between the

algorithms is approximately equivalent, though the trajectories still exhibit in-

structive behaviors.

Consider first fitting the model predictions represented by P1 on the top of

figure 3.4. P1 is near the edge of the manifold in behavior space (figure 3.4a, left)

even though both the true (star) and minimum-cost (dot) parameters are finite

(figure 3.4a, right). For the set A of initial parameters, shown in figure 3.4(a),

LM (light blue) evaporates to the inviscid limit. Note how the light blue line

starting at A merges with the blue edge in behavior space, or veers off the plot

in parameter space, while GALM (orange) stays in the finite region of parameter
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Figure 3.4: Fitting on the model manifold using standard Levenberg-Marquardt
(LM, light blue) and Geodesic-Accelerated Levenberg-Marquardt
(GALM, orange) as seen in behavior space (left) and parameter space
(right) for observations a) P1 and b) P2 starting from two initial
guesses each (points A-D). The best fit parameters are shown as the
white circles in parameter space while the parameters used to create
the data before the noise was added are represented by the white
star. The shading of the surface and parameter space is the distance
(equation 3.1), or the cost, from P1 and P2. Note the evaporation of
the upper mantle viscosity to the inviscid limit (blue line) using LM
from point A.

space, where the best-fit lies. For the second set of initial parameters, B, the

algorithms behave approximately equivalently, because location B sits at the

(far) end of a cost canyon, which is easer to follow than finding the canyon

initially.

When fitting the point P2 (figure 3.4b), the GALM fitting trajectories follow

the manifold more smoothly from the initial guesses to the closest point, with
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the LM trajectories making several sudden turns. Though this has minimal

effect on the number of iterations required for this two-parameter model, the

consequences become more severe in a larger dimensional parameter space, as

shown for the five parameter model in figure 3.3.

3.6 Conclusions

We have used a simple model of glacial isostatic adjustment to illustrate the ad-

vantages of considering geometric features of the model manifold. We have

shown that the curvatures and boundaries of the model manifold — conse-

quences of nonlinearities — impede locating best-fit parameters from an ini-

tial guess. It is frequently the case that, though the data do not lie near an

edge of a model manifold, the linear Levenberg-Marquardt step gets stuck

on an edge, where parameters are unphysical. We have shown how account-

ing for parameter-effect curvature (called the Geodesic Accelerated Levenberg-

Marquardt step) can keep the fitting algorithm away from edges with mini-

mal computational overhead, and even when started far from the best fit. This

method will facilitate the joint inversion of rheological and deglaciation param-

eters to a full database of observations of glacial isostatic adjustment.

The geometric perspective leads to other benefits. We have shown elsewhere

(Kachuck and Cathles, 2018) how a straightforward analysis of the model mani-

fold metric can be used to identify the optimal observation location for an uplift

measurement. We have demonstrated here that the geometry of the model man-

ifold can be used to highlight how poor model parameterizations cause unan-

ticipated model behaviors — such as the manifold edge that occurs if the time
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of the last glacial maximum (t0) is assumed to be known. It will be important

to consider these consequences as the timing of deglaciation is parameterized

alongside the volumes of the ice sheets. In future work, we will show how the

joint uncertainties associated with an actual inversion of glacial isostatic adjust-

ment propagate to predictions of local sea level changes, mass redistributions,

and other observations made using models of glacial isostatic adjustment.
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3.A Supplemental Plots

η1 -21

log
(t1
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Figure 3.5: One behavior (the largest principal component of the model mani-
fold) plotted as a function of both the logarithm of upper mantle vis-
cosity (η1) and the logarithm of the final deglaciation time (log(t1)).
Note that this is not an image of a model manifold, as it combines
both parameter and behavior spaces. The blue line represents what
would be an edge of the model manifold. Beyond this line, there
is no change of behavior based on viscosity. It is effectively a one-
dimensional model that only depends on the deglaciation time. If
the surface were continued for even lower viscosities the blue line
would simply be repeated.

3.B Model Details

The initial equilibrium solid Earth topography b(θ, φ) contains a single circular

exponential basin given by

b(θ, φ) = bmax − b0 exp
(
−ψ2/2σ2

b

)
, (3.8)

where

cos(ψ) = cos θ cos θb + sin θ sin θb cos(φ − φb). (3.9)
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Figure 3.6: Parameter steps for fitting the five parameter model (see parame-
ter definitions in table 3.1) for P1 (left) and P2 (right) for the two al-
gorithms: Levenberg-Marquardt (LM, light blue) and Geodesic Ac-
celerated Levenberg-Marquardt (GALM, orange). Note that GALM
takes fewer steps to approach the same best-parameters with two
exceptions. For P1, the lower mantle viscosities inferred are slightly
different (see a) and LM evaporates the lithospheric thickness to 0
km (see e).

We have chosen θb = 35◦, φb = 25◦, σb = 26◦, bmax = 3800 m, and b0 = 6000 m,

corresponding to the case D from Martinec et al. (2018, in review). These choices

ensure overlap between the initial ocean basin (b < 0) and the spherical ice cap

at its maximum extent.

The times for observation are t =0, 2, 8, 10, and 13 ka.
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A glaciation (growth) stage is not simulated, so the initial topography is as-

sumed to be the equilibrium topography under the maximum ice load. If, on

the other hand, the topography were the ice-free equilibrium (isostatic) topog-

raphy, then the topography at the start of deglaciation would depend on the

ice load and result in slightly different ocean loading characteristics (as a trough

would have formed around the ice sheet prior to deglaciation). The effect on the

geometric characteristics of the model are minimal, though, and so to minimize

computational time, the growth stage is not simulated.

3.C Least-squares algorithm details

The Levenberg-Marquardt and Geodesic Accelerated Lebenberg-Marquardt al-

gorithms were implemented as per Appendix B in Transtrum et al. (2011), with

the steps described in equations (4-6). A step δθ is accepted if the cost C = 1
2r2

is decreased at the new parameters. For GALM, an additional acceptance crite-

rion is included to make sure that the the acceleration term (δθ2) is less than the

velocity term (δθ1).

When a step is accepted, the new residuals and Jacobian matrix are com-

puted and the Levenberg-Marquardt parameter, λ, is adjusted down by a factor

of 10 (λnew = λ/10). If the step is not accepted, the parameters stay where they

were and the parameter is adjusted up by a factor of 10 (λnew = λ×10), to turn the

next step more in the direction of gradient-descent. The parameter is initialized

at λ = 100.
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CHAPTER 4

CONSTRAINING THE GEOMETRY AND VOLUME OF THE BARENTS

SEA ICE SHEET

Abstract

The ice load configuration of the Barents Sea Ice Sheet (BSIS) over the last glacial

cycle is in dispute. The traditional reconstruction, motivated by the observation

that paleo-shoreline emergence increases toward the center of the Barents Sea,

places a single dome in the center of the Barents Sea at the last glacial maximum

(LGM) that collapses to island centered loads during deglaciation. Observations

that suggest that ice flowed from the islands into the Barents even at the LGM

motivate another reconstruction that places the ice loads over the islands with

minimal marine ice. We analyze an ensemble of ice loads that are consistent

with the geophysical observations and show that current relative sea level, GPS

and gravity measurement do not and cannot distinguish a central dome from an

island-centered BSIS. What is needed are constraints in the central Barents. Im-

proving the gravity data sufficiently will be difficult. However, obtaining even

a single GPS uplift rate measurement in the central Barents would resolve the

central dome versus island centered BSIS geometry question. The Barents Sea

ice load geometry uncertainty provides a good illustration of statistical methods

that we believe will be useful in other areas of glaciology.

This is the accepted version of the following article Kachuck, S. B. and Cath-

les, L. M. (2018), Constraining the geometry and volume of the Barents Sea Ice

Sheet. J. Quaternary Sci.. doi:10.1002/jqs.3031, which has been published in

final form at https://onlinelibrary.wiley.com/doi/10.1002/jqs.3031]. This ar-
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ley Self-Archiving Policy [http://olabout.wiley.com/WileyCDA/Section/id-

820227.html
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4.1 Introduction

Marine ice sheets, such as the Western Antarctic, are particularly sensitive to

climate change. Insight into the dynamics of such ice sheets is potentially pro-

vided by the history of the ice cover of the shallow Barents Sea over the last

glacial cycle (Winsborrow et al., 2010). However, the specific configuration of

this high Arctic ice sheet during its collapse from the last glacial maximum

(LGM) about 20 thousand calendar years before present (20 ka) to about 10 ka

is uncertain (Jessen et al., 2010; Hormes et al., 2013; Hughes et al., 2015). Recon-

structions range from a large concentric dome of ice centered in the middle of

the Barents Sea (Grosswald, 2001; Lambeck, 1996; Peltier et al., 2015) to a more

modest amount of ice concentrated in smaller domes on the surrounding is-

land archipelagos of Svalbard, Franz Josefland, and Novaya Zemlya (figure 1;

Siegert and Dowdeswell, 1995). Where along this continuum the true ice con-

figuration lies will inform the specific dynamics of its growth and collapse and

its application in the fate of similar shallow marine ice-sheets.

An excellent review of the repeated glaciation of the area is given by

Ingólfsson and Landvik (2013). There is no question there was grounded ice in

the central Barents Sea during the last glaciation (Solheim et al., 1990; Elverhøi

et al., 1993). Evidence for this comes from submarine landforms of glacial origin

such as mega-scale lineations, drumlin fields, moraines, etc., some of which are

indicated in figure 4.1 (Solheim et al., 1990; Hogan et al., 2010). Glacimarine and

glacial sediments in the Barents Sea indicate ice grounding (Solheim et al., 1990;

Rüther et al., 2011).

Ice divides and domes can be reconstructed using the orientation of sub-
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Figure 4.1: Barents Sea ice load areas indicated by white grid with numbers 1 to
19. Small numbers indicate the locations where post-glacial shore-
line emergence has been determined (see table 4.1 for references).
The background color shows water depth from the IBCAO (Jakobs-
son et al., 2012). Yellow lines indicate moraine positions and black
arrows ice flow directions inferred from subglacial features (Ottesen
et al., 2007; Dowdeswell et al., 2010; Andreassen et al., 2014; Bjar-
nadóttir et al., 2014). Dash-dot arrows show flows in the opposite di-
rection, entering Hinlopenstretet (Hinlopen) from the south (Land-
vik et al., 1998).
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glacial features in the seafloor, which indicate ice flow direction. The large ma-

rine fan near Bjørnøya (figure 4.1) may indicate flow from the center of the Bar-

ents Sea (Winsborrow et al., 2010), but landforms further upstream indicate that

a primary ice dome in southern Hinlopenstretet (figure 4.1) between eastern

Spitsbergen and Nordaustlandet (Dowdeswell et al., 2010; Andreassen et al.,

2014) could also have fed the fan. Andreassen et al. (2014) identify such a dome

over Svalbard. They raise the possibility that radial ice flow during deglacia-

tion could have overprinted the bedforms indicating flow from an earlier cen-

tral Barents dome, but do not conclude that this was necessarily so. Dating

and lithological studies of glacially transported boulders suggest that even at

LGM there were active local ice domes in Northwest Spitsbergen and Nordaust-

landet (Hormes et al., 2011; Gjermundsen et al., 2013; Bjarnadóttir et al., 2014).

Moraine ridges in the central Barents Sea suggest a dome there (Pavlidis et al.,

1990). However, moraines are observed only on its eastern side (Amantov and

Fjeldskaar, 2013), which suggests it might have been an extension of the Novaya

Zemlya domes southern margin. High frequency seismic data suggest the No-

vaya Zemlya and Franz Josef Land ice sheets were connected across the deepest

part of the Sedov Trough at 18 ka (Pavlidis et al., 2001).

One of the main reasons for thinking that the Barents Sea Ice Sheet (BSIS)

consisted of a single dome comes from modeling the pattern of glacial isostatic

adjustment (GIA) shoreline emergence (a.k.a. relative sea level, RSL) on the

surrounding archipelagos (Forman et al., 2004). The emergence on the islands

increases towards the center of the Barents Sea (Forman et al., 2004), and extrap-

olation of the emergence into marine areas suggests a large concentric central

Barents ice dome. Previous attempts to fit the emergence data without a large

central dome failed to reproduce the observations (Lambeck, 1996), but only
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ice models with an ice-free center were considered; models with ice just thick

enough to be grounded were not examined. Lambeck (1996) settled on a model

which had a single 3.4 km dome southeast of Kongsya, consistent with other

interpretations of the emergence data (e.g., Peltier, 2004).

Terrestrial GPS measurements of the rate of uplift around the Barents Sea

have been examined to distinguish between ice models (Auriac et al., 2016).

However, like the RSL data, these GPS data are restricted to the peripheral, ter-

restrial areas. Root et al. (2015) analyzed data from GRACE to extract the grav-

ity signal from and infer the timing of the collapse of the BSIS. After applying

corrections and filters to reduce the influence of present day ice losses and other

sources of error, they infer a central Barents Sea rate of gravity change consistent

with the removal of a single marine dome.

The problem of reconstructing the ice in the BSIS from observations of glacial

isostatic adjustment on the periphery illustrates the challenges of inverting a

sloppy model (Waterfall et al., 2006; Mannakee et al., 2016). This geometric for-

mulation leads to useful insights on the familiar issue that a models predictive

power is not assured by its fit to data. The Barents presents the same challenge

as Antarctica, for example, where the data are on the margins and do not con-

strain model behavior in the interior (e.g., Nield et al., 2014). The essential

character of a sloppy model is that it is controlled only by a small subset of

well-constrained ’stiff’ parameter combinations. The other, ’sloppy,’ parameter

combinations are free to vary over a large range without affecting the fit, but

do not constitute an obvious null space. In the case of the BSIS, the ice in the

marine areas is sloppily constrained even when, as shown here, both the RSL

and gravity constraints are imposed.
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The purpose of this paper is to determine how well RSL and GRACE data

constrain the ice load geometry, and to identify where new data would be most

useful. After introducing the methods of analysis and the theory of sloppiness,

we perform an inversion for deglaciation curves in the Barents Sea and show

that it provides insights and information that are not obvious and not easily

otherwise attained.

4.2 Modeling and Estimation Methods

4.2.1 GIA Modeling

To model the response of the earths surface to glacial loads, we use a gravi-

tationally self-consistent approach to solving the global sea-level equation that

accounts for the viscoelastic and gravity response of a loaded spherically sym-

metric, non-rotating earth following the quasi-spectral method of Cathles (1975)

(Kachuck, 2017). The equations of motion for elastic and viscous displacements

and gravitational perturbations in response to a spherical harmonic load are

added together at each time step to obtain the viscoelastic deformation and

gravity perturbations at the solid surface. The response curves for each or-

der number are convolved with the spherical harmonic decomposition of the

changing ice load in the time domain. Performing the calculation in this way

allows us to constrain water load changes consistent with coastline topography

without iteration (Kendall et al., 2005). The calculations are performed to order

number 288, which corresponds to a spatial resolution of 35 km in the Barents

Sea. Although the calculations presented focus on the Barents Sea, they treat the

89



ice and sea level redistribution over the entire globe, which is assumed to be in

a state of isostatic equilibrium at the end of the last interglacial.

For radial elastic parameters and density we use PREM (Dziewonski and

Anderson, 1981). For the viscosity, we use the preferred rheological profile of

Fjeldskaar (1994) for Fennoscandia and the Barents Sea: a uniform mantle at

1021 Pa s overlain by a 75 km 1019.6 Pa s asthenosphere and a lithosphere with an

effective elastic thickness of 30 km.

The global ice load is defined every thousand years since the LGM (≈ 20 ka to

present) based on the ice margin positions, assumed lithology-dependent basal

shear strength, and environmental conditions (Fjeldskaar and Amantov, 2017).

The ice model honors the global meltwater curve of Bard et al. (1990). The load-

ing cycle (growth phase) starts at 120 ka and is constructed assuming that times

with identical eustatic sea level have identical ice loads. There is no change in

ice mass from 4.5 ka to the present, but the continued isostatic response of the

ocean basin has a large effect on the present day calculated gravity and uplift

rates. For this reason the recent water load redistribution is computed every 125

years. Time slices of the Barents Sea Ice Sheet can be found in figure 4.7.

An obvious question is whether the mantle rheology and the initial ice load

history would make a difference to the conclusions reached in the analysis. We

address this question by performing the same analysis with the VM2 rheology

and its preferred global ice load ICE-5G (Peltier, 2004). The effects of these

very different earth and ice models on the inversion results are minimal. Nei-

ther the volumes estimated nor the configurational uncertainty are significantly

changed (see appendix 4.D).
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4.2.2 Ice Volume Estimation Methods

The ice load in the BSIS is divided into 19 equal area sections (see figure 4.1)

whose deglaciation volumes can be altered independently with a single scal-

ing factor ki (see figure 4.3), which modifies the average ice load in the area at

LGM. The shape of the ice in each area is unchanged from the initial deglaciation

history, but ice loads at all times in area i are multiplied by the dimensionless

parameter ki. This is similar to the ice modification method employed by Simon

et al. (2016). Our approach employs much smaller areas whose volumes we

modify simultaneously, rather than sequentially.

The grid of areas covering the Barents Sea was chosen so that: (i) the

archipelagos would be covered by separate areas; (ii) the areas covering Sval-

bard (area 13) and Franz Josefland (15 and 18) would have a full area between

them (14); and (iii) most areas would have ice for several stages before being

deglaciated (4 and 17 are exceptions). Only a small amount of the BSIS is not

contained in the 19 sections. Less than 5% of the BSIS ice volume at LGM is

excluded and it lies in parts of the north and southeast of the Barents Sea that

are quickly deglaciated when the ice first starts to retreat. The result is that a

19-dimensional vector k defines the modification of the BSIS.

We use a probabilistic framework to infer the scaling factors k from observa-

tions of glacial isostacy. From a uniform prior, the posterior probability for the

parameters k given a vector of n observations d and a model that predicts those

observations g(k;E,I) with errors σ is written as

P(k|d) ∼
1

(2πσ)n/2 exp
−1

2

(
d − g(k)

σ

)2 . (4.1)

In equation 4.1, the model g(k) depends on the choice of a viscosity profile E
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and unmodified ice load history I, which necessarily trade off with one another.

While we do not include this trade off in the analysis, we show in appendix 4.D

that an analysis which uses a very different viscosity profile and starts with a

very different ice load history produces an almost identical result. The proba-

bility distribution in equation 4.1 is sampled using Markov Chain Monte Carlo

method (Foreman-Mackey et al., 2013) to derive an ensemble of BSIS ice config-

urations that are compatible with the observations. The mode of this sampled

distribution is chosen as the best-fit configuration.

Implicit in equation 4.1 is the assumption that the expected errors between

the observations d and the modeled values of these observations g are inde-

pendently drawn from a single normal distribution. Errors in measuring RSL

involve errors in the heights of shoreline samples and calibration uncertainties

in carbon-14 dating, which can be combined into a combined height error or

treated separately (Mitrovica et al., 2000). We assume that the RSL height errors

of all measurements are distributed with the same normal distribution of width

σRSL, and include σRSL as a parameter to be estimated by maximum probability

(see appendix 4.B; figure 4.10). We therefore have a parameter set θ = {k, σRSL}

whose posterior distribution P(θ|d) will be sampled.

Covariances of the parameters can be computed directly from N samples of

θ from the posterior distribution or approximated:

Ci j =
1
N

N∑
α=1

(θi α − θ̄i)(θ j α − θ̄ j) ≈
1
2

[
JT J

]−1

i j
, (4.2)

where θ̄i is the mean of parameter θi and J is the Jacobian of the residuals at the

optimal point θ∗ with components

Ji j =
∂

∂θ j

gi(k)
σ

∣∣∣∣∣∣
θ∗

. (4.3)
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In the above, θ∗ = {k∗, σ∗} are the best-fit parameters determined during sam-

pling as the mode of the sampled posterior distribution.

A universal feature of non-linear models is a hierarchy of parameter sensi-

tivities, with strong dependence on the values of a few well-constrained, stiff

combinations of parameters and increasingly weaker dependence on all other

sloppy parameter combinations (Waterfall et al., 2006). Sensitivities spanning

many orders of magnitude can be looked at as global geometric characteristic of

the mapping from parameters to observations that can be investigated locally

through the JT J sensitivity matrix. The JT J matrix is characterized by eigen-

values that evenly span many orders of magnitude, reflecting the hierarchy of

constraints. The eigenvectors of JT J are the linear combinations of parameters

that are independently constrained. Since there are commonly large tradeoffs

between parameters, each eigenvector typically depends on many parameters.

Recognition of a models sloppiness provides an important perspective on

the models predictive usefulness. Because the model is unresponsive to the

sloppy parameter combinations, many predictions from the model can be quite

accurate even while the sloppy parameter combinations are unconstrained. A

consequence is that to constrain a parameter to within, say, 10% by taking new

data from the same locations can require an unrealistic quantity and quality of

data (Apgar et al., 2010; Chachra et al., 2011).

We will focus on a particular prediction as a proxy for ice configuration:

the LGM total ice load volume of the BSIS, VLGM. The uncertainties in the ice

modifying parameters propagate linearly to this prediction as

Var(VLGM) ≈
∂VLGM

∂k
[
2JT J

]−1 ∂VLGM

∂k
(4.4)

(see Casey et al., 2007). To compute the expected reduction in variance of an
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additional observation d′ that can be measured to an accuracy σd′ , we add the

new observation to data d and model prediction g, and re-optimize. A shortcut

to assess the reduction is to update the Jacobian approximation of the errors.

The new data prediction g′ adds a row to the model Jacobian given in equation

4.3, which results in the rank-1 update to JT J:

JT J → JT J +
1
σ2

d′

∂g′

∂θ

∣∣∣∣∣
θ∗

∂g′

∂θ

∣∣∣∣∣T
θ∗
, (4.5)

where θ∗ is the optimal parameter vector before including the new candidate

point. Appendix 4.C gives a detailed explanation. The updated Jacobian in

equation 4.5 can be used to compute the new variance of the prediction VLGM

for possible d′, and to select the one that maximizes the reduction in variance,

a process called optimal experiment design (Casey et al., 2007; Mannakee et al.,

2016).

4.3 Data

The main constraints on ice volume are the RSL records on the archipelagos

surrounding the Barents Sea and Northern Scandinavia (see Table S1 for all lo-

cations and citations). Distributed among 34 locations, there are in total n = 368

emergence observations. The calculated (GIA model) RSL is interpolated from

the calculation grid to the locations and ages of the observed data.

The GRACE data considered here are digitized from the processed results of

Root et al. (2015), figure 2, who report the maximum gravity rate in the central

Barents Sea. Their rate is extracted after removing the recent melting of ice on

Svalbard and smoothing to isolate the gravity signal of glacial isostatic rebound

from the long wavelength gravity signal of Greenland and short wavelength
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sources of noise. They use a Gaussian bandpass with a highpass wavelength

of 600 km and lowpass wavelengths varying from 210 km to 300 km in 10-km

increments. Notably, as the processing method cannot identify the location of

the maximum gravity rate, important information about ongoing GIA is lost.

Our consideration of GPS deformation observations in the Barents Sea is

restricted to the vertical uplift at the sites reported in Auriac et al. (2016), which

are also corrected for present-day melt in Svalbard.

4.4 Results

Figure 4.2: Examples of best-fit RSL predictions (solid lines) with their 1-sigma
error range (shaded) of relative sea level change are compared to
RSL measurement (solid dots) at four sites. (Plots for every location
are given in Figure 4.8).
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4.4.1 The fit

Figure 4.2 compares RSL measurements (dots) to the GIA model predictions

(lines with σRSL = 14m uncertainty bands) for the best-fitting set of ice modifica-

tions k∗. The best-fit ice model is the mode (highest probability) of 800 k vectors

sampled from the posterior distribution (equation 4.1). This ice configuration

reproduces many of the features of GIA. Analysis of the residuals (see appendix

S1) indicates that the best-fit error model of σRSL = 14 ± 0.7m appropriately ac-

counts for systematic uncertainties in the model of RSL. This estimate includes

the tens of meters of observational error (Mitrovica et al., 2000) in the RSL mea-

surements as well as sources of systematic error. For instance, our model does

not include changes in the earths rotation, whose omission represents an in-

significant error on the order of 1 m (Milne and Mitrovica, 1998).

The spread of VLGM (the volume of the Barents Sea Ice Sheet, BSIS, at the last

glacial maximum, LGM) around the best-fit parameters, calculated by applying

equation 4.4 to the sampled parameters, is centered at 5.61 ± 0.59 meters melt-

water equivalent (mMW equivalent). This 10% uncertainty seems small, but

encompasses a wide range of possible configurations in the central Barents Sea.

This surprising range is illustrated in figure 4.3. The best-fitting deglaciation

curve with its region of uncertainty (shaded band) is plotted in each ice load

modification area. The blue lines and shading show the fit conditioned on the

RSL observations. The red line and shading show the fit conditioned on both

the RSL and GRACE gravity data. The impact of the GRACE data on the uncer-

tainty is limited to only a few areas, so only these areas are shown. The figure

illustrates the large variations in uncertainty from area to area, and predicts a

substantial ice load in the Northern Barents Sea (area 14) between Svalbard and
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Franz Josefland, confirming at least a northern marine dome. The central Bar-

ents Sea (areas 6 and 10) carries the most uncertainty, and the ice load there

ranges from a large ice dome to nearly no ice loading (just-grounded ice), illus-

trating that the GRACE gravity data do not settle the question of whether there

was a domal ice sheet in the central Barents Sea at LGM.

Figure 4.3: Best-fitting average ice load histories in each of the 19 areas. The
best-fit ice volume (in meters meltwater equivalent; mMW equiv.)
and 2σ uncertainty range if the ice is constrained with RSL measure-
ments alone (blue) or in addition to GRACE gravity data (red, for
areas that are significantly affected). Substantial ice in the Northern
Barents Sea (area 14) is indicated. The GRACE data reduce the un-
certainty in the central Barents Sea ice load but does not rule out a
substantial marine dome or just grounded central ice sheet. The dots
show data locations from Table 4.1.
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Figure 4.4: The eigensystem for JT J at the point of best fit between calculated
and observed RSL. a) The eigenvalues, normalized to their largest
value, are spread evenly over a wide range. b) The eigenvector ma-
trix. The eigenvectors (columns) are arranged from left to right in
order of decreasing eigenvalue. Shading represents how much each
ice modification area contributes to each eigenvector (blue/hatched
is negative). The rows (areas) are arranged in decreasing order of the
number of RSL data sites (see text).

4.4.2 Sloppiness in the Central Barents Sea

Figure 4.4 shows the eigensystem of the JT J matrix at the best-fit point. Fig-

ure 4.4(a) illustrates the broad spread of the 19 eigenvalues. Figure 4.4(b) il-

lustrates the eigenvector matrix. Each column in the eigenvector matrix is the

projection of an eigenvector on the 19 ice modifying scaling factors k, with each

cells shading showing how much that area contributes to the eigenvector and

the color indicating whether the contribution is positive (red) or negative (blue,

hatched). Because the eigenvectors are invariant to reversal of sign, what mat-

ters is the sign relative to the other areas in the eigenvector. The eigenvectors

are arranged in order of increasing uncertainty (decreasing eigenvalue) along

the x-axis of figure 4.4(b). The ice model areas are arranged (bottom to top) by
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the number of RSL observation locations they contain. Below the solid black

line, the ice areas have no RSL observations and are arranged in order of their

decreasing eigenvalues so that the matrix is approximately diagonal.

The eigenvalues are sloppy: their magnitudes are spread evenly across al-

most 5 orders of magnitude, with some eigenvectors even smaller. The eigen-

values are normalized by the largest eigenvalue to make this spread easier to

observe. The eigenvectors with these smallest eigenvalues are associated with

areas 3, 4, 7, and 8, all of which are determined by the inversion to have had just-

grounded ice (that is, almost no net load) as the most likely scenario given the

RSL data. The RSL data require no ice load here and the only constraint is that

there was just-grounded ice. These very small eigenvalues cause the total LGM

ice volume standard deviation (the square-root of equation 4.4) to be far larger

than what is sampled (5.61 ± 53.73 mMW equivalent). However, when these

four eigenvectors are omitted by zeroing them in a singular value decomposi-

tion of J, the approximated LGM ice volume standard deviation from equation

4.4 is reduced to 5.61 ± 0.60 mMW equivalent, which is almost identical to the

5.61 ± 0.59 mMW equivalent uncertainty computed from the sampled param-

eters. This process does not entirely remove the uncertainty of the volumes in

these areas, however, because these areas contribute nontrivially to other eigen-

vectors.

The ice modification areas associated with the stiffer directions are those

which contain the most RSL data, hence the concentration of dark squares at

the top left. Similarly, the areas associated with the sloppiest directions are in

the central Barents Sea. Ice can be taken out of the central Barents Sea, added

to it, or shifted between areas within it, with little to no effect on the model RSL
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predictions on the archipelagos.

4.4.3 Optimal Experiment Design

Can we predict which data might better constrain the ice volumes in the central

Barents Sea? We consider two additional sources of data: gravity rates derived

from GRACE and uplift rates measured by GPS stations. We include the gravity

in the fit by appending the GRACE-derived gravity rates in figure 2a of Root

et al. (2015) to our data vector d and amending our GIA model g. The errors for

these measurements σGRACE are taken as the 1σ bars from the same published

figure that reflect the uncertainty in how modern melt from Svalbard affects the

gravity signal.

As before, these data are fit using Markov Chain Monte Carlo sampling. The

best-fitting ice volumes and their uncertainty bands are shown in red in figure

4.3 for the few areas where the ice volumes are changed enough by including

the gravity data to warrant display.

Equation 4.5 predicts that the expected reduction in the standard deviation

for VLGM from including one of the filtered observations is 0.11 mMW equiva-

lent. The total ice volume uncertainty is reduced from 5.61 ± 0.62 to 5.61 ± 0.51

mMW equivalent. After refitting the parameters, the new actual LGM volume

and uncertainty is 5.01±0.36 mMW equivalent, indicating a realized uncertainty

reduction of 0.26 mMW equivalent. However, the crucial problem of discrimi-

nating between a significant and minimal Barents Sea ice load is left unresolved

by the GRACE results because along with the reduction in uncertainty there is

a reduction in the most-likely maximum load in areas 6 and 10 and a slight in-
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Figure 4.5: The differences between an ice model 1σ above (top row of figures)
and 1σ below (bottom row) the RSL+GRACE posterior mean. a-b)
the water-load equivalent of the ice models. Calculated unfiltered (c-
d) and filtered (e-f) model rate of gravity change, with the maximum
rate of change indicated by an ’x’ and the rate of gravity posted in the
upper-right. The filter is a 230km to 600 km bandpass filter. g-h) RSL
contours at 10 ka with RSL data locations shown as dots for compar-
ison with Figure 6 of Forman et al. (2004). i-j) Present-day uplift rate,
with dots indicating the GPS locations in Auriac et al. (2016) and the
cross indicating the location of maximum VLGM variance reduction
identified by optimal experiment design (as in figure 4.6).

crease in areas 5 and 11, so that neither end case (minimal or maximal central

Barents Sea ice load) is sufficiently excluded.

To better appreciate the breadth of possible configurations that are equally

likely given the RSL and GRACE data, figure 4.5 shows the results from a sam-

ple ice load one standard deviation above the mean ice load volume (+1σ, 5.37

mMW equivalent) and one standard deviation below (1σ, 4.65 mMW equiva-

lent). These ice models are primarily distinguished by the amount of ice in the

central Barents Sea (areas 6, 7, 10, and 11 have an LGM volume of 1.53 versus

1.19 mMW equivalent; see figure 4.5(a-b)).

Figure 4.5(c,d) compare the different present-day rates of gravity change.

As expected, the maximum change rate (signified by the white ’x’) is further
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south and larger (0.52 µGal a−1 versus 0.47 µGal a−1) in the large ice load (+1σ).

The rates of gravity change surrounding the central Barents Sea are unaffected.

After filtering with a bandpass filter of 230-600 km (e-f), the difference in the

magnitudes decreases by half (0.184 versus 0.161 µGal a−1) and the distance be-

tween the maximum rates of gravity change (signified by the white ’x’) also

diminishes. The GRACE gravity field with this filter yields a maximum rate of

0.163 ± 0.030µGal a−1 (Root et al., 2015). The RSL contours from 10 ka for the

larger (+1σ) and smaller (1σ) ice loads are almost identical where RSL observa-

tions have been made (black dots, figure 4.5(g,h)). Whereas the contours going

through the data locations are approximately equivalent, the shape just away

from these locations is markedly different.

The present-day uplift in response to the +1σ/1σ loads, shown in panels (i-

j), shows a large difference in the central Barents Sea. In response to the +1σ

load, the central Barents Sea uplifts with a maximum rate of 7 mm a−1, whereas

that same location subsides at about 3 mm a−1 in response to the 1σ load. The

location of the existing GPS stations around the Barents Sea (black dots in i-j)

record similar uplift rates for the +1σ and 1σ ice loads, and indeed the entire

ensemble of possible ice loads is consistent with the RSL and GRACE data.

By contrast, the experimental design formalism identifies a location (the

cross in figure 4.5i-j) where a single uplift rate measurement with a moderate

uncertainty would resolve the central Barents Sea ice thickness question. Figure

4.6(a,b) shows the results of applying experimental design to a grid of candidate

uplift rate observations, assuming the uplift rate can be measured to within 0.5

mm a−1 (as in Auriac et al. (2016) other errors are shown in appendix 4.E; figure

4.12). Predictions of present-day uplift rate at individual sites within the Bar-
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Figure 4.6: a) The optimal reduction in Barents Sea LGM ice load volume that
can be achieved with a single observation of the uplift rate with a
1σ error of 0.5 mm a−1 is centered around (73.7◦N, 32.5◦E), as shown
by the dashed circle with a radius of 1 degree (70 km). Dots show
GPS data locations referred to in Auriac et al. (2016); all are far from
this area. b) The reduction in uncertainty in ice load of area 6 with
the optimal uplift rate measurement of 1.9 ± 0.5 mm a−1 is illustrated
by the tightening of the uncertainty band from the red band (also
shown in figure 4.3) to the black band. See figure 4.11 for the optimal
measurement using VM2 and ICE-5G.

ents Sea are mostly sensitive to small changes in the nearest ice load modifica-

tion area, so it is reasonable that the most discriminating observations would be

drawn from the areas with largest uncertainty in ice load. Such measurements

are increasingly possible as improvements are made in underwater measure-

ments, such as with combined acoustic and GPS techniques, though uncertain-

ties (≈2 cm a−1) are presently too large (Honsho and Kido, 2017).

The small dots in figure 4.6 show the locations of available GPS data, as re-

ported in Auriac et al. (2016). All lie in very low information gain areas. The

nearest extant station is the Bjørnøya site (BJOS) near the corner of areas 4, 5,

and 9, which has an expected reduction to the uncertainty of VLGM of just 0.02

mMW. The predicted maximum reduction in the uncertainty of VLGM is just

over 0.1 mMW equivalent within a degree of (73.7◦N, 32.5◦E) (indicated by the
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white dotted circle in figure 4.6a) so Bjørnøya offers an uncertainty reduction

that is small compared to the reduction that is possible. Substantial gains might

also be had from a measurement in area 11 (which is tied to area 6 as indicated

by eigenvectors 13 and 14 in figure 4.4). An uplift rate measurement at the opti-

mal location in area 6 would reduce the ice load uncertainty band as illustrated

in figure 4.6(b) for a hypothetical measured GPS uplift rate of 1.9 ± 0.5 mm a−1.

A single measurement would distinguish a minimal central Barents Sea ice load

from a single contiguous dome.

4.5 Discussion

4.5.1 Regional independence

This paper shows that inferring the configuration of the Barents Sea Ice Sheet

from the current observations of glacial isostatic adjustment exhibits sloppiness.

The ice volumes of areas with high data density (areas 13, 15, 18, 9 in figure 4.3)

and the areas proximal to the data rich areas (14) must have had substantial

ice at the last glacial maximum, and ice volumes in the marine areas (e.g., 5, 6,

and 7) are unconstrained by observations. Starting with the 11th eigenvector

in figure 4.4(b), which coincides with area 10 in the center of the Barents Sea,

the sloppy parameters are mostly associated with marine areas in the southern

Barents Sea or areas in the periphery (such as 8, 17, and 19) that were never

covered with much ice. Each of these eigenvectors is dominated by a single

area.

Typically sloppiness is associated with complicated tradeoffs between pa-
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rameters (Mannakee et al., 2016). Thus it is surprising that the order of the

ice areas in the eigenvector matrix of JT J can be arranged so sections of the

matrix are so close to diagonal. We expected tradeoffs, for example, between

ice volumes in the Barents Sea because of the smoothing effects of the litho-

sphere (Cathles, 1975). The diagonality of the JT J eigenvectors indicates that

GIA around the Barents Sea is largely controlled by the local ice load, and sug-

gests that a better fit would require more local tailoring. Figure 4.11 in appendix

4.D shows that the diagonality remains even if the lithosphere is very thick. The

ability of the eigenfunctions to reflect local ice interdependencies is illustrated

very briefly in appendix 4.B.

A related concern might be that we have introduced artificial independence

by allowing steep slopes along the boundaries of the modification areas. This in-

dependence could be broken by introducing a prior constraint on the ice modi-

fying parameters (see, e.g., Stokes et al., 2015). However, these steep slopes have

no effect on the viscoelastic rebound. Short scale features, like these slopes, are

elastically supported by the lithosphere, so the load as seen by the mantle is

much smoother, as shown by the examples in supplemental figure 4.9. Impos-

ing prior constraints on ice sheet smoothness could prejudice the inversion and

would prove inappropriate in light of the conflicting interpretations of bathy-

metric observations noted in the introduction.

Consideration of the sloppiness in the estimated ice parameters has afforded

us a formal view into the dependencies between ice load, earth rheology, and

observations of glacial isostasy. It shows that constraints on the volume of the

BSIS cannot come from further RSL data points on the archipelagos, continued

terrestrial GPS monitoring, or from the current GRACE measurement. A new
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method of processing the GRACE signal or a measurement of uplift rate from

the marine region is required. The analysis provides insights that could not be

otherwise easily obtained and are important. For instance, it is surprising but

significant that reducing the error on the inferred GRACE gravity change rate

to zero would provide negligible additional constraint on total ice volume and

its configuration.

4.6 Conclusions

The purpose of this investigation is to determine how well the configuration

of the Barents Sea Ice Sheet at the last glacial maximum can be constrained by

observations of GIA from existing measurements of relative sea levels, rates

of change of gravity, and GPS surface uplift rates. We have presented a geo-

metric perspective on sensitivity analysis that highlights how the five order of

magnitude range of sensitivity to parameter combinations results in regionally

well-constrained ice loads on the archipelagos but very poorly constrained ice

loads in the marine areas of the Barents Sea. Many of the specific features of

GIA depend on the local ice load, so that a large range of regional ice loads fit

the record of paleo-shoreline emergence record.

The current state of the art for processing GRACE data does not distinguish

between these possible ice sheets. We show that the seeming small uncertainty

in the total LGM ice volume (5.01±0.36 mMW equivalent) still allows drastically

different ice loads in the central marine Barents Sea. Our analysis confirms the

presence of a substantial ice sheet between Svalbard and Franz Josefland in the

north, consistent with some published ice loads Lambeck (1996); Auriac et al.
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(2016). In the southern and central Barents Sea, the RSL and GRACE data are fit

equally well by a substantial ice dome (a height of ≈2 km of equivalent water

load for the 5.37 mMW equivalent case) or next to no ice load at all (less than

500 m for the 4.65 mMW equivalent case). A GRACE observation could be more

discriminating if the maximum gravity signal from the last glacial maximum

could be more precisely located.

A single uplift measurement in the central Barents Sea, even with a modest

observational error, would distinguish between the end-member ice configura-

tions, and would be an exciting test of new measurement technologies. Further-

more, we show in appendix 4.D that these conclusions do not depend on the

mantle rheology chosen. We believe these geometric methods will contribute

to our ability to visualize and account for the interplay between ice loads and

earth rheology in models of and predictions from glacial isostatic adjustment.
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4.A Additional Figures

Figure 4.7: Time slices (20 - 13 ka) of the Barents Sea Ice Sheet ice surface heights
above solid surface before the modification described in the text.
Note the change in scale between the upper and lower rows.

4.B Error Evaluation

Determining what uncertainty to use to scale misfits to relative sea level (RSL)

data is not straight-forward. Errors in dating the organic material and the sam-

ples elevation above sea level compound with difficulties in interpreting how

the various types of samples relate to paleosealevels. Our approach is to deter-

mine the error model that maximizes the models probability, as given by equa-

tion 4.1.

In determining the best fit between the 368 RSL observations and model pre-

dictions the observation error of each RSL measurement is assumed to be the

same, and is solved for in the inversion. The inversion provides the histogram

of model-observation residuals and the error is the half width of the Gaussian

distribution that best represents the residual distribution (as shown by the solid

line in figure 4.10 a). The Gaussian half width determined is 14m, which is a lit-
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Location Reference (Lon, Lat) N
Northern Scandinavia
409 Sørya Romundset et al. (2011) (22.71, 70.62) 7
410 Rolfsøya - (23.94, 71.00) 5
411 Norkinn - (27.31, 70.94) 6
Svalbard
412 Southern Edgeya Bondevik et al. (1995) (22.66, 77.31) 17
413 Diskobukta - (21.60, 78.00) 20
414 Kapp Ziehen - (21.96, 78.55) 25
415 Humla - (23.00, 78.20) 28
418 Brggerhalvya Forman et al. (1987, 2004) (11.44, 78.96) 11
419 Kongsøya Salvigsen (1981) (29.24, 78.89) 14
420 Agardhbuktbuktaa Salvigsen and Mangerud (1991) (18.59, 78.07) 9
421 Ytterdalen Landvik et al. (1987) (14.28, 77.81) 11
422 Bockfjorden Salvigsen and Høgvard (2005) (13.39, 79.45) 11
423 Svartknausflya Salvigsen (1978) (21.97, 79.41) 20
424 Srkapp Land Salvigsen and Elgersma (1993) (15.95, 76.80) 13
444 Storoya Jonsson (1983) (27.76, 80.13) 8
445 Hopen Zale and Brydsten (1993) (25.25, 76.67) 4
446 Hopen Hoppe et al. (1969) (25.25, 76.67) 12
Franz Josefland
425 Hooker/Scott Keltie Forman et al. (1996) (52.34, 80.25) 17
426 Bell Island - (49.19, 80.00) 9
427 Koettlitz & Nansen Forman et al. (1997) (54.05, 80.58) 8
428 Brady Island - (54.90, 80.25) 8
429 Leigh Smith Island - (54.09, 80.20) 6
430 Hayes/Freshman/Newcombe - (58.00, 80.50) 11
431 Wilczek Island - (58.79, 79.90) 10
432 Koldewey Island - (59.10, 80.12) 8
433 Outer Hall Island - (58.16, 80.17) 8
434 Klagenfurt Island - (60.32, 80.35) 7
Novaya Zemlya
435 Cape Bismarck Zeeberg et al. (2001) (68.57, 76.41) 8
436 Cape Zhelaniya - (68.49, 76.95) 10
437 Ivanov Bay - (67.32, 76.94) 9
438 Russkaya Gavan - (66.01, 76.72) 8
439 Russkaya Gavan - (62.68, 76.19) 7
440 Nordenskild Bay - (57.39, 75.34) 9
441 Cape Bolvansky - (59.05, 70.45) 4

Total number of emergence observations: 368

Table 4.1: Table of all paleoshoreline emergence records’ locations, references,
and number of observations. Location numbers refer to the locations
in figure 4.1.
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Figure 4.8: Best-fit model predictions (solid lines) with the most likely 1-sigma
prediction range (shaded region) for 368 RSL observations (solid
dots) at the 34 locations in Table 4.1.
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Figure 4.9: The smoothing effect of a 30 km lithosphere on two load samples
at LGM one with a central dome (+1σ) and one without (-1σ) (see
figure 4.5). The lithosphere elastically supports small-wavelength
loads, and so these stresses are not communicated to the mantle for
viscoelastic deformation. The effect is that the sharp edges created
from our parameterization of the ice sheet are in fact smoothed out,
and are effectively replaced with this smoothed model before defor-
mation is computed.

tle larger than the typical RSL measurement error. We can evaluate how errors

might be ascribed to younger or older data by separating out the RSL residuals

of our best-fit model by age in panels b and c of figure 4.10. Panel b shows a

histogram of residuals of data whose RSL data are younger than 5 ka. From the

Gaussian histogram with half width 2.5m it can be seen that a standard error

for these RSL data would be ≈2.5m. Panel c shows the residual histogram for

RSL data between 5 and 10 ka is similarly well described by a Gaussian with
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Figure 4.10: Histogram of RSL residuals (observed minus calculated) for the
best-fit ice alteration parameters. a) All 368 RSL, with the best fit
error Gaussian with halfwidth 14m shown for reference (solid line).
b) Residuals from observations younger than 5 ka and a Gaussian
distribution with 2.5 m standard deviation. c) Residuals for obser-
vations between 5 and 10 ka and a 10 m standard deviation.

half width of 10 m. The inversion Gaussian with σ=14m thus capture both the

younger and older emergence data, while also capturing the spread of RSL mea-

surements with larger residuals and sources systematic error. Thus, although

ascribing error to RSL observations according to their age might improve the

analysis of the error distribution, it would likely not improve it very much.

Analysis of the shape of the residual histogram relative to the inversion

Gaussian could provide additional insights. In particular, the RSL data points

that lie outside the grey error band in figure 4.8 might be brought within the

band if the ice modification were varied as a function of time (e.g., during

deglaciation) or if the ice modification was more refined in space (more and

smaller areas considered). The latter is suggested, in fact, by the north-south

contributions to the Franz Josefland glacial load, and the suspicion that more

ice in west Svalbard relative to east would improve the RSL fit. If the modifi-

cation area were split into two, it is very possible that one of the model eigen-

vectors would include an anticorrelation west-to-east on Svalbard, just like the

north-south Franz Josefland anticorrelation (see eigenvector 6 in figure 4.4). As
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the total volume over Svalbard is very tightly constrained, however, performing

more local tailoring of the ice over Svalbard would not affect the uncertainty of

the ice volumes in other parts of the Barents Sea.

4.C Calculation of Prediction Variance Update

Here we present the methods for updating the variance of a prediction with the

expected reduction from making a new observation, and demonstrate that the

expected uncertainty reduction is bounded above, even for an observation that

can be made with no observation error.

To estimate the change in prediction uncertainties produced by an additional

observation d′, modeled by g′, with expected observation errorσ′d, we add a row

to the Jacobian J, the gradient of the modeled observation g′ with respect to the

parameters θ. The change to the sensitivity matrix JT J is therefore:

JT J → JT J +
1
σ2

d′

∂g′

∂θ

∣∣∣∣∣
θ∗

∂g′

∂θ

∣∣∣∣∣T
θ∗
. (4.5)

The prediction variance relies on the inverse of this matrix, and there is a

straightforward way to compute the inverse of a matrix of this form. The

Sherman-Morrison formula states that, when updating a matrix A with the out-

erproduct of a vector u with itself (A′ = A + uuT ), the inverse is given by

A′−1 = A−1 −
A−1uuT A−1

1 + uT A−1u
. (4.6)

Here, A is the matrix JT J and u the gradient of the modeled observation.

Applying this to updating the variance in predictions of the LGM volume of
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the BSIS, using equation 4.4, we find that

Varupdated(VLGM) = Var(VLGM) −
1

σ2
d′ + Var(d′)

(
∂VLGM

∂θ

[
2JT J

]−1 ∂g′

∂θ

)2

, (4.7)

where Var(d′) is the range of possible values of d′ we expect to measure, given

the already included observations. Note that this approximation to the reduc-

tion in prediction variance assumes the mean of the prediction stays the same

when including the new observation. The mean is, after all, the best guess of the

prediction given the data included in the model, so this assumption is reason-

able. However, deviations from this expected reduction in prediction variance

might be anticipated where the mean of the prediction changes after fitting to

the new observation.

An important consequence of equation 4.7 is that, even with a perfectly mea-

surable observation (σd′ = 0, the expected reduction in prediction uncertainty

from the observation has an upper bound. Rearranging, for the case σd′ = 0,

Varupdated(VLGM) = Var(VLGM)

1 −
(
∂VLGM
∂θ

[
2JT J

]−1 ∂g′

∂θ

)2

Var(VLGM)Var(d′)

 . (4.8)

The second term in the bracket has the form of a correlation coefficient between

the prediction and the proposed observation, given the model as it has cur-

rently been constrained. It allows some intuition about why the prior range of

the proposed observation values Var(d′) matter. The numerator is the projection

of the sensitivities of the proposed observation on the desired prediction. If the

proposed observation depends on the same combination of parameters that are

responsible for the predictions uncertainty, then this term will be large. How-

ever, if the model of the proposed observation depends strongly on the sloppy

directions, then Var(d′) will be large and a large range of parameters will fit the

newly acquired observation, which reduces its ability to further constrain the
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prediction. The optimal observation balances these effects.

4.D Effect of Alternate Viscosity on Configurational Uncer-

tainty

To assess the degree to which uncertainties in viscosity and ice models affect the

conclusions presented in the main text, we perform the same ice load inversion

as in the text using the viscosity profile VM2 (E in equation 4.1) and its corre-

sponding ice model, ICE-5G (I) (Peltier, 2004). We find that neither the range of

likely total ice volumes nor the range of ice configurations in the Barents Sea are

changed significantly by the analysis of this set of very different models using

the same statistical methods., demonstrating the degree to which uncertainties

in the configuration are bound to the nature of presently available data and not

the model assumptions.

The difference between VM2 and the earth model preferred by Fjeldskaar

(1994) is that the former uses a much thicker lithosphere (120 km versus 30 km),

a more fluid upper mantle (0.85 × 1021 Pa s), and has no asthenosphere. The

dynamics in the lower mantle will not affect the glacial isostatic response to a

load as small as the Barents Sea. The VM2 viscosity model is thus a good end-

member alternative to the Fjeldskaar model we used in our initial analysis.

The ICE-5G loading history is characterized by a large central Barents Sea

Dome, but has a later deglaciation (akin to the models analyzed by Root et al.

(2015)). As in Root et al. (2015), the later timing of the deglaciation reduces the

best-fit volume for the BSIS somewhat, from 5.01 ± 0.36 to 4.71 ± 0.30 mMW
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c)

Figure 4.11: The sensitivity results of VM2 and parameterizing ICE-5G.

equivalent (meters meltwater equivalent). However, the impact of the late

deglaciation on ice volume is much less than that of the uncertainties in the

ice configuration so it makes little difference to the analysis results.

The results of sensitivity analysis with VM2 and ICE-5G are shown in fig-

ure 4.11. Panels a) and b) show the sensitivity eigensystem, again indicating

the large range of sensitivities. As with figure 4.4, the rows corresponding to

regions without data can be rearranged so that the matrix is approximately di-

agonal. This again makes clear that the best-constrained areas are those with

data, and that, given the data, the ice is free to vary independently, area to area.

There is, perhaps, a little more codependence between adjacent areas with VM2.

However, given that the elastic lithosphere in VM2 is four times thicker than our

preferred model, we can say that, within a reasonable range, the earth rheology

has little to do with this regional independence.

Panel c) shows the impacts of candidate uplift measurements through the

Barents Sea region with an error of 0.5 mm a−1 on reducing the uncertainty of

LGM ice load. Both the optimal location and the impact of the measurement

(dashed white circle) is nearly identical to the analysis of the Fjeldskaar viscos-
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ity and ice models. The region where a measurement would be constraining

(although with much smaller utility) is broader, which may be the result of the

thicker elastic lithosphere. Given the large differences between VM2 and the

Fjeldskaar (1994) viscosity and the similarity in the ice uncertainties and predic-

tions from optimal experiment design, we conclude that while a full inversion

that includes earth rheologies is likely to spread out and slightly reduce the effi-

ciency of a single uplift measurement in the Barents Sea, the optimal area of and

potential benefit from such a measurement will not be substantially changed.

4.E GRACE filter limitations and GPS observation errors

The benefit of a measurement at the critical location of either gravitational

change or GPS rate of uplift is remarkably insensitive to a reasonable range

measurement error (σd′) in equation 4.5).

Figure 4.12a shows that the benefit of including the constraints of the

GRACE data, as filtered by Root et al. (2015), is not limited by the measurement

error they estimate (vertical line and dashed curve). For example, reducing the

measurement error to zero would result in only a very slightly increased reduc-

tion in total ice volume uncertainty. The solid line in the figure shows that the ice

volume error would be reduced only slightly by a second gravity measurement

of the same type. This is because the Gaussian bandpass filtering has removed

important spatial information. If one could extract the rate of gravity change in

the central Barents Sea without filtering, or at least state with confidence where

the maximum rate should occur, it might be possible to reduce the ice volume

uncertainty more substantially.
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Figure 4.12: The expected reduction in the standard deviation of the total vol-
ume of the BSIS at LGM by measuring a) a rate of gravity change
filtered with a bandpass of 210-600 km and b) an uplift rate from
(73.7◦N, 32.5◦E) in the central Barents Sea, as a function of the mea-
surement error. Uncertainty reductions achieved by adding a grav-
ity observation to the RSL data set is shown by the dashed line. The
additional uncertainty reduction achieved by then adding a second
gravity observation is shown by the solid line. The vertical line in-
dicates the error estimated by Root et al. (2015).

Figure 4.12 shows that the benefit of adding a GPS uplift measurement in

the central Barents Sea to reducing the standard error in the BSIS ice volume at

LGM depends only weakly on the GPS measurement error.

118



CHAPTER 5

CONCLUSIONS

This thesis has presented an independent method for computing the viscoelas-

tic response of the Earth to spherical harmonic loads and a novel method for

inverting observations of glacial isostatic adjustment for mantle rheology and

glacial loading histories.

The nondimensionalized relaxation method for integrating the viscoelastic

equations of motion through the mantle is general and can be used indepen-

dently of whether time is treated directly or in frequency space, via the Corre-

spondence Principle. For the same Earth model, the time-domain method of de-

coupling the viscous and elastic deformations results in similar Love numbers

and even more similar predictions in uplift and geoid (< 1% difference) as meth-

ods that employ the Correspondence Principle. Our method is uniquely able to

capture the sources of buoyancy associated with non-adiabatic density gradi-

ents and jumps, such as might be caused by phase boundaries in the mantle.

Structural differences between the methods, related to internal material bound-

aries and the lithosphere, warrant further investigation.

The perspective on fitting the rheological and glaciological parameters for

models of glacial isostatic adjustment, adopted from the field of information

geometry, has many promising applications. An example presented in chap-

ter 3 demonstrated how a small correction to a fitting algorithm to account for

the curvature of the model manifold avoided nonphysical results caused by pa-

rameter evaporation and reduced the number of steps required by more than

a third. Another example presented here in chapter 4 showed how to evaluate

the informational content of observations (as regards a particular desired model
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prediction) and how to use that to evaluate proposed additional observations.

These methods may be applied on a much larger scale, with a more compre-

hensive database of observations to determine the uncertainties associated with

models of glacial isostatic adjustment.

Finally, an important aspect of this doctoral work has been the develop-

ment and deployment of an open-source package implemented in Python for

the computation of glacial isostatic adjustment, called giapy (Kachuck, 2017).

There are very few accessible codes for computing glacial isostatic adjustment.

The FORTRAN package, SELEN (Spada and Stocchi, 2007) implements the sea

level equation on the basis of TABOO (Spada, 2003), a viscoelastic response cal-

culator that is restricted to incompressible rheological models with fewer than

nine piecewise constant layers. Researchers are thus required to accept the re-

sults of published analyses without being able to check under the computational

hood.

Elements of giapy have been benchmarked against other theories and im-

plementations. Chapter 2 compares the package’s method for computing the

response of the surface to an applied load using benchmark tests from Spada

et al. (2011). The implementation of the sea level equation in giapy was bench-

marked along with 9 others in a forthcoming paper in Geophysical Journal In-

ternational (Martinec et al., 2018). Though there is surely a long list of improve-

ments to be made and components to test, all of the code used in this thesis is

available for download.

120



BIBLIOGRAPHY

Al-Attar, D. (2011). Theoretical problems in global seismology and geodynamics. PhD

thesis, Oxford University.

Al-Attar, D. and Crawford, O. (2017). On the applicability of viscoelastic normal

mode theory. In Workshop on Glacial isostatic adjustment and elastic deformation,

Reykjavik, Iceland.

Amantov, A. and Fjeldskaar, W. (2013). Geological-Geomorphological Features

of the Baltic Region and Adjacent Areas: Imprint on Glacial-Postglacial De-

velopment. Regional Geology and Metallogeny, 53:90–104.

Andreassen, K., Winsborrow, M. C., Bjarnadóttir, L. R., and Rüther, D. C. (2014).
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Hormes, A., Akçar, N., and Kubik, P. W. (2011). Cosmogenic radionuclide dating

indicates ice-sheet configuration during MIS 2 on Nordaustlandet, Svalbard.

Boreas, 40(4):636–649.

Hormes, A., Gjermundsen, E. F., and Rasmussen, T. L. (2013). From mountain

top to the deep sea Deglaciation in 4D of the northwestern Barents Sea ice

sheet. Quaternary Science Reviews, 75:78–99.

Hughes, A. L. C., Gyllencreutz, R., Lohne, y. S., Mangerud, J., and Svendsen, J. I.

(2015). The last Eurasian ice sheets - a chronological database and time-slice

reconstruction, DATED-1. Boreas.

125



Ingólfsson, . and Landvik, J. Y. (2013). The SvalbardBarents Sea ice-sheet His-

torical, current and future perspectives. Quaternary Science Reviews, 64:33–60.

Jakobsson, M., Mayer, L., Coakley, B., Dowdeswell, J. a., Forbes, S., Fridman,

B., Hodnesdal, H., Noormets, R., Pedersen, R., Rebesco, M., Schenke, H.-W.,

Zarayskaya, Y., Accettella, D., Armstrong, A., Anderson, R. M., Bienhoff, P.,

Camerlenghi, A., Church, I., Edwards, M., Gardner, J. V., Hall, J. K., Hell,

B., Hestvik, O., Kristoffersen, Y., Marcussen, C., Mohammad, R., Mosher, D.,

Nghiem, S. V., Pedrosa, M. T., Travaglini, P. G., and Weatherall, P. (2012). The

International Bathymetric Chart of the Arctic Ocean (IBCAO) Version 3.0. Geo-

physical Research Letters, 39:1–6.

Jessen, S. P., Rasmussen, T. L., Nielsen, T., and Solheim, A. (2010). A new Late

Weichselian and Holocene marine chronology for the western Svalbard slope

30,000-0 cal years BP. Quaternary Science Reviews, 29(9-10):1301–1312.

Johnston, P., Lambeck, K., and Wolf, D. (1997). Material versus isobaric bound-

aries in the Earth and their influence on postglacial rebound. Geophysical Jour-

nal International, 129:252–268.

Jonsson, S. (1983). On the Geomorphology and Past Glaciation of Storöya, Sval-
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