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Piezoelectric radio frequency microelectromechanical resonators are a promising 

technology for meeting the increasing demands of a crowded electromagnetic spectrum. 

Contour mode resonators are a potential technology for next generation filtering to 

replace current bulk acoustic wave (BAW) solutions. The lithographically defined 

center frequencies of contour mode resonators facilitate monolithic integration of 

multiple frequencies on a single chip, ideal for filter bank applications. Despite these 

advantages, contour mode resonator technology has not seen widespread use in 

commercial or military applications, with one of the main obstacles towards this end 

being spurious modes. Frequently, designs optimally exciting an intended mode will 

often excite many other modes. This can affect important performance metrics, such as 

the passband roll-off and group delay of filters created from these resonators, and 

potentially exposes the radio system to damaging high power signals. 

Part of the reason spurious modes remain a challenge is the lack of a rapid and wide-

band simulation technique. Piezoelectric resonators typically have complex responses 

that must be modeled using finite element analysis (FEA) for accuracy. Conventionally, 

a multi-physics harmonic analysis is run to model resonators. These simulations can 

take hours to days to complete. Trades must be made between frequency spacing and 

bandwidth for the simulation to complete in a reasonable amount of time, and can 



 

 

 

possibly miss modes. Due to the time limitations, designers often run 2D simulations 

which complete much faster, but will miss any out-of-plane information. 

To address these challenges, the wide-band Rapid Analytical-FEA Technique 

(RAFT) has been developed using software commonly found in research laboratories. 

The RAFT combines the speed of analytical analysis with the accuracy of FEA for full 

3D solutions that complete orders of magnitude faster than conventional harmonic 

analysis while accurately modeling relevant modes. This enhanced speed is enabled by 

generalized expressions for the motional parameters of the modified Butterworth van-

Dyke equivalent circuit: the motional resistance (Rm), inductance (Lm), and capacitance 

(Cm). Information from separate mechanical modal analysis and electrostatic analysis 

are entered into these expressions, and the frequency response is then simulated in 

analytical software. This accounts for the effect of all modes in the simulation 

bandwidth. 

This method is shown to improve simulations speeds by several orders of 

magnitude. Additionally, the RAFT enables new uses of FEA for design and analysis. 

Wide band simulations to assess the resonator performance far from resonance are now 

possible. Accurate parametric device exploration to investigate mode scaling and 

behavior to higher frequencies can be undertaken. The reduced simulation duration frees 

time for researchers to conduct studies of other critical device variables, such as the 

simulations of fabrication non-idealities, including electrode misalignment or sidewall 

angles. These effects are often not simulated due to time constraints. Thermal effects on 

frequency may be included to generate frequency-temperature curves for each mode’s 

unique response to temperature variations. 
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CHAPTER 1  

PIEZOELECTRIC MEMS RESONATORS 

1.1  Piezoelectric Contour-Mode Radio-Frequency MEMS Resonators 

Contour-mode piezoelectric radio-frequency (RF) microelectromechanical 

(MEMS) resonators are of interest for next generation front-end filtering capabilities 

[1]. Acoustic wavelengths are much shorter than electromagnetic waves at the same 

frequency (approximately 105 time smaller [2]), providing massive size advantages for 

MEMS devices. The piezoelectric effect, which transduces directly between electrical 

and mechanical domains, is a logical phenomenon to exploit these size advantages for 

radio signal filtering at frequencies below several gigahertz. Additionally, the materials 

and topologies utilized in these resonators tend to have intrinsically low mechanical loss 

and high Q (or in the case of PZT resonators, high loss is compensated for with silicon). 

These devices have displayed characteristic impedances allowing for direct interface 

with 50 Ω terminated devices without any external matching [3, 4, 5]. Electrostatic drive 

MEMS resonators are widely used in devices and have displayed very high quality 

factors [6], but suffer from low coupling factors, resulting in impedances in the 

thousands of ohms. 

The moniker “contour mode” is used to differentiate these devices from two 

topologies which have successfully exploited the piezoelectric effect. Surface Acoustic 

Wave (SAW) and Bulk Acoustic Wave (BAW) systems have been successfully 

integrated in filters in military radios and personal hand-held communication devices 

[7]. 
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SAW devices are based upon travelling acoustic waves near the surface of the active 

material, with exponentially decreasing amplitude into the thickness. They have met 

quite aggressive cost targets, showing excellent performance up to 2.5 GHz. Above this 

frequency, the challenges of achieving lithographic feature sizes less than 0.25 µm and 

compensating the temperature coefficient of frequency have limited this technologies 

growth [2]. SAW filters tend to have lower quality factors due to the one-dimensional 

energy confinement inherent to the topology, although recent designs have used Bragg 

type reflectors to boost quality factor. 

Devices with high quality factors are highly desirable for several reasons. Filter roll-

off is directly related to device quality factor. Guard bands – unused portions of the 

radio spectrum used to prevent interference between bands – are undesirable and may 

be minimized by utilizing filters with steep roll-off.  With increasing demands for wider 

bandwidth, the RF spectrum has become a more crowded and coveted resource to be 

used most efficiently. Additionally, the insertion loss is related to the quality factor. 

Higher insertion loss results in higher current draw towards amplification of the filtered 

signal, and therefore lower battery life. The slow pace of battery life enhancement 

technology compared with increasing performance demands results in handset designers 

requesting ever more efficient radio components. 

The answer to this problem came in the form of BAW resonators. Solidly mounted 

resonators (SMRs) and thin film bulk acoustic resonators (FBARs) are the commonly 

utilized topologies. They operate in the first harmonic of thickness-extension, which is 

a standing wave with well-confined acoustic energy showing Qs well over 2000 and a 

small package size relative to SAW filters. FBARs are released on the top and bottom 
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sides, while the SMRs are fabricated upon a Bragg reflector for acoustic energy 

confinement. Commercial devices are generally fabricated from aluminum nitride, and 

utilize the strongest piezoelectric constant of aluminum nitride, e33, and have shown 

excellent insertion loss [8]. 

AlN FBARs currently meet the requirements of today’s wireless standards. 

However, as it is a thickness mode, its resonant frequency is dictated by the film 

thickness, resulting in difficulties in fabricating and/or integrating these devices as filter 

banks. In more recent years, for logistical efficiency, phone manufactures began to 

produce “international” phones capable of supporting 20+ LTE bands, and this number 

will only increase, exacerbating the problem of integrating many discrete filters. 

International phones are generally cheaper to design and manufacture, rather than the 

older model of designing a phone with filters specific to each market. Assuming one 

filter for uplink and downlink, the ability to monolithically fabricate filters of several 

frequencies on a single chip would result in significantly reduced size and improved 

manufacturability. Contour mode resonators (CMRs) have shown promise as an answer 

to the problem of the increasing number of filters. 

The name “contour-mode” refers to the characteristic ability to define frequencies 

lithographically. Accordingly, a very wide range of resonator frequencies may be 

defined on the same chip [9], resulting in the ability to monolithically realize filter banks 

on a single chip. This can result in significant size reduction and increased 

integratability. This concept is also useful for military radios, which use frequency 

hopping techniques across a wide range of UHF frequencies. At the lower frequencies 

for military applications, these devices have shown large size advantages compared to 



 

4 

SAW devices along with frequency tunability capabilities [5]. These devices have 

shown low insertion loss and high quality factors across a wide range of frequencies 

[10, 3, 11]. Generally, contour mode resonators are fully released structures with 

anchors in the same plane as the thin film. This is in contrast to FBARs and SMRs, 

which are released by clamped on all sides in plane or solidly mounted, respectively. 

1.1.1  Operating Principles 

The direct piezoelectric effect is a physical phenomenon where electrical 

polarization changes in response to an applied mechanical stress. The indirect effect is 

the opposite: mechanical deformation occurs due to an applied electric field. When 

linearized, this effect is described by the linear piezoelectric constitutive equations, 

which are generally derived using thermodynamic arguments [12]. 

𝑇 = 𝑐𝐸 ⋅ 𝑆 − 𝑒𝑡 ⋅ 𝐸 (1. 1) 

𝐷 = 𝑒 ⋅ 𝑆 + 휀𝑆 ⋅ 𝐸 (1. 2) 

Here T is the material stress, S is the material strain, D is the electric displacement, and 

E is the electric field, c is the matrix of stiffness coefficients, e is the matrix of 

piezoelectric coupling constants, and ε is the electric permittivity. The subscripts 

describe the field which should be held constant (preferably zero) when material 

properties are measured (e.g. 𝑐𝐸 indicates the stiffness should be measured at constant-

preferably zero-electric field). In many materials, the piezoelectric effect does not exist, 

and equations (1.1) and (1.2) reduce to Hooke’s law and the electric displacement – 

electric field relationship. There are three other forms in which the constitutive equation 

may be written [13], and the form given here is referred to as the “stress-charge” form.  
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Some crystal classes only exhibit piezoelectricity after a mechanical load is applied, 

thereby creating the dipole moment. Other, more desirable crystal classes which support 

a spontaneous electric dipole moment with no applied field, an applied electric field 

may interact with the dipole moments to deform the crystal. These are of most interest 

due to their strong polarities, resulting stronger piezoelectricity, and the ease of not 

requiring an applied mechanical boundary condition, which can be difficult to reproduce 

consistently at the micro-scale. 

This two-way transduction between the mechanical and electrical domains is the 

basis for piezoelectric filters and resonators. Electrical energy from an antenna is 

transduced in the mechanical domain by an interaction between the electric field shape 

and mechanical mode shape mediated by the piezoelectric coupling constants. This 

transduction will be discussed in more detail in later chapter. If the frequency of 

electrical signal is near a mechanical natural frequency, the energy is stored most 

efficiently. The mechanical energy is then transduced back to electrical energy via the 

direct piezoelectric effect. Since storage of mechanical energy is most efficient near 

mechanical resonances, it may be said that the electrical energy is filtered through the 

mechanical domain. The total amount of energy which passes through the resonator near 

a particular mechanical resonance is governed by the efficiency of stored energy to lost 

energy (the quality factor) and the efficacy of both transduction steps (the coupling). 

Coupling is not an efficiency, as it is a process of conversion, with all other energy 

assumed transmitted or reflected. 

 The energy converted from electrical-to-mechanical or vice-versa is measured by 

an electromechanical coupling factor, which measures the square root of the fraction of 
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the mechanical energy converted to electrical energy each cycle, or vice-versa [14]. 

Coupling and transduction are often used synonymously in this work. There is not “an” 

electromechanical coupling factor, as this fraction depends upon the orientation of the 

piezoelectric with respect to the electric field, and electrical and mechanical boundary 

conditions [14], and mode shape when discussing the coupling of modes. There are 

several “quasi-static” coupling factors, which are measured and valid at low 

frequencies. Definition are given in IRE standards [15], and the most commonly used 

ones given by 

𝑘15
2 =

𝑒15
2

𝑐44
𝐸 휀1

𝑇 (1. 3) 

𝑘33
2 =

𝑒33
2

𝑐33
𝐸 휀3

𝑇 (1. 4) 

𝑘31
2 =

𝑒31
2

𝑐11
𝐸 휀3

𝑇 (1. 5) 

𝑘𝑝
2 =

𝑒31
2

√
2

𝑐11
𝐸 + 𝑠12

𝐸 휀3
𝑇

 

(1. 6) 

𝑘𝑡
2 =

𝑒33
2

𝑐33
𝐷 휀3

𝑆 (1. 7) 

These define the coupling for well-defined electric and mechanical fields which exist in 

plates, cylinders, or bars at low (quasi-static) frequency. They are useful for quantifying 

the strength of piezoelectric in various directions, as they set an upper limit for the 

coupling when an electric field optimally interacts with a strain field. They are also 

useful for comparing expected resonator performance for various materials when used 

properly. For example, k31
2 represents the coupling between the electrical and 
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mechanical domains with a uniform electric field in the 3 direction coupling with a 

uniform extension in the 1 direction (this mechanical strain is not possible for a normal 

mode). However, these are defined only for piezoelectric devices with no electrodes or 

other elastic bodies interacting with the piezoelectric material. The addition of any non-

piezoelectric material reduces the overall coupling. 

The situation becomes more complicated when considering the interaction of the 

electric field with mechanical modes. The coupling is then dependent not only upon 

geometric and material properties, but also the mode shape. When considering a normal 

mode of a device, the strain will vary throughout the body of the resonator. It will be 

zero at certain points, and can take on both positive and negative values. Due to this 

non-uniform strain distribution, certain points in the resonator will not couple as well to 

an applied electric field for a particular mode. The same point in space may actually 

couple a large portion of energy into a different mode.  Generally, this results in reduced 

overall coupling when compared to the “quasi-static” coupling factors. Real devices 

have non-piezoelectric material integrated in the stack, which require energy to strain, 

but do not contribute to transduction. Therefore, when discussing the electromechanical 

coupling of mechanical modes to electrical fields with spatially varying electric 

field/strain magnitudes, directions, and fractions of non-piezoelectric material, the 

situation becomes more complex. Each individual mode in a resonator is said to have 

an effective electromechanical coupling, keff
2. The square comes from the fact that there 

are two transduction steps, electrical to mechanical, and mechanical back to electrical. 

The word “effective” is used because the stresses and strains that exist for each mode 

will interact in a unique way to the same applied electric field shape compared to any 
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other mode. keff
2 is an important performance parameter because it characterize how 

well energy is transduced into and out of a specific mode, and it fundamentally sets the 

maximum bandwidth of a filter created from cascades of one port devices, and it 

partially determines insertion loss. 

Another important metric is the quality factor, or Q, which was briefly mentioned 

earlier. Q is a measure of how efficiently energy is stored in the resonator each cycle, 

or alternatively, how little energy is lost each cycle. There are various quality factors 

associated with piezoelectric devices, which will be discussed in section 2.1.2 . For now, 

we will only discuss the meaning in general terms and its importance to resonator 

performance. One definition of Q is 

𝑄 ≡ 2𝜋
𝑒𝑛𝑒𝑟𝑔𝑦 𝑠𝑡𝑜𝑟𝑒𝑑

𝑒𝑛𝑒𝑟𝑔𝑦 𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑒𝑑 𝑝𝑒𝑟 𝑐𝑦𝑐𝑙𝑒
  (1. 8) 

The 2𝜋 is allows the Q to be expressed in terms of only the coefficients of second-order 

differential equation which describes many simple resonant systems. 

Q is also directly related to the sharpness of a mechanical resonance peak in the 

frequency domain, as well as the transmission of a signal. The Q will also have a direct 

effect on the steepness of the skirts of a filter. There are various sources of energy loss 

in piezoelectric MEMS resonator systems. They may be electrical in nature (e.g. ohmic 

losses from traces, dielectric loss), or mechanical in nature (e.g. viscous damping, 

thermo-elastic damping). An overview of the various important sources of loss is given 

in [16]. 

Since it is desirable to transduce as much energy as possible into and out of a 

targeted mode with the least amount of dissipation, it makes intuitive sense that a figure 
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of merit (FoM) would be the product of the coupling and the quality factor. Additionally, 

if one were to create a wide filter with low insertion loss and steep skirts, one would 

desire to create a high Q, high keff
2 resonator. The FoM is defined [17] 

𝐹𝑜𝑀 ≡
𝑘𝑒𝑓𝑓

2 𝑄

1 − 𝑘𝑒𝑓𝑓
2   (1. 9) 

This expression may be derived from energy arguments. Since the electromechanical 

coupling factor is defined as the electrical energy producded divided by the mechanical 

energy input, and Qm is the mechanical energy stored (input) over the energy dissipated 

per cycle, the FoM may be produced by considering these quantities. This perspective 

of the FoM allows one to consider it the ratio of the total electrical produced divided by 

the mechanical energy dissipated. That is, electrical energy at the mechanical natural 

frequency is incident upon the resonator and is converted to mechanical energy. Some 

of this energy is dissipated, and the piezoelectric resonator then transduces the energy 

back to the electrical domain (the “produced” energy). 

The metrics by which a piezoelectric resonators is judged have been discussed. 

Creating a resonator for radio frequency filtering from such a device is quite simple in 

concept. Electrodes are attached to a piezoelectric material in such a way that when one 

is assigned ground and the other signal, an electric field will be created that penetrates 

the piezoelectric. Applying harmonic signals near the mechanical natural frequency of 

a desired mode will apply a time varying stress approximately in 90 degrees out of phase 

with the stress already present in the resonators, resulting in enhanced energy storage 

determined by the resonator quality factor. Any resulting strain will in turn create a time 
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varying charge, or current, on the output port. In some cases, phenomena such as charge 

and/or strain cancellation may prevent the mode from being sensed/excited, 

respectively. For modes with appreciable Q and non-zero coupling, energy will be 

transmitted most effectively near mechanical resonances, as will be discussed in 2.1.2  

The challenge in resonator design is maximizing the two quantities (Qm and keff
2) 

simultaneously. 

To create a filter, one or more resonators are used. The ladder configuration is a 

relatively simple topology for filtering built using one port resonators. For ladders, a 

minimum of two resonators are required, one of which is a series resonator and the other 

is shunt. The series admittances of the resonators are aligned as shown in Figure 1.2. In 

Figure 1.2, the shunt resonators have the parallel resonance (fp) (frequency of highest 

impedance) close to the series resonance (fs) (frequency of minimum impedance) of 

series resonators. When placed in the topology shown in Figure 1.1, the ideal filter has 

a response similar to Figure 1.3. This behavior can be understood as follows: away from 

the primary resonances, the response is primarily dictated by the capacitive response of 

the resonators. At the series resonance frequency of the shunt filter, the signal passed 

through the series filter has a low impedance to ground. At the parallel resonance 

frequency of the series filter, incoming signal sees a very high impedance. In between 

these two frequencies, the series resonator has very high admittance and the shunt 

resonator has very low admittance, creating the filter response.  For increased rejection, 

the unit cells of Figure 1.1 may be cascaded at the expense of insertion loss. Other types 

of filters include balanced ladder filters and lattice filters.  
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Figure 1.1 A unit cell of the ladder filter. These units may be cascaded to increase the 

rejection at the cost of insertion loss 

 

Figure 1.2 The series transmissions of the series and shunt resonators. At the peak 

transmission of the shunt resonator, a low impedance path to ground is provided, 

producing a notch. At the minimum transmission of the series resonator, the other 

notch is produced. In between these two frequencies, a large portion of the signal is 

transmitted 
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Figure 1.3 A qualitative illustration of the transmission response of a ladder filter. 

 

1.1.2  Commonly Studied Modes 

The term “Contour Mode Resonators” does not imply a specific mode as the term 

SAW, SMR, or FBAR does. There are a variety of modes in thin films for which lateral 

dimensions are the primary frequency determining dimension. This section will 

introduce common modes which have shown the highest performance 

 Length extension (also referred as beam extension) modes exist at frequencies 

below several hundred MHz, where at least one lateral dimension is much greater than 

the thickness [5, 18, 19]. These are sometimes considered one-dimensional, since 

energy is primarily stored in the strains in one dimension. The displacements of length 

extnesion harmonics are analytically described by cosine and sine harmonics. This 

mode is analyzed in more detail in section 2.2.5 . A closely related mode shape is width 

extension, in which the mode is designed to propagate in the width rather than length 
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[20]. The distinction between these modes is if the mode is propagating in the larger or 

smaller lateral dimension. 

Another mode that has shown high frequency is the (1,1) harmonic of disk flexure. 

The numbers in parentheses denote the number of nodal lines and nodal circles, 

respectively that define themofr. The (1,1) mode has shown -1dB of loss in recent 

publications [3]. This mode is unique when compared to other high-performance 

devices in that its displacement is primarily out-of-plane-flexure. This mode is also 

discussed in more detail in section 2.2.5 . 

At higher frequencies, where the resonator body thickness becomes comparable to 

the wavelength, extensional waves are no longer well described by the beam extension 

assumptions. Lamb’s equations (often simply referred as “Lamb waves”) describe the 

motion that occurs in this situation [21]. These modes may be thought of as a 

superposition of a purely longitudinal wave and a purely vertical-shear wave that 

recombine constructively at certain frequencies [22]. As such, they may no longer be 

treated as one-dimensional modes. There are symmetric (Sn) and anti-symmetric (An) 

modes, where the subscript n refers to the number of nodal planes. The S0 mode has 

been of interest due to its coherent stresses and strains though the thickness, which 

results in higher coupling. The anti-symmetric modes are generally considered to be 

spurious. This is due to the fact that these modes generally have lower phase velocity, 

limiting their use towards higher frequencies, and lower effective coupling factors, 

limiting the bandwidth of filters composed of resonator utilizing these modes.  

Lamb waves have no particle displacement in the plane perpendicular to the 

propagation direction and parallel to the major surfaces. Plate waves which do have this 
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characteristic are referred to as shear horizontal (SH) waves. These waves are 

complementary to Lamb waves, and together they describe all the waves that may 

propagate with a wave front of infinite depth in a plate. SH0 based devices have been 

studied at higher frequencies and shown good performance [23]. 

Cross-sectional Lamé mode resonators have also recently been investigated as high 

frequency resonators in contour mode resonators [11]. These modes are isochoric, thus 

reducing losses from thermo-elastic damping [24].  Lamé modes have two significant 

directions of strain which are perpendicular to and parallel to the major film surface. In 

the contour mode resonators with interdigitated electrodes, this is exploited so that both 

the e31 and e33 are involved in coupling. Due to the two dimensional nature of the strain, 

these modes are more restricted in the resonance frequencies across which high 

performance devices may be fabricated on a single wafer. However, they are less 

restricted in frequency than FBARs. 

1.1.3  State of the Technology 

This section will briefly cover on the general performance and characteristics of 

CMR resonators including: frequency range, lowest attained losses, quality factors, and 

motional resistance. 

Contour mode resonators have been fabricated with targeted modes ranging from 

10’s of MHz [5] to 10 GHZ [25]. At low frequencies, parallel plate topologies dominate 

since mechanical wavelengths tend to be comparatively long, and favorable length-to-

width ratio may be easily attained. When approaching the GHz range, interdigitated 

transducers (IDTs) are much more common. This is because the mechanical 



 

15 

wavelengths become shorter, generally on the same order of magnitude as the thickness 

of the thin film. The electrode area required to achieve a particular capacitance vs. 

wavelength requires utilizing higher harmonics in a single device, or multiple devices 

electrically in parallel. 

Quality factor, an important performance metric when designing filters, varies 

across materials. Aluminum nitride and lithium niobate devices are reported with high 

quality factors generally between 1,000 to 2,000 [10]. PZT devices generally have lower 

Q closer to 200. Silicon is added to these devices to increase the quality factor [26]. 

While the quality factor is dependent on the amount of silicon relative to PZT, quality 

factors generally tend to be below 1,500. 

The device impedance is important in determining the insertion loss as well as roll-

off. Impedances as low as 3 Ω in IDT topologies [26], and as low as 9 Ω in parallel plate 

topologies [27] have been reported. For comparison, FBAR resonators typically have 

an impedance well below 1 Ω. Ideally, the resontor impedance is zero near the 

mechanical resonance frequency. 

In terms of coupling, the highest numbers that have been reported to date for keff
2
 are 

around 4% [28] in aluminum nitride contour Lamé mode resonators. FBARs typically 

are in excess of 6.8% [8]. The Lamé mode resonators do not possess the coupling 

required to meet today’s stringent RF front end requirements. Scandium doped 

aluminum nitride promises even higher coupling approaching double digits for FBARs 

[30]. 
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Despite these performance metrics, CMR technology has not seen widespread 

adoption. Besides the coupling, one major reason for this is the spurious mode problem, 

which will be discussed in the next section. 

1.2  Spurious Modes 

1.2.1  Introduction to Spurious Modes 

Any continuous elastic body is theoretically capable of supporting an infinite 

number of mechanical modes. While CMR devices are generally designed to excite only 

one mode, often the electric field shape is compatible with the modal strains of other 

modes, resulting in transduction of energy into and out of those modes. Such modes are 

called spurious modes. Depending on coupling and quality factor of the particular mode, 

this can appear as a large resonance in the frequency response. This kind of response is 

undesirable for several reasons. First, if significant spurious modes are within the 

passband of a filter, the group delay will be disrupted, therefore disrupting the filtered 

signal. Additionally, these spurs will increase the ripple of the passband. Ripple is a 

measure of the amplitude variation in the filter passband, which will result in distortion 

(Figure 1.4). Large out of band spurious modes can cause problems if the radio is placed 

near a high power antenna source. For military applications, this could be exploited to 

jam or damage radios. 
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Figure 1.4 An example of ripple in the pass band [29] 

1.2.2  The Spurious Mode Problem in FBARS 

FBAR based filters are ubiquitous in consumer cellular handsets. However, before 

the commercial success, one of the biggest hurdles on the path to market was a problem 

with spurious modes [30]. FBARs have a very high aspect ratio, with the lateral 

dimensions being much greater than the thickness. Therefore, there are few, if any, 

modes propagating in the thickness near the fundamental thickness-extension modes. 

However, there are numerous plate waves propagating in the lateral dimension 

supported by this topology, namely various harmonics of Lamb modes [22]. In the 

practical design space, some harmonics of these modes can always propagate in the 

plates near the intended thickness-extension mode, degrading filter response. In a square 

plate, the sidewalls of the film provide a surface for these waves to reflect off of and 

constructively interfere. Any mode with approximately 
𝐿𝑛

𝑘
= 𝑖 will resonate in this plate, 

where L is the plate length, k is the wave number of the fundamental harmonic, and n is 

the nth harmonic, and i is any positive integer. If L is large compared to k, a large number 

of modes can be supported which will be spaced closely together in frequency. Real 
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devices require other considerations, but a similar idea holds true. The solution to this 

problem was to create non-parallel side walls in a process called apodization [31] 

(Figure 1.5). With non-parallel sides, the path length of any individual wave becomes 

very long before it returns to its starting state.  The quantity of wave numbers that 

correspond to resonant waves now increases, and there may now be a situation more 

akin to a continuum of wave numbers rather than discrete well defined modes and 

frequencies. The energy is now “smeared” across frequencies, rather than primarily 

being stored at well-defined frequencies. 

 

Figure 1.5 The path followed by the traveling wave of a spurious mode. Other 

spurious modes will have similarly long paths, increased the number of k vector and 

smearing the energy across these frequencies [31]  

1.2.3  The Spurious Mode Problem in Contour Mode Resonators 

Similar to FBARs, spurious modes are one of the largest obstacles on the road to 

widespread adoption of CMR technology. CMRs attracted attention due to the ability to 

lithographically define many frequencies on a single chip, a shortcoming of FBAR 

technology. However, this also creates challenges with regard to spurious modes. It is 

difficult for CMR designers to utilize lateral dimensions for spurious mode suppression 

without affecting the intended mode since CMR modes propagate in that direction. 



 

19 

Instead, the community has had to explore novel solutions to the various spurious modes 

that plague CMRs. These solutions include anchor design [32], electrode “apodization” 

[33], electrode design [34], and “mode conversion” techniques [35]. Not only this, but 

the FBAR community primarily investigated modes belonging to the Rayleigh-Lamb 

family. There is no commonly defined “CMR mode” as there is with FBAR; the CMR 

community has investigated modes in disks and rings [27, 1], beams [5], plate 

extensional modes [9], shear based modes [36], and Lamé modes [11]. While some of 

these topologies share types of spurious modes, there are some modes that are unique 

to each. Additionally, the spurious modes in CMRs tend to have wavelengths 

comparable to the resonators size and spaced further apart than FBAR spurs. This results 

in higher coupling and difficulty “blurring” the energy, respectively. The FBAR 

community was investigating Rayleigh-Lamb modes with wavelengths much shorter 

than the device size. This results in a large amount of current cancellation for these 

modes, and hence lower coupling. In contrast, piezoelectric MEMS devices generally 

have complex mode shape which are difficult to predict analytically, except for select 

simple cases. 

Clearly, the community requires a generalized model to predict the severity of these 

spurs to inform design to mitigate their excitation and detection. This is one of the main 

impetuses of this work.  
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1.3  Common Piezoelectric Thin Films for Contour Mode Resonators 

1.3.1  Introduction 

Section 1.3 is intended to introduce the unfamiliar reader to the most commonly 

encountered piezoelectric materials in piezoelectric contour mode resonators. Extensive 

literature exists on the depositions, characterization, and integration of each of these 

materials. This work is primarily concerned with the use of these materials for resonator 

applications, and so these other subjects, if touched upon, will be done so lightly. For 

in-depth treatment, good starting points include the references in this section. 

For comparison purposes, Table 1.1 includes typical values for the three most 

commonly encountered piezoelectrics for RF MEMS applications: lead zirconate 

zitanate (PZT), aluminum nitride, and lithium niobate. 

 

Table 1.1 A comparison of common thin film piezoelectric properties 

 

Relative 

Permittivity 

(휀33) 

Density 

(kg/m3) 

Elastic Constants 

x 10^9 (constant 

electric field) 

e31,f 

(C/m2) 

d33 

(pC/N) 

PZT(53/47) 

[37] 
1180-1650 7800 Y11=Y22 = 60.2 -12 - -17 85 

Aluminum 

Nitride [38] 
10.7 3260 

C33 = 395, 

C11=345 
-1.05 3.92 

Lithium 

Niobate (Z 

cut, 0° to 

+X axis 

[10] 

29.16 4700 C11=C22=C33=203  e33=1.33 
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1.3.2  Aluminum Nitride (AlN) 

Aluminum nitride based resonators have exhibited the highest contour resonator 

figure of merit (FoM) at frequencies above 500 MHz (147.7 at 725 MHz [11]), thanks 

in large part to the high quality factor of AlN (generally well over 2000). It exhibits 

excellent thermal conductivity for an electrical insulator, making it well suited for 

resonators handling a high power. Aluminum nitride is also quite stiff with low density, 

resulting in very high acoustic velocities, and therefore shorter wavelengths. The 

piezoelectric constants are lower than those of PZT (e31 -0.58  vs. -12 to -17 [39]), 

however the relative permittivity of AlN ranges from 9 to 10.7, two orders of magnitude 

lower than PZT (Table 1.1) [38]. Despite the lower piezoelectric constants, the low 

permittivity increases the achievable coupling due to the inverse proportionality of 

coupling with permittivity. One drawback is AlN devices must be larger than a 

comparable PZT device to achieve a desired shunt capacitance. 

AlN has several processing advantages making it the most common piezoelectric 

MEMS resonator material when compared to the other two common piezoelectrics, PZT 

and lithium niobate. First, it is comparatively simple to obtain in thin film form via 

reactive magnetron sputtering and is highly reproducible [38]. Second, it is also more 

compatible with semiconductor-focused fabrications facilities, as it does not contain 

lead. Finally, the strong polar nature allows for highly oriented growth and, since it is 

not a ferroelectric piezoelectric, it does not face the aging challenges of PZT [38]. 
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1.3.1  Lead Zirconate Titanate (PZT) 

Lead Zirconate Titanate (PZT) is a ferroelectric with a successful history in bulk 

resonator applications due to its high piezoelectric constants [39]. PZT displays strong 

piezoelectric constants approximately one to two orders of magnitude greater than those 

of aluminum nitride, and as well as high coupling factors, with reported thin-film k31
2 

as high as 29.8% at low electric field [40]. However, due to its high mechanical loss and 

processing challenges in thin films, less interest has been shown in this piezoelectric 

material [39].  

Ferroelectrics are subclass of piezoelectrics defined by the “reversibility in a polar 

crystal of the electric dipole by means of an applied electric field,” [14]. This 

polarizability exhibits hysteresis, as shown in the polarization-electric field graph in 

Figure 1.6.  

 

Two notable consequences arise from this with relation to device design. First, the 

piezoelectric constants vary with the voltage applied to the resonator. This effect is seen 

Figure 1.6 An example of the hysteretic response seen in ferroelectric 

materials. The polarization is a function of the applied electric field. 
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in Figure 1.7, in which piezoelectric constants were extracted from cantilever test 

structures. Second, the dielectric constant is also modified by the applied electric field, 

which may be seen in Figure 1.8 in a capacitance vs. electric field chart for an unreleased 

capacitor. PZT has a very high relative permittivity of between 800-1200 at low 

oscillating and DC fields and at frequencies in the kHz range[39].  The variation of 

piezoelectric and dielectric constants with field will directly affect important resonator 

characteristics, such as the center frequency, coupling, and impedance. For this reason, 

PZT resonators are operated in a “small-AC-on-large-DC” condition, in which the radio 

signals are small, and the DC bias is applied to tune the operating conditions. 

 

Figure 1.7 The piezoelectric constants extracted from cantilever test structures at 

various locations on a wafer. Not only do the constants vary as a function of voltage, 

they also varied as a function of location on the wafer. 
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Figure 1.8 An example of the piezoelectric material’s relative permittivity varying 

with the voltage applied to electrodes of a 0.5 μm thick film 

Additionally, since ferroelectrics have at least two stable polarization states and PZT 

exhibits grains with distinct crystal orientations, regions exist with different 

polarizations and orientations within the same material. The orientations and 

interactions of these domains directly impact the macroscopic dielectric properties, 

piezoelectric properties, mechanical properties, and the losses. A detailed treatment is 

given in [41]. 

One important challenge when using ferroelectrics is the process of aging. In this 

process, the dielectric constants, dielectric loss, coupling factors, and resonant 

frequencies decrease constantly in log-time [14]. This makes ferroelectrics a poor choice 

for applications which require ultra-stable frequencies. This effect must also be 

considered when designing devices that will operate for long periods of time without 

re-poling. 
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To address the high mechanical loss, PZT-on-silicon technology has been developed 

[42, 37]. Silicon is a high quality factor material, and its addition increases the overall 

quality factor of the material. However, this comes at the expense of resonator keff
2, 

although the FOM remains nearly constant across a wide range of thicknesses [39]. 

These enhanced Qs allow the use of resonators in filter topologies where the Q of PZT 

by itself would be too low, as filter roll-off is directly related the resonator Q. 

 

1.3.2  Lithium Niobate 

Lithium niobate is a highly anisotropic ferroelectric material with moderate 

piezoelectric constants and dielectric constants, and high quality factor. It is commonly 

utilized in SAW resonators. Lithium Niobate contour mode resonators have shown the 

highest FoM of contour mode resonators to date (280 at 500 MHz [4], and have 

demonstrated quality factors up to 3000 [36] and electromechanical coupling factors 

above 20% [10]. The material properties of lithium niobate may be found in Table 1.1. 

Although lithium niobate is a ferroelectric, the coercive field tends to be so high that 

many MEMS resonator publications do not report a value. 

Lithium niobate (LiNbO3) is not easily deposited in thin film form, with most efforts 

failing to produce high quality single crystal lithium niobate on a wafer scale [36]. 

Instead, bulk lithium niobate is bonded to a handle wafer, and either processed via ion-

slicing or mechanical polishing. Ion slicing involves bombarding the bulk material with 

H+ or He+, creating defects at a desired depth, which are subsequently amplified under 

thermal conditions [43]. The resulting film is then polished down to reduce damage 
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effects [10]. Although these processing methods are time consuming and not easily 

scalable, there is one main advantage. The cut of lithium niobate may be chosen to 

optimally orient the strongest piezoelectric coefficients with the electric field, resulting 

in the high keff
2

 demonstrated. 
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CHAPTER 2  

MODELING PIEZOELECTRIC MEMS RESONATORS 

2.1  The mBVD Model 

Since the input and output signals from piezoelectric MEMS resonators are 

electrical in nature, it is possible to represent the entire system in terms of electrical 

components. The modified Butterworth van-Dyke (mBVD) model is a common lumped 

element circuit model preferred by designers for its simplicity and accuracy [44]. It 

reduces the complex distributed resonator system to lumped components which may be 

easily understood by a circuit designer with no background in piezoelectric MEMS 

operation. The following sections introduces the mBVD modeling technique and its 

relationship to modal analysis, and discusses the significance of the various 

components. 

2.1.1  Modal Analysis 

Before discussing the mBVD model, it important to discuss how distributed 

mechanical resonators can be “lumped,” or represented by simple mass-spring-damper 

systems. To understand this, the concepts of modal analysis are first discussed. 

Modal analysis is concerned with the superposition of normal modes, and may be 

used to model low loss mechanical systems [45]. Normal modes in linear lossless 

systems have the property that all points in the system move in a sinusoidal pattern in 

time at a particular frequency with a fixed phase. Normal modes are linearly 
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independent and orthogonal, as the name implies. Mathematically, the inner product of 

non-identical modes is zero 

∫ 𝑢𝑝(𝑥, 𝑦, 𝑧) ⋅ 𝑢𝑞(𝑥, 𝑦, 𝑧) 𝑑𝑉 = 
𝑉

0, 𝑝 ≠ 𝑞 (2. 1) 

Here, V is the volume of the resonant body, u is the displacement of the mode in spatial 

coordinates, and p and q are any two arbitrary positive integers corresponding to two 

arbitrary modes. Additionally, the strains of these normal modes are orthogonal as well. 

This arises from the fact that if the strain of normal mode A could be written the as a 

linear combination of strain of two other modes, B and C, then a simple integration of 

the x, y, or z strain would show that mode A would also be a linear combination of 

modes B and C. This violates the property of a mode that it must be orthogonal to all 

other modes. Similar arguments apply to the shear strains. 

Additionally, the general motion of an elastic body may be described by a 

superposition of all normal modes with appropriate magnitude. That is to say the motion 

of one mode is assumed to not affect the motion of any other modes. 

 

Here u represents the general motion of a resonant body from an arbitrary excitation, 

𝑢𝑛𝑝
 is the unity normalize mode shape of the pth mode, 𝛿𝑝 is the contribution of the pth 

mode to the frequency response and is a function of the excitation, and 𝑢𝑡 is the temporal 

component of the pth mode. 

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = ∑ 𝛿𝑝𝑢𝑛𝑝
(𝑥, 𝑦, 𝑧)𝑢𝑡𝑝

(𝑡)

𝑚

𝑝=1

 (2. 2) 
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 Therefore, the contribution of individual modes to the total energy may be analyzed. 

Since all points on the resonator body move at the same frequency and with the same 

phase for a particular mode, the total kinetic and potentially energies of each mode may 

be represented by a single, sinusoidal time varying quantity. This implies that a “modal” 

mass and spring may be defined relative to a point on the resonator. To find these modal 

properties, the energies of the distributed and lumped system are compared. To obtain 

the modal spring, the strain energy is compared to the energy stored in a linear lumped 

spring: 

1

2
∫ 𝜎 ⋅ 𝑆 𝑑𝑉 𝑢𝑡

2 =
1

2
𝑘𝑚𝛿2𝑢𝑡

2

𝑉

 (2. 3) 

Here, 𝜎 and S are the six-dimensional compressed vector representation of stress 

and strain, respectively, in Voigt’s notation, km is the modal stiffness, and 𝛿 is the modal 

displacement.  After choosing a proper point to track with 𝛿 (usually the point of 

maximum displacement of the distributed system), the modal stiffness may be derived. 

To obtain the modal mass, the kinetic energies are compared 

1

2
∫ 𝜌 (𝛿𝑢𝑛𝑢𝑡)2

𝑉

𝑑𝑉  =
1

2
𝑚𝑚 (𝛿 �̇�𝑡)2 (2. 4) 

Where 𝜌the local density of the resonator, and mm is is the modal mass. 

Solving explicitly for the modal mass, modal spring, and modal damping gives 

 

𝑘𝑚 = ∫ 𝑺𝑛 ⋅ 𝒄 ⋅ 𝑺𝑛𝑑𝑉
𝑉

 (2.5) 
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𝑚𝑚 = 𝜔𝑛
2 ∫ 𝜌(𝑥, 𝑦, 𝑧)𝑢𝑛

2𝑑𝑉
𝑉

  (2.6) 

 

 

The modal mass and spring have been derived up to this point for an ideal lossless 

system. Systems with loss will experience a degree of coupling between modes, and the 

losses will alter the natural frequency [46]. However, for modes with low loss, these 

effects are negligible, and to good approximation the frequencies predicted by the modal 

mass and spring are the same as the frequencies of the lightly damped system. MEMS 

resonators often have Q in excess 1,000, well above the range where these effects are 

significant. The modal damping is given by 

𝑏𝑚 =
𝑘𝑚

𝑄𝑚𝜔𝑛
=

𝑚𝑚𝜔𝑛

𝑄𝑚
  (2.7) 

So far the lumped parameters for unforced vibration have been developed. The 

actuation from the indirect piezoelectric effect must be modeled as well. The forcing of 

the lumped system is performed by a “modal force”, Fm. This lumped force and the 

corresponding modal displacement represent work imparted to the system via 

piezoelectric stresses generating real strains in each mode. Fm had previously proven 

the most elusive portion of the problem to solve, as, unlike the other motional 

parameters, its magnitude is dependent upon the transduction efficacy as well as the 

mechanical and modal properties. It will be derived in section 2.2.3  
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 Each normal mode will therefore have a unique modal force, mass, spring, and 

damper. This fully defines a forced, damped simple harmonic oscillator, and the basis 

for representing distributed mechanical systems as lumped mechanical elements has 

now been established. 

2.1.2  Overview of mBVD 

As mentioned previously, since the excitation and detection signals in RF 

piezoelectric MEMS resonators are both electrical in nature, the entire system may be 

represented as an equivalent electrical system. The commonly utilized modified 

Butterworth van-Dyke Model [44] is such a lumped-element mode (Figure 2.1). This 

representation is desirable due to the ease of use for circuit or filter designers [44]. The 

original Buttherworth van-Dyke model contains only lossless components, and is an 

ideal resonator. The modified mBVD includes Ohmic, mechanical, and dielectric losses. 

As discussed in section 2.1.1 , the distributed resonant mechanical system, may be 

represented as a lumped mass-spring-damper system via modal analysis. These lumped 

mechanical parameters may in turn be represented as lumped electrical parameters 

through the inclusion of electromechanical coupling terms. After this transformation, 

the new elements are known as the “motional” capacitor (spring), inductor (mass), and 

resistance (damper). These are often abbreviated Cm, Lm, and Rm, respectively. These 

three parameters represent a single mechanical resonant mode, and their series 

combination is known as a “motional path.” Each motional parameter corresponds to a 

mechanical parameter, but with transduction incorporated to transform between the 

domains. This is similar to how the modal force models an applied stress. In later 
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chapters it will be shown that the electrical and associated mechanical quantities are 

directly or inversely proportional to each other, with a constant relating them determined 

by the electromechanical coupling. 

For one port devices, the capacitor is placed in parallel with the motional path 

(Figure 2.1). This capacitor represents the real capacitance between the electrode of the 

port electrode and ground. It is inevitable that some energy will not be directly 

transduced to the mechanical domain, as some energy must remain in the electrical 

domain to create the electric field. As such, it can be inferred, and will later be discussed, 

how this capacitor is integral to determining the amount of energy coupled into the 

mechanical domain for a particular mode. Therefore, the motional parameters are 

indirectly a function of this capacitance. 

Two port devices are represented by a slightly different arrangement (Figure 2.1b). 

The capacitors C1 and C2 represent the capacitance between the respective port electrode 

and ground. This is important, as each capacitance may be designed by changing the 

size of the electrode.  



 

33 

 

Figure 2.1 (a) The mBVD model for a one port resonator. (b) The mBVD adapted to 

model a two port resonator. Notice that in both cases, the only loss modeled is in the 

resonator 

Figure 2.1a,b and represent a non-ideal resonator with tether resistances and 

mechanical loss. Often times there are other non-ideal parasitic resistances and 

capacitances. Figure 2.2a,b shows the mBVD with several parasitic components. First, 

the resistances placed immediately after the ports, RT, represent the finite resistance of 

the routing to the device. Also, in some cases there may be a significant capacitance 

between the electrodes of a two-port resonator. In this case it is necessary to include a 

parasitic capacitor, Cp, in parallel with the motional arm. This capacitance is ideally 

zero, since the purpose of these devices is to filter the signal through a mechanical 

resonant response. A similar effect can occur in one-port devices in which, due to the 

fabrication process, the signal pad and ground plane can have significant capacitance. 
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This must be de-embedded to obtain the true performance of the device.  The dielectric 

loss of the resonators is represented by the resistors Rb. 

 

Figure 2.2 (a) The mbVD for a 1 port resonator with parasitic resistors and 

capacitors and (b) the mBVD of a two port resonator with parasitic resistors and 

capacitors. 

When discussing the losses of a piezoelectric filter modeled by the mBVD, there are 

three important quality factors that are commonly presented. The first is the mechanical 

quality factor, Qm, which as the name implies, represents losses in the mechanical 

domain. 

𝑄𝑚 =
√𝑚𝑘

𝑏
= √

𝐿𝑚

𝐶𝑚

1

𝑅𝑚
 (2. 8) 
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Where m, k, and b are the lumped equivalent mechanical elements from modal analysis, 

which were discussed in 2.1.1 .  

For two-port resonators, the other two quality factors, the loaded and unloaded 

quality factors (QL and QU, respectively), incorporate the losses from mechanical and 

electrical effects, as well as the effect of coupling to an external load [47]. QU 

incorporate all mechanical and electrical loss sources between the two ports, including 

tether resistances, leaky capacitors, parasitic capacitances, and any factors which result 

in energy being dissipated or leaving the system through ground. Regarding QL, the 

resonator or filter circuit is connected to a load across which the output voltage is 

measured. The degree of coupling between the resonator and load alters the amount of 

energy leaving the circuit. A well-matched device will deliver more energy to the load, 

whereas a poorly matched device will have most of the energy reflected off the load. 

The well matched case would appear as a decrease in quality factor, since less energy is 

being stored in the resonator. This effect is incorporated into QL, which is the quality 

factor that may be directly extracted from S21 measurements. QU and QL are related for 

two port resonators by the expression [47] 

𝑄𝑈 =
𝑄𝐿

1 − max|𝑆21|
 

Where max|S21| is the maximum amplitude of the 2-1 scattering-parameters in dB at 

electrical resonance. QU is often of more interest than QL because it contains information 

about loss mechanisms intrinsic to the resonator. 

The mBVD allows designers a convenient expression for the electromechanical 

coupling, keff
2, previously discussed in 1.1.1 . 
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𝑘𝑒𝑓𝑓
2 =

𝐶𝑚

𝐶0 + 𝐶𝑚
 (2. 9) 

As stated previously, this performance metric informs designers how well energy 

couples into a particular mode, and is therefore important to model. 

2.1.3  Optimal mBVD Values 

Although designers of piezoelectric resonators must often deal with real world 

issues, it is useful to discuss ideal mBVD performance in the context of how the non-

ideal situation will affect them. These issues, such as finite metal resistances, parasitic 

capacitances, and leaky capacitors, can require the inclusion of additional elements, 

such as the aforementioned parasitic capacitance between electrodes of a two-port 

resonator. 

For a 50 Ω terminated two-port device, the shunt capacitance is ideally 

approximately 50 Ω. The magnitude of S21 as a function of the mBVD of Figure 2.2b is 

given by [48] 

|𝑆21| = ||
2

2 +
𝑍𝑀
𝑍𝐿

+
2𝑍𝐿
𝑍𝑆

+
2𝑍𝑀
𝑍𝑆

+
𝑍𝐿𝑍𝑀

𝑍𝑆
2 + 𝑅𝑇𝛽

|| (2. 10) 
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𝛽 =
4𝑍𝑆 + 2𝑍𝑀

𝑍𝑆
2 +

2𝑅𝑇𝑍𝑆 + 𝑍𝑀𝑅𝑇 + 2𝑍𝑀𝑍𝑆 + 2𝑍𝑆
2

𝑍𝐿𝑍𝑆
2  (2. 11) 

 

Where Zm is the the total impedance of the motional path, ZL is the load impedance, and 

ZS is the total shunt impedance. The mBVD is assumed symmetric in this case.  

Routing resistances are represented in Figure 2.2b by RT. Ideally, routing 

resistances are zero. These resistances have been shown to be significant contributors 

to the losses of piezoelectric MEMS resonators [48]. Even a few ohms of resistance can 

cause significant drops in the transmitted power for devices with low motional 

resistance. This is shown in Figure 2.3, where the shunt impedance is fixed to 50 Ω, and 

the ratio of the Qm to QU is explored for various Rm and RT. 
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Figure 2.3 At low values of Rm, the additions of small tether resistance can 

have a dramatic effect upon the unloaded quality factor, and therefore loss, of 

the entire resonant system.  



 

38 

 Designers may include gold traces to reduce the resistance and improve the 

performance of their devices. However, gold is a low quality factor material factor, and 

the benefits of this must be weighed against the decrease in Q.  

A naïve observer may suggest after looking at the two port mBVD may suggest that 

the shunt capacitance should be zero, so all transmitted energy passes only through the 

mechanical system. However, this would result in zero electric field through the 

piezoelectric layer, leading to zero stress generation, and therefore infinite Rm. 

Therefore, all incident energy would be totally reflected. This is the intuition for the fact 

mentioned earlier that the motional parameters of the mBVD are indirectly a function 

of the capacitance.  This reasoning leads to the conclusion that there must be some shunt 

capacitance for transduction to the mechanical domain to occur, and the optimal value 

for a given termination and coupling should be analyzed. 

Ideally, the motional resistance is zero as well. This is equivalent to stating that 

ideally there are no mechanical losses or the mechanical quality factor is infinite. This 

brings up an important distinction between Qm and QU. Even with a perfect mechanical 

system with infinite Qm, any electrical losses will result in a circuit Qu which is finite.  
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2.1.4  Modifying the mBVD to Model Multiple Acoustic Modes 

As previously stated mechanical systems modeled as linear, distributed, and can 

theoretically support infinite modes which are linearly independent. The general motion 

of such a system is a weighted, linear superposition of each of these modes. Energy is 

transduced to these modes through an electric field with identical shape across 

frequencies. In the mBVD, this means that each motional path is exposed to the same 

voltage. The motional parameters are determined partially by the mechanical lumped 

representations, as well as the coupling, which is reciprocal, i.e. the motional parameters 

are not affected by whichever port is the input and output, so S21 = S12. Via the direct 

piezoelectric effect, energy is transduced back to electrical domain. All modes share a 

common output electrode, and therefore they must share a common node in the mBVD. 

At the resonance of a particular mode, the impedance of the corresponding motional 

path must be low, while all other motional paths should are generally (much) higher. 

These observations lead to the conclusion that an appropriate representation of multiple 

mechanical modes is to place each motional path in parallel Figure 2.4.  
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Figure 2.4  The mBVD model to modeling the response when the effect of several 

modes are included for (a) a one port resonator and (b) a two port resonator. 

To analytically simulate the frequency response of a two port resonator, the most 

convenient method is to first convert to ABCD microwave network parameters [49], 

then convert once again to the desired network (usually scattering-, impedance-, or 

admittance-parameters). The impedance parameters of one port resonators are trivial to 

calculate. 
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2.2  The Motional Resistance 

2.2.1  Introduction 

Of all the parameters of the mBVD, the motional resistance has proven the most 

difficult to model, as well as the most important. The importance of Rm lies in the fact 

that, at mechanical resonance, Rm is the only motional parameters in the motional path, 

as Lm and Cm cancel out. The Rm is also the only parameter depending upon Qm, which 

has proven notoriously difficult to model accurately. This means, disregarding parasitic 

capacitances, all transmitted energy for two-port resonators and desired filtered energy 

for one-port resonators passes through this loss mechanism. Therefore, the ability to 

predict performance and loss of a device before fabrication depends upon knowing the 

value of Rm. 

Previously, the derivation of a generalized modal force was a challenge on the path 

to fully generalized expression for the motional parameters. As mentioned in 2.1.1 , Fm, 

along with the output charge, is important in the that fact that it depends not only upon 

the mechanical, modal, and material properties, but also upon the electric field. Without 

a modal force, the conversion of electrical to mechanical energy is not known.  

2.2.2  Previous Efforts 

Previously, there had been few efforts to derive a closed form expression for Rm. 

One excellent work analyzing piezoelectric ultrasonic motors provided useful sense and 

drive differential equations, which agree with expression presented later in this work 

with certain assumptions applied [50]. Other efforts mainly focused upon simple, one-

dimensional modes. Both [18] and [51] included derivations for length/width extension 
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modes of two port resonators. These modes are both analytically described by 

harmonics of cosine. The terms “length” and “width” are used to specify if the mode is 

propagating primarily in larger or smaller dimension of a rectangular plate. From [18], 

the motional resistance expression is 

𝑅𝑚 =
𝑛𝜋(𝑡𝑆𝑖 + 𝑡𝑝)√𝑌𝑐𝜌𝑐

2𝑒31
2 𝑤𝑡𝑜𝑡𝑄𝑚

1

sin2 (
𝑛𝜋𝐿𝑒

2𝐿 )
 (2.12) 

Where n is the harmonic, tSi is the thickness of the silicon, tp is the thickness of the 

piezoelectric, Yc is the composite modulus, 𝜌𝑐 is the composite modulus, wtot is the total 

width, Qm is the mechanical quality factor, Le is the length of the electrode, and L is the 

total length of the resonator. This expression is valid for the topology of Figure 2.5(a). 
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Figure 2.5 (a) The “full-length half-width electrode topology and (b) the “alternating 

electrode” topology. Each electrode section alternates connections to the first and 

second port.  

 The units are ohms, and the expression agrees with expression presented later in this 

work after applying simplifications. However, (2.12) is only presented for a two layer 

stack and assumes the electrodes are symmetric. 

An expression for extensional modes with an “alternating electrode” topology 

(Figure 2.5b) from [51] is 
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𝑅𝑚 =
𝑛𝑖𝑛 + 𝑛𝑜𝑢𝑡

𝑛𝑖𝑛𝑛𝑜𝑢𝑡

𝜋𝑡𝑝√𝑌𝑐𝜌𝑐

8𝑤𝑡𝑜𝑡𝑄𝑚𝑒31
 (2.13) 

Where nin is the number of input electrodes and nout is the number of output electrodes. 

This is the expression as presented in the work, however the units do not work out to 

ohms. This is likely a typo, as the problem is solved if the e31 is squared in (2.13). This 

expression is subject to similar limitations as the previous equation. 

2.2.3  Derivation of the Generalized Motional Resistance, Capacitance, 

Inductance, and Electromechanical Coupling 

The modeling methodology in the following sections employ comparisons of energy 

in lumped and distributed systems to arrive at a generalized expression for the motional 

resistance. The derivation is material, mode, and topology agnostic. It is therefore 

applicable to many systems.  A generalized modal force, spring, mass, and capacitor are 

derived dependent on the strain fields, electric fields, geometric properties, and material 

properties.  The modal force is obtained by comparing the work done by a force applied 

to a linear spring to the strain energy induced by an applied electric field through the 

piezoelectric material. The modal spring and mass are obtained by comparing the total 

modal mechanical energies of the fabricated system with the energy of the lumped mass-

spring system, which is a precept of modal analysis. The charge due to the piezoelectric 

effect, and therefore current, on the output electrode is obtained by comparing the 

energy stored in a lumped capacitor with the energy stored by the induced dielectric 

displacement in the piezoelectric layer. A transfer function using these elements may be 

used to go from applied voltage to induced strain and finally to output current, or in 

other words, the motional resistance. 
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𝑅𝑚 =
𝛷𝑖𝑛

𝐹𝑚
⋅

𝐹𝑚

𝛿
⋅

𝛿

𝑠𝑄𝑜𝑢𝑡
 (2.14) 

Where Φ𝑖𝑛 is the input voltage magnitude, 𝛿 is the quasi-static displacement 

magnitude, and Qout is the charge out. 

Modal analysis (section 2.1.1 ) allows the consideration of one mode, and the 

displacement of that mode may be written as a product of the time and spatially 

dependent components. It may therefore be expressed as  

𝒖𝑞 = 𝛿𝑞𝒖𝑛𝑞
𝑢𝑡𝑞

 (2.15) 

Where un is the unity normalized mode shape, δ is the zero-frequency displacement 

amplitude as well as the modal displacement of the lumped parameter system, and ut is 

the temporal and frequency portion of the response. The variable q will be used to denote 

the fact that a single, arbitrary mode is being analyzed. This means the derivation is 

applicable to any mode, and specific expression for displacements and strains may be 

substituted in to obtain an expression for the mode under consideration.  (2.15) describes 

the motion of any mode which is linear and orthogonal to other modes.  

The zero-frequency displacement can arbitrarily be chosen to be any point on the 

resonator, and for this derivation is chosen to be the point of maximum displacement of 

the mode under analysis. ut is the frequency response given by 

𝑢𝑞𝑡
(𝑡) =

𝑒𝑗𝜔𝑡 

[(1 − (
𝜔

𝜔𝑛𝑞
)

2

) +
𝑗𝜔

𝜔𝑛𝑞
𝑄𝑚𝑞

]

 
(2.16) 
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Where ω is the excitation frequency, 𝜔𝑛𝑞
 is the natural frequency of the qth mode, and 

𝑄𝑚𝑞
 is the mechanical quality factor. 

To obtain the modal force, the strain energy created by the applied electric field is 

compared to the strain energy of a forced spring under quasi-static conditions. This 

energy is sometimes referred to as the mutual energy, since it arises from 

electromechanical interactions. This energy may be expressed as  

𝑃𝐸 =
1

2
∫ 𝑻 ⋅ 𝑺 𝑑𝑉

𝑉

 (2.17) 

Where T and S are the six dimensional condensed vector representations of stress and 

strain respectively in Voigt’s notation, V is the volume of the resonator, and km is the 

modal spring, as obtained by the method of [52]. The stress in the piezoelectric may be 

obtained from the stress-charge form of the indirect effect piezoelectric constitutive 

equation [14] 

𝑻 = 𝒄𝐸 ⋅ 𝑺 − 𝒆𝑡 ⋅ 𝑬 (2.18) 

Here, cE is the stiffness matrix at constant (zero) electric field, e is the matrix of 

piezoelectric stress constants, and E is the electric field. Of interest is additional energy 

introduced into the system from the applied electric field. The stiffness-strain term in 

(2.18) accounts for stress in the system before a change in electric field, and is therefore 

ignored, and the total energy in the resonator from the piezoelectrically applied stress is 

𝑃𝐸𝑡𝑜𝑡𝑎𝑙 =
1

2
∫ 𝑻𝒑 ⋅ 𝑺𝑟𝑒𝑎𝑙  𝑑𝑉

𝑉

 (2.19) 
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Where Tp is the total piezoelectric stress generated by the piezoelectric material 

when completely free, and S is the real strain of the resonator from the contribution of 

all modes. 

The contribution of the applied piezoelectric stress to the strain of each mode may 

be found via mode superposition. The real strain due to the applied stress may be 

expressed as a superposition of all the individual real strains of each mode, Sq 

𝑆𝑟𝑒𝑎𝑙 = ∑ 𝑆𝑞

∞

𝑞=1

 (2.20) 

The real strain energy may then be written 

𝑃𝐸𝑡𝑜𝑡𝑎𝑙 =
1

2
∫ (𝑇𝑝 ⋅ ∑ 𝑆𝑞

∞

𝑞=1

)
𝑉

𝑑𝑉 (2.21) 

Where Tp is the applied piezoelectric stress. Distributing the piezoelectric to stress 

shows that the energy of each mode from the applied piezoelectric stress is simply a dot 

product of the applied piezoelectric stress and the strain of that mode 

𝑃𝐸𝑞 =
1

2
∫ (𝑇𝑝 ⋅ 𝑆𝑞)

𝑉

𝑑𝑉 (2.22) 

Now placing (2.18) with the first term ignored into (2.21) and comparing this to the 

energy stored in a lumped spring with an applied force gives 

𝐹𝑚𝑞
𝛿𝑞  = − ∫ 𝒆𝑡 ⋅ 𝑬𝑎𝑝𝑝 ⋅ 𝛿𝑞𝑺𝑛𝑞

 𝑑𝑉
𝑉

 (2.23) 
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Where 𝐹𝑚𝑞
 is the modal force, 𝑆𝑛𝑞

 is the strain from the unity normalized mode shape 

of the qth mode, and Eapp is the applied electric field. The 𝛿𝑞𝑆𝑛𝑞
 product is the real strain 

of the analyzed mode. The first term of (2.21) is dropped since this term accounts for 

strain energy in the system not directly attributable to the applied force. Under quasi-

static conditions, any strain energy in the resonator is directly attributable to 

piezoelectric work. The general modal force may be written 

𝐹𝑚𝑞
=  𝑘𝑚𝑞

𝛿𝑞 = − ∫ 𝒆𝑡 ⋅ 𝑬𝑎𝑝𝑝 ⋅ 𝑺𝑛𝑞
𝑑𝑉

𝑉𝑖𝑛

 (2.24) 

 The displacement caused by this modal force is then 

𝛿𝑞 =
𝐹𝑚𝑞

𝑘𝑚𝑞

= −
∫ 𝒆𝑡 ⋅ 𝑬𝑎𝑝𝑝 ⋅ 𝑺𝑛𝑞

𝑑𝑉
𝑉

𝑘𝑚𝑞

 (2.25) 

For later convenience, may be rewritten with the applied voltage explicitly stated 

𝛿𝑞 =
𝐹𝑚𝑞

𝑘𝑚𝑞

= −
𝛷𝑖𝑛 ∫ 𝒆𝑡 ⋅ 𝜵𝜙𝑖𝑛 ⋅ 𝑺𝑛𝑞

𝑑𝑉
𝑉

𝑘𝑚𝑞

 (2.26) 

Where Φ𝑖𝑛 is the magnitude of the applied voltage, and 𝜙𝑖𝑛 is the unity normalized 

electric potential field from the input capacitor, with the ground at 0 potential and the 

input electrode at a potential of 1. Note that the electric field is not a function of the 

mode shape. 

The real strain may now be expressed as  
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𝑺𝑞 = 𝛿𝑞𝑺𝑛𝑞
𝑢𝑡𝑞

= = −
𝛷𝑖𝑛 ∫ 𝒆𝑡 ⋅ 𝜵𝜙𝑖𝑛 ⋅ 𝑺𝑛𝑞

𝑑𝑉
𝑉

𝑘𝑚𝑞

𝑆𝑛𝑞
𝑢𝑡𝑞

 (2.27) 

This may be placed in the direct effect equation of the stress-charge form of the 

piezoelectric constitutive equation 

𝑫 = 𝒆 ⋅ 𝑺 + 𝜺𝑆 ⋅ 𝑬 (2.28) 

Where D is the induced electric displacement in the piezoelectric layer. The 

permittivity-electric field term account for electric displacement already present across 

the physical output capacitor from purely dielectric effects. The concern is with 

additional electric displacement generated by the piezoelectric effect, and so the second 

term is ignored. The energy stored by the direct effect is compared to the energy stored 

in a “modal” capacitor. The term modal is used here to indicate that the magnitude of 

the capacitance depends directly on the modal strain. This capacitance, however, is not 

directly calculated, and instead the energy is computed using the modal charge and the 

electric field across the capacitor. 

1

2
∫ 𝑫𝑝 ⋅ 𝑬𝑜𝑢𝑡𝑞

 𝑑𝑉 =
1

2
𝑄𝑜𝑢𝑡𝑞

𝛷𝑜𝑢𝑡𝑞
𝑉

 (2.29) 

Where Dp is the electric displacement from the piezoelectric effect, Eout is the resulting 

electric field on the output electrode, Qout is the charge on the output capacitor, and Φ𝑜𝑢𝑡 

is the magnitude of the voltage across the output port. After writing the electric field 

once again as the unity normalized potential and voltage magnitude, the charge on the 

output port may now be written  
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𝑄𝑜𝑢𝑡𝑞
= ∫ 𝒆 ⋅ 𝛿𝑞𝑺𝑛𝑞

⋅
𝑉

𝜵𝜙𝑜𝑢𝑡𝑑𝑉 (2.30) 

Now substituting (2.26) into (2.30) returns an expression for the charge on the output 

port dependent upon modal properties, geometry, and material properties only 

𝑄𝑜𝑢𝑡𝑞
=

𝛷𝑖𝑛 ∫ 𝒆𝑡 ⋅ 𝜵𝜙𝑖𝑛 ⋅ 𝑺𝑛𝑞
𝑑𝑉

𝑉 ∫ 𝒆𝑡 ⋅ 𝜵𝜙𝑜𝑢𝑡 ⋅ 𝑺𝑛𝑞
𝑑𝑉

𝑉
𝑢t

𝑘𝑚𝑞

 (2.31) 

Taking a time derivative and setting the frequency to the natural frequency of the qth 

mode, an expression for the current out of the resonator is obtained 

𝐼𝑜𝑢𝑡𝑞
=

𝑄𝑚𝑞
𝜔𝑛𝑞

𝛷𝑖𝑛 ∫ 𝒆𝑡 ⋅ 𝜵𝜙𝑖𝑛 ⋅ 𝑺𝑛𝑞
𝑑𝑉

𝑉 ∫ 𝒆𝑡 ⋅ 𝜵𝜙𝑜𝑢𝑡 ⋅ 𝑺𝑛𝑞
𝑑𝑉

𝑉

𝑘𝑚𝑞

𝑢𝑡 (2.32) 

Reorganizing to obtain Φ𝑖𝑛/𝐼𝑜𝑢𝑡 and taking the magnitude returns the motional 

resistance 

𝑅𝑚𝑞
=

𝑘𝑚𝑞

𝑄𝑚𝑞
𝜔𝑛𝑞

∫ 𝒆𝑡 ⋅ 𝜵𝜙𝑖𝑛 ⋅ 𝑺𝑛𝑞
𝑑𝑉

𝑉 ∫ 𝒆𝑡 ⋅ 𝜵𝜙𝑜𝑢𝑡 ⋅ 𝑺𝑛𝑞
𝑑𝑉

𝑉

 (2.33) 

This is the most general form of the motional resistance, and is valid for any topology, 

material, or mode, provided all assumptions have been met. It is valid for 1- and 2-port 

resonators. For a 1-port resonators, the electric potential fields are equal. This 

expression contains phase information for two port resonators, and therefore may be 

positive or negative. This arises from the fact that the charge produced on the second 

port may be positive or negative depending on the electrode location and mode shape, 

and hence there will be a 180 degree phase shift for some modes. This fact which must 
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be taken into account when utilizing this expression to obtain the frequency response 

including several modes, as charge cancellation can occur. Note that with parallel plate 

topology (i.e. ∇𝜙 = 1/𝑡𝑝𝑖𝑒𝑧𝑜, the thickness of the piezoelectric), (2.33) reduces to 

𝑅𝑚𝑞
=

𝑘𝑚𝑞

𝑄𝑚𝑞
𝜔𝑛𝑞

∫ 𝒆𝑡 ⋅ 𝑺𝑛𝑞
𝑑𝑉

𝐴𝑒𝑙1
∫ 𝒆𝑡 ⋅ 𝑺𝑛𝑞

𝑑𝑉
𝐴𝑒𝑡2

 (2.34) 

 

Here, Ael is the area of an electrode, and 𝑆𝑛is the strain from the unity normalized mode 

shape averaged through the thickness of the piezoelectric layer. 

Since Rm is implicitly a quantity belonging to a single mode, the q will be dropped 

henceforth. 

From (2.8), the mechanical quality factor relationship, the motional inductance and 

capacitance may be easily obtained. 

𝐿𝑚 =
𝑚𝑚

∫ 𝒆𝑡 ⋅ 𝛻𝜙𝑡𝑛 ⋅ 𝑺𝑛𝑑𝑉
𝑉

∫ 𝑒𝑡 ⋅ 𝛻𝜙𝑜𝑢𝑡 ⋅ 𝑺𝑛𝑑𝑉
𝑉

 (2.35) 

𝐶𝑚 =
∫ 𝒆𝑡 ⋅ ∇𝜙𝑖𝑛 ⋅ 𝑺𝑛𝑑𝑉

𝑉
∫ 𝑒𝑡 ⋅ ∇𝜙𝑜𝑢𝑡 ⋅ 𝑺𝑛𝑑𝑉

𝑉

𝑘𝑚
 (2.36) 

The equation for Cm may be used in the electromechanical coupling factor equation to 

obtain an expression for keff
2 dependent upon geometry, material properties, and mode 

shape 

𝑘𝑒𝑓𝑓
2 =

1

𝐶0

𝐶𝑚
+ 1

=
1

∫ 𝑐𝐸𝑆𝑛
2𝑑𝑉

𝑉
∫ 휀(∇𝜙)2𝑑𝑉

𝑉

∫ 𝒆𝑡 ⋅ ∇𝜙𝑖𝑛 ⋅ 𝑺𝑛𝑑𝑉
𝑉

∫ 𝑒𝑡 ⋅ ∇𝜙𝑜𝑢𝑡 ⋅ 𝑺𝑛𝑑𝑉
𝑉

+ 1 

 
(2.37) 
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Where C0 is the shunt capacitance for a 1 port resonator, or the equivalent capacitance 

of Cin and Cout (Figure 2.4) when placed in series to create an equivalent 1-port resonator 

as in [53]. 

Note that the Rm, Lm and Cm and keff
2 equations are all symmetric. For two-port 

resonators, it does not matter on which electrode the excitation stimulus is placed or the 

resulting signal is detected. This is important, since the resonator is a passive, reciprocal 

component. 

The derived equations for Rm and Cm provide important insight into how to identify 

modes which may have high performance. To understand how, the relationship between 

the shared integral of (2.34), (2.35), (2.36), and (2.37) and the modal stiffness must be 

considered. 

 ∫ 𝒆𝑡 ⋅ ∇𝜙 ⋅ 𝑺𝑛𝑑𝑉
𝑉

 (2.38) 

 

 (2.38) is a measure of transduction, and a higher value lowers Rm and increases Cm. 

It is maximized by having highly compatible mode and electric field shapes, and using 

modes with significant coupling from more than one piezoelectric constant. This agrees 

with a common observation from piezoelectric MEMS papers that utilizing more than 

one piezoelectric coefficient often leads to higher performance [11, 35, 36]. 

Interestingly, shear cannot be coupled to the integral of (15) for the thin film PZT and 

aluminum nitride, even if it physically exists in the mode shape. This is because PZT 

and aluminum nitride with the poled axis and electric field in the 3 direction do not have 

the piezoelectric constants to transduce shear. More generally, any piezoelectric 
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material will have certain strain components it cannot transduce directly. However, 

when modal stiffness is calculated, all components of stress and strain are represented. 

If a mechanical mode stores most of the strain energy in strain components which are 

not directly transduced, the mode will have high motional stiffness compared to the total 

coupling, low transduction, and therefore higher Rm and lower Cm, even if it transduces 

into multiple strain components. From (17), Cm is directly related to keff
2. For maximum 

keff
2, Cm must be maximized relative to C0. Therefore, it is not enough that the resonator 

simply use more than one piezoelectric coefficient to obtain a larger value of the 

transduction integral for a low Rm and high Cm. A more precise statement is that energy 

must be directly transduced into and out of strain components which store a majority of 

the mechanical energy for minimized Rm and maximized Cm. To this end, computational 

aide may be enlisted to quickly identify modes with high keff
2 (independent of Qm) and 

potentially low Rm, which is dependent on Qm. 

 

2.2.4  Alternative Derivation of the Motional Resistance 

In this section, the derivation of the motional parameters is performed via a distinct 

technique to that of the previous section. The same assumptions apply to this derivation 

as the previous derivations. 

The quasi-static total internal energy of a system may be written [54] 

𝑈 = 𝑈𝑐 + 2𝑈𝑚 + 2𝑈𝑑 (2.39) 

Where 
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𝑈𝑒 =
1

2
∫ 𝑺 ⋅ 𝒄𝐸 ⋅ 𝑺 𝑑𝑉

𝑉

  (2.40) 

 

𝑈𝑚 =
1

2
∫ 𝒆𝑡 ⋅ Φ𝛁𝜙 ⋅ 𝑺 𝑑𝑉

𝑉

  (2.41) 

 

𝑈𝑑 =
1

2
Φ2 ∫ (𝛁𝜙) ⋅ 𝝐𝑇 ⋅ (𝛁𝜙) 𝑑𝑉

𝑉

  (2.42) 

S is the real strain written in six-dimensional vector notation, cE is the stiffness matrix 

at constant electric field, Φ is the magnitude of the applied voltage,  ϕ is the unity 

normalized potential field, 𝜖𝑇 is the permittivity at constant field, and V is the volume 

of the resonator (although the integral is only nonzero in the piezoelectric). Ue is the 

purely elastic energy in the resonator, Ud is the purely dielectric energy, and Um is the 

mutual energy, which corresponds to energy transduced from piezoelectric activity. 

The derivation is performed in the quasi-static case in which a voltage is applied to 

the electrodes of a completely free resonator. The frequency dependent equations may 

be generated by multiplying the relevant expressions by (2.16). 

In the quasi-static case, the mutual energy is now understood to account for both the 

mechanical potential energy stored from the displacement/strain of the beam and the 

additional charge that is stored on the electrode due to the increased polarization caused 

by the displacement. Ue is zero, and Ud represents the energy that is stored purely from 

dielectric effects, and is accounted for by the shunt capacitor in the mBVD. Therefore, 

only the mutual energy is considered. From similar arguments in the previous section, 

the energy of each mode may be considered independently, and therefore expressions 
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from henceforth will be understood to apply to a single, arbitrary mode.  The mutual 

energy is then modeled by a lumped modal spring with an applied modal force (to 

represent the electric field causing a displacement) and a lumped modal capacitor with 

an applied voltage (to represent the additional charge stored from the increase in 

polarization caused by displacement) storing equal amounts of energy. The energy from 

these lumped parameters is equated to the mutual energy 

1

2
𝐹𝑚𝛿 +

1

2
𝑄Φ = Φ𝛿 ∫ 𝒆𝑡 ⋅ 𝛁𝜙 ⋅ 𝑺𝑛 𝑑𝑉

𝑉

  (2.43) 

Where Fm is the modal force and Q is the charge on the modal capacitor. 

Dividing both sides of (2.46)  by δ and Φ returns 

1

2

𝐹𝑚

Φ
+

1

2

𝑄

𝛿
= ∫ 𝒆𝑡 ⋅ 𝛁𝜙 ⋅ 𝑺𝑛 𝑑𝑉

𝑉

= 𝜂 (2.44) 

η is the “turns ratio” for the transduction of voltage to force and displacement to charge 

on the same port, and is a parameter relating the lumped electrical and mechanical 

motional parameters. It is defined to be the ratio of modal force to voltage as well as the 

ratio of charge to displacement (or current to velocity) [18]. The equivalent circuit 

diagram may be seen in Figure 2.6. Note in this figure the “motional arm” values are 

now simply the lumped mechanical values since the coupling has been accounted for 

separately by the transformer. 
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Figure 2.6 The equivalent circuit for (a) a one-port and (b) a two-port resonator with 

transduction explicitly accounted for by the inductors. Note the values of the motional 

arm are now simply the mechanical lumped parameters. The BVD/mBVD 

incorporates the coupling into the motional inductor, capacitor and resistor. 

 From [18], the motional parameters are 

𝑅𝑚 =
𝑏𝑚

𝜂1𝜂2 
  (2.45) 

𝐶𝑚 =
𝜂1𝜂2

𝑘𝑚
  (2.46) 

𝐿𝑚 =
𝑚𝑚

𝜂1𝜂2
  (2.47) 

Where km, mm, and bm are the modal stiffness, mass and damping. The subscripts on η 

are used to distinguish the case where the input and output electrodes are different. 

Subsequent expressions assume the general case in which the turns ratios are not 

equal, although for a one port resonator they are equal.  The modal mechanical 
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parameters are given by (2.5) and (2.6). Using equation (2.7) and (2.44) in (2.45) 

returns the motional resistance, given by  

𝑅𝑚 =
𝑘𝑚

𝑄𝑚𝜔𝑛 ∫ 𝒆𝑡 ⋅ 𝛁𝜙𝑖𝑛 ⋅ 𝑺𝑛𝑑𝑉
𝑉

∫ 𝒆𝑡 ⋅ 𝛁𝜙𝑜𝑢𝑡 ⋅ 𝑺𝑛𝑑𝑉
𝑉

  (2.48) 

In agreement with (2.35). The motional capacitance and inductance may be derived by 

using (2.44) in (2.46) and (2.47). 

2.2.5  Specific Expressions for the Motional Resistance: Beam Extension, 

Beam Flexure, Disk Flexure, and the A0 Lamb Mode 

Analytical expressions for commonly encountered resonant modes are presented in 

this section derived from (2.33). These modes include beam extensions, beam flexure, 

the (1,1) harmonic of disk flexure, and the A0 Lamb mode. The motional resistances 

presented here will assume the use of 3 axis oriented PZT or aluminum nitride. Certain 

Rm expression in the following section for modes will use the parallel plate assumption, 

with the electric field oriented in the 3 direction. For PZT and aluminum nitride, only 

the e31, e32, and e33 piezoelectric constants of the e matrix can contribute stress from a 

3-direction electric field. 

The beam extension mode has been studied thoroughly in the literature [20, 18, 5]. 

The beam displaces along its length, and the main stresses and strains are in the same 

direction. It tends to be a low frequency mode, since at higher frequencies, when the 

resonator thickness approaches the wavelength, the displacement is better described by 

the S0 Lamb mode. Its analytically modeled unity normalized mode shapes that are 

harmonics of the cosine function 
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𝑢𝑏𝑒𝑎𝑚 = cos (
𝑞𝜋𝑥

𝐿
) , 0 ≤ 𝑥 ≤ 𝐿 (2.49) 

Where q is the harmonic number, L is the length of the beam, and x is the coordinate in 

the directions of the length of the beam. The modal stiffness, modal mass, and natural 

frequency may be calculated via the method of [52] and are given by 

𝑘𝑚 =
𝑞2𝜋2𝑌𝑐𝑤𝑡𝑡𝑡

2𝐿
 (2.50) 

𝑚𝑚 =
𝜌𝐶𝑤𝑡𝑡𝑡𝐿

2
 (2.51) 

𝜔𝑛 =
𝑞𝜋

𝐿
√

𝑌𝑐

𝜌𝑐
 (2.52) 

Where Yc is the composite modulus of the stack in the axial direction of the beam 

calculated by the rule of mixtures [55], wt is the total width, tt is the total thickness, and 

𝜌𝑐 is the composite density [55]. For these parameters, the beam is assumed to be a 

perfect rectangular prism, which is usually approximately true. The strain is a simple 

derivative of the displacement. Beam resonators generally have a parallel plate 

topology, so placing (2.50) and the derivative of (2.49) into (2.34) returns the general 

motional resistance of the beam. 

𝑅𝑚𝑏𝑒𝑎𝑚
=

𝑞𝜋𝑤𝑡𝑡𝑡√𝑌𝑐𝜌𝑐

2𝑄𝑚𝑒31𝑖𝑛
∫

𝑑𝑢𝑛

𝑑𝑥𝐿𝑖𝑛
𝑤𝑒𝑙𝑖𝑛

𝑑𝑥 𝑒31𝑜𝑢𝑡 ∫
𝑢𝑛

𝑑𝑥
𝑤𝑒𝑙𝑜𝑢𝑡

𝑑𝑥 
𝐿𝑜𝑢𝑡

 (2.53) 

Where Lin and Lout are the lengths of the input and output electrodes respectively. In the 

case of a 1-port resonator, these are the same value. 

There are two common two-port electrode patterns used for beam resonators that 

have already been discussed in section 2.2.2 . 
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For full-length half-width (FLHW) electrodes (Figure 2.5a) fully covering the 

resonator, the equation for Rm is 

𝑅𝑚𝐹𝐿𝐻𝑊
=

𝑞𝜋𝑡𝑡𝑜𝑡√𝑌𝑐𝜌𝑐

2𝑄𝑚𝑤𝑡𝑜𝑡𝑒31
2 , 𝑞 𝑜𝑑𝑑 (2.54) 

This expression agrees with the expression presented in [18]. For p even, the motional 

resistance is infinite. The expression for a 1-port resonator is obtained by dividing the 

above expression by 4. (2.54) represents the minimum possible Rm, since the electrodes 

are assumed to cover the entire surface of the resonator. In reality, this is not possible 

due to the short circuit it would create between the top electrodes. Rm increases with 

harmonic. This is because for harmonics 3 and above, there will be charge/stress 

cancellation under the electrode. To be more specific, some areas of the resonant mode 

will be in tension, while other will be in compression. The piezoelectric material, 

however, will apply a uniform stress of a single sign to the resonator. This means the 

applied stress is inhibiting the excitation of the mode in certain locations, and hence the 

increased Rm. The charge cancellation arises from a similar concept. The positive and 

negative stress areas will generate opposite charges via the direct effect along the 

electrode, and the charges will cancel out. This stress and charge cancellation will be a 

recurring theme, and will be harnessed to cancel the contribution of spurious modes to 

the electrical response. 

In the other common topology for two-port resonators, alternating electrodes are 

utilized to optimally excite harmonics of beam extension. Higher harmonics may be 

thought of as being composed of several resonators operating in the fundamental 

harmonic “glued” together vibrating 𝜋 radians out of phase. Therefore, these modes will 
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have approximately the same frequency as the single section. These higher harmonics 

are useful for controlling the aspect ratio of fabricated devices while maintaining 50 Ω 

shunt impedance for matching purposes in a single device. Once the frequency is picked, 

the number of sections or the width is modified to obtain the desired capacitance. If the 

aspect ratio of fabricated beams becomes too low, the shape can be severely degraded. 

To optimally excite the qth harmonic, there should be q electrode sections, with odd 

sections connected electrically and even sections connected electrically so as avoid 

stress/charge cancellation discussed in the previous paragraph. The Rm of the qth 

harmonic with q sections is given by 

𝑅𝑚𝐴𝐸
=

(𝑞𝑖𝑛 + 𝑞𝑜𝑢𝑡)𝑡𝑡√𝑌𝑐𝜌𝑐

8𝑄𝑚𝑤𝑡𝑒31𝑖𝑛
𝑒31𝑜𝑢𝑡

𝑞𝑖𝑛𝑞𝑜𝑢𝑡
 (2.55) 

 

𝑅𝑚𝐴𝐸
=

𝑡𝑡√𝑌𝑐𝜌𝑐

2𝑄𝑚𝑤𝑡𝑒31𝑖𝑛
𝑒31𝑜𝑢𝑡

𝑞
, 𝑞𝑖𝑛 = 𝑞𝑜𝑢𝑡 (2.56) 

Where qin and qout are the number of input electrodes and output electrodes, which may 

be different in the case of an odd harmonic. This expression is in approximate agreement 

with the expression presented in [51], however in the referenced work the units of the 

expression presented do not work out to Ohms likely due to a typo. 

Transverse beam flexure (TBF) is another common mode. For non-symmetric 

material stacks, electrode shapes that excite beam extension will also excite some 

harmonics of TBF. This is because the piezoelectric stack is located off the neutral axis, 

and the induced stresses create a bending moment, exciting flexure. For this reason, it 

is considered spurious to the beam extension mode, and is therefore important to 
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characterize. TBF are also one-dimensional, with the analytical mode shape given by 

[56] 

𝑢𝑛 =
1

2
[cosh (

𝜆𝑝𝑥

𝐿
) + cos (

𝜆𝑝𝑥

𝐿
) − 𝜎𝑝 (sinh (

𝜆𝑝𝑥

𝐿
) + sin (

𝜆𝑝𝑥

𝐿
)) ] (2.57) 

Where 𝜆𝑝 and 𝜎𝑝 are frequency parameters, values of which may be found in [56]. In 

the case of TBF, the displacement is perpendicular to the beam axis, while stresses are 

in plane [56]. Using Euler-Bernoulli Beam Theory to model the strains, the modal 

masses, modal stiffnesses, and natural frequencies may be derived by the method of [52] 

𝑚𝑚 =
𝑚𝑡𝑜𝑡

4
 (2.58) 

𝑘𝑚 =
𝑌𝑐𝐼𝜆𝑖

4

4𝐿3
 (2.59) 

𝜔𝑛 =
𝜆𝑝

2

𝐿2
√

𝑌𝑐𝐼𝑐

𝜌𝑐𝑤𝑡𝑡𝑡
 (2.60) 

Where Ic is the composite second moment of area. Using the Euler-Bernoulli Strain in 

(2.34) returns a general equation for the TBF Rm 

Where h is the distance from the neutral axis to the midplane of the piezoelectric layer. 

For the case of the FLHW electrode, Rm is zero for even harmonics, like the beam 

extension case. However, for odd harmonics, the behavior is unique. The Rm expression 

in this case is  

𝑅𝑚 =
√𝑌𝑐𝐼𝜌𝑐𝑤𝑡𝑡𝑡𝑡𝑡𝑜𝑡

4𝐿𝑄𝑚𝑒31𝑖𝑛
ℎ ∫

𝑑2𝑢𝑛

𝑑𝑥2 𝑤𝑒𝑙(𝑥)𝑑𝑥
𝐿𝑖𝑛

𝑒31𝑜𝑢𝑡
ℎ ∫

𝑑2𝑢𝑛

𝑑𝑥2 𝑤𝑒𝑙(𝑥)𝑑𝑥
𝐿𝑜𝑢𝑡

 (2.61) 
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It is interesting to note that the analytical model predicts motional resistance of TBF is 

directly proportional to the length of the resonator, and constant across harmonics, since 

the parameter σp is approximately one, and λp drops from the equation. Due to this 

constant scaling across harmonics, spurious TBF modes may be problematic in 

resonator design for length extension resonators across a wide range of frequencies. 

This expression also suggests it may be possible to fabricate low Rm resonators at high 

frequencies if Euler-Bernoulli assumptions are not violated. 

As discussed previously, to optimally excite a particular harmonic of the one-

dimensional beam flexure, all locations where the strain is of the same sign should be 

covered by the electrode belonging to one port [53]. To optimally pick off the signal 

from the harmonic, the electrodes of the other port should cover the parts of the 

resonator for which the strain is of the opposite sign. 

Once again using (2.34) and numerically evaluating the integral for even order 

harmonics, the motional resistance is approximately 

Where the √2 is approximated from numerical evaluation of contribution of terms from 

(2.57) to the strain, and Ayz is the cross-sectional area of the resonator. It is important to 

note that (2.63) is only valid for the mode that is being optimally excited, and would fail 

to describe different harmonics with the same electrode pattern. This contrasts with 

(2.62) which is valid for all harmonics using a single electrode design. Interestingly, this 

𝑅𝑚𝑡𝐿𝐻𝑊
=

𝐿√𝑌𝑐𝜌𝑐𝐼𝑡𝑡𝑜𝑡

4𝑄𝑚𝑤𝑡𝑜𝑡
3/2 

[𝑒31ℎ𝜎𝑝]
2 (2.62) 

𝑅𝑚𝐴𝐸
≈

𝐿𝑡𝑡𝑜𝑡√𝑌𝑐𝜌𝑐𝐼/𝐴𝑦𝑧

𝑄𝑚𝑤𝑡𝑜𝑡 [𝑒31𝜎𝑝ℎ [4 + √2(𝑝 − 1)]]
2 (2.63) 
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expression states that Rm is inversely proportional to a quadratic function of harmonic, 

p2.  Comparing this to the similar electrode designs for length extension, (2.57), the TBF 

motional resistance scales more favorably with harmonic, as the beam extension modes 

scale as 1/q. 

 Since TBF is a spurious mode to beam extension, it is of interest to compare the 

two expressions for Rm. Taking their ratio gives 

This equation is approximate, as the parameter σp is approximately 1 across harmonics, 

and the neutral axis is assumed to be at nearly the same location as the geometric XY 

midplane, (Figure 2.7). This suggests that for a single resonator with TBF as a spurious 

mode, for the LE Rm to be much lower than TBF Rm , the length should be large, the LE 

mode should be a low harmonic, and/or the devices should be made very thin. Large 

length and low harmonic correspond to low frequency for length extension beams. If 

considering two different beams, one designed for LE and one designed for TBF, to 

have comparable Rm to the LE resonator, the TBF resonator must have low length 

(higher frequency), and be thicker. 

𝑅𝑚𝐿𝐸

𝑅𝑚 𝑇𝐵𝐹

=
2𝑞𝜋ℎ2𝜎𝑝

2

𝐿
√

𝑡𝑡𝑜𝑡𝑤𝑡𝑜𝑡

𝐼
≈ 4√3

𝑛𝜋ℎ2

𝑡𝑡𝑜𝑡𝐿
 (2.64) 
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Figure 2.7 A schematic of the beam flexure resonator 

Additionally, for low TBF Rm, the piezoelectric layer should be far from the neutral 

axis for h to be as large as possible. For material stacks symmetric about the XY 

midplane, the neutral axis coincides with the XY midplane, and the motional resistance 

is infinite. If TBF is considered a spur, it would be desirable exploit this effect. 

Recent alternative designs at lower frequencies have taken advantage of flexure 

modes in circular plates [3, 53]. Specifically, the (1,1) disk flexure mode displayed -1 

dB insertion loss at 20 MHz. In disk flexure modes, the primary displacements are out 

of plane, with characteristic nodal circles and diameters defining the mode. Stresses and 

strains are normal and primarily in plane. In contrast to TBF, DFRs have primary 

stresses in two orthogonal directions. Due to the demonstrated high performance of the 

(1,1) mode of disk flexure, a closed form expression for the motional resistance is 

desirable to analyze the dependence of resonator performance on geometric and material 

properties. 
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Annular disks in flexural modes of vibration have displacements generally described 

by [57] 

And natural frequency given by 

Where p and q are the number of nodal diameters and circles, respectively, λpq is a 

frequency constant, R is the outer radius of the disk, r and 𝜃 are the coordinates, J and 

Y are ordinary Bessel functions of the first and second kind, respectively, I and K are 

modified Bessel functions of the first and second king respectively, A, B, C, and D are 

amplitudes, and υ is Poisson’s ratio. Tabulated values of 𝜆 are given in [57]. The modal 

mass and spring may be calculated via the method of [52]. Amplitudes A, B, C, and D 

are determined by boundary conditions, which may be found in [58] for disks and rings. 

For unclamped disks, B=D=0. The ratio of A and C may be determined by the moment 

boundary conditions and υ, and must be computationally calculated. Since the maximum 

of (2.65) is not guaranteed to be 1, a unity normalization constant is introduced, |umax|, 

which must be numerically determined. The (1,1) mode shape is now 

𝑢(𝑟, 𝜃) = [𝐴𝐽𝑝(𝑘𝑟) + 𝐵𝑌𝑝(𝑘𝑟) + 𝐶𝐼𝑝(𝑘𝑟) + 𝐷𝐾𝑝(𝑘𝑟)] cos(𝑝𝜃) (2.65) 

𝜔𝑛𝑝𝑞
=

𝜆𝑝𝑞
2 𝑡𝑡𝑜𝑡

𝑅2
√

𝑌𝑐

12𝜌𝑐(1 − 𝜈2)
 (2.66) 

𝑢𝑛11
= [𝐴𝐽1(𝑘𝑟) + 𝐶𝐼1(𝑘𝑟)]

cos(𝜃)

|𝑢𝑚𝑎𝑥 |
 (2.67) 



 

66 

 

Figure 2.8 Analytical mode shape for the (1,1) mode of disk flexure 

Since the three-direction strain is ignored for plates, the integral (2.38) turns into 

In the case where e31 = e32 for PZT and AlN, this integral can be evaluated as 

The modal stiffness may be for calculated for a general mode, but the expression is quite 

complex. Instead it is more convenient to express the modal spring in terms of the modal 

mass and natural frequency, which is empirically determined to be mm ≈ mtotal/4 for the 

(1,1) mode of disk flexure. 

Now placing (2.66), (2.69), and (2.70) into (2.34) return the analytical expression for 

Rm 

ℎ ∫ −𝑒31

𝜕2𝑢𝑛

𝜕𝑟2
− 𝑒32 (

1

𝑟

𝜕𝑢𝑛

𝜕𝑟
+

1

𝑟2

𝜕𝑢𝑛

𝜕𝜃2
)  𝑑𝐴

𝐴𝑒𝑙

 (2.68) 

𝑒31ℎ ∫
𝑘2 cos(𝜃)

|𝑢𝑚𝑎𝑥| 
[𝐴𝐽1(𝑘𝑟) − 𝐶𝐼1(𝑘𝑟)] 𝑑𝐴

𝐴𝑒𝑙

 (2.69) 

𝑘𝑚 = 𝑚𝑚𝜔𝑛𝑝𝑞
2  (2.70) 
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Where mtot is the total mass. There are a few things to note. First, not only is Rm explicitly 

dependent on υ, but the parameters λ, k, A, C, |umax|, and mm are all dependent on υ as 

well. It was empirically determined for various values of υ that mm ≈ 0.25m. Second, 

although it is not explicit in (36), the in-plane strains are in phase, resulting in a larger 

value in the integral, and hence enhanced electromechanical coupling. The integral of 

(2.71) involves the use of hypergeometric functions, and requires the aid of a computer. 

Third, Rm expressions for other modes in the DFR family (both disks and annuli) may 

be derived by using appropriate boundary conditions on (2.65). Equations for 

calculating A, B, C, and D are supplied in [57, 58]. Finally, the motional resistance is 

predicted to be independent of disk radius. This suggest that resonators with similar 

performance may be fabricated across a wide range of frequencies. 

The Euler-Bernoulli approximations no longer apply to resonators in which the plate 

thickness is of the same order of magnitude as the wavelength. These waves are better 

described by the Rayleigh-Lamb equations. Lamb waves are dispersive and are a 

superposition of both shear and longitudinal waves. Recent research has targeted the S0 

and SH0 Lamb modes, with the A0 mode being considered spurious [35, 26, 1]. 

Analytical expression for travelling asymmetric Lamb waves are given in [21]. Standing 

waves are obtained by superimposing two waves travelling in opposite directions along 

the x axis 

𝑅𝑚 =
(

𝑚𝑚

𝑚𝑡𝑜𝑡
) 𝜋𝜆11

2 𝑡𝑡𝑜𝑡
2 √𝑌𝑐𝜌𝐶  |𝑢𝑚𝑎𝑥|2(12(1 − 𝜈2))

−
1
2

𝑄𝑚 [𝑒31ℎ 𝑘2 ∫ cos 𝜃 [𝐴𝐽1(𝑘𝑟) − 𝐶𝐼1(𝑘𝑟)] 𝑟𝑑𝑟𝑑𝜃
𝐴𝑒𝑙

]
2 (2.71) 
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Where 

And ξ is the wave number, and c1 and c2 are the longitudinal and shear acoustic 

velocities, respectively. The ratio of A/D is found via the characteristic equation given 

in [21]. Dispersion is inherent to the characteristic equation, and therefore numerical 

methods must be used to calculate the natural frequency.  

In contrast to the previous two modes analyzed, the Lamb waves have a component 

of strain in the 3 direction, and consequently there will be 3-1 shear strain. PZT and 

aluminum nitride with the poled axis and electric field in the 3 direction do not have 

piezoelectric constants to transduce shear, so the integral (2.33) becomes 

(2.33) for the A0 Lamb mode becomes 

𝑢𝑥 = −(𝐴𝜉 sin(𝛼𝑧) − 𝐷𝛽 sin(𝛽𝑧))sin(𝜉𝑥)/|𝑢𝑚𝑎𝑥| (2.72) 

𝑢𝑧 =  (𝐴𝛼 cos(𝛼𝑧) + 𝐷𝜉 cos(𝛽𝑧)) cos(𝜉𝑥) /|𝑢𝑚𝑎𝑥| (2.73) 

𝛼2 =
𝜔2

𝑐1
2 − 𝜉2 (2.74) 

𝛽2 =
𝜔2

𝑐2
2 − 𝜉2 (2.75) 

∫ 𝑒31

𝑑𝑢𝑥

𝑑𝑥
+ 𝑒33

𝑑𝑢𝑧

𝑑𝑧
 

𝑉

𝑑𝑉 (2.76) 

𝑅𝑚 =
𝑘𝑚 |𝑢𝑚𝑎𝑥|2

𝑄𝑚𝜔𝑛 ∫ (𝑒31𝑓(𝑧) + 𝑒33𝑔(𝑧)) cos(𝜉𝑥) 𝑑𝐴
𝐴

 (2.77) 
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Here, 𝑓 and 𝑔 are the functions f and 𝑔 averaged through the thickness of the 

piezoelectric layer, and A is the area under the electrode. It is important to reiterate that 

(2.77) is only valid for modes with parallel plate electrode topologies in which the 

fringing field is negligible. (2.77)- (2.79) are rather opaque due to the dispersive nature 

of the mode. The treatment required of dispersion is beyond the scope of this paper, but 

is treated in [21].  

For A0 modes, mechanical energy is stored in shear, which will increase the modal 

stiffness. However, energy cannot be transduced directly into these strain components. 

This is undesirable, since the increased stiffness with decreased transduction leads to 

higher Rm, and decreased keff
2. Other materials, such as certain cuts of lithium niobate, 

may be able to transduce energy into and out of the shear strain. 

The problem of the A0 mode lacking a tractable analytical solution, and more 

generally, any mode for which there does not exist an applicable analytical solution 

provides insight into how the methodology presented may be capitalized upon. By 

taking the modal strain and mechanical energy of a general mode (i.e. spurious modes) 

directly from FEA and numerically evaluating in the Rm, Lm, Cm, and keff
2 equations, the 

device performance may be rapidly predicted. This is because the electrical and 

mechanical simulation domains have been decoupled using modal analysis. To clarify, 

a computationally inefficient multi-physics simulation is not required; the mechanical 

𝑓(𝑧) = 𝜉(𝐴𝜉 sin(𝑡𝑧) − 𝐷𝛽 sin(𝛽𝑧)) (2.78) 

𝑔(𝑧) =  𝐴𝛼2sin (𝛼𝑧) + 𝐷𝜉𝛽 sin(𝛽𝑧) (2.79) 
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domain may be simulated independently and keff
2 calculated from the obtained 

information. This has implication for spur design. If the resonator performance 

parameters for individual modes may be rapidly simulated, then the spur suppression 

designed may be quickly generated. 
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CHAPTER 3  

EXPERIMENTAL VALIDATION OF GENERALIZED MOTIONAL RESISTANCE 

EQUATION 

3.1  Modeling and Extracting mBVD Parameters 

3.1.1  Introduction 

To successfully validate the generalized (section 2.2.3 and the specific (section 2.2.5  

Rm expressions, it is necessary to know the values of the mBVD model with any 

parasitics, such as the parasitic resistances and shunt capacitances. This way the 

modeled microwave parameters may be compared to the measured microwave 

parameters, or the modeled Rm may be compared to an Rm extracted from measurement  

3.1.2  Extraction from Measured Microwave Parameters 

It is possible to extract the shunt capacitances and tether resistance from the 

microwave parameters. In the case of large resistances, it may be necessary to use a 

distributed model, as the applied voltage may vary across the electrode. The case of 

parasitic capacitance can also be quite complicated for two port devices, and as 

mentioned, this should be kept as low as possible to avoid routing energy around the 

mechanical domain. 

The extraction of mBVD parameters from measurement is done by first comparing 

measured microwave parameters to the ideal mBVD microwave parameters away from 

resonance. This analysis is performed away from resonance because the impedance of 

all the motional arms will be quite high and can be approximated as an open circuit. 
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Therefore, the microwave parameters should only be a function of non-motional 

components. The first step is to write out the mBVD ABCD parameters [49] for the 

two-port resonator of Figure 2.4b 

 

Here ZT is the tether resistance, YC is the total shunt admittance of each port, including 

dielectric losses, and ZM is the total impedance of all the motional paths plus any 

parasitic capacitance. Converting to Z parameters for analysis results in  

 

 

𝐴 =  𝑌𝐶1𝑍𝑇1 + 𝑌𝐶2(𝑍𝑇1 + 𝑍𝑀(𝑌𝐶1𝑍𝑇1 + 1)) + 1 (3.1) 

𝐵 = 𝑍𝑇1 + 𝑍𝑀(𝑍𝐶1𝑍𝑇1 + 1 )

+ 𝑍𝑇2(𝑌𝐶1𝑍𝑇1 + 𝑌𝐶2(𝑍𝑇1 + 𝑍𝑀(𝑌𝐶1𝑍𝑇1 + 1)) + 1) 
(3.2) 

𝐶 = 𝑌𝐶1 + 𝑌𝐶2(𝑌𝐶1𝑍𝑀 + 1) (3.3) 

𝐷 = 𝑌𝐶1𝑍𝑀 + 𝑍𝑇2(𝑌𝐶1 + 𝑌𝐶2(𝑌𝐶1𝑍𝑀 + 1)) + 1 (3.4) 

𝑍11 = 𝑍𝑇1 +
(𝑌𝐶2 + 𝑌𝑀)

𝑌𝐶1 + 𝑌𝐶2 + 𝑌𝐶1𝑌𝐶2𝑌𝑀
 (3.5) 

𝑍12 = 𝑍21 =
1

𝑌𝐶1 + 𝑌𝐶2 + 𝑌𝐶1𝑌𝐶2𝑍𝑀
 (3.6) 

𝑍22 = 𝑍𝑇2 +
(𝑌𝐶1 + 𝑌𝑀)

𝑌𝐶1 + 𝑌𝐶2 + 𝑌𝐶1𝑌𝐶2𝑌𝑀
 (3.7) 
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Away from any resonances and with negligible parasitic capacitance, Ym << 

YC1,YC2,ZT1,ZT2 and 

Separating out the real and imaginary parts and substituting the circuit parameters into 

the impedance and admittances 

Where RB is the bottom tether resistance. Here tan(𝛿𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙), called “tan delta”, loss 

tangent, or dissipation factor, is a measure of the ratio of the real component of 

permittivity to the imaginary part. The ideal capacitor expresses only the imaginary 

component. The real part appears as a resistor in series with the capacitor. For thin film 

PZT, the tan delta is generally less than 0.03 when measured at frequencies in the low 

kHz to MHz range.  [39]. In measured frequency data, it may be separated out from the 

tether resistances due to its frequency behavior. At high frequencies, the curve will 

𝑍11 ≈ 𝑍𝑇1 + 𝑍𝑡1 (3.8) 

𝑍22 ≈ 𝑍𝑇2 + 𝑍𝐶2 (3.9) 

𝑟𝑒𝑎𝑙(𝑍11) = 𝑅𝑇1 + 𝑅𝐵1 +
tan(𝛿𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙)

𝐶1𝜔
 (3.10) 

𝑟𝑒𝑎𝑙(𝑍22) = 𝑅𝑇2 + 𝑅𝐵2 +
tan(𝛿𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙)

𝐶1𝜔
 (3.11) 

𝑖𝑚𝑎𝑔(𝑍11) = 𝑖𝑚𝑎𝑔(𝑍22) =
1

𝐶1𝜔
 (3.12) 

𝑖𝑚𝑎𝑔(𝑍22) = 𝑖𝑚𝑎𝑔(𝑍22) =
1

𝐶2𝜔
 (3.13) 
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asymptote to the sum of RT+RB. Examples curves of these types of extractions are shown 

in Figure 3.1 for a device with negligible parasitic capacitance. 

 

 

Figure 3.1 (a) The imaginary part of the impedance and (b) the real part of the 

impedance from a measurement. Note that away from resonances, the imaginary plot 

acts as an idea capacitor. For the real part of the impedance, the plot asymptotes to a 

non-zero value, which is the tether resistance. This behavior is due to the loss tangent, 

which behaves similarly to a capacitor. 
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The ratio of RB to RT may be found by comparing the expected resistances based on 

layer thickness, width, length, and resistivity. 

The main advantage of this method is that no knowledge of the material parameters 

is required, save possibly resistivity if the value is expected to be different for the top 

and bottom electrodes. The capacitance and tan (𝛿𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙) are found directly from 

fitting to measurement, and the ratio of the tether resistances may be assumed from 

design. One potential problem is that any significant parasitic capacitance complicates 

the analysis. In this case, the parasitic capacitance must be fit, which adds another 

degree of freedom to the analysis. 

To extract the motional parameters, the simplest method is to use fitting software to 

match the scattering parameters to measured data after inserting the extracted non-

motional parameters. This method is preferred because it simultaneously fits the three 

motional parameters independently. Another method outlined below uses relationships 

between Rm, Lm and Cm previous given in section 2.1.2 . This is problematic because the 

motional impedance changes very quickly near resonance, and its value is dependent 

upon the accuracy of the previously extracted capacitances and resistances. This means 

a small discrepancy in the previously extracted parameters can modify the point of zero 

imaginary impedance. Since the motional impedance changes so quickly near 

resonance, a small error in this value can cause significant error in the extracted Lm and 

Cm. However, if one were to pursue this method, the expression for the motional 

impedance is  

𝑍𝑚 =
𝑍𝐶1𝑍𝐶2

𝑍12
− 2 (3.14) 
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The mechanical natural frequency is the point where the imaginary part of Zm is zero, 

which related the product of Cm and Lm. This is approximately true if there are no other 

nearby modes. In reality the impedance of all other modes will have a small 

contribution. Once this frequency is known, the motional resistance may be read directly 

from the real part of the impedance. The imaginary part of the impedance may then be 

fit using this known relationship. 

3.1.3  Extraction from Test Structures 

The tether resistances and shunt capacitances may also be obtained from test 

structures. For the tether resistances, a long serpentine test structure is fabricated for 

both the bottom and top electrodes. The resistance of this structure is measured, and the 

metal film thickness and width must be measured or taken from nominal values, and 

then the resistivity may be extracted from its relation to resistance. 

For the capacitance, test capacitors of known area are fabricated with parallel plate 

topology. For a ferroelectric such as PZT, an impedance analyzer is used to generate 

curves of capacitance vs. voltage. The voltage signal applied is has a small AC 

component, typically in the low kHz range. This measurement will also give the 

dissipation factor. The relative permittivity of dielectrics is generally not constant across 

frequency [59], so care should be taken to ensure values obtained by this method are 

valid.  

3.2  4.2 Validation of Motional Resistance Equation 

Experimental results are presented for free-free beam flexure devices and disk 

flexure devices. All scattering (S) parameter measurements were taken on a PM5 RF 
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probe station (Cascade Microtech) at atmospheric pressure. 2 port S-parameters were 

extracted using a ZVB-8 Rhode & Schwarz vector network analyzer terminated to 50 

Ω. 2 port calibration using short, open, load, and through standards was performed on a 

GGB CSF-5 ceramic substrate. Wide and narrow band measurements were taken. The 

wide band measurements were used to extract shunt capacitance and tether resistance. 

The narrow band measurements were used to extract the loaded quality factor as well 

as motional parameters. As PZT is a ferroelectric piezoelectric, its piezoelectric 

constants and permittivity tune nonlinearly with bias voltages. Therefore, each device 

was tested at various bias voltages to confirm the veracity of the model. This allows 

more rigorous validation of the models presented here due the ability to test the devices 

at several operating conditions. 

3.2.1  Beam Flexure Resonators 

A total of 9 devices were tested at 13 bias conditions, and the first harmonic of beam 

flexure was analyzed (Figure 3.2). 

 

Figure 3.2 An FEA simulation of the total displacement for the first harmonic of beam 

flexure 



 

78 

 Each device was located on a different die on the same wafer. Fabricated devices 

were all 368 µm long with a half-length full-width electrode configuration, a specific 

case of the alternating electrodes when the number of sections is two. Device widths 

were varied from 54 µm to 125 µm. The varied widths affected the shunt impedances 

and Rm, thereby impacting the resonator loss. These devices were designed for length 

extension, and were anchored at 25 and 75 percent of the beam length. For the first 

harmonic of beam flexure, the ideal tether locations are near 27 and 73 percent. 

However, the FEA models did not show the tether placement to have a significant effect 

on the displacement profiles. 

Simulated resonator frequencies were compared to measured frequencies with good 

agreement. In both cases there was a modest dependence on the width of the resonator. 

However, analytical natural frequencies (2.60) were lower than measured frequencies, 

which were measured from 650 to 720 kHz, whereas the analytical model predicts 

frequencies from 636 to 647 kHz. Due to this frequency discrepancy, a scanning 

Polytech OFV laser Doppler vibrometer system was used to confirm modes were 

correctly identified as TBF by measuring out of plane displacement across the resonator. 

To find the source of discrepancy between analytical and measured frequencies, the 

modal mass and modal stiffness were calculated from FEA simulations. Modal masses 

were found to be within 3% of the analytical value. Therefore, the analytical modal 

spring value was increased until model and experimental natural frequencies agreed. 

The analytically calculated stiffnesses were increased significantly, ranging from a 17 

to a 42% increase in stiffness due to analytical/measured frequency discrepancies 
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ranging from 8 to 20%. Rm is directly proportional to modal stiffness, so Rm increased 

as well. 

As previously stated, the analytical Rm was validated via two methods: by 

independently extracting e31 as well as fitting for agreement between analytical and 

experimental Rm. For the first method, an example of good agreement and poor 

agreement may be seen in Figure 3.3. For this method, the average error across all 

devices and voltages was 25%. There are several possible sources of discrepancy. First, 

the previously discussed frequency effects from differences in resonator and extraction 

test conditions are important. Secondly, shear effects may have an effect, since the 

model assumes shear to be negligible. Tether effects due to their offset may stiffen the 

resonator, raising the motional resistance. For the second method of validation (fitting 

e31 to the measurement), the e31 values ranged from 5-12, which agrees with values 

extracted from cantilever test structures. 
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Figure 3.3 An example of (a) good and (b) poor agreement between the extracted and 

modeled motional resistances for the beam flexure resonator. 
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3.2.2  Disk Resonators 

Fabricated disks had a radius of 56 µm and an electrode shape which may be seen in 

Figure 3.4. The electrode shape was designed for optimum excitation via the method 

of [53]. The targeted (1,1) mode (Figure 3.5) has a nodal diameter, along which the 

device was anchored. As with the TBF devices, there was discrepancy in the predicted 

analytical natural frequency and measured natural frequency. Measured frequencies of 

around 22 MHz were 22-23% lower than predicted by analytical models. Modal 

masses calculated from FEA simulations were within 2% of analytical values, so the 

modal spring was decreased to match analytical and measured frequencies. This 

subsequently lowers the predicted motional resistance. Additionally, a modified 

electrode shape was utilized due to the difficulty in expressing the electrode shape in 

terms of analytical functions. The electrode shape may be seen in Figure 3.4b.  
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Figure 3.4 (a) An image of a disk with tethers intended to reduce the energy lost to the 

substrate and (b) a device with traditional straight tethers. The electrode shape used 

for analytical evaluation is traced over this image. 

   

 

Figure 3.5 An FEA simulation of the mode shape a resonator with straight electrodes. 

The out-of-plane displacement magnitude is plotted. 

Values of e31 extracted from cantilever test structures were also used in the Rm 

expression and compared to Rm values extracted from measurement. Using this 
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method of validation, the error between modeled and extracted motional resistance 

was 23% across all voltages. The sources of error are expected to be similar to the 

sources of error in the TBF analysis. As with the TBF devices, e31 values were fit to 

the data for agreement between extracted and analytical Rm, and fell within the range 

of values extracted from cantilever test structures. This indicates that the 23% error is 

likely the dominated by lack of precision in the e31 extracted from cantilever test 

structures for actual device operation. Since the piezoelectric constant is squared, 

experimental error in its value of around 10% is sufficient to create the error seen in 

Rm. For FEA solutions, inaccuracy in the piezoelectric constants would yield similar 

errors. 
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Figure 3.6 Extracted and modeled Rm for 6 disk resonators located on various die 

across the wafer 
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Recently a -0.92 dB insertion loss resonator was reported consisting of six of the 

single discs in parallel electrically [3].  

 

Figure 3.7 The device from [48] with -1 dB of loss 

Device 2 from Figure 3.6 was located on the same die as this low loss resonator. 

Using the parameters extracted from the single device, its mBVD equivalent circuit 

was placed in parallel six times, simulated, and compared to the S-parameters of the 

actual device as seen in Figure 3.8. The comparison takes place at 8V and is frequency 

normalized due to a slight frequency difference between the two resonators. This 

comparison shows that the models can predict the performance of low loss resonators 

as well. 
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Figure 3.8 The comparison of the device from [3] and device 2 from Figure 3.6 when 

placed in parallel six times 
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CHAPTER 4  

THE RAPID ANALYTICAL FEA TECHNIQUE 

4.1  Overview of RAFT 

4.1.1  RAFT Overview 

The major components of the RAFT have been discussed: modal analysis, the 

mBVD, and the analytical equations for the motional parameters of the mBVD. This 

section will tie them together and discuss the difference between the conventional 

harmonic analysis. Figure 4.1 gives a graphical overview of the RAFT. 

 

Figure 4.1 A graphical overview of the Rapid Analytical FEA Technique. An 

electrostatic and modal FEA analysis are run. The modal properties and electric field 

shape are inserted into the motional parameter equations, and the multi-mode mBVD 

is generated. The frequency response is then generated using an analytical software 

package. 

 

For each mode, the relevant information (strain, electric field, frequency, and quality 

factor) for input to the motional parameters equation must be obtained. The mechanical 

modal properties are obtained via an Eigen analysis. This delivers the strain, natural 

frequency, as well as the total mechanical energy and maximum normalized 

displacement, which are used to obtain the modal stiffness (𝑘𝑚 = 2𝑈𝑒𝛿^2). An 

electrostatic simulation returns the shape of the applied electric field. This simulation 

can also return any shunt and/or parasitic capacitances for use in the mBVD model, and 

potentially any electrical resistances. 
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At this point, the only unknown information is Qm, which must be measured, 

assumed, or modeled. The modeling of quality factor is outside of the scope of this work 

for good reason. There are a variety of mechanical loss mechanisms affecting the losses 

of MEMS resonators, including losses due to phonon-phonon interaction, viscous 

losses, and anchor losses. All of the losses are in parallel, described by  

Where there are k total number of sources of loss considered, and n is the nth source 

of loss. Since only the total Qm of a resonator is measured or extracted, it is difficult to 

separate out the various sources of loss and accurately predict the quality actor. This 

remains an area of active research. Therefore this technique treats the modeling of Qm 

as a problem to be separately addressed. Once Qm is chosen, the other motional 

parameters are put into the mBVD. Next, analytical evaluation software is utilized to 

generate network parameters by either directly generating admittance/impedance or first 

evaluating the circuit into ABCD parameters, and then converting the parameter of 

choice. 

 

4.1.2  Advantages of RAFT 

The RAFT minimizes reliance on simulation by using the generalized motional 

parameters and mBVD model for analytical modeling. The analytical motional 

parameters effectively decouples the simulation of the mechanical and electrical 

domains (thereby reducing the total degrees of freedom), and the use of the mBVD 

1

𝑄𝑡𝑜𝑡
= ∑

1

𝑄𝑛

𝑘

𝑛=1

 (4.1) 
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reduced the number of frequency points that the FEA software must analyze by only 

requiring information at frequencies where normal modes exist.  Apart from the above, 

this approach has multiple additional major benefits over multi-physics harmonic 

analysis. First, the electrical component of the problem is only solved once to obtain the 

shape of the electric field, as opposed to harmonic analysis where it is effectively solved 

at every frequency step. Second, the completion time of the RAFT is proportional to the 

number of modes in the simulation band. With harmonic analysis, every single 

frequency point for which information is desired must be simulated. This results in the 

completion time being proportional to the number of frequency points. Third, the RAFT 

will not miss modes by the nature of Eigen analysis, provided a dense enough mesh is 

used. Harmonic analysis can potentially miss information if frequency points are not 

appropriately chosen. Fourth, designers may attribute contributions to the frequency 

response to individual modes. The motional resistance and coupling of every single 

mode is returned before frequency response generation. This allows the designer to pick 

out exactly which modes are interfering with the desired response. In harmonic analysis, 

the results obtained are a superposition of all modes at each frequency, and are difficult 

to decouple. For closely spaced modes, this can create difficulty in identifying modes, 

not to mention their individual contribution. Some modes may even be “blurred” out if 

the coupling is low and the frequency point spacing is not fine enough. Fifth, designers 

may distinguish between contributions to coupling from individual piezoelectric 

constants. For example, the RAFT allows designers to quantify the amount of coupling 

from e33 versus the overall coupling, or any other constant of interest. This is of interest 

in the cross-sectional Lamé mode resonators, since there is coherent coupling from the 
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e33 and e31 piezoelectric constants. Sixth, the RAFT allows the designer to set the Q and 

piezoelectric constants after all FEA simulations have been run. This is particularly 

useful for ferroelectrics for which the piezoelectric constants, dielectric constants, and 

the Q are dependent on an applied DC bias field. Additionally, the designer may assign 

Q based on whatever criteria or model they choose, and/or predict best/worst case 

performance. Finally, the RAFT returns the electromechanical coupling directly after 

the modal strain and electrostatic field is returned (equation (2.9)). This allows the rapid 

investigation of mode scaling as a function of geometric parameters without having to 

simulate a large frequency range around the intended mode to fit motional parameters 

or find the anti-resonance.   These advantages allow the RAFT to complete orders of 

magnitude faster than harmonic analysis and/or give greater insight into device design. 

4.1.3  Assumptions and Limitations 

While many of the limitations and assumptions inherit in RAFT have been touched 

upon earlier in this work, it is prudent to dedicate a section to explicitly listing and 

discussing them. 

One of the fundamental assumptions is one truly belonging to modal analysis. The 

mode shapes obtained by FEA Eigen analysis are done so for a conservative system via 

the principle of mode orthogonality. Generally, the inclusion of a damping matrix 

effectively couples the mass and stiffness matrices. In the special case of structural or 

viscous proportional damping, the damping is assumed to have a linear relationship with 

the mass and/or stiffness matrices, and is therefore diagonalizable at the same time as 

the mass and stiffness matrix. In the general case of a damped system with many degrees 
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of freedom, it generally difficult or impossible to orthogonalize the matrices [45]. In 

any case, with the inclusion of damping, all points on the resonant body are no longer 

guaranteed to be exactly in phase; there will exist some phase lag between various parts 

of the resonator (i.e. the elastic and kinetic energies are no longer exactly the square of 

a single sinusoid term). The natural frequency of these modes shifts as well. For lightly 

damped systems, it is generally accepted that the undamped mode shape and natural 

frequency are an excellent approximation of the damped behavior, and any phase 

difference is negligible [60]. Contour mode resonators generally have low damping with 

Qm in excess of 800 on the low end, and thus this approximation is generally a good 

one. 

Since the modes are assumed to be linearly independent, the RAFT currently does 

not model modal coupling, in which energy from one mode is transferred to another 

mode via nonlinear effects or damping. Another method of energy transfer between 

modes is “mode conversion.” This can be understood by the fact that when a traveling 

wave strikes an interface with acoustic mismatch at a non-perpendicular angle, the 

reflected wave will consist of both shear and longitudinal waves. These waves can 

recombine with other reflected waves to form a new standing mode. These effects are 

inherently acoustic in nature that are not captured by modal analysis nor the RAFT. To 

be clear, the parasitic modes will be modeled, but acoustic coupling will not. 

The mBVD parameters are by nature lumped element approximations of the various 

distributed resistors, capacitors, and inductors. At times, the use of a “distributed” 

lumped system may be necessary. Consider the case of a very long, narrow parallel plate 

with negligible fringing field and two electrodes of finite resistivity. The voltage signal 
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is applied at one end. Along the length of the electrode, the voltage drops due to the 

resistivity, which correspondingly will appear as a drop in electric field. This may be 

modeled by cascaded series resistances and shunt capacitances. The RAFT as discussed 

in this document does not account for the drop in the magnitude of the electric field as 

the voltage drops along the length of the electrodes. If this is significant, it is best to 

simulate the electrostatic problem with the resistivity of the electrodes included. 

One last caveat when using the RAFT is that the effects of modes outside the 

simulation bandwidth are not modeled. If for example, there is a very low loss spur just 

outside the bandwidth simulated, in reality it will have a large effect on the response. 

However, the RAFT will be blind to such effects, since the mode was not modeled. One 

possible solution is to simulate just outside the frequencies of interest. 

 

4.2  Wide Band Sweeps and Validation 

This section will discuss the validation of wide band frequency simulations against 

device measurements. 

4.2.1  Resonators, Material Properties, and mBVD Parameter Extraction 

for Wide Band Validation 

The frequency response of four resonator geometries are analyzed. The first is a PZT-

on-Si disk resonator, intended to excite the (1,1) mode of disk flexure. Devices based 

upon this mode have shown -1 dB of loss [3]. The second is a PZT-on-Si bar resonator 

intended to excite the 6th harmonic of length extension. Length extension modes are 

commonly utilized in MEMS resonators [18, 5, 51]. Both PZT resonators have a two-
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port topology The third resonator is an AlN bar contour Lamé mode resonator (CLMR) 

with top and bottom interdigitated transducer (IDT) electrodes, which has demonstrated 

low impedance, high coupling and high quality factor [11]. The fourth resonator is an 

AlN ring CLMR. Both AlN resonators are one-port, but measured data is only available 

for the bar resonator, as the ring resonator was not fabricated. Therefore, data from the 

simulated rings is available in Appendix B. 

 The PZT-on-silicon resonators were tested using a ZVB-8 network analyzer 

terminated to 50 Ω and calibrated using a through, open, short and load standard (GGB 

CS-5). The two-port scattering (S) parameters were measured. Non-motional mBVD 

properties were obtained via extraction, as detailed in 3.1.2  

The material properties of the PZT-on-silicon resonators were independently 

measured [61].  The e31 constants were fit to the data, but fell within values extracted 

from on-after cantilever test structures [62]. Lateral device dimensions were taken from 

design, and modified slightly for frequency agreement, resulting in a 0.5 μm decrease 

in disk radius and beam width. Layer thicknesses were taken from nominal deposition 

values. The material stack consists of 1 μm buried silicon dioxide, 10 μm of silicon, 300 

nm of silicon dioxide, 125 nm of platinum (modeling a platinum and thin TiO2 adhesion 

layer), 0.5 μm of PZT, and 50 nm of platinum, 

As stated previously, PZT-on-Si resonators generally show the best performance 

below 200 MHz. At these low frequencies, the electrodes generally have a parallel plate 

topology. As such, equation (2.34) is applicable. Since a constant electric field is 

assumed, no simulation of the electrical domain was performed. 
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The CLMRs were measured using an Agilent 5071C vector network analyzer and 

Cascade Microtech ground-signal-ground probes in air at room temperature. Calibration 

was performed on reference substrate using a short, open, and load standard. 

Additionally, pad capacitances were extracted to obtain performance attributable 

directly to the device [63]. 

Material properties were obtained from the default COMSOL material library. AlN 

thickness was obtained using a Nanospec Spectrophotometer, and the platinum 

thickness was obtained using a Dek-tak 3030/3St. These resulted in thicknesses of 0.3, 

4, and 0.3 µm for the Pt-AlN-Pt stack. 

4.2.2  PZT-on-Silicon Disk Resonator 

A single PZT-on-silicon disk was simulated, similar to the device in [27]. The disk 

and model may be seen in Figure 4.2. For this simulation, the electrode shape was taken 

directly from computer design. The electrode shape was designed to optimally excite 

the (1,1) mode of transverse disk flexure via the method of [53].  The ends of the anchors 

were set to have zero displacement in x, y, and z direction. To achieve frequency 

agreement across the range modeled, the radius of the disk was reduced by 0.5 μm, 

which is within fabrication tolerances.  A measurement was taken from 1 to 100 MHz, 

and this bandwidth was simulated. The results of this simulations may be seen in Figure 

4.2. 
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Figure 4.2 (a) A scanning electron micrograph of the disk flexure resonator and (b) 

the model used the RAFT. 

(a) 

(b) 
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Figure 4.3 The simulated and measured bandwidths of the disk flexure resonator in 

the 99 MHz bandwidth from 1 to 100 MHz. 

The RAFT model was able to accurately predict the device behavior across the 

bandwidth. The spurious modes in this simulation had measured and fitted Qm ranging 

from 50 to 1700. Some modes had fitted Qm due to measurement difficulty from 

loss/coupling or frequency spacing. However, extracted Qm was utilized wherever 

possible. Across the lowest loss modes, the error in predicted S21 at resonance was 1.5 

dB. 

The time from simulation start to generation of S parameters for the disk was 11.7 

minutes. The total number of degrees of freedom was ~460,000. In this frequency span 

there were 103 modes. 
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Table 4.1 Summary of simulation for the disk flexure resonator 

Simulation Summary 

Frequency Span 1-100 MHz Total Modes 103 

Q
m

 Range 50-1700 
Degrees of 

Freedom 
460,000 

Average Error 1.5 dB Simulation Time 11.7m 

 

4.2.3  PZT-on-Silicon Beam Resonator 

The beam extension device was designed to optimally excite the 6th harmonic of 

length extension. To accomplish this, electrodes 1, 3, and 5 were connected electrically 

to port 1, and electrodes 2, 4, and 6 were connected to port 2. An image from FEA of 

the in-plane displacement along the length may be seen in Figure 4.4. The tethering 

scheme can also be observed in this image. 
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Figure 4.4 An image from FEA modal analysis of the intended mode of the length 

extension resonator at 20.4 MHz. The magnitude of the displacement along the length 

of the beam is plotted. 

The measurement on the beam extension device was taken from 1-80 MHz, with the 

targeted mode at 20.7 MHz. Agreement between the measurements and the results from 

the analytical-FEA technique is presented in Figure 4.5. Fitted and measured Qm for the 

beam ranged from 50 to 1500, and average error between measure and model across the 

lowest loss peaks was 1.8 dB. There were a total of 247 modes in this range, but 

relatively few show up in the frequency response due to their near-zero coupling. 

Table 4.2 Summary of results for the length extension resonator 

Simulation Summary 

Frequency Span 1-80 MHz Total Modes 247 

Q
m

 Range 50-1500 
Degrees of 

Freedom 
345,000 

Average Error 1.8 dB Simulation Time 9.9m 
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Figure 4.5 The RAFT and measured results of the length extension resonator from 1 to 

80 MHz. There are a total of 247 mechanical modes in this bandwidth. However, 

many do not appear due to near-zero coupling. 

 

4.2.4  AlN Cross-Sectional Lamé Mode Bar Resonators 

Three separate beam CLMR designs which had previously been presented in [28] 

were analyzed with the primary difference between devices being the pitch of the IDT 

electrodes. The device characteristic may be seen in Table 4.3. All resonators consisted 

of 300 nm of bottom platinum with a thin TiO2 adhesion layer, 4 μm of AlN, and 300 

nm of top platinum. A schematic of this topology may be seen in Figure 4.6, along with 

a colorized scanning electron micrograph of the device with ground/signal electrodes 

highlighted. 
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Figure 4.6 (a) A scanning electron micrograph (colorized) of a beam CLMR and (b) a 

cross-sectional representation of the beam 

Since the elastic moduli and densities were not measured, the simulated center 

frequencies were not well matched to the measured frequencies. Therefore, each 

simulation band was scaled by 8.29, 7.16 and 6.13 percent for device A1, A2, and A3 

respectively. For the simulated results, all modes were set to have identical Qm to that 

of the main resonance. This was done due to the difficulty in associating simulated 

modes with measured modes resulting from the error in the material properties. The 

results from these simulations may be seen in Figure 4.9a,b,c. An image of the simulated 

magnitude of displacement with a cross sectional cut may be seen in Figure 4.7. 
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Figure 4.7 Simulated magnitude of displacement of a bar CLMR resonator 

One advantage of the CLMR is that it can coherently transduce utilizing the larger 

e33 (~1.55 C/m2) and the smaller e31 (~-0.58 C/m2) piezoelectric constants. The RAFT 

can distinguish between coupling contributions from the various piezoelectric constants. 

Images of a cross-section of the resonator, the 33 strain, 11 strain, and electric field may 

be seen in Figure 4.8a,b,c. The strain profile illustrates the coherent coupling that may 

obtained (recall the e31 and e33 have opposite sign). 

 

Figure 4.8 The (a) electric field, (b) 33 strain, and (c) 11 strain of a CLMR 
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(a) 

(b) 
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Figure 4.9 The measured and simulated frequency responses of the bar AlN CLMR 

resonators for (a) device A1, (b) device A2, and (c) device A3. 

 

Table 4.3 Device characteristics and comparison of measurement and the RAFT 

Name Pitch (μm) Q 

Measured 

Min 

Impedance 

(Ω) 

RAFT Min 

Impedance 

(Ω) 

Cm 

Extracted 

from 

Meas. (fF) 

RAFT Cm 

(fF) 
RAFT keff

2 

A1 5.0 2820 39.9 45.7 1.76 1.87 3.69 

A2 5.2 2493 43.8 50.0 1.77 2.00 3.79 

A3 5.4 2977 39.0 38.9 1.97 1.90 3.94 

 

The simulations took an average of 26 minutes to complete from start to frequency 

response generation. As mentioned previously, the RAFT’s completion time is 

proportional to the number of modes in the simulation bandwidth. At higher frequencies, 

the number of spurious modes increases drastically. This results in a decrease speed for 

(c) 
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the RAFT in terms of bandwidth simulated per minute. To allow for rapid modeling, a 

mesh such as that show in Figure 4.10 was utilized. The mesh is coarse in the length, 

but fine along the width and the thickness. A similar approach to meshing was taken in 

[64]. 

 

Figure 4.10 The mesh used for the CLMR resonators 

After then center frequencies are aligned and the Qm are set to the measured value, 

excellent agreement is seen between the measurement and simulation. As previously 

mentioned, it is possible to extract exactly what portion of the coupling is attributable 

to each piezoelectric coefficient. One of the reported benefits of CLMRs is the ability 

to coherently transduce using both e31 and e33. RAFT confirms this numerically. The 

RAFT predicts e31 contributes 17.3, 19.0, and 21.2 percent of the total coupling for 

devices A1, A2, and A3, respectively. The coupling was calculated using two methods, 

namely (2.9) and from [14] 
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 𝑘𝑒𝑓𝑓
2 =

𝑓𝑎
2 − 𝑓𝑟

2

𝑓𝑎
2

 ( 2 ) 

 

Where fa is the anti-resonance frequency, and fr is the resonance frequency. Both 

methods agreed within half a percent. The calculated results from measurement and 

simulation may be seen in Table 4.3. The values from measurement were extracted by 

fitting an mBVD model to measured data. 

The inability to associate spurs between measurement and simulations creates 

difficulty in drawing a conclusion about the accuracy of the modeling of the spurious 

modes. 

 

4.3  5.3 Other Modeling Capabilities Enabled by RAFT 

4.3.1  Wide Band Spur Suppression 

One technique to completely suppress spurious modes is to have equal and opposite 

polarity charges accumulate on the electrode, or equivalently produce stresses that will 

interact destructively with the modal strain field. An alternative description is there is 

no modal force (an electric field produces no net stress) and no modal charge (a strain 

field produces no net charge). By looking at equations for the modal force and charge, 

(2.24) and (2.31), this condition is given by 

𝐹𝑚, 𝑄𝑜𝑢𝑡 ∝ ∫ 𝒆𝑡 ⋅ 𝛁𝜙 ⋅ 𝑺𝑛𝑑𝑉
𝑉

= 0 (4.3) 
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Topologies meeting this condition may also be said to have infinite Rm or a keff
2 of zero, 

since this integral also shows up in both expression. An Rm of infinity corresponds to an 

open circuit in the mBVD at the mechanical resonance. It is important to understand 

that the mode still exists mechanically, but no energy is coupled into and/or out of the 

mode piezoelectrically. 

To understand this concept intuitively, it is useful to consider a mode with a simple 

mode shape such as beam extension. The extensional mode shapes of a beam much 

longer than its width or depth may be described by cosine harmonics, as discussed in 

1.1.2 Therefore, the normalized strain is given 

For a uniform field, the (4.3) reduces to  

Where Q is the charge appearing on the output electrode. Here L is used to denote 

locations along the beam which have an electrode region, and therefore non-zero electric 

field. Now, consider the second harmonic with an electrode along the entire length. The 

stress produced by the electric field is constant (𝑇 = 𝑒 𝐸). However, the mode shape 

has equal portions of positive and negative strain. The constant stress/electric field 

therefore does not have a net interaction with this mode as it produces stresses 

incompatible with the mode shape. Equation (4.5) quantifies this, and is trivial to see 

there will be no modal force. Similarly, if the beam is assumed to be vibrating purely in 

the second harmonic, one half of the beam will produce positive charge at the same time 

𝑆𝑛 =
𝑑𝑢

𝑑𝑥
=

𝑛𝜋

𝐿
sin (

𝑛𝜋𝑥

𝐿
) , 0 ≤ 𝑥 ≤ 𝐿 (4.4) 

𝐹𝑚, 𝑄 ∝ ∫ sin (
𝑛𝜋𝑥

𝐿
) 𝑑𝑥

𝐿

= 0 (4.5) 
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the other half is producing an equal amount of negative charge, resulting in no net charge 

on the electrode.  

To demonstrate the ability of RAFT to perform an analysis resulting in the 

suppression of spurious modes using the charge/strain cancellation previously 

described, a simpler technique was employed targeting odd harmonics of length 

extension. It may be seen from (2.56) that if the resonator is electroded symmetrically 

about the mid-plane defined in Figure 4.11, even harmonics are completely suppressed. 

One simple way to suppress a particular mode is to place electrodes at L/(2n) and L(1-

1/(2n)). It can trivially be shown that electroding in this manner to cancel the nth 

harmonic will also cancel the 2n, 3n, 4n, etc. harmonic. For example, electroding at 1/6L 

and 5/6L will suppress the 3rd , 6th , 9th , 12th , 15th  etc. harmonics. The issue here 

becomes the prime number harmonics. It is not possible to use this scheme to cancel out 

the 5th, 7th, 11th, 13th, etc. modes at the same time as multiples of the 3rd harmonic. 

Therefore, it is necessary to consider an alternative topology to simultaneously suppress 

multiple modes. 

To achieve this, the device is still fabricated with electrodes symmetric about the 

mid-plane. However, there is no longer one continuous electrode region, and instead the 

electrodes are arranged at location a, b, and c as shown in Figure 4.11.  

 

Figure 4.11 The electrode pattern used to design for spurious mode suppression. 
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From (4.5) the condition for complete cancellation now becomes 

This equation is not analytically solvable, and describes a hypersurface. The solution 

space of several harmonics are shown in Figure 4.12. 

 

 

 

Figure 4.12 The solutions to the analytical condition for complete suppression 

To simplify the analysis, the location c was fixed, and the a,b locations for complete 

suppression were graphed. This is equivalent to “slicing” planes of Figure 4.12 at a c 

cos (
𝑎𝑛𝜋

𝐿
) − cos (

𝑏𝜋

𝐿
) + cos (

𝑐𝜋

𝐿
) − cos (

0.5𝜋

𝐿
) = 0 (4.6) 
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location parallel to the a-b plane and plotting the results on the same axis. Two examples 

of the plots produced by this technique are plotted in Figure 4.13. 

 

Figure 4.13 An example of the "slices" of the hypersurfaces are two difference c 

locations 

Each curve represents the a,b locations which will completely suppress a mode. The 

intersection of these curves represent designs which will completely suppress multiple 

modes. For example, in Figure 4.13, there is a location which will completely suppress 

the 3rd, 5th, and 7th mode which is outlined in purple. Graphical representations of the 

integration of the strain/charge at this design point are shown in Figure 4.14. 

 

Figure 4.14 Graphical representations of the point circles in purple of Figure 4.13 

Real devices tend to exhibit non-idealities in the mode shape, and therefore these 

devices were simulated in the ANSYS FEA package. Slight deviation was seen in the 
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curves. Figure 4.15 shows the same a,b,c values from Figure 4.13, but with the curves 

generated from RAFT simulations. The devices simulated had the same mechanical 

material properties as those of the devices in 4.2.2 and 4.2.3 . Since the silicon and 

silicon dioxide layers are ~20 times thicker than the PZT and electrodes, the removal of 

these layers were assumed to have negligible effect on the designed devices, and was 

not simulated. Additionally, very thin traces must be run to connect the middle section 

to the two outer sections. These were assumed to have negligible effect on the coupling, 

and thus not simulated. 

Two port devices were designed based on these simulations. Each port was designed 

to not excite/detect two modes, for a total of four suppressed modes. A scanning electron 

micrograph of a more conventional full-length half-width design and a spur suppression 

device and is seen in Figure 4.16. 

Figure 4.15 Mode suppression design space 

generated using FEA simulation 
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Figure 4.16 Scanning electron micrographs of the (a) conventional full-length half-

width electrode and (b) a spurious mode suppression design 

The traces in Figure 4.16 connecting the section are quite thin and difficult to see. 

They are laced with gold to reduce the resistance between sections. If the resistance here 

is too great, the voltage may drop severely across the narrow section, resulting in a 

smaller magnitude electric field in the end sections. This would reduce the cancellation 

effects, resulting in incomplete suppression. Results from the devices in Figure 4.16 

may be seen in Figure 4.17 and Figure 4.18, with the suppressed modes enhanced to 

reveal detail. 

The intended mode has experienced virtually no reduction in magnitude. This is due 

to the highest strain points of the first harmonic still being covered by the electrode. The 

integral of the first harmonic is graphically represented in Figure 4.19. Clearly, there is 

not much degradation in coupling due to the locations of the electrodes. Meanwhile, 

harmonics 3, 5, 7, and 9 have all been suppressed heavily. Some of these modes are not 
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as well suppressed as others. This could occur for several reasons. First, there may be 

some electrode misalignment. Second, it was assumed that removing PZT and platinum 

from the resonator did not affect the mode shape much. Third, the effect of the resistance 

between electrode sections was not modeled, possibly resulting in a reduced coupling 

effect. However, all modes exhibited a significant amount of suppression, 

demonstrating the effectiveness of this technique, although further modeling may be 

required. 

It is apparent that there are still significant spurs in the response. The most serious 

spurious modes are harmonics of width flexure. With an asymmetric stack and non-

trivial electrode design, it is not possible to completely suppress the fundamental width 

flexure mode, since all strain is of the same sign. Additionally, despite targeted modes 

being suppressed, the magnitude of some spurious modes increased. Worse still, new 

modes appeared, such as the modes around 3 MHz in the spur suppression design. This 

points to the problem discussed earlier: when making changes to electrode design for 

spurious mode suppression, the effect on all modes must be considered. This suggests 

the use of RAFT over conventional simulation techniques, as the modification of 

electrodes is quite quick to analyze with the assumption that changing electrodes is a 

perturbation to the mechanical mode shape. 

The RAFT may be used to implement this technique for more complex resonators. 

Resonators often are not easily described analytically due to complex fields, such as S0 

based resonators with lateral field electrodes, or PZT-on-silicon resonators with 

multiple elastic layers. RAFT directly calculates Rm for complex modes, and may be 

used to design devices which do not exhibit chosen spurious modes. This suggests the 
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use of an algorithm. The use of an algorithm is in part required since there are many 

electrode patterns that may perfectly suppress a given mode. Consider the example of 

the second harmonic of length extension: an electrode from (0.5L-a) to (0.5L+a) will 

completely suppress the mode according to (4.5). Here a is any positive real number 

less than 0.5L. Other modes, such as the fundamental harmonic of extension, cannot 

possibly be suppressed with a non-trivial electrode design, since the strain of the mode 

is all the same sign. Finally, consider that in the process of adding or removing electrode 

to suppress a particular spurious mode, every other spurious mode is also affected by 

this addition or subtraction. Practically, this can lead to the excitation of previously non-

problematic spurious modes. The complexity of strain fields, electric fields, and 

interdependence of all modes on the electrode shape points towards a computational 

solution. 

Here the author would like to suggest one possible approach to this problem. First, 

the resonator is simulated with electrode coverage designed to optimally excite the 

intended mode. Then, the electrode volume is discretized into many smaller domains, 

similar to a mesh with only one element through the thickness, while quite dense in the 

width and length directions. A genetic algorithm is then used to add and remove these 

domains to the resonators, and the electric field is re-simulated. The mechanical domain 

is not re-simulated during this process as the electrodes, being generally much thinner 

than the rest of the resonator, are considered a perturbation to the mode shape. The 

electrostatic simulations are generally even faster than the Eigen analysis, taking on the 

order of seconds to tens of seconds to complete. Once a solution is reached, then the 
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mechanical domain is re-simulated to refine the design. These devices may then be 

arrayed in parallel to obtain the desired shunt impedance, as was done in [3]. 
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Figure 4.17 Wide Band sweep of the conventional design and the spur suppression 

design 
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Figure 4.18a,b,c,d,e Zoom ins on the frequency responses of the targeted modes 

 

Figure 4.19 Graphical representation of the coupling of the first harmonic 
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4.3.2  Parametric Device Design 

The ability of the RAFT to return coupling without simulating the frequency 

response to obtain the anti-resonance frequency makes this technique ideal for 

parametrically investigating the scaling of modes with design. The results of a 

parametric study of the scaling of Rm, max |S21|, keff
2, resonant frequency fr, and figure 

of merit (FOM) with disk radius (rdisk) and the silicon thickness (tSi) are presented for a 

disk flexure resonator (DFR) [65]. 

The model was validated against measurements of devices consisting of six 

electrically parallel DFRs using measured Qm and extracted on-wafer e31 (Figure 1.7). 

Since this work is only concerned with the (1,1) disk flexure mode, spurious modes 

were not modeled in these measurements, and are the largest source of discrepancy. 

 

 

Figure 4.20 Validation of the mdoel against 6 disk flexure resonators electrically in 

parallel 
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To address the fact that mechanical quality factor is often not known before 

fabrication, a “volumetric” material quality factor (Qmat) was derived dependent on 

material loss, thickness, and stress profile and is given by  

Where Yn is the elastic modulus of the nth, y is the distance from the neutral axis, hn is 

the distance of the top of the nth layer from the neutral axis, and Qn is the material quality 

factor of the nth layer. A schematic of the geometric parameters for a PZT on silicon 

stack may be seen in Figure 4.21. 

 

Figure 4.21 A schematic of the PZT-on-silicon stack 

 Assigned material quality factors for silicon dioxide, silicon, platinum and PZT in that 

order were: 100, 1e5, 100, and 200. In addition, a “limiting” Qlim of 750 was added to 

the resonator to avoid abnormally high Qm. 

𝑄𝑚𝑎𝑡 =
𝑌1 𝑦3|ℎ0

ℎ1 + 𝑌2 𝑦3|ℎ1

ℎ2 + ⋯ + 𝑌𝑛 𝑦3|ℎ𝑛−1

ℎ𝑛

𝑌1

𝑄1
 𝑦3|

ℎ0

ℎ1 +
𝑌1

𝑄2
 𝑦3|

ℎ1

ℎ2 + ⋯ +
𝑌𝑛

𝑄𝑛
 𝑦3|

ℎ𝑛−1

ℎ𝑛

0 (4.7) 

𝑄𝑚 =
𝑄𝑚𝑎𝑡 ⋅ 𝑄𝑙𝑖𝑚

𝑄𝑚𝑎𝑡 + 𝑄𝑙𝑖𝑚
 (4.8) 
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For accurate and realistic simulation, required parameters were measured, extracted 

from test structures, or taken from design for use in the tether, and shunt impedances of 

the mBVD. The elastic moduli of the material stack were independently measured [61], 

and densities were taken from bulk measurements. Piezoelectric coefficients were set to 

10 C/m2, a value within the range extracted from on-wafer cantilever test structures. 

Tether resistances were derived from designed dimensions and resistivity test structures, 

and permittivity was extracted from fabricated devices. Lateral dimensions for model 

validation were taken from design, and layer thicknesses were taken from nominal 

deposition thicknesses. 

To parametrically explore the design space of DFRs, 250 simulations to generate S 

parameters were run at various rdisk and tSi for a total simulation time of 27 hours, or 6.5 

minutes per simulation. rdisk varied from 12 to 60 µm, and tSi varied from 1 to 10 µm. 

Contour plots of the performance parameters extracted from the simulations versus 

tSi and rdisk may be seen in Figure 4.23. Figure 4.23c,d,e indicate that max|S21|, Rm, keff
2, 

and FoM are all primarily determined by the tSi, and nearly constant across rdisk. This 

agrees with the result from (2.71), in which an analytical expression for the Rm of the 

(1,1) mode of disk flexure is presented. Given this, devices with similar performance 

parameters may be designed across a wide range of frequencies by adjusting rdisk (Figure 

4.23f). Figure 4.23b indicates that for single resonators, the lowest Rm and max|S21| that 

may be obtained are at higher tSi. However, when disks are placed electrically in parallel 

to obtain approximately 50 Ω shunt reactance, the lowest loss of ~0.5 dB occurs at ~2.5 

µm tSi   across all rdisk (Figure 4.23c). This region coincides with the region of optimal 

FOM in Figure 4.23e. This result stems from properties of the PZT-on-silicon stack and 



 

121 

flexure based resonators. By adding silicon, a high Qm material, to PZT, a low Qm 

material, the resonator coupling is reduced, while the overall resonator Qm. increases. 

At zero tSi, there should be no coupling since the neutral axis would coincide with the 

mid-plane of the piezoelectric layer, and no bending moment would exist. At large tSi, 

most of resonator would be a non-piezoelectric, and coupling would be minimized. 

Therefore, there must be an optimal tSi for maximized FOM, which simulations suggest 

are ~2.5 µm and 35, respectively, with a Qm of 580. 

The upper frequency limit for high performance disks occurs around 100 MHz. At 

these frequencies, the rdisk is less than 2.5 times tSi. The mode transforms and begins to 

store more energy in in-plane shear, which is not directly transduced by PZT. The effects 

of this may be seen in the upper left hand corner of Figure 4.23a,b,c,d,e, where the 

performance metrics sharply dip. A comparison of the displacements of a mode with 

favorable and unfavorable rdisk/tSi is shown in Figure 4.22. 

 
(a) 
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Figure 4.22 (a) a mode which as a favorable thickness-to- radius ratio and (b) a disk 

with unfavorable thickness-to-radius ratio. The effects of these unfavorable 

characteristics may be seen in Fig. 4.23a,b,c,d,e, which are largely the result of the 

increased presence of shear in the mode. 

The RAFT accurately predicted the performance of the device from [3] despite using 

a nominal e31 of -10 C/m2 and an analytically modeled Qm, with an included limiting Q, 

to predict Rm. The relative permittivity was also set to a typical value of 440, which is 

valid up to several gigahertz. Resonator performance parameters for the simulated and 

fabricated device may be seen in Table 4.4. This shows that the RAFT can effectively 

predict the performance of low loss devices, even without properties extracted from test 

structures. 

Table 4.4 Comparison of fabricated -1 dB resonator and the simulated RAFT 

resonator 

 Fabricated Device Simulated Device 

Maximum S21
 (dB) -1 -1.28 

keff
2(%) 2.09 1.95 

Qm 815 741 

Figure of Merit (𝑘𝑒𝑓𝑓
2 ⋅ 𝑄𝑚) 16.9 14.73 

Rm (Ω) 9 7.5 

 

(b) 
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Figure 4.23 Contour plots of the behavior of disc resonators as radius and silicon 

thickness are varied 

 

 

(a) (b) 

(c) (d) 

(e) (f) 
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4.4  RAFT Discussion 

4.4.1  Comparison to COMSOL® 

The RAFT has been demonstrated to accurately model the frequency response of 

piezoelectric resonators in impressively short times. However, so far there have been no 

direct comparisons to conventional FEA software. To establish a baseline comparison, 

a COMSOL simulation with a similar number of degrees of freedom to the disk flexure 

FEA model presented in section 3.2.2 Running a full frequency comparison in 

COMSOL would have taken a prohibitively long time and potentially filled up the hard 

drive. Instead, several short runs were run of less than 20 frequency points, the time per 

frequency point was calculated, and the results were linearly extrapolated. It was 

assumed that each frequency point takes the same amount of time to simulate, since they 

are approached in a serial manner by the solver. This represents a low-end estimate of 

the total time the simulation would take. This is because as the simulation memory 

requirements become larger than the available RAM, the program write information to 

the hard drive, which is a much slower process. The results of the analysis are presented 

in Table 4.5. At the lower end of these simulations, the RAFT is ~1200 times faster than 

harmonic analysis. 

Table 4.5 A Comparison of COMSOL and RAFT Simulation Times 

Points 
Frequency 

Resolution 

COMSOL 

Simulation Time 

RAFT Simulation 

Time 
tCOMSOL/tRAFT 

9900 10 kHz ~10d 5h 30m 11.7m 1259 

49500 2 kHz ~54d 10 h 11.7m 6697 

99000 1 kHz ~112d 7h 311.7m 13820 
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For reference the simulation with 9900 points taking 10 days would place 

approximately 3.5 frequency points in the 3 dB bandwidth of the intended mode of 

Figure 4.5. 

4.4.2  Qualitative Comparison to Coventorware® 

Coventorware ® , an FEA modeling package which claims to improve harmonic 

simulations times of piezoelectric devices significantly as well, was not available for 

direct comparison. Coventorware takes a different approach to the simulation. An 

Eigen analysis is first run, and these are subsequently used to reduce the dimension of 

the mass and stiffness matrices using an algorithm involving the Eigen vectors. The 

effect of this is to exclude simulation of any modes which are not electrically excited 

or detected. This significantly reduces the computational load, as these matrices tend 

to be much smaller. Finally, using knowledge of the locations of the natural modes to 

select frequency points, a harmonic analysis is run with the reduced mass and stiffness 

matrices. More details may be found in [66] 

4.4.3  Gyroscopes 

The transfer function from applied voltage to output charge is 

This transfer function can be modified to include the Coriolis Effect. The displacement, 

and therefore velocity, is obtained from (2.25). The velocity is then turned into a force 

on the sense mode through the Coriolis force, 𝐹𝐶 = −2𝛺 × 𝑣,  

𝑉

𝐹𝑚
⋅

𝐹𝑚

𝛿
⋅

𝛿

𝑢
⋅

𝑢

𝑆
⋅

𝑆

𝑠𝑄
 (4.9) 
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where Ω is the angular velocity, and v is the velocity. The sense mode then produces 

charge, and the overall transfer function is 

Utilizing the RAFT in a similar manner here, but with the additional transfer functions 

for the Coriolis force, could result in a dramatic speed up of the simulation of 

piezoelectric MEMS based gyroscopes. 

 

4.4.4  Ultrasonic Motors 

Ultrasonic motors are of interest as actuators due to their small size, low speeds and 

high torques. They can produce both linear and rotatory motion [67]. 

Often, designers are interested in the real displacement of the ultrasonic motor. 

Equation (2.25), with the temporal portion of the displacement included, predicts the 

displacement directly from an applied electric field and a known strain mode shape. 

Excellent work has been done in [50] presents expression for the unloaded and loaded 

motor’s displacement. These expressions agree with the expression presented in this 

work when appropriate modifications are made. 

 

4.4.5  Strain Sensors 

Piezoelectric strain sensors work by creating an output current after the object being 

sensed transfers some strain to the piezoelectric material. Equation (2.30) can directly 

be used to predict the charge and relate it directly back to the strain that produced it. 

𝑉

𝐹𝑚
⋅

𝐹𝑚

𝛿
⋅

𝛿1

𝑠𝑢1
⋅

𝑠𝑢1

𝐹𝑐
⋅

𝐹𝑐

𝛿2
⋅

𝛿2

𝑆2
⋅

𝑆2

𝑠𝑄
 (4.10) 
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Strain sensors present several challenges that required further modeling, such as bond 

layers to the substrate distorting the transmitted strain. 

 

4.4.6  PMUTs 

Piezoelectric Micromachined Ultrasonic Transducers (PMUTs) are generally based 

upon lower frequency flexural modes for acoustic impedance matching to air and fluids. 

Air coupled PMUTS have applications such as gesture recognitions, ranging, 

autofocusing, and gas metering. Fluid coupled PMUTs are applicable towards medical 

imaging and fingerprint sensing. Equation (2.25) can be used for the modeling of the 

displacement of these resonators. 

4.4.7  Energy Harvesters 

Equation (2.30) can be used to model the charge created by a piezoelectric energy 

harvesting element. The strain caused by an inertial forces must first be modeled, but is 

fairly straight forward to find computational via modeling. 
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CHAPTER 5  

CONCLUSION 

5.1  Future Work 

The RAFT has shown promising results for the rapid simulation of linear 

piezoelectric MEMS resonators, and applications to other systems have been discussed, 

such as ultrasonic motors and PMUTs. This has opened avenues of exploration for the 

maturation of this technology. 

The RAFT has yet to be tested on bulk acoustic wave and surface acoustic wave 

resonators. Bulk acoustic waves tend to operate at frequencies above 1 GHz, and there 

may be some unforeseen challenges in simulation in the domain. However, there are no 

obvious reasons why the RAFT should not model bulk acoustic resonators.  

The original spirit of the RAFT is towards a computational solution to the spurious 

mode problem in piezoelectric MEMS resonators. Proof-of-concept fabricated 

resonators point in the possible direction of rapid electrode design with the aid of the 

RAFT. An algorithmic approach to spurious mode suppression would be the ideal use 

case for RAFT. 

The RAFT could also potentially be used to model thermal effects. Dieletric losses, 

viscous losses, thermo-elastic losses, and Ohmic losses contribute to heating of 

resonators. Running a thermal simulation to model the stresses induced on the resonator 

would allow designers to quickly predict the frequency shifting effects on the frequency 

bandwidth.  
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Piezoelectric stiffening has yet to be incorporated in the RAFT [68]. Piezoelectric 

stiffening is a result of electrical boundary conditions. The deformation of the 

piezoelectric results in charge accumulation on the electrodes. In the case where the 

electrodes are electrically separated, the Coulombic forces resist compression of the 

piezoelectric. This results in an increase in apparent stiffness. In the shorted case, there 

is no net potential between the top and bottom electrodes, and the resulting stiffness is 

from purely elastic effects. An illustration of these two cases may be seen in Figure 5.1. 

The stiffening in a resonator is not quite as straightforward as these simple cases, as a 

perfect short or perfect open is not obtained in actual device operation. 

 

Figure 5.1 Illustration of the effects of piezoelectric stiffening [37] 

5.1.1  Applicability to Other Transduction Methods 

The methodology of the RAFT may also be used to model other methods of 

transduction for which energy enters the mechanical domain. These include 

piezomagnetically and capacitively transduced systems. The conversion of voltage to 

force and displacement to charge equations were derived via energy methods. Similar 
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analysis may be applied to other systems. In fact, this is how electrostatic MEMS 

devices are modeled; the force from a capacitive plate, and the current out are derived 

in a similar fashion [69]. In general, the first and last transfer functions in (4.10) must 

be replaced with the proper conversion from the input forcing parameter to modal force 

and strain to the output sense parameter. 

5.1.2  Quality Factor Modeling 

In the preceding work, quality factor was generally treated as its own variable and 

not modeled with good reason. There are several important loss mechanisms in MEMS 

resonators discussed in 4.1.1 and reasons were given for quality factor not being 

modeled in this work. However, in the future techniques for the modeling of quality 

factor can be included. Damped modal analyses exist using viscous and structural 

damping. Structural damping is proportional the amplitude of displacement, but 90 

degrees out phase (i.e. in phase with the velocity). Viscous damping is proportional to 

the velocity of vibration. Thermoelastic damping can also potentially be modeled for 

each mode. Another common technique for anchor loss modeling is to use perfectly 

matched layers (PMLs). These layers ideally absorb all energy incident on them in an 

attempt to imitate an infinite medium. An alternative implementation for modeling 

anchor loss conducive to modal analysis may be included in the RAFT. In this analysis, 

the released regions are modeled and fully clamped at the edge. The energy leaving the 

resonator is compared to the energy stored in the resonator, and a loss due to the anchors 

is calculated. 
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5.2  Summary of Contribution to the Body of Work 

This work has presented a new methodology for modeling of the frequency response 

of piezoelectric MEMS resonators. This was enabled by generalized expressions for the 

motional parameters of the mBVD model and coupling, which have been presented by 

this author for the first time. The expressions are material, mode and topology agnostic. 

These parameters were validated using analytical mode shapes, as well as validated in 

the RAFT by comparing to measurement. 

To obtain the frequency response in the RAFT, the mode shape, mechanical material 

properties, piezoelectric properties, electric field shape, and quality factor must be 

known. The material properties are generally taken from measurement, or are known in 

advance. The mode shape and electric field shape were obtained through FEA 

simulation in the RAFT. A modal analysis and electrostatic analysis are run, 

respectively, to obtain these. The quality factor is not modeled in this work.  

Electrostatic and modal analyses are run, and typically complete much faster than a 

multi-physics analysis. The principles of modal analyses are used along with the 

motional parameters in the mBVD to decouple the simulation of the electrical and 

mechanical domain, and simulate the frequency response. Two factors contributing to 

the speed up by the RAFT are: the full piezoelectric equations are not solved and only 

frequency points where modes exist are simulated from modal analysis rather than all 

frequency points for which information is desired. Apart from this, the RAFT also has 

several other advantages: it will not miss modes, the contribution of individual modes 

may be extracted, the contribution of each piezoelectric constant may be extracted, the 

simulation may be re-run after only re-simulating the electric field if the addition or 
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removal of electrodes is considered a negligible perturbation, and the electromechanical 

coupling may be obtained without having to generate a frequency response. All the 

above allow the RAFT to complete much faster than conventional harmonic analyses,  

The RAFT has been used to accurately simulate the wide band response of 

resonators when compared to measurement, explore the parametric design of resonators, 

and several other potential applications have been suggested. These simulations were 

performed orders of magnitude faster than conventional analyses, and have advantages 

over other fast solvers. However, there are still developments required for the model to 

be fully plug-and-play, such as the inclusion of piezoelectric stiffening. The future look 

promising for this novel, low-cost simulation technique to heavily impact how 

piezoelectric MEMS resonators, and other systems, are designed and analyzed. 
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APPENDIX A – CODE 

This portion of the code is run in ANSYS APDL. Exclamation points denote 

comments. The /input function requestsa file. The layer thicknesses, geometry, 

material properties, etc. are all stored in separate text files.  
 

! Jonathan Puder 

! September 7, 2018 

 

 

FINISH   ! Exit all processors 

/CLEAR,START ! Clear the database 

 

*get,time1,active,,TIME,WALL      ! Get 

the wall time at the start of the simulation 

 

 /MKDIR,'C:\ANSYS\Example Code\'    ! Make 

a directory for saving  

 /CWD,'C:\ANSYS\Example Code\'      ! 

Change to the created directory 

 

/FILNAME,Full Raft_struc,1      ! 

Changes file name 

/Prep7        ! Enter 

preprocessor 

/TITLE, Structural Simulation 

 

et,1,solid95        ! Element 

type for structural analysis 

et,2,solid122       ! Element 

type for electrostatic analysis 

 

!!!!!! GEOMETRY PARAMETERS  

 

 /INPUT,'Thicknesses','txt','C:\ANSYS\Run Files\',,0

  ! Read layer thicknesses from input file 

 

!!!!!! DRAW GEOMETRY 

 

 /INPUT,'Geometry','txt','C:\ANSYS\Run Files\',,0 

 ! Read file to draw geometry 

 

 allsel        ! 

Select all entities 

 vovlap,all        ! Use 

VOVLAP if model has overlapping volumes 
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 !VGLUE,ALL       ! Use 

VGLUE if volumes do not overlap 

 

!!!!!! MATERIAL ASSIGNEMNT   

 

 /INPUT,'MaterialAssignStruc','txt','C:\ANSYS\Run 

Files\',,0  ! Assign Structural Material Properties 

 

!!!!!! MESHING  

    

 /INPUT,'Meshing','txt','C:\ANSYS\Run Files\',,0 

  ! Meshes the model 

 

!!!! BOUNDARY CONDTIONS AND LOADS 

 

ASEL,S,Loc,X,Rou+5        ! 

Select Areas to be anchored. Rou is a variable created in 

geometry text file 

ASEL,A,LOC,X,-Rou-5        ! 

Select additional areas to be anchored 

 

DA,all,ux,0 

DA,all,uy,0 

DA,all,uz,0        ! Set 

fixed boundaries in X, Y, and Z on selected areas 

 

nummode = 200        ! Set 

the maximum number of modes to look for  

fstart  = 870e6        ! 

Set the starting frequency 

fend    = 1300e6       ! Set 

the ending frequency 

 

/SOLU      ! Enter "Solution" 

Processor (need to be in this processor to issue most 

"solution" commands)     

ANTYPE,2      ! Analysis type "2" = modal 

analysis 

EQSLV,SPAR       ! Set sparse solver 

MXPAND,nummode, , ,1     ! "Expand" modes 

LUMPM,0      ! Turn off Lumped mass 

approximation 

PSTRES,0      ! Turn off "prestress" 

option 



 

135 

MODOPT,LANB,nummode,fstart,fend, ,ON   ! Solve for 

modes between start and fend, ON refers to unity 

normilzation (I think) 

 

/sol      ! Enter solution processer 

solve       

/OUTPUT      ! "Solve" command 

initiates  

   

/POST1       ! Enter "General Post 

Processor" (need to be in this processor to review 

results)  

 

*get,time2,active,,TIME,WALL    ! Get the total 

time at completion of solution 

 

save,'FullRaft1','db','C:\ANSYS\Example Code\\' ! Save 

the database file for later viewing 

 

!!!! EXTRACTING AND SAVING DESIRED RESULTS 

 

SET,1,1      ! Read the first mode 

data 

WPSTYL,DEFA     ! Rest the location of 

working plane 

 

VSEL,s,loc,z,tBotPt,tBotPt+tAlN   ! Select the 

volume piezoelectric material 

ESLV,S      ! Select the elements 

associated with the currently selected volume 

 

*del,EARRAY     ! Delete and previous 

instances of EARRAY 

*get,ENUMMAX,ELEM,,COUNT   ! Get the maximum 

number of the elements currently selected 

*dim,EARRAY,array,ENUMMAX,5   ! Creat and 

dimension and array called EARRAY 

 

ETABLE,VV,Volu     ! Creates table with 

information about volume and centroid location of all 

selected elements 

ETABLE,CX,CENT,X 

ETABLE,CY,CENT,Y 

ETABLE,CZ,CENT,Z 
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*VGET,EARRAY(1,2),ELEM,1,ETAB,VV  ! Reads the 

infomration from the element table and writes into the 

columns of EARRAY 

*VGET,EARRAY(1,3),ELEM,1,ETAB,CX 

*VGET,EARRAY(1,4),ELEM,1,ETAB,CY 

*VGET,EARRAY(1,5),ELEM,1,ETAB,CZ 

 

*CFOPEN,'E:\ANSYS\Test EMODIF 

Function\Ring_teth_findfreq\ElemData',txt                     

! Creat/open file called “ElemData.txt" 

*VWRITE,EARRAY(1,2),EARRAY(1,3),EARRAY(1,4),EARRAY(1,5)

    ! Write the columns of EARRAY into a 

text file 

 %G %G %G %G        ! 

Format specifier for data 

*CFCLOSE         ! CLOSE 

the opened file 

 

*DO,nn,1,nummode ! DO loop to step through modes, 

starting from mode  

 

 /MKDIR,'C:\ANSYS\Example Code\\mode%nn%' ! Make a 

directory for mode 'nn' 

 /CWD,'C:\ANSYS\Example Code\\mode%nn%'   ! Change 

directory to newly created folder  

 

 !!!! READ STRAIN INFORMATION 

 

 *del,SARRAY   ! DELETE any previous 

instances of SARRAY 

 *dim,SARRAY,array,ENUMMAX,5 ! Dimension SaRRAY 

 

 ETABLE,EPX,EPEL,X  ! Get strain information 

from currently selected elements and put in ETABLE 

 ETABLE,EPY,EPEL,Y 

 ETABLE,EPZ,EPEL,Z 

 ETABLE,EPYZ,EPEL,YZ 

 ETABLE,EPXZ,EPEL,XZ 

 

 *VGET,SARRAY(1,1),ELEM,1,ETAB,EPX  ! Get X, Y, Z, 

YZ, and XZ strain information from ETABLE and write to 

SARRAY 

 *VGET,SARRAY(1,2),ELEM,1,ETAB,EPY 

 *VGET,SARRAY(1,3),ELEM,1,ETAB,EPZ 

 *VGET,SARRAY(1,4),ELEM,1,ETAB,EPYZ 

 *VGET,SARRAY(1,5),ELEM,1,ETAB,EPXZ 
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 *CFOPEN,'C:\ANSYS\Example Code\mode%nn%\strain',txt                     

! Open file called “Strain.txt” 

 

 *VWRITE,EARRAY(1,1),EARRAY(1,2),EARRAY(1,3),EARRAY(1

,4),EARRAY(1,5)       ! write strain 

information to newly created file 

  %G %G %G %G %G       

      ! Format specifier 

 *CFCLOSE 

 

 !!!!!! ENERGY  !!!!!!!!!!!! 

 ALLSEL   ! Select all entities 

 ESLV,S   ! Select elements associated 

with those entities 

 *get,ENUMMAX,ELEM,,COUNT   ! Get the maximum 

number of the elements currently selected 

 

 *del,EARRAY     ! Delete and 

previous instances of EN 

 *dim,EN,array,ENUMMAX,1    ! Dimension 

EN to include all elements 

 

 ETABLE,KE,KENE     ! Write KE of all 

elements to the element table 

 *VGET,EN,ELEM,1,ETAB,KE    ! Get the 

kinetic energies of all elements and write to EN 

 *VSCFUN,TotKE,SUM,EN    ! Sum up EN 

to get total kinetic energy 

 

 *GET,fn,ACTIVE,0,SET,FREQ   ! Get the 

natural frequency of current mode 

 

 *cfopen,'C:\ANSYS\Example Code\\mode%nn%\FreqEn',txt                     

! Open file called “FreqEn.txt” 

 

 *vwrite,TotKE,fn    ! Write ToKE and fn to 

file 

  %G %G    ! Format specifiers 

 *cfclos                             ! Close file 

 

 SET,next ! Move onto next mode 

 

*ENDDO  ! END the do loop 
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*get,time3,active,,TIME,WALL  ! Get wall time for 

the total amount of time the simulation took 

 

*CFOPEN,'SimTime', 'txt', ! Open a text file callsed 

SimTime 

*VWRITE,time1,time2,time3 ! Write the saved times to 

this file 

 %G %G %G  ! Format specifier 

*CFCLOSE   ! CLOSE the opened file 

 

!****************************** START CMATRIX CODE 

*********************************************************

*** 

!********************************************************

****************************************************** 

 

! The beginnign part of this code reads many of the same 

files as the structural code. This is purposefully done 

to avoid 

! Any errors and ensure the geometry and mesh are exactly 

the same 

 

 

FINISH   ! Exit all processers 

/CLEAR,START ! Clear the database 

 

*get,time1,active,,TIME,WALL       ! 

Get the wall time at the start of the simulation 

 

  /MKDIR,'C:\ANSYS\Example Code\'    

 ! Make a directory for saving  

  /CWD,'C:\ANSYS\Example Code\'     

 ! Change to the created directory 

 

 /FILNAME,Full Raft_cap,1      

 ! Changes file name 

 /Prep7        ! Enter 

preprocessor 

 /TITLE, Electrical Simulation 

 

 et,1,solid95        ! 

Element type for structural analysis 

 et,2,solid122       ! 

Element type for electrostatic analysis 

 

 !!!!!! GEOMETRY PARAMETERS  
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 /INPUT,'Thicknesses','txt','C:\ANSYS\Run Files\',,0

  ! Read layer thicknesses from input file 

 

 !!!!!! DRAW GEOMETRY 

 

 /INPUT,'Geometry','txt','C:\ANSYS\Run Files\',,0 

 ! Read file to draw geometry 

 

 allsel 

 vovlap,all        ! Use 

VOVLAP if model has overlapping volumes 

 !VGLUE,ALL       ! Use 

VGLUE if volumes do not overlap 

 

 !!!!!! MATERIAL ASSIGNEMNT   

 

 /INPUT,'MaterialAssignElec','txt','C:\ANSYS\Run 

Files\',,0  ! Assign Structural Material Properties 

 

 allsel 

 

 !!!!!! MESHING  

    

 /INPUT,'Meshing','txt','C:\ANSYS\Run Files\',,0 

  ! Meshes the model 

 

!!!!!!!!!!!!!!!! 

 

NUMCMP, VOLU ! compress the colume numbering 

allsel 

 

VSEL,S,VOLU,,19 ! Select volume associated with input 

electrode 

VSEL,A,VOLU,,16 

VSEL,A,VOLU,,7 

VSEL,A,VOLU,,5 

VSEL,A,VOLU,,6 

VSEL,A,VOLU,,8 

 

VSEL,A,VOLU,,71 

VSEL,A,VOLU,,72 

VSEL,A,VOLU,,41 

VSEL,A,VOLU,,43 

VSEL,A,VOLU,,42 

VSEL,A,VOLU,,44 
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NSLV,S,1 ! Select nodes associated with selected volumes 

 

cm,cond1,node            ! Assign node component to 1st 

conductor 

 

!!!!!!!!!!!! 

 

VSEL,S,VOLU,,10 ! Select volume associated with 

ground electrode 

VSEL,A,VOLU,,13 

VSEL,A,VOLU,,3 

VSEL,A,VOLU,,1 

VSEL,A,VOLU,,2 

VSEL,A,VOLU,,4 

 

VSEL,A,VOLU,,69 

VSEL,A,VOLU,,70 

VSEL,A,VOLU,,37 

VSEL,A,VOLU,,39 

VSEL,A,VOLU,,38 

VSEL,A,VOLU,,40 

 

NSLV,S,1 ! Select nodes associated with selected volumes 

 

cm,cond2,node            ! Assign node component to 2nd 

conductor. Must have same label (i.e. cond) as previous 

conductor 

 

/solu    ! Ebter solution processor 

cmatrix,1,'cond',2,0     ! Compute capacitance matrix 

coefficients. 'cond' is name of conductors, 2 is number 

of conductors, 

    ! and 0 indicates that ground is one of 

the conductors  

/POST1    ! Enter postprocessor 

 

!!!!!!!!!!!!!!!!!!!! INTERROGATE THE RESULTS 

 

WPSTYL,DEFA 

SET,1,1   ! Set first solution step 

  

VSEL,S,loc,z,tBotPt,tBotPt+tAlN ! Select pizeoelectric 

material 

ESLV,S 
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ETABLE,VV,Volu   ! Write store volume, electric field 

components, and element centers in ETABLE 

ETABLE,EFX,EF,X 

ETABLE,EFY,EF,Y 

ETABLE,EFZ,EF,Z 

ETABLE,CX,CENT,X 

ETABLE,CY,CENT,Y 

ETABLE,CZ,CENT,Z 

 

*get,ENUMMAX,ELEM,,COUNT ! Get maximum number of elements 

 

*del,EARRAY   ! Delete any previous instances 

of EARRAY 

*dim,EARRAY,array,ENUMMAX,7 ! Dimension EARRAY 

 

*VGET,EARRAY(1,1),ELEM,1,ETAB,VV 

*VGET,EARRAY(1,2),ELEM,1,ETAB,CX 

*VGET,EARRAY(1,3),ELEM,1,ETAB,CY 

*VGET,EARRAY(1,4),ELEM,1,ETAB,CZ 

*VGET,EARRAY(1,5),ELEM,1,ETAB,EFX 

*VGET,EARRAY(1,6),ELEM,1,ETAB,EFY 

*VGET,EARRAY(1,7),ELEM,1,ETAB,EFZ 

 

/MKDIR,'C:\ANSYS\Example Code\EFIELD'      ! Make a 

directory for the file 

*cfopen,'C:\ANSYS\Example Code\eFieldFile',txt     ! 

OPEN a file called eFiledFile    

 

*vwrite,EARRAY(1,1),EARRAY(1,2),EARRAY(1,3),EARRAY(1,4),E

ARRAY(1,5),EARRAY(1,6),EARRAY(1,7) ! WRITE the data to 

file 

 %G %G %G %G %G %G %G  

*CFCLOSE   ! CLOSE the opened file 

 

 

 

/eof     ! END OF FILE 

  

The program has now created a series of folders with information about the strain and 

electric field at the center of each elements, as well as total energies and natural 

frequencies. This is then read into MATLAB, example code of which is given below. 

% denotes comments. 
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clear all 

close all 

home = cd; 

for num = 2 

  

path1 = % string containging folder with all mode 

data 

path2 = % string containing folder with electric 

field data 

cd(path2) 

EField = importdata('eFieldFile.txt',' '); 

C0 = importdata('Cmat.txt',' '); % Import value of 

ground capacitor from electrostatic simulation 

   Data.Vol2 = EField(:,1); % Volume data from 

electrostatic(ES) simulation 

   Data.cx2 = EField(:,2); % center x coordinate from 

ES 

   Data.cy2 = EField(:,3); % same as above, but y 

   Data.cz2 = EField(:,4); % same as above, but z 

   Data.Ex = EField(:,5)/100; % X electric field data 

normalized by the magnitude of 100 

   Data.Ey = EField(:,6)/100; %same as above, but for 

y 

   Data.Ez = EField(:,7)/100; same as above, but for 

Z 

    

   e31 = -0.58;e32 = -0.58;e33 =  1.55;e24 = -

0.48;e15 = -0.48; % piezoelectric constants of 

aluminum nitride 

  

cd(home)  

h = getSubFolders(path1); % Custom function which 

retries the name of all subfolders 

cd(path1) % change current directory to modal data 

  

ElemData = importdata('ElemData.txt',' '); % import 

text file with element data 

  

   Data.Vol = ElemData(:,1); % data about volume of 

each element form modal analysis, should be the same 

as Data.Vol2 from ES simulation  
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   Data.cx = ElemData(:,2); % should be same as 

Data.cx2 

   Data.cy = ElemData(:,3); %’’ ‘’ ‘’ cy2 

   Data.cz = ElemData(:,4); % ‘’ ‘’ ‘’ cz2 

   Data.C0 = C0*1e-12; 

  

for i = 1:length(h) 

    

   if h(i).name(1:4) ~='mode' % make sure the folder 

will contain modal data 

       continue 

   end 

    

   c = str2double(h(i).name(5:end)); 

    

    cd([path1 sprintf('mode%d',c)])  

    Data.mode(c).modenum = c; % save the mode number 

to a structure 

     

    

   strain = importdata('Port1.txt',' '); % import the 

strain data from the relevant text file 

     

   epx  = strain(:,1); % save the strains to 

descriptive variable name 

   epy  = strain(:,2); 

   epz  = strain(:,3); 

   epyz = strain(:,4); 

   epxz = strain(:,5); 

    

   FreqEn = importdata('FreqEn.txt',' '); % get 

frequency and energy 

    

   Data.mode(c).maxdisp = FreqEn(3); % store max 

displacement 

   Data.mode(c).f = FreqEn(2); % store frequency 

    

   aa = importdata('Energy.txt'); 

    Energy = str2double(aa.textdata{5,4}); % get 

value of total energy 

  

cd(home); 
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Data.mode(c).KE = Energy; 

Data.mode(c).km =  2*Data.mode(c).KE; % compute modal 

spring 

    

   % calculate the transduction from each 

piezoelectric constant for each element 

   comp1 = e31*epx .*Data.Ez; 

   comp2 = e32*epy .*Data.Ez; 

   comp3 = e33*epz .*Data.Ez; 

   comp4 = e24*epyz.*Data.Ey; 

   comp5 = e15*epxz.*Data.Ex; 

    

 % Add up the transduction from each element 

   Data.mode(c).comp1 = sum(comp1.*Data.Vol); 

   Data.mode(c).comp2 = sum(comp2.*Data.Vol); 

   Data.mode(c).comp3 = sum(comp3.*Data.Vol); 

   Data.mode(c).comp4 = sum(comp4.*Data.Vol); 

   Data.mode(c).comp5 = sum(comp5.*Data.Vol); 

  

           

   % get the total transduction from each element 

   Data.mode(c).int = 

sum((comp1+comp2+comp3+comp4+comp5).*Data.Vol); 

    % Multiply by 1e12 to convert from microMKS to 

MKS 

% This is the Rm without quality factor    

Data.mode(c).Rm =  

1e12*Data.mode(c).km/(2*pi*Data.mode(c).f*(Data.mode(

c).int)^2); 

    

   Cm = ((Data.mode(c).int)^2)/(Data.mode(c).km); 

   Data.mode(c).keff = Cm/(C0+Cm); % 

electromechanical coupling 

  

end 

fname = 

(sprintf('Wide_n3_R70_deg0_4.8_pitch_BUS.mat',num)) 

  

save(fname,'Data'); % name the data set and save the 

file 

close(hand) 

  

cd(home) 
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end 

  

  

 A data structure has now been created which contains all of the Rm, Lm, Cm, C0 and 

Keff^2 of the resonator. The next step is to simulate the mBVD, an example of which 

is given in the following code. 
 

 

   

clear all 

close all 

home = cd; 

 

    load(string with file name goes here) 

     

    freq = 865e6:3e3:909e6; % Simulation bandwidth of 

interest 

    om = 2*pi*freq; % change hertz to rad/s 

     

    C0 =.6e-12; % set the shunt cap value 

for ind = 1:length(Data.mode) % step through all 

modes 

  

    St = Data; % rename structure for convenience 

  

        Qm = 3000; % set the Qm of all modes. It is 

possible to set the Qm for each individual mode, or 

take this value from simulation  

  

    Zm = 0; Rm = 0; Cm = 0; Lm = 0; % initialize 

values 

    Rm = St.mode(ind).Rm/(Qm); % calculate Rm with Qm 

included 

  

    Cm = 1./(2*pi*St.mode(ind).f*Qm.*Rm); % calculate 

Cm and Lm. This can also be read directly from the 

file 

    Lm = Qm*Rm./(St.mode(ind).f*2*pi); 

     

  

    Zm = Rm + 1./(1i*Cm.*om) + 1i*Lm.*om; % calculate 

the impedance of the motional arm 

    Ym(ind,:) =  1./Zm; % convert to admittance 
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end 

YC0 = 1i*C0*om; 

    Ytot = sum(Ym); Sum up all the parallel motional 

arms 

    

    Yall = Ytot+YC0; % add in the shunt capacitance 

admittance 

 

  

  

    Ydb = 20*log10(abs(Yall)); % convert to dB 

     

    plot(freq/1e6,Ydb,'LineWidth',2)% plot the 

simulated data 

     

home = cd; 

 

  

  

 

 The above code outlines important commands and the procedure to go from 

FEA simulation to frequency response. 
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APPENDIX B – Disk Cross-Sectional Lamé Mode Resonators 

Ring CLMRs are of interested due to their potential for a lower spurious response 

than their bar-like counterparts. As such, the designs were investigated using the RAFT 

in collaboration with the Northeastern Sensors and Nano Systems Laboratory. The 

parameters investigated include pitch of electrodes, the number of rings, the percentage 

of the pitch covered by electrode, and the inner radius of the ring (Figure A.1). 

Simulations were run with perfectly symmetrical rings and electrodes, and example of 

the spurious-free response may be seen in Figure A.2. In reality this topology is not 

possible due to the need to create electrical connections and avoid shorts. The results 

are included in the tables below. All simulations were performed with 100 nm bottom 

and top platinum electrodes and 4 μm of AlN. Interestingly, the designs with the highest 

coupling were single ring devices. They should also produce much smaller spurious 

mode response due to their symmetry, and the fact that the electrodes form complete 

rings, which is not true of higher order harmonics. Additionally, it may be advantageous 

to cover a larger portion of the resonator with electrode since there is not issue with 

fringing capacitance. This possibility was not investigated. These devices were not 

investigated due to the sidewall angle issues in the aluminum nitride fabrication process. 
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Figure A.1 Top view of ring resonator with 7 rings. The inner and outer radii are 

indicated. The red areas are the locations of the electrodes, and the blue areas are 

aluminum nitride 
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Figure A.2 The spur-free response obtained by utilizing perfectly symmetrical rings 

without anchors or bus 

Table A. 1 Simulation results of investigation of pitch on CLMR performance 

Pitch 

(um) 
# Rings 

% 

Covera

ge 

C0 (F) Cm (F) 
k_eff^

2 

f_r 

(MHz) 
Rin Rout 

4.1 3 60 
2.11E-

13 

4.15E-

15 
1.93 951.4 100 112.3 

4.2 3 60 
2.14E-

13 

6.43E-

15 
2.92 944.7 100 112.6 

4.3 3 60 
2.16E-

13 

7.55E-

15 
3.37 937.7 100 112.9 

4.4 3 60 
2.19E-

13 

8.13E-

15 
3.58 930.3 100 113.2 

4.5 3 60 
2.22E-

13 

8.56E-

15 
3.72 922.3 100 113.5 

4.6 3 60 
2.25E-

13 

8.89E-

15 
3.81 913.8 100 113.8 

4.7 3 60 
2.27E-

13 

9.12E-

15 
3.86 904.8 100 114.1 

4.8 3 60 
2.30E-

13 

9.26E-

15 
3.87 895.2 100 114.4 
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4.9 3 60 
2.33E-

13 

9.31E-

15 
3.84 885 100 114.7 

5 3 60 
2.36E-

13 

9.30E-

15 
3.79 874.4 100 115 

 

 

Table A. 2 Simulation results of investigation of number of rings on CLMR 

performance 

Pitch 

(um) 
# Rings 

% 

Covera

ge 

C0 (F) Cm (F) 
k_eff^

2 

f_r 

(MHz) 
Rin Rout 

4.8 1 60 
6.33E-

14 

3.28E-

15 
4.92 895.06 100 104.8 

4.8 2 60 
1.45E-

13 

6.17E-

15 
4.09 895.14 100 109.6 

4.8 3 60 
2.30E-

13 

9.26E-

15 
3.87 895.18 100 114.4 

4.8 4 60 
3.19E-

13 

1.24E-

14 
3.74 895.2 100 119.2 

4.8 5 60 
4.12E-

13 

1.58E-

14 
3.69 895.21 100 124 

4.8 6 60 
5.08E-

13 

1.90E-

14 
3.61 895.22 100 128.8 

 

 

Table A. 3 Simulation of effect of electrode coverage on the CLMR 

Pitch 

(um) 

# 

Rings 

% 

Coverage 
C0 (F) Cm (F) k_eff^2 

f_r 

(MHz) 
Rin Rout 

5 7 30 
4.07E-

13 

1.47558E-

14 
3.50 905.72 100 135 

5 7 40 
4.78E-

13 

1.79832E-

14 
3.63 893.46 100 135 

5 7 50 
5.49E-

13 

2.2075E-

14 
3.86 883.23 100 135 

5 7 60 
6.27E-

13 

2.63414E-

14 
4.03 874.45 100 135 

5 7 70 
7.26E-

13 

1.43492E-

14 
1.94 865.85 100 135 

5 7 80 
8.44E-

13 

1.36807E-

14 
1.60 854.80 100 135 

5 7 65 
6.70E-

13 

2.28486E-

14 
3.30 870.21 100 135 
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5 7 67 
6.89E-

13 

2.32293E-

14 
3.26 868.50 100 135 

5 7 55 
5.87E-

13 

2.43438E-

14 
3.98 878.72 100 135 

5 7 57 
6.03E-

13 

2.51804E-

14 
4.01 876.99 100 135 

5 7 59 
6.19E-

13 

2.59682E-

14 
4.03 875.29 100 135 

5 7 61 
6.36E-

13 

2.66995E-

14 
4.03 873.61 100 135 

5 7 63 
6.53E-

13 

2.73644E-

14 
4.02 871.93 100 135 

 

 

Table A. 4 Investigation of ring inner radius on performance of CLMR 

Pitch 

(um) 
# Rings 

% 

Covera

ge 

C0 (F) Cm (F) 
k_eff^

2 

f_r 

(MHz) 
Rin Rout 

4.8 1 60 
3.24E-

14 

1.68E-

15 
4.92 905.72 50 54.8 

4.8 1 60 
3.86E-

14 

2.00E-

15 
4.92 893.46 60 64.8 

4.8 1 60 
4.47E-

14 

2.32E-

15 
4.92 883.23 70 74.8 

4.8 1 60 
5.09E-

14 

2.64E-

15 
4.92 874.45 80 84.8 

4.8 1 60 
5.71E-

14 

2.96E-

15 
4.92 865.85 90 94.8 

4.8 1 60 
6.33E-

14 

3.28E-

15 
4.92 854.80 100 104.8 

 

After the design space as investigated, a low ring number, with 60% electrode coverage 

with a pitch of 4.8 μm was investigated for the spurious mode response with non-

symmetric electrodes. The response of such a resonator may be seen in Figure A.3. All 

modes have the same Qm factor of 3000. 
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Figure A.3 The simulated response of a ring resonator with a bus and anchor. The 

bus/anchor break the symmetry and spurious modes appear in the electrical response 
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