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Qualitative relational maps, which represent space as a set of coarse, relative

relationships between landmarks are useful abstractions of space for robots.

While qualitative relational maps have be used in several robotic scenarios, the

methods for qualitative relational mapping to date are not always practical for

modern robotic systems because they cannot incorporate probabilistic informa-

tion, cannot adapt qualitative spatial representations to low-level data from an

environment, and do not have methods for navigation that generalize to the

set of all qualitative relational maps. Three approaches that make qualitative

relational maps practical for modern robots are presented: 1) the probabilistic

qualitative relational mapping algorithm, which adapts traditional qualitative

relational maps for the incorporation of uncertain information, 2) an algorithm

for adapting a qualitative spatial relationship to best represent underlying data

at desired resolution, and 3) a general method for navigating with any type of

qualitative relational information. Each method is tested in simulation studies

and in vivo experiments to determine performance in a variety of scenarios with

different data.
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CHAPTER 1

INTRODUCTION

Qualitative relational maps (QRM), which are maps made of Qualitative

Spatial Relationships (QSR), have a long history of use in robotic applications.

Starting in the early 1990s with work by Levitt and Lawton [28] and ranging

through work in 2016 by McClelland [33], several researchers have shown the

utility of qualitative relationships in robotics. The diversity of robotics applica-

tions in which QSR and QRM are used cover indirect object search [22], learn-

ing by observation [52], mapping space with point objects [33], mapping space

with extended objects [7], and in home human-aid robotics [44]. While QSR

and QRM have several uses in robotics, to date approaches that use QSR and

QRM do not support probabilistic sensor readings, do not adapt QSR represen-

tations to better fit incoming data, and do not use general navigation methods.

Instead perfect sensing is assumed and a QSR representation is hand-picked by

an engineer when QRM are created for use in an environment. Furthermore,

navigation methods used with QRM are either specific to one type of QSR or

rely on an additional map.

This work presents general, adaptable methods that make QSR practical for

in use in robotics. Chapter 2 addresses the incorporation of probabilistic in-

formation into a QRM framework. The algorithms developed are general, and

can be used with any type of map created from QSR. Studies detail the map-

ping performance of probabilistic QRM (PQRM) in simulated and experimental

settings. Chapter 3 addresses the problem of generating QSR automatically to

better fit incoming data from a robot. Given beliefs about several objects in an

environment, a robot uses the SaliEnt Regeion GEnereation (SERGE) algorithm
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to generate a QSR at desired resolution and maximize a quantity called saliency.

Outputs of the SERGE algorithm have uses beyond QSR to generate finite repre-

sentations of space that are useful for navigation. Simulation and experimental

studies show that the SERGE algorithm is able to generate finite representations

of space with high saliency and desired resolution. Furthermore, compose op-

erators are computed from the outputs of the SERGE algorithms for use with

QSR. Chapter 4 addresses the general problem of navigation with qualitative

relational information. A three level architecture, called qualitative linking (Q-

Link), is introduced that allows a robot to reason over information in a QRM at

a high level and generate low-level controls to reach a goal. Q-Link is general

and can be used with any type of qualitative map, including PQRMs and QRMs

with hybrid QSR representaitons. The performance of Q-Link is demonstrated

in several scenarios in simulation and in an in vivo experiment.
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CHAPTER 2

PROBABILISTIC QUALITATIVE RELATIONAL MAPPING

2.1 Introduction

Long-term autonomous robot missions require that robots are equipped to map

potentially large, unstructured spaces. Resulting maps must yield information

from which the robot can reason about the environment, build low-level mis-

sion plans, and localize itself in the environment. Such maps must be robust

to sensor noise and divergence that can result from poor sensor data process-

ing, data association mistakes, and incorrect loop closures (viewing a past scene

again). In this work, the Probabilistic Qualitative Relational Map (PQRM) is

formulated as an approach to qualitative relational maps, based on soft metri-

cal information, in the presence of sensor noise. The benefits of the proposed

approach include robustness to extreme sensor noise, map updates that are lin-

ear with the number of observations, a mapping process that does not require

localization of the robot within a world coordinate frame, and a representation

that is a complement to pure metrical map representations.

Popular approaches to mapping in robotics include Simultaneous Localiza-

tion and Mapping (SLAM) and topological mapping. While SLAM algorithms

produce a metrical representation of an environment, this rich and precise rep-

resentation often comes at the cost of significant computational resources. In

contrast, topological mapping algorithms produce a graph-like map represent-

ing the structure of the environment, but with little or no metrical information.

While topological maps can be inexpensive to build in comparison to SLAM

maps, the lack of metrical information prevents the robot from deriving control
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laws to drive from place to place. An alternative mapping strategy, qualitative

relational mapping, inexpensively produces a relational map of an environment

that inherently preserves metrical information about the environment. Qualita-

tive relational maps are very flexible and can scale well, as shown by the varied

representations and examples in [31, 32, 33, 7, 28, 44]. Work to date in qualitative

relational mapping assumes that the robot’s sensors return noiseless measure-

ments. The goal of this paper is to develop a general probabilistic QRM which

allows the use of imperfect sensor measurements and utilizes a representation

to enable recursive updates over time.

2.1.1 Related Work: SLAM and Topological Mapping

SLAM algorithms simultaneously estimate the locations of environmental fea-

tures and the robot’s trajectory through the environment in a fixed coordinate

frame [48]. Features are typically landmarks that are explicitly extracted from

incoming data or grid cells that indicate occupancy of a volume of space. SLAM

is either implemented incrementally as a filter (EKF SLAM) [48] or in a batch op-

timization (Graph SLAM) [48]. EKF SLAM, while computationally efficient, has

been proven to diverge [16]. The issue of divergence in the filtering paradigm

has been addressed by taking sampling-based approaches to SLAM. However,

the sampling based approaches (typically particle filters) suffer several draw

backs including slow run time with a large number of samples, particle depri-

vation, and solutions that may not be intuitive to interpret [48]. The batch so-

lution often produces consistent maps but is expensive to implement due to the

linearization and iterative optimization over a large number of variables. Con-

siderable work in recent years has focused on efficient solutions for real time
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implementation of the batch solution via incremental smoothing [17]. While

incremental smoothing makes the batch solution efficient, it can still diverge

if data association errors are made upon loop closure. This issue has been ad-

dressed in the back-end of SLAM solutions by adding correspondence variables,

but at the expense of problem size and computation [46].

The other popular approach to mapping is topological mapping. Unlike

SLAM, topological approaches do not yield landmark positions in a fixed co-

ordinate frame, but a graph that represents the structure and connectivity of

landmarks or places in an environment [43]. Due to the abstract nature of

topological maps, no unified framework exists to solve the topological map-

ping problem [42], thus several topological mapping algorithms exist. Some

approaches, such as FABMap [6], make hard decisions about locations in the

topological map and map connectivity at run time. However, approaches that

rely on hard decisions typically diverge if an incorrect loop closure is made [42].

Other approaches avoid making hard decisions by maintaining all possible map

hypotheses as the robot makes observations. The probability of each hypothe-

sis is tracked in the Probabilistic Topological Mapping approach [42] and used

to determine likely maps. An alternative approach by Wallgrun tracks qualita-

tive information about hallway junctions and prunes map hypotheses based on

the consistency of that information [51]. However, even if the topological maps

are consistent, they lack the metrical information that is necessary for low-level

planning and control [43]. One solution that allows for some low level planning

over topological maps is the hybrid topological-metric map [20, 14]. These hy-

brid maps contain local metric maps at each node and transformations that map

between coordinate frames along edges, allowing for local low-level planning.

Planning is done over the topological map at a high level, and the local maps

5



are used for low-level planning that allows for traversal between nodes.

2.1.2 Qualitative Maps

QRM produces a map that contains discretized relative spatial information

about sets of landmarks in an environment. Unlike the output of SLAM, land-

marks positions are not defined in a fixed coordinate frame, thus estimation

of the robot trajectory through the environment is unnecessary. QRMs can be

constructed without expensive linearizations and optimizations. Additionally,

QRMs contain relative spatial information about landmarks that can be used for

low-level planning. Several instances of qualitative map have been developed

for robots, which can be roughly partitioned into two types: those based on local

spatial constraints, and those based on global visual orderings. While the two

are closely related, a distinction is drawn based on the navigation capabilities

for robots demonstrated with each type of calculus to date. Constraint based

maps include maps developed by Rost [44] and McClelland [31, 32, 33]. The

constraint based maps represent relationships between a constant number of

triplets in local coordinate frames. Since these maps contain rich relative spatial

information, low-level control laws may be derived from the spatial informa-

tion. Examples of QRMs based on global visual orderings include the visual

cyclical ordering maps of Levitt [28] and Fogliaroni [7]. These maps represent

relationships as the clockwise or counter-clockwise ordering of a variable num-

ber of landmarks in a robot’s field of view. Most ordering-based maps rely on

topological maps to enable robot navigation between the different qualitative

states.
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Figure 2.1: The double cross, a ternary calculus, with 100 simulated mea-
surements of two different landmarks. As seen, when the land-
mark is far away from the separating constraints (red) it can
be well classified as residing in one of the qualitative regions.
However, when the landmark approaches the boundaries of
the qualitative regions (green) it is not clear in which qualita-
tive region the landmark truly is.

Qualitative methods to date avoid consideration of a probabilistic sensor

model by assuming that measurements are consistent given a coarse represen-

tation of space. However, this assumption is unrealistic in the general mapping

scenario. Consider the case shown in Figure 2.1 where a landmark is localized in

one of the regions of a Double Cross [53]. The red markers show measurements

taken of a landmark that is located far from any of the partitioning lines between

qualitative regions. It is highly likely that the landmark is correctly localized in

the top left qualitative state, thus validating the assumption that coarse regions

result in perfect qualitative measurements. However, the example measure-

ments shown by the green makers illustrate a highly likely scenario in which a

landmark is located close to the partitioning lines. Here the landmark is likely

to be located in either the top left, top right or top center (represented by the

partitioning line) regions. Cases with multiple likely qualitative regions are un-

avoidable in the general mapping problem. Therefore, an explicit noise model is
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essential for accurate qualitative relational mapping in the general scenario. A

probabilistic formulation for general constraint-based QRMs is developed here

for a wide range of applications and constraint-based qualitative maps when

sensor noise is present.

The PQRM algorithm uses probabilistic inference to determine qualitative

states from noisy sensor measurements. Given the measurements, a noise

model for the robotic sensor, and a data association to the landmarks, noise

is propagated through a geometric model of the qualitative relationships. This

noise propagation leads to a probability of the observed landmarks being in one

qualitative state of the chosen qualitative representation. A recursive Bayes fil-

ter is used to update probabilities of the landmark triplets being in a qualitative

state after each measurement. Monte Carlo studies are conducted to determine

the behavior of the maps under different sensor noise conditions, and result-

ing maps are evaluated for convergence and correctness. Additionally, the New

College dataset [45] is used to validate map performance on experimental data.

This paper is organized as follows. First, an overview of the QRM is given.

Then, the PQRM algorithm is developed as a recursive filter implementation.

Finally, the developed maps are evaluated for uncertainty and correctness in

Monte Carlo simulations and on data from the New College dataset.
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2.2 The Probabilistic Qualitative Relational Mapping Algo-

rithm

2.2.1 Constraint-Based Qualitative Maps

The PQRM makes use of qualitative maps that are constructed as sets of con-

straints describing spatial relationships to some point-like references. The ref-

erences can include distinct environmental features such as buildings or moun-

tains from which one extracts a centroid; for ease of discussion these references

are referred to as landmarks. The constraints are any set of k algebraic equations,

fa(L) = ca with a ∈ 1 : k andL being a set of landmarks. A single inequality writ-

ten with respect to sets of landmarks, fa(L) = ca < 0 or fa(L) = ca > 0, denotes

a spatial region, and a set of inequalities define distinct qualitative states. Typi-

cal constraints, fa(L), used in qualitative maps are equations describing relative

landmark distances or signed distances from lines joining subsets of landmarks.

9



B!

A

(a) The Extended Double Cross
(EDC).

B!

A

(b) The Triple Cross.

B!

A

(c) A Reduced Double Cross
with six qualitative states.

B!

A

(d) The EDC with lune as one
state instead of 4.

B!

A

(e) Qualitative states dividing
space into quadrants.

B!

A

(f) A half space qualitative map
with relationships “left of” and
“right of”.

Figure 2.2: Examples of qualitative relationships that may be used with
the PQRM.

This paper considers any qualitative map which can be defined using sets of

inequality constraints. Some examples of qualitative maps that may be used are

shown in Figure 2.2.1. Here, a reduced representation of the well known Dou-

ble Cross [53] and Extended Double Cross [33] are shown along with variants

created by merging qualitative states of these representations. The constraints
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in these representations are written with respect to triplets of landmarks. Two

landmarks from each triplet are shown, and the qualitative map defines the

spatial regions where a third landmark may reside. The lines indicate that the

third landmark may be placed such that at least one of the constraints is equal

to zero, ca = 0. Lines where ca = 0 are not considered individual qualitative

states in Figure 2.2.1, they are merged with adjacent qualitative states. In addi-

tion to ternary qualitative relationships shown, binary qualitative relationships

in which only two landmarks are involved may also be used provided that the

landmarks have an associated orientation. Examples of binary calculi include

the OPRA, EPRA, and StarVars calculi [35, 36, 27]. The qualitative representa-

tions discussed are for a 2-D environment and triplets or pairs of landmarks;

however, qualitative maps may be constructed for higher dimensional environ-

ments or different number of landmarks.

The maps developed in this paper do not contain entries for robot pose.

However, the qualitative pose of the robot in relation to environmental land-

marks at any given time instance can be added into the map. Developing the

map exclusively from landmark triplet measurements ensures that the qualita-

tive relationships are viewpoint invariant, and that robot can reason about the

environment and relative locations of landmarks after mapping. For the spe-

cific task of navigation, the robot can reason at a high level about the position

of a goal landmark relative to position of currently observed landmark triplets

via the compose operator and intersection of feasible goal regions. The robot

can choose a heading to the goal landmark given a set of possible locations.

The robot updates its heading and possible goal positions as it gathers more lo-

cal landmark observations. This is not a complete navigation solution by itself,

rather a high level algorithm that provides a feasible region of space in which
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the goal can be found. A low-level controller for obstacle avoidance is necessary

for this type of navigation since the qualitative map only provides high level in-

formation. A safe-search planner can also be used to guarantee that the robot

finds the goal landmark within the feasible space.

Any sensor may be used to provide measurements given that there exists a

mapping from measurements of landmark sets, Z, to qualitative states, R, and

appropriate sensor noise characterization. Robots are typically equipped with

sensors such as lidar or vision, often producing measurementsZ ∈ R2; this case

is considered here. However, other sources of information can be incorporated

into this framework. For example, soft information such as “left of” or “right

of” provided by humans may be used [1].

2.2.2 Computing Probabilities of Qualitative States

The goal of PQRM is to estimate the probability of the relational map, MQR,

given sensor data, Z, from the robot, or

p(MQR|Z). (2.1)

For computational tractability, all qualitative relationships in the map are as-

sumed to be independent. This assumption, as in the case of grid cells in an

occupancy map [48], trades a more accurate model of the probability distribu-

tion for fast computation. Given this assumption (2.1) can be re-written as

p(MQR|Z) =
∏

n=1:N

p(Rn|Zn) (2.2)

where N is the number of landmark sets in the environment that have been

mapped, Rn is the qualitative relationship of the landmarks in the nth set, and

Zn are all measurements from the robot to the nth set of landmarks.
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Figure 2.3: Factor graph representation of the distribution for landmark
set, where N is the number of landmark sets mapped, ca repre-
sents the value of one of the the k constraint equations for set
of landmarks Ln. Zn are the measurements of Ln and Rn is the
qualitative relationships of the landmark set.

Constraint-based qualitative maps require an intermediate connection in the

representation between measurements, constraints, and qualitative states. Typi-

cally, the process of inferring a distribution over qualitative states of a landmark

set given a set of measurements requires a mapping of random variables from

Zn → Rn, as illustrated by the graphical model in Figure 2.3. Typically the qual-

itative states, Rn, are represented by the integers, Z. The random variables Zn

are observations of the true but unknown positions in of landmarks in the nth

set, Ln, represented in the local coordinate frame of the robot. The landmark

locations spatially define the constraint equations, fa(·), and their values ca. The

values of the ca then give the qualitative state Rn ∈ Z.

Using the compact representation for the nth detected landmark set and as-

sociated qualitative state, the distribution required for mapping, p(Rn = q|Zn),

13



is written as

p(Rn = q|Zn) =

∫
L̃n

∫
C̃

p(Rn = q|C = C̃)

p(C = C̃|Ln = L̃n)p(Ln = L̃n|Zn)dC̃dL̃n

(2.3)

where C = F(Ln) denotes the values of the k constraint equations that describe

the chosen QRM.

In this representation, C and Rn are functions of random variables since C =

F(Ln) where F(·) is the set of k constraint equations defining the states of the

chosen QRM, and Rn = g(C) where g(·) is a function that maps from the real

numbered values of the constraints to the qualitative states. The distribution

p(Rn = q|C = C̃) defines the probability of a landmark triplet being in qualitative

state, q ∈ Z, given the real numbered values of the constraint equations, C̃ ∈ Rk.

The distribution p(Rn = q|C = C̃) is Bernoulli and evaluates to either 1 or 0

depending on whether q is possible given the values of the constraint equations.

The distribution p(Ln = L̃n|Zn) is the inverse sensor model for the robot.

The distribution p(C = C̃|Ln = L̃n) is a delta function in k dimensions since

each of the constraint equations can only evaluate to one real number given the

relative positions of landmarks in a set.

p(C = C̃|Ln = L̃n) =
∏
a=1:k

p(ca = c̃a|L
n). (2.4)

where p(ca = c̃a|L
n) = δ(c̃a − fa(Ln)). Given the decomposition of the constraint

equations in (2.4), the qualitative map distribution in (2.3) can be written as

p(Rn = q|Zn) =

∫
L̃n

( ∞

−∞

p(Rn = q|C = C̃)∏
a=1:k

(
p(ca = c̃a|L

n = L̃n)dc̃a

)
p(Ln = L̃n|Zn)dL̃n.

(2.5)
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Rearranging terms, (2.5) is rewritten as

p(Rn = q|Zn) =

∫
L̃n

∏
a=1:k

(∫ ∞

−∞

p(ca = c̃a|L
n)
)

p(Rn = q|C = C̃)
∏
a=k:1

(dc̃a) p(Ln = L̃n|Zn)dL̃n

(2.6)

Noting that an integral over each constraint equation can be decomposed into

two parts as ∫ ∞

−∞

p(ca = c̃a|L
n = L̃n)dc̃a

=

∫ 0−

−∞

p(ca = c̃a|L
n = L̃n)dc̃a

+

∫ ∞

0+

p(ca = c̃a|L
n = L̃n)dc̃a,

(2.7)

equation (2.6) can be written as

p(Rn = q|Zn) =

∫
L̃n

∑
CL,CU

∫ CU

CL
p(C = C̃|Ln = L̃n)

p(Rn = q|C = C̃)dC̃p(Ln = L̃n|Zn)dL̃n

(2.8)

where CL and CU are represent all possible combinations of lower (0− and −∞)

and upper (0+ and∞) limits of integration for the constraint equations.

Equation (2.8) can be rewritten as one integral and k summations by noting

that p(Rn = q|C = C̃) evaluates to either 1 or 0, and p(Rn = q|C = C̃) = p(Rn =

q|C = C̄), where C̄ is a Boolean variable indicating whether each constraint equa-

tion is greater or less than zero

p(Rn = q|Zn) =
∑

{c1<0,c1>0}

· · ·
∑

{ck<0,ck>0}

p(Rn = q|C̄)∫
L̃n

p(C|Ln = L̃n)p(Ln = L̃n|Zn)dL̃n.

(2.9)

For each qualitative state, the quantity p(Rn|C̄) only evaluates to 1 for one spe-

cific combination of the ca < 0 or ca > 0 (note that one of these inequalities will
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include equality depending on the state with which the user chooses to merge

ca = 0). Therefore, to evaluate p(Rn = q|Zn) for each qualitative state q, one need

only find p(Rn = q|C̄) = 1 and evaluate that portion of the summation. All other

additive terms are multiplied by p(Rn = q|C̄) = 0 and hence are irrelevant for

evaluation.

The integral
∫
L̃n p(C|Ln = L̃n)p(Ln = L̃n|Zn)dL̃n in (2.9) is intractable to com-

pute exactly. Therefore, a sampling based approach is proposed whereby sam-

ples are drawn from p(Ln = L̃n|Zn). Given the use of point-like landmarks, a

Gaussian inverse sensor model is assumed for p(Ln = L̃n|Zn). Alternate mea-

surements and QRM representations may require different inverse sensor mod-

els or sampling strategies; the reader is referred to [2] for further information on

sampling strategies.

2.2.3 The Online PQRM Algorithm

The robot develops its belief, p(MQR|Z), of the world over time as observations

of landmarks are gathered while the robot is exploring the environment. At

each time step, t, the robot acquires a measurement Zt of all landmarks in its

field of view. Once measurements are acquired, the robot must then process the

measurements into measurements of landmark sets, Zn. The landmark sets are

evaluated for correspondence to existing sets in the map. The belief, p(Rn|Zn),

for sets included in MQR is updated. Landmark sets observed for the first time at

time t are added into the map with distribution p(Rn|Zn). Once all sets have been

processed the robot moves and records new observations Zt+1. The mapping

process is detailed in Figure 2.4.
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Figure 2.4: Overview of the PQRM process. The robot gathers measure-
ments from the environment and uses these measurements to
update the probability distributions over landmark sets. Af-
ter all distributions are updated and new sets are added to the
map, the robot moves and collects new measurements. The
update process follows (2.10).

.

A key component of the mapping algorithm is the map update. Landmark

sets are updated recursively with a Bayes filter as new observations are made.

p(Rn = q|Zn
1:t) =

p(Rn = q|Zn
t )p(Rn = q|Zn

1:t−1)∑
q=1:Q p(Rn = q|Zn

t )p(Rn = q|Zn
1:t−1)

(2.10)

where t is the current time, and q takes on one of the Q qualitative states. The

distribution p(Rn = q|Zn
t ) is the belief of the qualitative state given the current

data, as computed in (2.9). The output of the filter from time step t − 1 is the

distribution p(Rn = q|Zn
1:t−1). If there is no map entry for the nth triplet, initializa-

tion takes the form of p(Rn = q|Zn
1:t) = p(Rn = q|Zn

t ). Landmark sets that are not

observed at time step t are updated as p(Rn = q|Zn
1:t) = p(Rn = q|Zn

1:t−1).

There are off the shelf algorithms which give both landmarks and correspon-

dences [9, 25]. While the PQRM assumes that correspondences are given, the

PQRM formulation is inherently robust to many errors including measurement
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and correspondence errors. The results section studies the sensitivity of the

PQRM algorithm to metrical errors. An off the shelf computer vision algorithm

is used to find landmarks and correspondences. Intuitively, if a better corre-

spondence algorithm were used, the mapping results would improve.

Algorithm 1: Map Updates

Input Zt, MQR

for each landmark set Ln in Zt do

Compute p(Rn|Zn
t )

if Ln ∈ MQR then

p(Rn|Zn
1:t) =

p(Rn=q|Zn
t )p(Rn |Zn

1:t−1)∑
q=1:Q p(Rn=q|Zn

t )p(Rn |Zn
1:t−1) .

else

Initialize Ln in MQR with distribution p(Rn|Zn
t )

end if

end for

for each landmark set Ln in MQR and not in Zt do

p(Rn|Zn
1:t) = p(Rn|Zn

1:t−1)

end for

2.3 Experiments and Results

The PQRM algorithm is evaluated on both simulated and experimental data.

Monte Carlo simulations are used to statistically characterize the PQRM maps

shown in Figure 2.2.1 as a function of key system parameters, such as landmark

distribution and sensor noise statistics. The Monte Carlo simulations also study

the performance as the map representation varies (Figure 2.2.1). The New Col-
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lege dataset [45] is used for experimental evaluation of the PQRM algorithm in

practical settings. The EDC is used as the primary map representation since it is

the finest partition of space shown in Figure 2.2.1, and all other QRMs in Figure

2.2.1 can be created by merging subsets of EDC states.

The proposed algorithm runs in O(nsQ2) time at every update, where n is

the number of landmark sets observed, Q is the number of qualitative states in

the given representation, and s is the number of samples used to approximate

the integral in equation (2.3). The landmark sets are triplets since a ternary

calculus is used. The parameter n can range anywhere from m3 to
(

m
3

)
, where

m is the number of distinct landmarks observed. The worst case, m3, occurs

when the relationship of all 6 possible landmark orderings is recorded. Enter-

ing
(

m
3

)
possibilities results in a non-exhaustive map that is faster to compute

for large number of observations. The unitary operators can be used to provide

the missing relationships at a later time. The reported results record all possible

orderings of landmark triplets. It is assumed that a sufficiently small number of

observations is made at every time step so that computational speed is not an

issue when exhaustively mapping all possible triplet orderings. No more than

10 landmarks are observed at a single time instance in either the New College

dataset or simulated maps. However, if compute time is a concern and a re-

liable orientation feature is available one may choose to use the binary calculi

which will have better performance in terms of number of landmarks observed

at every time step (worst case m2 in the number of landmarks observed).
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2.3.1 Validation Via Monte Carlo Studies

The online PQRM is evaluated in simulation for convergence and correctness

of maps resulting from noisy sensor measurements. In each simulation, the lo-

cations of environmental landmarks are sampled from a uniform distribution

over a 100m × 100m environment. For each sample environment, 21 cases of

sensor noise standard deviation ranging from 0m to 100m are evaluated 1000

times each. The robot is simulated driving one loop of a circular trajectory

around the perimeter of the environment, taking one measurement at inter-

vals of 16 degrees, in each simulation. The sensor range of the robot is set to

60m to ensure that the robot does not observe all of the landmarks at every time

step. The number of landmark sets measured in each simulation depends on the

distribution of the landmarks in the environment. The resulting maps are eval-

uated with two criteria: mean map entropy to evaluate map convergence and

mean map error rate to evaluate map correctness. Additional statistics, such as

the mean probability of the maximum likelihood state are also reported. All re-

sults are reported as a function of a normalized sensor noise, σN = σR
σE

, where σR

is the standard deviation of the distribution from which observations are drawn

and σE is the standard deviation of the distribution from which environmental

landmarks are drawn. The largest normalized standard deviation (σN = 3.5)

corresponds to a sensor noise standard deviation of 100m. The EDC map repre-

sentation is analyzed first to give insight into the map results, then results from

other representations (see Figure 2.2.1) are stated.
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Evaluation Metrics

Map correctness in the EDC is evaluated as both the mean map error rate and

the distance of the maximum likelihood qualitative state from the true qualita-

tive state. A metric based on the conceptual neighborhood [8] is introduced to

evaluate this distance. This metric, termed the neighbor distance, is analogous to

a chessboard distance over qualitative states. The neighbor distance is the num-

ber of hops between adjacent qualitative states that lie between the estimate and

ground truth. The neighbor distance is most easily found by forming a graph

where every node is a qualitative state (labeled as shown in Figure 2.5(a)) and

an edge exists between nodes if the two qualitative states are spatially adjacent,

as shown in Figure 2.5(b). Qualitative states that share a corner are considered

to be spatially adjacent. For example, there is an edge between the node that

represents qualitative state 1 and those that represent qualitative states 2-6. The

neighbor distance is the minimum number of edges in the graph that must be

traversed to get from the maximum likelihood qualitative state to the true qual-

itative state. For the EDC, the minimum neighbor distance is 0, meaning the

estimate qualitative state is the correct one. The maximum neighbor distance

is 4, denoting maximal traversal of the EDC. For coarse qualitative represen-

tations, the maximum neighbor distance is 2 or less, yielding less interesting

information than in the case of the finer representations of space, like the EDC.
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(b) Graph used to compute the neighbor distance for the
EDC. Qualitative states are shown in circles, and edges
represent state connectivity.

Figure 2.5: An EDC with labeled qualitative states and the graph used to
compute the neighbor distance for EDC qualitative states.

Map convergence is measured in terms of entropy; both total map entropy

and mean map entropy have been used with discrete maps in the past to mea-

sure map convergence, as discussed in [3]. The mean PQRM map entropy is

used here since it is not sensitive to the number of triplets in the map. The
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PQRM mean map entropy is computed as

Hmean =
∑

n=1:N

Hn

N
(2.11)

where Hn = −
∑

q=1:Q p(Rn = q|Zn)log
[
p(Rn = q|Zn)

]
is the entropy of the distribu-

tion describing the nth triplet in the map, Q is the number of qualitative states for

each triplet in the QRM, and N is the total number of landmark sets in the map.

The worst case Hmean for the EDC is 3.00 nats, representing that all landmark sets

in the map have a uniform distribution over the possible qualitative states. The

best case is Hmean = 0 nats, representing the case where the qualitative state of

every landmark set in the map is known perfectly.
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Figure 2.6: Mean neighbor distance of the PQRM maps for varying levels
of sensor noise. Note that the worst case standard deviation
from the mean is a neighbor distance of 0.14.

The mean neighbor distance for each set of Monte Carlo simulations in each

environment is shown in Figure 2.6. Figure 2.6 also shows the mean neighbor

distance for the case of randomly sampling estimated states and computing the

distance to a truth qualitative state 1000 times per each truth qualitative state.
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By comparison, it can be seen that as the sensor noise increases, the average

neighbor distance approaches the case where qualitative states are uniformly

sampled. This is an intuitive result since as the sensor noise increases the dis-

tribution that is sampled from approaches uniform. However, for reasonable

levels of normalized sensor noise (σN < 1) the mean neighbor distance is less

than one, showing that the map converges either to the correct qualitative state

or one close to it.
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Figure 2.7: Mean entropy of the PQRM maps for the Monte Carlo simu-
lations over varying levels of sensor noise. The blue squares
represent the maximum possible mean entropy (3.00 nats) for
the simulations. The maximum standard deviation from the
mean is 0.180 nats.

Figure 2.7 plots the mean PQRM EDC map entropy for varying sensor noise.

As shown, the mean PQRM map entropy is significantly less than the worst

case (HEDC
mean � Hworst

mean , with a minimum distance of 1.14 nats), even for extreme

levels of sensor noise (σN > 1). The worst case standard deviation for each of

the Monte Carlo trial runs is 0.18 nats, and it grows for σN < 1 while remain-

ing approximately constant for σN > 1. The mean map entropy asymptotes at

1.85 nats. These results imply that the qualitative map converges even under

worst-case noise statistics from the sensors. Empirically, in the EDC PQRM an
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entropy for a single map element in the range 1.7 nats < Hn < 2.6 nats indicates

that a single p(Rn = q|Zn) has three or four likely qualitative states with similar

likelihood values, whereas an entropy of Hn < 0.7 nats indicates that the dis-

tribution has only one likely state. As seen in Figure 2.7, the PQRM maps are

able to converge to four or less qualitative states per triplet of landmarks, on

average, for all levels of sensor noise. The true state of the triplet may be among

these states, but not the maximum likelihood state. Therefore, for high noise

environments, where distribution over triplets have a high entropy, it may be

necessary to either gather more measurements until the filter converges to one

state or consider all of the high likelihood states when using the PQRM map for

subsequent functions.
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(a) Incorrect triplets for a sensor noise
standard deviation of 1m ( σN = 0.04)
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(b) Incorrect triplets for a sensor noise
standard deviation of 50m ( σN = 1.73)

Figure 2.8: Triplets estimated incorrectly on the EDC for two different val-
ues of σN .

To understand the performance of the EDC representation more clearly, the

errors made on the EDC are analyzed. Figure 2.8 shows the location of the third

landmark for all trials of the PQRM where the maximum likelihood qualitative

state is incorrect. The locations are all normalized to a 0-1 EDC such that they

can be overlaid on one plot. The landmarks are color coded by the euclidean
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distance between the landmarks A and B, d(A, B). Figure 2.8(a), plots the land-

mark errors for the low noise scenario, σN = 0.04. Notice that nearly all errors

are made exclusively on the boundaries of the qualitative states. However, as

the noise increases to σN = 1.73, errors occur more frequently, especially on the

central qualitative states. Figure 2.9 plots the confusion matrix created for all

relationships over the 1000 Monte Carlo runs for these two scenarios. Results

show that most of the errors occur in the inner lune states of the EDC (states 7,

8, 13, and 14). This leads to the conclusion that when the sensor noise increases

to a level greater than the size of the qualitative states, then other, coarser, rep-

resentations of the qualitative map should be considered.
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(a) Confusion matrix for σN = 0.04.

(b) Confusion matrix for σN = 1.73.

Figure 2.9: Confusion matrix for all errors made in the 1000 Monte Carlo
trials conducted for the EDC qualitative representation.
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Evaluation on Reduced Representations of the EDC
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(a) Mean map entropy over 1000 monte carlo sim-
ulations for six different qualitative representa-
tions of space.
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(b) Normalized mean map entropy over 1000
monte carlo simulations for six different qualita-
tive representations of space.

Figure 2.10: Absolute and normalized mean map entropy for Monte Carlo
trials computed for the EDC and five reduced representations
shown in Figure 2.2.1.

Figure 2.10(a) plots the mean map entropy for the five reduced EDC qualita-

tive representations shown in Figure 2.2.1, each simulated in 1000 Monte Carlo

simulations for varying levels of sensor noise. The general trend shows that
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the entropy is lower for coarser representations of space for all σN with the no-

table exception of the EDC with the lune as one state. The general trend can be

attributed to two causes: the coarser states containing more of the cumulative

distribution p(L|Z) and the fact that the maximum possible entropy for each

distribution decreases as the number of possible states decreases. The mean

map entropy normalized by the maximum possible entropy for each represen-

tation is plotted in Figure 2.10(b) to account for the different levels of maximum

entropy. On this normalized scale, it is seen that the EDC with the lune as one

state is the best performer with the division of space into left and right perform-

ing the worst. The general trend is that a finer resolution of space does better

in terms of normalized entropy; however, in some cases performance increases

when smaller qualitative states are merged and sensor noise is large. Consider

the cases of the EDC with the merged lune states and the Reduced Double Cross.

In both cases, small qualitative states are merged and these representations out-

perform the EDC and Triple Cross, respectively, in terms of normalized mean

map entropy. Relating back to the confusion matrices in Figure 2.9 of the Monte

Carlo studies, it is seen that both the Reduced Double Cross and the EDC with

merged lune states combine states of finer representations that are easily con-

fused. Hence, merging easily confused states leads to a better performance in

terms of map convergence.
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(a) Mean map error rate for different values of
sensor noise
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(b) Mean probability of the maximum likelihood
state for different values of sensor noise.

Figure 2.11: Mean map error rate and probability of maximum likelihood
state for six qualitative representations reported as a function
of σN .

The mean error rate for each qualitative representation is shown in Figure

2.11(a). As seen, the error rate decreases in general for decreasing number of

qualitative map states. The notable exception again is the EDC with lune as

one state. For all qualitative representations shown, when the sensor noise is at

its highest, σN = 3.5, the error rate is lower than that error rate for randomly

guessing a qualitative state. As shown in Figure 2.11(b), the probability of the
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maximum likelihood qualitative state decreases on average as the error rate in-

creases. Thus the confidence in the estimate, on average, decreases with increas-

ing error rate and mean map entropy.

2.3.2 PQRM Evaluation on the New College Dataset

The New College dataset [45] consists of data taken from a robot driving loops

around the Oxford campus. Data include lidar scans, panorama images from

a Point Gray Ladybug, calibrated stereo images from a Point Gray Bumblebee,

GPS data, and inertial sensing data. The data is divided into epochs consisting

of: 1) loops around a small quad, 2) loops around a parkland, and 3) loops

around a second quad connecting the parkland to the first quad. The first epoch

of the New College dataset is used in the analysis here, during which the robot

remains stationary for 35 seconds and then drives several loops around a quad.

A total of 5082 image pairs are used to map the quad.

Generation of Point-Landmarks

The PQRM algorithm requires the use of point-like landmarks. Neither sur-

veyed landmarks (for truth), or specific landmarks segmented from data (li-

dar or vision) are provided in the New College Dataset. While the proposed

PQRM algorithm is designed to be used with any method that generates point-

like landmarks from raw data, a common approach is taken here where visually

salient regions [10] are extracted from the stereo data. First, VOCUS [9] is used

to compute a saliency map from the stereo visual data. Since the stereo images in

the New College dataset are black and white, the color portion is omitted from
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the saliency map. The most salient regions are found by applying a threshold

to the saliency map. Bounding boxes for the contours of the salient regions are

computed.

Point-like landmarks must be extracted from the calculated visually salient

regions. There are many approaches to do this, and each can create errors

during the process of landmark extraction and recall. First, thresholding the

saliency map to compute the landmark region can result in bounding boxes of

different sizes and positions for the same landmark, as shown in Figure 2.12(a).

If the centroid of the bounding box is used, the varying sizes of the boxes over

time create varying locations of the centroid position (x, z). Second, mistakes in

landmark association can cause errors. Third, the algorithm itself (e.g. centroid

vs closet point, etc.) used to compute the point-like landmark can introduce

errors unique to the processing scheme.
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(a) Bounding boxes of three differ-
ent landmarks.
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(b) Computed landmark centroids
(Sampled Stereo Method).
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(c) Computed landmark centroids
for the ground truth (Stereo
Method).

Figure 2.12: Bounding boxes and corresponding centroids computed for
three landmarks in the first 35sec of the New College dataset.

Three different processing methods for point-landmark extraction from the

computed salient regions are developed and compared in the PQRM algorithm

analysis. The first type of processing is based on correspondences of robust im-

age features. Measurements produced by this type of processing are the mean

(x, z) coordinates of sampled SIFT features within a salient region bounding box

that have correspondences between the left and right stereo images. Examples

of this type of measurement can be seen in Figure 2.12(b). The second type of

measurement is computed using a block matching algorithm to calculate the

disparity between left and right stereo images. The disparity is used to find
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the (x, z) coordinate of every pixel within a salient region bounding box. The

centroid of all the pixel coordinates is the point-landmark measurement; an ex-

ample of the data resulting from this processing method can be seen in Figure

2.12(c). Finally, a third type of processing is tested for cases when a user only

has access to a monocular camera. The monocular measurement is calculated by

observing the change in landmark position in one camera as the robot moves.

These three approaches to collecting point-landmark measurements from the

visual data are referred to as the Sampled Stereo method, Stereo method, and

Monocular method, respectively. Note that data points from the Monocular

method are not shown in Figure 2.12 because the robot is stationary while ob-

serving these landmarks. Due to the need for motion, there are fewer data

points using the Monocular method than the either Sampled Stereo or Stereo

methods.

Since the Stereo method yields measurements with low variance (as seen

by examining the difference between Figures 2.12(b) and Figures 2.12(c)), these

measurements are used to derive a ground truth. Specifically, every measured

triplet is transformed into a normalized coordinate frame where the first land-

mark is always at (0, 0), and the second landmark is always at location (0, 1). The

location of the third landmark is transformed into this coordinate system, and

the resulting coordinates of the third landmark are referred to as the normalized

triplet position. The average point location of the normalized triplet position for

all observations of the triplet is computed, and the qualitative state of the mean

normalized triplet position is used as the ground truth for the triplet. The per-

formance of the PQRM for each of the three measurement types is evaluated

for mean neighbor distance compared to ground truth and entropy. The perfor-

mance is evaluated on the EDC and the reduced representations presented in
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this work for error rate as compared to the ground truth.
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The PQRM and Noisy Data

(a) 17 observations of a single landmark
triplet in the New College dataset.
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(b) Distribution p(R|Z) for the triplet
observations in (a) as time evolves. The
final distribution has converged onto
qualitative state four. The neighbor dis-
tance to the ground truth state is 2.

(c) 7 observations of a single landmark
triplet in the New College dataset.
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Note that the final distribution assigns
probabilities to states that is propor-
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for that state. The neighbor distance to
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Figure 2.13: Evolution of select distributions p(R|Z) for triplets in the New
College dataset with time.
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To develop an intuition of how the PQRM works on noisy data, an example of

two landmark triplets being mapped is shown in Figure 2.13. Here, the normal-

ized triplet position resulting from noisy data produced by the Sampled Stereo

method is plotted with an overlayed EDC for two landmark triplets (shown in

Figure 2.13(a,c)). In a metrical sense, the third landmark variance is larger in

Figure 2.13(c) than in Figure 2.13(a). In terms of qualitative states, the raw land-

mark measurements in Figure 2.13(a) appear in five qualitative states, whereas

the landmark measurements in Figure 2.13(c) only appear in two qualitative

states. Figures 2.13(b,d) plot the estimate of the qualitative states (a total of 20

from left to right) for each of these cases over time (a total of 5 time steps from

top to bottom), for the PQRM algorithm outlined in Algorithm 0. In the case of

Figure 2.13(a), despite the noisy measurements that appear in multiple qualita-

tive states, the filter converges to the qualitative state with the most evidence,

q = 4 (7 of the total 17 measurements). Similarly, in Figure 2.13(c) there are two

observations in qualitative state q = 4 while there are five in q = 1 . At t = 1 and

t = 2 for this triplet, the data points received are in q = 1 but metrically close to

q = 4. This is reflected in the distribution shown in Figure 2.13(d), where states

q = 1 and q = 4 are almost equally likely at t = 1 and t = 2. At the remaining time

steps shown, the PQRM receives further data points in q = 1 and converges to

q = 1. This shows that the PQRM considers the evidence provided in the form

of single point landmark measurements, and renders a verdict proportional to

the evidence calculated via a Bayes filter.
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Analysis of Different Measurements and Data Processing

The performance of the EDC PQRM for the New College dataset is tested with

the measurements resulting from the Stereo, Sampled Stereo, and Monocular

methods, and evaluated in terms of neighbor distance and mean map entropy.

Histograms of entropy for map triplets in PQRMs created with the three types of

measurement processing are shown in Figure 2.14. For the PQRM created with

measurements from the lowest noise Stereo method (Figure 2.14(a)) the majority

of the map triplets have low entropy, indicating distributions that are well con-

verged onto a single qualitative state. The mean map entropy is 0.7 nats, reflect-

ing that on average the PQRM has converged onto one qualitative state for each

map triplet. The PQRM created with the higher noise Sampled Stereo method

(Figure 2.14(b)) shows that the majority of map triplets have low entropy. How-

ever, due to the higher noise when using the Sampled Stereo method of data

extraction there is a noticeable increase in the number of map triplets with high

entropy. The mean map entropy for the PQRM created with the Sampled Stereo

method is 1.3 nats, indicating that the map triplets have converged to between

one and four qualitative states on average. The PQRM created with the noisiest

measurements extracted with the Monocular method has the highest entropy of

the three maps created, as seen from the histogram in Figure 2.14(c). Here, more

than one third of the map triplets have an entropy of greater than 2.0 nats, and

the mean map entropy is 1.7 nats, indicating that the map has converged onto 4

or more likely states at best.
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(a) Entropy of the map triplets for the Stereo
method.

(b) Entropy of the map triplets for the Sampled
Stereo method.

(c) Entropy of the map triplets for the Monoc-
ular method.

Figure 2.14: Histograms of the entropy for the PQRM maps generated
with the three types of measurement processing.
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The neighbor distance of the maximum likelihood state compared to the

ground truth is used to evaluate the performance of the PQRMs created with

different methods of measurement processing. While there may be several

highly likely qualitative states for a map triplet, only the maximum likelihood

state is used for map evaluation with the neighbor distance since the neighbor

distance is a coarse metric and including multiple likely states results in a low

neighbor distance. Figure 2.15 shows the histograms of neighbor distance com-

pared to ground truth of the PQRMs created. The mean neighbor distance for

the PQRM created with the Stereo method (Figure 2.15) is 0.13 neighbor dis-

tance units, and mode neighbor distance is 0. Thus, the PQRM created with the

Stereo method most often estimates the correct qualitative state for map triplets.

Even though the ground truth map is created from the data extracted with the

Stereo method, it is not always the case that the PQRM matches the qualitative

state predicted by the normalized mean triplet position, especially when sev-

eral measurements occur close to the boundaries of the qualitative states. The

mean neighbor distance for the PQRM created with the Sampled Stereo method

is 0.95 neighbor distance units, and mode neighbor distance is 1, as seen in Fig-

ure 2.15(b). These results, along with the results for the map entropy reported

in Figure 2.14(b), imply that there may be more than one likely state for most

map triplets, but that the most likely state is often one removed from the ground

truth. The mean neighbor distance for the PQRM created with the Monocular

method is 1.3 neighbor distance units, and mode neighbor distance is 1, as seen

in Figure 2.15(c). Similar to the PQRM created with the Sampled Stereo method,

these results along with the results reported in Figure 2.14(c) imply that several

likely states exist for the majority of map triplets, however the most likely state

is most often one removed from the ground truth state.
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(a) Neighbor distance of the maximum likelihood
qualitative state compared to the ground truth for
the Stereo method.

(b) Neighbor distance of the maximum likelihood
qualitative state compared to the ground truth for
the Sampled Stereo method.

(c) Histograms of the neighbor distance for
the PQRM maps generated with three types of
measurement processing.

Figure 2.15: Histograms of the neighbor distance for the PQRM maps gen-
erated with three types of measurement processing.
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Drawing direct connections between the results reported for the Monte Carlo

studies and the results reported for the New College dataset is difficult. The

landmarks in the New College dataset have a higher density than the land-

marks in the Monte Carlo studies, and the landmarks detected in the New Col-

lege dataset are located within a limited bearing window at every time step

due to the use of a stereo rig with limited viewing angle. Therefore, the inter-

landmark distances for mapped triplets are reduced and sensor noise compared

to the landmark spacing may be higher than indicated by the Monte Carlo Stud-

ies. As an approximation, the values of normalized sensor noise (σN = 0.05 for

the Stereo method, σN = 0.7 for the Sampled Stereo method, and σN = 1.5 for the

Monocular method) that most closely match the neighbor distances reported in

Figure 2.6 are used. Using these values and referring back to Figure 2.7 shows

that the mean map entropy reported for the New College PQRMs is higher than

the values reported for the approximated normalized sensor noise. This indi-

cates that the New College PQRMs are conservative compared to the PQRMs

created in Monte Carlo simulations for the same neighbor distance.

Analysis on Reduced Representations of the EDC

Reduced representations are used to further evaluate the performance of the

PQRM algorithm with the three measurement processing methods on the New

College data. The mean map error rate compared to ground truth is used as the

evaluation metric. The error rate is defined as the fraction of estimated qualita-

tive states that are not the same as the ground truth qualitative state. Given that

measurements computed with the three different processing methods may yield

relationships where several qualitative states are highly likely, multiple likely
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qualitative states are considered when computing the error rate. The results re-

ported in Figure 2.16 show error rates for multiple qualitative state outputs. The

vertical axis represents the error rate, and the horizontal axis represents the case

where the n most likely qualitative states from the PQRM are used as the output

of the algorithm. If the ground truth agrees with one of the n output states then

the estimate is said to match the ground truth.
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(a) Error rate vs number of most likely states
included in the PQRM output for the Stereo
method.

(b) Error rate vs number of most likely states
included in the PQRM output for the Sampled
Stereo method.

(c) Error rate vs number of most likely states
included in the PQRM output for the Monoc-
ular method.

Figure 2.16: Error rate for all PQRM representations tested. The error rate
is reported a function of the number of most likely states in-
cluded in the PQRM output for the Stereo method, Sampled
Stereo method, and Monocular method.
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Figure 2.16(a) shows the error rate for the PQRMs created with the Stereo

method. The error rates are reduced by half when the number of states out-

put from the PQRM increases from 1 to 2. The error rates for all PQRMs con-

tinue to decrease with increasing number of states output. Notice that for only

1 qualitative state output, the error rate reported matches with that reported for

σN = 0.05 in Figure 2.11(a). Figure 2.16(b) reports the error rate for the PQRMs

created with the Sampled Stereo method. The error rates decrease with increas-

ing number of state outputs, with a reduction by half for the finer qualitative

representations by having an output of 4 qualitative states instead of 1. The

error rate for all PQRMs created with the Sampled Stereo method and only 1

state output match those reported in Figure 2.11(a) for σN = 0.7. Finally, Fig-

ure 2.16(b) reports the error rate for the PQRMs created with the Monocular

method. A reduction by half is reached for the finer qualitative representations

by considering an output of 5 qualitative states instead of 1. The error rate for all

PQRMs created with the Sampled Stereo method and only 1 state output match

those reported in Figure 2.11(a) for σN = 1.5. A user of the PQRM algorithm

may choose to leverage error rate with number of states considered in the final

output of the algorithm. For applications in planning, considering several out-

put qualitative states can be useful in developing contingency plans for robots

when observations do not match the robot’s belief of the environment.

In conclusion, experiments on the New College data show that the PQRM al-

gorithm can produce results that closely match results for error rates and neigh-

bor distance predicted from simulation, even in the presence of sensor noise

that may not be well modeled by a Gaussian distribution. However, the map

entropy is inflated, indicating that conservative estimates of the map certainty

are produced, especially in high noise conditions. These results show that the
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PQRM algorithm can be successfully used on a field robot with a stereo rig and

an off the shelf computer vision algorithm for landmark detection. When mul-

tiple qualitative states are considered as the end result, the PQRM created with

the Monocular method can be successfully used on a field robot with a monoc-

ular camera.

2.4 Conclusion

A probabilistic qualitative relational mapping (PQRM) algorithm is developed

for mobile robots that produces maps which contain discretized relative spatial

information without the need for a fixed coordinate frame, expensive lineariza-

tions, or iterative optimizations. The constraint-based representation allows

for a large variety of qualitative spatial relationships to be used in the PQRM

framework. Monte Carlo results show that maps are considered converged with

low entropy, even for extreme amounts of sensor noise. The PQRM maps con-

structed on data where ground truth is available show a neighbor distance of

less than one for moderate levels of sensor noise and a fine representation of

space. Furthermore, map error rates for all representations are less than the er-

ror rate of a random guess even for extreme levels of sensor noise. Evidence

shows that errors at low sensor noise occur exclusively on the borders of qual-

itative states while at higher levels of sensor noise errors are likely to occur

anywhere. It is shown that by merging easily confused qualitative states, maps

with better convergence properties can be achieved without sacrificing signifi-

cant spatial resolution.

Results using the New College dataset show that PQRM maps can be suc-
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cessfully generated using an off the shelf detector for landmarks. Error rates and

neighbor distance for PQRMs generated from the New College data are well

predicted by the results from simulation. The results indicate that maps created

with the PQRM have a consistent estimate of the distribution over qualitative

states. In situations with extremely noisy measurements, it may be necessary to

include multiple qualitative states as the output of the algorithm. A user may

leverage number of qualitative states output against error rate depending on

the type of sensor and measurement processing used.

The general PQRM algorithm with a given qualitative representation has

several uses beyond a single robot mapping an environment. First, given good

landmark correspondences this can easily scale to multi-robot scenarios. The

PQRM representation can be used for planning and navigation in any environ-

ment that contains distinct landmarks. Algorithms for navigation over QRMs

are demonstrated in [33]. Such methods can be further expanded to account for

map uncertainty in the PQRM representation.
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CHAPTER 3

AUTOMATED GENERATION OF DISCRETE SALIENT REGIONS FROM

PROBABILISTIC ENVIRONMENTAL INFORMATION

3.1 Introduction

Mapping is one of the fundamental problems in robotic perception, as the cre-

ation of consistent maps for planning is essential for ensuring success in many

robotic applications. The breadth of map definitions and research allow robots

to execute various tasks at different levels of abstraction seamlessly: from high

level topological [43] and qualitative maps [53] that allow for reasoning about

the spatial arrangement of objects at a high level, to low-level metric maps

[48, 17] that allow for accurate navigation and obstacle avoidance. Maps at a

higher level of abstraction in a complex environment, in particular, allow for

efficient reasoning and planning by abstracting the continuous world into fi-

nite number of discrete regions. Topological maps [43], for example, abstract

the world into a graph structure for planning, where nodes represent features

or places and edges represent connectivity. Such maps work well for coarse

navigation, such as in hallways [50] and between viewpoints of an environ-

ment [6]. Qualitative maps [53, 36, 27, 33], on the other hand, represent space

as a set of large regions relative to each other or specific localtions, such as

‘left’,‘right’,‘closer’, or ‘farther’, and can be accurately described by spatial con-

straints. The spatial constraints describe regions relative to local coordinate

frames; [27] and [33] demonstrate how these regions can be created using one

or two landmarks for binary and ternary spatial calculi. Using such constraint

information, a robot can reason about the relative positions of objects and nav-
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igate to broad regions that position it ‘to the left’ of some objects relative to a

reference.

Discrete representations of an environment are typically prescribed by a user

before the robot enters its environment; however, the representation used may

not be a good fit for the underlying data if the environmental structure is un-

known a priori [39]. Therefore, one of the current challenges in robotics is cre-

ating high level maps that are consistent with low-level data. This challenge

has been addressed in the planning domain with algorithms that automatically

learn high-level state or symbolic representations from interactions with an en-

vironment [37, 19]. While these methods are useful for automatically learning

actions and outcomes, they require detailed models of objects in the environ-

ment, classifiers that determine when high-level states are true, and are tightly

coupled to the robot that learns the model.

The goal of this paper is to develop a scaleable discrete representation of an

environment that both fits the low-level data well and can be used as a map for

discrete planning within the environment by any robot. The discrete represen-

tation introduced in this paper divides environment into salient regions (SRs),

which are characterized as containing interesting information about an envi-

ronment, such as the location of objects. The SRs are learned from probabilistic

beliefs about the environment, specifically defined as distributions over spatial

locations of objects. Importantly, the input robot belief is very general; examples

include the distribution over landmark locations from a simultaneous localiza-

tion and mapping (SLAM) algorithm [17], distributions over relative locations

learned from querying humans [49], or distributions over relative positions of

objects (landmark pairs or triplets) or extended objects that are projected into a
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common coordinate frame [39]. Compared to topological [43, 50, 6] and quali-

tative [53, 36, 27, 33] maps, SR maps are designed to represent underlying data

well rather than use an assigned representation. SR maps can be used as topo-

logical maps by representing the SRs as vertices in a graph with edges connect-

ing neighboring SRs, and can also be used as qualitative maps by developing

the SRs with relational information.

The proposed SaliEnt Region GEneration (SERGE) algorithm is unique in

that it automatically constructs a salient region map, or a collection of SRs, given

a probabilistic belief about the environment. The SERGE algorithm efficiently

finds SR maps with high saliency through intelligent sampling. Two parameters

allow a user to control the SR map resolution and saliency. A multi-resolution

version of the SERGE algorithm creates multi-resolution SR maps, where the

level of environmental discretization can change depending on the needs of a

planner. The resulting SR maps can be used for further environmental mapping

or coarse navigation.

3.2 Problem Definition

3.2.1 Map Saliency

Consider the following mapping problem. Assume a probability distribution of

the environment has been generated in the form of K beliefs,

Bk = p(Xk|Zk) k ∈ [1, ..,K], (3.1)
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where Xk ∈ R
M is the spatial domain and Zk is raw sensor data. The belief, Bk, is

a fine grained spatial probability representation of the environment, such as the

output of SLAM [17], beliefs over relative positions of landmark triplets [39], or

extended objects, or beliefs learned from human input [49].

Given that each belief is a probability distribution over a spatial region, a

formal definition of saliency for a region Ri is S i =
∫

Ri
Bk dXk. A highly salient

region is then defined as a region, Ri, where S i → 1. Intuitively, saliency is

the total probability that the object with location represented by Bk is located in

Ri. For navigation or search applications, high saliency regions indicate that a

desired object has a high probability of residing in a given region.

The mapping problem is then defined as: given K beliefs, Bk, find the set of

µ regions (the map), R = {R1, ...,Rµ}, that maximizes map saliency, or S =
∏

i=1:µ
S i.

A key novelty of the proposed algorithm is to allow the user to define µ.

When µ = K, the resulting map is straightforward, with one region, Ri, per belief,

Bk. More generally, µ ≤ K and each belief must be assigned to a region. Defining

this assignment to be LB
k , the mapping problem can be formally defined as

S max = max
R,LB

 ∏
k=1:K

∑
i=1:µ

δ(i − LB
k )

∫
Ri

BkdBk

 , (3.2)

where R is the set of µ unknown spatial regions and LB are the unknown belief

to region assignments.

3.2.2 Representations

Directly inferring the µ regions is intractable since the set of all collectively ex-

haustive, mutually exclusive spatial regions is infinite due to the continuous
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nature of the environment. Therefore, a set of N collectively exhaustive, mutu-

ally exclusive cells, C, is introduced to reduce the solution space. Possible cells

include but are not limited to hexagonal tessellations of space, Voronoi regions

generated using the mean of each belief, or regions generated by classifiers. In

the proposed problem, each cell, Cn ∈ C, is assigned to one of the Ri, denoted

as LC
n . Then, LC is a vector of N assignments for all cells, LC

n . Regions, Ri, are

defined as the union of all cells with assignment LC
n = i, or

Ri = ∪
LC

n =i
Cn. (3.3)

While computing an SR map with exactly µ regions may be desired, in some

cases desired resolution may be sacrificed for higher SR map saliency. Two pa-

rameters are defined to allow the user to trade between saliency and resolution.

The desired number of SRs in the map, µ, is a natural number between 1 and

min(K,N) set by the user. A tolerance factor, σ ∈ R, allows the user to trade be-

tween an SR map that has exactly µ SRs and an SR map that has higher saliency.

As σ → 0, R tends to have µ SRs in the map. A higher value of σ increases the

importance of saliency and creates an SR map that may have higher saliency

but fewer SRs.
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3.2.3 The General Problem of Finding Salient Maps
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Figure 3.1: A graphical model showing the relationship between each of
the variables in the salient region mapping problem. The
shaded nodes represent observed variables, while the remain-
ing nodes represent uncertain variables. This model shows
three cliques that are used to factor the potential function in
equation (3.4).

The key variables in solving for SR maps are given in Figure 3.1. The user pa-

rameters µ and σ guide the number of regions in R. The variables LB and LC

assign beliefs and cells to each SR, Ri ∈ R, where LB
i ,L

C
n ∈ [1, ..., |R|] and |R| is

the number of SRs in the map. The SR map with the highest saliency and the

desired number of regions is computed by maximizing a potential function,

φmax = max
LB,LC ,R

ψ(B, µ, σ,C,R,LB,LC). (3.4)

The potential function, ψ(·) = ψ1 · ψ2 · ψ3, has three factors given the rela-

tionships shown in Figure 3.1: ψ1(µ, σ,R), ψ2(LC,C,R), ψ3(B,LB,R). The term

ψ1(µ, σ,R) is a potential over the number of SRs in the map, or
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ψ1(µ, σ,R) =
1

β
√

2πσ2
e−

(|R|−µ)2

2σ2 . (3.5)

This potential is modeled after a normal distribution using the user defined

parameters, where µ is the mean of the distribution, σ is the standard deviation,

and β is an optional normalization factor, β =
∑K

k=1
1

√
2πσ2

e−
(k−µ)2

2σ2 . The potential ψ1

is not a true normal distribution since |R| and µ are natural numbers; however

the model has several nice properties. First, the maximum occurs when |R| = µ

and the desired number of regions is achieved. Second, as (|R| − µ)2 becomes

larger, the value of the potential decreases exponentially. The variableσ controls

the rate of decrease as (|R| − µ)2 becomes larger, and allows the user to control

the importance of achieving exactly µ regions. If achieving exactly µ regions is

critical, then the user can set σ = 0 and the only solution is |R| = µ.

The term ψ2(LC,C,R) is a potential that enforces SR contiguity, and is only

non-zero when all Ri ∈ R have only one connected component. A connected

component is one continuous portion of a spatial region. An SR has more than

one connected component if it is comprised of multiple disjoint spatial regions.

Formally, the contiguity potential is written as

ψ2(LC,C,R) =


1 if

∏
i=1:|R|

Ω(Ri,C,L
C) = 1,

0 otherwise.

, (3.6)

where Ω is a function that computes the number of connected components of

Ri given C and LC. Further information about connected components can be

found in [47].

Finally, the potential ψ3(B,LB,R) is the SR map saliency term, as defined in

equation (3.2). Because each belief is considered independent, ψ3(B,LB,R) is
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factored into K terms, and written as

ψ3(B,LB,R) =
∏

k=1:K

∑
i=1:|R|

δ(i − LB
k )

∫
Ri

BkdBk. (3.7)

3.3 The SERGE Algorithm

Solving equation (3.4) is combinatorial in K and N. The search can be effi-

ciently performed by exploring portions of the solution space for which φ =

ψ(B, µ, σ,C,R,LB,LC) > 0. The SERGE algorithm (summarized in Algorithm 2)

intelligently merges cells to efficiently generate a high saliency SR map. The

SERGE algorithm is initialized with parameters Cinit, LC
init, andLB

init, whereLB
init is

a vector with K unique assignments, Cinit is initialized to K contiguous regions

with high saliency (each region has high saliency for one belief), and LC
init is a

vector with K unique assignments. The initial cells, Cinit, are a best guess at the

coarsest SR map, and can be generated in several ways; including ‘one vs one’

or ‘one vs all’ classifiers or Voronoi regions.

The SERGE algorithm ensures that potential ψ2 is always positive, and thus

does not search in regions of the solution space for which φ = 0 when solving

equation (3.4). Each iteration of SERGE simulates the result of merging a cell,

Cn, with each of its neighbors, Cm, by calculating the value of the potential func-

tion, φm. The merge that results in the largest value of φ is selected. When two

cells are merged, Cm = Cm ∪Cn, and a new region set Rt is computed as in equa-

tion (3.3). At each iteration the number of cells is reduced by setting C = Rt.

This step simultaneously reduces the solution space and guarantees that ψ2 > 0.

Because the order in which Cn are chosen can influence the solution, the SERGE

algorithm re-initialized and run over T trials, selecting Cn at random from C at
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Algorithm 2: The SERGE algorithm

1: Input Cinit, LC
init, B, µ, σ and LB

init

2: set Best SR map Likelihood, φbest = 0.

3: set Best SR map, Rbest = Cinit

4: for T trials do

5: Set SR map Rt = Cinit

6: Set C = Cinit

7: Set LB = LB
init

8: Set LC = LC
init

9: while the Rt is not converged do

10: Randomly choose one Cn ∈ C

11: Set L̂B = LB and L̂C = LC

12: Compute φt = ψ(B, µ, σ,C,Rt,L
B,LC)

13: for Each neighbor, Cm of Cn do

14: for Each belief with assignment LB
k = LC

n do

15: Set L̂B
k = LC

m

16: end for

17: Set L̂C
n = LC

m

18: Compute φm = ψ(B, µ, σ,C,Rt, L̂B, L̂C)

19: end for
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20: if max(φm) > φt then
21: φt = max(φm)
22: LC = L̂C

23: LB = L̂B

24: Compute Rt from C and LC (equation (3.3))
25: C = Rt

26: end if
27: end while
28: Compute φt = ψ(B, µ, σ,C,Rt,L

B,LC)
29: if φt > φbest then
30: Rbest = Rt

31: φbest = φt

32: end if
33: end for

each iteration. The best solution after T trials is picked as being close enough to

the optimal SR map. The number of trials, T , must be large enough to allow the

SERGE algorithm to explore the solution space well. A value of T > 100 · K is

suggested.

3.3.1 Resolution Scaling

Since µ and σ guide the map resolution and SRs are formed via combinations of

finer SRs, a multi-resolution SR map can be developed by iteratively applying

the SERGE algorithm. A tree like structure (herein referred to as the resolution

tree) is created to represent the multi-resolution SR map. The root of the reso-

lution tree (level 0) is always a map with a single SR. Subsequent branches split

the parent SR map based saliency and SRs generated in the parent. The final

layer of the resolution tree is represented by K SRs, one assigned to each belief

in the dataset (i.e. the initialization for the SERGE algorithm).
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Figure 3.2: A graphical model showing the relationship between distribu-
tions in two levels of a resolution tree, l, l − 1. Two cliques (in-
dicated by the connections shown in red and green) relate the
two levels: {Bl−1, Bl

i,L
B,l−1} and {Cl−1,Cl

i,L
C,l−1}.

A graphical model showing the relationship between variables at two levels

of the resolution tree is shown in Figure 3.2. Superscripts refer to resolution

tree level, 0 ≤ l ≤ L, and subscripts refer to the parent SR Rl−1
i (the ith SR in the

previous tree level). The likelihood of the multi resolution solution, φMR, is the

product of all the potentials in equation (3.4) and factors that relate variables

between tree levels,

φMR =
∏
l=0:L

ψ(Bl, µl, σl,Cl,Rl,LB,l,LC,l)

·
∏
l=1:L

∏
i=1:|Rl−1 |

ψB(Bl−1, Bl
i,L

B,l−1) · ψC(Cl−1,Cl
i,L

C,l−1).
(3.8)

Two clique potentials are added in the factorization for l > 0. These are

ψB(Bl−1, Bl
i,L

B,l−1) and ψC(Cl−1,Cl
i,L

C,l−1). These two potentials select beliefs and

cells with the same assignment in the parent node, and are written as
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ψB(Bl−1, Bl
i,L

B,l−1) =


1 if Bl

i = {Bl−1|LB,l−1 = i}

0 otherwise
(3.9)

and

ψC(Cl−1,Cl
i,L

C,l−1) =


1 if Cl

i = {Cl−1|LC,l−1 = i}

0 otherwise
. (3.10)

where Cl
i = {Cl−1|LC,l−1 = i} indicates the set of cells in the parent node with

assignment i and Bl
i = {Bl−1|LB,l−1 = i} indicates the set of beliefs with assignment

i in the parent. This selection ensures that only beliefs and cells that are relevant

to region Rl−1
i are considered when running SERGE to split Rl−1

i into child SRs.

Consider the following three layer resolution sample, shown in Figure 3.3.

At the top (coarsest resolution), there is only one SR. Subsequent layers of the

tree are created by splitting parent layers in a depth-first order. After the first

layer, the SR map is split into two SRs by applying the SERGE algorithm with

µ = 2 to all cells and beliefs. Then, going down the left branch of the tree (blue),

the SR on the left is further split into two SRs using µ = 2. This process repeats

until the desired resolution is achieved. Note that it is not always necessary to

split using µ = 2; one could choose a finer resolution for each level using µ > 2.

For subsequent use of the SR map by the robot, the SR map can be reconstructed

at any level of the tree. Different resolutions in different branches of the tree can

also be constructed (e.g. finer resolution green and blue on the left half of the

SR map and coarser resolution magenta for the right side of the SR map).
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Figure 3.3: An example a multi resolution SR map. SRs are shown by the
different colors. As shown on the left, at the top level the SR
map has one SR; the second layer splits the SR. The third layer
of the SR map is formed by splitting each parent SR into two
additional SRs. The result is an SR map (at the finest resolution)
with four SRs. The resulting full map at each layer of the tree
is shown on the right.

3.3.2 Using SR maps for Qualitative Reasoning

Salient regions in SR maps can be used for reasoning with qualitative spatial re-

lationships (QSR). In any QSR, objects in an environment are located in discrete

regions, known as qualitative states, relative to a local coordinate frame [39]. SR

maps may be used as QSR by learning an SR map on data that is transformed

into relative, local coordinate frames, defining the salient regions as qualitative

states, and developing a set of symbolic relationships that allow for reasoning

within a QSR framework. The ternary QSR are considered here, where three

landmarks (D, E, and F) are used to describe space; however the methods de-

veloped are easily extended to binary QSR.

In a ternary QSR, two landmarks establish a local coordinate frame, and the
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third is localized in a qualitative state. The data are transformed into local co-

ordinate frames by computing the transform such that the location of landmark

D is (0, 0) and the location of landmark E is (0, 1). This transform is applied to

all other landmarks that are observed simultaneously with D and E. For nota-

tional convenience, a coordinate frame in which landmark D is located at the

origin and landmark E is located at (0, 1) is referred to as ‘coordinate frame DE’.

In QSR, landmark F is located in a qualitative state (salient region) in coordi-

nate frame DE. The qualitative state of F in coordinate frame DE is denoted as

{DE : F}. SR maps for QSR are learned running the SERGE algorithm on beliefs

over locations of landmark F in coordinate frame DE for all triplets of land-

marks that are simultaneously observed. Beliefs for the kth landmark triplet, B̂F
k ,

over locations of landmark F in coordinate frame DE are computed by applying

the transform

B̂F
k (x̂F , ŷF) =

∫
xD,yD,xE ,yE ,xF ,yF

BD
k (xD, yD)BE

k (xE, yE)BF
k (xF , yF)

Γk
1√

(xD − xE)2 + (yD − yE)2
[xF − xD, yF − yD]T ,

(3.11)

where Γk = [sin θk cos θk; cos θk − sin θk] is the rotation matrix, θk = atan
(

yD−yE
xD−xE

)
,

and BD
k (xD, yD) represents the value of the belief of landmark D in triplet k at

location (xD, yD) (the same notation is applied for landmarks E and F). The

transformed beliefs, B̂F
k are used in the SERGE algorithm to generate a QSR

with high saliency for qualitative mapping.

One of the most useful capabilities of QSRs is the ability to do efficient rea-

soning via a look up table of compose relationships. The compose operator uses

two known relationships ({DE : F} and {EF : G}) to reason about a third qualita-

tive relationship ({DE : G}). An algorithm for computing a look up table for the

compose operator with QSRs generated by the SERGE algorithm is presented
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Algorithm 3: Compose Table Calculation

Input {DE : F} , {EF : G} and a SR Map

for Each map cell, ci ∈ {DE : F} do

Compute inverse transform, T ci → DE

for Each map cell, di ∈ {EF : G} do

Apply T to di, resulting in d̂i

Find cells in map that d̂i “lands in”

Add label of these cells to {DE : G}

end for

end for

in Algorithm 3. The algorithm inputs are an SR map and relationships {DE : F}

and {EF : G}. Given the relationship {DE : F}, landmark F can be anywhere in

one salient region. All possible transformations between coordinate frames DE

and EF given that F is located somewhere in {DE : F} are computed. For each

possible coordinate frame transformation, the set of possible locations of land-

mark G in {EF : G} are mapped into coordinate frame DE. The compose look

up table entry for all possible coordinate frame transformations and locations

of {DE : G} is the set of all salient regions in which G can reside in coordinate

frame DE. The worst possible case run time for this algorithm is O(N2), where

N is the number of grid cells in the SR map.

62



3.4 Experiments and Results

Two simulated datasets are constructed and an in vivo dataset is collected to ex-

amine the performance of the SERGE algorithm operating on beliefs generated

from different types of data. SR maps are automatically generated for the given

datasets. The number of SRs in the map, the saliency score (data likelihood),

and the error rate are reported. An example of how the resolution tree can be

used for robot navigation is presented.

3.4.1 The Data

The first dataset, shown in Figure 3.4, provides a baseline. Measurements, Zk,

from 49 unique landmarks are shown in different colors. This dataset is well

separated, such that high likelihood regions of the beliefs, Bk = p(Xk|Zk), do

not overlap. Beliefs are estimated from the data and assumed to be distributed

normally as Bk ∼ N(αk,Σk), where αk is the mean and Σk is the covariance of data

points, Zk . This is a baseline dataset because the map saliency is guaranteed to

be 1 due to the low noise relative to the separation of the landmarks.
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Figure 3.4: A well separated dataset where measurements from the differ-
ent landmarks are shown in unique colors. The beliefs repre-
senting map landmarks have small variance relative to their
spacing.
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(a) The hallway environment with landmarks
shown in red. The blue points show the robot tra-
jectory.

(b) The hallway dataset shown as triplets in the
normalized coordinate (0, 1) frame. The different
triplet measurements are each assigned a random
color.

Figure 3.5: Data from a hallway simulation.

The second data set is used to demonstrate the automatic generation of SRs

for qualitative mapping; a ternary calculus, similar to those in [39] is used. The

second dataset is collected by simulating a robot driving down a hallway and

observing point landmarks on the walls, as shown in Figure 3.5(a). A normal

distribution with variance of 0.1m2 is simulated for the measurements. Since this

dataset is intended to show the utility of SR maps in qualitative mapping with
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ternary relationships, measurements are observations of landmark triplets with

known data associations, denoted as Zk, where k is the triplet index. An obser-

vation, Zk, is composed of three landmarks locations in 2-D (labeled Dk, Ek, and

Fk), where Dk = (xD, yD)k, Ek = (xE, yE)k, and Fk = (xF , yF)k, relative to the robot.

Each observation is collected and processed into a normalized coordinate frame

such that D̂k = (0, 0), Êk = (0, 1), and F̂k = Γk
1√

(xD−xE)2+(yD−yE)2
[xF − xD, yF − yD]T ,

where Γk = [sin θk cos θk; cos θk −sin θk] is the rotation matrix and θk = atan
(

yD−yE
xD−xE

)
.

The triplets converted into the normalized coordinate frame are shown in Figure

3.5(b), where the different colors represent measurements from different triplets.

Note that D̂k and Êk overlay D̂ = (0, 0) and Ê = (0, 1); thus the scatter of points

denote the locations of F̂k. The variance of the measurements, F̂k, is propor-

tional to distance from the origin because the normalization amplifies noise.

Each belief is a probability distribution over the location of F̂k in the normalized

coordinate frame, or Bk = p(X̂k|F̂k). The beliefs, Bk, are generated by sampling

10, 000 points from a normal distribution with a variance of 0.1m2 centered at

each of (Dt
k, E

t
k, F

t
k), where t denotes the tth measurement of the kth triplet. The

samples are transformed into the normalized coordinate frame to yield 10, 000

samples of F̂k. The belief, Bk, is represented as all of the samples F̂k.

66



(a) Examples of objects used as landmarks in the experiment. The
red bounding boxes show the regions used to calculate the posi-
tions of the objects. The coordinate system is shown by the blue
arrows on the bottom right of the figure.

(b) Objects from the lab plotted from an overhead
view. A total of 55 objects are segmented from the
data. Each object is plotted as a different color.
Some of the data points are labeled to reference the
picture.

Figure 3.6: The lab data acquired with a Kinect sensor. An example image
(a) and a plot of the data (b) from an overhead view are shown.

The goal of the in vivo experiment is to examine the performance of the

SERGE algorithm under realistic conditions for a robot. A Kinect sensor ob-
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serves a lab environment for the in vivo study. Landmarks are extracted from

the RGBD images by creating bounding boxes around objects and tracking those

objects for several seconds. Examples of objects are shown in Figure 3.6(a). The

2-D data, Zk, consist of the measured bounding box centroids for each object and

are plotted from an overhead view as shown in Figure 3.6(b). For this plot, the

coordinate frame is centered in the middle of the lab and pointing towards the

doors (shown by the blue arrows in Figure 3.6(a)). The beliefs are assumed to be

normally distributed and are estimated from the data, Bk ∼ N(αk,Σk), where αk

is the mean and Σk is the covariance of the measurements, Zk, from the kth object.

For each dataset, the SERGE algorithm is evaluated in a 5-fold cross valida-

tion study where the data are separated into five disjoint sets and four of the sets

are used as a training set to generate SR maps and one set is used as a testing set

to evaluate the SR map in each validation trial. The metrics used to determine

the quality of the SR maps produced are 1) the resulting data log likelihood as

a measure of saliency and 2) error rate as a measure of accuracy on a test set.

The data log likelihood is computed as log
(
ψ3(Btest,L

B,R)
)
, where Btest is the set

of beliefs generated from data points in a test set. This is used as a performance

metric since the main purposes of creating SR maps is to maximize SR map

saliency. The error rate is compute as
|Ztest<RLB

train
|

|Ztest |
, where |Ztest| is the total number

of data points in the test set and |Ztest < RLB
train
| is the number of data points in the

test set for belief Bk that do not fall within the same SR as the belief assignment

learned from the training set.

The set of cells, Cinit, for all tests is generated as follows. First, a fine grid

of cells is generated, and the saliency (equation (3.2)) of each grid cell is com-

puted for each belief. Grid cells are then assigned the belief that has the highest
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saliency. The cells in Cinit are the union of all grid cells with the same assignment.

3.4.2 Evaluation of SR maps

Two tests that study the effects of the user defined parameters, µ and σ, on the

output of the SERGE algorithm are conducted for all three datasets: varying

only µ and varying only σ. In one test, µ is varied from 1 to K for each dataset

with σ = 2 fixed. In the other test, σ is varied from 2 to 16, and µ = 20 is

fixed. The results of both studies can be seen in Figure 3.7, which shows the

total number of SRs in the final maps, the data log likelihood, and the error rate.

Figures 3.7(a,b) show the number of map SRs as a function of varying µ and

σ. With increasing µ, the total number of SRs increases. However, whereas

the well separated data set always shows |R| = µ, the lab and hallway datasets

realize |R| < µ. This occurs because the σ = 2 parameter selection allows for

fewer SRs in the case that the map saliency improves, and the hallway and lab

datasets both have beliefs with high likelihood in similar locations. The well

separated dataset achieves exactly the desired number of SRs because the map

saliency does not increase if SRs are merged, due to spacing of the data.

Figure 3.7(b) shows the result of varying σ with µ = 20. The well separated

data set SR maps have 20 SRs regardless of the value of σ because merging

SRs does not increase the map saliency. This is supported by examining Figure

3.7(c,d), where the data log likelihood is 0 for all scenarios of the well sepa-

rated dataset. The number of SRs in the lab and hallway SR maps decrease for

increasing σ because larger σ allows for the map saliency to be a ‘more impor-

tant’ factor in equation (3.4). Notice that the data log likelihood is higher when
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(a) The number of map SRs presented as a func-
tion of changing µ.

(b) The number of map SRs presented as a func-
tion of changing σ.

(c) The data log likelihood presented as a func-
tion of changing µ.

(d) The data log likelihood presented as a func-
tion of changing σ.

(e) The error rate presented as a function of
changing µ.

(f) The error rate presented as a function of
changing σ

Figure 3.7: Results from the 5-fold cross validation study on all datasets.
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the map has fewer SRs.

Finally, Figures 3.7(e,f) plot the average error rates for the parameters tested.

The error rate increases for the hallway and lab datasets as µ increases because

a small σ prevents SERGE from merging cells to improve SR map saliency. The

error rates reported for the hallway dataset are higher than other reported error

rates due to the overlap of high likelihood belief locations that the algorithm is

forced to categorize into different SRs. There are no errors in any test for the

well separated dataset maps. Errors for the lab data set are less than 3% for

all tests. As σ increases, the error rate decreases for the hallway dataset since

regions merge to increase saliency.

Examples of the generated SR maps for the hallway and lab datasets are

shown in Figure 3.8; note that the well separated dataset yields SR maps that

intuitively have the desired number of SRs, and are not shown. Figures 3.8(a,b)

show two examples of the maps generated using the hallway dataset. A fine

resolution SR map with 16 SRs (22 maximum possible SRs) is shown in Figure

3.8(a), and a coarser resolution SR map with 9 SRs is shown in Figure 3.8(b).

Notice that several of the smaller SRs are merged when the coarser resolution

SR map is generated. Examining the area near (−30, 0) in Figure 3.8(a), 4 SRs

describe the left region, but these are merged into 2 SRs with a lower µ as shown

in Figure 3.8(b) since the data points are close. In both SR maps, the datasets that

overlap highly (far right) are always included in one very broad SR because the

data have a large variance, and are highly likely to reside anywhere in R2. This

can be further understood by examining the impact of sensor noise. Because

the measurements for the landmarks on the far right have a higher variance, the

likelihood of any one of these landmarks occupying any location in R2 is non-
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(a) A SR map generated with the hallway
data and parameters µ = 18, σ = 2. The re-
sulting map has 16 SRs. Notice that the fine
map details, near location (0, 0), are well pre-
served.

(b) SRs generated with the hallway data and
parameters µ = 10, σ = 2. Finer details near
location (0, 0) are merged, but details that
distinguish between upper left and lower left
are preserved near (−30, 0).

(c) The finest map possible for the lab dataset.
The map has 55 SRs, and is generated with
µ = 55 and σ = 0.01.

(d) A coarser SR map for the lab environ-
ment comprised of 10 SRs, is generated using
µ = 10 and σ = 2.

Figure 3.8: Example SR maps for each dataset at two different parameter
values. The unique colors represent the different qualitative re-
gions. The black points are the data points (the entire dataset).

zero, whereas the landmarks in the center and on the left have distributions with

small variance, and zero probability of occupying locations far away from the

data. Therefore, the algorithm generates large SRs to encapsulate beliefs with

high variance.
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Figures 3.8(c,d) show examples of SR maps generated from the lab dataset.

The 55 SRs shown in Figure 3.8(c) represent the finest SR map achievable with

the lab dataset. Data points are close to the boundaries of some of these regions.

Figure 3.8(d) shows a much coarser example of a SR map with only 10 SRs. The

regions from Figure 3.8(c) where the data points are close to the boundaries are

merged into the same SR. Notice that while beliefs that have close high like-

lihood regions are grouped into the same SR at finer resolutions, the SERGE

algorithm combines beliefs that are not well clustered into the same SR to ac-

count for the smaller number of desired regions at coarse resolutions. However,

the results are intuitive and create compact regions, as can be seen by examin-

ing the bottom left magenta SR in Figure 3.8(d). Four beliefs are assigned to one

region, even though one is separated from the other three.

In practice, the value of µ should be chosen to generate an appropriate num-

ber of SRs for a given robotic task. If a robot only needs to reason about an

environment at a coarse level, µ should be small. However, if a robot needs

to reason about fine details or even individual beliefs, µ should be closer to K.

The variable σ is chosen to prioritize saliency over fine detail. For example, the

SR map shown in Figure 3.8(c) prioritizes resolution over saliency, and thus σ

is set to 0.01 When σ is increased to 2 on this dataset (with µ = 55) the num-

ber of regions decreases from 55 to 50, but the saliency (measured as a data log

likelihood) increases from −28.1 to −22.6.
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3.4.3 A Use Case for the Multi-Resolution SR Maps

A resolution tree and associated SR maps are constructed using the lab dataset;

the use of these maps for robot planning is described. The goal of the robot

is to navigate from a start point to a goal point located in one of the fine res-

olution regions. The planner efficiently generates a plan by only reasoning at

the finest necessary resolution. First, it plans over the coarsest resolution map

Figure 3.9(b), then over subsequent finer resolution maps, Figures 3.9(c,d). A

partial resolution tree for the lab dataset is shown in Figure 3.9(a). The tree

shows the finest resolution regions only for the branches on the right. The sec-

ond level of the resolution tree is divided into three SRs by applying the SERGE

algorithm with µ = 3 and σ = 1 to all available beliefs and cells; the resulting SR

map is shown in Figure 3.9(b).

The specifics of the navigation scenario are as follows: a robot starts in the

blue SR (red square) in Figure 3.9(b) and wishes to travel to a region correspond-

ing to the ‘top right’ of the lab environment (green SR) in order to locate an ob-

ject. The robot then navigates from the blue SR to the green SR (white square)

shown in Figure 3.9(b). Using the coarse SR map in Figure 3.9(b), the robot

needs only to reason over 3 SRs rather than up to 55 at the finest level of the

tree. Once the robot reaches the white square shown in Figure 3.9(b), a finer res-

olution map of the green SR in Figure 3.9(b) is generated. The SERGE algorithm

is applied to the SR with µ = 2, σ = 1, which splits the region in two, as shown

in Figure 3.9(c). The robot again navigates from the light green SR (red marker)

to the dark green SR (white marker). This reduces the total number of map SRs

that must be reasoned over from 10 to 4 at the third level of the tree. This pro-

cess repeats for a third time, and the robot creates a fine representation of the
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(a) A partial resolution tree generated for the lab
dataset. The right side of the tree is developed,
successively splitting green SRs with the SERGE
algorithm.

(b) An example of a robot using the coarsest
level of a resolution tree to navigate to the re-
gion labeled ‘right’.

(c) An example of the robot using fine infor-
mation from only one portion of the resolu-
tion tree to navigate to an ‘upper right’ re-
gion.

(d) An example of a robot further splitting
the SRs until the ‘topmost right’ region in the
workspace is available for navigation.

Figure 3.9: An example of a navigation scenario using a SR map and a
resolution tree.

medium green SR, generating the representation shown in Figure 3.9(d). The

robot generates the finest local representation in the green region (upper right

where the object is located) of the map, and navigates to the darkest green SR.

This strategy allows the robot to reason over a minimum number of necessary

regions for planning, thus reducing computation time.
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A Example of the Compose Operator

The compose operator for QSR generated by SERGE is shown for one of the

maps created with the lab data. The map is shown in Figure 3.10(a) with all

data in coordinate frame DE over-layed as circles. The coordinates of landmark

D and landmark E are shown by the red points. The points highlighted in ma-

genta are measurements of landmark F (the traffic cone seen in Figure 3.6(a)).

Landmark G is shown by the green points. Consider the following scenario:

only the relationships {DE : F} and {EF : G} are known, but {DE : G} is not di-

rectly observed. The compose operator must be used to infer the set of possible

locations of landmark G relative to D and E. The set of possible relationships

is found by first finding the relationship {EF : G}, as shown in Figure 3.10(b).

Then, considering all possible locations of G relative to E and F (all points in

region 14), and all possible locations of F relative to D and E (all points in re-

gion 4), a set of constraints is computed to find the feasible qualitative states of

{DE : G}. This is shown in Figure 3.10(c), where the shaded area represents the

areas in which landmark G could be given the known relationships of {DE : F}

and {EF : G}. Notice that this means that states 1, 2, 4, 12, 13, and 14 are all fea-

sible even though the constraints only pass through portions of some of these

states.
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(a) The lab data over-layed on an intermedi-
ate resolution map with 14 states. The co-
ordinate frame shown in the normalized co-
ordinate frame in which the measurements
are acquired. The data points shown in ma-
genta represent the landmark F and the data
points shown in bright green represent the
landmark G. It is assumed that the relation-
ships {DE : F} and {EF : G} are known, but
{DE : G} must be inferred via the compose
operator.

(b) The lab data shown in the coordinate
frame of EF. The lime green points represent-
ing G are transformed, and are in qualitative
state 14 relative to landmarks E and F.

(c) The possible positions of landmark D
shadowed in on the map relative to D and
E. Note that when finding this region, all
possible points such that {DE : F} = 4 and
{EF : G} = 14 are considered. Thus a large
area is created, and the possible relationships
for {DE : G} include {1, 2, 4, 12, 13, 14}.

Figure 3.10: An example of the compose operator on the lab dataset. The
possible relationships for {DE : G} are shown given that {DE :
F} = 4 and {EF : G} = 14
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The volume of possible space in which landmark G can be relative to D and

E depends both on the position of the qualitative states and on the map reso-

lution. For instance, in the above example landmark G is can be anywhere in

the upper right corner of the space given the known relationships. However, if

instead {EF : G} = 6, then G can be almost anywhere in the entire space. If the

map resolution is increased, the compose relationships may represent tighter

constraints on possible locations of G. Consider a scaling tree where the maps

shown in Figure 3.10 are an intermediate level. If any state is split into children

states then the total compose relationships of the parent state is the union of the

feasible regions of the children. Thus, a finer partition of space may result in

tighter compose constraints.

3.5 Conclusion

The SaliEnt Region GEneration (SERGE) algorithm enables the automatic cre-

ation of SR maps from beliefs with two parameters that control the number of

SRs and the map saliency. The SERGE algorithm can be used to define SRs

for several types of data: distributions over landmark locations from SLAM

algorithms, spatial distributions garnered from human input, relational mea-

surements between sets of landmarks, or any other type of data from which a

spatial distribution can be derived. The SERGE algorithm intelligently merges

cells to create SR maps with high saliency, defined as the probability that a re-

gion contains objects from the environment. Experiments demonstrate a variety

scenarios in which the SERGE algorithm can be used to generate SR maps. The

SERGE algorithm generates intuitive, compact regions for each of these datasets

at a resolution guided by the user. Qualitative spatial relationships that fit low-
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level data well can be generated using the SERGE algortithm with data trans-

formed into local coordinate frames. Results show that the SRs generated by the

SERGE algorithm have high saliency and low error rates for classification (less

than 7% worst case). A multi-resolution version of the SERGE algorithm is used

to create multi-resolution SR maps that are useful for subsequent robotic appli-

cations such as planning. A presented example shows how the multi-resolution

maps are used for robotic navigation.
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CHAPTER 4

Q-LINK: A GENERAL PLANNING ARCHITECTURE FOR NAVIGATION

WITH QUALITATIVE RELATIONAL INFORMATION

4.1 Introduction

Navigation using a map is an essential capability for any robot. There are many

types of navigation and planning methods developed to enable robots to navi-

gate over different map types, ranging from metrical to topological maps [48].

Methods such as rapidly exploring random trees [26], probabilistic roadmaps

[18], the belief road map [40], and potential function methods [5] allow robots to

efficiently plan over and navigate with metrical information derived from map-

ping algorithms, including the simultaneous localization and mapping (SLAM)

algorithm [17]. Markov decision processes and partially observable Markov

decision processes [48, 21] allow robots to generate plans over finite state repre-

sentations of space such as occupancy grids [48]. Shortest path approaches such

as Dijkstra’s algorithm and A* allow robots to efficiently generate plans for nav-

igating over topological maps [5]. While the solution space of navigation and

planning methods for metrical and topological maps is well developed, navi-

gation methods for qualitative relational maps [7, 28, 32, 33, 44, 29, 53, 39] are

not well explored and either rely on an additional topological map for planning

[7, 28, 44] or are tied to one specific type of qualitative information [33]. This pa-

per introduces a general approach to navigating in qualitative relational maps

that is safe, generalizable to any type of qualitative information, and seamlessly

incorporates map uncertainty into the planning architecture.

Qualitative relational maps (QRM) are a useful mapping paradigm in which
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space is represented as a series of qualitative spatial relationships (QSR) in in-

dependent, local coordinate frames [7, 28, 32, 33, 44, 29, 53, 39]. QSRs are

relationships between generalized landmarks, typically represented as a set

of global visual orderings [7, 28], discrete states in local coordinate frames

[32, 33, 44, 29, 53, 39], or topological relationships between pairs of landmarks

[44, 41]. QRMs are highly adaptable and can use information about point-like

or extended landmarks [7, 28, 32, 33, 44, 39]. Probabilistic sensor readings can

be incorporated to generate a probabilistic QRM (PQRM) [39]. While qualitative

maps are increasingly used to represent environments for robotic applications,

a general method for navigating with QSR information does not yet exist. To

date, navigation methods are either proposed for a specific QSR representation

[33] or a supplemental topological map is constructed for navigation [7, 28, 44].

These approaches are limited because they only incorporate information from

one type of QSR representation, may be robot-specific, and can not incorporate

probabilistic information [7, 28, 33, 44].

A general planning architecture for navigating with qualitative information

is developed; the approach allows a robot to reason directly about a QRM with-

out a supplemental topological map. The qualitative linking planning architec-

ture (Q-Link) uses three levels to interpret general QRM information while also

generating low-level controls. The architecture levels are adaptable to QRMs

with different QSR representations at the high level and different robot controls

at the low level, allowing Q-Link to be tailored to many types of map. Q-Link

can also be used with QRMs that contain multiple QSR representations. Since

Q-Link does not rely on topological map information for navigation it can be

used for environmental exploration. Q-Link is also unique because it incorpo-

rates uncertainty from controls, perception, and the map into the architecture; to
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date, very few planning methods incorporate map uncertainty [34, 23, 11]. Path

completion guarantees and trajectory length bounds are provided for environ-

ments with point landmarks. For more general settings path completion and

path length of Q-Link are evaluated in simulation and in vivo experiments. The

simulations study Q-Link performance in conditions when path completion is

not guaranteed, and the in vivo experiments demonstrate Q-Link performance

in a real-world environment with three distinct environmental conditions and a

hybrid QRM that uses two QSR and both point and extended landmarks.

82



4.2 Qualitative Spatial Relationships and Qualitative Rela-

tional Maps

𝐿"

𝐿#

𝐿$

𝐿%

𝑥'	
)*,),

𝑥-	
)*,),

𝑥.
)/

Figure 4.1: Two different QSR representations, the double cross [53] shown
by the black solid lines, and a star QSR [27] shown by the gray
solid lines. Qualitative states, q, are the regions of space sepa-
rated by the lines. The blue landmarks are non-oriented point
landmarks, and the red landmarks are oriented point land-
marks. The positions of qualitative states are determined by
Lref . For the double cross Lref = {LA, LB} and for the star calcu-
lus Lref = {LC} in this example. A robot is shown by the green
rectangle at three time instances with poses xLA,LB

0 , xLA,LB
1 , and

xLC
2 . The trajectory traveled is shown by the gray dashed line.

Qualitative spatial relationships (QSR) are a broad class of methods used to de-

scribe the relative positions of generalized landmarks (points or extended fea-

tures) in an environment. QSRs partition space into discrete regions called qual-

itative states, which are either used to localize one landmark relative to other

landmarks in the environment [32, 33, 44, 29, 53, 39] or to partition space into

regions from which a specific clockwise or counter-clockwise visual ordering of

landmarks is observed [7, 28]. This paper is primarily concerned with QSR rep-
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resentations that localize landmarks relative to other landmarks; however, the

methods developed can easily be extended to QSR representations that partition

space based on visual orderings.

Formally, QSRs are defined over landmark ‘sets’, denoted as L. Each land-

mark set, L, contains n landmarks, where n varies depending on the type of

QSR representation used; for example, in a ternary QSR representation n = 3

[32, 33, 53], while in a binary QSR representation n = 2 [44, 29]. The specific

landmarks in each set can be point-like features, extended features, point land-

marks with an orientation feature. For all QSR representations, a landmark LC

is localized relative to a set of ordered reference landmarks, denoted as Lref and

|Lref | = n − 1 , which are used to define a local coordinate frame. Landmark LC

is localized relative to Lref in a qualitative state. The qualitative states, q, are

regions of space that are either defined by constraint equations with parameters

determined by Lref or topological relationships with respect to Lref. The qualita-

tive state, q, of LC relative to Lref is denoted as {Lref : LC} = q ∈ Q, where Q is the

set of all qualitative states in a given QSR representation. Generally, relation-

ships between extended objects are represented by topological QSR representa-

tions which contain information such as ‘a landmark LC is a tangential proper

part of landmark LB’ [44, 41], while relationships between point-like objects are

represented by constraint-based QSR representations which contain informa-

tion such as ‘a landmark LC is to the left of oriented point landmark LB’ [44, 27]

or ‘a landmark LC is to the right of the vector drawn between non-oriented point

landmarks LA and LB’ [32, 33, 53].

Two example constraint-based QSR representations created with point land-

marks are shown in Figure 4.1. The lines are constraints that divide space into
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qualitative states, q. The blue point landmarks (LA and LB) are non-oriented

and the red point landmarks (LC and LD) are oriented. The ternary QSR rep-

resentation shown by the black lines with LA and LB is a double cross [53] and

the binary QSR representation shown by the gray lines with landmark LC is a

star QSR [27]. For the double cross shown in Figure 4.1 |Q| = 6 and |Lref | = 2,

while for the star QSR shown in Figure 4.1 |Q| = 4 and |Lref | = 1. Two land-

marks are needed to establish a local coordinate system and define the posi-

tions of qualitative states for QSR representations with non-oriented point land-

marks (LA and LB) while only one is necessary for oriented point landmarks

(LC and LD). In the double cross example, Lref = {LA, LB} and the relation-

ship observed is {LA, LB : LC} = ‘middle-right’. However, if the order is re-

versed and Lref = {LB, LA}, then the vector drawn between LA and LB flips and

{LB, LA : LC} = ‘middle-left’. The ordering of reference landmarks in the star ex-

ample is not important because only one reference landmark is needed. For the

remainder of this paper, the ordering of the reference landmarks in a ternary

QSR representation is not considered to have an impact on planning because

localization information for any ordering of Lref is either available or can be in-

ferred via a unitary operator [33, 53, 27]. Therefore, for simplicity the reference

landmarks are referred to as Lref without a specified ordering.

Qualitative relational maps (QRM) represent an environment as a set of

recorded QSRs. Types of QRMs created in the literature include those that

record constraint-based QSR relationships in local coordinate frames [33, 44, 39]

and hybrid maps that record both topological and constraint-based QSR rela-

tionships [44]. Each QRM map entry, Mi = {Li,Qi}, is composed of a landmark

set, Li, and Qi, the qualitative states of the landmarks for all possible ordered

sets Lref
i ⊂ Li. Qi is indexed so as to allow multiple types of QSRs in the map;
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for example in a binary QSR |Qi| = 2 and in a ternary QSR |Qi| = 6. In a typical

QRM, one entry in Qi is {Lref
i : (Li \ L

ref
i )} = q; in a PQRM [39] one entry in Qi is

a probability distribution over qualitative states, q.

Localization in a QRM is performed locally. Let xL
ref
i

t ∈ RN , where N is the

dimension of the workspace and t is the time index, be the pose of a robot in

the coordinate frame established by landmarks in Lref
i . The robot is localized

in a qualitative state, {Lref
i : xL

ref
i

t }, with respect to some Lref
i ⊆ Li for a map ele-

ment Mi. Let Lvist be the set of landmarks visible to the robot at time t. When

Lref
i ⊆ Lvist , the robot can estimate its qualitative state from measurements of

Lref
i , and when Lref

i 1 L
vist the robot may use an estimator to track its qualita-

tive state. A transition to a new local coordinate frame requires transitioning

between localization {Lref
i : xL

ref
i

t } and {Lref
j : x

Lref
j

t } for the robot. While the new

coordinate frame can be estimated even if Lref
j 1 L

vist for some t, here it is re-

quired that Lref
i ⊆ L

vist when a robot switches the coordinate frame in which it is

localized.

4.3 The Q-Link Planning Architetcure

Navigation with a QRM poses a unique challenge because all information about

the environment is preserved as coarse relationships relative to local reference

landmarks. The planning problem is defined over elements of a QRM, such

that the robot starts at a map element Mstart and ends at a map element Mgoal.

Navigating between Mstart and Mgoal requires the ability to transition between

intermediate map elements (transitions between navigating with information

in different coordinate frames). Transitions are enabled by qualitative links, and
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a high level plan is generated from Mstart to Mgoal over the links. Given a high

level plan from Mstart to Mgoal, a finite state controller and a low level controller

allow the robot to travel using qualitative links and reach Mgoal from Mstart.

4.3.1 Qualitative Links

A transition between map elements Mi and M j occurs when the robot has suf-

ficient information to reason about qualitative states in Q j. This requires that a

set of reference landmarks from M j is sensed by the robot, or Lref
j ⊆ L

vist ∩L j for

one of the possible reference landmark sets Lref
j ⊂ L j. Link landmarks that lie

within both landmark sets Li and L j, Lαi, j ∈ Li ∩ L j, allow a robot to execute a

transition between Mi and M j. Links are landmarks that allow a robot to tran-

sition between coordinate frames defined by Lref
i and Lref

j . The number of links

necessary to complete a transition is typically one for a binary QSR represen-

tation and two for a ternary QSR representation; however, in some cases, the

ternary QSR representation only requires one link if the robot can safely search

for other landmarks in the environment.

Links are used as follows during navigation. If the link landmarks are not

sensed by the robot at time t, Lαi, j < L
vist , then the links, Lαi, j, are found by

searching in qualitative state {Lref
i : Lαi, j}. When the link landmarks are visible,

Lαi, j ∈ L
vist , then either {Lαi, j} = Lref

j ⊂ Lvist and the robot has transitioned to M j or

the robot searches for an additional landmark in L j to find Lref
j and transition to

M j.

To understand conceptually how the robot navigates using links, consider

the example shown in Figure 4.1, where there are two map elements, M1 and
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M2, with corresponding landmark sets L1 = {LA, LB, LC} and L2 = {LC, LD}. The

goal is to reach landmark LD, starting from the position denoted by xLA,LB
0 to the

left of landmarks LA and LB. At the start, Lvist = {LA, LB}, but LC and LD are not

visible. The robot must transition from M1 to M2 to reach its goal. First, the robot

computes Lα1,2 = LC ∈ L1 ∩L2. Then the robot determines that Lref
1 = {LA, LB} and

locates LC in {LA, LB : LC} = ‘middle-right’ (the states are shown by the black

lines). The robot drives along the trajectory shown by the gray dashed line in

Figure 4.1 to position xLA,LB
1 in qualitative state {LA, LB : LC} = ‘middle-right’, and

here Lvist = {LA, LB, LC}. When the robot is at position xLA,LB
1 , LC ∈ L

vist the robot

can transition to M2 and use the information in M2 to reach the goal. The robot

defines Lref
2 = {LC}, and locates {LC : LD} = ‘top-left’ (qualitative states shown in

gray). The robot then drives towards this qualitative state along the trajectory

shown by the gray dashed line, ends at position xLC
2 , and finds LD.

4.3.2 The Q-Link Planning Architecture

Q-Link is a three level planning architecture that takes qualitative map infor-

mation and generates a navigation strategy to enable a robot to navigate from

a start to a goal. A diagram of the architecture is seen in Figure 4.2. The navi-

gation strategy is planned at a high level over QRM elements and executed by

lower level controllers that enable transitions between map elements. The three

levels are the Link Graph level, the QSR level, and the Trajectory level. The Link

Graph level contains a graph that is used to plan over links and pass qualitative

state information, {Lref
i : Lαi, j}, to the QSR level. The QSR level contains a finite

state controller that generates plans over qualitative states. The trajectory level

takes a command, U, from the QSR level and interprets the command into con-

88



trols, u, the robot can execute to travel along a desired trajectory. Each of these

are described in detail next.

Link	Graph	

QSR

Trajectory

{ℒ#$%&: (#,*+ }

-

.

Figure 4.2: The Q-Link architecture, with three levels: the Link Graph level
generates plans over a QRM, the QSR level reasons over quali-
tative states, and a Trajectory level generates low level controls,
u, given commands, U, from the QSR level.

Link Graph level

The Link Graph level contains a Link Graph that shows connectivity between

map elements. Formally, the Link Graph, G, is a graph G = {M, α,C} where M,

the qualitative map elements, are the nodes, α are the edges, and C are the edge

costs. An edge αi, j exists between Mi and M j in the Link Graph if |Li ∩ L j| ≥ β,

where β is a threshold on the minimum number of links required to successfully

transition between Mi and M j. For any binary QSR representation β = 1, and

for higher order QSR β ≥ 1, depending on the requirements of the lower level

controllers and restrictions of the robotic system.

The lowest cost path through the Link Graph is found by searching for the

path, P∗, that starts at map element Mstart, ends at map element Mgoal, and has
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minimum cost over the path,

P∗ = argmin
P

∑
αi, j∈P

Ci, j. (4.1)

This is a well studied problem, and can be solved efficiently using Dijkstra’s al-

gorithm or A* [12]. Edge costs are assigned using one of several metrics: unit

cost, expected path length to complete a transition, or the negative log probabil-

ity of success for the transition. The unit cost prioritizes minimum map element

transitions, while the expected path length prioritizes a minimum number of

qualitative state traversals. The negative log probability of success prioritizes

path completion regardless of path length. The choice of edge cost is best in-

formed by the type of QRM and lower-level controllers used. For example, the

negative log probability of success for transitions is a good choice of edge cost

if the finite state controller used is a markov decision process or a partially ob-

servable decision process while unit cost is a good choice for edge cost if the

system is deterministic.

The Link Graph level is used to plan over map elements M1 and M2 in the

example given by Figure 4.1. At the start of the example shown in Figure 4.1, the

robot is at location xLA,LB
0 and only landmarks LA and LB are in its field of view.

The robot defines its start as M1 since it has a set of reference landmarks from M1

in view. The robot uses the Link Graph, which has an edge between M1 and M2

since both map elements share LC, to plan a path to any map element containing

landmark LD. The path generated is a two-hop path with map elements M1 and

M2.
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QSR level

The QSR level contains a finite state controller that enables transitions from

Mi to M j by guiding the robot to qualitative state {Lref
i : Lαi, j}. Formally, a fi-

nite state controller is defined as a tuple for each map element, Mi, as Ωi =

(Ui,Oi, ψi,Qi,Γi), where Qi is the set of qualitative states located relative to Lref
i

in the environment, Ui is the available set of actions to the robot, ψi ∈ Ui × Qi

is the transition function between states, Oi is the set of observations the robot

can make about the environment, and Γi ∈ Ui × Qi is a reward function. The fi-

nite state controller parameters are flexible, and are defined based on the needs

of the robotic system. For example, the states q ∈ Qi are the qualitative states

that the robot can be located in relative to Lref
i . Let xL

ref
i

t ∈ RN be the position

of a robot at time t relative to Lref
i . The initial qualitative state of the robot is,

qstart = {Lref
i : xL

ref
i

0 }. The observations, Oi, include a boolean variable indicating

whether Lαi, j ∈ L
vist and an observation about the current robot qualitative state,

{Lref
i : xL

ref
i

t }. The reward function, Γi, has a small cost, such as −1 for all actions,

Ui, that result in qt , {L
ref
i : Lαi, j} at time t, and high reward, such as 100, for

qt = {Lref
i : Lαi, j}. The transition function, ψi, and controls, Ui, are determined by

the QSR representation used for every map element, Mi. The controls, Ui, direct

a robot into any qualitative state in the QSR representation used in a map ele-

ment, and the transition function, ψi, chooses which controls are feasible given

that the state of a robot at time t is qt. Controls are feasible only if the qualita-

tive state that the robot is directed towards is adjacent to the current qualitative

state. For example, in the double cross representation shown in Figure 4.1, a

transition from ‘top left’ to ‘middle-left’ is feasible, but a direct traversal from

‘top left’ to ‘bottom left’ is not because the robot pass through at least one ad-

ditional qualitative state. Any finite state controller may be used; however, if
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there is uncertainty in the controls, perception, or the map then a markov deci-

sion process or a partially observable markov decision process is recommended

[21].

The QSR level is used to provide the robot with commands for transitions to

different qualitative states. At the first hop in the path shown by the example in

Figure 4.1, the robot reasons over qualitative state information contained in map

element M1. The QSR level directs the robot towards the ‘middle-right’ qualita-

tive state relative to LA and LB using finite state controller Ω1. Once the robot is

located in {LA, LB : xLA,LB
1 } =’middle-right’ at time t = 1 and views landmark LC

the finite state controller changes to one that reasons over map element M2, Ω2.

The states representing robot poses change to the qualitative states represented

in M2, Q2 and the robot receives new commands for the different qualitative rep-

resentation. The robot is directed to a position {LC : xLC
2 } = ’top left’ and views

landmark LD once {LC : xLC
2 } = ’top left’ is reached.

Trajectory level

The trajectory level contains a low-level controller that takes commands, Ui,

from the QSR level and moves a robot along a trajectory, xL
ref
i

t−1:t, to achieve a pose,

xL
ref
i

t ∈ {qt|qt−1,Ui}, where qt ∈ Qi denotes the qualitative state of the robot given

the prior qualitative state qt−1 ∈ Qi and received command Ui. The interpretation

of commands from the finite state controller influences the outcome of Q-Link

navigation plans and depends on the environment. In an environment with

good visibility with a robot that has a large field of view, a command may be

interpreted as sweeping the sensor over the qualitative state from one position,

xL
ref
i

t ∈ qt, in the environment. Another interpretation is that the robot moves
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the closest point that is in qualitative state qt. Finally, in sparse environments or

environments in which the sensor has a limited field of view, the robot may do a

‘safe search’ to cover as much of the qualitative state as possible using methods

such as [13, 4].

The trajectory level enables the robot to execute commands from the QSR

level such as ’drive to the middle-right qualitative state’ as shown by the exam-

ple in Figure 4.1. Starting at initial position xLA,LB
0 , the robot receives a command

from the QSR level to drive to a position such that {LA, LB : xLA,LB
1 } =’middle-

right’. The robot executes the trajectory shown by the gray dashed line and ends

at position xLA,LB
1 in the ‘middle-right’ qualitative state. Once the robot views LC

the QSR level controller switches to a controller for the star calculus, and the

trajectory level switches coordinate frames to localize the robot relative to ori-

ented landmark LC. Once the robot receives command to make {LC : xLC
2 } = ’top

left’, the robot executes the trajectory shown by the gray dashed line in Figure

4.1 and ends at point xLC
2 .

4.3.3 Incorporation of Probabilistic Information

Uncertain information from controls, perception, and the QRM are seamlessly

incorporated into the Q-Link planning architecture. The finite state controller

in the QSR level uses probabilistic information to generate controls with high

probability of reaching a local goal. The link level incorporates probabilistic

information into the edge costs of the Link Graph so that the total cost of a path

reflects the probability of successful path completion.

The finite state controller in the QSR level naturally incorporates uncer-
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tainty from controls and perception if a partially observable markov decision

process (POMDP) [48, 21] is used. The POMDP reasons over probabilities

of the system state to yield controls that result in a maximum expected re-

ward. Formally, a POMDP for every map element, Mi, is defined as a tuple

Ωi = (Ui,Oi, ψi, Xi,Γi, γi,Πi, τi), where Oi are the set of observations the robot can

make about its environment, Ui are the set of controls available, ψi ∈ Xi × Ui is

a probabilistic transition function between states, Γi is a reward function, Xi are

the discrete environmental states, Πi is a set of conditional observation probabil-

ities, γi ∈ [0, 1] is an optional discount factor that trades off between immediate

rewards and a greater sum of reward in the future, and τi is an optional time

horizon.

If there is map uncertainty and the qualitative state {Lref
i : Lαi, j} is unknown,

the POMDP is formulated as a search problem where the goal is to localize Lαi, j

and have {Lref
i : Lαi, j} = {Lref

i : xL
ref
i

t }. The states are defined as Xi ∈ Qi × Qi, where

Qi is the set of qualitative states in the QSR representation used in map element

Mi. The reward function, Γi has high reward for all states {Lref
i : xL

ref
i

t } = {Lref
i : Lαi, j}

and a small cost otherwise. When a transition into map element Mi is made the

POMDP is initialized as follows. First, the robot estimates the probability of be-

ing in a qualitative state, p({Lref
i : xL

ref
i

t } = q). This can be done using the methods

developed in [39]. Then, the robot retrieves the probability distribution over

qualitative states of Lαi, j, p({Lref
i : Lαi, j} = q′), from the PQRM. The initial probabil-

ity distribution over robot and local goal landmark states Xi is the joint distribu-

tion over the robot state and the state of Lαi, j, p({Lref
i : Lαi, j} = q′, {Lref

i : xL
ref
i

t } = q).

Given this initial distribution, the robot computes the optimal control, U∗i , given

the POMDP policy and sends U∗i to the low-level controller in the Trajectory

level. While POMDP control policies are often computationally expensive to
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calculate, approximate methods exists to compute policies for large state spaces

[24]. However, the state space of a QSR is typically small, and an exact solution

for a POMDP can be computed in a reasonable amount of time [48, 24].

The Link Graph further supports the incorporation of probabilistic QRM

information in the edge costs of the graph. Given a POMDP policy and

p({Lref
i : Lαi, j} = q′, {Lref

i : xL
ref
i

0 } = q), the expected probability of success can be

computed for each edge transition. Let S ∈ Xi be the set of states for which

{Lref
i : xL

ref
i

t } = {Lref
i : Lαi, j} and p(S t|Ui,t, Xi,t−1) be the probability at time t, of the

robot reaching some state in S t given control Ui,t and previous state Xi,t−1. Also,

let p(Oi|Xi,t) be the probability of observing Lαi, j in state Xi,t. The probability of the

robot both reaching a goal state and observing Lαi, j at time t is

pα,ti, j =
∑

Xk
i,t−1∈Xi

∑
s∈S

p(s|Ui,t, Xk
i,t−1)p(Oi,t|s)p(Xi,t−1). (4.2)

The probability of a robot finding Lαi, j between times t and τi with 0 ≤ t < τi is

computed recursively as

pα,t:τi
i, j = pα,ti, j + (1 − pα,ti, j )pα,t+1:τi

i, j . (4.3)

The probability pα,0:τi
i, j is the probability that the robot successfully transitions

between Mi and M j within a time horizon of τi. This probability is incorporated

into the Link Graph as Ci, j = − log(pα,0:τi
i, j ). The total success probability of any

path through the environment is

psuccess = exp(−
∑
αi, j∈P

− log(pα,0:τi
i, j )), (4.4)

where αi, j ∈ P are edges in the Link Graph path, P. This edge cost prioritizes

path completion over distance traveled. If distance traveled during a transition

between two map elements is more important than probability of path comple-
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tion, then the expected number of qualitative state transitions can be computed

using information from the POMDP and used as an edge cost in the Link Graph.

4.3.4 Path Completion Guarantees

!

!
≤ ! ≤ !

≤ !

Figure 4.3: An example of the two scenarios for which path completion
is guaranteed. The robot is represented by the black rectan-
gle, and its field of view is represented by the dashed green
line. The landmarks for two scenarios are presented (yellow
and blue) and are all contained in a circle with radius R (purple
dotted line). Landmarks for the general scenario are shown in
blue, and landmarks for the more restricted scenario are shown
in yellow.

Path completion guarantees and distance bounds are provided for environ-

ments that have point-like landmarks and no occlusions. More specifically, the

path completion guarantees include guarantees that a robot can transition from

any Mi to any M j without havingLvist = ∅ at any time t. The following additional

assumptions must be made. A robot must have perfect landmark recognition

and sensor range R′ ≥ R, where R is the sensor range of the robot that mapped

the environment and R′ is the sensor range of the robot navigating in the envi-

ronment. This ensures that the robot never leaves the QRM mapped space. Two
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cases are considered: 1) the general case that results from a robot recording a

QRM entry for all landmark sets it observes, and 2) a more restricted case that

results from applying a distance threshold between landmarks in a set. Both

scenarios are shown in Figure 4.3.

The most general scenario (blue landmarks in Figure 4.3) occurs naturally

while mapping an environment with a robot that has an omnidirectional sensor

with radius R. In this scenario, the following assumptions are met.

Assumptions 1 (i) ∀ L j in the QRM, ∃ x ∈ RNs.t d( ~Ln, x) ≤ R ∀ Ln ∈ L j.

(ii) Let χ = {x ∈ RN | d(x, ~Ln) = R} then, ∃ x0:T s.t. χ ⊆ x0:T and ∀x ∈ x0:T d( ~Ln, x) ≤ R

where d(·) is the euclidean distance function, ~Ln is the point location of landmark

Ln, and x0:T is a robot trajectory between times 0 and T . All landmarks in any

landmark set L j must be contained in a ball of radius R at some point in space.

Additionally, there must exist some trajectory where all points on a ball of radius

R centered at some landmark Ln ∈ L j are visited and at no point on the trajectory

Ln is not sensed by the robot.

Proposition 1 If Assumption 1 holds, then for some xt ∈ x0:T and Lk ∈ {L j \ Ln},

d(xt, ~Ln) = R ∧ d(xt, ~Lk) ≤ R→ {Ln, Lk} ⊆ L
vist .

A robot can locate any landmark Lk ∈ L j from any other Ln ∈ L j by driving

a trajectory that includes all points distance R from Ln. If Ln is a link, Lαi, j, then

{Ln} = Lref
j for a binary QSR representation and {Ln, Lk} = Lref

j for a ternary QSR

representation. Any map transition can be made, then, with one link landmark.

This is guarantee of path completion for any QSR with any β ≥ 1 required for
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an edge in the Link Graph. Additionally, if Lref
i ⊆ L

vist , the robot can locate Lαi, j

by driving a trajectory that includes an arc of radius R in {Lref
i : Lαi, j}. The path

can be restricted to a circle of radius R if the following assumption holds.

Assumptions 2 Let χ = {x ∈ RN s.t. d(x, ~Ln) = R}, ∃ x0:T s.t. χ = x0:T ∧ D(x0:T ) =

2πR

where D(·) is a function that returns the length of a trajectory. This assumption

restricts the trajectory from Assumption 1 to the trajectory that only includes

points on a circle of radius R, centered at Ln.

Proposition 2 Provided that Assumptions 1 and 2 hold, the worst case trajec-

tory length for one map element transition is (2π + 1)R, and the worst case tra-

jectory length for |P| transitions is (2π + 1)R|P| .

If the trajectory in Assumption 2 can be executed by the robot, then the worst

case distance it will travel for one transition on a path is (2π + 1)R. In the worst

case the robot must drive a distance R to reach an initial point on the circle of

radius R then travel the entire circle.

While this set of guarantees represents the most general scenario a robot may

encounter while mapping, the trajectories generated may be circuitous, and rea-

soning over qualitative states may not always be feasible. Therefore, guarantees

are also provided in a more restrictive case (yellow landmarks shown in Figure

4.3) that allows a robot to bypass the finite state controller and navigate by driv-

ing directly between landmarks in the environment. In this case, the following

assumption must hold.
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Assumptions 3 (i) ∀L j in the QRM, d(Lk, Ln) ≤ R ∀ Lk, Ln ∈ L j.

(ii) ∃ x0:T s.t. ~Lk ∈ x0:T∧ ~Ln ∈ x0:T and ∀xt ∈ x0:T d( ~Ln, xt) ≤ R∧d( ~Lk, xt) ≤ R ∀ Lk, Ln ∈

L j.

This assumption restricts the pairwise distance between any two landmarks in

a landmark set to R or less. Enforcing this assumption requires some additional

processing when building a QRM. Additionally, the assumption that the robot

can drive a trajectory from landmark Ln to landmark Lk without Lk leaving the

robot’s field of view is made.

Proposition 3 If Assumption 3 holds, then xt = ~Ln → L j ⊆ L
vist ∀Ln ∈ L j.

Furthermore, ∀xt ∈ x0:T {Ln, Lk} ⊆ L
vist .

The robot can view all Ln ∈ L j from any Lk ∈ L j. Furthermore, at any point

along the trajectory x0:T both Ln and Lk are visible. Supposing the robot can

drive a straight line trajectory, a distance bound is provided.

Assumptions 4 Let χ = {x0:T ∈ R
N s.t. x0 = ~Ln ∧ xT = ~Lk}, ∃ x0:T s.t. χ = x0:T ∧

D(x0:T ) = R

Proposition 4 Let |P| be the Link Graph path length for a plan over a QRM and

assumptions 3 and 4 hold. Over a series of |P| transitions, the robot will then

travel at worst a length of |P|R.

If a robot travels in straight lines between landmarks (via Assumptions 4), the

worst case distance for one transition is R. For robots that are not able to drive

perfectly straight lines, other bounds may be provided given the dynamics of a
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robot and guarantee that a trajectory from which two landmarks Ln and Lk are

always visible can be executed.

The guarantees and bounds are provided for two specific environmental sce-

narios. In general, the visibility assumptions are violated because objects in the

physical world provide occlusions and the sensors may not always detect land-

marks that are in view. Therefore, having a finite state controller and a low level

controller that increase the robustness of the system is essential. Contingency

plans that re-plan at the Link Graph level may also increase the robustness of

Q-Link.

4.4 Simulation and Experimental Result and Analysis

Q-Link is evaluated in simulation and in an in vivo robot experiment to study

the performance under realistic conditions when path completion can not be

guaranteed. Paths are evaluated for trajectory length and path failure rate. The

failure rate is used as a metric since the goal of any navigation routine is to

ensure success. Trajectory length is reported as a function of Link Graph path

length to determine whether length bounds hold in the absence of completion

guarantees.
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Figure 4.4: A 200m × 200m test environment for Q-Link. Landmarks are
indicated by the blue circles.

𝐿"

𝐿#

𝐿$

Figure 4.5: Two QSR representations defined with non-oriented point
landmarks that are used for testing. The first, represented by
both the solid and dashed lines, partitions space into quad-
rants. The second, represented by the solid line only, partitions
space into left and right halves.
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4.4.1 Simulation Studies

A test environment with 200 point landmarks (shown in Figure 4.4) is gener-

ated to test the Q-Link planning architecture in scenarios when path completion

is not guaranteed. A PQRM is developed by simulating a robot with a sensor

range of R = 20m driving the environment with measurement noise modeled as

N(0, 0.3). First, the path failure rate is analyzed as a function of insufficient sen-

sor range by testing a decreasing robot sensor range from R to 0.6R. In a second

study, the path failure rate is analyzed as a function of landmark occlusion by

simulating an environment where the landmarks have size ranging from 0.1m to

0.7m. In the occlusion studies, a landmark, LA, is only recognized if no portions

of another landmark, LB, occlude or partially occlude LA. A total of 40, 000 trials

were run for each study, and every pairwise combination of start landmark and

goal landmark was evaluated.

The specifics of the studies were as follows: the map used is a PQRM with

the quadrant QSR representation, shown in Figure 4.5 (includes the dashed

line); the Link Graph has edges between map elements for which |Li ∩ L j| = 1

and the edge costs are unit cost to ensure a minimum Link Graph path length,

|P|. The finite state controller is a POMDP that produces controls, Ui, that direct

the robot into qualitative states, {Lref
i : Lαi, j}. The low level controller drives an

arc of radius R in the qualitative state specified by Ui and searches for reference

landmarks in a circle of radius R when necessary. A trajectory is considered

failed if the robot cannot successfully transition between any map elements

Mi and M j between Mstart and Mgoal on the path. A transition is successfully

made if the reference landmarks in map element M j are visible at some time, or

Lref
j ⊆ L

vist at some time t. The paths are evaluated for completion and trajectory
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length upon completion.

Figure 4.6: A histogram showing the distribution of Link Graph path
lengths for the Monte Carlo simulations.

A histogram of Link Graph path lengths for the baseline trial when R′ = R,

there are no occlusions, and path completion is guaranteed is shown in Figure

4.6. Each histogram bin represents the total number of samples for Link Graph

path length in the Monte Carlo trials. The majority of the paths have |P| ≤ 10,

and the path lengths are distributed approximatly Gaussian. This is primarily a

function of the environment size and the sensor range used to map the environ-

ment. The paths for which |P| = 1 are paths where the goal is visible from the

start of the path.

Trajectory length as a function of Link Graph path length for each set of trials

is shown in Figure 4.7 along with the distance bound provided by Proposition

2. Trajectory length increases with increasing Link Graph path length in the

sensor range trial and the occlusion trial for all sets of parameters. The distance

bound provided (shown by the dashed line) is very conservative, especially for

paths with |P| = 18, where the bound on trajectory length is 1000m longer than

the executed trajectories. The bound is conservative with a worst case transition
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bound of 2πR + R. For the quadrant QSR representation, a robot typically drives

an arc of length π
2 R when searching in a qualitative state, and at worst another R

to transition to the next map element. It is uncommon that all qualitative states

must be searched. In the sensor range trials, the trajectory lengths increase with

decreasing sensor range. This occurs because the robot must search farther to

view landmarks before transitioning between map elements successfully. When

the sensor range is larger, the robot views more landmarks and can make tran-

sitions more easily. Trajectories in all occlusion trials are longer than trajectories

in the sensor range trials because the robot must search for a location where Lαi, j

is not occluded when transitioning between map elements, and this search may

lead the robot to visit more than one qualitative state.

Figure 4.7: Average trajectory length (m) reported as a function of Link
Graph path length for the occlusion and sensor range trials.

Failure rates for the sensor range and occlusion trials are reported in Table

4.1. As the obstacle size increases, the path failure rate increases, and as the

sensor range decreases the failure rate increases. A large increase in the path

failure rate occurs when R′ = 0.8R, due to the spacing of landmarks in the envi-

ronment. The spacing of landmarks in one landmark set, Li (at most 40m = 2R)
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Failure Rates for Simulation Studies
Trial Value Path Failure Rate

Sensor Range Trial

R 0%
0.9R 2.0%
0.8R 31.9%
0.7R 55.5%
0.6R 74.7%

Occlusion Trial

0.1m 2.0%
0.3m 2.8%
0.5m 12.0%
0.7m 16.3%

Table 4.1: Failure rates for the different simulation scenarios. The param-
eters for the sensor range trial is the robot sensor range, and the
parameter for the occlusion trial is the obstacle size.

is too large for robots with a sensor range of 0.8R = 16m. Finally, in the occlusion

trials the worst failure rate occurs when the landmarks are largest. A sharp in-

crease is seen in the failure rate when the landmarks reach a size of 0.5m. These

results show the sensitivity of Q-Link to insufficient landmark features, while

also showing that Q-Link can achieve path completion sometimes even when

the set of assumptions in Assumptions 1 are violated. The failure rates in both

cases may be improved by incorporating low level controllers that perform safe

search beyond an arc of radius R and localization in qualitative states relative to

Lref
i . Safe search controllers such as the one presented in [13] may be applied to

this problem.

The simulation results indicate that having a robot with sufficient sensor

range and the ability to find landmarks that are not occluded is critical to path

success in the Q-Link architecture. However, when a robot can successfully find

landmarks, having a smaller sensor range or environments with landmarks that

occlude each other does not have a large effect on the trajectory length of the

robot. Navigation can be made more robust by relaxing the requirement that
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landmarks are visible at all times, or Lvist , ∅ for all t, and having a controller at

the trajectory level that can ‘safe search’ qualitative states to increase the chances

of transitioning between map elements. This addition will increase the chance of

success, but at the expense of trajectory length. One example of a controller that

can be used is [13]. Additionally, the failure rate for the occlusion trials can be

improved if the robot can recognize landmarks that are only partially occluded,

which is a current area of research in the computer vision community.

4.4.2 In Vivo Experiments

An in vivo experiment in an outdoor environment with synthetic and natu-

ral objects (Figure 4.8) was conducted to show the adaptability and robustness

of navigation with Q-Link. A Clearpath Jackal robot (Figure 4.8(a)), with a

Hokuyo UTM-30LX Lidar sensor is used to map and navigate through the envi-

ronment. The environment has three distinct environmental conditions: dense

pines, open fields, and a corridor, all shown in Figure 4.8(b). An overhead view

of the environment along with the path the robot traverses when developing

the qualitative map of the environment is shown in Figure 4.8(c). The robot was

teleoperated by a human to collect the mapping data.
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(a) The Clearpath
Jackal robot used for
the in vivo experi-
ment. The Hokuyo
UTM-30LX lidar
sensor is mounted
2’ above the ground.

(b) Montage of key areas in the test environment.
Left shows the extended objects as two walls, one
the side of an apartment building, the other arti-
ficial walls. The middle shows a dense tree-filled
environment with 1” thick layer of pine needles
covering the ground. Right shows an open envi-
ronment with soft pitched terrain.

(c) An overhead view of the environment for the
in vivo study. Key point landmarks are shown in
black, and the extended objects are shown by the
red lines. The trajectory the robot traverses while
mapping the environment is shown in blue.

Figure 4.8: Setup for the in vivo navigation trials.

Two different types of ternary QSR representation are used to map the en-

vironment: one that represents relationships between point landmark triplets

and another that represents the relationship between two oriented, extended

landmarks and one point landmark. The second ternary QSR representation

used for point landmark triplets is the flip-flop calculus [30] that divides space

into left and right (solid line in Figure 4.5). The QSR representation that rep-
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resents the relationships between two oriented, extended landmarks and one

point landmark contains the relationships ‘in front’, ‘between’, and ‘behind’. In

this QSR representation, only the extended objects shown in 4.8(c) are reference

landmarks. The ‘front’ represents the portion of the building near the cars, ‘be-

tween’ is the portion of space between the buildings, and ‘behind’ is the portion

of space where there are dense pines and the open field.

Lidar data is used to sense features for the map of the environment. Can-

didate landmarks are extracted using a two-pass clustering routine to segment

distinct objects. Clusters are classified as landmarks if they have between 10 and

50 lidar points or the cluster has a corner feature. Extended object candidates

are detected via corner features, which are extracted according to the method in

[38]. Landmark recall is not possible from the lidar data alone, since the clusters

do not have distinct appearance. Therefore, the landmarks are recognized as

members of distinct triangles. As triplets of landmarks are found, side lengths

of triangles are recorded and used as a feature to recognize landmarks [15].

The robot is driven along the trajectory shown by the blue line in Figure

4.8(c) to map the environment. As the robot maps the environment, a proba-

bility distribution over the qualitative states of landmark sets is created, as in

the PQRM [39]. Two different QSR representations are used. The measurement

noise is modeled as N(0, 0.7) to account for noise in the lidar sensor measure-

ments and sensor processing. The robot does not need to revisit the start of

the map since loop closures are not necessary in QRM. The map has 25 point

landmark features (black circles) and 2 extended landmark features (red lines),

as shown in Figure 4.8(c). Notice that some of the point features are inside of

the building - this occurs because windows in the building are on the ground
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level, and the robot can detect objects through the windows. The map has 44

distinct QRM map elements, and the distribution over qualitative states for all

map elements and landmark sets has low-entropy.

The Q-Link levels have elements chosen to increase the probability of the

robot successfully completing a path. The Link Graph contains edges between

map elements if |Li ∩ L j| = 2. To ensure robustness, edge costs in the Link

Graph are the expected probability of success as in equation (4.4). The finite

state controller is a POMDP with a time horizon of 4, allowing the robot to

search qualitative states more than once if Lαi, j is not found. Direct transitions

are allowed between the states, and controls, Ui, direct the robot to a desired

{Lref
i : Lαi, j} = q. The low level controls leverage safety along with the robot

sensor range. To ensure that the robot does not ‘get lost’ the low level controls

direct the robot to the center of the line segment between landmarks in Lref
i . Once

the robot reaches this position it performs a sensor sweep in the qualitative state

designated by U for a transition from Mi to M j. This action is chosen because of

the high likelihood that the robot will observe all of the landmarks required for

a transition without driving into the qualitative state because the sensor range

of the robot is large (60m). If a transition between Mi and M j fails a contingency

plan is implemented where the robot attempts to plan a different path at the

Link Graph level and execute the new path. When the goal map element, Mgoal

is reached, the robot drives to the centroid of Lgoal.
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Figure 4.9: Navigation trajectories in the in vivo study. The solid lines rep-
resent successful paths, and the dashed lines represent paths
that did not reach their goal.

A total of 18 trials were conducted where the robot navigates using the qual-

itative information in the PQRM using different start and goal locations in each

trial. Paths are considered successfully completed if they reach the goal triplet,

even if a contingency plan is executed. Trajectories are considered failed if they

either reach an incorrect goal triplet (perceptual aliasing) or they cannot re-plan

after a first failure due to insufficient environmental features in view. All of the

trajectories are shown in different colors in Figure 4.9. The successfully com-

pleted paths are shown in solid lines, while the paths that failed to reach the

goal are shown in dashed lines. Of the 18 paths trials, 13 were successful (72%

success rate).

In five of the successful trajectories, the robot does not view the next map

element on its path and re-plans at the link level. One example is shown by the

trajectory in light blue, passing through the corridor, where the robot completes

loop. The robot initially plans a path with |P| = 3 to reach its goal triplet. The

first map element contains the QSR that represents relationships between two

extended landmarks and one point landmark. The Trajectory level receives and
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executes the command ‘drive between the landmarks towards the back’ success-

fully. However, after executing this command and reaching the qualitative state

behind the extended landmarks, the robot does not view the next map element

expected from the Link Graph path. It executes a re-plan at the Link Graph level

and finds a path through map elements with the QSR representation for triplets

of point landmarks. The robot is able to successfully transition between all map

elements in the second path, and reaches the goal landmark then drives to the

centroid.

Failure occurs for two reasons: perceptual aliasing and insufficient landmark

features. The most frequent cause of failure is lack of sufficient features (all five

failed paths) and in one case a combination of perceptual aliasing and insuf-

ficient features. The most frequent causes of insufficient features are ground

plane interference due to the varying terrain pitch and the conservative nature

of the lidar landmark processing. Often the robot encounters pitched terrain

and the line scan lidar only views the ground plane. In one case (shown by the

dashed blue line between the extended objects), the robot exits the area between

the buildings and drives into a natural basin where the lidar only views ground

plane. In one of the failure cases, there is an issue with perceptual aliasing and

insufficient features (shown by the orange dashed line by (−20,−60)). The robot

erroneously detects a part of the roadway near the testing environment as a

landmark, and matches the roadway along with two other detected landmarks

to a triplet in the map. This results in the robot driving at an incorrect heading

and ending in an area where there are insufficient features to replan.

Trajectory length as a function of Link Graph path length is reported in Ta-

ble 4.2. The average trajectory length increases monotonically with information
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Path Lengths in the In Vivo Study
|P| Number of Paths Average Trajectory Length (m)
1 2 2.5
2 3 6.5
3 2 12.7
4 3 14.3
6 2 32.9
8 1 38.4

Table 4.2: Average trajectory lengths in the in vivo study reported as a
function of Link Graph path length, |P|.

path length, as in the simulation experiments (Figure 4.7). The path length dra-

matically increases for |P| > 5. These paths (blue, orange, and yellow solid lines

in Figure 4.9) all have long segments through areas that are not well populated

with features. None of the paths exceed either distance bound provided by

Propositions 2 or 4.

While Q-Link has a high rate of completion in the tested varied environment,

several changes can be made to further improve performance. First, landmark

detection can be made more robust to decrease the probability that the robot

fails to find sufficient landmark features. The landmark detection used for line

scan lidar data is conservative, and rejects many landmark candidates. The de-

tection can be made less conservative, but at the price a more false landmarks

being detected. Use of a different sensor may improve landmark detection by

providing richer data. Specifically a 3-D lidar scanner or a vision sensor will

not be as prone to ground plane occlusion as the single line scan lidar. Vision

may also be used to provide visually distinct landmarks that can be reliably

detected. Second, better exploration of qualitative states at the trajectory level

can be enabled by a low-level controller that performs a ‘safe search’ by ex-

ploring unmapped areas of space while maintaining localization. This expands
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the amount of space searched in a qualitative state before the robot attempts

to explore another qualitative state. Third, the predicted probability of success

in the Link Graph level can be made more accurate if the terrain profile of an

environment is known a priori or developed on-line in real time. In this exper-

iment, the conditional observation probabilities are assumed to be the same for

all QRM elements. However, the interaction of terrain features with the single

line scan lidar makes observations less likely in some areas than others. If these

probabilities are accurately modeled, the likelihood that the robot will avoid

map entries in areas with low visibility will increase.

4.5 Conclusion

A general three level planning architecture for navigation in qualitative rela-

tional maps (QRM) is presented. The Q-Link architecture is a general plan-

ner that can be used with any type of QRM, including QRM developed with

ternary and binary QSR and extended or point-like landmarks. Importantly, Q-

Link generates plans that can be executed in environments with extended and

point-like landmarks. Q-Link also seamless incorporates uncertainty from the

map, controls, and perception. Safety guarantees and path length bounds are

provided in environments with point landmarks and no occlusions. Studies in

simulation show the importance of landmark visibility to achieving goals when

using Q-Link. An in vivo study demonstrates the performance of Q-Link in

an environment with three distinct environmental conditions: a corridor, dense

pines, and an open field. The Q-Link algorithm successfully completes paths

72% of the time in the in vivo study. Paths primarily failed due to lack of suffi-

cient landmark features from which the robot can localize itself.
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CHAPTER 5

CONCLUSION AND CONTRIBUTIONS

A general method for incorporating uncertain sensor readings into quali-

tative relational maps is presented in Chapter 2. The probabilistic qualitative

relational mapping (PQRM) algorithm is designed for use on any robotic sys-

tem for sensor readings that can provide unique landmark identifications with

a probability distribution over the point locations of landmarks in independent

coordinate frames. The probabilities of qualitative states are computed to ob-

tain categorical distributions over the qualitative state positions of landmarks.

Results are presented for maps created with several ternary qualitative spatial

relationships. Studies show that the map entropy is low for qualitative rela-

tional maps even in the presence of high sensor noise. Additionally a study of

qualitative relational mapping on the New College dataset shows the utility of

probabilistic qualitative relational mapping in a real world scenario.

List of contributions:

• Development of a method to incorporate uncertain sensor measurements

into qualitative spatial relationships that is general and extends to any

type of qualitative spatial relationship.

• The probabilistic qualitative relational mapping algorithm, a general algo-

rithm for creating probabilistic qualitative relational maps for any type of

qualitative spatial relationship.

• Simulations studies that test the performance and convergence properties

of probabilistic qualitative relational maps under several cases of sensor

noise. Additional testing on the convergence of probabilistic qualitative
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relational maps for qualitative spatial relationships of several different res-

olutions.

• A study on probabilistic qualitative relational mapping with visual land-

marks in an outdoor environment on the New College dataset. Six dif-

ferent maps are created, each with a different qualitative spatial relation-

ship and three different processing methods are tested, showing the per-

formance for different types of camera set ups.

A general method for creating highly salient discrete environment represen-

tations from continuous data is presented in Chapter 3. The salient regions are

used for mapping in a global context and are extended to be qualitative spatial

relationships. The salient regions are created by maximizing data likelihood in

discrete regions of space. Two user defined parameters adjust the number of dis-

crete regions and allow a user to trade between achieving exactly the number of

desired regions and higher saliency. The parameters can be iteratively adjusted

to create a multi-resolution salient region map. The SERGE algorithm is general

and can be applied to any data that has a probability distribution over locations

of landmarks in an environment. Simulation studies show the performance in

saliency and mean error rate in a 5-fold cross validation study, and also show

how the SERGE algorithm can be applied in qualitative relational mapping. A

study on data from a kinect sensor shows the performance on data that may be

acquired from a common robotic sensor.

List of contributions:

• Development of the SERGE algorithm, which allows users to create high

saliency discrete representations of space.
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• Two tuning parameters that control map saliency and resolution.

• Development of an algorithm to compute multi-resolution salient region

maps.

• An example navigation scenario in multi-resolution maps

• Application of discrete salient regions in qualitative relational mapping.

• An algorithm to compute compose relationships of the salient region maps

for use with qualitative spatial reasoning.

• Five fold cross validation studies that detail the performance of SERGE on

different data types with different tuning parameter settings.

A general planning and navigation architecture for qualitative relational

maps (Q-Link) is presented in Chapter 4. Q-Link allows a robot to reason

over disjoint qualitative spatial relationships in a qualitative relational map by

linking landmarks that are necessary to transition between coordinate frames.

Q-Link is flexible, and can be tailored for any scenario. Low-level trajectory

planners are chosen for specific robots, and high level controls are chosen for

the type of qualitative relational map in use. Qualitative relational maps using

any type of qualitative spatial relationship, or multiple qualitative spatial rela-

tionships are used with Q-Link. Q-Link can incorporate uncertain information

from probabilistic qualitative relational maps in its framework. Path completion

guarantees and distance bounds are provided in environments with point land-

marks and under some assumptions about sensor range. Studies in simulation

and in vivo show the flexibility and robustness of navigation with qualitative

information using Q-Link.

List of contributions:
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• Identification of the minimum amount of information needed to robustly

navigate with qualitative information.

• A general, three level architecture that allows robots to reason about qual-

itative relational maps and navigate to a goal.

• The introduction of link landmarks as the key piece of information that

allows robot to transition between different map elements.

• Path completion guarantees for environments with point landmarks and

one assumption about robotic sensor range

• Distance bounds for two types of control behavior

• A methodology for the seamless incorporation of probabilistic information

into the planner.

• Simulation studies that study Q-link performance as a function of limited

sensor range and landmark occlusion

• An in vivo study that studies the performance of Q-link with a hybrid

probabilistic qualitative relational map in a real world environment on a

robot with a single scan lidar sensor.

All methods presented for qualitative relational mapping and navigation are

general, flexible, and applicable to several scenarios. Importantly, none are tied

to any robotic platform, one mode of perception, or one specific qualitative spa-

tial representation. Each of the chapters provides algorithms and methodolo-

gies that gear qualitative relational mapping towards further, practical use in

modern robotics. All of the ideas are complimentary and may be combined into

one system or chosen for different applications.

117



BIBLIOGRAPHY

[1] Nisar R Ahmed, Eric M Sample, and Mark Campbell. Bayesian multi-
categorical soft data fusion for human–robot collaboration. Robotics, IEEE
Transactions on, 29(1):189–206, 2013.

[2] Christopher M Bishop. Pattern recognition and machine learning, volume 4.
springer New York, 2006.

[3] Jose-Luis Blanco, Juan-Antonio Fernandez-Madrigal, and Javier González.
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