T HE EULER-SAVARY
EQUATION AND THE CUBIC
OF STATIONARY CURVATURE

7-1

THE Et;LER-SAVARY EQUATION AND THE
INFLECTION CIRCLE

The discussions of coupler curves have so far dealt with certain
particularities of a curve, such as how to achieve (or avoid)
double points and sy1nmetry. A further in1portant characteristic
is the determination of the center of curvature at points on the
curve by a direct n1ethod. By this is n1eant a procedure that does
not depend on first establishing the velocity and norn1al accelera
tion component of the point, after which the radius of curvn.ture
and its center 1nay be found. Other things of interest include
being able to discover or predict coupler points tracing approxi
n1ate straight-line or circular-arc segn1ents, which the designer
1nay exploit in the arrangen1ent of the rnechanis1n.
What is known as the Euler-Savary equation gives the radius of
curvature and the center of curvature of a coupler curve in rather
direct fashion. In the course of the developn1ent other welco1ne
information is gathered. The so-called inflection circle shows the
_location of coupler points whose curves have an infinite radius of
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curvature. Crudely put, the inflection circle gives the location of nearly
flat segments on the coupler curves. Actually the radius of curvature
is infinite at only one point along the curve, but the flatness associated
with a large radius of curvature 1nay extend for a useful distance to either
side of this point.
The curve called the cubic of stationary cu1 i•ature, 1 to be studied in
the next section, indicates the location of coupler points that will trace
segments of approxiinate circular arcs; the radii and extent of arc vary
from arc to arc, i.e., point to point.
It should be rerr1arked that the Euler-Savary equation and the
cubic of stationary curvature are not restricted to four-bar linkages but
apply to planar motion in general. The applications in this chapter,
however, are oriented to the four-bar coupler curve.
As we have seen, the planar motion of a link, such as that of a
coupler guided by crank and follower, 1nay for analytical purposes be
replaced by the rolling n1otion of a n1oving centrode against a fixed
centrode. 1'he clue to having the coupler or a coupler point foilow a
desired motion with a certain degree of approximation lies in a considera
tion of what is happening at the point of contact of the centrodes.
This is the German Kreisungspunktkurve. Neither the original nor its
literal translation, circling-point curve, is directly helpful in conveying the significance
of the curve. Calling it the cubic of stationary curvature, as Professor Hall has done,
gives it a reasonable identification, since the curve is of the third degree.
1
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7-1 Two planes rolling on their centrodes; definition of nota
tion used for Euler-Savary equation.
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Consider a plane 2 moving with respect to a fixed plane 1 (Fig.
7-1), and let 1r1 and 1r2 be, respectively, the fixed and moving centrodes
of the motion. At the instant considered, the two centrodes are in con
tact at the instantaneous center of velocity, I; as plane 2 moves ,vith
respect to plane 1, 1r2 rolls over 1r1 with an angular velocity w. The point
of contact I between the two curves-the instantaneous center I-shifts
along 1r1 with the velocity vr, identified in Sec. 4-7 as the IC velocity.a1
The concept of IC velocity of the instantaneous center I n1ay be
further clarified by considering two positions of the moving centrode,
1r2 at time t and 1r; at time t' = t + At (Fig. 7-2).
A.t time t the instantan
eous center is I, the point of contact between 1r1 and 1r2; at time t' a new
point I' is the instantaneous cente:. while the point I has moved to I 2•
The IC velocity is the limit of the ratio 11'/At as At goes to zero. Thus,
the IC velocity is not the velocity of any given point (or material particle)
but instead expresses how the instantaneous center shifts along the fixed
centrode ?r1.
Returning to Fig. 7-1, a point A of the moving plane 2 traces on
plane 1 a path CA, whose center of curvature OA is located on the line IA.
What is known as the Euler-Savary equation will establish a relation
among the positions of A, I, and OA on this line; in other words, it gives
the curvature of paths generated by points of the moving plane.
The Euler-Savary equation may be derived in several ways, but
the 1nethod based on the use of the norn1al component aAn of the total
acceleration of A reveals n1any of the physical realities and is presented
in the follO'wing.
1

The instantaneous center is sometin1es called pole; its velocity is then known
as pole velocity, which of course is the same as our v,. However, we wish to main
tain the distinction between an instantaneous center (infinitesimal rotation) and a
pole (finite rotation). The IC velocity is also known as the displacement velocity
of the instantaneous center.

7-2 Successive in
stantaneous centers / and
/' used to define IC velocity.
FIGURE
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Components of the acceleration of point A,

The total acceleration of A may be written as
0A

in which

=

1

CA

VA

+

CA"

(7-1)

2

laA"I = --

AOA

Here vA is the n1agnitude of the velocity of A, found by referral to the
instantaneous center /, that is, VA = !Aw; and AOA is the radius of
curvature of the path CA at A. An evaluation of aA' does not concern us.
In Fig. 7-1, the centrodes 11"1 and 1r2 are in contact at instant tat the
instantaneous center /. The rectangular axes 01x1 and 01y1, fixed in
plane 1, are respectively considered as real and in1aginary axes, allowing
vectors in planes 1 and 2 to be expressed as con1plex nun1bers. If w is
the angular velocity of plane 2, positive ,vhen counterclockwise, the
velocity of A is
The acceleration is obtained by differentiation of the velocity,
(7-2)

In this equation, ia(0 1 A - 0 1 1) = ialA, with a = dw/ dt, positive
counterclockwise. Also, (d/dt) (01A) = vA; and (d/dt)(O i l) = v1, the
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IC velocity. 1 Since

V.t

= iwlA,

C.t

=

we may assen1ble Eq. (7-2) in the forn1
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According to this expression, the acceleration is the sum of two
vectors. Vector ia(IA) is perpendicular to IA, whence it lies completely
in the path tangent of the curve; it contributes only to the component
aA' (not shown). Vector -w2 (KA) lies along KA and is directed toward
K; by its projections it contributes to both aA' and aA" (not shown).
We note with the aid of Fig. 7-4 that a unique situation exists if
the angle IAK is 90°, for then -w2 (KA) lies completely along the path
tangent; i.e., it has no co1nponent in the normal direction: for this case
1

We assume that v, is finite, i.e., that the centrodes are of different curvature
at their point of contact. For a discussion of curvature problems, see 0. Bottema, On
Instantaneous Invariants, Proc. Yale Conj. Jfechani8ms, Shoestring Press, New Haven,
Conn., 1961; also G. R. Veldkamp, "Curvature Theory in Plane Kinematics," J. B.
Wolters, Groningen, Netherlands, 1963.
2 This equation is valid for all points of the 1noving plane, including the IC
(point /). Note that, in Eq. (7-2), (d/dt)(OAA) � (d/dt)(OAI), even though I and
A may coincide at the instant considered.
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7-5 Derivation of
the Euler-Savary equation.
FIGURE
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0. The locus of all points A whose angle IAK is 90° is a circle of
diameter IK: this is the inflection circle. For all points of this circle
0A" = 0, and the radius of curvature of their paths is infinite (Fig. 7-4).
The point K, the intersection of the normal at I and the inflection circle,
is son1eti1nes called the inflection pole.
Consider novv a point A not on the intlection circle (Fig. 7-.5 ). 'fhe
normal acceleration aA" is a vector quantity having n1agnitude. direction,
and sense. The direction is always along the path norn1al n. If this
normal is oriented fron1 I to A, then the magnitude and sense of a,4." 1nay
be defined in terms of a real number a..4" (with 1nagnitude and sign).
Thus'
aA

n

n

aA

=

VA2

AOA

will be positive if AOA is p�sitive, i.e., if it has the san1e sense a.f: IA. If
A. 0A is in opposite sense from IA, aA" will be negative. In the figure, AOA
?as a sense opposite to that of IA., ,vhence the norinal aeceleration aA"
1s negative.
However, aA" is also the projection of - w 2 (KA) onto the path
normal n, namely,
aA"

=

(IA) 2
AOA

w2 --

= ProjrA [ - w2 (KA)] =

- w2 ProjrA (IA - IK)
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The second intersection JA of the line J.4 ,vith the inflection circle is also
the projection of K onto IA. We may then write
w2

�t�2 = -

w2 (IA - IJA )

=

- w2 (J AA)

(IA) 2
- - J AA
AOA

or

The negative sign is renloved by recognizing that AOA - - 0Ail, whence
(IA) 2
OA A

=

J AA

Rearranging this as
(7-4)

we have the Euler-Savary equation.
The Euler-Savary equation relates three directed quantities lying
on the path nor1nal n. The rule of sign introduced earlier reduces to
having OAA and .l AA ahvays laid off in the san1e sense along the line IA.
rrhus, when .lA has been established, the sense of .lAA gives the sense of
OA A. The converse is also true.
In Fig. 7-6 a n1oving link has been sketched, carrying a point A
inside the inflection circle. Fron1 considerations not displayed, the

Moving link

Inflection
circle
I

i-o Summary of the Euler-Savary equation. JA•·1

and OAA must always read in the same direction, toward A.
FIGt;Ri,;
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FIGURE 7-7

Center of curvature Oc of
coupler curve found from Euler-Savary
equation.

instantaneous center I and the inflection circle ,vere established, whence
JA was located. The radius OAA is seen to be directed down and to the
left, for both 0,111 and JAA must be laid off in the sa1ne direction.
An alternative forn1 of the Euler-Savary equation is given by
I

·
IA

I

I

- IJA
JOA

(7-5)

The earlier rule of sign must be observed.
'fhe practical application of the Euler-Savary equation allows
exploitation of the properties of the inflection circle. The inflection
circle for a n1oving system is found from the known 1notion of two coupler
Points, after which the radius of curvature of any other coupler point
rnay be found.
Example Find the center of curvature of the coupler curve traced
by the point C of the four-bar linkage sho\vn in Fig 7-7.
The steps are as followsa:
1. Locate the instantaneous center I fron1 the intersection of OAA
and OBB. This is one point of the inflection circle.
2. OA is the center of curvature of the path of the coupler point A.
A second point of the inflection circle, JA, which ,vill lie on the line OAA
(or its extension ) , is established fro1n the Euler-Savary equation,a·
J AA

=

(IA) 2
0AA

=

5.3 1n.
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3. Similarly, J B, a third point of the inflection circle, n1ay be found,
JBB

=

(IB) 2

0BB

=

4.8 1n.

4. With three points of the inflection circle known, the circle itself
may be drawn; its center G is the intersection of the perpendicular bisec
tors of IJA and IJB•
5. The line IC is extended to locate Jc on the inflection circle.
The center of curvature Oc lies on the line IC; its position is determined
from a third application of the Euler-Savary equation, viz.,
O cC

=

(If) 2
.fcC

=

2.3 in.

it being borne in n1ind that OcC and JcC must have the same sense.
Geometric Construction for the Points on the Path Normal n

The Euler-Savary equation involves the four points I, �4, JA, and VA
lying on the path nonnal n. Knowledge of any three allows the calcula
tion of the fourth fron1 the equation. However, the fourth point may be
found fro1n a geometric construction, with the avoidance of 1neasuring
and con1putation. The n1ethod is based on ,vriting the Euler-Savary in
the form

it being recognized that IA is the rnean proportional between OA A
and J AA,
Suppose that the points I, A, and .J A are given (Fig. 7-8). Dra,v
an arbitrary line Au (other than AJAl) through A and another arbitrary
Jine Iv (also different fro1n AJAI) through I; these lines intersect at L.
Draw through J A a parallel to IL intersecting Au at K, and draw through
L a parallel to IK; this last line intersects A.J AI at OA·
This construction may be justified by considering the sin1ilar tri
angles AJAK and AIL, from which
J AA

KA

IA = LA-

and the similar triangles IAK and OA A L, from which

KA
OA A - LA
IA
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7-8 Geometric construction of the
center of curvature O,.. when the points A, JA,
and I are known.
FlGURE

Combined, these relations yield
or
,vhich is identical to the Euler-Savary equation.
The reader will observe that this construction may start from any
three of the four points /, A , JA, OA . 'fhus, for example, ifa/, JA, and OA
are given, point A can be obtained by drawing successively OAL and /K
Parallel to one another, then IL and JAK parallel to one another, and
taking the intersection of LK with OAIJA to locate A.
Historical Note

Problems of curvature related to the develop1nents of the present section
have been studied by a number of mathen1aticians during the course of
the eighteenth and nineteenth centuries, but their works differ in many
respects. First of all, two related but distinct problems were considered:
( I) the path curvature, or curvature of the paths traced on the fixed plane
by points of the moving plane-this is the proble111 that we have studied
here; (2) the envelope curvature, or curvature of the envelopes on the fixed
Plane of curves in the 1noving plane, as in Prob. 7-7. The 1nethods either
Were purely geon1etric or used kine1natic considerations, as we have.
Finally, the degree of generality of the proble1ns considered varied, some
being restricted to only cycloidal motion with its circular centrodes.
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The earliest effort seems to have been that of L'Hospital (1696),
who discussed the problems of path as \\'ell as envelope curvature and
derived the formula
I

102

1
1
(
101 - lih

1
1
)
Jf!1 sin 1"

(7-6)

(see notation in Prob. 7-7). His 1nethod was purely geo1netric and was
lin1ited to circular centrodes. The inflection circle was discussed by
De la Hire (1706), who also used a geometric-but different- approach.
The inflection circle was rediscovered in 1853 by Bresse, this time by
use of kinen1atic considerations. Bresse also gave a derivation of Eq.
(7-4) and discussed the laws of poili::,s having zero tangential acceleration
(see Prob. 7-7). Euler's contribution of 1765 is part of a n1emoir con
cerned with gear-tooth profiles. He considered the problern of envelopes
in the case of circular centrodes (circular gears) ; his n1ethod, based on
calculus and geon1etry, may be extended to the general case. Reconsider
ing the proble1n of tooth profiles, Savary, son1ewhere in the decade
1831-1841, rederived Eq. (7-6) for envelopes and gave a number of geo
metric constructions applying to various situations.
We note finally that extensions of the Euler-Savary equation to
spherical and spatial n1otions have been developed by Garnier.
7-2
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The path that a point of a 1noving plane 2 traces on a fixed plane 1
,vill generally have a changing curvature. In Fig. 7-9, the radius of
curvature of the path CA at point A is A0A = p. An instant later, when
the point has moved a distance �s along the path to A', the radius of
curvature is A '0� = p'. With �P = p' - p, the rate of change in radius
of curvature with respect to the displacen1ent s along the path is
dp
= lim
ds a-o

�P

�8

I
IA'

I
I

IP' = P+tlP
I

I

I

• 0'.4

7-9
curvature.
J<'IOURE

Curve with changing radius of
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7-10 Notation used in de
riving the cubic of stationary
curvature.
FIGURE

"'

When this derivative is zero, the path CA is said to have a stationary
curvature. This does not 1nean that the curvature is constant, since
higher-order derivatives will, in general, be different fron1 zero, but it
means a higher order of contact 1- at least of the fourth order-between
CA and its circle of curvature, or osculating circle. At a given instant only
certain points of the n1oving plane have paths ,vith stationary curvature,
and their locus is found to be a cubic, the cubic of stationary curvature,
which will now be detern1ined.
Let the motion of plane 2 with respect to plane 1 be defined by the
fixed and moving centrodes 1r1 and 1r2 (Fig. 7-10). A.t the instant con
sidered, the angular velocity of plane 2 is w and the JC velocity is v1 ;
together they yield the vector v1/w as shov,1n. Let k be the inflection
circle at the instant considered; its dian1eter is IK. Since I K = -iv1/w
(Sec. 7-1), this vector I K is always rotated 90° clockwise fron1 v1/w. The
center of curvature O.t of C.t is detern1ined by the Euler-Savary equation
as

valid in' sign as well as magnitude when an orient.ation is chosen on the
line IA.. With OAA = p, IA = r, IK = D (dia111eter of inflection circle,
always positive), ,ve find that

J AA
1

=

IA - IJA

= r + D sin 1/;

Wben two curves meeting at a point also have a common tangent, the
measure of how close they lie together in the neighborhood of the point is called the
order of contact.
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where i/t is the counterclockwise angle fron1 vr/w to the oriented line IA.
The radius of curvature may then be expressed as
r2
p - -·- · ·-·· - ·····
D sin if;
r

(7-7)

+

If u defines the position of the instantaneous center I along the n1oving
centrode -ir2, n1easured from an arbitrary origin P2, so that its value
increases with time, then
dp
dp du
ds = du ds
Since d<T/ds is finite, except for the instantaneous center itself, dp/ds will
be zero if dp/du is zero, whence points of stationary curvature are charac
terized by the relation
dp
=0
du
Differentiating Eq. (7-7) v,rith respect to <1 yields
dp

du

=

2r � (r

+ D sin i/t)

- r2

(r

(� +

D cos if; <!Ji

+ � sin

+ D sin Y1)2

YI)

(7-8)

The derivatives ·dr/du and di/t/du may be evaluated by considering the
vector IA expressed in con1plex-nun1ber fonn with respect to a set of
axes 02x2, 02.112 moving with plane 2. Let ": = vr/lvrl be a unit vector in
the direction of vr; then
IA
0� - 021

or

= r":eit
= r-ee;;,

Taking the derivative of this expression with respect to u yields
d

d(02A)
d": ..,.
d(02I)
dr ..,.
.
,J; ._,
='ee•r + r - e'" + 1,T": - e•r
--d<T
du
du
du
du
Since the axes 02X2Y 2 move with the plane 2 and A is a point of that plane,
d(02A)/d<1 = 0. Furthermore, d(0 21)/du = ":, and d-e/d<1 = i":/R2, where
R 2 is the radius of curvature of the moving centrode ; this radius is positive
or negative depending on the convexity of the centrode T2. It is negative
in Fig. 7-10. �,laking these substitutions in the above equation and divid
ing by -e yields

(

d,J; i '
+ir
+ ir. - 1 = dr
)e··
du
d<T
R2
or

- cos i/1

.
.
+ i sin

YI =

r

dr
du

+ ir. ( I + dY1)
R2

du
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Equating real and imaginary parts gives the desired derivatives,
dr
du

= - cos i/t

di/t
du

and

=

sin

r

i/t

1

- R2

Equation (7-8) n1ay no,v be written as
dp

du

=

1 1 1
3r2D sin y,, cos YI
(r + D sin i/;) 2 [ sin i/t 3 (R 2

1

1 1 dD 1
1
(
- D ) - cos y,, 3
du D) - r ]

(7-9)

and points satisfying the equation
1

M sin YI

+

1

N cos i/t

_ !r = o

(7-10)

in ,vhich
and
,vill be poitlts of stationary curvature.
In arriving at Eq. (7-10), however, we note that the terins preced
ing the brackets of Eq. (7-9) have been ignored. In certain situations the
factor r2 sin YI cos i/t n1ay yield points of stationary curvature not recog
nized by Eq. (7-10). Although Eq. (7-10) is commonly used to deter
mine such points, the co1nplete equation to be regarded is
r,,. sin f cos

(

i/t l',f s�n

VI + N c�s YI

- �) =

0

(7- 1 1 )

On reducing Eq. (7-1 1 ) to cartesian coordinates by use of the rela
tions cos 1/; = x/r and sin y; = y/r, a third- degree equation results,
(x z

(

+ yz) M
X + N
y) -

xy

=

0

(7-12)

Its curve is appropriately called the cubic of stationary curvature. We
1nay note that Eq. (7-10) will yield the san1e cubic equation, but only
after 1n ultiplication by x and y. Equation (7-12) may therefore define
Points of stationary curvature not predicted by Eq. (7-10). Thus, in
the exan1ple of Sec. 7-3, for which 1 /N = 0, the curve has t,vo branches;
one is a circle (second degree) , the other a straight line (first degree) : the
spirit of a cubic is therefore 1naintained even with particqlarization.
The straight branch satisfies Eqs. (7-1 1 ) and (7-12), but not Eq. (7-10).
Example Construct the cubic of stationary curvature of the
coupler of the four-bar linkage in Fig. 7-11 for the position shown.
The steps are as follows :
1 . Locate the instantaneous center I from the intersection of
o....A and 08B.
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curvature

"1= 45°
Asymptote

� = - 3.22 in.

A

C

i-11 Cubic of stationary curvature of the coupler of a
1.28 in.,
four-bar linkage with respect to the frame. 0,-.A
°
OsB 2.54 in., o,., oR = 3.80 in., AB = 3.82 in., .,, = 90 .
FIGURE

=

=

2. Deterinine the direction of the com1non tangent IT to the
centrodes (a) by construction of the inflection circle (to reduced scale if
necessary) and 90° rotation of its diameter IK, or (b) by construction of
the IC velocity vr by using the method of Sec. 4-7.
:\1ethod a is used in the present example. The inflection circle
passes through the instantaneous center I and two other points JA and Js,
which may be located along the lines O,.A and O8B as done in the example

E U L E R-SAVA R Y E Q U A T I O N

of the last section.
JAA
IJA

=
=

(IA) 2
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The Euler-Savary equation gives

=

23.8 1n.
OAA
IA - JAA = - 18.27 in.

JBB

IJs

(IB)

2

= OsB = - 4·0 i.n.
= IB - .lsB = 7.18 in.

Since these are large distances, a practical difficulty arises, which,
however, may be resolved by construction of the inflection circle to
reduced scale. To a scale of one-tenth the original, these distances are
IJ�

=

- 1.83 in.

IJ;

= 0.72 in.

When laid off from I (in the proper sense) on IA and IB, these distances
define the points J� and J�. The diarneter of the reduced inflection
circle is then I K', and the conunon tangent to the centrodes is J T,
rotated 90° from IK'.
The instantaneous center I and the centrode tangent IT are the
references with respect to which the cubic of stationary curvature is
defined in polar coordinates by Eq. (7-10).
3. Points A and B are on the cubic, since their paths are true
circles,
For A :
For B:

'YA
'YB

=
=

= 5.53 in.
TB = 3.18 in.

150°
191 °30

TA

The equation of the cubic must be satisfied for these values of i/, and T ;
this gives a set of two equations to determine the unknowns M and N,
1
M (0.5)

1
.866)
N(
_ -0..,...._

1
5.5:3

=

From these relations
1

M

= -0.023

1
1
M
��.20)
N(0:98)
(01
N

and

=

=

1
3.18

-0.196

The equation of the cubic is then
0.023
sin i/t
4. Note that, for r -

0.196
cos if;

-

1

= -

T

oo ,

0.023

=
sin i/t

0.196
cos i/1

or tan it, = -0.117, whence i/t = - 6°40'. The cubic therefore has an
asy1nptote 1naking an angle of - 6°40' with the centrode tangent at /.
The construction is completed by making a table of values of r for values
of t/t between O and 180°. Values of I/; between 180 and 360° would 1nerely
repeat the points of the cubic already found by varying iJ, from O to 180°.
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Table 7. J

VI
oo

15
30°
°
5
4
600
75°
900
°

VALUES OF r AND VI FOR THE
CONSTRUCTION OF THE CUBIC OF
STATIONARY CURVATURE (FIG. 7-t t )
r
0
-3. 44
- 3 . 69
- 3 . 22
-2.39
- 1 . 28
0

"'

105°
120°
135°
150°
165°
173°20'
180°

r

1 . 36
2 . 73
4 . 06
5 . 56
8 . 35
00

0

These values are given in Table 7-1, and the cubic itself is shown 1n
Fig. 7-11.
A nun1ber of points have been selected on the cubic of stationary
curvature, and the curves traced by these coupler points are dra,vn in
Fig. 7-12. These curves show what is 1neant by stationary curvaturea:
in all cases (except perhaps at the instantaneous center I, where the
coupler curve 1nust have a cusp) the intersection of the coupler curve with
the cubic is a point of maximum or mini1nu1n curvature. The coupler
point curvature, however, so1netimes varies quite rapidly in the vicinity
of the stationary point; the designer must use the cubic of stationary
curvature with caution, i.e., must examine the excursions of the points
with care.
We may su1nn1arize the n1ost obvious characteristics of the cubic
of stationary curvature ,vith the aid of Figs. 7-11 and 7-12:
1. 'fhe curve is a property of the rnoving plane (e.g., the coupler)
but is drawn on the fixed plane and is unique to the phase (position) of
the linkage.
2. There is a crunode at l; the t,vo tangents are the centrode
nonnal and centrode tangent at I.
3. Coupler points "on the cubic," unless prejudiced by being close
to the fixed centrode, will describe approxin1ate circular arcs.
7-3

E X A M PLE

: F O lJ R -B A R L I N K A G E T O R E P L A C E
C I R C U L A R G E A R S E G 1\-f E N T S FOR
S M A L L ROTATIONSe1

'fhe cubic of stationary curvature will be used in this section to
design a four-bar linkage to replace a pair of circular gear seg1nents (Fig.
1

Professor Hall worked this problern in a somewhat different manner; see
Inflection Circle and Polode Curvature, Trans. Fifth llfechanisms Conf., 1958; also ,
Linkage Design Technique, Machine Design, vol. a1, p. 44, 1959.
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7-13a). The gears have an angular velocity ratio of -i and operate over
a 30° range of rotation of the smaller gear. The procedure used here will
yield a linkage (Fig. 7-13b) for which the velocity ratio and its first two
derivatives are correct in one position.
Consider an inversion of the mechanisn1 of Fig. 7-13a in which
gear 1 is n1ade stationary ; the 1notion of gear 2 is then constrained by the
rolling contact between the pitch circles which constitute the fixed and
1noving centrodes 1r1 and 1r2 (Fig. 7-14). The centers of these centrodes
are, respectively, 0A and O B, and the inflection circle may be found by
application of the Euler-Savary equation,

KOB

=

(JOB) 2
· oA0--B

=

-0.8 in.

I
I

Cubic of stationary
curvature

Y

I//

- 1� <----........_ (::.:__r-:._:--p
,,,e-_ ___ \\
�

Lf

f-1
1 :.
I

11

.._

I
\\\ \
I

"\;�\

\i

r = - 3.22eln.

,,�1r--

\
\

A

\

\
\
\

7-12 Coupler curves traced by points on the cubic of
stationary curvature.
FIGURE
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The diameter of the inflection circle is thus D = 1.2 in., and the vector
vr /w points down (Fig. 7-14).
The four-bar linkage OA,4BO B will be obtained by taking point B
on the cubic of stationary curvature of plane 2 with respect to plane 1.
Point A is then the center of curvature of the path of B. The equation of
the cubic of stationary curvature in polar coordinates ,vas found in the
last section as
1
_ 1
1
= 0
+
r
M sin y;
N cos 1/1
I/; is 1neasured counterclockwise fro1n the vector vr/w, and

A�

= ! (�2 - b)

Since the centrodes in the present case are circles, the diameter of
the inflection circle is constant and 1/ N = 0 : the cuhie of stationary
curvature thus reduces to a circle 1 of equation
r

= M sin 1/1

The diameter 111 of this circle 1nay be found in tern1s of the known diame
ter of the inflection circle, D 1 and the radius of curvature of the 1noving
1

\.Ye may observe that, with 1/J,,,: = }(dD/d<r)(1/D) = 0, Eq. (7- 1 1 ) shows
that all points of the line OAOB for which ,/, = 90 or 270° are points of stationary
curvature. \lire see that in the present example the cubic of stationary curvature
consists of the above circle and the line OAOB. Only tht> c>ircle, however, is of interest
in the design prohlE>m at hand.

---- 2 in.---i------

-

B

3 in. -

---

----- 5 in.-----

--�

-

(a)

7-13 Four-bar
linkage to replace circu
lar gear segments.
FIGURE

A
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Inflection circle
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1"1

---Cubic of stationary
curvature (reduced
· to a circle)

7-14 Synthesis of a four-bar linkage O,.ABOB to replace a pair of
circular gear segments.

FIGCJRE

centrode, R2. The radius R 2, 1neasured in the direction of the unit norn1al
n, itself rotated 90° counterclockwise frorn v1/w, is R2 = - 2 in. 1 and
D = 1.2 in., \vhence
M

=

- 2.25 in.

The cubic of stationary curvature is the circle of dian1eter / L sho-wn in
Fig. 7-14. Point B 1nay be taken anywhere along this circle.
Choosing B so that the line IB 1nakes a 30° angle ·with OA Ou
as shownI
IB = - 2.25 sin 60° = - 1.9;j in.
Point A is then found by application of the Euler-Savary equation,

AB

=

(IB) 2
JB

=

(IB) 2
- 1.2 sin 60°

_

3.8
-0. 91

-4.18 in.

Which co1npletes the deterrriination of the linkage.
1�he calculated errors for 13° and - 17° fro1n the position used in
the design are in this case 0.4 and 0.9 percent of the total rotation.

BIBLIOGRAPHY

AUievi, L.: "Cinematica della biella piana," R. Tipographia Francesce Giannini
and Figli, Naples, 1895.
Bresse, C.: l\iemoire sur un theoreme nouveau concernant Jes 1nouvements plans,
J. ecole polytech. (Paris), vol. 20, 1853.

214

K I N E M A T I C SYNTHESIS OF LINKAGES

Euler, L . : Supplementum d e figura dentium rotarum (1765), Novi Comment.
Acad. Sci. Imp. Petropolitanae, vol. 1 1 , St. Pet-ersburg, 1767.
Garnier, Rene: "Cours de cinematiqne.'' 3d rev. eel., vol. II. G1n1t.hier-Villars,
Paris, 1956.
Hall, A. S., Jr.: "Kinematics and Linkage Design," Prentice-Hall, Inc ... Engle
wood Cliffs, N.J., 1961.
Hire, P. de la: Traite des roulettes . . . , Jfem. math. phys .e. . . acad. roy.
sci. (Paris), 1706.
Hirschhorn, Jeremy: "Kinen1atics and Dynamics of Plane ::\I echanisnis,''
McGraw-Hill Book Company, New York, 1962.
L'Hospital, G. F. A.: "Analyse des infiniment petits . . . ," Paris, 1 696.
::VIueller, R.: "Einfuehrung in die theoretische Kinematik," Springer-Verlag
OHG, Berlin, 1932.
---: Papers on Geonietrical Theory of nfotion Applied to Approximate
Straight Line 11otion, translated by D. Tesar, Kansas State Univ. Bull.,
vol. 46, no. 6, .June, 1962.
Wolford, J. C.: An Analytical l\fethod for Locating the Burmester Points for
Five Infinitesimally Separated Positions of the Coupler Plane of a Four
bar Mechanism, ASilfE J. Appl. ilfech., ser. E, vol. 27, no. 1 , lVIarch,
1960.

