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This thesis concerns two main subjects: the parallelization and applications of

a recently developed quantum chemistry method known as heat-bath configura-

tion interaction (Chapter 2) and the generation of entanglement in plasmonically

coupled quantum dots (Chapters 3 and 4).

Chapter 2 describes the implementation (with a careful eye towards paralleliza-

tion) and applications of the recently developed heat-bath configuration interaction

(HCI) algorithm. HCI is a fast selected configuration interaction plus perturbation

theory method for finding the exact energy of small, challenging systems within

a given basis. Though it is faster than many alternatives, it is still an exponen-

tially scaling algorithm; careful implementation and the use of parallel computing

are necessary to study interesting systems. We describe the important implemen-

tation and parallelization details, along with providing performance results. We

then apply the method to two interesting systems: solid silicon, as a benchmark

for other quantum chemistry methods, and the binding curve of Cr2, which cannot

be computed reliably by any of the other state of the art algorithms.

Chapter 3 concerns the modeling of the quantum dynamics of two, three, or

four quantum dots in proximity to a plasmonic system such as a metal nanoparti-

cle or an array of metal nanoparticles. For all systems, an initial state with only

one quantum dot in its excited state evolves spontaneously into a state with en-

tanglement between all pairs of QDs. The entanglement arises from the couplings



of the QDs to the dissipative, plasmonic environment. Moreover, we predict that

similarly entangled states can be generated in systems with appropriate geome-

tries, starting in their ground states, by exciting the entire system with a single,

ultrafast laser pulse. By using a series of repeated pulses, the system can also be

prepared in an entangled state at an arbitrary time.

Chapter 4 investigates systems of two or more quantum dots interacting with

a dissipative plasmonic nanostructure by using a cavity quantum electrodynamics

approach with a model Hamiltonian. We focus on determining and understand-

ing system configurations that generate multiple bipartite quantum entanglements

between the occupation states of the quantum dots. These configurations include

allowing for the quantum dots to be asymmetrically coupled to the plasmonic sys-

tem. Analytical solution of a simplified limit for an arbitrary number of quantum

dots and numerical simulations and optimization for the two- and three-dot cases

are used to develop guidelines for maximizing the bipartite entanglements. For

any number of quantum dots, we show that through simple starting states and

parameter guidelines, one quantum dot can be made to share a strong amount of

bipartite entanglement with all other quantum dots in the system, while entangling

all other pairs to a lesser degree.
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INTRODUCTION
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At the beginning of the 20th century, physics was changing, as great minds, such

as Max Planck and Albert Einstein solved long standing problems in physics using

the notion of quantization; that is, that certain quantities could only take discrete

values, rather than continuous values. Though seemingly minor, this idea was

revolutionary and lead to the development of a whole new field of physics: quantum

mechanics. The simple change from continuous to discrete has profound effects

on the predictions made. These effects include the famous ‘spooky action at a

distance’ that made Einstein consider the theory incomplete. Quantum mechanics

has withstood the test of time; it has been verified experimentally many times and

has spawned many useful devices, such as lasers and transistors.

The fundamental equation of quantum mechanics is the Schrödinger equation:

Hψ(t, x) = ih̄
∂

∂t
ψ(t, x), (1.1)

where H is the Hamiltonian operator, which describes the energetics of the sys-

tem; i is an imaginary number; h̄ is Planck’s constant; and ψ(t, x) is the wave

function, which mathematically describes the quantum state of a system as a prob-

ability amplitude. Solving the Schrödinger equation involves solving for the wave

function. Different systems have different Hamiltonians, which lead to radically

different solutions. There are very few problems, that is, very few Hamiltonians,

for which analytical solutions to the Schrödinger equation are known, such as the

time-independent hydrogen atom. Much of the work in theoretical quantum me-

chanics during the early and mid 20th century was dedicated to coming up with

clever methods and approximations to solve the harder problems. With the rise

of computers in the late 20th century, physicists and quantum chemists began to

develop powerful computational methods for quantum mechanics. One of the key

issues that makes solving the Schrödinger equation so difficult is the dimension-

ality of the problem; rather than being three dimensional, like fluid mechanics, it
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is 3N dimensional, where N is the number of electrons. Hydrogen has one elec-

tron; interesting systems have many more. Creating a grid in the 3N dimensional

space capable of capturing the important physics would be nigh impossible for any

interesting system.

Even though the problem may seem intractable, several very successful meth-

ods have been developed to allow for approximate answers, especially when solving

for time-independent solutions. One of the most famous is density functional the-

ory (DFT) [1], which scales as N3 and has been widely used to study materials

for many important applications, such as energy storage. However, in practice,

DFT is an uncontrolled approximation; that is, there is no clear systematic way

to systematically improve the answer. For certain problems, such as those with

strong correlation (where the interaction between the electrons is important), DFT

fails to give results that agree even qualitatively with experiment. DFT is capa-

ble of doing calculations on hundreds of thousands of electrons using modern day

supercomputers. Quantum Monte Carlo (QMC), in particular Diffusion Monte

Carlo (DMC) is another successful method for solving the Schrödinger equation,

using a stochastic approach [2]. DMC also has order N3 scaling per Monte Carlo

step, but with a much larger prefactor than DFT, and can do calculations for

thousands of electrons on modern day supercomputers. All variants of QMC suffer

from the fermion sign problem, unless approximations are made. The sign prob-

lem is systematically improvable, at high cost, by using high order expansions in

the trial wave function. One advantage of DMC as opposed to almost all other

methods is that DMC works with an infinite basis set whereas other methods pro-

vide energies within a finite basis set and extrapolation to the the infinite basis

set limit is very expensive. Coupled cluster, a method from quantum chemistry,

is highly accurate for single reference problems, but has prohibitive N7 scaling for

3



one of the most popular variants, coupled cluster singles doubles and perturbative

triples (CCSD(T)) [3], limiting it to about ten atoms. CCSD(T) has an error from

the truncation of the wave function, and for multi-reference systems, e.g., systems

undergoing dissociation, the resulting error can be large.

At the most expensive end of the spectrum are exponentially scaling algorithms,

such as density matrix renormalization group (DMRG) [4] (except in 1-dimensional

systems), and full configuration interaction (FCI) [5]. With a few caveats, these

exponentially scaling algorithms can give exact results, but are far too expensive

for systems comprised of more than a few atoms. For many problems, DFT and

especially DMC has enough accuracy to capture the important physics. There

are some extremely challenging and interesting problems that require the most

expensive level of theory, those that scale exponentially, to really understand what

is happening in experiments. Collectively, these methods are often referred to

as ‘electronic structure’ methods, and they typically solve for time-independent

quantities. Solving for the dynamics of quantum systems involves a different set

of methods.

Many interesting quantum phenomenon arise from the dynamics of the sys-

tem. Experiments happen in real time; laser pulses excite systems which then

relax, emitting light in the process. The dynamic evolution itself can lead to inter-

esting effects that cannot be seen when solving the time-independent Schrödinger

equation, especially when ‘noise’ effects which cause the system to lose energy (i.e.,

decoherence and decay) are included. The Schrödinger equation does not include

loss terms; a different formulation of quantum mechanics must be used, which can

be written as the Lindblad density matrix master equation:

∂ρ

∂t
= − i

h̄
(Hρ− ρH) + L(ρ), (1.2)
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where ρ is the density matrix, H is the Hamiltonian (like in the Schrödinger equa-

tion), and L is a Lindblad superoperator, which describes Markovian loss effects

from coupling with the world outside of the system of interest. Whereas the wave-

function, ψ, can often be considered a vector of complex numbers, the density

matrix, ρ, is a Hermitian matrix of complex numbers, which makes solving the

Lindblad master equation much harder than solving the Schrödinger equation.

Due to the increased cost and the addition of time-dependence, solving the Lind-

blad master equation is often not about getting high accuracy, but more about

coming up with highly parameterized model systems which get the general physics

correct, including cavity quantum electrodynamics (CQED) models [6] and the

Jaynes-Cummings Hamiltonian [7]. These models allow the important physics to

be captured without the full cost of tracking every electron in the system. Even

then, the computational cost grows exponentially with system size.

Take, for example, a system of qubits. A qubit is a quantum analog of a bit

– a quantum system that can take the value 0, 1, or a superposition of 0 and 1.

This is often written in ‘braket’ notation, as α|0〉+β|1〉. To solve for the dynamics

of a modest 10 qubit system, a matrix of 210 × 210 must be evolved according to

eq. (1.2), the Lindblad master equation. 1000× 1000 is doable, but expensive. To

solve for the dynamics of 20 qubits, it is one million by one million, which is now

a supercomputer class calculation. A qubit is the smallest quantum system in a

Lindblad master equation calculation; some systems, such as a plasmonic metal

nanoparticle, need 50 or more levels to describe them!

Both the time independent electronic structure systems, and the time depen-

dent Lindbladian systems can take exponential work to obtain interesting physics.

For some problems, simplifications and approximations can be made to turn the
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problem from exponentially scaling to only polynomially scaling, without losing

access to the interesting physics. For both the Schrödinger and Lindblad master

equations, the full exponential cost should only be paid when absolutely necessary.
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CHAPTER 2

PARALLELIZATION AND APPLICATIONS OF HEAT-BATH

CONFIGURATION INTERACTION
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2.1 Introduction

The standard quantum chemistry Hamiltonian can be written as

Ĥ = hnuc +
∑
pr

hrpa
†
rap +

1

2

∑
pqrs

grspqa
†
ra
†
saqap (2.1)

where ar(a
†
r) is the single-particle creation (annihilation) operator and hrp and

grspq are integral values, typically calculated by a standard quantum chemistry

program (such as MOLPRO [8] or PySCF [9]). To evaluate the energy of the

system, we represent the wavefunction in the space of Slater determinants. A

Slater determinant is an antisymmetrized wavefunction composed of orthonormal

spin orbitals, and can be compactly represented by a bit string signifying which

orbitals are occupied. For example, in braket notation, a valid Slater determinant

of two electrons in four orbitals is |0011〉. We can calculate the matrix elements

between a pair of Slater determinants i and j, Hij = 〈i|Ĥ|j〉, allowing us to

construct the full Hamiltonian for the set of determinants. If the states in the

matrix element differ by the occupations of three or more orbitals, the matrix

element is 0 (because our Hamiltonian operator Ĥ has only upto 2-body operators).

Full configuration interaction (FCI), more commonly known as exact diag-

onalization in the physics literature, solves for the exact energy, within a ba-

sis, by expanding the wavefunction in the set of all possible Slater determi-

nants. A small example is two electrons in four basis functions. The FCI

wavefunction, which would give the exact answer in this small basis, would be

c1|0011〉+ c2|0101〉+ c3|1001〉+ c4|0110〉+ c5|1010〉+ c6|1100〉. The FCI procedure

involves constructing the Hamiltonian matrix (by calculating all matrix elements,

Hij) representing the full Slater determinant expansion and diagonalizing that ma-

trix. For two electrons in four orbitals, this is trivial. Interesting quantum systems
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have many more than two electrons, and need many more than four basis func-

tions to get close to the complete basis set limit, which represents the true answer.

For a system with N↑ up-spin electrons and N↓ down-spin electrons, and a basis

that consists of Norb up-spin and Norb down-spin orbitals, the number of deter-

minants in the FCI wavefunction grows combinatorially with increasing electron

count and increasing basis size as NorbCN↑×NorbCN↓ , making FCI practical for only

very small systems. Where it is practical, though, it is extremely valuable, as it

provides benchmark results on which to judge other methods with better scaling.

Recently, our group has developed a new selected configuration plus perturbation

theory method known as heat-bath configuration interaction (HCI), and has shown

that it allows calculations of essentially the FCI energy at a tiny fraction of the

cost of traditional FCI and other selected CI methods [10]. HCI creates an in-

telligent truncation of the FCI wavefunction, including only the most important

determinants in the wavefunction. Some of the omitted determinants are included

perturbatively via semistochastic second order Epstein-Nesbet perturbation the-

ory (PT2) [11]. Though HCI is much more efficient than FCI and allows problems

previously thought to be intractable to be solved, it is still an exponentially scaling

algorithm, necessitating careful implementation and parallelization. Whereas FCI

can be used at most for Hilbert spaces of size 1011, HCI has been used for molecules

with a Hilbert space of 1030, and for the homogeneous electron gas with a Hilbert

space of 10120.

The very large number of determinants needed to achieve sufficient accuracy is

in large part due the fact that the electron-electron Coulomb interaction is diver-

gent and so there is a cusp in the wavefunction at electron-electron coincidences.

The rate of convergence can be dramatically speeded up by separating the Coulomb

interaction into a long-range and a short-range component and treating the short-
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range part with a density functional. Although this introduces an approximation,

the resulting energies are expected to be highly accurate because the density func-

tionals are much more accurate for short-range potentials than for the Coulomb

interaction. This approach provides the exciting possibility of extending HCI to

larger systems than is currently possible, but will not be discussed in this thesis

because this work is in its early infancy.

2.1.1 Brief Overview of Heat-bath Configuration Interac-

tion

The HCI algorithm has been described in recent publications [10, 11]; here, only

a brief overview is supplied. HCI is split into two stages: the variational part,

where a truncated wavefunction comprising only the most important determinants

is constructed iteratively, and the perturbative part where the most important

determinants omitted from the variational wavefunction are included via second-

order Epstein-Nesbet perturbation theory. Both parts of the algorithm work off

of a common observation: most of the exponentially large number of Hamiltonian

matrix elements come from double excitations, but the number of distinct matrix

elements is only N4
orb, where Norb is the number of orbitals.

We begin by presenting the criterion used in other selected configuration inter-

action methods for choosing determinants. They use the perturbative criterion [12]:∣∣c(1)a ∣∣ =

∣∣∣∣∑iHaici
E0 − Ea

∣∣∣∣ (2.2)

is sufficiently large. Here Hai are matrix elements connecting states |Di〉 within the

current variational space V , to states |Da〉 outside V , E0, is the current variational

energy and Ea = Haa.
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Instead, in HCI the simpler criterion,

max
i∈V
|Haici| > ε1. (2.3)

is used, where, ε1 is a user-defined parameter that controls the size of the final

variational space [13]. This criterion is much faster because the sum in the nu-

merator of Eq. 2.2 and the diagonal matrix element in the denominator are not

needed. More importantly, one can use the observation that then the number of

distinct double excitation matrix elements is only N4
orb to avoid ever looking at any

of the connections that do not meet the HCI selection criterion. This is done as

follows. At the very beginning of the calculation, for each pair of orbitals an “HCI

array” is constructed that contains the indices of all pairs of orbitals that electrons

in the first pair of orbitals can excite to, and the magnitude of the corresponding

2-electron integral. This array is sorted in order of decreasing magnitude of the

integral. Then, when generating important determinants that are connected to

determinant i, all that is necessary is to go down the HCI arrays for every pair

of electrons until |Haici| < ε1 for the variational stage, or, |Haici| < ε2 for the

perturbative stage, at which point one can exit the loop without ever looking at

the the vast majority of the determinants that don’t meet the criterion in Eq. 2.3.

One may be concerned that the choice of determinants chosen using the cri-

terion in Eq. 2.3 is much further from optimal than that using the criterion in

Eq. 2.2. This is in fact not the case because both the matrix elements Hai and

the wavefunction coefficients ci vary by several orders of magnitude, so the sum

in Eq. 2.2 is dominated by just a few terms, and the denominator in Eq. 2.2 is

never small after one has included a sufficiently large number of determinants in

the wavefunction.
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Variational Stage

During any variational iteration, the wavefunction can be written as a sum over the

current set of determinants, V , ψ =
∑V

i ci|Di〉. From this set, new determinants

which satisfy the criterion

maxi∈V |Haici| > ε1, (2.4)

are added to V . Here, Hai is the matrix element connecting the determinant |Di〉,

which is in the current variational space, V , to the determinant |Da〉, which is a

candidate determinant to be added not in V . ε1 is the cutoff which controls the

truncation error. If ε1 = 0, the FCI wavefunction is recovered. The variational

stage continues until the wavefunction has converged for a given ε1; the convergence

criterion we choose is either based off number of determinants (less than 0.001%

new determinants were added in the last iteration) or the energy (the change in

energy is less than a nanoHartree).

To begin the variational iterations, a starting determinant must be chosen.

Oftentimes, this is the Hartree Fock ground state, though it does not have to

be. Excited states of different symmetry groups than the Hartree Fock ground

state can be calculated simply by starting in a state with that symmetry [14].

Then all determinants connected to this determinant and satisfying the HCI cutoff

criterion, Eq. 2.4, are added to V . The Hamiltonian for V is then constructed and

diagonalized, giving an updated variational energy and ci values for the current

set of determinants. The following iterations are the same: generate connections,

construct the Hamiltonian, and diagonalize, and this continues until convergence.

Important implementation details will be discussed later in the thesis.
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Perturbative Stage

After converging the variational wavefunction, |ψ0〉, an approximate second-order

multireference Epstein-Nesbet perturbation theory is then applied to get the per-

turbative correction to the energy. The approximate second-order energy correc-

tion can be written as [11]

∆E2 ≈
∑
a

(
∑(ε2)

i Haici)
2

E0 − Ea
, (2.5)

where a represents a determinant outside of the variational space connected to at

least one determinant in the variational space, Ea = Haa,
∑(ε2)

i is a sum over only

terms greater than ε2 (ε2 < ε1), and E0 is the variational energy from the varia-

tional wavefunction, |ψ0〉. Similar to the variational stage, the approximate energy

correction includes a sum over only terms larger than a cutoff, greatly accelerating

the algorithm by ignoring terms which barely contribute to the final correction.

Even with this truncation, one runs into a memory bottleneck because the sum

over a involves a very large number of connected determinants and in order to have

a fast algorithm one must store the partial sums for each a and square it at the

end after all the contributions have been added in. Instead, a stochastic approach

that samples the variational determinants is used to overcome the memory bot-

tleneck. Doing this without introducing a bias is not completely straightforward

because the average of squared quantities is not the square of the average. The

unbiased stochastic method for doing this is described in [11]. A semistochastic

approach [11] provides a further improvement in efficiency. An initial deterministic

perturbative correction ∆ED
2 [εd2] is calculated using the smallest value of ε2 that

fits in memory, which we denote εd2. Then, the stochastic calculation is used to

evaluate the bias in the deterministic calculation (due to using an insufficiently

small εd2) by calculating the two stochastic energies ∆E2(ε2) and ∆E2(ε
d
2) with
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ε2 < εd2. The total second-order energy is given by the expression

∆E2 = (∆E2(ε2)−∆E2(ε
d
2)) + ∆ED

2 (εd2). (2.6)

Since ∆E2(ε2) and ∆E2(ε
d
2) are calculated using the same set of samples, there

is considerable cancellation of stochastic error. Furthermore, because these two

energies are calculated simultaneously, the incremental cost of performing this

calculation, compared to a fully-stochastic summation, is very small. Full details

can be found in [11].

2.2 Implementation and Parallelization Details

Even though HCI greatly reduces the cost of obtaining FCI-quality energies, it is

still an exponential algorithm. As such, a careful implementation, including paral-

lelization with high parallel efficiency, is important to do calculations on interesting

systems. The total number of determinants needed for an interesting system can

easily exceed hundreds of millions, and we would potentially like to push to billions

of determinants. The basic parallelization strategy involves assigning each deter-

minant to a specific core, via a hash function. Each core applies the various steps

of the algorithm to its local set of determinants. This gives a roughly balanced

domain decomposition, as long as the hash function is balanced. It is difficult

to obtain a perfect balance because even if the distribution of determinants over

cores is perfectly balanced, the distribution of the connections of those determi-

nants need not be. Here, we give an overview of the important implementation

and parallelization details.
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2.2.1 Variational Stage

The variational stage can be broken up into three distinct sections: generating

connections (which become new determinants), generating the Hamiltonian, and

diagonalizing the Hamiltonian. Generating connections takes far less time than

generating or diagonalizing the Hamiltonian.

Generating Connections

Using the HCI criterion of Eq. 2.4 along with the sorted double excitations, each

core loops through its local set of reference determinants, generating all connec-

tions greater than the cutoff, ε1. After generating all important connections, each

core sorts the list of generated connections, removes duplicates, and then sends the

connections to their owners, utilizing the hash function. After receiving the list of

remotely generated connections, each core removes duplicates received from differ-

ent cores, followed by removing connections which were part of its initial reference

determinants, leaving each core with a list of all unique connections (spawned by

all cores) which belong to it. These lists are then communicated to all other cores,

and one core per node stores the global list of variational determinants in shared

memory, assigning a unique global index to each determinant in an interleaved

fashion. Here, interleaved means that the local lists are combined by putting the

first of each list, followed by the second of each list, and so on. For example, if

there were three local lists (from cores a, b, and c), each with three determinants

(numbered 1, 2, and 3), the resulting list would be [1a, 1b, 1c, 2a, 2b, 2c, 3a, 3b, 3c].

The interleaved structure is important for the generation of the Hamiltonian and

its diagonalization, as will be described. Each core saves its list of global indices

representing its local determinants. This step has a high degree of parallelism, as
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each core can independently generate connections. There is communication of the

local lists required, but it is a relatively small cost compared to the generation of

the connections.

Generating the Hamiltonian

Once the new determinants are generated, the Hamiltonian must be calculated.

Making use of the Hermiticity of the matrix, only the upper triangle of the Hamil-

tonian is stored, and it is stored in compressed sparse row format, saving a large

amount of memory. Each core is responsible for calculating and storing the rows

of the matrix corresponding to the determinants that it owns. This involves cal-

culating matrix elements between local determinants and, potentially, all other

determinants; this involves zero communication, as the list of global, unique deter-

minants is stored after all connections have been generated. The memory required

to store this global list is small compared to the memory needed to store the Hamil-

tonian, and it is only stored once per node. The Hamiltonian matrix elements are

stored in memory once calculated; later variational stage iterations only calculate

new matrix elements. The matrix elements between most of the determinants is

zero, leading to a very sparse matrix. A naive algorithm for generating the matrix

elements for a given determinant would involve looping over all other determinants,

calculating the matrix element, and storing it, if it is nonzero. We know, due to

the structure of the quantum chemistry Hamiltonian, that only determinants which

differ by zero, one, or two excitations will have nonzero matrix elements. Utiliz-

ing this, one can devise more efficient algorithms that utilize “helper” arrays to

skip the obviously zero elements, i.e., they avoid doing a bit string comparison to

see if the determinants differ more than two excitations. Our algorithm for doing

this has recently been superceded by one from Sandeep Sharma in Colorado and
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Junhao Li in our group. The new algorithm is described in Appendix A.1.

The reason that the interleaved structure defined above is important for achiev-

ing good parallelism is that only the upper triangle of the Hamiltonian is stored.

Each row has a different number of elements; that number decreases as the index of

the row increases. For instance, in a dense N ×N matrix the first row would have

N elements and the last would have only 1. By interleaving the local rows in the

global numbering, a good load balance is achieved. Generating the Hamiltonian

requires no communication; the only bottleneck to achieving high parallelism is

load balancing, which is controlled by the interleaving and hash function.

Diagonalization

Once the Hamiltonian matrix has been constructed, the next step is to diagonalize

the matrix to find the desired eigenvectors and eigenvalues (collectively, eigenpairs).

Only the eigenpairs corresponding to the lowest few (often just one) eigenvalue are

needed, so iterative solvers can be used to greatly speed up the process. As in

many quantum chemistry codes, we utilize the Davidson algorithm with diagonal

preconditioning to compute the eigenpairs [15]. Davidson uses fewer iterations

than other eigensolvers, such as Lanczos, but suffers from not having as high a

degree of parallelism. The most work intensive part of Davidson is the matrix-

vector multiply, which is done in parallel. Each core calculates its local part of the

resulting vector, which is then transfered to other cores. Norms of the vectors are

taken in parallel; the other parts of the Davidson algorithm (such as diagonalizing

the small Krylov matrix) are done on a single core. Diagonalization takes a large

percentage of the total time for the variational stage, and it gets worse as more cores

are used (since it is not as parallel as generating the Hamiltonian). One way to
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alleviate the cost of diagonalization is to not fully converge the Davidson algorithm

at each HCI iteration. At the end of the variational stage, a final diagonalization is

performed until convergence. This greatly reduces the cost of the diagonalization

(by up to a factor of 4) and does not affect the final answer noticeably.

2.2.2 Perturbative Stage

The perturbative stage of the code is broken up into two sections, deterministic

and stochastic. The size of the deterministic part is chosen by the available mem-

ory on the system; the stochastic part calculates the contributions that could not

be stored in memory to obtain a final unbiased energy. The stochastic part allows

us to get answers on any system, even if the memory is quite limited. The deter-

ministic section’s parallelization strategy is very similar to the variational stage;

each core loops through its own variational determinants (the same set as in the

variational stage) and hashes the generated connections (along with the numerator

and denominator values from Eq. 2.5) to their true owner, where the values are

summed appropriately. In contrast to the variational section, where the generated

connections are only communicated after every core has generated all connections,

the communication of the connections and their contributions to the energy are

communicated a few times while each core goes through its local list. After each

communication, each core sorts and merges its local list and the contributions to

the energy in order reduce the memory requirement. This is done only as often as

needed, else the parallel efficiency will suffer.

During the stochastic part, each core calculates the connections and energy

contributions for a subset of a global sample of the variational determinants in

Eq. 2.5. The global sample size is chosen such that all available memory is used

18



and is smaller (usually by a large factor) than the toal number of variational deter-

minants. Using a global sample increases the amount of necessary communication

in the algorithm, but greatly reduces the statistical error of each sample (which is

not generally true of generic sampling algorithms). Instead of having ncores sample

of a given size, it is much more efficient to have one sample that is a factor of ncores

larger, even after taking into account the additional communication cost.

2.2.3 Performance Results

Figure 2.1a shows the parallel performance of the variational stage of our code for

multiple determinant counts on a modest number of cores. All runs were done

on an Intel Broadwell machine with 36 cores and 128GB of RAM per node, on

Cr2 with 12 correlated electrons and 68 basis functions. As long as there is a

sufficient amount of work, doubling the number of cores decreases the runtime of

the variational stage by 1.7. The ’strong scale limit’ for the code is somewhere

around 50000 determinants per core; for all three determinant counts, the scaling

drops off around this mark. Note that the 23.2M run could not be run on a single

node, due to memory constraints. For this line, the initial point assumes scaling of

1.7 for each of the first three points. For the systems we are interested in targeting

(hundreds of millions to one billion determinants), this means we can run on 2000

and 20000 cores and still have good parallel efficiency.

Figure 2.1b shows the scaling of the efficiency of the perturbative stage, cal-

culated as 1/(ε2t), where ε is the stochastic error and t is the total run time of

the perturbative stage (including both stochastic and deterministic parts). (The

statistical error decreases as N
−1
2
s as Ns, the number of samples, is increased.)

The shaded area of the graph represents on-node parallelism; that is, increasing
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(a) Variational stage parallel efficiency.

(b) Perturbative stage parallel efficiency.

Figure 2.1: HCI parallel efficiency. The variational stage sees a gain of roughly
1.7× when doubling the number of cores. The perturbative stage benefits from
both core count and increased memory; increasing the number of nodes increases
the memory and leads to superlinear scaling.
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the number of cores on one node. This only increases computational power, but

does not increase available memory. In this region, the scaling is not consistent;

memory contention among the cores is likely to blame, though more investigation

is warranted. When additional nodes are added, the available memory increases.

This increases the size of the deterministic space and the size of the stochastic

sample, leading to a superlinear speedup. The superlinear speedup continues until

the whole space is calculated completely deterministically; after that, the speedup

would be sublinear, with the communication of the generated connections being

the main bottleneck. For large systems, the number of connected determinants

is sufficiently large that the perturbative correction cannot be computed with the

purely deterministic algorithm. Then the stochastic part of the algorithm is nec-

essary and superlinear scaling provides an efficient use of parallel resources.

2.3 Applications

2.3.1 Benchmarking Other Methods

As an exponentially scaling algorithm, HCI will eventually run out of steam for

large, interesting physical systems, such as solids. It can still be useful for these

systems by providing a benchmark to measure the error of other, cheaper methods,

and in some cases give confidence that using the approximations made in the other

methods sufficiently accurate. We applied HCI to a simple four-atom unit cell of

silicon with periodic boundary conditions, comprised of 16 valence electrons in 52

basis functions. After obtaining the essentially exact answers within this basis

from HCI, We then compared the results to other quantum chemistry methods,
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Figure 2.2: Benchmarking quantum chemistry methods using HCI. The HCI curve
represents the essentially exact answer; CCSD has a nearly constant error for the
different volumes, whereas MP2’s error varies for the different systems.

including second order Moller-Plesset perturbation theory (MP2) and CCSD. The

results are plotted in figure 2.2. The HCI results can be considered essentially

exact; CCSD and MP2 are approximate. MP2 greatly underestimates the energy

(over 100 milliHartree in some places), and the error is different for the different

volumes studied. CCSD has a nearly constant error of 20 milliHartree across the

different volumes. Though the absolute energies are wrong, the relative energies

for the different geometries are good. It is important to understand how the faster,

more approximate methods behave so that they can be applied with confidence.

In this case, we can claim that CCSD would do well for relative energies, but not

for absolute energies. MP2, however, would be poor for both absolute and relative

energies. CCSD, with its polynomial scaling could certainly do much larger systems

than HCI could. Benchmarking with HCI for these smaller systems gives a good
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understanding of the range of applicability and the limits of the better scaling

methods.

2.3.2 Chromium Dimer

A prototypical example of a small but computationally challenging molecule is the

chromium dimer, whose ground-state potential energy curve is a great challenge

to compute with state-of-the-art quantum chemistry methods. Its formal sextuple

bond with weak binding energy, short equilibrium length, and an unusual extended

“shoulder” region as it is dissociated contribute to the difficulty. It is highly multi-

configurational, owing to its sextuple bond, with many configurations required to

correctly dissociate the molecule into two high-spin atoms. It exhibits differential

electron correlation effects, scalar relativistic effects, and the importance of semi-

core valence electron correlation [16]. Due to its complex electronic structure, the

chromium dimer has long been the quintessential proving ground for many-body

algorithms in quantum chemistry [16–26].

Both static and dynamic correlation are required for an accurate theoretical

treatment. Algorithms that address only one of the two, such as Complete Ac-

tive Space Self-Consistent Field (CASSCF) with 12 electrons in 12 orbitals, and

coupled-cluster theory, which only addresses the dynamical correlation, fail to cor-

rectly describe the experimental potential energy curve [27]. The experimental

potential energy curve itself has an uncertainty of about 0.1 eV.

To date, two of the most accurate algorithms for treating the chromium dimer

have been Auxiliary Field Quantum Monte Carlo (AFQMC) [25], and a Den-

sity Matrix Renormalization Group Self-Consistent CAS reference (12 electrons
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in 22 orbitals) combined with N-electron Valence Perturbation Theory (DMRG-

SC-NEVPT2) [26], to put in the dynamical correlation coming not only from the

high-lying orbitals but also that from the semi-core states. However, both of these

methods have serious drawbacks. In the case of AFQMC, the error bars are large

and there is a phaseless approximation. The shoulder region of the resulting po-

tential energy curve is qualitatively too deep, when comparing to the experimental

values. With DMRG-SC-NEVPT2, the results depend sensitively on the choice

of the CAS space and the precise form of the second-order perturbation theory.

Reasonable agreement with the experimental potential energy curve is obtained

using the above mentioned carefully chosen active space and perturbation theory

after extrapolating to the Complete Basis Set (CBS) limit.

We performed calculations at various points along the Cr2 potential energy

surface using HCI. Scalar relativistic effects were included using the second-order

Douglas-Kroll-Hess Hamiltonian. We used Dunning’s double zeta basis sets [28]

modified to be appropriate for Douglas-Kroll-Hess calculations, cc-pVDZ-DK.

Calculations with frozen argon cores (12 valence electrons) and with frozen

neon cores (28 valence electrons) were performed. As a starting point for both

calculations, a CASSCF(12e, 12o) calculation was performed, and the resulting

core orbitals were frozen (either Ar cores or Ne cores). After freezing the cores,

natural orbitals were obtained using a short HCI run. The one- and two-body

integrals were then transformed to this natural orbital basis in order to accelerate

convergence of the subsequent HCI calculations to the Full CI limit. All electron

integrals were computed using the Molpro quantum chemistry package [29].

Extrapolation to the Full CI limit was performed by fitting a quadratic function

of ∆E2 to the HCI total energy calculations and extrapolating to ∆E2 = 0.
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Figure 2.3: HCI calculations and experimental results for Cr2 in the cc-pVDZ-
DK basis set, correlating 12 electrons. Ebind represents the binding energy. The
HCI curve is qualitatively very far off from the DMRG-NEVPT2 and experimen-
tal curves. The two experimental curves differ by about 0.1 eV, reflecting the
uncertainty in the experimental dissociation energy.

Frozen Ar core

The Argon-core calculations (12e, 68o) are shown in Fig. 2.3. Although this yields

a bound molecule, the binding curve is qualitatively very far from the experimental

curve and the DMRG-NEVPT2 curve of [26]. Despite Cr2’s formal sextuple bond,

six electron pairs are not enough to qualitatively characterize the bond in our

theoretical calculations, as shown in figure 2.3. Even with more complete basis

sets, the curve is still qualitatively wrong; previous calculations at the equilibrium

geometry are nowhere near the energies of DMRG-NEVPT2 or experiment [10].
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Frozen Ne core

The Neon-core calculations (28e, 76o) are shown in Fig. 2.4. Now, with the inclu-

sion of the semi-core excitations, the binding curve looks qualitatively correct, with

a well of nearly the correct depth at nearly the correct geometry, and a “shoulder”

structure, as found experimentally. The difference between the frozen Ar core and

the frozen Ne core is striking; the former looks nothing like the experimental curve,

while the latter is qualitatively correct. Both of these calculations are in the same

basis, differing only by the inclusion of the semi-core excitations. There is some er-

ror in our computed curve coming from the extrapolation to ε1 → 0. Improvements

to our algorithm that are currently under way, will allow us to make this error yet

smaller. The main reasons for the remaining difference between our curve and

experiment are probably basis set incompleteness error and experimental uncer-

tainty. Other contributing factors are higher-order relativistic effects beyond those

treated perturbatively by the second-order Doughas-Kroll-Hess Hamiltonian, and

the correlation effects of the remaining core electrons, but all of these are likely

small. Even with the remaining differences, our calculations will provide essen-

tially exact results for the frozen Ne core, cc-pVDZ-DK basis set energies and can

be used to estimate the error in other state-of-the-art methods.

2.4 Conclusion

Heat bath configuration interaction represents a pathway to nearly exact answers

of small, interesting systems where other, cheaper methods fail, as well as a way

to understand the errors inherent in the other methods. It can still require a

large amount of computational power to obtain converged results, though orders
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Figure 2.4: HCI calculations and experimental results for Cr2 in the cc-pVDZ-
DK basis set, correlating 28 electrons. Ebind represents the binding energy. The
HCI curve agrees qualitatively very well with the DMRG-NEVPT2 and experi-
mental curves. The two experimental curves differ by about 0.1 eV, reflecting the
uncertainty in the experimental dissociation energy.

of magnitude less than other competing methods. It seems likely that the method

can be extended to somewhat larger systems at the price of introducing a small

error. One promising approach for doing this is to combine it with a short-range

density functional approach, which is expected to be far more accurate than than

the usual Kohn-Sham density functional theory.
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CHAPTER 3

ENTANGLEMENT OF TWO, THREE, OR FOUR

PLASMONICALLY COUPLED QUANTUM DOTS

Reprinted with permission from M. Otten, R. A. Shah, N. F. Sherer, M. Min, M. Pelton,
and S. K. Gray. Entanglement of two, three, or four plasmonically coupled quantum dots. Phys.
Rev. B, vol. 92, p. 125432, 2015 [30]. Copyright 2015 by the American Physical Society.
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3.1 Introduction

Plasmonic nanostructures provide the potential for extremely strong light-matter

interactions because of their ability to concentrate optical fields to nanometer-

scale dimensions [31]. Such strong interactions could enable the manipulation of

quantum states in materials that interact with the confined fields [32–34]. However,

plasmon resonances are necessarily associated with strong dissipation, raising the

question of whether quantum effects are compatible with such rapid loss of energy

and coherence.

On the other hand, it has been realized that controlled interactions between

quantum objects and a dissipative environment can lead to the production of sta-

ble entangled states [35–37]. Several theoretical studies applied this concept of

dissipation-induced entanglement to problems of QDs interacting with plasmonic

systems [38–43]. These studies show that effective interactions between pairs of

two-level quantum dots (QDs), mediated by dissipative plasmon resonances in

metal nanoparticles or waveguides [44], can produce entanglement between QDs,

analogous to previous proposals to entangle interacting atoms through common

coupling to a lossy cavity [45]. The QDs’ entanglement arises spontaneously due to

common coupling to the plasmonic nanostructures, without requiring postselective

measurements or “engineering” of the dissipative environment. Since entanglement

is a uniquely quantum property that is at the heart of quantum information and

computation, this illustrates in principle the potential for true “quantum plasmon-

ics” [46]. Such QD-plasmonic systems are also of relevance because they represent

nanoscale structures that do not require atom traps or cryogenic temperatures to

operate and can be integrated with other nanophotonic components.

Despite their potential for displaying quantum plasmonics effects, previous pre-

29



dictions of plasmon-induced entanglement in QDs have been limited to systems of

only two QDs, and one of the QDs was required to be initially prepared in its

excited state. For systems of two QDs, this can, in principle, be done using single-

photon pulses [47], but scaling these schemes up to larger numbers of QDs would

require the ability to individually access and control the state of each QD.

In this paper, we propose a system where control over the interaction between

objects to be entangled (QDs) and the dissipative environment (plasmonic system)

is determined by the nanoscale geometry of the system, and the only external input

required is a single, ultrafast laser pulse. Moreover, we show that the method can

be scaled to multiple QDs, and thus has the potential to serve as a key resource

for quantum information processing at the nanoscale [48,49].

3.2 Theoretical Methods

Our treatment, detailed in the Supporting Materials, Appendix B, generalizes

work on one QD interacting with a plasmonic system [50]. The underlying system

basis states are |qND
, ..., q1〉 |s〉, where qi ∈ { 0, 1 } indexes the exciton in QD i; i

ranges from 1 to ND (the number of QDs) and s indexes plasmon energy levels.

Lowering and raising operator pairs for the QDs and plasmon are (σ̂i, σ̂
†
i ), and

(b̂, b̂†), respectively. The dipole operators are µ̂i = di(σ̂i + σ̂†i ), and µ̂s = ds(b̂ +

b̂†), where di, and ds denote transition dipole moments of the QDs and plasmon,

respectively. The density matrix, ρ̂(t), satisfies:

dρ̂

dt
= − i

h̄
[Ĥ, ρ̂] + L(ρ̂), (3.1)
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in which Ĥ is the Hamiltonian for the driven coupled system and L(ρ̂) is a Lindblad

superoperator providing dephasing and dissipation. More explicitly,

Ĥ =
∑
i

Ĥi + Ĥs + Ĥd +
∑
i

Ĥs,i, (3.2)

where Ĥi = h̄ωiσ̂
†
i σ̂i are uncoupled exciton Hamiltonian operators, Ĥs = h̄ωsb̂

†b̂ is

the uncoupled plasmon Hamiltonian, and Ĥd = −E(t)µ̂ is coupling to an applied

electric field, E(t). Each QD couples with the plasmon via Ĥs,i = −h̄gi(σ̂†i b̂+ σ̂ib̂
†).

We assume that the distance between QDs is large compared to the separation

between QDs and neighboring metal nanoparticles, so that direct through-space

coupling among QDs can be neglected. We neglect retardation, which means that

our treatment is limited to systems with dimensions small compared to the optical

wavelengths. The Supporting Materials discuss the level structure of Ĥ − Ĥd,

which provides additional insight into the nature of the problem.

We employ an extension of L(ρ̂) that was previously used [50], parameterized

by QD population (or spontaneous emission) and environmental dephasing decay

constants, γpi and γdi, and plasmon decay constant γs. We consider time scales

on the order of the inverse of these decay rates, so that there are no correlated

fluctuations in the QD states, and the use of the Lindblad formalism is justified.

Although environmental dephasing is explicitly included for the QDs, it is not

necessary to do so for the plasmon because the dephasing that arises from its

decay, and that is encoded in the corresponding term in L(ρ̂), is much larger in

magnitude. As in Ref. [50], the rotating wave approximation is applied. We use

an efficient solver, based on sparse matrix-matrix multiplication algorithms along

with both Runge-Kutta and exponential time integration schemes [51,52].

The base parameter choices for the model outlined above are similar to those

originally used in a single plasmonic-QD system study [50] and correspond to a
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gold nanoparticle system interacting with QDs in a polymer matrix. Specifically,

for all i, h̄ωi = h̄ωs = 2.05 eV; µi = 13 D, µs = 4000 D; h̄γpi = 190 neV, h̄γdi = 2

meV, h̄γs = 0.15 eV. We assume the system is embedded in a dielectric medium

of εmed = 2.25, typical of a polymer.

Electrodynamic simulations give a realistic estimate for the plasmon-QD cou-

pling factor of h̄gi ≈ 10 meV for a system of two ellipsoidal gold nanoparticles,

each of length 30 nm and width 20 nm, and with a 6 nm gap between them and a

QD centered in the gap [50]. Larger coupling factors could be obtained for silver

nanoparticles as compared to gold [53], for particles with larger aspect ratios or

different shapes, or for smaller gaps. While such systems will exhibit different res-

onance frequency, linewidth, and dipole moments of the plasmon resonances, we

keep those and all other parameters constant in the present calculations in order

to isolate the effect of changing only the coupling constants. Calculations have

been performed for coupling constants h̄gi from 5 meV to 45 meV.

3.3 Results

3.3.1 Entanglement in the dark

We begin by exploring a situation similar in spirit to that reported in Refs. [38,40]:

one of the quantum dots (labeled “QD1”) is initially in its excited state, all others

are initially in their ground states, and there is no applied electromagnetic field.

Unlike the previous results, however, we also consider systems with more than two

QDs coupled to the plasmonic system. We quantify the degree of entanglement as

a function of time using Wootters’ concurrence [54] (see also Supporting Materials,
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Appendix B). Results are presented in Figs. 3.1(b)−(d). For the two-QD case, as

previously reported [38–40], the concurrence reaches a value of 0.45 as the system

evolves. The emergence of entanglement can be understood by considering the

symmetric and antisymmetric QD states,

|S〉 =
1√
2

(|q2 = 1, q1 = 0〉+ |q2 = 0, q1 = 1〉) (3.3)

and

|A〉 =
1√
2

(|q2 = 1, q1 = 0〉 − |q2 = 0, q1 = 1〉) , (3.4)

and their associated expectation values, or populations, PS(t) and PA(t), also

displayed as a function of time in Fig. 1(b). The initial state, with only QD1

excited, corresponds to PS = PA = 0.5. The symmetric state, analogous to a bright

singlet state, decays more rapidly than the antisymmetric state [39], analogous to a

dark triplet state. After a certain time, the population of the antisymmetric state

is much larger than the population of the symmetric state, and the entanglement

reaches a maximum. The results shown in Fig. 1 correspond to h̄gi = 30 meV.

However, we find that entanglement, with a maximum concurrence of 0.2, can

occur even for h̄gi = 10 meV (Supporting Materials). In practice the QDs may

not have exactly the same energy, which could diminish the entanglement effects.

However, the Supporting Materials also show that, for QDs with transition energies

varying within the 2 meV dephasing width, the entanglement effects remain.

In the cases of three and four QDs, bipartite concurrence can occur between

QDs that are not initially excited, i.e., the concurrence between QD2 and QD3,

denoted 2:3, in the three-QD case (Fig. 3.1(c)) and the 4:3, 4:2, 3:2 concurrences

of the four-QD case (Fig. 3.1(d)). Both the three-QD and four-QD cases show

degeneracies in the bipartite concurrence, as the system is completely symmetric
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except for the one initially excited QD. All bipartite concurrences that include

the initially excited QD (QD1) have a much larger peak than do the bipartite

concurrences that exclude the initially excited QD.

Figure 3.1: (a) Diagram of a plasmonic-two-QD system composed of three metal
nanoparticles (the plasmonic system, labeled ‘SP’) with QDs (labeled ‘QD1’ and
‘QD2’) in the interparticle gaps. Bipartite concurrence of two (b), three (c), and
four (d) QD systems where one of the QDs (QD1) is initially excited, with h̄gi =
30 meV in all cases. i:j refers to the concurrence between QDi and QDj. Part (b)
also shows the population of the symmetric state |S〉, PS, and of the antisymmetric
state |A〉, PA.

3.3.2 Entanglement with optical pulses

So far, we have imagined that exactly one of the QDs could somehow be initially

prepared in its excited state, and allowed the system to evolve from that initial

state in order to generate entanglement. A more experimentally relevant situa-

tion would involve the entire plasmon-QD system starting in its ground state and
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Figure 3.2: Maximum concurrence when a plasmon-two-QD system initially in its
ground state is exposed to a 20-fs laser pulse. (a) Concurrence as a function of
laser-pulse fluence and plasmon-QD coupling coefficient for one of the QDs (g1 =
g2 + ∆g) relative to the other (h̄g2 = 30 meV). (b) Concurrence as a function
of time, for coupling coefficients h̄g1 = 15 meV (∆g = −15 meV) and h̄g2 = 30
meV, and laser-pulse fluence 81 nJ/cm2, that produce the largest concurrence.
The populations of QD1 and QD2 are also plotted.

being exposed to a short laser pulse. To simulate this situation, we take E(t) =

G(t)E0 cos(ω0t). The carrier frequency, ω0, is taken to be on resonance with the

QD transitions and the plasmon resonance: h̄ω0 = 2.05 eV. The pulse envelope

function, G(t) is taken to be a Gaussian function with full-width at half-maximum

of 20 fs, and E0 is adjusted to achieve the desired fluence. Figure 3.2(a) displays

the maximum concurrence that results in this case, as a function of pulse fluence

(i.e., time integral of
√
εmedcε0E

2(t)) and plasmon-QD coupling constant for one
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of the QDs (g1 = g2 + ∆g) relative to the other (h̄g1 = 30 meV). Significant pa-

rameter regions exist where the concurrence is comparable to that obtained in the

dark case of Fig. 3.1. We should note that laser fluences up to 1000 nJ/cm2 are

both experimentally accessible and reasonable in the sense that they should not

lead to sample degradation.

High concurrence occurs only when there is an asymmetry in the couplings of

the QDs to the plasmonic system. This asymmetry could be achieved in practice

by fabricating a system where the two QDs are at different distances from the

metal nanoparticles. The asymmetry can allow one QD to be significantly more

excited than the other QD by the end of the laser pulse. As a result the laser pulse

then creates a QD state similar to the |q2 = 0, q1 = 1〉 state that was the starting

point of the dark case that, as we have seen, led to a rise in concurrence. The

largest concurrence for the pulsed two-QD system, ≈ 0.35, is obtained for h̄g1 =

15 meV and h̄g2 = 30 meV. The dynamics of the concurrence and QD populations

for this case are shown in Fig. 3.2(b). One might expect that this combination

of coupling coefficients would lead to larger initial population for QD2, since it is

more strongly coupled to the plasmonic system. However, the population of QD2

spikes and decays rapidly as the incident laser pulse passes through the system,

while the population of QD1 rises and decays more slowly. The result is that there

is eventually larger population for QD1 than QD2. This somewhat counterintuitive

result, which appears to be quite general, is a consequence of the Purcell effect [50]:

while the QD with the larger coupling coefficient experiences a larger local field,

leading to a fast initial rise in its excited-state population, its emission rate is also

increased (to γpi + 4g2i /γs ≈ 4g2i /γs), leading to rapid depopulation. The QD with

the smaller coupling coefficient undergoes a delayed but more sustained partial

Rabi oscillation, leading to its larger initial population.
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Figure 3.3: Results for a plasmon-three-QD system with laser-pulse fluence of 500
nJ/cm2, and coupling coefficients h̄g1 = 30 meV and h̄g2 = h̄g3 = 35 meV. (a)
Excited-state populations for the three QDs. (b) Bipartite concurrences.

An extensive optimization such as the one we carried out for the plasmon-

two-QD system is computationally challenging for larger systems. We therefore

selectively examine portions of the parameter space in the three-QD case. Fig-

ure 3.3 depicts promising results. They are similar in spirit to the optimal two-QD

result, with only one QD having a coupling different from that of the other two:

h̄g1 = 30 meV, and h̄g2 = h̄g3 = 35 meV. Figure 3.3 depicts the time evolution of

the populations of the three QDs and of the bipartite concurrences. Having one

QD less strongly coupled to the plasmonic system than the others allows the popu-

lations to grow and decay at different rates, so that an initial state is created with
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Figure 3.4: Concurrences for a plasmon-three-QD system with a repeating 500
nJ/cm2 pulse. Coupling coefficients are h̄g1 = 30 meV, h̄g2 = h̄g3 = 35 meV. The
dotted vertical lines represent the times associated with the maxima of the pulses.

larger population in the excited state of QD1 than of QD2 or QD3. Oscillations

are seen in the population of QD1 over the duration of the laser pulse, and rapid

decay of the populations of QD2 and QD3 are seen due to their larger Purcell

factors. Significant but smaller concurrences are found in other pulsed two-QD

and three-QD systems with much smaller coupling constants, gi, and somewhat

larger fluences (see Appendix B). Initial studies of analogous pulsed four-QD sys-

tems also indicate that such systems can be driven into entangled states, although

to a degree lesser, for comparable parameters, than the two-QD and three-QD

cases. In general, a more thorough investigation of the parameter space, vary-

ing other parameters such as the dephasing and decay rates, could lead to larger

concurrences.

In all cases, large concurrence is achieved for only a brief period after the laser

pulse has excited the system, before the population of the entangled state decays.
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However, entanglement can be restored to the system by applying a repeated series

of pulses, as shown for a plasmon-three-QD system in Figure 3.4. Each incoming

pulse initially destroys the entanglement and reduces concurrence to zero, because

both |A〉 and |S〉 are excited. However, |S〉 decays quickly, and concurrence rapidly

grows back to its peak value. For the concurrence between the pairs of inequivalent

QDs, this peak value is somewhat smaller than the maximum value reached for a

single pulse, but the peak concurrence between the two equivalent QDs is much

larger than the single-pulse case. Continuous-wave excitation of the system could

not induce a high degree of entanglement, as it would continually excite both the

|A〉 and |S〉 states; to be entangled, the population of |A〉 needs to be large while

the population of |S〉 is small.

Fabricating coupled plasmon-QD systems is a significant challenge. Our scheme

requires the ability to assemble metal nanoparticles and QDs with nanometer-

scale control over each interparticle separation. Nonetheless, rapid improvements

in nanofabrication [55] and chemically-driven nanoparticle assembly [56–59] may

make it feasible in the near future. DNA self-assembly methods have recently been

used, for example, to fabricate colloidal gold nanoparticles with numerous QDs sur-

rounding them [60], and strong plasmon-emitter coupling has been experimentally

demonstrated in other systems [61].

Once a system is fabricated, there is the challenge of demonstrating entangle-

ment. It has recently been proposed that nanoparticle plasmons could be entangled

by excitation with entangled photons, and the plasmonic entanglement read out

through the characteristics of the radiated far field [62]. It may be possible to use

a similar scheme in our case: plasmons would be entangled through their coupling

to entangled QDs, serving as a interface between the QD states and the radiated
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field.

3.4 Concluding Remarks

In summary, we propose a scheme involving exposure to a single or repeated optical

pulses, that makes it possible to create and maintain entanglement between all

pairs of QDs when two, three, or four closely spaced QDs are coupled to a common

plasmonic nanostructure. This contrasts with previous schemes based on plasmonic

waveguides, which can entangle spatially separated dots, but which are limited to

two QDs. Moreover, in our scheme, the entire system begins in its ground state

and is excited by a common laser pulse or series of pulses. Tuning the degree of

coupling between each QD and the plasmonic nanostructure enables generation of

an excited state that evolves spontaneously, driven by dissipation of the plasmons,

towards an entangled state. Entanglement is achieved without the need for the

QDs to be individually addressable, and without the need for controlled quantum

gates.

There are a number of considerations for achieving good concurrences. First,

in general, it appears that larger magnitude QD-plasmon couplings, gi are advan-

tageous; here, we have restricted consideration to coupling strengths that may be

achievable in practice. As noted above, engineering a system with one QD more

weakly coupled to the plasmon than the others can be effective, i.e. if that QD is

labeled “1” then g1 < g2, g3, etc. For the concurrences to be maintained for ap-

preciable lengths of time beyond the pulse, the dephasing rates should be small in

comparison to the Purcell decay rates, γdi < 4g2i /γs. Future work will involve more

extensive parameter searches to discover optimal conditions than those currently
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found for the cases with three and more QDs coupled to a plasmonic system, as

well as consideration of more sophisticated pulse shapes and sequences. Finally,

we should note that the present paper focused on achieving bipartite concurrences

among systems with two and more QDs. Future work will be devoted to exploration

of the possibility of generating maximally entangled multi-qubit states, including

what are termed GHZ and W states for three qubits [49,63].
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CHAPTER 4

ORIGINS AND OPTIMIZATION OF ENTANGLEMENT IN

PLASMONICALLY COUPLED QUANTUM DOTS

Reprinted with permission from M. Otten, J. Larson, M. Min, S. M. Wild, M. Pelton, and
S. K. Gray. Origins and optimization of entanglement in plasmonically coupled quantum dots.
Phys. Rev. A, vol. 94, no. 2, p. 022312, 2016 [64]. Copyright 2016 by the American Physical
Society.
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4.1 Introduction

Hybrid systems composed of plasmonic nanostructures and quantum emitters/ab-

sorbers (e.g., semiconductor quantum dots or other gain media) are currently of

much interest. This is due to the plasmonic element’s ability to interact strongly

with light, leading to subwavelength control and confinement, and the possibil-

ity of the quantum element introducing nonlinear optical (as well as more gen-

eral quantum) responses that may be enhanced by its proximity to the plasmonic

element. For example, theoretical predictions of certain Fano resonance phenom-

ena [50,65,66] in such systems exist, and experiments are approaching the ability to

measure such features [67] and have already demonstrated novel lasing action [68]

and quantum coherences [69]. The studies of such hybrid systems can also be

viewed as steps in the emerging field of “quantum plasmonics,” [46, 62, 70] which

aims to realize quantum-controlled devices relevant to quantum sensing, single-

photon sources, and nanoscale electronics.

Features relevant to quantum information, such as the entanglement among

the quantum dots (QDs), can also be achieved in hybrid plasmonic/QD systems.

This ability may seem surprising given the dissipative (or lossy) aspect of plas-

monic structures. However, interactions between quantum objects and a dissipa-

tive environment lead to the production of stable entangled states [35–37]. Several

pioneering theoretical studies have shown that dissipation-induced entanglement

is relevant to systems of QDs interacting with plasmonic nanostructures [38–44].

We previously explored methods for generating entanglement in QD-plasmon

systems, using both systems in which only one QD is initially prepared in its excited

state and the system evolves without external excitation and systems in which all

the QDs are initially in their ground states and the entire system is excited by an
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ultrafast laser pulse [30]. This latter work, as well as the present work, models the

QDs as two-level systems with occupation of the (electronically) excited state being

the relevant degree of freedom. (The QD parameters are chosen to be consistent

with CdSe nanocrystals as discussed in greater detail in earlier work on single

QD/plasmon interactions. [50, 53]) Reference [30] showed that either a single or

repeated optical pulse entangled the QDs and that the amount of entanglement can

be tuned by controlling the coupling of the QDs to the plasmonic nanostructure.

Furthermore, the whole system can be excited with a single pulse, without the

need to individually address each subsystem. That work and the present work

allow for asymmetric coupling of the QDs to the plasmonic system; for example,

one can imagine the QDs to be configured to be at different distances from the

plasmonic system or in some other way that can lead to asymmetry.

To allow dissipation-induced entanglement to be an effective candidate for

quantum information applications, one must thoroughly understand how the en-

tanglement is generated. Furthermore, constraining parameter sets in experimen-

tally viable regions of the parameter space and knowing the sets’ associated de-

grees of entanglement are important for engineering such systems within any larger

quantum information platform. In this paper, we seek to determine system features

that maximize the degree of entanglement between the QDs. To accomplish this

objective, we employ analysis based on solutions of limiting forms of the problem

and optimization based on numerical solutions to the complete cavity quantum

electrodynamics equations. We show that for any number of QDs, simple initial

conditions and parameter guidelines generate systems where all pairs of QDs share

some degree of entanglement.
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4.2 Theoretical Methods

We consider a cavity quantum electrodynamics (CQED) model of a system of N

quantum dots in proximity to a plasmonic system. The underlying system’s basis

states are

|qN , qN−1, . . . , q1; s〉 = |qN〉 |qN−1〉 . . . |q1〉 |s〉 , (4.1)

where qi ∈ { 0, 1 } represents the exciton of the ith QD and s ∈ { 0, 1, 2, . . . , Ns }

represents the plasmon energy levels. Using a simplified notation q = qN , . . . , q1,

we can write the density operator as

ρ̂(t) =
∑
qs

∑
q′s′

Cqs,q′s′(t) |q; s〉 〈q′; s′| . (4.2)

Then our governing equation describing the CQED model is defined as

dρ̂

dt
= − i

h̄
[Ĥ, ρ̂]− i

h̄
[Ĥd, ρ̂] + L(ρ̂), (4.3)

where Ĥ, Ĥd, and L are the operators for the Hamiltonian, the driving term,

and the Lindblad, respectively. The Hamiltonian Ĥ for the coupled dot-plasmon

system is

Ĥ =
∑
i

Ĥi + Ĥs +
∑
i

Ĥs,i. (4.4)

Defining the lowering and raising operator pairs for both the QDs and the plasmon,

(σ̂i, σ̂
†
i ) and (b̂, b̂†), in the usual manner as in [30,50], we have the isolated dot and

plasmon Hamiltonian terms

Ĥi = h̄ωiσ̂
†
i σ̂i and Ĥs = h̄ωsb̂

†b̂, (4.5)

respectively, and the dot-plasmon coupling terms

Ĥs,i = −h̄gi(σ̂†i b̂+ σ̂ib̂
†). (4.6)
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Equation (4.6) represents the simplest possible dot-plasmon coupling term corre-

sponding to a QD gaining (losing) a quantum of energy when the plasmon loses

(gains) a quantum of energy.

For the system exposed to a time-dependent electric field E(t), we have

Ĥd = −E(t)

[∑
i

di(σ̂i + σ̂†i ) + ds(b̂+ b̂†)

]
, (4.7)

where di and ds denote the transition dipole moments of the QDs and plasmon,

respectively.

We assume that the distance between the QDs is large compared with the sep-

aration between QDs and neighboring metal nanoparticles, so that direct through-

space coupling among the QDs can be neglected. We also neglect retardation;

hence, our treatment is limited to systems with physical dimensions that are small

compared with optical wavelengths.

The Lindblad superoperator L(ρ̂) in (4.3) describes the dephasing and dissi-

pation effects. We employ a previously developed [50] extension of L(ρ̂) that is

parameterized by the QD population decay γp, the QD dephasing rate γd, and the

plasmon decay constant γs. We consider time scales on the order of the inverse of

these rates, so that there are no correlated fluctuations in the QDs’ states and so

that the use of the Lindblad superoperator is justified. Although environmental

dephasing is explicitly included for the QDs, it is not necessary to do so for the

plasmon because the dephasing that arises from its decay (encoded in the corre-

sponding term in L(ρ̂)) is much larger in magnitude. As in Ref. [50], the rotating

wave approximation is applied.

We use Wootter’s concurrence [54] to measure the entanglement of the system.

An alternative representation of the density operator (4.2) is the density matrix ρ
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with its elements defined by

ρqs,q′s′ = 〈q; s| ρ̂ |q′; s′〉 . (4.8)

Let ρ′ be the reduced density matrix associated with one particular pair of QDs,

A and B, obtained by tracing the full density matrix ρ over the plasmon quan-

tum numbers s and the quantum numbers for all other QDs. The AB pairwise

concurrence is then given by

CA,B = max{0, λ1 − λ2 − λ3 − λ4}, (4.9)

where λi are the square roots of the eigenvalues of ρ′ρ̃′ with λi ≥ λi+1 (in descending

order). The matrix ρ̃′ corresponds to the spin-flipped density matrix [54]

ρ̃′ = (σy ⊗ σy)(ρ′)∗(σy ⊗ σy), (4.10)

where

(σy ⊗ σy) =



0 0 0 −1

0 0 1 0

0 1 0 0

−1 0 0 0


. (4.11)

4.2.1 Approximate Analysis

We define the “dark” evolution to be how a QD-plasmon system evolves given some

initial QD excitation with everything else in the system initially in the ground

state. In the limit of low total excitation energy one can develop an exact analyt-

ical solution for the problem of an arbitrary number of quantum dots interacting

with the plasmon if QD dephasing is neglected. This procedure is discussed in

Appendix C.1. We discuss some predictions from this analysis first for two QDs

and then briefly for larger numbers of QDs. Also of interest is the case of pulsed
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excitation, where the system is initially cold and then subjected to a laser pulse.

We follow the discussion of the dark evolution with analysis of this pulsed case

using simple Rabi flopping ideas.

In the case of two QDs coupled to a plasmon, we are concerned with determining

QD-plasmon coupling factors (g1 and g2) that maximize entanglement. For two

QDs in particular, it is convenient to consider the two entangled QD states

|S; s〉 =
1√
2

[
|q2 = 0〉 |q1 = 1〉+ |q2 = 1〉 |q1 = 0〉

]
|s〉 (4.12)

and

|A; s〉 =
1√
2

[
|q2 = 0〉 |q1 = 1〉 − |q2 = 1〉 |q1 = 0〉

]
|s〉 (4.13)

in our calculations instead of the direct product of primitive QD states as in (4.1).

For two QDs, Appendix C.1 discusses in detail a three-state Hamiltonian model

involving the basis states |q2 = 0, q1 = 0; s = 1〉, |S; s = 0〉, and |A; s = 0〉 that ne-

glects QD dephasing and spontaneous emission but allows for plasmon dissipation

by introducing an appropriate complex diagonal matrix element to the Hamilto-

nian matrix. The initial state of relevance to the dark limit calculations is one

with an excited QD1, an unexcited QD2, and a plasmon; this state is represented

by |0, 1; 0〉 = 1√
2
(|S; 0〉 + |A; 0〉). This initial state is interesting because although

it is a separable, unentangled state, it is a nonstationary state of the full system

that has been shown to evolve into a state with a possibly significant transient

degree of entanglement [30, 38, 39]. With no plasmon dissipation (γs = 0) and for

short times t, the probabilities of states |0, 0; 1〉, |S; 0〉, and |A; 0〉 are given by the

respective squares of a0(t), aS(t), and aA(t), where
a0(t)

aS(t)

aA(t)

 ≈


−ig1t
1√
2
− g1(g1+g2)t2

2
√
2

1√
2

+ g1(g2−g1)t2
2
√
2

 . (4.14)
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When γs > 0, the limit as t → ∞ is of interest because the system can then

reach a steady state in the populations. Appendix C.1 shows that for the initial

condition with one excited QD and the rest of the system unexcited,

aS(∞) =
1√

2(1 + x2)
x(1− x) (4.15)

and

aA(∞) =
1√

2(1 + x2)
(1− x), (4.16)

where x = g1−g2
g1+g2

. Remarkably, these results are valid for any positive value of γs

(although it must be remembered that no QD dephasing has been allowed). The

concurrence in this asymptotic limit is simply |aA(∞)|2 − |aS(∞)|2 and can be

readily maximized to yield the optimum ratio of coupling strengths: x = −2 +
√

3

or

g2
g1

=
√

3. (4.17)

Appendix C.1 also develops an exact procedure for constructing the correspond-

ing dark dynamics of N QDs interacting with a plasmon, without QD dephasing.

This system is then described by an effective (N + 1)× (N + 1) complex effective

Hamiltonian model. For the scenario of one QD initially excited, it can be used to

get an idea of how the entanglement results scale with increasing N .

We are also interested in the case when the system is initially unexcited and

an optical pulse is used to generate transient entanglement. Assuming the pulse

is relatively simple and resonant with the QDs’ transition frequencies, a simple

question to ask is what values of g1 and g2 will lead to the two-QD system being

close to the |0, 1; 0〉 state. We know from previous work [30, 38, 39] that such a

system will evolve into a state with some degree of entanglement. On resonance,

the QDs undergo Rabi oscillations as they are excited by the laser pulse. The time
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for QDi to undergo one Rabi oscillation (i.e., to go from the ground state to the

excited state and then back to the ground state) is 2π/ΩR(i), where

ΩR(i) =
µiE

loc
0 (i)

h̄
=

2giµsE0

h̄γs
, (4.18)

with Eloc
0 (i) being the amplitude of the sinusoidal electric field experienced locally

by QDi. The final term in (4.18) is obtained by using the expression for Eloc
0

derived in Appendix C.2, which relates this local electric field to the incident field

E0. (Other phenomena, such as the Purcell effect, are also occurring; the Rabi

formulae (4.18) discussed here should be construed as approximate indicators of

the dynamics.) In order to achieve a highly entangled state, one QD, say QD1,

must undergo m − 1
2

Rabi oscillations (with m = 1, 2, . . .) so that it is left in the

excited state. The time for this process to occur is 2π(m − 1
2
)/ΩR(1). The other

dot, QD2, must undergo n = 1, 2, . . . full oscillations so that it is left in its ground

state. The time for this process to occur is 2πn/ΩR(2). Equating these two Rabi

times leads to the simple result that

g2
g1

=
n

m− 1
2

. (4.19)

We see that the condition (4.19) on the couplings for achieving one QD excited

via pulsed excitation is not the same as the condition (4.17) on the couplings for

that excited state to evolve to an entangled state. Nonetheless, for m = n =

1, (4.19) predicts g2/g1 = 2, in approximate accord with (4.17) where g2/g1 ≈

1.73205. Although this restricts the parameter space for the pulsed case somewhat,

many parameters (especially those describing the pulse) can still be varied freely.
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4.2.2 Concurrence Optimization

To find the set of system parameters that maximize the sum of the pairwise con-

currences, we employ a numerical optimization framework that samples the pa-

rameter space in a uniformly random fashion, evaluating the concurrence at each

point. The parameters in question include the N QD-plasmon coupling coefficients

(gi, i = 1, 2, . . . , N), environmental aspects such as the QD dephasing and plasmon

decay constants (γd and γs, respectively), and applied laser pulse features such as

its fluence (F ) and duration (τ). (See Sec. 4.2.3 for definitions of the laser pulse

parameters.) Since the sum of the pairwise concurrences is a nonconvex function of

these parameters, several isolated local maxima are likely to exist. Our approach

follows that in Ref. [71], clustering evaluated points in the parameter space into

basins of attraction for different maxima. Clusters are formed by using the points’

function values (sum of pairwise concurrences) and their proximity to points with

better function values. Points that do not have a better point within a distance d

are considered the best points in their cluster. The distance d can be adjusted so

a reasonable number of clusters are identified. (One also can dynamically adjust

d as the parameter space is explored [71, 72].) Local optimization runs are then

started from the best point in each cluster.

The local optimization problem of maximizing the sum of pairwise concurrences

is solved by minimizing the figure of merit∑
i<j

(1− Ci,j)2 , (4.20)

where Ci,j depends on the system parameters being optimized over (see (4.9)).

This form is appropriate because the pairwise concurrences in (4.20) are bounded

above by 1. Depending on the context, Ci,j might be the maximum concurrence

achieved over time or a long-time asymptotic limit. When viewed as a function
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of the parameters, (4.20) defines a nonlinear least-squares problem. We solve this

problem with the Practical Optimization Using No Derivatives for sums of Squares

(POUNDerS) algorithm [73,74]. For a system with N QDs, POUNDerS iteratively

builds local quadratic surrogates of each of the
(
N
2

)
residual functions {1− Ci,j}

and combines this information in a master surrogate model. In each iteration of

the algorithm, this surrogate model is minimized within a trust-region framework

to generate candidate solutions.

4.2.3 Simulation Details

We consider the time evolution of the density operator in (4.3), with the choices

of the parameters corresponding to a gold nanoparticle system interacting with

QDs in a polymer matrix with a dielectric constant εmed = 2.25; these choices are

similar to those originally used in a single plasmonic-QD system study [50]. For

QDi, we choose h̄ωi = h̄ωs = 2.05 eV, assuming the QD and plasmon transition

energies are equal. We set the QD dipole moments to be di = 13 D and the

plasmon dipole moment to be ds = 4000 D. The QDs are assumed to have the

same spontaneous decay rate, h̄γp = 190 neV. In some of our calculations we

vary or consider several values for the QD dephasing rate, γd, and plasmon decay

rate, γs. Consistent with our earlier work, base values are h̄γd = 2 meV and

h̄γs = 100 meV. We utilize coupling factors, h̄gi, in the 0–30 meV range; and

unlike all the other QD parameters, we do allow QDs to have different coupling

constant values. Previous calculations show that a realistic approximation for

the plasmon-QD coupling is approximately 10 meV for a system such as the one

we study here [50]. Other systems, such as silver nanoparticles or particles with

different geometries, could exhibit larger coupling factors than does gold [53]. For
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calculations that include a laser pulse E(t), we assume it has the form (in the

nonrotating frame) E(t) = G(t)E0 cos(ω0t), where ω0 = ωs = ωi and G(t) is a

Gaussian envelope function such that the full width at half maximum of E2(t) is

τ . The pulse fluence is F =
∫ +∞
−∞ dt

√
εmedcε0E

2(t).

We formulate a density matrix equation from (4.3) using (4.8), and we solve the

density matrix equation consisting of a set of M2 ordinary differential equations

for the time-dependent complex amplitudes Cqs,q′s′(t), with M = 2NNs where N is

the number of QDs and Ns is the number of plasmon energy levels. We solve these

ODEs numerically using an efficient parallel solver that employs sparse matrix-

matrix multiplication algorithms with either a Runge-Kutta or exponential time

integration scheme [51,52].

4.3 Results

We now detail our quantum dynamics results corresponding to a system of QDs

interacting with a plasmonic system as modeled in Sec. 4.2. We analyze such

systems for both free evolution of some particular excitation (what we refer to as

“dark” evolution) and in the presence of a laser pulse.

4.3.1 Two Quantum Dots in the Dark

We first consider two QDs (QD1 and QD2) interacting with a plasmonic system

under the assumption that the initial state |q2 = 0, q1 = 1; s = 0〉 has been prepared

and evolves in the absence of any external pulses, that is, “in the dark.” With

one QD excited and the other QD in its ground state, this initial condition rep-
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resents an equal superposition of symmetric and antisymmetric states, |S; s = 0〉

and |A; s = 0〉 (Eqs. (12) and (13)). While each of these latter two states is entan-

gled, their superposition is not entangled at all. As shown previously, [30, 38, 39],

however, the system evolves into a state with a high degree of concurrence. The

reason is that the |S; s = 0〉 state rapidly decays while the |A; s = 0〉 undergoes

a much slower decay leading to a more purely entangled state. Moreover, when

we start from a completely cold system and apply a pulse and optimize couplings

to maximize concurrence, the resulting transitory dynamics can involve just one

QD being excited before evolving to a more entangled state. Unlike cases studied

in previous work [30, 38, 39], the possibility of asymmetric dot-plasmon couplings

(g1 6= g2) can lead to new features in the time-dependent concurrence.

When the QDs are symmetrically distributed within the plasmonic system so

that g1 = g2, the |A; s〉 state is an eigenstate of the Hamiltonian (4.4) and decays

with a relatively slow dephasing rate (γd) due only to the Lindblad term in (4.3).

With finite (but still symmetric) coupling, the |S; 0〉 state mixes with the |S; 1〉

state [30] and is no longer an eigenstate of the Hamiltonian. The probability of

being in |S; 0〉 is 1
2

cos2(
√

2gt), leading to an increased initial decay of the |S; 0〉

state. The plasmon decay (γs) damps out any additional oscillations of the |S; 0〉

population. As shown previously [30], starting a system in the |0, 1; 0〉 state then

leads to a high degree of concurrence, since the |S; 0〉 state quickly decays, while

the |A; 0〉 state undergoes a much slower decay. With γd = 0, the maximum

concurrence for such a symmetric system is therefore 0.5. We describe here a

method to achieve larger degrees of concurrence by forcing the |S; 0〉 state to

evolve into |A; 0〉 rather than into |0, 0; 1〉.

By breaking the symmetry of the couplings between the two QDs, we mix
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Figure 4.1: Time dependence of the populations of the states |S; s = 0〉, |A; s = 0〉,
and |q2 = 0, q1 = 0; s = 1〉, and the concurrence, for a two-QD system initially in
the |q2 = 0, q1 = 1; 0〉 state, with no surface plasmon decay or QD dephasing, i.e.,
h̄γs = h̄γd = 0 meV. (a) A case with g1 < g2 corresponding to the initially excited
QD1 not being as strongly coupled to the surface plasmon as QD2: h̄g1 = 12.5 meV,
h̄g2 = 25 meV. (b) A case with g1 > g2: h̄g1 = 25 meV, h̄g2 = 12.5 meV.

the |S; 0〉 state with the |A; 0〉 state, through the |0, 0; 1〉 state. This approach

follows the analysis in Appendix C.1 where a three-state model is discussed and

solved analytically in certain limits. When g1 = g2, no coupling occurs between

|S; 0〉 and |A; 0〉; but when g1 6= g2, the two states are indirectly coupled through

the |0, 0; 1〉 state (to which both states are directly coupled). Starting in the

|0, 1; 0〉 = (|A; 0〉+ |S; 0〉)/2 state and setting h̄γs = h̄γd = 0 meV lead to a cyclic

evolution between a completely unentangled state and a highly entangled state.

We follow the convention that QD1 is the QD that is initially in its excited state.

If g1 < g2, then the |A; 0〉 state reaches a population approaching 1 (Fig. 4.1a); if

g1 > g2, then the |S; 0〉 state reaches a population approaching 1 (Fig. 4.1b). The

dynamics of these two examples are similar; the |A; 0〉 (resp. |S; 0〉) state evolves

into the |0, 0; 1〉 state, which evolves into the |S; 0〉 (resp. |A; 0〉) state and back

through the |0, 0; 1〉 state into its initial state. Where the |S; 0〉 (resp. |A; 0〉) state

reaches its maximum, the concurrence does as well, reaching a value of nearly

55



1. Using the explicit three-state system described in (C.9) in Appendix C.1, we

find the ratio g1/g2 =
√

2 − 1 ≈ 0.414 gives an |A; 0〉 state population of unity,

which also maximizes the concurrence for the g1 < g2 case. A similar analysis

can be done for the |S; 0〉 state, giving g1/g2 =
√

2 + 1 ≈ 2.414. Note that

these optimal ratios for achieving large, instantaneous concurrences when there

is no dissipation are different from those of Sec. 4.2.1. The latter concern either

an asymptotic concurrence that can be reached in the case of dissipation or the

couplings conducive to a pulsed laser generating a particular excited state that can

then evolve to a state with significant concurrence.

For short times t, the approximation (4.14) applies. When g1 < g2 in this case,

the second term of aA(t) is positive, which leads to a boost in the population of

the |A〉 state. When g1 > g2, the second term is negative, and the population of

the |A〉 state initially declines. In both cases, aS(t) initially declines; but when

g1 > g2, it reaches 0 much faster and then rises to nearly 1. Both effects can be

seen in Fig. 4.1.

When the Lindblad terms describing dissipation and dephasing are added,

the results of the two simulations (h̄g1, h̄g2) = (12.5 meV, 25 meV) or (25 meV,

12.5 meV) in Fig. 4.1 become very different. In Fig. 4.2 we consider simply adding

plasmon dissipation (γs > 0) to the simulations, while keeping the QD dephasing

term γd at zero. This case also has a closed-form solution (see Appendix C.1 and

Sec. 4.2.1). We see from Figs. 4.2a and 4.2b that the initial state evolves and begins

to populate the first excited plasmon state, but the plasmon population quickly

decays and the system reaches a steady state. The steady-state concurrence for

the case with g1 < g2, Fig. 4.2a, is larger than the case with g1 > g2, Fig. 4.2b.

This trend might be expected on the basis of the dynamics without plasmon de-
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Figure 4.2: Results for a surface plasmon decay width h̄γs = 100 meV. Upper two
panels (a) and (b) show the time-dependence of the the |S; s = 0〉, |A; s = 0〉,
|q2 = 0, q1 = 0; s = 1〉 state populations and concurrence for a two-QD system, ini-
tially in the |q2 = 0, q1 = 1; 0〉 state, and with no QD dephasing, i.e., h̄γd = 0 meV.
The cases with (a) h̄g1 = 12.5 meV, h̄g2 = 25 meV and (b) h̄g1 = 25 meV,
h̄g2 = 12.5 meV are displayed. The lower two panels (c) and (d) are the max-
imum concurrences found as a function of the QD/plasmon coupling factors, g1
and g2. Panel (c) corresponds to no QD dephasing, γd = 0, and contains within
it the concurrence maxima from the particular cases (a) and (b) above. Panel
(d) is the corresponding maximum concurrence when the QD dephasing is set to
h̄γd = 2.0 meV. The dashed lines in (c) and (d) represent g2 =

√
3g1.
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cay, Figs. 4.1a and 4.1b, wherein a smooth rise of concurrence from 0 to 1 occurs

over initial times for the case g1 < g2, Fig. 4.1a, but a more complicated behavior

involving a small local maximum in concurrence occurs for the case g1 > g2, 4.1b.

In a realistic system, the g1 > g2 case will not create concurrences as large as those

seen when g1 < g2; the best case is that the plasmon decay is sufficiently large

to stop the |A; 0〉 state from evolving into the |S; 0〉 state. Figure 4.2c shows the

maximum concurrence (for each time trajectory) for many different values of g1

and g2. There is a clear area of large concurrence when g2 ≈
√

3g1 in accordance

with the expectation from (4.17) in Sec. 4.2.1. Small discrepancies with respect

to (4.17) can exist because this equation pertains to the asymptotic concurrence

and we are considering the maximum concurrence achieved over a finite window

of time.

Note that the isolated QD population decay rates γp (discussed in Sec. 4.2.3)

are sufficiently small and are generally overwhelmed by the Purcell decays that

result from finite γs and plasmon-dot coupling factors, gi. Thus, the inclusion

of decay in the QD populations has no significant effect on the results presented

here for the other parameter values considered. The QD dephasing terms γd,

however, can have a more significant effect. Figure 4.2d (similar to Fig. 4.2c but

with h̄γd = 2.0 meV) shows the maximum concurrence for many values of g1 and

g2. Naturally, the maximum concurrence is not as large as the h̄γd = 0 meV

case. Furthermore, the clear peak around the line g2 ≈
√

3g1 has been distorted,

although the line still has some significance. Including QD dephasing effects causes

the QD populations to decay before significant entanglement can occur, unless the

QDs are strongly coupled. At small values of gi, the optimal point is far from the
√

3 line; but as the couplings are increased, the optimal points again fall upon the
√

3 line. As mentioned above, this derivation pertains to the asymptotic values of
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the concurrence, but the dephasing does not allow the system to approach that

value without larger values of gi.

4.3.2 N > 2 Quantum Dots in the Dark

We have used the analytical solution for N QDs interacting with a plasmonic sys-

tem with no QD dephasing (Appendix C.1) to explore how the dark entanglement

dynamics scales with increasing N beyond N = 2. As noted in Sec. 4.3.1, intro-

ducing dephasing can lead to smaller concurrences and shifts in the optimal gj/gi

ratios, but our results should indicate what to qualitatively expect as N increases.

As in our N = 2 dark calculations, the initial condition corresponds to QD1 being

initially excited.

For the N = 3 case, Fig. 4.3 shows a contour map of the asymptotic figure of

merit (4.20) as a function of g2/g1 and g3/g1. The results in this case do not depend

on either g1 or the plasmon decay rate γs, provided that the latter is positive. (The

transient dynamics do depend on both g1 and γs and can also be of interest.) We

see that the optimal concurrences are reached at g2/g1 = g3/g1 ≈ 1.05, which

is somewhat smaller than the g2/g1 =
√

3 ratio found for the N = 2 case. The

optimal values of the concurrence are C1,2 = C1,3 ≈ 0.450 and C2,3 = 0.215. At

0.450, the “direct” concurrence between the initially excited dot and the other two

dots is slightly smaller than the result for the two-QD system.

Although we have not derived an explicit formula, we can evaluate the exact

asymptotic dynamics of the N QD case using the procedure described in Ap-

pendix C.1. We find that for the initial condition in question, two distinct concur-

rence values always exist: a major one (Cmaj), associated with all the QD pairs
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that involve the initially excited QD, and a smaller one (Cmin), associated with

all the indirectly excited pairs. Evaluation of the results for N up to N = 150

shows that Cmaj ≈ 0.54/
√
N , for N > 100; that is, the major concurrence tends to

zero, although it does so slowly, with an increasing number of QDs. In this limit,

the minor concurrence decays somewhat faster, with Cmin ≈ 0.50/N . Also, the

optimal concurrence figure of merit is achieved with just one unique ratio for all

the couplings, gi>1/g1 = x. We find that x ≈ 1.09/
√
N for N > 100.

The optimal value of g2 becomes less than g1 when N = 4, in contrast to the

two- and three-QD systems, where g1 < g2. This can be explained by looking at

the relative fraction of QD pairs, 2/N , which have Ci,j = Cmaj. When N < 4, the

fraction of QD pairs that have Ci,j = Cmaj is greater than 1/2. As N becomes

larger, more and more QD pairs have Ci,j = Cmin. When g1 > g2, there is a

boost in Cmaj, possibly at the cost of Cmin. When N is large, the solution from

minimizing the figure of merit (4.20) no longer favors boosting Cmaj; instead it

increases the (more numerous) Cmin.

The state created by this mechanism, where all QDs share bipartite entangle-

ment (possibly weakly) with all other QDs, is similar to a generalized W-state [75].

In the W-state, all pairs of qubits have the same value of concurrence, and that

value is as large as possible. Thus, the W-state is the optimal state, given our fig-

ure of merit. According to an idea known as the monogamy of entanglement [76],

there is an upper bound on the possible sum of bipartite entanglement. When

N > 2, each qubit pair can no longer be fully entangled. As N increases, the

maximum bipartite concurrence for each pair in the W-state decreases as 2/N .

This represents a fundamental limit on the entanglement that we can achieve in

our system. The decay of the concurrence with increasing N in our QD-plasmon
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Figure 4.3: Asymptotic figure of merit, Eq. (4.20) for a three-QD system, with
one QD initially excited, γs > 0, and γd = 0, as a function of the ratios of the
QD/plasmon coupling parameters.

system is similar to that of the W-state. Furthermore, if we measure the initially

excited QD, we can project onto a state where QD pairs share a small degree of

entanglement with each other. Taking a ratio of the asymptotic value of Cmin in

the projected state to the W-state concurrence shows that each QD pair will have

only 1/4 of the concurrence of the W-state. While this may be a small fraction,

it is a constant fraction with increasing N , allowing a (low-fidelity) approximate

W-state to be easily created for any number of QDs. The addition of decay in the

QD populations will further decrease the fidelity; but, as shown in the two-QD

case, the entanglement still persists, although at a smaller value.
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Table 4.1: Constraints for optimization parameters.

Parameter Lower Bound Upper Bound

h̄gi (meV) 0 25
F (nJ/cm2) 0 700
τ (fs) 10 200
h̄γd (meV) 0 5
h̄γs (meV) 100 300

4.3.3 Two Quantum Dots Subjected to Ultrafast Laser

Pulses

Preparing a system in the initial state |0, 1; 0〉 can create high degrees of entangle-

ment, but it does not represent a simple experimental setup. A simpler setup is

to prepare a system and excite it with a single optical pulse. Introducing a laser

pulse to a system increases the number of parameters that the system depends on

and can have a large effect on the value of the concurrence [30]. For the two-QD

system, the parameters varied include the laser fluence (F ), laser duration (τ),

coupling strengths (g1 and g2), QD dephasing (γd), and plasmon dephasing (γs);

ωi, ωs, di, ds, and γp remain fixed. We also constrained the parameter values in a

physically reasonable part of the parameter space; see Table 4.1.

We used POUNDerS to find optimal parameters in different parts of the pa-

rameter space defined in Table 4.1. We optimized the sum of the maximum value

of the pairwise concurrence over the time horizon; other figures of merit (such as

the sum of the integral of the pairwise concurrences over the time window) will be

investigated in future work.

The evolution of the pairwise concurrence and the states’ populations for a

locally optimal result are given in Fig. 4.4a and are seen to behave similarly to the
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Figure 4.4: Panels (a) and (b) show the time-dependence of the populations of the
|A〉 and |S〉 states (traced over all |s〉) and concurrence for pulsed excitation of an
initially cold two-QD/surface plasmon system with parameters h̄g1 = 12.8 meV,
h̄g2 = 24.9 meV, F = 263.4 nJ/cm2, τ = 12.5 fs, h̄γs = 186 meV, and h̄γd = 0 meV.
These parameters are the result of a local optimization run. Panels (c) and (d)
keep these same parameter values except for the QD dephasing, which is either (c)
h̄γd = 0.2 meV or (d) h̄γd = 2 meV.

dark case with one initially excited QD shown in Fig. 4.2a. In contrast to that sys-

tem, the plasmon population (not shown) reaches a much higher value of nearly 10

in this system. (The |A〉 and |S〉 state populations shown in Fig. 4.4 result from

tracing the density matrix over all plasmon quantum numbers.) We previously dis-

covered that we had to allow g1 and g2 to differ in order to create large amounts of

concurrence because doing so allowed the system to approximate the |0, 1〉 state,
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creating a highly entangled state, with the proper parameter choices [30]. We

noted there that the less-strongly coupled QD achieved a higher population after

the pulse concluded. The boost in the |A; s = 0〉 population we describe in this

paper for the case g1 < g2 (see discussion of Fig. 4.1) is also present, helping raise

the concurrence higher and thereby allowing the pulsed case to reach levels of con-

currence similar to those for the dark case. This is clearly seen in Fig. 4.4b, where

the initial time scale has been expanded and the pulse envelope is also displayed.

After the pulse ends, the |S〉 state begins to decline, but the |A〉 state grows, be-

cause of their indirect coupling. This boost of the |A〉 state is the same as seen

in the dark case. Figures 4.4c–4.4d also show this same parameter set with larger

values of γd. The maximum value of the pairwise concurrence strongly depends

on the QD dephasing, γd. This dependence is not surprising because longer coher-

ence times are almost always associated with larger degrees of (and longer-lived)

entanglement. Figure 4.4c shows the system at h̄γd = 0.2 meV (approximately

liquid helium temperatures), while Fig. 4.4d shows the system at h̄γd = 2.0 meV

(approximately liquid nitrogen temperatures). The loss in concurrence from h̄γd =

0 meV to h̄γd = 0.2 meV is only about 10%, but it is almost 50% when h̄γd is

raised to 2.0 meV. Generally, the concurrence increases with decreasing γd.

Figure 4.5 shows the maximum concurrence over our time window as g1 and

F vary, for fixed pulse duration (τ) and coupling strength of the second QD (g2).

An interesting consequence of the Rabi oscillations is bifurcations of the areas of

high concurrence. At small laser fluences, given g1 < g2, there is only one region of

high concurrence corresponding to one QD undergoing a half Rabi oscillation and

the other undergoing one oscillation; that is, the m = n = 1 case from Sec. 4.2.1

that was predicted to maximize entanglement. As the laser fluence is increased,

the region of high concurrence splits into two regions, as the more-strongly coupled
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Figure 4.5: Maximum concurrence for a parameter sweep of the two-QD system,
with h̄g2 = 30 meV, τ = 20 fs, h̄γs = 150 meV, h̄γd = 2 meV. The dashed lines
represent coupling ratios obeying Eq. (4.19).

QD approaches two full Rabi oscillations. The less-strongly coupled QD can now

go through either one half or one-and-a-half Rabi oscillations to end up in the

excited state. This region bifurcates again, as the second dot approaches three

Rabi oscillations. This analysis works for the two-QD and three-QD systems we

present in this paper, but it gives a relationship only between two of the parameters,

g1 and g2. Since we have many other parameters to optimize over, POUNDerS is

used to find local optima of the maximum concurrence.
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4.3.4 Three Quantum Dots Subjected to Ultrafast Laser

Pulses

Since the QDs are assumed to be coupled to the plasmon but not to each other,

adding a QD increases the number of parameters only by one (g3, the new QD’s

coupling to the plasmon). More important, the size of the Hilbert space needed for

the simulation increases by a factor of 2, more than quadrupling the simulation’s

run time and making the optimization algorithm’s ability to quickly find locally

optimal solutions even more important. Here we present two locally optimal points

for a three-QD system. The QD dephasing, h̄γd, is fixed to 0.2 meV, since this

approximates a physically realizable system at liquid helium temperatures.

Figure 4.6 shows the populations of the QDs and their pairwise concurrences

for the system parameters returned from a local optimization run. This system

is analogous to the two-QD systems discussed above, since g2 = g3. QD2 and

QD3 undergo two Rabi flops, and QD1 undergoes one-and-a-half Rabi flops. Ac-

cordingly, g2/g1 = g3/g1 = 1.322 ≈ 4
3
, as predicted by (4.19). The boost of the

population of the |A〉 state is also apparent in this system. Shortly after the pulse

has concluded, the |A〉 state is still rising, while the |S〉 state decays. The boost of

the |A〉 state eventually finishes, and the |S〉 and |A〉 states then decay at similar

rates. Aside from having a much larger concurrence than presented previously,

the pulsed three QD simulations presented in this paper are interesting because

their coupling parameters are smaller and represent a more physically reasonable

system than do our previous results [30].

Figure 4.7 shows the populations and concurrences for a system with the best

parameters from a different local optimization run. The QDs in this system all
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Figure 4.6: Populations and concurrences for the final parameters from a local
optimization run on the three-QD system with h̄γd fixed at 0.2 meV. The final pa-
rameters are h̄g1 = 14.6 meV, h̄g2 = 19.3 meV, h̄g3 = 19.3 meV, F = 587.0 nJ/cm2,
τ = 36.4 fs, and h̄γs = 180.4 meV (with h̄γd fixed at 0.2 meV). Panel (a) shows the
various bipartite concurrences, and panel (b) shows the QD excitation probabili-
ties. Because g2 = g3, the QD3:QD1 and QD2:QD1 concurrences are identical, as
are the QD2 and QD3 excitation probabilities. Panel (c) shows the time-dependent
probabilities of the |S〉 and |A〉 states associated with either the QD3:QD1 or
QD2:QD1 subsystems and the pulse envelope.

have different coupling values (as opposed to the previous example where g2 = g3),

leading to three different pairwise concurrences, even though the populations of

QD2 and QD3 are similar in value. QD3 undergoes four Rabi flops, while QD1

undergoes three-and-a-half Rabi flops, leading to g3/g1 = 1.142 ≈ 8
7
. Additionally,

QD2 undergoes three Rabi flops, leading to g2/g1 = 0.858 ≈ 6
7
. Both these pairs
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Figure 4.7: Populations and concurrences for the final parameters from a sec-
ond local optimization run on the three-QD system with h̄γd fixed at 0.2 meV.
The final parameters are h̄g1 = 19.0 meV, h̄g2 = 16.3 meV, h̄g3 = 21.7 meV,
F = 603.4 nJ/cm2, τ = 39.4 fs, and h̄γs = 107.7 meV (with h̄γd fixed at 0.2 meV).
Panel (a) shows the various bipartite concurrences, and panel (b) shows the QD
excitation probabilities. The pulse envelope and the populations of the |S〉 and
|A〉 states are shown for the QD3:QD1 pair in panel (c) and the QD2:QD1 pair in
panel (d).

agree with (4.19). The QD3:QD1 subsystem, where the excited QD has a smaller

coupling value, exhibits the boost of the population of the |A〉 state described previ-

ously, as shown in Fig. 4.7c. Contrast this with the QD2:QD1 subsystem, Fig. 4.7d,

which does not experience the boost, since the excited QD has a larger coupling.

After the pulse concludes, the |S〉 state undergoes a similar evolution, but the |A〉

state is different. In the QD3:QD1 subsystem the |A〉 state increases after the
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Table 4.2: Summary of optimization run results for a laser pulse interacting with
a system composed of two and three quantum dots. An“f” denotes that the pa-
rameter value was fixed and therefore not optimized over.

Two QDs Three QDs, (1) Three QDs, (2)

h̄g1 (meV) 12.8 14.6 19.0
h̄g2 (meV) 24.9 19.3 16.3
h̄g3 (meV) — 19.3 21.7
F (nJ/cm2) 263.4 587.0 603.4
τ (fs) 12.5 36.4 39.4
h̄γd (meV) 0 0.2f 0.2f

h̄γs (meV) 186 180 108
Figure Fig. 4.4 Fig. 4.6 Fig. 4.7
Max. bipartite conc. 0.60 0.34 0.35

pulse has concluded, but in the QD2:QD1 subsystem the |A〉 state only decreases.

As a result, the QD3:QD1 concurrence ends up greater than the QD2:QD1 state,

even though the populations of QD2 and QD3 end up at similar values.

We note that the Rabi-flop mechanism of Eq. (4.19) singles out one QD (the

one undergoing m − 1
2

Rabi flops) to become strongly entangled with all other

QDs, while the other two QDs become strongly entangled only with the excited

QD and become weakly entangled with each other. This is an inherent limit of the

prescription described. Remarkably, entanglement between the two approximate

ground state QDs reaches the level that it does, even for identical QDs (i.e., a

concurrence of 0.1 in Fig. 4.6), but the entanglement is still much smaller than

the entanglement they share with the excited QD. Since the pulse approximately

prepares the same state studied in Sec. 4.3.2 and the Rabi-flop mechanism can be

used for N quantum dots, we can again project onto a (low-fidelity) approximate

W-state, where all pairs of QDs share the same amount of bipartite entanglement.

This approach is more experimentally feasible than having a previously excited

QD, but the bipartite concurrence values will be lower than those of Sec. 4.3.2.
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4.4 Concluding Remarks

We provide a detailed explanation of the origins and optimization of bipartite (or

pairwise) entanglement in two, three, and an arbitrary number of QDs coupled to

a plasmonic system. We analyze systems with an initially excited state as well

as initially unexcited systems excited by a laser pulse. We vary the QD-plasmon

coupling values (which represent a QD’s distance from the plasmonic system), as

well the femtosecond pulse parameters and dephasing rates, in order to explore

entanglement generation. By utilizing the full density matrix master equation, we

are able to study the entanglement (via concurrence) of many different systems.

In the case of two QDs, two mechanisms are identified as the source of the

entanglement generation: the differing decay rates of the |S〉 and |A〉 states (previ-

ously identified) [30] and a new mechanism involving an indirect coupling between

the |S〉 and |A〉 states that leads to a boost in the |A〉 state population. With

no dephasing or decay, high degrees of entanglement can be generated by having

near-unity populations of either the |A〉 or |S〉 states. When plasmon decay is

added, however, the entanglement generated from |A〉 is much higher than that

of |S〉. A simple analysis including plasmon decay but neglecting QD dephasing

predicts that the asymptotic concurrence is maximized when g2/g1 =
√

3 in the

dark case; calculations show that this relation is still useful when QD dephasing is

considered.

The two entanglement-generating mechanisms are most apparent when the

system is initially prepared with equal amounts of |S; 0〉 and |A; 0〉, which is most

easily achieved by having one excited QD and the other QD in the ground state.

This dark case may be contrasted with attempts to generate entanglement in ini-

tially unexcited systems by using laser pulses. On the basis of optimization, we
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find that only certain sets of parameters generate an analog to the dark case. In

particular, certain rational values of the ratio of the QD-plasmon couplings, gi/gj,

lead to results comparable to the dark case. These ratios can be understood by

analyzing the underlying Rabi flops of the component QDs; the target final state,

after the pulse, consists of one QD excited and the other QD in the ground state.

To achieve this, one QD undergoes m − 1
2

Rabi oscillations, leaving it in an ap-

proximate excited state, while the other QD undergoes n full oscillations, leaving

it in an approximate ground state. This method will work for any pair of QDs,

even if that pair is part of a larger system of N QDs.

In the case of three QDs, we optimize the sum of the bipartite concurrences

among all of the pairs. Several local maxima corresponding to different sets of

system parameters are obtained, and we present two in this paper. One (“solution

1”) was analogous to the two-QD systems discussed above, with g1 < g2 = g3,

while the other (“solution 2”) had g2 < g1 < g3; both exhibited the entanglement

generation mechanisms described above. The parameters for all three optimal

systems are listed in Table 4.2. The ratios of the gi values in the highly entangled

pairs of these three-QD systems follow the simple rules derived from the Rabi-flop

analysis.

We also extended our results to N QDs, with some simplifying assumptions,

such as no QD population decay and a single initially excited QD. For any number

of QDs, all pairs of QDs will become entangled. However, since this mechanism

relies on one QD being in the excited state and the rest of the QDs being in the

ground state, these mechanisms can strongly entangle only a fraction (2/N) of the

pairs of QDs. Using the simple rules laid out in this paper for a large number of

QDs results in the excited QD being strongly entangled with all other QDs, but all
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the ground state QDs will be strongly entangled only with the excited QD and only

weakly entangled with each other. Since all QDs share some amount of bipartite

entanglement with all other QDs, the resulting state is similar to a generalized

W-state and, with a measurement of the excited QD, can be projected to a state

where all pairs of QDs share the same amount of bipartite concurrence (though

this projected state only has 1/4 of the bipartite concurrence of a true W-state).

Additionally, this procedure could generate certain types of cluster states. A

cluster state is a graph in which qubits are represented by nodes on a graph, and

an edge between two nodes represents entanglement between the two qubits [77].

The W-state would be a cluster state represented by a complete, fully connected

graph. An important subclass of cluster states is the star state, where a central

node is connected to all other nodes (or, a single qubit is entangled to all other

qubits but the other qubits are not entangled with each other). A four-qubit

star cluster can be used for universal quantum computing [78]. In our model,

we have an approximate star cluster for N QDs, since the initially excited QD is

strongly entangled with all other QDs. Although we show N QD results only for a

specific initial starting condition, we also show how this state can be prepared for

N QDs from a single, ultrafast laser pulse. The rules for the ratios of the coupling

strengths based on the number of Rabi flops can be used to define an appropriate

set of parameters to prepare an approximate form of the specific initial starting

condition studied.

The ability to fabricate systems with specific QD/plasmon coupling factors or

ratios is necessary in order to realize the results discussed in this paper. These

factors are related to the distances between the QDs and the plasmonic system,

which are ideally less than 10 nm. While challenging, rapid progress continues in
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the area of nanofabrication, e.g., in the use of DNA-based assembly methods [60,79]

to generate metal nanoparticle-DNA-linker-QD systems, and so the systems we

envision may well be experimentally feasible in the near future. We note that

here we are not envisioning dynamical control of the QD/plasmon coupling factors

during an entanglement experiment, but rather clever experimental fabrication to

achieve a fixed and generally asymmetric configuration of QDs about the plasmonic

system that exhibits the couplings and coupling ratios consistent with the optimal

structures deduced in this paper.

Further studies of such systems that better approximate the W-state are

planned, as are studies of the entanglement between all qubits of the system (rather

than just pairs), which would be similar to the GHZ-state [75], which represents

entanglement where all the qubits are mutually entangled with each other (rather

than just sharing bipartite entanglement with other qubits). The W- and GHZ-

states represent two mutually exclusive examples of multipartite entanglements

and allow entanglement to be used as a quantum information resource in different

ways [75]. The model presented here is reasonably general; and, while our numer-

ical applications focused on a parameter regime and thus phenomena consistent

with semiconductor nanocrystal/plasmonic systems, the approach may be relevant

to other systems such as QDs coupled to other types of resonators or even nitrogen

vacancies in diamond [80] and superconducting qubits [81].
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CHAPTER 5

CONCLUSION
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Quantum mechanics was one of the marquee achievements of 20th century

physics. Even though the theory is reaching a century in age, there are still

many interesting problems to be investigated, both experimentally and theoret-

ically. The use of computers for solving problems and quantum mechanics has

greatly increased its scope. Previously, clever theoretical approximations were

necessary to solve problems. With computers, previously intractable problems

became accessible with clever computational techniques.

Heat bath configuration interaction represents a fast algorithm capable of ob-

taining the exact answer for the time independent Schrödinger equation for certain

small, interesting problems. In some systems, like Cr2, this accuracy is necessary

to fully describe the physics.

The Lindblad master equation allows for the solution of the time dynamics of

open quantum systems. Many of these lossy systems can have interesting dynamics

that exist solely because of the dissipative nature of the system. One such case

is plasmonically coupled quantum dots, where the dissipation in the plasmonic

system leads to an entangled state in the quantum dots.

In both the fields of electronic structure and quantum dynamics of open sys-

tems, computers have been fundamental in solving interesting problems. In many

cases, clever approximations can allow access to the interesting physics at a reason-

able cost. There are systems, however, where those approximations can fail, requir-

ing expensive, exponential algorithms; in those cases, careful implementation and

understanding of the underlying physics can allow access to problems previously

seen as inaccessible. Further advancements in algorithms, classical computers, and

even the rise of quantum computers, will allow problems which seem impractical

today to be done with relative ease.
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APPENDIX A

APPENDIX FOR “PARALLELIZATION AND APPLICATIONS OF

HEAT-BATH CONFIGURATION INTERACTION”
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A.1 Efficient Generation of Hamiltonian Matrix

The elements, 〈i|Ĥ|j〉, of the Hamiltonian matrix must be calculated where i and

j are determinants. Due to the structure of the quantum chemistry Hamiltonian,

determinants which differ by more than two excitations will have 0 as the ma-

trix element. Though checking every determinant against every other determinant

would eventually construct the Hamiltonian, it would be slow, since most pairs of

determinants differ by more than two excitations. To avoid checking all pairs of

determinants, we developed an algorithm in which we first construct some auxil-

iary arrays that enable us to check a much smaller number of determinant pairs.

Recently, Sandeep Sharma at Colorado and Junhao Li in our group have developed

a way of constructing auxiliary arrays which further speeds up the generation of

the Hamiltonian, so it is this new algorithm that is described here.

A.1.1 Key Variables

The auxiliary arrays or “helpers” consist of look up tables (which can be either

binary search trees or hash maps) and arrays of arrays. alpha(beta)ToId is the

lookup table from an α or β string to a unique id representing it. alphaIdToDetIds

and alphaIdToBetaIds are arrays of arrays going from an α id to the ids of

the determinants with that alpha and the corresponding beta ids respectively.

alphaMinusOneToIds is a lookup table from an (α − 1) string, an α string with

one electron missing, to the ids of other α string that can give that (α − 1).

alphaIdToSingleIds is an array of arrays from an α id to other α ids that connect

to it by single excitations. The β strings are similarly defined.

In this section, we describe the algorithm in the format of pseudocode for fast
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hamiltonian generation during the variational stage. The algorithm is as follows:

A.1.2 Setup

// Generate helper lists.
for each det of new variational dets:

let alpha/beta be the up/down spin part of the det
let detId be the id of the det.

// Update alphaToId if new.
if alpha exists in alphaToId:
set alphaId = alphaToId[alpha]

else
set alphaId = number of items in alphaToId
set alphaToId[alpha] = alphaId

// Update betaToId similarly.
...

// Update alphaIdToBetaIds and alphaIdToDetIds.
add betaId to the alphaIdToBetaIds[alphaId] list
add detId to the alphaIdToDetIds[alphaId] list
add alphaId to the updatedAlphaIds set.
// Update betaIdToAlphaIds and betaIdToDetIds similarly.
...

// Update alphaMinusOneToIds.
for each alphaMinusOne from alpha (by removing one electron from alpha
):
add alphaId to alphaMinusOneToIds[alphaMinusOne]

// Update betaMinusOneToIds similarly.
...

for each alphaId in the updatedAlphaIds set:
sort alphaIdToBetaIds[alphaId] and alphaIdToDetIds [alphaId] together

by alphaIdToBetaIds[alphaId] into ascending order of beta ids.
clear updatedAlphaIds.
// Do the same thing for updatedBetaIds.
...

for each det of all variational dets (loop in reverse order):
let alpha/beta be the up/down spin part of the det
set alphaId = alphaToIds[alpha]
set betaId = betaToIds[beta]

// Construct alphaIdToSingleIds.
if updatedAlphaIds set does not have alphaId:
for each alphaMinusOne from alpha (by removing one electron from
alpha):

for each alphaSingleId from alphaMinusOneToIds[alphaMinusOne]:
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if alphaSingleId equals alphaId, go to the next alphaSingleId.
if det is new and alphaSingleId exists in updatedAlphaIds:

go to the next alphaSingleId.
add alphaSingleId to alphaIdToSingleIds[alphaId]
add alphaId to alphaIdToSingleIds[alphaSingleId]

add alphaId into updatedAlphaIds.
// Construct betaIdToSingleIds similarly.
...

for each alphaId in the updatedAlphaIds set:
sort alphaIdToSingleIds[alphaId] into ascending order.

clear updatedAlphaIds.
// Do the same thing for updatedBetaIds
...

clear alphaMinusOneToIds and betaMinusOneToIds

A.1.3 Constructing the Hamiltonian

// Generate sparse hamiltonian.
for each det of all the variational dets:

let alpha/beta be the up/down spin part of the det
let detId be the id of the det
set alphaId = alphaToIds[alpha]
set betaId = betaToIds[beta]

if det is a new determinant:
let compute diagonal hamiltonian matrix element H of det
add (detId, H) into sparseHamiltonian[detId].

set startId to detId + 1 if it is a new determinant,
otherwise set it to previous number of determinants.

// Find single or double alpha excitation.
for each connectedDetId in betaIdToDetIds[betaId]:
if connectedDetId < startId) go to the next connectedDetId.
let connectedDet be the determinant with id connectedDetId.
compute hamiltonian matrix element H between det and connectedDet
if H is not 0, add (connectedDetId, H) into sparseHamiltonian[detId
].

// Find single or double beta excitation similarly.
...

// Find mixed double excitations.
for each alphaSingleId from alphaIdToSingleIds[alphaId]:
let relatedBetaIds = alphaIdToBetaIds[alphaSingleId]
let relatedDetIds = alphaIdToDetIds[alphaSingleId]
set ptr = 0
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for each betaSingleId from betaIdToSingleIds[betaId]:
let relatedBetaId = relatedBetaIds[ptr]
while ptr < length of relatedBetaIds and relatedBetaId <

betaSingleId:
increase ptr by one

if ptr equals length of relatedBetaIds:
exit the loop and go to the next alphaSingleId

if relatedBetaId equals betaSingleId:
let relatedDetId = relatedDetIds[ptr]
increase ptr by one
if relatedDetId < startId, go to the next betaSingleId.
let relatedDet be the determinant at id relatedDetId
compute hamiltonian matrix element H between det and relatedDet
if H is not 0, add (relatedDetId, H) into sparseHamiltonian[

detId].

clear alphaIdToSingleIds and betaIdToSingleIds
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APPENDIX B

SUPPORTING MATERIAL FOR “ENTANGLEMENT OF TWO,

THREE, OR FOUR PLASMONICALLY COUPLED QUANTUM

DOTS”
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B.1 Quantum Master Equation

We model ND quantum dots in close proximity to a plasmonic system following a

formalism directly generalized from previous work on just one QD interacting with

a plasmonic system [50]. The quantum dot states are given by |q〉 = |qND
..., q1〉,

where qi ∈ { 01 } indexes the exciton in QD i and i ranges from 1 to ND. The

plasmon states are given by |s〉 where s ∈ { 0, 1, 2, . . . Ns } indexes plasmon energy

levels. We truncate the set of plasmon quanta at a value Ns beyond which there is

no significant occupancy during the dynamics. Ns depends on the fluence; we have

found, heuristically, that using Ns ≥ 0.11F , where F is the fluence in nanojoules,

provides converged results. Results presented both here and in the main text used

at least two times more than the hueristic minimum. At any time t, the system is

described by the density operator ρ̂(t), which may be decomposed as

ρ̂(t) =
∑
qs

∑
q′s′

ρq,s,q′,s′(t) |q〉 |s〉 〈q′| 〈s′| . (B.1)

The density matrix ρ is formed from the matrix elements ρqs,q′,s′ = 〈q; s| ρ̂ |q′; s′〉 in

Eq. B.1. The density matrix describes a quantum system in a mixed state; that is

a statistical ensemble of pure quantum states. In this Letter we consider a single

quantum system; in this case, the statistical ensemble corresponds to repeated

measurements on the same system initialized each time in the same starting state.

The density operator satisfies the quantum master or Liouville equation

dρ̂

dt
= − i

h̄
[Ĥρ̂] + L(ρ̂) (B.2)

in which Ĥ is the Hamiltonian for the driven coupled system and L(ρ̂) is a Lindblad

superoperator providing dephasing and dissipation. More explicitly
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Ĥ =
∑
i

Ĥi + Ĥs + Ĥd +
∑
i

Ĥsi . (B.3)

In terms of the lowering and raising operator pairs for the QDs and plasmon (σ̂iσ̂
†
i ),

and (b̂, b̂†), the uncoupled QD and plasmon Hamiltonian operators given above are

Ĥi = h̄ωiσ̂
†
i σ̂i Ĥs = h̄ωsb̂

†b̂ . (B.4)

The driving term or coupling to the electric field E(t) is given by

Ĥd = −E(t)µ̂ (B.5)

where the total dipole operator is µ̂ =
∑

i µ̂i+µ̂s and the individual dipole operators

are µ̂i = di(σ̂i + σ̂†i ) and µ̂s = ds(b̂+ b̂†) with di, and ds denoting transition dipole

moments of the QDs and plasmon respectively. Each QD couples with the plasmon

via

Ĥsi = −h̄gi(σ̂†i b̂+ σ̂ib̂
†) , (B.6)

which is consistent with dipole-dipole coupling between the QD and plasmon.

We assume that the distance between QDs is large compared to the separation

between QDs and neighboring metal nanoparticles so that direct through-space

coupling among the QDs can be neglected.

The Lindblad superoperator is taken to be the ND extension of the ND = 1

case of Ref. [50]; it is parameterized by QD population (or spontaneous emission)

and dephasing decay constants γpi and γdi, and the plasmon decay constant γs.
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L(ρ̂) =
∑

i Li(ρ̂) + Ls(ρ̂) treats dissipation in the system. Dissipation in QD i is

described by

Li(ρ̂) = −γpi
2

(σ̂†i σ̂iρ̂ + ρ̂σ̂†i σ̂i − 2σ̂iρ̂σ̂
†
i )− γdi(σ̂†i σ̂iρ̂ + ρ̂σ̂†i σ̂i − 2σ̂†i σ̂iρ̂σ̂

†
i σ̂i) (B.7)

which describes exciton population relaxation and dephasing with rates γpi = T−11

and γdi = T−12 respectively. Plasmon dissipation with rate γs is described by

Ls(ρ̂) = −γs
2

(b̂†b̂ρ̂+ ρ̂b̂†b̂− 2b̂ρ̂b̂†) (B.8)

which does not include a pure dephasing term such as the Lindblad superoperators

for the QDs because plasmons have such a short lifetime that additional thermal

dephasing is negligible.

While rather abstract in appearance the matrix elements of the Lindblad oper-

ators above are readily constructed using raising and lowering operators and take

on relatively simple forms; see e.g., the Supplementary Material of Ref. [50].

The Hamiltonian Ĥ - Ĥd i.e., Eq. (3) in the absence of driving laser field, has

a relatively simple energy level structure in the case of two QDs interacting with a

plasmon, as shown in Fig. B.1. In this case we can define coupled QD states |S〉 =

1√
2
(|q2 = 1q1 = 0〉+ |q2 = 0, q1 = 1〉) and |A〉 = 1√

2
(|q2 = 1q1 = 0〉−|q2 = 0q1 = 1〉),

as in the main text. The full QD-plasmon states of this Hamiltonian may be

expanded in terms of product states of the form |QDs〉 |s〉 where |s〉 denotes the

suface plasmon states s = 0, 1, ..., and |QDs〉 = |q2 = 0q1 = 0〉, |S〉 |A〉, and

|q2 = 1, q1 = 1〉. It turns out that then the |A〉 |s〉 states are already eigenstates

of this Hamiltonian. Hence when the full-density-matrix dynamics are considered,

these states decay at the relatively slow dephasing rate γd, due to loss of mutual

coherence between the two QDs The |S〉 |s〉 states are degenerate with the |A〉 |s〉

states in the limit of g = 0 i.e., no QD-plasmon coupling. However, for finite
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Figure B.1: Uncoupled (g = 0) and coupled (g > 0) QD/plasmon level structure for
the case of two QDs interacting with a plasmon. The kets correspond to products
of two-QD (|0, 0〉, |S〉, |A〉) and plasmon (|0〉, |1〉) states. The |S〉 |0〉 and |0, 0〉 |1〉
states mix and split relative to the |A〉 |0〉 state, by energies ±

√
2h̄g.

g the |S〉 |s〉 states interact with |q2 = 0, q1 = 0〉 |s+ 1〉 and |q2 = 1q1 = 1〉 |s− 1〉

states, leading to eigenstates with energies above and below the |A〉 |s〉 state. For

s = 0 only the |S〉 |0〉 and |00〉 |1〉 states mix, leading to eigenstates |ψ+〉 = 1√
2

(|S〉 |0〉 + |00〉 |1〉) and |ψ−〉 = 1√
2

(|S〉 |0〉 − |00〉 |1〉), with energies −
√

2h̄g and

+
√

2h̄g respectively, relative to the energy of the |A〉 |0〉 eigenstate.

This simple energy-level structure can provide some additional insight partic-

ularly into the dark state dynamics. For example if one considers one excited

quantum dot as an initial condition i.e. |q2 = 0, q1 = 1〉 |0〉, it follows that subse-

quent evolution of the state is into a superposition of |A〉 |s = 0〉, |ψ+〉 and |ψ−〉.
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The probability of being in the symmetric state |S〉 |0〉 is then readily found to

be 1
2
cos2(

√
2gt) which leads to a signficantly faster initial decay than the Purcell

lifetime and is approximately consistent with PS in Fig. 1(b) of the main text.

Adding plasmon decay to the analysis will damp out any subsequent oscillations.

B.2 Concurrence

In the main text we quantify the degree of entanglement at any particular instant

in time using Wootters’ concurrence, C [54]. The concurrence is an entanglement

measure based on generalization of the entropy of entanglement. Unlike entropy of

entanglement however, concurrence can be used to characterize mixed states and

not only pure quantum states. The concurrence satisfies the conditions required

for a measure of entanglement. For example C = 1 implies perfect entanglement

whereas C = 0 implies complete separability (i.e. that ρ′ can be decomposed as

the product of density matrices of two subsystems). In addition, concurrence does

not increase under local operations with classical communication. A system with

larger values of C can thus be said to be “more entangled” than a system with

smaller C. Other entanglement measures could equally well be used and would

provide essentially the same physical information.

Let ρ′ be a reduced density matrix associated with just one particular pair

of quantum dots A and B. It is obtained by tracing over the plasmon quantum

numbers s and those for all other QDs. Explicitly, ρ′ has matrix elements
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ρ′mn,m′,n′ =
′∑
q

∑
s

〈qD..., q1 s.t. qA = m, qB = n; s| ρ̂ |qD..., q1 s.t. qA = m′, qB = n′; s〉

(B.9)

where the prime on the first summation implies a sum over all QD quantum num-

bers except those for QDs A and B that are fixed at the appropriate values indi-

cated in the bra and ket vectors. The AB pairwise concurrence is then

C = max[0, λ1 − λ2 − λ3 − λ4] , (B.10)

where λi are the square roots (in descending order) of the eigenvalues of ρ′ρ̃′. The

matrix ρ̃′ corresponds to the spin-flipped density matrix [54]

ρ̃′ = (σy ⊗ σy)(ρ′)∗(σy ⊗ σy) (B.11)

with

(σy ⊗ σy) =



0 0 0 −1

0 0 1 0

0 1 0 0

−1 0 0 0


. (B.12)

B.3 Numerical Aspects

The matrix representation of Eq. B.2 〈q| 〈s| dρ̂/dt |q′〉 |s′〉 = dρqs,q′,s′/dt, is a set

of n × n complex differential equations with n = 2NDNs. As in Ref. [50], the
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rotating wave approximation is applied, which removes the stiff character of these

equations. High intensities of the incident field E(t) cause Ns to become large,

which can make the number of equations prohibitively large. We use an efficient

solver based on sparse matrix-matrix multiplication algorithms along with both

Runge-Kutta (RK45) and exponential time integration schemes [51,52]. Typically

this corresponds to the solution of tens of thousands of coupled ordinary differential

equations for the cases considered here.

B.4 Concurrence Results for Different Parameter Choices

B.4.1 Dark Results with Smaller Couplings

Fig. B.2 shows the results of simulations analogous to those of Fig. (1) in the main

text but with weaker coupling strengths. Even with couplings far weaker than the

30 meV coupling presented in the main text the concurrence still reaches significant

values, though the maximum concurrence does decrease with decreasing h̄g.

B.4.2 Pulsed Results with Smaller Couplings

Fig. B.3 shows simulations of several different systems with couplings smaller than

those in the text. These results show that significant concurrence can be obtained

with smaller coupling strengths than the results presented in the main text for

both two-QD and three-QD systems. Furthermore, additional parameters such as

the pulse duration and the QD dephasing rate, could be varied in order to obtain

larger values of concurrence while keeping the coupling strengths small; this is part
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Figure B.2: Concurrence as a function of time with QD1 initially excited, no
laser, and various exciton-plasmon coupling strengths h̄g, for different numbers of
quantum dots. i:j refers to the concurrence between QDi and QDj.
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Figure B.3: Concurrence as a function of time with various coupling strengths
and laser intensities. (a) Concurrence for a two-QD system with h̄g1 = 8 meV,
h̄g2 = 15 meV, and a laser fluence of 298 nJ/cm2. (b) Concurrence for a two-QD
system with h̄g1 = 5 meV, h̄g2 = 10 meV, and a laser fluence of 662 nJ/cm2. (c)
Concurrence for a three-QD system with h̄g1 = h̄g2 = 10.4 meV, h̄g3 = 24.8 meV,
and a laser fluence of 124 nJ/cm2. (d) Concurrence for a three-QD system with
h̄g1 = h̄g2 = 14.8 meV, h̄g3 = 20 meV, and a laser fluence of 293 nJ/cm2. Note
that in (c) and (d) both QD1 and QD2 play the role of the excited quantum dot.

of our ongoing work.

B.4.3 Quantum Dots with Different Energy Levels

Fig. B.4 shows the concurrence as a function of time for the optimal two-QD case

presented in the main text (Fig. 2(b)) but with different amounts of detuning in the

energy levels of the quantum dots. The optimal case where h̄ω1 = h̄ω2 = 2.05 eV,

achieves a max concurrence of around 0.35. Small differences in h̄ω on the order of
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Figure B.4: Concurrence as a function of time for the coupling coefficients, h̄g1 = 15
meV and h̄g2 = 30 meV the laser-pulse fluence, 81 nJ/cm2 and various differences
in energy levels (h̄ω) for each QD.

the dephasing-induced linewidth (2 meV) have minimal effect on the concurrence

profile. As the detuning grows past this point (20 meV), the maximum concurrence

rapidly decreases.
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APPENDIX C

SUPPORTING MATERIAL FOR “ORIGINS AND OPTIMIZATION

OF ENTANGLEMENT IN PLASMONICALLY COUPLED

QUANTUM DOTS”
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C.1 Three and N + 1 State Models

The “dark” problem, namely, to determine the dynamics of N QDs and a plas-

monic system that results from a given initial condition without any applied laser

pulse, can be solved analytically if the initial condition is not too energetic and QD

dephasing is neglected. An example is a system in which there is just one quantum

of excitation within the QD manifold and a cold plasmonic system. The analyt-

ical solution is made possible because under such conditions a time-dependent

Schrödinger equation involving an effective, non-Hermitian Hamiltonian can be

employed and the latter can be represented by an (N + 1)× (N + 1) matrix with a

simple structure. We first illustrate such a solution in detail for the case of N = 2.

We then present the general N + 1 state solution.

For two QDs interacting with a plasmonic system, we wish to solve for the time

evolution of |Ψ(t)〉 satisfying

ih̄
∂

∂t
|Ψ(t)〉 = Ĥ |Ψ(t)〉 , (C.1)

where

|Ψ(t)〉 = c0(t) |q2 = 0, q1 = 0; s = 1〉

+ cS(t) |S; s = 0〉+ cA(t) |A; s = 0〉 .
(C.2)

We refer to the three states |q2 = 0, q1 = 0; s = 1〉, |S; s = 0〉, and |A; s = 0〉 as the

zero-order basis. This limited basis is adequate for describing an initial condition

that involves any superposition of these three states, such as the case of one QD

being excited and the plasmonic system and other QD being cold. With the defini-

tions of the basis states in the text, (4.1), (4.12), and (4.13), and the Hamiltonian

operator, (4.4), the corresponding 3×3 Hamiltonian matrix of the zero-order basis
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representation is

H = h̄


ω0 α β

α ω0 − iε 0

β 0 ω0

 . (C.3)

The QD and plasmon transition frequencies are assumed to be equal, ω1 = ω2 = ωs,

the coupling between |0, 0; 1〉 and |S; 0〉 is

α =
1√
2

(
g1 + g2

)
, (C.4)

and the coupling between |0, 0; 1〉 and |A; 0〉 is

β =
1√
2

(
g1 − g2

)
. (C.5)

We assume no direct coupling between |S; 0〉 and |A; 0〉. Notice that in (C.3), we

have added an imaginary part −iε to the diagonal matrix element associated with

|0, 0; 1〉. With ε = γs/2 this term represents the dissipative loss of the plasmonic

system.

Introducing the more slowly varying coefficient vector
a0(t)

aS(t)

aA(t)

 = exp (iω0t)


c0(t)

cS(t)

cA(t)

 , (C.6)

(C.1) leads to

d

dt


a0(t)

aS(t)

aA(t)

 = −iW


a0(t)

aS(t)

aA(t)

 , (C.7)

where

W =


0 α β

α 0 0

β 0 0

 . (C.8)
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The solution of (C.7) is thus
a0(t)

aS(t)

aA(t)

 = exp (−iW t)


a0(0)

aS(0)

aA(0)

 . (C.9)

In the limit (assuming no plasmon dissipation, ε = 0), expanding the exponen-

tial and re-grouping terms, (C.9) can be written more explicitly as
a0(t)

aS(t)

aA(t)

 =


a0(0)

aS(0)

aA(0)

+



η2 0 0

0 α2 αβ

0 αβ β2

 F (t)
η2
− iW G(t)

η



a0(0)

aS(0)

aA(0)

 ,
(C.10)

where

η =
√
α2 + β2 (C.11)

and

F (t) = cos(ηt)− 1, G(t) = sin(ηt). (C.12)

Note that for the initial condition corresponding to |Ψ(t = 0)〉 =

|q2 = 0, q1 = 0; s = 0〉 or a0(0) = 0, aS(0) = aA(0) = 1√
2
, the above exact solution

(for ε = 0) is such that a0(t) is a purely imaginary number for all times and that

aS(t) and aA(t) are purely real numbers for all times. Equation (C.10), can be ap-

proximated to various orders in time by expanding F (t) and G(t) defined in (C.12)

appropriately. Thus, with the initial condition |Ψ(t = 0)〉 = |q2 = 0, q1 = 1; s = 0〉,
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the approximate solution, accurate to second order in time, is
a0(t)

aS(t)

aA(t)

 ≈

−i (α+β)t√

2

1√
2
− (α2+αβ)t2

2
√
2

1√
2
− (β2+αβ)t2

2
√
2

 , (C.13)

or, in terms of g1 and g2, 
a0(t)

aS(t)

aA(t)

 ≈


−ig1t
1√
2
− g1(g1+g2)t2

2
√
2

1√
2

+ g1(g2−g1)t2
2
√
2

 . (C.14)

Of course, another way to obtain (C.10) is to determine the eigenvalues and

eigenvectors of Ŵ , wk and |φk〉, k = 1, 2, 3, and represent (C.9) with them. This

procedure can be carried out exactly even when plasmonic dissipation is allowed

(ε > 0). The eigenvalues of W are easily found to be

w1 = 0

w2 =
1

2
(−iε−

√
4α2 + 4β2 − ε2)

w3 =
1

2
(−iε+

√
4α2 + 4β2 − ε2),

(C.15)

and the associated (unnormalized) eigenvectors projected onto the zero-order basis

are 
〈0, 0; 1|φ1〉

〈S; 0|φ1〉

〈A; 0|φ1〉

 =


0

−β/α

1

 , (C.16)


〈0, 0; 1|φ2〉

〈S; 0|φ2〉

〈A; 0|φ2〉

 =


−iε−
√

4α2+4β2−ε2
2β

α/β

1

 , (C.17)
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and 
〈0, 0; 1|φ3〉

〈S; 0|φ3〉

〈A; 0|φ3〉

 =


−iε+
√

4α2+4β2−ε2
2β

α/β

1

 . (C.18)

The propagator may then be written as

exp(−iŴ t) =
∑
k

|φk〉 〈φ∗k| exp(−iwkt)/nk, (C.19)

where

nk = 〈φ∗k|φk〉 =
∑

j=0,S,A

〈j|φk〉2 . (C.20)

The bra vectors we employ, 〈c| (as is most common), are defined to be the transpose

of the complex conjugates of the coefficients representing their corresponding kets,

|c〉. Thus 〈c|d〉 =
∑

j c
∗
jdj, where cj = 〈j|c〉, dj = 〈j|d〉. An expression such as

(C.20), which involves an additional complex conjugate in the argument of the bra

vector, implies that nk is the sum of the (complex) squares of the components of

|φk〉, as opposed to being the more familiar sum of the squares of the magnitudes

of the components. This necessary peculiarity arises from W being symmetric but

not Hermitian. (In particular the symmetry of W implies for eigenvalues wa 6= wb

that 〈φ∗a|φb〉 = 0, which ultimately leads to an expression for the unity operator

involving a sum of |φk〉 〈φ∗k| terms instead of the more familiar sum of |φk〉 〈φk|

terms.)

We note that for ε = γs/2 > 0, w2 and w3 always have negative imaginary

components. As t → ∞, only the k = 1 contribution to (C.19) survives because

only w1 has no decay (or negative imaginary) component. If we initiate the system

with one QD excited, then 
a0(0)

aS(0)

aA(0)

 =


0

1√
2

1√
2

 . (C.21)
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The asymptotic amplitude for aS is then

aS(∞) = 〈S|Ψ(∞)〉

= 〈S|φ1〉 〈φ1|Ψ(0)〉

=
1√

2(1 + x2)
x(1− x),

(C.22)

where

x =
β

α
=
g1 − g2
g1 + g2

, (C.23)

and we have used the fact that n1 = 1 + x2. In a similar fashion we find

aA(∞) =
1√

2(1 + x2)
(1− x). (C.24)

The asymptotic concurrence in this case is simply [39]

C(∞) = | PA(∞)− PS(∞) |

=
∣∣ |aA(∞)|2 − |aS(∞)|2

∣∣ . (C.25)

Since the magnitude of x in (C.23) is always less than 1 when g1 and g2 are

positive, PA > PS, and one can ignore the outer absolute signs. The concurrence

then reduces to

C(∞) =
1

2(1 + x2)2
(1− x)2(1− x2). (C.26)

Viewed as a function of x, the maximum of (C.26) is found to be at x = −2 +
√

3,

and corresponds to g2/g1 =
√

3, consistent with the results in the text. For this

value of x, C(∞) ≈ 0.6495.

The three-state model above involving the states |q1 = 0, q2 = 0; s = 1〉,

|S; s = 0〉, and |A; s = 0〉 is convenient because it led directly to simple analyt-

ical expressions for the asymptotic concurrence. However, the same result can be

obtained, with a little more work, by employing the basis |q1 = 0, q2 = 0; s = 1〉,

|q1 = 0, q2 = 1; s = 0〉 and |q1 = 1, q2 = 0; s = 0〉. In fact this approach is advanta-

geous because it then is easily generalizable to N > 2 QDs. Assume we have N
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QDs, with each QDk interacting only with the dissipative plasmon via a Hamilto-

nian coupling term h̄gk. If the basis is taken to be |q1 = 0, q2 = 0, q3 = 0, . . . ; s = 1〉,

|q1 = 1, q2 = 0, q3 = 0, . . . ; s = 0〉, |q1 = 0, q2 = 1, q3 = 0, . . . ; s = 0〉, . . . , then one

has an (N + 1)× (N + 1) Hamiltonian matrix representation H = h̄W with

W =



−iε g1 g2 · · · gN

g1 0 0 · · · 0

g2 0 0 · · · 0

...
. . .

gN 0 0 · · · 0


. (C.27)

The characteristic equation for the eigenvalues of W is then wN−1(w2 + iεw −

G) = 0, where G =
∑N

k=1 g
2
k. It implies that there are N−1 degenerate eigenvalues

w1 = w2 = . . . = wN−1 = 0 and two complex eigenvalues,

wN = (−iε−
√

4G− ε2)/2

wN+1 = (−iε+
√

4G− ε2)/2.
(C.28)

Let vk denote the eigenvector corresponding to the kth eigenvalue, and let

vkj denote the jth component of this eigenvector. One can easily see that the

k = 1, 2, . . . , N − 1 degenerate eigenvectors must all have vk1 = 0; that is, they

contain no component in the basis state |q1 = 0, q2 = 0, . . . ; s = 1〉. The remaining

components must satisfy
N+1∑
j=2

gj−1v
k
j = 0. (C.29)

Although one can easily solve (C.29) for low N in various ways, a systematic

procedure for obtaining N − 1 linearly independent and orthogonal eigenvectors

is as follows. Notice that (C.29) implies that each of the desired vectors vk must

be orthogonal to the vector g = (0, g1, . . . , gN)T . Thus one can initially set N −
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1 vectors with random coefficients and use a Gram-Schmidt procedure initiated

with the vector g, orthogonalizing all subsequent vectors against g and previously

generated vectors.

The final two eigenvectors for k = N and k = N + 1 are easily found to have

the j = 1 components vN1 = wN/gN and vN+1
1 = wN+1/gN . Their j = 2, . . . , N

components are vNj = vN+1
j = gj−1/gN and, finally, for the j = N + 1 components,

vNN+1 = vN+1
N+1 = 1. These two eigenvectors are orthogonal to each other and the

previous N − 1 eigenvectors associated with the degenerate eigenvalue, and we

find it convenient to employ them in this way with normalization considerations

entering into the propagator representation, (C.19).

With the systematic procedure above for evaluating all the eigenvectors, and

introducing the time-dependent amplitudes bj(t) corresponding to states j =

1, 2, . . . , N+1 within the basis |0, 0, 0, 0, . . . ; 1〉, |0, 1, 0, 0, . . . ; 0〉, . . . , |0, . . . , 0, 1; 0〉,

one can use (C.19) (extended to N + 1 states, of course) to show

bj(t) =
N+1∑
k=1

exp(−iwkt)Kj,k, (C.30)

where

Kj,k =
∑
i

vkj v
k
i bi(0)/nk. (C.31)

The probabilities for QDs 1, 2, . . . , N to be excited are P1 = ‖b2‖2, P2 = ‖b3‖2,

. . . , PN = ‖bN+1‖2. While obtaining bipartite concurrences may appear arduous, if

b1(0) = 0 (i.e., no amplitude in the state corresponds to the plasmon excited with

all QDs cold) and all the other amplitudes are real, one can show that the bipartite

concurrences are simply Ci,j = 2
√
PiPj. As with the three-state example, we note

that as t→∞, only the k = 1, 2, . . . , N − 1 eigenvector contributions survive and

one could use (C.30), setting the exponential to one and carrying the sum out to
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only k = N − 1, to evaluate the asymptotic populations.

C.2 Local Field Enhancement

To estimate Rabi-flop frequencies for the QDs, we need an estimate of the local

electromagnetic field they experience, which is enhanced relative to the incident

field due to the presence of the plasmonic system. To this end, we consider the

interaction of one QD with a plasmonic system and employ a classical coupled

dipole picture, as in Ref. [50] and associated supplementary material. The time-

dependent dipoles for the plasmon (µs(t)) and QD (µq(t)), in the presence of an

incident field with frequency ω satisfy the equations of motion

µ̈s(t) + ω2
sµs(t) + γsµ̇s(t) = As[E0 cosωt+ µq(t)J ] (C.32)

µ̈q(t) + ω2
qµq(t) + γqµ̇s(t) = Aq[E0 cosωt+ µs(t)J ]. (C.33)

The parameters ωs, ωq, and γs are the same as those in the CQED model of Sec. 4.2.

The other parameters in these classical equations are related to those in the CQED

model as follows:

J =
h̄g

dsdq

As = 2d2sωs/h̄

Aq = 2d2qωq/h̄

γq = 2γd.

(C.34)

Several comments are in order regarding these relations. The relation for J was

derived in Ref. [50]. The relations for As and Aq reflect exactly solving (C.32)

and (C.33) in the limit of the dipoles not interacting (J = 0) and equating the

resulting amplitudes of oscillation of the dipoles with the corresponding quantum

expressions (in the linear or low E0 limit). These expressions are twice as small as
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the previously inferred ones, which were less accurate because they were based on

an approximate solution of the classical equations. The classical decay factor γq is

taken to be twice the corresponding quantum dephasing factor, γd. This ensures

that the full-width-at-half-maximum of the isolated QD spectrum, inferred from

the classical expression with γq, is equal to the corresponding quantum result in

the low E0 limit.

We can identify the term µs(t)J in (C.33) as the local electric field the QD

experiences because of the plasmon, that is,

Eloc(t) = µs(t)J. (C.35)

For estimating Eloc, one can approximate µs(t) by the expression that results from

the exact solution of (C.32) in the uncoupled (J = 0) and on resonance (ω = ωs)

limits. This solution is readily obtained by complexifying the equation, that is,

by replacing cos(ωt) by exp(−iωt), which leads to an equation that is easy to

solve exactly. The real part of the complex solution then solves the original, real

equation. Thus,

µs(t) ≈
AsE0

ωsγs
sin(ωt). (C.36)

Insertion of (C.36) into (C.35) leads to

Eloc(t) ≈ Eloc
0 sin(ωt), (C.37)

where

Eloc
0 = 2

ds
dq

g

γs
E0, (C.38)

where the expressions in (C.34) have also been used.
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