
THE KINEMATICS OF MACHINERY. 

MosT of the models used to illustrate 
this and the following le<;ture belong to 
the Kinematic Collection of the Gew
erbe-Akademie in Berlin, and have been 
designed by Professor Reu.leaux, who is 
the Director of the Academy and a Pro
fessor in it. The rest were sent to the 
Loan Collection by �essrs. Hoff and 
Voigt of Berlin, and Messrs. Bock and 
Handrick of Dresden. In essentials 
there is no difference between the Berlin 
and the Dresden models. Both have 
been designed specially for use in instruc
tion in the Kinematics of machinery. 

I must first try to explain briefly, 
but exactly, what I mean by the phrase 
'' Kinematics of machinery." Professor 
Reu]eaux, whose models are before us, 
defines a machine as '' a combination of 
resistant bodies so arranged that by their 
means the mechanical forces of nature 

• 
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can be compelled to do work accompa
nied by certain determinate motions." 
The complete course of machine instruc
tion followed in some of the Continental 
technical schools covers something like 
the following ground: 

First, there is the perfectly general 
study of machinery, technologically and 
teleologically. Then there comes what 
we may call the study of prime movers, 
which in terms of our definition would 
be the study of the arrangements by 
means of which the natural forces can 
be best compelled to do the required work. 
Then comes the study of what may be 
called ,1. direct actors," or the direct-act
ing parts of machine1�y ; in the terms of 
our definition, the arrangement of the 
parts of a niachi1ie i1i such a way as best 

to obtain the required result. Next comes 
what we call machine design; the givin.g 
to the bodies forming the machine the 
requisite quality of resistance. Machine 
design is based principally on a study of 
the strength of materials. 

One clause of the definition still re-

• 
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mains untouched. The machine, we 
said, does work accompanied by certain 
determinate motions. Corresponding to 
this we have in machine instruction the 
Btud.if of those arrangements in the ma
chine b.lJ which the mut·ual motions of its 
parts, considered as changes of position 
only, are determined. The limitation 
here must be remembered; motion is 
considered only as a change of position, 
not taking into account either force 
or velocity. This is what Professor 
Willis long ago called the '' science of 
pure mechanism," what Rankine has 
called the '' geometry of machinery," 
'What Reuleaux calls '' kinematics," and 
wha't I mean now by the '' kinematics of 
machinery." 

Ths results of many years' work of 
Reuleau.x in connection with this subject 
are embodied in his book .Die Theoret
ische Kinematik, which I recently had 
the pleasure of translating, and I shall 
endeavor to give you an outline of his 
treatment of the subject. It cannot be 
:more than an outline, as you will readily 
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understand. The subject is a very large 
one, and I have had to choose between 
taking up many branches of it and merely 
mentioning each, and confining myself 
to a few points, and going more into de ... 
tail about them. I have chosen the lat
ter plan, believing that the former would 
be of little benefit to anybody. It will 
be easy for those who are sufficiently in
terested in the matter to follow it up, 
and to study those parts which I omit, 
by the aid of the book I have just men
tioned. My lecture to-day will be prin
cipally theoretical, and to-morrow � shall 
go more into practical applications. So 
far as possible, as I have Professor Reu
leau.x' s models before me, I shall endeav
or to follow his own order in treating the 
subject. 

I pres11me you are acquainted, to a 
certain extent, with the ordinary method 
of studying '' pure mechanism ; " the 
method originated by Monge (1806), de
veloped in Willis' well-known Principles 
of Mechanism (1841), and made popu ... 
lar, to a great extent, by Prof. Goodeve's 
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capital little text book and others. Each 
mechanism is studied for and by itself, 
in general, by the aid of simple alge
braic or trigonometric methods, and is 
spoken of in reference to a certain '' con
version" of motion which occurs in it. 
Thus, we have the con version of circular 
into reciprocating motion, the conver
sion of reciprocating · into circular, &c., 
and simple formulre express certain rela
tions between the motions of two or -
more moving points. In this way we 
know something important about a great 
n11mber of mechanisms, and arrive at 
many_ results which are both useful and 
interesting. Some things are still left 
wanting, however ; and these things may 
be summed up in this way: 

(1.) We notice at once that we he.ve 
· taken the mechanism as a whole. We 
do not analyze it in any way whatever, 
and therefore, 

(2) We have scarcely any knowledge 
of its relations with other mechanisms, 
or (what is quite as important) of the 
various forms which one and the same 
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mechanism may take. We shall see pre
sently how extraordinarily various these 
forms are, We have never a general 
case with special cases derived from it; 
each case is treated by itself as a special 
one. Then 

(3) The mechanism is studied in gen
eral from a point of view which gives us 
only the conditions of the motion of two 
points in it, or two portions of it, and is 
then left. The kinematic conditions of 
the mechanism as· a whole remain abso
lutely untouched. 

In such a mechanism as that of an or
dinary steam engine, for instanle, we 
study the relative motions of the guide 
block and the crank, or, ! I ought, per
haps, to say of the axes of the cross 
head and of the crank pin. We thus 
know the motions of two points in the 
rod which connects those axes, the '' con
necting rod,'' but we leave the motions· 
of its other points untouched. It may, of 
course, be said that these others are of 
much less practical importance. This is 
true to some extent, although their pmcti-
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cal importance is greater than might be 
supposed at :first. But in any case these 
motions must certainly be studied if we 
are to obtain a complete knowledge of 
the mechanism to which they belong. 
Any method of study, therefore, which 
covers all the kinematic conditions of the 
mechanism, instead of the mechanical 
conditions of two or three points only, 
possesses in that respect very great ad 
vantages. 

The treatment of mechanisms which I 
shall sketch to you, is in tended to rem
edy some of ·the defects which I have 
enumerated. Those of you who have 
studied modern geometry, side by side 
with the old methods, will recognize that 
these defects are somewhat analogous to 
those of Euclidean geometry. The a� 
tempt to remedy them proceeds in lines 
similar to those of modem geometry, 
and will eventually; I believe, when more 
fully worked out, take the same position 
in its 1.>wn subject. 

Let us, then, look first at the analysis 

of mechanisms. This is none the less 
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important a matter that its results are 
so very simple in many cases. A clear 
understanding of those elementary mat
ters is of great assistance in clearing up 
diffi�ulties which occur in the more ad

vanced parts of the subject. 
In a machine or a mechanism of any 

kind the motion of every piece must he 
absolutely determinate at every instant. 
It will be remembered that we are at 
present considering motion as change of 
position only, not in �eference to velocity. 
The motion of change of position may 
be determined by the direction and mag
nitude of all the external forces which 
act on the body; the motion is then said 
to be free, but it is obviously impossible 
to arrange such a condition of things in 

a machine. The motions may, however, 
be made absolutely determinate inde
pendently of the direction and magni
tude of external forces; and in 01·der that 
this may be the case, the moving bodies, 
or the moving and fixed bodies as the 
case may be, must be connected by 81.tit

able geometric forms. Motion, under 
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these cirr.11mstances, is called constrai-,ied 
motion.* 

If I allow e, prismatic block to slide 
down the surface of an inclined plane its 
motion will be free; it is determined by 
the combination of external forces which 
act upon the block. If the block be 
pressed on one side as it slides, it at 
once moves sideways, and can only be 
kept in a straight path if directly the 
pressure is exerted on the one side an 
equal and opposite force (or a force 
which has a resultant with the first in 
the direction of motion) be caused to 
act upon it on the other. If, on the 
other hand, the block be made to slide 
between accurately-fitting grooves (like 
a guide block in a machine), inclined at 
the same ang]e as the plane, and like it 
fixed, the block may be pressed sideways 
or in· any other direction, but no altera
tion in its motion can take piace ; the 
motion is '' constrained," it ean occur 

* Essentially it does not differ from free motion ; the 

difference really lies In the substitution of ,treMeB or 
molecular f&reelJ, which are under our comp]cte con• 

trol, for external forces. 
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only in the one direction permitted by 
the guiding grooves. In the one case 
the external force has to be balanced by 
another external force ; in the other the 

balancing force is molecular, i. e., is a, 

str688 and not an external force, and 
comes at once into play the instant the 
disturbing force is exerted. The geo
metric forms which are used in this way 
to constrain or render determinate the 
1I10tions in machines are very various, and 
are chosen in reference to the particular 
motion · required. If every point in a 
body be required to move in a circle 
about some fixed axis, a portion of the 
body is made in the form· of a solid of 
revolution about that axis, and this is 
caused to '' work in " another similar 
solid ; the two forming the familiar pin 
and eye. If all points of a body be re
quired to move in parallel straight lines 
we get, similarly for guiding forms, a pair 
of prisms of arbitrary cross section ; a 
slot and block. If every point of a 
body be required to move in a, helix of 
the same pitch we use a pair of screws 
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of· that pitch, one solid and one open, for 
constraining the motion-:a screw and nut. 

The general condition common to 
these very simple forms is that, in each 
case, the path of every point in the mo-v
ing body is absolutely determined at 
every instant, that is to say, the change 
of position of the moving body is abso
lutely determinate. 

The geometric name for these mutu
ally constraining bodies is envelopes, and 
· each one is said to envelope the other. 
We shall call them (kinematic) elements, 
and the combination ot two of 1Jbem we 
shall call a pair of elements. 

Those we have mentioned are special 
and very familiar and important cases of 
pairs of elements, which are of great 
simplicity. They have the common 
property of surface contact, the one en
closing the other, and are therefore 
-called closed or lower pairs of elements. 
They are, moreover, the only closed pairs 
which exist. They are, further, the only 
pairs in_ which all points of the moving 
element have similar pa.ire. 

31 
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Every point of an eye" for instance, 
moves in a circle about the Ftaroe axis. 
H there were attached to it a body of 
any size or form whatever, all its points 
would move about the same axis. The 
'' point paths " would all be concentric 
circles. Again, whatever the external 
size or shape of a nut, every point in it 
moves in a helix of the same pitch about 
the axis of the screw; the point path@, 
that is, would be similar. 

The general condition of dete1-minate
ness of motion can, however, be fulfilled 
by an immense number of other pairs of 
elem�nts. The theory of these is too 
large a subject to be entered into just 
now, I must merely direct your attentio11 
to the existence of such combinations. 

Fig. 1 represents one of the simplest 
that can be used. Here one of the ele
ments is an equilateral triangle, A.BO, 
the other is the ., duangle ,, RPSQ· 
The lattbr moves within the former, 
touching it always in three points, or 
rather along three lines. Its motion is 

t 

just as absolutely deterrninate as the 
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motion of a pin in an eye. It is free to 
move at any instant only about the point 
in which the three normals to the tri
angle at the points of contact intersect 
(as Q in the Fig.). The models before 
you show a few of the many forms taken 
by such pairs of elements. It is worth 

. 

while noticing a few points in which the 
motions deter,nined by them · differ 
from the motions of the closed pairs. 

First, as we have already seen, the con .. 
tact of .the elements determining the 
motion was surface contact in the former 

• 
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case, while here it takes place only along 
a finite number of ·lines. Then the mo
,tions of all points in the first case were 
E&imilar ; in these pairs the motions of 

the points are not similar, but entirely 
dissimilar, the motion of each point de
pending entirely upon its position. Fig. 
2 shows a few of the point paths of the 
pair of elements shown in Fig. 1. The 
strikingly different curves obtained from 
one pair of elements, according to the 
choice of the describing point, is too 
obvious to need further notice.• 

These pairs of elements are called 
higher pairs. They have only a few 
applications in practice, their interest 

being chiefly theoretical. From our 
present point of view their theoretic in
terest is considerable, because of their 
exact analogy with the lower pairs. 

There is another difference between 
the two kinds of pairs which deserves 
notice, for r04'sons which will be better 

• The triangle UTQ and the three curve• within tt, 
which have Mt for their center, are point paths. The 
curve triangle and the duangle shown In thicker lines 

will be explained further on. 
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understood afterwards. The pair of 
elements determine -the relative motion 
of the two bodies connected by them. If 
one body be stationary on the :floor or 
the earth, the moving body has the same 
motion relatively to the floor or earth 
that it has to the other element. If I 
move about both bodies in my hand, 

· both have motion relatively to the earth, 
but the relative motion of the one to the 
other remains unchanged. It is of 
course only a case differing in degree 
from the former one, for in the former 
one both bodies bad the motion of 
the earth itself, while one had the addi
tional motion which I gave it. We may, 
however, not to be pedantic, speak of 
anything as '' fixed," or '' stationary '' 
which has the same motion as the earth. 

Now, (in this sense). we may fi� e�ther 
element of a pair, and with the lower 
pa:irs the relative motion taking place 
remains the same whichever element 
be fixed. With the higher pairs, on 
the other hand, the relative motion is 
altered, and the point paths become en� 

• 
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tirely different. The point paths of the 
duangle relatively to the triangle are, for 
instance, quite different from those of 
the triangle relatively to the duangle. 
This change of the fixed element is 
called the iriversion of a pair. 

The ultimate result of Ollr analysis of 
mechanisms is then pairs of elements ; 
we cannot go below this. 'l'he pairs we 
have noticed are of two kinds .. , each hav-
ing their own definite characteristi�s. 
If, now, two or mo1�e elements of as 
ma11y different pairs be joined together 
we get a combination which is called a 
(kinematic) link. It is obvious that the 
f01"m of such a link is, kinematically, ab
solutely indifferent. The choice of its 
form and material belongs to machine 
design. It may be brick and mortar, 
cast iron, timber, as we shall see after
wards, but the fact that this is indiffer
ent, kinematically, cannot be too dis
tinctly kept in mind. 

We can make combinations of links 
by ·pairing the elements which each con
tain to partner elements in other links, and 
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such combinations are called kinematic 
chain,. Tims, if we denote similar ele
ments by similar lette111, aa, bb, re, &c., 
and the link connection by n. line, we 
may indicate some of the chains obtain
able from four pairs and lour links, thus: 

a-bb----c o---<ld-a 
(we 11uppose tho " chain " to ret11rn on 
itsell and the two clements a to be 
paired, the whole forming a cloled 
chain) ; or, 

a--cc-----bl>----dd-a 

a-dd--cc---M-a &c. 
For the snke of illuslmtion we give in 

Fig. 8 a s.kcWh of n. fnmiliar chai11 con
taining four link&, encil connected to thi, 
adjacent link by . a cylinder pair of ele-
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ments. The axes of the foure· pairs of 
elements are parallel. 

We have, then, in the kinematic chain, 
a combination so constructed that all its 
parts have determinate motions, motions 
absolutely fixed by the form of the ele-• 

ments carried by its links, and independ .. 
ent (considered as changes of position) 
of the application of external force. To 
convert the chain into a 1riecha1iism we . 
have only to do what we have already 
done in connection with pairs of ele
ments, fix one element-or, as each ele
ment is rigidly connected with a link, 
we may say preferably fi� one litik. Any 
link may be fixed, the chain, therefore, 
gives us as many mechanisms as it has 
links. In general these are dift'erent, in 
special cases only two or more of them 
are the same. We shall be able to enter 
into this part of our subject at some 
length in the next lecture ; at present it 
will suffice to note two or three of the 
leading characteristics of chains and 
mechanisms which we can now easily 
recognize. These are, 
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(i.) That the motion of any link re]a
tive to either adjacent link is determined 
by the pair of elements connecting 
them. 

(ii.) That the motion of any link rela
tive to any other than its adjacent links 
depends on all the elements of the 
chain. 

(iii.) That no link of a mechanism can 
be moved without moving all the other 
links except the fixed one, and 

·e(iv. ) That ·the1·e can be only one fixed 
link in a mechanism. 

The two last propositions require a few 
words of explanation. Suppose that in 
any combination of, say, four links, two 
can be moved without moving the other 
two, the combination is actually one of 
three links only, for clearly the two im
mo"able links may be made into orre, and 
are two only in riame. This is _very often 
the case in machinery, where special me
chan.isms are frequently used for the 
express purpose of connecting rigidly 
two or ·more links, and making them act 
as one, at certain intervals . 

• 
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If, however, in the combination sup
posed, one link be :fixed, while two can 
be moved and the fourth can eithe1· move 
or be stationa1'" y, the combination no 
longer comes under om· definitiono of· 
constrainm�nt, for the motions a1·e at a 
certain point indeterminate, at the point, 
namely, when it is possible for the fourth 
link either to move or to stand. Chains 
often occur in which this would be the 
case, were it not that mechanicians take 

,.means, either by adding othe1 chains or 
in other ways, to const1·ain the motion 
which would otherwise be useless to 
them. 

We have now obtained some idea of 
the way in which mechanisms are formed, 
of the elements of which they consist. 
Before applying the knowledge we have 
thus acquired I must direct yolllo'" atteno
tion to some geometric propositions 
which will greatly facilitate the theoretic 
dealing with these mechanisms. 

In order that I may not enter into too 
wide a subject, I shall confine myself 
here to the C(?nsideration only of '' con• 
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planeo'' motions, or motions in which all 
points of the moving body move in the 
same plane or in parallel planes. The 
limitation is a large one, but the cases 
included under conplane motion cover 
the greater part of those which occur in 
practice. The method which I have to 
describe is equally applicable to general 
motion in space as to �imple constrained 
conplane motions of which I shall speak. 

Let me remind you that the motion of 
any figure moving in a plane is known if 
the motion of any two points (i. e. of a 
line) in it be known. The motion of any 
body having conplane motion is known 
if the motion of a plane section of it, 
parallel to the plane of motion, be known. 
Such a plane section .of it is, of course, 
simply a plane figure moving in its own 
plane. The motion of any body having 
conplane motion (as in nine cases out of 
ten in machinery) can, therefore, be deter
mined by the determination of the mo
tion o� two points. In speaking now, 
there£ ore, of the motion of a line for·
shortness' sake, it must be remembered 

• 



42 

that we are really covering all cases of 
conplane motion of solid bodies. 

In Fig. 4 PQ and P 1Q1 are two posi
tions of the same plane figure, or plane 
section of a body having conplane mo
tion. If now we have two positions (in 
the same plane) of any plane figure, we 
know that the figure can always be 
moved from the one to the other by turn
i�g about some point in the plane. The 
position of the point 0, about which the 
:figure ca� be turned from the position 
PQ to the position P� Q1 can be found at 
once by the intersection of the normal 
bisectors to PP1 and QQ1• The motion · 
of PQ in the plane is, of course, its mo
tion relatively to the plane, and there
fore relatively to any figure (as A. B) in 
the plane. Such a point O as we have 
found here is called a temporary center, 
because the turning or motiono. takes 
place about it for some finite interval of 
time. It will be remembered that not 
only the two points and PQ of the figure, 
but every other point of it, must have a 

· movement about· this same point O at the 
• 
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same time. Now suppose we have some 

further position of the same figure, as 
for example at the position marked P1Q�, 
we can find in the same way the centero· 
about which the :figure must be turned to 
move from P1 to PtQi. We may indiQ1 

cate this point as 0 1 Similarly taking • 

other positions of this :figure PsQs and 
so on, we can find other points, 0 101, 

&c. By joining the points 00 0203, we
1 

obtain a polygon, and if the figure in its 
motion come back to its original position 
the polygon also comes _ back on itself, 
and passes again through the point· (). 
Such a polygon, whether it be closed in 
this way or not, is called a central poly
gon; its corners are the temporary cen
te1·s of the motion of the figt1re. 

I have pointed out that all the points 
in the figure PQ move round O during 
the motion from PQ to P 

1
Q 1 They• 

move round O necessarily through some 
particular angle, the angle POPo

1
, and 

every point moves through the same 
angle, which we may call <p1 As the • 

figure may have any form we choose, let 

• 
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us suppose it so extended as to contain 
a line which is the same length as 00

1
, 

and wl1ich makes with 00 the angle <p ,
1 1

that is to say, the angle through which 
the figure moves about 0. Such a line 
is shown in Fig. 4 by Ml\1 

1 • 

We have, then, a line MM1 forming a 
part of the figru·e PQ, equal in length to 
00 

1
, the points O and M coinciding, and 

the angle 0 MM being = cp • Then
1 1 1 

when the figure has completed its mo
tion about 0, MM and 00  ml1st coinJ 1 

cide. Take furt:tier similarly M
1
1\'f 

1 = O
1 

02 and so placed that when l\tI 
1 

coincides 
with 0 , < O M l'I = 'P-i., then when the 

1 2 1 2 

figure takes its third position, complet
ing the turning about 0 1 , M

1
M2 coincifles 

with 0
1 0�- ·similarly we can obtain M

1 

M4, &c. The figure thus found is another 
polygon, which we may call a second cen,
tral polygon. 

These polygons have important prop
erties, the principal of which can be very 
easily recognized. The first Jlolygon 
does not alter its po�ition dttring the 
motion of the body ; it is therefore fixed, 
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so that it may be considered as a part of 
a1iy .figure !Jitch as AB, which is fixed or 
stationary in the plane of motion. The 
second polygon moves with PQ a1id 
for11is (by construction) part of the same 
fig1,re 1vith. PQ. This second polygon 

then, by the consecutive turnings of its 
corne1·s upon the corresponding co1-ners 
of the first (and equal-sided) polygon, 
will give to PQ the required changes of 
position 1·elatively to the fixed plane or 
to the :figure AB lying in it. 

If, therefore, we know the cent1·al 
polygons for the given motion, we know 
not only the changes of position of the 
points P and Q, but those of every other 
point connected with the moving :figure, 
whatever form it may have. For at any 
one instant every point in the figure is 
moving about the same center. In 
studying the relative motions of the 
figures we may, therefore, quite leave 
out of sight their form if we only know 
the central polygons for the motion. 
These tell us, so far, all abol1t the mo
tion whicl1 is taking place. 

• 
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We may go fm·ther, however. We 
have recognized the fact that the relative 
motion of two figures or bodies may take 
place equally whethe1· one or the other 
of them be fixed, or both moving. In 
the case before us we have supposed AB 
fixed and PQ moving relatively to it. 
The second polygon then moves on the 
:first, and expresses the relative motion 
taking place. If, however, we suppose 
PQ fixed and AB moving. then the poly
gons still exp1�ess the relative motiono; 
but the second is now fixed and the :first 
rolls_ upon it. This follows directly from 
the constitution of the polygons. The 
properties of the polygons as expressing 
the relative motions of the bodies to 
which they belong are, therefore, re
ciprocal. 

You will have noticed, no doubt, that 
the polygons do not express continuous 
motion. They define only a series of 
changes of position in their beginning 
and end, not telling us of the intermedi
ate stages. 

We may, however, take the consecu-

• 
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tive position of the :figures as close to• 
gether as ioe like. The closer together 
they are taken the shorter become the 
sides of tl1e polygons. If at last the 
distances PP , P P�, QQ , &c., be taken,1 1 1

in.fi1iitely sniall, each corner of the poiy
gon will be i1ifiriitely close to the next 
one. That is to say the two polygons 
will become c·i'1rves, and of these curves 
'' infinitely small parts of equal length 
continually fall together after infinitely 
small rotations about thei1· end points." 
In other wo1·ds the two curves roll on 
one another during the continuous al
terations in the relative position of the 
two figures. Instead of finding points 
now by the intersection of normal bi
sectors, they are found by intersection 
of normals to the paths of P and Q (Fig. 
5). .  The turning about each point now 
occurs (not in general) for a finite period, 
but for an instant only. Each point is 
the1"efore called an instanta1ieous center. 
The curve containing all the instantane 
ous centers, or the locus of instantaneous 

' centers, is called a centroid. Without 
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giving them any special name, several 
writers on Mechanics have made more or 
less use of these curves. Among these I 

p 

Q 

• 

0 

A--------- B 

Fig,5 

may mention Dwelshauvers-Dery, Schell 
and Proll. Reuleaux has, however, given 
them a name (Polbahnen), and has 
made some special use of them, more, 
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I think, than has been made by former 
writers. 

While the polygons only represent a 
series of isolated positions of a body, the 
centroids, rolling on each other, repre
sent the �hole motion continuously. 
Like the central polygons thei1· proper
ties are reciprocal. If then the centroids 
of twoo• figures be known, thei1· relative 
motions for a series of changes of posi

• 

tion, each infinitely small, are also known, 
i. e., their motions are completely deter
mined. 

If AB and its centroid be fixed, and 
the centroid of PQ rolled upon it (Fig. 
5), we have now the mean_s of determin 
ing the path of motion of every point in 
the Fig. PQ relative to AB, whatever 
may be the form of PQ. It is sometimes 
of great convenience to be able to find 
the motions of all points in a body in 
such a very simple way. Re�iprocally 
we can determine the point paths of A 

· B relatively to PQ, which, in general, 
differ entirely from those of PQ rela
tively to AB . 

• 
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If both figures be moving, as frequently 
happens in })ractice, both centroids are 
also in motion ; their motion relative to 
each other, however, remains l1nalte1·ed. 
They still roll on one another, and their 
point of contact is still the instantaneous 
center of the motion of each relatively 
to the othe1·. Each :figure moves, rela-

-

tively to the other, about thiEI point, 
which being common to the two cen
troids, is common to the two figures. 
They might, therefore, for the instant, be 
connected at that point by a cylindric pair 
of elements. There are many problems 
of which the solution is greatly simpli
fied by the :recollection of this fact. 
The point in each figure which coincides 
with the instantaneous center, has, there
fore, no motion relatively to the other 
figure. We have already seen this in the 
special case where the one figure is sta
tionary, for then the point in which the 
moving centroid touches the fixed one 
is, by hypothesis, also stationary £01' the 
instant ; in other words, it has no motion 
relatively to the fixed centroid. \Ve now 
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see the general condition of which U1is is 
a special case. 

Fig. 6 shows the centroids !or the 
higher pair of elements of Fig. 1 .  The 
curve triangle UTQ is the centroid of 
the triangle ABC, and tte shaded duan-

gle PYQW  is the centroid of the duangle 
RPSQ.• Aa the duangle moves in tbo 
triangle (the elements sliding upon each 
other), its cenlroid rolls within U1e cen
troid of the triangle. Both centroids are 

• Tlle!<e centroids are �hown 011 0, larirer scale, apart 

tl"Om the element& to which they belou!(. lu Fiji'. l!. 
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in this case formed of arcs of circles, and 
all the point paths (being determined by 
the rolling of one circular a1·c upon 
another) are combinations of trochoidal 
arce. 

The centroids of kinematic chains are 
generally of greater complexity than 
those of the pairs of elements just men
tioned, but in some cases a1·e q1tite as 
simple. In Fig. 7, for example, is shown 
a mechanism familiar to engineers, in 
which a crank a drives a reciprocating 
bar c by means of a block b working in 
a slot. The centroids defining the rela
tive motions of the links a and c are the 
two circlee shown in full lines, one dou
ble the diameter of the other. These 
two circles both move as the mechanism 
works (supposing the link d to be fixed), 
but always so that they roll continuously 
one on the other. If instead of fixing d 
the crank a were made the fixed link, the 
same centroids would still express the 
relative motions of a and c. The smaller 
circle, the centro�d of a, would be sta.. 
tionary along with the link to which it 
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belongs, and the other would roll on it, 
the instantaneous center for the motion 
of the link c being always at their points 

of contact. This mechanism (a being 
fi:xed) is used in Oldham's coupling, in 
elliptic chucks, &c. Knowing these cen-
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troids we know all about the motions of 
the two co1"1·esponding links in the me
chanism, not only about the motions of 
some partict1lar points in these links. 

The centroids of kinematic chains can 
in general be very easily . determined. 
Once found they make us independent to 
a great extent of trigonometric or alge
braic formulre, and enable us to deter
mine all we wish to know by purely geo
metric graphic constructions. For tech
nical purposes, at least, this is freq11ently 
an immense advantage. There are very 
few cases in which it is not more con
venient for the engineer to employ a con
struction than a formula, if both give 
him the same result. 

Before looking at the centroids of 
other mechanisms, it is necessary to ex
amine one particula1· case which often 
occu1�s. Suppose that the lines PP1 and 
QQ1 in Fig. 4, or the tangents to the 
curves at P and Q in Fig. 5, had been 
parallel. It is obvio11s that the no1·mal 
bisecto1·s in the one case ando· the normals 
to the curve in the other then become 
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also parallel, or, as it is for some rensons 
more convenient to express it, would 
meet nt an infinite distance. The tem
porary center in the 0110 case and the 
instantaneous center in the other are at 
infinity. A centroid may, therefore, con
tain one or more points at an infinite 
distance, may have, that ia, one or more 
infinite branches. This constantly oc-

curs in mechanism, e.nd in some cases 
every point in the centroid is at an in
finite distance. This is, however, a 
special case ; its treatment does not offer 
any pra.ctical difficulty, but I cannot do 
more than mention its existence here. 

'l'he centroids of the connecting rod 
and frame of the ordinary steam engine 
dri,;ng mechanism (the links b and d of 
}i'ig. 8) mar serve a.s an illustration of 
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this. When the crank ct is at 1·ight an
gles to d, the normals to the paths of 
the two points 2 and 3 are parallel. The 
instantaneous center of h relatively to d 
is, therefore, at an infinite distance. 
Each centroid l1as, therefore, a pair of 

infinite branches. 
We may look, in conclusion, at one 

other case which possesses some special 
interest on account of the form taken by 
the centroids. It is shown in Fig. 9. 
The chain contains fom" links and four 
parallel cylinder pairs. The alternate 
links are equal, and the two longer links 
are crossed so that the chain f Ol"IDS an 
'' anti-parallelogram '' in every position, 
the angle at 2 being always equal to that 
at 4, and the angle at 1 to that at 3. If 
the link d be fixed, the links a and c be
come two cranks which revolve in oppo
site directions with a varying velocity 
ratio. The centroids of b and d are a 
pair of hyperboloo having their foci at 2 
3 and 1 4 respectively. The one rolls 
upon the other as b moves, the instan
taneous center in the position shown-be-
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ing at the point of contact 0, which is 
the point of intersection of 1 2 and 8 4. 
The centroids of the two shorter links 
are the two ellipses which are shown in 
dotted lines. They are confocal with 
the hyperbolre, and their point of con
tact is always at the intersection of 1 4 
and 2 3. Th1:,ir form shows at once that 
the rotation of the axes 1 and 4 is pre
cis�ly the same as that which would be 
communicated by a pair of elliptic spur 
wheels having the centroids for their 
pitch ellipses. 

In this mechanism, as in some of the 
others illustrated, the centroids of two 
adjacent links, as a and cl or b and (•, are 
simply a pair of coincident points which 
roll upon each other. They fol'·m thus a, 

limiting case of centroids, but every the
orem w�ch applies to the more extended 
centroidal curves applies also to these 
points, as can easily be seen on exami
nation. 
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	THE KINEMATICS OF MACHINERY. 
	THE KINEMATICS OF MACHINERY. 
	MosT of the models used to illustrate this and the following le<;ture belong to the Kinematic Collection of the Gewerbe-Akademie in Berlin, and have been desied by Professor Reu.leaux, who is the Director of the Academy and a Professor in it. The rest were sent to the Loan Collection by �essrs. Hoff and Voigt of Berlin, and Messrs. Bock and Handrick of Dresden. In essentials there is no difference between the Berlin and the Dresden models. Both have been desied specially for use in instruction in the Kin
	gn
	gn

	I must first try to explain briefly, but exactly, what I mean by the phrase '' Kinematics of machinery." Professor Reu]eaux, whose models are before us, defines a machine as '' a combination of resistant bodies so arranged that by their means the mechanical forces of nature 
	• 
	• 
	can be compelled to do work accompanied by certain determinate motions." The complete course of machine instruction followed in some of the Continental technical schools covers something like the following ground: 
	First, there is the perfectly general study of machinery, technologically and teleologically. Then there comes what we may call the study of prime movers, which in terms of our definition would be the study of the arrangements by means of which the natural forces can be best compelled to do the required work. 
	Then comes the study of what may be called ,1. direct actors," or the direct-acting parts of machine1�y ; in the terms of our definition, the arrangement of the 
	parts of a niachi1ie i1i such a way as best to obtain the required result. Next comes what we call machine design; the givin.g to the bodies forming the machine the requisite quality of resistance. Machine design is based principally on a study of the strength of materials. 
	One clause of the definition still re
	-

	• 
	23 
	mains untouched. The machine, we said, does work accompanied by certain determinate motions. Corresponding to this we have in machine instruction the Btud.if of those arrangements in the machine b.lJ which the mut·ual motions of its 
	parts, considered as changes of position only, are determined. The limitation here must be remembered; motion is considered only as a change of position, not taking into account either force or velocity. This is what Professor Willis long ago called the '' science of ure mechanism," what Rankine has called the '' geometry of machinery," 'What Reuleaux calls '' kinematics," and wha't I mean now by the '' kinematics of machinery." 
	p

	Ths results of many years' work of Reuleau.x in connection with this subject are embodied in his book .Die Theoretische Kinematik, which I recently had the pleasure of translating, and I shall endeavor to give you an outline of his atment of the subject. It cannot be :more than an outline, as you will readily 
	tre

	24 
	understand. The subject is a very large one, and I have had to choose between taking up many branches of it and merely mentioning each, and confining myself to a few points, and going more into de ... tail about them. I have chosen the latter plan, believing that the would be of little benefit to anybody. It will be easy for those who are sufficiently interested in the matter to follow it up, and to study those parts which I omit, by the aid of the book I have just mentioned. My lecture to-day will be pr
	former

	subject. 
	I pres11me you are acquainted, to a certain extent, with the ordinary method of studying '' pure mechanism ; " the method originated by Monge (1806), developed in Willis' Princiles Mechanism (1841), and made ou ... lar, to a great extent, by Prof. Goodeve's 
	well-known 
	p
	of 
	p
	p

	capital little text book and others. Each 
	mechanism is studied for and by itself, 
	in general, by the aid of simple alge
	braic or trigonometric methods, and is 
	spoken of in reference to a certain '' con
	version" of motion which occurs in it. 
	Thus, we have the con version of circular 
	into reciprocating motion, the conver
	sion of reciprocating · into circular, &c., 
	and simple formulre express certain rela
	tions between the motions of two or 
	-

	more moving points. In this way we 
	know something important about a great 
	n11mber of mechanisms, and arrive at 
	many_ results which are both useful and 
	interesting. Some things are still left 
	wanting, however; and these things may 
	be summed up in this way: 
	(1.) We notice at once that we he.ve · taken the mechanism as a whole. We 
	do not analyze it in any way whatever, 
	and therefore, 
	(2) We have scarcely any knowledge of its relations with other mechanisms, or (what is quite as important) of the various forms which one and the same 
	may take. We shall see presently how extraordinarily various these forms are, We have never a general case with special cases derived from it; each case is treated by itself as a special one. Then 
	mechanism 

	(3) The mechanism is studied in general from a point of view which gives us only the conditions of the motion of two points in it, or two portions of it, and is then left. The kinematic conditions of the mechanism as· a whole remain absolutely untouched. 
	In such a mechanism as that of an ordinary steam engine, for instanle, we study the relative motions of the guide ! I ought, perhaps, to say of the axes of the cross head and of the crank pin. We thus know the motions of two points in the rod which connects those axes, the '' connecting rod,'' but we leave the motions· of its other points untouched. It may, of course, be said that these others are of much less practical importance. This is true to some extent, although their pmcti
	block and the crank, or, 
	-

	cal importance is greater than might be supposed at :first. But in any case these motions must certainly be studied if we are to obtain a complete knowledge of the mechanism to which they belong. Any method of study, therefore, which covers all the kinematic conditions of the mechanism, instead of the mechanical conditions of two or three points only, possesses in that respect very great ad vantages. 
	The treatment of mechanisms which I shall sketch to you, is in tended to remedy some of the defects which I have enumerated. Those of you who have studied modern geometry, side by side with the old methods, will recognize that these defects are somewhat analogous to those of Euclidean geometry. The a� tempt to remedy them proceeds in lines similar to those of modem geometry, and will eventually; I believe, when more fully worked out, take the same position .>wn subject. 
	·
	in its 
	1

	Let us, then, look first at the analysis of mechanisms. This is none the less 
	a matter that its results are so very simple in many cases. A clear understanding of those elementary matters is of great assistance in clearing up 
	important 

	which occur in the more ad
	diffiŁulties 

	vanced parts of the subject. 
	In a machine or a mechanism of any kind the motion of every piece must he absolutely determinate at every instant. 
	It will be remembered that we are at present considering motion as change of position only, not in �eference to velocity. The motion of change of position may be determined by the direction and magnitude of all the external forces which act on the body; the motion is then said to be free, but it is obviously impossible to arrange such a condition of things in a machine. The motions may, however, be made absolutely determinate independently of the direction and magnitude of external forces; and in 01·der 
	, 
	Artifact
	29 
	these is called constrai-,ied motion.* 
	cirr.11mstances,

	If I allow e, prismatic block to slide down the surface of an inclined plane its motion will be free; it is determined by the combination of external forces which act upon the block. If the block bpressed on one side as it slides, it at once moves sideways, and can only be kept in a straight path if directly the pressure is exerted on the one side an equal and opposite force (or a force which has a resultant with the first in the direction of motion) be caused to act upon it on the other. If, on the other h
	e 

	* Essentially it does not differ from free motion ; the difference really lies In the substitution of ,treMeB or molecular f&reelJ, which are under our comp]cte con• trol, for external forces. 
	Artifact

	30 
	only in the one direction permitted by the guiding grooves. In the one case the external force has to be balanced by another external force; in the other the 
	balancing 
	balancing 
	balancing 
	force 
	is 
	molecular, 
	i. e., is 
	a, 

	str688 
	str688 
	and 
	not 
	an 
	external 
	force, 
	and 

	comes 
	comes 
	at once 
	into 
	play the instant the 


	disturbing force is exerted. The geometric forms which are used in this way to or render determinate the 1I10tions in machines are very various, and are chosen in reference to the particular motion · required. If every point in a body be required to move in a circle about some fixed axis, a portion of the body is made in the form· of a solid of revolution about that axis, and this is caused to '' work in " another similar solid ; the two forming the familiar pin and eye. If all points of a body be require
	constrain 

	of·that pitch, one solid and one open, for constraining the motion-a screw and nut. 
	Artifact
	:

	The general condition common to these very simple forms is that, in each case, the path of every point in the mo-ving body is absolutely determined at every instant, that is to say, the change of position of the moving body is absolutely 
	determinate. 

	The geometric name for these mutually constraining bodies is envelopes, and 
	· each one is said to envelope the other. We shall call them (kinematic) elements, and the combination ot two of 1Jbem we shall call a pair of elements. 
	Those we have mentioned are special and very familiar and cases of pairs of elements, which are of great simplicity. They have the common property of surface contact, the one enclosing the other, and are therefore 
	important

	-called closed or lower pairs of elements. They are, moreover, the only closed pairs which exist. They are, further, the only pairs in_ which all points of the moving element have similar pa.ire. 
	Artifact

	31 
	Every point of an eye" for instance, moves in a circle about the Ftaroe axis. H there were attached to it a body of any size or form whatever, all its points would move about the same axis. The '' point paths " would all be concentric circles. Again, whatever the external size or shape of a nut, every point in it moves in a helix of the same pitch about the axis of the screw; the point path@, that is, would be similar. 
	The general condition of dete1-minateness of motion can, however, be fulfilled by an immense number of other pairs of elem�nts. The theory of these is too large a subject to be entered into just now, I must merely direct your attentio11 to the existence of such combinations. 
	Fig. 1 represents one of the simplest that can be used. Here one of the elements is an equilateral triangle, A.BO, the other is the ., duangle ,, RPSQ· The lattbr moves within the former, touching it always in three points, or rather along three lines. Its motion is 
	t 
	just as absolutely deterrninate as the 
	motion of a pin in an eye. It is free to move at any instant only about the point in which the three normals to the triangle at the points of contact intersect (as Qin the Fig.). The models before you show a few of the many forms taken by such pairs of elements. It is worth 
	Figure
	. 
	while noticing a few points in which the motions by them · differ from the motions of the closed pairs. First, as we have already seen, the con .. tact of .the elements determining the motion was surface contact in the former 
	deter,nined 

	• 
	case, while here it takes place only along a finite number of ·lines. Then the mo,tions of all points in the first case were E&imilar ; in these pairs the motions of the points are not similar, but entirely the motion of each point depending entirely upon its position. Fig. 2 shows a few of the point paths of the pair of elements shown in Fig. 1. The strikingly different curves obtained from one pair of elements, according to the choice of the describing point, is too obvious to need further notice.• 
	dissimilar, 

	These pairs of elements are called higher pairs. They have only a few applications in practice, their interest being chiefly theoretical. From our present point of view their theoretic interest is considerable, because of their exact analogy with the lower pairs. 
	There is another difference between the two kinds of pairs which deserves notice, for r04'sons which will be better 
	• The triangle UTQ and the three curve• tt, which have Mt for their center, are point paths. The curve triangle and the duangle shown In thicker lines will be explained further on. 
	within

	Figure
	Q
	f"ia;,2 
	f"ia;,2 
	.• 
	understood The pair of elements determine -the relative motion of the two bodies connected by them. If one body be stationary on the :floor or the earth, the moving body has the same motion relatively to the floor or earth that it has to the other element. If I move about both bodies in my hand, 
	afterwards. 

	· both have motion relatively to the earth, but the relative motion of the one to the other remains unchanged. It is of course only a case differing in degree from the former one, for in the former one both bodies bad the motion of the earth itself, while one had the additional motion which I gave it. We may, however, not to be pedantic, speak of anything as '' fixed," or '' stationary '' which has the same motion as the earth. Now, (in this sense). we may fi� e�ther element of a pair, and with the lower p
	Artifact
	Artifact
	Artifact

	• 
	• 
	tirely different. The point paths of the duangle relatively to the triangle are, for instance, quite different from those of the triangle relatively to the duangle. This change of the fixed element is called the iriversion of a pair. 
	The ultimate result of Ollr analysis of mechanisms is then pairs of elements; we cannot go below this. 'l'he pairs we have noticed are of two kinds .. each having their own definite characteristi�s. If, now, two or mo1�e elements of as ma11y different pairs be joined together we get a combination which is called a (kinematic) link. It is obvious that the f01"m of such a link is, kinematically, absolutely indifferent. The choice of its form and material belongs to machine design. It may be brick and mortar,
	, 
	-

	We can make combinations of links by ·pairing the elements which each contain to partner elements in other links, and 
	37 
	such combinations are called kinematic chain,. Tims, if we denote similar elements by similar lette111, aa, bb, re, &c., and the link connection by n. line, we may indicate some of the chains obtainable from four pairs and lour links, thus: 
	a-bb----c o---<ld-a 
	(we 11uppose tho "chain " to ret11rn on itsell and the two clements a to be paired, the whole forming a cloled chain) ; or, 
	a--cc-----bl>----dd-a 
	a--cc-----bl>----dd-a 
	a-dd--cc---M-a &c. 
	For the snke of illuslmtion we give in 
	Figure
	Fig. 8 a s.kcWh of n. fnmiliar chai11 containing four link&, encil connected to thi, adjacent link by . a cylinder pair of ele
	-

	-: 
	38 
	ments. The axes of the foure· pairs of elements are parallel. 
	We have, then, in the kinematic chain, a combination so constructed that all its parts have determinate motions, motions absolutely fixed by the form of the ele-
	• 
	ments carried by its links, and independ .. ent (considered as changes of position) of the application of external force. To convert the into a 1riecha1iism we 
	chain 

	. 
	have only to do what we have already done in connection with pairs of elements, fix one element-or, as each element is rigidly connected with a link, we may say preferably fi� one litik. Any link may be fixed, the chain, therefore, gives us as many mechanisms as it has links. In general these are dift'erent, in special cases only two or more of them are the same. We shall be able to enter into this part of our subject at some length in the next lecture ; at present it will suffice to note two or three of 
	leading characteristics of chains and mechanisms which we can now easily 


	recognize. These are, 
	recognize. These are, 
	(i.) That the motion of any link re]ative to either adjacent link is determined by the pair of elements connecting them. 
	(ii.) That the motion of any link rela
	tive to any other than 
	tive to any other than 
	tive to any other than 
	its 
	adjacent links 

	depends 
	depends 
	on 
	all 
	the 
	elements 
	of 
	the 

	chain. 
	chain. 


	(iii.) That no link of a mechanism can be moved without moving all the other links except the fixed one, and 
	·e(iv.) That ·the1·e can be only one fixed link in a mechanism. 
	The two last propositions require a few words of explanation. Suppose that in any combination of, say, four links, two can be moved without moving the other two, the combination is actually one of three links only, for clearly the two immo"able links may be made into orre, and are two only in riame. This is _very often the case in machinery, where special mechan.isms are frequently used for the express purpose of connecting rigidly two or ·more links, and making them act as one, at certain intervals . 
	• 
	40 
	40 
	• 

	If, however, in the combination supposed, one link be :fixed, while two can be moved and the fourth can eithe1· move or be stationa1y, the combination no longer comes under om· definitionoof
	'" 

	· constrainmŁnt, for the motions a1·e at a certain point indeterminate, at the point, namely, when it is possible for the fourth link either to move or to stand. Chains often occur in which this would be the case, were it not that mechanicians take 
	,.
	means, either by adding othe1chains or in other ways, to const1·ain the motion which would otherwise be useless to them. 
	We have now obtained some idea of the way in which mechanisms are formed, of the elements of which they consist. Before applying the knowledge we have thus acquired I must direct yollloattenotion to some geometric propositions which will greatly facilitate the theoretic dealing with these mechanisms. 
	'" 

	In order that I may not enter into too wide a subject, I shall confine myself here to the C(?nsideration only of '' con• 
	41 
	planeo'' motions, or motions in which all points of the moving body move in the same plane or in parallel planes. The is a large one, but the cases included under conplane motion cover the greater part of those which occur in practice. The method which I have to describe is equally applicable to general motion in space as to Łimple constrained conplane motions of which I shall speak. 
	limitation 

	Let me remind you that the motion of any figure moving in a plane is known if the motion of any two points (i. e. of a line) in it be known. The motion of any bodhaving conplane motion is known if the motion of a plane section of it, parallel to the plane of motion, be known. Such a plane section .of it is, of course, simply a plane fie moving in its own plane. The motion of any bodhaving conplane motion (as in nine cases out of ten in machinery) can, therefore, be determined by the determination of the mo
	y 
	gur
	y 

	·shortness' sake, it must be remembered 
	• 
	that we are really covering all cases of 
	conplane motion of solid bodies. In Fig. 4 PQ and PQare two positions of the same plane fire, or plane section of a body having conplane motion. If now we have two positions (in the same plane) of any plane fire, we know that the figure can always be moved from the one to the other by turni�g about some point in the plane. The position of the point 0, about which the :figure ca� be turned from the position PQ to the position P� Qcan be found at once by the intersection of the normal bisectors to PPand QQ
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	same time. Now suppose we have some further position of the same figure, as for example at the position marked PQ�, we can find in the same way the centeroabout which the :fire must be turned to move from Pto PQWe may indi
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	gu
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	1 Similarly taking 
	Q
	cate this point as 0
	1 

	• 
	other positions of this :fire PQand so on, we can find other points, 00, &c. By joining the points 0000, we
	gu
	s
	s 
	1
	1
	2
	3

	1 
	obtain a polygon, and if the figure in its motion come back to its original position the polygon also comes _ back on itself, and passes again through the point(). Such a polygon, whether it be closed in this way or not, is called a central polygon; its corners are the temporary cente1·s of the motion of the fi1re. 
	· 
	gt

	I have pointed out that all the points n the fie PQ move round O during QThey
	i
	gur
	the motion from PQ to P 
	1
	1

	• 
	move round O necessarily through some , and every point moves through the same angle, which we may call <pAs the 
	particular angle, the angle POPo
	1
	1

	• 
	fire may have any form we choose, let 
	gu

	• 
	us suppose it so extended as to contain a line which is the same length as 00, and wl1ich makes with 00 the angle <p,
	1

	1 1
	that is to say, the angle through which the figure moves about 0. Such a line is shown in Fig. 4 by Ml\1 
	1 

	• 
	forming a gru·e PQ, equal in length to 00 , the points O and M coinciding, and the angle 0MMbeing = cp• Then
	We have, then, a line MM
	1 
	part of the fi
	1

	11 1 
	when the figure has completed its motion about 0, MMand 00 ml1st coin
	J 1 
	cide. Take furt:tier similarly M1\'f =Oand so placed that when l\tI coincides , < O Ml'I = 'P, then when the 
	1
	1 
	1 
	0
	2 
	1 
	with 0 
	-i.

	1 212 
	figure takes its third position, completing the turning about 0, MMcoincifles with 00�-·similarly we can obtain M4, &c. The figure thus found is another polygon, which we may call a second cen,
	1
	1
	2 
	1 
	1 
	M

	tral polygon. 
	These polygons have important properties, the principal of which can be very easily recognized. The first Jlolygon does not alter its po�ition dttring the motion of the body; it is therefore fixed, 
	that it may be considered as a part of a1iy .figure !Jitch as AB, which is fixed or stationary in the plane of motion. The second polygon moves with PQ a1id for11is (by construction) part of the same fig1,re 1vith. PQ. This second polygon then, by the consecutive turnings of its corne1·s upon the corresponding co1-ners of the first (and equal-sided) polygon, will give to PQ the required changes of position 1·elatively to the fixed plane or to the :fie AB lying in it. 
	so 
	gur

	If, therefore, we know the cent1·al polygons for the given motion, we know not only the changes of position of the points P and Q, but those of every other point connected with the moving :fire, whatever form it may have. For at any one instant every point in the fire is moving about the same center. In studying the relative motions of the figures we may, therefore, quite leave out of sight their form if we only know the central polygons for the motion. These tell us, so far, all abol1t the motion whicl1 i
	gu
	gu
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	We may go fm·ther, however. We have recognized the fact that the relative motion of two figures or bodies may take place equally whethe1· one or the other of them be fixed, or both moving. In the case before us we have supposed AB fixed and PQ moving relatively to it. The second polygon then moves on the :first, and expresses the relative motion taking place. If, however, we suppose PQ fixed and AB moving. then the polygons still exp1�ess the relative motiono; but the second is now fixed and the :first rol
	ciprocal. 
	You will have noticed, no doubt, that the polygons do not express continuous motion. They define only a series of changes of position in their beginning and end, not telling us of the intermediate stages. 
	We may, however, take the consecu-
	• 
	47 
	tive position of the :figures as close to• gether as ioe like. The closer together they are taken the shorter become the sides of tl1e polygons. If at last the , P PŁ, QQ, &c., be taken,
	distances PP 

	111
	in.fi1iitelsniall, each corner of the poiygon will be i1ifiriitelclose to the next one. That is to say the two polygons will become c·i'1rves, and of these curves ''infinitely small parts of equal length continually fall together after infinitely small rotations about thei1· end points." In other wo1·ds the two curves roll on one another during the continuous alterations in the relative position of the two figures. Instead of finding points now by the intersection of normal bisectors, they are found by i
	y 
	y 

	5).. The turning about each point now occurs (not in general) for a finite period, but for an instant only. Each point is the1"efore called an instanta1ieous center. The curve containing all the instantane ous centers, or the locus of instantaneous 
	' 
	centers, is called a centroid. Without 
	giving them any special name, several writers on Mechanics have made more or less use of these curves. Among these I 
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	may mention Dwelshauvers-Dery, Schell and Proll. Reuleaux has, however, given them a name (Polbahnen), and has made some special use of them, more, 
	49 
	I think, than has been made by former 
	writers. 
	While the polygons only represent a 
	series of isolated positions of a body, the 
	centroids, rolling on each other, repre
	sent the Łhole motion continuously. 
	Like the central polygons thei1· proper
	ties are reciprocal. If then the centroids 
	of twoo• figures be known, thei1· relative 
	motions for a series of changes of posi
	• 
	tion, each infinitely small, are also known, 
	i. e., their motions are completely determined. 
	If AB and its centroid be fixed, and the centroid of PQ rolled upon it (Fig. 
	5), we have now the mean_s of determin ing the path of motion of every point in the FigPQ relative to AB, whatever may be the form of PQ. It is sometimes of great convenience to be able to find the motions of all points in a body in such a very simple way. Re�iprocally we can determine the point paths of A · B relatively to PQ, which, in general, differ entirely from those of PQ rela
	. 

	tively to AB . 
	• 
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	If both figures be moving, as frequently happens in })ractice, both centroids are also in motion; their motion relative to each other, however, remains l1nalte1·ed. They still roll on one another, and their point of contact is still the instantaneous center of the motion of each relatively to the othe1·. Each :figure moves, rela-
	-
	tively to the other, about thiEI point, which being common to the two centroids, is common to the two figures. They might, therefore, for the instant, be connected at that point by a cylindric pair of elements. There are many problems of which the solution is greatly fied by the :recollection of this fact. The point in each figure which coincides with the instantaneous center, has, therefore, no motion relatively to the other figure. We have already seen this in the special case where the one figure is st
	simpli
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	see the general condition of which U1is is a special case. 
	Fig. 6 shows the centroids !or the higher pair of elements of Fig. 1. The curve triangle UTQ is the centroid of the triangle ABC, and tte shaded duan
	-

	Figure
	gle PYQW is the centroid of the duangle RPSQ.• Aa the duangle moves in tbo triangle (the elements sliding upon each other), its cenlroid rolls within U1e centroid of the triangle. Both centroids are 
	• Tlle!<e centroids are Łhown 011 0, larirer scale, apart tl"Om the element& to which they belou!(. lu Fiji'. l!. 
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	in this case formed of arcs of circles, and all the point paths (being by the rolling of one circular a1·c upon another) are combinations of trochoidal arce. 
	determined

	The centroids of kinematic chains are generally of greater complexity than those of the pairs of elements just mentioned, but in some cases a1·e q1tite as simple. In Fig. 7, for example, is a mechanism familiar to engineers, in which a crank a drives a reciprocating bar c by means of a block b working in a slot. The centroids defining the relative motions of the links a and c are the two circlee shown in full lines, one dou
	shown 

	ble the diameter of the other. These 
	two circles both move as the mechanism works (supposing the link d to be fixed), but always so that they roll continuously one on the other. If instead of fixing d the crank a were made the fixed link, the same centroids would still express the relative motions of a and c. The smaller circle, the centroŁd of a, would be sta.. tionary along with the link to which it 
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	belongs, and the other would roll on it, the instantaneous center for the motion of the link c being always at their points 
	Figure
	of contact. This mechanism (a being fi:xed) is used in Oldham's coupling, in elliptic chucks, &c. Knowing these cen
	-
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	troids we know all about the motions of 
	the two co1"1·esponding links in the me
	chanism, not only about the motions of 
	some partict1lar points in these links. 
	The centroids of kinematic chains can in general be very easily . determined. Once found they make us independent to a great extent of trigonometric or algebraic formulre, and enable us to determine all we wish to know by purely geometric graphic constructions. For technical purposes, at least, this is freq11ently an immense advantage. There are very few cases in which it is not more convenient for the engineer to employ a construction than a formula, if both give him the same result. 
	Before looking at the centroids of other mechanisms, it is necessary to exone particula1· case which often occu1�s. Suppose that the lines PP1 and QQin Fig. 4, or the tangents to the curves at P and Q in Fig. 5, had been parallel. It is obvio11s that the no1·mal bisecto1·s in the one case ando· the normals to the curve in the other then become 
	amine 
	1 
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	also parallel, or, as it is for some rensons more convenient to express it, would meet nt an infinite distance. The temporary center in the 0110 case and the instantaneous center in the other are at infinity. A centroid may, therefore, contain one or more points at an infinite distance, may have, that ia, one or more infinite branches. This constantly oc
	-

	Figure
	curs in mechanism, e.nd in some cases every point in the centroid is at an infinite distance. This is, however, a special case ; its treatment does not offer any pra.ctical difficulty, but I cannot do more than mention its existence here. 
	'l'he centroids of the connecting rod and frame of the ordinary steam engine dri,;ng mechanism (the links band d of }i'ig. 8) mar serve a.s an illustration of 
	56 
	this. When the crank ct is at 1·ight angles to d, the normals to the paths of the two points 2 and 3 are parallel. The instantaneous center of h relatively to d is, therefore, at an infinite distance. Each centroid l1as, therefore, a pair of infinite branches. 
	We may look, in conclusion, at one other case which possesses some special interest on account of the form taken by the centroids. It is shown in Fig. 9. The chain contains fom" links and four parallel cylinder pairs. The alternate links are equal, and the two longer links are crossed so that the chain f Ol"IDS an '' anti-parallelogram '' in every position, the angle at 2 being always equal to that at 4, and the angle at 1 to that at 3. If the link d be fixed, the links a and c become two cranks which revo
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	ing at the point of contact 0, which is the point of intersection of 1 2 and 8 4. The centroids of the two shorter links are the two ellipses which are shown in dotted lines. They are confocal with the herbolre, and their point of contact is always at the intersection of 1 4 and 2 3. Th1:,ir form shows at once that the rotation of the axes 1 and 4 is precis�ly the same as that which would be communicated by a pair of elliptic spur wheels having the centroids for their pitch ellipses. 
	yp

	In this mechanism, as in some of the others illustrated, the centroids of two adjacent links, as a and cl or b and (•, are simply a pair of coincident points which roll upon each other. They fol'·m thus a, limiting case of centroids, but every theorem w�ch applies to the more extended centroidal curves applies also to these points, as can easily be seen on examination. 






