PER TURBA TIVE OR ARD ALKING IN THE CONTEXT OF THE MIRR OR POTENTIAL APPR CH TO THE FERMION PR OBLEM M.H. KALOS ab or atory for tomic and Solid State Physics and Center for The ory and Simulation in Scienc and Engine ering Cornel University Ithac a, New ork 14853, USA ABSTRA CT in tro duce and discuss erturbativ arian of \forw ard alki ng" in Quan tum Mon te Carlo and dev elop the theory as applied to man y-ferm io problems. The mirror oten tial approac to the ermi on problem recognizes the fact that probabili densit that describ es the osition of an ensem b le of random alk ers ust ositiv and therefore cannot orthogonal to symmetric ground state. suc densit when iterated the metho ds of reen’s unction on te arlo, will con erge to that symmetric state. It ould highly desirable to nd equations that lead to the ermi on ground state as the asymptotic an tisym metric comp onen t, while, at the same time stabilizing the symmetric comp onen t. The mirror oten tial approac starts with the densit ha ving symmetric and an ti- symmetric comp onen t, and resp ectiv ely comp osing the total densit either as or as with oth ositiv ev erywhere. learly for an dd erm u tation In the rest of this pap er, write sym olically as In order to assure that suc densit is main tained asymptotically mo dify the hr dinger equation either adding man y-b dy repulsiv oten tial where is for the momen an arbitrary symmetric function to the amiltonian to get or subtract the same from the righ hand side of the in tegra equation to get where is the ernel of and is some trial energy These are the mirror equations. use that has the prop ert that the symmetric part of the mirror equation is satis ed for an when is the act an tisymm etric solution. ince the di erence, satis es the hro dinger equation, ect that the solution of the mirror equa- tions will con er ge ha ving the act an tisymmetric comp onen t, and symmetric comp onen close to rom here use only the equation for also assume that it is ossible to estimate ell enough in the course of the calculation to set or the momen t, assume that is kno wn. ecall that is symmetric function of its argumen ts. de ne another symmetric ernel, and an imp ortance mo di ed ernel lso de ne sequence of functions let sing formal pansion of the delta function in eigenfunctions of in the last equation, one sees that sing to generate alk from to to to to estimate is called forw ar alking will ecome clear, need de ne In tegrating with resp ect to get the in tegral equation for erturbativ forw ar alking ith, write the in tegral equation as no return to deal with the fact that is not kno wn in adv ance, but ust determined as part of the solution the relation riting out nd sing and the result is ecalling that ubstituting in to the equation, get onsider no the last term of the last equation the bilinear term. oth and are symmetric functions. If is symmetric then is also. The bilinear in tegral when ul tiplied bac to get is then symmetric and, in the end con trib utes nothing to an an tisym metric function. The bilinear in tegral con tributes to and no in estigate ho suc term is propagated it has the form substituting this in to the linear in tegra ls of the last equation, there results The rst brac eted pression is clearly symmetric. The second is whic is also symmetric. ence terms of the form generate others of the same form and ma omitted. In other ords, the bilinear term in the in tegral equation can ignored. The resulting linear erturbativ mirror equation is no consider the equations for pair of alk ers at and together. ince it is appropriate to tak the com bination sing the equation ab e, see that ha used the fact the ubstituting the result is This seems remark ab le result ha reco ered the linear forw ard alking fermion equation. ev er, itself, it is not at all the answ er to the ermion sign problem. see that, let us consider the most elemen tary on te arlo implemen tation. That ould to start alk er at then alk successiv ely to sampling eac successiv step from The estimator for is simply ut in the alk de ned here, with trial eigen alu appropri ate for fermion system, the opulation will gro onen tially with symmetric distribution. course, is an an tisym metric function so that the successiv terms in the estimator ha ected alues that go to zero onen tially In addition, is orthogonal to symmetric solutions of the hro din ger equation and to an tisymmetric solutions with see this, recall the de ni- tion and Th us, The tec hnical issue that confron ts us no is whether one can estimate these suc- cessiv terms with ariance that gro ws smaller at least as fast as the square of the ected alue with nite total computational ork for all terms. eliev that this can done, indeed that it is straigh tforw ar d. ne ey will to pre- serv the orthogonalit noted ab in the estimators. nother is the asymptotic term consists of an an tisymm etric function er aged with resp ect to symmetric densit or the latter, and ccur with equal probabilit if can arrange pair of alks for whic the corresp onding pairs of alk er ositions and con erge to ard opp osite oin ts, sa and or the case considered here, this is ossible purely geometric means. In one dimension, one follo ws the random alk un til it touc hes the origin. utur steps can paired symmetrically ab out the origin suc paired alk ers con tribu te zero to our estimator. In more than one dimension, the same tec hnique can applied one dimension at time or with resp ect to series of orthogonal yp erpla nes fter eac rst passage crossing, future alks are re ected with resp ect to the plane ust crossed. fter crossing all ossible planes, the alk er are at and ote that this construction do es not dep end on the kno wledge of no dal surface for the function. It ould app ear, ho ev er, that linearization has een step bac kw ar d. If recall that the mirror oten tial, the essence of the bilinear equation, as in tro duced to cancel the gro wth of the symmetric comp onen of the distribution of alk er s, should not surpri sed that eeping only the linear part of the in tegral equation leads again to the issue of the gro wth of the same symmetric part. This pap er ene tted from con ers ations with yrus mrigar and hiw ei hang. The researc as supp orted in part the ational cience ound ation under ran o. The ornell Theory en ter is funded the F, ew ork tate, and ornell niv ersit arlson and alos, hiw ei hang and alos, alos, iu, alos, and hester, eynolds, arnett, ammond, rimes, and ester, r., eynolds, arnett, ammond, and ester, r., ar- nett, eynolds, and ester, r., arnett, eynolds, and ester, r., unge and unge, in ed. oll and ub ernatis orld cien ti c, unge,