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Aberration-corrected optics have made transmission electron microscopy a

widespread and essential tool for 2D/3D material characterization at the atomic

scale. With the rapid development of hardware and novel experimental tech-

niques, there is an increasing demand for advanced algorithms to work with

new experimental data or improve existing techniques. In this dissertation, we

investigate a variety of image reconstruction algorithms for tomography and

ptychography—two fast growing areas in electron microscopy. Using experi-

mental and simulated data, we examine the limitations of advanced reconstruc-

tion algorithms and propose new methods to improve existing methods.

Chapter 1 provides an overview of transmission electron microscopy and

introduces some basic concepts in imaging science. Chapter 2 takes a more in-

depth discussion of elastic scattering in STEM and how beam propagation can

be described analytically and computationally.

The next two chapters focus on electron tomography, a technique that re-

constructs the 3D structure of the object. Chapter 3 describes the experimental

setup and demonstrates an efficient Fourier-based reconstruction framework

that works well with novel experimental techniques, including dual-axis to-

mography and through-focal tomography. In Chapter 4, we investigate the

popular sparsity-exploiting reconstruction algorithms — exploring their prac-

tical limitations in the context of electron tomography.



Chapter 5 introduces electron ptychography, a diffractive imaging technique

that is enabled by the recent development of a high dynamic range detector.

Here we demonstrate a full-field ptychographic reconstruction that doubles the

spatial resolution of the traditional lens limitations. Finally, in Chapter 6 we fur-

ther study the practical limitations of ptychography and propose new strategies

for reconstructions.



BIOGRAPHICAL SKETCH

Yi Jiang was born and raised in Beijing, China to Bin Jiang and Yueying Qian.

In 2007, he came to the U.S. to pursue advanced education. With many fam-

ily members holding bachelor’s degree in physics, Yi chose to study the subject

without any hesitation at the University of Illinois at Urbana-Champaign, dur-

ing which his recurring fondness for physics was solidified after learning quan-

tum mechanics as well as working in the nuclear physics lab of Prof. Jen-Chieh

Peng.

After graduation in 2011, Yi came to Ithca to continue his education in

physics at Cornell University under the guidance of Prof. Veit Elser. He collab-

orated closely with Prof. David Muller’s group and worked on various image

reconstruction problems in transmission electron microscopy. Cornell’s collab-

orative environment facilitated Yi’s opportunity to work with many talented

researchers and expanded his knowledge in applied math, physics, material

science, and computer science.

Yi completed his Ph.D. at Cornell University in the spring of 2018. He will

continue his research in imaging science at the Advanced Photon Source at Ar-

gonne National Laboratory.

iii



This thesis is dedicated my family and friends.

iv



ACKNOWLEDGEMENTS

I would like to express my deepest gratitude to my advisors, Dr. Veit Elser and

Dr. David Muller for introducing me into the field of electron microscopy and

image reconstruction, inspiring me with their rich knowledge and providing

me with an excellent atmosphere for collaboration. I have also been enriched by

my discussions with Dr. Ivan Bazarov who served on my committee.

I am thankful to my current and past microscopy collaborators at Cornell:

Dr. Robert Hovden, Elliot Padgets, Dr. Megan Holtz, Dr. Zhen Chen, Yimo

Han, Kayla Nguyen, Paul Cueva, Celesta Chang, Michael Cao, Gabriela Cali-

nao Correa, and Qingyun Mao. My work would be useless without their data.

I also want thank my group members: Dr. Zhen Wah Tan, Dr. Hyung Joo Park,

Dr. Kartik Ayyer and Ti Yen Lan, who have stimulated many interesting discus-

sions.

I am also grateful to the people outside Cornell for many constructive dis-

cussions and collaborations: Huolin Xin, Peter Ercius, Hiro Sai, Kai Ma, Marcus

Hanwell, and Xiaochuan Pan.

I would like to thank Tianyu Wang, Yi Wen, Chengyu Liu and all of my other

unnamed friends who play board games with me regularly.

Ultimately, I would like to thank my parents for their understanding and

unconditional love throughout all my studies. None of my achievements would

have been possible without their support.

v



TABLE OF CONTENTS

Biographical Sketch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v
Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi
List of Acronyms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

1 Introduction to Scanning Transmission Electron Microscopy 1

2 Scattering theory of high-energy electrons 5
2.1 Paraxial approximation to the Schrödinger equation . . . . . . . . 5
2.2 Strong phase approximation for thin specimens . . . . . . . . . . 6
2.3 Multi-slice model for thick specimens . . . . . . . . . . . . . . . . 7
2.4 Annular Dark Field Imaging . . . . . . . . . . . . . . . . . . . . . . 9

3 Fourier-based electron tomography 12
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.2 Fourier-based reconstruction . . . . . . . . . . . . . . . . . . . . . 18

3.2.1 Bilinear extrapolation . . . . . . . . . . . . . . . . . . . . . 19
3.2.2 Dual-axis tomography . . . . . . . . . . . . . . . . . . . . . 20
3.2.3 Through-focal Tomography . . . . . . . . . . . . . . . . . . 22

3.3 Constraint-based reconstruction . . . . . . . . . . . . . . . . . . . . 28

4 Sampling Limits for Electron Tomography with Sparsity-exploiting
Reconstructions 33
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2 Phase diagram analysis of l1 minimization . . . . . . . . . . . . . . 37
4.3 Investigation of TV-minimization reconstruction in ET . . . . . . . 40

4.3.1 Simulation setup . . . . . . . . . . . . . . . . . . . . . . . . 41
4.3.2 Influence of number of projections . . . . . . . . . . . . . . 42
4.3.3 Influence of data-tolerance parameter (ϵ) . . . . . . . . . . 44
4.3.4 Influence of Poisson noise . . . . . . . . . . . . . . . . . . . 46
4.3.5 Influence of limited tilt range . . . . . . . . . . . . . . . . . 48
4.3.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.4 Automatic Parameter for TV minimization reconstruction . . . . . 51

5 Full-field electron ptychography 56
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
5.2 Wigner distribution deconvolution method . . . . . . . . . . . . . 57
5.3 Iterative ptychographic reconstruction methods . . . . . . . . . . 59
5.4 Electron microscope pixel array detector . . . . . . . . . . . . . . . 62
5.5 Full-field ptychography for 2D materials . . . . . . . . . . . . . . . 64

vi



6 Practical limitations of full-field electron ptychography 71
6.1 Low dose ptychography . . . . . . . . . . . . . . . . . . . . . . . . 71
6.2 Resolution limitations . . . . . . . . . . . . . . . . . . . . . . . . . 77
6.3 Large field-of-view ptychography using defocused probe . . . . . 80
6.4 Multi-slice ptychography for crystalline structures . . . . . . . . . 84
6.5 Influence of inaccurate scan positions . . . . . . . . . . . . . . . . 91
6.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

7 Summary 97

A tomviz: Advanced Platform for 3D Visualization, Reconstruction, and
Segmentation with Electron Tomography 99

B Periodic Artifact Reduction in Fourier Transforms of Atomic Resolu-
tion Images 102

C Example code for ptychographic reconstruction 110

Bibliography 115

vii



List of Acronyms

ADF Annular Dark Field. 4

ART Algebraic Reconstruction Technique. 52

ASD-POCS Adaptive Steepest Descent and Projection-on-to-convex-set. 42

AUS Areas under the Signal Region. 53

BF Bright Field. 4

CCD Charge-coupled Devices. 62

CTF Contrast Transfer Function. 10

D-D Discrete-to-discrete. 33

DFM Direct Fourier Method. 14

DFT Discrete Fourier transform. 102

DQE Detective Quantum Efficiency. 63

EMPAD Electron Microscope Pixel Array Detector. 63

ePIE Extended Ptychographical Iterative Engine. 61

ET Electron Tomography. 12

iCoM Integrated Center-of-mass. 64

PIE Ptychographical Iterative Engine. 59

RIP Restricted Isometry Property. 35

RMSE Root-mean-square Error. 36

viii



SIRT Simultaneous Iterative Reconstruction Technique. 18

SNR Signal-to-noise Ratio. 36

STEM Scanning Transmission Electron Microscopy. 1

SVD Singular Value Decomposition. 58

TEM Transmission Electron Microscope. 12

WBP Weighted Back Projection. 15

WDD Wigner Distribution Deconvolution. 57

ix



LIST OF FIGURES

1.1 Aberration-corrected scanning transmission electron microscope 1

2.1 Schematics of the multi-slice model thick specimen . . . . . . . . 8
2.2 Diagram of the contrast transfer function of an aberration-free

probe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3.1 Schematics of the Fourier slice theorem . . . . . . . . . . . . . . . 13
3.2 Electron tomography . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 Direct Fourier reconstruction of under-sampled data . . . . . . . 16
3.4 Schematics of bilinear extrapolation . . . . . . . . . . . . . . . . . 19
3.5 Schematics of dual axis tomography . . . . . . . . . . . . . . . . . 21
3.6 TEM tomographic reconstruction of the polymer scaffold using

dual-axis and direct Fourier method . . . . . . . . . . . . . . . . . 22
3.7 Schematics of through-focal tomography . . . . . . . . . . . . . . 23
3.8 High-resolution tomograms of porous PtCu nanoparticles recon-

structed using through-focal tomography . . . . . . . . . . . . . . 25
3.9 Experimental comparison of through-focal tomography and tra-

ditional tomography of porous PtCu nanoparticles . . . . . . . . 27
3.10 Constraints-based reconstruction of porous PtCu nanoparticle . . 32

4.1 Discrete model for tomographic reconstruction . . . . . . . . . . 34
4.2 Example of test object simulation for phase diagram analysis . . 38
4.3 Phase diagram of l1 minimization reconstruction . . . . . . . . . 39
4.4 Test image for the TV minimization study . . . . . . . . . . . . . 41
4.5 Evolution of TV minimization reconstruction using ASD-POCS

algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.6 TV minimization reconstructions of the Pt/C test image using

ideal data with different number of projections . . . . . . . . . . 44
4.7 Influence of the data-tolerance parameter on TV minimization

reconstructions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.8 Influence of Poisson noise on TV minimization reconstructions . 47
4.9 Influence of limited tilt range on TV minimization reconstructions 49
4.10 ART reconstruction of simulated Pt/C data . . . . . . . . . . . . . 52
4.11 Power spectrum analysis of TV minimization reconstructions . . 53
4.12 Tomographic reconstructions of platinum nanoparticles on car-

bon nanofiber . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5.1 Scanning transmission electron microscopy imaging using the
electron microscope pixel array detector . . . . . . . . . . . . . . 64

5.2 Comparison of different imaging techniques using the same
measured 4D EMPAD dataset from a monolayer of MoS2 . . . . . 66

5.3 Fourier transform of full-field ptychography reconstruction . . . 67

x



5.4 Real-space resolution test of full field ptychography using
twisted bilayer MoS2 . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.5 Ptychographic reconstructions using data with different cutoff
angles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

6.1 Ptychographic reconstructions of experimental MoS2 using dif-
ferent update parameter for the transmission function . . . . . . 72

6.2 Ptychographic reconstructions of experimental MoS2 at low elec-
tron dose. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

6.3 Comparison between ptychographic techniques and low-angle
ADF imaging at low electron dose . . . . . . . . . . . . . . . . . . 75

6.4 Comparison between ptychography techniques and low-angle
ADF imaging of graphene. . . . . . . . . . . . . . . . . . . . . . . 76

6.5 Simulation study of full-field ptychography as a function of cut-
off angle and beam current . . . . . . . . . . . . . . . . . . . . . . 78

6.6 Ptychographic reconstructions of monolayer MoS2 using simu-
lated diffraction patterns at different beam currents and cutoff
angles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

6.7 Ptychographic reconstructions of experimental MoS2 data mea-
sured under large defocused probe . . . . . . . . . . . . . . . . . 80

6.8 Ptychographic reconstructions of experimental MoS2 data using
different initial probe functions . . . . . . . . . . . . . . . . . . . . 82

6.9 Ptychographic reconstructions using simulated MoS2 data from
focused and 15nm-defocused incident probes . . . . . . . . . . . 83

6.10 Ptychographic reconstructions of MoS2 data from two different
incident probes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6.11 Ptychographic reconstruction using simulated data of SrTiO3

with different number of unit cells . . . . . . . . . . . . . . . . . . 85
6.12 Schematics of the simplified multi-slice model for crystalline

structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
6.13 ePIE reconstruction of experimental data of Nb3Cl8 . . . . . . . . 89
6.14 Multi-slice ptychographic reconstruction of experimental data of

Nb3Cl8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
6.15 Data error of ptychographic reconstructions using different scan

step size and rotation angles . . . . . . . . . . . . . . . . . . . . . 92
6.16 Influence of scan noise to ptychographic reconstructions . . . . . 93
6.17 Ptychographic reconstructions of experimental MoS2 with

strong scan noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
6.18 Uniqueness test of ptychographic reconstructions of data with

scan noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

A.1 Graphical interface of tomviz 1.0 . . . . . . . . . . . . . . . . . . . 100
A.2 Tomography tools in tomviz . . . . . . . . . . . . . . . . . . . . . . 101

xi



B.1 Schematic illustration of the periodic boundary condition im-
posed by the discrete Fourier transform of an image . . . . . . . 102

B.2 Comparison of approaches to reduce periodic boundary artifacts
in the discrete Fourier transforms (DFT) of a ADF-STEM image . 103

B.3 Comparsion between Periodic Plus Smooth decomposition and
traditional Fourier filter . . . . . . . . . . . . . . . . . . . . . . . . 105

B.4 Periodic Plus Smooth decomposition of a CdSe [111] nanoparticle 107
B.5 Periodic Plus Smooth decomposition of a semiconductor high-k

oxide on a silicon substrate . . . . . . . . . . . . . . . . . . . . . . 109

xii



CHAPTER 1

INTRODUCTION TO SCANNING TRANSMISSION ELECTRON

MICROSCOPY

This chapter gives a brief introduction to scanning transmission electron mi-

croscopy (STEM) — one of the commonly used techniques for atomic resolution

imaging.

Figure 1.1: FEI Titan aberration-corrected scanning transmission electron micro-
scope.

As shown in Figure 1.1, a typical scanning transmission microscope consists

of an electron gun, a lens system, a sample stage and different kinds of detec-

tors. The electron gun on the top of the instrument accelerates electrons to high

velocities. Relativistic correction has to be used when calculating the velocity

(v) of high-energy electrons:

v
c
=

√
1 −

(
m0c2

m0c2 + eV

)2

, (1.1)
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where c is the speed of light, m0 is the electron’s rest mass, e is the electron

charge, and V is the accelerating voltage.

The wavelength (λ) of the electron wave is given by

λ =
hc√

eV
(
2m0c2 + eV

) , (1.2)

where h is Plank’s constant. For instance, at 80 keV beam energy, the speed of

the electron is about half the speed of light. At 300 keV, the electron’s speed is

near 80% speed of light.

Next, the high-energy electron wave travels through a series of electromag-

netic lenses and is focused onto the specimen by the objective lens, which con-

tains a circular aperture that blocks waves with high spatial frequencies:

A(k) =


1, λ|k| ≤ α,

0, otherwise,
(1.3)

where k is the two-dimensional the Fourier space coordinate and the cutoff an-

gle α is the convergence semi-angle (often referred to as the aperture size). In far

field diffraction, the circular aperture forms a rotationally symmetric Airy disk:

ψi(r) =
∣∣∣F [

A(k)
]∣∣∣2 = I0

∣∣∣∣∣∣ J1(r)
r

∣∣∣∣∣∣2 , (1.4)

where r is the real space coordinates and J1(r) is the order-one Bessel func-

tion of the first kind with r being the distance from the optical axis. The dis-

tance between the central peak intensity and the first minimum of Airy disk

is 0.61λ/ sin(α) ∼ 0.61λ/α. This is used to define Rayleigh resolution criterion,

assuming the first diffraction minimum of one point source coincides with the

maximum of another point source.

Rayleigh criterion implies that image resolution depends on electron wave-

length and aperture size. The wavelength between 60 keV to 300 keV is about 4

2



to 2 picometer — far smaller than the feature of interest. At large convergence

angles, on the other hand, images become highly susceptible to aberrations in

electromagnetic lenses. In paraxial ray approximation, the effect of geometric

aberrations is to introduce phase shift across the aperture plane of the lens:

ψi(k) = A(k) exp
[−iχ(k)

]
, (1.5)

where χ(k) is the aberration function that can be written as a power series ex-

pansion:

χ(|k|, θ) = 2π
λ

∑
nm

1
n + 1

Cnm|k|n+1 cos[m(θ − θnm)], (1.6)

where the Cnm is the aberration coefficient and θnm is the rotation angle of each

aberration[57]. The phase error is dominated by lower-order terms including

defocus (d f = −C1), the twofold astigmatism (C12), coma (C21), the threefold

astigmatism (C22), and third-order spherical aberration (C30). These aberrations

effectively increase the probe size and introduce distorting artifacts in the image

— preventing meaningful characterization. A significant part of STEM experi-

ments is to minimize these coefficients. Traditional electron microscopes use rel-

atively small aperture size (10 mrad) and can reach resolutions of 2.3 angstrom

at 100 keV and 1.2 angstrom at 300 keV. With the introduction of practical aber-

ration correctors[5, 30], the state-of-the-art electron microscopes often use 30

mrad aperture size and have achieved about 0.5 angstrom resolution at 300 kV

[23, 95].

After transmitting through the specimen, the scattered electrons are col-

lected by a detector in its diffraction plane. At each probe position, the detector

integrates all scattered electrons and produces the value of a single pixel in the

final image. The entire two-dimensional STEM image is built up by rastering the

incident beam across the specimen, providing structural information about the

3



materials. Two common detector geometries are a small circular disk, which in-

tegrates un-scattered electrons and produces a ”bight field” (BF) signal, and an

annulus centered on the optic axis, which integrates high-angle scattered elec-

trons and hence produces an ”annular dark field” (ADF) signal. In practice, the

BF mode is used for imaging thick materials such as biological samples, while

the ADF mode can reach higher resolution and is more sensitive to a material’s

atomic number.

4



CHAPTER 2

SCATTERING THEORY OF HIGH-ENERGY ELECTRONS

To understand various applications in STEM, here we review the elastic scat-

tering process of high-energy electrons and give a simple interpretation to ADF

imaging.

2.1 Paraxial approximation to the Schrödinger equation

In general, the electron behavior is governed by the Schrödinger equation,

−ℏ2

2m
∇2Ψ(r, z, t) − eV(r, z)Ψ(r, z, t) = iℏ

∂

∂t
Ψ(r, z, t), (2.1)

where r is the coordinate in the transverse plane, z is the coordinate along the

propagation direction, λ and m are the relativistically corrected wavelength and

mass. V(r, z) is the specimen’s potential assumed to be independent of time.

The full solution of Eq. 2.1 can be written as Ψ(r, z, t) = ψ f (r, z) exp(− iEt
ℏ

), where

ψ f (r, z) solves the time-independent Schrödinger equation:−ℏ2

2m
∇2 − eV(r, z)

ψ f (r, z) = Eψ f (r, z). (2.2)

Because the energy of incident electrons is much greater than the energy

change due to specimen, we can write the wave function as a product of a plane

wave traveling along the z direction and another term that varies slowly with z:

ψ f (r, z) = ψ(r, z) exp(2πiz/λ). (2.3)

Plugging Eq. 2.3 into Eq. 2.2 gives∇2
xy +

∂2

∂z2 +
4πi
λ

∂

∂z
+

2me0V(r, z)
ℏ2

ψ(r, z) = 0. (2.4)

5



Again, because the motion of high-speed electrons is predominately along

the propagation direction, ψ(r, z) changes slowly with z:∣∣∣∣∣∣∂2ψ

∂z2

∣∣∣∣∣∣ <<
∣∣∣∣∣∣1λ ∂ψ∂z

∣∣∣∣∣∣ , (2.5)

which simplifies Eq. 2.4 to[
iλ
4π
∇2

xy + iσV(r, z)
]
ψ(r, z) =

∂ψ(r, z)
∂z

, (2.6)

where σ = 2πme0λ
ℏ2 is the interaction parameter that depends on beam energy.

2.2 Strong phase approximation for thin specimens

Assuming ψ(r, z) represents the incident electron wave function right before it

enters the sample, if the material is thin enough, the exit wave function is just

a formal operator solution of the paraxial approximation of the Schrödinger

equation (Eq. 2.6):

ψ(r, z + ∆z) = exp

∫ z+∆z

z

(
iλ
4π
∇2

xy + iσV(r, z′)
)

dz′
ψ(r, z)

= exp
[
∆z

iλ
4π
∇2

xy + iσVp(r, z)
]
ψ(r, z),

(2.7)

where Vp(r, z) =
∫ z+∆z

z
V(r, z′)dz′ is the projected potential integrated along the

beam direction. The kinetic and potential terms in the exponential function are

operators and do not commute. However, because ∆z is small, we can expand

the wave function and keep only the first order terms:

ψ(r, z + ∆z) = exp
(
∆z

iλ
4π
∇2

xy

)
exp

[
iσVp(r, z)

]
ψ(r, z) + O(∆z2). (2.8)

Over a short distance, the wave function does not change significantly and

6



hence exp
(
∆z iλ

4π∇2
xy

)
is approximately unity. Finally, dropping the explicit z coor-

dinate for simplicity, the exit wave function can be written as

ψe(r) = ψi(r)t(r), (2.9)

where ψi(r) is the incident electron wave functions and t(r) = exp
[
iσVp(r)

]
is

the transmission function. The multiplicative relationship is often referred to

as the strong phase approximation, which holds for thin samples (less than 10

nm) of light elements. To further simplify calculations, some imaging theories

make a weak phase approximation that only keeps the first-order term in Tyler

expansion: t(r) ≈ 1 + iσVp(r).

2.3 Multi-slice model for thick specimens

The strong phase approximation is accurate only for materials that induce a

small (usually less than π
4 ) phase shift to the incident wave. For thick or heavy

materials, we have to use more complex models in order to capture multiple

scattering processes.

If ∆z is large, the term exp
(
∆z iλ

4π∇2
xy

)
in Eq. 2.8 can not be ignored. To see its

influence on the wave function, we first take the Fourier transform of the wave

function (Eq. 2.8):

F
exp

(
∆z

iλ
4π
∇2

xy

)
tψ

 = ∫ exp
(
∆z

iλ
4π
∇2

xy

)
tψ

 exp
[
2πi

(
kxx + kyx

)]
dxdy. (2.10)

Expanding the exponential terms in a Taylor series and integrating each term

7
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Figure 2.1: Schematics of the multi-slice model for thick specimen. The speci-
men is divided into thin layers, in which the electron wave follows
the strong phase approximation.

by parts yields

F
exp

(
∆z

iλ
4π
∇2

xy

)
tψ

 = ∞∑
n=0

1
n!

(
−πλ∆zk2

x

)n
∞∑

n=0

1
n!

(
−πλ∆zk2

y

)n
F [

tψ
]
.

= exp
[
−πλ∆z(k2

x + k2
y)
]
F [

tψ
]

= P
(
k,∆z

)F [
tψ

]
,

(2.11)

where P
(
k,∆z

)
= exp

(
−πλ∆zk2

)
is the free-space propagator function. Because

multiplication in Fourier space is a convolution in real space, we can write the

wave function as

ψ
(
r, z + ∆z

)
= p

(
r,∆z

) ⊗ [
t (r, z)ψ (r, z)

]
+ O(∆z2) (2.12)

where p
(
r,∆z

)
= F −1

[
P

(
k,∆z

)]
= 1

iλ∆z exp
(

iπr2

λ∆z

)
. Eq. 2.12 gives the basis for the

multi-slice model. As shown in Figure 2.1, we divide the whole specimen into
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multiple layers or slices, in which the strong phase approximation still holds.

The exit wave of one slice propagates over a short distance ∆z and becomes the

incident wave of the next slice. Assuming the slices are labeled as n = 0, 1, 2, ...,

the exit wave function at each slice is

ψn+1 (r) = pn
(
r,∆z

) ⊗ [
tn (r)ψn (r)

]
+ O(∆z2) (2.13)

Because the error of the multi-slice model is of order ∆z, a large number of slices

are often needed to describe the wave function, especially for crystalline struc-

tures — posing an enormous computation challenge. For example, choosing ∆z

to be the size of one unit cell, a 40-nm thick strontium titanate requires more

than 100 slices. Fortunately, with the fast development of GPU and parallel

computing, many packages[3, 81] are now available that can perform these cal-

culations within days at worst.

2.4 Annular Dark Field Imaging

With the strong phase approximation, we are equipped to interpret the ADF

imaging mode. Recall that each pixel in an ADF image is obtained by integrat-

ing the Fourier intensity of electrons at large scattering angles. For a given scan

position rp, the pixel value is determined by

g(rp) =
∫
|ψ(k, rp)|2D(k)d2 k, (2.14)

where D(k) is the detector function:

D(k) =


1, for αmin ≤ λ|k| ≤ αmax,

0, otherwise,
(2.15)
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where αmin and αmax are the inner and outer cutoff angles of the detector. When

the inner cutoff angle is much greater than the aperture size, ADF image is es-

sentially incoherent and can be approximated by a linear imaging model (for

thin specimens):

g(r) = f (r) ⊗ h(r), (2.16)

where h(r) is the probe intensity given by

h(r) = |ψi(r)|2 = Ap

∣∣∣∣∣∣∣
∫ kmax

0
exp[−iχ(k) − 2πir · k]d2 k

∣∣∣∣∣∣∣
2

, (2.17)

where kmax is determined by the aperture size, Ap is a normalization constant

such that
∣∣∣∣∫ ψi(k)

∣∣∣∣2 = 1, and the aberration function χ(k) is calculated by Eq. 1.6.

The specimen function f (r) is approximately the probability for scattering to

the large angle of the ADF detector:

f (r) ∼
∫

D(k)
∂σ(r)
∂ks

d2ks, (2.18)

where ∂σ
∂ks

is the partial cross section for scattering ks to angle ks. Assuming the

sample is thin enough and using the weak phase approximation, the specimen

function is the mass thickness map of the specimen. That is,

f (r) ∼ |D(r) ⊗ Vp(r)|2 (2.19)

where Vp(r) is the projection potential of the specimen. The ADF detector essen-

tially acts as a high-pass filter to the specimen’s potential. On the other hand, the

convolution with the point spread function sets a fundamental resolution limit

for ADF imaging. In the absence of aberration, the contrast transfer function

(CTF) can be expressed analytically as[48]

H(kr, kz) =
2

παkr

√
1 −

(
krλ

2α
+

kz

αkr

)2

, (2.20)
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where α is the convergence angle of the incident electron beam and kr, kz are the

Fourier frequencies in cylindrical coordinates. As shown in Figure 2.2, the CTF

diminishes to zero at 2α/λ, meaning the maximum information transfer in ADF

imaging is twice the aperture size.

𝛼
𝛼

𝛼
𝛼

0

𝑘$

𝑘%

2𝛼/𝜆

𝛼)/𝜆

Figure 2.2: Diagram of the contrast transfer function of an aberration-free probe.
The cutoff at 2α/λ sets the information limit of ADF to be twice the
aperture size.

11



CHAPTER 3

FOURIER-BASED ELECTRON TOMOGRAPHY

In the previous chapter, we showed that the ADF-STEM image can be inter-

preted as a low-resolution projection of the specimen potential. This allows

researchers to develop electron tomography (ET) — a technique that reveals the

three-dimensional structure of the material[51, 59, 72]. In this chapter, we re-

view traditional reconstruction algorithms for electron tomography and demon-

strate several applications of a Fourier-based reconstruction method.

3.1 Introduction

The field of tomography originated in 1917 when Radon derived a mathematical

solution to reconstructing an object from its lower-dimensional projections[85].

For instance, a 2D image can be reconstructed via a series of 1D projections

(line integrals). Based on Radon’s approach, Cormack proposed the idea of de-

termining x-ray absorption coefficients[15] in radiology, which was later real-

ized by Hounsfield who built the first X-ray computed tomography scanner in

1971[40].

The first tomography application in electron microscopy was accomplished

by Rosier et al., who determined the structure of a helically symmetric bio-

logical macromolecule from a single transmission electron microscope (TEM)

image[19]. Hoppe et al. demonstrated that asymmetrical objects could be re-

constructed from a sufficient number of projections[39]. Nowadays, because

ADF imaging can reach higher resolution and fulfill the projection requirement

12



[35] better, STEM tomography has become one of the standard 3D techniques

for material science research. The state-of-the-art ET has reached 3D resolutions

below 3 angstrom in 2012[97].

Real space

𝑝" 𝑡

Fourier space

𝑥

𝑦

𝑘'

𝑘(

𝜃

𝜃

ℱ 𝑝" 𝑡

Figure 3.1: Schematics of the Fourier slice theorem, which states that a projec-
tion of an object is equivalent to the sampling of the central plane
of the object’s full Fourier transform at the same angle. This dia-
gram shows a simplification of the Fourier slice theorem as applied
to a two-dimensional object, but it is straightforward to translate into
three-dimensions.

The basic principle of tomographic reconstruction is the Fourier slice theo-

rem (also known as the projection theorem). For simplicity, assume the image is

a two-dimensional function f (x, y). The Fourier slice theorem states that a one-

dimensional projection of f (x, y) corresponds to a central plane of the object’s

two-dimensional Fourier transform at the same orientation (Figure 3.1). To see

this, consider a projection function at angle θ described as

pθ(t) =
∫ ∞

−∞

∫ ∞

−∞
f (x, y)δ(x cos θ + y sin θ − t)dxdy. (3.1)
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The Fourier transform of the projection is

S θ(w) =
∫ ∞

−∞
pθ(t) exp(−2πiwt)dt. (3.2)

Now, consider the line at θ = 0. The 2D Fourier transform at this angle is

F(kx, 0) =
∫ ∞

−∞

∫ ∞

−∞
f (x, y) exp(−2πixkx)dxdy

=

∫ ∞

−∞

[∫ ∞

−∞
f (x, y)dy

]
exp(−2πixkx)dx

=

∫ ∞

−∞
pθ=0(x) exp(−2πixkx)dx

= S θ=0(kx).

(3.3)

This gives the simplest form of the Fourier slice theorem. In the case of θ , 0,

we can simply rotate the coordinate and obtain

S θ(w) =
∫ ∞

−∞

∫ ∞

−∞
f (x, y) exp

[−2πiw(x cos θ + y sin θ)
]
dxdy

= F(w cos θ,w sin θ).
(3.4)

Therefore, by taking the Fourier transform projections of an object at different

angles, we can determine the values of F(kx, ky) on the radial lines as shown in

Figure 3.1. If an infinite number of projections are taken, then we can ”fill in”

the entire Fourier plane, and obtain the object via inverse Fourier transform.

This strategy is known as the direct Fourier method (DFM) — one of the earliest

reconstruction algorithms used in tomography.

To gather projections at different orientations, the ET experiment rotates the

sample with respect to the fixed electron beam. The most commonly used tech-

nique is the single-axis tilt scheme, in which the object is rotated around a fixed

eucentric tilt axis (Figure 3.2a). At each tilt angle, an ADF image is recorded, and

the final dataset is referred to as a tilt series (Figure 3.2b). The experimental data

is then aligned and processed for tomographic reconstruction(Figure 3.2c). Un-

fortunately, due to restrictions of sample stage and radiation damage, typical ET
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Electron	beam

lenses

sample

a

Tilt series

b c

Figure 3.2: Electron tomography. (a) A series of 2D images acquired of object of
unknown 3D structure at different viewing angles. (b) Images shown
are from 2D images combined into image stack ordered by viewing
angle i.e., a tilt series. (c) Tilt series is aligned, and reconstruction
algorithm is applied to produce 3D reconstruction of object.

only collects about 70 projection images with a tilt range of ±75◦. Consequently,

there are large wedges of unmeasured missing information in Fourier space —

producing distracting artifacts in the tomogram, as shown in Figure 3.3. As dis-

cussed in later sections, novel experimental techniques are able to cover more

areas in Fourier space and the rest of the missing information can be retrieved

by iterative reconstruction algorithms.

Another popular reconstruction algorithm is the weighted back projection

(WBP) algorithm, which solves the problem from the inverse Fourier transform

of the object in polar coordinates:

f (x, y) =
∫ 2π

0

∫ ∞

0
F(w, θ) exp

[
2πiw(x cos θ + y sin θ)

]
wdwdθ

=

∫ π

0

[∫ ∞

0
F(w, θ) exp

[
2πiw(x cos θ + y sin θ)

] |w|dw
]

dθ

=

∫ π

0
Qθ(x cos θ + y sin θ)dθ,

(3.5)
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50 nm

(a) (b)

(c) (d)

Figure 3.3: Direct Fourier reconstruction of experimental data of platinum
nanoparticles on carbon nanotube. (a) DFM reconstruction using
60 projections with 3◦ tilt increment. The small missing wedges be-
tween each projection in Fourier space (b) reduce reconstruction’s
resolution. (c) DFM reconstruction using 140 projections with 1◦

tilt increment, which suffers from elongation artifacts due to the 40◦

wide missing wedge in Fourier space (d).
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where

Qθ(t) =
∫ ∞

−∞
S θ(w)|w| exp(2πiwt)dw. (3.6)

Eq. 3.6 acts like a filtering operation, where the Fourier transform of the pro-

jection is multiplied by ramp function |w|. Each filtered projection Qθ(t) is then

”back projected” to the image according to Eq. 3.5. Unlike DFM, the interpola-

tion step in the WBP algorithm is carried out directly in real space — alleviating

some artifacts due to high-frequency noise. Because of its high computation

efficiency, WBP has been used as the standard algorithm in medical imaging,

which has the luxury of collecting a large amount of data. For ET, however,

the algorithm also suffers from insufficient sampling and the missing wedge

problem.

Due to the limited number of projections, the resolution of DMF and WBP

reconstructions (from a single-axis tilt series) is typically anisotropic. Along the

tilt-axis (conventionally defined as the x-axis), resolution is the same as the orig-

inal projection image (assuming a perfect tilt-series alignment). Along the imag-

ing axis perpendicular to the tilt axis (y-axis), resolution is(assuming uniformly

sampled over the full tilt range):

dy =
πD
Np

, (3.7)

where Np is the number of projections and D is the diameter of reconstructed

volume. Eq. 3.7 is known as the ”Crowther” criterion[16], which shows that in-

creasing resolution requires more (uniformly sampled) projections. In addition,

the limited tilt range introduces an elongation effect along the z-axis, and the

resolution is further reduced as[84]

dz = dy

√
θ + sin θ cos θ
θ − sin θ cos θ

, (3.8)
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where θ is the maximum tilt angle. For example, the elongation factor is about

1.5 for a tilt range of ±65◦.

Currently, the most popular reconstruction method in the electron tomogra-

phy community is probably the simultaneous iterative reconstruction technique

(SIRT)[27]. Unlike the direct Fourier method or weighted back projection, SIRT

is based on a discrete reconstruction formulation, which will be discussed in

section 4.1. The method attempts to find a reconstruction having minimal in-

consistency with the measured data. It has been shown that the method is ef-

fective in alleviating elongation artifacts caused by limited tilt range. However,

it also blurs the inner structure of the objects and still requires a large number

of projections to produce meaningful results. Finally, in recent years, with the

developments of modern computer and optimization algorithms, many new al-

gorithms that incorporate additional prior knowledge have been applied to ET.

These methods can require fewer projections while improving the overall re-

construction quality. Section 3.3 and Chapter 4 will take a deeper look at these

methods and investigate their applicability in ET.

3.2 Fourier-based reconstruction

Although the direct Fourier method is often criticized for introducing high-

frequency artifacts, the method is flexible when dealing with non-standard sam-

pling geometries and can be used as foundation for more advanced iterative al-

gorithms. This section introduces an efficient bilinear extrapolation scheme for

DFM and demonstrates its applications to ET.
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3.2.1 Bilinear extrapolation

The key step in DFM is mapping points on projections, which are recorded in

polar coordinates, to the digital image that is represented on a Cartesian grid.

Before reconstruction starts, we initialize two zero matrices, v and w, to store the

extrapolated vales and weights at each pixel. For a given point P, we assign its

value (p) to its four nearest-neighbors as follows:

𝑦"
𝑓""

𝑦$

𝑥" 𝑥$

𝑑'

𝑑(

𝑃

𝑓$"

𝑓$$𝑓"$

Figure 3.4: Schematics of bilinear extrapolation.

1. Calculate P’s coordinates on the Cartesian grid.

2. Locate P’s four nearest-neighbors: f11, f12, f21, and f22, as shown in Figure

3.4.

3. Calculate the horizontal and vertical distances between point P and a ref-
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erence point f11, which are used as weighting factors

dx = |Px − f11x|,

dx = |Py − f11y|.
(3.9)

4. Update the four points in matrix v:

v11 = v11 + (1 − dx)(1 − dy)p,

v12 = v12 + (1 − dx)dy p,

v21 = v21 + dx(1 − dy)p,

v22 = v22 + dxdy p,

(3.10)

5. Update the weighting matrix in a similar fashion:

w11 = w11 + (1 − dx)(1 − dy),

w12 = w12 + (1 − dx)dy,

w21 = w21 + dx(1 − dy),

w22 = w22 + dxdy,

(3.11)

After all projections are mapped to v and w, the final image is calculated

by an element-wise division and inverse Fourier transform f = F −1[v/w]. In

practice, the method is often robust enough for producing low-resolution recon-

structions, as there are sufficient measurements of low-frequency information.

3.2.2 Dual-axis tomography

One experimental technique that benefits from the direct Fourier method is the

dual-axis tomography. As shown in Figure 3.5, a second tilt series is measured

along an axis that is typically orthogonal to the first tilt axis. As a result, there is
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now only a missing ”pyramid” in Fourier space — reducing the missing region

and elongation artifacts in the tomogram.

(a) (b)

Figure 3.5: From Diebolder et al.[20]. Schematics of dual axis tomography.
Comparing to single tile axis geometry (a), dual axis tomography
measures a second tilt series along the axis that is orthogonal to the
first tilt axis — leaving only a missing ”pyramid” in Fourier space.

Figure 3.6 demonstrates a TEM reconstruction of block copolymer[93] using

the direct Fourier method. The data were taken on a FEI Tecnai T12 microscope

operated at 120 keV. Two tilt series with 2◦ increments were collected over the

same region. For each tilt series, the images were aligned to a common tilt-axis

using a combination of cross-correlation and manual alignment. Both tilt series

were combined via manual alignment and the angle between the two tilt axes is

measured to be 71◦. Once the geometry is determined, it is almost trivial for the

direct Fourier method to include the second tilt series.
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Figure 3.6: From Sai et al.[93]. Tomographic reconstruction of the polymer scaf-
fold using dual-axis and direct Fourier method. The missing wedge
artifacts are greatly reduced in the dual-axis tomography.

3.2.3 Through-focal Tomography

As discussed in section 2.4, the resolution of ADF image is fundamentally de-

termined by the aperture size. With the development of aberration-correctors,

modern STEM is able to reach high spatial resolution with large convergence

angle. However, this also diminishes microscope’s depth of field — the dis-

tance between the nearest and the furthest objects that appear to be in focus.

If the size of the specimen is larger than the depth of field, the ADF image no

longer satisfies the projection requirement because the objects outside of the fo-

cal plane become blurred. Consequently, standard tomographic reconstruction

suffers from resolution degradation and distorting artifacts, as shown in Figure

3.9.

One way to overcome the limited depth of field is via through-focal tomogra-
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phy, which acquires a stack of through-focal images[7, 10, 44, 74] of the specimen

at each tilt angle. When imaging over a range of focal planes, object features ly-

ing on different focal planes appear in-focus at different times — capturing 3D

information about the specimen. According to the linear imaging model, the

ADF image can be interpreted as the convolution between the object and the

probe intensity. Thus, the Fourier transform of a through-focal stack can be

mapped to a small region in the 3D Fourier space of the object. The shape of the

region is determined by the CFT. For example, Figure 3.7a shows the shape of a

rotationally symmetric slice of an aberration-free CTF defined by Eq. 2.20. The

low-frequency takeoff angle is determined by the beam convergence angle. A

30 mrad convergence angle corresponds to a takeoff angle of 1.7◦.

Figure 3.7: From Hovden et al.[41]. Schematics of through-focal tomography.
(a) A slice of the rotationally-symmetric contrast transfer function
(CTF) of an electron probe represents the information obtained from
a through focal series. (b) Slice through planar discs of informa-
tion gained by traditional electron tomography. A finite number of
tilts and a limited tilt range fail to sample much available informa-
tion and there is still considerable missing information between the
slices. (c) Through-focal tomography combines approaches (a) and
(b) to significantly increase the information sampled at each tilt.

Although a single through-focal series does not provide sufficient informa-

tion about the 3D object, it can be combined with the traditional single-axis

electron tomography (Figure 3.7b). As shown in Figure 3.7c, the additional in-
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formation of the propeller-shaped CTF not only overcomes the limitations of

a small depth-of-field, but also fills in the smaller missing wedges of informa-

tion present between each tilt — further improving the quality of the 3D recon-

struction (Figure 3.8). When the increment tilt angle is smaller than the CTF

takeoff angle α, the overlapping continuum of information collected lifts the

Crowther criterion and allows extended objects to be reconstructed at high res-

olution without increasing the number of tilts.

To demonstrate through-focal tomography, we imaged porous dealloyed

platinum copper (PtCu) nanoparticles with TEAM I at the National Center for

Electron Microscopy. The porous PtCu nanoparticles, with their potentially

large electrochemically active surface areas are of interest for catalyzing the oxy-

gen reduction reaction, a key step for improving the power density of polymer-

electrolyte membrane fuel cells[17, 58, 112, 103]. Since the pore structures of

these particles are relatively unknown via 2-D projection images, tomography is

necessary for a proper characterization. Traditional reconstructions of the pore

structure may include, at most, a few particles in the field of view — providing

only anecdotal observations. Using through-focal tomography, we simultane-

ously investigate the pore structure of many particles and their distribution on

the Vulcan support.

A through-focal tilt series ranging from −68◦ to 71◦ (2◦ increments) was ac-

quired using a high angle ADF detector. The 30 mrad convergence angle pro-

vided a continuum of information in the through-focal CTF that spanned a

±1.72◦ wedge at low and medium frequencies. A 3◦ tilt increment was chosen

to match the convergence angle. At every tilt a through-focal series was taken

over a range of ±256 nm defocus with 20 nm focal steps in order to ensure all

24



Figure 3.8: From Hovden et al.[41]. High-resolution tomograms of porous PtCu
nanoparticles reconstructed using through-focal tomography. The
particles were selected from a single reconstruction over a variety of
positions across a 390 nm support. Consecutive slices through each
structure show the interconnected pore network of larger particles.
However in some instances, smaller particles (<5 nm) were observed
without pores.

objects were imaged in focus. In total, the data amounted to 1645 images with

0.38 nm/pixel lateral resolution.

Before tomographic reconstruction, a five-dimensional alignment of the data

was required: transverse xy alignment, focal z-alignment, tilt axis rotation and

shift. Each through-focal stack was first aligned in xy to a fiduciary particle.

Next, a fiduciary particle was selected for alignment by identification of the best

focus image in order to provide the focal z-alignment. The images within each

focal stack were aligned using cross-correlation to correct for small amounts of
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drift during the acquisition. The data is reweighted in Fourier space by divid-

ing with the microscope’s CTF (Eq. 2.20) approximated by a 300 keV 30 mrad

aberration free probe plus a Wiener filter[114] with a constant of 5 times the max

CTF value. After this light deconvolution, each through-focal stack is mapped

onto the Fourier space using the direct Fourier method. The final reconstruction

is obtained directly from the 3D inverse Fourier transform. The same Wiener

filter was used in the traditional tilt series reconstruction for direct comparison.

With through-focal tomography, we achieve a high-resolution tomogram

containing hundreds of PtCu nanoparticles. Figure 3.8 shows selected particles

with different sizes and pore structure, which provided a good metric for the

resolution of the technique. When compared to weighted back projection, the

improved quality of the through-focal tomography is clear, as shown in Figure

3.9. The depth resolution of an aberration corrected microscope, when com-

bined with through-focal tomography, can provide improved resolution and ar-

tifact reduction even at atomic resolution. However, the advantages of this tech-

nique become more obvious for extended objects larger than the microscope’s

depth of field. Unlike the traditional back projection, the through-focal tomo-

gram correctly characterizes the pore structure in the PtCu nanoparticles over

the entire extended carbon support. Additionally, the through-focal tilt-series

preserves the high intensity of objects and reduces the fanning caustics that

plague a simple back-projection. In the traditional back projection, particles far

from the center focal plane appear blurred, distorted and their pore structure

cannot be determined (Figure 3.9d) — leading to incorrect conclusions about

particle morphology and certainly preventing any quantification.

In summary, the direct Fourier method efficiently makes use of the 3D in-

26



Figure 3.9: From Hovden et al.[41]. Experimental comparison of through-focal
tomography and traditional tomography of porous PtCu nanopar-
ticles. In Fourier space (a) through-focal tomography acquires a
continuum of information throughout the microscopes tilt range,
whereas back projection has missing wedges in between each tilt
and do not capture the 3D information. A cross section of several
nanoparticles shows the presence of pores in the through-focal re-
construction (b), which is not visible in the traditional reconstruction
(d).
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formation provided by the through-focal stack — leading to a high-resolution

reconstruction that cover a large of field-of-view. The interpolation errors at

high spatial frequencies are greatly reduced because of dense sampling in the

kz direction. However, because of shadowing from the sample holder, the tech-

nique suffers from artifacts due to limited tilt range. As demonstrated in the

next section, these missing wedge artifacts can be further reduced by imposing

additional constraints to the reconstruction.

3.3 Constraint-based reconstruction

In this section, we demonstrate a constraint-based framework that reconstructs

the missing information in Fourier space of the object. Inspired by the x-ray

phase retrieval problem, the idea is to impose additional constraints to the to-

mogram based on prior knowledge about the sample:

1. Data constraint: the Fourier information of the reconstruction should

match with experimental measurement.

2. Non-negative constraint: STEM tomography gives the mass density of the

materials, so it can not be negative.

3. Support constraint: physical structures such as nanoparticles should have

finite shapes.

4. Fourier intensity constraint: the Fourier intensity of the missing region

should be comparable to measured data.

Now, tomographic reconstruction becomes a constraint-satisfaction prob-

lem, which seeks solutions that satisfy the four constraints above at the same
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time. In general, if all constraints are convex, the problem can be solved triv-

ially. However, the problem at hand is non-convex which requires iterative al-

gorithms. The building block of these algorithms is the projection operation:

considering a closed constraint set C ∈ S , a projection PC onto this set is a map

which, to every x ∈ S returns a point PC(x) = y ∈ C and such that
∥∥∥x − y

∥∥∥ is

minimized.

We can group the four constraints above into two projection operations: one

in real space and one in Fourier space. Let x be the current tomogram, D̃ be

the Fourier transform of a DFM reconstruction, M be the set of Fourier space

coordinates with non-zero values in D̃, and Id be the radial intensity distribution

of D̃. The Fourier space projection (P f ) is implemented by the fellowing steps:

1. Fourier transform of the current tomogram: x̃(k) = F [x(r)].

2. For all k ∈ M, replace x̃(k) with the measured data D̃(k):

x̃′(k) =


D̃(k), if k ∈ M,

x̃(r), otherwise.
(3.12)

3. For all k < M, rescale the magnitudes of x̃(k) so that the radial intensity

distribution is Id.

4. Inverse Fourier transform the tomogram back to real space: x′(r) =

F −1[x̃(k)].

The real space projection (Pr) is implemented as:
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1. Set negative voxels to zero:

x′(r) =


0, if x(r) < 0,

x(r), otherwise.
(3.13)

2. Set voxels that are outside a support set S to zero:

x′(r) =


x(r), if r ∈ S ,

0, otherwise.
(3.14)

The support set S should be compact and enclose the object. In practice,

we use the ”shrink warp” method[71] to update the support dynamically

during reconstruction. The method first applies a smoothing filter (e.g. a

Gaussian filter) to the tomogram, and then extracts the mask function by

applying a threshold.

A typical algorithm starts with a random image, and then iterates back and

forth between real and Fourier space of the object to impose the relevant con-

straints. One of the simplest schemes is projections onto convex sets, often

known as the alternating projection, which applies the two projection opera-

tions sequentially, xn+1 = P f
[
Pr(xn)

]
, until a solution (xsol = Pr(xsol) = P f (xsol))

is reached. In practice, the reconstruction is terminated when there is no dis-

cernible change in the reconstruction.

One drawback of alternating projection is that the algorithm can be trapped

in regions of the search space where the distance between different constraints is

a local minimum. To avoid the stagnation problem, we use a more sophisticated

method known as the difference map[22] approach, which is defined as:

xn+1 = xn + β(y1 − y2), (3.15)
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where

y1 = Pr[(1 + γ1)P f (x) − γ2x], (3.16)

and

y2 = P f [(1 + γ2)Pr(x) − γ1x]. (3.17)

where β, γ1, γ2 are complex (generally chosen to be real) parameters. The algo-

rithm starts with a random solution and converges to a fixed point when y1 = y2.

The solution is given by xsol = y1 = y2 as it satisfies all real space and Fourier con-

straints. The difference between y1 and y2 can be used to monitor convergence

of the algorithm.

As an illustration, Figure 3.10a shows a slice of the 3D Fourier transform

of through-focal reconstruction of PtCu nanoparticles as described in section

3.2.3. To demonstrate the strength of the method, the maximum tilt range is

restricted to 102◦, resulting sufficient elongation artifacts in the direct Fourier

reconstruction (Figure 3.10 b&c). When the constraint-based method is used,

the missing wedge in Fourier space is effectively filled (Figure 3.10d) and the

image artifacts largely disappear (Figure 3.10e&f).
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Figure 3.10: Constraints-based reconstruction of porous PtCu nanoparticle. The
3D object is reconstructed by mapping a combined tilt and through-
focal series to Fourier space. (a) A slice of Fourier transform of
the object. (b&c) Tomographic and volumetric view of the recon-
structed particle. Due to the missing wedge in Fourier space, the
images suffer from dramatic elongation artifacts. (d) A slice of
Fourier transform of the object with additional constraints. (e&f)
Tomographic and volumetric view of the reconstructed particle.
Now, with the missing wedge being filled, the shape and inner
structure of the particle is much clearer.
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CHAPTER 4

SAMPLING LIMITS FOR ELECTRON TOMOGRAPHY WITH

SPARSITY-EXPLOITING RECONSTRUCTIONS

4.1 Introduction

In this chapter, we investigate the applicability of another type of tomographic

reconstruction algorithm — known as sparsity-exploiting algorithms. The di-

rect Fourier method discussed in the previous chapter is based on the central

slice theorem (Eq. 3.4), which is a continuous-to-continuous model as it maps

an object function of continuous variables to a data function of continuous vari-

ables. Alternatively, tomography reconstruction can be described by a discrete-

to-discrete (D-D) model[4], in which both image and data are represented as

vectors (Figure 4.1) and related via a measurement matrix as

Ax = b, (4.1)

where x and b represent the image and measured data. A is a measurement

matrix that models the experimental imaging process. In a D-D model, a con-

tinuous line integral is represented as a ray summation. Tomographic recon-

struction becomes an inverse problem of solving x for a given system of linear

equations.

If data is ideal, that is, b = Ax, one can define a sufficient projection num-

ber as the smallest number of projections that gives a full rank measurement

matrix[55], guaranteeing a unique solution. In practice, unfortunately, the suffi-

cient projection number is rarely achieved. For instance, in order to reconstruct

a 512 by 512 image from data with 1024 measurements in each projection, one
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Figure 4.1: Discrete to discrete model for tomographic reconstruction. In this
model, both object (x) and data projection (b) are vectorized to a 1D
vectors. The continuous line integral is approximated as a ray sum-
mation.

needs to record at least 256 projections (the exact number depends on how A

is constructed). To overcome data insufficiency, additional knowledge beyond

Eq.4.1 needs to be incorporated into the imaging model so that the reconstruc-

tion is closer to the actual specimen.

One way to impose prior knowledge is to reformulate tomographic recon-

struction as an optimization problem. A typical form of the optimization prob-

lem can be written as

min D(x) s.t. ∥Ax − b∥2 ≤ ϵ, (4.2)

in which D(x) is the objective function and a scalar data-tolerance parameter

ϵ is introduced to accommodate inconsistencies between data (b) and imag-

ing model (Ax). Optimization-based reconstruction methods have considerable

flexibility as there are countless ways to ”design” a solution based on the user’s

assumptions as well as the utility of the reconstruction[31].
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The notion of sparsity has become widely used in optimization-based recon-

struction techniques. Mathematically, sparsity refers to the number non-zero

elements in a vector (also known as the l0-norm). A sparse model assumes only

a small fraction of the elements in the image vector (x), or some transform of

it, are non-zero. Because direct l0 minimization is NP-hard[25], alternative ap-

proaches have been developed to approximate sparse solutions. In 2002, Li et

al.[63] used an l1 minimization method to reconstruct sparse blood vessels from

15 X-ray computed tomography projections. The idea of l1 minimization is fur-

ther reinforced by the work of Candes et al.[12], which proved that if the mea-

surement matrix satisfies a restricted isometry property (RIP), it is highly proba-

ble the sparsest solution and minimal l1 solution are equivalent, given there are

enough non-zero measurements. This result led to the field of compressed sens-

ing [12, 21] and re-invigorated developments in optimization-based methods.

The two most popular objective functions used in tomography problem are

D(x) = ∥x∥1, the l1-norm of the image vector, and D(x) = ∥x∥TV, which is the l1-

norm of the gradient-magnitude image
∥∥∥∇x

∥∥∥
2

and known as the TV-norm[91].

Because it promotes solutions with sharp edges, TV minimization has been

widely used in image de-noising and reconstruction[78, 111].

To date, several experimental works have utilized sparsity-exploiting meth-

ods and demonstrated significant artifact reduction[29, 61, 92] for under-

sampled data. Nevertheless, theoretical limitations of such algorithms are sel-

dom discussed in the context of ET, especially when and how they fail. In

essence, the reconstruction (a solution of the optimization problem) can be in-

terpreted as a multi-variable function that depends on A, b, and ϵ. Different

experimental conditions, such as sampling scheme or data quality, and the data-
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tolerance parameter can lead to significantly different reconstructions. It is gen-

erally onerous, if not impossible, to explore the entire parameter space when

characterizing optimization-based reconstructions.

In this chapter, we carry out extensive simulation studies of both l1 and TV

minimization techniques and investigate four key parameters that are of prac-

tical interests: number of projections, data-tolerance parameter, data noise, and

tilt range. Our results demonstrate some fundamental behaviors of sparsity-

exploiting methods:

1. The number of projections required for exact reconstruction increases with

specimen complexity.

2. In the presence of Poisson noise, the quality of sparsity-exploiting recon-

structions degrades quickly. With a sufficient number of projections, the

root-mean-square error (RMSE) of the reconstruction depends only on the

total electron counts (i.e. dose). Using more projections with lower signal-

to-noise ratio (SNR) has insignificant influence on the reconstruction. This

resembles the traditional dose-fraction theorem for weighted back projec-

tion [36, 96].

3. Sparsity-exploiting reconstructions suffer from distorting artifacts when

the tilt range is less than ±75◦.

4. The data-tolerance parameter also has significant impact on reconstruc-

tions. For TV minimization, small ϵ can produce noisy artifacts, while

large ϵ results in over-smoothed reconstructions.
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4.2 Phase diagram analysis of l1 minimization

Despite of some successful applications, the theoretical conclusions of com-

pressed sensing are of limited use in practice. It is well known that compressed

sensing typically favors dense and random measurement matrices [53]. In ET,

on the other hand, measurement matrices are much more sparse and structured.

Studies using radon transforms have shown not only the existence of sparse

vectors that cannot be reconstructed by l1 minimization [82], but the RIP-based

guarantee only holds for extremely sparse vectors[98]. Moreover, it is compu-

tationally intractable (NP-hard) to examine whether a measurement matrix sat-

isfies the properties required by compressed sensing[109]. Without theoretical

guarantees, it is imperative to carry out simulation studies using an ensemble

of objects with well-defined features to understand the recoverability of any al-

gorithm.

In this section, we perform a phase diagram analysis to study the recov-

erability of l1 minimization methods for various imaging conditions. Adapt-

ing the work by Jørgensen et al.[54, 56], we establish an average-case relation

between image sparsity and the number of projections needed for exact recon-

struction. The simulation results are summarized as a function of the percentage

of non-zero pixels (k) of the object intensity and relative sampling (µ), which

is defined as the ratio of the number of projections to the sufficient projection

number. For each pair (k, µ) in this phase space, we generate 100 semi-realistic

test objects with similar complexity. The basic strategy is to generate a Fourier

space image with random phase and exponential magnitude distribution. The

detailed steps for a single test image with sparsity s are summarized below and

demonstrated in Figure 4.2. Source code is available in the tomography software
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tomviz[50] (see Appendix A).

1. Generate a random phase image P with pixel values drawn from a stan-

dard normal distribution.

2. Generate a magnitude image with an exponential distribution: M =

exp(−I · kr), where kr is the radial frequency and the scalar I controls the

correlation between neighboring pixels.

3. Combine the phase and magnitude images and calculate the real-space

object via inverse Fourier transform: O = |F −1[M exp (2πiP)]|.

4. Restrict the object within a disk-shaped mask and keep ghe s largest val-

ues, setting the rest to 0.

a b c d

Figure 4.2: Example of test object simulation for phase diagram analysis. The
real-space structure (c) is generated by combining random phase (a)
and exponential magnitude image (b) in Fourier space, followed by
the circular mask and threshold to satisfy a given sparsity.

For ideal data, a reconstruction is obtained by solving the basis pursuit[110]

optimization problem: min D(x) s.t. ∥Ax − b∥2 = 0, which is a linear optimiza-

tion problem and can be readily solved by a standard optimization package[1].

A total of 36,100 different structures are used in the phase diagram and the per-

centage of accurate reconstructions whose RMSE are less than 0.05 is shown in

Figure 4.3a.
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Figure 4.3: Phase diagram of l1 minimization reconstruction. (a) For ideal data,
the percentage of accurate reconstructions as a function of percent-
age of non-zero pixels and relative sampling (number of projection/-
sufficient projection number). There is a sharp transition from the
region where all the test images are accurately reconstructed (RMSE
≤ 0.05) to the region of zero recovery rates. (a1-a3) Three reconstruc-
tions with different numbers of projections. (b) Transition bound-
aries of noisy data for different signal-to-noise ratios. (c) Transition
boundaries vs. tilt range.
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In general, l1 minimization reconstructions have Crowther-like[16] behavior:

as the number of non-zero pixels increases, the algorithm requires more projec-

tions to maintain the same level of numerical accuracy. Even sparse specimens

of modest complexity contain many artifacts without sufficient projections (Fig-

ure 4.3a2&a3). Nevertheless, exact reconstruction is possible with more projec-

tions (Figure 4.3a1). Our simulation demonstrates that for the ET measurement

matrix, l1 minimization indeed leads to the true image even when the number

of projections is smaller than the sufficient projection number.

The transition boundary in Figure 4.3a sets a benchmark for studying more

realistic systems. In the presence of Poisson noise, we relax the data constraint

to ∥Ax − b∥2 ≤ ϵ and choose the data-tolerance parameter that gives the small-

est RMSE. As shown in Figure 4.3b, because the measurement matrix is ill-

conditioned, the region of accurate reconstruction is significantly reduced, even

for relatively high SNR (50:1) data. Moreover, Figure 4.3c reveals that the miss-

ing wedge problem also shifts up the transition boundary. The deviation is

relatively small for maximum tilt ranges ±70◦ and higher, but the method has

very limited success when the tilt range is below ±50◦.

4.3 Investigation of TV-minimization reconstruction in ET

In this section, we explore various limitations of the TV-minimization method.

Because many materials studied in ET consist of a few regions with homoge-

neous intensities, TV-norm is the most popular choice for objective function as

it promotes sharp edges. Here, using a single test object, we demonstrate gen-

eral behaviors of the algorithm and discuss some practical challenges.
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4.3.1 Simulation setup

For simplicity, we consider a single tilt axis geometry so that planes that are per-

pendicular to the tilt axis can be reconstructed separately. The test image (with

256 by 256 pixels) is constructed to resemble an experimental annular dark-

field STEM tomographic reconstruction of a fuel cell catalyst with platinum

nanoparticles on a porous carbon support. This system is of current research

interest[65, 119] and presents challenges for ET characterization due to the large

platinum/carbon contrast ratio and small features of interest. The image has a

sparse gradient-magnitude image with only 3.3% of all pixels being non-zero,

shown in Figure 4.4. The intensity of carbon and platinum are 0.03 and 0.75.

To focus on the structure of carbon support, all images are displayed in a tight

contrast window of [0.01, 0.05], along with a zoomed-in image to highlight the

porous structure (Figure 4.6).

C Pt

(a) (b) (c)

Carbon
Outer Pt
Inner Pt

Figure 4.4: Test image for the TV minimization study. (a) 3D volumetric visual-
ization of a tomographic reconstruction using experimental data of
platinum carbon nanoparticle. (b) Test image generated from the ex-
perimental reconstruction, which has realistic structure. (c) The gra-
dient magnitude of the test image, which is much more spare than
the original image.

To solve the TV-minimization optimization problem, we implement a heuris-

tic approach that adaptively uses steepest descent and projection-on-to-convex-
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set [14, 28, 118] to reduce the image TV and data residual. The algorithm is often

referred as ASD-POCS[100] and has been used in various large-scale tomogra-

phy reconstruction problems[8, 9, 31, 32, 100]. To ensure the algorithm reaches

an optimal solution, a scalar quantity, referred to cosine alpha (cα), is calculated

at each iteration. cα equals -1 only at optimal solutions[100] and is an effective

metric in monitoring the convergence of the algorithm. Moreover, unless ϵ is

so large that the feasible solution set contains a flat image (with zero TV), the

optimal solutions data residual, ∥Ax − b∥2, is always equal to the data-tolerance

parameter ϵ. Due to finite number of iterations and computer precision, we

terminate reconstructions when cα ≤ −0.95 and
∣∣∣∣∥Ax−b∥2−ϵ

ϵ

∣∣∣∣ ≤ 10−4. As shown in

Figure 4.5, this stopping criteria guarantees that reconstructions converge to the

optimal solutions.

4.3.2 Influence of number of projections

We first use ideal data to investigate how the number of projections influences a

TV minimization reconstruction. Figure 4.6 shows reconstructions of the Pt/C

reference image using 5, 10, 20, 30, and 40 projections that evenly cover the full

tilt range (i.e. no missing wedge) and has 256 measurements in each projection.

Although the simulated data is error-free, the reconstruction residual persists

due to computer precision and a finite number of iterations. We therefore set

the data-tolerance parameter (ϵ) to 10−5 for all reconstructions. A smaller ϵ has

an insignificant influence on the results.

With only 5 projections, the reconstruction is over-simplified and contains

streaky artifacts. These artifacts are the result of under-sampling, where few
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Figure 4.5: Evolution of TV minimization reconstruction using ASD-POCS al-
gorithm. (a) data residual vs. number of iterations. (b) cosine alpha
vs. number of iterations. (c1-c6) reconstructed images at 100, 200,
300, 400, 500, and 1000 iterations, respectively.

constraints are provided in the measurement matrix and thus the feasible solu-

tion set includes reconstructions with much lower TV than the true image. As

the number of projections increases, data constraints become stronger and more

features are imposed to the image. With 20 projections, the porous structures

are visually close to the true image, but the carbon support contains some inten-

sity variations, which diminishes when more projections are used. It is worth

noting that with 40 projections, the number of non-zero elements in the data

vector (8164) is about 3.8 times the sparsity of the reference image’s gradient-

magnitude image (2153). This agrees with the phase diagram analysis for TV

minimization reported by Jørgensen et al.[56] and could lead to a heuristic rule
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True image 5 projections 10 projections

20 projections 30 projections 40 projections

Figure 4.6: TV minimization reconstructions of the Pt/C test image using ideal
data with different number of projections (Np). Without sufficient
data (Np<10), TV reconstructions suffer from dramatic artifacts. The
results improve as Np increases and become almost visually indis-
tinguishable from the true image at Np=40. The box at the bottom
right corner is a zoom-in of region indicated in the true image.

of thumb for minimum sampling requirement on similar specimens. Experi-

mental data that contains noise and other sources of errors requires more pro-

jections than the theoretically lower bound, as demonstrated in section 4.3.4.

4.3.3 Influence of data-tolerance parameter (ϵ)

When the measured data (b) are inconsistent with the image model (Ax), the

choice of a data-tolerance parameter can significantly alter the reconstructed

images. To demonstrate this, we generate 60 projections that are corrupted with

Poisson noise. The total electron counts collected by the detector (Ne) is set to
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4 × 104 (the SNR is about 25.8). The tilt range is ±90◦ and each projection has

256 measurements. Figure 4.7 shows RMSE of reconstructions as a function of

ϵ, along with selected tomograms for visual inspection.

With small ϵ, the data constraint is relatively strong and limits the feasible

solutions. As a result, TV minimization has insignificant influence and recon-

structions are filled with grainy artifacts (Figure 4.7b1). When the constraint is

relaxed (by increasing ϵ), TV minimization starts to have a greater effect in re-

moving small speckles and thus reducing RMSE. On the other hand, if ϵ is too

large, reconstructions become over-smoothed and lose resolution (Figure 4.7b4),

causing RMSE to rise again.
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𝜀

Figure 4.7: Influence of the data-tolerance parameter (ϵ) on TV reconstructions.
The Pt/C test image is reconstructed from a noisy dataset with a
wide range of ϵ. (a) Reconstruction RMSE vs. data-tolerance param-
eter. If ϵ is too small, reconstructions are filled with grainy artifacts
(b1). Larger ϵ results in over-smoothed images (b4). Due to the high
intensity of Pt particles, the optimal-RMSE reconstruction (b2) is dif-
ferent from the reconstruction that’s visually more similar to the true
image (b3).

Because the curve of reconstruction RMSE vs. ϵ is convex, we define the

optimal-RMSE as the smallest error achievable for a given dataset. Note that
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since the reference image has large area of low intensity pixels yet RMSE is

dominated by high intensity pixels, the optimal-RMSE reconstruction still con-

tains some speckle artifacts in the carbon support (Figure 4.7b2). A visually

more appealing reconstruction (Figure 4.7b3) could be obtained with larger ϵ.

In practice, different optimization parameters can be selected based on differ-

ent applications. Here, to provide a general sense of how TV reconstructions

change under different conditions and avoid any bias in visual inspection, we

report optimal-RMSE reconstructions in sections 4.3.4 and 4.3.5.

4.3.4 Influence of Poisson noise

In this section, we investigate the effect of noise level and the dose-allocation

problem: for a fixed number of electron counts, is it more beneficial to use more

projections with less SNR for reconstruction or vice versa? The traditional dose-

fraction theorem[96], which is derived using weighted back projection, shows

that with sufficient projections, the reconstruction RMSE only depends on the

total electron counts. For optimization-based methods, the trade-off lies be-

tween the measurement matrix A, which reflects data insufficiency, and the data

vector b, which reflects data inconsistency.

Figure 4.8 shows reconstructions from various total measured electrons (i.e.

dose). For each dose, we generate tilt series with different numbers of projec-

tions. The tilt range is ±90◦ and there are 256 measurements per projection.

Each dataset is reconstructed with a wide range of the data-tolerance parameter

ϵ, and we choose the parameter that results in the smallest RMS reconstruction

error. The optimal-RMSE as a function of projections is shown in Figure 4.8a.
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Figure 4.8: Influence of Poisson noise on TV minimization reconstructions of
the Pt/C test object. The tilt range is fixed at ±90◦. (a) Optimal re-
construction RMSE vs. number of projections. Each curve repre-
sents different fixed total electron counts (Ne). (b1-b4) Reconstruc-
tions from different numbers of projections at the same Ne. (c1-c4)
Reconstructions from the same number of projections with different
SNR.
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When the number of projections is fewer than 50, the SNR of the data is rela-

tively high and thus the reconstruction artifacts in this region are mainly due to

insufficient data, as shown in Figure 4.8b1&b2. Between 50 and 120 projections,

on the other hand, the total electron counts become more critical in determin-

ing reconstruction qualities. As demonstrated in Figure 4.8c1-c4, higher doses

lead to more accurate reconstructions. Similar to the traditional dose-fraction

theorem, there is no significant numerical or visual improvement with more

projections (Figure 4.8b3&b4&c4), indicating that the benefit of stronger data

constrains is canceled by the increasing errors due to data inconsistency. Our

simulations with other test images and l1 minimization show similar results.

4.3.5 Influence of limited tilt range

Lastly, we demonstrate that TV minimization reconstructions are robust to lim-

ited tilt range, provided that the missing wedge is small. Using the Ne=1.6×105

curve in Figure 4.8 as a reference, we generate data at the same noise level

whose projection angles are evenly distributed between -θ to θ, where θ =

30◦, 45◦, 60◦, 75◦. The reconstruction results are summarized in Figure 4.9.

When the tilt range is limited, as shown in Figure 4.9c1-c3, the platinum par-

ticles in TV minimization reconstructions suffer from distortions and there are

intensity variations in the carbon support. For fixed Ne, improvements with in-

creasing number of projections are slower compared with full tilt range (Figure

4.9b1-b4). Nevertheless, the artifacts diminish as tilt range increases and a small

missing wedge (less than 30◦) has a negligible influence on the reconstruction

(Figure 4.9c4).
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Figure 4.9: Influence of limited tilt range on TV minimization reconstructions of
the Pt/C test image. The total electron counts are fixed at 1.6×105. (a)
Optimal reconstruction RMSE vs. number of projections. Each curve
represents a different tilt range. (b1-b4) Reconstructions from dif-
ferent number of projections with same tilt range, as marked in (a).
(c1-c4) Reconstructions from the same number of projections with
different tilt range (missing wedge is vertically aligned).
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4.3.6 Discussion

Our simulations show that sparsity-exploiting methods can achieve accurate

reconstructions using a number of projections that is fewer than the sufficient

projection number. For the Pt/C test image, there is marginal benefit for TV

minimization to use more than 50 projections. Although this number is ob-

tainable in most ET experiments, one should keep in mind that the amount of

data needed is always specimen-dependent, as demonstrated in Figure 4.3 and

[54, 56, 53]. Physical objects are often more complex and hence require more

projections than most simplified test images. Another practical limitation is that

specimens often have larger volumes than the field of view of reconstruction,

which introduces additional artifacts to the tomogram. It has been shown that

incorporating a derivative operator to the data constraint can alleviate the data

truncation artifacts [99, 101].

Moreover, evaluations of reconstructions should be task-specific. For in-

stance, based on Figure 4.6, one would only need 20 projections to distinguish

platinum particles from the carbon support. Figure 4.7 also shows that numeri-

cally less accurate solutions look similar to the true image. In this work, we use

RMSE and visual inspection for demonstrating how the reconstruction method

responds to different imaging conditions. In practice, such assessments may be

inadequate if one is interested in other kinds of post-processing such as segmen-

tation and classification. Further investigations are needed to fully characterize

sparsity-exploiting algorithms.

As shown in section 4.3.3, besides sampling and data quality, another key

to a successful reconstruction is the data-tolerance parameter. The results pre-

sented in section 4.3.4 and 4.3.5 are likely to change for a different parameter-
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selection protocol. In simulations, ϵ is selected based on the RMSE vs. ϵ curves

since we have the full knowledge of the reference image. For experimental data,

such curves cannot be made and visual inspection is often used. Additional

analysis can be performed to facilitate parameter selection, which will be dis-

cussed in section 4.4.

Finally, we want to emphasize that we do not intend to promote the con-

strained l1 or TV minimization above any other reconstruction technique. In-

stead, the purpose of the work is to investigate technical characteristics of these

techniques and set the stage for forthcoming studies using experimental data

and other optimization-based methods.

4.4 Automatic Parameter for TV minimization reconstruction

In section 4.3.3, we show that the data-tolerance parameter has significant im-

pacts on TV reconstructions. Choosing the best parameters is the key to success-

ful reconstructions. Unfortunately, due to its complexity, this problem is rarely

discussed in ET literatures and most works choose parameters based on visual

inspection — preventing a high throughput workflow. In this section, using the

data-tolerance parameter in TV minimization as a prototype study, we explore

the possibility of automatic parameter selection.

The general strategy for choosing the data-tolerance parameter is:

1. Estimate an initial parameter, ϵ0.

2. Perform multiple TV reconstructions using parameters near the initial es-

timate.
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3. Analyze the collection of reconstructions and select the optimal ϵ based on

some criterion.

The range of ϵ is highly dependent on the object and data, so it is next to im-

possible to obtain preset parameters in practice. When solving the constrained-

TV minimization problem, the ASD-POCS algorithm reduces the data error and

image TV in an alternating fashion. Therefore, we can simply ”turn off” the TV

minimization part of the algorithm and reconstruct the data using algebraic re-

construction technique (ART). Because of noise or other source of errors, ART

often leads to an image with noisy artifacts (Figure 4.10b). At the end of recon-

struction, we calculate the data residual, which is used as ϵ0 (Figure 4.10).

0 50 100

100

200

300

400

Student Version of MATLAB

da
ta

 e
rr

or

number of iterations

(a) (b)

Figure 4.10: ART reconstruction of simulated Pt/C data. (a) Data error of the
ART reconstruction. (b) Reconstruction at 100 iterations.

Once ϵ0 is determined, step 2 is rather straightforward. One thing worth

pointing out is the importance of performing a convergence test to make sure

that each reconstruction is truly a solution of the optimization problem.

For step 3, we use a power spectrum analysis that is inspired by the work of

Bian et al.[9] to determine the optimal parameter. For each ϵ, we compute the

power spectrum by averaging the reconstruction’s Fourier intensity over the
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Figure 4.11: Power spectrum analysis of TV minimization reconstructions. (a)
Power spectrum (on a log scale) of a TV minimization reconstruc-
tion. The spectrum is divided it into two regions: signal and noise.
(b) Areas under the signal region (AUS) and the noise region (AUN)
as functions of ϵ (rescaled to fit the plot). As ϵ decreases, AUS in-
creases and reaches a plateau, indicating no information but noise
is introduced in reconstructions with smaller ϵ. (c) Test image used
for simulation. The simulated data is corrupted with Poisson noise
and thus small ϵ leads to grainy artifacts (d). Large ϵ produces over-
smoothed image (f) and reduces resolution. Reconstruction that is
selected by the power spectrum analysis (e) is more similar to the
true object.

polar angle. Using a threshold, we further divide the spectrum into a signal re-

gion and a noise region (Figure 4.11a). As ϵ decreases, the area under the signal

spectrum (AUS) initially increases then reaches a plateau, whereas the area un-

der the noise spectrum continues to increase (Figure 4.11b) — indicating that no

real information but noisy artifacts are added to the reconstructions. From many

simulation and real-data studies, our simulations show that the data-tolerance
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parameter that minimizes the second derivative of AUS(ϵ) (at the end of the

plateau) often leads to a reconstruction that is visually similar to the true object.

The selection criterion is also found to be robust to a wide range of plausible

thresholds in the power spectrum.
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Figure 4.12: Tomographic reconstructions of platinum nanoparticles on carbon
nanofiber. (a) Areas of the signal region (AUS) and the noise region
(AUN) as functions of ϵ (rescaled to fit the plot). (b) A weighted
back projection reconstructed from 180 projections with 1◦ tilt in-
crement. With the data-tolerance parameter selected by the power
spectrum analysis, TV minimization reconstruction (d) is a reason-
able compromise between noisy image (c) and over-smoothed im-
age (e).

Figure 4.12 shows an application of the power spectrum analysis to exper-

imental data. Here we used platinum nanoparticles on a carbon nanofiber

(Pt/CNF). The data is taken by an FEI Tecnai F20 at 200 keV beam energy and

6.9 mrad aperture size. Using a new sample preparation technique in which

powder specimens are supported on carbon nanofibers that extend beyond the

end of a tungsten needle[77], we obtained 180 projection images with 1◦ angle

increment and no missing wedge. As a reference, Figure 4.12b shows a slice

of the 3D tomogram reconstructed using weighted back projection. The TV re-
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constructions only use 60 projections with 3◦ increment. The reconstruction se-

lected by the power spectrum analysis (Figure 4.12a) shows improvement over

its back-projected counterpart in minimizing grainy texture in the carbon and

also preserving the resolution of platinum particles.
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CHAPTER 5

FULL-FIELD ELECTRON PTYCHOGRAPHY

The next two chapters focus on a novel technique in STEM, known as elec-

tron ptychography, which has received renewed attention in recent years as a

dose-efficient method to recover the projected potential of light materials[116].

The technique also achieves much higher resolution than other imaging

techniques[49]. This chapter introduces some fundamental concepts of electron

ptychography and presents our record-breaking results. Chapter 6 will provide

in-depth studies about practical limitations of the technique.

5.1 Introduction

Ptychography was originally conceived by Water Hoppe to solve the phase of

a diffraction pattern by interfering adjacent Bragg reflections coherently and

thereby determine their relative phases[38]. With only a single diffraction pat-

tern, there is an ambiguity of two possible complex conjugates for each underly-

ing complex diffraction amplitude. However, such ambiguities can be resolved

by acquiring additional diffraction patterns from illuminating beams with a dif-

ferent profile or position. Nowadays, ptychography generally refers to a diffrac-

tion microscopy technique that recovers the phases of diffraction patterns ob-

served at adjacent positions[75, 76]. With the development of hardware and

iterative reconstruction algorithms, ptychography has been widely adopted for

light[88] and x-ray[89, 106] applications.

In electron microscopy, ptychography provides a new path to obtain physi-
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cal and structural information about the materials. Recall that for thin samples,

the strong phase approximation (Eq. 2.9) models the exit wave as the multipli-

cation of the probe function and a specimen transmission function with phase

proportional to the specimen’s projected potential. From a series of scanning

diffraction patterns, ptychography reconstructs the full exit wave function and

hence the projected potential of the specimen. Unlike traditional methods such

as BF and ADF imaging, the resolution of ptychographic reconstruction (phase

of the transmission function) is not limited by the physical aperture or aberra-

tions of the probe-forming lens. Under the same experimental conditions, the

technique can potentially reveal much smaller features that are unreached by

any other existing techniques.

5.2 Wigner distribution deconvolution method

Many ptychographic reconstruction algorithms have been developed in the past

30 years. The original approach by Hoppe has limited applications as it assumes

a periodic structure. In 1992, Rodenburg et al. proposed a method known as the

Wigner distribution deconvolution (WDD)[86], which works for non-crystalline

structures and is reviewed in this section. Here we use r and k to describe the

(2D) real and Fourier space coordinates of the diffraction plane, and use rp and

kp to describe the the real and Fourier space coordinates for scan positions. The

WDD method is based on the fact that the 4D dataset (|ψe(k, rp)|2) can be de-

scribed as the convolution of the Wigner functions of the probe and transmis-

sion functions:

H(r, kp) = F −1
k Frp

[
|ψe(k, rp)|2

]
= χp(r,−kp)χt(r, kp), (5.1)
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where Fs and F −1
k are forward and inverse Fourier transforms with respect to

the subscripted coordinates. The Wigner distribution function[52] of a function

f is defined as χ f (a, b) =
∫

f ∗(c) f (c + a) exp(i2πc · b)dc. Knowing the incident

probe function, ψi, we can calculate the Wigner distribution function as

χp(r,−kp) =
∫

ψ̃i(k)ψ̃∗i (k + kp) exp(−iπr · k)dk. (5.2)

Next, the Wigner function of the transmission function can be calculated via a

simple Wiener deconvolution[114]:

χt(r, kp) =
χ∗p(r,−kp)H(r, kp)

|χp(r,−kp)|2 + ϵ
, (5.3)

where ϵ is a constant that suppresses high-frequency noise. Finally, taking the

Fourier transform of χt(r, kp) gives

D(k, kp) = Fr

[
χt(r, kp)

]
= t̃∗(k − kp)t̃(k). (5.4)

When k = 0, D(0, kp) is proportional to t̃∗(−kp) and the transmission function can

be obtained via an inverse Fourier transform with respect to kp.

Due to its simplicity, the WDD method is often used as an initial examina-

tion of the diffraction data and sample. We often perform multiple reconstruc-

tions with a range of ϵ, typically between 10−10 to 10−3, and then choose the

best result based upon visual inspection. As discussed in the next chapter, in-

accurate probe functions can blur the reconstruction or even introduce artifacts.

Unfortunately, the aberration measurements implemented in current electron

microscopes are often incorrect, especially for defocused probes. From the re-

dundancy of information inside the 4D data, it is possible to extract aberration

parameters by solving a set of linear equations[116] through a deterministic ma-

trix inversion using singular value decomposition (SVD). The method assumes

a weak phase approximation and makes use of the phase information inside the
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disc-overlap region in Frp

[
|ψe(k, rp)|2

]
. Although it fails if the diffraction pat-

terns are too noisy, the SVD method provides a fast approach for estimating the

experimental probe function and improves ptychographic reconstruction.

One limitation of the WDD reconstruction is that it does not enhance resolu-

tion over other imaging methods. The pixel size of the reconstruction is the de-

termined by rp, which means small step sizes have to be used in order to achieve

high resolution — making the method less dose-efficient. More fundamentally,

because the probe function has a hard cutoff in Fourier space (Eq.1.3), the in-

formation transfer in D(0, kp) is always within 2α. Recently, Li et al. proposed

a so-called ”stepping-out” algorithm[64] that in theory can extract information

beyond the information limit. However, in practice, we find that the method is

still unstable and produce strong high-frequency artifacts for crystalline struc-

tures. Also, the stepping-out procedure is an iterative approach — giving up

WDD’s main advantage over other reconstruction techniques.

5.3 Iterative ptychographic reconstruction methods

Another class of ptychographic reconstruction algorithms is the iterative tech-

nique, which in essence solves an optimization problem that minimizes the

difference between reconstructed exit wave and experimental measurements.

The two most popular frameworks are the ptychographical iterative engine

(PIE)[87] and the difference map[22]. Unlike WDD, these methods are more

computation-intensive but come with more merits. First of all, the pixel size

of iterative algorithms is determined by the maximum spatial frequency of the

diffraction pattern and thus one can work with a much larger scan step size. An-
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other advantage of these methods is that the probe function can be refined dur-

ing reconstruction[70, 106]. This is particularly useful for electron microscopy

since it is difficult to determine aberrations experimentally. Moreover, iterative

algorithms are very flexible in terms of incorporating prior knowledge about

the sample[79] or using more complex models[66, 67, 107] beyond the strong

phase approximation. In this thesis, we used the PIE framework for all ptycho-

graphic reconstructions. Here, we describe the basic algorithm and Chapter 6

will give more details on parameter selection and advanced strategies for dif-

ferent experimental challenges.

Assuming the incident probe function ψi(r) is known, the PIE algorithm

starts with a random transmission function and iteratively updates it by impos-

ing intensities of measured diffraction patterns. For a diffraction pattern (I(k))

measured at rp, the update procedure is as follows:

1. Calculate the exit wave using the current transmission function and probe

function:

ψe,n(r) = tn(r)ψi(r − rp), (5.5)

where n is the iteration number.

2. Fourier transform the exit wave ψ̃e,n(k) = F [ψe,n(r)].

3. Replace the magnitude of the exit wave by measured data and keep the

phase unchanged:

ψ̃′e,n(k) =
ψ̃e,n(k)
|ψ̃e,n(k)|

×
√

I(k). (5.6)

4. Inverse Fourier transform the corrected exit wave back to real space

ψ′e,n(r) = F −1[ψ̃′e,n(k)].
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5. Update the transmission function by

tn+1(r) = tn(r) + α
|ψi(r − rp)|
|ψi(r − rp)|max

|ψ∗i (r − rp)|
|ψi(r − rp)|2 + ϵ

[
ψ′e,n(r) − ψe,n(r)

]
(5.7)

where ϵ is used to prevent the divide-by-zero problem and α, which ranges

from 0 to 1, controls the update step size between each iteration. The term

|ψi(r − rp)|/|ψi(r − rp)|max normalizes the modulus of the probe function

and thus favors the influence of areas of the specimen which have been

strongly illuminated.

The steps above are repeated for each measured diffraction pattern, and one

iteration of the PIE algorithm is completed when all scan positions are looped

through.

The original PIE algorithm requires an accurate representation of the inci-

dent probe function, which is difficult to measure in electron microscopes. In

2009, Maiden and Rodenburg modified the basic algorithm to include an addi-

tional step that updates the probe function. The algorithm is often referred to as

the extended PIE (ePIE)[70] algorithm and is only different from PIE in step 5:

tn+1(r) = tn(r) + α
ψ∗i,n(r − rp)

|ψi,n(r − rp)|2max

[
ψ′e,n(r) − ψe,n(r)

]
,

ψi,n+1(r) = ψi,n(r) + β
t∗n(r + rp)
|tn(r + rp)|2max

[
ψ′e,n(r) − ψe,n(r)

] (5.8)

where the constant β is the update step size for the probe function. The ePIE al-

gorithm is a gradient descend search[102] to an optimization problem that min-

imizes the difference between reconstruction and measured data at each scan

position: min
∣∣∣t(r)ψi(r − rp) − ψe(r)

∣∣∣2. Therefore, in practice, we can monitor the

convergence of the algorithm by calculating the data error as

E =

∑
j
∑

r

∣∣∣∣√I(k) −
∣∣∣ψ̃e, j(k)

∣∣∣∣∣∣∣2∑
j
∑

r
√

I(k)
, (5.9)
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where j is the index for diffraction patterns. In general, the convergence of

the ePIE reconstruction depends on the total number of iterations and the two

update parameters (α and β in Eq.5.8). When α = β = 1, the algorithm has

fast convergence speed. However, as discussed in section 6.1, this often leads

to worse results for noisy data, and in practice we often use smaller parameters

and terminate reconstruction based on visual inspection.

5.4 Electron microscope pixel array detector

Traditional annular detectors that provide single value at each scan position are

not sufficient for the 4D datasets in ptychography. Instead, we need a pixelated

detector that can record the entire diffraction pattern. To date, the commonly-

accessible choices are charge-coupled devices (CCD) and some pixelated detec-

tors designed for biological imaging. These cameras have slow readout speeds

or poor dynamic ranges, greatly limiting the utilization of electron ptychpg-

raphy. Most works[18, 46, 47, 83, 80, 113, 116, 117] using these detectors can

only make use of electrons within the bright field disk (for example, see Supple-

mentary Figure 1 in [116]) and hence their resolution did not overcome the 2α

limit imposed by the physical aperture. Using a scanning electron microscope,

Humphry et al. showed that information at higher scattering angles had to be

utilized in order to reach higher resolution[45].

There are three challenges to improving resolution and dose efficiency to the

point needed to advance beyond the current state of the art. First, a detector

must be able to record the full range of scattered intensities without introducing

non-linear distortions or saturating the central beam. Second, the detector must
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not only possess single electron sensitivity, but it must also retain a high detec-

tive quantum efficiency (DQE) when summing over large ranges of empty pix-

els at high scattering angles. Thirdly, each diffraction pattern must be recorded

rapidly enough that the full image is not sensitive to drift and instabilities in the

microscope usually leaving only a few minutes to record a full 4D data set. The

combination of the first and third conditions poses an additional constraint that

the detector must have a high dynamic current range — i.e. it is not sufficient

to count single electrons for a long time at a low beam current, but rather allow

large currents per pixel to be recorded in very short times. Most pulse count-

ing methods are limited to about 1 MHz by the transit time of the electron cloud

through the silicon detector which translates to 0.16 pA/pixel[24], although few

systems reach this limit. Direct charge integration in a CCD geometry is even

more limited by the well depth, to about 20 electrons/pixel/frame, which at a 1

kHz frame is 0.003 pA and whose single-frame Poisson statistics would then be

below the Rose criterion for contrast detectability[90].

To overcome these challenges, Tate et al. recently developed and installed

a new type of electron microscope pixel array detector (EMPAD)[105] in the

electron microscopes at Cornell. The EMPAD is capable of recording all the

transmitted electrons with sufficient sensitivity and speed to provide a full-field

ptychographic reconstruction. Our EMPAD design has a high dynamic range

of 1000000:1 while preserving single electron sensitivity with a signal-to-noise

ratio of 140 for a single electron at 200 keV[105]. The detector retains a good per-

formance from 20-300keV. At 80 keV beam energy, the noise per pixel is 1/50 of

an electron, the DQE is 0.96, and the maximum beam current per pixel is 5 pA.

By utilizing essentially all collected electrons (99.95% of the incident beam), with

a full 4D dataset typically acquired in a minute, we can now perform the full-
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field ptychographic reconstructions and double the image resolution compared

to the highest-resolution conventional single-channel imaging modes such inte-

grated center-of-mass (iCoM)[13, 60] or ADF.

5.5 Full-field ptychography for 2D materials

Figure 5.1: Scanning transmission electron microscopy imaging using the elec-
tron microscope pixel array detector. (a) At each scan position, the
incident probe is focused on the sample and the entire diffraction
pattern of the exit wave is recorded by the EMPAD. (b&c) Aver-
aged diffraction patterns (on a log-scale) from an electron beam at
the marked scan positions near a molybdenum column with insets
showing the intensity (on a linear-scale) of the bright field disks.

To demonstrate full-field ptychography, we imaged a monolayer molybde-

num disulfide (MoS2) using an aberration-corrected FEI Titan maintained at
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Cornell. To minimize radiation damage, we used 80 keV primary beam en-

ergy, with 9.5 pA beam current and 21.4 mrad aperture size (α). Figure 5.1a

shows a schematic of the experimental configuration with EMPAD and Figure

5.1b&c show averaged diffraction patterns corresponding to two positions near

a single molybdenum column. The considerable changes in the distribution

outside the central disk provides essential contrast information in ADF images,

and exploiting the phase information encoded in the contrast between overlap-

ping higher-order disks is responsible for resolution improvement in full-field

ptychography over previous bright-field methods. Prior to reconstruction, all

diffraction patterns are padded with zeros to a total size of 256 x 256 and thus

the pixel size in the reconstructed phase is 0.12 angstrom/pixel. We also modi-

fied the ePIE method to exclude bad pixels in the diffraction patterns. To allevi-

ate noisy artifacts, we used a small update parameter (0.1) for the transmission

function and the reconstruction of the probe function was limited to data taken

in areas with minimal contamination.

The 4D EMPAD data can generate all elastic imaging modes for benchmark-

ing from the same dataset, including coherent BF, ADF and iCoM. To better visu-

alize information transfer, we calculate the diffractogram of each imaging mode

by first applying a periodic and smooth decomposition[42], removing artifacts

caused by edge discontinuities (see Appendix B), followed by a light Gaussian

filter, making the diffraction spots slightly larger and thus more visible. As

shown in Figure 5.2a&e, the coherent BF image has the poorest resolution (re-

stricted to within α as expected) and atoms are barely visible. The incoherent

ADF image (Figure 5.2b&f) doubles the information limit (i.e. from α to 2α) but

is limited by low signal-to-noise ratio and residual probe aberrations. Although

the iCoM image is less noisy, its resolution is still within 2α (Figure 5.2g) as
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Figure 5.2: Comparison of different imaging techniques using the same mea-
sured 4D EMPAD dataset from a monolayer of MoS2. (a) Coherent
bright field (BF) image. (b) Incoherent annular dark field (ADF) im-
age. (c) Integrated center-of-mass image (iCoM). (d) Phase of trans-
mission function reconstructed by full-field ptychography. The red
arrows indicate a sulfur monovacancy that is readily detectable in
ptychograhy. (e-h) False-color diffractograms (on log-scale) of BF,
ADF, iCoM and full-field ptychography reconstruction, respectively.
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the structural information is influenced by the incident probe via convolution.

In contrast, full-field ptychography directly recovered the phase of the trans-

mission function (Figure 5.2d) and achieved an information limit of 5α (Figure

5.2h). Noise artifacts are also reduced significantly, and the light-atom sulfur

monovacancy (indicated by red arrows) is more clearly resolved.

Figure 5.3: Fourier transform of full-field ptychography reconstruction. (a)
Zoomed-in diffractogram (on log scale) of Figure 5.2h. (b) A line
profile (on linear scale) across two diffraction spots. The peak at
five times the aperture size corresponds to a Abbe resolution of 0.39
angstrom.

Figure 5.3 shows an enlarged section of the Fourier intensity map from the

ptychographic reconstruction and a line profile across a diffraction spot at the

5α limit, demonstrating an estimated Abbe resolution[2] of 0.39 angstrom or

better (there are still higher-order spots of weaker intensity but not as uniform

in all directions). For comparison, with our electron optical conditions, the

expected Abbe resolution for conventional incoherent imaging modes such as

ADF-STEM would be 2α or 0.98 angstrom.

A second measure of spatial resolution is that of a minimum resolvable dis-

tance between two atoms. For 2D materials this is complicated by the fact that

67



~0.85 Å

~0.4 Å
~0.6 Å

3Å

Figure 5.4: Real-space resolution test of full field ptychography using twisted
bilayer MoS2 that are rotated 6.8◦ to each other. Atoms are still
cleanly resolved at 0.85 ± 0.02 angstrom separation, with a small dip
still present at about 0.61 ± 0.02 angstrom that would correspond to
similar contrast expected for the Rayleigh criterion for conventional
imaging. Atom pair peaks at 0.42 ± 0.02 angstrom show a 6% dip at
the midpoint, suggesting the Sparrow limit should lie just below 0.4
angstrom.

this would require atoms spaced closer than the shortest known bond lengths.

To accomplish this test, we use a twisted bilayer sample of two MoS2 sheets

rotated by 6.8 degrees to each other. This has the effect of providing projected

Mo-Mo atomic distances that vary from a full bond length apart to fully super-

imposed atoms, with many intermediate distances across the Moire quasiperi-

odicity of 28 angstrom — e.g. Figure 1c of van der Zande et al. Figure 5.4 shows

the ptychographic reconstruction across a Moire supercell, in which atomic

columns midway between the aligned regions are resolved as separate atoms
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at 0.85 ± 0.02 angstrom. The dip between adjacent columns can still be seen

at 0.60 ± 0.02 angstrom close to the Raleigh limit for resolution. Atom pair

peaks measured at 0.42 ± 0.02 angstrom show a 6% dip at the midpoint. From

a rigid model structure of the rotated bilayer, assuming no relaxation occurs

(and some probably does), the model separations for these atom pairs marked

on Figure 5.4 would be 0.87 angstrom, 0.60 angstrom, and 0.36 angstrom re-

spectively. While not all atoms can be reconstructed because of scan noise, we

have multiple Moire repeats to distinguish random from systematic errors. Ig-

noring source size contributions, the expected Raleigh limit for an incoherent

imaging mode, such as ADF imaging for this experimental condition, would

be 1.2 angstrom. In other words, our full field ptychographic reconstruction

demonstrates double the Raleigh resolution compared to conventional 2α imag-

ing methods. Moreover, some closely-spaced atoms lose the central dip at just

below 0.40 angstrom, which would be the Sparrow criterion for resolution, close

to the Abbe limit estimated from Figure 5.3.

To understand how dark-field electrons contribute to resolution improve-

ment, we performed additional reconstructions using diffraction patterns with

various outer cutoff angles from one to four times the aperture size. As shown

in Figure 5.5a-h, when only using the central bright-field disk, the reconstructed

phase has a relatively low resolution similar to the ADF and iCoM images. As

the cutoff increases, atoms become sharper and more clearly resolved. Beyond

3α, where there are fewer scattered electrons, the improvement becomes less

obvious as the reconstruction is mainly limited by the total electron dose. As

discussed in more detail in section 6.2, increasing the collection angle beyond

where there is meaningful signal in the diffraction pattern does not introduce

high-spatial-frequency artifacts. Instead, the reconstruction retains its limiting
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form. Finally, as a test of linearity, Figure 5.5i shows that the phase at the sulfur

Figure 5.5: Ptychographic reconstructions using data with different cutoff an-
gles. (a-d) Ptychographic reconstructions using electrons collected
with cutoffs from 1-4 times the aperture size (α). The averaged
diffraction patterns are shown in the lower-left corner and false-color
diffractograms (on log-scale) of the reconstructions are shown in (e-
h), respectively. (i) Line profiles across three Sulfur columns, as in-
dicated by the dashed line in (d). (j) Line profiles across the recon-
structed probe function at different cutoffs. (k) Probe profile recon-
structed by ptychography using the data set with a 4α cutoff.

monovacancy position is about half of the two-sulfur sites, validating the strong

phase approximation and ePIE reconstruction for these thin 2D materials. That

the reconstructed probes (Figure 5.5j&k) have similar shapes at different cut-

offs also indicates that it is the dark-field electrons that contribute to resolution

improvement.
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CHAPTER 6

PRACTICAL LIMITATIONS OF FULL-FIELD ELECTRON

PTYCHOGRAPHY

In the previous chapter we demonstrated the capability of full-field ptychog-

raphy in improving image resolution and contrast. Here we further investi-

gate experimental challenges when implementing the technique and propose

some advanced strategies beyond the basic ePIE algorithm. In general, a pty-

chogaphic reconstruction depends on factors, including specimen, data quality,

incident probe function, and reconstruction algorithms. Modifying one experi-

mental condition will likely alter the optimal values of some parameters. As it

is impractical to obtain a full multi-dimensional picture of every factor, we first

discuss each experimental limitation individually and provide general guidance

at the end of the chapter.

6.1 Low dose ptychography

We begin with a discussion of the total electron dose, which is defined as the

total number of incident electrons per unit area. Assuming Poisson statistics,

the detector’s SNR is proportional to the square root of the electrons per pixel.

For the EMPAD that has 128 by 128 pixels, a 10 pA beam current corresponds to

SNR of 1.8.

When dealing with noisy datasets, it is crucial to choose the optimal recon-

struction parameters for the ePIE algorithm. To demonstrate this, Figure 6.1

shows reconstructions of experimental MoS2 data with different update param-
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eters for transmission function (α). The update parameter for probe function (β)

and total number of iterations are fixed at 1 and 200, respectively. With large α

(e.g 1 or 0.5), the algorithm has faster convergence but the reconstructed phase

(Figure 6.1b&c) is filled with noisy artifacts — significantly reducing image con-

trast. As α becomes smaller and smaller, ePIE’s convergence ”slows down” and

atoms are much sharper and less distorted (Figure 6.1d). On the other hand, if

the update parameter is too small (e.g. 0.01), reconstructions (Figure 6.1e) still

contain some artifacts as the algorithm needs more iterations to converge to the

optimal reconstruction. In practice, α = 0.1 is often a good balance between

image quality and relatively fast convergence.
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Figure 6.1: Ptychographic reconstructions of experimental MoS2 using different
update parameter for the transmission function. (a) Data error as
a function of iterations. (b-e) Reconstructed phases after 200 itera-
tions using α equal to 1, 0.5, 0.1, and 0.01, respectively. The update
parameter for the probe function is fixed to 1.

The trade-off of using a smaller update parameter is that the algorithm may

require a large number of iterations (more than 1000) before converging to best

solution. To alleviate this problem, sometimes it is useful to adaptively adjust

parameters based on the data error[121]. The idea is to start with α = 1, en-
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suring a fast initial convergence, and adaptively reduce the update parameter

whenever the data error curve has large fluctuation. Another way to accelerate

the convergence is to introduce a new term in the update function:

tn+1 = tn + α
ψ∗i,n

(1 − γ)|ψi,n|2 + γ|ψi,n|2max
(ψ′e,n − ψe,n) (6.1)

where γ is a new parameter that combines the weighting factors of both PIE and

ePIE. Eq. 6.1 is known as the regularized PIE algorithm and has shown better

performance on optical microscopy data[68]. However, in our experience with

electron ptychography data, the advantage of the algorithm is less significant as

the reconstruction quality is mostly dominated by α.

Because ePIE simultaneously reconstructs the transmission function and the

probe function, noisy data also introduce errors to the reconstructed probe,

which in turns degrades the transmission function. By fixing an accurate probe

function, the quality of the transmission function can be improved significantly.

Unfortunately, it is not trivial to determine the probe profile in practice. The

SVD method mentioned in section 5.2 fails to converge if data is too noisy. A

practical solution is to scan a small region with large beam current, and use it as

a reference to retrieve the probe function. Thus, we can use the probe on more

noisy datasets to improve reconstruction qualities. In the worst case, where

there is no reference region, one can also lower the update parameter for the

probe function (β) to maintain the reconstruction stability and reduce artifacts,

as shown in Figure 6.2.

In summary, the two key strategies for reconstructing noisy datasets are to

(1) use small update parameters and (2) use a fixed probe function if possible.

With these two tricks, the ePIE reconstructions can be more dose-efficient than

traditional imaging techniques. To demonstrate this, we performed multiple
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(c) (d)

(b)(a)

Figure 6.2: Ptychographic reconstructions of experimental MoS2 at low electron
dose. (a) Low-angle ADF image generated from the same 4D dataset.
(b) ePIE reconstruction with the probe update parameter β = 1. (c)
ePIE reconstruction with β = 0.1. (d) ePIE Reconstruction using a
fixed probe reconstructed from different dataset measured at higher
dose. The update parameter for the transmission function is fixed at
α = 0.1.
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reconstructions with simulated data generated by the µSTEM software[3]. The

dataset contains 21 x 24 diffraction patterns with 0.45 angstrom scan step size

and is simulated at 80 keV beam energy and with 21.4 mrad aperture size. Ther-

mal diffuse scattering effect is included with the frozen phonon approximation.

The diffraction patterns are further corrupted with Poisson noise determined

by the simulated beam dose. Both update parameters for transmission function

and probe function are set to 0.1.

1000 e/Å2 500 e/Å22000 e/Å2 250 e/Å2

WDD 
ptychography

LAADF

ePIE
ptychography

ePIE ptychography
with defocused probe

total electron dose (e-/Å2)

(a)

(b)

(c)

(d)

Figure 6.3: Comparison between ptychographic techniques and low-angle ADF
imaging at low electron dose. (a&b) Ptychographic reconstructions
of simulated data with an in-focused probe using the WDD and ePIE
methods, respectively. (c) ePIE reconstructions of data with a large
defocused probe. (d) Low-angle ADF (integrating from 1α to 4α)
using the same simulated dataset as (a&b). The defocused ePIE ap-
proach shows a roughly factor of two or better advantage over the
other two ptychography approaches, and a roughly fourfold advan-
tage over low-angle ADF imaging, the optimal single-channel imag-
ing method for 2D materials to date.
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Figure 6.4: Comparison between ptychography techniques and low-angle ADF
imaging of graphene. (a&b) Ptychographic reconstructions of simu-
lated data with an in-focused probe using the WDD and ePIE meth-
ods, respectively. (c) Low-angle ADF (integrating from 1α to 4α) us-
ing the same simulated dataset as (a&b). Both ptychographic meth-
ods show similar reconstructions and are about 10 times more dose-
efficient than low-angle ADF technique.

Figure 6.3 compares the performance of ePIE and WDD ptychographic re-

constructions at extremely low electron dose. Using the same datasets simu-

lated with a small in-focused probe, both methods show similar results and

can achieve atomic resolution at approximately 500 e-/angstrom2. On the other

hand, using a large defocused probe, the ePIE technique can further improve re-

construction quality beyond that of WDD (Figure 6.3c). Overall, ptychographic

reconstructions are seen to be more dose-efficient than low-angle ADF (inte-

grating from 1α upwards) (Figure 6.3d), the most dose-efficient single-channel

STEM imaging mode for single-atom detection to date[43]. For the more typi-
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cal range of ADF angles, such as the experimental data of Figure 5.2b, the im-

provement is more pronounced (e.g. Figure 5.2d). As shown in Figure 6.4, the

advantage of ptychography over ADF becomes more significant for materials

with lighter elements, such as graphene.

6.2 Resolution limitations

As demonstrated in section 5.5, ptychography can break the resolution limit

of the optical system because it is able to exploit information beyond the cen-

tral beam defined by the objective aperture by deconvolving the incident probe

function. This section explores the resolution limits of electron ptychography.

In theory, one would expect the ultimate information limit of the ptychographic

reconstruction to be twice the cutoff angle of the diffraction pattern. That is,

if the CBED cutoff is 4α, then the expected resolution of ptychography should

reach 8α. For experimental data, the information transfer is far from ideal and

is essentially limited by total electron dose. To demonstrate this, we conducted

a study using simulated datasets for a wide range of collection angles and beam

currents, including cases in which the cutoff is extended beyond most of the

scattered electrons, as well as where the total dose is too small for a stable re-

construction to be achieved. To reduce the artifacts due to noise, both α and β

are set to 0.1 for all reconstructions. The image resolution is evaluated by the

range of the reconstructed phase as well as the root mean squared width of the

molybdenum atoms measured from the standard deviation of a Gaussian fit.

Selected reconstructions are shown in Figure 6.6.

As shown in Figure 6.5, with practical beam currents, ptychographic recon-
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Figure 6.5: Simulation study of full-field ptychography as a function of cutoff
angle and beam current. The resolution of reconstruction is evalu-
ated by (a) the maximum range of the reconstructed phase and (b)
Fitted Gaussian standard deviation of molybdenum atoms. (c-e) Re-
constructed phase maps using diffraction patterns with 4α cutoff at
0.01 pA, 0.1 pA and 10 pA, respectively.
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Figure 6.6: Ptychographic reconstructions of MoS2 using simulated diffraction
patterns at different beam currents and cutoff angles. At high beam
current, the resolution of ptychography reconstruction is fundamen-
tally determined by detectors collection angle. As the beam current
decreases, the resolution become dose-limited and distorting arti-
facts start to appear in the ePIE reconstruction.

structions are mainly influenced by the total electron dose and theoretical limits

are not reached for the larger cutoffs. There is only a slight improvement be-

tween 3α and 4α cutoff at a typical operating beam current (1-50 pA), which

agrees with experimental data in Figure 5.5. If the beam current is too low (e.g.

0.01 pA corresponding to a dose of 260 e-/angstrom2), atoms become distorted

with reduced image resolution, yet some of the overall structure of MoS2 is still

recognizable (Figure 6.5c). As the beam current increases, the influence of Pois-

son noise becomes less significant as there are sufficient electrons scattered into

high angles to provide interference between high indexed lattice planes in the

crystalline structure. At higher doses, the resolution of ptychographic recon-

struction is able to benefit more fully from the increased maximum collection

angle. Because the EMPAD has a high DQE, increasing the cutoff angle beyond
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where there is signal does not compromise resolution or introduce additional

artifacts, as shown by the fact that all curves in Figure 6.5a collapse to the same

trend as beam currents decreases.

6.3 Large field-of-view ptychography using defocused probe

One of the advantages of iterative ptychography is that the pixel size of the re-

constructed phase is determined by the maximum spatial frequency in diffrac-

tion pattern — meaning one can choose a scan step size that is much larger than

the desired resolution. Doing this not only allows imaging large-scale struc-

tures, but also greatly reduces the total electron dose. Because the scan step size

required for ptychography is proportional to the size of the probe, in principle

we can achieve wide field-of-view ptychography using probe functions with

large defocus. This section discusses several practical factors that influence the

reconstruction when using large defocus.

(b) (c) (d)(a)

5Å1nm

Figure 6.7: Ptychographic reconstructions of experimental MoS2 data measured
under large defocused probe. (a) Probe intensity used for all ePIE re-
constructions. (b-d) Reconstructions using diffraction patterns with
scan steps of 0.84 angstrom, 1.68 angstrom, and 2.52 angstrom, re-
spectively. Beam energy is 80 keV and aperture size is 20.7 mrad.

To estimate the scan step size needed for ptychography reconstruction, pre-
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vious works define the overlapping factor as

o = 1 − s
d

(6.2)

where s is the scan step size and d is the diameter of the probe function. Using

optical diffraction data, Bunk et al. shows that the PIE algorithm needs at least

60% overlap to produce a good reconstruction quality[11]. When accurate probe

function is unknown, the ePIE algorithm requires much more overlap in order

to reach the true solution. For example, using simulated data that is free of

noise and corresponds to an aberration-free probe with 80 nm defocus, the ePIE

algorithm can achieve exact reconstruction with a scan step size of 1.5 nm. With

experimental diffraction pattern, however, artifacts start to appear if the the step

size is larger than 1 angstrom, as shown in Figure 6.7.

Given enough overlap, the initial probe function used for reconstruction also

determines the final reconstruction. Figure 6.8 shows ePIE reconstructions us-

ing initial (aberration-free) probes with different defocus values. When the ini-

tial probe function is similar to the true probe, then ePIE quickly converges to

the correct structure (Figure 6.8h). If the probe is too large or small, the recon-

structions are trapped by some local minimums with reduced resolution and

distracting artifacts (Figure 6.8g&i).

Moreover, as shown in Figure 6.9, we observed that reconstructions using

defocused probes degrade more in comparison to the focused probes, especially

at low electron dose, as information encoded in the dark-field electrons has a

lower signal-to-noise ratio. Therefore, when working with a defocused probe,

one should use a large beam current (more than 10 pA) to ensure a high SNR in

the data. However, high beam currents also lead to more radiation damage —

producing additional artifacts in the reconstruction (see section 6.5).
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1nm

5Å

Figure 6.8: Ptychographic reconstructions of experimental MoS2 data using dif-
ferent initial probe functions. (a-c) Initial probe intensity corre-
sponding to defocus of 10 nm, 45 nm, and 65nm. (d-f) Reconstructed
probe intensity. (g-i) Reconstructed phase of the transmission func-
tion. Beam energy is 80 keV and aperture size is 20.7 mrad. Using
the SVD method, the defocus of the experimental probe is estimated
to be 20.4 nm.
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Figure 6.9: Ptychographic reconstructions using simulated MoS2 data from fo-
cused and 15nm-defocused incident probes. At low beam currents,
the reconstructed atoms using defocused probe appear to be larger
and suffer from more artifacts. Beam energy is 80 keV and aperture
size is 20.7 mrad.

(a) (b)

2nm

Figure 6.10: Ptychographic reconstructions of MoS2 data from two different in-
cident probes. Using the SVD method, the defocus of each is esti-
mated to be (a) 20.4 nm and (b) 87.5 nm. Beam energy is 80 keV and
aperture size is 20.7 mrad.

83



Another experimental parameter one should choose carefully is the cam-

era length of the microscope, which determines the pixel size (dk) in measured

diffraction patterns. Because the current EMPAD only has 128 x 128 pixels, if

dk is too large, the corresponding field of views (1/dk) might be too small to de-

scribe the entire probe function. Up-sampling the diffraction pattern can reduce

dk, but it may introduce additional sources of errors. Also, without enough pix-

els in each diffracted disk, partial spatial coherence becomes significant — fur-

ther reducing the reconstruction’s resolution, as shown in Figure 6.10. On the

other hand, if the dk is too small, then the cutoff angle might not be sufficient

for achieving desired resolution.

In summary, although in theory ptychography works with large scan step

sizes, there are many challenges when implementing the technique using a de-

focused incident probe. From the algorithm’s perspective, the ePIE framework

can be easily trapped in a local minimum, and thus it is crucial to obtain a good

representation of the experimental probe profile. It might be beneficial to use al-

ternative approaches such as difference map[22]. On the experimental side, one

should take care to optimize the beam current and the camera length as they

often have significant impacts to ptychogaphic reconstructions.

6.4 Multi-slice ptychography for crystalline structures

So far, we have been assuming that the exit electron wave follows the strong

phase approximation, which is often true for thin 2D materials. For bulk mate-

rials or thick samples, however, the model breaks down as multiple scattering

is no longer negligible, producing artifacts in the reconstruction. This section
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explores the influence of sample thickness and proposed new reconstruction

strategies for dealing with crystalline structures that have strong dynamic scat-

tering.

1 u.c. 5 u.c. 10 u.c. 20 u.c.

30 u.c. 40 u.c. 50 u.c. 60 u.c.

Figure 6.11: Ptychographic reconstruction using simulated data of SrTiO3 with
different numbers of unit cells (u.c.). Beam energy is 200 keV, aper-
ture size is 20 mrad, and the detector cutoff angle is 80 mrad.

As an illustration, Figure 6.11 shows ptychographic reconstruction of sim-

ulated data of strontium titanate (SrTiO3) of different thicknesses. For a single

unit cell structure, the strong phase approximation holds and atoms are well-

resolved. If the material is 5 unit cells thick, the ePIE algorithm still gives the

correct crystal structure, yet the image resolution is greatly reduced. As the

thickness further increases, the projected potential becomes too strong and thus

artifacts and contrast reversal start to appear.

To overcome the thickness problem, we need to improve the reconstruction

algorithm to incorporate the dynamic scattering process. In section 2.3, we de-

scribed a multi-slice model that ”divides” a thick specimen into multiple slices
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or layers, within which the strong phase approximation is assumed to hold.

Similarly, it has been shown that the ePIE algorithm can be extended to include

the multi-slice model[66]. For simplicity, we assume the object is equally di-

vided into s layers and let ∆z be the distance between adjacent layers. The

multi-slice ePIE randomly iterates over all measured diffraction patterns in a

single iteration. The update process for a single diffraction pattern (I(k)) is:

1. Calculate the exit wave from the first slice using the transmission function

at the first slice (t1,n(r)) and the incident probe function (ψ1,i,n):

ψ1,e,n(r) = t1,n(r)ψ1,i,n(r − rp). (6.3)

where n is the iteration number and rp represents the scan position coor-

dinates.

2. Propagate the exit wave to the second slice, calculating the incident wave

for the second slice using the Fresnel propagator.

ψ2,i,n(r) = pn(r,∆z) ⊗ ψ1,e,n(r). (6.4)

where p(r,∆z) = 1
iλ∆z exp

(
iπr2

λ∆z

)
. For computational efficiency, the convolu-

tion is calculated via multiplication in Fourier space. The Fourier trans-

form of the propagator function is P(k,∆z) = exp(−πλ∆zk2).

3. Calculate the exit wave of the second layer as ψ2,e,n(r) = t2,n(r)ψ2,i,n(r), and

propagate it the the third layer ψ3,i,n(r) = pn(r,∆z) ⊗ ψ2,e,n(r).

4. Repeat step 3 until the final exit wave ψs,e,n(r) is reached after the last slice.

5. Transform the final exit wave to Fourier space ψ̃s,e,n(k) = F [ψs,e,n(r)].

6. Replace the magnitude of exit wave by measured data and keep the phase

unchanged:

ψ̃′s,e,n(k) =
ψ̃s,e,n(k)
|ψ̃s,e,n(k)|

×
√

I(k). (6.5)
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7. Transform the corrected exit wave back to real space ψ′s,e,n(r) =

F −1[ψ̃′s,e,n(k)].

8. Update the transmission function and the incident wave function at the

last slice

ts,n+1(r) = ts,n(r) + α
ψ∗s,i,n(r)

|ψs,i,n(r)|2max

[
ψ′s,e,n(r) − ψs,e,n(r)

]
,

ψs,i,n+1(r) = ψs,i,n(r) + β
t∗s,n(r)

|ts,n(r)|2max

[
ψ′s,e,n(r) − ψs,e,n(r)

]
.

(6.6)

where α and β are update parameters.

9. Back propagate the corrected incident wave function to the (s − 1)th slice

ψ′s−1,e,n(r) = pn(r,−∆z) ⊗ ψs,i,n+1(r). (6.7)

10. Update the transmission function and the incident wave function at the

(s − 1)th slice

ts−1,n+1(r) = ts−1,n(r) + α
ψ∗s−1,i,n(r)

|ψs−1,i,n(r)|2max

[
ψ′s−1,e,n(r) − ψs−1,e,n(r)

]
,

ψs−1,i,n+1(r) = ψs−1,i,n(r) + β
t∗s−1,n(r)

|ts−1,n(r)|2max

[
ψ′s−1,e,n(r) − ψs−1,e,n(r)

]
.

(6.8)

11. Repeat steps 9 and 10 for the rest of the slices until the first slice is reached.

12. Finally, update the incident probe function and the transmission function

at the first slice

t1,n+1(r) = t1,n(r) + α
ψ∗1,i,n(r − rp)

|ψ1,i,n(r − rp)|2max

[
ψ′1,e,n(r) − ψs,e,n(r)

]
,

ψ1,i,n+1(r) = ψ1,i,n(r) + β
t∗1,n(r + rp)

|t1,n(r + rp)|2max

[
ψ′1,e,n(r) − ψs,e,n(r)

]
.

(6.9)

One challenge for multi-slice ptychography is that the algorithm can eas-

ily converge to incorrect solution, since there are many more unknown vari-

ables than in regular ptychography, while the input data (diffraction patterns)
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remains unchanged. Previous work[66, 113] only demonstrated successful re-

construction of non-crystalline materials. For periodic structures, the problem

becomes more challenging as the multi-slice model approximation generally re-

quires a large number of slices (more than 10) to accurately describe the strong

scattering process.

Moreover, it is not a trivial task to measure the thickness of the sample

— an input parameter required by multi-slice ptychography algorithms. For

known crystal structures, it is possible to estimate sample thickness by compar-

ing the diffraction patterns of the experimental data with a series of simulated

diffraction patterns with different numbers of unit cells. This method is labor-

intensive, as the multi-slice simulation is very time-consuming. One can also

perform multiple ptychographic reconstruction with various ∆z and number of

slices and choose the result that gives the smallest data error[104].

Here we propose a modified algorithm that overcomes the unknown thick-

ness problem and improves reconstruction convergence. First, assuming that

the specimen has perfect crystalline structure, we choose ∆z to be an integer

multiple of the size of the unit cell. Therefore, the projected potentials for each

slice should be exactly the same. That is, t1(r) = t2(r) = . . . = ts(r). As illustrated

in Figure 6.12, instead of the reconstructing multiple transmission functions, we

use a single transmission function for all layers — reducing the degrees of free-

doms in the problem. The second change to the algorithm is that we employ

a ”dynamic thickness update” strategy: fixing ∆z, we progressively increase

the number of slices used in reconstruction model and automatically adjust the

sample thickness based on data error.

To demonstrate the modified algorithm, we took experimental data of nio-
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Figure 6.12: Schematics of the simplified multi-slice model for crystalline struc-
ture. Assuming there are three slices separated by the size of a unit
cell, the multi-slice model assumes that each layer has the same
transmission function (exp(iσV)).
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Figure 6.13: ePIE reconstruction of experimental data of Nb3Cl8. (a) The model
structure shows that the two Nb atoms are 0.67 angstrom apart in
the projection along [001] direction. (b) ADF image generated from
the 4D dataset. (c) Ptychographic reconstruction using the basic
ePIE algorithm. The two Nb atoms are not resolved due to sample
thickness. The beam energy is 120 keV and aperture size is 24 mrad.
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bium chloride (Nb3Cl8) at 120 keV and 24 mrad aperture size. As shown in

Figure 6.13, down the [001] direction, the two Nb atoms are only 0.67 angstrom

apart on projected potentials, which is smaller than the Rayleigh resolution at

this condition (0.854 angstrom) and hence are not resolvable in the ADF image

(Figure 6.13b). From simulated diffraction patterns, we estimate the total thick-

ness of the sample to be about 11 nm (8 unit cells), making the two Nb atoms

unresolvable in the regular ePIE reconstruction (Figure 6.13c).
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Figure 6.14: Multi-slice ptychographic reconstruction of experimental data of
Nb3Cl8. (a) The data error of multi-slice reconstruction. A new slice
is added to the reconstruction model for every 50 iterations, causing
a drop in data error until the true thickness is reached. (b) Ptycho-
graphic reconstruction using the regular ePIE algorithm. The two
Nb atoms are not resolved due to sample thickness. (c-e) Multi-
slice ptychographic reconstructions corresponding to a total thick-
ness of 4.1 nm, 10.9 nm and 15.0 nm, respectively. The Nb atoms
are resolved at correct thickness. The beam energy is 120 keV and
aperture size is 24 mrad.

Figure 6.14 shows ptychographic reconstructions using the modified multi-

slice algorithm. To minimize the influence of scan noise, we reconstructed a

small region (highlighted by the red box in Figure 6.13c) that includes a pair

of Nb atoms and six surrounding Cl columns. The algorithm begins with two
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slices that are 13.6 angstrom (size of a single unit cell) apart, and there are dis-

tinct artifacts in the reconstruction (Figure 6.14c). For every 50 iterations, a new

slice is added to the reconstruction model, increasing the total thickness of the

object. The data error drops after every thickness update until the correct thick-

ness is used for reconstruction, after which the error rises and the new arti-

facts appear in the reconstruction (Figure 6.14e). With the modified multi-slice

method, the two Nb atoms become resolvable (Figure 6.14d) — breaking the

traditional resolution limits again.

This section shows that strong dynamic scattering in bulk materials greatly

compromises high-resolution ptychography. Although the multi-slice ptychog-

raphy can potentially produce better results than the regular approach, the al-

gorithm is still not robust enough and relies on some basic knowledge about

the sample. Future work should focus on developing more general techniques.

Because the fundamental challenge is insufficient data, it might be beneficial for

reconstruction algorithms to use additional datasets under different experiment

conditions.

6.5 Influence of inaccurate scan positions

This section discusses how inaccurate scan positions influence ptychographic

reconstruction. When working with the EMPAD, there is often a rotation be-

tween the diffraction pattern’s coordinates and the scan position’s coordinates.

The specific rotation angle depends on beam voltage. With the wrong rotation,

ptychographic reconstructions become distorted with reduced resolution. An-

other possible error is an incorrect scan step size, which is controlled by the

91



magnification of the microscope. In principle, the scan step size at different

magnifications can be calibrated for each microscope. If such information is not

available, one can also use the known features in the ADF image to estimate

the scan step size. It has been shown that wrong scan step size will produce

shrunken or stretched reconstructions. In our experience, scan step size is usu-

ally not a serious problem as it can be fixed easily.

26 27 28 29 30 31 32

0.35

0.36

0.37

0.38

0.39

0.4

0.41

46.4

46.6

46.8

47

47.2

47.4

47.6

47.8

48

48.2

48.4

sc
an

 s
te

p 
si

ze
 (Å

)

scan rotation angle (degree)

Figure 6.15: Data error of ptychographic reconstructions using different scan
step size and rotation angles. The data is a monolayer of MoS2.
From ADF image, the scan step size is estimated to be 0.38 angstrom
and the rotation angle is 29◦, which corresponds to the smallest data
error.

Another method to calibrate scan step size and rotation angle is to use the

data error in ePIE reconstruction, which is highly sensitive to global transforma-

tions. As shown in Figure 6.15, the scan step size and rotation angle that give
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minimal data error agree well with experimental calibration.

What’s more, the random scan offsets (often referred to as scan noise) in-

duced by the electron beam often degrade reconstruction quality, as shown in

Figure 6.16. Experimentally, scan noise can be alleviated by reducing the beam

current. The tradeoff is that noisy data will complicate reconstruction and re-

duce image resolution. Another way to minimize scan noise is to increase the

scan step size. This requires using large probe functions and new challenges

may emerge. In practice, similar to reconstructing noisy data, we often use a

fixed probe function to reconstruct data with strong scan noise, which often

leads to better contrast and resolution (Figure 6.17).

(a) (c)(b) (d)

1Å

Figure 6.16: Influence of scan noise to ptychographic reconstructions. (a&b)
ADF image and ePIE reconstruction using experimental data of
MoS2 with relative small scan noise. (c&d) ADF image and ePIE
reconstruction using a different dataset that suffers from stronger
scan distortion.

In addition to introducing distracting artifacts, the scan noise also destroys

uniqueness of the basic ePIE reconstruction, especially for thick specimens with

strong dynamic scattering. Figure 6.18 shows four reconstructions with differ-

ent randomly initial transmission functions. The problem is less detrimental for

2D materials (with no strong scattering effects) or materials with large features.

Nonetheless, it is still a good practice to perform multiple reconstructions with

different initial solutions to validate the reconstruction and estimate the error
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bar of atomic positions.

(a) (b) (c)

5Å

Figure 6.17: Ptychographic reconstructions of experimental MoS2 with strong
scan noise. (a) ADF image generated from the same 4D data. (b)
ePIE reconstruction with the probe function update. (c) ePIE recon-
struction with a fixed probe function reconstructed by a region of
minimal scan noise. The beam energy is 80 keV and aperture size is
21.4 mrad.

(a) (b) (c)

(d) (e) (f)

Figure 6.18: Uniqueness test of ptychographic reconstructions of data with scan
noise. (a-c) ePIE reconstructions of simulated data of Nb3Cl8 that is
1 unit cell thick. All reconstructions start with random initial trans-
mission functions but converge to similar structure. (d-f) Multi-
slice ePIE reconstructions of simulated data of Nb3Cl8 that is 7 unit
cells thick. Due to scan noise, the three reconstructions converge to
different solutions. The beam energy is 120 keV and aperture size
is 21.4 mrad. The data is corrupt with Poisson noise corresponding
to a 10 pA beam current.

In summary, scan noise can introduce distracting artifacts in high-resolution

ptychograpghy and should be minimized by using relative small beam current
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and large scan step size. So far, we have not found a reliable method to refine

scan positions. Development of future algorithms should focus on tackling this

problem. The problem can also be solved to some extent by developing new

detectors that have more pixels and faster scan speed.

6.6 Summary

This chapter investigated several practical challenges in a typical electron pty-

chography experiment using the EMPAD detector. To obtain a good ptycho-

graphic reconstruction, both experimental conditions and algorithm parame-

ters should be carefully optimized to balances various limitations. Here, we list

some key aspects one should consider in a typical experiment. An example code

for performing ptychographic reconstructions is given in Appendix C.

1. The resolution of ptychography depends on the maximum collection angle

of the detector. In practice, the resolution is limited by beam current.

2. High electron dose may damage specimen and introduce scan noise. To

reduce dose, we can lower the beam current or increase scan step size.

3. If the data is too noisy, choose small update parameters for ePIE.

4. For a large defocused incident probe, use an accurate initial probe function

to help the algorithm’s convergence. The aberration parameters can be

extracted from the 4D dataset.

5. The strong phase approximation breaks down for thick samples with

strong dynamic scattering. Use a thin specimen, if possible, or consider

using multi-slice reconstruction methods.
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6. Reducing the pixel size of the diffraction patterns (controlled by camera

length) increases the corresponding field-of-view. However, for a fixed

total number of pixels, it reduces the resolution of ptychographic recon-

struction.

7. If data is too noisy or suffers from scan noise, consider using a fixed probe

function instead of reconstructing it using the ePIE algorithm.
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CHAPTER 7

SUMMARY

In this thesis, we explored various image reconstruction techniques for elec-

tron tomography and ptychography. On one hand, advanced algorithms enable

us to develop new experimental techniques as well as improve reconstruction

quality upon existing data. On the other hand, these methods generally depend

on more parameters or experimental conditions and require careful investiga-

tions.

For electron tomography, we studied sparsity-exploiting minimization

methods under various conditions in ET systems. Our simulations show that

both the l1 and TV minimization reconstructions primarily depend on the num-

ber of projections. The amount of data required for accurate reconstruction de-

pends on the complexity of the specimens. Moreover, the parameters in the

optimization program can significantly impact reconstructions. By choosing

the data fidelity parameter ϵ that minimizes reconstruction RMSE, we found

the numerical accuracy of TV minimization reconstructions is independent of

the number of projections for fixed total electron counts, except for highly

under-constrained reconstructions with very few tilts. Lastly, we demonstrated

sparsity-exploiting methods to be robust against a small missing wedges of 30◦

or less. The results provide a general guideline on how to apply these recon-

struction techniques in ET and serve as the benchmark for comparative studies

with other optimization-based methods.

Chapter 5 demonstrated a full-field ptychography that significantly en-

hanced image resolution and contrast compared to traditional electron imaging

techniques, even at low beam voltages. With the entire distribution of scattered
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electrons collected by the EMPAD, atomic-scale ptychographic reconstructions

are no longer restricted by the aperture size. As discussed in Chapter 6, the

quality of ptychographic reconstruction is determined by the electron dose, col-

lection angle, scan noise, and algorithm parameters. The technique provides an

efficient tool for unveiling sub-angstrom features of 2D or dose-sensitive materi-

als. Combined with the emerging ultra-low voltage aberration-corrected micro-

scopes, the technique has the potential to tackle currently hard problems such

as direct imaging of lattice displacements in twisted-layer structures, structural

distortions around single atom dopants and vacancies, and even 3D tomogra-

phy.
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APPENDIX A

TOMVIZ: ADVANCED PLATFORM FOR 3D VISUALIZATION,

RECONSTRUCTION, AND SEGMENTATION WITH ELECTRON

TOMOGRAPHY

The success of an electron tomography experiment critically depends on many

image processing steps including tilt series alignment, tomographic reconstruc-

tion, segmentation, and visualization. Because each step demands unique algo-

rithms developed by researchers from different fields of expertise, electron mi-

croscopists must piece together multiple software tools — making the workflow

inefficient and non-reproducible. To overcome this problem, we collaborate

with professional software engineers and developed a software called tomviz,

an advanced and open platform that achieves high-throughput ET by provid-

ing state of the art functionality from basic image filters to 3D segmentation.

tomviz offers a broad collection of reconstruction methods, from traditional

weighted back projection (favored by biological applications) to more ad-

vanced optimization-based techniques such as the total-variation minimization

method[100] that utilizes the concept of compressed sensing. Moreover, for al-

gorithms that involve additional optimization parameters, tomviz provides sev-

eral image analysis methods that facilitate automatic parameter selection as well

as reconstruction validation.

In addition to reconstruction, users can perform 2D tilt series processing

such as background subtraction and noise filtering. With automatic alignment

methods for image translation and tilt axis, its possible to obtain reasonable

reconstruction from raw data with a single click. Manual alignments are also

supported with an intuitive and flexible user interface (Figure A.2). All data
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Figure A.1: Graphical interface of tomviz 1.0. Multiple 3D objects can be visual-
ized in different rendering modes at the same time. All data trans-
forms are presented in the pipeline can be accessed and modified.

transforms are tracked step-by-step in a pipeline and can be shared among dif-

ferent computers.

For large 3D data sets, tomviz performs fast and interactive visualization and

segmentation by combining the popular Insight Toolkit (ITK) and the Visualiza-

tion Toolkit (VTK)[33]. The platform offers a variety of GPU-accelerated render-

ing modes beyond traditional 3D volumetric rendering by including adjustable

lighting and maximum intensity projections. Many common morphology trans-

formation and segmentation functions are also included. With more than 100

color maps available and tools for editing axis labels, users can easily to gener-

ate publication-quality figures and animations.

tomviz is open source and available for Windows, Mac OS X, and Linux.

It is designed for intuitive graphical use by scientists, and built in C++ and
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Python (with built-in Numpy, Scipy, FFTW and wrapped ITK/VTK). The pack-

age comes with sample ET data sets[62] and flexible plug-in capabilities for

users to implement their own algorithms and applications, making the soft-

ware a valuable resource for learning electron tomography and testing new

techniques. The software has an active user base with over 2,500 downloads

and a multitude of electron microscopists participating in its development.

Figure A.2: tomviz provides essential tools (left) for high-throughput electron
tomography. Manual translation (middle) alignment and tilt axis
(right) alignment come with intuitive and flexible UI. A broad col-
lection of reconstruction techniques is included in the software.
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APPENDIX B

PERIODIC ARTIFACT REDUCTION IN FOURIER TRANSFORMS OF

ATOMIC RESOLUTION IMAGES

The discrete Fourier transform (DFT) is among the most routine tools used

in high-resolution scanning transmission electron microscopy. When calcu-

lating a Fourier transform, periodic boundary conditions are imposed to the

image, from top to bottom and left to right, as shown in Figure B.1. These

sharp discontinuities cause a cross patterned artifact along the reciprocal space

axes[26, 73, 115]. This is known as the Gibbs-Wilbraham Phenomenon and

appears as lines extending from the origin of a 2D Fourier Transform (Figure

B.1c)[37, 108].

Figure B.1: Schematic illustration of the periodic boundary condition imposed
by the discrete Fourier transform of an image (a) along the verti-
cal and horizontal directions (b). Discontinuities at the boundaries
cause cross pattern artifacts in the Fourier transform (c). Scale bar 2
nm.

Here, we demonstrate a substantial reduction of the central cross pattern ar-

tifact caused by periodic boundaries through implementation of the Periodic

Plus Smooth Decomposition (P+S) method. Developed by Moisan[73] and in-

spired from previous work[6, 94], the P+S technique decomposes the original

image into a continuous periodic image and a smoothly varying background.
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The smooth background is obtained by solving Poissons equation with bound-

ary conditions set by the discontinuities at the images edges. The periodic im-

age is then obtained by subtracting the smooth varying background and has

a Fourier transform that reflects the original images DFT, but without the cross

pattern artifact. Altering only the low frequencies, this approach provides an ac-

curate estimation of the Fourier spectrum in regions were atomic lattice Fourier

peaks occur — with contributions from the entire image field. Traditional ap-

proaches, such as windowed Fourier Transforms heavily weight information at

the center of an image and can miss important structure residing near the edges.

Figure B.2: Comparison of approaches to reduce periodic boundary artifacts in
the discrete Fourier transforms (DFT) of a ADF-STEM image. A twin
boundary in the NiO [111] gives rise to six pairs of Bragg peaks. The
DFT of an unprocessed image (a) contains vertical and horizontal
boundary artifacts (f). Symmetrizing the image (b) removes these
artifacts, but additional Bragg spots appear (g). A Hann window (c)
is effective at removing the boundary artifacts (h) but emphasizes
only the central region of the image (c). If the window is too tight,
like that of the Flat Top (d) the Bragg peak pairs blur together and
become indistinguishable (i). The boundary artifacts can be effec-
tively removed using Periodic Plus Smooth decomposition (j) while
preserving the image’s entire field of view (e) and resolution in re-
ciprocal space (j). Scale bars are 2nm. DFT images are log-absolute
intensities.

103



One approach to obtaining continuity at the periodic boundaries is to sym-

metrize the image. Mirroring an image about the x,y directions ensures contin-

uous boundary conditions and greatly reduces the cross pattern artifact in the

DFT (Figure B.2b&g). However, this process adds symmetries that do not exist

in the original image. As seen in the DFT of the symmetrized image (Figure

B.2g), additional lattice spots appear that do not reflect the actual specimen. For

the analysis of polycrystalline samples, where the radially integrated DFT in-

tensity is of interest, symmetrizing may still be beneficial. Note that because the

image size quadruples, there is a computational penalty — albeit manageable.

A more common technique used in periodic artifact reduction is a windowed

Fourier transform. The window is typically a smooth and continuous damp-

ing function with a central maximum that decays to zero (or nearly zero) at

the edges of the image, as shown in Figure B.2c&d. This not only removes the

edge discontinuities, which reduce the cross pattern artifacts, but also reduces

the background level (side lobes) around each Fourier peak (Figure B.2h&i).

A multitude of window functions, each named to honor their inventor, have

been devised to achieve different advantages[34]. Figure B.2c&h show the ef-

fect of applying a Hann window, a popular general use function, built from a

raised cosine function that emphasizes a large central region of the image. As

the window function becomes more spatially confined in real space, it degrades

the resolution in reciprocal space. For atomic resolution images, this causes the

diffraction peaks to become blurred. For closely spaced peaks, the intensity can

smear into a single peak. Figure B.2d shows a very tight window (flat top in

Figure B.2i) that causes the pairs of peaks in the DFT to become difficult or im-

possible to distinguish.
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Figure B.3: Layered LaVO3/SrTiO3 material with one LaVO3 layer containing
a super-lattice (a) that appears as additional peaks in the Fourier
transform (d). A windowed Fourier transform heavily weights con-
tributions at the center of the image (b) and consequently misses the
super-lattice peaks that originate from the edge regions of the image
(e). The Periodic Plus Smooth decomposition utilizes the entire field
of view (c), thus, preserving the atomic superlattice structure in the
DFT (f). DFT images (d-f) are log intensity.

A more deceptive consequence of using windowing for artifact reduction

is the unequal weighting it places on the image. Regions toward the center of

the image contribute strongly to the Fourier spectrum and information toward

the edges of the field of view becomes negligible. As a result, crystallographic

information that does not lie at the center of the image can be easily missed.

Figure B.3 shows a layered LaVO3/SrTiO3 material. One of the LaVO3 layers

exhibits a super-lattice structure. From the real-space image (Figure B.3a), this

super-lattice structure is difficult to detect, but it clearly appears as additional
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peaks in the Fourier transform (Figure B.3d). However, this structure would be

missed entirely in the windowed transform (Figure B.3e) — even when apply-

ing the relatively large Hann window.

Unlike filtering methods, the proposed P+S approach removes the boundary

artifacts (Figure B.2j) while preserving all the diffraction peaks from the entire

image field of view (Figure B.3f). Here, an image (u) is decomposed into a sum

of a periodic component (p) and a smooth component (s), that is, u = p+s. Math-

ematically, the smooth component (s) is obtained by solving Poisson’s equation

∇2s = b, where b is a boundary discontinuity image that captures the intensity

gaps across the edges of the original image. In general, Poissons equation has

a unique solution with slow spatial variation (Figure B.4c). By subtracting s

from the original image, the periodic edge discontinuities are removed and the

information at higher frequencies is preserved.

The smooth component (s) is computed directly from the boundary image.

For an M by N image u(x, y), the boundary image is defined as b = b1 + b2, where

b1 =


u(M − 1 − x, y) − u(x, y), x = 0 or x = M − 1,

0, otherwise.
(B.1)

and

b2 =


u(x,N − 1 − y) − u(x, y), y = 0 or y = M − 1,

0, otherwise.
(B.2)

Poisson’s equation can be readily solved from the DFT of the boundary image,

b̃(kx, ky):

s̃(kx, ky) =
b̃(kx, ky)

2 cos 2πkx
M + 2 cos 2πky

N − 4
∀(kx, ky) ∈ Ω \ (0, 0) (B.3)

whereΩ = {0, . . . , M−1}×{0, . . . ,N−1} and s̃(kx, ky) is the is the DFT of the smooth
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component. Additionally, the P+S method imposes the constraint s̃(0, 0) = 0 so

that the mean intensity of the periodic component is equivalent to the original

image. The boundary artifact free DFT can be simply computed by p̃(kx, ky) =

ũ(kx, ky)− s̃(kx, ky), as illustrated in Figure B.2j, B.3f, and B.4e. Hence, the effective

computation cost of performing a P+S Fourier transform is one additional DFT.

Figure B.4: Periodic Plus Smooth decomposition of a CdSe [111] nanoparti-
cle resting between two other particles. The STEM image con-
tains strong discontinuities in the periodic boundaries manifesting
as cross pattern artifacts in the DFT (d). The P+S decomposition
creates continuity in the periodic boundaries (b) by removing a
smooth background component (c) from the image. This removes
the boundary artifacts in the DFT (e). The DFT of background com-
ponent (f) shows exactly what has been removed from the DFT of
the original image (d) to create the artifact free DFT (e). DFT images
are log-absolute intensities.

As an illustration, Figure B.4a shows a STEM image of CdSe nanoparticles,

which was originally appeared in [120]. After decomposition, the periodic com-

ponent (Figure B.4b) is continuous across the edges and its Fourier spectrum
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(Figure B.4e) is visually identical to the original image (Figure B.4d) with the

cross artifacts removed — artifacts that now reside in the smooth component

(Figure B.4c&f). Since the Fourier transform is a linear operator, the Fourier

transform of the smooth component (Figure B.4f) illustrates exactly the inten-

sity that has been removed from the image DFT (Figure B.4d). The periodic

plus smooth decomposition is also beneficial to high-resolution transmission

electron microscopy (HRTEM) (Figure B.5). However HRTEM transfers little

information at low frequencies thus discontinuities in the periodic boundaries

— and the artifacts produced thereof — are often less prominent than in STEM.
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Figure B.5: Periodic Plus Smooth decomposition of a semiconductor high-k ox-
ide on a silicon substrate (viewed along Si [110] direction) imaged by
HRTEM. The HRTEM image transfers little information at low fre-
quencies, however small discontinuities in the periodic boundaries
at the image edges are still present and manifest as a cross pattern
artifact in the DFT (d). The P+S decomposition removes the bound-
ary artifacts in the DFT (e). The DFT of background component (f)
shows the artifact removed from the original DFT (d) DFT images
are log-absolute intensities; DFT images have been cropped and con-
tain insets of lowest frequencies where artifacts are most noticeable.
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APPENDIX C

EXAMPLE CODE FOR PTYCHOGRAPHIC RECONSTRUCTION

In this chapter, we provide a python script for ptychographic reconstruction

using the ePIE method. The pseudo code of the algorithm is outlined in [69].

All reconstruction functions should be grouped in a folder named ”ptychog-

raphy recon”, which serves as a library and can be imported in other python

scripts. The library is written in an object-oriented fashion — making it easy to

implement new reconstruction methods and strategies. In general, after loading

the dataset and experimental parameters, one needs to create a reconstruction

object and assign it with various parameters before running the reconstruction.

The library also comes with a variety of utility functions for data processing,

such as background subtraction, filtering, and matrix manipulation, which can

be found in the ”utlity function.py” file. In the example below, we list several

data processing functions that are essential for most reconstruction tasks.

#import numpy library

import numpy as np

from numpy import *

#import scipy library for reading Matlab file

import scipy.io as sio

#import ptychography library

import ptychography_recon as pty

#specify the number of pixels for the probe function, which

cannot be smaller than the measured diffraction pattern

N_roi = 256

#specify the cutoff angle for diffraction pattern (in aperture

110



size)

lowpass_filter_cutoff = 4 #e.g. 4 times the aperture size

########## load data from a Matlab file ##########

data = sio.loadmat(data_name)

dp = data[’dp’]*1.0 #4D datasets

alpha_max = squeeze(data[’alpha_max’]) #aperture size (mrad)

df = squeeze(data[’df’]) #defocus (angstrom)

cs = squeeze(data[’cs’]) #spherical aberration (angstrom)

#scan step size (angstrom) in horizontal direction

scanStepSize_x = squeeze(data[’scanStepSize_x’])

#scan step size (angstrom) in vertical direction

scanStepSize_y = squeeze(data[’scanStepSize_y’])

#pixel size (1/angstrom) in diffraction pattern

dk = squeeze(data[’dk’])

#pixel size (angstrom) in real space

dx = 1.0/dk/N_roi

#rotation angle between diffraction coordinates and scan

coordinates (degree)

rot_angle_d = squeeze(data[’rotationAngle’])

########## data processing ##########

#create a directory that stores information about data

processing

result_dir_extra = "/preprocessCBED"

#transpose all diffraction patterns

dp_recon, result_dir_extra = pty.transpose_cbed(dp,

result_dir_extra)

#removal background
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dp_recon, result_dir_extra = pty.background_removal(dp, 20,

result_dir_extra)

#apply a circular cutoff to diffraction patterns

dp_recon, result_dir_extra = pty.apply_circular_mask_alpha(dp,

lowpass_filter_cutoff, dk_x, dk_y, alpha_max, voltage, 0,

0, result_dir_extra)

########## create the initial probe function ##########

probe = pty.STEMprobe()

probe.df = df

probe.cs = cs

probe.alpha_max = alpha_max

probe.voltage = voltage

########## calculate scan positions ##########

N_scan_y = dp.shape[2]

N_scan_x = dp.shape[3]

ppX, ppY, result_dir_extra =

pty.calculate_scan_positions(N_scan_x, N_scan_y,

scanStepSize_x, scanStepSize_y, rot_angle_d,

result_dir_extra)

#calculate the total number of pixels needed for the entire

field of view

Ny_max = max([abs(round(np.min(ppY)/dx)-floor(N_roi/2.0)),

abs(round(np.max(ppY)/dx)+ceil(N_roi/2.0))])*2+1

Nx_max = max([abs(round(np.min(ppX)/dx)-floor(N_roi/2.0)),

abs(round(np.max(ppX)/dx)+ceil(N_roi/2.0))])*2+1

N_image = int(max([Ny_max,Nx_max]))+10
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########## reconstruction ##########

#specify reconstruction method

method = "pie_sr"

#create a reconstruction object

reconObject = pty.ptychography_reconstruction(dp, dk, probe,

ppX, ppY, method)

reconObject.paraDict[’N_image’] = N_image

reconObject.paraDict[’N_roi’] = N_roi

reconObject.paraDict[’rotationAngle’] = rot_angle_d

#total number of iterations

reconObject.paraDict[’Niter’] = 1000

#iteration at which probe function update starts

reconObject.paraDict[’Niter_update_probe’] = 10

#period for saving the reconstruction

#e.g. save reconstruction every 50 iterations

reconObject.paraDict[’Niter_save’] = 50

#specify ePIE update parameters

reconObject.paraDict[’beta’] = 1.0

reconObject.paraDict[’alpha’] = 0.1

#generate final directory where reconstructions will be saved

result_dir = data_dir + result_dir_extra

#initialize reconstruction

result_dir_extra = reconObject.initialize(result_dir)

#start reconstruction
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reconObject.recon()
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