
CHAPTER V. 

RELATIVE VELOCITIES IN MECHANISMS. 

§ 14. RELATIVE LINEAR VELOCITIES 

\VE have so far considered motion only as change of 
position, entirely without reference to the time occupied by 
the change, that is, to the velocity of the different points of 
the body while moving; and we have seen that there are 
many kinematic problems which can be treated entirely 
without consideration of velocity. Connected with velocity, 
however, there are two distinct sets of problems which we 
have to examine, and one of these we can now take up. 
The absolute velocity of any point in a machine, as well as 
the changes in that velocity, depend, as we shall see pre
sently, upon the forces acting upon the different parts of 
the machine. With these we have not at present anything 
to do. But the relative velocities of different points in the 
machine at any given instant can be -determined by purely 
geometric considerations, so that we have already the �eans 
of dealing with them. We have seen that at each instant 

every body 1 in a machine or mechanism is virtually turning 
about some particular point, and have seen, further, how to 
find that point. Every link of the machine, there
fore, is simply in the condition of a wheel turning 

1 Limiting ourselves to plane ,nqtion; see end of§ 2. 
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84 THE MECHANICS OF MACHINERY. [CHAP.,·. 

about its axis, or a lever vibrating on its fulcrum, 
and this no matter how complex in appearance, or even in 
reality, the connection between the different parts of the 
machine rnay be. But in sucl1 a case it is obvious that the 
velocities of the different points must be simply proportional
to their distance from the centre of rotation, that is pro
portional to their real, or virtual, radii or "leverage." The 
velocity of any one point being then known, the determina
tion of the velocities of the others becomes a mere matter 
of finding the virtual centre and the distances of the various 
points from it. · And even without kno\ving the absolute 
velocity of any point the same method gives us the pro
portionate velocities of all the points, quite independently of 
their absolute velocities. vVe must now look at this some
what more in detail, especially in reference to angular as 
well as linear velocity.

When a body is turning about any fixed axis its motion 
is characterised by two conditions: (i.) the angular velocity 
of every point in it is equal, and (ii.) the linear velocities 
of its different points are proportional to their radial dis
tances from the fixed axis, the linear velocities of points 
at equal distances from this axis being therefore equal.
These conditions being characteristic of rotation simply,
without reference to whether it occur for a sl1ort or a long
time, are as entirely applicable to rotation about a virtual 
as about a permanent axis or centre. The difference is merely 
that in the former case the results obtained apply merely to 
one position of the body, while in the latter they apply 
equally to all its positions. We have seen that the motion 
of every link in a mechanism relatively to every other may 

at any instant be considered as a simple rotation about some 
point in that other. Hence it follows that at any instant 
every point in a link has the same angular velocity-that it 
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describes, that is, equal angles in equal times.1 It follows 
also that the linear velocities of different points in any link 
vary in direct proportion to the virtual radii of those points. 
Take Fig. 35 as an example, supposing d to be fixed, and 

I 
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FIG. 35· 

tl1e motions of the other three links observctl relatively
to it. Every point in a is, at the instant, turning with the 
same angular velocity about Oa,h every point in b with the 
same angular velocity about 00d, and every point inc with 
the same angular velocity about Ocd• Further, a point in a 
at aay given distance from Oad n1oves with just half the linear 
velocity of a point in a t\\·ice as far fron1 Oac1, a-qd with 
double the linear velocity of a poin_t half its distance fro1n 
Oaa, and similarly with the other links, whether the centres 
about which they are turning be permanent or virtual. 

As ,ve have seen, this n1akes it an extremely simple 
n1atter to find the velocity of all the points in any link if 

. �ore fully th�t all the points woulddescri�e equal ang1rs in equal 
. .

times 1f they continued to move with the veloc1t1es which they have at 
the in· tant of observatii)n. 

1 
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. by the ratio 

A1A'1 O,.,dA1 - virtual radius of A1 • 
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·only that of one point be known. Suppose, for instance, 
that the velocity of the point A1 (Fig. 36) be given, to 
find that of A2, both points belonging to the link a. 

Arithmetically it might be found by measuring UadA2 and 
OadAi, to any scale, and multiplying the given velocity 

virt. rad. A2.
etween them, 1.e. by . We shall. b v1rt. rad. A1 

I 
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FIG. :;6. 

find it often more convenient, however, and it involves less 
measurement and no arithmetical �ultiplication, to solve 
the problem by a construction, as fo]lows : Set off A1A'1 

through the point A1 in any convenient direction, to represent 
the given velocity of that point on any scale. Through Oad 

draw a line through A'1, and through A2 a line parallel to · 
A1A'1, calling the join of these lines A'2 ;-the segment 
A�'2 represents the velocity of A2 on the same scale as 
that on which A1A'i represents that of A1• For the ratio 

A2A'2 _ OadA.2 _ virtual radius of .A2 
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Fig. 3 7 shows another construction, and one often more 
convenient than the foregoing, for solving a similar problem. 
Let B1 B2 be two points of a link b, and let B1 B I be th·e 
known velocity of B1, to find that of B2• Join both points 
to the virtual centre of b relatively to the fixed link, viz. O�,-

FIG, 37· 

Join also B1 and B2, set off B1 .B'1 along the radius of .B1 

and draw B'1 B'2 parallel to B1 B2• Then B2B'2 represents 
the linear velocity· of the point B2 on the same scale as 
that used in setting off B1B\. The proof is the same as 
before, simply that (by similarity of triangles) 
B1B'i obd B1 virtual radius B1 

= . . • d.---, -- = , as was require 
B2B 2 o/Jd B2 virtual radius B2. 

It should be always most distinctly remembered that the 
bodies which are represented in our figures by straight links 
may be of any form whatever (see p. 67 ). We sh,Jl find 
that we have very often to do with points like B2, Fig. 37, 
not lying at all on the axes of the bodies to which they 
belong. It should be noticed also that the line A1A' u 
&c., Fig. 36, were not set off in the direction of mo
tion of A1, &c., but in any direction that happened to be 
conven1en t .  

. 
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We have compared the linear velocities of points of one 
and the same link,-but we can in just the same way 
compare the velocities of points in different links, or find 
the velocities of such points, if that of any one point be 
given. We do this by help of the theorem which we have 
already so often utilised, that the virtual centre of any 
link relatively to any other is a point common to both,
a point which has the san1e motion to whichever of the links 
we suppose it to belong. Let the velocity of a point A 1 

Oau 

on the link a, for instance, be given ;-to find from it the 
velocity of a point B1· on the link b. The process is simply 
to find first the velocity of tl1e common point of a and bas 
a point of a, and then treating it as a point in b to find from 
it the velocity of B1• The necessary construction is shown 
in Fig. 38. A1A'1 is drawn to scale in any convenient 
direction for the velocity of A1 ; by the former construction 

Oa0A represents on the same scale the velocity of Oa,, 
considered as a point of a. But this point has the same 
velocity as a point of b, so that by joining A to Ou and 
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carrying the ra<l�us of B1 round to B, as in the figure, we 
get BB' for the velocity of B1, to be n1easured on the 
same scale as before. 

The construction applies equally to opposite as to adja
cent links. To find, for instance, the velocity of the 
point C1 inc, l1aving given the velocity of A1 in a as before,
we should proceed as in Fig. 39, finding the velocity of 

• 

F1G. 39. 

the point Oac as a point in a, and then, treating it as a 
point of c, obtaining by its help the velocity of C1• For 
convenience' sake we carry A1 round to the line which is 
the axis of d, then setting off AA' as before, ,ve obtain the 
line OacA2 as the velocity of the point Oac- Joining A2 to 
0 �' and carrying C1 over to the axis of d ( as we had pre
viously done with A1), ,ve can at once· draw CC' parallel to 
AA', and representing on tl1e same sca]e the velocity
of C1• 
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Although the constructions of Figs. 37, 38, and 39 are 
very easy, both to work and to prove, they are not always 
the most convenient for practical purposes, mainly on 
account of tl1e fact tl1at it often happens that such points as 
Obd, Fig. 37, or Dae, Fig. 39, are at inconveniently great
distances, often entirely beyond the limits of a drawing
board. There is never, however, any difficulty in dispensing 
with the actual construction of a line to such a point.
Fig. 40, a very useful construction, shows how easily this 

FIG. -40. • 
can be done. Let it be here required to find the velocity
of the point C2, that of C1 being given. The point Oa, is 
inaccessible, but we have seen that it is sufficient for our 
purposes to have any two lines parallel to the virtual radii 
of C1 and C2, and n�t necessarily those radii themselves,
with their (here) inaccessible join. If, therefore, we draw 
through OabJ here the point A, a line parallel to d, we have 
at once such lines as we want in the most direct fashion. 
Setting off A C\ along b to represent the given velocity of 
C1, and drawing C'1 C's2 parallel to C1C2, then A C'2 is the 
required velocity of C2• For the triangles O acC1 C2 and 

AC1 virtual radius C1A C'1 C'2 are similar, and hence Ac,2 = virtual radius C2' 

,vhich is all that is required. 

' · 

. ·. :·J· 
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If the points C1 and C2 were both points the directions 
of whose virtual radii were known, as in the figure, it 

would be still simpler to proceed as in Fig. 4 r, where C1 C'i 
again represents the velocity of C1, and C'iC'2 is drawn 

parallel to C1 C2• Here C2C'2 obviously gives the velocity 
of C2,-it is unnecessary to go through the proof. But we 

I 
2 

FIG. 41. 

often have to deal with a point such as C3 in Fig. 40, whose 
virtual radius is not a line in the mechanism, and is there
fore not directly known, unless we can draw a line to the 
virtual centre, which is here supposed impossible. In this 

case we may conveniently proceed, as in Fig. 40, thus :
Find the join of the line C2 C'2 with the link b, say M, and 
draw MC8, which is cut by C'1 C'2 in C1

8• The distance 

AC'3 represents the velocity of C8• The details of the proof 
may be left to the student.1 

If in a case such as Fig. 39, the point Oac be inaccessible, 
it can easily be dispensed with by the construction shown in 
F'ig. 42. Here Ocd is joined to S, and a line drawn parallel 

1 It may be noticed that this construction gives one very easy way_ of 
d�awing a line from a given point (as C3 ), through an inaccessible point 
given as the join of two lines, b and d, · on the paper. For of course a 
1ine through C3 parallel to C' 

3
A would lie in the required direction. · 
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to d ins· any convenient position, cutting the three lines 
,vhich meet in S in the points 1, 2, and 3. The ratios of 
the distances between these points are exactly the same as 
between the three points Oad, ocd, andOac, which lie upon 
d, and it is only these ratios, not the points themselves, 
which we essentially require. The construction given in 
Fig. 39 may therefore be worked equally well by substituting 
I for Oad, 2 for o,d, and 3 for Oa,t and at the same time 
taking A' for A and C' for C,-in other respects working 

s 

----

Oac 
inaccessible 

FIG. 42. 

exactly as before. It can easily be seen that in effect this is 
nothing more than taking a different and more convenient 
scale for part of the construction. These constructions for 
getting over difficulties caused by inaccessible points are 
only examples of many that can be used, but are themselves 
quite generally useful, and are besides sufficient to indicate 
to the student the sort of procedure to be adopted in any 
particular case. Examples of other, more or less similar,
constructions will be found further on, in connection with 
problems where they are required.

The whole matter which we have gone over in this section 
-1 
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may now be summed up. Our problem has been : Given 
the linear velocity v1 of any point A of a link a in a mechan
ism having plane motion, to find the simultaneous linear 
velocity v2 of any point C of any other link c of the same 
mechanism, the fixed link being (say) d. Finding first the 
three virtual centres Oac (which we may call 0), Oaa, and 
O,d, we have found that 

vel C 1'2 {)0ad co'"d oo(.,.,, co,ii- - - -- x  
=vel A - V1 - AOad 00", oocrJ x AOad· 

Put into words this is equivalent to saying that the 
velocity of C is to that of A directly as the virtual 
radii of those two points relatively to the fixed 
link, and inversely as the virtual radius in c and 
in a of the common point ( Oa,} of those bodies. 

If the two points belong to the same link, the ratio �g: 
goes out, and we have sin1ply that the velocities of the two 
points are proportional directly to their virtual radii. Here, 
however, one special case requires looking at. If both the 
points belonged to such a body as the link c in Fig. 36, 
their virtual radii,-no matter what their position in the 
body,-would always be equal. For the virtual centre of 
c relatively to d is a point at infinity, the distance of which 
from all points in our paper must be taken to be the same. 
Hence if the virtual centre of a body be at infinity, i.e. if it 
have only a motion of translation, all its points are moving 
with equal velocities. Exactly the same thing is true in 
reference to the link b in Fig. 43. In this mechanism, the 
parallelogram or double.crank,1 opposite links are made 
equal, i.e. b = d, and a = c. Opposite links are therefore 

As to important properties of this mechanism see further, §§ S4 
:lnd 55. 

1 
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always parallel, and their join is always at an infinite dis
tance ;-the points 0/)" and Oae are at infinity for all possible 
positions of the mechanism. Whichever link, therefore, is 
fixed, all the points of the opposite link are moving at any 
instant in the same direction and with the same velocity. 
The difference between the case of the link c in Fig. 36 and 
that of b in 14,ig. 43 is that the virtual centre of the former 

(, 

d 

FIG. 43· 

is a permanent centre; while that of the latter is only an 
instantaneous one. In the former case not only are all 
points moving in the same direction at any one instant, but 
this direction remains unchanged from instant to instant, 
whereas in Fig. 42 the direction of motion of b changes with 
every change in its position, although in any one position 
all its points are moving in the same direction. The 
difference is in essence precisely the same as that between 
the rotation of such links as a and b in Figs. 36 or 3 7. The• 
motion of each link is at each instant a rotation about some 
one point. But in the c�e of a the rotation is always 
about the same point, in the case of b about a point which 
changes with every change in the position of the link. 
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§ 15. RELATIVE ANGULAR VELOCITIES. 

Just as linear velocity may be expressed in different units, 
--as a velocity of a foot, a metre, or a mile per unit of 
time,-so angular velocity is a quantity measured by more 
than one standard.1 The unit most common! y occurring in 
connection with engineering questions is one revolution per 
unit of time, the latter being generally a minute. Thus a 
shaft is said to have an angular velocity of 30 if it be turn
ing at the instant at such a rate as would, if uniformly con
tinued for one minute, cause it to make 30 complete turns 
in that time. To find the linear from the given angular
velocity of the point in this case it is necessary simply to 
multiply the latter by the radius of the point and by 2 1r, 

that is, by the length of the circumference of the circle in 
which the point is moving. This assumes, of course, that 
the units of distance and of time are the same for both 
linear and angular velocities. For mathematical purposes 
th.e unit of angular velocity is generally taken as motion 
through an arc equal in length to its own radius in a 

unit of time. · This arc subtends an_ angle of ( 36:), or
2s

57·3 degrees nearly, so that an angular velocity of 30 · 

would represent, on this scale, a motion through (30 x 57 ·3)
degrees, or about 4·77 complete turns per unit of time. 
To convert angular into linear velocities on this scale the 
former have only to be multiplied by the radius. To convert 
angular velocities expressed in the former standard, there
fore, to the latter, they must be divided by 2 '1t': and vice 

1 The principal questions relating to linear and angular vel�citi7s are 
discussed in Chapter VII. What is said in the present section 1s not 
intended to do more than ma1,e clear the numerical relations of the 
units used as far as is necessary for the constructions given. 
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versa, the time-unit being supposed the same in both 
cases. For general scientific purposes the second is the 
most convenient unit of time, but for many engineering 
problems the minute is preferable. For angular velocities 
expressed as number of revolutions, for instance, tl1e minute 
is almost invariably made the time-unit. 

There is obviously no more difficulty in solving problems 
connected with relative angular velocities than we have 
found in connection with relative linear velocities. It has 
only to be remembered, in addition to the characteristics 
of pure rotation already mentioned, that if two points of 

\ different bodies have the same radius, and have equal linear 
velocities, their angular velocities are also equal ; and that 
otherwise (£.e. if the points have unequal linear velocities), 
their angular velocities are directly proportional to their 
linear velocities. If the two points have the same linear 
velocities but different radii, their angular velocities are 
inversely to their radii. In general, therefore, the angular 
velocities of two points in different bodies are proportional 
directly to their linear velocities and inversely to their 
radii. But as all points in a body must have, at each 
instant, the same angular velocity, we may say, even 
more generally, that the angular velocities of any 
two bodies having plane motion are proportional 
directly to the linear velocities of any two of 
their points having the same radius, and in
versely to the radii of any two of their points 
having the same linear velocity, ancl in the general case 

. linear velocity 
to the ratio for any two of their points what-rad.lUS 

ever. We may put this down in symbols as follows :
calling a the linear velocity of any point A of a body 

a, and b that of any point B of another body /J, the radii 
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of the points (instantaneous or permanent) being ra and 1·" 

respectively. Expressing angular velocities according to 
the second standard given on p. 95, "·e have-

Ang. vel. a = a r,, 
bAng. vel. /J = 

· L. vel. a aIf r" = rb rl, 1ere1ore, t -- - - ;-L vel. f3 b . 

L vel. a 7�,,f •If a = b, - ' L vel. {1 1:i 

-I vel. a a. rb .Or generally, -
vel. /3 b. ra 

these three equations expressing the three conditions 
s1e1pposed above. 

It remains only to sho,v how, by the aid of these re
lations, ,ve can find the angular velocity of any link in 
a mechanism having given that of any other link, or, in other 
words, the proportionate angular velocities of any two 
links. This we can always do by the method of virtual 
centres, generally in several ways. Taking the mechanism 
Fig. 44, let us compare the angular velocities of the 

• links a, b, and c relatively to d, the angular velocity of a 
relatively to d being given. Comparing first a and b 
relatively to d we can proceed as follo,vs :-a and b 
have a fOmmon point, the point Oal> ; this point is there
fore a point in eacl1 link ,vhich has the same linear velocity
relatively to d. The angular velocities of b and a ares_
therefore inversely proportional to the virtual radius in 
each of them of the point Oa!,• rl'o solve the problem 

H 
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by construction draw any line through Oao and make the 
segment Oa0 A equal on any scale to the given angular
velocity of the link a. Then througl1 Oad draw a line 
parallel to the join of 00d and A (,vhich need not itself 
be dra"1n, but which is dra,vn for distinctness' sake in the 

A 
Oab 

Fir.. 44· 

figure) and cutting the first line dra,vn in .IJ. Oa0 .B· 
represents the angular velocity of the link b on the same 
scale as that on which 0110 A represents that of a. 1""'he 
proof is simply that the triangles OabA obd and onbB Dad 

are similar, and that therefore the ratio 
Oa!J A - on/J obd - virtual radius of Oal, as a point of b 
o�/J B - Dab O,:d - .  virtual radius of Oa� as a p-6-int .. of a 

exactly as required. 
The construction n1ust al,.vays have the same simplicity 

as in this case, for the problem always concerns the com
parison of the motion of two bodies relatively to. a third, 
and the three essential points used in the construction are 
the three virtual centres of these three bodies taken in 
pairs (here Oa,,, Obd and Oad), and these points invariably, 
as we have seen, lie in one line. 
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To avoid confusion we may illustrate the other part of the 
problem, viz., the finding of the relative angular velocities 
of c and a, by another figure (Fig. 45). This case is one 
which has more often direct application in practice than 

Fig. 44. Proceeding precisely as before we take their com
mon point O,u, draw through it any line ,vhatever on ,vhich 

------- c· 
FIG. 45• 

to set off a segment OncA for the given angular velocity of 
a, and then draw OadC parallel to the join of Dcd and A. 
'fhen D�C is the angular velocity required, and 

Dae C - angular vel. C 

Dae A - angular vel. a· 
Conveniently A and C nray be taken on b. Alternatively we 
may proceed by setting off parallels through Daa and Oc11,
making OcdA equal to the velocity of a, and drawing Oa,A to 
cut off on the other parallel the distance Oat1C, which is 
equal to the required angular velocity of c. 

The constructions given in Figs. 44 and 45 have the 
advantage that they are easily proved and understood, and 
that in themselves they are quite simple. They have, how
ever, some drawbacks similar to those of Figs. 37 and 39, 

H : 
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especially that there are n1any cases in which, although it is 
perfectly easy to find the position of such points as Obd 

Fig. 44, or Oac Fig. 45, it  is practically very difficult to get 
at them in dra,ving, as they often enough lie altogether oft 
the drawing-board. This difficulty is fortunately very easily 
met. All that we require is to kno,v the ratio bet,,veen 
the lengths of the virtual radii of a certain point which is 

b d. .. · Oa!, oad · F. common to t,vo o 1es, tl1e ra..10 - ---- 1n 1g. 44, an( l 
Dab o,J(, 

oac Oad . F.---- . 1n 1g. 45. This ratio ,ve must be able to set off 
Oac ocd 
upon some other line than the actual line of the three 
centres (see also p. 92, ante), in such a way as to bring all 

the three points defining the ratio within easy reach. This 
can be done in an unlimited number of different ways, of 
which we shall point out two, one (Fig. 46) as another 
construction for Fig. 44, and the other (Fig. 47) for Fig. .45. 

Let us call the common point, or virtual centre, of the 
t,vo bodies whose relative angular velocity has to be 
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measured, simply 0, for shortness' sake, and to distinguish 
it betters. from the virtual centres about which this point is 
moving in the two bodies, respectively, to which it belongs.
Then ,ve proceed thus :-(Fig. 46, corresponding to Fig. 44),
-through Oaa and· O"a draw a pair of parallel lines, 1 and 
2, then any line through the point O ,vill be cut by tl1csc 
parallels proportionally to the virtual radii OO,ul and oo{Jd• 
With a radius representing on any scale the kno\vn angular
velocity of the link a, cut 2 in a point A, then by drawing 
OA ,ve have at once OB as the required angular velocity of 
the link b. It will be seen at a glance that this construction 
does not require the direct use of the point O,,d, because 
,ve know that one of the links 1nust pass through that point,
and it is only necessary to draw the line I parallel to the 
axis of that link. To use this construction it is necessary
to take the distance OA on a scale sufficiently large to 
allow the point A to reach the axis of c in any of its 
pos1t1ons.

\Vhen the point O itself, and not either of the other two 
centres, is the inaccessible point (as in Fig. 45 ), a some
,vhat different but quite as simple method can be employed. 
Through the three points 0, Oa�, and O,d (Fig. 47, corre
sponding to Fig. 45), draw three lines meeting at one point.
By taking this point at one of the opposite vertices of the 
figure, as S, Fig. 4 7, two of the lines, including that through
the inaccessible point O, will be the axes of links, and only
the third (the line o.ds in the figure) will have to be 
actually dra,vn. 'fhen any line parallel to 011"0 will be 
divided by the three lines radiating from S in the same ratio 
as the line of virtual centres is divided. To solve the same 
J)roblem as that of Fig. 45 it is only necessary to set off 
O,aA along the line of centres to represent the known angular
velocity of a, construct the parallelogram AA' C'C as shown, 
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and then n1easure A' C' or A C  for the required angular 
velocity of c. 

Had tl1e angular velocity of c been kno,vn instead of that 
of a, it would of course l1ave been necessary to set off 

s 

a 

C' 
\' 

I 
I 

I' ' I 
\ \•\

• Ar rt . (, • I (J 
Oad C Ocd 

a distance Oaa C1 in the first place equal to that velocity 
and then construct_ for A1Ci, the velocity of a, as shown in 
dotted lines. 

By using the second method of p. 99 (making Occ1A = vel. 
a), we are of course already independent of Oac, for the line 
b, on which we may take A and c, is always given and must 
alvvays pass through Oae (see •Fig. 57). 

§ 16. DIAGRAMS OF RELATIVE VELOCITIES. 

In the last two sections we found how we could, by a 
simple construction, determine the linear velocity of any
point in a mechanism when the linear velocity of any other 
point was given, or the angular velocity of any link in _s
a mechanism when the angular velocity of any other link 
was given. In practice it frequently happens that it is of 
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interest to solve these problems for a number of different 
positions of the mechanism. If this has been done arith
metically the results can be represented in the form of a 
table ; where, however, graphic methods have been used 
in the solution of the problem the results are most conve
niently represented in a diagram, a form ,vhich on many 
grounds is much the more useful of the two. We propose
now to work out in son1e detail, with the aid of illustrations 
drawn to scale, the methods of making diagran1s of velocities 
as applied to several cases having considerable practical 
interest. 

We take first a very familiar case and one of frequent 
occurrence. Let it  be required to find the velocity ,vith 
which the piston of an ordinary direct-acting engine is 
moving comparatively to the velocity of the crank-pin. The 
mechanisn1 of the engine, the slider-crank, we have already
repeatedly l1ad before us,-it is that shown in Fig. 48. 

The fixed link of the mechanism becomes, 1n the case of 
the engine, the link d (see p. 67 ). 1.,he piston forms a 
part of the link c, and as the virtual centre of that link 
relatively to d (the point Oca) is a point at infinity (p. 75), all 
points in it are at the same (infinitely great) distance fr�ro 
the virtual centre, and therefore move ,vith the same velocity .. 
We may therefore take any point ·in it to represent the 
piston, so far as its velocity goes, and for convenience' sake 
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we take the centre of the pair connecting the links c and b, 
that is th� point 00c 

Fig. 49. The crank-pin itself, considered 
as a solid body revolving about the point O aa along with all 
the rest of the link a, has of course different linear velocities 
in its different points. What is al\vays meant by tl1e velocity 

. Ocd 

I ' • 

��-_:il ___ _:::::==EtQ 
Oad 

Obc 
F1G. 49• 

of the crank-pin is, however, the velocity of its axis, and 
this coincides with the centre of the pair connecting the 
links a and b, that is the point Oao• ·The problem then 
presents itself in this form :-Given the velocity of the , 
point Oao in the plane of the fixed link d, to find for a 
sufficient number of positions of Oa" the velocity of the 
point 00c 

in the same f)lane. One of these points is com
mon to the links a and b, and the other to the links can� b, 
both of them thei;efore are, in all positions of the mechanism, 
points of the link b. Hence the problem is really nothing

• 
more than the finding of the rel:1tive velocities of tv.'O 
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l)oints in the san1e body, as we have already done on p. 86 
(Figs. 36 and 37). 

Let the data i11 our case be as follows :-

Radius of crank (a) . . . = 1 ·s feet. 
Length of connecting-rod (b) = 6·o feet. 
Speed of crank 56 revolutions per minute. 

This gives for the linear ,relocity of the crank-pin (2 1r x 1·5 
X 56) = 528 feet per 1ninute, or 8·8 feet per second. 
Divide the crank-circle, as in Fig. 50, into any convenient 

FIG. 50. 

number of parts, and for each position of the crank-pin, A1, A2, 
&c., find the corresponding position of the piston C1, C21 &c., 
and the virtual centre of b relatively to d, 01, 02, &c. 
Next set off A1A'1 = 8·8 on any scale, and draw a circle 
about the point Oad with the radius OadA'1• 1'hen lines 
drawn through tl1e points A'1, A'2, &c., parallel to each 
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corresponding position of b will cut the corresponding virtual 
radii of C1, C2 (here parallel lines at right angles to the 
axis of d), &c., in points C'1, C'2, &c., such that C1 C'1, 
C2C2, &c., are the required velocities of the piston on the 
same scale as that ustd for setting off A 1A'1• This con
struction has already been proved in connection with 
Fig. 37. A curve joining all the points C\, C'2 &c., gives 
by its ordinates the v_elocity of the piston at any required 
point of its travel. 

If it be required rather to represent the velocity of the 
piston at each position of the crank instead of at each of 
its own positions, then ,vhat is called a polar diagram, like 
that shown in Fig. 51 ,  can be used. Here a circle is drawn 

• 

3 N 

6 

FIG. 51. 

with radius = 8·8 on the same scale as before, the different 
positions of the crank are marked on it, and upon each 
the corresponding distance C1 C'1, C2C'2, &c., is set off. 

The actual changes of velocity in this case are \\·orth 
noticing. At the beginning of the stroke the velocity of 
the piston is of course nothing. This comes out in the 
construction by the coincidence of the virtual centre with 
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the point C0• As the piston moves on its velocity in
creases. At first the angle at C (as A1 C1 O1) is greater 
than that at A (as C1 A1 O1) so that OA is greater than OC, 
and therefore the velocity of the piston less than that of the 
crank-pin. At some point, however, the angle at A must 
become a right-angle ( when the axis of the connecting-rod b 
is tangential to the crank-circle), and then OC must be the 
hypotenuse of a right-angled triangle, and therefore greater 
than OA, so that the velocity of the piston must be then 
greater tha11 that of the crank-pin. Before this point is 
reached there must, therefore, be some position in which the 
velocities of the piston and crank-pin are equal, and it is 
obvious that this position will be that for which the triangle, 
AOC, is isosceles, and ·OA = OC. When the crank-pin is 
in its central position, A8, and at right-angles to the direction 
of the pisto11's motion, OA and OC are again equal, the 
two virtual radii being parallel, and the point O at infinity. 
Here again, therefore, the velocity of the piston is equal to 
that of the crank-pin. After this, until the end of the 
stroke, OA is always greater than OC, and the velocity of 
the crank-pin therefore greater than that of the piston, and 
at A6 the latter again becomes = o, i.e. the piston is for 
the instant stationary. The same changes of relative 
velocity occur, in reversed order, as the crank makes its 
second half revolution from A6 back to A0-the lines for 
these are not shown in the diagram. 

The positions of the important points noticed are readily 
seen in Fig. 5 1  ; and also in Fig. 50 if a line be drawn 
parallel to the axis of d and at a distance from it = A1A'i, 
or 8 · 8. At O and at 6 ( or C0 and C6) the ordinate of the 
piston speed-curve is = o. At M and at 3 (and also at 9 
and at M') it is equal to the distance which represents the 
crank-pin velocity, while at N it exceeds that distance. 
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The actual maxin1um velocity of the piston would in this 
case be about 9·3 feet per second, or 5·7 per cent. greater 
than that of the crank-pin. 

It will be found an interesting exercise to draw diagrams 
of this kind for different lengths of connecting-rod, and 
note how considerably the shortening of this rod increases 
the maximum velocity of the piston. It will easily be seen 
also that ,vhile for all. lengths of the rod the point 3 ( the 
second point at ,vhich crank-pin and piston velocities are 
equal) remains in tl1e same position, the points M and N 
move nearer and nearer to it as the rod is lengthened. If 
the rod could be made infinitely long these three points 
,vould coincide, the maximum velocity of the piston would 
be equal to the crank-pin velocity, and the position of maxi
mum velocity ,vould occur ,vhen the crank is in its mid
position. .We have a]ready pointed out that the mechanism 
of Fig. 52, some properties of ,vhicl1 were examined in 

OU:Clll!a 

Ocv. 

Obc:CO 

d C 

C 

FIG. 52. 

§ I 2, is constructively equivalent to the one with an infinitely 
long connecting-rod. It ,vill be ,vorth while to work out 
for this mechanism a diagram sin1ilar to that just worked 
out for the slider-crank. This is done in Fig. 53, ,vhich is 
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drawn to the same scales as Fig. 50, in which also the same 
data as to speed are assumed, and the same lengtl1 of 
crank a. It is n1ore convenient in this case, for reasons 

A' �,1 ''---r-·-..:::..:- - - ... IA2_____________ -,- -·  IC,-------------- •cl• - --

r±-=-1 _ _  A;___ _____ J( �- _ __•c;
l .  

. - ., -. ... 
d

I 
C

Ar, 

Sc� C-., C3 C2 t,Co 

Tire units o.f veloaty & 
distance art the samt a.r 
iu Fii,r. _so. 

FIG. 53· 

,vhicl1 can easily be seen, to set off the crank-pin velocity 
(8·8 feet per second) from the point 0,-ui instead of, as in 
Fig. 50, fron1 the point Oab• Then marking the· positions 
A1, A2, A3, &c., as before, and taking any convenient point 
upon c to represent the piston, the piston velocities, C1 C'1, 

C2 C'2, &c., are at once found by drawing the lines A'1C'i,
A'2 C'2, &c., parallel to the connecting-rod, i.e. parallel
always to the direction of motion of the piston, for the 
infinitely long connecting-rod moves (as we saw on P· 7 7 )
al\vays parallel to itself. It will be seen at once that 
the curve C'1 C2 C13 • • • • • is a sen1i-e1lipse of a height 
equal to the radius of the velocity circle,-that the n1axi
mum .velocity of the piston is equal to the maximum 
velocity of the crank, and that the maximum velocity is . 
reached by tbe piston just wl1en the crank is at mid
stroke-these being precisely the characteristics which we 
pointed put a fe,v · lin·es back as theoretically belonging to 
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a mechanism with an infinitely long connecting-rod. In 
Fig. 54 is shown a polar diagram for this case cor
responding to Fig. 5 I. Here again there is a great sim
plification, the two curves are simply circles having 

<) 

FIG. 54-

dian1eters equal to the length ,vhich stands for the crank
pin velocity. 

It may be noted here that sometimes one wishes simply 
to find out the relative velocities of the piston at different 
periods of its stroke without reference to any particular 
crank-pin velocity. In this case it is convenient either to 
assume the crank-pin· velocitye= (say) 1 0  on any convenient 
scale, or (sometimes) to let the radius of the crank itself stand 
for its velocity. In the last case the diagram of Fig. 54 
becomes very similar in appearance to the well-known 
Zeuner valve diagram, although its interpretation is very 
different. 

As a last example of the construction of diagrams of 
velocities we shall take a chain similar to that already shown 
in Fig. 25 and dealt with in Figs. 40 and 44, &c., but with 
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different proportions. Take the lengtl1 of the four links as 
followss:-

a = 14 incl1es 
b = 32 : ,  

C = I9 " 

and n1ake the link a the fixe(l link. Suppose b to turn 
with a uniform angular velocity of 48 revolutions per 

0f1 1➔ 2P J'f' 4P JP 
Saile ed. Revol11ti<'1tJ per ud111tlt 

Q I ip 1 2fJ 1 3,0
Sarlt ,ifJndtts 

I' 
I 
t 

FIG. 55. 

n1inute, and let our problem be to find the angular velocity
of d at any nun1ber of different positions of b (Fig. 55).
In a case of this kind it is most convenient to use some . 
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such abbreviated construction as was given in Fig. 4 7. First 
set off any rtquired number of positions of the link b, and 
for each construct the corresponding positions of d (a few of 
these positions are shown in the diagram). From the point 
Oad (i.e. the virtual centre relatively to the fixed link of the 
link d, whose velocity has to be found) set off upon the 
axis of a a distance OadP, standing for 48, the angular 

FIG, 56. 

velocity of b, upon any scale. Then for each position of the 
n1echanism draw a line through P, parallel to the line (which 
need not be itself drawn) joining Oad and R, until it cuts the 
axis of c in a point S. The distance ST, from S to the axis 
of b (measured parallel to the line of the three centres, here 
the axis of a) is the required angular velocity of d. A dia
gram may be conveniently made, as in Fig. 56, by drawing 
a circle with a radius = 48 to stand for the constant angular 
velocity of b, marking on it the positions of b used in Fig. 55, 
and then setting off on each radius the corresponding value 
of ST, the angular velocity of d for the given position of b. 
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Such constructions as those given in Figs. 47 or 55 are 
very general, allowing the velocities to be represented by
any distances whatever, l.e. drawn on any scale whatever . 
.But by using particular distances and scales the construction 
may often be greatly simplified. Thus if we take the length 
of the link d in Fig. 5 5 to represent the angular velocity of 
b, we have only to draw through Oal, a line parallel to d, and 
cutting c, to obtain at once the angular velocity of d on the 
same scale. By comparing this construction (Fig. 57) with 

a 
• · ·e- - · ·  - - - - - -- · - ·;c5•-o,�aP':ml'ii...im:,ffll1,.i::n. ,  �Oab 

F1G. 57-

that of Fig. 45 it will be seen that BA is a line passing 
through the (inaccessible) centre O,,d, and is in exactly the 
same position as the axis of b or the line CA in that figure.
If this construction, which is the simplest of all possible
constructions for this case, be used, the circle in Fig. 56 
has, of course, a radius equal to that of the link d. 

We should have obtained the same result in Fig. 45 if 
we had not only taken A and C on the axis of b, as there 
mentioned,1 but had set off OcdA on such a scale as to be . 
equal to c. Whether the greater practical convenience lies 
in the saving of construction lines, or in the use of an even 
scale of velocities, may be left to the draughtsman to decide 
in each particular case. 

1 See also end of § 15. 
I 
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It must be noted that the mean angular velocity of b and 
d must be equal, for each one takes the same time to 
make one whole revolution, but if b have a uniform velocity 
within the revolution, then d l1as the varying velocity which 
has been drawn in Fig. 56. In the case supposed, the 
velocity of d would vary within each revolution from the 
rate of 27½ revolutions per minute to that of 97 revolutions 
per minute,. the actwrl mean rate being 48 revolutions per 
minute. 

If we had taken the chain of Figs. 32  or 53, and fixed 
the link a, \Ve should have obtained a n1echanism in which, 
as in that of .lt "" ig. 55, the links b and d would both revolve, 
the one driving the other through the link c. This mech
anism is that generally kno,vn as an '' Oldham coupling." 
It is interesting to try with it the constructions of Figs. 45 
or 55 for finding the relative angular velocities of the links 
b and d. It will be found that the latter construction gives 
no result, too many of the points required being at an infinite 
distance, but the former shows very clearly the leading 
characteristic of the mechanism, that the angular velocity 
ratio transmitted between the shafts ( the links b an.d d) is 
constant, and is equal to unity. 

An important analogue .of this mechanism, the " universal 
joint," will be examined in detail in § 64. 

A possible misunderstanding may be guarded against 
before we leave this part of our subject. Let b and c be any 
links of a mechanism of which a is a third link. We have 

. L r. vel. b 
seen how to find the ratio when both these velo-

L r. ve . 1 c 
cities were measured relatively to a. This ratio must not be 
confused with the angular velocity of b relatively to c, which 
is of course an entirely .different quantity. If the angular 
velocities of b and c relatively to a be /3 and y respectively, 
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then in order to find the angular velocities of these two links 
relatively to each other we have only to proceed as in § 3-
namely, give to both a velocity equal and opposite to that of 
one of them. Thus if we give to both an angular velocity 
of - y, we bring c to rest and find the angular velocity of b 
relatively to it to be /3 - y. Or if we give both an angular 
velocity of - {3, we bring b to rest, and find the angular
velocity of c relatively to it to be 'Y - {3, which is the same 
magnitude as before, reversed only in sense.1 In general, if 
v1 and v2 be the angular velocities of any two bodies rela
tively to a third, the velocity of each relatively to the other 
is v1 ± v2, where the positive sign is to be used if v1 and v2 have 
opposite senses, and the 11egative sign if they have the same 
sense. Thus in Fig. 56 distances measured radially between 
the two curves represent the angular velocity of b relatively 
to d on the same scale as that on which the radii of the 
curves represent the angular velocities of b and d respectively 
relatively to a. 

1 § 3, p. 27. 

I 2 
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	We have compared the linear velocities of points of one and the same link,-but we can in just the same way compare the velocities of points in different links, or find the velocities of such points, if that of any one point be given. We do this by help of the theorem which we have already so often utilised, that the virtual centre of any link relatively to any other is a point common to both,a point which has the san1e motion to whichever of the links we suppose it to belong. Let the velocity of a point A 
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	Although the constructions of Figs. 37, 38, and 39 are very easy, both to work and to prove, they are not always the most convenient for practical purposes, mainly on account of tl1e fact tl1at it often happens that such points as Obd, Fig. 37, or D, Fig. 39, are at inconveniently greatdistances, often entirely beyond the limits of a drawingboard. There is never, however, any difficulty in dispensing with the actual construction of a line to such a point.Fig. 40, a very useful construction, shows how easil
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	can be done. Let it be here required to find the velocityof the point C, that of Cbeing given. The point O, is inaccessible, but we have seen that it is sufficient for our purposes to have any two lines parallel to the virtual radii of Cand C, and nŁt necessarily those radii themselves,with their (here) inaccessible join. If, therefore, we draw through Ohere the point A, a line parallel to d, we have at once such lines as we want in the most direct fashion. Setting off AC\ along b to represent the given vel
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	If the points Cand Cwere both points the directions of whose virtual radii were known, as in the fire, it would be still simpler to proceed as in Fig. 4 r, where CC'i again represents the velocity of C, and C'iC'is drawn parallel to CC• Here CC'obviously gives the velocity 2,-it is unnecessary to go through the proof. But we 
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	often have to deal with a point such as Cin Fig. 40, whose virtual radius is not a line in the mechanism, and is therefore not directly known, unless we can draw a line to the virtual centre, which is here supposed impossible. In this case we may conveniently proceed, as in Fig. 40, thus :Find the join of the line CC'with the link b, say M, and draw MC, which is cut by C'C'in C• The distance AC'3 represents the velocity of C8• The details of the proof may be left to the student.
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	If in a case such as Fig. 39, the point Obe inaccessible, it can easily be dispensed with by the construction shown in F'ig. 42. Here Ocd is joined to S, and a line drawn parallel 
	ac 

	It may be noticed that this construction gives one very easy way_ 3 ), through an inaccessible point given as the join of two lines, b and d, · on the paper. For of course a through Cparallel to C' A would lie in the required direction. · 
	1 
	of 
	d
	Ł
	awing a line from a given point (as C
	1ine 
	3 
	3

	to d ins· any convenient position, cutting the three lines ,vhich meet in S in the points 1, 2, and 3. The ratios of the distances between these points are exactly the same as between the three points O, o, andO, which lie upon d, and it is only these ratios, not the points themselves, which we essentially require. The construction given in Fig. 39 may therefore be worked equally well by substituting I for O, 2 for o,d, and 3 for O,t and at the same time taking A' for A and C' for C,-in other respects worki
	ad
	cd
	ac
	ad
	a

	s ----Oac inaccessible 
	FIG. 42. 
	exactly as before. It can easily be seen that in effect this is nothing more than taking a different and more convenient scale for part of the construction. These constructions for getting over difficulties caused by inaccessible points are only examples of many that can be used, but are themselves quite generally useful, and are besides sufficient to indicate to the student the sort of procedure to be adopted in any particular case. Examples of other, more or less similar,constructions will be found furthe
	The whole matter which we have gone over in this section 
	Figure
	RELATIVE LINEAR VELOCITIES. 
	may now be summed up. Our problem has been : Given the linear velocity vof any point A of a link a in a mechanism having plane motion, to find the simultaneous linear velocity v2 of any point C of any other link c of the same mechanism, the fixed link being (say) d. Finding first the three virtual centres Oac (which we may call 0), Oaa, and O,d, we have found that 
	1 
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	Put into words this is equivalent to saying that the velocity of C is to that of A directly as the virtual radii of those two points relatively to the fixed 
	Put into words this is equivalent to saying that the velocity of C is to that of A directly as the virtual radii of those two points relatively to the fixed 
	link, and inversely as the virtual radius in c and in a of the common point ( Oa,} of those bodies. 
	If the two points belong to the same link, the ratio Łg: 
	goes out, and we have sin1ply that the velocities of the two points are proportional directly to their virtual radii. Here, however, one special case requires looking at. If both the points belonged to such a body as the link c in Fig. 36, their virtual radii,-no matter what their position in the body,-would always be equal. For the virtual centre of c relatively to dis a point at infinity, the distance of which from all points in our paper must be taken to be the same. 
	Hence if the virtual centre of a body be at infinity, i.e. if it 
	have only a motion of translation, all its points are moving with equal velocities. Exactly the same thing is true in reference to the link b in Fig. 43. In this mechanism, the parallelogram or double.crank,opposite links are made equal, i.e. b d, and a = c. Opposite links are therefore 
	1 
	= 

	As to important proties of this mechanism see further, §§ S4 :lnd 55. 
	per

	always parallel, and their join is always at an infinite distance ;-the points 0/)" and Oae are at infinity for all possible positions of the mechanism. Whichever link, therefore, is fixed, all the points of the opposite link are moving at any instant in the same direction with the same velocity. The difference between the case of the link c in Fig. 36 and that of b in 14,ig. 43 is that the virtual centre of the former 
	and 

	(, d 
	FIG. 43· 
	is a permanent centre; while that of the latter is only an instantaneous one. In the former case not only are all points moving in the same direction at any one instant, but this direction remains unchanged from instant to instant, whereas in Fig. 42 the direction of motion of b changes with every change in its position, although in any one position all its points are moving in the same direction. The difference is in essence precisely the same as that between the rotation of such links as a and b in Figs. 
	• 
	motion of each link is at each instant a rotation about some one point. But in the cŁe of a the rotation is always about the same point, in the case of b about a point which changes with every change in the position of the link. 
	§ 15. RELATIVE ANGULAR VELOCITIES. 
	Just as linear velocity may be expressed in different units, --as a velocity of a foot, a metre, or a mile per unit of time,-so angular velocity is a quantity measured by more than one standard.The unit most common! y occurring in connection with engineering questions is one revolution per unit of time, the latter being generally a minute. Thus a shaft is said to have an angular velocity of 30 if it be turning at the instant at such a rate as would, if uniformly continued for one minute, cause it to make 
	1 

	unit of time. · This arc subtends an_ angle of ( :), or
	3
	6

	2s57·3 degrees nearly, so that an angular velocity of 30 · would represent, on this scale, a motion through (30 x 57 ·3)degrees, or about 4·77 complete turns per unit of time. To convert angular into linear velocities on this scale the former have only to be multiplied by the radius. To convert angular velocities expressed in the former standard, therefore, to the latter, they must be divided by 2 '1t': and 
	vice 

	The principal questions relating to linear and angular velcitis are discussed in Chapter VII. What is said in the present section 1s not intended to do more than ma1,e clear the numerical relations of the units used as far as is necessary for the constructions given. 
	1 
	Ł
	7

	versa, the time-unit being supposed the same in both cases. For general scientific purposes the second is the most convenient unit of time, but for many engineering problems the minute is preferable. For angular velocities expressed as number of revolutions, for instance, tl1e minute is almost invariably made the time-unit. 
	There is obviously no more difficulty in solving problems connected with relative angular velocities than we have found in connection with relative linear velocities. It has only to be remembered, in addition to the characteristics of pure rotation already mentioned, that if two points of 
	different bodies have the same radius, and have equal linear velocities, their angular velocities are also equal ; and that otherwise (£.e. if the points have unequal linear velocities), their angular velocities are directly proportional to their linear velocities. If the two points have the same linear velocities but different radii, their angular velocities are inversely to their radii. In general, therefore, the angular velocities of two points in different bodies are proportional directly to their linea
	\ 

	to the ratio for any two of their points what-
	rad.lUS 
	ever. We may put this down in symbols as follows :calling a the linear velocity of any point A of a body a, and b that of any point B of another body /J, the radii 
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	of the points (instantaneous or permanent) being rand 1·" 
	a 

	respectively. Expressing angular velocities according to 
	the second standard given on p. 95, "·e have-
	Ang. vel. a = a 
	, 
	r
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	Ang. vel. /J = 
	· L. vel. a a
	If r" = rrl, 1ere1ore, t----;
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	Figure

	vel. /3 b. r
	Figure
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	these three equations expressing the three conditions s1e1pposed above. 
	It remains only to sho,v how, by the aid of these relations, ,ve can find the angular velocity of any link in a mechanism having given that of any other link, or, in other words, the proportionate angular velocities of any two links. This we can always do by the method of virtual centres, generally in several ways. Taking the mechanism Fig. 44, let us compare the angular velocities of the 
	• links a, b, and c relatively to d, the angular velocity of a relatively to d being given. Comparing first a and b relatively to d we can proceed as follo,vs :-a and b have a fOmmon point, the point Oal> ; this point is therefore a point in eacl1 link ,vhich has the same linear velocityrelatively to d. The angular velocities of b and a 
	ares

	_therefore inversely proportional to the virtual radius in each of them of the point O!,• rl'o solve the problem 
	a

	H 
	by construction draw any line through Oao and make the segment OA equal on any scale to the given angularvelocity of the link a. Then througl1 Odraw a line parallel to the join of 0and A (,vhich need not itself be dra"n, but which is dra,vn for distinctness' sake in the 
	a0 
	ad 
	0d 
	1

	A Oab Fir.. 44· 
	figure) and cutting the first line dra,vn in .IJ. O
	a0 
	.B

	· 
	represents the angular velocity of the link b on the same scale as that on which 0A represents that of a. 1he proof is simply that the triangles OA obd and oB Dad are similar, and that therefore the ratio 
	110 
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	ab
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	Oa!J A -o/J obd -virtual radius of Ol, as a point of b 
	n
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	oŁB -Dab O,:d -. virtual radius of OŁ as a p-6-int . of a 
	/J 
	a
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	exactly as required. 
	The construction n1ust al,.vays have the same simplicity as in this case, for the problem always concerns the comparison of the motion of two bodies relatively toa third, and the three essential in the construction are the three virtual centres of these three bodies taken in pairs (here O,,, Oand Oad), and these points invariablyas we have seen, lie in one line. 
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	points used 
	a
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	> 
	To avoid confusion we may illustrate the other part of the problem, viz., the finding of the relative angular velocities of c and a, by another figure (Fig. 45). This case is one which has more often direct application in practice than Fig. 44. Proceeding precisely as before we take their common point O,u, draw through it any line ,vhatever on ,vhich 
	Figure
	FIG. 45• 
	to set off a segment OA for the given angular velocity of a, and then draw OC parallel to the join of and A. 'fhen ŁC is the angular velocity required, and 
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	ad
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	C -angular vel. C angular vel. a· 
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	Conveniently A and C nray be taken on b. Alternatively we may proceed by setting off parallels through and Oc11,making OcdA equal to the velocity of a, and drawing O,A to cut off on the other parallel the distance Ot1C, which equal to the required angular velocity of c. 
	D
	aa 
	a
	a
	is 

	The constructions given in Figs. 44 and 45 have the advantage that they are easily proved and understood, in themselves they are quite simple. They have, some drawbacks similar to those of Figs. 37 and 
	and 
	that 
	however, 
	39, 
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	especially that there are n1any cases in which, although it is bd Fig. 44, or Fig. 45, it is practically very difficult to get at them in dra,ving, as they often enough lie altogether oft the drawing-board. This difficulty is fortunately very easily met. All that we require is to kno,v the ratio bet,,veen the lengths of the virtual radii of a certain point which is 
	perfectly easy to find the position of such points as O
	O
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	common to t,vo o 1es, tl1e ra..10 -----1n 1g. 44, an( l 
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	----. 1n 1g. 45. This ratio ,ve must be able to set off 
	ac ocd 
	O

	upon some other line than the actual line of the three centres (see also p. 92, ante), in such a way as to bring all 
	Figure
	the three points defining the ratio within easy reach. This can be done in an unlimited number of different ways, of which we shall point out two, one (Fig. 46) as another construction for Fig. 44, and the other (Fig. 47) for Fig..45. 
	Let us call the common point, or virtual centre, of t,vo bodies whose relative angular velocity has to be 
	Let us call the common point, or virtual centre, of t,vo bodies whose relative angular velocity has to be 
	the 
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	measured, simply 0, for shortness' sake, and to distinguish it betters. from the virtual centres about which this point is moving in the two bodies, respectively, to which it belongs.Then ,ve proceed thus :-(Fig. 46, corresponding to Fig. 44),-through Oa and· O"a draw a pair of parallel lines, 1 and 2, then any line through the point O ,vill be cut by tl1csc parallels proportionally to the virtual radii OO,ul and oo{Jd• With a radius representing on any scale the kno\vn angularvelocity of the link a, cut 2 
	a
	d
	and it is only necessary to draw the line 

	pos1t1ons.
	\Vhen the point O itself, and not either of the other two centres, is the inaccessible point (as in Fig. 45 ), a some,vhat different but quite as simple method can be employed. Through the three points 0, Oa�, and O,d (Fig. 47, corresponding to Fig. 45), draw three lines meeting at one point.By taking this point at one of the opposite vertices of the figure, as S, Fig. 4 7, two of the lines, including that throughthe inaccessible point O, will be the axes of links, and onlythird (the line o.ds in the figu
	\Vhen the point O itself, and not either of the other two centres, is the inaccessible point (as in Fig. 45 ), a some,vhat different but quite as simple method can be employed. Through the three points 0, Oa�, and O,d (Fig. 47, corresponding to Fig. 45), draw three lines meeting at one point.By taking this point at one of the opposite vertices of the figure, as S, Fig. 4 7, two of the lines, including that throughthe inaccessible point O, will be the axes of links, and onlythird (the line o.ds in the figu
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	and then n1easure A' C' or AC for the required angular velocity of c. 

	Had tl1e angular velocity of c been kno,vn instead of that of a, it would of course l1ave been necessary to set off 
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	Figure
	Figure
	a distance OCin the first place equal to that velocity and then construct_ for AC, the velocity of a, as shown in dotted lines. 
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	By using the second method of p. 99 (making OA = vel. a), we are of course already independent of O, for the line b, on which we may take A and c, is always given and must alvvays pass through O(see •Fig. 57). 
	cc1
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	§ 16. DIAGRAMS OF RELATIVE VELOCITIES. 
	In the last two sections we found how we could, by a simple construction, determine the linear velocity of anypoint in a mechanism when the linear velocity of any other point was given, or the angular velocity of any link in 
	_s
	a mechanism when the angular velocity of any other link was given. In practice it frequently happens that it is of 
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	interest to solve these problems for a number of different positions of the mechanism. If this has been done arithmetically the results can be represented in the form of a table ; where, however, graphic methods have been used in the solution of the problem the results are most conveniently represented in a diagram, a form ,vhich on many grounds is much the more useful of the two. We proposenow to work out in son1e detail, with the aid of illustrations drawn to scale, the methods of making diagran1s of ve
	We take first a very familiar case and one of frequent occurrence. Let it be required to find the velocity ,vith which the piston of an ordinary direct-acting engine is moving comparatively to the velocity of the crank-pin. The mechanisn1 of the engine, the slider-crank, we have alreadyrepeatedly l1ad before us,-it is that shown in Fig. 48. 
	Figure
	The fixed link of the mechanism becomes, 1n the case of the engine, the link d (see p. 67 ). 1he piston forms a part of the link c, and as the virtual centre of that link relatively to d (the point is a point at infinity (p. 75), all points in it are at the same (infinitely great) distance frro the virtual centre, and therefore move ,vith the same velocity .. We may therefore take any point ·in it to represent the piston, so far as its velocity goes, and for convenience' sake 
	.,
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	ca
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	we take the centre of the pair connecting the links c and b, that is thŁ point 0Fig. 49. The crank-pin itself, considered as a solid body revolving about the point O aa along with all the rest of the link a, has of course different linear velocities in its different points. What is al\vays meant by tl1e velocity 
	0c 
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	Figure
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	F1G. 49• 
	of the crank-pin is, however, the velocity of its axis, and this coincides with the centre of the pair connecting the ao• ·The problem then presents itself in this form :-Given the velocity of the , 
	links a and b, that is the point O

	ao in the plane of the fixed link d, to find for a a" the velocity of the in the same f)lane. One of these points is common to the links a and b, and the other to the links can� b, both of them thei;efore are, in all positions of the mechanism, points of the link b. Hence the problem is really nothing
	point O
	sufficient number of positions of O
	point 0
	0
	c 

	• more than the finding of the rel:1tive velocities of tv.'O 
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	)oints in the san1e body, as we have already done on p. (Figs. 36 and 37). 
	l
	86 

	Let the data i11 our case be as follows :
	-

	Radius of crank (a) . . . = 1 ·s feet. Length of connecting-rod (b) = 6·o feet. Speed of crank 56 revolutions per minute. 
	This gives for the linear ,elocity of the crank-pin (2 1r x 1·5 X 56) = 528 feet per 1ninute, or 8·8 feet per second. Divide the crank-circle, as in Fig. 50, into any convenient 
	r

	Figure
	FIG. 50. 
	number of parts, and for each position of the crank-pin, A2, &c., find the corresponding position of the piston C1, C21 &and the virtual centre of b relatively to d, 0, 02, &cset off A1A'1 = 8·8 on any scale, and draw a about the point Owith the radius OA'1• 1'hen lines drawn through tl1e points A', A', &c., parallel to each 
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	1
	c., 
	1
	. 
	Next 
	circle 
	ad 
	ad
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	2

	corresponding position of b will cut the corresponding virtual radii of C, C(here parallel lines at right angles to the axis of d), &c., in points C', C', &c., such that CC', CC2, &c., are the required velocities of the piston on the same scale as that ustd for setting off A A'• This construction has already been proved in connection with Fig. 37. A curve joining all the points C\, C'2 &c., gives by its ordinates the v_elocity of the piston at any required point of its travel. 
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	1 
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	If it be required rather to represent the velocity of the piston at each position of the crank instead of at each of its own positions, then ,vhat is called a polar diagram, like that shown in Fig. 51, can be used. Here a circle is drawn 
	• 
	3 N 6 
	FIG. 51. 
	with radius = 8·8 on the same scale as before, the different positions of the crank are marked on it, and upon each the corresponding distance CC'1, CC', &c., is set off. 
	1 
	2
	2

	The actual changes of velocity in this case are \\·orth noticing. At the beginning of the stroke the velocity of the piston is of course nothing. This comes out in the construction by the coincidence of the virtual centre with 
	§ 16.] D'IAGRAMS OF RELATIVE VELOCITIES. 
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	0• As the piston moves on its velocity increases. At first the angle at C (as ACO) is greater than that at A (as CAO) so that OA is greater than OC, and therefore the velocity of the piston less than that of the crank-pin. At some point, however, the angle at A must become a right-angle ( when the axis of the connecting-rod b is tangential to the crank-circle), and then OC must be the hypotenuse of a right-angled triangle, and therefore greater than OA, so that the velocity of the piston must be then great
	the point C
	1 
	1 
	1
	1 
	1 
	1
	in its central position, A
	= 
	its 
	0

	The positions of the important points noticed are readily seen in Fig. 51 ; and also in Fig. 50 if a line be drawn parallel to the axis of d and at a distance from it = A1Ai, or 8 · 8. At O and at 6 ( or Cand C) the ordinate of the piston speed-curve is = o. At Mand at 3 (and also at 9 and at M') it is equal to the distance which represents the crank-pin velocity, while at N it exceeds that distance. 
	'
	0 
	6

	The actual maxin1um velocity of the piston would in this case be about 9·3 feet per second, or 5·7 per cent. greater than that of the crank-pin. 
	It will be found an interesting exercise to draw diagrams of this kind for different lengths of connecting-rod, and note how considerably the shortening of this rod increases the maximum velocity of the piston. It will easily be seen also that ,vhile for all. lengths of the rod the point 3 ( the second point at ,vhich crank-pin and piston velocities are equal) remains in tl1e same position, the points Mand N move nearer and nearer to it as the rod is lengthened. If the rod could be made infinitely long thes
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	FIG. 52. 
	I 2, is constructively equivalent to the one with an infinitely long connecting-rod. It ,vill be ,vorth while to work out for this mechanism a diagram sin1ilar to that just worked out for the slider-crank. This is done in Fig. 53, ,vhich is 
	§ 

	Figure
	drawn to the same scales as Fig. 50, in which also the same data as to speed are assumed, and the same lengtl1 of crank a. It is n1ore convenient in this case, for reasons 
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	,vhicl1 can easily be seen, to set off the crank-pin velocity (8·8 feet per second) from the point 0,-ui instead of, as in Oab• Then marking the· positions A1, A2, A3, &c., as before, and taking any convenient point upon c to represent the piston, the piston velocities, CC', CC', &c., are at once found by drawing the lines A'1C'i,A'C', &c., parallel to the connecting-rod, i.e. parallelalways to the direction of motion of the piston, for the infinitely long connecting-rod moves (as we saw on P77)al\vays para
	Fig. 50, fron1 the point 
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	. reached by tbe piston just wl1en the crank is at midstroke-these being precisely the characteristics which we pointed put a fe,v · lin·es back as theoretically belonging to 
	Figure
	a mechanism with an infinitely long connecting-rod. In Fig. 54 is shown a polar diagram for this case corresponding to Fig. 5I. Here again there is a great simplification, the two curves are simply circles having 
	<) 
	FIG. 5
	4-

	dian1eters equal to the length ,vhich stands for the crankpin velocity. 
	It may be noted here that sometimes one wishes simply to find out the relative velocities of the piston at different periods of its stroke without reference to any particular crank-pin velocity. In this case it is convenient either to 10 on any convenient scale, or (sometimes) to let the radius of the crank itself stand for its velocity. In the last case the diagram of Fig. 54 becomes very similar in appearance to the well-known Zeuner valve diagram, although its interpretation is very different. 
	assume the crank-pin· velocitye= (say) 

	As a last example of the construction of diagrams of velocities we shall take a chain similar to that already shown 25 and dealt with in Figs. 40 and 44, &c., but with 
	in Fig. 

	• 
	different proportions. Take the lengtl1 of the four links as followss:
	-

	a = 14 incl1es 
	b = 32 :, 
	C = I9 
	" 

	and n1ake the link a the fixe(l link. Suppose b to turn with a uniform angular velocity of 48 revolutions per 
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	n1inute, and let our problem be to find the angular velocityof d at any nun1ber of different positions of b (Fig. 55).In a case of this kind it is most convenient to use some 
	. 
	• 
	such abbreviated construction as was given in Fig. 4 7. First set off any rtquired number of positions of the link b, and for each construct the corresponding positions of d (a few of these positions are shown in the diagram). From the point (i.e. the virtual centre relatively to the fixed link of the link d, whose velocity has to be found) set off upon the axis of a a distance OadP, standing for 48, the angular 
	O
	ad 

	FIG, 56. 
	velocity of b, upon any scale. Then for each position of the n1echanism draw a line through P, parallel to the line (which and R, until it cuts the axis of c in a point S. The distance ST, from S to the axis b (measured parallel to the line of the three centres, here the axis of a) is the required angular velocity of dA diagram may be conveniently made, as in Fig. 56, by drawing a circle with a radius = 48 to stand for the constant angular velocity of b, marking on it the positions of bused in Fig. 55, and
	need not be itself drawn) joining O
	ad 
	of 
	. 

	Such constructions as those given in Figs. 47 or 55 are very general, allowing the velocities to be represented byany distances whatever, l.e. drawn on any scale whatever . .But by using particular distances and scales the construction may often be greatly simplified. Thus if we take the length of the link d in Fig. 5 5 to represent the angular velocity of b, we have only to draw through Oa line parallel to d, and cutting c, to obtain at once the angular velocity of don the same scale. By comparing this con
	al, 

	Figure
	a 
	F1G. 57
	-

	that of Fig. 45 it will be seen that BA is a line passing through the (inaccessible) centre O, and is in exactly the same position as the axis of b or the line CA in that figure.If this construction, which is the simplest of all possibleconstructions for this case, be used, the circle in Fig. 56 has, of course, a radius equal to that of the link d. 
	,,d

	We should have obtained the same result in Fig. 45 if we had not only taken A and C on the axis of b, as there mentioned,but had set off OA onsuch a scale as to be 
	1 
	cd

	. 
	equal to c. Whether the greater practical convenience lies in the saving of construction lines, or in the use of an even scale of velocities, may be left to the draughtsman to in each particular case. 
	decide 

	See also end of § 15. 
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	It must be noted that the mean angular velocity of b and d must be equal, for each one takes the same time to make one whole revolution, but if b have a uniform velocity within the revolution, then d l1as the varying velocity which has been drawn in Fig. 56. In the case supposed, the velocity of d would vary within each revolution from the rate of 27½ revolutions per minute to that of 97 revolutions per minute,. the actwrl mean rate being 48 revolutions per minute. 
	If we had taken the chain of Figs. 32 or 53, and fixed the link a, \Ve should have obtained a n1echanism in which, as in that of .lt ig. 55, the links band d would both revolve, the one driving the other through the link c. This mechanism is that generally kno,vn as an '' Oldham coupling." It is interesting to try with it the constructions of Figs. 45 or 55 for finding the relative angular velocities of the links b and d. It will be found that the latter construction gives no result, too many of the points
	"" 

	An important analogue.of this mechanism, the " universal joint," will be examined in detail in § 64. 
	A possible misunderstanding may be guarded against before we leave this part of our subject. Let b and c be any links of a mechanism of which a is a third link. We have 
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	seen how to find the ratio when bthese velo-
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	L r. ve . 1 c cities were measured relatively to a. This ratio must not be confused with the angular velocity of b relatively to c, which is of course an entirely .different quantity. If the angular velocities of b and c relatively to a be /3 and y respectively, 
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	then in order to find the angular velocities of these two links relatively to each other we have only to proceed as in § 3namely, give to both a velocity equal and opposite to that of one of them. Thus if we give to both an angular velocity of -y, we bring c to rest and find the angular velocity of b relatively to it to be /3 -y. Or if we give both an angular velocity of -{3, we bring b to rest, and find the angularvelocity of c relatively to it to be 'Y -{3, which is the same magnitude as before, reversed 
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