
This ratio will be preserved, ,vhatever be the absolute 
velocity of the driver, but ,vhcn this is uniforn1, ,vhich is 
generally the case, let P and p be the respective periods of 
the driver and follo,ver 
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CLASS A. l VELOCITY RATIO CONSTANT. 

DIVISION A. C01VI1"IUNIC1\TJ()N ()F ]\;(()1'J()N BY ROLLING 

CONTAC1'. 

41. IN rolling contact it has been shewn that the point 
of contact is al,vays in the line of centers; an<l the angular 
velocities are inversely as the segn1ents into ,vhich the point 
of contact divides that line. Therefore if the velocity ratio 
is constant, the segn1ents 1nust be constant, and the curves 
beco1ne circles, revolving round their centers, and ,vhose 
radii are the segments, and no other curves ,vill ans,ver the 
purpose. 

Let R he the radius of the driving circle, and 1· that of 
the following circle; J,, and l their synchronal rotations� then 
as they are (by § �o) in the ratio of the angu]ar velocities : 

L ,, . . . . - = - . 
l R 

•, 

.·. (by § 20) p = !_ = R ., p L r 

The 1notions being supposed hitherto to he in th(• s�1nr· 
plane, the axis of l'otation of t hl.' circlt'!- \.vil1 hr pnral i<'l. 
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42. When the axes are parallel. Let A a, B b be 
two parallel axes, mounted in any kind --;:-_ 10 
of framework that will allow them to d 

revolve freely, but retain them parallel. 
to each other at a constant distance, 
and prevent endlong motion, and let 0 
two cylinders or rollers, E, F, be fixed 
opposite to each other, one on each 
axis, and concentric to· it; the sum -- :.s 
of their radii being equal to the distance of the axes. The 

cylinders will therefore be in contact in all positions, and if 
one of these axes, and consequently its attached cylinder, be 
made to revolve, its superficial motion will be communicated 
to the surface of the other cylinder by the adhesion of the 

parts which are brought successively into contact ; and thus 
the second cylinder will be driven by the first by rolling 
contact, and their perimetral velocities will be equal. · 

Let R be the radius of the driver, and r of the follower; 
then a section of the �ylinders, made by a plane passing 
through then1 at any point at right angles to the axis, \vill 
present a pair of circles in contact, whose radii are Rand r; 

P l R
and therefore, as before, = = ; ;p L 

which is indeed rnanif�st, for since the sam� length of cir
cumference of the driver and of the follower passes the line 
of centers * in the same time, let M. circumferences of the 
driver, equal m. circumferences of the follower; 

M r .·. 21rRM = 21rrm, and - = - . 
m R 

• The line <>f centers is the right line which joins the centers of motion, 

as already· stated, and, in the case of rolling circles, passes through their point 

two axes,of contact. The plane• <>f centers is the plane. which contains the 
whether they be parallel or intersect. These two phra..cies are of continual use, 
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•But the number of circumferences that pass a · given point 
measure the number of revolutions of the wheel; 

M L r 
. ·. - = - = - , as before. 

m l R 

43. If the axes of rotation be not parallel, they may 
either meet in direction or not, and these cases must be 
considered separately. 

A:»es meeting. Let AB, AC be two axes of rotation 
intersecting in A, 

A. 

to which are attached cones ABE, AEO, whose apices coin
cide with A, and which have angles at their vertices of such 
a magnitude that their surfaces are in contact. Let AE be 
the line of contact, and Dbe, ecf sections of the cones at 
any point e of the line and respectivel.t perpendicular to 
their axes, which sections are necessarily circles touching at 
e, whose radii are be, ce. If angular velocities A, a be given 
to the cones ABE, A.EC, the perimetral velocities of these 
sections will be A.be and a.ce, and if these are equal, 

.A. ce CE-==-- ............... 
a be BE 

a constant ratio. If then th� perimetral velocities of any pair 
or corresponding sections be equal, those of every other such 

3 
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·pair will be .equal; therefore the eones will roll together as 
in the former case,- and the· ratio of the angular velocities 

, 

be inversely as the radii of the bases of the. cones. 

44. Inspractice, a thinsfrustum only of each cone is. 
employed. Let the position of the axes be given, and also 
'the ratio of the angular velocities, it is required to describe 
the cones, or r ather the frusta . 

_ 

• , • f . 

Let AB, AC be the axes in-
12tersecting in A. Through any 

point D in AB draw DF pa
rallel to AC, and make .DF: AD 

Gin the ratio of the ·angular ve
locity of AB to that of AC. 
Join AF, then will AF be the 
line of contact of the two cones, 
by means of which the required .A\. ...• frusta may be described at any .... 
convenient distance from A, •• • 

·,
DF = sin DAF ••for ...· AD · sin AFD· ' . . 

( •• 

• 
·sinDAF BG �.

J 

------· 
• 1t·s1nFAC CG. 

. . . 

that is, the angular velocities .. _are in the ratio required ·by· · last· Article. 
. •· 

Con.. .The angles at the vertices of. the eones , may be 
readily found thus: 

L�t (l be the angle BA.C, ·k the semi-angle of the �ertex of 
. m . . the cone of AB, n the give� r�tiq of the angular velocities; 

• 
. ,. SIIl K , m, . 

' 
, . . . . . , . 

· = ..... ; (m beirig the ·less) 
, . .  : .. , Sill 9 T. ,c.. . .n, . . . . · . . . · . ; . , · . 

• ' • t· • 
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sin 8
whence tan K = ----;n 

- + cos 8 
m 

which may be adapted to logarithms by taking a subsidiary 
m

angle <j,, so that cos <P s: cos 8 ; n 
m sin 9

whence tan K = -·----. 
2n cos2 </>

2
If 8 be a right angle, which ·is generally the case, then 

mtan K = - . 
n 

45. Axes neither parallel nor meeting. The hyper
boloid of revolution is a well known surface, generated by 
the revolution of a straight line about ·an axis to which it is 
not parallel and which it does not meet•. If two such 
hyperboloids EF be placed so that their generating line11 

IS 

.E a. 

F 

coincide, the solids will touch along this line, and their 
axes A a, B b will neither be parallel nor meeting in di
rection. 

If the solids revolve about their axes, the contact will 
plainly continue throughout this line ; and that they may
be so proportioned as to roll together, can be shewn as 
follows. 

Let AB, CD be the axes of rotation, ab, cd their re
spective projections upon a plane to which they are both 

• Vide Newton•• Univenal Arithmetic, Prob. 33. Hymera' Analytical 
eotnetry, p. Id i or any Treatise on Analytieal Geometry. 0 

8-2 
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parallel; gk their common perpendicular• produced to 

14 
D 

g 

.A. r----1:::���·:··:······F 
............."'. -... ...E 

a 

e 

C 

meet the plane in M; EF a line intersecting gk in h, and 

also parallel to the plane and projected in ef. 
Let EF revolve round AB to generate one hyperboloid, 

and round CD to generate the other ; then EF will be 
their line of contact. From any point E let fall EA, 
EC, perpendiculars upon AB and CD. 

Now as the hyperboloids are solids of revolution, these 
lines AE, CE will be the radii of a pair of circles in con
tact at E. 

Draw Cp parallel to ce, therefore Ep = hk and Cp = ce ; 
whence EC2 =- hk2 + ce�; and similarly AE2 = gh2 + ae2 

• 

ce hk EC hk 
If therefore - = -, we have �E s:a -, 

ae gh A gh 
a constant ratio for every corresponding pair of circles; 

whence it follows, that if the superficial velocities be equal at 

any point of contact, they will be equal at every other; and 

as 1n t· he cones, the angu1ar ve oc1ty ratio 1 ·  . A
- • -

r 
, where r 

a R 

and R are the corresponding radii of the hyperboloids. 

• Vide Playfair'11 Geometry, Sup. B. 11. Prop. xix. 



• • 

CLASS A.  B Y  ROL L I N G  CONTACT. 37 

Let CK be the axis of the 
given hyperboloid; CK = NP = y "' 
the mean distance of the required 
frustum from the center C, KP = 
CN = k its radius ; CA = a the least 
radius of the hyperboloid and semi-
ax1s-n1aJor of its generating hyper-
bola pAP; all which may be found 
when the pos1tton of the axes and 
ratio of th e angu .. ar velocities are 
given in any particular case by th I ·  

l 
' e ast propos1t1on. ; observ-

46. But in rolling cones, the perirneters of every cor
resPonding pair of circles move in the same direction at the 

oint of contact, although the circles are not in the sarne 
:lane ; for the radii of contact are perpendicular to the line 
of intersection of the two planes which contain the circles, 
and consequently the tangents at the point of contact coin
cide with that line and with each other. On the contrary, 
this is not the case in rolling hyperboloids. 

For the circles ,vhose radii are CE, AE, lie in planes 
whose intersection is the line Ee ; and the tangents to these 
circles at the common point E, plainly cannot coincide either 
with that line or with each other ; so that the motion of the 
surfaces is not in the same direction, and the rolling action 
is imperfect, and the more so the greater the angle J!JCp, 
that is, the greater the distance gk between the axes ; for 
as this distance din1inishes, the hyperboloids approach to a 
pair of cones whose common apex is Ii. 

47. In practice, as in the case of cones, a thin 
frustun1 only is required of each hyperboloid, and these· 
frusta include so small a portion of the curve surface, 
that a frustun1 of the tangent cone at the mean point 
of contact may he substituted without sensible errort• and 
this may be found as follows : 

15 

· · 
. 

. . 
. . 
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48. rI'his third case of axes, neither parallel nor 
rneeting, adn1its of solution by means of the cones of the 
second caset; thus* : 

Let 
take a 

A a, 
third 

Bb lle the t,vo axes, 
line intersecting the 16 

axes at any convenient points C and A 

D respectively ; and let a short 
axis be rnounted so as to revolve 
in the direction of this third line 
bet,veen the other t,vo axes. 

Now a pair of rolling cones, e, J; 

,vith a common apex at c, will corn
n1unicate 1notion fron1 the axis B h to the intern1ediate 

E L 1,: �I E N T .; H Y CO l\1 ll I N  AT IONS.  

ing that in I◄-'ig. 14. AE, EC1 are the n1ean radii of the 
frusta; l{, le, the centers of the generating hyperbolas, and 
git, hie their semjaxes-rnajor. 

Let PTt be the tangent at }) ; then, by the kno,v11 
properties of the hyperbola� 

'' l., 
(l b¥ ( 'J' 

y¥ = 2 
a:2 - •))a·_ , 'lll<l l't = -:-, ; 

a v· 

. · . (:t = 
') 

0·1ves the apex t o  
.t 1e requ J1reu cone.•,, f I · 

- a¥ 0 

•)a�
CT = - ; join P

.,r,r

()r, take ·J', and produce i t  to t. 

axis ; and another pair g, Ii, \Vith a cotnmon apex at D, 
,vill communicate motion from the intern1ediate axis to 
A a ;  and thus the rotation of Bb is comrnunicated to Aa 

lly pure rolling contact. 
Let A, A,, a, he the respective angular velocities of 

the axes Bb, CD, A a, ; and ll, R,, r the radii of the 
bases of their cones, tho�c of the cones, ,f; g, being the 
�an1c � 

" frmn Pontclct, :'\1cG111iftUe J11dH::,tritlll\ p. ;;oo, 
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!:._ = R and A, = _!_ ,  , , 
. 
. . R, a 

exactly as if the cones e, h, were in immediate contact. 

iese Solutions to Practice. 
To <tJJpl!J tl

Theoretically we have now the cotnplete solution 

of the problem in all the three cases ;  having shewn ho,v 

to find a pair of cylinders in the first case, and of conical 

frusta in the other case5, by which a given angular velocity 

ratio will be effected. If these solids could be formed with 

mathematical precision, then, the axes having been once ad

justed in distance so that the surfaces should touch in one 

position, they would touch in every other positiont; but in 

practice this i� impossible, and various artifices are employ

ed to maintain the adhesion upon which the communication 

the weight of the uppermost roller is not sufficient to a:f 
pr �ce the required adhesion, or if the rollers lie \vith their axes m the same horiz tal on P ane, l t ien weights or SJJrings l 
may emplo •ed t "J o press the axes together. ,-l'he practical d tail f these n1ethods bel h . e s o 
o onstruct1vc i\Iechanis1n tl 

<r • 

. 1an , 
sent ,vork. 

V to the plan of the pre-. 

By UOLLING CONTACT. 

A r
,vhencet ; = 

R-;
,

A
I 

R 

49. 

of motion depends. 
The surface of one or both rollers may be covered ,vith 

thick leather, which by giving elasticity to the surface en
ables it to maintain adhesion�l contact, not,vithtstanding any 
small errors of form. 

One of the axes may be either made to run in slits at 
its extremities instead of round htoles, or else it may be 
mounted in a swing frame. Both methods allo,vino- of a 

little variation of distance between the two axes, the :ontact 
of th� rollers will in this ,vay also be maintained, not,vith-
Slanding small errors of forn1. 

be 

on� rat ei to the depart1nent.. 
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50. But the most certain 1nethod of 1naintaining the 
action of the surfaces is to provide them ,vith teeth. ,..f he 
plain cylindrical or conical surfaces of contact are exchanged 
for a series of projecting ridges with hollo,v spaces bet,veen. 
These ridges or teeth are distributed at equal distances 
from each other on the t,vo surfaces, and generally in  the 
dii-ection of planes passing through the axis, so that ,vhen 
the driving ,vheel is turned, its teeth enter in succession 
the spaces bet,veen those of the follower. 1,hey are so 
adjusted that before one tooth has quitted its corresponding 
space the next in succession ,vill have entered the next 
space, and so on continually ; consequently, the surfaces 
cannot escape fro1n each other, and there can be no slipping, 
notwithstanding slight errors of form. 

The action of this contrivance falls partly under the 
head of rolling contact, and partly under that of sliding 
contact ; for the teeth considered separately act against each 
other by sliding contact, and the for1ns of their acting 
surfaces must be determined, as we shall see, upon that 
principle. 

On the other hand, the total action of a pair of toothed 
wheels upon each other is analogous to that of rolling con
tact. Equal lengths of the two circurnferences contain 
equal numbers of teeth, and therefore equal lengths ,vill 
pass the line of' centers in the san1e titne, if measured by the 
unit of the space occupied by one tooth an<l a hollo,v 
bet,veen. In  fact, the adhesion \vhich enables the surface of 
one plain roller to com111unicate motion to another arises 
from the roughness of the surfaces, the irregular projec
tions of one indenting themselves bet\veen those of the other, 
or pressing against similar projections ;  and the contrivance 
of teeth is mere]y a 1nore complete developen1cnt of this 
rnode of action, by giving to these projections a regular 



forlll and arrangement. I shall proceed therefore to ex

arrangement, and construction of toothed ,vheels ; leaving 

the exact form of the individual teeth to the next Section, 

wheels is al ways referred to a pair of corresponding plain 
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plain in this Section all that relates to the general action, 

and observing, that this arrangement corresponds to the 

ordinary practical vie,v of the subject ; for all that belongs 

to the complete action or construction of a pair of toothed 

rollers, or rolling citcles, ,vhich are termed the pitch 

circles, or geometrical circles. 

51. Gee-ring is a general term applied to trains of 

toothed ,vheels. Two toothed ,vheels are said to be in, gee,,. 
when they have their teeth engaged together, and to be 
out of gee1· when they are separated so as to be put out of 
action ; and generally speaking, a driver and follo,ver, ,vhat
ever be the nature of their connexion, are said to be in 
geer when the connexion is completely adjusted for action, 
and out of geer when the connexion is interrupted. 

52. Toothed ,vheels ,vith few teeth are termed pinions. 

This phrase is merely to be considered as the diminutive 
of toothed wheel ; and there is no impropriety or am
biguity in calling a pinion a toothed ,vheel, if more con-

•ven1ent. 

53. The teeth of v;heels may be either made in one 
•p!ece ,vith the body or rin1 of the ,vheel, or they n1ay be 

each made of a separate piece and fra1ned into the rim of 
the wheel. 

The first method is employed in cast-iron ,vheels of
all sizes, from the largest to the smallest ; also for brass 
or other metal wheels in srnaller 1nachincry, ,v hich are 
formed out of plain disks by cutting out a :;eric� of cqui-
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distant notches round the circun1ference, and thus leaving
the teeth standing. 

I�'igurc ·17, .✓. 4 and l', represents the for1n of the n1odern 
cast-iron ,vheels, in ,vhich, for the 
sake of uniting lightness and stiff:_ 
ness, a thin ,veb or fin runs along 
the inner edge of the rin1 and on 
each side of the arrr1s, so that the 
transverse section of the arn1 is a 
cross. 

In  sn1aller wheels the arms are 
omitted, as at .B, and the ritn of 
teeth united to the central boss by 
a thin continuous plate. These 
,vheels are plate ,vheels, and when 
arms are employed, "vheels are said 
to be crossed O'Ut ; but this phrase 
rather belongs to clock -\\'ork. 
Wooden wheels in  one piece •vith 
their teeth are too ,veak to be trusted beyond the con
struction of models, or ,vheel-,vork which transn1it little 
pressure. 'I'he ,vheels of Dutch clocks of the coarser kind 
are constructed in this manner. 

54. Figure 1 8  exe1nplifies the construction of n1ill
\vork, and larger 1nachinery, previous to the introduction 
of cast-iron \vheels by Messrs. Smeaton and Rennie, at 
the latter end of the last century*. 'I'he ,vheel A is framed

► 

of ,vood, not like carriage-wheels ,vith radial spokes, but 
\Vith t\vo pair of parallel bars �et at right angles, so as 

"' /\lr. Sntcaton was the tirst who heg,�n to use ca�t-irCln in 1nill-work at the 
Carron I ron-works, in  I iii!). I.t was tirst cm ployc<I for the large axe� of 
watcr-whccb, ;i.nd �0011 :ift.erw.1rds for lnrgc r1.1g-wh(:d� ; l.>u ,  the roni_plctc intr0• 

F

r.¼urtion of .it i:<s d1te 10 Jlr. HcHnie,-\· i,lr. . artv nn the ::-tc· ,+m Ln;::-inr, p. I i::. 
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ing being purposely left larger 

than the section of the shaft, the 

wheel is secured upon it by driv-

wedo-es in the inter1nediate 

rim of the ,vheel, ,vhich is rnade 

truly cylindrical on the outer 
and annular in front. , surface

Equidistant n1ortises are pierced 
through the ritn in  nu1nber 

l,.J . c :.>i

JJV ROLLIN,· G CONTACT.CLAS S .\. • ._ 

· 
to leave a square openino·� in the n1idst for the reception of 

ft ,vhich is  also of ,vood, and square, and the open'h .the s a 

o 
0 

0.1ng 
space. This fran1e carries the 

equal to those of the teeth or 
cogs, as they are called when 
made in separate pieces. 

The cogs are made of ,vell-seasoned hard wood, such as 
mountain-beech, hornbeam, or hickory ; the grain is laid in 
the direction of the length, ,vhich being the radial 19 
direction, gives the1n the greatest transverse a,fr\. 
strength. A cog consists of a head a, and . 

\-,J, (a 
shank b, of which the head is the acting part 
or actual tooth ,vhich projects beyond the rim, 

<J b /,_I 

and the shank or tenon is made to :fit its n1ortise �xceedingly 
tight, and is left long enough to project on the inside of the 
rim. When the cog is driven into its n1ortise up to its 
shoulders a pin c is inserted in  a hole bored close under 
the rim of the ,vheel, by ,vhich it is secured in its place. 

"'55. 'l his const1:uction of a toothed ,vheel has been 
partly imitated in n1odern mill-,vork, for it is found that 
if in a pair of wheels the teeth of one be of cast-iron, and in 
the other of ,vood, that the pair ,vork together ,vith 1nuch 
Jess vibnttion and co11scqntnt noi'3t\ and that the teeth ahradc 
each other lcs:, than i f  bolh ,vhccl:-- of the  pair had iron 
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teeth. llence in the best engines one wheel of every large 
sized pair has wooden cogs fitted to it exactly in the 
n1anner just described ; only that instead of e1nploying a 
wooden fra1ned v1heel to receive then1, a cast-iron wheel 
,vith n1ortises in its circumference is employed. Such a 
,vheel is tern1ed a .1."J;/ ortise wlteel. 

,vheels of the kind hitherto described, in  which the 
teeth are placed radially on the circurnference, whether 
the teetl1 be in one piece ,vith the ,vheel, or separate, are 
termed spur-wheels ; and ,vhen the term pinion is applied 
to a viheel its teeth are usually called leaves. 

56. The J)inions in large ,vooden 1nachinery are corn
monly formed by inserting the extren1ities of wooden cylin
ders into equidistant holes, in tv;o parallel disks attached to 
the axis or shaft *, as at B, (fig. 1 8.) thus forn1ing a kind of 
cage, ,vhich is termed a lantern, trurtdle, or u;allowe1· ; the 
cylindrical teeth being narned its staves, spindles, or rou,nds. 
rrhis construction is very strong, and the circular section of 
its teeth or staves gives i t  the advantage of a very s1nooth 
1notion, ,vhen the lante·rn is d·riuen, as ,viii be she,vn in its 
proper place. In  Dutch clock-,vork this plan is i1nitated ont· 
a small scale, and stnall ,vire used for the staves. 

57. A similar system to this is of great antiquity, for 
in early 1nachinery the toothed ,vheels ,vere often cut out of 
thin 1netal plates; and it would be obviously it1npossible to 
n1ake a pair of such thin ,vheels ,vork together, as in fig. 1 7 ;  
f'or the smallest deviation of one of the ,vheels fron1 the plane 
of rotation of the pair, ,vould cause the teeth to lose hold of 
each other sidev,1 ays. For this reason one of the wheels of 
a }Jair were al,vayts made either in the lantern forn1 as just 

* .l ,l'is is the general and scientific word, shrift the 1nillwright's general tern1, 

and spindle his tenn for �1nallcr shafts;  rt,tle is the wheelwright's word, and arbor 
the watch111akcr'11. 
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.11 i:,• as a 
cut out of a hoop, as at C, forming 20 

what is termed a cro,vn wheel, or con-

trate wheel. 

axes. 

21 

otherwise this will stop the ,vheel by 
passing between the ar1ns. 

15 smoother. A pin-,vheel like A, fig. 20, may be en1ployed 

piece, then the teeth are cut on 
22 

the edge of a bar attached, to this r: piece, so that the teeth may ,vork 
witb those of the ,vheel or pinion, which is to  drive or 

� b=--

described, or with pins inserted at one end only into a disk, 
t , fj<T QO, or else the teeth of one of the ,vheels ,vere 

In this figure it is evident that the 
thin ,vheel B ,vould retain hold of the 
pins of A, or of the teeth of l', notwith
standing a little deviation fron1 the plane 
of rotation, or a little end-play in the 

58. ..4.nni-1,lar ,u.,heels have their 
teeth cut on the inside edge of an an
nulus, so that the pinion ,vhich ,vorks 
with the1n shall lie ,vithin the pitch circle. Hence the two 

axes re·volve in the same direction. The 
arms of an annular ,vheel necessarily lie 
behind the annulus, in order to make 
room for the pinion, and the latter 1nust 
be fixed at the extremity of its axis, 

Annular 
wheels difficult to execute thanare more common spur
wheels, but it ,vill be she,vn that the action of their teeth• 

as an annular ,vheel, and is much easier to construct. 

59. ,¥hen the path of one of the pieces is rectilinear, 
or, in other words, if it be a sliding 

._ 
a; 
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wheels as well known. 
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follo,v it, as in this figure, ,vhere the har ah is supposed to 
l>e confined hy proper guides, so as to n1ove on] y in the 
direction of its length, and the pinion r. to geer ,vith it 
either as a driver or a follc,ver. 

Such a toothed bar is termed a 1·ack. The teeth ad� 
1nit of all the different forn1s and arrange1nents of ,vhich 
the teeth of ,vheels in general are susceptiblet; the rack 
being 1nerely a toothed wheel ,vhose radius is infinite. 
Sin1ilarly, an annular ,vheel 1nay he considered as a toothed 
,vhee] whose radius is negative. 

60. If the space through ,vhich the 
bar tnoves is less than the circumference 
of the ,vheel, the latter rnay assume the 
form of a sector, as in this figure. 

61.  i\ll these exan1ples belong to the first case of 
position in the axes, that is, ,vhen they are parallel; but the 
second case, in ,vhich their directions 1neet, presents itself also 
very early in the history of mechanisn1. 

A water-,vheel, for example, has its axis necessari]y 
horizontal, and near the surface of the ,vater. 1.t"' he axis of a 
mill-stone, on the other hand, is vertical, and it is convenient 
to place the latter in an upper floor of the building. This is 
the disposition of the \\1ater-1nill of Vitruvius, and is in fact 
universal. 

But the exact method of deriving the forrn of the toothed 
wheels fron1 a pair of rolling cones, ,vas not introduced until 
the middle of the last century, ,vhen its mathematical prin
ciples were completely laid do,vn by Camus, in 1766*. 

• Ca1nus, Cours de :'.\-Iathemat.ique, Par. l71if,. The part re]ating to toothed 
wheels has been printed separately in England, and is well known. 'rhe prin
ciple of rolling cones was first published in England by lmison. 
of the l\1echanical Powers, 1 7H7, he uses the tenn bP.1Jet _qee,·. and speak� of such 
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Previously to this i t  ,vas thought sufficient to dispose 
the teeth of the wheels, as in this figure, upon the face 

of one of the wheels as A, so as to catch those of an 
ordinary spur-,vheel B ,vith teeth on the circumference ; 
or else to place the teeth of both ,vheels on the face, as 
in those of A and l1 Sometin1es the teeth of both ,vheels • 

were placed on the circumference, as in the ordinary 
spur-wheels ; ,vith this difference, that the teeth require to 
be much longer, to enable then1 to lay hold of each other 
in this relative position. For the forms of the individual 
teeth no certain principles ,vere followed, and for the ar
rangements in question the only principle appears to have 
been to place the teeth so that on passing the line or rather 
plane of centers*, the teeth should present themselves in 
the same relative position as if they belonged to a pair of 
wheels ,vith parallel axes. 

A similar principle is, indeed, clearly stated by De 
la Hire, in the extract ,vhich follows the next paragraph. 

62. ,vhen the axes intersected each other at right 
angles, and one of the1n revolved n1uch quicker than the
0ther, a cylindrical lantern ,vas universally given to the
latter, and the teeth of the for1ner placed on its face, 

,, \'. l ,.. ., i· H e i,ote, p. ,>:., 
\ 
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as in this figure, at A and B. This form and arrange-

24 

A 

ment is found in mills of all kinds, fro1n the earliest 
kno,vn printed figures to the wooden mill-,vork of the 
last century. 

,..rhe ,vheel B is ter1ned a face-wheel ; it generally re
volved in a vertical plane. ,.l'his figure is copied fro1n one 
in De la Hire's lVIechanics*, in a chapter where he pro
poses to she,v how the direction of motion may be changed 
by toothed wheels ; and after giving the cylindrical lantern 
A for the case of axes at right angles, he proceeds to 
axes inclined at any other angle, thus :-'' If a lantern C 

be constructed having staves inclined to the axis at any 
given angle, then ,viii the horizontal motion of the po,ver 
be changed into a n1otion inclined to it at any angle we 
please, provided only that the staves of this lantern C 

must be so arranged that they come ·successively into the 

horizontal position at the moment of meeting the teeth 
of the wheel B, in order that they may apply themselves 
to the teeth in the same 1nanner as if this lantern \.Vas 

like the other B. These cl1anges of direction in 1notions 

may be of great use- in machinery.'' 

• De la Hire's Treatise on 1\lechanics, Par. 1695. Prop. LXVI. This was 

early translated into English, in part, by lUandey, in his l\fechanical Powers, 

1709, )). :l04. 
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ing, and of which A is a portion. 

BY H O I.LIN'G CLASS .-\. CO�TAC:'l'. 

It is rather singular, that upon the authority of this 
. 1 ]antern the invention of  bevilgee1· has been attributedeon1ca 

to De la Hire, v,hen it is plain that the principle of  rolling
which is essential to then1, has nothing whatever to docones, 

with this arrangement; ,vhich is solely founded upon the 
notion of presenting the teeth to each other at the plane of 
centers, in the sa1ne relative position as in spur or face
wheels. The apex of the cone is turned in the wrong
direction for bevil-wheels, and the cylindrical lantern is 
employed for the axes at right angles. 

63. But the necessity of changing the direction of 
motion through other angles than right angles had arisen 
Jong before the tiine of De la Hire ; suggested, as I believe, 
by the use of the Archimedean scre,v for raising water, 
which appears to have been a great favourite ,vith the early 
mechanists. Figure 25, for example, is part of a complex 
piece of mill-work extracted from one of the early printed 
co11ections of machinery*· The object of the 1nechanism 
in question is to enable a ,vater

25wheel to give n1otion to a series 
of three Archimedean screws 
placed one above the other. A 
face-wheel, carried by the axis 
of the water-wheel, geers ,vith a 
trundle (Art. 56) at the lo,ver ex
tremity of a vertical axis, which 
extends to the top of the build-• 

Three conical ,vheels, sin1ilar to B, are placed one 
opposite to the lo,ver end of each scre,v, as C, which it 
turns by geering with a square-staved trundle, as she,vn in 
the figure. 

h • Le Diverse et Artificiose lHachine del Capitano A. Ramelli. Par. 1580_,
c • XLvrn. 

4 
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'l,hese conical ,vheels are derived fron1 the co1nn1on spur
\vheel, by the same principle of placing the teeth so that 
they shall, in crossing the line of centers, lie in the same 
relative position as if the axis of the \\1heel had been parallel 
to that of the trundle ; which principle i t  was, in this case, 
oddly enough, thought necessary to extend also to the 
spokes or arms of the wheel. 

64. The coinmon c'rown-uJheel ancl pinion, Fig. Q6, 
,vhich is used in clock and ,vatch-,vork, in cases where 
axes meet at right angles, is another exan1ple of the same 
principle. The axis A, \vhich carries the pinion, is at right 
angles to B, which carries the cro,vn-,vheel. 

�rhe tet,th are cut on the edge of a hoop, and the action 

26 

B 

J 
of the. pinion upon them is nearly the same as if it  worked 
with a rack ; the cornbination being· n1ade on the presump
tion, that the curvature of that portion of the hoop whose 
teeth are engaged is so small, that it may be neglected ; in 
which case, the hoop coincides with a rack ,vhich is tangent 
to it, along its line of intersection \Vith the plane of centers, 
and ,vhich travels in  a direction perpendicular to that plane. 

The crown-u;heel is often termed a cont-rate u;heel. 

65. To for-rn a pair of bevil-wlteels, a pair of conical 
frusta having been described (by Art. 44) to suit the required 
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whose di 1· rec ton 1s carried past the · 
other I tl I 
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positions of the axf's and thf' given velocity ratio,
angular 

7 

the smooth surface of these cones must be exchanged for a 
regular series of equidistant teeth, projecting nearly as 
much beyond the surface as the intermediate hollo\vs lie 
below it, and directed to the apex of the cone, so that a line 
passing through this apex shall, if brought into contact ,vith 
any part of the side of a tooth, touch it along its whole 
length. Thus the contact of one tooth ,vith another ,viii also 
take place along the line ; ,vhereas in face geering the contact 
of the teeth is bet\veen t,vo convex surfaces at a point only. 

66. It may happen that 
the common apex of the two 
cones shall lie so that one of 
them becomes a plane surface, 
as in fig. 28 ; in which case the 
teeth become radial. Also one 

r'JW!:V'lN1N\f1N't,�� 

of the cones may even he hollow, as in 6g. 29. 
For every given position of 29 - ,  

the axes, however, we have a 
choice of t\\'O positions for the 
wheel ,vhich belongs to that shaft 

4-� 

n -iese ast figures this· 
wheel is placed below, but if it 
had been above, a different and 
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s1naller pair of cones ,vould have been obtainc•d for the 
given velocity ratio, i n  which these peculiarities of fonn 
would have been avoided, 

67. '1Vhen the axes are inclined to each other without 
meeting in direction, an inter1nediate double 30 
llevil-wheel may be employed, arranged as I 

in Art. 48, or else frusta are employed, 
which are derived from the tangent cones 
of a pair of hyperboloids. (Art 4 7.) 

The direction of their teeth or flutes 
n1ust be inclined to the base of the frus
tu1n, to enable them to come into contact; 
and the oblique position thus given to 
teeth has procured for \vheels of this kind the name of 
Sl,ew Bevils. If the teeth be cut in  the direction of the 
generating line of each hyperl>oloid, they will obviously 
1neet, since this line is the line of contact of the t,vo surfaces. 

To find this line upon a given frustun1 of the tangent· 
cone, let fig. 31  be the plan of this frustun1, ::�::: 
l the center; set off lz equal to the shortest 'l 
distance of the axes, (their cornmon perpen
dicular) and divide it in k, so that lk is to 
kz as the mean radius of the frustum to the mean radius of 
that ,vith which it is to ,vork, dra,v km perpendicular to lz, 

and meeting the circumference of the conical surface at m·, 
Perforn1 a similar operation on the base of the frustum, by 
dra,ving a line parallel to k1n, and at the same distance lk 
from the centcr, meeting the circumfercrice in p ;  join mp, 
,vhich is plainly the line of direction of the teeth, (vide Art. 45), 

We are also at liberty to ernploy the equally inclined 
line qn in the opposite direction, but care must be taken 
that in the t \\'O v.rheels that pair of directions be taken of 
which the inclinations correspond. 



instant of contact, 1n t 1e same re at1ve pos1t1ons as 1 
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But this question tnay also be satistied upon the prin
. le of face-,vhecl geering, and ,vas so disposed of by thec1p

older n1echanists, the teeth being rnereJy arranged on the 

principle already explained, so that they should pass at the 
. . . .1 

axes had been paralle], or meeting in  direction. 

I 'f the 

68. It has been already she,vn that there is no rub
bing friction ,vhen the point of contact of t,vo edges is on 
the line of centers. Of this .Dr Hooke ,vas certainly 
aware, as appears frou1 his remarkable contrivance to get 
rid of the friction of ,vhcel-,vork. This, to use his o,vn 
words, " I  called the perfection of ,vhcel-,vork; an inven
tion which I made and produced before the Royal Society 
in 1666." 

" It is, in short, f1rsl, to make a piece of wheel-\vork so 
that both the ,vheel and pinion, though of never so small a 
size, shall have as great a nun1ber of teeth as shall be de
sired, and yet neither ,veaken the work, nor n1ake the 
teeth so small as not to be practicable by any ordinary 
workman. Next, that the motion shall be so equally com
municated fron1 the wheel to the pinion, that the work being
well made, there can be no inequality of force or motion 
communicated. 1.'hirdly, that the point of touching and 
hearing shall be ahvays in the line that joins the t,vo 
centers together. Fourthly, that it shall have no manner 
of rubbing, nor be more difficult to be made than the 
common way of ,vheel-,vork, save only that ,vorkn1en have 
not been accustomed to make it*." 

This fourth condition of no rubbing is, ho,vever, as we 
have seen (Art. 3.5), necessarily included in the third. 

• Vide Cutlerian Lecture�, by R. Hooke, No. z. e-nlitl<'d 1\ nimadversio1}1:- on ,the first part ot 1hr .:llachinll Cncle:,,iis, lh'iL p. 70. 

http:ltOLl.11
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First, then, if there be a certain large nu1nber of teeth 

required to be made in a small ,vheel, then must the wheel 
and pinion consist of several plates or wheels lying one 
beside the other, as in this figure A, ,vhere eight plates 

S2 

A 

of equal thick�ss and size, are each cut into a ,vheel of 

twenty-five teeth, as shewn in front elevation at B ; the 

wheels are fitted close together t1pon one arbor de, and 

fixed in such order that the teeth of the successive plates 

follow each other with such steps that the last tooth of each 

group may within one step answer to the first tooth of the 

next group. Thus, reckoning from a to b, the teeth follow 

each other in equidistant steps of such a magnitude that 

b is distant one such step from c, the first tooth of the 

next group. 

The pinion being constructed upon a similar principle, 

and of the same number of plates, it is clear that the 

inequalities in  the touching, bearing, or rubbing of such 

,vheel-work, would be no more than ,vhat would be between 

the t,vo next teeth of one of the sets, that is, about the same 

as in a ,vheel of 200 teeth, and yet the teeth are as large 

as those of a wheel of 25 teeth. 



CLASS ,\. Jl Y ROLLIN(; CONTACT. 

Secondly, if it be desired that the ,vhcel and pinion 

should have infinite teeth, all the ends of the teeth n1ust, 

by a diagonal slope, be filed off and reduced to a straight 

or rather a spiral edge, as in C, which 1nay indeed be best 
made by one plate of a convenient thickness, ,vhich thick
ness must be more or less according to the bigness of the 
sloped tooth. And this is to be al,vays observed in the 
cutting thereof, that the end of one slope tooth on the one 
side be full as forvrard as the beginning of the next tooth on 
the other ; that is, that the end b of one tooth on the right 
side be full as lovv as c, the beginning of the next tooth on 
the left side. 

'l,hus far I have en1ployed nearly the words of Hooke, 
who bas, however, said nothing respecting the form of the 
teeth, which must evidently, in the second system, be so 
shaped as to begin and end contact upon the very line of 
centers ; the mode of effecting which will appear in the next 
chapter. The contact of the teeth will be at every instant 
at a single point, ,vhich point \vill, as the wheel revolves, 
travel fron1 one side of the wheel to the other ; a fresh con
tact always beginning on the first side, j ust before the last 
contact has quitted the other side. And as the point of 
contact is always on the line, or rather plane, of centers,
it is strictly rolling, and there ,vjll be no sliding or fric
tion bet,veen the teeth. 

Hooke's system has been several tin1es re-invented,
for example, by l\1r \Vhite, of Manchester, who patented it 
before 1808* ;  and endeavoured, in vain, to introduce it into 
the machinery of that place. The motion of such "'heel-work 
16 remarkably smooth and free from vibratory action, but it 

f • Vide \Vhite's Century of Inventions, 1B22, l\lemoirs of Lit. and Phil. Soc. 
: �lanchester, also Sheldrake, Theory of Inclined Plane \Vheels, 1811. It has 

esides been reproduced as new in America, and latelv in l,ondon, under the·· e Onam f a Helix Lever. 
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has the defect of introducing an endlong pressure upon the 
axes, occasioned by the obliquity of the surfaces of contact 
to the planes of rotation. But there are n1any cases in 
,vhich this property, when understood and provided for, 
,vould not be injurious. The first form of Hooke's geering, 
i n  ,vhich it appears as separate concentric wheels, as at A, 
has been employed successfully in cases where s1nooth action 
is necessary *; and is free from the oblique pressure, but 
loses the advantage of the perfect rolling action. 

()N PI 'fCH. 

69. Let N and n be the numbers of teeth of the driver 
and follower respectively, then as the teeth are equally 
spaced upon the circumference of the two \vheels, these 
numbers are proportional to the circumferences and radii of 
their respective ,vheels; hence 

1.V R P l 
- = - = - == - (Vide Art. 42.) 
n ,,. p L. 

70. The pitch circle of a toothed ,vheel is the circle 
,vhose diameter is equal to that of a cylinder, the rolling 
action of which would be equivalent to that of the toothed 
,vheel {Art. 50) ; therefore in the above equation R and r 
are the radii of the pitch circles of the driver and follo,ver 
respectively ; these rolling cylinders being the limit to which 
the toothed ,vheels approach, as their teeth are indefinitely 
dimini�hed in size and increased in number, the distance of 
the axes remaining the same. 

This circle is variously termed the pitch circle of the 

wheel, the primitive circle, or the geometrical circle. I 

:11 J have see;1 it h:i a p1aning engin€ by 1\ir. Co1U€r, of :\lanchcster. 
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h ter,n pitch, as less liable to ambiguity, and as,
prefer t e 

I believe, the one n1ost usually en1ployed. In conical 

wheels the pitch circle will be the base of the frustum. 

71. Let the circumference of the pitch circle be di

vided into equal parts, in number the san1e as that of the 

teeth to be given to the wheel ; the length of one of these 

parts is termed the pitch of the teeth, or of the ,vheel, and 

evidently contains ,vithin itself the exact distance occupied 
by one complete tooth and space. The ,vord space is

• 
en1ployed here in its technical 1neaning, as denoting the 
hollow or gap that separates each tooth fron1 the neigh-
bouring one. 

Let C be the pitch, D the diameter of the pitch circle, 
both expressed in inches and parts ; and let N be the num
ber of teeth, then NC = 7rD*; from ,vhich expression if 
any two of the quantities C, .D, J-.l be given, the third may 
be found. The arithn1etical rules ,vhich are imn1ediately 
deducible from this equation are in constant requisition 
amongst millwrights. 

72. In English practice it  has been found convenient to 
employ only a given number of standard values for the 
pitch, instead of using an indefinite nu111ber. The values 
most commonly chosen are 1 in., 1tin., I ·! in., 1 iin., 2in., 
2½in., sin. And it very rarely happens that any inter
mediate values are necessary. Below inch pitch the values 
!, ! , i, �, and !, are perhaps sufficient. 

These remarks apply to cast-iron ,vheels principally, as 
t�e great utility of this systen1 of definite values for the 
pitch resides in its limiting the number of founders' patterns, 
Cast-iron teeth of less than !in. pitch are seldom employed ; 
aucl, for n1achinery of a less size than this, the wheels would 

·N

• \Vhere ,r = 3.141.\ The tnillwright� rommonly use :.;: for ,rr,
I 
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be cut out of disks of n1etal in a cutting engine. Never
theless the same systen1 of sizes might be introduced ,vith 
advantage into ,vheels of this latter kind. 

73. Since the values of C1 are fe,v and definite, the 
use of the expression NC = 7r JJ may be facilitated by calcu. 

lating beforehand the values of 
C 
7r 

7r
and 

C 
that belong to 

these cases. 

}◄'or N = � .  D,
C 

and .D = (} . N ;
7r 

and the follo,ving 

Table furnishes the factor corresponding to each of the es
tablished values of the pitch, by the use of ,vhich the num
ber of teeth may be readily foun<.1 for any given diameter, 
or v'tce ve·rsa. 

Pitch in 7r 

C 7rinches. 
·· -···- · ··-~· -- · - ··-- · .-- · ....- -·�--.. « - -- - • • • • • N •  ••---- -

1 .0472 .95483 
I 

q i· 1 .2566 . 7!)58 -2 
J.5708 .63662 

""" •· ·- - ·- · -- - - - , -- -- -- - - - _ __ .. __.._ _ --·- - . . . .. .  ... .. 

I½ 2.0944 , 

2.51321_!_
4 

I
11..

8 I Q.7924 

1 

4 

5 
8 

l:r 
3 

8 

3.1416 

4.1888 

5.0265 
-- ·--
6.2832 

I
8.3776 ! . 1  194• 

.3580 
·---

.3182 

.2386 

. 1988 

. 1590 

I I 12.566,t, .. 0796 
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diameter of the pitch circle. Here the factor corresponding 

for the diameter required. 
to the pitch is .6366 ,vhich multiplied by 42 gives 26.7 inches 
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EXA .�I p L E s. 

Given, a ,vheel of 42 teeth, 2 inch pitch, to find the 

Given, a wheel of four feet dian1eter, 

the number of teeth ; the factor is 
2½ pitch, to find 

1 .257 ,vhich n1ultiplied
by 48, the diameter in inches, gives 60 for the nu1nber of 
teeth. 

Given, a ,v heel of soi inches dia1ncter, and 96 teeth, 
D so.5 C' 

to find the pitch. .Here - = - - -· - · = .817 = - ; ,vhich value 
.1.V 96 7T' 

of C corresponds in the Table to inch pitch.
1t' 

Questions of this kind are continually occurring in the 
execution of machinery ; and simple as the calculation may 
appear to a n1athematician, they require more multiplication 
and division than is al,vays at the comn1and of a workman. 
By way of simplifying the expression of the relations be
tween the size of the teeth, their number, and the diameter 
of the pitch circle, a different mode of sizing the teeth in 
smal] machinery has been adopted in Manchester, ,vhich 
may be thus explained. 

74. Suppose the diarneter of the pitch circle to be 
divided into as many equal parts as the ,vheel has teeth ;
and let one of these parts be taken for a modulus instead 
of the pitch hitherto employed ; and accordingly, let the 
few necessary values be assigned to it in simple fractions of
the inch. Call this ne,v modulus the dia1net1·al pitch of 
a wheel, to distinguish it from the common pitch, which 
�ay he named the circular pitch, and let .ill be the dian1ctral
pitch ; 
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. ·. 
1) 

= �I, and, as M is a sirnplc fraction of the inch, letN 

I 
..ill = -·; .·. mD = N, in ,vhich N and 1n arc alv.rays ,vhole rn 
numbers. 

The values of rri, commonly employed, are 20, 1 6, 14, 
12, 10, 9, 8, 7, 6, 5, 4, 3 ;  and all wheels being made to 
correspond to one of the classes indicated by these numbers, 
the diameter or ntnnber of teeth of any required wheel is 
ascertained with much less calculation than in the con1mon 
systen1 of circular pitch. 

1,his Table -� she,vs the value of the circular pitch C, 

corrcs1)onding to the selected values of rn already given. 

C, in decimals of C ' in inches to 
in inch. nea.rest 1�. 

- - · - ---
3 1.047 J 

4 . 785 
3 

4

I 5
.5 .628 ii 

I 
z6 .524,l i 

l ! 

I ,,,1i49 
i 7 
1. 16

7 
I '8 :j

8
' .! 

I9 ..'349 
! i 

I 
!,

1 0  .31 ,f. l 
I 

I 
16 

I) 2  .262 
I 4 

II 
i!

I11  ' ·-~ I
l
' ;iJG  . .196 

16 

I

I I

8i
QO 

* This table is founded on the practice of the well-known factory of Sharp, 
lloberts, and Co., at l\ianchester, and may therefore be relied on as exhibiting 
the present most perfect 1nethods employed in the smaller class of n1ill-work, or 
ca:st-iror1. r,)echanilm1. Jn this sy::;ten1. a wheel in which m :-::: 10 would be caJJed 
;:, t€n-pitch wheel. and :,,o on. 
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D I ll () 
7rN 

therefore the diametral 

itch is the quantity ,vhich has been calculated in the second 

!olumn of the Table in page 58. In fact, it is easy to see that 
this scheme differs fro1n the first, merely in expressing in 

small ,vhole numbers the quantity � instead of C. 

In stnall machinery, of the kind that ,vould be classed 
as clock or ,vatch-work, and in 'which the ,vheels are 
cut out of plain disks by n1eans of a cutting engine, the 
size of the teeth is often denoted by stating the nurnbcr 
of them contained in an inch of the circumference, ,vhich 
may vary from about four to tv,enty-five. The ,vord pitch 
is unkno,vn to clockmakers, and their pitch circle is ter1ned 
the geometrical circle ; but, for the sake of uniformity, I 
shall apply the tern1 pitch indifferently to all kinds of 
wheel-work. In cut ,vheels it is necessary to calculate the 
pitch for the purpose of obtaining the size of the cutter, 
which, as it operates by cutting out the spaces between the 
teeth, ought of course to be exactly of the san1e form and 
breadth as those spaces. ,¥hen the nu1nber of teeth and. 
geometrical diameter of a wheel are given, the pitch of these 
small teeth may be deterrnined, in decimals of the inch, 
from the general expressions already given for the teeth of 
mill-work ; and after the forn1s of the teeth have been 
described according to the n1ethods contained in the next 
chapter, the shape and size of the cutter ,viii be obtained. 
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