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ABSTRACT 

 

Block copolymers self-assemble to form a variety of different phases with highly regular 

patterns, depending on the microscopic ordering of molecules. Paramount to understanding and 

controlling this “order” is to have good “order parameters”, variables that can be used to track 

the changes occurring in the system as it transitions from disorder to order. Some common 

phases that block copolymers form include the lamellar, cylinder and gyroid network. In this 

paper, we use molecular dynamics to simulate the growth of these phases from an isotropic 

liquid. A binary nanoparticle mixture model is used that allows the simulation of systems with 

large enough sizes for the desired phase to nucleate and grow. We develop local order 

parameters based on particle symmetries and geometrical constraints that can identify and track 

the nucleation and growth of ordered domains along the transition pathway. We put forth a 

framework that could be extended towards understanding the self-assembly of other 

bicontinuous phases such as the double diamond or plumber’s nightmare, as well as prove useful 

in estimating free energy barriers and nucleation rates using rare-event sampling techniques.  
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CHAPTER 1  

Framework of Local Order Parameters  

1. Introduction 

There is currently a great deal of interest in functional materials (ranging from soft 

polymers to hard crystals) whose macroscale properties can be controlled by their microscopic 

structure1. For example, nano and micro scale colloidal particles can self-assemble into ordered 

lattices with interesting mechanical and optical properties2,3. Similarly, block copolymers (BCP) 

can self-assemble into structures of specific geometry with long range order4,5, which can be 

used as templates to create high-surface area nanoporous materials for applications such as 

separation membranes6,7, catalysts8, solar cells9–11 and in energy conversion and storage12–15 

devices. 

Delineating the mechanism of self-assembly is necessary to be able to control the 

formation of a target phase of interest. Self-assembly is the process by which the polymer units 

spontaneously transition from a “disordered” to an “ordered” phase due to favorable 

thermodynamic conditions. To understand and control the kinetics of such a process we need 

reliable order parameters (OPs), or reaction coordinates, which are properties of the system that 

can quantitatively describe the relative proximity of any configuration to the disordered or the 

ordered basin with just a few numbers16,17. This idea has widely been recognized and used in 

various frameworks, such as in identifying floppy and stiff variables18. Currently, most reaction 

coordinates are case specific, the development of which involves significant computational effort 

and trial and error. The absence of a good OP can greatly hamper research efforts that attempt to 

simulate the kinetics of an order-disorder phase transition. For example, it took researchers many 

years to fully characterize the nascent structural order in the nucleation of ice19–21 and in methane 
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clathrate hydrates22,23, largely due to the lack of good OPs. This limitation is also relevant for the 

formation of complex self-assembled phases of BCPs, and a simple framework that can guide 

research in this area is still lacking. 

A large number of OPs have proven to be very successful in characterizing the degree of order in 

crystalline and liquid crystalline phases. An example is the nematic OP (P2) which is used to 

detect orientational order for systems of rod-like particles24. Some other methods used to detect 

translational order include, the smectic OP for systems of liquid crystals25, and bond order 

parameters26–28 for systems of spherical sites, also known as the Steinhardt bond order 

parameters. This latter method is based on rotationally invariant combinations of spherical 

harmonic functions, which are able to detect particular symmetries of a central particle and its 

neighbors in 3D space and can provide a unique signature for perfect crystal lattices. While these 

functions do not directly describe the structural assembly of more complex phases such as those 

formed by BCP, they can be adapted to describe symmetries of select morphological features in 

some BCP phases, as has been recently demonstrated in Ref. [62] and will be discussed later in 

the paper (see section 2.3.2).  

One of the most commonly used methods to characterize phase formation in BCPs is the 

structure factor S(q). It describes how a structure scatters incident radiation due to the 

arrangement of its particles. When plotted as a one-dimensional function, S(q) produces a set of 

peaks whose ratios indicate the spacing of different planes within a structure, and these 

characteristic ratios can then be used to identify specific structures. Experimentally, it can be 

measured using small and wide-angle X-ray scattering (SWAXS). While S(q) data can easily 

predict the nature of the fully formed stable phase, it is too blunt a tool to capture the subtler 

changes that take place during the nucleation of the ordered phase from the disordered state. This 



 

 8 

shortcoming has led to a heavy reliance on visual inspection for characterizing structures along 

the transition pathway, but this is not a suitable approach to compare results across independent 

studies. Here lies the need to develop a general metric that can easily quantify the degree of order 

in a system of BCPs undergoing a disorder to order transition. Further, molecular simulation 

methods and advances in imaging techniques now allow us to track individual particle 

trajectories29–31, thereby giving us vast amounts of data which can potentially be used to model 

and find good OPs.  

This study is a first step toward a long-term goal of developing an all-purpose analysis 

technique, akin to those used in the computer science field of shape matching or pattern 

recognition (PR). Such a technique would offer a potentially powerful solution to the problem of 

creating general structural metrics for complex systems. Pattern recognition is commonly used in 

finger print32 and facial recognition33 techniques to identify good matches from a sample set to a 

reference structure. The advantage of PR-based methods lies in their potential applicability to 

different systems, and their ability to interpret results that may lead to better insights into the 

structure of a material. While much progress remains to be done before an ideal structure 

characterization technique is developed, in this paper we put forward OPs that recognize simple 

local patterns in BCP phases through the construction of appropriate local correlation functions. 

1.1 Nucleation of Ordered Phases in Block Copolymers 

The ability to control the formation of ordered mesophases in BCPs entails an 

understanding of its ordering mechanism; that is, of the factors that determine its nucleation and 

growth rate and the free energy landscape that it has to negotiate. Early experimental studies 

found the formation of an ordered lattice in BCPs to be unusual, because it involved two distinct 

processes34–36: a fast process of microphase separation followed by a slow aligning process that 
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led to the development of long-range order. Theoretical studies reported unusually small 

nucleation barriers for the disorder to lamellar transition, characterizing them as being only 

weakly first order37,38. Later studies on transitions between disordered and lamellar39,40 or 

disordered and cylinder phases41–43 revealed the presence of anisotropic droplets of the ordered 

phase that had indeed nucleated from the disordered phase after an incubation time. This was 

also confirmed using classical nucleation theory for the disorder to lamellar transition44.  

From a computational perspective, disorder to lamellar and disorder to cylinder 

transitions have been studied using various techniques such as field-theoretic simulations45,46, on-

lattice47–49 and off-lattice50–52 Monte Carlo, dissipative particle dynamics53–55 and molecular 

dynamics56,57. While the results from these computational studies do provide an insight into the 

mechanism of ordering, a quantitative description of the specific kinetic pathway for disorder-

order transitions is still lacking. Carilli et al.58 attempted to fill this gap for the disorder to 

lamellar transition using the renormalized Landau-Brazovskii model, and estimated the free 

energy barriers and critical nucleus size for the transition. However, they found their estimates 

for critical nucleus size to depend greatly on their predicted order – disorder transition (ODT), 

such that even a minor error in ODT resulted in a large error in critical nucleus size. They further 

confirmed the need for a local OP that can effectively track the nucleation process and be used as 

a metric in techniques like metadynamics59 or umbrella sampling60,61, to extract free energy 

barriers. We attempt to fill this gap in this paper, by putting forth local OPs that can effectively 

track order-disorder transitions in BCP-like phases.  

Recently, Kumar and Molinero62 demonstrated the use of bond orientational order 

parameters28 to investigate the nucleation of lamellar, cylinder and gyroid phase in a binary 

mixture of nanoparticles (henceforth referred to as the KM model) that produce BCP-like 
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phases63. While their OPs were able to identify and track the growth of the phases, they do not 

have a simple physical interpretation and it is still unclear whether these OPs could be extended 

to more realistic BCP models.  

In the present work, we use the KM model mentioned previously, to observe the disorder 

to order transitions in three of the BCP phases (lamellar, cylinder and alternating gyroid). Critical 

to observing the formation, growth and alignment of nuclei in the BCP matrix, is the ability to 

simulate a system that is large enough to capture these changes. Most molecular dynamic 

simulations of BCPs are limited by relatively small system sizes, i.e., where only one or a few 

unit cells of the repeating motif appear, which precludes the appropriate description of the 

different length scales involved in nucleation (that could easily exceed the size of the simulation 

box). The KM model overcomes that issue by allowing the use of very large system sizes, where 

numerous unit cells of the morphology can be formed, hence serving as a good platform to test 

and develop OPs that could be used for realistic polymer models. Accordingly, we developed a 

local OP that captures the inherent geometries of the lamellar, cylinder and alternating gyroid 

phases, through a set of physically intuitive parameters (related to the axes of symmetry for the 

lamellar and cylinder phases). For the alternating gyroid that has a more complex structure, our 

OP involves identification of the smallest repeating unit, or a unit cell, due to its symmetries 

extending beyond its immediate neighborhood. We expect that these OPs will lay the framework 

for further understanding the kinetic pathways in disorder – order transitions of BCPs.  

2. Method 

2.1 KM Model Description 

The simulations involve binary nanoparticles (A and B), that interact through a simple, 

short-range isotropic potential (a two-body Stillinger-Weber potential), characterized by energy 



 

 11 

parameters ij, size parameters ij and the mole fraction of A, XA. Further details of this KM 

model are given in the paper by Kumar and Molinero63. A key feature of the model that leads to 

the formation of BCP-like phases is that the attraction between different particle types is stronger 

than that between same particle types (εAB / εAA > 1). However, different particle types cannot get 

as close as particles of the same type (σAB / σAA > 1), which causes the latter to come closer. This 

frustration leads to the formation of the different phases. Indeed, while the potential energy 

favors the formation of AB pairs, microphase segregation arises to minimize the larger excluded 

volume that AB pairs create (compared to that for AA and BB pairs). Throughout all the 

simulations we keep σAA = σBB = 1, and εAA = εBB = 1.0 kcal mol-1. The values of εAB/εAA (XA) 

vary as 1.1 (0.5), 1.7 (0.775) and 2.25 (0.5) for lamellar, cylinder and alternating gyroid 

respectively. σAB was kept at 1.15 for lamellar and cylinder, and 1.02 for the alternating gyroid. 

These values were decided in accordance with the phase diagram by Kumar and Molinero63. 

Since the phase boundaries are only approximate we cannot estimate the degree of 

supersaturation (DSS) quantitatively, however we know qualitatively how far we are from the 

phase boundary in each case. The lamellar phase is reported to have almost no nucleation barrier 

up to 8% below its melting temperature62, or in this case the εAB value at the phase boundary. The 

cylinder phase also exhibits a similar trend. Since our simulation conditions lie well within the 

stability regions of both, i.e., large DSS, we expectedly find the disorder-to-order transition to be 

nearly barrier-less and proceed via a spinodal-decomposition-like process. However in the case 

of gyroid, nucleation rates are generally low64,65 and hence despite being away from the phase 

boundary we find the isotropic phase to be a long-lived metastable phase and the ordering 

transition to occur via nucleation.  
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2.2 Simulation Details 

All our MD simulations were performed using the LAMMPS software66. We start with an 

isotropic KM mixture of 13824 particles in a random initial configuration. All parameters except 

for the distances are reported in real units. The mixture is simulated in an NPT ensemble at a T = 

300 K and P = 0 atm with periodic boundary conditions in all three directions. Forces are 

integrated using the Velocity Verlet algorithm with a time step ∆t = 0.05 fs. Temperature and 

pressure are controlled with the Nose-Hover thermostat and barostat with time constants 500∆t 

and 2500∆t, respectively. Simulations are performed until the stable phase at that composition 

forms and fills the entire box. 

2.3 Order Parameters (OPs) 

Our OPs aim to capture key features of the local geometry of a phase morphology by 

identifying symmetries that are unique to that phase. For the two-dimensional phases (lamellar 

and cylinder) this simply involves identifying the principal axis of symmetry (normal vector of 

the lamella plane or direction vector of the cylinder axis). The alternating gyroid network is 

characterized by I4132 symmetry67–69, which can be identified using appropriate bond-orientation 

order parameters28 of spherical harmonics (a set of complex vectors). As will be explained in 

greater detail in Sections 2.3.1 and 2.3.2, we associate a set of phase-signature vectors to each 

particle in the simulation. The dot product of neighboring vector pairs then tells us the extent of 

their correlation, a higher value indicating stronger correlation. We use this definition to 

differentiate between the “disordered” and “ordered” particles, after which a clustering algorithm 

is used to group all the “solid-like” particles together.  
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2.3.1 2-D Phases (Lamellar and Cylinder)  

The binary nanoparticle mixture model gives us lamellar and cylinder phases with feature 

sizes of the order of a single particle (See Fig. 1). This simplifies many of the calculations 

necessary to characterize these phases, and hence serves as a good model to develop and test 

model OPs.  

For the Lamellar Phase  

For a given particle, a cutoff radius (rc) is defined approximately as the inter-particle distance (r) 

where the first minimum of the radial distribution function g(r) occurs. Particles of the same type 

as the central particle and within the cutoff radius are identified as nearest neighbors. In the 

lamellar phase, particles stack up in layers and so each layer has an axis of symmetry that can be 

found by fitting a plane to particles in the cutoff and identifying the direction of the normal 

vector. This is done using singular value decomposition to determine the smallest eigenvalue, 

which represents the direction of least spread, in this case the normal vector to the plane. Once 

normalized to a unit length, this normal unit vector will be henceforth denoted as lamella-

signature “LS” vector. The process is repeated until each particle in the simulation has its own 

LS vector. To quantify the degree of alignment, the angle between the LS vectors of neighboring 

particles is measured. It is worth mentioning, that while in this case a simple dot product of any 

two LS vectors ni and nj suffices as an indicator of the extent of correlation, an alternate 

approach could involve computing the Legendre polynomial P2 (ninj) for such vectors, which 

Figure 1: Left: Lamellar phase shown by the red 

and blue layers, each layer one particle thick.  

Right: Cylinder phase with the minority 

component shown in red. Individual cylinders one 

particle thick.  
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would also give a value of 1 for complete alignment, as pertaining to the ordered state. In a 

perfectly ordered lamellar phase all particles lie in parallel planes, and correspondingly all their 

LS vectors should align in the same direction (or at 180° to each other, see Fig. 2).  This metric is 

used to determine if a particle has at least 4 neighbors with which its LS vector aligns, after 

which it is marked as “lamellar-like”. This is repeated for all particles in the simulation until the 

“lamellar-like” particles have been identified. They are then clustered depending on their 

proximity to one another using the nearest neighbor cutoff rc. This method allows us to track the 

growth of the ordered “lamellar-like” particles with time. As seen in Fig. 3, the scatter plot of the 

LS vectors of all particles on a unit sphere surface show very distinct patterns for a disordered 

initial phase and for the fully ordered lamella phase.  

 

Ordered 

Figure 3: Distribution of the lamella-signature 

(LS) vectors of all particles on a sphere, at 

XA=0.5, εAB = 1.1 kcal/mol, σAB = 1.15 and 

T=300K, P=0 atm. In the fully ordered state we 

can see that the LS vectors have aligned in one 

direction. Color gradient is an indicator of the 

local density in that region.  

Disordered 

Disordered Ordered 

I. 

II. 

n1 

n2 

Angle ≈ 0° or 180° 

⇒ |n1∙n2|≈1 
Angle ≈ ° 

n1 

n2 

Figure 2: Depiction of steps to find 

Lamellar signature (LS) vectors and 

OP: I = Fitting a plane to same atom 

types and find normal or LS vector; 

II = Finding the angle between 

neighboring LS vectors. Within cutoff rc or 
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For the Cylinder Phase 

The process is similar to that followed for the lamellar phase. Here, particles of the minority 

component (shown in red in Fig. 4) arrange themselves in a line. Their axis of symmetry, or 

direction vector, can be found by fitting a line to all minority components identified within the 

cutoff. This is done using again singular value decomposition to determine the largest 

eigenvalue, which represents the direction of maximum spread, in this case the direction vector 

of the cylinder, which once normalized to a unit length will be denoted as the cylinder-signature 

“CS” vector. The process is repeated until each particle of the minority component has its own 

CS vector. To quantify the degree of alignment, the angle between the CS vectors of neighboring 

particles is measured. In a perfectly ordered cylinder phase all particles lie in parallel lines, and 

correspondingly all their direction vectors should align in the same direction (or at 180° to each 

other, see Fig. 4). This metric is used to determine if a particle has at least 2 neighbors with 

which its CS vector aligns, after which it is marked as “cylinder-like”. This is repeated for all 

particles in the simulation until the “cylinder-like” particles have been identified. They are then 

clustered depending on their proximity to one another using the nearest neighbor cutoff rc. This 

method allows us to track the growth of the ordered “cylinder-like” particles with time. The CS 

vectors of the minority component particles plotted on a unit sphere surface clearly show a 

I. 

II. 

Disordered 

Figure 4: Depiction of steps to find 

cylinder signature (CS) vectors and OP:   

I. Fit a line to same atom types and find 

direction or CS vector. 

II. Find the angle between neighboring 

CS vectors 

Angle ≈ ° 

n1 

n2 n1 

n2 

Angle ≈ 0° or 180° 

⇒ |n1∙n2|≈1 

or 

Ordered 

Within cutoff rc 
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change in pattern from a uniform distribution in the isotropic phase to a bipolar distribution in 

the fully ordered cylinder phase (see Fig. 5).  

 

2.3.2 Alternating Gyroid Network 

The alternating gyroid network (I4132 space group) is a continuous, triply periodic cubic 

morphology that has gained significant interest due to its geometric characteristics and inherent 

chirality70,71 not observed in other similar morphologies. It is made up of two intertwined but 

chemically distinct single networks of equal volume fractions (See Fig. 6), similar to those found 

in nature in the colored wings of certain butterfly species69.  To the best of our knowledge, while 

the single gyroid (consisting of only one network) has been shown to form in self consistent field 

theory studies of order-order transitions in triblock copolymers72, the direct nucleation of the 

alternating gyroid from disorder has not been reported. It was observed by Kumar and Molinero, 

in their paper on the KM model63, however the nucleation process leading to formation of the 

phase was not described. Here we develop an OP that is able to detect the growth of the 

Figure 6: Left: Fully formed 

alternating gyroid (two distinct 

networks shown in red and blue). 

Right: A zoomed-in view of the 

network structure where every particle 

act as a node connected by struts to 

three neighboring particles.   

Figure 5: Distribution of unit direction vectors or 

cylinder-signature (CS) vectors of the minority 

component on a sphere, for the cylinder phase at 

XA=0.775, εAB = 1.7 kcal/mol, σAB = 1.15 and T=300K, 

P=0 atm. In the fully ordered state we can see the CS 

vectors have aligned in one direction. The color 

gradient is an indicator of the local density.  

Disordered Ordered 
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alternating gyroid from an isotropic liquid. Each network is considered separately. 

First, a list of neighbors is determined for each particle consisting of all particles of the same 

type found within a radial distance rc of particle i. Unlike the previous phases where the 

symmetry of the basic repeating motif could be described by a single vector, in this case multiple 

vectors are needed as the basic repeat unit is a 3D unit cell. A suitable way to define the relative 

orientation of multiple (rotationally invariant) vectors is through the Steinhardt OPs. 

Accordingly, the rc is chosen here to be a value that is large enough to include neighbors beyond 

the first coordination shell (up to the third g(r) peak). The total number of neighbors for every 

particle, denoted by 𝑁𝑏(𝑖),  is then used to calculate the bond orientational OP73 𝑞𝑙,𝑚(𝑖): 

𝑞𝑙,𝑚(𝑖) =
1

𝑁𝑏(𝑖)
∑ 𝑌𝑙,𝑚(𝜃𝑖,𝑗 , 𝜙𝑖,𝑗)𝑙

𝑗=1    (1) 

where 𝑌𝑙,𝑚(𝜃𝑖,𝑗 , 𝜙𝑖,𝑗) are the spherical harmonics, 𝑚[−𝑙, 𝑙] and 𝜃𝑖,𝑗 and 𝜙𝑖,𝑗  are the polar and 

azimuthal angles of 𝑟𝑖,𝑗 (distance vector between particles i and j) and 𝑟𝑖 (position vector of 

particle i). The symmetry index 𝑙 for the bond orientational OP is chosen to be 6 since 𝑞6 works 

well for BCC lattices61, and we know from the I4132 space group that nodes of the alternating 

gyroid are situated on a BCC lattice. We can define q6(i) as a “vector” (for particle i) having 2l+1 

= 13 components q6,m (i) (one for each m value) and will be denoted as the Gyroid-Signature 

“GS” vector of particle i.  To find the correlation between two neighboring particles i and j , we 

calculate the appropriate “dot” product73 for the GS vectors defined by: 

𝑑𝑙(𝑖, 𝑗) =
∑ 𝑞𝑙,𝑚(𝑖)𝑞𝑙,𝑚

∗ (𝑗)𝑙
𝑚=−𝑙

(∑ |𝑞𝑙,𝑚(𝑖)|2𝑙
𝑚=−𝑙 )

1/2
(∑ |𝑞𝑙,𝑚(𝑗)|2𝑙

𝑚=−𝑙 )
1/2   (2) 

Where * indicates the complex conjugate. The correlation function is computed for all pairs of 

neighboring particles in the system and the corresponding histograms can be seen in Fig. 7(a-d) 

below for both the ordered and disordered phases.  
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In Fig 7a, rc was set as 1.05, which included neighbors within the first g(r) peak only. It can be  

seen that there is no significant difference in the correlation functions of the ordered and 

disordered phases, suggesting the need for a larger rc that includes more neighbors. Indeed, when 

the cutoff is increased to rc = 3.0 (used in all further calculations), we see the appearance of a 

Figure 7: Histograms of the correlation function d6 for the ordered and disordered phases of the alternating gyroid at 

XA=0.5, εAB = 2.25 kcal/mol, σAB = 1.02 and T = 300K, P = 0 atm. a) For a radial distance cutoff rc = 1.05, there is no 

significant difference between the two. b) For rc = 3.0 there is a distinct second peak at d6 > 0.75 for the ordered 

phase. c-d) Two-dimensional histograms of d6 with rij
2 at rc = 3.0, showing the existence of a second peak for d6 > 

0.75 and 3 < rij
2 < 6.  

Disordered Ordered 

rc = 1.05 rc = 3.0 a) b) 

c) d) 
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strong second peak for the ordered phase above a certain d6 value (see Fig. 7b).  This d6 value is 

taken as a threshold to differentiate between ordered and disordered particles, which in this case 

is equal to 0.75. Fig. 7c and 7d show the variation in d6 with rij
2 (center to center distance 

between neighboring particles) at rc = 3.0 for the disordered and ordered phases, respectively. A 

second peak can be seen clearly in the ordered case, for d6 > 0.75 and 3 < rij
2 < 6, confirming the 

expectation that symmetries of the alternating gyroid phase extend beyond its immediate 

neighborhood. This allows us to define two neighboring particles i and j to be connected if their 

dot product d6 exceeds 0.75. By using this definition, we can effectively identify all the ordered 

particles, however we need to check how many such connections exist per particle for both the 

ordered and disordered phases. Fig. 8 shows the distribution function for the number of 

connections per particle, denoted by . From this, we can define another threshold c to 

unambiguously identify “gyroid-like” particles so that for (i) > c particle i is considered 

“gyroid-like”, while for (i) ≤ c it is considered to be “liquid-like”. Based on the distributions 

shown in Fig. 8, c was set as 8. This selection process is carried out until all the “gyroid-like” 

particles have been identified. These particles are then clustered depending on their spatial 

Figure 8: Distribution function of the number 

of connections per particle. Two particles are 

considered connected if their correlation 

function d6 is greater than 0.75.  

c = 8 
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proximity to one another, using the nearest neighbor cutoff rc. This method was used to track the 

nucleation and growth of the alternating gyroid phase with time.  

2.3.3 Comparison to alternative OPs 

One of the key features of our OP is its ability to detect growing nuclei by only considering 

neighbors in the first shell for lamellar and cylinder motifs. This is different from the OP 

developed by Kumar and Molinero62, where they had to account for neighbors beyond the first 

shell in order to detect the lamellar and cylinders motifs in the isotropic liquid. The need to 

account for farther neighbors in case of the alternating gyroid network can be explained by its 

unit cell structure, which consists of 8 nodes from each network68. This also provides an 

understanding for why we get a c value of 8 from Fig. 8, indicating that unit cell formation is a 

critical step toward gyroid structure identification. We implemented the OP of Kumar and 

Molinero62 which was shown to identify the double gyroid phase for our alternating gyroid 

system to see if it could effectively track the nucleation. This involved a calculation of the 

Figure 9: Distribution of OP 𝑞ത2 and 𝑞ത8 for the alternating gyroid system at XA= 0.5, εAB = 2.25 kcal/mol, σAB = 1.02 

and T = 300K, P = 0 atm. Nearest neighbor cutoffs are 1.91 and 3.39 respectively. The ordered and disordered 

distributions overlap significantly suggesting the need for a more effective OP. 
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average bond order parameters 𝑞ത2 and 𝑞ത8 for each particle using the optimized nearest neighbor 

cutoffs of 1.91 and 3.39 respectively, as given in Ref. [62] phase. As can be seen in Fig. 9, the 

distributions for the ordered and disordered phases overlap significantly and hence would not be 

able to correctly distinguish the ordered particles from the disordered. This suggests that their 

chosen OPs cannot be directly applied to study other systems, even those having similar 

morphology, and likely need to be re-calibrated (perhaps by a different neighbor cutoff) before 

they can be effective. In contrast, we think our OP for the alternating gyroid could be extended to 

work for many similar network morphologies that lie on a cubic lattice. 

3. Results and Discussions 

3.1 Formation of the Lamellar Phase 

The growth of the lamellar phase at 300 K, XA = 0.5 and εAB = 1.1 proceeds via spinodal 

decomposition, seen through the alignment and coarsening of multiple ordered domains into a 

Figure 10: Growth of the lamellar phase at XA=0.5, εAB = 1.1 kcal/mol, σAB = 1.15, T = 300 K and P = 0 atm. 

Top: Bulk simulation snapshots where red and blue correspond to the two components of the binary 

nanoparticle mixture. Formation of multiple layered domains that coarsen and align with time can be seen. 

Bottom: Spherical distribution plots showing the LS vectors of all particles beginning to align as the layers start 

to straighten. Color gradient is an indicator of the local density. Time units are in fs.  

 

t = 500  t = 12500 t = 20000 t = 67500 
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single domain (see Fig. 10). The ordering is spontaneous and occurs through multiple misaligned  

nuclei that form and grow simultaneously at multiple locations in the box (see Fig. 11). Despite 

the initial presence of multiple lamellar “grains”, these are eventually able to realign to produce a 

final structure with no grain boundaries or defects. These nuclei are identified using the lamellar 

OP mentioned earlier, which helps us quantitatively track the disorder to order transition.  

 

3.2 Formation of the Cylinder Phase 

The growth of the cylinder phase from a disordered state at T = 300 K, XA = 0.775 and εAB = 1.7 

also proceeds via spinodal decomposition. This can be seen in Fig. 12 through the multiple 

domains displaying cylindrical order that are found to be present but are not aligned in the same 

direction. Our OP detects these multiple clusters which can be seen in Fig. 13 and correspond to 

the bulk simulation snapshots shown in Fig. 12. Over time, the different ordered grains come 

together and begin to straighten out until they form the stable cylindrical phase. This 

t = 1500  t = 4000  t = 6000  t = 7000  

t = 7500  t = 10500  t = 12000  

Figure 11: Cluster identification using lamellar order parameter. The 4 largest ordered clusters present in the 

simulation box are shown at different times (not all clusters shown for clarity). Red and blue correspond to the 

two components of the binary nanoparticle mixture. It can be seen that the clusters are initially oriented in 

random directions but then gradually coarsen and align. Time units are in fs.  

t = 20000  
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phenomenon is also observed experimentally in the work of Balsara et. al43, where they report 

the presence of hexagonal order but see no micron sized grains during the early stages of 

t = 12500  t = 40000  t = 55000  t = 63750  

t = 80000  t = 121250  t = 193750  t = 237500  

Figure 13: Cluster identification using cylinder order parameter. The 4 largest ordered clusters present in the 

simulation box are shown at different times (not all clusters are shown for clarity). Red and blue correspond to 

the two components of the binary nanoparticle mixture. It can be seen that the clusters are initially oriented in 

random directions but then coarsen and align over time. Time units are in fs.  

Figure 12: Growth of the cylinder phase at XA = 0.775, εAB = 1.7 kcal/mol, σAB = 1.15, T = 300K and P = 0 atm. 

Top: Bulk simulation snapshots where red and blue correspond to the two components of the binary nanoparticle 

mixture. The formation of multiple differently oriented cylinders that coarsen and align with time can be seen. 

Bottom: Spherical distribution plots showing the CS vectors of all particles beginning to align as the cylinders 

start to straighten. Color gradient is an indicator of the local density. Time units are in fs.  

 

t = 0  t = 137500  t = 215000  t = 721000  
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ordering by spinodal decomposition. In fact, Balsara et al. observed an array of hexagonally 

packed, wormlike cylinders which were not stable and straightened out with time, much like 

what we see in our simulations (see Fig. 14). This suggests that the binary nanoparticle mixture 

indeed exhibits key features of BCP-like behavior, and that the proposed OPs would be able to 

track their disorder to order transitions.  

3.2 Nucleation of the Alternating Gyroid Network 

The growth of the alternating gyroid network from a disordered state at T = 300 K, XA = 0.5 and 

εAB = 2.25 kcal/mol proceeds via nucleation and growth. A single ordered domain is seen to 

grow and propagate through the simulation box over time. Each network is evaluated separately 

using the proposed OP, but both are shown superimposed in Fig. 15, to demonstrate that these 

interpenetrated networks grow simultaneously from the isotropic liquid. To the best of our 

knowledge, there are no prior simulation studies that have developed an OP for the alternating 

gyroid network. Kumar and Molinero62 demonstrated the use of certain bond OPs for BCP-like 

mesophases, however their analysis was limited to that of the double gyroid. The OP put forth in 

this paper depends only on the relative positions of the nodes, and hence serves as a good metric 

to not only understand the ordering mechanism of the alternating gyroid, but also as a basis for 

Figure 14: Left panel: Experimental observations of 

cylindrical order. Top: Wormlike cylinders that form 

during early stages of spinodal decomposition. 

Bottom: Fully aligned cylinders at the end of the 

ordering process. Right panel: Simulation snapshots 

showing a similar straightening out of minority 

component (XA = 0.775) cylinders. Experimental 

image adapted from Ref. 30. 
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future OPs of other network morphologies (most of which have nodes that lie on cubic lattices 

and can be described using spherical harmonics). To test the robustness of the OPs developed, 

we compared the fraction of ordered particles determined by each of the individual OPs 

(lamellar, cylinder and gyroid), at different times during the nucleation of the alternating gyroid 

from disorder. The results can be seen in Fig. 16 where both the lamellar and cylinder OPs 

predict a fairly constant low value as compared to the gyroid OP that steadily grows with time. 

The “lamellar – like” and “cylinder – like” particles detected by the corresponding OPs are also 

shown in Fig 15. It is clear that while the gyroid cluster grows steadily with time, the lamellar 

Figure 15: Nucleation and growth of the alternating gyroid phase at XA = 0.5, εAB = 2.25 kcal/mol, σAB = 1.02, T = 300 

K and P = 0 atm. The single ordered domain of the alternating gyroid is identified using the correlation function d6 for 

each network separately. Red and blue correspond to the two interpenetrating networks that have been superimposed to 

show that they grow simultaneously from the isotropic liquid (colored in grey). The green and orange correspond to the 

particles that are identified to be “cylinder – like” and “lamellar – like” respectively, as detected by their corresponding 

OPs (only the four largest clusters are shown in each case). Time units are in fs.  

t = 530150  t = 531250  t = 531850  t = 533000  

t = 534500  t = 536000  t = 537000  t = 538000  



 

 26 

and cylinder like particles are simply background fluctuations that do not form any contiguously 

ordered domain of significant size. 

 

3.3 What if the outcome of the simulation is not known a-priori? 

            The OPs in this paper were designed having prior knowledge of the simulation outcome, 

or in other words the geometry of the putative ordered phase was known (either of lamellar, 

cylinder or alternating gyroid). Since this may not always be the case, it is imperative to put forth 

a framework that can iteratively search the simulation trajectory for possible motifs and track 

clusters based on all three OPs (or more), to see which one produces the largest number of 

ordered particles with time. The analysis would be similar to that shown in Fig. 16. Besides 

predicting the final phase, it could also reveal the presence of other transient competing phases 

that may form during the transition pathway.  

 

 

 

 

 

Figure 16: Fraction of ordered particles 

determined by each of the three OPs 

(lamellar, cylinder and gyroid) during the 

nucleation and growth of the alternating 

gyroid phase at XA = 0.5, εAB = 2.25 kcal/mol, 

σAB = 1.02, T = 300K and P = 0 atm. The 

lamellar and cylinder OPs do not detect any 

cluster growth with time.  
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4. Conclusions and Future Work 

Table 1: Summary of the OPs developed for the lamellar, cylinder, and gyroid networks and the main steps involved 

in each. I. Identifying the characteristic signature vector for each phase, based on local geometries. II. Normalizing 

the signature vectors. III. Evaluating the vector components within an adequate neighbor cutoff. IV. Finding the 

correlation between signature vectors through an estimation of the appropriate dot product. 

Name Cylinder Lamellar Gyroid 

I. Identify signature 

vectors 

   

II. Normalizing the 

signature vectors 
C.S. vector  L.S. vector G.S. vector 

III. Neighbor cutoff First g(r) min First g(r) min Third g(r) min 

IV. Correlation of 

Signature Vectors 
Simple dot product Simple dot product  Correlation Function – Eq. (2) 

 

 In this paper, we have implemented the binary nanoparticle mixture model developed by 

Kumar and Molinero63, to study the ordering mechanism in lamellar, cylinder and alternating 

gyroid phases. This KM model forms BCP-like phases and allows the use of system sizes that 

can contain many more unit cells of the ordered morphology than is accessible through typical 

bead-spring type of polymer models. The large system sizes are especially useful for studies 

involving nucleation and growth, as we illustrate in this work.  

 While one can argue that the KM model used is not a suitable representation of BCPs, it 

does form phases that have similar geometries as BCPs, which is all that is needed for 

developing OPs that can detect the basic repeating motifs of those phases. Consequently, the OPs 

put forth depend only on the symmetry / relative arrangement of particles in the various phases 

(captured through dot products of the corresponding vectors), and upon slight modifications, it 

could also work for realistic BCP systems. For example, in a bead-spring type of BCP model, the 

center of mass of each block could play a role akin to each KM particle for the evaluation of 

OPs.  
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 The proposed framework serves as the basis for our future work developing newer and 

more efficient OPs to characterize disorder to order transitions in BCPs. For example, the OP 

used for the lamellar phase could also be useful in detecting the formation of the perforated 

lamellar (PL) phase, since this OP relies on the presence of microphase segregated layers that are 

present in both phases. The interconnections between layers in the case of the PL may lead to 

non-contiguous ordered domains, which would serve to differentiate it from the lamellar phase. 

More generally, we hope to utilize the method used for the alternating gyroid technique toward 

other network morphologies such as the single diamond and plumbers’ nightmare, whose nodes 

also lie on cubic lattices and could be resolved with the use of suitable bond orientation OPs. A 

summary of the OPs developed for the different morphologies is given in Table 1.  

 One of the main applications of the proposed OPs is complementary to employing them 

as reaction coordinates to extract free energy barriers and estimate nucleation rates using  

techniques such as umbrella sampling60,61, forward flux sampling74,75, metadynamics59, and other 

similar rare-event sampling techniques. Such applications will allow us to ascertain how well our 

OPs can track the size of the largest ordered cluster, and be a good predictor of the committor 

probability76 for studies on nucleation and growth.  
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CHAPTER 2  

 Application of Local Order Parameters to Oligomeric and Polymeric Systems 

1. Introduction  

Block copolymers (BCP) exhibit a rich phase behavior and have been studied extensively 

over the years to understand the factors that control their self-assembly. For linear diblock 

copolymers (dBCP), for example, the strength of the incompatibility between blocks and their 

relative volume fractions are key characteristics that determine the tendency of these molecules 

to undergo a “disorder to order” transition. The disordered state lacks any kind of discernible 

long-range structural order, such as layers (lamellar phase), cylinders (hexagonal phase), or 

interwoven networks (gyroid phase). Nanoscopic domains having certain short-range order or 

geometric motifs nucleate and grow as the system travels along the transition pathway towards 

the ordered state. Key to tracking this transition is the availability of a good “order parameter” 

(OP), a metric that quantifies the degree of order in the system1,2.  

In Chapter 1, we discussed the need for a local OP based on geometric considerations, 

that can be used in techniques like metadynamics3 or umbrella sampling4,5, to extract free energy 

barriers. We further used the KM model6 to access large system sizes, and develop OPs for three 

of the BCP phases (lamellar, cylinder and alternating gyroid). While the KM model served as a 

good platform to test our OPs, we had yet to confirm their validity as a suitable OP for more 

“realistic” simulation models of BCPs.  

In this Chapter, we attempt to apply our OPs from Chapter 1 to study the disorder-to-

order transition of two polyphilic polymeric systems of practical importance: (i) the isotropic-to-

lamellar phase transition in a symmetric dBCP simulated via dissipative particle dynamics 

(DPD)7, and (ii) the isotropic-to-single diamond (D1) phase transition in a bolaamphiphile 
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system simulated via molecular dynamics. Unlike the systems studied in Chapter 1 which have 

yet to be realized experimentally, the systems studied here have been well characterized in 

experiments8,9 and in previous theoretical and simulation studies10–14. Both applications entail 

distinct modifications to the OPs from Chapter 1 and illustrate how such a framework can be 

extended to more complex systems. In particular, the lamellar dBCP system serves to illustrate 

how to “coarsen” the particle coordinates of multiatomic linear molecules into a minimalistic 

pseudo-center representation that can be mapped into a KM-like description. The bolaamphiphile 

system further illustrates how to extend the methodology developed for the gyroid network in 

Chapter 1 to a relatively novel network phase (D1), formed by a molecule containing 3 types of 

chemical blocks (i.e., a triblock co-oligomer) and a branched (a “T-shaped bola”) structure. By 

demonstrating the use of our OPs in two different simulation models (of polymers and 

bolaamphiphiles), we hope to illustrate their usefulness as a reaction coordinate for studies aimed 

at understanding order-disorder kinetic pathways in BCP or similar systems. 

2. Formation of the Lamellar Phase via Dissipative Particle Dynamics 

 One of the simplest morphologies formed by dBCPs is the lamellar phase consisting of 

alternating layers of two blocks (A and B). Several computational studies have used a highly 

coarse-grained soft-bead, mesoscale model typically associated with dissipative particle 

dynamics (DPD) to described the phase behavior of dBCPs and to analyze the disorder to order 

transition in the lamellar phase12,15,13. Here, we use the model to form the lamellar phase and 

apply our OP to track its transition from a disordered state.  

2.1 Model Details 

In the DPD model, polymers are represented as chains of soft beads and springs, where 

each bead represents a segment of a polymer chain that moves according to Newton’s equations 
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of motion. The total force on a bead is given by the sum of the conservative FC, random FR, and 

frictional FD (dissipative) forces7. Each bead interacts with all other beads through the 

conservative force:  

𝐹𝑖𝑗
𝐶 =  {

𝑎𝑖𝑗(1 − 𝑟𝑖𝑗)𝑟𝑖�̂�        (𝑟𝑖𝑗 < 1)

0                               (𝑟𝑖𝑗 ≥ 1)
}    (1) 

where aij represents the strength of repulsion. Note that Eq. (1) implies that the “diameter” of a 

soft bead (where repulsion goes to zero) is unity and provides the reference length used in 

expressing various properties. All parameters are reported in reduced units. Beads of the same 

type interact with aii = 25 while for different-type beads aij = aii + 3.27 , where  is the Flory - 

Huggins interaction parameter used to quantify the degree of segregation between different 

blocks. It is this dependence on  that allows a coarse-grained model like DPD to capture the 

main energetic disparity between blocks and provide for experimental values of  to be 

incorporated into simulations.  The beads are connected through a harmonic potential force:  

  𝐹𝑖𝑗
ℎ𝑎𝑟 =  −𝑘ℎ𝑟𝑖𝑗𝑟𝑖�̂�     (2) 

where kh = 4 is the spring constant used. The system is simulated at a number density = 3 and 

box length Lbox = 21 to represent melt conditions. Each chain consists of 8 beads (N), 4 from 

each block (f = 0.5) and N is chosen to be 40 in accordance with the DPD phase diagram16 

(NODT ≈ 28 for f = 0.5). The integration timestep used is t* = 0.05, and simulations are run for 

5  106 steps to ensure equilibration.  

2.2 Mapping Structure into Coarse-grained Pseudo-Center Model   

 The lamellar phase shown in Fig. 1a consists of approximately 5.0 thick layers of 

alternating A and B domains, where  is a characteristic length scale of the model roughly equal 

to the diameter of a bead in the dBCP molecule. This is in contrast to the single particle thick 
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domains obtained in the KM model, which could be thought of as representing the centers of a 

thicker domain. Since our OP essentially tracks cluster growth based on these domain “centers”, 

one approach to map the current DPD lamellar structure into a reduced, but equivalent KM-like 

lamellar structure, is to identify surrogate bead “centers” in each layer. In this way, a DPD 

lamella is converted into a form that can be “directly” used by our OP. We do this in a two-step 

process. In the first step, each block is replaced by a pseudo-block point located at the blocks’ 

center of mass (Fig. 1b). At this point each lamella layer is roughly two pseudo-blocks thick. To 

try to reduce this thickness even more, in the second step, each pseudo-block is paired to the 

closest pseudo-block of the same block type, but one that does not share the same interface, i.e., 

the distance between their respective interface beads (first bead of the other block) should be 

greater than a critical value lc. This value is taken to be lc = 5.0, considering that the distance 

between interface beads of neighboring chains that do not share the same interface, would be on 

the order of the average lamellar thickness  5.5 - 6.0 (see Fig. 2). These pairs are then replaced 

Figure 1: Snapshots of the lamellar phase obtained using the dBCP DPD model at f = 0.5, N=40 and Lbox=21. a) 

Original structure showing the multibead-thick layered domains. b) Top: Replacing chains with pseudo-blocks at 

block centers’ of mass (COM). Bottom: Snapshot showing the original beads and the identified pseudo-blocks. c) 

Top: Pairing nearest neighbor pseudo-blocks that don’t share the same interface and identifying pseudo-centers at 

the pair’s COM. Bottom: Snapshot showing the pseudo-blocks and pseudo-centers. d) Final reduced structure 

obtained with pseudo-centers. 

a) b) c) d) 

Block A 

Block B 

Pseudo-Block of A 

Pseudo-Block of B 

Pseudo-Center of A 

Pseudo-Center of B 
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by a set of “pseudo-centers” located at the pseudo-block pairs’ center of mass (Fig. 1c).  

Iterating over all chains, we obtain the reduced form of the structure, as an attempt to 

approximately map the domain centers via pseudo-centers (Fig. 1d). This reduced structure is 

used in all further calculations. The results are only slightly sensitive to lc, and any value within 

the range of 4.5 to 6.0 would work sufficiently well to differentiate between the chains.  

2.3 Growth of the Lamellar Phase  

 The system is first allowed to equilibrate for 106 timesteps at N = 25, f = 0.5, 

corresponding to the isotropic region of the phase diagram. The final configuration obtained is 

then used as a starting point and subjected to an instantaneous jump to the desired N of 40. The 

growth of the lamellar phase from disorder is tracked using a procedure similar to that described 

in Section 2.3.1 of Chapter 1 for the lamellar phase. Particles here refer to the pseudo-centers. 

Figure 2: Criteria for selecting lc –  Distance 

between interface beads (denoted as Ix) of 

neighboring chains that do not share the same 

interface (6.04) > those that share the same 

interface (1.19). Pseudo-block i is hence paired 

to pseudo-block j and not k. Coloring scheme 

same as Fig.1.  

i 
Ii 

Ij 
Ik 

Figure 3: Left - Distribution function of the number of connections per particle for the lamellar phase (DPD model). 

Two particles are connected if the dot product of their LS vectors is greater than 0.95. Right – Plot showing the 

growth of the ordered phase with time.  
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For every particle i, a cutoff radius (rc) is defined within which, all particles of the same type are 

identified as “nearest neighbors”. Here, rc is chosen to be 5.0 (equal to the first minimum in the 

pair radial distribution function of pseudo-centers) and a value large enough to get a good planar 

fit. The “neighbor” particles are used to fit a plane and identify the direction of the normal vector 

to the plane, denoted as the lamella-signature “LS” vector of particle i. The process is repeated 

until each particle has its own LS vector. To quantify the degree of alignment, the angle between 

neighboring LS vectors is measured through their dot product. If the dot product exceeds 0.95, 

the two particles are said to be connected. Figure 3 shows the histograms of the number of 

connections per particle for the disordered and ordered cases. From Fig. 3 we define a threshold 

of  >80, to determine if a particle is “lamellar-like”. This allows us to identify all the ordered 

particles, after which they are clustered depending on their proximity to one another using a 

cutoff of rc and tracked with time (Fig. 4). The growth of the ordered particles with time is 

shown in Fig. 3, where the transition can be seen to be weakly first order, in agreement with 

experimental and theoretical studies on the disorder to lamellar transition17,18. Since the lamellar 

phase has unusually small nucleation barriers19, and our degree of supercooling is high, we do 

not observe growth via nucleation of a single ordered domain. Instead we see the presence of 

multiple grains in the box that come together and align with time.  
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3. Formation of the “Single” Diamond in Bolaamphiphiles 

 Bolaamphiphiles are a class of molecules that consist of a hydrophobic backbone (e.g., a 

polyphenyl core) with two hydrophilic end groups (e.g., polar diol groups). Of these, the T-

shaped bolaamphiphiles (TBA) also include a third segment consisting of a laterally attached 

flexible chain (e.g., alkyl or fluoroalkyl chains)20,21. The incompatibility between segments 

allows these molecules to self-assemble into a variety of different morphologies that can be 

tuned through changes in temperature and lateral chain length and design. A recent simulation 

study by Sun et al., confirmed the rich phase behavior exhibited by TBA, where they observed 

the formation of the “single” diamond (D1) and the “single” plumbers’ nightmare (P1) phases, 

along with other more commonly observed morphologies14. Here, we attempt to use the 

principles that govern our OPs to detect the growth of the D1 phase from disorder. This D1 

phase, as originally predicted by the Sun et al. simulation study, has also been experimentally 

Figure 4: Growth of the 

lamellar phase at f = 0.5, 

N=40 and Lbox = 21. Red and 

blue correspond to the ordered 

A and B particles (or pseudo-

centers) of the diblock 

copolymer, that grows from 

the isotropic liquid (colored in 

grey). Time is reported in 

reduced units  

t*=880 t*=960 t*=1080 

t*=1160 t*=1400 t*=1600 
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realized22. We adapt the methodology used for the alternating gyroid network (that lies on a BCC 

lattice) in Chapter 1, which we find particularly useful, since the D1 phase also lies on a cubic 

lattice but involves a different lattice symmetry (FCC).  

3.1 Model Details 

The model implemented by Sun et al. in Ref. [14] was adopted to simulate a system of 

2700 TBA molecules, with a chain length of 6 (Nrigid) and 11 (Nflx) beads for the rigid backbone 

and flexible lateral chain respectively (see Fig. 5). Unlike the soft-beads used in the DPD model, 

here beads interact via a Lennard-Jones type of potential and hence represent a more detailed 

(less coarse-grained) representation of the molecules. All parameters are reported in reduced 

units. MD  simulations were performed using the LAMMPS software23, and forces were 

integrated using the Velocity Verlet algorithm with an integration step size of ∆t* = 0.005. The 

simulations were conducted in an NVT ensemble at a constant number density η = 0.45, and a 

temperature T*=1.05 (using the Nose-Hoover thermostat). The conditions we chose are relatively 

close to the transition point, since the system disorders for T* > 1.1, hence indicating a small 

supercooling. Under these conditions, we obtain the “single” diamond phase as shown in Fig. 6. 

This structure was converted into its equivalent skeleton form using the network analysis 

mentioned in Ref. [14], where each strut is a cluster of the blue beads (i.e. the hydrophobic 

backbone) and each node is a cluster of the red beads (i.e. the hydrophilic end groups). Note that 

the skeleton representation approach of Ref. [14] plays a similar role to the structure reduction 

approach we described to map the DPD lamella phase into pseudo-centers in section 2.2. For 

example, in the D1 phase the roughly spherical symmetry of a node allows the use of the center 

of mass of all beads making up that node as a single pseudo-bead, to be henceforth denoted as a 

pseudo-node. This gives us an ordered state node size distribution that consists of an average of 
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20-30 beads per node. In the disordered state, where there is no coherent network structure, only 

those clusters that lie within the node size distribution are defined to be nodes. 

3.2 Order parameter for the Single Diamond phase  

In section 2.3.2 of Chapter 1, we saw that the symmetry of a cubic phase can be captured using 

vectors described by a set of spherical harmonic functions. Here we extend that idea to develop 

an OP for the D1 phase, whose nodes lie on a diamond cubic lattice having FCC symmetry. All 

further analysis involved only the position of the pseudo-nodes, which were obtained from the 

skeleton form shown in Fig. 6.  

These coordinates were used to compute the bond OPs described by Eq. (1) 

𝑞𝑙,𝑚(𝑖) =
1

𝑁𝑏(𝑖)
∑ 𝑌𝑙,𝑚(𝜃𝑖,𝑗 , 𝜙𝑖,𝑗)𝑙

𝑗=1    (3) 

where 𝑌𝑙,𝑚(𝜃𝑖,𝑗 , 𝜙𝑖,𝑗) are the spherical harmonics, 𝑚[−𝑙, 𝑙] and 𝜃𝑖,𝑗 and 𝜙𝑖,𝑗  are the polar and 

Figure 5: Schematic of the TBA molecule for Nflx = 11 and Nrigid = 6. 

Red beads correspond to the hydrophilic end groups; Blue beads 

correspond to the linear hydrophobic chain; Green beads correspond 

to the grafted flexible lateral chain.             

Figure 6: Left - Simulated snapshot of the “single” diamond (D1) phase consisting of 2700 molecules, 

obtained at T*=1.05, η = 0.45, Nflx = 11 and Nrigid = 6. The red and blue correspond to the rigid backbone of the 

TBA that forms the D1 phase, with the red representing the hydrophilic end groups (that constitute the nodes), 

and blue representing the hydrophobic chain (that constitute the struts). Green represents the flexible lateral 

chain that forms the continuous phase. Right – Equivalent skeleton model (consisting of pseudo-nodes and 

struts) obtained after clustering and reducing nodal clusters into single beads.  

Equivalent 

skeleton form 
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azimuthal angles of 𝑟𝑖,𝑗 (distance vector between pseudo-nodes i and j) and 𝑟𝑖 (position vector of 

pseudo-node i).  𝑁𝑏(𝑖) denotes the total number of neighbors for every pseudo-node, found 

within a cutoff distance rc = the first g(r) minimum. The symmetry index l is chosen to be 4, after 

comparing the distributions of the q6 and q4 correlation functions, computed using Eq. (2) for all 

pairs of neighboring pseudo-nodes, in both the ordered and disordered cases (see Fig. 7a-f). 

𝑑𝑙(𝑖, 𝑗) =
∑ 𝑞𝑙,𝑚(𝑖)𝑞𝑙,𝑚

∗ (𝑗)𝑙
𝑚=−𝑙

(∑ |𝑞𝑙,𝑚(𝑖)|2𝑙
𝑚=−𝑙 )

1/2
(∑ |𝑞𝑙,𝑚(𝑗)|2𝑙

𝑚=−𝑙 )
1/2   (4) 

Here * indicates the complex conjugate. While the distributions for the two phases overlap 

significantly for d6 (Fig. 7a), they are better separated for d4 (Fig. 7b).  
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Figure 7: Histograms of the correlation functions d6 and d4 for the ordered and disordered phases of the 

“single” diamond of TBAs at T*=1.05, η = 0.45, Nflx = 11 and Nrigid = 6. a)  d6 distributions showing significant 

overlap. b) d4 distributions showing significant separation, suggesting a discriminating threshold of d4 > 0.66. 

c-d) Two-dimensional histograms of d6 with rij
2 for disordered and ordered phases, respectively. e-f) Two-

dimensional histograms of d4 with rij
2 for disordered and ordered phases, respectively.  

 

a) b) 

c) d) 

e) f) 
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The same can also be observed in the corresponding 2-D histograms of the ordered phase based 

on d6 (Fig. 7d) and d4 (Fig. 7f), with the former being significantly more diffuse than the latter. 

This confirms that the choice of symmetry index 4 is more discriminating. We can then define 

two neighboring pseudo-nodes to be connected if their d4 value is larger than a threshold value 

d4,c, i.e., d4 > d4,c = 0.66. Using this definition, we can effectively identify all the ordered pseudo-

nodes, however we need to check how many such connections exist per pseudo-node for both the 

ordered and disordered phases. Fig. 8 shows the distribution function for the number of 

connections per pseudo-node, denoted by . From this, we can define another threshold c to 

unambiguously identify “diamond-like” pseudo-nodes so that for (i) > c pseudo-node i is 

considered “diamond-like”, while for (i) ≤ c it is considered to be “liquid-like”. Based on the 

distributions shown in Fig. 8, c was set as 3. Using this criterion, the selection process is carried 

out until all the “diamond-like” pseudo-nodes have been identified. These pseudo-nodes are then 

clustered depending on their spatial proximity to one another, using the cutoff rc. This allowed us 

to track the growth of the D1 phase from a disordered state. The ordered domain formed by the 

rigid rods can be seen to nucleate and grow with time in Fig. 9. The bolaamphiphile results 

Figure 8: Distribution function of the number 

of connections per pseudo-node for the D1 

phase. Two pseudo-nodes are considered 

connected if their correlation function d4 is 

greater than 0.66.  

Number of connections per pseudo-node ()  
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further support our hypothesis that order – disorder transitions in network morphologies can be 

mapped by identifying and tracking the pseudo-node positions alone, provided the final structure 

lies on a cubic lattice with well-defined symmetry.  

 

4. Conclusion 

 In this paper, we have implemented the local OPs developed in Chapter 1, toward more 

complex polymeric or oligomeric molecular models, namely, of linear diblock copolymers and 

of T-shaped bolaamphiphiles. The OPs are based on the description of domain “centers” of the 

different phases; i.e., the centers of individual layers in the lamellar phase, the axis of cylinders 

in the hexagonal phase, or the centers of mass of nodes in the gyroid network. Hence, to be able 

t* = 2025 t* = 2028 t* = 2029 
 

t* = 2035 
 

t* = 2041 
 

t* = 2045 
 

Figure 9: Growth of the D1 phase of TBAs at T*=1.05, η = 0.45, Nflx = 11 and Nrigid = 6. The ordered domain is 

identified using the correlation function d4 for the pseudo-nodes. Red and blue correspond to the pseudo-nodes and 

struts of the D1 phase, that grows from the isotropic liquid (colored in grey). For clarity, only the rigid rods are 

shown. Time is reported in reduced units (t*/1000).  
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to use our OP for the lamellar phase consisting of multi-particle-thick domains, we needed to 

convert it into a suitable single-particle-thick form. By doing so, we showed that we can 

effectively track the growth of the lamellar phase from a disordered state. 

We also extended the method developed for the alternating gyroid toward another 

network morphology, the “single” diamond phase obtained via the self-assembly of T-shaped 

bolaamphiphile molecules. In this case, each nodal cluster characteristic of this phase can be 

readily reduced to a single domain center or nodal point. Since the nodes of the diamond phase 

are arranged in an FCC cubic lattice, we showed that the symmetry of any FCC-like motif was 

readily identified with the help of a bond orientational OP. 

Both of these applications confirm the use of the OPs we proposed in Chapter 1 as 

effective metrics to track the evolution of systems undergoing disorder to order transitions. The 

underlying principle is the same: Identify the characteristic symmetry of the phase by analysis of 

the “finite elements” making up the domain centers and represent it through a set of appropriate 

vectors. The correlation between vectors then gives us the spatial extent of order in the system. 

An interesting observation regarding the choice of neighbor cutoff (rc) used for our OPs was that 

it was of the order of the characteristic repeat-unit domain width or “period length” of the phase. 

For example, rc for the lamellar phase was approximately equal to the lamella spacing i.e. the 

first g(r) minimum, irrespective of the model used (KM or DPD). For the gyroid, this translated 

to a longer distance to capture the proper “period length”.  

We intend to extend and develop this approach further, toward realistic molecular models 

of the cylinder phase and double gyroid phase seen in BCP, as well as employ them as reaction 

coordinates to extract free energy barriers and estimate nucleation rates using rare-event 

sampling techniques3–5,24,25. We also think the approach could work well for BCP models with 
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different bead diameters, as well as in surfactant-solvent systems or multicomponent BCP - 

homopolymer blends that exhibit complex phases and could be resolved with the help of our 

order parameters.  
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