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Controlling the relative phase shift of coupled oscillators becomes important in

various applications. Examples include quadrature phase generation in image re-

ject receivers, high data rate sampling circuits, clock distribution networks, novel

associative memory paradigms and phased array systems for beam scanning.

In this work, we study the nonlinear dynamics of coupled oscillators from the per-

spective of both an applied mathematician who would prefer general and abstract

models, and also that of an RF circuit designer who would appreciate comprehen-

sive models that capture more subtle details of such systems. We then explain

how the nonlinear phase dynamics of a ring of unidirectionally coupled oscillators

may be used for mode switching and frequency tuning and present experimental

verification of our analysis with a 65nm CMOS prototype chip. We also present

a novel way of controlling relative phases of coupled oscillators by using the nat-

urally occurring phases within oscillator cores to generate arbitrary phase shifts

between them. Measurement results for a prototype chip fabricated in a standard

130nm CMOS technology verifies the theory and paves the way for employing it in

the various applications mentioned before and in particular, beamforming at mm-

wave frequencies. We also study the pattern recognition applications of coupled

oscillator networks and propose a new alternative that avoids the impractical all

to all coupling between the oscillators. The compact layout and simplicity of our

proposed structure makes it readily implementable in any standard CMOS tech-



nology to realize a physical pattern classification system with ultra fast processing

speed.
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INTRODUCTION
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1.1 Prelude

Controlling the relative phase shift between electrical coupled oscillators becomes

critical in a number of important applications. A classic example is the quadrature

LC oscillator first introduced in [1] whereby two stand alone, cross-coupled oscil-

lators are coupled anti-symmetrically to maintain a quadrature phase difference.

This direct quadrature signal generation is now widely used in modern image re-

jection demodulators in wireless transceivers.

Coupled oscillator systems are also particularly useful for designing low noise,

high output power signal sources. It is well known that coupling N oscillators

ideally reduces their phase noise by a factor of 1/N at the expense of burning

N times more power and as such provide a reliable way of trading better phase

noise performance with higher power consumption. [2] Furthermore, provided that

frequency coherence and proper phase shifts are maintained between individual

oscillators, their output signals could be constructively combined to realize out-

put power levels beyond the reach of any single solid state source. This is why

cost-effective, CMOS based coupled oscillator systems have the potential to beat

compound semiconductor devices for signal generation at mm-wave and terahertz

frequencies. [3, 4, 5, 6]

Among the many applications of coupled oscillator systems, we focus on three

interesting areas in this work:

1. Coupled Oscillator VCO’s

2. Coupled Oscillator Phased Arrays

3. Associative Memory Properties of Coupled Oscillator Networks
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In what follows, we briefly describe each of these topics and explain their impor-

tance before presenting more detailed treatments in the bulk of this manuscript.

1.2 Coupled Oscillator VCO’s

In conventional LC based, voltage control oscillators (VCO), varactors are in-

corporated inside the oscillator’s tank to tune its resonance frequency and hence

frequency of oscillation. While this approach works reasonably well at RF frequen-

cies, it is usually not sufficient for designing high power VCO’s that operate close

to the cut-off frequency (fmax), of the CMOS transistors. The poor quality factor

of the varactors at such frequencies, enforces a severe trade off between the achiev-

able output power and tuning range of CMOS oscillators operating above 100 GHz:

Using varactors to tune the frequency brings additional loss in the resonator which

consumes the scarce and precious power generated by the transistors, resulting in

low output power and on the other hand, avoiding varactors results in having no

control over the frequency of oscillation. This problem is further exacerbated for

signal generation at terahertz frequencies ( ≈ 300 GHz) since it is then necessary

to employ some harmonic generation mechanism to reach such frequencies which

further degrades the efficiency and output power of the oscillator.

As previously mentioned, using CMOS coupled oscillator systems is one of the

most effective solutions to generate high output power at terahertz frequencies.

The low cost, high scalability and ease of integration in CMOS technology makes

it possible to combine output power from many coupled CMOS oscillators and

reach power levels even beyond what compound semiconductor device with much

higher fmax can generate. In order to efficiently combine and extract power from
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a network of coupled oscillators, it is necessary to have control over the relative

phase shifts between core oscillators. For example, to efficiently combine and

extract third harmonic power from a simple ring of three coupled oscillators, it

is best to enforce a phase shift of ±2π/3 between the adjacent cores so that only

multiples of the third harmonics would add constructively at a combining node

in the center of the ring. The synchronous operation (same frequency and zero

phase shift) of the ring is not optimal in this case because in addition to the third

harmonics, the fundamental and second harmonic signals also add constructively

at the center and therefore reduce the system’s efficiency. Similar reasoning shows

that for fourth harmonic generation in a ring of four coupled oscillators, a phase

shift of ±π/2 is optimal rather than a zero phase shift. Interestingly, it turns

out that in trying to control the phase shifts between coupled oscillators, one

also gets the ability to control the common frequency to which the oscillators

get locked in steady state. This allows for a novel frequency tuning mechanism

that is specific to coupled oscillator systems and avoids using varactors inside the

core resonators. [4, 5] Therefore the merits of using coupled oscillators for high

power signal generation at high frequencies lies not only in the power combining

effect that was expected from the beginning, but also in efficient extraction of

the harmonic powers from the core oscillators because of the optimal phase shifts

between the cores and also in generating more power in each oscillator without

sacrificing their frequency tuning range. In Chapter 4, we study the nonlinear

dynamics of unidirectionally coupled oscillator rings in detail and identify their

steady state solutions and stability along with the corresponding frequency tuning

effects. Measurement results for two terahertz, coupled oscillator sources fabricated

in standard CMOS technology [4, 5] are then presented to verify the analysis.
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1.3 Coupled Oscillator Phased Arrays

Another area of application which is becoming more important today is to use

coupled oscillator arrays for beamforming in mm-wave (30 GHz - 300 GHz) fre-

quencies. Millimeter wave communication has been widely accepted as the viable

solution to accommodate the multi gigabit per second data rates required for 5G

cellular systems. [7] It is clear that, as compared to the traditional RF systems,

larger channel bandwidths could be allocated to each user which directly trans-

lates to higher data rates for mobile communications. Two frequency bands, 28 -

38 GHz and 70 - 100 GHz, are particularly promising because of the relatively low

atmospheric attenuations at these bands. [8, 9] Historically mm-wave frequencies

were ruled out for long range communications because of the concern for their

higher propagation loss and their use had been limited to short range, indoor ap-

plications. More specifically, according to the Friis equation for wave propagation

in free space, we have:

PR = PT
GT GR c

2

(4πrf)2 (1.1)

where PR is the received power, PT is the transmitted power, r is the distance

between transmitter and receiver, f is the carrier frequency, c is speed of light and

GR and GT are the receiver and transmitter antenna gains respectively. For ideal,

isotropic transmitter and receiver, we have GT = GR = 1 and clearly the received

power is inversely proportional to the carrier frequency squared which suggests

there would be around 20 dB reduction in the received power in going from RF

frequencies (≈ 3 GHz) to mm-wave frequencies (≈ 30 GHz) for wireless communi-

cations. However it is certainly possible to realize higher than unity antenna gains

on both the transmitter and receiver sides by employing highly directional phased

arrays. The small wavelengths of mm-wave frequencies allow for integrating a
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large number of antennas on a single chip to realize such beam forming techniques.

Figure 1.1 shows an experimental verification of this observation whereby a patch

antenna at 3 GHz is compared to a phased array antenna of the same physical

size at 30 GHz. Interestingly, if the array antenna is used at both Tx and Rx

sides, the measured propagation loss for the 30 GHz link would be 20 dB less than

that of the 3 GHz link. [8] Extensive measurements in urban environments have

also verified that once antenna arrays are employed for beamforming, path loss

exponents similar to traditional cellular bands are observed for mid-range (200 m)

transmission links in the millimeter wave band. [7, 8] Considering that today’s cell

sizes for RF communications in urban environments are on the same order of 200

to 300 meters [7], this shows that cellular mm-wave communication is certainly

feasible without adding much overhead in infrastructure.

As a key enabling technology, designing low cost, compact and scalable phased

arrays would play a significant role in realizing mm-wave mobile communications.

Conventional phased array architectures typically employ a “feed” network to dis-

tribute a high frequency signal generated by a central source to the radiation nodes

Figure 1.1: Measurement results for comparing propagation loss in free space at 3
and 30 GHz. Adopted with permission from [8].
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of the array. Designated phase shifter blocks then add the necessary phase shifts to

the incoming signal in order to steer the beam in desired directions. Figure 1.2 (a)

shows a typical parallel feed architecture which uses a symmetric H-tree network for

distributing the signal and separate phase shifters before each antenna element.

It is clear that realizing such symmetric routing, without introducing unwanted

mismatch and coupling between different signal paths, is a challenge for large ar-

rays at mm-wave frequencies. Moreover, for large arrays, it becomes difficult to

generate the required output power with good spectral purity from a single solid

state source at mm-wave frequencies and this problem is further exacerbated by

large losses in the feed network. Finally, designing wideband phase shifters with

the full tuning range of 360◦ for every antenna element is challenging and signifi-

cantly increases the overall cost and complexity of the system.

Figure 1.2 (b) shows a series feed architecture that alleviates the complexity of

the distribution network as well as the number and phase tuning range required of

the phase shifters. However, the series feed structure achieves this at the expense

(a) (b)

Figure 1.2: Conventional phased array structures:
(a) Parallel feed (b) Series feed
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of introducing asymmetric insertion loss and propagation delays in the received

signal at the antennae. Therefore, it is necessary to add variable gain amplifiers

(VGA) in a series feed architecture to compensate for the non-uniform insertion

loss along each feeding line. The system also suffers from beam squint problem

due to variation of phase shifts with frequency modulations.

The cost and complexity of phase shifters determines, to the large extent, the

cost and complexity of the overall phased array system. In fact, it is not unusual

for the cost of phase shifters to amount for roughly half the total cost of a typical

phased array. [10] In order to eliminate the expensive phase shifter blocks, injection

locked coupled oscillator arrays [11] have been proposed as an alternative to the

more common feed based structures for beamforming. As shown in Figure 1.3(a),

the basic principle behind this approach is to enforce the desired phase progres-

sions by tuning the free running frequency of local oscillators relative to that of

a reference injection source. According to Adler’s equation [12, 13] for injection

(a) (b)

Figure 1.3: Alternative phased array structures: (a) Injection locked array (b)
Coupled oscillator array
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locking, we have:

∆φ = sin−1

(
ωinj − ωi
∆ωmax

)
(1.2)

where ∆φ is the phase difference between the local oscillator and the injection

signal, ωi is the free running frequency of the ith local oscillator, and ∆ωmax is the

frequency locking range. Therefore, desired phase shifts can be set by appropriately

tuning the value of ωi for each oscillator with respect to ωinj. However, it is clear

that this approach suffers from an undesired inter-dependence between frequency

and direction of the radiated beam. Furthermore, ∆ωmax is inversely proportional

to the quality factor (Q) of the oscillators and as such, there is a direct trade off

between the bandwidth and phase noise performance of these systems.

Coupled oscillator phased arrays [6], offer an attractive alternative to the ar-

chitectures described above. As shown in Figure 1.3(b), in these structures, each

antenna is derived by a designated local oscillator and hence the complex and lossy

feed networks are eliminated. Frequency locking as well as desired phase shift pat-

terns between the nodes are maintained through tunable coupling channels between

adjacent oscillators and the symmetric, bidirectional coupling between oscillators

would guarantee on-resonance operation of the core oscillators for best phase noise

performance. The coupled oscillator array obviates the need for explicit phase

shifter elements, achieves output power and phase noise levels beyond the reach of

any single, solid state mm-wave source and is readily scalable to larger arrays.

To fully exploit the benefits of using coupled oscillator arrays for beamforming,

it is necessary to design coupler blocks that are simple and do not incorporate any

explicit phase shifters and yet are able to enforce arbitrary phase shifts between

the coupled oscillators. In this work, we present a novel coupled oscillator system

that makes this a reality. In what we call an “Arbitrary Phase Oscillator” or APO
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for short, the naturally occurring phase shifts between different stages of LC ring

oscillators are employed to construct any desired phase from 0◦ to 360◦ between

oscillators through analog control voltages that control the relative strengths of

different coupling channels.

1.4 Associative Memory Properties of Coupled Oscillator

Networks

There is mounting evidence that synchronized rhythms in firing rates of neurons

plays a fundamental role in information processing in the brain. [14, 15, 16, 17]

These experimental observations in the field of neuroscience have resulted in a

rise of interest in using networks of coupled oscillators to implement neuromorphic

computation paradigms. [18, 19, 20, 21, 22, 23, 24] The interest in neuromorphic

computing is understandably due to the realization that, even though conventional

computers are much better than the human brain in executing precise, sequential

algorithms to do calculations at unimaginable speeds, they are surprisingly weak at

doing holistic pattern recognition or classification tasks that are natural to human

intelligence.

In the neuromorphic coupled oscillator systems proposed so far [18, 19, 20,

21, 22], information is typically encoded in the relative phase shifts that exist be-

tween coupled oscillators in steady state. It has been shown that coupled oscillator

systems have regenerative associative memory capabilities similar to Hopfield [25]

networks and as such could be used for detection and recreation of stored patterns

in input data that has been subject to noise and distortion. The idea is that by

modifying the underlying coupling parameters, it is possible to make predefined
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phase shift patterns correspond to stable, steady state solutions of a coupled os-

cillator network such that if the system is initially released from close proximity

of one of the stored patterns, it automatically converges to that particular stored

pattern in steady state. (See Figure 1.4) In Chapter 6, we study the nonlinear

dynamics of bidirectionally coupled oscillator networks and show how such net-

works could be trained, by properly tuning the coupling characteristics, to store a

number of predefined patterns as their steady states. As explained in Chapter 6,

the existing training methods for the coupled oscillator networks suffer from two

important drawbacks. The first problem is concerned with the physical implemen-

tation of these networks which requires adaptive connections between each pair of

oscillators. This practically limits the size and complexity of the arrays that can be

Figure 1.4: Regeneration of a stored pattern from its distorted image in a network
of coupled oscillators. Reprinted with permission from [18].
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realized. The second problem is more fundamental and happens even for the ideal,

fully connected networks. In trying to store the desired set of predefined patterns

in a coupled oscillator network, a number of spurious patterns also become stable

steady state solutions of the system. The number of spurious patterns grow in-

creasingly fast with the number of desired patterns and prevents the system from

correct regeneration of the stored patterns.

In order to avoid the aforementioned problems in using fully connected coupled

oscillator networks for pattern recognition, we propose an alternative paradigm [24]

in which a simple coupled oscillator array with only local coupling can be trained

to act as a “discriminant” engine and classify patterns into separate groups. In our

proposed paradigm, chance of false classification is minimized by running multiple

tests on an input data set and therefore it does not suffer from the debilitating

spurious pattern storage problem of Hopfield networks. The simplicity of the

coupling structure between the core oscillators and the compact layout of the ring

oscillators makes our design readily scalable and easy to implement on any standard

CMOS technology.

The rest of this dissertation is organized as follows: In Chapter 2, we review

the “phase reduction” method as the most general and abstract formulation of

coupled oscillator problems and show how the celebrated Kuramoto model [26]

can be used to study the nonlinear dynamics of coupled oscillator systems. In

Chapter 3, we look at the more particular case of injection locking in resonator

based, electrical oscillator, derive a generalized form of Adler’s equation [12, 27]

which captures the dynamics of both amplitude and phase of such oscillators and

also study the dynamics of quadrature LC oscillators. In Chapter 4, we study

the frequency tuning effects in a unidirectionally coupled ring of oscillators and in

12



Chapter 5 we present a novel mechanism for generation of arbitrary phase shifts

between coupled oscillators which can be readily used in making scalable coupled

oscillator phased arrays at RF and mm-wave frequencies. Finally, in Chapter 6 we

study networks of coupled oscillators for using in associative memory and pattern

recognition applications.
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CHAPTER 2

PHASE REDUCED MODEL OF GENERAL OSCILLATORS:

KURAMOTO’S EQUATION
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2.1 Introduction

In this chapter, we review a powerful and general mathematical framework for

studying weakly coupled oscillators. The generality and strength of this method

stems from the fact that it does not make any particular assumption on the physical

mechanism of oscillations and as such can be applied to study coupled oscillators in

a wide range of practical applications from Biology and Neuroscience to Mechanical

and Electrical Engineering.

Arguably, the most abstract and general mathematical framework that has

been developed for studying the dynamics of coupled oscillators is the “phase

reduced” model of Kuramoto and Malkin. [28, 29] In this approach, instead of

trying to solve complicated, multidimensional differential equations to get accurate

oscillator waveforms, the dynamics of each oscillator is captured by a single phase

variable and the focus is efficiently placed on finding the relative phase shifts

between individual oscillators. A beautiful and mathematically rigorous treatment

of this subject can be found in excellent books written by leading scientists in the

field of mathematical neuroscience. [28, 29] Our objective here is to only give a

brief and self-contained review of the subject so that the interested reader could get

started on tackling general coupled oscillator problems similar to the ones studied

in the subsequent chapters of this work.

2.2 Definition of phase and the concept of isochron

Presence of oscillation in a dynamical system :

ẋ = f(x) x ∈ Rm (2.1)
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corresponds to existence of a stable limit cycle, Γ, in the phase plane. Moreover Γ

has its basin of attraction, ΩΓ, which is the set of all the points y0 in the phase

plane that get attracted to Γ by the dynamic flow :

ΩΓ = {y0 ∈ Rm | y(0) = y0 ⇒ y(t)→ Γ as t→∞}

The procedure to rigorously define phase variable for oscillators consists of two

steps:

1. The phase variable is first defined for all points on Γ

2. The definition is then extended to all points lying within ΩΓ

In order to define phase variable on the limit cycle, one starts with an arbitrary

parametrization of Γ. This gives a periodic function of time, x̂(t), whose period

is equal to the period of oscillation, T and arbitrarily satisfies x̂(0) = x0 for some

x0 ∈ Γ. Starting from the reference point x0 on the limit cycle, the phase variable

on this point is defined to be zero so that ϑ(x0) = 0. For any other point, x ∈ Γ,

it is necessarily true that:

∃ τ , 0 < τ < T : x̂(τ) = x

The phase of this point is then simply defined as:

ϑ(x) :=
2π

T
τ = ω0τ

where ω0 is the free-running frequency of the oscillator.

In order to extend the definition of phase variable to all points in the oscillator’s

basin of attraction, consider a trajectory, y(t), in the phase plane starting from

point y0 ∈ ΩΓ. Since y0 lies inside the basin of attraction of Γ, it will be attracted
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to the limit cycle and in fact it is possible to find a dual trajectory, x̃(t), starting

from some point, x̃0, on the limit cycle that ultimately converges to y(t):

x̃(t)→ y(t) as t→ +∞

x̃(0) = x̃0 ∈ Γ

y(0) = y0 ∈ ΩΓ

The phase variable for point y0 is now defined to be the same as that of x̃0:

ϑ(y0) := ϑ(x̃0)

Moreover, the set of all points in ΩΓ whose phases are identical to that of point

x̃0, is called the isochron of x̃0.

Van der pol Oscillator :
ẋ = y , ẏ = �x + (1� x2)y

Andronov-Hopf Oscillator :
ż = (1 + i)z � z|z|2

Figure 2.1: Isochrons of Van der Pol and Andronov-Hopf oscillators. Reprinted
with permission from [28].
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2.3 Phase-sensitivity function

The general definition of phase and the concept of isochrons provide a powerful

tool for visualizing the effect of external perturbations on the phase of oscillators.

For example, a quick examination of Figure 2.1, reveals that depending on its

strength and direction in the phase plane, an external perturbation can move the

oscillator from one isochron to another and hence change its phase. This also shows

that the oscillator phase is particularly vulnerable to external stimulations or noise

wherever the isochrons are closer together. This is reminiscent of the relationship

between electric equipotential surfaces and electric fields where electric fields are

stronger where the equipotential curves are closer together. This analogy also

motivates defining the “phase-sensitivity” function, Z(θ), as the gradient of the

phase function evaluated at the point on the limit cycle with phase of θ:

Z(θ) := ∇ϑ (x) where x ∈ Γ , ϑ (x) = θ (2.2)

where for future reference, we note that if ϑ (x) = θ for x ∈ Γ, then we neces-

sarily have x = x̂
(
ω−1

0 θ
)
. Figure 2.2 shows the phase sensitivity function for two

important oscillatory dynamic systems. It is also worth mentioning that a similar

concept has been previously introduced to the RF circuit design literature under

the name of “impulse sensitivity function”, or ISF for short, to model phase noise

of electrical oscillators. [30]

2.4 Properties of the phase function and its gradient

For an oscillator with an exponentially stable limit cycle, the phase function has

two important properties, which we state here without proof: [28]

18



• Continuity : The function ϑ(x) is continuous

• Invariance : ϑ (x(0)) = ϑ (y(0)) ⇒ ϑ (x(t)) = ϑ (y(t)) ∀t > 0

By using the above properties, an important identity for the phase sensitivity func-

tion can be deduced for such dynamic systems. This result is of great importance in

the derivation of the final phase-reduced equations for weakly coupled oscillators.

Consider an arbitrary trajectory y(t) contained in ΩΓ and its dual trajectory

x̃(t) on the limit cycle. Let us assume that ϑ (y(0)) = θ0 and use uniqueness

property of the dynamic system described by (2.1), to conclude that x̃(t) should

simply be:

x̃(t) = x̂(τ + t) where τ = ω−1
0 θ0

On the other hand, by the invariance property of the phase function we have:

ϑ (y(t)) = ϑ (x̃(t)) = ω0 (t+ τ)

Upon differentiating the last identity we get:

d

dt
ϑ (y) = ∇ϑ (y) · dy

dt
= ω0

(2.1)⇒

∇ϑ(y) · f(y) = ω0

Andronov-Hopf Oscillator Van der pol Oscillator

θ

Z(θ)

Z1(θ)

Z2(θ)

Z1(θ)

Z2(θ)

θ

Z1(θ)

Z2(θ)

Z1(θ)

Z2(θ) Z(θ)

Figure 2.2: Phase-sensitivity function for two famous oscillators. Reprinted with
permission from [28].
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The above result obviously holds for any point on the limit cycle or within the

basin of attraction and therefore in general we have :

∇ϑ(x) · f(x) = ω0 ∀x ∈ Γ ∪ΩΓ (2.3)

2.5 Phase model of the externally perturbed oscillator

Before dealing with coupled oscillator systems, it is better to study the behavior of

a single oscillator which is under weak external excitations. Mathematically, this

system can be described as :

ẋ = f(x) + ε p(t) (ε� 1) (2.4)

where p(t) represents the external perturbation and ε shows the overall strength

of the perturbing signal which is assumed to be weak as suggested by the ε � 1

condition. Differentiating the phase variable with respect to time gives :

d

dt
ϑ(x) = ∇ϑ(x) ·

(
f(x) + ε p(t)

)
which upon using (2.3) simplifies to :

d

dt
ϑ (x) = ω0 + ε∇ϑ (x) · p(t) (2.5)

So far there has been no approximation in our derivations and equation (2.5)

is exact. However in its current form, equation (2.5) is not particularly useful

because the x(t) term still remains on the right hand side. It is here, in getting to

a phase reduced model of the system which gives an ordinary differential equation

in terms of ϑ(x), that the assumption of weak coupling is crucial. This important

simplification happens because under weak external disturbance, the solution to

(2.4) remains in close proximity of the limit cycle for the unperturbed system and
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so the phase function and its gradient can be approximated by their corresponding

values on Γ.

More formally, define a new variable θ(t) = ϑ (x(t)). Since the perturbation is

weak and the system remains in close proximity of the original limit cycle, we may

use the approximation:

x(t) ≈ x̂(ω−1
0 θ)

We may now use this approximation in equation (2.5) and get :

θ̇ = ω0 + ε ∇ϑ
(
x(t)

)
· p(t)

ε�1
==⇒

θ̇ ≈ ω0 + ε ∇ϑ
(
x̂(ω−1

0 θ)
)
· p(t)

(2.2)⇒

θ̇ ≈ ω0 + ε Z(θ) · p(t)

The differential equation that governs the evolution of an oscillator’s phase under

weak external perturbations is therefore :

θ̇ = ω0 + ε Z(θ) · p(t) (2.6)

This is an extremely useful result as it has transformed a multidimensional differ-

ential equation into a single ODE in terms of the phase variable.

2.6 Phase model of mutually coupled oscillators

In this section, we get to our main objective which is to have a phase model for

analyzing networks of identical, weakly coupled oscillators. A network of n coupled
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oscillators is a dynamical system in the form of :

ẋi = f(xi) + ε

n∑
j=1

gij(xi,xj) (xi ∈ Rm) (2.7)

where the gij(xi,xj) term shows the coupling effect of the jth oscillator on the ith

one. In the above equation,
∑n

j=1 gij(xi,xj), can be replaced by pi(t) so as to get

to the form studied in the last section. Therefore the phase model of the whole

system can be described as :

θ̇i = ω0 + ε Z(θi) ·
n∑
j=1

gij

(
x̂(ω−1

0 θi), x̂(ω−1
0 θj)

)
∀i ∈ {1 . . . n}

where the weak coupling assumption has been used to replace xi and xj in the ar-

gument of the gij function with x̂(ω−1
0 θi) and x̂(ω−1

0 θj) respectively. If we introduce

a simple change of variable θi = ω0t+ ϕi, we get:

ϕ̇i = ε Z(ω0t+ ϕi) ·
n∑
j=1

gij

(
x̂(t+ ω−1

0 ϕi), x̂(t+ ω−1
0 ϕj)

)
(2.8)

We now use the weak coupling assumption once again to make the above equation

even simpler. In what follows, we employ the classical “method of averaging”

which is typically used to transform non-autonomous dynamical systems into sim-

pler, autonomous systems.

Discarding the delicate formalities which the interested reader can find in [31],

the averaging theorem essentially states that if we have a dynamic system described

by:

ẋ = ε f(x, t) 0 ≤ ε� 1 (2.9)

where f is periodic in t with a period of T , then there is an associated, autonomous

averaged system given by:

ẏ = ε f̃(y) (2.10)

f̃(y) :=
1

T

∫ T

0

f(y, t)dt
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such that if x(t) and y(t) are the solutions to the systems described by (2.9) and

(2.10) respectively with |x(0) − y(0)| = O(ε), then |x(t) − y(t)| = O(ε) for time

scales of t ∼ 1/ε. Moreover if y0 is a stable fixed point of the averaged system

(2.10), then the original system described by (2.9) has a stable periodic orbit in

O(ε) proximity of y0.

Next, notice that equation (2.8) has the same form of ẋ = ε f(x, t) with f being

periodic in t with a period of T . The averaged form of (2.8) gives:

ϕ̇i =
n∑
j=1

ε

T

∫ T

0

Z(ω0t+ ϕi) · gij

(
x̂

(
ω0t+ ϕi
ω0

)
, x̂

(
ω0t+ ϕj

ω0

))
dt︸ ︷︷ ︸

Fij

By introducing the change of variable formula η = ω0t + ϕi, we can rewrite the

above integrations as:

Fij =
ε

2π

∫ ϕi+2π

ϕi

Z(η) · gij

(
x̂

(
η

ω0

)
, x̂

(
η + ϕj − ϕi

ω0

))
dη

⇒

Fij =
ε

2π

∫ 2π

0

Z(η) · gij

(
x̂

(
η

ω0

)
, x̂

(
η + ϕj − ϕi

ω0

))
dη

In order to make the final form of our equations more elegant, let us define:

Hij(χ) :=
ε

2π

∫ 2π

0

Z(η) · gij

(
x̂

(
η

ω0

)
, x̂

(
η + χ

ω0

))
dη (2.11)

so that we can write:

ϕ̇i =
n∑
j=1

Hij (ϕj − ϕi) ⇒

θ̇i = ω0 +
n∑
j=1

Hij (θj − θi) (2.12)

Finally, notice that by definition, Hij(χ) is a periodic function with a period of

2π and as such could be represented by its Fourier series expansion. In particular,
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if we can assume that only the first harmonic terms of the Fourier expansion of

Hij(χ) are significant, we can write:

θ̇i = ω0 +
n∑
j=1

kij sin (θj − θi + ψij) (2.13)

Equation (2.13) is the celebrated Kuramoto model of coupled oscillators in which

kij and ψij can be interpreted as the effective strength and inherent phase shift of

the coupling from the jth to the ith oscillator.

As mentioned in the beginning of this chapter, the phase reduced model of

coupled oscillators is very general and can be used to study almost any coupled

oscillator problem provided that weak coupling assumption is valid for one’s mod-

eling purposes. What needs to be done in each problem is to determine the relevant

coupling parameters, i.e., kij and ψij in the Kuramoto model (2.13) or more gener-

ally the Hij functions in (2.12), through evaluating the integral equation in (2.11).

This in turn requires determining the phase sensitivity function, Z(θ) , which in

certain cases (e.g. Andronov Hopf oscillator) can be derived analytically or more

practically, will be determined by numerical simulations or even experimental mea-

surements. In the next chapter, we study electrical LC oscillators and present an

alternative method of determining the coupling parameters from first principles of

circuit theory.
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CHAPTER 3

MODELLING ELECTRICAL LC COUPLED OSCILLATORS:

ADLER’S EQUATION
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3.1 Introduction

In the previous chapter, we introduced the general phase-reduced model of coupled

oscillators which culminated in the derivation of the celebrated Kuramoto equation.

While being quite elegant and powerful, the phase reduced model has a couple

of slight drawbacks. Firstly, precise determination of the coupling parameters

in terms of the physical variables of the system is a rather complicated process

which requires finding the phase sensitivity function of the oscillator and evaluating

some averaging integrals. Secondly, as its name suggests, the phase reduction

technique reduces the original problem to the analysis of oscillator’s phase variables

without capturing the dynamics of their amplitudes. In this chapter, we present an

alternative approach for the particular case of electrical LC oscillators. Starting

from the first principles of circuit theory, we derive a similar equation for the

dynamics of oscillator phase variables in terms of the familiar circuit parameters

and also get a differential equation for the dynamics of the oscillator amplitudes.

This approach should look more familiar and easy to follow for our respected reader

who is well versed in analog circuit design and he/she probably recognizes the final

result as a generalized form of the well known Adler’s equation. Our work here

should be compared to a previous work in [27] which derived similar results through

a slightly different approach.

3.2 General model of coupled LC oscillators

Adler’s classic analysis of injection locking [12] is well known in RF circuit design.

Strictly speaking, Adler’s analysis applies only to unidirectional injection locking

where an LC oscillator gets locked to an external source without having any effect
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on the source in return. However, Adler’s model can be slightly modified to capture

the dynamics of mutually coupled oscillators as well. It is our aim here to generalize

Adler’s analysis and propose a new systematic approach that can be confidently

applied to study arbitrary coupled LC oscillators. Our approach is based on using

classical “averaging methods” for analysis of nonlinear dynamic systems [31, 32]

and should be compared with the previous work in [27, 33] which uses a different

approach to get similar results. In what follows, instead of using the mathematical

formalism behind averaging techniques, which the mathematically inclined reader

may find in [31, 32], we try to give a more physically intuitive treatment of the

subject. As a proof of concept, we will apply our model to derive the differential

equations that govern the dynamics of injection locked oscillators and show that

it agrees with both classical and generalized [27] versions of the Adler’s equation.

Although our method for analysis of coupled LC oscillators is quite general, we

Figure 3.1: Cross coupled LC oscillator under external injection
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believe it is best to illustrate the general approach with the aid of a familiar and

simple example. We have chosen the cross coupled LC oscillator under injection

locking, as shown in Figure 3.1, for this purpose. The external current is shown to

be injected differentially in Figure 3.1 so that it does not disturb the differential

operation of the oscillator.1 Therefore, it is enough to only analyze the half circuit

diagram shown in Figure 3.2 since dynamics of the other half of the system follows

a similar path except for the trivial time delay. Under steady-state conditions,2

Figure 3.2: Half circuit diagram for the perturbed cross coupled oscillator

the oscillator’s signals have well-defined Fourier series expansions of the form:

vA= VDD+VA e
jωt+c.c

vB= VDD+VB e
jωt+c.c

iT = I0
T +IT e

jωt +c.c+ · · ·

iA= I0
A +IA e

jωt +c.c+ · · ·

where iT and iA are the tank and active device currents, ω = 1/
√
LC, is the

resonance frequency of the LC tank, “c.c” abbreviates complex conjugates and

1This assumption becomes more critical when the injection current is not small as compared
to the oscillator’s internal currents.

2Strictly speaking, we should say “periodic steady-state (PSS) conditions”.
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“· · · ” represent higher order harmonic terms. If the injection current is not too

strong,3 we may assume that a nearly periodic form of the above steady-state

solutions exists during the transient phase where we can write:

vA= VDD+VA(t) ejωt+c.c

vB= VDD+VB(t) ejωt+c.c

iT = I0
T +IT (t) ejωt +c.c+ · · ·

iA= I0
A +IA(t) ejωt +c.c+ · · · (3.1)

Here the “complex envelopes” of the signals, that is VA , IT , · · · , are slowly varying

functions of time as compared to the fast background oscillations captured by ejωt

terms. Our goal is to derive differential equations that govern the dynamics of the

envelope signals so that by a subsequent analysis, we can determine the stability

of their possible steady-state values. The transient dynamic model can also be

used to investigate other important questions, like locking speed or phase noise

performance of the system, but our focus here would be primarily on determining

the steady state behavior of the system.

To this end, we use Figure 3.2, which shows the various currents flowing into

node A of the oscillator to write:

iT + iA = iinj ⇒ d

dt
iT +

d

dt
iA =

d

dt
iinj

where in above, we have differentiated the main KCL equation in order to end

up with a second order differential equation, rather than an integro-differential

equation, for our system. For convenience, let us introduce the notation jx = d
dt
ix

3In the mathematical formalism of averaging methods, the terms “weak” and “strong” injec-
tions, have more specific meanings in terms of difference between the results of the exact and
the averaged models. In practice, one might rely on predictions of the averaged model as long as
they are in good agreement with numerical or experimental observations.
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so that the last equation becomes:

jT + jA = jinj (3.2)

We define the corresponding time variant envelopes for jT and jA signals via:

jT = JT (t) ejωt + c.c+ · · ·

jA = JA(t) ejωt + c.c+ · · ·

and substitute them in (3.2) to get:

JA e
jωt + JT e

jωt + JA e
−jωt + JT e

−jωt + · · · = jinj

⇒

JA + JT + JA e
−2jωt + JT e

−2jωt + · · · = jinj e
−jωt

Next, we average the last equation from t to t + T where t is any arbitrary time

and T = 2π/ω to get:

1

T

∫ t+T

t

JA(τ) dτ +
1

T

∫ t+T

t

JT (τ) dτ

+
1

T

∫ t+T

t

JA(τ) e−2jωτ dτ +
1

T

∫ t+T

t

JT (τ) e−2jωτ dτ

+
1

T

∫ t+T

t

· · · = 1

T

∫ t+T

t

diinj
dτ

e−jωτ dτ

However, JA(τ) and JT (τ) as well as their complex conjugates and the higher order

harmonic coefficients are nearly constant during the integration interval and we

may write:

1

T

∫ t+T

t

JA(τ) e−2jωτ dτ ≈ 0 ,
1

T

∫ t+T

t

JA(τ) dτ ≈ JA(t)

1

T

∫ t+T

t

JT (τ) e−2jωτ dτ ≈ 0 ,
1

T

∫ t+T

t

JT (τ) dτ ≈ JT (t)

1

T

∫ t+T

t

· · · ≈ 0
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With the aid of these approximations, we get to a simple, yet powerful, equation

that can be used for analysis of weakly perturbed LC oscillators:

JT (t) + JA(t) = P (t)

P (t) :=
1

T

∫ t+T

t

diinj
dτ

e−jωτ dτ (3.3)

We call P (t), the “average excitation function”.

Equation (3.3) is our starting point for analyzing general coupled oscillators

problems. What needs t be done for each specific problem is to:

1. Simplify the expressions for JA(t) and JT (t) as much as possible.

2. Calculate P (t) for the particular coupling mechanism in question.

3.3 Injection locking and generalized Adler’s equations

We now carry out the above steps for the injection locked, cross coupled LC oscilla-

tor in Figure 3.1. The easiest term in (3.3) to calculate, is JT thanks to simplicity

of the linear equations governing the i − v characteristics of the LC tank. For

notational convenience, we define V := VA so that we can write:

jT = C
d2

dt2
(
V ejωt

)
+

1

R

d

dt

(
V ejωt

)
+

1

L
V ejωt + c.c ⇒

jT =

(
CV̈ + 2jCωV̇ +

V̇

R
+ j

ωV

R

)
ejωt + c.c ⇒

JT = CV̈ + 2jCωV̇ +
V̇

R
+ j

ωV

R

where the dot notation is used to show differentiation with respect to time. In the

above expression for JT , the second and third terms are similar (linear in V̇ ) but

31



the ratio of the magnitudes of the former to the latter is proportional to Q = ωRC.

Therefore, we may neglect the V̇ /R term in above and get:

JT ≈ CV̈ + 2jCωV̇ + j
ωV

R

Next, notice that while the last two terms in above are on the order of ω, the first

term involves the second derivative of V which is assumed to be slowly varying as

compared to ejωt. Therefore, the sum of the last two terms should dominate the

CV̈ term and we may approximate:

JT ≈ 2jCωV̇ + j
ωV

R

Finally, let us introduce the usual amplitude and phase variables such that

V (t) = A(t) ejθ(t) and get:

JT =

(
2jωCȦ− 2ωCAθ̇ + j

Aω

R

)
ejθ (3.4)

Next, we find a simple expression for the JA term in (3.3). We start by setting up

the appropriate notation and writing the (time variant) Fourier expansion of the

active current as:

iA(t) = I
(0)
A + IA e

jωt + c.c+ · · ·

Applying an averaging technique similar to what was done in the derivation of

(3.3), reveals that the time variant coefficients (envelopes) may still be calculated

by the familiar “Fourier trick”:

I
(0)
A =

1

T

∫ t+T

t

iA(τ) dτ

IA =
1

T

∫ t+T

t

iA(τ) e−jωτ dτ

Next, we use a simple current-steering model for calculation of the above coeffi-

cients. This is a non-essential but quite helpful simplification as it allows us to
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focus on the more important aspects of our technique for the time being. Later

in Chapter 5, we will show how to deal with more realistic cases whereby we rely

on efficient numerical simulations to approximate these coefficients. As shown in

Figure 3.3, we assume that sharp current steering happens in the cross coupled

pair such that transistors take turns in drawing the total tail current, I0, during

each cycle. As a result we can assume that current iA in Figure 3.3 is equal to I0

during the interval [t1 , t2] where:

ωt1 + θ + π ≡ −π/2

ωt2 + θ + π ≡ π/2

It is now easy to calculate the time variant Fourier coefficients:

I
(0)
A =

1

T

∫ t+T

t

IA(τ) dτ =
1

T

∫ t2

t1

I0 dτ =
I0

2

The calculations for the fundamental coefficient is also straightforward and gives:

I
(1)
A =

1

T

∫ t+T

t

iA(τ) e−jωτdτ =
I0

T

(−1

jω

)
e−jωt

∣∣∣t2
t1
⇒

I
(1)
A =

jI0

Tω
ejθ
(
ejπ/2 − ej3π/2

)
⇒

I
(1)
A = −I0

π
ejθ

We now differentiate the expression for iA in order to get to JA which was our

original target:

iA =
I0

2
− I0

π
ejθ ejωt + c.c+ · · · ⇒

jA =
d

dt

(−I0

π
ejθ ejωt

)
+ c.c+ · · · ⇒

jA = −I0

π

{
d

dt

(
ejθ
)
ejωt + ejθ

d

dt

(
ejωt
)}

+ c.c+ · · · ⇒

JA ≈ −
jωI0

π
ejθ (3.5)

where in the last step, we have once again used the fact that θ(t) is a slowly varying

function of time as compared to ejωt to simplify the final result.
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Figure 3.3: The sharp current steering model for the active current generation

Our final step in the formulation of injection locked, cross coupled oscillator is

to calculate the “average excitation function” term or P (t) in (3.3). For this, we

assume that the external injection current has the form of:

iinj = Iinj cos(Ωt) =
Iinj
2
ejΩt +

Iinj
2
e−jΩt

where Ω is the injection source frequency which is assumed to be different but close

to that of the free running oscillator. We have:

d

dt
iinj =

j

2
Ω Iinj e

jΩt − j

2
Ω Iinj e

−jΩt

Let us define a frequency offset variable, ∆ω := Ω− ω, and use (3.3) to write:

P (t) =
j Ω Iinj

2T

(∫ t+T

t

ej∆ωτdτ −
∫ t+T

t

e−2jωτe−j∆ωτdτ

)
For close offset frequencies, i.e. ∆ω << ω, the terms ej∆ωτ and e−j∆ωτ are nearly

constant during the integration interval and therefore we have:∫ t+T

t

ej∆ωτdτ ≈ T ej∆ωt∫ t+T

t

e−2jωτe−j∆ωτdτ ≈ e−j∆ωt
∫ t+T

t

e−2jωτdτ = 0
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and hence our formula for P (t) is simplified to:

P (t) ≈ j Ω Iinj
2

ej∆ωt (3.6)

Putting everything together, we substitute equations (3.4) through (3.6) in

(3.3) and get:

2jωCȦ− 2ωCAθ̇ + j
Aω

R
− jωI0

π
=
j Ω Iinj

2
ej(∆ωt−θ)

Separating the real and imaginary parts of the above equation gives a system of

two differential equations:

Ȧ+
1

2RC
A− I0

2πC
=

Ω Iinj
4ωC

cos (∆ωt− θ)

A θ̇ =
Ω Iinj
4ωC

sin (∆ωt− θ) (3.7)

These last equations define a non-autonomous system of differential equations in

terms of dynamic variables A and θ. However, if we define a new “excess phase”

variable ϕ(t) such that θ(t) = ∆ωt + ϕ(t), the explicit time dependence can be

eliminated and (3.7) is reduced to an “autonomous” system:

Ȧ+
1

2RC
A =

I0

2πC
+

Ω Iinj
4ωC

cosϕ

A ϕ̇ = −A∆ω − Ω Iinj
4ωC

sinϕ (3.8)

Equation (3.8) can be viewed as a generalization4 of Adler’s equation in that it

captures dynamics of the amplitude as well as the phase variable and shows that

in fact their dynamics are coupled together.

4The authors in [33] claim that this result is valid for arbitrary injection levels and is therefore
another way in which it generalizes Adler’s analysis. However, we believe the “weak” injection
condition should be kept in a more careful statement of this result.
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Further simplification is possible in the limit of very weak injection levels where

Iinj << I0. In such cases, we may further assume that A remains close to its unper-

turbed steady state value, which is to say A ≈ RI0/π and discard the dynamics of

the amplitude variable altogether. The differential equation for the phase variable

can then be simplified to:

ϕ̇ = −∆ω − πΩ

4Q

Iinj
I0

sinϕ (3.9)

which is the classic Adler’s equation.

3.4 Transconductive coupling and the quadrature oscilla-

tor

As our next example, we analyze the dynamics of LC quadrature oscillators which

were first introduced in [1]. As shown in Figure 3.4, the LC quadrature oscillator

is in fact a system of two cross coupled oscillators which are themselves coupled

in an anti-symmetric manner as explained below. The couplers are two identical

differential pairs that are biased with the Vc voltage. The oscillators are assumed to

be nominally identical and since the couplers inject currents differentially into the

oscillators, the oscillators differential operation are preserved. We have identified

the two oscillators by numbers “1” and “2” and their first and second stages by

letters “A” and “B” to arrive at the labeling convention used in Figure 3.4. The

anti-symmetric nature of coupling is due to the fact that while the current injected

into node 1A is controlled by the signal at node 2A, the current injected into node

2A is controlled by the signal at node 1B. Because the differential operation of each

oscillator is preserved, it is again enough to only analyze the half circuit diagrams

shown in Figure 3.5. It has been observed [34, 33] that an additional phase shift in
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Figure 3.4: Quadrature LC oscillator topology

the coupler paths enhance the quadrature oscillator performance in terms of the

quadrature accuracy and phase noise. For this reason and to make our model more

general in Figure 3.5, we have included explicit phase shifters in the signal paths

that connect the oscillators to the gate of the coupling transistors. The basic KCL

equations for the two oscillators in Figure 3.5 are:

iT,1 + iA,1 = iinj,1

iT,2 + iA,2 = iinj,2

and therefore similar to the injection locking problem studied before, we can apply

averaging methods to the above two equations and get:

JT,1 + JA,1 = P1

JT,2 + JA,2 = P2 (3.10)

Next, we introduce amplitude and phase variables, {A1 , θ1} and {A2 , θ2} for the

two oscillators where by convention, we associate the phase variables with stage
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(a) Oscillator 1 (b) Oscillator 2

Figure 3.5: Half circuit diagrams of quadrature oscillators

“A” in both oscillators. In other words, we have:

v1A = VDD + A1 e
jθ1 ejωt + c.c v1B = VDD − A1 e

jθ1 ejωt + c.c

v2A = VDD + A2 e
jθ2 ejωt + c.c v2B = VDD − A2 e

jθ2 ejωt + c.c

The expressions for the JT,k and JA,k terms in (3.10) are similar to what were

derived for the injection locked oscillator and are simply repeated here for conve-

nience:

JT,1 =

(
2jωCȦ1 − 2ωCA1θ̇1 + j

A1ω

R

)
ejθ1 JA,1 = −jωI0

π
ejθ1

JT,2 =

(
2jωCȦ2 − 2ωCA2θ̇2 + j

A2ω

R

)
ejθ2 JA,2 = −jωI0

π
ejθ2

What remains to be done is to find formulas for P1 and P2. In order to do this, we

use the same sharp current steering model (Figure 3.3) for the coupling devices.

With respect to Figure 3.5, this means that the coupling transistor connected to

node 1A draws a current equal to Ic in the time interval [t1 , t2] where ωt1+θ2+ψc ≡

−π/2 and ωt2 + θ2 + ψc ≡ π/2 and Ic is the total biassing current of the coupling
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differential pair. Consequently, we have:

I
(1)
inj,1 = −Ic

T

∫ t2

t1

e−jωtdt =
Ic
T

1

jω

(
e−jωt2 − e−jωt1

)
⇒

I
(1)
inj,1 = −jIc

2π
ejθ2ejψc

(
e−jπ/2 − ejπ/2

)
= −Ic

π
ejθ2ejψc

Meanwhile, the coupling transistor connected to node 2A, draws the total current

Ic in the interval [t3 , t4] where ωt3+θ1+π+ψc ≡ −π/2 and ωt4+θ1+π+ψc ≡ π/2:

I
(1)
inj,2 = −Ic

T

∫ t4

t3

e−jωtdt =
Ic
T

1

jω

(
e−jωt4 − e−jωt3

)
⇒

I
(1)
inj,2 = −jIc

2π
ejθ1ejψc

(
ejπ/2 − ej3π/2

)
=
Ic
π
ejθ1ejψc

Since θ1 , θ2 are assumed to be slowly varying functions of time, we have:

jinj,1 ≈
−jωIc
π

ejθ2ejψc ejωt +
jωIc
π

e−jθ2e−jψc e−jωt + · · ·

jinj,2 ≈
jωIc
π

ejθ1ejψc ejωt − jωIc
π

e−jθ1e−jψc e−jωt + · · ·

where as before · · · in above is a simplifying notation for the higher order harmonic

terms. We can now use our familiar averaging argument to calculate P1 , P2 terms

to be:

P1 :=
1

T

∫ t+T

t

d iinj,1
dτ

e−jωτ dτ = −jωIc
π

ejθ2ejψc

P2 :=
1

T

∫ t+T

t

d iinj,2
dτ

e−jωτ dτ = +
jωIc
π

ejθ1ejψc

Putting everything back together in (3.10), we get:(
2jωCȦ1 − 2ωCA1θ̇1 + j

A1ω

R

)
ejθ1 − jωI0

π
ejθ1 = −jωIc

π
ejθ2ejψc(

2jωCȦ2 − 2ωCA2θ̇2 + j
A2ω

R

)
ejθ2 − jωI0

π
ejθ2 = +

jωIc
π

ejθ1ejψc

Multiplying the first equation by e−jθ1 and the second equation by e−jθ2 , we get:

2jωCȦ1 − 2ωCA1θ̇1 + j
A1ω

R
− jωI0

π
= −jωIc

π
ej(θ2−θ1+ψc)

2jωCȦ2 − 2ωCA2θ̇2 + j
A2ω

R
− jωI0

π
= +

jωIc
π

ej(θ1−θ2+ψc)
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Finally, separating the real and imaginary parts of the above, gives us:

2ωCȦ1 +
A1ω

R
− ωI0

π
= −ωIc

π
cos (θ2 − θ1 + ψc)

−2ωCA1θ̇1 = +
ωIc
π

sin (θ2 − θ1 + ψc)

2ωCȦ2 +
A2ω

R
− ωI0

π
= +

ωIc
π

cos (θ1 − θ2 + ψc)

−2ωCA2θ̇2 = −ωIc
π

sin (θ1 − θ2 + ψc) (3.11)

Similar to the case of injection locked oscillator, significant simplifications are

possible if we assume that coupling currents are much smaller than the internal

currents in the oscillators, which is to say, Ic � I0. In such a case, we can again

assume that the amplitude variables for both oscillators are equal to their free

running value of RI0/π and focus solely on the phase dynamics equations:

θ̇1 = − 1

2RC

Ic
I0

sin (θ2 − θ1 + ψc)

θ̇2 = +
1

2RC

Ic
I0

sin (θ1 − θ2 + ψc) (3.12)

Before continuing with a detailed analysis of (3.12), it is worthwhile to pause briefly

here and notice the importance of the extra phase shift in the coupling paths. In

fact we can immediately see from (3.12) that if ψc ≡ 0, then we get the identity:

ϕ̇ := θ̇2 − θ̇1 = 0

which is to say, our first order phase-reduced model of the quadrature oscillator

predicts that the phase shift between the two oscillators, ϕ, remains constant and

is not necessarily equal to ±π/2 as desired ! However, from equation (3.11), we

can see that the steady state solutions with ϕ = ±π/2, both correspond to the

case in which the steady state amplitudes of the oscillators are equal and the same
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as their free running levels A1 = A2 = RI0/π. A stability analysis of the full

dynamic system (3.11) in [33] has concluded that the only stable steady states of

(3.11) when ψc = 0 are in fact the above solutions with ϕ = ±π/2. However, this

means that without including the intentional phase shifts in the coupling paths,

the quadrature oscillator suffers from a phase ambiguity problem as both ±90◦

phase shifts are possible. This quadrature ambiguity problem has in fact been

experimentally observed in the early quadrature oscillator designs. [33]

In the next section, we see how the phase ambiguity problem is resolved once there

exist a non-zero phase shift in the coupling paths.

3.5 General analysis of two identical, unidirectionally cou-

pled oscillators

In the last section, we saw that the analysis of quadrature LC oscillator reduced

to a differential equation of the form:

θ̇1 =
1

2RC

Ic
I0

sin (θ2 − θ1 + ψc + π)

θ̇2 =
1

2RC

Ic
I0

sin (θ1 − θ2 + ψc)

The above dynamic system can be considered to be a special case of the more

general system schematically shown in Figure 3.6 and described by:

θ̇1 = ka sin (θ2 − θ1 + ψa)

θ̇2 = kb sin (θ1 − θ2 + ψb) (3.13)

Upon defining the relative phase shift variable, ϕ := θ2−θ1, equation (3.13) gives:

ϕ̇ = kb sin (−ϕ+ ψb) + ka sin (−ϕ− ψa) (3.14)
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Next, we notice that if we can find parameters k and ψ such that the following

identity holds:

k sin (−ϕ+ ψ) = kb sin (−ϕ+ ψb) + ka sin (−ϕ− ψa) (3.15)

then equation (3.14) is reduced to a “canonical” dynamic system described by:

ϕ̇ = k sin (−ϕ+ ψ) (3.16)

Therefore, provided that we know the solution to the canonical system given by

(3.16) and the mapping from {ka, ψa, kb, ψb} to {k, ψ} such that the identity (3.15)

holds, we have succeeded in solving the original coupled oscillator system described

by (3.13) in all generality.

In order to satisfy the identity (3.15), we should have:

Im
{
ke−jϕejψ

}
= Im

{
e−jϕ

(
kae
−jψa + kbe

jψb
)}

which always holds if we have:

kejψ = kae
−jψa + kbe

jψb (3.17)

However, equation (3.17) is nothing but the simple vector superposition shown in

Figure 3.7 and the parameters k and ψ could then be interpreted as the effective

Figure 3.6: General model of two unidirectionally coupled oscillators
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coupling strength and phase shifts respectively.

It is also easy to show that the only stable steady state solution of the canonical

dynamic system given by (3.16) is ϕ0 = ψ. Therefore in calculating the vector

superposition in Figure 3.7, we are also finding the final phase shift reached in

steady state between the oscillators in Figure 3.6.

The vector superposition method for calculating the effective coupling param-

eters, offers new insights on why having the additional phase shift in the coupling

path of the quadrature oscillator is so beneficial. Notice that in this case we have

ψa = ψc + π and ψb = ψc where ψc is the intentional phase shift in the cou-

pling paths. Figure 3.8 shows the resulting vector superposition diagram for the

quadrature oscillator system described by equation (3.12). As shown in Figure 3.8,

increasing the coupling path phase shift, ψc, brings the superposition vector closer

to the imaginary axis and therefore reduces the sensitivity of the effective cou-

pling phase and hence quadrature accuracy to mismatches in the original coupling

strength parameters, ka and kb. Furthermore, for a fixed set of ka and kb, increas-

ing ψc also has the effect of increasing the effective coupling strength. It is not

difficult to check that the effective coupling strength parameter, k, in the canonical

Figure 3.7: Finding effective coupling parameters by vector superposition
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model has the effect of reducing the effects of noisy perturbations on the steady

state phase shift between the coupled oscillators. In other words, if the phase

shift between the oscillators is perturbed for any reason from its equilibrium value,

a stronger coupling (larger k) quickly restores the phase shift to its equilibrium

value. This observation suggests that effects of ambient noise on disturbing the

quadrature phase accuracy is greatly reduced when ψc is close to π/2. If as a result

of noisy perturbations, phase of one of the oscillators instantaneously lags or leads

the other oscillator’s phase, the system with greater coupling strength quickly re-

solves the induced phase error. Therefore, increasing ψc should also have the effect

of lowering the phase noise of the oscillators.

Figure 3.8: Effect of increasing ψc on the effective coupling strength of the quadra-
ture oscillator
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CHAPTER 4

FREQUENCY TUNING WITH COUPLED OSCILLATORS
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4.1 Introduction

In this chapter, we analyze the nonlinear dynamics of a unidirectionally coupled

ring of oscillators with adaptive couplings. We will see that by changing the inter-

nal phase shifts of the coupling blocks, the relative phases between the oscillators

and their locking frequency could be tuned. This novel frequency tuning mech-

anism obviates the need for including lossy varactors inside the resonators and

makes it possible to realize high power sources even at frequencies close to fmax of

transistors.

4.2 Nonlinear dynamic model and analysis

Consider the set of N ≥ 3 identical oscillators, coupled unidirectionally in the ring

structure as shown in Figure 4.1. Using the Kuramoto model, we can write a set of

N differential equations governing the dynamics of the oscillator’s phase variables:

θ̇i = ω0 +K sin (θi−1 − θi + ψc) (4.1)

where ω0 is the common, free running frequency of the oscillators and K and ψc

represent the strength and inherent phase shifts of the coupler blocks respectively.

Also by convention, whenever the subscript j in θj is outside the {1, · · · , N} range,

we let j → mod(j,N) so that equation (4.1) makes sense for all integer values of

the variable i. For example, we have θ0 := θN , θ−1 := θN−1 and so for i = 1, the

above equation reads θ̇1 = ω0 +K sin (θN − θ1 + ψc).

Next, we define phase-shift variables, ϕi := θi − θi−1, for our system so that from

(4.1) we can write:

ϕ̇i = K sin (ψc − ϕi)−K sin (ψc − ϕi−1) (4.2)
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In steady state, the phase shifts between oscillators become constants which implies

that the system should satisfy a simple equation of the form:

K x = 0 (4.3)

In above, x is a vector in RN whose elements are xi := sin (ψc − ϕ0
i ) where ϕ0

i is the

steady state value of the ith phase shift variable and K is the matrix in RN × RN

given by:

K =



K 0 · · · 0 −K

−K K 0 · · · 0

...
...

...
. . .

...

0 · · · · · · −K K



Figure 4.1: The unidirectionally coupled ring of oscillators
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It should be noted that any physically relevant solution of our coupled oscillator

system should also satisfy the loop consistency condition:

N∑
i=1

ϕ0
i = 2kπ (for some integer k) (4.4)

It is not difficult to see that any solution of (4.3) has the form:

x = x


1

...

1


or that in other words, we should have:

sin
(
ψc − ϕ0

i

)
= sin

(
ψc − ϕ0

1

)
(1 ≤ i ≤ N)

The last equation shows that there are two possibilities for the ith steady state

phase shift variable:

ϕ0
i = ϕ0

1 ± 2nπ (4.5a)

ϕ0
i = 2ψc − π − ϕ0

1 ± 2nπ (4.5b)

This shows that for any given value of ϕ0
1, there are 2N−1 possible solutions. For

each possible solution, the acceptable value of ϕ0
1 that satisfies the consistency

equation (4.4), should then be determined.

Although the 2N−1 sets of solutions described above are legitimate, fixed point

solutions of the dynamic system described by (4.2), a very small subset of them

are actually stable steady state solutions and are physically observable. To be more

specific, we first classify the above 2N−1 solutions into different groups:

Definition 1. Consider the dynamic system described by (4.2). We define Sm

to be the set of solutions to (4.3) in which m of the steady state phase shifts are

chosen from equation (4.5b).
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Notice that the subscript m in Sm, can be any integer from 0 to N − 1. As

shown below, the linear stability analysis reveals that only the S0 solutions are

stable and all the other ones are unstable.

In order to proceed with the stability analysis, let ηi show the perturbation

of the ith phase shift variable from its steady state value of ϕ0
i . Linearizing (4.2)

around the fixed point, we get:

η̇ = J[ϕ0] η

where J[ϕ0] is the Jacobian matrix evaluated at ϕ0 and is equal to:

J[ϕ0] =



−J1 0 · · · 0 JN

J1 −J2 0 · · · 0

...
...

...
. . .

...

0 · · · · · · JN−1 −JN


where Ji := K cos (ψc − ϕ0

i ). Moreover, it is not difficult to show that for 2 ≤ i ≤

N , if ϕ0
i is chosen from (4.5a), we have Ji = J1 and if instead ϕ0

i is chosen from

(4.5b), we have Ji = −J1. In what follows, let us assume that J1 6= 0 which is

to say ϕ0
1 6= ψc ± π/2. Otherwise the Jacobian matrix would become identical to

zero and the linear stability analysis would be inconclusive. This does not hurt

the generality of our final result because solutions in which ϕ0
i = ψc ± π/2 dictate

precise values for ψc in order to satisfy the loop consistency condition (4.4), which

almost surely (in the technical sense of the phrase) does not happen in practice.

For a steady state solution to be stable, all the eigenvalues of the associated

Jacobian matrix should have negative real parts and lie in the left half of the

complex plane. We now recall Gershgorin’s theorem that identifies the location of

eigenvalues of arbitrary matrices:
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Theorem 1 (Gershgorin Theorem). Let A be an n × n matrix with entries aij.

For the ith row of A, let Ri =
∑

j 6=i |aij| and Di be the disk defined by:

Di = {z ∈ C : |z − aii| ≤ Ri}

Then every eigenvalue of A lies within one of the Di disks.

An extension of the Gershgorin theorem found in [35] is particularly useful for

our current purpose:

Theorem 2 (Extended Gershgorin Theorem). Suppose that the Gershgorin’s disks

as defined in Theorem 1 can be divided into two sets such that :

(∪mi=1Di) ∩
(
∪ni=m+1Di

)
= {p}

for some p ∈ C. Then the collection ∪mi=1Di contains at least m eigenvalues of A

provided that each eigenvalue is counted by its algebraic multiplicity. Similarly, the

collection ∪ni=m+1Di contains at least n−m eigenvalues.

For our Jacobian matrix, J[ϕ0], the diagonal elements are either J1 or −J1 and

the Gershgorin disks have all equal radii of |J1|. Therefore, as shown in Figure 4.2

for ϕ0 ∈ Sm, we have m Gershgorin disk centered at J1 with a radius of |J1| and

N −m Gershgorin disks centered at −J1 with a radius of |J1| and the two sets of

circles intersect at the origin.

In order to effectively use Theorem 2, we need to determine the algebraic multi-

plicity of 0 as the eigenvalue of the Jacobian matrix:

Theorem 3. Either the algebraic multiplicity of 0 as the eigenvalue of J[ϕ0] is

equal to 1 or there exists an eigenvalue for J[ϕ0] with a positive real part.
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Proof. To show this, we first use the nearly perfect, lower triangular shape of the

Jacobian matrix to write down its characteristic polynomial:

P (λ) = (−1)N
N∏
i=1

(Ji + λ) + (−1)N−1

N∏
i=1

Ji

For notational convenience, let us define c = J1 so that c 6= 0 and for ϕ0 ∈ Sm we

have:

P (λ) = (−1)N (λ+ c) · · · (λ+ c)︸ ︷︷ ︸
N−m

(λ− c) · · · (λ− c)︸ ︷︷ ︸
m

+(−1)N+m−1cN =
N∑
n=1

Pnλ
n

We notice that P (λ) is an N th degree polynomial in λ with real coefficients and

therefore its roots are either real or come in complex conjugate pairs. Moreover,

it is not difficult to see that:

P0 = 0 , P1 = (−1)N+m(N − 2m)cN−1 , PN−1 = (−1)N(N − 2m)c (4.6)

On the other hand, if we show the roots of P (λ), i.e, eigenvalues of J[ϕ0], by

λ1, · · · , λN , we can write:

P (λ) = (−1)N(λ− λ1) · · · (λ− λN)

Figure 4.2: The Gershgorin disks for J[ϕ0] when ϕ0 ∈ Sm
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and therefore we have:

P0 = (−1)2N

N∏
i=1

λi , P1 = (−1)2N−1

N∑
j=1

∏
i 6=j

λi , PN−1 = (−1)N+1

N∑
i=1

λi

Since P (0) = 0, we immediately see that λ = 0 is an eigenvalue of the Jacobian

and so we may choose to let λ1 = 0. Therefore the above expressions for the

characteristic polynomial coefficients become:

P0 = 0 , P1 = (−1)2N−1

N∏
i=2

λi , PN−1 = (−1)N+1

N∑
i=2

λi (4.7)

Notice that according to (4.6), P1 does not vanish unless N = 2m in which case

PN−1 = 0 as well. This however implies that
∑N

i=2 λi = 0 which either means that

all the eigenvalues are zeros which would contradict the fact that the Jacobian

matrix is non-zero or that there will be an eigenvalue with a positive real component

in the right half plane. Notice that the eigenvalues can not be on the imaginary

axes because that would be outside Gershgorin’s disks. �

Having determined the algebraic multiplicity of 0 as the eigenvalue of J[ϕ0], we

can state the following theorem:

Theorem 4. Let ϕ0 ∈ Sm be a steady state solution of (4.2). If 2 ≤ m ≤ N − 2,

then ϕ0 is unstable.

Proof. Since 2 ≤ m ≤ N − 2, at least two Gershgorin disks lie on the right half

plane. If m = N/2, then according to Theorem 3 there is an eigenvalue in the

right half plane and we are done. Otherwise, the algebraic multiplicity of 0 is at

most 1 according to Theorem 3 again and since at least two eigenvalues should

be contained within the Gershgorin disks on the right half plane according to

Theorem 2, at least one of them is non-zero and have a positive real part. �
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Next, we show that the remaining cases of m = 1 and m = N − 1 also result

in unstable solutions:

Theorem 5. Let ϕ0 ∈ Sm be a steady state solution of (4.2). If m = 1 or

m = N − 1, then ϕ0 is unstable.

Proof. Suppose m = 1. Then N − 1 ≥ 2 Gershgorin disks are centered at z0 =

−J1 = −c. If c < 0, these N − 1 Gershgorin disks are confined to the right half

plane and we would have an eigenvalue with a positive real part which would prove

the theorem. Therefore, we can assume c > 0. Consider the expressions for the P1

coefficient of the characteristic polynomial given by equations (4.6) and (4.7). We

should have:

(−1)N+1(N − 2)cN−1 = (−1)2N−1

N∏
i=2

λi

If N is even, then we should have
∏N

i=2 λi > 0. This is the product of an odd num-

ber of complex numbers which are either real or come in complex conjugate pairs.

The complex conjugate pairs give a positive product when multiplied with each

other. Therefore the product of the rest of the eigenvalues should also be positive.

This is however the product of an odd number of real numbers and therefore not

all of them could be negative numbers. This shows that at least one of the real

eigenvalues should be a positive real number.

If N is odd, then we should have
∏N

i=2 λi < 0. This time, we have a product of an

even number of complex numbers which has become negative. An even number of

the terms are complex conjugate pairs and give a positive product. The remaining

terms are an even number of real numbers. Notice that the number of remaining

real numbers could not be zero as otherwise all the eigenvalues would be complex

conjugate pairs and would give a positive product which contradicts
∏N

i=2 λi < 0.

Therefore, we have an even number of non-zero, real eigenvalues that should give
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a negative product. Therefore not all the real eigenvalues could be negative and

we should again have at least one real, positive eigenvalue.

The case of m = N − 1 is actually the dual of the m = 1 case. In other words,

we can immediately see that by changing ϕ0
1 to ϕ0

2 in equations (4.5a) and (4.5b),

m changes from N − 1 to 1 and the previous argument holds and this would finish

the proof. For the sake of greater clarity however, let us give the alternative, longer

proof for this case as well:

Suppose m = N − 1. Then N − 1 ≥ 2 Gershgorin disks are centered at

z0 = J1 = c. If c > 0, then these N − 1 Gershgorin disks are confined to the right

half plane and we have an eigenvalue with a positive real part which would prove

the theorem. Therefore, we can assume c < 0. Considering the expressions for the

P1 coefficient of the characteristic polynomial given by equations (4.6) and (4.7).

We should have:

(−1)2N−1(N − 2(N − 1))cN−1 = (−1)2N−1

N∏
i=2

λi

which shows that if N is even, cN−1 < 0 and we should once again have
∏N

i=2 λi > 0.

Therefore there is an eigenvalue with a positive real part as before. If N is odd,

then cN−1 > 0 and therefore we should once again have
∏N

i=2 λi < 0 and the result

follows as before. �

Finally, we could assert which steady state solutions of our system are in fact

stable:

Theorem 6. The stable steady state solutions of (4.2) are the ones in which for

every 1 ≤ i ≤ N , ϕ0
i = 2kπ/N for some integer k such that cos (ψc − 2kπ/N) > 0.
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Proof. Clearly since sin(ψc − ϕ0
i ) = sin(ψc − ϕ0

1) for every 1 ≤ i ≤ N , the steady

state condition (4.3) is satisfied. Furthermore, since Ji = J1 > 0 for 1 ≤ i ≤ N , all

the Gershgorin disks are confined to the left half plane and the steady state solution

is stable. The loop consistency equation (4.4) is satisfied since
∑N

i=1 ϕ
0
i = 2kπ. �

4.3 Mode switching and frequency tuning effects

Figure 4.3 shows the stability diagram for the coupled oscillator ring with N = 4. It

is noteworthy that for each value of ψc, there are two stable fixed points that result

in different phase shifts between adjacent oscillators. In principle, this means that

there is an ambiguity in frequency and relative phases of the coupled oscillators

as the initial conditions of the system determines exactly which mode would be

excited. Nevertheless, it is always possible to reach the desired mode by properly

tuning the coupler phase shift parameter as implied by the transition arrows in

Figure 4.3. This is so because the transitions that happen at critical values of

ψc, for example at ψc = π/2, are deterministic and could be relied upon to get to

the desired steady state. We can also go a step further and ask what the relative

sizes of the attraction basins are for different values of ψc. As an example, one

can see from Figure 4.3 that the steady state solution with ϕ0
i = π/2 is stable

and hence physically observable whenever 0 ≤ ψc ≤ π. However, as shown in

Figure 4.4, numerical simulations reveal that this mode has a low probability of

happening when ψc = 0 or ψc = π and on the other hand almost surely happens

when ψc = π/2. Similarly, the remaining modes corresponding to ϕ0
i = 0 , π , 3π/2

has similar probability distributions around critical values of ψc = 0 , π , 3π/2

respectively. From equation(4.1) one can immediately see that the final frequency
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Figure 4.3: The stability diagram for the coupled oscillator ring with N = 4

(a) (b)

Figure 4.4: Probability of observing different modes for N = 4: (a) The ϕ0
i = π/2

mode (b) All possible modes

of the coupled oscillators become equal to:

ω := θ̇1 = ω0 +K sin
(
ψc − ϕ0

1

)
(4.8)

Therefore, the locking frequency depends on the coupler’s internal phase shift

parameter, ψc, which also determines the steady state value of ϕ0
1. Clearly the

frequency tuning range depends on the value of the coupler’s strength parameter,

K and the larger K is, the more tuning range is achieved. Figure 4.5 shows
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the locking frequency as a function of the coupler’s phase parameter, ψc when

K = 0.1 ω0. In Figure 4.5, the frequency tuning curves are color coded to show

Figure 4.5: Frequency tuning curves for the coupled oscillator ring with N = 4

which mode they correspond to and the intensity of the colors show the probability

that each specific operating point, i.e. ω , ϕ0
1, is physically observed.

In summary, the nonlinear dynamics of the coupled oscillator ring can be used to

tune the oscillator’s frequency without using lossy varactors inside the resonators.

The steady state solutions corresponding to ϕ0
1 = ±π/2 are particularly attractive

for realizing a high frequency signal source. This is so because by combining the

signals from all the oscillators at the center of the ring, the fourth harmonics

would add constructively while the first, second and third harmonics all add to

zeros. Therefore the system focuses the combined power at the fourth harmonic

for efficient extraction when ψc is around ±π/2.
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4.4 Experimental verifications

Our forgoing analysis has been experimentally verified with two prototype THz

sources fabricated in standard 65nm CMOS technology at 0.29 and 0.32 THz cen-

ter frequencies [4, 5]. Figure 4.6a shows the micrograph of the fabricated chip with

the exact same structure as the simplified model previously presented in Figure 4.1

except for the additional power combining network in the middle to extract the

fourth harmonic from the fundamental oscillators operating at around 75 GHz.

The popular cross coupled topology has been used in implementing the core os-

cillators and the coupler blocks consist of a differential phase shifter followed by

the actual coupler that injects signal to the next core as shown in Figure 4.6(b).

The control voltage of the varactors change the phase shift of the injected signal

and therefore the oscillator’s locking frequency according to (4.8). The advantage

of this frequency tuning mechanism is due to the fact that, since the varactors are

buffered from the core resonators, they do not add loss and degrade the quality

factor of the core resonators as it happens with conventional VCO structures. Fig-

ure 4.6(c-d) shows measurement results for variations of the output frequency and

power levels with the varactor’s control voltage. The measured peak output power

is about 0.76 mW which at the time was around 10,000 times more than the power

levels reported by conventional tunable sources using similar CMOS technology at

such frequencies.[5]

58



(a) (b)

(c) (d)

Figure 4.6: (a) Chip micrograph (b) Coupling block (c-d) Measured output power
and frequencies for 0.29 THz and 0.32 THz sources. Adopted with permission from
[4]
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CHAPTER 5

ARBITRARY PHASE OSCILLATOR: A GENERALIZATION OF

QUADRATURE OSCILLATORS

60



5.1 Introduction

In this chapter, we present a novel generalization of quadrature oscillators (QVCO)

which we call “Arbitrary Phase Oscillator” or APO for short. In contrast to a

QVCO which generates only quadrature phases, the APO is capable of continu-

ously generating any desired phase at its output. The proposed structure employs

a novel coupling mechanism to generate arbitrary phase shifts between two cou-

pled oscillators without the need for an explicit phase shifter. Building upon the

general theory we presented in Chapter 3, we provide a rigorous nonlinear dynamic

analysis of our system to give a closed form formula for the generated phase shifts.

The theoretical analysis is verified by numerical simulation as well as measurement

results of a prototype chip fabricated in 130nm CMOS technology. The prototype

APO has a frequency tuning range of 4.90 GHz to 5.65 GHz and is continuously

phase tunable from 0◦ to 360◦ across the entire frequency range. The APO struc-

ture is suitable for designing scalable coupled oscillator phased arrays which offer a

few advantages over conventional phased array architectures in terms of scalability,

cost and complexity [6, 36, 11].

In a traditional phased array architecture, high frequency signal coming from

a single source is distributed via a complex routing structure and is then phase

shifted before being fed to the antenna elements for beam steering. [37, 38]. Re-

alizing symmetric feed structures is quite challenging for large arrays and results

in considerable insertion loss as well as unwanted couplings between different sig-

nal paths which may become hard to correct and compensate for, especially at

mm-wave frequencies and beyond [6, 36].

In contrast, in a coupled oscillator phased array, each antenna is fed by a

designated, nearby VCO and hence the long interconnects and the complex feed
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structures are eliminated. The local couplings between adjacent oscillators can

be used to maintain frequency coherence as well as the necessary phase shifts be-

tween the signals to steer the beam in desired directions and would obviate the

need for explicit phase shifter blocks that are indispensable elements of the conven-

tional phased arrays. This would significantly reduce cost, power consumption and

complexity of such phased array systems as compared to the more conventional

structures [11].

5.2 Overview of the APO Structure

5.2.1 System Level Description of the APO

The simplified schematic of our proposed APO structure is shown in Figure 5.1. It

consists of two identical, three stage LC oscillators that are connected through a

“multi-channel” coupling network. Different “coupling channels” connect different

sets of nodes in the two oscillators as will be explained below. In order to vary the

phase shift between the two oscillators, the resistive coupling devices in Figure 5.1

should be tunable. In practice, this is achieved by controlling gate voltages of

coupling transistors that are biassed in the deep triode region. In order to make

the coupling scheme more clear, we first adopt a suitable notation for referring to

the different signals in our system. We distinguish the two oscillators by numbers

“1” and “2” and the three stages in each oscillator by letters “A”, “B”, and “C” so

that different nodes of the oscillators are labeled as shown in Fig. 5.1. Let us also

label the coupling channels by their conductance variable names, Ga, Gb, and Gc.

By convention, the subscript in the name of each coupling channel, that is x in
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Gx, is chosen to indicate that nodes 1A and 2X are connected in the Gx channel.

We can symbolically describe the different coupling channels in Fig. 5.1, by listing

the connections that each one of them provide between the two oscillators:

1A
Ga←→ 2A 1B

Ga←→ 2B 1C
Ga←→ 2C

1A
Gb←→ 2B 1B

Gb←→ 2C 1C
Gb←→ 2A

1A
Gc←→ 2C 1B

Gc←→ 2A 1C
Gc←→ 2B (5.1)

5.2.2 Intuition Behind APO Operation

The principle of operation for the APO oscillator is quite simple and intuitive.

First, let us define “phase” variables for our oscillators. The natural way to do

this is to use the familiar phasor representation for the voltage waveforms. We

Figure 5.1: Simplified schematic of the implemented APO oscillator
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choose 1A and 2A to be our reference stages in oscillator 1 and 2 respectively, and

define phase variables, θ1 and θ2 such that:

v1A = VDD + Aejθ1 ejωt + c.c

v2A = VDD + Aejθ2 ejωt + c.c,

where c.c abbreviates complex conjugate and higher order harmonics are neglected

since we assume a high quality factor for the LC resonators. Moreover, since the

two oscillators are nominally identical, we have used a single variable A to show

the amplitudes and another variable ω to show the natural frequencies for both.

Next, because of the intrinsic loop symmetry in the core oscillators, we have:

v1B=VDD+Aejθ1ejψejωt +c.c

v2B=VDD+Aejθ2ejψejωt +c.c

v1C=VDD+Aejθ1e2jψejωt+c.c

v2C=VDD+Aejθ2ej2ψejωt+c.c

where ψ is the interstage phase shift of the oscillators. Strictly speaking there is

an ambiguity in the value of ψ since both ψ = ±2π/3 are consistent with having a

total phase shift of 2π around the loop. However, it is often possible to eliminate

the phase ambiguity problem by careful design [39, 40]. We will refer back to this

issue in section 5.3 and show that in our own implementation, the only possibility is

to have ψ = 2π/3. Next, consider the scenario where Ga is the only active coupling

channel and the other channels are turned off. It is clear that this coupler tries to

completely synchronize the two oscillators and reduce the phase shift, ϕ := θ2−θ1,

to zero since otherwise, there will be unnecessary energy dissipation in the coupling

resistors. Similarly the coupling channels Gb and Gc naturally induce phase shifts

of 4π/3 and 2π/3 between the two oscillators, respectively. The situation gets

more interesting when more than one coupling channel is active at a time. In that
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case, the system is forced into making a compromise between the induced phase

shifts by the active channels to minimize energy dissipation as much as possible.

As shown in Figure 5.2, a rigorous dynamic analysis in section 5.4 shows that

the steady state phase shift between oscillators can be found by a simple vector

superposition. To be more precise, one needs to first form three vectors in the

complex plane with magnitudes of Ga, Gb, Gc and polar angles of 0, 4π/3, 2π/3

respectively, corresponding to the three coupling channels. The steady steady

phase shift can then be read as the polar angle of the superposition vector. For

example, if Gc = 2Ga and Gb = 0 which is the case shown in Figure 5.2, then

the phase shift between the oscillators becomes 90 degrees. Hence, quadrature

oscillator is realized as a special case of the more general APO oscillator.

Figure 5.2: Vector superposition method for calculating steady state phase shift
in APO. The case shown here is for Gb = 0 and Gc = 2Ga.

65



5.3 Circuit Design Considerations

To effectively realize the proposed APO, we need to consider the practical aspects

of the major circuit blocks.

5.3.1 Preventing Dual Mode Oscillations

In general, multiple oscillation modes are both problematic and hard to capture

in numerical simulations as one needs to simulate all possible initial conditions

of the oscillator to see if they happen. A careful design should provide a way of

controlling the possible oscillation modes. Previous work on multiphase oscillators

introduced a reliable way for switching modes in a higher order LC ring oscillator

to achieve wide tuning ranges [39, 40]. However the additional active devices

inevitably increase power consumption, degrade phase noise performance and make

the overall design more complex. Therefore, it is worthwhile to see if a simpler

Figure 5.3: Equivalent circuit for simulating active generated power in LC ring
oscillator
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design would result in enough energy compensation in only one mode and hence

rule out the possibility of multi mode oscillations altogether.

The schematic shown in Figure 5.3 can be efficiently used to simulate the net

power generated by the active devices in all possible oscillation modes. This is so

because the currents flowing into various ports of transistors, in particular id , ig

and hence iA in Figure 5.3, are uniquely determined once the voltage waveforms at

all the transistor ports are specified. It does not matter how the voltage waveforms

on the transistor ports are generated, whether they are enforced by ideal voltage

sources or are instead the result of the actual oscillator circuitry, is irrelevant as far

as the net generated power is concerned. Figure 5.4 shows such simulation results

for the particular active devices used in our APO prototype. Based on these results,

we see that the zeroth mode with ψ = 0 never results in sustained oscillations as

(a) (b)

(c)

Figure 5.4: Active power generation in different modes: (a) ψ = 0, (b) ψ = 2π/3
and (c) ψ = 4π/3
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expected. Interestingly, the second mode, corresponding to ψ = 4π/3, generates

net power only when oscillation frequency is less than 4 GHz but fails to do so

afterwards. Consequently, the only remaining possibility for frequencies greater

than 5 GHz is the first mode with ψ = 2π/3. It is noteworthy to mention that

this result is consistent with the analysis presented in [41, 42] that shows the

transistor generates larger power when the phase difference between the drain and

gate voltages is less than π.

5.3.2 Coupler Design

Figure 5.5 shows the schematic of the coupler cell used in our APO prototype. The

most important element is the coupling transistor in the middle which is biased in

the deep triode region and provides a reliable way of controlling the conductance

of the coupling block. By design, the transistor’s biassing is such that VDS = 0

and so the deep triode approximation for transistor’s conductance may be used:

Gch = µnCox
W

L
(VGS − VTH) (5.2)

Therefore, coupling conductance can be linearly varied by changing the control

Figure 5.5: Schematic of the coupler block
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voltage, VG at the gate of the transistor. In order for the small signal model of

the transistor to be valid, the RF signals at the drain/source terminals of the

transistor should be sufficiently attenuated from their large signal values at the

oscillator cores. The capacitive voltage divider comprised of {C1, C2} pair is em-

ployed for this purpose. Finally, resistor RB is used for providing the DC bias of

the source/drain terminals which is controlled by control voltage VB.

The voltage division ratio due to the capacitive pair is roughly equal to n =

C1/ (C1 + C2) and therefore C1 should be made smaller than C2 to achieve proper

signal attenuation. On the other hand, when C2 is larger than C1, a greater portion

of the coupling current (as well as the coupling noise current) flows through the

C2 path to ground rather than to the oscillator cores. At the same time, the

coupling current itself is proportional to the voltage signal levels at the source/drain

terminals and therefore, the injected coupling current to the core of oscillators is

proportional to n2. In summary, a larger C2/C1 ratio results in a more linear

behavior of the coupling block, a better isolation of channel noise and yet a weaker

effective coupling between the oscillators. In our design, we chose C1 = 30 fF and

C2 = 90 fF so that n = 0.25 to ensure coupling transistor’s linear behavior. Notice

that both C1 and C2 are chosen to be much smaller than the tank capacitance of

the core oscillators, C ≈ 500 fF , so that the oscillator’s frequency becomes mostly

independent of the coupling channels’s variable conductance and hence generated

phase shifts.

Finally, RB should be made large to both prevent leakage of the precious cou-

pling current and also not to disturb the signal attenuation ratio. A larger resistor

also injects less noise into the coupling channel and hence the oscillators. The

nominal value of the biassing resistor in our design is RB = 10 kΩ. The DC signal,
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VB should be at least as large as the attenuated RF signal amplitudes to pre-

vent forward biassing of source/drain and bulk PN junctions. This amounts to a

biassing voltage of about VB = 0.2V in our design.

5.4 Mathematical Model and Analysis

5.4.1 APO Dynamic Model

In Chapter 3 we developed a general framework for modelling coupled LC oscilla-

tors and used it in derivation of a generalized form of Adler’s equation and analysis

of quadrature oscillators. Generalizing equation (3.3) to a system of two, nominally

identical, coupled oscillators is straightforward and gives:

JT,1(t) + JA,1(t) = P1(t)

JT,2(t) + JA,2(t) = P2(t) (5.3)

where similar to before, the dynamic variables in above are defined as:

d

dt
iT,k =JT,k(t) e

jωt + c.c+ · · ·
d

dt
iA,k =JA,k(t) e

jωt + c.c+ · · ·

Pk(t) =
1

T

∫ t+T

t

d iinj,k
dτ

e−jωτdτ

and k ∈ {1, 2} to denote oscillators 1 and 2, respectively.

The formulae for JT,1 and JT,2 are quite similar to what was previously derived

for the classic Adler’s equation. We define V1 and V2 to be the (slowly time varying)
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voltage envelopes for stages 1A and 2A in Figure 5.1 so that we have:

v1A = VDD + V1 e
jωt + c.c

v2A = VDD + V2 e
jωt + c.c

Similar to before, under the assumptions of weak coupling and high Q resonators,

the expressions for JT,1 and JT,2 are simplified to:

JT,1 = 2jCωV̇1 + j
ωV1

R

JT,2 = 2jCωV̇2 + j
ωV2

R

Once we introduce the usual amplitude and phase variables such that V1 = A1 e
jθ1

and V2 = A2 e
jθ2 , we can rewrite the formulae for JT,1 and JT,2 in terms of these

phase/amplitude variables as:

JT,1 =

(
2jωCȦ1 − 2ωCA1θ̇1 + j

A1ω

R

)
ejθ1

JT,2 =

(
2jωCȦ2 − 2ωCA2θ̇2 + j

A2ω

R

)
ejθ2 (5.4)

Next, we find the formulae for the JA,k terms in (5.3). Let us start by writing the

(time-variant) Fourier series expansion of iA:

iA = I
(0)
A + IA e

jωt + · · ·+ c.c

Previously, we used the sharp current steering model of the active pair to calculate

the above Fourier coefficients in terms of the oscillator’s phase variable. More gen-

erally, we can use the equivalent circuit in Figure 5.3 to determine the dependence

of these coefficients on the oscillator’s dynamic variables. To be more specific, we

know that the expression for iA should have the form: 1

iA = F̃0(A, ω) + F̃1(A, ω) ejθ ejωt + · · ·+ c.c (5.5)

1The validity of equation (5.5), i.e, that θ only appears as ejθ in the formula for iA, is a direct
consequence of the oscillator’s loop symmetry and can be easily verified with direct simulations
as well.

71



Moreover, the complex F̃1(A, ω) function can be broken down into its real and

imaginary components:

F̃1(A, ω) = F (A, ω) + j H(A, ω)

and it is simple to numerically calculate these functions with standard simulation

tools like Cadence Spectre. Fig. 5.6 shows such simulation results for 130nm CMOS

transistors with W/L = 20µm/0.4µm that is used in our APO implementation.

For our modelling purposes, we may use a narrow band approximation of (5.5)

around the resonance frequency of oscillators and write:

iA = F̃0(A) + F̃1(A) ejθ ejωt + · · ·+ c.c

Upon differentiating the above equation, we get:

d

dt
iA =

d

dt

{
F̃0(A)

}
+
d

dt

{
F̃1(A) ejθ

}
ejωt + F̃1(A) ejθ

d

dt

{
ejωt
}

+ c.c+ · · ·

But since A and θ are slowly varying functions of time as compared to ejωt, we

may ignore the second term in comparison to the third in above and arrive at:

JA(t) ≈ jωF̃1(A) ejθ = jωF (A) ejθ − ωH(A) ejθ

Therefore, in our APO system where the same active device is used for both

(a) (b)

Figure 5.6: Simulated values of (a) F (A, ω) and (b) H(A, ω)
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oscillators, we simply have:

JA,1 = jωF (A1) ejθ1 − ωH(A1) ejθ1

JA,2 = jωF (A2) ejθ2 − ωH(A2) ejθ2 (5.6)

Finally, we need to determine the Pk terms in (5.3). The total injected current into

each oscillator is the summation of the injection currents due to the three coupling

channels. That is, we have:

iinj,1= i
(a)
inj,1 + i

(b)
inj,1 + i

(c)
inj,1

iinj,2= i
(a)
inj,2 + i

(b)
inj,2 + i

(c)
inj,2

where i
(x)
inj,k shows the coupling current in channel Gx that is injected into the kth

oscillator. Consequently, the average excitation functions for the two oscillators,

P1 and P2, follow the same superposition principle:

P1= P
(a)
1 + P

(b)
1 + P

(c)
1

P2= P
(a)
2 + P

(b)
2 + P

(c)
2

We use this superposition principle along with the generic model of the coupling

channels shown in Figure 5.7 to calculate P1 and P2. In this generic model, vL

and vR represent “left” and “right” node voltages and iL→R is the coupling current

that is being injected into the right node. Of course, what “left” and “right” nodes

correspond to, depends on the particular coupling channel that is being considered.

Similar to before, we form a nearly periodic formulation of the problem and write:

vL(t) = VDD + VL e
jωt +c.c

vR(t) = VDD + VR e
jωt +c.c

iL→R(t)= I
(0)
L→R+ IL→R e

jωt+c.c

keeping in mind that although VL , VR and IL→R are slowly varying functions of

time, we might treat them as constants during one oscillation cycle.
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Since the circuit is linear, superposition holds and it is readily seen that I
(0)
L→R =

0. Furthermore, the standard common/differential mode decomposition technique

can be employed for analysis at the fundamental frequency. It is clear that in the

common mode, there will be no net current flow from left to right and so we only

need to perform the differential mode analysis. In the differential mode, the circuit

can be broken into two halves with the middle node becoming virtual ground as

shown in Figure 5.8. We define Y1 = jC1ω and Y2 = 2G + GB + jC2ω where

G = 1/R and GB = 1/RB so that we can write:

IL→R = YG (VL − VR)

Figure 5.7: Generic model of the coupling channels

Figure 5.8: Differential mode model of the coupling channels
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YG :=
Y1Y2

2 (Y1 + Y2)

where YG may be interpreted as the effective admittance of the coupling channel

at the fundamental frequency. As discussed in Section 5.3, we may assume GB is

much smaller than G and C2ω so that Y2 = 2G+ jC2ω and therefore:

YG =
1

2

(jC1ω) (2G+ jC2ω)

2G+ j (C1 + C2)ω

In order to get to a neat final result, let us introduce one additional notation:

We break YG into two parts, Y0 and ỸG where Y0 is the channel’s admittance when

G = 0 and ỸG is defined such that the following identity holds:

YG = Y0 + ỸG

Simple algebraic manipulations reveal that:

Y0 =
j

2

C1C2

C1 + C2

ω

ỸG = G · C1

C1 + C2

· jC1ω

2G+ j (C1 + C2)ω

However, by design, G is chosen to be small compared to C2ω so that the capacitive

divider gives a voltage division ratio of n = C1/ (C1 + C2) at the fundamental

frequency. Therefore, we have:

ỸG ≈
(

C1

C1 + C2

)2

G = n2G

Putting everything back together, we have the following equation:

IL→R = jC̃ω (VL − VR) + G̃ (VL − VR)

where we have defined the effective capacitance and conductance parameters of

the channel, C̃ and G̃, to be equal to:

C̃ =
1

2

C1C2

C1 + C2

G̃ =

(
C1

C1 + C2

)2

G
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Figure 5.9 shows the intuitive interpretation of the above result whereby the

generic coupling channel is replaced by its equivalent model that consists of one

purely capacitive and one purely conductive paths with parameters C̃ and G̃,

respectively.

Next, we calculate the average excitation function, P (t), for the generic cou-

pling channel:

d

dt
iL→R = İL→R e

jωt + jωIL→R e
jωt + c.c ⇒

P (t) =
1

T

∫ t+T

t

d iL→R
dτ

e−jωτdτ ≈ jωIL→R ⇒

P (t) = −C̃ω2 (VL − VR) + jωG̃ (VL − VR)

Finally, we use the symbolic representation of the coupling channels (See equa-

tion (5.1)) to determine left and right nodes for different channels and write down

the expressions for P1 and P2:

P1 = (3C̃ω2 − jωG̃T )V1 + jω(G̃a + G̃be
j 2π

3 + G̃ce
j 4π

3 )V2

P2 = (3C̃ω2 − jωG̃T

)
V2 + jω

(
G̃a + G̃be

j 4π
3 + G̃ce

j 2π
3 )V1

(5.7)

Figure 5.9: Equivalent model of the coupling channel
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where we have defined G̃T = G̃a + G̃b + G̃c to simplify the final formula.

5.4.2 APO Dynamic Analysis

Having found simple expressions for all the relevant terms in (5.3), we are now

ready to write the differential equations that capture the dynamics of the APO

oscillator in terms of amplitude and phase variables. The resulting equations are:

2jωCȦ1 − 2ωCA1θ̇1 − 3ω2C̃A1 + j
A1ω

R̃
+ jωF (A1)− ωH(A1)

=

jω
(
G̃a + G̃b e

j2π/3 + G̃c e
j4π/3

)
A2 e

j(θ2−θ1)

2jωCȦ2 − 2ωCA2θ̇2 − 3ω2C̃A2 + j
A2ω

R̃
+ jωF (A2)− ωH(A2)

=

jω
(
G̃a + G̃b e

j4π/3 + G̃c e
j2π/3

)
A1 e

j(θ1−θ2)

(5.8)

where in above, we have defined R̃, to be:

1/R̃ = 1/R + G̃T (5.9)

In principle, the above two equations form a 4 dimensional system of nonlinear

differential equations whose comprehensive analysis is going to be too intensive

for our current purpose. However, it is possible greatly simplify the analysis by

focusing solely on dynamics of the phase variables.2 In fact, one might argue that

since there is no physically significant difference between the two oscillators, their

2This is similar in spirit to the “phase reduction” technique used in more abstract formulations
of coupled oscillators, like the Kuramoto’s model. See [28] for a mathematical treatment of this
subject.
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amplitudes should reach a common value in steady-state. Moreover, let us assume

that this final common amplitude, Ã, settles relatively soon so that from that

moment till reaching the steady-state, the only time varying variables are θ1 and

θ2. The dynamic equations now become:

−2ωCÃ θ̇1 − 3ω2C̃Ã+ j
Ãω

R̃
+ jωF (Ã)− ωH(Ã)

=

jω
(
G̃a + G̃b e

j2π/3 + G̃c e
j4π/3

)
Ã ej(θ2−θ1)

−2ωCÃ θ̇2 − 3ω2C̃Ã+ j
Ãω

R̃
+ jωF (Ã)− ωH(Ã)

=

jω
(
G̃a + G̃b e

j4π/3 + G̃c e
j2π/3

)
Ã ej(θ1−θ2)

(5.10)

Let us define the “phase shift” variable, ϕ = θ2 − θ1, between the two oscillators

and also define “effective coupling strength”, Kc, and “effective coupling phase”,

ψc, such that:

G̃a + G̃b e
j4π/3 + G̃c e

j2π/3 = Kc e
jψc (5.11)

Subtracting the first equation from the second in (5.10), we get:

−2ωC̃Ã ϕ̇ = jωÃKc e
j(−ϕ+ψc) − jωÃKc e

j(ϕ−ψc)

Finally, we let ρ = Kc/C̃ and simplify the last equation to get:

ϕ̇ = −ρ sin (ϕ− ψc) (5.12)

The steady-state solutions of (5.12) are ϕ0 = ψc and ψc = π − ψc. The standard

perturbation analysis determines which one of the solutions is stable. To this end,
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let η show the deviation of ϕ from ϕ0 so that ϕ = ϕ0 +η. Linearizing (5.12) around

ϕ0 gives:

η̇ = −ρ cos (ϕ0 − ψc) η

which clearly shows that the stable solution is ϕ0 = ψc.

To summarize, the final result predicted by the dynamic analysis of the APO

is that, when the coupling conductances are set to Ga, Gb and Gc, the generated

phase shift will be equal to:

Arg
(
Ga +Gb e

j4π/3 +Gc e
j2π/3

)
(5.13)

and this result is the rigorous basis for the intuitive vector superposition method

previously introduced in Figure 5.2.

(a) (b)

Figure 5.10: Analytical v.s numerical results for the APO phase shift pattern. (a)
f0 = 5.05 GHz and (b) f0 = 5.85 GHz
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5.4.3 APO Dynamic Analysis Verification

Figure 5.10 compares the analytical result for predicting the APO’s generated

phase shifts with simulation results from Cadence Spectre. The simulation results

are based on the actual PDK models of the 130nm technology used for the pro-

totype fabrication. In Figure 5.10, we have identified different operation modes

of the APO by labels Mxy. By convention, Mxy is the operation mode in which

the gate voltage of the Gx coupler is fixed at 1.2V , while that of the Gy coupler is

gradually varied from 0V to 1.2V and the remaining coupler gate voltage remains

fixed at 0V . A point z = rejϕ is placed on the Mxy curve to indicate that ϕ is the

steady state phase shift measured when Vy/Vx = r. It is worth mentioning that r

does not present the amplitude of oscillation which is almost constant for all the

points in Figure 5.10 and is determined by the oscillators dynamics. The solid line

represents the analytical model and the filled dots show the simulation results.

In order to produce the analytic curve, we have simply used the deep triode

approximation for calculating the Gx terms in (5.13). That is, when VGS ≥ VTH

we have used (5.2) to calculate Gx and have set Gx = 0 otherwise. The only fitting

parameter was the threshold voltage, VTH , whose optimal value is found to be

0.2V .

As evident from Figure 5.10, the agreement between the theoretical model and

numerical simulations is remarkable, given the various approximations made in

getting to the simple analytical model. Furthermore, we can see that both methods

predict the APO phase shift should be frequency independent and essentially be

a function of the coupler gate voltages. In principle, this would eliminate any

need for re-calibration to maintain a target phase shift when the APO frequency is

changed which can be attractive for some applications. For example, in a phased
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array system used for FM communications, this would minimize the “beam squint”

problem in which the direction of the radiated beam would fluctuate with frequency

modulations.

5.5 Prototype Implementation

Figure 5.11 shows the micrograph of the prototype APO chip, fabricated in a

130nm CMOS technology. The oscillator core transistors are NMOS devices with

aspect ratio ofW/L = 20µm/0.5µm while those in the coupling blocks haveW/L =

4µm/0.4µm. In both cases, the channel lengths are maximized to lower their flicker

noise. The fixed capacitors in the oscillators tanks as well as the coupler blocks, are

all implemented as metal-insulator-metal (MIM) capacitors. The nominal value of

the tank capacitor is 400 fF and that of C1 and C2 in the coupling block (see

Figure 5.11: APO chip micrograph
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(a) (b) (c)

Figure 5.12: Captured APO waveforms on the oscilloscope at f0 = 4.90 GHz. Va ,
Vb and Vc are the coupler gate voltages for the Ga , Gb and Gc channels respectively.

(a) Va = 1.2V Vb = 0.0V Vc = 0.0V
(b) Va = 1.2V Vb = 0.0V Vc = 1.2V
(c) Va = 0.0V Vb = 0.0V Vc = 1.2V

Figure 5.5) are set to 30 fF and 90 fF , respectively. The inductors are spirals

with 65µm diameter, three turns, a nominal inductance of 1.05nH and a quality

factor of 15 around the center frequency of 5.5 GHz. Finally, CMOS varactors

with Cmax/Cmin = 334 fF/116 fF were employed within oscillator’s tank to allow

for frequency tuning.

For phase shift measurements, buffered signals from nodes 1C and 2C of the

two oscillators (See Figure 5.11) were applied to the input terminals of Keysight’s

86100D Infiniium DCA-X sampling oscilloscope. The sampling oscilloscope is capa-

ble of automatic phase shift measurements between the two signals and the relative

displacement of the waveforms can also be visually seen on its screen as shown in

Figure 5.12. The buffered signal from stage 2A in the second oscillator was used

to provide the synchronized triggering signal that is needed for proper operation

of the sampling oscilloscope. The remaining signals from the two oscillators were

similarly connected to 50 Ω terminations to minimize loading mismatches between

different stages of the oscillators.

An interesting prediction of the nonlinear dynamic theory presented in section
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5.4 is that according to (5.11), if all the coupling channels are active at the same

time and with the same strength, then the effective coupling strength becomes

zero and the two oscillators get decoupled.! We were able to verify this prediction

experimentally and observed that when we raised all the coupling gate voltages to

1.2V , frequency locking disappeared and the sampling oscilloscope was no longer

able to reconstruct and display the first oscillator’s waveform. This is simply

because the triggering signal (which came from stage A of the second oscillator)

was no longer synchronous with the input signal (coming from stage C of the

first oscillator) due to the effective lack of coupling. Alternatively, spectral peaks

associated with beat frequencies were observed in the spectrum analyzer which

again suggests that frequency locking had ceased to exist and all that could be

observed was frequency pulling effects of two oscillators in close proximity. [13]

The frequency of APO is tunable from 4.9 GHz to 5.65 GHz and Figure 5.13

shows the measured phase shift patterns at these lower and upper frequency

bounds. Compared to simulation results in Figure 5.10, the measured phase shift

(a) (b)

Figure 5.13: Measured phase shift patterns of the prototype APO. (a) f0 = 4.90
GHz and (b) f0 = 5.65 GHz
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patterns in Figure 5.13 have about 40o offset rotation. This extra phase shift is

partly due to slight mismatches in wirebond and cable lengths that connect the two

output signal pads to the oscilloscope terminals and partly due to the inevitable

mismatch in the free running frequency of the two oscillators before locking. The

symmetry of “closed loops” in Figure 5.13, for example the one enclosed by the

Mac and Mca curves, is distorted probably because of mismatch in the threshold

voltage of the transistors in different coupling channels. The measurement results

confirms that our APO prototype is capable of generating continuous, arbitrary

phase shifts over its entire operation bandwidth. However, the generated phase

shifts are not completely frequency independent as theory and simulations had

predicted.

(a)

(b)

Figure 5.14: Measured phase noise of the prototype APO at (a) f0 = 4.90 GHz
and (b) f0 = 5.65 GHz
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The phase noise measurement of the APO oscillator is shown in Figure 5.14 and

reads−116.8 dBc/Hz and−115.6 dBc/Hz at 1 MHz offset for the center frequencies

of 4.90 and 5.65 GHz, respectively. The APO core, excluding the output buffers,

draws 11mA current from a 0.7V power supply which corresponds to FOM of

about 182 dB at 1 MHz offset frequency.

The APO phase noise is worse than that of single phase oscillators which is

partly due to presence of noisy, active coupling devices between the two oscil-

lators. However, the more important reason is that the transistors in the three

stage ring oscillator topology are far away from their ideal operation conditions

for maximum power efficiency. In fact it has been shown in [41, 42] that there is

an optimum phase shift between gate and drain voltages of the transistor, φopt, for

maximum power efficiency which typically is around 180◦ at RF frequencies and

then gradually decreases to the vicinity of 120◦ at fmax of the transistors. Table

5.1 shows the comparison between the implemented APO and a few state-of-the-

art quadrature/multiphase oscillators. the APO is the first implementation that

is capable of generating any arbitrary phase shift between the two coupled oscilla-

tors. This means the APO can be used to calibrate any systematic phase error in

quadrature/multi-phase oscillators.

Table 5.1: Table of Comparison

Ref.
Frequency

(GHz)
Tuning

Range (%)
CMOS

Technology
Inductor
Q Factor

Supply
Voltage (V)

DC Power
(mW)

Phase Noise
@ 1MHz
(dBc/Hz)

Available
Phases

FoM FoMT

[40] 3.65 57 65nm N.A 0.6 10.4 -125 Quadrature 186 201

[43] 14 26 65nm 8 0.8 15 -110 Half-Quadrature 181 189

[44] 2 13 180nm N.A 1.8 5 -126 Quadrature 185 187

[45] 5 5 65nm 20 0.35 2.1 -125 Quadrature 196 190

[46] 7.95 7.5 65nm 20 0.8 27.2 -119 Quadrature 183 180

This Work 5.65 14 130nm 15 0.7 7.7 -115.6 Continuous 182 185
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CHAPTER 6

ASSOCIATIVE MEMORY AND PATTERN RECOGNITION IN

COUPLED OSCILLATOR NETWORKS
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6.1 Introduction

Recently there has been a rise of interest in using coupled oscillators as non-Boolean

processors [47, 23, 22, 48, 49, 50]. Non-Boolean processing refers to a set of com-

putational tasks that are usually associated with the realm of artificial intelligence

and machine learning such as pattern recognition and associative memory recall.

What these computational problems have in common is the inefficiency, if not im-

possibility, of developing algorithms based solely on combinational (Boolean) logic

for their solutions.

Networks of weakly coupled oscillators are special cases of Hopfield networks

and as such may be used in building physical systems capable of associative memory

recall and pattern recognition. However, the existing architectures are not suitable

for hardware implementation mainly due to the complexity of required couplings

between the oscillators. In this chapter, we first review the associative memory

properties of weakly coupled oscillators and then propose an alternative way of

using coupled oscillators in what we call “discriminant circuits” in analogy to

the concept of “discriminant functions” in the field of artificial intelligence and

machine learning. The main advantage of our system is in the simplicity of its

architecture which relies only on local couplings between adjacent oscillators. Using

this architecture, we design a network of coupled CMOS oscillators as the core of

a physical non-Boolean pattern recognition engine. The simplicity of the proposed

circuit makes it readily implementable on any standard CMOS technology.
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6.2 Associative memory properties of coupled oscillator

networks

Nonlinear dynamic systems with fixed-point attractors [51] are natural candidates

for realizing associative memories [52, 53, 54]. The state variable of such systems

automatically converges to the fixed point attractor whose basin of attraction [51]

includes the initial state from which the system is released at t = 0. This is an

interesting feature for pattern recognition applications as it means that the system

is able to reconstruct a stored image from a noisy or otherwise distorted version

of the image itself and hence performs what is called an “auto-associative”

recall [52, 53, 54]. In other words, the fixed point attractors can be viewed as

stored patterns inside the system, while the initial states serve as clues that are

used for their associative recall.

Interestingly, symmetric networks of weakly coupled oscillators are examples of

Figure 6.1: The coupling coefficients in the Kuramoto model, specifically all con-
nections to oscillator 1.
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such nonlinear systems. The dynamics of these systems are well approximated

by the phase-reduced Kuramoto model [26, 29, 28] which states that the rate of

change in the phase variable of the ith oscillator, θi , is given by:

θ̇i =
∑
j

kij sin(θj − θi + ψij) (6.1)

As shown in Figure 6.1, kij shows the normalized strength of coupling from the jth

to the ith oscillator and ψij is the inherent phase shift of this coupling. Furthermore,

if the couplings are “symmetric”[19] so that kii = 0 and:

kij = kji , ψij = −ψji (i 6= j)

then the dynamic system described by (6.1) has a Lyapunov [51] function given

by [19]:

E = −1

2

∑
i

∑
j

kij cos (θj − θi + ψij)

The existence of Lyapunov function guarantees that the dynamic system described

by (6.1) can only have fixed point attractors.

6.2.1 Network training and the Hebbian learning rule

The next essential step is to develop a training algorithm that would make arbitrary

phase patterns become steady state solutions of (6.1). The steady state condition

implies: ∑
j

kij sin(θj − θi + ψij) = 0 ⇒

∑
j

kij
[
ei(θj−θi+ψij) − e−i(θj−θi+ψij)

]
= 0 ⇒

e−iθi
∑
j

kije
iψijeiθj = eiθi

∑
j

kije
−iψije−iθj
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The left and right hand sides of the last equation are complex conjugates of each

other and hence need to be purely real to be equal:

∑
j

kije
iψijeiθj = λie

iθi , λi ∈ R (6.2)

If we let λ1 = λ2 = · · · = λn = λ and define Cij = kije
iψij and ξj = eiθj then (6.2)

corresponds to an eigenvalue problem :

Cξ = λξ (6.3)

where as opposed to a standard eigenvalue problem, in (6.3) the objective is to

find the right matrix C such that ξ becomes its eigenvector. The above argument

can be generalized to store multiple patterns, ξ(1) · · · ξ(m). If we store each ξ(k) by

making it an eigenvector of C for the same eigenvalue of λ then we should have:

CP = λP (6.4)

where P is the matrix of stored patterns whose kth column is equal to ξ(k). The

general solution to (6.4) is given by: [55]

C = λPP† + (I−P†P)B (6.5)

where P† shows the Moore-Penrose pseudo-inverse of P, I is the unity matrix

and B can be any arbitrary matrix. [56] To get a simple training formula, we

assume that the patterns to be stored are orthonormal so that P† = P∗ where P∗

denotes the conjugate transpose of P. Furthermore, we let λ = 1 and B = 0 in

(6.5) for simplicity and get :

C = PP∗ ⇒ Cij =
m∑
k=1

ξ
(k)
i ξ

(k)
j (6.6)

which is the well known Hebbian learning rule [19, 55]. The above derivation of

Hebbian learning rule only guarantees that ξ(1) · · · ξ(m) correspond to fixed points
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of the coupled oscillator network dynamics without analyzing their stability. As

more fixed points are stored, an important theoretical question is whether or not

these steady states lose their stability, potentially limiting the storage capacity in

these networks.

6.3 An alternative to associative memory networks: The

discriminant function approach

In the last section, we showed that theoretically, networks of coupled oscillators

can be trained to perform regenerative, associative memory recall. However, there

remains a few important obstacles in going from the elegant theory to a practical

realization of such associative memory networks. One of the main problems lies in

providing the large number of trainable couplings required between the oscillators.

In fact it is not difficult to see from the Hebbian learning rule (6.6) that in general,

an associative network of n oscillators requires O(n2) programmable connections

between oscillators. [18, 57] Clearly, making a fully connected network of physical

oscillators become prohibitively difficult except for moderately sized networks with

limited processing capabilities. Hoppensteadt and Izhikevich [18] proposed an ele-

gant way of bypassing the connectivity problem in networks of coupled oscillators.

In their approach, there are no direct connections between the oscillators and in-

stead they are all coupled through a shared medium. The shared medium however,

needs to be excited by a carefully constructed signal so that the final mathematical

equations governing the dynamics of oscillators are identical to that of the fully

connected network with coupling coefficients given by (6.6). This approach does

not fully solve the connectivity problem and instead trades it with another, per-
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haps equally hard, problem of generating the required global signal that excites

the shared medium [18]. Also the network design becomes complicated for larger

n, making it difficult to realize large networks of coupled oscillators [18]. In fact, a

physical implementation of this idea as reported in [20] is limited to a network of

8 oscillators and also requires an off-chip signal generator for exciting the shared

medium.

Furthermore, even a fully connected network of coupled oscillators suffers from

an important problem of spurious pattern storage. In order to see this, notice

from the derivation of the Hebbian learning rule that if ξ(1) · · · ξ(m) all satisfy (6.3),

then any linear combination of them also corresponds to an eigenvector of C with

the same eigenvalue of λ and hence is another fixed point of the system. Therefore,

the spurious pattern storage is a natural consequence of the Hebbian learning rule

for training coupled oscillator networks. Clearly, the number of stored spurious

patterns quickly increases with the number of desired stored patterns and make

the system more likely to converge to one of the unrecognizable spurious patterns

in response to an input clue which imposes additional limitations on the storage

capacity of these networks. [53, 57]

Alternatively, an effective and widely adopted approach for solving a variety of

pattern recognition problems is to use “discriminant functions” or more generally

“artificial neural networks” (ANN) [52, 58, 59]. The basic idea of discriminant

function approach is to start with a function with some free parameters and then

tune these parameters so that the function’s output mainly depends on the par-

ticular class to which the input belongs. As an example, suppose we want to

distinguish between input patterns belonging to two classes, Ω1 , Ω2, using a dis-

criminant function approach. We show the discriminant function by f(x,η) where

η is a vector of the free parameters of the function and x is the function’s input.
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To make f(x,η) a good discriminant function, one possibility is to look for a vector

η such that:

f(x,η) > 0 if x ∈ Ω1

f(x,η) < 0 if x ∈ Ω2

The process of finding vector η in above is naturally called the “training phase”.

After training is complete, we can reliably use f(x,η) as a discriminant function

to classify input patterns to either class Ω1 or Ω2 by only looking at the sign of

f(x,η).

Building upon the idea of discriminant functions, we propose to use the term

“discriminant circuit” to describe any physical circuit with some free control pa-

rameters that can be used in pattern recognition applications. The control pa-

rameters of a discriminant circuit should similarly be tuned such that the circuit’s

output depends mainly on some collective property of its input signals. The cir-

cuit’s output signal can then be used to distinguish different input patterns from

each other.

While complex software algorithms, enjoying access to several layers of arbi-

trary discriminant functions, provide the greatest degree of flexibility, discriminant

circuits would offer much faster processing speeds. Convergence to the final steady

state in networks of coupled oscillators typically takes a few hundred oscillation

cycles. Therefore, faster processing speeds are achieved if oscillators with higher

free running frequencies are used in forming the network. It is also worth mention-

ing that while it is true that convergence to the steady state may take longer in

longer chains of coupled oscillators, the average convergence time does not seem to

get impractically long. In fact, our numerical simulations showed that in changing

the length of an oscillator chain from 25 to 50 to 100, the median convergence time

93



increased from 93.75 to 112.3 and 128.8 (normalized time units) respectively. That

is to say, the median convergence time seems to rise sub-linearly with the chain size.

We next study dynamics of symmetrically coupled oscillator chains and see how

they could serve as discriminant circuits for pattern classification applications.

6.4 Dynamics of symmetrically coupled oscillators

6.4.1 The mathematical model

In this section, we study the nonlinear dynamics of two weakly coupled oscillators

using the phase-reduced Kuramoto model. First, consider the case where a sym-

metric coupling channels exist between the oscillators as shown in Figure 6.2.

The Kuramoto model of this system gives:

θ̇1 = k sin(θ2 − θ1 − ψ) (6.7)

θ̇2 = k sin(θ1 − θ2 + ψ) (6.8)

where as shown in Fig. 6.2, θ1 and θ2 are the phase variables associated with the

two oscillators and k and ψ show the strength and inherent phase shift of the

Figure 6.2: Unimodal, symmetric coupling of two oscillators

94



coupler, respectively. As a consequence of symmetric coupling assumption, the

inherent phase shift term ψ appears in the first equation with a minus sign and

in the second equation with a plus sign, consistent with the direction of coupling

arrows in Figure 6.2. Next, consider the scenario shown in Figure 6.3 where we

now assume that two symmetric coupling channels with strengths of a/2 and b/2

and inherent phase shifts of ψa and ψb respectively, exist between two oscillators.

The Kuramoto model of this slightly more complicated system is:

θ̇1 =
a

2
sin(θ2 − θ1 − ψa) +

b

2
sin(θ2 − θ1 − ψb)

θ̇2 =
a

2
sin(θ1 − θ2 + ψa) +

b

2
sin(θ1 − θ2 + ψb)

Consequently, the dynamics of the relative phase shift between the oscillators,

ϕ = θ2 − θ1 , is governed by:

ϕ̇ = a sin(−ϕ+ ψa) + b sin(−ϕ+ ψb) (6.9)

We now proceed with the analysis of the dynamic system described by (6.9).

First, notice that a Lyapunov function exists for this system which guarantees

Figure 6.3: Bimodal, symmetric coupling of two oscillators
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convergence to steady state :

E(ϕ) = −a cos(−ϕ+ ψa)− b cos(−ϕ+ ψb)

⇒

Ė = − (ϕ̇)2 ≤ 0

A stable steady state solution of (6.9) necessarily corresponds to a local minima

of E(ϕ):

dE

dϕ
= 0 ⇒ d

dϕ
{a cos(−ϕ+ ψa) + b cos(−ϕ+ ψb)} = 0

d2E

dϕ2
> 0 ⇒ d2

dϕ2
{a cos(−ϕ+ ψa) + b cos(−ϕ+ ψb)} < 0

In order to get a final closed formula for ϕ, it is better to rewrite E(ϕ) using Euler’s

formula:

E(ϕ) = −a
2

[
ei(−ϕ+ψa) + ei(ϕ−ψa)

]
− b

2

[
ei(−ϕ+ψb) + ei(ϕ−ψb)

]
Simple algebraic manipulation reveal that steady state condition, dE

dϕ
= 0 , gives:

eiϕ(ae−iψa + be−iψb) = e−iϕ(aeiψa + beiψb)

Since the left and right hand sides of the above equation are complex conjugates

Figure 6.4: The vector superposition method for finding the steady state phase
shift in the bimodal symmetric coupled oscillator system
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of each other, they should be purely real to be equal, i.e,

e−iϕ(aeiψa + beiψb) ∈ R.

There are only two possibilities for ϕ to satisfy this requirement:

ϕ =


Arg(aeiψa + beiψb)± 2nπ

Arg(aeiψa + beiψb)± (2n+ 1)π

On the other hand, the stability condition, d2E
dϕ2 > 0 , implies:

d2E

dϕ2
> 0 ⇒ eiϕ(ae−iψa + be−iψb) > 0

Therefore, the stable steady state phase shift between the oscillators is :

ϕ = Arg(aeiψa + beiψb) (6.10)

The above result has an interesting intuitive interpretation: if one considers the

effect of each coupling channel in Figure 6.3 separately, it is easy to see that the top

coupling pushes the relative phase shift between the two oscillators to ψa whereas

the bottom coupler pulls it toward ψb. In the presence of both coupling channels,

the final phase shift can be found from the weighted vector superposition shown

in Figure 6.4.

6.4.2 Circuit implementation

It is not difficult to realize symmetric coupling channels between simple physical

oscillators. In a three stage CMOS ring oscillator shown in Figure 6.5, adjacent

inverter gate voltages naturally have a phase shift of 2π/3 with respect to each other

and therefore depending on which points of two such oscillators are connected via a

resistor, different coupling modes can be realized. For example, if only the middle
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coupling in Figure 6.5, is active, then θ2+2π/3 should eventually become equal to θ1

to minimize the energy loss in the resistive connection between the two oscillators.

This condition is then consistent with having ψ = 2π/3 in (6.7). Similarly, one can

argue that the leftmost and rightmost couplings shown in Figure 6.5 have inherent

phase shifts of 0 and 4π/3 respectively.

The circuit level schematic of the coupled ring structure is shown in Figure 6.6.

The three inverter gates in oscillators (1) and (2) are labeled as 1A , 1B , 1C

and 2A , 2B , 2C respectively. The input terminals of the the two couplers in

the middle are likewise labeled to imply connectivity to the respective oscillator

terminals without drawing explicit wire connections. The couplers are CMOS

transmission gates, which are essentially resistors that can be digitally switched

on or off by their gate control voltages, S1 and S2. Since conductance of transistors

are to the first order proportional to their aspect ratios, (W/L), a discrete set of

coupling strengths can be realized for each coupling channel by laying out a bank of

differently sized transmission gates on chip. The strength of each coupling channel

can then be digitally controlled by activating the transmission gate with the desired

size from this available set. The functionality of the circuit in Figure 6.6 has been

Figure 6.5: Different coupling channels of two CMOS ring oscillators
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numerically verified using the accurate models of a standard 130nm CMOS process

in Cadence Virtuoso. As can be seen from Figure 6.7, the simulated steady state

phase shifts of oscillators agree very well with what equation (6.10) predicts.

Figure 6.6: Circuit level schematic of CMOS coupled oscillators

Figure 6.7: Agreement between equation (6.10) and simulation results

99



6.5 Pattern recognition with coupled oscillator chains

6.5.1 System Description

In this section, we generalize the case of two coupled oscillators to a chain of

coupled oscillators and show how this structure can be used as a ”discriminant

circuit” in the sense we explained in section 6.3.

Figure 6.8 shows a folded chain of 16 ring oscillators where two types of tunable

couplers, ”input” and ”training” couplers, are available in each link. The system

response is defined as the phase shift between the oscillators at the two ends of

the chain which is shown by ϕ. In a simply connected chain of N oscillators,

there are exactly l = N − 1 links and therefore l different instances of “input”

and “training” couplers each. For a practical implementation, it is best to fold

the chain into a rectangular configuration similar to what is shown in Figure 6.8

to make the actual layout as compact as possible. The input couplers have zero

inherent phase shift and their strengths, ak , are determined by a given 2D input

pattern. The training couplers on the other hand, have an inherent phase shift of

2π/3 and their relative strengths, bk , will be determined in the training phase. In

other words, vectors a = [a1 . . . ak]
T and b = [b1 . . . bl]

T are analogous to vectors x

and η in the discriminant function f(η,x) formulation introduced in section 6.3.

The details of determining the ak parameters from the input pattern and the bk

parameters in the training phase will be provided in the appendix at then end of

this section.

Intuitively, we expect that since there are no closed loops in the folded chain
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structure, the phase shifts in each link can be independently set to:

ϕk = Arg(ak + bke
i2π/3)

so as to minimize the total Lyapunov energy of the chain. Consequently, a simple

formula for the circuit output, ϕ , as a function of the circuit coupling parameters

exists:

ϕ =
l∑

k=1

Arg(ak + bke
i2π/3) (6.11)

If we had closed-loops in the network, a constrained minimization using Lagrange

multipliers would be necessary to ensure that sum of phase shifts around each loop

Figure 6.8: Folded chain of coupled oscillators as a discriminant circuit
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would add up to some multiple of 2π and (6.11) would not necessarily be valid.

We postpone a more formal derivation of (6.11) to the appendix section.

6.5.2 An example: Classification of alphabet letters

It is perhaps best to explain the circuit’s operation with the aid of an example:

Suppose we want to train a coupled oscillator chain network to distinguish some

alphabet letters irrespective of their orientation. To be more specific, imagine that

we want to classify the 32, 20x20 pixel images of four alphabet letters shown in

Figure 6.9. As explained before, the input coupler strengths, ak , are dictated

by the input image. That is, we assign each ak to one pixel in the input image

and set its (normalized) value to a minimum of say, 0.1 , if the corresponding

pixel is a logical zero or a maximum of 1 if the corresponding pixel is a logical

one. Although we are assuming that the input pattern is a binary image for

simplicity in this example, this is not essential to the circuit’s operation and in

general ak parameters can assume gray-scale values. Our objective in the training

phase is to find a good choice of training coupler strengths, bk , that would result

in a discriminatory response of the circuit. For example, a good discriminatory

response is when ϕ is concentrated around 0, 90o, 180o, 270o for the given samples

Figure 6.9: Alphabet letter images used for network training
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of A, B, C, D respectively. A practical training algorithm should also be limited

to a finite choice of bk parameters from some available set of coupling strengths. we

may thus define training resolution as the total number of bits allowed in specifying

bk parameters.

The system response to each input can be visually represented by placing a

dot at an angle of ϕ on a unity circle where ϕ is calculated by (6.11). This visual

representation is used in Figure 6.10 to show constant improvement in the dis-

criminatory behavior of the circuit with finer resolutions allowed in the training.

It should be noted that the above example is just meant to illustrate the operation

of coupled oscillator chain as a discriminant circuit and should not be considered

Figure 6.10: Effect of training on separation between different alphabet letter
images
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a complete pattern recognition system in itself. In particular, since there is no

“pre-processing” or ”feature extraction” steps involved, the system is prone to the

infamous curse of dimensionality problem [58, 59]. In other words, the network

parameters may currently be over fitted to give perfect outputs for the given sam-

ples in the training set but that makes the system more vulnerable to noise and

random distortions and degrades its ability to perform useful generalizations.

While it is certainly more convenient to have only one discriminant circuit that

classifies several different objects, it is more practical to have a network of dis-

criminant circuits where each circuit is specially trained in recognizing just one

particular object. A collaborative network of such specialized, discriminant cir-

cuits would then become a more powerful pattern recognition engine. It should be

noted however, that different discriminant circuits do not necessarily need to cor-

respond to different physical instances on a chip. A single discriminant circuit can

be sequentially loaded with the right training parameters developed for different

objects to determine their presence in a given image.

Figure 6.11: Output response of a successfully trained network
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This strategy not only increases the total number of samples of each object that

the system would be able to recognize after training, but also has the added benefit

of simplifying design of the sub-system needed to interpret different values of ϕ

for either positive or negative classifications. This is so because a simple “phase

frequency detector” (PFD) which is widely used in standard “phase locked loops”

(PLL) [60, 61] designs can be integrated with the circuit to determine whether ϕ

is within some designated range or not. The output of the PFD block determines

whether the circuit “recognizes” or “rejects” a pattern given to it for classifi-

cation. As shown in Figure 6.11, a network training is considered successful if it

is able to find a set of bk parameters that results in ϕ to be within the designated

range for all the samples used in the training.

6.5.3 Reducing chance of false/ambiguous classifications

So far, the general procedure for using chains of coupled oscillators in pattern

classification can be summarized as follows:

Let us show the object 1 we want the circuit to recognize by ξ and assume that

several labeled examples of ξ, which we show by ξ(1) . . . ξ(m), are given that can be

used in “training”. We pick a target value for the circuit’s output signal, ϕ = ϕ0,

load the network’s ak parameters with each of the patterns ξ(1) . . . ξ(m) and try to

find a single set of bk parameters that would result in the circuit producing an

output in the vicinity of ϕ0 for every ξ(1) . . . ξ(m). We store the above set of bk

parameters in some library as the “training template” for ξ and call it bξ for future

reference. Later when an unidentified image, χ , is presented to the system by

1By “object”, we mean some abstract concept, like “letter A” or “Cat” , that carries some
meaning. By “example / sample”, we mean actual images associated with such concepts, like
the image of a letter “A” or a picture of a cat

105



loading the corresponding values of ak parameters, we use the set bξ from before

and see if ϕ happens to fall into the vicinity of ϕ0. That is, we now have a testing

method which we may call the “recognize/reject” test for pattern ξ. If the result

of the “recognize/reject” test is positive, then χ is identified as another instance

of ξ. Otherwise χ is considered to be an object different than ξ and consequently

the next training template in the library is used to seek a match.

There still remains a couple of issues with our structure that need to be ad-

dressed at this point. These are what we may call the problems of “false” and

“ambiguous ” classifications and are analogous to the problem of spurious storage

in Hopfield networks. False classification happens when a pattern not similar to

ξ(1) . . . ξ(m) is labeled as another example of ξ. This is possible to happen because

bξ was developed during the training phase to make sure that when input image

happens to be any one of ξ(1) . . . ξ(m), then ϕ ≈ ϕ0 without necessarily preventing

other, perhaps unrelated, images to result in producing the same values of ϕ.

Ambiguous classification is a consequence of false classification problem and

happens when an input image, χ, can be classified as an instance of more than on

Figure 6.12: Developing several training templates using different target angles
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object, say both ξ and λ, because with both bξ and bλ, the circuit output, ϕ, falls

into the vicinity of ϕ0.

Fortunately, there is an easy fix to the problem of false classification in our

system. As illustrated in Figure 6.12, the solution is to find multiple, independent

training templates, bξ(1), b
ξ
(2), . . . , for different target values of ϕ0, say ϕ

(1)
0 , ϕ

(2)
0 , . . .

and require passing several “recognize/reject” tests using these templates before

an object is positively classified as ξ.

Numerical simulations confirm (See Figure 6.13) that chances of false classi-

fication decreases rapidly (the fitted curve is an exponential) as more training

templates are developed and consequently more recognize/reject tests are used for

any positive classification.

Figure 6.13: Chance of false classification v.s number of recognize/reject tests

6.5.4 Storage capacity

As a final note, we investigate the storage capacity of a discriminant circuit which

can be defined as the maximum number of samples of a single object for which the
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network can be successfully trained.(See Figure6.11) In a realistic application, dif-

ferent sample images used in training the network for identification of a particular

object may be highly correlated with each other which should make it easier to

find a single training template that gives the desired circuit output for all of them.

In quantifying the storage capacity of our network however, we assume a more pes-

simistic situation where sample images used for training are totally uncorrelated

to see if the network can still be successfully trained. While leaving the details

of our training algorithm and the implemented MATLAB codes for the appendix

section, the results of our numerical experiments is presented in Figure 6.14 and

can be summarized as follows:

For a fixed size of the network (N), an increasing number of m uncorrelated pat-

terns are allowed in training. The x-axis shows the ratio x = m/N . The y-axis is

the “success” rate in training the network for different values of N and m. The

target value of ϕ0 is arbitrarily set to π/4 in these experiments and an experiment

is called successful if for all the ξ(1) . . . ξ(m) patterns we have |ϕ − ϕ0| ≤ π/8. A

total of 1000 numerical experiments were carried on for each pair of m and N .

Interestingly, our MATLAB simulation results indicate that the reliable storage

capacity of network, which can be defined as the maximum value of x for which

the training success rate is close to 1, increases with the network size and is more

than 0.25 for N = 64.
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Figure 6.14: Rate of successful training v.s relative size of training set

6.6 Appendix

6.6.1 Analysis of the Kuramoto model for coupled oscilla-

tor chains

In this section, we generalize the dynamic analysis of two coupled oscillators to a

chain of coupled oscillators in order to validate equation (6.11). Figure 6.8 shows

a typical chain of coupled oscillators where in each link there are two types of

couplers. Notice that the direction of arrow on the couplers dictates how the

inherent phase shift terms should be inserted into the Kuramoto equation for each

oscillator. For example, the reference direction in the first link is from oscillator

(1) to (2) which means that this link results in the following terms to appear in
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the Kuramoto equations of the the first and second oscillators:

θ̇1 = a1 sin(θ2 − θ1 − ψa1) + b1 sin(θ2 − θ1 − ψb1) + . . .

θ̇2 = a1 sin(θ1 − θ2 + ψa1) + b1 sin(θ1 − θ2 + ψb1) + . . .

Also the relative phase shift between the oscillators of the first link, ϕ1 , is defined

as:

ϕ1 := θ2 − θ1

It should also be obvious that in an n×n folded chain of coupled oscillators, there

are exactly l = n2 − 1 coupler links. The Kuramoto equation for each oscillator

can be written in a general form of:

θ̇i =
n2∑
j=1

aij sin(θj − θi + ψaij) +
n2∑
j=1

bij sin(θj − θi + ψbij)

where aij and bij terms are zeros unless θi and θj are across some link, say link k,

in the chain in which case we have:

aij = aji , ak (i = j + 1)

bij = bji , bk (i = j + 1)

ψaij = −ψaji , ψak (i = j + 1)

ψbij = −ψbji , ψbk (i = j + 1)

ϕk , θi − θj (i = j + 1)

It is not difficult to see that this system has a Lyapunov function in the form of:

E = −1

2

∑
i

∑
j

aij cos(θj − θi + ψaij)−
1

2

∑
i

∑
j

bij cos(θj − θi + ψbij)

The above equation can be rewritten in terms of the relative phase shifts in each

link, ϕ1 · · ·ϕl , instead of oscillator absolute phase variables, θ1 · · · θn , as:

E = −
l∑

k=1

ak cos(−ϕk + ψak)−
l∑

k=1

bk cos(−ϕk + ψbk)
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where l shows the total number of links in the chain. Since there are no closed

loops in the chain, variables ϕ1 . . . ϕl are independent of each other and thus the

minimum of the energy function happens when ∂E
∂ϕm

= 0 and ∂2E
∂ ϕ2

m
> 0 form = 1 · · · l

so that the Hessian matrix becomes positive definite. The two sets of equations

resulting from these conditions are:

d

dϕm

{
am cos(−ϕm + ψam) + bm cos(−ϕm + ψbm)

}
= 0

d2

dϕ2
m

{
am cos(−ϕm + ψam) + bm cos(−ϕm + ψbm)

}
< 0

However, these equations have exactly the same form as what was previously an-

alyzed for the case of two coupled oscillators. Hence, the relative phase shifts in

each link of the chain are given by:

ϕm = Arg(ame
iψam + bme

iψbm) (6.12)

In our proposed chain of coupled oscillators we have ψam = 0 and ψbm = 2π/3 and

as such:

ϕ =
l∑

k=1

Arg(ak + bke
i2π/3) (6.13)

The above derivation made crucial use of there being no loops present in the

structure. Otherwise, a constrained minimization using Lagrange multipliers would

be necessary to find the relative phase shifts and ensure they add to 2π around

each closed loop and (6.12) would not be valid in general.

6.6.2 Determining input coupler Strengths from 2D input

images

In this section, we briefly explain the process of determining ”input coupler”

strength parameters from 2D input images. Here we explain the mapping process
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for binary, black and white images for simplicity. It is however easy to generalize

the procedure to allow 2D gray-scale images as well.

Let us assume that we have a set of two dimensional, binary, n ×m , images

that we want to classify with our coupled oscillator chain. In order to do so,

we first build a chain of coupled oscillator (possibly one with a folded structure

as explained before) with l links such that l + 1 = nm. Each 2D input image is

essentially an n×m matrix, X , which can easily be reshaped into a unique, binary

l × 1 vector, x , as follows:

Starting from x1, we define it to be equal to 1 if X21 = X11 and 0 otherwise. We

similarly compare X31 with X11 to define x2 and continue this procedure to the

end of the first column where comparing Xn1 with X11 determines the value of

xn−1. Next, we go to the beginning of the second column and determine xn by

comparing X12 with X11 after which we continue the process for the entire second

column. Since there are m column in X, this procedure needs to be repeated m

times in order to fully construct vector x whose length would exactly be equal to

l = mn − 1. The elements of x are then used to set the corresponding ”input

coupler” strength parameters of the circuit.

It is worth mentioning that the above process maps every n×m binary image

into a unique vector of length nm − 1 and further guarantees two input patterns

which are exactly the ”negative images” of each other are mapped to the same

vector x :

X→ x ⇐⇒ X̃→ x

which is a desirable trait in most pattern recognition applications.
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6.6.3 Details of the training algorithm

A more detailed discussion of the training algorithm for the proposed chain of

coupled oscillator structure is presented in this section.

Let us recall that we are assuming m patterns, ξ(1) . . . ξ(m) , are given and we

want to tune the circuit parameters such that a specific target value of ϕ = ϕ0 is

measured at the circuit’s output whenever one of ξ(1) . . . ξ(m) are given as inputs

to the system. Each pattern ξi corresponds to an “input coupler” strength set

which we show by a(i) ,
[
a

(i)
1 . . . a

(i)
l

]T
where l shows the total number of links

in the chain. The training algorithm’s final product is a single set of “training

coupler” strengths, b , [b1 . . . bl]
T , that will be stored in a library and later used

in performing “accept/reject” tests as discussed before.

Let us start by defining a function:

ϕ = F (a,b)

where ϕ is the output phase shift of the network when the “input” and “training”

coupling strengths are set by vectors a and b respectively. In fact, we previously

showed that this function is given by:

F (a,b) =
l∑

k=1

Arg(ak + bke
i2π/3)

If we fix b, then the system’s output for each pattern, ξ(i) , is given by:

ϕi = F (a(i),b)

We can thus define a cost function for the above particular choice of b as:

C(b) =
1

m

√√√√ m∑
i=1

(∆ϕi)2
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where the ith error term is defined as:

∆ϕi , ϕi − ϕ0

What our training algorithm does is to simply calculate this cost function and

minimize it to find an optimal choice of b. The syntax for the MATLAB function

that finds the training template is:

b = Train(A, ϕ0)

where A is the matrix of to-be-stored patterns whose ith column is the ith pattern

we want the network to recognize, i.e, A(:, i) , a(i) and ϕ0 is the target angle for

training.

The success of the “training phase” in finding a suitable b, can be evaluated

by calculating ϕ1 . . . ϕm to see if they all fall into some desired neighborhood of

ϕ0, that is whether or not:

|ϕi − ϕ0| ≤ δϕ ∀i ∈ {1 . . .m}

Finally, the syntax for the MATLAB code for quantifying the storage capacity

limits of the proposed circuit is:

S = Capacity(x, N)

where N shows the total number of links in the coupled oscillator chain, S is a

MATLAB data structure that stores the experiments results and x is a vector

whose elements specify the normalized number of patterns used in various storage

capacity tests. In other words, for the ith storage capacity experiment, m = x(i)·N ,

where m is the total number of random binary patterns, ξ(1) . . . ξ(m), for which the

network is trained.
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6.6.4 The MATLAB codes

1 f unc t i on S=Capacity (x , n)

2 % g i v e s the chance o f s u c c e s s f u l t r a i n i n g f o r d i f f e r e n t

t r a i n i n g sample

3 % s i z e s s p e c i f i e d in x

4 % n i s the s i z e o f the network

5 % S i s a MATLAB data s t r u c t u r e with two f i e l d s

6 % S . x i s a vecot r whose e lements show the r a t i o o f number

o f pa t t e rn s in

7 % the t r a i n i n g s e t to the network s i z e , i . e , S . x ( i )=m( i ) /n .

where m( i ) i s the

8 % number o f pa t t e rn s in the t r a i n i n g s e t . There fore l a r g e r

va lue s o f S . x

9 % correspond to h igher s t o rage c a p a c i t i e s .

10 % S . y i s a vec to r the same s i z e as S . x which g i v e s the

chance o f s u c c e s s f u l

11 % t r a i n i n g f o r each network capac i ty s p e c i f i e d by

12 g l o b a l N Theta DelTheta Nb lb ub

13 % N i s the t o t a l number o f exper iments

14 % Theta i s the t a r g e t ang le

15 % IMPORTANT! Theta range i s from −pi to 0 and 0 to p i ! The

va lues o f 0 and

16 % +/− pi should be avoided !

17 % DelTheta i s the maximum e r r o r t o l e r a n c e from Theta that

i s a l lowed in a

18 % s u c c e s s f u l t r a i n i n g
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19 % Nb i s the r e s o u l t i o n o f the t r a i n i n g ( Bi t s

20 % lb i s the lower bound f o r the b parameters

21 % ub i s the upper bound f o r the b parameters

22 %

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

23 % Defau l t va lue s o f the g l o b a l v a r i a b l e s :

24 N=1000;

25 Theta=pi /4 ;

26 DelTheta=pi /8 ;

27 Nb=10;

28 lb =0.1 ;

29 ub=1;

30 %

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

31 Nx=length ( x ) ;

32 y=ze ro s (Nx, 1 ) ;

33 f o r i =1:Nx

34 y ( i )=Test ( x ( i ) ,n ) ;

35 end

36 S . x=x/n ;

37 S . y=y ;

38 end

39 %% Test Function

40 f unc t i on y=Test (m, n)
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41 % Gives the chance o f the network o f s i z e n being

s u c c e s f u l l y t r a in ed f o r m random pat t e rns .

42 g l o b a l N Theta

43 % N i s the t o t a l number o f exper iments performed

44 % y i s the r a t i o o f s u c c e s f u l l t r a i n i n g s

45 % Theta i s the t a r g e t ang le f o t the t r a i n i n g

46 S=ze ro s (N, 1 ) ;

47 f o r i =1:N

48 A=rand (n ,m) ;

49 A=round (A) ;

50 b=Train (A, Theta ) ;

51 S( i )=Evaluate (b ,A) ;

52 end

53 y=sum(S) /N;

54 end

55 %% Train Function

56 f unc t i on b=Train (A, Theta )

57 % Finds the best t r a i n i n g template b f o r the pat t e rn s in A

58 % Theta i s the t a r g e t ang le

59 g l o b a l Nb lb ub

60 % Nb i s the number o f b i t s a l lowed f o r the t r a i n i n g

r e s o l u t i o n

61 % lb i s the lower bound f o r the b parameters

62 % ub i s the upper bound f o r the b parameters

63 [ n ,˜ ]= s i z e (A) ;

64 x0=0.5∗ ones (n , 1 ) ;
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65 LB=lb ∗ones (n , 1 ) ;

66 UB=ub∗ones (n , 1 ) ;

67 opt ions=opt imopt ions ( ’ fmincon ’ , ’ MaxFunEvals ’ ,4 e4 , ’ Display ’ ,

’ i t e r ’ ) ;

68 x=fmincon (@( x ) TargetFun (x ,A, Theta ) , x0 , [ ] , [ ] , [ ] , [ ] , LB,UB

, [ ] , opt i ons ) ;

69 xr=l i n s p a c e ( lb , ub , 2 ˆ (Nb) ) ;

70 b=in t e rp1 ( xr , xr , x , ’ Nearest ’ ) ;

71 end

72 %% Target Function

73 f unc t i on y=TargetFun (x ,A, Theta )

74 [ ˜ ,m]= s i z e (A) ;

75 z=exp (1 i ∗Theta ) ;

76 V=ze ro s (m, 2 ) ;

77 V( : , 1 )=r e a l ( z ) ;

78 V( : , 2 )=imag ( z ) ;

79 c l e a r z

80 y=ze ro s (m, 1 ) ;

81 f o r i =1:m

82 y ( i )=PhaseSh i f t (x ,A( : , i ) ) ;

83 end

84 y=exp (1 i .∗ y ) ;

85 U=[ r e a l ( y ) imag ( y ) ] ;

86 z=dot (U,V, 2 ) ;

87 z=acos ( z ) ;

88 y=norm( z ) /(m) ;
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89 end

90 %% PhaseShi f t Function

91 f unc t i on y=PhaseSh i f t (x , a )

92 % c a l c u l a t e s the phase s h i f t as g iven by the formula in the

paper .

93 % Here x i s the same as b i f we want to use the paper ’ s

notat ion !

94 % The func t i on determines the output phase s h i f t when the ”

b” parameters

95 % are given by x and the ”a” parameters are g iven by a

96 [ n ,˜ ]= s i z e ( x ) ;

97 t=ze ro s (n , 1 ) ;

98 f o r i =1:n

99 z=a ( i )+x ( i )∗exp (1 i ∗2∗ pi /3) ;

100 t ( i )=angle ( z ) ;

101 end

102 y=sum( t ) ;

103 y=exp (1 i ∗y ) ;

104 y=angle ( y ) ;

105 end

106 %% Evaluate Function

107 f unc t i on y=Evaluate (b ,A)

108 % Determines i f the t r a i n i n g template b i s s u c c e s f u l f o r

a l l the pat t e rn s

109 % in A

110 % The t r a i n i n g i s s u c c e s f u l only i f the output phase s h i f t
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f o r a l l the

111 % patte rns in A, f a l l s i n to DelTheta proximity o f the

t r a g e t ang le Theta

112 g l o b a l Theta DelTheta

113 y=0;

114 [ ˜ ,m]= s i z e (A) ;

115 S=ze ro s (m, 1 ) ;

116 f o r i =1:m

117 a=A( : , i ) ;

118 Phi=PhaseSh i f t (b , a ) ;

119 i f abs ( Phi−Theta )<= DelTheta

120 S( i ) =1;

121 end

122 end

123 i f sum(S)==m

124 y=1;

125 end

126 end
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[53] Raúl Rojas. Neural networks: a systematic introduction. Springer Science &
Business Media, 2013.

125



[54] John A Hertz. Introduction to the theory of neural computation. CRC Press,
2018.

[55] Toshio Aoyagi. Network of neural oscillators for retrieving phase information.
Physical review letters, 74(20):4075, 1995.

[56] Jonathan S Golan. The linear algebra a beginning graduate student ought to
know. Springer Science & Business Media, 2012.

[57] Paolo Maffezzoni, Bichoy Bahr, Zheng Zhang, and Luca Daniel. Analysis and
design of boolean associative memories made of resonant oscillator arrays.
IEEE Transactions on Circuits and Systems I: Regular Papers, 63(11):1964–
1973, 2016.

[58] Chris Bishop, Christopher M Bishop, et al. Neural networks for pattern recog-
nition. Oxford university press, 1995.

[59] M Bishop Christopher. Pattern recognition and machine learning. Springer-
Verlag New York, 2016.

[60] Behzad Razavi and Razavi Behzad. RF microelectronics, volume 2. Prentice
Hall New Jersey, 1998.

[61] Thomas H Lee. The design of CMOS radio-frequency integrated circuits. Cam-
bridge university press, 2003.

126


