
APPENDIX: 

MATHEMATICAL TRACTS 

Often the reader of a mathematically oriented paper does not 

have the mathematical background of the writer of the paper. 

Such a reader would like to understand the n1aterial (or he would 

not be trying to read the paper) but "gets lost" because of the 
mathen1atics he has forgotten or never learned. For a writer to 
attempt to tie up the number of loose ends that n1ay occur by 

reference to "standard ,vorks" 1nakes life difficult for the reader, 
who is uncertain about what he needs for clarification. The 

matter of reference is not 1nade easier by the fact that many 
different notations are used. 

These tracts attempt to 1neet the above proble1n by presenting 

the n1athematical tools in an orderly fashion, ,vith a degree of 
con1pleteness adequate for their application in this book. Obvi
ously an exhaustive treat1nent of each topic is quite i1npossible; 
if the reader is sufficiently curious to want to know how much is 
missing, then he is ref erred to the standard ,vorks. 

In preparing this volun1e it was realized that it would be desirable 

to hold all the n1aterial to a unif or1n notation, to achieve maximum 
carry-over between sections. It was in1possible to do this, how

ever, for there are not enough symbols available to allow each to 

have a universally unique 1neaning, and consequently the sa1ne 

sy1nbol may have a variety of n1eanings. These different quali
ties will be indicated as they occur. After that, association and 
context will establish ,vhich rneaning prevails. 

Whenever feasible, illustrations of the 1naterial treated ,vill be in 
ter1ns of pertinent kine1natic proble1ns. 
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The material presented is intended to serve as a guide or refresher 
to those whose acquaintance with these topics is slight. The reader will 
have to take on faith the fact that rigorous proofs are available for state-
1nents n1ade and conclusions drawn. Derivations judged useful in dis
playing the operations involved are included. 

A-1 COMPLEX :'-ll:MBERS 

About Symbolism 

:.\Iathe1natics is a sy1nbolic language. It n1akes use of sy1nbols-letters, 
characters, abbreviations, or signs-that represent an idea or quality, as 
an operation or relation. :.\1agnitudes and operations are usually indi
cated by single letters, operators by particular signs, although an operator
,nay be a letter such as i. These syn1bols con1prise a shorthand used 
either to 1nake staternents or to give instructions in a cornpact 1nanner. 

1\. n1athe1natical systen1, as algebra, concerns itself ,vith a systen1 
of 1nagnitudes and operations built up of certain chosen elen1ents. It 
sets up a nu1nber of "rules of play" that pern1it certain combinations to 
be considered as equivalent. ,vhen expressed in the sy,nbolic language, 
the equivalence is declared in the sy1nbolic equation. The staten1ent of 
equivalence (in ,vhich the various necessary operations are included) could 
be given in ordinary language, but it is n1uch 1nore concise when written 
in the syn1bolisn1 pertinent to the nature of the state1nent. 

About Numbers 

The concept of the size, or magnitude, of a thing, isolated f ron1 all other 
qualities of the thing, is the concept of a natural nun1ber, as 1, 2, 3, ... , 
tha.t is, positive integers. For the establish1nent of a calculating proce
dure, the positive integers n1ust be aug1nented by rational fractions,
irrational nu,nbers, negative numbers, and zero. The positive, zero, and 
negative nu111bers are called real nu1nbersa1 and rnay be co,nposed of 
several natural nun1bers. 

Any real nun1ber, positive or negative, has the property of desig
nating a point by acting as a coordinate. A group of such nurnbers, each 
represented by a single coordinate, fonns one-di1nensional space (,ve shall 
find it convenient, in the n1anner of the ancient Greeks, to give our algebra 
a geo1netric interpretation). When these nu1nbers are displayed as points 
along a straight line, each point is the coordinate of its nun1ber. A one
dimensional nun1ber c, co1nposed of the sum of t,vo others, a and b, each 

1 Real numbers are the numbers that correspond to the distance-positive, 
negative, or zero-measured from a fixed point O on a straight line. 
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FIGt:RE A-l The one-dimensional number c = a + b. The ele
ments a and b must be real numbers, and are laid off collinearly. 

of which is itself a real number, is shown in Fig. A-1. In symbolic form, 
c = a + b. The directions are to lay off a and then perforn1 the opera
tion indicated by the + sign. This rneans the laying off of b collinearly 
and to the right of a; the operation is that of addition. 

When an ordered pair of nun1bers, written (a, b), defines a third 
number c = (a, b), then c is called a co1nplex number. To discuss co1n
plex numbers, it will be necessary first to develop the concept of the 
"imaginary" unit, V-1. 

The Meaning of the Negative Sign 

Suppose· that we have a line with marks on it (Fig. A-2), the distance 
between the n1arks being in units of, say, a. One n1ark is designated as 
the origin 0, the direction to the right being agreed on as positive, to the 
left as negative. The distance OA is then 3a, and the distance OA' is 
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FIGt;RE A-2 The negative sign-a reverser of direction. 



372 KINEMATIC SYNTHESIS OF LINKAGES 

-3a; the distinction between the t,vo is that they are 180e° "apart," in 
the sense that, if we imagined 0A to be pivoted at 0, it could be turned 

counterclockwise until it coincided with 0A'. That the counterclock"'ise 
direction of turn is taken as positive is also a n1atter of agreement. Pivot

ing OA' about O in a counterclockwise turn of 180e° "'ould also bring it into 
coincidence with 0A. Both these operations of the 180e° turn have 
involved reversal of direction, an association "'ith the negative sign, as 
( - l)0A = 011'. 

The square root of a negative nu1nber, as v-x2, occurs frequently. 
This can be written as v(-1 )x2 . = v<=TI x. This y=-i is then an 
operation to be perfor1ned on x. If the notation i2 = -1 is introduced, 
then it follows that (i) (i) = i2 = -1; two operations with i are the san1e 
as n1ultiplying by -1. Now -1 has been seen to rnean reversal of direc

tion, but we n1ay associate i2 with - 1 ; i2 = - 1 is thus an operator signi

fying a counterclock,vise turn of 180e° . A single i indicates a turn of 90e° 

in the counterclockwise direction. If we write v-1 x = ix, the geo-
111etrical interpretation is that the nu1nber x shall he tu1·ned through 90e° 

counterclockwise. 
= 

Nlathen1aticians used the sign v-1 for about 200 years hef ore 
knowing what it n1eant. �rhe symbol i originated with Euler (1777), who 
introduced so n1uch of our present notation, including J(x), e, and � 
(sun1111ation). 

Imaginary Quontiti� 

,.:\.n expression consisting of an ordered pair of nun1bers c = (a, b) is n1ore 
generally ,vritten c = a + £b; it is not the sa1ne as b + ia. This nu1nber 
c = a + ib is called a co1nplex1 number and is two-din1ensional, since it 
involves both a and ib. Both a and b are real num hers; the number a is 
called the real part and b the imaginary part. A complex number of 
the form + iO is said to be a real nu1nber, whereas one of the form a
0 + ib is called a pure in1aginary. The validity of most of the theorems 
of arithmetic and algebra is unaffected by their transference to complex 
quantities, a very useful fact, since every algebraic equation in con1plex 
algebra has at least one root (Gauss). 

The Complex Number in Geometrical Representation 

Suppose that we have a distance r laid off fron1 0 as shown in Fig. A-3. 
Geometrically this r is a radius vector whose length is r times the length 

1 Rather, c = a + ib should be called the ordinary, or usual, complex number. 
There are others, for example, c = a + wb, where it is agreed that w2 = O. These 
are not our concern at this time. 
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1''1GtJRE A-3 The complex number c = a + ib shown by its two dimensions 
a and ib. 

of a vector of unit length. We can describe the position of the end point 
P of the radius vector in several ways by the use of pairs of nun1bers; e.g., 
the polar fonn would require the specification of rand 0. We could also 
use the real positive nun1bers a and b, saying, "Lay off a to the right, turn 
90° to the left, and lay off b as shown." This n1ethod of locating the point 
P uses a lot of words. We could use the syrnbol i to indicate the 90° 

turn to the left (counterclock,vise) by writing ib; this suggests an axis 
perpendicular to the original axis. On the other side of O we could define 
a number -a (represented by a point), since i2a = ( - l)a. The other 
end of the ib axis is 180° beyond the first; that is, i2ib = ( - 1 )ib = -ib. 
A.ssembling all this, we have Fig. A-4. The expression c = a + ib looks 
like an algebraic equation even though it defines the con1plex nu1nber c,
consisting of a real part a and an i1naginary portion ib. Geo1netrically 
we can interpret it as a vector equation, since ,ve now understand the 
implication of the operator i, namely, that ib 1neans laying off b from the 
end of a after a counterclock,vise 90° turn. It is nevertheless a picture 
of the number c, shown in what is called the Gauss-A.rgand, or complex,
plane. Any point in this plane is a co1nplex number. The absolute value 
of the con1plex number c is lrl, also called the modulus; 0 is called the 
argument, or angle, and is always n1easured counterclockwise, as 
illustrated. 

Certain relations among con1plex numbers are shown in Fig. A-5, 
a consideration of which shows that: 

1. Two con1plex numbers can be equal only if their real and in1agi
nary parts are separately equal.

2. Co1nplex nurnbers add vectorially; their sun1 is found by adding 
the real parts to give the real part of their sun1 and adding the imaginary 
parts to give the i1naginary part of their sum. 

3. The difference of t,vo con1plex numbers is found by taking the 
difference of their real parts to give the real part of their difference, etc. 
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also (i2)a = (-l)a also (i2)(i 2)a == (-1)(-l)a 

-ib = (i2)ib = (-l)ib 

FIGURE A-4 The complex number c = a + -ib on display. Geometrically, 
r2 = a2 + bZ 

8 = tan-• -b 

a = r cos 8 ib = r sin 8 

Forms of the complex number c: 

c = a + ib orthogonal 
c = r(cos 8 + i sin 8) 
c = ·re•9 

C = r/8 polar or circular 

:'vlultiplication and division follow the rules of ordinary algebra 
with the additional relation i2 = -1 ,  

(a + ib)(c + id) = ac + (ib)c + a(id) + (ib)(id)
= ac + i(bc + ad) + i2(bd) 
= ac + i(bc + ad) + (- l)(bd) 
= (ac - bd) + i (bc + ad) 

a + ib (a + ib) (c - id) ac + (ib)c - a(id) - (ib)(id) 
c2c + id (c + id)(c - id) - (id)2 

ac + i(bc - ad) - ( - l)bd 
c2 - i2d2 

ac + i(bc - ad) + bd 
c2 + a2 

ac + bd . be - ad 
= c2 + a2 + i c2 + d2 

Multiplying and dividing in the above manner is cu1nberson1e. The use 
of exponentials is less tedious, but involves the use of Euler's theorem, 



375 APPENDIX: MATHEMATICAL TRACTS 
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FIGURE A-5 Addition of complex numbers c1 and C2 to yield c3. 

which de1nonstrates that 
(cos fJ + i sin fJ) = ei8 (A-1) 

Since 
c - r(cos (J + i sin fJ) = rei8 

we may write 
(A-2) 

From this, 
C:i = C1C2 = (r1 e'81)(r2e'61) = r1r�i<9,+9,> 

= r1r2[cos (81 + 02) + i sin (81 + 82)] (A-3) 

- = -- - T1 ei(9,-8,)and 
r2 

(A-4) 

'fhe Gauss-Argand representation of the complex nun1ber makes 
use of the cartesian-.coordinate plane xy and calls the co1nplex number z,
that is, z = x + iy. The number is thus displayed as the point whose 

lmag 
%2 = - x  + iy z 1 = x + iy 

= r(-cos 6 +  isin6) iy = i rsin6 = r(cos6 + i sin 6) 

i5 = i9
- i = 

Real 

i x =  r cos8 ' ' 

z� = -x -iy -iy = - i r sin8 z4 =x -,y 
= - r  = (cos 8 +  isin6) = r(cos8 -isin6) 

FIGURE A-6 The coniplex plane (Gauss-Argand plane). Complex numbers that 
are mirror in1ages about the real axis are called conjugate; this means that -iy 
replaces iy; thus z, and z4, and z2 and za are conjugate. 
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coordinates are (x, y). Note that z is the sy1nbol for the co1nplex nun1ber; 
it has no relation to the usual third cartesian coordinate. The length of 
the radius vector is designated by r. Figure A-6 shows in sun1mary many
properties of the complex number in all quadrants of the complex, or 
z, plane. 

The Angle of Turn 

rrhe angle of turn of a unit vector is defined by the operator ( cos 8 + i sin 8). 
If we perform this operation again, turning through another angle 8, we 
shall have 

(cos 8 + i sin 8)(cos O + i sin 0) = (cos O + i sin 0)2 

However, the total angle of turn is 20, ,vhence we n1ay write the identity 

(cos (J + i sin 0)2 = cos 20 + i sin 20 

On extending this toen operations we have 

(cos o + i sin o)» = cos n.O + i sin no 
'fhis last is known as De l\-loivre's theoren1. 

Transformation of Vectors 

Consider t,"·o vectors OP, and OP2 represented by their con1plex nun1bers. 
The length of OP1 is r(l) = r, and the length of OP2 is kr (Fig. A-7). 
To transform OP1 into OP2, two operations are necessary on OP1 : (1) OP1 

n1 ust be turned counterclock,vise through the angle <f,, giving the point 
P;, and (2) OP� n1ust be stretched into a length OP2, accomplished by 
n1ultiplying the length r by the factor k. Now OP1 = r(cos 8 + i sin 8), 
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Real 
- -- r(l) = r---- J-

- - - - - k(r) = kr ----

FIGUBE A-7 Transformation of vector OP1 into OPt -
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FJGL"RE A - 8  Conjugate complex numbers z = x + iy and z = x - iy. 

and turning OP1 through <J, yields 

OP� = OP1 (cos <J, + i sin <J,) 
= r(cos 8 + i sin 8)(cos <J, + i sin <J,) 
= r[cos (8 + <J,) + i sin (8 + <t>)} 

Stretching OP� into OP2 1neans 1nultiplying by k, or 

OP2 = kr[cos (8 + <J,) + i sin (8 + <J,)] 

Coniugate Complex Numbers 

Two complex nun1bers are said to be co1nplex conjugates of one another 
when they have the sa1ne real part and in1aginary parts equal in rnagni
tude but opposite in sign. For exan1ple, the con1plex conjugate of x + iy 
is x - iy. In general, ,ve shall use a bar over the sy1nbol of a co1nplex 
number to denote its conjugate ; thus, if z = x + iy, then z = x - iy.

Points of the con1plex plane representing two conjugate cornplex 
numbers are synunetric with respect to the real axis (Fig. A-8a). Note 
that the n1agnitudes of two conjugate con1plex numbers are equal and 
that their angles are opposite in sense. Further, if z is real, then z = z ;  
if z is pure imaginary, then z = -z. 

Conjugate con1plex nu1nbers are useful in a nun1ber of situations,
such as in calculating the n1agnitude of a con1plex nurnber, 

l l2 = r2 = x2 + y2 = (x + iy)(x - iy) = zzz
The square of the magnitude of a con1plex nun1ber is therefore its product
with its own conjugate. The real and imaginary parts of a complex nun1-
ber rnay also be expressed in ter1ns of the conjugate (Fig. A-8b), 

Real part of z = x = ½[(x + iy) + (x - iy)] = z 1 � 
Imaginary part of z = y = 2\ [(x + iy) - (x - iy)] = z ;z 
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Even when a complex nun1ber is expressed in terms of sums, prod
ucts, ratios, and exponents of other numbers, its conjugate may be found 
by simply taking the conjugate of each of the numbers appearing in the 
expression. Consider, for example, the complex nun1ber 

c1l•1 + C2ei•s 

z = d1ei"1, + d2e;"'2 

where c1, c2, di, d2 are then1selves complex and the angles </,1, <J,2, i/;1, i/;2 

are real. The conjugate of z is 
- c1e-i•, + c�-i•, 
z = ·-- -----

die- if, + a�- N,, 
Example Differentiation of re;8 with respect to time. .\n expres

sion of the forn1 re•8 really defines a point A in the con1plex plane, although 
it is often convenient to think of rei8 as a position vector r tern1inating at 
the point A.  According to this last interpretation, we think of the 1notion 
of A as being dependent on both the rotationa() of the position vector and 
its change in 1nagnitude. If this expression is differentiated with respect 
to time, the velocity of A results. 'faking the time derivative of rei8 , 

d (reiB) = i(riJ)eiB + feiB (A-5)dt 

where 9 = dO/dt is the angular velocity of the line represented by the vec
tor rei8 and t = dr/dt is the rate of change of n1agnitude of the position 
vector r. The first term i(riJ)ei8 is interpreted as follows: A distance rfJ 
is laid off in the direction r and then rotated through a counterclockwise 
angle of 90° (indicated by the i). As seen from Fig. A-9, this first term 
may be interpreted as the transverse velocity v8 of point A (Sec. 4-4). 
The second term fei8 represents a vector of magnitude f in the direction 
of the position vector r. As seen from Fig. A-9, this second tern1 n1ay 
be interpreted as v', radial velocity of point .4 . 

lmag lmag lmag 

\.,,..----........ 90• 
'-" \ . . ' v = (ir8 + r)e•

\ \ 
\ 

✓A 
i(J 

/ ;::?
�r(J 

A 

Real Real Real 
0 

(c) Total velocity given as sum of 
transverse and radial velocities 

FIGURE A-9 Kinematic interpretation of first derivative of rei8• 

0 
(a) Position of A 

is given by re i 8 
(b) Transverse velocity 

v 8 given by ir8e 
ii 
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Plane 1 
lmag lmag 

•�2 = irBeil 

8cor= 2if(Je i6 

&A/2= reil 

,,,,,,,, aA2 == -,iJ2ei6 

Real ,,,,, ,/ 
,/ 

Real 
0 (b) Acceleration of A is given by the sum 

of four components. Note that 
(a) Position of A is gi1,1en by rei6 

==8A 2 + a!2  8A 2  

FIGURE A - 10 Kinematic interpretation of the serond <lE'rivative of re•11• 

Taking the second time derivative of rei11 , 

d2 

(reill) = d 
[i(rB)eiB + feillj

dt2 dt 

= fe;8 - r82ei11 + ir6ei8 + 2if8ei8 (A-6) 

The rnost natural interpretation of this equation is made in tern1s of the 
concepts of relative acceleration and Coriolis acceleration presented in 
Sec. 4-9. Consider .. A to be a point of a plane 3 rnoving along the line 
0-u of a plane 2, itself rotating about the origin O (Fig. A-lOa). 'l'he 
reference plane 1 is the con1plex plane carrying the real and in1aginary 
axes. The path sho\vn as KA in the figure is that traced by A on the 
reference plane. We know that the absolute acceleration aA of A (with 
respect to plane 1 )  is the sun1 of three con1ponents, 

(A-7) 

where oA,2 is the acceleration of .A ,vith respect to plane 2 ;  OA2 is the accelJ 
eration of the point A 2 of plane 2, coincident ,vith A at the instant con

ac0rsidered ; and is the Coriolis acceleration as described in Sec. 4-9. 
With this in 111ind, we 1nay now lay out the four terrns of Eq. (A-6) as 
shown in Fig. A-lOb and co1npare the1n with the tern1s of Eq. (A-7). 

The first tenn fe;8 is the acceleration of A relative to plane 2 :  its 
magnitude is given by f and its direction by e'8

• The next t\VO tern1s rep
resent the nonnal and taugential accelerations of the coincident point A2; 
these are the only tern1s which do not vanish when r is n1ade a constant 
(so that f = f = 0), thus fixing the point 1\ in plane 2. Finally, the ter1n 
2if8e•8, of magnitude 2f8 and direction rotated 90e° from the direction of 
e•8 in the sense of 8, is the Coriolis acceleration. 
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A-2 L I X E A R  S Y S T E .'.\f S  OF A L G E B R AI C  
E Q l" A T I O � S-I : D E F I N l 'f I O N S  

A linear algebraic equation is one in which the unkno,vns, ho"'e,·er 
n1any, appear to only the first power (degree). 

1'he general f or1n for m equations in n unkno,vns is 

a1 1X1 + a12X2 + . . ' + a1 :l0 + ' ' . + a1nX,, = b1j j 

a21X1 + a22X2 + • . . + a2jXj + ' . ' + a2nX11 = b2 

(A-8)
a;1X1 + a,:2X2 + · · · + u;;X; + · · · + a;,,x,. = b, 

. . . . . . . . . 

This may also be ,vritten 

n 

L a;_;:rj = b. i = 1 ,  2, . . . , m (A-9) 
j • I 

When dual indices are used, the first ,vill ahvays denote the row, the second 
the cohunn. The general coefficient a;i stands in the ith row and jth 
column. 

The syste1n is said to be: 
1 .  N onhon1ogeneous if at least one b, � 0 
2. Ho1nogeneous if all bi = 0 
3. Consistent or con1patible if there is at least one solution common 

to all equations 
The syste1n of equations 1nay be interpreted as a linear transfor

n1ation; i.e., the syste1n assigns a unique set of quantities bi, b2, • • •  

b,, . . .  , b,,. to every set of quantities .t,, .i:2, • • •  , x.-, . . .  , x,,. Such 
an assignn1ent is called a linear transf orn1ation of the set xi, . . . , Xn 

into the set bi, . . .  , bm. 

A-3 D ET E R M I � A � T S  

1'he application of detenninants gives a \\'ay of solving a systen1 
of nonhon1ogeneous consistent linear equations ,vhen there are as rnany 
equations as unknowns. It is possible to solve these equations by the 
1nethod of eli1nination using judicious 1nultiplication, addition, and sub
traction. Determinants furnish rules for speeding so1ne phases of the 
111anipulation and n1ake it possible to forn1ulate solutions in a concise 
manner. 
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Meaning of Determinant 

Determinants developed with the study of linear equations. The sin1-
plest forn1 of an algebraic equation of the first degree in one unknown is 
ax = b, in which a and b are supposed given an<l x is to be found. The 
answer appears to be x = (1/a)b, but ,vhether or not this is really so needs 
to be determined, for, in an algebraic problen1, literal symbols such as a 
and b are used to discuss relations regarding all nu1nbers. But all num
bers includes zero, and particular situations exist if either a or b or both 
happen to be zero. 

Our inunediate concern. is ,vith 1/a, a nu1nber ,vhich ,vhen multi
plied by yields 1 ,vhen -:;c 0. \Vith = 0, 1/a does not exist, sincea a a
the product of any nu1uber and O is always 0. It follows that the pos
sible existence of a solution depends on having a -:;c O ;  the situation is 
determined (at least in part) by the value of a, ,vhence a is called the 
determinant of the equation. This necessary exa111ination of a leads to 
the well-known theoren1e: If a -:;c 0, the equation ax = b has but one solu-.tion, x -- b Ii a.

The value of b is also part of the total picture. With b = 0 and 
a -:;c 0, x has the value of 0. When both a and IJ are zero, any value of x 
satisfies the equation and the solution is indetern1inate. With a = O and 
b -:;c 0, there is no answer to the problen1. The nu1nber b is son1etin1es 
called the secondary detenninant of the equation.

The theore1n derived fron1 the exan1ple based on a single linear 
equation ,vith one unknown applies n ti1nes to a set of n linear equations
inen unkno,vns. Nun1bers corresponding to the foregoing a and b result 
fro1n the sun1s of products of the constants defining the equations: these 
nun1bers are the determinants. 

Linear equations began to be studied in Ne,vton's time. Seki 
(1642-1708), '"'hon1 the .Japanese consider their n1ost i1nportant rnathe
n1atician, discovered detenninants prior to 1683. Leibnitz expounded on 
the subject in a letter to De L'Hospital in 1693, a letter not made public
until 18ti0. Deter1ninants \Vere again discovered by Cramer (1704-1752),
popularly ren1en1bered for his ''rule" (1750). i\-Iany n1ade further contri
butions, of who1n we can n1ention only a fe-w. Vanderinonde (1753-1796) 
gave the first logical and connected exposition of the theory. Cauchy
(1789-1857), the great 1naster of deter1ninants, rounded the theory into 
son1ething like its present fonn and introduced the name determinant, in 
1812. Sarrus (1798-1861),  also associated '"'ith a "rule," is better known 
to kinen1aticians for having devised the first true straight-line motion 
in the form of a spatial n1echauis1n. I(inematicians often misspell his 
name as Sarrut. Cayley (1821-1895), a prolific worker, gave us the 
familiar upright lines, or determinant bracket. 
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Second-order Determinants 

The operations pertaining to the solution of linear equations ,vith two 
unknowns are readily given and allo,v a perception of the process culmi
nating in the shorthand of detenninants. The second-order deterrninant 
to be developed is in addition always useful. 

Consider a systen1 of two linear nonhon1ogeneous equations in t"·o 
unknowns x1 and x2, 

a11x1 + a12X2 = 

= 

b1 
(A-10)

0-21 X1 + a22:'l;2 f> 2 

To solve this syste1n, the first equation is 1nultiplied by a22, the second 
by -a12, and the two equations added. This gives 

(A-11)  

Similarly, 1nultiplication of the first equation by -a21 , of the second by 
au, with subsequent addition of the two, produces 

We note that x1 and x2 have identical coefficients. On solving for 
the unkno,vns we have 

b1a22 - b2a12 b2a11 - b1a21and :l:2 = - - - -- (A-13)
a 1 1a22 - a21a12 a11a22 - a21a12 

in which each x is expressed in the fonn already established for an equa
tion in only one unkno,vn, na1nely, x = b/a. Each numerator, and the 
common denon1inator of x1 and x2, although expressed as the sun1 ( or 
difference) of several products, will reduce to single nun1bers equivalent 
to b or a, thus becon1ing the determinants of their respective equations. 

In particular, there is the quantity a11a22 - a-21a12, con1mon to both 
x1 and x2. It is represented by the syn1bol D, 

a square array of the coefficients of the unknow·ns, ,vith the four ele1nents 
arranged in two row·s and two coh1n1nse: this is a deterrninant of the second 
order. 

We n1ay view· the array as a practical device for producing the 
single number D. The evaluation (or expansion) of D follows from the 
sum of the signed products of-the elements of the t,vo diagonals according 
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to the following rule: 

'\ / , 

X = (+) (a11a22) + ( - ) (ai2a21) = a11a22 - a12a21;
a21 a22 1 

(-),: �(+) (A-14) 
2 5 

- +[(2) ( - 6)) + ( -)[(5)(-3)) = - 12 + 15 = +3 
-3 - 6  

The polyno1nials on the right sides of (A-11) and (A-12) may also 
be written in determinant f orn1, giving the sy1nbolic relations 

au b1au a12au a12 b1 a12 (A-15)and X2 =X1 = a21 b2a21 a22 b2 a22 a21 a22 
b1 ai2
b2 a22 Di 

= 
au a12 75 

whence Xi = 

a21 a22 (A-16) 
au bi (Cramer's rule) 
a21 b2 D2 

and X2 = au a12 I 
- 75 

a21 a22 

yielding x1 and x2 if D � 0. 
It should be noted that the "nu,nerator" detenninant D1 of Xi is 

like D except that the coefficients of x1 are replaced by the constant terms 
b1 and b2; in D2 the coefficients of x2 are replaced by the constants b1 and 
b2. Consequently the "numerators" may be evaluated in a 1nanner 
similar to that for D. 

Third-order Determinants 

If three linear nonho111ogeneous equations in three unkno,vns as 

a11x1 + a12X2 + a1aXa = b1 
a21X1 + a22X2 + anxa = b� (A-17) 
a31X1 + a32:r2 + aa3X:1 = bi 

are n1anipulated toward a solution, x1, x�, and xa ,vill have an identical 
polynon1ial coefficient, 

(a11a22aaa - a11aa2a2a + a21aa2a1a - a:na12aaa + aa1a12an - a31a22a13)
(A-18) 
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This coefficient is again the detern1inant of the system and is written 

l au a12 a1a 

D - (A-19)a21 022 an 

a�1 Oa2 Q3;1 

The evaluation is conveniently carried out as follov,s: Write the detern1i
nant as usual, and repeat the first two colun1ns. The tenns ,vill follow 
from the signed products of the elen1e11ts according to Sarrns' rule, 

(A.-20) 

CAUTION : Sarrus' rule is not applicable to detenninants of higher 
than third order. 

Further manipulation of (A-19) would give 
l b1 012 a13 

b2 a22 a23 

ba a32 a33 Di-=X1 -
D D 

a1 I b1 a1 3  
a21 b2 a2� 

D2 
(A-21)a31 ba aaa _ _ __ _,_ - -X2 = 

D D 

au a12 b1 

a21 022 b2 

aa1 aa2 ba Da
X3 = 

D D 

yielding x1, x2, and x3 if D � 0. 
This solution is si1nilar in fonn to that of the second-order equa

tions. Note again that in the "nun1erator" detern1inants the b's stand 
in the place of the coefficients of the x being sought. 

Determinants of Higher Order 

A set of n linear nonho1nogeneous equations in n unknowns will have 
detern1inants of the sa1ne character as those of the second and t.hird 
orders, viz., if of nth order, then there will be n! n-fold tenns containinp; 
one, and only one, ele1nent from each row and each column in each deter-
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minant. The evaluation of determinant� of even the fourth order becomes 
tedious (24 fourfold terms), and unn1anageable if n > 4 (with n = 8, 
there are 40,320 eightfold tern1s in each of the nine necessary determi
nants!). In addition, there is no direct 1nethod of evaluation such as 
Sarrus' rule, which gives not only the terms but also provides the proper 
signs. The simplest sche1ne for the expansion of higher-order determi
nants involves the use of the minor1 and the cofactor, also called the 
signed minor. 

Minor 

Consider a determinant of the nth order, 

au a12 a1; ll1n 

ao·  a2na21 a22 - 1  . . . . . . . 
D - latJ

--1
I 
-

a,1 ll;i a;; a.,. l 
: . . .
I
I 

l anl an2 a,.; a,in 

i, J - 1, 2, 3, . . . ' n (A-22) 

where the first index i is for the rows and the second index .i denotes the 
columns. 

The first n1inor of any elen1ent aii is the deterrninant A;h forn1ed 
on suppressing the ele1nents of row i and column j. Thus, fron1 

au a12 au 
(A-23)D - a21 a22 a23 

aa1 aa2 a33 

nine detern1inants Ai; can he formed, as 

lviinor of a 1 1 :  

a2!? au- 21 a22 a2a 1.-l u  
Uit aaa 

31 U32 a33 ! 
N!inor of a21  : 

a12 a1a
A 21 -

a:1•-.• aaa' 

�Iinor of a�2: 

au ais 
.-l�2 -

a21 a2a 
1 Minor is the short form of "minor determinant." 
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and so on, for the rest. Each of the new deter1ninants Ai; is of one order 
less than the determinant from which it ,vas formed. 

Cofactor 

A signed minor is called a cofactor. The sign of the cofactor is positive 
if the sum of the nun1bers of the ro,v 1: and colu1nn j of the elen1ent ai; is 
even and negative if the sun1 is odd. This signed 1ninor is written C,; 
and may be defined as C,; = (- l)i+iAi;- The rule of sign 111ay also be 
re1nembered in tenns of the cha.rt 

+ + 
+ + 

+ + 
+ + 

By ,,,ay of exarnple, 

Cofactor of a1 1 :  
a22 a23- 1) 1+1 a22 a2a- - +Cu ( a32 auaa2 aaa 

Cofactor of a21: 

C21 - ( - 1)2+1 I! a12 au 
a3a 

- a12 au 
a32 au 

Cofactor of a�2: 
an a1a I-Ca2 - (- })3+2 au a13

a21 an a21 a.23 I 

Rules for the Evaluation of the Determinant of Any Order 

1. Fonn the product of each elen1ent in a ro,v or column by its 
cofactor; i.e., form a.;C;;. 

2. Repeat this process on C,; until it can be easily expanded, as on 
reaching the third- or second-order detenninant form. 

3. The algebraic sun1 of the terms so found is the value of the 
higher-order determinant. 

Example 1 Given the necessary equations to form 

D =  
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a22 a2a a24 a12 a13 a14 I a12 a12 au 
D - +au a32 aa3 aa4 a21 aa2 aaa aa4 + a11 a22 an a2" 

a4�! a4� au 1 a42 a"a a44 a42 a4a a44 
II a12 a1a a14 

- an a22 
aa2 

a23 
aa3 

a2, 
aa, 

APPENDIX: MATHEMATICAL TRACTS 

1. Suppose the first column to be chosen: 

The third-order determinants could no,v be expanded by Barrus' rule, or 
they could be further reduced. Taking the second a,1C,:; as an example:, 
,ve have: 

')... 
I a1 2 a1a au 

a21C21 - -a21 aa2 aaa aa4 
a42 a4a a44 

and, choosing the first ro,v, 

-- - a21[a,2(aa3aH - a34a43) - au(aaza44 a34a42) 
+ a14(aa2a43 - a42aaa)] 

On con1pleting the 1nultiplication of this a21C21 there will be 6 fourfold 
products, ,vhich, together vvith the products of a11Cll, aa1Cs1, and aHCo, 
,vill give a total of 2-1 fourfold products. 

3. The algebraic sun1 of the 24 fourfold products is the value of 
the detern1inant D. 

Example 2 Consider the detern1inant 
01 
I 
3 5 0 4 

· o 2 2 - 1  
D - 2 6 0 0 

0 1 - 1  3 , 
1. The first or third colu1nn or the third ro,v rnight be chosen 

because of the zeros. Suppose that vve take the third ro,v : 

3 0 45 0 4 
- 6  0 2 -1D - +2 2 ')..., -1 

0 -1 31 -1 3 

3 fi 03 5 4 
+ o  0 2 · - 1 - 0  0 2 2 

0 1 0 1 - 13 1  
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2. 

2 - 12 - 1  ! !D - 2 (+5 - o + 41 3 1- 1  3 I 1 
2 -i , ) 

- ij 3 - - 1 ! _ 0 1 o 7 ; + 0 
I 

° 4
( 

I 

I •)
- 1  3 j I - 1  ,1 I i 2 - 1  ) 

3. 

D - 2[5(6 - 1) + 0 + 4 ( - 2  - 2)] - 6(3(6 - l)] 
- 2[5(5) + 4(-4)] - 6(3(,5)] = 18 - 90 = -72 

Cramer's Rule 

The solution of a systen1 of n nonhon1ogeneous linear equations in n 
unkno\vns n1ay be obtained by the application of the above excerpts f ron1 
the theory of determinants by the application of Cra1ner's rule. The 
procedure follows: 

Given the systen1 of equations 

a11x1 + a12:i·2 + · · · + a1i:i·J + · · · + a1,,x,, = b, 
aux, + a�2X2 + . . . + a2;Xj + . . . + a2nX,i = b2 
. . . . . . . . . . . . . . . . . . . . . . . . . ' . . . 

.an 1:1:1 + QII 2:r� + + a,,jl:j + · · + a,,,,x,. = bn 

. au a12 a 1_; a,n ! 
: a21 a·-.,. a2i a2,. . . 

;;e 0If D - laiJl - ' a;1 a;2 a;i a;,, 
i . . . . • • • 

a,,2 a,,; ann 

then by Cramer's rule the unique solutions arc 

X1 = X2 = .lj = D 
:r" = DnD1 D2 1) . 

D D D 

1n which D; is the detern1inant forn1ed by replacing the elenients a1;, 

a2i, . . . , a;)) , a,,i of the jth colurnn by b1, b2, . . . , b;, . . .  , b,,,
respectively. 

Properties of Determinants 

The most useful of the properties of detern1inants (but not all) 1nay be 
noted: 

; 

I 

: 
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1. A detern1inant vanishes if: 
a. T,vo rows (or colu1nns) are identical. 
b .  A row (or colun1n) has only zero elen1ents. 

2. A detern1inant is unchanged if: 
a. l�o,vs and colun1ns are interchanged, e.g., 

l g  3 1 '  8 4 7 
1 4  5 2 = 3 5 9 
1 1  9 6 1 2 6 

b. To each element of a ro,v (or colun1n) is added the corre
sponding element of another ro,v (or colun1n) n1ultiplied by 
any constant, e.g., 

8 ;; I j ! 8 + (1)2 3 
2
1 !' 

1 

! 
I 

10 :; i I 
; ,.4 ;.) 2 :  = I 4 + (2)2 5 ' - ' 8 ,J 2' 

7 9 7 + (6)2 9 6 1  J 

i1 19 9 61 o !  
3. A detern1inant is multiplied by a constant if the elements of a 

ro,v (or colun1n) are 1nultiplied by that constant, e.g., 
: 8 3 1 8 
i (3)4 (3)5 (3)1 = 

7 9 6 I 
4 
7 

(3)3 

(3)9 

1 I s  3 1 
1 = 3 4  ;) 1 

96 , 7' 6 

4. A. detenninant changes its sign if t,Yo of its rows (or columns) 
are interchanged. e.g., 

I s � 1 ' 3 s 1 1  
, 4  .-:> 2 = - 5 4 2 
: 7  9 6 9 7 f)A, 

The foregoing has shown only the briefest ,vorking outline of the 
theory of detern1inants as needed for the present purpose. Refinen1ents,
"tricks," and short cuts, helpful to the dedicated user ,\,ho has the time 
and inclination to learn the1n through repeated application: have been 
on1itted. Nothing has been said about addition and multiplication. 

A-4 L I N E A R  SYSTEMS O F  A LG E B R A I C  
E Q U A T I O N S- I I  : R A N K  A N D  S O L U TI O N  

A determinant has been described as a symbol that defines poly
non1ials of a type frequently encountered, as in the solution of nonhon10-
geneous linear equations. \Vith n equations in n unknowns, the deter
minant is a square array of quantities co1nprised of the coefficients of the 
unknowns or the constants of the equations. In the course of a solution, 
n + 1 polynomials, each containing n ! n-fold tern1s, have to be established. 
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The polynomials have a specific numerical value, and the determinant 
provides not only a shorthand for indicating it symbolically but also a 
bookkeeping scheme for finding the corresponding number. 

In the exan1ples given, unique solutions of linear equations did not 
exist ,vhen D = O; also, the nun1ber of equations and unknovrns had to 
he the san1e. A ne,v concept, the matrix, is eminently useful in studying 
those cases ,vhere D = 0 or ,vhere the nun1ber of equations differs fro111 
t.he number of unkno,vns. 

Matrix 

l\ matrix is defined as an ordered array of elen1ents in row, colu1nn, rec
tangular, or square fonn, the elen1ents being the coefficients of a systen1 
of linear equations (transformations). A n1atrix does not represent so1ne 
polynomial, as does a determinant : it is a syn1bolic representation of an 
ordered array of nurnbers. Because of the array, there is a superficial 
resemblance bet,veen a 1natrix and a determinant, and although a relation 
does exist between the two, each is based on a quite different concept. 
An m X n rnatrix is a syste1n of mn quantities arranged in m ro,vs and 
n columns. On croi2sing out appropriate rovvs and columns ,ve get square 
arrays of nu1nbers which rnay be considered determinants. 

Consider a set of m linear nonhon1ogeneous equations in n 
unknowns, 

a11X1 + a12X2 + · · · + a1;X; + 

(A-24) . . . . . . . . . . . . . . . . . . 
+ am,,X1, = bm 

The matrix A. of the syste111 1s fonned fron1 the coefficients of the 
unknowns, 

a·,,, _  (A-25) 

I a,,. } am2 a,.. a,,u,;

Double bars are used to distinguish n1atrices from detern1inants. 

Determinants of o Matrix 

It has been remarked that by crossing out certain rows and columns the 
resulting square arrays of nun1bers n1ight be considered as determinants. 
Any such determinant is a determinant of the matrix. 
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Example 1 Given 

· 1  3 7 1[l'A = 2 ., 

This 1natrix contains six first-order and three second-order determinants. 
Example 2 Given 

1, �
') ;) 4I•  -f· I

I.4 - 5 2 7 
8 1 10 ,! 

This matrix contains the follo,ving determinants: nine first-order, nme 
second-order, and one third-order. 

Ronk of a Matrix 

The rank of a matrix is defined in ter111s of its detern1inants: the rank of 
a matrix is r if at least one nonzero detern1inant of order r exists, ,vith all 
deter1ninants of order higher than r equal to zero. 

Example Consider the n1a.trix 

1 0 1 3 

A - 2 1 0 -2 

- 1  - 1  1 

The four third-order detern1inants are 

I 0 1 1 0 3 
2 I 0 = 0  2 1 -2 = 0  

- 1  - 1  I - 1  - 1  
I I 3 0 1 3 

1 0 -22 0 -2  = 0  = 0  
- 1  1 5- 1 I 5i 

However, since 
I O ! � 0 
2 1 t 

there is at least one second-order detern1inant different froru zero and 
hence the rank of this rnatrix is r = 2. 

Solution of Linear Systems of Equations 

The solution of systen1s of linear equations is usually carried forward in 
English-language texts by a 1nethod based on the use of the augn1_ented 
matrix of the coefficients. However, the concepts of principal and char
acteristic determinantsa1 represent useful additions to the general n1ethod. 

1 Introduced by E. Rouche. 
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They are presented in the follo,ving, for they are ,vell suited to our 
problems.

Returning to the syste1n of Eqs. (A-24), let r be the rank of the 
n1atrix A of its coefficients (A-2,3). Since at least one detern1inant of 
order r of the n1atrix A 1nust be different frorn zero, \\"e n1ay assun1e that 
the equations and unknowns are taken in such order that the deterrninant 
D of the first r ro,vs and columns of the n1atrix A is different from zero. 
This determinant is called the principal determinant. The first r equa
tions and the first r unknowns (whose coefficients appear in the principal 
determinant) are the principal equations and the principal unknowns. 

The detenninants 

D ' . 
p = r + 1, . . . , m (A-26) 

1------- - -----' br 
a

p
, b

p 

formed by adding a ro,v and a colun1n to the principal detern1inant as 
shown are called characteristi"c determ.1·nants. Note that the last row of 
DP is formed of coefficients of one of the nonprincipal equations. Since 
there are m - p such equations, a total of m - p characteristic deter
minants may be fonned. If r = m, the rank of the 1natrix is equal to the 
nun1ber of equations and there are no characteristic detern1inants. 

It 1nay be shown that a systen1 of m. equations with n unkno,vns 
such as (A-24) is con1patible, i.e., has solutions, if all its characteristic 
detern1inants are zero. If a syste1n has no characteristic deter1nina.ntf
(r = m), then it ahvays has solutions. 

The number of solutions depends on the number of unknowns and 
rank. With n = r, the systen1 has a unique solution. With n > r, the 
syste1n has an infinity of solutions, and there are n - r nonprincipal
unknowns which can be specified arbitrarily. 

Example 1 Consider 

X + Z + 3t = 1 

2x + y - 2t = 2 
- X - y + Z + 5t = 3 

The ,natrix of its coefficients is 

1 0 1 3 
A - 2 1 0 - 2  

- 1  - 1  1 5 
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We have seen that the rank of this matrix is r = 2 and that the second
order detern1inant 

· 1 0D = 1 l 
) 2 

forn1ed by the elernents of the first two ro,vs and colu1nns is different 
from zero. We n1ay take this detern1inant as our principal deterrr.1inant,_ 
so that x and y are the principal unknowns, With only one nonprincipal 
equation (the third) ,ve have one characteristic determinant, 

1 0 1 
- 4 ;,,e 0Da - '' 2 1 2 

i - 1  -1 3 . 

Since this detenninaut is different fron1 zero, the systen1 is incon1patible, 
No set of four nu1nbers such as x, y, z1 and t will satisfy all three equations. 

Example 2 Same system as above, except that the second n1en1-
ber of the first equation is changed to 5. The matrix coefficient is 
unchanged, but the characteristic detern1inant is no\\' 

1 0 5 
D� = 2 1 2 = 0 

-1 -1 3 
Since it is zero, the systen1 is compatible and the two nonprincipal 
unknowns z and t may be specified arbitrarily ; take, for exan1ple, z = 1 
and t = 4. The principal equations (the first t,vo) become 

X = 5 - 1 - 12  = - 8  
2x + y = 2 + 8 = 10 

Solving them for x and y yields x = -8, y = 26. The reader may 
observe that the values x = - 8, y = 26, z = I, t = 4 satisfy the third 
equation. 

Example 3 Consider 
X + y = I 
X - y = 2 
X + 2y = � 

The 1natrix of the coefficients is 
1 1 

A = 1 -1 
1 2 

The determinant 

I1 
1D = -1 

is different from zero and may be taken as principal determinant. The 
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rank of the matrix is r = 2. The first t,vo equations are principal equa
tions, and the.re is one characteristic detern1inant, 

1 1l i I 
D:: = 1 1  - 1  2 = - 5  

2 31 1  

Since this determinant is not zero, the system is incompatible. 

Solution ol Homogeneous Equations 

A special case of linear systems of equations occurs when all second n1em
bers b1, . .. , b,, . . .  , bm are zero so that each equation is homogeneous; 
i.e., all terrns are of the sa1ne degree in the unknowns x1, . . . , x;, . . . , 
x,.. Because such syste1ns of equations are of particular interest, we shall 
see how the general rules apply to them. 

Consider a system of m hon1ogeneous equations in n unkno,vnsJ 

a11X1 + a12X2 + · · · + a1jXj + · · · + a1nXn = 0 

(A-27) 

Since all l>/s are zero, all characteristic determinants have a column of 
zeros and are therefore zero. We conclude that systern (A.-27) is ahvays 
co1npatible. As a n1atter of fact, a look at the equations reveals that we 
can always count on the trivial solution 

Xi = · · · = X; = · · · = X,, = 0 

Still applying the general rules, we note that, if the rank r of the n1atrix 
of the coefficients is equal to the nun1ber n of unknowns, this trivial solu
tion is also unique. If, however, r < n, there will be other (nonzero)
solutions and n - r nonprincipal unkno,vns n1ay be specified arbitrarily.
In particular, if there are n1ore unknowns than equations (n > m), the 
rank is Jess than the number of unknowns and there ,vill be solutions other 
than the trivial zero solution. 

Example 1 Consider 

2x1 - X2 + 3xa = 0 
X1 + 2x2 - X:1 = 0 

3x1 + 4x2 + X3 = 0 

2 - 1  3 
Here D - = 81 2 -1 

, 3 4 1 



- - - -- '-'---... - - · �  

395 

- k 

APPEN DIX  : MATHEMATICAL THACTS 

Sinc.e the third-order detenninant of the rnatrix is D = 8 � 0, the 
rank r is 3, ·which n1eans, since n = :3, that x1 = x2 = x3 = 0 is the only 
solution. 

Example 2 Consider 

2x1 - x2 + 3x3 = 0 
3x1 + 2x2 + xa = 0 

X1 + 3x2 · - 2xa = 0 
;"5x1 + X2 + 4xa = 0 

The matrix of the coefficients 
2 -1 3 

3 2 1
A 1 3 -2 

5 1 4 

contains three third-order detenninants, all of which are found to be zero 
on investigation. Inspection shows that r = 2. Since r < n (2 < 3),  
there are solutions other than X 1  = x2 = Xa = 0. Since we n1ay specify 
n - r, that is, 3 - 2 = I ,  unknowns arbitrarily, set1 x3 = k, creating a 
set of nonhomogeneous equations 

2x1 - X2 = -3k 
3x1 ·+ 2x2 = - k  

X1 + 3x2 = 2k 
.5:t1 + :t2 = -4k 

and solve any two e(Juations for x1 and :t2. Choosing the first two, 

2x1 -· X2 = -3k 
3x1 + 2x2 = - k  

2 - 1  = 7D - 3 2 

-3k -1 
whence X1 - -k 2 -6k---=-----' -

7 7 

2 -3k 

- -k 

3 -k _ -2k + 9k +kand X2 = '---- ---' = 7 7 

(The solution was carried out by detern1inants for the exercise.) 
1 The symbol k is used for the arbitrary value of :r3, which could have been 

chosen as unity or any other number, positive or negative. The use of the symbol k 
prevents the value assigned to x3 from being lost sight of. 
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Example 3 Consider the two ho1nogeneous equations in three 
unknowns, 

2x1 - 4x2 + xa = 0 
3x1 + X2 - 2xa = 0 

The matrix of the coefficients 

-4,1 - i I... - 1 - 2 ! 

has the rank r = 2. Since r < n (2 < :3), ,ve may specify n - r, or one 
unknown. 

Set X:i = - k  (for variety ,ve use the 1ninus sign). creating a set of 
nonho1nogeneous equations 

2x1 - 4x2 = +k 

3X1 + X2 = -2/...:
and solve for x1 and x2, 

2D = 3 -1 = 2 + 12 - 14 

k 
-2k k - 8k - -½k,vhence x, = - - -- -1 I-

14  14 
k 

-2k -4k - 3/,-- ·  - - -- -and 
14 14 

- -½k 
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	APPENDIX: 
	MATHEMATICAL TRACTS 
	MATHEMATICAL TRACTS 
	Often the reader of a mathematically oriented paper does not have the mathematical background of the writer of the paper. Such a reader would like to understand the n1aterial (or he would not be trying to read the paper) but "gets lost" because of the mathen1atics he has forgotten or never learned. For a writer to attempt to tie up the number of loose ends that n1ay occur by reference to "standard ,vorks" 1nakes life difficult for the reader, who is uncertain about what he needs for clarification. The matte
	different notations are used. 
	These tracts attempt to 1neet the above proble1n by presenting the n1athematical tools in an orderly fashion, ,vith a degree of con1pleteness adequate for their application in this book. Obviously an exhaustive treat1nent of each topic is quite i1npossible; if the reader is sufficiently curious to want to know how much is missing, then he ref erred to the standard ,vorks. 
	is 

	In preparing this volun1e it was realized that it would be desirable to hold all the n1aterial to a unif or1n notation, to achieve maximum carry-over between sections. It was in1possible to do this, however, for there are not enough symbols available to allow each to have a universally unique 1neaning, and consequently the sa1ne sy1nbol may have a variety of n1eanings. These different qualities will be indicated as they occur. After that, association and context will establish ,vhich rneaning prevails. 
	Whenever feasible, illustrations of the 1naterial treated ,vill be in ter1ns of pertinent kine1natic proble1ns. 
	KINEMATIC SYNTHESIS OF LINKAGES 
	The material presented is intended to serve as a guide or refresher to those whose acquaintance with these topics is slight. The reader will have to take on faith the fact that rigorous proofs are available for state1nents n1ade and conclusions drawn. Derivations judged useful in displaying the operations involved are included. 
	-

	A-1 COMPLEX :'-ll:MBERS 
	A-1 COMPLEX :'-ll:MBERS 
	About Symbolism 
	About Symbolism 
	:.\Iathe1natics is a sy1nbolic language. It n1akes use of sy1nbols-letters, characters, abbreviations, or signs-that represent an idea or quality, as an operation or relation. :.\1agnitudes and operations are usually indicated by single letters, operators by particular signs, although an operator,nay be a letter such as i. These syn1bols con1prise a shorthand used either to 1nake staternents or to give instructions in a cornpact 1nanner. 
	1\. n1athe1natical systen1, as algebra, concerns itself ,vith a systen1 of 1nagnitudes and operations built up of certain chosen elen1ents. It sets up a nu1nber of "rules of play" that pern1it certain combinations to be considered as equivalent. ,vhen expressed in the sy,nbolic language, the equivalence is declared in the sy1nbolic equation. The staten1ent of equivalence (in ,vhich the various necessary operations are included) could be given in ordinary language, but it is n1uch 1nore concise when written 

	About Numbers 
	About Numbers 
	The concept of the size, or magnitude, of a thing, isolated f ron1 all other qualities of the thing, is the concept of a natural nun1ber, as 1, 2, 3, ... , tha.t is, positive integers. For the establish1nent of a calculating procedure, the positive integers n1ust be aug1nented by rational fractions,irrational nu,nbers, negative numbers, and zero. The positive, zero, and negative nu111bers are called real nu1nbersaand rnay be co,nposed of several natural nun1bers. 
	1 

	Any real nun1ber, positive or negative, has the property of designating a point by acting as a coordinate. A group of such nurnbers, each represented by a single coordinate, fonns one-di1nensional space (,ve shall find it convenient, in the n1anner of the ancient Greeks, to give our algebra a geo1netric interpretation). When these nu1nbers are displayed as pointalong a straight line, each point is the coordinate of its nun1ber. A onedimensional nun1ber c, co1nposed of the sum of t,vo others, a and b, each
	s 

	Real numbers are the numbers that correspond to the distance-positive, negative, or zero-measured from a fixed point O on a straight line. 
	1 
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	(c)c =a+ b,wherea= -5,b = +3 
	FIGt:RE A-l The one-dimensional number c = a + b. The elements a and b must be real numbers, and are laid off collinearly. 
	of which is itself a real number, is shown in Fig. A-1. In symbolic form, c = a + b. The directions are to lay off a and then perforn1 the operation indicated by the + sign. This rneans the laying off of b collinearly and to the right of a; the operation is that of addition. 
	When an ordered pair of nun1bers, written (a, b), defines a third number c = (a, b), then c is called a co1nplex number. To discuss co1nplex numbers, it will be necessary first to develop the concept of the "imaginary" unit, V-1. 
	The Meaning of the Negative Sign 
	The Meaning of the Negative Sign 
	Suppose· that we have a line with marks on it (Fig. A-2), the distance between the n1arks being in units of, say, a. One n1ark is designated as the origin 0, the direction to the right being agreed on as positive, to the left as negative. The distance OA is then 3a, and the distance OA' is 
	---... 
	/
	..... 
	-
	-
	' 

	....... 
	/ 
	' 

	/ 
	I Ł 
	I
	\

	I \ 
	I \ 
	-I I A't... t :=J Ł I ..,\A I 
	+ 

	-Sa -4a -3a -2a -a O a 2a 3a 4a 5a 
	FIGt;RE A-2 The negative sign-a reverser of direction. 
	KINEMATIC SYNTHESIS OF LINKAGES 
	-3a; the distinction between the t,vo is that they are 180e"apart," in the sense that, if we imagined 0A to be pivoted at 0, it could be turned counterclockwise until it coincided with 0A'. That the counterclock"'ise direction of turn is taken as positive is also a n1atter of agreement. Pivoting OA' about O in a counterclockwise turn of 180e"'ould also bring it into coincidence with 0A. Both these operations of the 180eturn have involved reversal of direction, an association "'ith the negative sign, as (-l
	° 
	° 
	° 

	The square root of a negative nu1nber, as v, occurs frequently. This can be written as v= v<=TI x. This y=-i is then an operation to be perfor1ned on x. If the notation i= -1 is introduced, then it follows that (i) (i) = i= -1; two operations with i are the san1e as n1ultiplying by -1. Now -1 has been seen to rnean reversal of direction, but we n1ay associate iwith -1 ; i= 1 is thus an operator signifying a counterclock,vise turn of 180e. A single i indicates a turn of 90ein the counterclockwise direction
	-x
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	= 
	Nlathen1aticians used the sign v-1 for about 200 years hef ore knowing what it n1eant. Łrhe symbol i originated with Euler (1777), who introduced so n1uch of our present notation, including J(x), e, and Ł (sun1111ation). 
	Imaginary QuontitiŁ 
	,.:\.n expression consisting of an ordered pair of nun1bers c = (a, b) is n1ore generally ,vritten c = a + £b; it is not the sa1ne as b + ia. This nu1nber c = a + ib is called a co1nplexnumber and is two-din1ensional, since it involves both a and ib. Both a and b are real num hers; the number a is called the real part and b the imaginary part. A complex number of the form + iO is said to be a real nu1nber, whereas one of the form 
	1 

	a
	0 + ib is called a pure in1aginary. The validity of most of the theorems of arithmetic and algebra is unaffected by their transference to complex quantities, a very useful fact, since every algebraic equation in con1plex algebra has at least one root (Gauss). 
	The Complex Number in Geometrical Representation 
	Suppose that we have a distance r laid off fron1 0 as shown in Fig. A-3. Geometrically this r is a radius vector whose length is r times the length 

	Rather, c = a + ib should be called the ordinary, or usual, complex number. 
	Rather, c = a + ib should be called the ordinary, or usual, complex number. 
	1 

	There are others, for example, c = a + wb, where it is agreed that w= O. These are not our concern at this time. 
	2 
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	1''1GtJRE A-3 The complex number c = a + ib shown by its two dimensions a and ib. 
	of a vector of unit length. We can describe the position of the end point P of the radius vector in several ways by the use of pairs of nun1bers; e.g., the polar fonn would require the specification of rand 0. We could also use the real positive nun1bers a and b, saying, "Lay off a to the right, turn 90to the left, and lay off b as shown." This n1ethod of locating the point P uses a lot of words. We could use the syrnbol i to indicate the 90turn to the left (counterclock,vise) by writing ib; this suggests a
	° 
	° 
	2
	° 
	° 

	Certain relations among con1plex numbers are shown in Fig. A-5, a consideration of which shows that: 
	1. 
	1. 
	1. 
	Two con1plex numbers can be equal only if their real and in1aginary parts are separately equal.

	2. 
	2. 
	Co1nplex nurnbers add vectorially; their sun1 is found by adding the real parts to give the real part of their sun1 and adding the imaginary parts to give the i1naginary part of their sum. 

	3. 
	3. 
	The difference of t,vo con1plex numbers is found by taking the difference of their real parts to give the real part of their difference, etc. 
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	FIGURE A-4 The complex number c = a + -ib on display. Geometrically, 
	r2 = a2 + bZ 
	8 = tan-• -
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	a=rcos 8 ib = r sin 8 
	Forms of the complex number c: 
	c = a + ib orthogonal 
	c = r(cos 8 + i sin 8) 
	c = ·re•C = r/8 polar or circular 
	9 

	:'vlultiplication and division follow the rules of ordinary algebra with the additional relation i= -1, 
	2 

	(a + ib)(c + id) = ac + (ib)c + a(id) + (ib)(id)= ac + i(bc + ad) + (bd) 
	i
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	= ac + i(bc + ad) + (-l)(bd) = (ac -bd) + i(bc + ad) 
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	Multiplying and dividing in the above manner is cu1nberson1e. The use of exponentials is less tedious, but involves the use of Euler's theorem, 
	Figure
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	FIGURE A-5 Addition of complex numbers c1 and C2 to yield c. 
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	which de1nonstrates that 
	(cos fJ + i sin fJ) = (A-1) 
	e
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	Since 
	c -r(cos (J + i sin fJ) = re
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	From this, 
	C:i = C1C2 = (r1 e')(r2e') = r1rŁ,+,> 
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	= r1r2[cos (81 + 02) + i sin (81 + 82)] (A-3) 
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	'fhe Gauss-Argand representation of the complex nun1ber makes use of the cartesian-.coordinate plane xy and calls the co1nplex number z,that is, z = x + iy. The number is thus displayed as the point whose 
	lmag 
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	FIGURE A-6 The coniplex plane (Gauss-Argand plane). Complex numbers that are mirror in1ages about the real axis are called conjugate; this means that -iy 4, and z2 and za are conjugate. 
	replaces iy; thus z, and z
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	coordinates are (x, y). Note that z is the sy1nbol for the co1nplex nun1ber; it has no relation to the usual third cartesian coordinate. The length of the radius vector is designated by r. Figure A-6 shows in sun1mary manyproperties of the complex number in all quadrants of the complex, or z, plane. 


	The Angle of Turn 
	The Angle of Turn 
	rrhe angle of turn of a unit vector is defined by the operator ( cos 8 + i sin 8). If we perform this operation again, turning through another angle 8, we shall have 
	(cos 8 + i sin 8)(cos O + i sin 0) = (cos O + i sin 0)
	2 

	However, the total angle of turn is 20, ,vhence we n1ay write the identity 
	(cos (J + i sin 0)= cos 20 + i sin 20 
	2 

	On extending this toen operations we have 
	(cos o + i sin o)» = cos n.O + i sin no 
	'fhis last is known as De l\-loivre's theoren1. 

	Transformation of Vectors 
	Transformation of Vectors 
	Consider t,"·o vectors OP, and OP2 represented by their con1plex nun1bers. The length of OP1 is r(l) = r, and the length of OP2 is kr (Fig. A-7). To transform OP1 into OP2, two operations are necessary on OP1 : (1) OP1 n1 ust be turned counterclock,vise through the angle <f,, giving the point P;, and (2) OPŁ n1ust be stretched into a length OP2, accomplished by n1ultiplying the length r by the factor k. Now OP1 = r(cos 8 + i sin 8), 
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	FIGUBE A-7 Transformation of vector OP1 into OPt 
	FIGUBE A-7 Transformation of vector OP1 into OPt 
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	FJGL"RE A-8 Conjugate complex numbers z = x + iy and z = x -iy. 
	1 through <J, yields 
	and turning OP

	OPŁ = OP1 (cos <J, + i sin <J,) 
	= r(cos 8 + i sin 8)(cos <J, + i sin <J,) 
	= r[cos (8 + <J,) + i sin (8 + <t>)} 
	Stretching OPŁ into OP2 1neans 1nultiplying by k, or 
	OP2 = kr[cos (8 + <J,) + i sin (8 + <J,)] 
	Coniugate Complex Numbers 
	Coniugate Complex Numbers 
	Two complex nun1bers are said to be co1nplex conjugates of one another when they have the sa1ne real part and in1aginary parts equal in rnagnitude but opposite in sign. For exan1ple, the con1plex conjugate of x + iis x -iy. In general, ,ve shall use a bar over the sy1nbol of a co1nplex number to denote its conjugate; thus, if z = x + iy, then z = x -iy.
	y 

	Points of the con1plex plane representing two conjugate cornplex numbers are synunetric with respect to the real axis (Fig. A-8a). Note that the n1agnitudes of two conjugate con1plex numbers are equal and that their angles are opposite in sense. Further, if z is real, then z = z; if z is pure imaginary, then z = -z. 
	Conjugate con1plex nu1nbers are useful in a nun1ber of situations,such as in calculating the n1agnitude of a con1plex nurnber, 
	= r= x+ y= (x + iy(x -iy) = zz
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	The square of the magnitude of a con1plex nun1ber is therefore its productwith its own conjugate. The real and imaginary parts of a complex nun1ber rnay also be expressed in ter1ns of the conjugate (Fig. A-8b), 
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	Real part of z = x = ½[(x + iy) + (x -iy)] = 1 Ł 
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	Imaginary part of z = y = \ [(x + iy) -(x -y)= 
	2
	i
	] 
	z;
	z 

	0 
	Even when a complex nun1ber is expressed in terms of sums, products, ratios, and exponents of other numbers, its conjugate may be found by simply taking the conjugate of each of the numbers appearing in the expression. Consider, for example, the complex nun1ber 
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	Example Differentiation of rewith respect to time. .\n expression of the forn1 re•really defines a point A in the con1plex plane, although it is often convenient to think of reas a position vector r tern1inating at the point A. According to this last interpretation, we think of the 1notion of A as being dependent on both the rotationa() of the position vector and its change in 1nagnitude. If this expression is differentiated with respect to time, the velocity of A results. 'faking the time derivative of re
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	dt 
	where 9 = dO/dt is the angular velocity of the line represented by the vector reand t = dr/dt is the rate of change of n1agnitude of the position vector r. The first term i(riJ)eis interpreted as follows: A distance rfJ is laid off in the direction r and then rotated through a counterclockwise angle of 90(indicated by the i). As seen from Fig. A-9, this first term may be interpreted as the transverse velocity vof point A (Sec. 4-4). The second term ferepresents a vector of magnitude f in the direction of t
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	(c) Total velocity given as sum of transverse and radial velocities 
	FIGURE A-9 Kinematic interpretation of first derivative of rei• 
	8

	0 
	(a) Position of A 
	(a) Position of A 
	is given by re i 8 


	Figure
	(b) Transverse velocity v given by ir8e 
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	FIGURE A-10 Kinematic interpretation of the serond <lE'rivative of re•• 
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	(b) Acceleration of A is given by the sum of four components. Note that 
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	The rnost natural interpretation of this equation is made in tern1s of the concepts of relative acceleration and Coriolis acceleration presented in Sec. 4-9. Consider .. A to be a point of a plane 3 rnoving along the line -u of a plane 2, itself rotating about the origin O (Fig. A-lOa). 'l'he reference plane 1 is the con1plex plane carrying the real and in1aginary axes. The path sho\vn as KA in the figure is that traced by A on the aA of A (with respect to plane 1) is the sun1 of three con1ponents, 
	0
	reference plane. We know that the absolute acceleration 

	(A-7) 
	Figure

	oA,2 is the acceleration of .A ,vith respect to plane 2; OA2 is the accelJ 2 of plane 2, coincident ,vith A at the instant con
	where 
	eration of the point A 

	c0r
	a

	sidered; and is the Coriolis acceleration as described in Sec. 4-9. With this in 111ind, we 1nay now lay out the four terrns of Eq. (A-6) as shown in Fig. A-lOb and co1npare the1n with the tern1s of Eq. (A-7). 
	The first tenn fe;is the acceleration of A relative to plane 2: its magnitude is given by f and its direction by e'• The next t\VO tern1s represent the nonnal and taugential accelerations of the coincident point A2; these are the only tern1s which do not vanish when r is n1ade a constant (so that f = f = 0), thus fixing the point 1\ in plane 2. Finally, the ter1n 2if8e•, of magnitude 2f8 and direction rotated 90efrom the direction of e•in the sense of 8, is the Coriolis acceleration. 
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	A-2 LIXEAR SYSTE.'.\fS OF ALGEBRAIC EQl" ATIOŁS-I: DEFINl'fIONS 
	A linear algebraic equation is one in which the unkno,vns, ho"'e,·er n1any, appear to only the first power (degree). 
	1'he general f or1n for m equations in n unkno,vns is 
	a1 1X1 + a12X2 + . . ' + a1:l+ ' ' . + a1nX,, =b1
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	jj 
	a21X1 + a22X2 + • . . + a2jXj + ' . ' + a2nX11 = b2 
	(A-8)
	a;1X1 + a,:2X2 + · · · + u;X; + · · · + a;,,x,. =b, 
	;

	. .. . . .. .. 
	Figure
	This may also be ,vritten 
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	L a;_;:rj =b. i =1, 2, . . . , m (A-9) 
	j •I 
	When dual indices are used, the first ,vill ahvays denote the row, the second the cohunn. The general coefficient a;i stands in the ith row and jth column. 
	The syste1n is said to be: 
	1. 
	1. 
	1. 
	N onhon1ogeneous if at least one b, Ł 0 

	2. 
	2. 
	Ho1nogeneous if all bi =0 


	3. Consistent or con1patible if there is at least one solution common to all equations 
	The syste1n of equations 1nay be interpreted as a linear transfori, b2, ••• b,, ... , b,,. to every set of quantities .t,, .i:2, ••• , x.-, ... , x,,. Such i, . . . , Xn i, ... , bm. 
	n1ation; i.e., the syste1n assigns a unique set of quantities b
	an assignn1ent is called a linear transf orn1ation of the set x
	into the set b

	A-3 DETERMIŁAŁTS 
	1'he application of detenninants gives a \\'ay of solving a systen1 of nonhon1ogeneous consistent linear equations ,vhen there are as rnany equations as unknowns. It is possible to solve these equations by the 1nethod of eli1nination using judicious 1nultiplication, addition, and subtraction. Determinants furnish rules for speeding so1ne phases of the 111anipulation and n1ake it possible to forn1ulate solutions in a concise manner. 
	APPENDIX: MATHEMATICAL TRACTS 
	Meaning of Determinant 
	Meaning of Determinant 
	Determinants developed with the study of linear equations. The sin1plest forn1 of an algebraic equation of the first degree in one unknown is ax = b, in which a and b are supposed given an<l xis to be found. The answer appears to be x = (1/a)b, but ,vhether or not this is really so needs to be determined, for, in an algebraic problen1, literal symbols such as a and b are used to discuss relations regarding all nu1nbers. But all numbers includes zero, and particular situations exist if either a or b or both
	-

	Our inunediate concern. is ,vith 1/a, a nu1nber ,vhich ,vhen multiplied by yields 1 ,vhen -:;c 0. \Vith = 0, 1/a does not exist, since
	a a a
	the product of any nu1uber and O is always 0. It follows that the possible existence of a solution depends on having a -:;c O; the situation is determined (at least in part) by the value of a, ,vhence a is called the determinant of the equation. This necessary exa111ination of a leads to the well-known theoren1e: If a -:;c 0, the equation ax = b has but one solu-
	.
	tion, x b Ia
	--
	i 
	.

	The value of b is also part of the total picture. With b = 0 and a -:;c 0, x has the value of 0. When both a and IJ are zero, any value of x satisfies the equation and the solution is indetern1inate. With a = O and b -:;c 0, there is no answer to the problen1. The nu1nber b is son1etin1es called the secondary detenninant of the equation.
	The theore1n derived fron1 the exan1ple based on a single linear equation ,vith one unknown applies n ti1nes to a set of n linear equationsinen unkno,vns. Nun1bers corresponding to the foregoing a and b result fro1n the sun1s of products of the constants defining the equations: these nun1bers are the determinants. 
	Linear equations began to be studied in Ne,vton's time. Seki (1642-1708), '"'hon1 the .Japanese consider their n1ost i1nportant rnathen1atician, discovered detenninants prior to 1683. Leibnitz expounded on the subject in a letter to De L'Hospital in 1693, a letter not made publicuntil 18ti0. Deter1ninants \Vere again discovered by Cramer (1704-1752),popularly ren1en1bered for his ''rule" (1750). i\-Iany n1ade further contributions, of who1n we can n1ention only a fe-w. Vanderinonde (1753-1796) gave the fi
	Second-order Determinants 
	The operations pertaining to the solution of linear equations ,vith two unknowns are readily given and allo,v a perception of the process culminating in the shorthand of detenninants. The second-order deterrninant to be developed is in addition always useful. 
	Consider a systen1 of two linear nonhon1ogeneous equations in t"·o x1 and x2, 
	unknowns 

	a11x1 + a12X2 = 
	a11x1 + a12X2 = 
	b1 (A-10)
	= 


	0-21 X1 + a22:'l;2 f> 2 
	0-21 X1 + a22:'l;2 f> 2 
	a22, the second 12, and the two equations added. This gives 
	To solve this syste1n, the first equation is 1nultiplied by 
	by -a

	(A-11) 
	Figure

	21 , of the second by u, with subsequent addition of the two, produces 
	Similarly, 1nultiplication of the first equation by -a
	a

	Figure
	x1 and x2 have identical coefficients. On solving for the unkno,vns we have 
	We note that 

	b1a22 -b2a12 b2a11 -b1a21
	and -(A-13)
	:l:2 
	=
	----
	

	a 11a22 -a21a12 a11a22 -a21a12 
	in which each x is expressed in the fonn already established for an equation in only one unkno,vn, na1nely, x =b/a. Each numerator, and the 1 and x2, although expressed as the sun1 ( or difference) of several products, will reduce to single nun1bers equivalent to b or a, thus becon1ing the determinants of their respective equations. 
	common denon1inator of x

	a11a22 -a-21a12, con1mon to both 1 and x2. It is represented by the syn1bol D, 
	In particular, there is the quantity 
	x

	Figure
	a square array of the coefficients of the unknow·ns, ,vith the four ele1nents arranged in two row·s and two coh1n1nse: this is a deterrninant of the second order. 
	We n1ay view· the array as a practical device for producing the single number D. The evaluation (or expansion) of D follows from the sum of the signed products of-the elements of the t,vo diagonals according 
	APPE!IIDIX: MATHEMATICAL TRACTS 
	to the following rule: 
	'\ /, 
	X 
	= 
	(+) (a11a22) + ( -)(ai2a21) = a11a22 -a12a21
	;
	a21 a22 1 
	(A-14) 
	(-
	),: 
	Ł
	(
	+) 

	2 5 
	-+[(2)(-6)) + (-)[(5)(-3)) = -12 + 15 = +3 
	-3 -6 
	The polyno1nials on the right sides of (A-11) and (A-12) may also be written in determinant f orn1, giving the sy1nbolic relations 
	au b1
	au b1
	au b1
	au a12

	au a12 

	a12 
	a12 
	b1 

	(A-15)
	(A-15)
	and 

	X2 =


	X1 = 
	X1 = 
	a21 b2
	a21 b2
	a21 a22 

	b2 a22 
	b2 a22 
	22 
	a21 a


	b1 ai2
	b2 a22 Di 
	= au a12 75 
	whence Xi = 
	(A-16) (Cramer's rule) 
	a21 
	a22 
	au 
	bi 

	a21 b2 D2 


	and X2 
	and X2 
	= 

	au a12 75 
	I 
	-

	a21 a22 
	yielding xand x2 if D Ł 0. 
	1 

	It should be noted that the "nu,nerator" detenninant D1 of Xi is like D except that the coefficients of xare replaced by the constant terms b1 and b2; in D2 the coefficients of x2 are replaced by the constants b1 and b2. Consequently the "numerators" may be evaluated in a 1nanner similar to that for D. 
	1 

	Third-order Determinants 
	If three linear nonho111ogeneous equations in three unkno,vns as 
	a11x1 + a12X2 + a1aXa = b1 
	a21X1 + a22X2 + anxa = bŁ (A-17) 
	a31X1 + a32:r2 + aa3X:1 = bi 
	are n1anipulated toward a solution, x, xŁ, and xa ,vill have an identical polynon1ial coefficient, 
	1

	(a11a22aaa -a11aa2a2a + a21aa2a1a -a:na12aaa + aa1a12an -a31a22a13)
	(A-18) 
	KINEMATIC SYNTHESIS OF LINKAGES 
	This coefficient is again the detern1inant of the system and is written 
	u a12 a1a 
	la

	D 
	-
	-


	(A-19)
	a21 022 an 
	aŁ1 Oa2 Q3;1 
	The evaluation is conveniently carried out as follov,s: Write thedetern1inant as usual, and repeat the first two colun1ns. The tenns ,vill follow from the signed products of the elen1e11ts according to Sarrns' rule, 
	(A.-20) 
	CAUTION : Sarrus' rule is not applicable to detenninants of higher than third order. 
	Further manipulation of (A-19) would give 
	1 012 a13 
	l 
	b

	b2 a22 a2ba a32 a33 
	3 

	i
	D

	-
	=
	X1 
	X1 
	-
	-


	D D 
	a1 I b1 a13 a21 b2 a2Ł 
	(A-21)
	D
	2 

	a31 ba aaa 
	a31 ba aaa 
	_____,_ -
	-

	X2 = 
	X2 = 
	D D 
	au a12 b1 
	022 b2 
	a21 



	aa1 aa2 ba 
	aa1 aa2 ba 
	Da
	X3 = 
	D D 
	2, and x3 if D Ł 0. 
	yielding x1, x

	This solution is si1nilar in fonn to that of the second-order equations. Note again that in the "nun1erator" detern1inants the b's stand in the place of the coefficients of the x being sought. 
	Determinants of Higher Order 
	Determinants of Higher Order 
	A set of n linear nonho1nogeneous equations in n unknowns will have detern1inants of the sa1ne character as those of the second and t.hird orders, viz., if of nth order, then there will be n! n-fold tenns containinp; one, and only one, ele1nent from each row and each column in each deter
	-
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	minant. The evaluation of determinant� of even the fourth order becomes tedious (24 fourfold terms), and unn1anageable if n > 4 (with n = 8, there are 40,320 eightfold tern1s in each of the nine necessary determinants!). In addition, there is no direct 1nethod of evaluation such as Sarrus' rule, which gives not only the terms but also provides the proper signs. The simplest sche1ne for the expansion of higher-order determinants involves the use of the minorand the cofactor, also called the signed minor. 
	1 



	Minor 
	Minor 
	Consider a determinant of the nth order, 
	au a12 a1; ll1n 
	au a12 a1; ll1n 
	a2n
	ao· 

	a21 a22 
	-1 

	. . . . . . . 
	---1
	D 
	l
	a
	tJ
	I 
	-

	a,1 ll;i aa.,. l 
	;; 

	: 
	. . .
	I
	I 
	anl an2 a,.; a,in 
	l 

	i, 1, 2, . . . n (A-22) 
	J 
	-
	3, 
	' 

	where the first index i is for the rows and the second index .i denotes the columns. aii is the deterrninant A;h forn1ed on suppressing the ele1nents of row i and column j. Thus, fron1 
	The first n1inor of any elen1ent 

	au a12 au 
	(A-23)
	D 
	-

	a21 a22 a23 

	aa1 aa2 a33 
	aa1 aa2 a33 
	i; can he formed, as a11: 
	nine detern1inants A
	lviinor of 

	a2!? au
	Figure
	-

	21 a22 a2a 
	21 a22 a2a 
	1

	.-lu 
	Uit aaa 
	Uit aaa 
	31 U32 a33 
	31 U32 a33 
	! 

	a21 : 
	N!inor of 

	a12 a1a

	A 21 
	A 21 
	-
	-


	a:1•-.• aaa
	' 
	ŁIinor of aŁ2: 
	au ais 
	-lŁ2 
	.
	-
	-


	a21 a2a 
	Minor is the short form of "minor determinant." 
	1 

	i; is of one order less than the determinant from which it ,vas formed. 
	and so on, for the rest. Each of the new deter1ninants A





	Cofactor 
	Cofactor 
	A signed minor is called a cofactor. The sign of the cofactor is positive if the sum of the nun1bers of the ro,v 1: and colu1nn j of the elen1ent ai; is even and negative if the sun1 is odd. This signed 1ninor is written C,; i;-The rule of sign 111ay also be re1nembered in tenns of the cha.rt 
	and may be defined as C,; = (-l)i+iA

	+ + 
	+ + 
	+ + 
	+ + 
	By ,,,ay of exarnple, 
	Cofactor of a11: 
	a22 a2
	Figure
	3

	2 
	-
	1)
	1+1 
	a2
	a2a

	-
	-
	+
	-





	Cu (
	Cu (
	a32 au
	Figure

	aa2 aaa 
	Cofactor of a21: 
	Figure
	C21 (
	-

	2+1 
	-
	1)

	I
	! 
	a12 
	au 
	a3a 
	Figure
	-
	Figure
	a12 
	au 
	a32 
	u 
	a

	Cofactor of aŁ2: 
	Figure
	an a1a I
	Figure

	-
	Ca2 (-
	-
	})3
	+2 
	au 
	a
	1
	3

	a21 an 
	a21 a.23 
	Figure
	I 

	Rules for the Evaluation of the Determinant of Any Order 
	Rules for the Evaluation of the Determinant of Any Order 
	1. 
	1. 
	1. 
	Fonn the product of each elen1ent in a ro,v or column by its cofactor; i.e., form a.;C;;. 

	2. 
	2. 
	Repeat this process on C,; until it can be easily expanded, as on reaching the third-or second-order detenninant form. 

	3. 
	3. 
	The algebraic sun1 of the terms so found is the value of the higher-order determinant. 


	Example 1 Given the necessary equations to form 
	D= 
	a22 
	a22 
	a22 
	a2a 
	a24 
	a12 
	a13 
	a14 I 
	a12 
	a12 
	au 

	D 
	D 
	-
	+au 
	a32 
	aa3 
	aa4 
	a21 aa2 
	aaa 
	aa4 
	+ a11 
	a22 
	an 
	a2" 

	TR
	a4Ł! 
	a4Ł 
	au 1 
	a42 
	a"a 
	a44 
	a42 
	a4a 
	a44 

	TR
	II a12 
	a1a 
	a14 

	TR
	-an a22 aa2 
	a23 aa3 
	a2, aa, 
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	1. Suppose the first column to be chosen: 
	The third-order determinants could no,v be expanded by Barrus' rule, or 1C,; as an example:, ,ve have: 
	they could be further reduced. Taking the second a,
	:

	')
	... 
	... 
	I 

	a12 a1a au 
	a21C21 --a21 aa2 aaa aa4 a44 
	a42 a4a 

	and, choosing the first ro,v, 
	Figure
	-
	--a21[a,2(aa3aH -a34a43) -au(aaza44 a34a42) 
	--a21[a,2(aa3aH -a34a43) -au(aaza44 a34a42) 
	+ a14(aa2a43 -a42aaa)] 

	21 there will be 6 fourfold products, ,vhich, together vvith the products of a11Cll, aa1Cs1, and aHCo, ,vill give a total of 2-1 fourfold products. 
	On con1pleting the 1nultiplication of this a21C

	3. The algebraic sun1 of the 24 fourfold products is the value of the detern1inant D. 
	Example 2 Consider the detern1inant 
	0
	1 
	3 5 0 4 
	I 



	·o 2 2 -1 
	·o 2 2 -1 
	D
	-

	2 6 0 0 
	0 1 -1 
	3, 

	1. The first or third colu1nn or the third ro,v rnight be chosen because of the zeros. Suppose that vve take the third ro,v : 
	3 0 4
	5 0 4 
	-6 
	0 2 -1
	D -+2 2 ..., -1 
	')

	0 -1 3
	1 -1 3 
	1 -1 3 
	3 fi 0
	3 5 4 
	+o 0 2 ·-1 
	-0 0 2 2 
	0 1 0 1 -1
	31 
	2. 
	2 -1
	2 -1
	Figure

	2 -1 
	! 


	!
	D 2(+5 o 
	-
	-

	+ 4
	1 
	3
	1

	-1 
	-1 
	3
	I 

	1 
	Figure








	2 ,) 
	2 ,) 
	-
	i

	ij 3 7;+ ° 
	-
	-
	-1
	!_
	0
	1 
	o 
	0 
	I 
	4

	( 
	( 
	I 

	I •)3j I I i ) 
	-1 
	-1 
	,1 
	2 
	-1 
	Figure

	3. 
	D -2[5(6 -1) + 0 + 4(-2 -2)] -6(3(6 -l)] 
	-2[5(5) + 4(-4)] -6(3(,5)] = 18 -90 = -72 
	Cramer's Rule 
	Cramer's Rule 
	The solution of a systen1 of n nonhon1ogeneous linear equations in n unkno\vns n1ay be obtained by the application of the above excerpts f ron1 the theory of determinants by the application of Cra1ner's rule. The procedure follows: 
	Given the systen1 of equations 
	a11x1 + a12:i·2 + · · · + a1i:i·J + · · · + a1,,x,, = b, aux, + aŁ2X2 + . . . + a2;Xj + . . . + a2nX,i = b2 
	. . . . . . . . . . . . . . . . . . . . . . . . . ' . . . 
	Figure
	.
	an 1:1:1 + II 2:rŁ + + a,,+ · · + a,,,,x,. = bn . au a12 a 1_; a,n ! 
	Q
	jl:j 

	a21 a·-a2i a2,. 
	: 
	.,. 

	. 
	. 

	;;e 0
	If D laiJl 
	If D laiJl 
	-
	-
	-


	' 
	a;1 a;2 a;i a;,, 
	i . . . . • • • 
	a,,2 a,,; 
	ann 
	then by Cramer's rule the unique solutions arc 
	X1 .lj = :r" 
	= 
	X2 = 
	D 
	= 
	D
	n



	D1 D2 . 
	D1 D2 . 
	1) 

	D D D 
	D D D 

	1n which D; is the detern1inant forn1ed by replacing the elenients a1;, a2i, . . . , a;)) , a,,i of the jth colurnn by b1, b2, . . . , b;, ... , b,,,respectively. 
	Properties of Determinants 
	Properties of Determinants 
	The most useful of the properties of detern1inants (but not all) 1nay be noted: 
	; I : 
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	1. A detern1inant vanishes if: 
	a. 
	a. 
	a. 
	T,vo rows (or colu1nns) are identical. 

	b. 
	b. 
	A row (or colun1n) has only zero elen1ents. 


	2. A detern1inant is unchanged if: 
	a. lŁo,vs and colun1ns are interchanged, e.g., 
	lg 3 1' 8 4 7 
	14 5 2 = 3 5 9 
	11 9 6 1 2 6 
	b. To each element of a ro,v (or colun1n) is added the corresponding element of another ro,v (or colun1n) n1ultiplied by 
	any constant, e.g., 
	8 ;; I ! 8 + (1)2 3 1 !! 10 :; 
	j 
	2
	' 
	1 
	I 
	i I 

	; 
	,.
	4 ;.) 2: = 4 + (2)2 5 -8 ,J 2
	I 
	' 
	' 

	' 
	7 9 
	7 + (6)2 9 19 9 6
	61 
	J 
	i
	1

	1 o! 
	3. A detern1inant is multiplied by a constant if the elements of a ro,v (or colun1n) are 1nultiplied by that constant, e.g., 
	: 
	8 
	3 
	1 
	8 

	i (3)4 (3)5 (3)1 = 7 9 6 
	I 
	4 
	7 
	(3)3 (3)9 
	1 
	Is 3 1 
	1=34 ;) 1 9
	6 
	, 7
	' 
	6 
	4. A. detenninant changes its sign if t,Yo of its rows (or columns) are interchanged. e.g., 
	s 1 '3 s 11 
	I
	Ł 

	,4 .-:> 2 = -5 4 2 
	:7 9 6 9 7 f)A, 
	The foregoing has shown only the briefest ,vorking outline of the theory of detern1inants as needed for the present purpose. Refinen1ents,"tricks," and short cuts, helpful to the dedicated user ,\,ho has the time and inclination to learn the1n through repeated application: have been on1itted. Nothing has been said about addition and multiplication. 
	A-4 LINEAR SYSTEMS OF ALGEBRAIC EQUATIONS-II : RANK AND SOLUTION 
	A determinant has been described as a symbol that defines polynon1ials of a type frequently encountered, as in the solution of nonhon10geneous linear equations. \Vith n equations in n unknowns, the determinant is a square array of quantities co1nprised of the coefficients of the unknowns or the constants of the equations. In the course of a solution, n + 1 polynomials, each containing n! n-fold tern1s, have to be established. 
	-

	The polynomials have a specific numerical value, and the determinant provides not only a shorthand for indicating it symbolically but also a bookkeeping scheme for finding the corresponding number. 
	In the exan1ples given, unique solutions of linear equations did not exist ,vhen D = O; also, the nun1ber of equations and unknovrns had to he the san1e. A ne,v concept, the matrix, is eminently useful in studying those cases ,vhere D = 0 or ,vhere the nun1ber of equations differs fro111 t.he number of unkno,vns. 
	Matrix 
	l\ matrix is defined as an ordered array of elen1ents in row, colu1nn, rectangular, or square fonn, the elen1ents being the coefficients of a systen1 of linear equations (transformations). A n1atrix does not represent so1ne polynomial, as does a determinant: it is a syn1bolic representation of an ordered array of nurnbers. Because of the array, there is a superficial resemblance bet,veen a 1natrix and a determinant, and although a relation does exist between the two, each is based on a quite different conc
	Consider a set of m linear nonhon1ogeneous equations in n unknowns, 
	a11X1 + a12X2 + · · · + a1;X; + 
	Figure
	(A-24) 
	. . . . . . . . . . . . . . . . 
	. . 

	+ am,,X1, = bm 
	Figure

	The matrix A. of the syste111 1s fonned fron1 the coefficients of the unknowns, 
	Figure
	a·,,
	Figure
	,_ 

	(A-25) 
	a,,. } am2 ,..a,,u,
	I 
	a

	;
	Double bars are used to distinguish n1atrices from detern1inants. 
	Determinants of o Matrix 
	It has been remarked that by crossing out certain rows and columns the resulting square arrays of nun1bers n1ight be considered as determinants. Any such determinant is a determinant of the matrix. 
	APPENDIX : MATHEMATICAL 'fHACT8 
	Example 1 Given 
	·1 3 7 1[
	l'

	A 
	= 2 
	., 

	This 1natrix contains six first-order and three second-order determinants. 
	Example 2 Given 
	1, Ł
	') 
	') 
	;) 
	4

	I• 
	-
	-



	f· 
	I
	I
	.4 
	.4 
	-

	5 2 7 

	8 1 10 ,! 
	This matrix contains the follo,ving determinants: nine first-order, nme second-order, and one third-order. 

	Ronk of a Matrix 
	Ronk of a Matrix 
	The rank of a matrix is defined in ter111s of its detern1inants: the rank of a matrix is r if at least one nonzero detern1inant of order r exists, ,vith all deter1ninants of order higher than r equal to zero. 
	Example Consider the n1a.trix 
	1 0 1 3 A-2 1 0 -2 
	-1 -1 1 
	The four third-order detern1inants are 
	I 
	I 
	I 
	0 
	1 
	1 
	0 
	3 

	2 
	2 
	I 
	0 
	=0 
	2 
	1 
	-2 
	=0 

	-1 
	-1 
	-1 
	I 
	-1 
	-1 



	I I 3 
	I I 3 
	0 1 3 
	1 0 -2
	2 0 -2 
	=0 
	=0 
	-1 1 5
	1 I 5
	1 I 5
	-

	i 

	However, since 
	I 
	O! 
	Ł 
	0 

	2 1 
	t 

	there is at least one second-order detern1inant different froru zero and hence the rank of this rnatrix is r = 2. 
	Solution of Linear Systems of Equations 
	The solution of systen1s of linear equations is usually carried forward in English-language texts by a 1nethod based on the use of the augn1_ented matrix of the coefficients. However, the concepts of principal and characteristic determinantsarepresent useful additions to the general n1ethod. 
	1 

	They are presented in the follo,ving, for they are ,vell suited to our problems.
	Returning to the syste1n of Eqs. (A-24), let r be the rank of the n1atrix A of its coefficients (A-2,3). Since at least one detern1inant of order r of the n1atrix A 1nust be different frorn zero, \\"e n1ay assun1e that the equations and unknowns are taken in such order that the deterrninant D of the first r ro,vs and columns of the n1atrix is different from zero. This determinant is called the principal determinant. The first r equations and the first r unknowns (whose coefficients appear in the principal 
	A 

	The detenninants 
	Figure
	' . 
	D 

	p = r + 1, . . . , m (A-26) 
	1-------------' br 
	a, b
	Figure
	p
	p 

	formed by adding a ro,v and a colun1n to the principal detern1inant as shown are called characteristi"c determ.1·nants. Note that the last row of Dis formed of coefficients of one of the nonprincipal equations. Since there are m -p such equations, a total of m -p characteristic determinants may be fonned. If r = m, the rank of the 1natrix is equal to the nun1ber of equations and there are no characteristic detern1inants. 
	P 

	It 1nay be shown that a systen1 of m. equations with n unkno,vns such as (A-24) is con1patible, i.e., has solutions, if all its characteristic detern1inants are zero. If a syste1n has no characteristic deter1nina.ntf(r = m), then it ahvays has solutions. 
	The number of solutions depends on the number of unknowns and rank. With n = r, the systen1 has a unique solution. With n > r, the syste1n has an infinity of solutions, and there are n -r nonprincipalunknowns which can be specified arbitrarily. 
	Example 1 Consider 
	X + Z + 3t = 1 
	2x + y -2t = 2 
	-X -y + Z + 5t = 3 
	The ,natrix of its coefficients is 
	1 0 1 3 A-2 1 0 -2 
	-1 -1 1 5 
	APPENDIX: MATHEMATICAL TRACTS 
	We have seen that the rank of this matrix is r = 2 and that the secondorder detern1inant 
	Introduced by E. Rouche. 
	1 

	· 1 0
	· 1 0
	D = 1 l 
	)2 
	forn1ed by the elernents of the first two ro,vs and colu1nns is different from zero. We n1ay take this detern1inant as our principal deterrr.1inant,_ so that x and y are the principal unknowns, With only one nonprincipal equation (the third) ,ve have one characteristic determinant, 
	1 0 1 
	4 ;,,e 0
	-

	Da 2 
	-
	'' 
	2 
	1 

	i 
	-1 -1 3. 
	Since this detenninaut is different fron1 zero, the systen1 is incon1patible, and twill satisfy all three equations. 
	Noset of four nu1nbers such as x, y, z
	1 

	Example 2 Same system as above, except that the second n1en1ber of the first equation is changed to 5. The matrix coefficient is unchanged, but the characteristic detern1inant is no\\' 
	-

	1 0 5 
	Figure

	DŁ = 
	2 1 2 
	= 0 
	Figure

	-1 -1 3 
	Since it is zero, the systen1 is compatible and the two nonprincipal unknowns z and t may be specified arbitrarily; take, for exan1ple, z = 1 and t = 4. The principal equations (the first t,vo) become 
	X = 5 -1 -12 = -8 
	2x + y = 2 + 8 = 10 
	Solving them for x and y yields x = -8, y = 26. The reader may observe that the values x = -8, y = 26, z = I, t = 4 satisfy the third equation. 
	Example 3 Consider 
	X + y = I X -y = 2 X + 2y = Ł 
	The 1natrix of the coefficients is 
	1 1 = 1 -1 
	A

	1 2 
	The determinant 
	1
	Figure
	I
	1 

	D = 
	-1 
	Figure
	is different from zero and may be taken as principal determinant. The 
	rank of the matrix is r = 2. The first t,vo equations are principal equations, and the.re is one characteristic detern1inant, 
	1 1
	i I 
	l 

	D:: = 11 -1 2 = -5 
	2 3
	2 3
	11 

	Since this determinant is not zero, the system is incompatible. 
	Solution ol Homogeneous Equations 
	A special case of linear systems of equations occurs when all second n1em1, ... , b,, ... , bm are zero so that each equation is homogeneous; i.e., all terrns are of the sa1ne degree in the unknowns x1, . . . , x;, . . . , ,.. Because such syste1ns of equations are of particular interest, we shall see how the general rules apply to them. 
	bers b
	x

	Consider a system of m hon1ogeneous equations in n unkno,vns
	J 

	a11X1 + a12X2 + · · · + a1jXj + · · · + a1nXn = 0 
	(A-27) 
	Figure
	Since all l>/s are zero, all characteristic determinants have a column of zeros and are therefore zero. We conclude that systern (A.-27) is ahvays co1npatible. As a n1atter of fact, a look at the equations reveals that we can always count on the trivial solution 
	Xi = · · · = X; = · · · = X,, = 0 
	Still applying the general rules, we note that, if the rank r of the n1atrix of the coefficients is equal to the nun1ber n of unknowns, this trivial solution is also unique. If, however, r < n, there will be other (nonzero)solutions and n -r nonprincipal unkno,vns n1ay be specified arbitrarily.In particular, if there are n1ore unknowns than equations (n > m), the rank is Jess than the number of unknowns and there ,vill be solutions other than the trivial zero solution. 
	Example 1 Consider 
	2x1 X2 + 3xa = 0 X1 + 2x2 -X:1 = 0 
	-

	3x1 + 4x2 + X3 =0 
	2 -1 3 
	Here D 
	-

	=8
	1 2 -1 
	3 4 1 
	,

	APPENDIX : MATHEMATICAL THACTS 
	Sinc.e the third-order detenninant of the rnatrix is D = 8 0, the rank r is 3, ·which n1eans, since n = :3, that x1 = x2 = x3 = 0 is the only solution. 
	Ł 

	Example 2 Consider 
	2x1 -x2 + 3x3 = 0 3x1 + 2x2 + xa = 0 X1 + 3x2 ·-2xa = 0 ;"5x1 + X2 + 4xa = 0 
	The matrix of the coefficients 
	2 -1 3 3 2 1
	A 
	1 3 -2 5 1 4 
	contains three third-order detenninants, all of which are found to be zero on investigation. Inspection shows that r = 2. Since r < n (2 < 3), there are solutions other than X1 = x2 = Xa = 0. Since we n1ay specify n -r, that is, 3 -2 = I, unknowns arbitrarily, setx3 = k, creating a set of nonhomogeneous equations 
	1 

	2x1 -X2 = -3k 3x1 ·+ 2x2 = -k 
	X1 + 3x2 = 2k .5:t1 + :t2 = -4k 
	and :t2. Choosing the first two, 
	and solve any two e(Juations for x
	1 

	2x1 -· X2 = -3k 
	3x1 + 2x2 = -k 
	2 -1 
	=
	7

	D
	-

	3 2 
	-3k -1 
	whence 
	X1 
	-


	-k 2 
	-6k
	---=-----' 
	-
	7 7 
	2 3k 
	-

	-
	-k 
	3 -k 
	2k + 9k +k
	_ 
	-

	and X2 = '------' = 
	-

	77 
	(The solution was carried out by detern1inants for the exercise.) 
	The symbol k is used for the arbitrary value of :r3, which could have been chosen as unity or any other number, positive or negative. The use of the symbol k prevents the value assigned to xfrom being lost sight of. 
	1 
	3 

	Example 3 Consider the two ho1nogeneous equations in three unknowns, 
	2x1 -4x+ xa = 0 3x1 + X2 -2xa = 0 
	2 

	The matrix of the coefficients 
	-4
	Figure

	,1 
	-

	i I
	... 
	... 
	-

	1 -2! 
	has the rank r = 2. Since r < n (2 < :3), ,ve may specify n r, or one unknown. 
	-

	Set X:i = -k (for variety ,ve use the 1ninus sign). creating a set of nonho1nogeneous equations 
	2x1 -4x2 = +k 
	3X1 + X2 = -2/...:
	and solve for x1 and x2, 
	2
	D = 
	1 = 2 + 12 -14 
	3 
	-

	k -2k k -8k 
	--½k,vhence = 
	x, 
	--
	--
	-
	1I
	-
	-


	14 14 
	k 
	2k -4k -3/,
	-

	-
	-
	Figure

	-· ----
	-


	and -½k 
	14 
	14 
	-
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