
ALGEBRAIC METHODS 

OF SYNTHESIS USING 

COMPLEX NUMBERS 

11-1 VELOCITY AND ACCELERATION SYNTHESIS 
BY COl\.lPLEX NUMBERS 1 

The problen1s of synthesis considered in the previous chapter have 
been solved by using the displacen1ent equation relating the input 
and output variables in terms of design parameters. Values of 
the design parameters for which this input-output relation satis
fied given conditions of motion were found analytically without 
further reference to the geometry of the problem. The n1ethod 
to be considered here follows the same general pattern, but the 
displacement equation to be used will be written in tern1s of com
plex nun1bers. The use of con1plex nun1bers makes it possible to 
consider not only angles and distances, as rotations of cranks or 

translations of sliders, but also vectors, to express analytically the 
arbitrary 1notions of points in a plane. 

In the four-bar linkage OAABOB (Fig. 11-1) the fran1e (link 4) 
is stationary, but the other three links (1, 2, and 3) possess 

angular velocities w1, w2, and w3 and angular accelerations a1, 

1 Much of the material of this section appeared in Machine Design,
Mar. 20, 1958, and is reprinted by courtesy of the Penton Publishing Com
pany, Cleveland. 
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FIGURE 11-1 Four-bar linkage and vector polygon. 

a2, and a3• The problem considered in this section is to find not only the 

link lengths a1, a2, a3, and a4 but also the relative positions of the links 
satisfying angular velocity and acceleration specifications. 

The four-bar linkage OA�4BOn may be considered to be defined by 

four vectors, since four points are involved. In fact, the linkage will now 

be taken to consist of a closed vector polygon (Fig. 11-1), for which we 
n1ay write 

04 + 01 + 02 = 03 
(11-1) 

or 01 + 02 - 0:1 + 04 = 0 

Here the relation of one revolute connection to another is given by the 

directed distances 0 (vectors). 
Since a vector such as 0 n1ay be written 0 = aei8 , in which a is a 

distance and 8 a counterclockwise angle n1easured f ro1n the real axis, the 

vector equation of the polygon n1ay be written in con1plex-number form, 

The last term may be simplified, for ei.- = -1, ,vhence 0, = -a., and 

(11-2) 

This equation represents the space relation of the points O..t, A, B, and 

0s, the points of connection between links. 
On differentiating with respect to tin1e, setting d8/dt = w, and 

ordering terms, 

(11-3) 

The tern1s are recognized as defining the linear velocities of the points. 
This is then the velocity relation and represents the velocity-vector 
diagram. 
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A second differentiation yields, after setting dO/dt = w, dw/dt = a 
and ordering, 

i(a1a1)e'81 + i2(a1w12)ei81 + i(a2a2)ei82 + i2(a2w2 2)e'82 - i(aaaa)ei8• 

- i2(aawa2)e•8
• - (a4)Q = 0 (11-4) 

Here the factors i(aa) and i2(aw2) are recognized as associated with the 
linear acceleration components of the points. Equation (11-4) is thus 
an acceleration relation involving the points; it represents the accelera
tion-vector diagram. 

A more convenient fornt for future manipulation results on dividing 
by i and rearranging, 

(a1 + iw12)a1ei81 + (a2 + iwl)a�"2 

- (aa + iwa2)aaei8a - (a4)0 = 0 (11-5) 

Assembling Eqs. (11-2), (11-3), and (11-5) as a group and replacing 
each aei6 by its vector a yields 

101 + 102 - lo3 + 104 = 0 
W101 + W202 - W303 + 004 = 0 (11-6) 

(a1 + iw12)01 + (a2 + iw2 2)02 - (aa + iwa2)aa + Oo4 = 0 

This is a system of three hornogeneous equations in four unknowns, 
the vectors (or complex numbers) a1, a2, aa, o., in which some of the 
coefficients are complex numbers which involve the w and a values of the 
links. Since this system, consisting of only three equations, involves four 
unknowns, one of the unknowns, a4 for example, may be chosen arbi
trarily and the systen1 rewritten as 

101 + 102 - la3 = -a• 
W101 + W202 - W303 = Q (11-7) 

(a1 + iw12)01 + (a2 + iw22)a2 - (aa + iwa2)aa = 0 

The solution may then be carried out by determinants. With 

1 -1 

(11-8)-wa 
-(a3 + iwa2) 

the determinant of the system, the unknowns 01, 02, o3 are expressed in 
complex-number form as 

-o,[-w2(a3 + iwa2) + ws(a2 + iw2
2)] 

D 

-04(-wa(a1 + iw12) + w1(aa + iwa2)] 
(11-9)

D 

-a4[w1(a2 + iw22) - w2(a1 + iw12)] 
oa = 

D 
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'fhe difficulty with this solution lies in the con1plexity of the third
order determinant D. This difficulty, ho,vever, may be overcome if the 
arbitrary 04 is taken proportional to the determinant D itself. With 

(11-10) 

the above values of 01 , 02, 0a becon1e independent of D and are expressed 
in simple form as shown in Table 11-1. The value of 04, ,vhich still 
remains to be found, n1ay then be obtained from (11-1), 

(11-11) 

In Table 11-1, the links are defined as complex numbers of the 
form 0 = c + id, whose real and imaginary parts are themselves defined 
by the angular velocities and accelerations specified for the links. 

When the vectors represented by the con1plex nu111bers are 
assembled in order (see exan1ples), they ,vill define the proportions of a 
mechanism having the specified velocity and acceleration values. In 
general, the fixed link (in this case 04) will not "corne out horizontal," 
even though the basic sketch (Fig. 11-1) placed it that way; 04 will 
generally have an i con1ponent, ,vhich n1eans a position rotation. How
ever, all links will be rotated by the same amount. 'fhis is a consequence 
of having set 04 = - D in the solution of the system of equations (11-6) 
instead of setting 04 real as shown in Fig. 11-1. 

If the inputs to the definitions of Table 11-1 are incompatible with 
physical reality, then no mechanis1n will result in the sense that a vector 
of zero length ,vill be given. 1'he definitions cannot be called upon with-

Table 11-1 FOUR-BAR LINKAGE 

COMPLEXREALVECTOR 
LENGTHi COMPONENT 

OR LINK FORMCOMPONENT 
d a= yc2 + d2 

a=c+idCa 

a1 = c1 + id1a1 f1 = waa2 - w2a, d, = W2Wa(w2 - wa) a1 = Vc12 + d12 

a2 = ,2 + id: a2 = Vc22 + d22
C2 = W1a3 - W3a1a2 d2 = waw1(wa - w1) 

aa = C3 + -id,03 = vca2 + a/ca = w1a2 - w2a1 ds = w1wlw2 - w1)as 

a. a. = c. + id a4 = Vc42 + d42C4 = C3 - C1 - C d4 = da - d, - d2 

1 
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out some regard for sensible and compatible magnitudes, but poor esti-
1uates are quickly found and revised. 

In making entries into the definitions of the components of Table 
11-1, it must be re1nen1bered that the positive directions of angular 
velocity and acceleration are the san1e as the po$itive directions for the 
angles from which they derive; positive is counterclockwise. 

Example l To determine the links of a four-bar mechanism that 
will in one of its po5itions satisfy the following specifications: 

w1 = 8 rad/sec a1 = 0 

w2 = 1 rad/sec a2 = 20 rad/sec2 

w� = -3 rad/sec Q'.3 = 0 

Substituting values into the definitions of Table 11-1, 

01 = -3(20) - 1(0) + i(l)(-3)(1 + 3) 
= -60 - i(12) 

a1 = 61.19 units 
02 = 8(0) - (-3)(0) + i(-3)(8)(-:3 - 8) 

= 0 + i(264) 
a2 = 264.00 units 
03 = 8(20) - 1 (0) + i(8)(1) (1 - 8) 

= 160 - i(56) 
a3 = 169.52 units 
a4 = 160 - (-60) - 0 + i( -56 + 12 - 264) 

= 220 - i(308) 
a4 = 378.46 units 

The vectors represented by the con1plex nurnbers are shown in 
Fig. 11-2a. The 1nechanisn1 is formed by assembling the vectors in 
sequence, starting with o4 (Fig. 11-2b). The proportions of a n1echanis1n 
responding to the specified motion characteristics are now on a relative 
basis. The mechanism has appeared with a rotation, a consequence of a 
1nathen1atical manipulation which is of no importance to our physical 
proble1n. The relative lengths of the bars and their terminal points have 
been established as functions of the specified w and a values. Needless 
to say, the bar a4 must ahvays be the fixed link. This example may be 
compared with the result obtained by a different method in Sec. 10-4. 

Dead Points 

A dead point occurs ,vhen the f ollow·er is n1on1entarily at rest just prior to 
reversing its direction of rotation, that is, when w3 = 0. With continu
ously rotating crank, the crank and coupler are either (1) extended in a 
straight line or (2) folded over each other into a straight line. Condition 
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FIGURE 11-2 Example. 

1 calls for 81 = 82, ,vhence d1/d2 = c1/c2 or d1 = d�1/c2. Condition 2 
requires that 81 + 180 = 82, for ,vhich d1 = d2C1/ c2 also applies. If 

the link values reduce to 

Ct = -w2aa + 0 

02 = W1a3 + 0 

Ca = w1a2 + iw1w2(w2 - w1) 
04 = w1a2 + w2a3 - w1aa + iw1w2(w2 - w1) 

Example 2 Condition 1, crank and coupler extended in a straight 
line. Here w2 will be negative, with a2 and a3 both positive. Consider a 
mechanisn1 in which w1 = 3, w2 = -2, w3 = 0, a1 = 0, a2 = ¾, and 
aa = 8 (radian-second units). The links are then a1 = 16, a2 = 24, 
ca = 8 + i30, and 04 = -32 + i30 units. This mechanism is shown 
in Fig. 11-3. 

Example 3 Condition 2, crank and coupler folded over each other 
into a straight line. Here w2 and a2 will be positive, with aa negative. 
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FIGURE 1 1-3 Dead point: crank and coupler extended 

in straight line. 

Consider a mechanisn1 in ,vhich w1 = 3, w2 = 1.5, wa = 0, 0:1 = 0, 
o:2 = 1.7, and o:3 = -3.7 (radian-second units). The links are then 
01 = 5.55, 02 = - 11 . 10, aa = 5.10 - i6.75, and 04 = 10.65 - i6.75 
units. The n1echanisn1 is sho"'n in Fig. 11-4. 

11-2 C O lJPLE R - C U RVE SYNTHES I S :  
FIVE A C C U R A C Y  PO I N T S  

1'he proble1n to be considered in this section is the synthesis of a 
four-bar linkage (Fig. 1 1-5a) that is to generate a coupler curve prescribed 
by means of the coordinates of specified accuracy points (Fig. 1 1-5b). 
As the coupler point passes through these accuracy points, the crank n1ust 
rotate through prescribed angles c/>2, c/>a, . . .  measured fron1 position 1, 
which corresponds to the first accuracy point (Fig. ll-.5c). The design 
paran1eters to be used in this synthesis are the link lengths a1, a2, aa, a.; 
the coordinates x and y of the point OA with respect to a coordinate system 
Oxy; the angle 8 between the line OAOn and the axis Ox; the distance b and 
the angle u defining the coupler point to be used; and finally the initial 
crank angle <J,1• A total of 10 design parameters is thus at hand. Since 
each accuracy point is given by two coordinates, a n1aximu1n of five accu
racy points 1nay be specified on matching 10 coordinates ,vith 10 design 
parameters. 

-10 -i 

FIGURE 11-4 Dead point: crank and coupler folded over each 
other. 
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(a) Four-bar linkage OA AB08 with coupler-point C 

to be used in synthesis, shown in position l 

(b) Coupler-curve passing through 
five specified points 

(c) Crank rotations correspond to 
coupler-point positions of (b) 

FIGt:RE 11-5 Notation for coupler-curve synthesis. 

A solution of this five-accuracy-point coupler-curve problern has 
been developed by Freudenstein and Sandor. This solution, making use 
of complex numbers, contains such lengthy nun1erical calculations that it 
is feasible only ,vhen acco1nplished with a digital co1nputer. Available 
on an IBl\f-6,50 progra1n, the solution n1ay be applied to ::i. proble1n ,vithout 
a con1plete understanding of the convolutions of the 1nethod. However, 
the utility of any n1ethod does gain fron1 an understanding, for, among 
other things, it may lead to extensions and different applications. This 
chapter will provide understanding by treating the procedures and speak
ing of the details of the solution of a rather con1plex problen1 of kine1natic 

synthesis. As a matter of convenience, one part of the solution-the 

reduction of the first pair of co1npatibility equations requiring con1plicated 

algebraic 1nanipulation- is treated separately (Sec. 11-3) and may be 
on1itted in a first reading. 
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The radius vectors defining the accuracy points are denoted by the 
con1plex nun1bers 

. - 1 •) -
J - J -, • • • ' :) (11-12) 

ref erred to an arbitrary coordinate systen1 Oxy in the plane of the fixed 
link. The configuration of the linkage in position 1 ,  its location relative 
to the coordinate system Oxy, and the location of the coupler point are 
defined by the con1plex nun1bers 

k = 1, . . .  , 7 (11-13) 

as sho,vn in Fig. 11-6 . 
. ;\ rotation of the crank fro1n position 1 to positionj, already defined 

as 'Pi i ,nay be expressed by the con1plex number 

Thus, the product X;z1 denotes the crank in position j. Sin1ilarly, rota
tions 'Yi and Vii of the coupler and follower from position 1 to position j 
may be expressed by the cornplex numbers 

and 

The radius vector of the coupler point in position 1 (Fig. 11-6) may now 
be expressed as a su1n of vectors in two different ways ·as 

r1 = Z1 + Z.; + Z1 + Z2 = Z7 + Z4 + Z3 

In position j (Fig. 11-7) the radius vector may si1nilarly be expressed as 

c, 

FIGURE 1 1-6 Vectors to be used in coupler-curve synthesis. 

-- .... --

X 
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0 X 

FIGURE 11-7 Displacement of  linkage from position l to position j. 

If o; denotes the displacen1ent of the coupler point fron1 position 1 to 
position j, the vectors (or co111plex nun1bers) o;, with j = 2, 3, 4, and 5, 
are kno,vn. and 

o; = r; - r1 

or o; = Zt (X; - 1) + z2(v; - 1) = Z4(µ; - 1) + za(v; - 1) 

With five accuracy points, these last equations 1nust hold for j = 2, 3, 4, 5. 
Since the vectors o; and the coefficients X; are known, this condition yields 
two systen1s of equations. From this point on, the vector designation of 
the r, z, and o vectors will be dropped, since it is understood that such 
vectors are expressed in terrns of complex numbers. The two systems of 
equations are then 

(11-14) 
(vs - l)z2 + (Xs - l)z1 = Os 

and (µ2 - l)z, + (112 - l)za = 02 
(11-15) 

Each system involves two unknowns, z1, z2 and za, Z4, present in four equa
tions. Since each system has only two unknowns, solutions will be possi
ble only if the matrix of each systen1 is of rank 2 and their third-order 
characteristic determinants are zero.s1 On the assumption that 

V2 - 1 1'2 - 1 ,pf 0and"�' -. 1 1'3 - 1 
1 See Sec. A-4 for definition of characteristic determinant. 
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these determinants may be taken as principal determinants fore_ �ch 
system. Two characteristic third-order determinants may then be 
formed for each system as shown in Sec. A-4. The first system (11-14) 
will be con1patible if 

112 - 1 X2 - 1 02 

Vs - 1 A3 - 1 03 

V2 - 1 X2 - 1 lh 
= 0 (I 1-16) = 0 and va - 1 >--a - 1 oa 

vs - 1 Xs - 1 0&v, - 1 >--. - I 04 

For the second systen1 (11-15) the conditions of con1patibility are 

JJ2 - 1 V2 - l 
andµ3 - 1 J/3 - 1 

µ, - 1 J/4 - 1 

V2 - 1 
(1 1-17) J/3 - 1 

J/5 - 1 

The first set, Eqs. (11-16), which guarantee the compatibility of 
the system of Eqs. (11-14), are called the first pair of compatibility equa
f,ions. The solution of these equations yields values of 112, • • • , vs for 
\Vhich the syste1n of Eqs. (11-14) may be solved. The last set, Eqs. 
(1 1-17), which guarantee the con1patibility of the system of Eqs. (1 1-15), 
constitute the second pair of compatibility equations. 

Since the known quantities are the >-.'s and o's, the first pair of 
compatibility equations (11-16) must be solved first. Note that these 
equations involve complex numbers : when their real and imaginary parts 
are equated to zero, they yield four equations ,vhich may be solved for the 
four unknowns v2, • • •  , vr,, which are con1plex numbers of unit magni
tude. With these values of the v's, the system of Eqs. (11-14) is compati
ble. After a solution of the first pair of compatibility equations has been 
obtained, the corresponding values of 112, • • •  , vs 1nay be substituted in 
the second pair (1 1-17), which then yield values of JJ.2, • • •  , µ5 for which 
the system of Eqs. (11-15) may be solved. The desired linkage is then 
obtained by solving the systems of Eqs. (11-14) and (11-15). 

In order to solve the first pair of compatibility equations, the vari
ables vs, v4, and v3 n1ust be successively eliminated to leave v2 as the only 
unknown. The resulting equation is then reduced to algebraic forn1 in 
terms of the unkno,vn 

'Y2 
-r = tane-

2 

This process of elimination and reduction is carried out in Sec. 11-3 and 
yields a fourth-degree algebraic equation 

(11-18) 

whose coefficients bm (m = 0, 1, 2, 3) are real and n1ay be evaluated in 
tern1s of the coordinates of the accuracy points and the corresponding; 
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crank rotation. The solution of this quartic, which must be carried out 
by iteration, yields zero, two, or four real roots, from which zero, two, or 
four values of 112 may be obtained ; these values are denoted as 1121: with 
k = 1, 2 or k = 1, 2, 3, 4. The corresponding values of 113, 114, v,, may then 
be obtained fro1n equations derived in the course of the elitnination (see 
Sec. 1 1-3). 

When one set of solutions v2k, • • •  , vr,1c is substituted for 112, • • •  , 

115 in the det.enninants of the second pair of compatibility equations 
(11-17), the proble1n appears identical to that of the first pair. The 
coinplex nun1bers X2, . . .  , A5 n1ust no,v be replaced by 1121:, • • •  , 1161c, 

and a sin1ilar process of elin1ination 1:1.nd reduction would obviously yield 
a fourth-degree equation similar to (1 1-18), so that four roots may be 
expected at n1ost. These roots, however, rnay be found more directly. 

Let v2h, • • •  , vs,, be a set of solutions of the first pair of compati
bility equations different from 1121c, • • • , llok• Substituting these values 
for µ2, • • • , µ5 in the detern1inants of (11-17) yields 

112h - 1 112k - 1 02V2Ji - 1 112k - 1 02 

1131, - 1 1131: - 1 03 Jl3h - 1 ll3A: - 1 03 (11-19) 
J/41, - 1 J/4k - 1 04 115!. - 1 Jlf,k - 1 Or, 

We shall show that, under general conditions, the above determinants are 
zero. With both sets v2h, • • •  , 11,,1,, and 1121<, • • • , 11s1: satisfying the first 
pair of con1patibility equations, one set n1ay then be used as solution of 
the first pair (11-16) and the other as solution of the second pair (11-17). 

In order to establish that the first detern1inant (11-19) is zero, it 
will be convenient to consider the con1patibility of a system of four 
equations 

02U + 03V = 04 

(X2 - l)u + (X3 - l)v = A4 - 1 (11-20)
(112A: - l)u + (113k - l)v = V4k - 1 
(112h - l)u + (1131, - l)v = J14h - 1 

v.1ith t,vo unkno,vns u and v. On the assun1ption that 

ch � 0
Xa - 1 

this determinant n1ay be chosen as principal determinant of the systen1, 

and the characteristic determinants 

and 
1V2h - Jl3h - 1 Jl4h - Ivn - 1 vak - 1 vu - 1 
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are zero since the sets v2k, • • • , v sk and v2h, • . • , v sh satisfy the first 
pair of con1patibility equations (1 1-16). The syste1n (1 1-20) is therefore 
compatible. Ho,,'ever, the second-order determinant 

v2 - 1 1 V2k - 1 Vzh - 1 Vah - 1 
1 V3k - 1 V2k - 1 V3k - 1V3 - 1 

is also different fron1 zero. Upon choosing D2 as principal determinant of 
(11-20) the characteristic determinants 

V2k - 1 Vah - 1 V4h - 1 112k - 1 V3h, - 1 Jl4h, - 1 
and V3k - 1 Jl4k - 1V2k - 1 V3k - 1 V4k - 1 

A3 - 1 >-. - 102 03 04 

1nust be zero, since the systern has already been shown to be compatible. 
But the first detern1inant above is identical to the first determinant 
(1  1-19), which n1ust therefore also be zero. In similar manner, one could 
show that the second detern1inant (11-19) is also zero. 

If the set v2h, • • • , vs,. were identical to v2k, • • • , vi;i., the deter-
1ninants (11-19) would also be zero because of identical columns, in which 
case, ho,vever, the system of Eqs. (1 1-15) would be impossible. There
fore, every set of solutions of the first pair of co1npatibility equations is 
also a set of solutions for the second pair. The sets used as solution of 
the first and second pairs of equations 1nust not, however, be identical. 

In su1nn1ary, three cases n1ay be considered, depending on the 
nu1nber of real roots in Eq. (1 1-18) : 

1 .  No real root-the synthesis problen1 has no solution. 
2. 1lwo real roots-there are t,,,o sets of solutions to the first pair 

of co1npatibility equations, v2k, • • . , vsk, ,vith k = 1, 2. The synthesis 
proble1n has t,vo solutions, denoted as (1, 2) and (2, 1), where the first 
nu1nber between parentheses denotes the value of k defining the set of 
solutions used for the first pair of co1npatibility equations and the second 
nu1nber the value of h defining the set used for the second pair of con1-
patibility equations. 

3. Four real roots-there are four sets of solutions to the first pair 
of con1patibility equations, v2k, • • • , vak, ,vith k = 1, 2, 3, 4. The 
synthesis problem has 12 solutions; with the above notation, these solu
tions n1ay be denoted as (1 ,  2), (1, 3), (1, 4), (2, 1), (2, 3), (2, 4), (3, 1), 
(3, 2), (3, 4), (4, 1), (4, 2), (4, 3). 

Example' Deterinine the dirnensions of a four-bar linkage to 
generate a curve passing through the five points sho,vn in Fig. 1 1-8, ,vith 
the successive crank rotations indicated. Note that points C2, C3, C4, 

1 This example is ta.ken from Freudenstein and Sandor. 
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FJGl'.RE l 1-8 Example of coupler-curve synthesis, specification of crank rotations, 
and coupler-point positions. 

and Cs lie on a circle centered at the origin of the coordinate systen1 ; the 
desired coupler curve should approxi1nate the circle as closely as possible 
between these points. With such specifications, the radius vectors of the 

five points are defined by their 1nagnitudes and angles r; and 8; (j = 1, 2, 
3, 4, 5), and the crank rotations are defined by the angles c/>; (j = 2, 3, 

4, 5) (see Table 11-2). 

Table 1 1 -2 SPECIFICATION OF FIVE ACCURACY 

POINTS FOR COUPLER- CURVE 

SYNTHESIS 

POSITION c/>i, Dt;Q r; = Jr;!, 1N. ()
i
, DEG 

1 0. . . . .  1 . 0  
2 -29.50117 .0  1 . 740 

-10 .70 3 150.0 1 .  740 
4 191 .0 l .  740 10 .30 
5 1 . 740 25. 90 228 . 0  

http:FJGl'.RE
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Table 1 1 -3 DIMENSIONS OF LINKAGES (1, 2) AND (2, 1 )  * 

LINKAGE (2, 1) LINKAGE (1, 2) 

y COMPONENT X COMPONENT y COMPONEN•r X COMPONENT 

0 . 21870 -0.e82939 -0 .e53627 -0.e48357 Z 1  

0 .96500 -0 .04671 0 . 1 2010 1 .  15443 Z 2 

0 . 02689 0 . 61689 -0.e61734 1 .  23473 Z3 

1 .  23473 -0.61734 0 . 61689 0 . 02689 Z4 

1 .  12601 0. 58253 -0 .33925 0.e59077 Z5 

0 .93810 -0 .e66360 0. 73745 -0.08030 Z6 

-0.  26163 0 .00045 0 .00045 -0 .  26163 Z1 

• Linkage (l ,  2) corresponds to the choice T1 = tan (-rd2), T2 = 
tan (,/,2/2); linkage (2, I)  corresponds to the choice -r2 = tan (-y2/2), 
-r1 = tan (,/,2/2). 

Such a four-bar could, for exan1ple, be designed in view of applica
tion as part of a dwell linkage as in Sec. 9-7. The crank rotation cor
responding to the dwell would be 111 ° in the present case. 

The first step in the solution is the computation of the coefficients 
bo, b1, b2, ba of Eq. (11-18). This is done in tern1s of the equations devel
oped in Sec. 11-3. Solution of the equation follows and 1nust be carried 
out by iteration, since the equation is of the fourth degree. The four 
roots all turn out to be real, 

T1 = - 0.046634 T3 = 0.091166 
T2 = - 1.1799 T4 = 1.2553 

With four real roots, the proble1n has 12 solutions: 2 of these are considered 
in 1'able 11-3. 

1. Linkage (1, 2), in which r1 is used as solution of the first pair of 
compatibility equations and r2 as solution of the second pair of compati
bility equations. This linkage is sho,vn in position 1 in Fig. 11-9. 

2. Linkage (2, 1), in ,vhich r1 and r2 have exchanged places; the 
resulting linkage is sho"·n in Fig. 1 1-10. 

As noted earlier, the con1putations involved in this problen1 are 
beyond the practical li1nits of a desk calculator, and an auton1atic digital 
con1puter must be used.1 

1 A program for use with an IBl\iI-650 has been written by Freudenstein and 
Sandor. 
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y 

B 1  

z
4 

X 

FIGURE 11-9 Example of <;oupler-<'urve synthesis, linkage (I, 2). 

y 

Bi 

FIGURE 1 1-10 Example of coupler-curve synthesis, linkage 
(2, I). 
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- (113 - 1) 

ALGEBRAIC METHOD S-CO MPLEX NUMBERS 

-- linkage (1, 2) 
- -- linkage (2 ,  1) 
- • - third cognate linkage 

r1oeRE 1 1- 11  Application of Roberts-Chebyshev theorem to 
linkages ( 1 ,  2) and (2, 1 ). 

The relation between the linkages (1, 2) and (2, 1) is ,vorth noting : 
the construction (Fig. 11-11)  sho,vs them to be cognate (Roberts-Cheby
shev theoren1). The third cognate, constructed from the rules, traces the 
san1e coupler curve as the first t,vo but does not appear fron1 the computa
tion synthesis, since its crank is not related to the cranks of (1, 2) and 
(2, 1);  that is, its crank rotation is not related to the spacing of the accu
racy points. It n1ay be shown that the ren1aining 10 solutions also occur 
in pairs of cognate linkages, for example, (1,  3) cognate of (3, 1) ,  etc. 

11-3 R E D l:' C T I O N  O F  T H E  F I R S T  P A I R  

O F  C O M P A T I B I LI T Y  E Q U A T I O N S  

Consider the detenninant of the first co1npatibility equation 
(11-16); on expansion it yields 

(112 - 1) 
Xa - 1 l,3 X2 - 1 l>2 

x. - 1 "·x. - 1 "· 

X2 1 l>2- = 0+ (114 - 1) -X3 1 l>a 

or A1 + A2112 + Aa113 + A4114 = 0 (11-21) 

with 

A2 = Xa 
A4 

-
-

1 
1 

03 

04 
Aa = - X2 

A4 

- 1 
- 1 

l> 
2 

l,4 \ 
A4 = X2 

>,.3 

-
-

1 
1 

l>2 

03 

(11-22) 

A1 - - A2 - A 3  - A• 
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>-a - 1 

Since 

(1 1-26) 

and 

(11-28) 

c1 ! 

KINEMATIC SYNTHESIS O F  LINKAGES 

When the determinant of the second compatibility equation (11-16) is 
expanded in similar fashion, it may be ,vritten 

I I I

A1 + A2112 + A3113 + d4115 = 0 (1 1-23) 
-03 I >-2 1 02I

with (11-24) A2 = .1 3  = 
>-s - 1 05Ar. - 1 0� 

-A� - A2 
I 

- Aa
I 

- A4 

The coefficients of Eqs. (11-21) and (1 1-23) are cornplex numbers 
which may be evaluated fron1 the given data, i.e., fro1n the >./s and the 
o;'s. 1,he unknowns are the 11/s, ,vhich depend on four real angles, 1'2, 

1'a, 1'4, 1's- Since two co1nplex equations are equivalent to four real equa
tions, and since there are a total of four real unknowns, a si1nultaneous 
solution of these equations is possible and will be carried out here by 
elin1inating successively the unkno,vns 114, 115, 113• 

To eliminate v4, Eq. (1 1-21) is written as 

and each nte1nber is 1nultiplied by its o,vn cornplex conjugate. 
]114l2 = v4ii4 = 1, this yields 

(A1 + A2112 + Aava) (A1 + A2ii2 + Aaiia) = A4A4 

(1 1-25) or 
in which 

Ct = AJ(A1 + A2ii2) and 

,vith 

and we note that d, is real. The eli1nination of 11e5 fro1u (l 1-2a) by si1uilar 
operations yields 

(1 1-27) 

with 

and, again, d2 is real. 
Solving Eqs. ( 11-2,5) and (1 1-27) as a syste1n of t,vo linear equa

tions shows the uuknowns 11:i and ii3 to be 

I d l1 Ct di 
d:l C2 d2c2 ( 1 1-29) and JI ;1 -J/3 = 

CtC1 c1I 
i C2 C2 C2 C2 I 



339 ALG EBRAIC METHODS-COMPLEX NUMBERS 

However, since lvale2 = vaiia = 1,  the coefficients c1 , c2, di, d2 n1ust satisfy 
the condition 

di Ct I Ct e1= 
d2 C2 J C2 e2 

or NN + D2 = o (11-30) 

in which (11-31) 

C1 (11-32) and D = 

When c1, c2, d1, d2 are replaced by their definitions (1 1-26) and ( 1 1-28), 
the detern1inants N and D become 

N = - Aa(A1 + A2ii2)(n' + 3.;A�v2 + A�3.�v2) 
+ A�(A� + .3.;ii2)(n + A1A2v2 + A1A2ii2) ( 11-33) 

D = Ai(A1 + A2ii2)A;(A� + A;v2) - Aa(A1 + A2v2)A�(.3.� + A;ii2) (11-34) 

Expanding and ordering terrns produces 

1V = av2 + b + cii2 + dii,/ 
D = kv2 + 2g11 + kii2 

in which a = A1.3.� (AaA; - A�A2) 
b = Aa.3.1n' - A�.3.;n + AaA2A�A; - A�A;A1A2 

- I - I  - f I f - f  

c = A3A2nI - A3A2n + AaA1A1A2 - A3A1A1A2 (11-35) d = AaA2A�.3.; - A�A;A1A2 
k = �aA1A�A� - AsA2A;A� 

gy = in1aginary part of [AaA�(�1A� + A�A2)] 

Substitution of the above values of N and D into (11-30), with expansion 
and ordering of terms, produces 

aa + bb + cc +  dd - 4g11 
2 - 2kk + (ab + be + cd + 4ikg11)v2 

+ (ab + be +  cd - 4ikg11)ii2 + (ac + bd + kk)v22 

+ (ac + bd + kk)iil + adv23 + adv23 = o (1 1-36) 

It may be noted that this last expression is the sum of a real term and of 
complex terms which occur in complex conjugate pairs; thus ab + be + 

cd + 4ikg11 is the con1plex conjugate of ah + be + ed - 4ikg11, etc. 
When a con1plex nu1nber z is added to its con1plex conjugate, their sum 
is a real nu1nber equal to t,vice the real part of z, that is, 

z + z = 2(real part of z) 

Applying this property of co1nplex nu1nbers to the above equation gives 

(11-37) 
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where p = ad 
q = ac + bd + kk 

(11 -38) 
s = ab + be + cd + 4ikgu 

2t = ½(aa + bb + cc +  dd - 4gy - 2kk) 

Kow, since v2 = e;-r,, vi = e2;-r,, v23 = e3i-r,, Eq. (11-37) 1nay be \\1 ritten 

Pz cos :l-y2 - Pu sin 3-y2 + q,, cos 2-y2 - qu sin 2-y2 
+ Sx cos "Y2 - sin "Y2 + t = 0 (I 1-39) 811 

in which P:z, q,,, Sz and p11, q,,, s11 are the real and in1aginary parts of p, q, s. 
A solution of the trigono1netric equation (11-39) would yield values of -y2 

for which the system of Eqs. (11-14) has a solution. To solve (11-38), 
the trigonometric functions are expressed in tern1s of the tangent of the 
half angle, r = tan (-Y2/2). Thus, substitution of the identities 

r2 ?1 - . -T 
COS i'2 = Sill "Y2 = 

J + T
2 l + T

2 

1 - 6r2 + r4 . , 4r(l - r2)cos 2-y2 = ----  sin 2-y2 = 
(1 + r2)2 (l + r2)2 

(1 - r2)(1 - 14T2 + r4) _ 2r(3 - 10r2 + 3r4) 
. -COS 3-y2 = Sill 3j'2

(l + r2) 3 (l + r�)a 

zinto (11-39) yields (note that Pz + q,, + S + t = 0 since 'Y2 = 0 is a 
�olution) 

( - p,, + Qx - S:r. + t)r• + (-6py + 4qu - 2su)r4 

+ (1.5p,, - 5qz - s., + 3t)r3 + (20p11 - 4s11)r2 

+ (1.5p,, - ,5qz + Sx + :�l)r - 6py - 4qy - 2s71 = 0 

or r� + a4r 4 + a3r3 + a2r2 + a1r + ao = 0 (11-40) 

-6p11 + 4q11 - 2s11with a41= - - --- --
- Pz + qx - Sx + l 
15p:,; - 5q,, - s,, + 3t 

aa = 
-p:,; + qz; - S:r + t 

20pu - 4s11a2 = --- - - -  (11-41) 
-p,, + q,, - Sr + t 

l5pz - .5q"' + s,, + 3ta1 = ----'-----'C..--- -
-P:r + q,, - s,, + t 

-6p - 4q - 2s 
a0 - y y u- -pz; + qz - Sx + t 

Since this equation is of the fifth degree, it will adn1it five solutions, real 
or complex. Observation of the determinants in (11-16), frorn which 
(11-40) ,vas derived, shows that a possible solution is v; = 'A; (j = 2, 3, 
4, 5), and therefore ro = tan (q,2/2) is a solution of (11-40). It n1ay be 
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k = 1, 2, 3, 4 
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noted, how4iver, that such values of the v2's would make (11-14) impos
sible, and the solution must be eliminated by dividing (11-40) by T - To 
to obtain the 'luartic equation (11e-18) of Sec. 11-2, 

T4 + baT3 + b2T2 + b1T + bo = 0 (11-18) 

Synthetic division yields the coefficients of this quartic as 

ba = a4 + To 
b2 = a:1 + a4To + To2 

(1 1-42) 
b1 = 0,2 + a:1To + U4To2 + r03 

bo = a1 + a2To + aaTo2 + a4To3 + To4 

In sun1n1ary, the solution of the first pair of con1patibility equa
tions, the ref ore, proceeds as follo,vse: 

1. Con1pute the f ollo,ving quantities: 
a. The >.'s and o's fro1n the specifications of the five accuracy 

points (see Sec. 11-2). 
I I I •

b. At, A2, A3, A4, A1, A2, A3, using Eqs. (11-22 ) and (11-24 ) . 
c. a, b, c, d, k, Y.v, using (11-35). 
d. p, q, s, t, using (11-38). 
e. ao, a1, a2, aa, a4, using (11-41). 
f. bo, bi, b2, ba, using ( 11-42). 

2. Solve the quartic [Eq. (1 1-18)). An iteration process is required 
and, when real roots exist, yields either four or t,vo roots Tk ,vith 
k = 1, 2, 3, 4 or 1, 2. 

3. For each root, i.e., for each value of the subscript k, evaluate 
the corresponding i'2 by n1eans of the equation 

i'2k = 2 arctan Tk 

as well as v2 in tenns of the equation 

4. For each root, evaluate the corresponding v3, using (11-26), 
(11-28), and ( 11-29). 

5. For each root, evaluate the corresponding v4 and v5, using 
(11-21) and (1 1-23). 

When the quartic has four solutions, this numerical procedure 
yields four sets of solutions 

for the first pair of compatibility equations. When there are but two 
roots, then k = 1 or 2 and there are only two sets of v's. When there are 
no (real) roots, the synthesis is impossible. 
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	Table 11-1 FOUR-BAR LINKAGE 
	Figure
	COMPLEX
	REAL
	VECTOR 
	LENGTH
	i COMPONENT 
	OR LINK 
	FORM
	COMPONENT 
	d 
	a= yc2 + d
	2 

	a=c+id
	C
	a 
	a1 = c1 + id1
	a1 
	f1 = waa2 -w2a, d, = W2Wa(w2 -wa) 
	a1 = Vc1+ d1
	2 
	2 

	Figure
	a2 = ,2 + id: a2 = Vc2+ d2
	2 
	2

	C2 = W1a3 -W3a1
	C2 = W1a3 -W3a1
	a2 

	d2 = waw1(wa -w1) 
	aa = C3 + -id,03 = vca+ a/
	2 

	ca = w1a2 -w2a1 
	ds = w1wlw2 -w1)
	as 
	Figure
	a. 
	a. = c. + id a4 = Vc4+ d4
	2 
	2

	C4 = C3 -C1 -C 
	d4 = da -d, -d2 
	out some regard for sensible and compatible magnitudes, but poor esti1uates are quickly found and revised. 
	-

	In making entries into the definitions of the components of Table 11-1, it must be re1nen1bered that the positive directions of angular velocity and acceleration are the san1e as the po$itive directions for the angles from which they derive; positive is counterclockwise. 
	Example l To determine the links of a four-bar mechanism that will in one of its po5itions satisfy the following specifications: 
	w1 = 8 rad/sec a1 = 0 
	w2 = 1 rad/sec a2 = 20 rad/sec
	2 

	wŁ = -3 rad/sec Q'.3 = 0 
	Substituting values into the definitions of Table 11-1, 
	01 = -3(20) -1(0) + i(l)(-3)(1 + 3) 
	= -60 -i(12) 
	a1 = 61.19 units 
	02 = 8(0) -(-3)(0) + i(-3)(8)(-:3 -8) 
	= 0 + i(264) 
	a2 = 264.00 units 
	03 = 8(20) -1 (0) + i(8)(1) (1 -8) 
	= 160 -i(56) 
	a3 = 169.52 units 
	a4 = 160 -(-60) -0 + i( -56 + 12 -264) 
	= 220 -i(308) 
	a4 = 378.46 units 
	The vectors represented by the con1plex nurnbers are shown in Fig. 11-2a. The 1nechanisn1 is formed by assembling the vectors in 4 (Fig. 11-2b). The proportions of a n1echanis1n responding to the specified motion characteristics are now on a relative basis. The mechanism has appeared with a rotation, a consequence of a 1nathen1atical manipulation which is of no importance to our physical proble1n. The relative lengths of the bars and their terminal points have been established as functions of the specified 
	sequence, starting with o

	Dead Points 
	Dead Points 
	A dead point occurs ,vhen the f ollow·er is n1on1entarily at rest just prior to reversing its direction of rotation, that is, when w3 = 0. With continuously rotating crank, the crank and coupler are either (1) extended in a straight line or (2) folded over each other into a straight line. Condition 
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	FIGURE 11-2 Example. 
	1 calls for 81 = 82, ,vhence d1/d2 = c1/c2 or d1 = dŁ1/c2. Condition 2 requires that 81 + 180 = 82, for ,vhich d1 = d2C1/ c2 also applies. If 
	Figure
	the link values reduce to 
	Ct = -w2aa + 0 02 = W1a3 + 0 Ca = w1a2 + iw1w2(w2 -w1) 04 = w1a2 + w2a3 -w1aa + iw1w2(w2 -w1) 
	Example 2 Condition 1, crank and coupler extended in a straight Here w2 will be negative, with a3 both positive. Consider a mechanisn1 in which w= 3, w= -2, w= 0, a= 0, a2 ¾, and aa = 8 (radian-second units). The links are then a1 = 16, a2 = 24ca = 8 + i30, and 04 = -32 + i30 units. This mechanism is shown in Fig. 11-3. 
	line. 
	a2 and 
	1 
	2 
	3 
	1 
	= 
	, 

	Example 3 Condition 2, crank and coupler folded over each other 2 will be positive, with aa negativ
	into a straight line. Here w2 and a
	e. 
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	FIGURE 11-3 Dead point: crank and coupler extended in straight line. 
	FIGURE 11-3 Dead point: crank and coupler extended in straight line. 


	Consider a mechanisn1 in ,vhich w1 = 3, w2 = 1.5, wa = 0, 0:1 = 0, 
	2 = 1.7, and o:3 = -3.7 (radian-second units). The links are then 01 = 5.55, 02 = -11.10, aa = 5.10 -i6.75, and 04 = 10.65 -i6.75 units. The n1echanisn1 is sho"'n in Fig. 11-4. 
	o:

	11-2 COlJPLER-CURVE SYNTHESIS: 
	FIVE ACCURACY POINTS 
	1'he proble1n to be considered in this section is the synthesis of a four-bar linkage (Fig. 11-5a) that is to generate a coupler curve prescribed by means of the coordinates of specified accuracy points (Fig. 11-5b). As the coupler point passes through these accuracy points, the crank n1ust 2, c/>a, ... measured fron1 position 1, which corresponds to the first accuracy point (Fig. ll-.5c). The design paran1eters to be used in this synthesis are the link lengths a1, a2, aa, a.; the coordinates x and y of the
	rotate through prescribed angles c/>
	the angle 
	between the line 
	crank angle <J,

	-10 -i 
	FIGURE 11-4 Dead point: crank and coupler folded over each other. 
	FIGURE 11-4 Dead point: crank and coupler folded over each other. 
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	y 
	5 
	Figure
	(a) Four-bar linkage OA AB08 with coupler-point C to be used in synthesis, shown in position l 
	(a) Four-bar linkage OA AB08 with coupler-point C to be used in synthesis, shown in position l 


	Figure
	(b) Coupler-curve passing through five specified points 
	(b) Coupler-curve passing through five specified points 


	Figure
	(c) Crank rotations correspond to coupler-point positions of (b) 
	FIGt:RE 11-5 Notation for coupler-curve synthesis. 
	A solution of this five-accuracy-point coupler-curve problern has been developed by Freudenstein and Sandor. This solution, making use of complex numbers, contains such lengthy nun1erical calculations that it is feasible only ,vhen acco1nplished with a digital co1nputer. Available on an IBl\f-6,50 progra1n, the solution n1ay be applied to ::i. proble1n ,vithoua con1plete understanding of the convolutions of the 1nethod. However, the utility of any n1ethod does gain fron1 an understanding, for, among other t
	t 
	ic 
	he 
	ed 

	The radius vectors defining the accuracy points are denoted by the con1plex nun1bers 
	-•) 
	Figure
	. 
	1 
	-
	-


	J J -, • • • ' :) (11-12) 
	-

	ref erred to an arbitrary coordinate systen1 Oxy in the plane of the fixed link. The configuration of the linkage in position 1, its location relative to the coordinate system Oxy, and the location of the coupler point are defined by the con1plex nun1bers 
	k = 1, ... , 7 (11-13) 
	Figure

	as sho,vn in Fig. 11-6 . 
	. ;\ rotation of the crank fro1n position 1 to positionj, already defined as 'Pi ,nay be expressed by the con1plex number 
	i 

	Figure
	Thus, the product X;z1 denotes the crank in position j. Sin1ilarly, rotations 'Yi and Vii of the coupler and follower from position 1 to position j may be expressed by the cornplex numbers 
	Figure
	and 
	Figure
	The radius vector of the coupler point in position 1 (Fig. 11-6) may now be expressed as a su1n of vectors in two different ways ·as 
	r1 = Z1 + Z.; + Z1 + Z2 = Z7 + Z4 + Z3 
	r1 = Z1 + Z.; + Z1 + Z2 = Z7 + Z4 + Z3 
	In position j (Fig. 11-7) the radius vector may si1nilarly be expressed as 
	Figure
	c, 
	--.... --X 
	FIGURE 11-6 Vectors to be used in coupler-curve synthesis. 
	FIGURE 11-6 Vectors to be used in coupler-curve synthesis. 
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	Figure
	FIGURE 11-7 Displacement of linkage from position l to position j. 
	FIGURE 11-7 Displacement of linkage from position l to position j. 


	0 X 
	If odenotes the displacen1ent of the coupler point fron1 position 1 to position j, the vectors (or co111plex nun1bers) o;, with j = 2, 3, 4, and 5, are kno,vn. and 
	; 

	o= r; -r1 
	; 

	or o; = Zt (X; -) + z2(v; -1) = Z4(µ; -1) + za(v; -1) 
	1

	With five accuracy points, these last equations 1nust hold for j = 2, 3, 4, 5. Since the vectors o; and the coefficients X; are known, this condition yields two systen1s of equations. From this point on, the vector designation of the r, z, and o vectors will be dropped, since it is understood that such vectors are expressed in terrns of complex numbers. The two systems of equations are then 
	Figure
	(11-14) 
	(vs -l)z2 + (Xs -l)z1 = Os and (µ2 -l)z, + (112 -l)za = 02 
	(11-15) 
	Figure

	1, z2 and za, Z4, present in four equations. Since each system has only two unknowns, solutions will be possible only if the matrix of each systen1 is of rank 2 and their third-order characteristic determinants are zero.sOn the assumption that 
	Each system involves two unknowns, z
	1 

	Figure
	V2 -1 
	V2 -1 
	1'2 -1 
	Figure

	,pf 0
	Figure

	and
	"Ł' -. 1 

	1'3 -1 
	1'3 -1 
	Figure

	See Sec. A-4 for definition of characteristic determinant. 
	1 

	these determinants may be taken as principal determinants fore_ Łch system. Two characteristic third-order determinants may then be formed for each system as shown in Sec. A-4. The first system (11-14) will be con1patible if 
	112 -1 X-1 02 Vs -1 A3 -1 03 
	2 

	V2 -1 X2 -1 
	V2 -1 X2 -1 
	V2 -1 X2 -1 
	V2 -1 X2 -1 
	lh 

	= 0 (I 1-16) 

	= 0 and 

	va -1 >--a -1 oa 

	-1 Xs -1 0&
	-1 Xs -1 0&
	vs 

	v, -1 >--. -I 04 

	For the second systen1 (11-15) the conditions of con1patibility are 
	JJ2 -V2 -l 
	1 

	and
	Figure

	J/3 -1 
	µ3 -1 

	J/4 -1 
	µ, -1 

	Figure
	V2 -1 
	(11-17) 
	Figure

	J/3 -1 
	J/5 -1 
	The first set, Eqs. (11-16), which guarantee the compatibility of the system of Eqs. (11-14), are called the first pair of compatibility equaf,ions. The solution of these equations yields values of 112, • • • , vs for \Vhich the syste1n of Eqs. (11-14) may be solved. The last set, Eqs. (11-17), which guarantee the con1patibility of the system of Eqs. (11-15), constitute the second pair of compatibility equations. 
	Since the known quantities are the >-.'s and o's, the first pair of compatibility equations (11-16) must be solved first. Note that these equations involve complex numbers: when their real and imaginary parts are equated to zero, they yield four equations ,vhich may be solved for the 2, ••• , vr,, which are con1plex numbers of unit magnitude. With these values of the v's, the system of Eqs. (11-14) is compatible. After a solution of the first pair of compatibility equations has been 112, ••• , vs 1nay be 
	four unknowns v
	obtained, the corresponding values of 
	µ

	In order to solve the first pair of compatibility equations, the variv2 as the only unknown. The resulting equation is then reduced to algebraic forn1 in terms of the unkno,vn 
	ables vs, v4, and v3 n1ust be successively eliminated to leave 

	'Y2 
	-r = tane
	-

	2 
	This process of elimination and reduction is carried out in Sec. 11-3 and yields a fourth-degree algebraic equation 
	(11-18) 
	Figure

	whose coefficients bm (m = 0, 1, 2, 3) are real and n1ay be evaluated in tern1s of the coordinates of the accuracy points and the corresponding; 
	Kl.NEMATIC SYŁTH:l!:SIS OF LINKAGES 
	crank rotation. The solution of this quartic, which must be carried out by iteration, yields zero, two, or four real roots, from which zero, two, or 112 may be obtained; these values are denoted as 1121: with k = 1, or k = 1, 2, 3, 4. The corresponding values of 113, 114, v,, may then be obtained fro1n equations derived in the course of the elitnination (see Sec. 11-3). 
	four values of 
	2 

	When one set of solutions v2k, ••• , vr,1c is substituted for 112,••• , 11in the det.enninants of the second pair of compatibility equations (11-17), the proble1n appears identical to that of the first pair. The 1121:, ••• , 1161c, and a sin1ilar process of elin1ination 1:1.nd reduction would obviously yield a fourth-degree equation similar to (11-18), so that four roots may be expected at n1ost. These roots, however, rnay be found more directly. 
	5 
	coinplex nun1bers X2, ... , A5 n1ust no,v be replaced by 

	Let vh, ••• , vs,, be a set of solutions of the first pair of compatibility equations different from 1121c, • • • , llok• Substituting these values for µ2•••,µ5 in the detern1inants of (11-17) yields 
	2
	, 

	112h -1 -
	112h -1 -
	112k 
	1 
	02

	V2Ji -1 112k -1 02 

	1131, 
	1131, 
	1131, 
	-


	1131: -1 
	1131: -1 
	1 

	3 
	0

	Jl3h 
	Jl3h 
	-

	1 
	ll3A: 
	-
	1 
	03 
	(11-19) 
	J/41, -1 J/4k -1 04 
	J/41, -1 J/4k -1 04 
	115!. -1 Jlf,k -1 Or, 
	We shall show that, under general conditions, the above determinants are zero. With both sets v2h, ••• , 11,,1,, and 1121<, • • • ,11s1: satisfying the first pair of con1patibility equations, one set n1ay then be used as solution of the first pair (11-16) and the other as solution of the second pair (11-17). 
	In order to establish that the first detern1inant (11-19) is zero, it will be convenient to consider the con1patibility of a system of four equations 
	02U + 03V = 04 
	(X2 -l)u + (X3 -l)v = A4 -1 
	(11-20)
	(112A: -l)u + (113k -l)v = V4k -1 (112h -l)u + (1131, -l)v = J14h -1 
	v.ith t,vo unkno,vns u and v. On the assun1ption that 
	1

	Figure
	ch 
	Ł 
	Ł 
	0

	Xa -1 
	this determinant n1ay be chosen as principal determinant of the systen1and the characteristic determinants 
	, 

	Figure
	and 
	Figure
	1
	Jl3h -1 Jl4h -I
	V2h -





	-vak -1 vu -1 
	-vak -1 vu -1 
	vn 
	1 

	v2k, •• • ,v sk and v2h, •.• , v sh satisfy the first pair of con1patibility equations (11-16). The syste1n (11-20) is therefore compatible. Ho,,'ever, the second-order determinant 
	are zero since the sets 

	Figure
	v2 -1 
	v2 -1 
	V2k -1 
	V2k -1 
	1 

	Vzh -1 Vah -1 
	V3k -1 
	1 

	V2k -1 V3k -1


	V3 -1 
	V3 -1 
	is also different fron1 zero. Upon choosing D2 as principal determinant of (11-20) the characteristic determinants 
	V2k -1 Vah -1 V4h -1 
	V2k -1 Vah -1 V4h -1 
	112k -Jl4h, -1 
	1 
	V3h, -
	1 

	and 
	V3k -1 Jl4k -1
	Figure


	V2k -1 V3k -1 V4k -1 
	V2k -1 V3k -1 V4k -1 
	A3 -1 >-. -1
	02 03 04 
	1nust be zero, since the systern has already been shown to be compatible. But the first detern1inant above is identical to the first determinant (1 1-19), which n1ust therefore also be zero. In similar manner, one could show that the second detern1inant (11-19) is also zero. 
	v2h, •••,vs,. were identical to v2k, •••,vi;i., the deter1ninants (11-19) would also be zero because of identical columns, in which case, ho,vever, the system of Eqs. (11-15) would be impossible. Therefore, every set of solutions of the first pair of co1npatibility equations is also a set of solutions for the second pair. The sets used as solution of the first and second pairs of equations 1nust not, however, be identical. 
	If the set 
	-

	In su1nn1ary, three cases n1ay be considered, depending on the nu1nber of real roots in Eq. (11-18): 
	1. No real root-the synthesis problen1 has no solution. 
	2. 
	2. 
	2. 
	1wo real roots-there are t,,,o sets of solutions to the first pair of co1npatibility equations, v2k, • • . , vsk, ,vith k = 1, 2. The synthesis proble1n has t,vo solutions, denoted as (1, 2) and (2, 1), where the first nu1nber between parentheses denotes the value of k defining the set of solutions used for the first pair of co1npatibility equations and the second nu1nber the value of h defining the set used for the second pair of con1patibility equations. 
	l
	-


	3. 
	3. 
	Four real roots-there are four sets of solutions to the first pair of con1patibility equations, v2k, •••,vak,vith k = 1, 2, 3, 4. The synthesis problem has 12 solutions; with the above notation, these solutions n1ay be denoted as (1, 2), (1, 3), (1, 4), (2, 1), (2, 3), (2, 4), (3, 1), (3, 2), (3, 4), (4, 1), (4, 2), (4, 3). 
	, 



	Example' Deterinine the dirnensions of a four-bar linkage to generate a curve passing through the five points sho,vn in Fig. 11-8, ,vith 2, C3, C4, 
	the 
	successive crank rotations indicated. Note that points C

	This example is ta.ken from Freudenstein and Sandor. 
	1 
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	Figure
	l 1-8 Example of coupler-curve synthesis, specification of crank rotations, and coupler-point positions. 
	FJGl'.RE 

	and Cs lie on a circle centered at the origin of the coordinate systen1 ; the desired coupler curve should approxi1nate the circle as closely as possible between these points. With such specifications, the radius vectors of the five points are defined by their 1nagnitudes and angles r; and 8; (j = 1, 2, 3, 4, 5), and the crank rotations are defined by the angles c/>; (j = 2, 34, 5) (see Table 11-2). 
	, 







	Table 11-2 SPECIFICATION OF FIVE ACCURACY 
	Table 11-2 SPECIFICATION OF FIVE ACCURACY 
	POINTS FOR COUPLER-CURVE 


	SYNTHESIS 
	SYNTHESIS 
	POSITION 
	POSITION 
	c/>i, Dt;Q 
	c/>i, Dt;Q 


	r; = Jr;!, 1N. 
	r; = Jr;!, 1N. 
	(), DEG 
	(), DEG 
	i

	1 
	0
	..... 
	1.0 
	2 
	-29.50
	117.0 
	1.740 
	-10.70 
	3 
	150.0 
	1. 740 
	4 
	191 .0 
	l. 740 
	10.30 
	5 
	1.740 
	25. 90 
	228.0 
	Table 11-3 DIMENSIONS OF LINKAGES (1, 2) AND (2, 1) * 

	LINKAGE (2, 1) 
	LINKAGE (2, 1) 
	LINKAGE (1, 2) 
	y COMPONENT 
	y COMPONENT 
	X COMPONENT y COMPONEN•r 
	X COMPONENT 
	0.21870 
	-0.e82939 -0.e53627 
	-0.e48357 
	Z1 
	0.96500 -0.04671 
	0.12010 
	1. 15443 
	Z2 
	0.02689 0.61689 
	-0.e61734 
	1. 23473 
	Z3 
	1. 23473 -0.61734 
	0.61689 
	0.02689 
	Z4 
	1. 12601 0.58253 
	-0.33925 
	0.e59077 
	Z5 
	0.93810 -0.e66360 
	0.73745 
	-0.08030 
	Z6 
	-0. 26163 0.00045 
	0.00045 
	-0. 26163 
	Z1 
	• T1 = tan (-rd2), T2 = tan (,/,2/2); linkage (2, I) corresponds to the choice -r2 = tan (-y2/2), -r1 = tan (,/,2/2). 
	Linkage (l, 2) corresponds to the choice 

	Such a four-bar could, for exan1ple, be designed in view of application as part of a dwell linkage as in Sec. 9-7. The crank rotation corresponding to the dwell would be 111 ° in the present case. 
	The first step in the solution is the computation of the coefficients o, b1, b, bof Eq. (11-18). This is done in tern1s of the equations developed in Sec. 11-3. Solution of the equation follows and 1nust be carried out by iteration, since the equation is of the fourth degree. The four roots all turn out to be real, 
	b
	2
	a 

	T1 = -0.046634 T3 = 0.091166 T2 = -1.1799 T4 = 1.2553 
	With four real roots, the proble1n has 12 solutions: 2 of these are considered in 1'able 11-3. 
	1. 
	1. 
	1. 
	Linkage (1, 2), in which r1 is used as solution of the first pair of r2 as solution of the second pair of compatibility equations. This linkage is sho,vn in position 1 in Fig. 11-9. 
	compatibility equations and 


	2. 
	2. 
	and r2 have exchanged places; the resulting linkage is sho"·n in Fig. 11-10. 
	Linkage (2, 1), in ,vhich r
	1 



	As noted earlier, the con1putations involved in this problen1 are beyond the practical li1nits of a desk calculator, and an auton1atic digital con1puter must be used.
	1 

	A program for use with an IBl\iI-650 has been written by Freudenstein and Sandor. 
	1 
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	KIXEMATlC SY:-.THESIS 01'' Ll:XKAGES 
	y 
	B1 z4 X 
	FIGURE 11-9 Example of <;oupler-<'urve synthesis, linkage (I, 2). 
	y 
	Figure
	FIGURE 11-10 Example of coupler-curve synthesis, linkage 
	FIGURE 11-10 Example of coupler-curve synthesis, linkage 


	Bi 
	(2, I). 
	Figure
	--linkage (1, 2) 
	---linkage (2, 1) 
	-• -third cognate linkage 
	r1oeRE 11-11 Application of Roberts-Chebyshev theorem to linkages (1, 2) and (2, 1 ). 
	The relation between the linkages (1, 2) and (2, 1) is ,vorth noting: the construction (Fig. 11-11) sho,vs them to be cognate (Roberts-Chebyshev theoren1). The third cognate, constructed from the rules, traces the san1e coupler curve as the first t,vo but does not appear fron1 the computation synthesis, since its crank is not related to the cranks of (1, 2) and (2, 1); that is, its crank rotation is not related to the spacing of the accuracy points. It n1ay be shown that the ren1aining 10 solutions also 
	11-3 REDl:'CTION OF THE FIRST PAIR OF COMPATIBILITY EQUATIONS 
	Consider the detenninant of the first co1npatibility equation (11-16); on expansion it yields 
	(112 -1) 
	Xa 
	-
	1 
	l,3 
	X2 1 
	-

	l>2 
	x. 
	1 "·
	-

	x. 1 
	-

	"· 
	X2 1 l>2
	-
	= 0
	+ (114 -1) 
	-
	X3 1 l>a 
	X3 1 l>a 
	or A1 + A2112 + Aa113 + A4114 = 0 (11-21) 
	with 
	A2 
	A2 
	A2 
	= 
	Xa A4 
	--
	1 1 
	03 04 
	Aa 
	= 
	-
	X2 A4 
	-1 -1 
	l> 2 l,4 \ 
	A4 
	= 
	X2 >,.3 
	--
	1 1 
	l>2 03 

	TR
	(11-22) 

	TR
	A1 
	--A2 
	-A3 
	-A• 
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	When the determinant of the second compatibility equation (11-16) is expanded in similar fashion, it may be ,vritten 
	I I I
	I I I
	A+ A112 + A113 + d4115 = 0 (11-23) 
	1 
	2
	3

	-





	03 I 
	03 I 
	>-2 1 02
	I
	with 
	(11-24) 
	2 
	A

	= 
	.13 = 
	>-s 
	-
	1 
	05
	Ar. -1 
	0Ł 
	-
	AŁ -A-Aa-A4 
	2 
	I 
	I 

	The coefficients of Eqs. (11-21) and (11-23) are cornplex numbers which may be evaluated fron1 the given data, i.e., fro1n the >./s and the o;'s. 1,he unknowns are the 11/s, ,vhich depend on four real angles, 1'2, , 4Since two co1nplex equations are equivalent to four real equations, and since there are a total of four real unknowns, a si1nultaneous solution of these equations is possible and will be carried out here by 3• 
	1'a
	1'
	, 1's-
	elin1inating successively the unkno,vns 114, 115, 11

	To eliminate v4, Eq. (11-21) is written as 
	Figure
	and each nte1nber is 1nultiplied by its o,vn cornplex conjugate. ]114l= v4ii4 = 1, this yields 
	2 

	(A1 + A2112 + Aava) (A1 + A2ii2 + Aaiia) = A4A4 
	(11-25) 
	Figure

	or 
	in which 
	Ct = AJ(A1 + A2ii2) and 
	Figure
	,vith 
	Figure
	and we note that d, is real. 
	and we note that d, is real. 
	and we note that d, is real. 
	The eli1nination of 11e5 fro1u (l1-2a) by si1uilar 

	operations yields 
	operations yields 

	TR
	(11-27) 


	Figure
	Figure
	with 
	Figure
	and, again, d2 is real. 
	Solving Eqs. (11-2,5) and (11-27) as a syste1n of t,vo linear 3 to be 
	equa
	tions shows the uuknowns 11:i and ii

	d l1 
	d l1 
	I

	Ct di 
	Ct di 
	:
	:
	d

	l 

	C2 d2
	c2 
	(11-29) 
	and JI ;1 
	-
	-


	J/3 = 
	Ct

	C1 c1
	C1 c1
	I 
	C2 C2 
	i 

	2 2 I 
	C
	C

	However, since lvale= vaiia = 1, the coefficients c1 , c2, di, d2 n1ust satisfy the condition 
	2 

	Figure
	di Ct I Ct e1
	= 
	d2 C2 J C2 e2 
	Figure
	or NN + D= o (11-30) 
	2 

	in which 
	(11-31) 
	Figure

	(11-32) 
	Figure
	C1 

	and D 
	= 

	1, c2, d1, d2 are replaced by their definitions (11-26) and (11-28), the detern1inants N and D become 
	When c

	N = -Aa(A1 + A2ii2)(n' + 3.;AŁv2 + AŁ3.Łv2) 
	+ AŁ(AŁ + .3.;ii2)(n + A1A2v2 + A1A2ii2) (11-33) D = Ai(A1 + A2ii2)A;(AŁ + A;v2) -Aa(A1 + A2v2)AŁ(.3.Ł + A;ii2) (11-34) 
	Expanding and ordering terrns produces 
	1V = av2 + b + cii2 + dii,/ D = kv2 + 2+ kii2 
	g11 

	in which a = A1.3.Ł (AaA; -AŁA2) 
	b = Aa.3.1n' -AŁ.3.;n + AaA2AŁA; -AŁA;A1A2 
	-I-I -f I f-f 
	c = A3A2n-AAn + AaA1AA-AA1A1A2 
	I 
	3
	2
	1
	2 
	3

	(11-35) 
	(11-35) 
	d = AaA2AŁ.3.; -AŁA;A1A2 

	k = ŁaA1AŁAŁ -AsA2A;AŁ 
	g= in1aginary part of [AaAŁ(Ł1AŁ + AŁA2)] 
	y 

	Substitution of the above values of N and D into (11-30), with expansion and ordering of terms, produces 
	aa + bb +cc+ dd -4g-2kk + (ab + be + cd + 4ik)v2 
	11 
	2 
	g11

	+ (ab +be+ cd -4ik)ii2 + (ac + bd + kk)v2
	g11
	2 

	+ (ac + bd + kk)iil + adv2+ adv2o (11-36) 
	3 
	3 
	= 

	It may be noted that this last expression is the sum of a real term and of complex terms which occur in complex conjugate pairs; thus ab + be + cd + 4ikgis the con1plex conjugate of ah + be + ed -4ikg, etc. When a con1plex nu1nber z is added to its con1plex conjugate, their sum is a real nu1nber equal to t,vice the real part of z, that is, 
	11 
	11

	z + z = 2(real part of z) 
	Applying this property of co1nplex nu1nbers to the above equation gives 
	(11-37) 
	KIXEM.-\TIC SYXTHESTS OF LlŁKAGES 
	where p = ad 
	q = ac + bd + kk 
	(11-38) 
	s = ab + be + cd + 4ikg
	u 

	2
	t = ½(aa + bb +cc+ dd 4g-2kk) 
	-
	y 

	Kow, since v2 = e;-r,, vi = e;-r,, v2= e-r,, Eq. (11-37) 1nay be \\ritten 
	2
	3 
	3
	i
	1 

	Pz cos :l-y2 -Psin 3-y+ q,, cos 2-y2 -qsin 2-y2 
	u 
	2 
	u 

	+ Sx cos "Y2 -sin "Y+ t = 0 (I 1-39) 
	2 

	11 
	8

	in which P:z, q,,, Sz and p, qsare the real and in1aginary parts of p, q, s. 2 for which the system of Eqs. (11-14) has a solution. To solve (11-38), the trigonometric functions are expressed in tern1s of the tangent of the half angle, r = tan (-Y2/2). Thus, substitution of the identities 
	11
	,,, 
	11 
	A solution of the trigono1netric equation (11-39) would yield values of -y

	2 ?1 -. -T 
	r

	COS i'2 = Sill "Y2 = 
	J + T+ 
	2 
	l 
	T
	2 

	1 -6r+ r. , 4r(l -r)
	2 
	4 
	2

	cos 2-y2 = ---sin 2-y2 = 
	-

	(1 + r)(l + r
	2
	2 
	2
	)
	2 

	(1 -r)(1 -14T+ r) _ 2r(3 -10r+ 3r) 
	2
	2 
	4
	2 
	4

	. 
	. 
	-

	COS 3-y2 = Sill 3j'2
	(l + r) (l + rŁ)a 
	2
	3 

	z
	into (11-39) yields (note that Pz + q,, + S+ t = 0 since 'Y2 = 0 is a 
	Łolution) 
	(-p,, + Qx -S:r. + t)r• + (-6py + 4qu -2su)r
	4 

	+ (1.5p,, -5z -s., + 3t)r+ (20p-4s11)r
	q
	3 
	11 
	2 

	+ (1.5p,, -,5qz + Sx + :Łl)r -6p-4q-2s71 = 0 
	y 
	y 

	or rŁ + a4r + a3r+ a2r+ a1r + ao = 0 (11-40) 
	4 
	3 
	2 

	11 + 11 -11
	-6p
	4q
	2s

	with a41-----
	= 
	-
	-

	-Pz + qx -Sx + l 
	15p:,; -5q,, -s,, + 3t 
	aa = 
	-p+ qz; -S+ t 
	:,; 
	:r 

	u 11
	20p
	-4s

	a----(11-41) 
	2
	= 
	--
	

	-p,, + q,, -Sr + t 
	l5pz -.5q"' + s,, + 3t
	= 
	-
	-
	-P:r + q,, -s,, + t 

	-6p -4q -2s 
	-6p -4q -2s 
	0 -y y u
	a

	-
	-pz; + qz -Sx + t 
	Since this equation is of the fifth degree, it will adn1it five solutions, real or complex. Observation of the determinants in (11-16), frorn which (11-40) ,vas derived, shows that a possible solution is v; = 'A; (j = 2, 3, 4, 5), and therefore ro = tan (q,2/2) is a solution of (11-40). It n1ay be 
	noted, how4iver, that such values of the v2's would make 
	(11-14) impos
	sible, and the solution must be eliminated by dividing (11-40) by T -To to obtain the 'luartic equation (11e-18) of Sec. 11-2, 
	T+ baT+ b2T+ b1T + bo = 0 (11-18) 
	4 
	3 
	2 

	Synthetic division yields the coefficients of this quartic as 
	ba = a4 + To 
	b2 = a1 + a4To + To
	:
	2 

	(11-42) 
	b1 = 0,2 + a:1To + U4To+ r0
	2 
	3 

	bo = a1 + a2To + aaTo+ a4To+ To
	2 
	3 
	4 

	In sun1n1ary, the solution of the first pair of con1patibility equations, the ref ore, proceeds as follo,vse: 
	1. Con1pute the f ollo,ving quantities: 
	a. The >.'s and o's fro1n the specifications of the five accuracy points (see Sec. 11-2). 
	I I I •
	I I I •
	b
	b
	b
	. At, A2, A3, A4, A, A, A, using Eqs. (11-22 )and(11-24 ). 
	1
	2
	3


	c. 
	c. 
	a, b, c, d, k, Y, using (11-35). 
	.v


	d. 
	d. 
	p, q, s, t, using (11-38). 

	e. 
	e. 
	ao, a1, a2, aa, a4, using (11-41). 

	f. 
	f. 
	o, bi, b2, ba, using (11-42). 
	b



	2. 
	2. 
	2. 
	Solve the quartic [Eq. (11-18)). An iteration process is required Tk ,vith k = 1, 2, 3, 4 or 1, 2. 
	and, when real roots exist, yields either four or t,vo roots 


	3. 
	3. 
	For each root, i.e., for each value of the subscript k, evaluate i'2 by n1eans of the equation 
	the corresponding 


	4. 
	4. 
	3, using (11-26), (11-28), and (11-29). 
	For each root, evaluate the corresponding v


	5. 
	5. 
	For each root, evaluate the corresponding v4 and v5, using (11-21) and (11-23). 


	i'2k = 2 arctan Tk 
	v2 in tenns of the equation 
	as well as 

	Figure
	When the quartic has four solutions, this numerical procedure yields four sets of solutions 
	for the first pair of compatibility equations. When there are but two roots, then k = 1 or 2 and there are only two sets of v's. When there are no (real) roots, the synthesis is impossible. 
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