
GEOMETRIC METHODS 

OF SYNTHESIS WITH 

THREE ACCURACY POINTS 

8-1 INTRODl:-CTION 

The geon1etric 1nethods for the synthesis of planar linkages for 
various duties antedate the n1ore precise algebraic attacks. They 
still occupy a n1ost i1nportant place an1ong the available proce
dures, for they are relatively fast in producing ans,vers and, since 
they 1naintain touch with physical reality to a n1uch greater 
degree than do the algebraic 1nethods, are often more readily 
understood. .�lso, their degree of accuracy is adequate for many 
situations and they are valuable adjuncts to the algebraic 
1nethods, for their approxi1nate solutions serve as useful guides 
in directing the course of equations or in reaching certain decisions. 

The relatively long develop1nent period of the geo1netric 1nethods 
has led to n1any techniques hand-tailored to particular types of 
proble1ns. It is the intent of this chapter and the next to dwell 
on the general and avoid the particular, i.e., to present general 
concepts that 1nay be applied to a wide variety of problems and 
abstain frorn peculiarly specialized techniques. 
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The synthesis of linkages involves rnoving a link from a first 
position to several others, son1eti1nes under specifications of velocity 
and acceleration. A sequence of problen1s will be used to display basic 
geometric concepts. The solutions of the first and si1npler problems of 
this chapter will establish relations to be considered further in the next 
and will be applied to n1ore con1plex situations. 

8-2 POLES OF THE FOUR-BAR LINKAGE 

Problem 1 Arrange for the transfer of a link AB fron1 position 
A1B1 to a second position A2B2. 

This proble1n may be solved in different ways, as shown in Fig. 
8-1. For example, the 1nidnormals a12 and bu to the distances A 1,'12 and 
B1B2 will intersect at P12. Links P12A1 and P12B1, connected as shown 
in Fig. 8-la, will allow AB to assu1ne its two positions. This solution
one may think of ,41P12B1 as a solid triangle pivoted about P1 r-is trivial 
but recalls that all lines associated ,vith the plane of link AB undergo the 
same rotation; i.e., the angles through ,vhich they turn are equal in n1agni
tude and sense of rotation. The half angles .11P12a12 and B1P12b12 are 
also equal. 

The transfer of the link .4B 1nay also be carried out by a four-bar 
linkage with AB as coupler. The centers of the fixed revolutes OA and Os 
may be chosen any,vhere along a1 2 and b12, respectively, the other two 
revolute centers being located at A and ·Bon the n1oving link (Fig. 8-lb). 
Note that this solution to the problen1 involves two independent choices 
with revolute centers at A and B on the moving link. For each center 
0A chosen on a1 2 there are an infinity of solutions corresponding to different 
choices of OB along b12. But since there are also an infinity of choices pos
sible for OA along a12, it n1ay be said that the present proble1n has an 
infinity to the square number of solutions, denoted as <:r> 

2
• 

If either OA or On is chosen at infinity along its 1nidnor1nal (Fig. 
g.. 1c and d), the corresponding four-bar linkages change into slider-crank 
n1echanisn1s. The nun1ber of solutions for each situation is infinite because 
of the infinite choices that are available for locating the fixed revolute 
(OA or OB, as the case n1ay be). 

If both OA and O8 are chosen at infinity along their 1nidnor111als 
(Fig. 8-le), a PPRR n1echanis1n results and the solution is unique. 

In the foregoing a link AB, that is, a portion of a plane ,vith ele
ments (connections) at A and at B, ,vas caused to rnove fro1n one position 
to another. If the specification is altered to n1oving a plane containing 
the line AB frorn one position to another, the nurnber of solutions for 
each of the previous situations is multiplied by <:r> 4. This addition co1nes 
from having to choose two points C and D of the plane as locations for the 
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(b) Solutions: a)z 

(a) Solution: unique 

B ,. 

I (d) Solutions: 110 

(c) Solutions: a) 

(e) Solution: unique 

OA at co\ ;/08 at a) 

Problem 1, two positions of a. link. 
FIGURE 8-1 
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revolute elements; each point has two coordinates, whence four choices 
must be made. 

DEFINITION The point P12, the center for the finite rotation of AB 
from A1B1 to A2B!!, is the pole of the rotation 612-

The pole P12 is a property of the finite displacement of AB fro1n 
A1B1 to A2B2 and is independent of how the link actually n1oves between 
these two positions. However, if A2B2 is n1ade to approach A1B1, so 
that A1B1 and A2B2 becon1e two infinitesin1ally close positions, the pole 
P12 then becornes the familiar instantaneous center of rotation of link AB 
at the instant considered. Figure 8-lb depicts potentially useful angular 
relations that should be noted, na1nely, A1P12A2 = B1P12B2 = 812 and 
their half angles A1P12a12 = B1P12b12 = 612/2. This observation leads 
to the following theorem for four-bar linkages: 

rfHEOREM I When viewed from a pole of rotation, the coupler and 
frame are seen under angles that either are equal or differ from each other 
by 180a° ; this is true for the two positions defining the pole. Similarly, 
the crank and follower are seen fron1 the pole under angles that either 
are equal or differ from each other by 180° for the t,vo positions. 

A situation in which the angles are equal is shown in Fig. 8-lb; 
angles differing by 180° are shown in Fig. 8-2. 

Problem 2 Design a four-bar linkage to transfer a link AB 
through three specified positions A1B1, A 2B2, A 3B 3 (Fig. 8-3). 

I 
/b12 

A20--'---------o
B1 

FIGURE 8-2 To Theorem I. 
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FIGURE 8-3 Problem 2, three positions of a link. 

The centers of the fixed revolutes OA and Os are uniquely defined 
here as the intersections of a12, a23 and b12, b2a, respectively (Fig. 8-3). 
If A and B are the revolute centers of the coupler, this problem has a 
unique solution. 

Problem 3 Design a four-bar linkage of frame OAOn, in which 
a given position q, and a given angular velocity w2 of the crank produce a 
specified position i/1 and a specified angular velocity W4 of the follower. 

The centers of the fixed revolutes being O A and OB (Fig. 8-4), 
the specified positions of the crank and follower center lines are defined 
by angles q, and i/1, and the revolute centers of the coupler n1ust lie on 
these centerlines. The velocity of A is perpendicular to OAA ,vith a 
magnitude 

(8-1) 
Si1nilarly, the velocity of B is perpendicular to OsB with a magnitude 

Vs = (OBB)w4 (8-2) 

and the instantaneous center of rotation of the couple AB, at this instant, 
is the intersection/ of OAA and OBB. But since I is the instantaneous 
center of AB, AB rotates at this instant about I with an angular velocity 
'->a; thus 

anJ VB = (JB)wa 

or 
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Substituting the values of VA and Vo from Eqs. (8-1) and (8-2) into this 
last equation yields 

(OAA)w2 IA 
(OoB)w.1 IB 

IB IA W4or (8-3)
OBB OAA W2 

The solution may be summarized as f ollo,vs: 
1. Lay out the fra1ne and construct the instantaneous center I 

corresponding to ct, and if,,. 
2. Choose A arbitrarily along 011.I. 
3. Evaluate the ratio lB/OoB from Eq. (8-3). 
4. Construct point B along Ool so that it divides the segn1ent 

0ol in the above ratio. 

8-3 RELATIVE POLES OF THE FOl:R-BAR LINKAGE 

In n1oving a specified coupler f ron1 one position to another, ,ve
considered the coupler fro1n the vantage of a point called the pole P12, 
detern1ined fro1n the 1nidnonnals of the two coupler positions (Fig. 8-lb).
This pole, conunon to fran1e and coupler, gave no relation between the 
swing angles (or angular displacements) of the crank and follower. 1'he 
crank (input) and follower displacen1ents <J,1 2 and "112 for a given coupler 
displacement are identified in Fig. 8-5a. To correlate <1>12 and "112 through
the coupler niotion, we shall consider the f ollo,ver 1notion with respect 
to the crank. We do this by 1neans of a kinematic inversion: ,ve shall 

t'IGURE 8-4 Problen1 3, spec1 -
fieation of angular velocities 
i,nd positions of links 2 and 4. 



221 G E O M E T R I C  M E T H O DS-T H R E E  A CC U R A C Y  P O I NTS 

Oa 
(b) 

Oa 
(a) 

FIGURE 8-5 Four-bil-r linkage displacernents needing correlati0n. 

assume the crank fixed, thus becon1ing observers on it, and shall ren1en1ber 
that in any displacen1ent of a linkage the relative ,notions of all links 
remain the san1e, regardless of which link is fixed. 

The linkage with the crank OAA i fixed, in a position ready for 
displacen1ent, is sho,vn in Fig. 8-5b. On a linkage displacement consistent 
with that of Fig. 8-5a, the follower displacen1ent ,vith respect to the crank 
(Fig. 8-6) is seen to be the result of two separate rotations - c/>1 2  and i/;12-
It is our purpose to combine these two follower rotations into a single 
equivalent rotation and find the unique point, called relative pole1 R1 2, 

about which the single rotation takes place. 
The displacernent of the follower f ro1n O BB 1 to O�B; is the result 

of two rotations (Fig. 8-6)a: 
1 .  A rotation about OA of angle � c/>12, from OBB1 to O�B�. Note 

the negative signa: if OAA i rotates clock,vise ,vith respect to OAOB, then 
OAOB rotates counterclock,vise ,vith respect to OAA 1. 

2. A rotation around On of angle i/112 fro1n O�B; to O�B�. 
The angle of rotation from OsBi to O�B; is thus i/112 - c/>12. The 

relative pole R1 2 is the intersection of the rnidnonnals b�2 of B1B; and c�2 

1 A second relative pole exists for a displacement of the crank with respect to 
the follower. \Ve shall not consider it here, for we shall not neerl it. I ts construction 
is similar to that of the pole which we are discussing. 

Bi 

FIGURE 8-6 Definition of the relative ·pole. 

O.t Oa 

/ 
z 

L,?7R12 
//(relative pole) 
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of 080�, and the triangle OAO»R12 yields a + /3 = -· <J,12/2. Since 
fJ = (t/112 - </,12)/2, the half angle of rotation from O»B1 to O�B�, we may 
write a = - </,12/2 - (t/112 - </,12)/2 = -t/11 2/2 and R12 is the intersec
tion of the lines c;2 and z, 1naking, respectively, the ang;les - </,12/2 and 
-t/;1 2/2 ,vith OAOB,

Theore1n I also applies to the inverted n1echanis1n and its relative 
pole R1 2 : viewed fro1n R12, OAA I and OeB1 appear under equal angles, 
and OAOn and Ao1B1 are also seen under equal angles. 

Construction of the Relative Pole for Specified <P12 and "1 12 

Select convenient fran1e points 01.. and On, and dra,v two lines 1naking the 
angles - q,1 2/2 and -t/;12/2, respectively, with OAO/J. Their intersection 
is R12• Xote again the negative signs: if t/,12 is clockwise. then - q,1 2/2 is 
counterclockwise from OAOB• Similarly, if t/;12 is clockwise, then -t/;1 2/2
is counterclockwise. 

Problem 4 Design a four-bar linkage in which a given angular 
displacen1ent t/,12 of the crank produces a given angular displacement i/tu 
of the follower (Fig. 8-7). 

Solution 
1 .  Assume a convenient frame OAO», and construct the relative 

pole R1 2  corresponding to <1>12 and 1/,-12.
2. Choose point A1 arbitrarily.
3. Draw a line R1 21t such that 

in magnitude and direction 

4. Choose any point BI on R12u. 
By Theore1n I, the desired linkage is OAA1B10B. The arbitrary choices
A1 and B1-give the problem oo 3 solutions. The rnethod fails if 
</,u = 0, or 1/112 = 0, or t/,12 = 1/112. 

follower 

FIGURE 8-7 Solution of  
Prob. 4. 
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Oc 

(a) 

F'IGURE 8-8 

(b) 

:\lodification of timing of cam mechanism. 

The foregoing 1nethod nuiy be applied to modifying the follower 
dwell of an existing cam n1echanism ,vithout changing ca1ns. Assume 
that the cam follower (Fig. 8-8a) has a d,vell for 60° of camshaft rotation 
(input). It is desired to have the follower at dwell for 90° of input rota
tion. The solution involves slowing the present cam by making it the 
output link 08B of a four-bar linkage (Fig. 8-8b), proportioning the link
age such that the 60 ° of constant cam radius corresponds to 90 ° of input
rotation, now applied to the crank OAA. 1'he cam link 08B must be 
able to rotate continuously; this condition den1ands that the four-bar be 
a drag-link (double-crank) configuration. Accordingly the Grashof rule 
l + s < p + q must be observed, with the frame OAOs serving as the 
shortest link. 

The detennination of this linkage is shown in Fig. 8-9. After 
constructing the relative pole R12, point A 1 is chosen so that OA.41 > 0.AOs;
Ru-u is constructed as in step 3, Prob. 4, and B1 is chosen along R12u 
such that 

O.t A1 + 0.AOB < A1B1 + OnB1 
and A 1B1 < OAAo1 

The desired linkage is OAA1B10B, also sho,vn in Fig. 8-9. 

c/>12 = 90• 

0 
OA 

\/'d 
Os 

nouaE 8-9 !Vlodification of tiruing of ctuu mechanil:!m; construction of linkage. 
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-----1/,-13 

✓---�1/,- • i
1- ,/, , ¥'03 

/I II -\
I I----0---L-1.

Os 

FIGURE 8-10 Solution of Prob. 5. 

Problem 5 Design a four-bar linkage in ,vhich two successive 
clockwise angular displacen1ents 4>12 and 4>2a of the crank produce, respec
tively, two successive clockwise angular displace1nents i/112 and i/;23 of the 
follower (Fig. 8-10). 

Solution Let (/,13 = '1>12 + q,23 and yt13 = t/t12 + t/t2a. 
1. Assume a convenient frame OAOs, and construct relative poles 

R12 and R13. 

2. Choose Ao1 arbitrarily.
3. Draw the lines R12u and R1av such that 

/32 = A1R12u = OA.R120s 
/33 = A 1R13V = OAR130B 

4. The intersection of R12u and R13v is B1 . 
The linkage, chosen from an1ong the available oo 

2 solutions (choice 
of point .41), is a double-rocker 1nechanism. �'he choice of A 1, ,vhile good
for displaying the construction, was unfortunate f ro1n an operational 
standpoint. An exa1ninatio11 of the linkage, best afforded by a n1odel,
will uncover three shortco1nings: (1) starting fron1 position OA·'' 1, the 
input link n1ust first be turned counterclock,vise, and then n1ust have its 
direction of rotation reversed; (:2) the linkage ,vill go through a dead 
point ,vhen fully extended to the lefto; (:3) it ,vill be necessary to disconnect 
the linkage ,vhen it is fully extended to the right, 1 nove the links, and 
reconnect the1n before going to the final position. 1'hat the linkage does 
meet its specifications in a formal manner is small consolation for the 
roundabout way in which this is accornplished. The proble1n of hov,r to 
remedy this situation will be enlarged upon in Sec. 8--5. 
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8-4 EXA M PLEi: LOGARITHl\i l C - F U N CTIOK GEN E R A  TOR 

If the output and input variables of a linkage are proportionally 
related to the variables of a speczfi('.d function such as 

y = .f(x) or z = g(x, y) 

the linkage is called a function generator. The linkage for z = g(x, y) 
,vill obviously require t,vo inputs, one for each of the independent varia
bles x and y. In ·what follows, ,ve shall not consider such double-input 
function generatorsa: our attention ,vill be directed to the simpler situation 
represented by y = f(x) requiring only a single input. 

The principle of a single-input function generator of the four-bar 
type is shown in Fig. 8-11. The independent variable x is to be repre
sented n1echanically by the rotation <J, of the crank OAA, or input, with 
the follower OBB rotation YI displaying the dependent variable y. The 
discrete relations between x and <J,, y and YI are usually made linear, but 
they need not be. 

A.s an exan1ple, we shall design a four-bar linkage to generate the 
function y = log x in the interval 1 < x < 2. The independent variable 
ranges from x = 1 = x. to x = 2 = x1, or ,ve n1ay say that the range 
Ax = x1 - X8 in general terms. The range of motion or angular sweep 
of the x pointer (link OAA) corresponding to ax will be designated 
Aq, = tJ,1 - q,,; this range is arbitrary and ,vill be taken as 60a° counter
clockwise. On the assun1ption of linear relationships, any value of x 
within the interval of generation is related to its q, value by 

"' - "'• a"' or q, - q,, - - Xa= - = r X 

X - X, ax " aq, ax 

The dependent variable ranges bet,veen y. = log x, = 0 and 

%•Scale, linear y-scale, linear 

q>I 

OA Crank: input 

y = f(X) 

�Y, 

Os Follower: output 

FIGURE 8-11 Principle of four-bar linkage function generator y = j(x). 



1.5 

226 K I N E M A T I C  SYNTHESIS O F  L I N K A G E S  

y1 = log x1 = 0.3010, and the range is ll.y = y, - y�. The corresponding 
range of motion of the y pointer is /l.,J; = ,J,,1 - ,J;,; the actual value of t:,.i/1 
is arbitrary and is chosen here as 90° counterclockwise. The variables 
y and 1" are related within the interval of generation through the linear 
relation 

i/1 - ,;,, • a,;,, or Y - Ys· · ···- - - - r = - -· ·
y - y. Ay II Ay 

In this exa,nple, the four-bar linkage will be designed to give an 
exact value of the logarithn1ic function at only three points of the y-x 
curve, corresponding to three values of x at the accuracy points. Let 
xi, x2, x3 be the accuracy points; tb.ey are chosen with Chebyshev spacing 
in the interval 1 < x < 2, that is (Fig. 8-12), 

Xi - 1.5 - 0.5 cos 30° - 1 .067 
Xs = 
X:i - 1.5 + 0.5 cos 30° - 1 .933 

The corresponding values of y are 

Y• = log 1.067 = 0.0282 
Y2 = log 1.5 = 0. 1761 
y3 = log 1.933 = 0.2862 

The change in x from the first to the second accuracy point is 

X12 = X2 - Xi = 1.,5 - 1.067 = 0.433 

and from the first to the third accuracy point 

Xu = Xa - X1 = 1.933 - 1.067 = 0.866 

1.2 1.4 

,·· '  

1.6 1.8 

FIGuRi,; 8-1:.l Three accuracy points with Chebyshev spac
ing in the interval 1 < x < 2. 

2.0 



- At/, = 

¥112 = i/12 - i/11 = 3010 90 = 44 tiy Ay; = 0_

GEOSM E T R I C  M ETHOSDS-THREE A C C U R A C Y  PO INTS 

1/13 

y 

"1t Yt =0.301- �� - -,-------.....-----r-::ao 

1/123 = 
33• 0.20 

0.10 
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L._-.:.

1/1 AV'= 
Y2

tVl12= 2 
90• AY = 

0.30144• 

Y1"'1 
.,,.,, , ..,__---+-y, = 0 

__._--=.02.;.;;--=-=--
lL-Jl--------.J.::.l;.;:____. 5 

} = X, X1 X2 X3 "t : 2.0

+-- - --Ax = x1 - x, =  1 

----A</, = </,
1 

- <J,, = 60° -- -,M 

t1- t, = s.s· 

FIGURE 8-1� Function JI = log x, I < x < Z to be generated. 

The corresponding changes in tf, are therefore 
Xi 0.433.C2 - 60 0

¢12 = t/,2 - t/,1 26= =Ax l 
52° 

'Pl3 = tp3 - 'Pl = 

Similarly, the change in y fro1n the first to the second accuracy point is 

y� - Yi = 0.1761 - 0.0282 = 0.1479 
and from the first to the third accuracy point 

Ya - Y• = 0.2862 - 0.0282 = 0.2580 
The corresponding changes in y; are 

- 0.1479 0Y1 

° 

Y2 

"11a = I/ta - i/11 = 77 
All pertinent data are asse1nbled in Fig. 8-13. 

The problern is nov,' reduced to the ter1ns of Prob. 5, Sec. 8-3, and 
the solution proceeds as shown in Fig. 8-14. A frame length OA08 of 
4 in. was chosen and the relative poles R12 and R13 constructed. An 
angle "11 = 90t° and a crank length OAA = 3 in. were selected, giving the 
point A 1 as shown. 1'he lines Ruu and Ruv were drawn to give B1 at their 
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intersection. The desired linkage is OAA1B10B in the first position. 
Measurements from Fig. 8-14 yield 

OnB1 = 1.68 in. OAOB = 4 in. A 1B1 = 5.8 in. 
"11 = 32 ° 

From Table 8-1, 

</,1 - "'· + 4 = 90 ° or <I>. = 86 ° 

'fl = If• + 8.5 = 32 ° or if;. = 23.5 ° 

The linkage was next redrawn and fitted with </, and if; scales 
(Fig. 8-1.5). A cursory exan1ination sho,vs that the follower rotations 
1/112 and 1/123 will be produced as the input rotations </,12 and </,2a are imposed. 
Consideration of the link lengthi:, shows the device to be a double-rocker 
linkage. 

The perf onnance of a linkage is gauged by how accurately it gener
ates the specified function (Table 8-1). In Fig. 8-1.5, 1 1  values of <J, were 
chosen at 6 ° intervals ; the corresponding values of if; were constructed 
and converted to Ymeeh• The error is the difference between y = log x 
and Ymech• The n1axin1un1 value of the error in y ,vas found to have a 

<b13 

FIGURE 8-14 
points. 

3 in. 

4>1 == 90• 

Synthesis of function generator y = log x, l < x < 2, three accuracy 
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Tobie 8-1 TABULATION OF VARIABLES INVOLVED IN FUNCTION GENERATOR 

y = log x, I < x < 2, THREE ACCURACY . POINTS 

VARIABLES 

,J,, DEO ,/,, DEO 

INITIAL VALUE 

YI = 0.3010 ,P/ 

X 11 = log x 

x, = 1 Y• = 0 .,,, "'· 

RANGE OF 
° Ax = xi - x, = 1 ily = YI - 11• = 0.3010 A</> = ,pf - <f,, = 60 A,J, = Y,/ - Y'• = 90° 

VARIATION 

FIRST 
<1>1 = </>, + (x1 - x,)r, ,J,1 = Y'• + (111 - 11,)rv

ACCURACY XI = 1.067 YI = 0.0282 
= .,,, + 40 = Y'• + 8.5° 

POINT 

1.50 YZ = 0.1761 <In = 

X/ = 2 Y,/nN.u, VALUE 

8ECOND 

= °= ,J,, + 52.5X2 .,,. + 30° Y,2ACCURACY 

POINT 

THJRD 

=I.933 II• 0.2862 .,,, = .,,. + 56° Y,2 "' Y,• + 85.5°ACCURACY 

POINT 

VARIATION 
°FROM FIR8T X: - XI = 0.433 1/2 - t/1 = 0.1479 .,,,. = .,,. - <f,1 = 26 Y,U = Y,2 - ,f,t = 44o 

TO SECOND 

VARIATION 

F'ROM FIRST XJ - ZI "' 0.866 <l>u = <I>• - =0.2580 52°YI - 1/1 77°<1>1 Y,13 = Y,, - ,f,1= = 
TO THlRO 

n1agnitude of 0.003, which corresponds to 0.003/0.30 = 0.01, or I percent 
of the total variation in y. 

In the design of this function generator, as in n1ost problen1s of 
kinematic synthesis, errors of three types may be present, viz., graphical, 
mechanical, and structural. 

Graphical error con1es fro1n the inevitable inaccuracies of drafting 
(Figs. 8-14 and 8-15). It is the result of the accu1nulation of sn1all errors 
rnade in laying out angles, draw·ing perpendicular or parallel lines, or 
taking the intersection of t\\·o lines. The graphical error is spread at 
random over the whole range of operation of the 1nechanisn1 and does not 
vanish at the accuracy points. It is a function of the designer's skill and 
judgment and the scale to which the graphical construction is carried out. 

Mechanical error results fro1n imperfect 1nachining of the parts, 
play in the joints, and deforn1ations due to loading. The evaluation of 

http:0.003/0.30
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q, - 4'a (deg) 
.. t 
12 6 0 

� 
1)3 76 69 60.5 52 

(pl = 90• (.x J = 1.067) 

FIGt:RE 8-15 Angular relations in function generator y = log x, 1 < x <. 2. The 
mechanism is shown at the first accuracy point. 

the mechanical error in terrns of the tolerance under which a mechanisn1 
is built is considered in Chap. 10. 

Structural error, as not�d in Sec. 5-5, is the difference between the 
mechanically developed function Ymech and the desired function y = .f(x), 
with no other errors present. The structural error is easily recognized, 
for it vanishes at the accuracy points. It n1ay be decreased by n1odifying 
the distribution of accuracy points or increasing their nun1ber. 

The error appearing in Table 8-2 is the result of both structural 

Table 8-2 ERROR IN LOG-FUNCTION GENERATOR, THREE ACCURACY POINTS 

X "' - q,., 
DEG 

i/1 - if,, 
DEG 

log x Ymech Ymech - log X 

1 . 0  

1 . 1  

1 .  2 I .  3 
1 . 4
1 . 5 
1 . 6  

] . 71 . 8  
1 .  9 
2 .0  

0 

6 
12 

18 

24 

30 

36 

42 
48 

54 
60 

- 1  
12 .5  

23.534 
43 

52 
60 . 5  
69 

76 

83 

90 

0 

0 . 041 
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and graphical errors, and since its distribution hears no relation to the 
accuracy points, it may be assigned mostly to graphical error. The use 
of a larger number of accuracy points (as shown in the following chapter) 
would therefore be of little use in i111proving the accuracy of the present 
linkage. In other cases, ho,vever, a larger structural error is present, and 
the use of a greater number of accuracy points is then justified. A case 
of this type will be considered in the next section. 

The satisfactory performance of the linkage may be ascribed to 
several factors, including luck. For one thing, the function possessed 
no violent changes within the interval of generation. Next, the several 
arbitrary choices-ranges of 1notion of crank and follower, starting angles, 
frame length OAOs, and crank length 0.1A 1-happened to produce a 
n1echanisn1 with well-proportioned links and good transmission angle 
throughout the desired interval in x. Just how to recognize, and hence 
avoid, an unfortunate choice cannot be reduced to definite rules. When 
circumstances combine to produce a poor linkage, the only rr.1nedy is to 
base a redesign on different arbitrary choices. This is done in the example 
of the f ollo,ving section. 

8-5 EXAM P LE : S I NUSOIiDAL-FUNCTION GENERATOR 

The problem considered here is the design of a four-bar linkage to 
generate the function y = sin x in the interval 0 < x < 90° . Three 
accuracy points are taken in this interval with Chebyshev spacing, viz., 

X1 = 45 - 45(0.866) = 6 ° 

X2 = 45° 

X3 = 45 + 45(0.866) = 84° 

The corresponding values of y are 

Yi = sin 6a° = 0.1045 
Y2 = sin 45° = 0.7071 
!J:i = sin 84a° = 0.9945 

The ranges of variation of q, and it, are chosen as 

both counterclockwise Aef, = 60a° 

With a linear relationship between x and </, and y and t we have 

Ax ax 

t,.y t,.y 
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1/112 

2 

<Pia <P12-- --
2 

FIGL'RE 8-16 Construction for function generator y = sin x, 0 < x < 90 ° , three 
accuracy points, first trial. 

The linkage design follows the familiar pattern. Starting f rorn 
two arbitrary base points OA and 08, the relative poles R1 2 and Ria are 
constructed, and a point Ae1 is chosen arbitrarily, with B1 given by the 
intersection of R12u and R13v (Fig. 8-16). The corresponding linkage, in 
position 1, is redrawn in Fig. 8-17 as OAA1B;Os. The point B�' is another 
possible position of Be1 corresponding to the same link lengths and input 
angle </>, but a different output angle if;. The two points B� and B�' cor
respond to tv,o different ways in which the four-bar linkage OAABOs 
may be closed ; the second linkage is OAA 1B�' 0n. Both linkages are 
double-rocker types. 

The linkage OAA 1B�OB must be checked for proper correlation of 
crank and follower for the known angular increments. This n1ay be done 
on the board or, better yet, with the aid of a cardboard model. To check 
on the board, the positions Ae2 and Ae3 are constructed such that 

and 

and the points B; and B� are located. On con1paring the angles B�OBB; 
and B�OBB� with ¥11 2 and if;13, it is found that, ,vhile B�OBB; = i/,,12, 
B�O BB� � ¥11 �- If the second linkage O AA 1B;'0B is investigated by 
entering the successive positions of B�', nainely, B�' and B;', on the draw
ing, it is found that B�08B;' = i/;13• 1'his circun1stance is due to the 
fact that one of the accuracy points, the third, is located on a branch of 
the output-input curve different fron1 that containing the first two �ccu
racy points. The first two accuracy points are con1patible with the first 
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linkage, the third with the second linkage. In going from the first branch 
to the second, the linkage OAA1B�Os, ,vhich started in the open position, 
assumed a crossed position before opening out again. This method of 
synthesis does not differentiate between the two branches of the output
input curve. No systematic way is known to the authors for avoiding 
the trouble that was encountered. The linkage that was found, however, 
was not unique, but prejudiced by the several arbitrary choices ; a change 
in the ranges of the variation of the angles q, and y; is perhaps the first 
remedy to apply. 

The most satisfactory way to verify a linkage design is to make a 
cardboard model and observe it. The form of the output-input curve of 
linkage OAA 1B�08 (Fig. 8-18) ,vas quickly established with the help of 
a model. The three accuracy points are indicated by the circles at (1), 
(2), and (3); the little figures indicate successive phases, the crossed posi
tions, dead points, and transmission angles being quite evident. 

In summary, the foregoing design is impossible, and a new atten1pt 
must be made. 

In planning a design, a consideration of the function to be gener
ated often gives helpful hints as to what type of solution should be 
attempted. Since the function y = sin x has a n1aximum for x = 90e° , 

B"3 

FIGURE 8-17 Function generat-0r, y = sin x, 0 $ x $ 90 ° , three 

accuracy points, first trial. 
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l/1", output 

120 

-80 -40 

\
0,4. <iYnrm;;,r,m?t:\ 

-80 

80 q,•, input 

FIGCRE 8-18 Output-input relation for function generator y = sin x, 
0 < x < 90 ° , first attempt. Accuracy points at (l ), (2), (3). 

-

it is evident here that a four-bar linkage of the crank-rocker type will be 
better suited as a solution than a double rocker, since it has a maximu1n 
of YI for certain values of q,. In a crank-and-rocker n1echanism, the crank 
length OAA is sn1aller than the frarne length OAOB. This condition n1ay 
therefore be used as a guide to choose the point A 1 in the synthesis of the 
linkage. A rather large variation of q,, with a s1naller variation of i/t, 
seen1s advisable, for the angle of swing of the rocker is never very large in 

a crank-rocker n1echanis1n having good force-trans1nission qualities. 
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FIGURE 8 - 19  Construction for function generator, Y = sin .r, 0 < x < HOC , three 

accuracy points, second attempt. 

rfhe ne,v design ,vill assume A<J, = 120o° , Ai/I - 60o° , fron1 ,vhich 

</>12 
1"12 

= 52o° 

= 36o° 
=</>1a 104o° 

The new construction is shown in Fig. 8-19;  upon taking .4 1 as shown, 
with OAA 1 < OAOe, the resulting linkage is then OAA1B10B, redrawn in 
Fig. 8-20. A rough check of this linkage shows that all three accuracy 

1/; - 1/1, (deg) 

72 

84 

96 

q, -tp, (deg) 

Jo'Jot·RE 8-20 Function generator y = sin x, 0 < z < 90° , with 
three accuracy points, final linkage. 
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° 
Table 8-3 ERROR IN FUNCTION GENERATOR, y = sin x, 0 < x < 90 , 

THREE ACCURACY POINTS 

x, <f, - <J,., YI - y;,, 
S10 X - Sin X Ymeeh YmechDEG DEG DEG 

0 

9 

18 

27 
36 

0 

12 

24 

36 

48 

1 
9 

1 7 . 5  

26 

33 . 5  

0 

0.  156 

0. 309 

0. 454 

0 . 588 

0 . 017 

0 .  150 

0. 292 

0 . 434 

0 . 558 

0.017 

-0.006 

-0.017 

-0 .020 

-0 .030 

45 60 0. 707 0 . 717 0 . 010 

54 0. 809 0 . 825 0 . 016 
5563 84 0 . 891 0 .917  0 . 026 

96 0 . 951 72 58 0 . 967 0 .0 16  
10881 0 . 988 0 . 992 0 . 004 
12090 1 . 000 0 . 992 -0 .008 

points are on the sa1ne branch of the input-output function, and an analye
sis sin1ilar to that of Sec. 8-4 yields the results shown in Table 8-3. 

The error Ymech - sin x follo,vs in the present case a n1ore regular 
pattern than in the case of the logarith1nic function. An error curve 
would show that the error, vanishing at the accuracy points, 1nay 1nostly 
be attributed to structural error. This indicates that the accuracy of 
the present solution has not reached the li1nit i1nposed by graphical error, 
as was the case for the logarith1nic function of the last exa1nple, but that 
the addition of a fourth accuracy point would further reduce the error. 
Such a synthesis ,vill be considered in Sec. 9-4. 

8-6 POLES O F  THE S L I DER-CRAN K M EC H AK IS h-1 

Problem 1 will be reconsidered here, with particular attention 
given to the slider-crank solutions, Fig. 8-lc and d reappearing again as 
Figs. 8-21 and 8-22. In these solutions, P1 2  is a pole of the coupler AB 
of a slider-crank mechanis1n. The ideas of Theoren1 I, relating to the 
pole angles of a four-bar linkage, ren1ain true ,vhen one of the fixed revolute 
centers goes to infinity. This theore1n may therefore be extended to 
apply to a slider-crank n1echanism, with the understanding that one of the 
fixed revolute centers is now at infinity in a direction perpendicular to 
the translation of the slider. 

In Fig. 8-21a, the revolute center OB at infinity along the midnorn1al 

b12 is suggested by an arrow at the lower end of the n1idnormal be12• The 
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frame angle a is shown in Fig. 8-2la; it is related to the coupler angle by 

(8-4) 

However, the choice of Os at the lower end of b12 was arbitrary, since the 
prismatic pair could have been obtained equally well from a revolute pair 
having its center at infinity at the upper end of b12, as shown in Fig. 8-21b. 
The frame angle {3 is directly equal to the coupler angle, 

(8-5) 

It may be noted that both Eqs. (8-4) and (8-5) are consistent with Theo
rem I. Sirnilarly, the crank and follower angles of Fig. 8-2la are related by 

A 1P120,1 = B1P120s + 180° 

For Fig. 8-21b, the crank and follo,ver angles are directly equal, 

A 1 P1 20A = B1P1 20B 
The application of Theore1n I to the second slider-crank solution 

of Prob. l is shown in Fig. 8-22, where OA n1ay be chosen at either end of 
the midnorn1al a12. 

8-7 R E L A T I V E  P O L E S  OF THE SLIDER-C RANK M E CH A N ISM :
On being vie,ved fro1n the crank, the follower 1notion of a four-bar 

linkage ,vas seen to be a consequence of t,vo separate rotations, the crank 

/ 
/ 

(a} 

FIGt.:RE 8-21 Extension of Theorem I to the slider-crank mechanism, 08 at infinity. 
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FIGl"RE 8-22 Extension of Theorem I to the slider-crank n1echanism, 0A at infinity. 
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of a translation T12 and a 

_ ___h_ rotation 823 into a single 
0A L rotation 813 = 823 about the 

relative pole Ru. 
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¢12 and the follower t/112 (Sec. 8-3). These two rotations were replaced 
by a single rotation (equal to the net angle of the two parts) about a 
unique point, the relative pole R12. In this manner it was possible to 
correlate the crank and follower rotations. 

The follower of a slider-crank 1nechanis111 is the slider whose 
motion is translation. Again there is the need to correlate crank and 
follower motions; in the slider crank the two separate n1otions are the 
crank rotation q,12 and the slider translation S12- The con1position of 
the rotation and the translation leads to a single rotation of the same mag
nitude as its part, referred to a unique point again called a relative pole. 
This composition, and the determination of the relative pole, will be con
sidered first in general terms. 

Consider that the moving plane II is sliding with respect to the 
fixed plane (the paper) and that it assun1es three positions II1, II2, Ila 
(Fig. 8-23). The displacement fro1n II1 to II2 is a translation defined by 
the vector T1 2• The displacement from II2 to Ila is a rotation 023 about a 
pole O A in the n1oving plane; notice that the center of rotation O A trans
lates. l\1idnormals to both 0�0.11. = T12 and B1Ba intersect at a pole R13• 

The plane II can be revolved from position II1 to Ila by a single rotation 813 

about Rt13. It is evident fron1 the figure that the angles marked 813  are 
not only equal but also equal to 82a ; that is, the single angle of rotation is 
also equal to its component, 8u = 82a-

The figure also indicates ho,v Ru may be located. 1'he line O .11.z 
(or, si1nply, the z line) is erected perpendicular to the direction of transla
tion. The line u, n1aking an angle ()23/2 with the z line, is then laid off; 
the line v, the m.idnormal of the translation, has its foot at L, which is 
-T12/2 f ro1n OA· This construction is summarized in Fig. 8-24. 

V 

Li--:--""'iOA 
T12 

2 \ 
o,. 

FIGURE 8-24 Construction of the relative pole Ril, given 
Tu and 8u about O,.. 
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- B 1_______ ""9B2 
I 

,(
t-l---n,,""'°- - ----

t---- S1z _  __ j 
FIGURE 8-25 Displacements of a slider crank in need of 
correlation. 

A displacement of slider-crank mechanism from a position OAA 1B1 

to another OAA. 2B2 is shown in Fig. 8-25, where the crank rotation is t/>12 

and the slider translation s12. This same displacement, as seen with 
respect to the crank OAA 1, is shown in Fig. 8-26, where the slider is first 
translated by the vector s12, Bi moving to B2, and then rotated about 
0A by the angle - (/)12, B2 moving to B;. These two displacements of 
the slider n1ay therefore be combined into a single rotation of angle - t/>12 

about a center, now called relative pole R1 2. 
The process of inversion, i.e., fixing the crank OAA and letting 

z .,
" 

\_ c/>12 
2 

--- S12 --- - - ;.,-i 

FIGURE 8-26 Determination of a relative pole Ru for slider crank; notation is 
like that of Fig. 8-23. 
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•12 

V 
0,4 

FIGURE 8-27 Construc L 

tion of the relative pole 
of a slider-crank mecha
nism. 

the follower rnove, has been invoked for Fig. 8-26; the notation is geared 
to that of Fig. 8-23. The construction is shown in summary form in 
Fig. 8-27. 

Construction of the Relative Pole 

Given OA, center of rotation of the crank; "112, rotation of the crank ; 
and s12, corresponding rectilinear translation of the slider (Fig. 8-27).

1. Construct OAz perpendicular to s12 and the angle 
<J,12zOAu = -
2 

2. Construct OAL = -s12/2 and Lv parallel to OAz. 
The relative pole R12 is the intersection of OAu and Lv. 
Problem 6 Design a slider-crank mechanism in which a given 

angular displace1nent q,12 of the crank produces a given linear displace
ment s12 of the follower (Fig. 8-28). 

Solution 
1. A.ssun1e a convenient center OA and direction of translation of 

the slider OAs ; construct the relative pole R12 of the crank and follower 
corresponding to <f,12 and s12. 

2. Choose point A 1 arbitrarily.
3. Draw a line R1 2u such that 

{3 = A1R12u = OAR12Os 

(OB is at infinity in a direction perpendicular to the translation.) 
4. Choose any point Bi on R12u. 
'fhe desired linkage is OAA1B1. 
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Os(oo) 

\ �12 
z 

13 

., 
FIGt:RE 8-28 Solution of Prob. 6. 

\,
OA 

, . 
----u 

The solution of the above problen1 may be applied to modify the 
1notion obtained from a ca1n n1echanis1n. The cam 1nechanisn1 of Fig.
8-29a is designed to give a ao 0 oscillation of the follo,ver. It is desirable, 
however, to 1nodif y this 1nechanis1n and, by using the same can1, to 
obtain a reciprocating 1notion w·ith a 1-in. stroke. A solution of this 
problem, shown in· Fig. 8-29b, 1nakes use of a slider-crank mechanism 
to convert the oscillation of the can1 follower into reciprocating motion 
of the slider. The 1nechanis1n, however, 1nust be designed to give a 
1-in. translation of the slider for a 30° rotation of its crank, which is also 
the ca1n follower. The detern1ination of this 1nechanisn1 is shown in 
Fig. 8-30. After constructing the relative pole R12, A. 1 is conveniently 
chosen on the can1 follower at the center of the roller, R12u is constructed, 
and B1 is chosen along R12u to give a mechanisn1 having good force-trans
n1ission characteristics. 

Problem 7 Design a slider-crank n1echanis1n in which two suc
cessive angular displacen1ents <J,o12 and </,23 of the crank produce, respec
tively, two successive linear displace1nents s12 and 82a of the follower,
shown in Fig. 8-31. 

Solution Let '1>1a = </,12 + (/,23 and 813 = s12 + 823. 

1. Assu1ne a center OA and direction of translation OAS to con
struct relative poles R12 and Ri a. 
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Slider 

Coupler 

OA o�- - ._ . _ _ _ o A, 

(a) (b) 

F'IGURE 8-29 Slider-crank mechanism to modify the motion obtained from a cam 

u 

112 

OA 

w;})pn. ..._______ 

::-,-----' --:�-- -��:---. --------V
2 

1'
i 

-- 1-1 f- - - -=R�12:::--'"-----_.===-- -
08 atoo --........... --
FIGURE 8-30 Synthesis of slider-crank mechanisn1 to modify cam motion. 
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FIGURE 8-31 Solution of Prob. 7. 

2. Choose A 1 arbitrarily. 
3. Draw lines R12u12 and Re13u13 such that 

and 

4. The intersection of R12u12 and Re1au13 is B1. 
The desired linkage is OAA 1B1• 1'here are oo 2 solutions depending 

on the choice of A 1. 

8-8 EXA I\1 P L E : RECTI L I N E A R  RECORDER M E C H  AN 1 S 1\1 

The curvilinear coordinate chart paper of so1ne n1echanical record
ing instrum.ents is necessary because the displacen1ent of the pen is along 
a circular arc, not a straight line. The difference between sinusoids in 
rectilinear and curvilinear coordinates is shown in Fig. 8-32, demonstrat
ing how the distortion confuses the interpretation of the data. lVIechani
cal recorders for rectilinear coordinates n1ay be designed by having the 
pen travel on a proper portion of a four-bar coupler-point curve. The 
principle of this application is shown in Fig. 8-33, where the coupler point 
B (pen) must be n1ade to cover equal distances along a straight path 
for equal rotations of the crank OAA within the range of the instrument. 

The synthesis of this linkage will be carried out in three steps. 
First, a slider-crank mechanism OAAB is designed such that equal crank 
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displacements, within a specified range, will produce equal displacements 
of the slider. Second, a coupler point C following an approximate circular 
arc centered at Oc is found and a link OcC added. Third, the prismatic 
pair guiding B along the prescribed straight line is re1noved ; the point B 
,vill follo-w this line approxirnately, and B is the coupler point of the four
bar linkage. 

In the specific case considered here, the range of rotation of the 
crank is taken equal to 90e° , for ,vhich the total displacement of the pen 
is to be 4.5 in. Three accuracy points are chosen with Chebyshev 
spacing, 

<P12 = 39e° 
<f,13 = 78 ° 

813s12 = 1.73 in. = 3.46 in. 

In Fig. 8-34, 0A is the center of rotation of the crank and OA.1: the direc
tion of translation of the slider. The relative poles R12 and R13 are con
structed, point A., is chosen arbitrarily, and the point B, found fro1n the 
intersection of 1,.1 2 and u,3• The linkage OAA1B1 is then redrawn (Fig. 
8-35) and its positions OAA 2B2 and OAA3Ba, corresponding to the other 
two accuracy points, constructed. 

I,, T7I I
I 

I 
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same sine function. Upper curvr 
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�---�c 

\� Coupler curve of C
as part of slider-crank 

\ mechanism OA AB 
I nGl.RE 8-33 Principle of 

the rectilinear instrument 
recorder. 

L 

-----
ti,12- -

i...-- _ 'P13 

---------�----- . �0,4 --- - - ----------
:c 

8 1 :! �

- 2  i➔I.. 
i - S1� I 

___ __  _;_I _ _ £� 

l 
Oa(at oo) 

FIGURE 8-34 Construction of slider-crank ffif'(1hanism for rectilinf'ar recorder, 
three accuracy points. 
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FIGURE 8-35 Construction of revolute center Oc for rectilinear recorder, 
three accuracy points. 
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i,·rouRE 8-36 Rectilinear recorder, the link OcC now replacing the slider 
B (three accuracy points, with Chebyshev spacing). 
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In this particular application, it is 1nost in1portant to li1nit the 
"'eight of the 1noving parts to mini1nize the inertia of the instrument. 
Choosing the coupler point C' along the line AB will allow the coupler 
ABC (Fig. 8-35) to be a slender bar. If, further, the point C is chosen 
close to A., the center Oc of the circle passing through the three positions 
C1, C2, Ca will be near OA and the resulting four-bar OAACOc will have 
poor force-transmission qualities. Should C be chosen close to B, the 

center Oc will be remote and the space requiren1ents will be hard to meet. 
The point C is therefore chosen about halfway between A. and B ;  its 

positions C1, C2, and C3 are constructed (Fig. 8-35), and the center Oc is 
found as the intersection of the 1nidnormals to C1C2 and C2Ca. 1�he 
resulting linkage OAACOc, with its coupler point B, now complete, is 
drawn once again in Fig. 8-36 and its accuracy checked in terms of 10 
equal rotations of the crank. 

A.s shown in Fig. 8-36, the error takes two aspects: there is a devia
tion fro1n the straight line, approxin1ately equal to 0.5 percent of the 

output travel, and a lack of linearity between crank rotations and coupler
point travel, approximately equal to l percent of the output travel. 
These errors follow a regular pattern and vanish at the accuracy points ; 
they are n1ostly the result of the structural error and n1ay therefore be 
reduced by the introduction of an additional accuracy point. Such a 
synthesis, with four accuracy points, will be carried out in Sec. 9-5. 
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	8-1 INTRODl:-CTION 
	8-1 INTRODl:-CTION 
	The geon1etric 1nethods for the synthesis of planar linkages for various duties antedate the n1ore precise algebraic attacks. They still occupy a n1ost i1nportant place an1ong the available procedures, for they are relatively fast in producing ans,vers and, since they 1naintain touch with physical reality to a n1uch greater degree than do the algebraic 1nethods, are often more readily understood. .�lso, their degree of accuracy is adequate for many situations and they are valuable adjuncts to the algebraic
	The relatively long develop1nent period of the geo1netric 1nethods 
	has led to n1any techniques hand-tailored to particular types of proble1ns. It is the intent of this chapter and the next to dwell on the general and avoid the particular, i.e., to present general concepts that 1nay be applied to a wide variety of problems and abstain frorn peculiarly specialized techniques. 
	KINEMATIC SYNTHESIS Ol<' LINKAGES 
	The synthesis of linkages involves rnoving a link from a first position to several others, son1eti1nes under specifications of velocity and acceleration. A sequence of problen1s will be used to display basic geometric concepts. The solutions of the first and si1npler problems of this chapter will establish relations to be considered further in the next and will be applied to n1ore con1plex situations. 

	8-2 POLES OF THE FOUR-BAR LINKAGE 
	8-2 POLES OF THE FOUR-BAR LINKAGE 
	Problem 1 Arrange for the transfer of a link AB fron1 position A1B1 to a second position A2B2. 
	This proble1n may be solved in different ways, as shown in Fig. u to the distances A 1,'12 and B1B2 will intersect at P12. Links P12A1 and P12B1, connected as shown in Fig. 8-la, will allow AB to assu1ne its two positions. This solution12B1 as a solid triangle pivoted about Pis trivial but recalls that all lines associated ,vith the plane of link AB undergo the same rotation; i.e., the angles through ,vhich they turn are equal in n1agni1P12a12 and B1P12b12 are also equal. 
	8-1. For example, the 1nidnormals a12 and b
	one may think of ,41P
	1 r-
	tude and sense of rotation. The half angles .1

	The transfer of the link .4B 1nay also be carried out by a four-bar AB A and Os a1 2 and b12, respectively, the other two revolute centers being located at A and ·Bon the n1oving link (Fig. 8-lb). Note that this solution to the problen1 involves two independent choices with revolute centers at A and B on the moving link. For each center 0A chosen on a1 2 there are an infinity of solutions corresponding to different 12. But since there are also an infinity of choices pos12, it n1ay be said that the present 
	linkage with 
	as coupler. The centers of the fixed revolutes O
	may be chosen any,vhere along 
	choices of OB along b
	sible for OA along a
	infinity to the square number of solutions, denoted as 
	2

	If either OA or On is chosen at infinity along its 1nidnor1nal (Fig. g.. 1c and d), the corresponding four-bar linkages change into slider-crank n1echanisn1s. The nun1ber of solutions for each situation is infinite because of the infinite choices that are available for locating the fixed revolute (OA or OB, as the case n1ay be). 
	If both OA and O8 are chosen at infinity along their 1nidnor111al(Fig. 8-le), a PPRR n1echanis1n results and the solution is unique. 
	s 

	In the foregoing a link AB, that is, a portion of a plane ,vith elements (connections) at A and at B, ,vas caused to rnove fro1n one position to another. If the specification is altered to n1oving a plane containinthe line AB frorn one position to another, the nurnber of solutions <:r> 4. This addition co1nes from having to choose two points C and D of the plane as locations for the 
	g 
	for 
	each of the previous situations is multiplied by 
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	revolute elements; each point has two coordinates, whence four choices must be made. 
	DEFINITION The point P12, the center for the finite rotation of AB from A1B1 to A2B!!, is the pole of the rotation 612
	-

	12 is a property of the finite displacement of AB fro1n 1B1 to A2B2 and is independent of how the link actually n1oves between 2B2 is n1ade to approach AB, so 1B1 and A2B2 becon1e two infinitesin1ally close positions, the pole 12 then becornes the familiar instantaneous center of rotation of link AB at the instant considered. Figure 8-lb depicts potentially useful angular relations that should be noted, na1nely, A1P12A2 = B1P12B2 = 812 and their half angles A1P12a12 = B1P12b12 = 612/2. This observation lead
	The pole P
	A
	these two positions. However, if A
	1
	1
	that A
	P

	rfHEOREM I When viewed from a pole of rotation, the coupler and frame are seen under angles that either are equal or differ from each other by 180a; this is true for the two positions defining the pole. Similarly, the crank and follower are seen fron1 the pole under angles that either are equal or differ from each other by 180for the t,vo positions. 
	° 
	° 

	A situation in which the angles are equal is shown in Fig. 8-lb; angles differing by 180are shown in Fig. 8-2. 
	° 

	Problem 2 Design a four-bar linkage to transfer a link AB through three specified positions 1B1, A2B2, A3B 3 (Fig. 8-3). 
	A

	/b12 
	Figure
	I 

	A20--'---------o
	B1 
	FIGURE 8-2 To Theorem I. 
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	Figure
	FIGURE 8-3 Problem 2, three positions of a link. 
	FIGURE 8-3 Problem 2, three positions of a link. 


	s are uniquely defined a23 and b12, b2a, respectively (Fig. 8-3). A and B are the revolute centers of the coupler, this problem has a unique solution. 
	The centers of the fixed revolutes OA and O
	here as the intersections of a12, 
	If 

	Problem 3 Design a four-bar linkage of frame OO, in which a given position q, and a given angular velocity w2 of the crank produce a specified position i/1 and a specified angular velocity W4 of the follower. 
	A
	n

	A and OB (Fig. 8-4), specified positions of the crank and follower center lines are defined angles q, and i/1, and the revolute centers of the coupler n1ust lie on se centerlines. The velocity of A is perpendicular to OAA ,vith a 
	The centers of the fixed revolutes being O 
	the 
	by 
	the

	magnitude 
	(8-1) 
	Figure

	larly, the velocity of B is perpendicular to OsB with a magnitude 
	Si1ni

	Vs = (OB)w4 (8-2) 
	B

	the instantaneous center of rotation of the couple AB, at this instant, the intersection/ of OAA and OBB. But since I is the instantaneous ter of AB, AB rotates at this instant about I with an angular velocity '->a; thus 
	a
	nd 
	is 
	cen

	Figure


	anJ VB = (JB)wa 
	anJ VB = (JB)wa 
	or 
	Figure
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	VA and Vo from Eqs. (8-1) and (8-2) into this last equation yields 
	Substituting the values of 

	(OAA)w2 IA IB 
	(OoB)w.1 




	W4
	W4
	IB IA 

	or (8-3)
	OBB W2 
	OAA 

	The solution may be summarized as f ollo,vs: 
	1. Lay out the fra1ne and construct the instantaneous center I 
	corresponding to ct, and if,,. 
	2. 
	2. 
	2. 
	Choose A arbitrarily along 011.I. 

	3. 
	3. 
	Evaluate the ratio lB/OoB from Eq. (8-3). 


	4. Construct point B along Ool so that it divides the segn1ent 0ol in the above ratio. 
	8-3 RELATIVE POLES OF THE FOl:R-BAR LINKAGE 
	8-3 RELATIVE POLES OF THE FOl:R-BAR LINKAGE 
	In n1oving a specified coupler f ron1 one position to another, ,veconsidered the coupler fro1n the vantage of a point called the pole P12, detern1ined fro1n the 1nidnonnals of the two coupler positions (Fig. 8-lb).This pole, conunon to fran1e and coupler, gave no relation between the swing angles (or angular displacements) of the crank and follower. 1'he <J,1 2 and "112 for a given coupler displacement are identified in Fig. 8-5a. To correlate <1>12 and "112 throughthe coupler niotion, we shall consider the
	crank (input) and follower displacen1ents 

	Figure
	t'IGURE 8-4 Problen1 3, spec1fieation of angular velocitii,nd positions of links 2 and 4. 
	t'IGURE 8-4 Problen1 3, spec1fieation of angular velocitii,nd positions of links 2 and 4. 
	-
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	Oa (b) Oa 
	FIGURE 8-5 Four-bil-r linkage displacernents needing correlati0n. 
	FIGURE 8-5 Four-bil-r linkage displacernents needing correlati0n. 


	(a) 
	assume the crank fixed, thus becon1ing observers on it, and shall ren1en1ber 
	that in any displacen1ent of a linkage the relative ,notions of all links 
	remain the san1e, regardless of which link is fixed. 
	The linkage with the crank OAAi fixed, in a position ready for acen1ent, is sho,vn in Fig. 8-5b. On a linkage displacement consistent that of Fig. 8-5a, the follower displacen1ent ,vith respect to the crank 12 and i/;12It is our purpose to combine these two follower rotations into a single equivalent rotation and find the unique point, called relative poleR12, about which the single rotation takes place. 
	displ
	with 
	(Fig. 8-6) is seen to be the result of two separate rotations -c/>
	-
	1 

	1 to OŁB; is the result two rotations (Fig. 8-6)a: 
	The displacernent of the follower f ro1n O BB 
	of 

	1. A of angle Ł c/>12, from OBB1 to OŁBŁ. Note the negative signa: if OArotates clock,vise ,vith respect to OAO, then AOB rotates counterclock,vise ,vith respect to OAA 1. 
	A rotation about O
	A
	i 
	B
	O

	2. A rotation around On of angle i/112 fro1n OŁB; to OŁBŁ. 
	i to OŁB; is thus i/112 -c/>2. The 1 2 is the intersection of the rnidnonnals bŁ2 of B1B; and 
	The angle of rotation from OsB
	1
	relative pole R
	cŁ2 

	A second relative pole exists for a displacement of the crank with respect to the follower. \Ve shall not consider it here, for we shall not neerl it. I ts construction is similar to that of the pole which we are discussing. 
	1 

	Bi 
	O.t Oa / z L,?7R12 //(relative pole) 
	FIGURE 8-6 Definition of the relative ·pole. 
	FIGURE 8-6 Definition of the relative ·pole. 
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	of 00�, and the triangle OAO»R12 yields a + /3 = -· <J,12/2. Since fJ = (t/112 -</,12)/2, the half angle of rotation from O»B1 to O�B�, we may write a = -</,12/2 -(t/112 -</,12)/2 = -t/112/2 and R12 is the intersection of the lines c;and z, 1naking, respectively, the ang;les -</,12/2 and 12/2 ,vith OAOB,
	8
	2 
	-t/;

	Theore1n I also applies to the inverted n1echanis1n and its relative 12: viewed fro1n R12, OAAI and OeB1 appear under equal angles, AOn and Ao1B1 are also seen under equal angles. 
	pole R
	and O


	Construction of the Relative Pole for Specified <P12 and "1 12 
	Construction of the Relative Pole for Specified <P12 and "1 12 
	Select convenient fran1e points 01.. and On, and dra,v two lines 1naking the 12/2 and -t/;12/2, respectively, with OAO/J. Their intersection is R12• Xote again the negative signs: if t/,12 is clockwise. then -q,/2 is AOB• Similarly, if t/;12 is clockwise, then -t/;12/2is counterclockwise. 
	angles -q,
	12
	counterclockwise from O

	Problem 4 Design a four-bar linkage in which a given angular t/,12 of the crank produces a given angular displacement i/tu of the follower (Fig. 8-7). 
	displacen1ent 

	Solution 
	1. AO», and construct the relative 12 corresponding to <1>12 and 1/,-12.
	Assume a convenient frame O
	pole R

	2. 
	2. 
	2. 
	1 arbitrarily.
	Choose point A


	3. 
	3. 
	121t such that 
	Draw a line R



	in magnitude and direction 
	Figure

	4. I on R12u. 
	Choose any point B

	AA1B10B. The arbitrary choices1 and B1-give the problem oo solutions. The rnethod fails if </,u = 0, or 1/112 = 0, or t/,12 = 1/112. 
	By Theore1n I, the desired linkage is O
	A
	3 

	follower 
	FIGURE 8-7 Solution Prob. 4. 
	FIGURE 8-7 Solution Prob. 4. 
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	Oc (a) F'IGURE 8-8 (b) 
	:\lodification of timing of cam mechanism. 
	The foregoing 1nethod nuiy be applied to modifying the follower dwell of an existing cam n1echanism ,vithout changing ca1ns. Assume that the cam follower (Fig. 8-8a) has a d,vell for 60of camshaft rotation (input). It is desired to have the follower at dwell for 90of input rotation. The solution involves slowing the present cam by making it the output link 08B of a four-bar linkage (Fig. 8-8b), proportioning the linkage such that the 60 of constant cam radius corresponds to 90 of input8B must be able to r
	° 
	° 
	° 
	° 
	rotation, now applied to the crank OAA. 1'he cam link 0

	The detennination of this linkage is shown in Fig. 8-9. After constructing the relative pole R12, point A1 ischosen so that OA.41 > 0.AOs;u-u is constructed as in step 3, Prob. 4, and B1 is chosen along R12u such that 
	R

	.t A1 + 0.AOB < A1B1 + OnB1 B< OAAo1 
	O
	and A
	1
	1 

	The desired linkage is OAA1B10B, also sho,vn in Fig. 8-9. 
	c/>12 = 90• 0 OA \/'d Os 
	nouaE 8-9 !Vlodification of tiruing of ctuu mechanil:!m; construction of linkage. 
	nouaE 8-9 !Vlodification of tiruing of ctuu mechanil:!m; construction of linkage. 
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	FIGURE 8-10 Solution of Prob. 5. 
	FIGURE 8-10 Solution of Prob. 5. 


	Problem 5 Design a four-bar linkage in ,vhich two successive clockwise angular displacen1ents 4>12 and 4>2a of the crank produce, respecof the follower (Fig. 8-10). 
	tively, two successive clockwise angular displace1nents i/112 and i/;
	23 

	Solution Let (/,13 = '1>12 + q,23 and yt13 = t/t12 + t/t2a. 
	1. AOs, and construct relative poles R13. 
	Assume a convenient frame O
	R12 and 

	2. 
	2. 
	2. 
	1 arbitrarily.
	Choose Ao


	3. 
	3. 
	1av such that 
	Draw the lines R12u and R



	/32 = A1R12u = OA.R120s /33 = A1R13V = OAR130B 
	4. 12u and R13v is B1. 
	The intersection of R

	oo solutions (choice of point .41), is a double-rocker 1nechanism. Ł'he choice of A 1, ,vhile goodfor displaying the construction, was unfortunate f ro1n an operational standpoint. An exa1ninatio11 of the linkage, best afforded by a n1odel,1, the input link n1ust first be turned counterclock,vise, and then n1ust have its direction of rotation reversed; (:2) the linkage ,vill go through a dead point ,vhen fully extended to the lefto; (:3) it ,vill be necessary to disconnect the linkage ,vhen it is fully exte
	The linkage, chosen from an1ong the available 
	2 
	will uncover three shortco1nings: (1) starting fron1 position OA·'' 
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	8-4 EXAMPLEi: LOGARITHl\ilC-FUNCTIOK GEN ERA TOR 
	If the output and input variables of a linkage are proportionally related to the variables of a speczfi('.d function such as 
	= or z = g(x, y) 
	y 
	.f(x) 

	the linkage is called a function generator. The linkage for z = g(x, y) ,vill obviously require t,vo inputs, one for each of the independent variables x and y. In ·what follows, ,ve shall not consider such double-input function generatorsa: our attention ,vill be directed to the simpler situation represented by y = f(x) requiring only a single input. 
	The principle of a single-input function generator of the four-bar type is shown in Fig. 8-11. The independent variable xis to be represented n1echanically by the rotation <J, of the crank OAA, or input, with the follower OBB rotation YI displaying the dependent variable y. The discrete relations between x and <J,, y and YI are usually made linear, but they need not be. 
	A.s an exan1ple, we shall design a four-bar linkage to generate the function y = log x in the interval 1 x 2. The independent variable ranges from x = 1 = x. to x = 2 = x1, or ,ve n1ay say that the range Ax = x-X8 in general terms. The range of motion or angular sweep of the x pointer (link OAA) corresponding to ax will be designated Aq, = tJ,-q,,; this range is arbitrary and ,vill be taken as 60acounterclockwise. On the assun1ption of linear relationships, any value of x within the interval of generation 
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	The dependent variable ranges bet,veen y. = log x, = 0 and 
	%•Scale, linear y-scale, linear 
	q>I OA Crank: input y =f(X) ŁY, Os Follower: output 
	FIGURE 8-11 Principle of four-bar linkage function generator y = j(x). 
	FIGURE 8-11 Principle of four-bar linkage function generator y = j(x). 
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	y1 = log x= 0.3010, and the range is ll.y = y, -yŁ. The corresponding range of motion of the y pointer is /l.,J; = ,J,,-,J;,; the actual value of t:,.i/1 is arbitrary and is chosen here as 90counterclockwise. The variables y and 1" are related within the interval of generation through the linear relation 
	1 
	1 
	° 

	i/1 -,;,, • a,;,, 
	or 

	Y -Ys
	Figure

	·····--r 
	-
	-

	=-
	-

	··
	y -y. Ay II 
	Ay 
	In this exa,nple, the four-bar linkage will be designed to give an exact value of the logarithn1ic function at only three points of the y-x curve, corresponding to three values of x at the accuracy points. Let 3 be the accuracy points; tb.ey are chosen with Chebyshev spacing in the interval 1 x 2, that is (Fig. 8-12), 
	xi, x2, x
	< 
	< 

	Xi 1.5 -0.5 cos 301.067 
	-
	° 
	-

	Xs = 
	X:i 1.5 + 0.5 cos 301.933 
	-
	° 
	-

	The corresponding values of y are 
	Y• = log 1.067 = 0.0282 
	Y2 = log 1.5 = 0.1761 
	y3 = log 1.933 = 0.2862 
	The change in x from the first to the second accuracy point is 
	X12 = X2 -Xi 1.,5 -1.067 = 0.433 
	= 

	and from the first to the third accuracy point 
	Xu = Xa -X1 = 1.933 -1.067 = 0.866 
	1.2 1.4 ,··' 1.6 1.8 
	FIGuRi,; 8-1:.l Three accuracy points with Chebyshev spacing in the interval 1 x 2. 
	FIGuRi,; 8-1:.l Three accuracy points with Chebyshev spacing in the interval 1 x 2. 
	< 
	<
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	FIGURE 8-1Ł Function JI = log x, I x Z to be generated. 
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	The corresponding changes in tf, are therefore 
	Xi 
	0.433
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	= 
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	Ax 
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	° 
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	'Pl3 = tp3 -'Pl = 
	Similarly, the change in fro1n the first to the second accuracy point is 
	y 

	= 0.1761 -0.0282 = 0.1479 from the first to the third accuracy point 
	y
	Ł 
	-
	Yi 
	and 

	= 0.2862 -0.0282 = 0.2580 
	Ya 
	-
	Y• 

	The corresponding changes in y; are 
	-
	479 
	0.1

	0
	Y1 
	° 
	Y2 
	"11a = I/ta -i/11 = 77 
	pertinent data are asse1nbled in Fig. 8-13. 
	All 

	The problern is nov,' reduced to the ter1ns of Prob. 5, Sec. 8-3, and solution proceeds as shown in Fig. 8-1. A frame length OA08 of 4 in. was chosen and the relative poles R12 and R13 constructed. An "11 = 0tand a crank length OAA = 3 in. were selected, giving the t A 1 as shown. 1'he lines Ruu and Ruv were drawn to give Bat their 
	the 
	4
	angle 
	9
	° 
	poin
	1 

	intersection. The desired linkage is OAA1B10B in the first position. Measurements from Fig. 8-14 yield 
	Figure
	OnB1 = 1.68 in. OAOB = 4 in. A 1B1 = 5.8 in. 
	"11 = 32 
	° 

	From Table 8-1, 
	</,1 -"'· + 4 = 90 or <I>. = 86 'fl = If• + 8.5 = 32 or if;. = 23.5 
	° 
	° 
	° 
	° 

	The linkage was next redrawn and fitted with </, and if; scales (Fig. 8-1.5). A cursory exan1ination sho,vs that the follower rotations 1/112 and 1/123 will be produced as the input rotations </,12 and </,2a are imposed. Consideration of the link lengthi:, shows the device to be a double-rocker linkage. 
	The perf onnance of a linkage is gauged by how accurately it generates the specified function (Table 8-1). In Fig. 8-1.5, 11 values of <J, were chosen at 6 intervals ; the corresponding values of if; were constructed and converted to Ymeeh• The error is the difference between y = log x and Ymech• The n1axin1un1 value of the error in y ,vas found to have a 
	° 

	<b13 
	FIGURE 8-14 points. 
	3 in. 4>1 == 90• 
	Synthesis of function generator y = log x, l x 2, three accuracy 
	Synthesis of function generator y = log x, l x 2, three accuracy 
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	Figure
	Figure
	Tobie 8-1 TABULATION OF VARIABLES INVOLVED IN FUNCTION GENERATOR y = log x, I < x < 2, THREE ACCURACY . POINTS 
	VARIABLES 
	Figure
	,J,, DEO ,/,, DEO 
	X 11 = log x 
	INITIAL VALUE YI = 0.3010 ,P/ 

	x, = 1 Y• = 0 .,,, "'· 
	RANGE OF 
	° 
	Ax = xi -x, = 1 ily = YI -11• = 0.3010 A</> = ,pf -<f,, = 60A,J, = Y,/ -Y'• = 90
	° 

	VARIATION 
	FIRST 
	<1>1 = </>, + (x1 -x,)r, ,J,1 = Y'• + (111 -11,)rv
	ACCURACY XI = 1.067 YI = 0.0282 
	= .,,, + 40 = Y'• + 8.5
	° 

	POINT 
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	= 

	Figure
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	Y,/
	nN.u, VALUE 
	Figure
	8ECOND 
	= 
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	,J,, + 52.5
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	X2 
	.,,. + 30Y,2
	° 

	ACCURACY 
	POINT THJRD 
	Figure
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	I.933 II• 0.2862 .,,, = .,,. + 56Y,2 "' Y,• + 85.5
	° 
	°

	ACCURACY 
	POINT 
	VARIATION 
	°
	FROM FIR8T X: -XI = 0.433 1/2 -t/1 = 0.1479 .,,,. = .,,. -<f,1 = 26
	Figure

	Y,U = Y,2 -,f,t = 44o 
	Figure

	TO SECOND 
	VARIATION 
	F'ROM FIRST XJ -ZI "' 0.866 <l>u = 
	<I>• 
	-
	-


	=
	0.2580 
	52
	°

	YI -1/1 
	77
	77
	°

	<1>1 
	<1>1 
	Y,13 = Y,, -,f,1
	= 
	= 
	TO THlRO 
	n1agnitude of 0.003, which = 0.01, or I percent of the total variation in y. 
	corresponds to 0.003/0.30 

	In the design of this function generator, as in n1ost problen1s of kinematic synthesis, errors of three types may be present, viz., graphical, mechanical, and structural. 
	Graphical error con1es fro1n the inevitable inaccuracies of drafting (Figs. 8-14 and 8-15). It is the result of the accu1nulation of sn1all errors rnade in laying out angles, draw·ing perpendicular or parallel lines, or taking the intersection of t\\·o lines. The graphical error is spread at random over the whole range of operation of the 1nechanisn1 and does not anish at the accuracy points. It is a function of the designer's skill and judgment and the scale to which the graphical construction is carried o
	v

	Mechanical error results fro1n imperfect 1nachining of the parts, play in the joints, and deforn1ations due to loading. The evaluation of 
	q, -4'a (deg) 
	.. t 
	12 6 0 Ł 1)3 76 69 60.5 52 (pl = 90• (.x J = 1.067) 
	FIGt:RE 8-15 Angular relations in function generator y = log x, 1 < x <. 2. The mechanism is shown at the first accuracy point. 
	the mechanical error in terrns of the tolerance under which a mechanisn1 is built is considered in Chap. 10. 
	Structural error, as notŁd in Sec. 5-5, is the difference between the mechanically developed function Ymech and the desired function y = .f(x), with no other errors present. The structural error is easily recognized, for it vanishes at the accuracy points. It n1ay be decreased by n1odifying the distribution of accuracy points or increasing their nun1ber. 
	The error appearing in Table 8-2 is the result of both structural 
	Table 8-2 ERROR IN LOG-FUNCTION GENERATOR, THREE ACCURACY POINTS 
	Table 8-2 ERROR IN LOG-FUNCTION GENERATOR, THREE ACCURACY POINTS 
	Table 8-2 ERROR IN LOG-FUNCTION GENERATOR, THREE ACCURACY POINTS 

	X 
	X 
	"' -q,., DEG 
	i/1 -if,, DEG 
	log x 
	Ymech 
	Ymech -log X 

	1.0 1.1 1. 2 I. 3 1.41.5 1.6 ] . 71.8 1. 9 2.0 
	1.0 1.1 1. 2 I. 3 1.41.5 1.6 ] . 71.8 1. 9 2.0 
	0 6 12 18 24 30 36 42 48 54 60 
	-1 12.5 23.534 43 52 60.5 69 76 83 90 
	0 0.041 0.079 0. 114 0. 146 0. 176 0.204 0.230 0.255 0.279 0.301 
	-0. 003 +0.042 0.079 0.114 0. 144 0. 178 0.202 0.230 0.254 0.278 0.301 
	-0.003 0.001 0 0 -0.002 0.002 -0.002 0 -0.001 -0.001 0 
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	and graphical errors, and since its distribution hears no relation to the 
	accuracy points, it may be assigned mostly to graphical error. The use 
	of a larger number of accuracy points (as shown in the following chapter) 
	would therefore be of little use in i111proving the accuracy of the present 
	linkage. In other cases, ho,vever, a larger structural error is present, and 
	the use of a greater number of accuracy points is then justified. A 
	case 

	of this type will be considered in the next section. 
	The satisfactory performance of the linkage may be ascribed to several factors, including luck. For one thing, the function possessed no violent changes within the interval of generation. Next, the several arbitrary choices-ranges of 1notion of crank and follower, starting angles, frame length OAOs, and crank length 0.1A 1-happened to produce a n1echanisn1 with well-proportioned links and good transmission angle throughout the desired interval in x. Just how to recognize, and hence avoid, an unfortunate cho
	8-5 EXAMPLE: SINUSOIiDAL-FUNCTION GENERATOR 
	The problem considered here is the design of a four-bar linkage to generate the function y = sin x in the interval 0 x 90. Three accuracy points are taken in this interval with Chebyshev spacing, viz., 
	< 
	< 
	° 

	X1 = 45 45(0.866) = 6 
	-
	° 

	X2 = 45
	° 

	X3 = 45 + 45(0.866) = 84
	° 

	The corresponding values of y are 
	= sin 6a= 0.1045 
	Yi 
	° 

	2 = sin 45= 0.7071 
	Y
	° 

	!J:i = sin 84a= 0.9945 
	° 

	ranges of variation of q, and it, are chosen as 
	The 

	both counterclockwise 
	both counterclockwise 
	Figure

	Aef, = 60a
	° 


	a linear relationship between x and </, and y and t we have 
	With 

	Ax 
	ax 

	t,.
	y 

	t,.
	y 
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	1/112 
	2 
	<Pia <P12----2 
	FIGL'RE 
	FIGL'RE 
	FIGL'RE 
	8-16 
	Construction 
	for 
	function generator y = 
	sin x, 
	0 < x < 90 ° , 
	three 

	accuracy points, first trial. 
	accuracy points, first trial. 

	TR
	The linkage design follows the familiar pattern. 
	Starting 
	f rorn 


	two arbitrary base points OA and 08, the relative poles R1 2 and Ria are constructed, and a point Ae1 is chosen arbitrarily, with Bgiven by the intersection of R12u and Rv (Fig. 8-16). The corresponding linkage, in position 1, is redrawn in Fig. 8-17 as OAA1B;Os. The point B�' is another possible position of Be1 corresponding to the same link lengths and input angle </>, but a different output angle if;. The two points B� and B�' correspond to tv,o different ways in which the four-bar linkage OAABOs may be
	1 
	13

	The linkage OAABŁOB must be checked for proper correlation of crank and follower for the known angular increments. This n1ay be done on the board or, better yet, with the aid of a cardboard model. To check on the board, the positions Ae2 and Ae3 are constructed such that 
	1

	Figure
	and 
	Figure
	and the points B; and B� are located. On con1paring the angles B�OBB; and B�OBB� with ¥12 and if;13, it is found that, ,vhile B�OBB; = i/,,12, ¥11 �-If the second linkage O AA 1B;'0B is investigated by entering the successive positions of B�', nainely, B�' and B;', on the drawing, it is found that B�08B;' = i/;13• 1'his circun1stance is due to the fact that one of the accuracy points, the third, is located on a branch of the output-input curve different fron1 that containing the first two �ccuracy points.
	1 
	BŁO BBŁ Ł 
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	linkage, the third with the second linkage. In going from the first branch to the second, the linkage OAA1B�Os, ,vhich started in the open position, assumed a crossed position before opening out again. This method of synthesis does not differentiate between the two branches of the outputinput curve. No systematic way is known to the authors for the trouble that was encountered. The linkage that was found, however, was not unique, but prejudiced by the several arbitrary choices; in the ranges of the variati
	avoiding 
	a 
	change 

	The most satisfactory way to verify a linkage design is to make a cardboard model and observe it. The form of the output-input curve of linkage OAB�0(Fig. 8-18) ,vas quickly established with the help model. The three accuracy points are indicated by the circles at (1), (2), and (3); the little figures indicate successive phases, the crossed positions, dead points, and transmission angles being quite evident. 
	A
	1
	8 
	of 
	a 

	In summary, the foregoing design is impossible, and a new atten1pt must be made. 
	In planning a design, a consideration of the function to be generated often gives helpful hints as to what type of solution should be attempted. Since the function y = sin x has a n1aximum for x = 90e, 
	° 

	Figure
	FIGURE 8-17 Function generat-0r, y = sin x, 0 $ x $ 90 , three accuracy points, first trial. 
	FIGURE 8-17 Function generat-0r, y = sin x, 0 $ x $ 90 , three accuracy points, first trial. 
	° 



	B"
	3 
	KINEMATIC SYNTHESIS OF LINKAGES 
	l/1", output 
	120 
	-80 -40 \0,4. <iYnrm;;,r,m?t:\ -80 80 q,•, input 
	FIGCRE 8-18 Output-input relation for function generator y = sin x, 0 < x 90 ° , first attempt. Accuracy points at (l ), (2), (3). 
	FIGCRE 8-18 Output-input relation for function generator y = sin x, 0 < x 90 ° , first attempt. Accuracy points at (l ), (2), (3). 
	< 



	-
	it is evident here that a four-bar linkage of the crank-rocker type will be better suited as a solution than a double rocker, since it has a maximu1n of YI for certain values of q,. In a crank-and-rocker n1echanism, the crank length OAA is sn1aller than the frarne length OAOB. This condition n1ay therefore be used as a guide to choose the point A1 in the synthesis of the linkage. A rather large variation of q,, with a s1naller variation of i/t, seen1s advisable, for the angle of swing of the rocker is never
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	Figure
	FIGURE 8-19 Construction for function generator, Y = sin .r, 0 < x HO, three accuracy points, second attempt. 
	FIGURE 8-19 Construction for function generator, Y = sin .r, 0 < x HO, three accuracy points, second attempt. 
	<
	C 



	rfhe ne,v design ,vill assume A<J, = 120o, Ai/I -60o, fron1 ,vhich 
	° 
	° 

	</>12 
	1"12 
	= 52o
	= 52o
	° 

	= 
	= 
	36o
	° 

	=
	</>1a 104o
	° 

	The new construction is shown in Fig. 8-19; upon taking .41 as shown, with OAA1 < OAOe, the resulting linkage is then OAA1B10B, redrawn in Fig. 8-20. A rough check of this linkage shows that all three accuracy 
	1/; -1/1, (deg) 
	72 84 96 q, -tp, (deg) 
	Jo'Jot·RE 8-20 Function generator y = sin x, 0 z 90, with three accuracy points, final linkage. 
	Jo'Jot·RE 8-20 Function generator y = sin x, 0 z 90, with three accuracy points, final linkage. 
	< 
	< 
	° 
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	Table 8-3 ERROR IN FUNCTION GENERATOR, y = sin x, 0 x 90 , 
	< 
	<





	THREE ACCURACY POINTS 
	THREE ACCURACY POINTS 
	<f, -<J,., 
	x, 

	YI -y;,, 
	S10 X 
	S10 X 
	-Sin X 
	Ymeeh 
	mech
	Y

	DEG DEG 
	DEG 
	0 
	9 18 
	27 
	36 
	0 
	12 
	24 
	36 
	48 
	1 
	9 
	17.5 
	26 
	33.5 
	0 0. 156 
	0.309 0. 454 
	0.588 
	0.017 
	0. 150 
	0.292 
	0.434 0.558 
	0.434 0.558 
	0.017 

	-0.006 
	-0.017 
	-0.020 -0.030 
	45 
	60 
	0.707 
	0.717 
	0.010 
	54 
	0.809 
	0.825 
	0.016 
	55
	63 
	84 
	0.891 
	0.917 
	0.026 
	96 
	0.951 
	72 
	58 
	0.967 
	0.016 
	108
	81 
	81 
	0.988 

	0.992 
	0.004 
	120
	90 
	90 
	1.000 

	0.992 
	-0.008 
	points are on the sa1ne branch of the input-output function, and an analyesis sin1ilar to that of Sec. 8-4 yields the results shown in Table 8-3. 
	The error Ymech -sin x follo,vs in the present case a n1ore regular pattern than in the case of the logarith1nic function. An error curve would show that the error, vanishing at the accuracy points, 1nay 1nostly be attributed to structural error. This indicates that the accuracy of the present solution has not reached the li1nit i1nposed by graphical error, as was the case for the logarith1nic function of the last exa1nple, but that the addition of a fourth accuracy point would further reduce the error. Suc
	8-6 POLES OF THE SLIDER-CRAN K M EC H AK IS h-1 
	Problem 1 will be reconsidered here, with particular attention given to the slider-crank solutions, Fig. 8-lc and d reappearing again as Figs. 8-21 and 8-22. In these solutions, P12 is a pole of the coupler AB of a slider-crank mechanis1n. The ideas of Theoren1 I, relating to the pole angles of a four-bar linkage, ren1ain true ,vhen one of the fixed revolute centers goes to infinity. This theore1n may therefore be extended to apply to a slider-crank n1echanism, with the understanding that one of the fixed r
	B at infinity along the midnorn1ab12 is suggested by an arrow at the lower end of the n1idnormal be12• The 
	In Fig. 8-21a, the revolute center O
	l 
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	frame angle a is shown in Fig. 8-2la; it is related to the coupler angle by 
	(8-4) 
	Figure

	However, the choice of Os at the lower end of b12 was arbitrary, since the prismatic pair could have been obtained equally well from a revolute pair having its center at infinity at the upper end of b12, as shown in Fig. The frame angle {3 is directly equal to the coupler angle, 
	8-21b. 

	(8-5) 
	Figure

	It may be noted that both Eqs. (8-4) and (8-5) are consistent with Theorem I. Sirnilarly, the crank and follower angles of Fig. 8-2la are related by 
	A1P120,1 = B1P120s + 180
	° 

	For Fig. 8-21b, the crank and follo,ver angles are directly equal, 
	A1 P1 20A = B1P1 20B 
	The application of Theore1n I to the second slider-crank solution A chosen at either end of a12. 
	of Prob. l is shown in Fig. 8-22, where O
	n1ay be 
	the midnorn1al 




	8-7 RELATIVE POLES OF THE SLIDER-CRANK MECHANISM 
	8-7 RELATIVE POLES OF THE SLIDER-CRANK MECHANISM 
	:
	On being vie,ved fro1n the crank, the follower 1notion of a four-bar linkage ,vas seen to be a consequence of t,vo separate rotations, the 
	crank 

	Figure
	RE 8-21 Extension of Theorem I to the slider-crank mechanism, 08 at infinity. 
	RE 8-21 Extension of Theorem I to the slider-crank mechanism, 08 at infinity. 
	FIGt.:
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	Figure
	°' atm 
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	012 B, 
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	Bi 

	.. 
	;•

	a, \ / /" 
	at m 
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	A10, 



	A1 
	A2 ; 
	Os 
	Figure
	FIGl"RE 8-22 Extension of Theorem I to the slider-crank n1echanism, 0A at infinity. 
	_, 
	' 

	I 
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	I 
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	FIGURE 8-23 Composition T12 and a 
	FIGURE 8-23 Composition T12 and a 
	of a translation 
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	\ 
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	Figure
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	rotation 823 into a single 
	____h_ 

	0L rotation 813 = 823 about the u. 
	A 
	relative pole R
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	¢12 and the follower t/112 (Sec. 8-3). These two rotations were replaced 
	by a single rotation (equal to the net angle of the two parts) about a 
	unique point, the relative pole R12. In this manner it was possible to 
	correlate the crank and follower rotations. 
	The follower of a slider-crank 1nechanis111 is the slider whose 
	motion is translation. Again there is the need to correlate crank and 
	follower motions; in the slider crank the two separate n1otions are the 
	crank rotation q,12 and the slider S12-The con1position of 
	translation 

	the rotation and the translation leads to a single rotation of the same mag
	nitude as its part, referred to a unique point again called a relative poleThis composition, and the determination of the relative pole, will sidered first in general terms. 
	. 
	be 
	con

	II is sliding with respect to the II1, II2, Ila II1 to II2 is a translation defined by 1 2• The displacement from II2 to Ila is a rotation 023 about a A in the n1oving plane; notice that the center of rotation O A trans13• II can be revolved from position 1 Ila a single rotation 8about Rt13. It is evident fron1 the figure that the angles marked 813 are 82; that is, the single angle of rotation is also equal to its component, 8u = 82a
	Consider that the moving plane 
	fixed plane 
	(
	the paper) and that it assun1es three positions 
	(Fig. 8-23
	)
	. The displacement fro1n 
	the vector T
	pole O 
	lates. l\1idnormals to both 0
	Ł
	0.11. = T12 and B1Ba intersect at a pole R
	The plane 
	II
	to 
	by 
	13 
	not only equal but also equal to 
	a 
	-

	The figure also indicates ho,v Ru may be located. 1'he line O .11.z or, si1nply, the z line) erected perpendicular to the direction of au, ()23/2 with the z line, is then laid off; the line v, the mnormal of the translation, has its foot at L, which 12/2 f ro1n OA· This construction is summarized in Fig. 
	(
	is 
	trans
	l
	tion. The line 
	n1aking an angle 
	.id
	is 
	-T
	8-24. 

	V 
	Figure
	Figure
	Li--:--""'iOA 
	12 
	T

	2 
	2 
	2 
	\ 

	TR
	o,. 

	FIGURE 8-24 
	FIGURE 8-24 
	Construction of the relative pole Ril, given 


	Tu and 8u about O. 
	,.

	o ... 
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	-_______ ""9B2 
	B1

	I 
	,(
	t-

	l---n,,""'°-
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	-


	t----S1z _ __ 
	j 
	FIGURE 8-25 Displacements of a slider crank in need of correlation. 
	A displacement of slider-crank mechanism from a position OAA 1B1 to another OAA. 2B2 is shown in Fig. 8-25, where the crank rotation is t/>12 and the slider translation s12. This same displacement, as seen with respect to the crank OAA 1, is shown in Fig. 8-26, where the slider is first translated by the vector s12, Bi moving to B2, and then rotated about A by the angle -(/)12, B2 moving to B;. These two displacements of the slider n1ay therefore be combined into a single rotation of angle -t/>12 about a ce
	0

	AA and letting 
	The process of inversion, i.e., fixing the crank O

	z 
	.,
	" 
	\_ 
	c/>12 

	2 
	---S12 -----;.,-i 
	Figure
	FIGURE 8-26 Determination of a relative pole Ru for slider crank; notation is like that of Fi. 8-23. 
	FIGURE 8-26 Determination of a relative pole Ru for slider crank; notation is like that of Fi. 8-23. 
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	V 
	ll 
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	\. 
	\. 
	I 

	i 
	I
	R12 
	'P12 
	_ 812 2 •12 V 0,4 
	FIGURE 8-27 ConstrucL tion of the relative pole of a slider-crank mecha
	FIGURE 8-27 ConstrucL tion of the relative pole of a slider-crank mecha


	nism. 
	the follower rnove, has been invoked for Fig. 8-26; the notation is geared to that of Fig. 8-23. The construction is shown in summary form in Fig. 8-27. 
	Construction of the Relative Pole 
	OA, center of rotation of the crank; "112, rotation of the s12, corresponding rectilinear translation of the slider (Fig. 8-27).
	Given 
	crank; 
	and 

	1. Construct OAz perpendicular to s12 and the angle 
	<J,12
	zOAu = 
	2 
	-

	2. Construct OAL = -s12/2 and Lv parallel to OThe relative pole Ris the intersection of OAu and Lv. 
	Az. 
	12 

	Problem Design a slider-crank mechanism in which angular displace1nent q,12 of the crank a given linear displaces12 of the follower (Fig. 8-28). 
	6 
	a given 
	produces 
	ment 

	Solution 
	1. A.ssun1e a convenient center OA and direction of translation of slider OAsconstruct the relative pole R12 of the crank and follower corresponding to <f,12 and s12. 
	the 
	; 

	2. 
	2. 
	2. 
	Choose point A1 arbitrarily.

	3. 
	3. 
	Draw a line R12u such that 


	{3 = A1R12u = OAR12Os 
	(OB is at infinity in a direction perpendicular to the translation.) 
	4. Choose any point Bi on R12u. 
	'fhe desired linkage is OAA1B1. 
	KINEMATIC SYNTHESIS OF LINKAGES 
	Os(oo) 
	12 
	\ Ł

	z 13 ., FIGt:RE 8-28 Solution of Prob. 6. \,OA , . ----u 
	The solution of the above problen1 may be applied to modify the 1notion obtained from a ca1n n1echanis1n. The cam 1nechanisn1 of Fig.8-29a is designed to give a ao oscillation of the follo,ver. It is desirable, however, to 1nodif y this 1nechanis1n and, by using the same can1, to obtain a reciprocating 1notion w·ith a 1-in. stroke. A solution of this problem, shown in· Fig. 8-29b, 1nakes use of a slider-crank mechanism to convert the oscillation of the can1 follower into reciprocating motion of the slider. 
	0 
	° 

	Problem 7 Design a slider-crank n1echanis1n in which two suc12 and </,23 of the crank produce, respecs12 and 82a of the follower,shown in Fig. 8-31. 
	cessive angular displacen1ents <J,o
	tively, two successive linear displace1nents 

	Solution Let '1>1a = </,12 + (/,23 and 813 = s12 + 823. 
	1. Assu1ne a center OA and direction of translation OAS to conR12 and Ri a. 
	struct relative poles 

	Figure
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	Slider 
	Coupler 
	OA oŁ--._. _ _ _ 
	Figure
	o A, 

	Figure
	(a) (b) 
	F'IGURE 8-29 Slider-crank mechanism to modify the motion obtained from a cam 
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	Synthesis of slider-crank mechanisn1 to modify cam motion. 
	FIGURE 8-30 

	</,l2 \ cf> 12 
	Figure
	--
	FIGURE 8-31 Solution of Prob. 7. 
	FIGURE 8-31 Solution of Prob. 7. 
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	cl>
	cl>
	12 I 

	812 
	0
	.\ 

	, 
	2 2 
	--i 
	09(C10) 
	2. 
	2. 
	2. 
	Choose A 1 arbitrarily. 

	3. 
	3. 
	3. 
	12u12 and Re13u1such that 
	Draw lines R
	3 


	and 

	4. 
	4. 
	12u12 and Re1au13 is B1. 
	The intersection of R



	Figure
	Figure
	The desired linkage is OAA B• 1'here are oo solutions depending 1. 
	1
	1
	2 
	on the choice of A 

	8-8 EXAI\1PLE: RECTILINEAR RECORDER MECH AN 1S1\1 
	The curvilinear coordinate chart paper of so1ne n1echanical recording instrum.ents is necessary because the displacen1ent of the pen is along a circular arc, not a straight line. The difference between sinusoids in rectilinear and curvilinear coordinates is shown in Fig. 8-32, demonstrating how the distortion confuses the interpretation of the data. lVIechanical recorders for rectilinear coordinates n1ay be designed by having the pen travel on a proper portion of a four-bar coupler-point curve. The princ
	The synthesis of this linkage will be carried out in three steps. 
	First, a slider-crank mechanism OAAB is designed such that equal crank 
	GEOMETRIC METHODS-THREE ACCUR:\CY POINTS 
	displacements, within a specified range, will produce equal displacements of the slider. Second, a coupler point C following an approximate circular arc centered at Ois found and a link OcC added. Third, the prismatic pair guiding B along the prescribed straight line is re1noved; the point B ,vill follo-w this line approxirnately, and B is the coupler point of the bar linkage. 
	c 
	four

	In the specific case considered here, the range of rotation of the crank is taken equal to 90e, for ,vhich the total displacement of the pen is to be 4.5 in. Three accuracy points are chosen with Chebyshev spacing, 
	° 

	<P12 = 39e<f,13 = 78 
	° 
	° 

	3
	8
	1

	s12 = 1.73 in. = 3.46 
	in. 

	In Fig. 8-34, 0A is the center of rotation of the crank and OA.1: the direcR12 and R13 are constructed, point A., is chosen arbitrarily, and the point B, found fro1n the 1,.1 and u,3• The linkage OAA1B1 is then redrawn (Fig. AA2B2 and OAA3Ba, corresponding to the other two accuracy points, constructed. 
	tion of translation of the slider. The relative poles 
	intersection of 
	2 
	8-35) and its positions O
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	\Ł Coupler curve of Cas part of slider-crank \ 
	mechanism OA AB 
	nGl.RE 8-33 Principle of the rectilinear instrument recorder. 
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	FIGURE 8-34 Construction of slider-crank ffif'(1hanism for rectilinf'ar recorder, three accuracy points. 
	Figure
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	FIGURE 8-35 Construction of revolute center Oc for rectilinear recorder, three accuracy points. 
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	Figure
	i,·rouRE 8-36 Rectilinear recorder, the link OcC now replacing the slider B (three accuracy points, with Chebyshev spacing). 
	i,·rouRE 8-36 Rectilinear recorder, the link OcC now replacing the slider B (three accuracy points, with Chebyshev spacing). 
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	In this particular application, it is 1nost in1portant to li1nit the "'eight of the 1noving parts to mini1nize the inertia of the instrument. Choosing the coupler point C' along the line AB will allow the coupler ABC (Fig. 8-35) to be a slender bar. If, further, the point C is chosen close to A., the center Oc of the circle passing through the three positions C1, C2, Ca will be near OA and the resulting four-bar OAACOc will have poor force-transmission qualities. Should C be chosen close to B, the center Oc
	A.s shown in Fig. 8-36, the error takes two aspects: there is a deviation fro1n the straight line, approxin1ately equal to 0.5 percent of the output travel, and a lack of linearity between crank rotations and couplerpoint travel, approximately equal to l percent of the output travel. These errors follow a regular pattern and vanish at the accuracy points; they are n1ostly the result of the structural error and n1ay therefore be reduced by the introduction of an additional accuracy point. Such a synthesis,
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