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Abstract

These papers explore the role of stomata—the microscopic pores on the surfaces of higher plants. The stomata me
diate the exchanges of water vapor and carbon dioxide between the plant and its environment. We explored sto
matal spacing, the structural mechanics of the guard cell opening and closing, the transient and periodic behavior 
of stomatal movements, the nonlinear oscillations that occur under certain stress conditions, and the practical 
implications of these oscillations for plants, including on transpiration, assimilation, and water-use efficiency.
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THE INFLUENCE OF STOMATAL SPACING 
UPON DIFFUSION RATE

J. Robert Cooke

Introduction

The role of stomata in regulating the exchange of gases between 
plants and the plant environment has been vigorously studied for three- 
fourths of a century. Due to the considerable importance of this topic, 
research in this area will surely continue to increase. Kramer (1959). 
Zelitch (1963), and Waggoner and Zelitch (1965) may be consulted for a 
general review of stomatal research.

The classical work of Brown and Escombe (1900) has greatly in
fluenced subsequent research. The idea of treating the exchange of 
gases from the plant as diffusion through regions of various geometries 
of individually calculated resistance has been embellished in numerous 
papers. Although this procedure does not satisfy the continuity require
ments where regions are joined, reasonable approximations are obtained. 
Kelman (1963, 1965) has shown that the relative error in the flux estimate 
for a composite of an impervious, finite circular cylinder (with constant 
vapor pressure at one end) and a half space is less than 3.42 percent.

Brown and Escombe (1900) assumed that stomata more tl̂ an ten 
diameters apart had diffusion rates equivalent to "isolated" stomata. As 
early as 1910 the calculated diffusion rates, based upon independent be
havior, were known to exceed the rather considerable observable rates.
[ Meyer, Anderson, and Bohning, (I960) indicate that although the fully 
opeti stomata may account for perhaps less than one percent of the leaf 
area, the rate of water loss may be more than fifty percent of that for 
an equivalent area of exposed water surface. ]

Verduin (1949) has summarized the early attempts to determine 
the extent of mutual interference. More recently, Ting and Loomis (1963 
and 1965), Lee and Gates (1964), and Lee (1967) have continued these 
studies. Generally, stomatal diffusion has been simulated with the use 
of "multiperforate septa", i.e. , barriers impervious to the gas being 
used with holes corresponding to the stomata. More recently, Cook and Vis- 
kanta, (1968)have employed actual stomata to determine the extent of mutual 
interference. These studies have assigned a resistance to the inter
ference which will make predicted and experimental results agree.
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The objective of the paper will be to calculate the resistance attrib
utable to mutual interference. In other words, the reduction in the concen
tration gradient (hence, the diffusion rate) at a stoma due to the presence of 
other stomata in the same vicinity will be related to the relative stomatal 
spacing.

The response of sin "isolated stoma" will be briefly reviewed. P er
haps the most striking feature is that the diffusion is not strictly proportional 
to the area of the aperture. In other words, for a given vapor pressure dif
ference and diffusion coefficient, the diffusion rate for a single large opening 
will be less than the combined rate of several smaller, isolated openings of 
the same total area. More specifically, diffusion from a circular region 
(of zero depth) into a half space is proportional to the diameter (and perim
eter) of the region. The currently accepted opinion is that the thickness of 
a guard cell cannot be neglected in the calculations when the overall vapor 
pressure difference is considered. Cooke (1967) has pointed out that if the 
vapor pressure difference between the upper surface of an elliptic opening 
and the atmosphere is used, the diffusion rate can be expressed as a linear 
function of the perimeter if_ the eccentricity (related to the ratio of the axes) 
is constant. However, actual stomata do not follow this pattern when closing. 
If the major axis were to remain constant, the perimeter would not approach 
zero upon closing. Moreover, if the major axis does remain constant, the 
shape of the nonlinear diffusion curve as a function of stomatal width obtained 
by Cooke (1967) clearly resembles that found experimentally by Stalfelt (1932).

Prior to the consideration of the main problem in this paper, a sim 
pler, related problem will be reviewed. Bange (1953) and Cooke (1967) have 
indicated the nature of the equipotential surfaces for two-dimensional, inter
acting parallel strips on the edge of a half space. The electrostatic field 
for equally spaced coplanar, flat strips in a uniform electric field was solved 
by Lamb (1898). (See figure 1.) A similar result (figure 2) also appears in 
the text by Smythe (1968). The conformal mapping is accomplished by

W = sin-1 sin irz
2b

sin ira
2b

(1)

The gradient across the opening and the added resistance due to the distor
tion of the electric field will be given in graphical form when the three- 
dimensional case is considered. Consider, now, the three-dimensional 
case.
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Problem Formulation

The following idealizations will be made:

1. The transfer of gases will be treated as depending only- upon

where C is the vapor partial pressure and the diffusion co 
efficient is constant.

2. The gas passes through the stomata but not the cutin.
3. The stomata will be considered as circular for simplicity, 

although an elliptic shape would be more realistic.
4. The vapor pressure across the stomata is constant.
5. The stomata are uniformly spaced in a hexagonal manner 

and have the same, steady vapor partial pressure.

The rate of evaporation of water from a free surface will be taken 
as a reference. If this free surface is now covered (flush) by a thin mem
brane with hexagonally spaced circular holes, what will be the new diffusion 
rate? Specifically, the resistance will be related to the absolute spacing of 
the holes and to the size of the holes relative to the spacing distance. At 
distances half-way between the center of each stoma no horizontal diffusion 
will occur. Furthermore, an approximately circular-cylindrical, hypo
thetical barrier to diffusion can be considered as replacing the effect of 
the neighboring stomata in the hexagonal arrangement. The radius would 
be just half of the stomatal separation distance. Finally, rather than pre
scribing the vapor pressure (potential) a finite vertical distance from the 
center of the stoma, the analysis can be simplified if we assume instead 
that a uniform gradient is approached as the distance from the stoma in
creases. The following axisymmetric problem results. (See figure 3.)

diffusion as specified by Laplaces's equation.

V2 C = 0 (2)

0 < r < a ,  z^. 0 (2 )

C = C
o

0 < r < b < a ,  z = 0 (3)

b < r < a , (4)



( 6 )
l im d C

z  as c$ z = K, constant, 0 < r < a

Equation 2 subject to the given boundary conditions is rather diffi
cult to solve due to the mixed boundary conditions of equations 3 and 4. 
Laplace's equation is separable in circular cylindrical coordinates. How
ever, the conditions of equations 3 and 4 correspond to different portions 
of the same surface. Herein lies the major mathematical complexity.

A separation of variables of equation 2 indicates a solution of the 
following form.

C(r, z) = A0 + £  \  J0 (knr) e ‘ k»Z + B z (7)
n=l

The Bessel functions of the second kind may not be utilized since 
the potential must remain finite at r = 0. The sine and cosine terms are 
not appropriate since the z variation is not periodic. The positive expo
nential function may not appear since a finite-gradient for large z is re
quired. The Aq and B z terms appear since this special case involving 
J0 (kftr) has kg = 0 as a result of the boundary condition of equation 4. 
Obtain the partial derivative of equation 7 with respect to the z variable 
and apply the conditions of equations 3 and 4.

C0 = Ag + £  Ab J0 (k„r)e"k»Z , z = 0, 0 < r <b (8)
n=l

CO «

0 = B + £  Aa (-ka) J0 (ka r)e” " Z , z = 0 ,  b < r  <_& (9)
n=l

Equations 8 and 9 are dual Dini series to be solved simultaneously for the 
coefficients A -. As a result of recent mathematical research (Srivastav,

a
19^3 and Sneddon, 1966) these equations can be reduced to the solution of 
a non-singular, non-homogeneous Fredholm integral equation of the second 
kind.

A rather novel approach to this problem has been made by Smythe 
(1953). The potential gradient at z = 0 is assumed to correspond to that 
for an isolated disc for large values of the cylinder radius.
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In addition, the gradient over the entire z = 0, r <_a surface is assumed 
to be expressible as a series expansion with the first term being just that 
due to an isolated disc and truncating the series with the first term of the 
even power series. This approximation is then integrated over the region 
0 ^.r < b and set equal to the total flux. The remaining constant is selected 
by trial and error to optimize the fit of the remaining boundary conditions. 
The potential may be calculated from

C(r, z) Q
D it a8 E

n=l + z (10)

where ka a are the positive roots of Jj (kBa), D is the diffusion coefficient 
or the reciprocal of the resistivity and Q is the diffusion rate. The poten- 
tial at z = 0, r < b is taken as zero. The orthogonality properties of the 
Bessel functions were used to determine the coefficients A . .n

- l
A * =  A  *  ?  ( k . » ) [ t  -(t M

sin knb + 2 [“ ) *" (kBb)/ (ID

The resistance for a long cylinder of length c can be obtained from 
equation 10.

Q
_1
Dir a3 n=l

(12)

The first term corresponds to the resistance of a freely evaporating water 
surface; the second term corresponds to the increase in resistance as the 
surface is blocked (i. e . , as the stoma closes). Although the equation for 
the added resistance is valid for the entire range 0 < (b/a) < 1, large ratios 
actually never occur. In fact, a frequently cited maximum is b/a = .1.

12. The added resistance R (per stoma)may be computed from equation

A.
GO-E

R = -SSL
D ir aa (13)

However, £  An = -Xa, where ^is dependent only upon b/a. The added 
n=l

resistance then is a function of a and b/a.

Ra
X

D ir a
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The series in equation 13 is exceedingly slowly convergent. One 
hundred terms for b/a > .10, 500 terms for b/a = . 05, and 1000 terms 
for b/a = .01 were required. Even then, parentheses were inserted in 
the convergent series (Apostol, 1957) to group separately the consecutive 
positive and negative terms to produce an alternating series. Then the 
Euler transformation (Hildebrand, 1956) was used to accelerate conver
gence. The results are shown in figure 4. Clearly, the diffusion rate 
of an open body of water is only minimally reduced by a "multiperforate 
septum" for large b/a. Indeed, only when the relative spacing ratio is 
of the order of that found in plants is there a prominent change in the 
resistance. The relative effect of this change can only be determined 
when all other resistances have been taken into account. However, the 
interference can now be separated from all other possible external re
sistances. Consequently, the question of the validity of the term "in
terference" (Lee, 1967) can be tested.

Figure 5 shows the normalized variation of the gradient across 
the stoma in the circular case. The curves have been normalized to 
unity at the center for each b /a  and the stoma radius has been norma
lized to a common value for comparison purposes. The b/a -  .1 case 
and the "isolated" case are indistinguishable with the scale used. As 
the b/a ratio increases, the gradient approaches a constant, uniform 
value.

Figures 6 and 7 are included to permit a qualitative comparison 
with the two-dimensional case. The resistance in figure 6 has the same 
general features as the corresponding curve for the circular case, but 
the relative increase is more pronounced for small width ratios. Fin
ally, figures 7 and 5 are very similar qualitatively for the two-and three- 
dimensional cases.

Discussion

The preceding examination of mutual interference was based 
upon the assumption that the gaseous exchanges under consideration 
are by diffusion. Furthermore, the stomata were considered to be c ir 
cular, and the length c of the diffusion column was assumed to be larger 
than the cylinder radius. These restrictions can be relaxed. For ex
ample, the elliptic case can be formulated in elliptic cylinder coordi
nates and an approximate solution using the approach of Smythe (1953) 
should be possible. The mathematical apparatus for obtaining the exact 
solution to mixed boundary value problems involving dual series of 
Mathieu functions is not presently available. Also, the .problem is not 
axisymmetric. The restriction on cylinder length can certainly be re
moved also.
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Snmmary and Conclusions

The very large diffusion rates from plants can best be appreciated 
by an understanding of the equipotential and streamline surfaces. These 
surfaces change when stomata are "close" together; the diffusion is nece
ssarily related to these changes. The gaseous diffusion above the stomata 
is characterized as a mixed boundary value problem. If the absolute spac
ing of the stomata is assumed to be fixed, the ability of stomata to appre
ciably control the diffusion rate clearly would not extend to relative spac
ing ratios much larger than those which naturally occur in many plants.
On the other hand, in the region of rapidly increasing resistance (small 
b/a) the actual change in diffusion rate will depend upon the magnitude of 
other resistances involved. If c is large, the stomata will have little con
trol except at very small relative spacing. On the other hand, a small 
value of c will permit a large degree of control of diffusion rate by the 
stomata. Hopefully, the stomatal diffusion rate may now.be related to 
free surface evaporation and the magnitude of the added resistance attrib
utable to interference may be calculated.
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INTRODUCTION

Photosynthesis and transpiration are, to a large extent, controlled by 
stomata, the tiny, variable aperture pores on the surface of higher land 

plants; these stomata are especially prevalent on leaves. Virtually all of 
the carbon assimilated by higher land plants during the photosynthetic p r o

cess enters the plant through the stomata. Furthermore, most of the water 
reaching the ground as precipitation, or supplied by irrigation, passes out 
of the plant through these pores. Thus a stomatal configuration most favor

able for entry of carbon dioxide into the plant is simultaneously unfavorable 
for the water status of the plant. The role of stomates in mediating the 
balance between photosynthesis and transpiration is profoundly important in 

crop production and has continued as an active, vital area of research for 

more than 125 years.

There are two principal types of stomates - the long, narrow graminaceous 

type found in grasses (e.g., c o m )  and the elliptical or kidney-shaped type 
typical, for example, of beans. We will present an analysis of the mechanical 
deformations of this latter class and will describe the response of the guard 

cells (which form the pore) to changes in both internal pressure of the guard 

cells and in the specialized epidermal cells surrounding the guard cells. We 
will also critically examine the classical hypotheses of the mechanism of 

guard cell movement.

Recently, classical beam theory analyses of guard cell deformations have 
been attempted to validate the classical hypotheses concerning stomatal 
opening. However, the advent of a significantly more powerful and sophisti

cated tool of analysis for the study of doubly curved, doubly connected 
shells such as the guard cells - the finite element method - and the availa
bility of large, general purpose digital computers, have made possible a 
more realistic treatment of the guard cell problem.

SYNOPSIS

In this paper the width of the stomatal aperture, as postulated by von

Mohl in 1856, is shown to be a function of the hydrostatic (turgor) pressure
in the guard cells, Pg , and the pressure, P g , of the immediately surrounding

epidermal cells, which will be referred to as the subsidiary cells in this

paper. The aperture does not depend solely upon the pressure difference
(Pg-P ) as believed by Ursprung and Blum (1924) and St&lfelt (1966). Instead,

aperture width is shown to be a simple multilinear relationship (i.e., a

linear combination) of P and P . The recent research by Glinka (1971) and

Edwards, Meidner and Sheriff (1§76), showing the relative contributions of the
opposing pressures P and P , is, thus, given a simple and lucid interpretation.§ s

The analysis of a guard cell as an elliptical torus shows that a 
stomate could function without either of the two conditions classically b e
lieved to be essential (Meyer, et al., 1960, p. 84; Meidner and Mansfield,
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1968, pp. 14-17; Bidwell, 1974, p. 298). The "thickened wall" (ventral wall) 

of the guard cell facing the aperture need not necessarily be stiffer than 
the dorsal wall common to the adjacent epidermal cell for the proper function

ing of a stomate. The radially oriented cellulose microfibrils in the guard 

cell wall are not vital but are important for quite different reasons than 
claimed by Aylor et al. (1973). Consideration of the radial stiffening by 
means of the introduction of a mechanically equivalent orthogonally anisotropic 

(i.e., orthotropic) material causes the aperture width to be more sensitive 
to a unit increment in P than to a unit increment in P (for parameters of 
physical interest). T h e Sguard cell volume, however, is^smaller than the 

adjacent cell volume and P is believed to be larger than P , in general. We 
conjecture that this increased sensitivity for the subsidiary cell (i.e., 

closing) pressure is important for the functioning of the feedback control 
loops regulating the aperture width. We define an antagonism ratio to 

characterize this property. The pore length in the model is shown to be 
surprisingly constant during opening, as is reported for many species 
(Meidner and Mansfield, 1968, p. 12).

The guard cell is generally believed to bulge into the neighboring 

epidermal cell upon opening (Meidner and Mansfield, 1968, p. 15). However, 
the shell model suggests that the outermost portion of the guard cell at the 
widest point (and not visible in an in vivo situation) actually moves away 
from the neighboring cell. The approximate point at which the exposed surface 
of the epidermal cell joins the guard cell exhibits only limited motion.
Note that there are especially thin regions here in the epidermal cell 

thought to behave as hinges (Hautgelenke). Even when the extreme, unphysiolo- 
gical case of a fixed aperture length is imposed, the outermost perimeter 

moves away from the adjacent cell. If the epidermis is opaque, the vi e w  from 
outside the leaf suggests that the guard cell "bulges" into the neighboring 
cell, as claimed in the classical hypothesis, provided the stiffening effect 
of the micellae is sufficiently prominent and provided the guard cell pressure 

is significantly larger than the epidermal cell pressure.

The opposing influence of the turgor pressure in the guard cells and in 

the adjacent epidermal cells is shown to be an inherent part of the stomatal 
mechanism (von Mohl, 1856). Pressure influence coefficients for the guard 
cell are defined and related to parameter changes, e.g., material and thickness.

The multilinear relationship of aperture width to the opposing turgor 

pressures was found and revealed that pore width does not depend solely on 
the pressure difference between the guard cell and the adjacent epidermal 
cell. Finally, the theory developed is shown to embrace and to clarify the 
experimental results of Glinka's plasmolytic study (1971) and the direct 
method of Edwards, Meidner and Sheriff (1976).

LITERATURE REVIEW

The literature on stomata is voluminous. In addition to the papers 
already mentioned, the following general reviews are particularly useful 
here: Heath, 1959a, b; Kramer, 1959; von Guttenberg, 1959; Esau, 1965;

Slatyer, 1967; Meidner and Mansfield, 1968; Raschke, 1975. There is great 
variety in the geometrical and physical characteristics of stomates, such 

as size, shape, and surface density. Meidner and Mansfield (1968) have 
tabulated data on numerous species. For example, the widely studied Vicia faba
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has approximately 65 and 75 stomates per mm an the lower and upper leaf 
surfaces, respectively. The overall stomatal apparatus viewed from outside 

the leaf is approximately 40 x 30 microns when open and 40 x 23 microns when 
closed. The guard cell dimensions (exclusive of the aperture) are approxi

mately 40 x 9 microns when open and 40 x 11 microns closed. The pore length 
stays constant at 25 microns and the pore width changes from approximately 
1 to 12 microns. The enclosed volume of a pair of guard cells is on the 
order of 10“̂  liters (Raschke, 1975). In the present study we shall abstract 

a "generic” stomate, rather than concentrate on the details of any particular 
species.

Figure 1 shows a scanning electron microscope view of the stomates on 
the lower surface of a cucumber leaf (Troughton and Donaldson, 1972).
Figure 2, taken from the same publication, shows greater detail for a fully 
open pair of guard cells.

The gradient in water potential, of which hydrostatic pressure is one 

component, governs the movement of water into the guard and epidermal cells. 
Heath (1959a) presents photographs which indicate that the release of guard 
cell turgor pressure causes aperture closure while the release of the pressure 
in the adjacent epidermal ceil causes further opening. In this study we 
shall be concerned only with stomatal opening in relation to the hydrostatic 
pressure of the cells and not with the physical or biochemical considerations 
governing the movement of water, ions or solutes into the guard cell.

Three teams of investigators have recently reported analyses of 
stomatal deformations (Aylor, Parlange and Krikorian, 1973, 1975; DeMichele 

and Sharpe, 1973, 1974; Shoemaker and Srivastava, 1973). All three groups 
model the guard cell as a B e m o u l l i - E u i e r  beam. These models differ with 

regard to both assumed loading conditions and boundary conditions.

Aylor et al. assume the bending moment is proportional to the beam 
displacement and thereby model stomatal opening by beam buckling. DeMichele 

and Sharpe apparently take the bending moment to be constant along the length 
of the beam and, thus, appear to be modelling the case of pure bending. 
Shoemaker and Srivastava assume the bending moment to vary with the distance 
along the beam. In fact, they consider only half of a guard cell, and 
additionally require the displaced neutral axis to be symmetric about the 
middle cross-section of the beam. This requires that the slope and the shear 

force vanish at the beam's midpoint, but does not require that the bending 
moment vanish there, a condition which they apply, however.

Consider the choices of boundary conditions. Aylor et al. assume hinged 

supports for their beam model. This assumption yields zero displacements of 
the neutral axis (along the beam axis as well as perpendicular to the beam 

axis) at the ends of the guard cells, but allows rotations at the points 

where the cells join. In other words, the common surfaces at the ends of a 

guard cell pair are not required to remain in contact at all points. The 

rotations produce overlaps and gaps.

DeMichele and Sharpe adopt a curved beam model without employing curved 
beam theory. They assume that the neutral axis coincides with the concave 

surface of the beam. This assumption, as they indicate, is inconsistent with 
the use of the straight beam equation. Further, they do not discuss boundary

- 3-



Figure 1. Scanning electron microscope view by Troughton and Donaldson 
of stomata on lower surface of a cucumber lea f (reproduced 
by permission of John Troughton).
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Figure 2. Closeup view of cucumber stomate by Troughton and Donaldson 
(reproduced by permission of John Tro u g h t o n ) .
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conditions, but are apparently modelling a pure bending situation and thus 
are permitting rotations at the ends of the beam. Such rotations, as d i s
cussed above, would result in a gap at the commort surfaces at the ends of 
the guard cells. Shoemaker and Srivastava set the displacement and the 
slope at the ends of the guard cell equal to zero.

Beam theory is based on the assumption.that one of the three dimensions 

of a beam is large in comparison to the two remaining ones. The geometry 
of the stomate presents a guard cell which is only 3 to 4 times longer than 
it is wide or deep. Moreover, the value of the modulus of elasticity 

entering the beam equations refers only to the direction along the length 
of the beam. Hence, it seems appropriate to model the guard cells as 

orthotropic shells rather than beams.

The theory of elastic shells (Novozhilov, 1959) m ay be considered as a 
special case of the theory of elasticity, valid for elastic bodies which are 
surface-like in shape (i.e., which have relatively small thickness in c o m
parison to their other dimensions). There are many different shell theories, 

most of which may be classified according to the following assumptions: a)
Linear versus nonlinear. The linear theory assumes that the deflections 

are small compared with the shell's thickness. This type of nonlinearity is 
called geometric. Another type of nonlinearity stems from nonlinear elastic 

material properties, b) Thin versus thick. Thin shell theory assumes that 
the local thickness is small compared with the local (minimum) radius of 
curvature of the shell's middle surface, c) Membrane versus bending. The 

membrane theory assumes either that the shell has small bending stiffness 
(e.g., is ver y  thin) or that.it is in a moment-free state of stress. Moreover, 
elastic shell theories m a y  be classified as isotropic, orthotropic, or aniso
tropic depending upon which version.of Hooke's Law they utilize.

Aylor et.al. (1973) state that stomatal -opening requires the presence of 

radially arranged cellulose microfibrils and their model depends upon c o n
straints on the length of-the stomatal.system, although neither the mechanical 

nor anatomical basis for the latter requirement in elliptical stomates is p r e

sented. They point out that the DeMichele and Sharpe.model necessarily 
requires a changing pore length. Aylor et al. also conclude that the ventral 
wall need not.be thicker than the dorsal wall for stomatal opening, but rather, 
it is a.hindrance. The following analysis concurs with this view; but, it 
also indicates that radial micellation is not necessary and, in a sense, may 

also be considered a hindrance. However, the micellation, as will be d e
tailed below, -does produce a more favorable relationship for the opposing 

effects of guard cell and subsidiary cell pressures, especially for thin walls. 

If the balloon model of Aylor et.al. had included thicker walls (in relation 
to the cross section of the guard c e l l ) , had completely eliminated end r o

tations, and had used a different (unstressed) initial configuration, perhaps 

less importance would have been assigned to micellae in determing pore size. 
DeMichele and Sharpe (1973) and Shoemaker and Srivas t a v a . (1973) included the 

effect of subsidiary cell influence while Aylor et al. (1973) did not. The 
shell model presented below also reveals that subsidiary cell pressure has a 
significant influence on the functioning of the stomate and on the shape of 

the d e f o r m e d .cross section, especially when the wall is thin.
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FORMULATION OF ELASTIC SHELL MODEL

We shall n o w  formulate a generic model of the elliptic-shaped guard cell 
which embodies the minimal biological detail necessary for an adequate re p r e

sentation of stomatal deformations. Figure 3 shows the assumed initial unstrained 
configuration of the middle surface of the generic model of two guard cells.
The middle surface of the shell is located halfway between the inner and outer 

surfaces of the (variable thickness) guard cell wall. The shape is constructed 
by revolving an ellipse (the generatrix) oriented perpendicular to the surface 

of the leaf, about an ellipse (the directrix) located in the plane of the leaf.

The Intersection of the ellipses, shown in Figure 3, is always orthogonal.
Figure 4 shows one of the guard cells of Figure 3. Elliptic plates are included 

in each end of the shell and are shown shaded in Figure 4.. The existence of 
such a common internal wall is inferred from Heath (1959a, b) who has shown 
that the two cells can be caused to act independently (by.rupturing either 

a guard cell or a subsidiary cell).

T he shape of the undeformed shell is uniquely defined (see Figure 5) by 

the parameters A, B, C, and D which specify the four semi-axes of the el
lipses. Two orthogonal curvilinear coordinate.systems are required in the 
analysis - one for the elliptical torus and another one for the elliptical 

plate at each end of a guard cell.

The geometry of the middle surface of the curved portion of the shell 
(i.e., excluding the flat plate at the end) is defined by the following e x
pressions for the Cartesian coordinates, x, y r z of any point on the middle

z = D cos <j>

where 0 <_ 8 <_ ir/2 and -tt/2 <_<)><_ ir/2.

coordinates,

-e-*\
C

D

2 - 1 / 2 1
9)2 ] j (la)

2 - 1/2 'Ieri j (lb)

(1c)

The origin 0 of the xyz coordinate system coincides with the centroid 

of the pore. The theta coordinate locates the point of intersection of an 
elliptical cross section of the guard cell and the ellipse which forms the 
pore. The phi coordinate locates the position on the elliptical cross 

section. More specifically, phi locates the asymptote of a member of a 
system of confocal hyperbolas. (See Moon and Spencer, 1961, p. 204). Any 

point on the curved (middle) surface of Figure 6 is uniquely specified by 
the (0,<j>) coordinates. The constant 0 curves are elliptical and the 
constant <j> curves are "elliptic-like" curves which correspond to constant 
elevation curves on the undeformed shell.

A  different curvilinear coordinate system is used for the elliptic plates.
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Figure 4. Perspective drawing of a single guard cell.
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It is defined as follows:

x' = a cosh n sin $ (2a)

y* = a sinh n cos $ (2b)

where n n  <  n ■ <_ 0, 0 <_$><_ i t .  The eta coordinate ranges over negative
values in order to enable the coupling of the displacements of the plate 
and the shell at common node points, i .e . ,  to obtain-a common direction 
for positive displacements. One half of the interfocal distance, a, 
is related to the constants C and D in equation 1 as follows!

a = CT / cosh [tanh-1 (D/C)] (3)

Constant eta curves form.a system of confocal ellipses. The n = tu 
curve coincides with the 0 = ir/2 curve. The degenerate ellipse n = 0 
is the straight line connecting the two foci. The $ and <|> coordinates 
coincide when 6 = -rr/2.

This geometry was used in the fin ite  element shell program developed 
at Cornell University by Thomas and Gallagher (1975), and subsequently 
extended by Kanodia (1976) and Mang, Kanodia and CV.ll3gher (1976). The 
shell program uses linear bending theory for thin orthotropic shells.

The fin ite  element method is a powerful numerical technique for 
obtaining-approximate solutions to systems of partial differential 
equations,.particularly for problems in .engineering and mathematical 
physics (Gallagher, 1975; Cook, 1974; Huebner, 1975; Segerlind, 1976); 
its  popularity and effectiveness is.dependent upon the "large size" of 
the general-purpose, d igital computers. The ease with which non- 
homogeneous, non-isotropic conditions (which are so prevalent in 
biology) can be treated is striking. Another attractive characteristic 
is that once fu lly  tested and documented programs have been developed, 
a wide range of problems can be solved with very minimal programming by 
the user. On the other hand, the present lia b ilitie s  of the method 
include the "massive input and output" of data.and-the requirement for 
a "large" computer.

An IBM 370/168 computer was utilized in the present study; a 
conversational time sharing system (Conversational Monitor System) 

was used to run a.virtual machine under the Virtual Machine F acility  
operating system. The solution for each set of.parameters involved the 
computation of an array of 115,000 double precision numbers which rep
resent 695 simultaneous linear, algebraic equations with a semiband 
width of 157. A total processing time (CPU) of 2 minutes and 17 
seconds was required to run the EORTGI compiled modules in the virtual 
machine using an available memory of 1.5 megabytes.

One .of-the f ir s t  surveys of fin ite  '.element representations for
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thin-shell analysis was published by Gallagher (1969). A significant number 
of other surveys, including the ones by Dawe (1971), Forsberg and Hartung
(1971), Bushnell (1974) and Gallagher (1975), have since appeared. More: 
recently, a book, edited by Ashwell and Gallagher (1976), devoted exclusively 
to the topic of fin ite  elements for thin shells and curved members, has been 
published.

There are three distinct modes of fin ite  element representation of thin 
shell structures: (a) f la t  fin ite  elements, based on the theory of thin
plates, yielding 'faceted' - type models of shells, (b) curved fin ite  elements, 
formulated on the basis of nonshallow and shallow, respectively, thin-shell 
theory and (c) three-dimensional (solid) fin ite  elements, formulated on the 
basis of three-dimensional theory of e la sticity  (Gallagher, 1976).

The aforementioned fin ite  element shell computer program was developed 
along the lines of nonshallow thin-shell theory (mode (b)), using a formu
lation based on assumed displacement fields for the individual fin ite  
elements (Thomas and Gallagher, 1976). In general, the advantages of mode (b) 
of fin ite  element representation of thin shell structures over modes (a) and
(c) exceed its  disadvantages.

The success of this approach depends on the degree of satisfaction of the 
requirements of: (a) zero strain energy under rigid body motion of the shell,
(b) inclusion of states of deformation yielding constant strain, (c) inter
element continuity of displacements and slopes (C* continuity) (Gallagher, 
1976). In general, i t  is  impossible to satisfy a ll three requirements.

For the present ease, C'*’ continuity is satisfied exactly. The other 
two requirements are not met. However, the choice of cubic polynomials as 
displacement functions often enables approximate satisfaction of the require
ments (a) and (b). The quality of the approximation increases with the 
refinement of the fin ite  element mesh.

Discretization of the guard cell

The fin ite  element method is based upon the ..judicious subdivision of a 
given domain into a number of subdomains - the individual fin ite  elements.
Simple approximations are made for the states of deformation within the 
individual fin ite  elements. After forming so-called stiffness matrices for 
the individual elements, these matrices are placed into the global stiffness  
matrix. This procedure is termed the assemblage of the fin ite  elements. There
after, appropriate boundary and interelement continuity conditions are speci
fied.

The assemblage of doubly-curved triangular fin ite  elements shown in 
Figure 6 was employed for the analysis. The size of.the elements was re
duced in the regions of large in itia l curvature and.the arc lengths of the 
three edges of the elements were chosen to be approximately equal.

As an aid in the further elaboration of the coordinate systems used, 
refer to the numbered points (1-280) on the orthographic projection of the 
shell (Figure 7). The curves 0 = constant appear as straight lines in the 
direction of the micellae. The line bounded by nodes 1 and 265 corresponds 
to 8 = 0 and the line terminated by nodes 9 and . 279 corresponds to 0 = -rr/2.
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Figure 6. Discretization used for one-fourth of a guard cell (perspective view)





The ellipse-like curves correspond to curves <f> = constants- The curves te r m i
nating at nodes 1 and 9, 111 and 125, and 265 and 279 correspond to 4> = -ir/2,

0, tt/2, respectively.

For the elliptic plate the constant n curves constitute a set of confocal 
ellipses whereas the constant $ curves form a set of confocal hyperbolas. The 
lines joining nodes 10 to 42 and 232 to 280 correspond to $ = 0, and $ = ir, 

respectively. . Nodes 42 and 232 are connected.by a  degenerate ellipse. Nodes 
42 and 232 were initially selected to coincide with the foci. Subsequently, 
however, an ellipse with h slightly different than zero was chosen in order 

to circumvent numerical problems stemming from singularities associated with 
the foci.

The nodal numbering scheme shown in Figure 7 was chosen to keep as small 
as possible the bandwidth of the system of linear algebraic equations to be 

solved. In this context, note that the computer time required for the solu
tion of the system of simultaneous equations is approximately proportional to 

the square of the bandwidth.

As shown in Figure 8, each element has seven.nodes - one at each vertex, 
one at each mid-side and one at the centroid. Each vertex node has nine 
degrees of freedom or unknowns - 3 orthogonal com p o n e n t s .of the displacement 

vector (u, v, w ) , one of which, w, coincides with t h e d i r e c t i o n  of the normal 
to the surface; and partial derivatives of these displacements with respect 
to the two orthogonal curvilinear coordinates. The other two components of 
the displacement vector, u  and v, are located in a plane tangential to the 
middle surface of the shell, u  is tangent to a parametric line <J> = constant, 
while v is tangent to a parametric line 6 = constant. The remaining unknowns, 
that is, the three orthogonal components of displacement, specified at the 
centroid of the element as well as the so-called Lagrangian multipliers, 

associated with mid-side node points and representing average normal bending 
moments, serve the purpose of improving the performance of the finite element 
(Mang and Gallagher, 1976). The element numbers, arbitrarily assigned to 

the individual elements, are circled in Figure 7.

Boundary conditions

Since the state of deformation of the shell is symmetric with respect 
to the boundary lines -shown in Figure 7, symmetry conditions have been 

specified for the vertex nodes located on these lines. Thus, for the 
vertex nodes situated on the symmetry lines 0 = 0 and 6 = tt/2, the following 
degrees of freedom were set equal to zero: u, 9u/3<j>, 3v/30, 3w/90. Similarly,

for the vertex nodes located on symmetry lines <f> = -tt/ 2 and <f> = tt/2 , 3u/3<j>, 
v, 9v/90 and 3w/9<f> were set equal to zero.

Since the elliptic plate at the end (0 = tt/ 2 )  does not protrude into 
either of the guard cells in the pair, the transverse displacement of the 
plate, w, was set equal to.zero. However, the plate was allowed to stretch, 

thereby providing some elastic constraint to the motion of the shell in 
the plane of the plate. The components of the displacement vector at the p e r i

meter of the plate were set equal to the appropriate components of the d i s
placement vector of the shell. Since the plate was not prevented from 
moving in its.own plane, the stomatal pore could assume a length consistent 
with the elastic behavior of the entire shell.
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Figure 8. A  typical doubly-curved triangular shell element. The partial 

derivatives of the displacement components are not shown.



Shell thickness

The shell thickness was specified at each of the vertex nodes. The thick

ness was assumed to vary linearly with 0 and <j> within an element of the finite 
element mesh. In addition to the assumption of a thin shell, the wall thickness 
in the vicinity of 0 = tt/ 2 , 4) = -tt/2 was limited to prevent overlap with the 
mirror image portion of the shell for certain values of the assumed initial con

figuration (i.e., A  and B, see Figure 5).

Pressure loads

The hydrostatic pressure inside the guard cell was assumed to act uniformly 

and normal to the middle surface of the shell at every point (see Figure 13).

Due to symmetry at the elliptic plate, an equal and opposite pressure was 
assumed (i.e., the net pressure was taken as zero). The adjacent epidermal cell 

was assumed to provide a uniform pressure load around the entire outer perimeter 
of the guard cell. The net pressure in that region (<)> = tt/2 to it/ 6) was used 
as the pressure load. To avoid an abrupt change in loading, the pressure d i f

ference was tapered to the top of the guard cell (<j> = tt/6 to 0).

Although the net pressure loading on the shell is .assumed to act as the 
hypothetical middle surface (of zero thickness), a "mechanical advantage" for 

the subsidiary cell was found. This effect is still present when the opposing 
pressures act on'the middle surface. The explanation is.a matter of shell 
geometry and material properties and of the portions of the shell on which the 

pressures are applied.

No other influence of the adjacent cells was included. As mentioned 

earlier, there appear to be hinge-like connections between the guard cell and 

the adjacent epidermal cells (Meidner and Mansfield, 1968) which have not been 
considered in this model. The computed deformation in all cases considered 
showed minimal displacement in the plane of the leaf in the vicinity of the 
epidermis, thereby providing additional justification for the assumption.

This result, is also intuitively satisfying, since the stomate would be 
able to open and close with ver y  little mechanical disturbance to the rest 

of the leaf.

NUMERICAL EXPERIMENTS

In the absence of reliable experimental parameters for the model, e.g., 

moduli of elasticity, Poisson's ratios and thickness, we are limited to an 
examination of trends. Nevertheless, some rather important n e w  perspectives 
can be added to the hypotheses concerning stomatal mechanics. In particular, 

we shall comment upon the influence of guard cell geometry, wall thickness, mice- 

alle, guard cell and subsidiary cell pressures and the cell walls where the 
guard cells of a pair join. In order to be able to comment upon a hypothetical 

constraint on pore length, that condition was also included in some cases.

1, Guard.cell geometry. If an isotropic circular torus is considered, 

(i.e., if A  - B, C = D) and if v = 0.39 and P g = 0, we find that the circular 
pore decreases in size when P is increased unless B/C > 1.77, e.g., if a 
"hula-hoop" like configuration is assumed. (See Appendix B.) Having the pore 

open under drought (high water stress conditions.) is, of course, unacceptable
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and is also contrary to what has been reported in the literature. The turgor 
operated valve, i .e . ,  the stomate, is  an example of a normally-closed, fa il-sa fe  
valve. The geometry of the stomate is an important factor of its  operation.

The cross-sectional geometry of the guard cell is also important. If the 
in itia l configuration of the cross-section is circular or e llip tica l with the 
major axis in the direction perpendicular to the leaf (rather than with the 
minor axis perpendicular to the le a f), changes in cell volume and pore size 
depend more heavily upon cell wall stretching than upon shape changes.

2. Guard cell wall thickness. Figure 9 shows the deformed shape of a 
guard c e ll, the in itia l configuration of which is that given in Figure 3. The 
ce ll wall has a uniform thickness (which extends equal distances on each side 
of the surface depicted). For reasonable estimates of the parameters, the 
guard cell does open; unequal thickening of the dorsal and ventral walls is  
not required. The predicted deformations may be compared to the ones for the 
fu lly  opened cucumber stomate cases. (See Figure 10 also.) The surface of the 
guard cell has bulged upward, i . e . ,  out of the plane of the leaf. At each end 
of the aperture the bulge has been diminished by the presence of the " e llip tic  
plate" where the two guard cells  join. Finally, the wall of the guard cell 
along the side (0 = 0, <J> = tt/2) (cf. Figure 9) bends towards the interior of 
the guard cell - rather than into the adjacent c e ll. The corresponding motion, 
of course, is not visib le  in Figure 2.

Raschke (1975) has noted that according to measurements in epidermal 
strips, the width and depth of guard cells  in Vicia faba and the length of 
the stomatal apparatus change very l i t t l e .  Meidner and Mansfield (1968, p. 12) 
have stated that "the overall width of stomata.increases as they open, but the 
width of individual guard cells changes only in some stomata; frequently, when 
i t  does, the maximum width is attained when the pore is  about half open, de
creasing towards its  original width with further opening. Reliable measurements 
of the changes in depth of stomata during, the opening and closing process are 
not available-but these changes must presumably occur when the guard-cell volume 
changes without appreciable changes in the length and width." The out-of-plane 
motion was always present in the calculations and deserves further experimental 
study.

Whether the guard ce ll has been observed to .’.’bulge" into the epidermal cells  
or whether this motion is just an inference from the thick-wall hypothesis is  
not clear from the literature (e.g., Meidner and Mansfield, p. 15). In a ll  
cases computed by us, the wall at 0 = 0, <j> = tt/2-moved away from the subsidiary 
ce ll when either P or P was increased. The stomate model, when viewed normal 
to the plane of the leaf, has the appearance depicted by the orthographic view 
of Figure 11. The dashed lines depict the in itia l configuration for the pore 
(<j> = - tt/ 2J, the outermost perimeter of the guard c e l l - ($ ~~-+ir/2) and the ap
proximate, location of the attachment of the epidermal cell to the guard cell  
(<J> = tt/6) ; the solid lines show the corresponding deformed configuration when 
P_ = 6 x 1()5 Pa and P = 1 x 10.5 pa> [Note: 10̂  Pascals = 1  bar; 1 yn/(ijm)2 =
10 bars.] Observe that the lateral motion at the.approximate-juncture of the 
guard c e ll and epidermis was virtu ally zero. Howeverr. i f  one could see through 
the epidermis, the outer perimeter at 0 = 0 would-be seen to bulge towards the 
interior of the guard c e ll. The bulge would be even more pronounced i f  the 
dorsal wall common to the two types of cells is-thinner than the ventral wall 
at the pore. While a thin-dorsal wall may fa c ilita te  transport between the
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Figure 11. Orthographic projections of the undeformed (dashed lines) 
and deformed (solid lines) stomate.
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subsidiary and.guard.cells and.a,thick (cutinized)--ventral wall may serve to 

protect the guard cell (e.g., from water vapor loss.through the wall to the 

atmosphere or from entry of liquid water into the stomatal cavity) the variable 
wall thickness does not appear to relate directly to the structural requirements 
for opening. Indeed, the deformed cross section corresponding to a uniformly 

thick (2 ym) shell (see Figure 11 bottom) is noticeably more realistic than it 
would be for the undeformed cross s ectionof Figure 13^. In this latter case the 
deformation of the thin portion of the shell becomes excessive.

The variable wall thickness of Figure 13 is 2 ym at-the pore (on the left 
<|> = -tt/ 2), increases to 3 ym at the lip ($ = -tt/6) and eventually decreases to
1 y m  at the epidermal cell (4> = tt/6 to <j> = 0). The aperture width as a function 

of P and P was virtually unchanged compared to a uniform wall thickness of
2 ym? s

Comparison of two uniformly thick walls o f -2 ym and 0.5 ym reveals that 

membrane action predominates when the wall becomes too thin and the desired 

sensitivity of pore width to P g is lost.

Figure 12 shows the deformed case (solid lines) for the uniformly thick 
2 ym shell superimposed on the undeformed case (dashed l i n e s ) . The aperture 
has experienced virtually no.change in length, although it has been free to 

change as dictated by the motion of the rest of the shell. As discussed in 
the following, the small increase or decrease in the length of the aperture 
depends.upon the parameters used. The cross-sectional changes are apparent, 
as is the change in aperture width. The cross-section of the elliptic plate 

changes only slightly.

3. Micellae-(radial stiffening). The effect of the micellae was 

modelled by assuming orthogonally anisotropic (orthotropic) elastic properties 
of the shell material. The force required to stretch a square section over a 

unit distance would be muc h  greater in the direction of the micellae than 
perpendicular to the orientation of the micellae.. Rather than two independent 

elastic constants (e.g., Young's modulus, E, and Poisson's ratio, v) we now 
have three - that is, Young's modulus perpendicular to the micellae, E ; 
Young's modulus in the direction of the micellae, E ; and Poisson's ratio in 
the direction of the micellae, v,. [The two other typical constants, v and 
G Q ,, m ay be obtained from the three specified ones (Huber, 1925; Lekhnitskii, 
life.] we used G e + - Cl/2) CBbE4) W  [1- (v„u J  and = E ^  .

0 <j) e ' <j> e <t>J '0 <}> 4> 0

Consider for example, a shell with cross section of Figure 13 for which 

Eg and P are held constant. Then an increase in E (micellae stiffness) will 
require a larger P to achieve a given aperture width W. Moreover, the ratio 

of the sensitivity^of the aperture width to P and P (i.e., a /a of equation 

4 below) is changed from -.97 to -1.51 and t o 4 S -l'.91 Is the E /§ ® ratio changes 
from 1:1 to 5:1 and to 10:1. Therefore, increasing the strengthening effect of 

the micellae has the effect that a unit increase in P causes a relatively 

larger decrease in aperture than the increase in aperfure caused by a unit in
crease in P . We conjecture that this characteristic m ay be especially important 
in the p r o p i r .functioning of the stomate as a turgor actuated valve in the water 
and carbon dioxide level control systems.

4. Pore width related to turgor pressures P and P . As a direct conse
quence of the assumed linearity of the analysis, each friedom at a vertex node
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F igure 12. Comparison of deformed (solid) and undeformed (dashed) guard cells.
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can be represented as a linear combination (multilinear function) of P and 

P . For example, the transverse component of the displacement vector It node 

i is obtained as

w. = a P + a P 
i g g s s

(4)

where a and a are influence coefficients which can be found from two

es. Agreement with this multilinear relationship was verified for 
each degree of freedom at the vertex nodes (Snedecor and Cochran, 1967, ch. 
13). The computed values for three different load cases were used in the 
standard least squares analyses and the regression values were found to agree 

with the results for the two additional load cases used.

Since the multilinear relationship has been validated, the influence coef
ficients may be conveniently obtained without the use of the regression tech
nique by simply choosing unit pressure loads in two load cases in the finite 

element analysis, i.e., (P ,Pg) = (1,0) and (0,1). The w^ axis intercept 

is zero, since w must be zlro when both P and P are zero. The signs of 
a and a m a y  be positive or negative. A§ a special case of equation 4, 

c§nsiderSnode 1. In this case, w^ is just the increase in the half width of 
the pore; a positive w^ implies a wider aperture.

There are three important consequences of this observation. First, a set 
of coefficients (a , a ) for each node may be found. The deformed shape 
of the guard cell ^is sthen easily obtained for any P , P combination (for 
the prescribed set of pa r a m e t e r s ) . Second, these coefficients may be used to 

summarize and to study the influence of changes in the various parameters, 
(See Table 1, Pressure Influence Coefficients for Selected 

A  detailed discussion will be presented below. In passing,

such as E /E . 
Displacements.)

however, we note that the tabulated results may be immediately generalized to 
apply for any E , for the indicated E /E ratio. The tabulated entries 

correspond to a plausible, but arbitrarily chosen Eg, denoted here as E ^ ^ .  

Equation 4 may be generalized as follows:

W = (a P + a P ) (E ./E J  
v g g s s ' r e f  Q J (5)

Eg m ay then be deleted from the list of parameters implicitly affecting the 

influence coefficients. The remaining parameters characterize

a) the initial configuration of the middle surface 
[A, B, C and D]

b) the wall thickness at each node and

c) the material properties of the shell [E,/E0 , v ] and of
the elliptic plate [E^, E $ , ^ ^

Third, the aperture width at node 1 is simply a special case of the above. 
In short, the full width of the aperture should be a multilinear function of
P and P .
g s
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The width of the aperture, denoted by upper case W, m ay be written as

W = + b P + b P 
g g s s

( 6)

which is valid only for non-negative widths, i.e., W >_ 0, where the 
influence coefficients b and bs are twice the coefficients of equation 4 

obtained from the shell analysis since the walls of the pore move in 
opposite directions. A  non-zero intercept b Q is possible since the initial 

configuration and the shell thickness may be such that the pore is either 
lightly or tightly closed for P = Ps = 0. For most practical situations, 
b_ is positive and b is negative; since the hydrostatic (turgor) pressures

a?e non-negative, Pg "and P g need not be zero for the stomate to be closed.

We shall n ow show that data obtained using the plasmolytic method (Glinka, 
1971) and a direct method (Edwards, Meidner, and Sheriff, 1976) are fully 
compatible with equation 6.

Consider the data presented by Glinka in 1971. The plasmolytic method 
was used to determine the turgor pressure of the guard and adjacent epidermal 

cell. Stomatal aperture was measured under steady state conditions. Specifier, 
ally, the turgor pressure of the "subsidiary" cell was approximately 5.3 atm 

below the turgor pressure of the guard cell over a range of water potentials 

as shown in Figure 14 (after G l i n k a ) . The aperture increased with a decrease 
in P ! Note though, that P was simultaneously decreased. After P reached
zero? P was decreased further with an accompanying decrease in aperture, 

g

Two of Glinka's observations will now be re-interpreted using the insight 
developed in the course of this investigation. First, Glinka concludes that, 

"at least in Vicia f a b a , the pressure of the epidermal cells predominates 
in determining the stomatal aperture." Second, Glinka points out (cf. Figure 
14) that the maximum stomatal aperture did not occur at maximum P , but when 
P was nearly zero (i.e., near incipient plasmolysis) and P was Ipproximately 
5Satm. g

. C o n s i d e r  the following two procedures for calculating bp, b , b s> For the 
situation in which the epidermal turgor pressure P is zero, w e ghavl from 
equation 6

9W/8Pg

P = 
s

0

(7)

= (13.1 - 7.0)/(5.0 - 2.9) = 2.9 ym/(105Pa)

obtained from the right half of Figure 14 where \p = -7 x 105Pa and ip = -9 x 
lO^Pa. The left half of the figure was obtained under conditions of a p

proximately constant AP =AP -P . By addition and subtraction of b P in 
equation 6 S s

W  = b 0 +
b (P -P ) + (b + b )
g g s' g s'

(8)
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Clearly, the pore width does not depend solely upon the pressure difference 

between the guard cell and the subsidiary cell, (P -P ), as frequently stated 

in the literature (e.g., StSlfelt, 1966; Edwards, It al., 1976) unless 

(b + b g ) = 0. From the definition of the partial derivative we obtain

9W/3Ps + b ) 
s'

(P -P ) = constant
g s'

(9)

= (6.7 - 14.4)7(6.5 - .9) = -1.4 ym/(105Pa)

using the values at i|i = -6 x 105Pa and i|) = 0 on the left portion of Figure 
14.

Using equations 7 and 9 we find

b s = -4.3 ym/(105Pa) (10)

Now determine the b^ value by requiring, for example, that the equations 

agree exactly for pure water (^=0). This gives

b0 = 6'7
(2.9 * 12 - 4.3 O . = - U . 1 5  p

Then

W  = -0.15 + 2.9 P - 
g

4.3 P, (ID

provided W  >_ 0 and where the units are ym and 10 Pa. Using these values of 
b , b , b , the predicted values of W  have an error of less than would occur 

by angunclrtainty of .5 x lO^Ph in the value of P . A  unit change in P g has 
an influence that is larger in absolute value tha$ that for a unit change in 
P and is of opposite sign. However, the question of which pressure predomi- 
nltes depends upon the actual range of pressures in P and P under normal 
conditions. Rather than conclude that " . . .  the pressure of the epidermal 
cells predominates in determining the stomatal aperture," a more precise 
statement would be that the decrease in width for a unit increase in P , if 

P is held constant, is greater in absolute value than the increase in width 
f§r a unit increase in P , if P is held constant. The idea can be expressed 
very concisely in mathemltical form:

antagonism ratio = a = -(8W/9P )p / (9W/9P )p = -(b /b ) (12)
s g g s s g

We have coined the term "antagonism ratio" in honor of von Mohl who in 

1856 recognized the antagonism between the guard cells and the epidermal
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cells. [Translation from von Mohl's German language paper: "Therefore, it is
clear that for Amaryllis, the opening and closure of the stomate does not d e

pend solely upon the motion of the guard cells but also upon the antagonism 
between the guard cells and the epidermal cells."]

From equations 7 and 10 the antagonism ratio for Vicia faba appears to be 
approximately $.5, a result which compares favorably with a 2 ym shell with 

E^/E q = 5, which [set 2, Table 1] has an antagonism ratio of 1.55.

An alternate derivation which considers the slight (P -P ) variation in 

Figure .14 is included in Appendix A. K

The more traditional least squares method may be used if the original 
data are available. If (P , P , W) "data" are obtained from Figure 14 at 

\p = 0, -1, . . . -11 the f§llowing multilinear expression results:

W = 1.65 + 3.11 Pg - 4.47 P g , provided W >_ 0 (13)

The predicted values, shown in Figure 14, are in error by less than .5 ym 
for widths less than 10 ym and the maximum relative error for the larger 

apertures is less than 10 percent. The multiple correlation coefficient 
(Snedecor and Cochran, 1967, p. 402) for these "data" is R = 0.99. This 
error is clearly within the limits of precision of the turgor pressures. The 
antagonism ratio, a, is 1.44.

Figure 15 shows a perspective drawing of the multilinear relationship of 

P , P and the aperture width (i.e., plane HIJLK), using the coefficients of 
equation 11 obtained from the Glinka data. The ip = 0 condition for pure water 
is given as point F (P = 12, P = 6.5) and corresponds to an aperture width 
given by point L. Now^P and P S are decreased but the difference is held 

constant. See line FG. % h e  aplrture therefore increases to point I along 
line LI on the HIJLK plane. Next P is decreased further while P g remains at 
zero and the aperture decreases along path IH. From Figure 15 it is clear 
that the aperture in our model behaves as reported by Glinka.

The contour lines W  = 0, 10, 15 are shown projected onto the P P plane and 
the increase in aperture with decreasing P (when P -P = constant) is obvious, 
as is the fact that the largest aperture occurs at foint G (i.e., point I 
on the plane HIJLK). However, for P = constant, note that W would increase
as P increases, 

g

The aperture width contours are shown again in Figure 16 in a form which 
is more convenient for estimating aperture for any point on the P P g plane.

Any P , P coordinate to the left of the W = 0 line corresponds to a closed 
apertSre. From Figure 16, it is clear that the greater the normal distance 

from the W  = 0 line, the greater the aperture.

Raschke (1975) has suggested that the plasmolytic method is dependent upon
the time permitted for plasmolysiS. Much higher osmotic values are obtained
for shorter times in the plasmolized state. If the difference is due to solute

movement across the cell wall, we conjecture that b and b coefficients are
J g s
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Figure 16. Constant aperture curves on plane.



related to the structural properties and would be unchanged. In other words, 
the same aperture prediction relationship should result. This means, for 
example, that i f  P is  increased from 8 to 40 and P is increased from 2.7 
to 25, the same aperture width results using equation 13.

Recently, direct measurements of the turgor pressure in guard cells  and 
subsidiary cells  have been made by Edwards, Meidner and Sheriff (1976).
Figure 17, based upon their data* shows (i) the increase in stomatal width in 
Tradescanta virginiana when P is externally increased while P is held constant 
with a hollow water-filled needle inserted in the subsidiary ce ll and (ii)  the 
decrease in stomatal width when P is increased, while P is held constant 
with a hollow water-filled needlesinserted in the guard § e ll. This experiment 
may be interpreted quite simply in terms of equation 6. Using a least squares 
regression through the origin for the lower curve we obtain

b = 3W/3P 
g g

AW/APg =3.12 pm/105Pa (14)

P = constant s

For.the upper curve we obtain

b = %/3P s s =5.01 pm/105Pa (15)

P = constant 
g

The point (2.90, 18.5) appears to depart significantly from the remaining 
three points which appear to fa ll  on a straight line passing through the 
origin. I f  that point is dropped from the calculations a slope of bg =4.56  
um/lCTPa is obtained. We thereby obtain an antagonism ratio of 1.6 i f  the 
questionable point is  included and 1.5 i f  i t  is not. Furthermore, the 
pressure influence coefficients as well as the antagonism ratio for the 
Vicia faba studied by Glinka using the plasmolytic method appear to be very 
close to the corresponding values for Tradescanta virginiana studied by 
Edwards et al. using a direct method.

Edwards et al. also discuss the Spannungsphase (stress phase) which occurs 
before the pore opens. Physically this corresponds to the ventral walls of 
the guard cells being pressed tig h tly  against each other. We claim that the 
Spannungsphase corresponds to. those (P , P ) combinations in Figures 15 
and 16 for which W < 0. Whenever P i i  sufficien tly large or P su fficiently  
small, the W = 0 line is crossed an§ the pore opens. Consequently, when the 
influence coefficients are being determined, the pressure changes from the 
incipient opening state should be used, as was noted by Edwards, et al. A  
dynamic analysis of stomatal behavior involving both stress phase and motor 
phase has recently been completed by Delwiche (1976).
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DISCUSSION OF TABLE 1

The influence coefficients of Table 1 characterize the behavior of the 
shell for 14 different sets of parameters. For any P , P pressure combi

nations, the eight displacement components shown in F§gur! 6 may be obtained 
using equation 4. Recall, however, that the influence coefficients for w 1 
must be doubled to correspond to the influence coefficients used in equation 
6 to obtain the pore width W. The antagonism ratio, however, is the negative
of the tabulated a /a ratio.

s g

All parameters for the shell, except those mentioned in the table, were 
held constant for the 14 cases. Specifically, the initial configuration 

[A = 11 pm, B = 1.5 ym, C = 8 ym, D = 6 y m ] , two of the shell material p r o p
erties [E« = 500 yN/(ym)2 and v = 0.39], and the properties of the plate in 

the end or the shell [Ey = E = <*>2500 yN/(ym)2 , v n = = 0.39] were not
varied. The positive directions for the 8 selected displacement components 

are shown in Figure 6. Since each displacement component depends upon the 
combination of two pressures, the discussion will describe the response to

P with P constant and then the response to P with P constant, 
g s v  s g

Set 2

Since an elliptical torus with a uniform wall thickness of 2 ym and a 

E,/E^ ratio of 5 has many of the properties associated with stomata, in- ^  
eluding an antagonism ratio of 1.55, that case [Set 2 with E = 50 yN/(ym) , 
adjusted using equation 5] was chosen for the figures and will be described 
in more detail here and will then be used as a basis for discussion of the 

remaining 13 sets.

With P held constant, P causes the shell to deform as follows: 1)
the pore becomes wider; 2) tfte width of the cross section at 0 = 0 decreases 
since node 265 moves towards node 1; 3) the height of the cross section
increases by slightly more than w 1 , [but by half the increase in pore width); 

4) the horizontal motion at node 111, v-^-p is approximately one-third the 
motion at node 1; 5) the pore length decreases slightly, i.e., approximately
4 percent of 2w^ and 6) the cross section at the elliptic plate is increased 

only ver y  slightly in length and height.

Conversely, if P is held constant, P causes the shell to deform as 

follows: 1) the pore^becomes narrower; 2^ node 265 moves about the same

distance and in the same direction as does node 1; 3) the height of the cross 

section at 0 = 0 changes very little. Consequently, the response to P at 
0 = 0 is nearly rigid body motion towards the pore. It also follows that the 

horizontal motion at node 111 is nearly the same as the motion at node 1,

4) the subsidiary cell pressure has an insignificant effect on the motion 

of the elliptic plate and on the pore length.

Wall Thickness

Sets 1 and 7 and 3 and 8 differ only with respect to changes in the u n i

form wall thickness. The magnitudes of the influence coefficients for w^ 
change significantly. For changes in P only, the reduction in thickness 

from 2.0 ym to 0.5 ym  produces a 20-fol§ increase in displacement w . But

-34 -



TABU: 1

P R E S S U R E  1 INFLUENCE C O E F F I C I E N T S  F O R  S E L E C T E D  D I S P L A C E M E N T S

SET i 2 3 4 5 6 7 8 9 10 11 12 13 14

THICKN E S S , 2 2 2 v a r . v a r . var. .5 .5 2 2 2 2,1 2,1 2,1

ym

V E e
1 5 10 i 5 10 1 10 1 10 1 1 5 5

N O T E S con- coil- con-

s t r a i n e d strai n e d stra i n e d

\
a

8
a^

0 . 117 0 . 0 6 0 0.043 0.119 0.061 0 . 043 2.334 0.891 0.105 0 . 040 0 . 1 5 3 0.214 0.0 7 3 0.091

-0.115 - 0 . 0 9 3 -0.082 -0.115 -0.092 -0. 0 8 1 0.260 -0.161 -0 .1 1 1 - 0 . 0 7 8 -0.137 -0.171 -0.124 -0 . 1 1 5

a /a - 0 . 9 8 - 1 . 5 5 - 1 . 9 0 -0.96 -1.51 - 1 .91 + 0 - 1 1 - 0 . 1 8 -1.06 -1.96 -0.89 -0.80 -1.71 -1.26
s 8

a -0.012 - 0 . 0 0 5 -0. 0 0 2 -0 . 0 1 1 - 0 . 0 0 3 0 .000 -0.128 -0 . 0 4 6 0 0 -0 . 0 0 4 -0.004 0.044 0
w9 8

a g 0.005 0 . 0 0 3 0 .001 0.004 0.002 -0 .0 0 1 0.013 0.018 0 0 0.027 0 . 033 0 . 013 0

a /a -0.44 - 0 . 6 6 - 0 .61 -0.39 -0.57 - 8 .59 -0.10 -0.38 -6.45 - 7 .46 + 0 . 3 0s 8
V - 0 . 0 0 7 0.018 0 . 020 -0 . 0 2 9 0.006 0.011 -0.483 -0 . 1 1 3 -0 . 0 0 5 0 . 0 1 7 -0.022 -0 . 0 6 8 -0.015 0.007
111 g

a
s

-0 . 1 5 9 - 0 . 1 0 8 - 0 . 0 9 0 -0.154 -0 . 1 0 8 - 0 . 0 9 0 -1 . 1 7 3 -0.597 - 0 . 1 5 8 -0 . 0 8 6 -0 . 1 6 8 -0 . 2 0 7 -0. 1 3 6 -0.135

23.96 -5.96 - 4 .54 5.29 -19.54 - 8 .49 2.43 5.29 28.98 -4.93 7.63 3.06 8.80 -1 7 . . 5
3 8

-0. 2 4 8 -0 . 0 7 2 -0 . 0 3 9 -0.345 -0 .1 1 1 -0.062 -4.096 -1.277 -0.232 -0 . 0 3 7 - 0 . 3 1 3 -0 . 5 7 0 -0.164 -0 . 1 5 8
wlll 8

a s
a /as 8

-0. 0 2 5 -0 . 0 1 4 -0 . 0 0 8 -0.031 -0.021 -0 . 0 1 4 -0.601 -0.346 -0 . 0 2 9 - 0 . 0 0 9 - 0 . 0 1 9 -0 . 0 1 5 -0.014 -0 . 0 2 1

0.10 0.19 0.20 0.09 0.19 0.22 0.15 0.27 0.13 0.23 0.06 0.03 0.09 0.13

0.011 0 . 0 1 0 0.009 0.012 0.009 0.008 0.067 0.048 0 0 0 . 027 0.029 0.051 0
v 125 g

a g - 0 . 0 0 3 - 0 . 0 0 8 -0 . 0 0 9 -0. 0 0 2 -0.007 - 0 . 0 0 8 -0.000 - 0 . 0 3 0 0 0 - 0 . 0 2 0 - 0 . 0 3 3 -0.066 0

a /a 
s 8

- 0 .27 - 0 . 7 8 - 0 .97 - 0 .17 -0.75 -0.97 -0.01 -0.61 - 0 . 7 3 -1.14 1 o

- 0 . 0 1 9 -0. 0 0 9 -0.007 -0. 0 1 8 -0.009 -0 . 0 0 6 -0.060 -0.022 0 0 -0. 2 4 1 -0.371 -0.095 0
w 125 g

a g 0.001 0 .0 0 0 - 0 . 0 0 0 0.000 - 0 . 0 0 1 -0.001 0.004 0.002 0 0 - 0 . 0 2 6 -0 . 0 4 4 -0 . 0 6 6 0

a /a_s 8
- 0 . 0 8 -0.02 0.02 -0.01 0.12 0.18 -0.06 -0.011 0.1 0 6 0.119 0 . 7 0

0.121 0 . 022 0 . 003 0.358 0.114 0.058 3.101 1.047 0.105 0.004 0 . 1 8 3 0.592 0.177 0.148
w 265 g

a 0.1 6 8 0.117 0.096 0.131 0.117 0.098 -0.070 0.579 0.172 0.092 0 . 1 7 3 0.131 0.132 0 . 140

a /a 1 . 4 0 5.33 36.66 0.36 1.03 1.69 -0.02 0.55 1.64 23.69 0 . 9 5 0.27 0.75 0.959 8

a - 0 . 0 1 0 - 0 . 0 0 7 -0. 0 0 6 - 0 . 0 0 8 -0 . 0 0 6 - 0 . 0 0 5 -0 . 0 4 0 - 0 . 0 2 0 0 0 0.0 5 2 0.172 0.012 0
w 279 g

a 0.006 0.007 0.007 0.004 0.005 0.006 0.007 0.019 0 0 0 . 0 4 8 0.059 0.125 0

a /a - 0 . 5 9 - 0 . 9 7 - 1 . 1 7 -0. 4 5 -0.91 - 1 .14 -0.18 -0.96 0 . 9 2 0 . 3 4 3 10. 4 1



for changes in P (with P constant), the w displacement is virtu ally unchanged 
when E,/E. = 10 But actuafly reverses direction when E /E. = 1.0. When the 
wall 'is isotropic and too thin, increasing P can actually cause the pore to open 
further! The thin walls also adversely affect the antagonism ratio. For set 7 
the pressures actually reinforce, rather than oppose each other. For set 8 the 
antagonism ratio is much less than one. Such a system would probably not function 
satisfactorily. We may conclude that increasing either the thickness or the ortho- 
tropic ratio, E /̂Eq, causes the antagonism ratio to increase.

A variable wall thickness (Figure 13) was used in sets 4, 5 and 6. Compari
son with sets 1, 2 and 3, respectively, reveals very minimal change in sen sitivity  
of pore width to P and P . The antagonism ratio is , therefore, .unchanged. The 
most striking diffirenceS" occur at nodes 111 and 265. The motion out of the plane 
is somewhat greater when the dorsal wall is thinner and deformation is primarily 
related to P . Likewise, the response of node 265 to P is increased. Un- 
r e a lis tic a llf  large deformations of the ventral guard cell wall towards the guard 
cell interior occur with the cross section of Figure 13 unless E./EQ is greater 
than 10. 9

Micellae

For sets 1 through 6, in which E a /E q equals 1, 5 and 10, the antagonism 
ratio changes from 1.0 to 1.5 and to 1.9. On the basis of this trend, we believe 
that the micellae play a significant role in establishing the stomatal anta
gonism ratio. Without the micellae, a much thicker guard cell  would be required 
for the stomate to function properly, unless, say P were to be larger than P .s g

E llip tic  Plate

Comparison of sets 1 and 11 (with E^/Eq = 1) reveals that i f  the e llip tic  
plate were absent, the out-of-plane motion at the plate (9 = if/2) would signi
ficantly increase in response to P̂ .

Also, without the e llip tic  plate, the overall length of the stomatal apparatus 
decreases with increases in P , in contrast to sets 1 through 8. On the other 
hand, the pore length either increases (set 13) when P increases or decreases 
less than when a plate is present. s

Constrained Pore Length

In sets 9, 10, and 14 the pore length and the shell cross section at 0 = -rr/2 
were constrained. Sets 1 and 9 and 3 and 10 may be compared directly. When 
E x / E q  = 1, the principal difference appears to be that when the length is con
strained, the pore length cannot shorten even sligh tly  and, therefore, the pore 
opens sligh tly  less (with P = 6 x 105Pa, P = 1 x 105Pa) than for the unconstrain
ed cases. For practical purposes, we can say that for the parameters and pres
sures considered, this constraint produced negligible changes.

SUMMARY

An e llip tic a l torus model of kidney-shaped guard cells has been presented 
and analyzed using the fin ite  element method. Computer-generated perspective 
figures have been presented to illu strate predicted deformations. Parameter 
sen sitivity studies have been performed to explore the influence of guard cell
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and epidermal cell pressures, micellae, wall thickness, and guard cell geometry.

This analysis has led to a theory for the interpretation of recent experiments
conducted by Glinka and by Edwards, Meidner and Sheriff.

CONCLUSIONS

1. The elliptical shell model presented in this paper exhibits many of the 
qualitative responses known to exist in kidney-shaped stomates. The 
quantitative results are also reasonable but, of course, are based upon 
plausible estimates, rather than experimentally measured parameters.

2. The model predicts that the pore length remains relatively constant 

during opening and closing; this property need not be included a_ priori 
as an assumption.

3. The pore opening of the elliptical torus shell is a consequence of the 
decrease in guard cell cross section of the leaf and the concomitant 

deformation of the guard cell out of the plane of the leaf.

4. Guard cell geometry plays an important role in stomatal behavior. For 

example, a standard, circular torus - a special case of the elliptical 
torus - does not respond properly to turgor pressure changes in the 

guard cell.

5. Stomatal opening and closing depends inherently upon the interaction, 

i.e., the opposition, of the guard cell and adjacent epidermal cell, 
as suggested by von Mohl as early as 1856.

6. In general, the pore width m ay be expressed as a multilinear function 
of the pressure in t;he guard cells and in the adjacent epidermal cells 
(equation 6).

i

a) The width cannot be described by the pressure difference alone.

b) The partial regression coefficients in the multilinear relationship 

are the influence coefficients of the two pressures upon pore width. 
Consequently, these influence coefficients may be used to characterize 
the behavior of the stomate. The opposing roles of the guard cells 
and the adjacent subsidiary cells may be characterized by the 

explicitly defined stomatal antagonism ratio (equation 12).

7. Although shell thickness variations do affect guard cell deformation, 
the presence of a "thin" dorsal wall and a "thick" ventral wall does 

not appear to mechanically enhance the structural aspects of stomatal 
opening.

8. A  sufficiently thick elliptical torus model will open satisfactorily 
even in the absence of the radial stiffening by micellae. The 

structural importance of radial stiffening appears to be the increase 
produced in the stomatal antagonism ratio, a, i.e., the relative in

fluence of the guard cell and "subsidiary" cell pressures upon pore 
w i d t h .

- 3 7 -



9. The experimental results of Glinka, w h o  u s e d . a  plasmolytic; technique, and 

Edwards, Meidner and Sheriff, who used a direct pressure measurement t e c h n i

que, are reinterpreted and are shown to be in harmony with the theory p r e

sent in this paper.

10. The Spannungsphase (stress phase) behavior of stomates is shown to occur in
an identifiable, triangular region of the P P plane.

8 *

11. Although Glinka's (1971) data (Figure 15) supports the validity of the use 

of a linear thin shell theory, a nonlinear analysis would be a logical e x
tension of this work.
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APPENDIX A

INFLUENCE COEFFICIENTS

The P vs ip and P vs tJj curves of Figure 14 have slightly different 
g s

slopes, so the pressure difference (P -P ) varies slightly with ifi. The
&  s

influence coefficient m a y  be computed in a manner which includes this 

slightly more general case.

Since

W = f ^ P g ,  P s ) , (Al)

where the pressures are given in parametric form by

P g = f 2 0|0 (A 2 )

and

P s = f 5 W  , (A 3 )

the chain rule for the total derivative of the pore width with respect to 

the water potential, > gives

dW _ 3W_

dip 8P
g

P
s

P
g

(A4)

From equation A4 we obtain

(A5)
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From Figure 14 we obtain

dW/di|> = [14.4 - 6.7] / [(-6) - (0]] = -1.28

dV /d? b = [4.4 - 13.1] / [2 - 5] = 2.90 ym/(10 Pa )
o

dP / d^ = [6.0 - 12.0] / [(-6) - (0)] = 1.00. 

dPs/d^ = [.9 - 6.5] / [(-6) - (0)] = 0.93

Using these values in (A5) gives

b g = -4.48 y m / ( 1 0 5Pa)

The stomatal antagonism ratio becomes

a = -b /b = 4.48/2.90 = 1.54
S 6

(A6)

(A7)

(A8)

(A9)

(A10)

(All)



APPENDIX B 

CIRCULAR TORUS

Consider an elastic circular torus (A = B, C = D) loaded under uniform

In order to determine whether the shell opens or closes under this load (i.e. 

upon inflation), it is sufficient to know the sign of the resulting normal 

displacement W at the inner circular boundary, <j> = -ir/2. (Positive W means 

the shell opens upon inflation.)

The linear strain e Q at <}> = -ir/2 due to W is (Fig. 5)

Hooke's Law for an orthotropic shell gives (Lekhnitskii (1968), p. 46)..

e = e e <i>

9 " Eeh

where h = uniform shell thickness

e
AL _ 2tt(B+W) - 2ttB W

B
(Bl)

0 L 2 ttB

N 0 , N, = shell membrane force per unit length
0 <p

E Qv, = E.v,. (Lekhnitskii (1968), p. 46)
0 <p <p 0

The linear membrane theory of shells applied to the circular torus

gives at 4> = - i t / 2 (see, e.g., Novozhilov (1959), p. 305).

(B3)

From eqs. (Bl) - (B3), find

W - 2& tB - <2B * C»
6

(B4)
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Therefore the shell opens upon inflation (W>0) if and only if (iff)

I  >
C l-2v. (B5)

If we assume v, = 0.39 then v. = v,/(E,/En) and v A depends on both v,(J> 0 <J> (J) 0 0 ([)

and E^/Eg. In particular for isotropy (E^/Eg = 1), the shell opens iff 

B/C > 1.77. For an orthotropic material with E^/Eg = 5, however, the shell 

opens iff B/C > 0.092.

It is to be noted that although it has been shown in the literature 

(Dean, 1939) that bending stresses are important near <j> = 0, it, this 

computation, based upon the linear membrane theory of shells, is concerned 

only with <j> = -tt/2, where bending stresses are small.

The above membrane analysis shows qualitative agreement with a more 

general finite element shell analysis which also includes bending stresses.

A  24 element, 89 node mesh was used. The node numbering in Table II has been 

altered to agree with Table I and Figure 6. The three conditions correspond 

to sets 1, 2 and 3 of Table I with the pore length reduced to the pore width 

(A = B) and with the cross-section made circular by increasing the height .

(D = C).

An isotropic, circular torus model will not function properly as a stomate

since the pore actually becomes smaller when is increased with P s held

constant since a = -0.010 in Set 1A. If orthotropic properties are now 
S

introduced (sets 2A and 3A) the appropriate sign on a is obtained but the sign
S

on a does not reverse. In other words, for constant P , an increase in P 
s g s

on the outer perimeter of the torus actually causes the pore to open further. 

Furthermore, in all three cases, the antagonism ratio is unrealistic.
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TABLE II

CIRCULAR TORUS

Parameters: Thickness 2ym; E = 500 yn/(ym) ; B = 1.5 ym; C = 8 ym

SET 1A 2A 3A

V E e 1.0 5.0 10.0
a a a a a a

g s g s g s

W1 -0.010 0.0002 0.0014 0. 0030 0.0034 0.0025

e W (-0.011) (0.0026) (0.0043)

Vl l l 0.028 -0.041 -0.034 -0.049 0.033 -0.047

Wl l l -0.129 -0.057 -0.0065 -0.051 0.0048 -0.041

W265 -0.014 0.101 -0.048 0.098 -0.047 0.085

a 0.02 -2 .2 -0.74
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A FINITE DIFFERENCE ANALYSIS OF THE DIFFUSION POROMETER

David C. Chapman, J. Robert Cooke, Don C. Elfving

Stomatal function and its  relation to gas exchange by leaves have 

intrigued scientists for many years. Many attempts to measure the opening 

and closing of stomata and their effects on leaf gas exchange have been made.

Among these, the efforts directed toward measurements of stomatal behavior 

in intact leaves have emphasized two principles. These are the viscous flow 

principle, in which a gas under pressure is  forced to flow through the lea f, 

and the diffusion principle, in which the diffusion of a gas through or out 

of the leaf is  determined. The viscous flow principle was fir s t utilized by 

Dutrochet (Dutrochet, 1832), but l i t t l e  interest developed until 1911, when 

Darwin and Pertz (1911) described an apparatus employing this principle, which 

they termed a "porometer." Air was pulled through the lea f via a cup sealed 

to the lea f surface. A fa llin g  column of water provided the suction, and the 

rate of f a l l  provided an index of stomatal aperture. This form of porometer 

has undergone numerous changes since then, including modified parameters of 

measurement (Gregory and Pearse, 193**; Rottenburg, 1972; Williams and Sinclair, 1969) 

improved portability (Alvim, 1965; Moreshet, 196U), recording units (Gregory 

and Pearse, 193**; Heath and Mansfield, 1962) and rapid-reading units (Downey, 

Anlezark and Muirhead, 1972; Heath and Russell, 1951). The major disadvantage 

of the viscous flow porometer is  that i t  does not directly measure diffusive 

resistance to water and CÔ  exchange. Recognition of this deficiency 

led Gregory and Armstrong (1936) to develop the first porometer based on
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direct measurement of gaseous diffusion through a leaf, albeit of Ilg. A 

modification of this technique was later described by Spanner (1953) but 

was never widely used. Heath (19*H), Penman (19^2) and later Waggoner (1965) 

sought to resolve the problem through the development of mathematical models 

to relate viscous flow to diffusive resistance. Comparisons of viscous flow 

and diffusion porometer results by Monteith and Bull (1970) showed dear- 

discrepancies between results of viscous flow and diffusion porometers.

Direct measurement of le a f diffusive resistance to water vapor loss 

became possible with the introduction of the diffusion porometer by Wallihan 

(196U). This unit employed a Dunmore type (LiCl) humidity sensor to measure 

the rate of water vapor loss from an area of the leaf surface. A similar in

strument in which the air in the porometer chamber was stirred was described 

by Grieve and Went(1965). Since that time many modifications and improvements 

have been made, including the measurement of chamber (Grieve and Went, 1965; 

Slatyer, 19 6 7) and le a f (Djavanchir, 1970; S tile s , 1970) temperature, reorienta

tion of the sensor (Kanemasu, Thurtell, Tanner, 1969)> use of materials with 

more favorable water vapor adsorption properties (Djavanchir, 1970; Gandar, Tanner, 

1976; Stigter, Birnie, Lammers, 1973), ventilated porometer chambers (Grieve and 

Went, 1965; Slatyer, 1967), use of f la t  sensors (Meidner, 1970; Monteith, Bull,

1970; S tile s, 1970) and modification for use with narrow leaves such as pine 

needles (Kaufman, 1968; Turner, Pedersen and Wright, 1969; Greshan, Sinclair, 

Wuenscher, 1975; Kaufmann and Eckard, 1977)* Morrow and Slatyer (1971a; 1971b) 

and Stigter and Lammers (197*0 recommended procedures designed to minimize the 

errors due to thermal gradients and sensor behavior.

Because of the d ifficu lty  of precisely defining humidity-resistance re

lationships of LiCl humidity sensors under dynamic conditions of use (Monteith 

and Bull, 1970), empirical approaches to porometer calibration have been necessary.
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The fir s t  crude calibration of a diffusion porometer in terms of diffusive 

resistance was undertaken by van Bavel et a l . ,  (1965). They interposed 

cylinders between a wet f ilte r  paper water source and the porometer and measured 

the transit time of the meter needle between two fixed sensor resistance points. 

Kanemasu, et a l . , (1969) introduced the use of perforated plates between the 

saturated vapor source and the porometer. More recently the use of porous 

membranes and improvements in temperature control of the calibration apparatus 

have been advocated (Stigter, Birnie and Lammers, 1973) . Calibrations have 

been made with porous plates or membranes positioned on (Kanemasu, Thurtell and 

Tanner, 1969; Monteith and Bull, 1970) or over (Stigter, Birnie and Lammers, 

1973; Turner and Parlange, 1970) a saturated water vapor source. Plate re

sistances values have been calculated from diffusion theory (Brown and Escombe, 

1900) with a simple correction for head-space where needed. Spacing of the 

holes in the resistance plates has been largely ignored (Kanemasu, Thurtell 

and Tanner, 1969; Monteith and Bull, 1970; Turner and Parlange, 1970) although 

interference effects between pores may have an important impact oh plate 

resistance (Parlange and Waggoner, 1970; Stigter and Lammers, 1971*)• Effects 

of temperature on porometer behavior have been overcome by calibrating at 

several temperatures.

While the various calibration approaches have their drawbacks, the complex 

nature of dynamic porometer operation has defied a fu lly  theoretical analysis. 

Monteith and Bull (1970) and Turner and Parlange (1970) undertook the first  

theoretical analyses of unventilated and ventilated porometers, respectively. 

Their efforts were directed toward development of a firmer theoretical basis for 

calibration. Because the humidity sensors adsorb water vapor in the process of 

measurements, Turner and Parlange (1970) based their theoretical approach on
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determination of the effective volume the sensor contributed to the total

porometer volume by virtue of its  adsorptive properties (V ). They used an

empirical measurement to determine this parameter. Their analysis was later

criticized by Stigter et al. (1973), who pointed out that their high coefficient

of variation of V was due to short-term changes in sensor behavior which led s

Stigter et al. to be unable to reproduce their results (1973). In contrast,

Stigter et a l. (1973) used a semi-theoretical approach to the determination of

V to eliminate total dependence upon sensor measurements for determination of s
Vg. Their calibration procedure took into account the short-term changes in

V over time. Later, Stigter and Visscher (1975) applied this same approach to s

an unventilated porometer and found the behavior of this porometer was similar 

to that of their ventilated system. He noted that his approach would be unapplicable 

i f  temperature gradients existed within the porometer chamber and/or i f  vapor 

diffusion other than to the sensor were not negligible or not constant. However, 

he offered no guidelines for determining the suitability of his calibration 

theory for various porometer designs without resorting to an empirical test.

Porometer design has been guided largely by general precautions and the

nature of the plant material to be examined (Meidner, 1970; Monteith and Bull,

1970; Morrow and Slatyer, 1971b)• No effort has yet been made to theoretically

describe porometer behavior in such a way as to allow optimization of porometer

chamber design parameters. The development of porometers for simultaneous 

lit
measurement of COg fixation as well as leaf resistance (Bravdo, 1972) greatly 

complicates design considerations. In addition to sensor orientation, porometer 

aperture area and thermal gradients, COg depletion rates under normal photo

synthetic conditions must be considered in relation to porometer chamber volume,

lUaperture area and the anticipated exposure time of leaves to the COg-enriched 

atmosphere in the porometer chamber.
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STATEMENT OF THE PROBLEM

Although interest in diffusion porometers has been great, there still 

exists sufficient ambiguity about the calibration and use of this technique 

that too often the results obtained with different instruments are not compat

ible. Performance is still dependent upon the skill of the operator. The 

purpose of this paper is to mathematically examine the behavior of a porometer. 

Certain characteristics are device specific, others are not.

We shall examine the latter class of performance characteristics and 

conjecture on potential design changes. For example, several sets of equations 

(Kanemasu, et al., 1969; Stigter, et al., 1973; and Turner and Parlange, 1970) 

have been proposed for the calculation of the resistance of the standard cali

bration resistance plates. Can the error attributed to wall adsorption of 

water be satisfactorily resolved? Is the placement of the saturated surface 

in the calibration process critical? What is the effect of variable initial 

conditions upon measured response? Can temperature dependent characteristics 

be anticipated and corrected by calculation? How large a porometer chamber is 

needed? A  response to some of these questions will be attempted.

Boundary Value Problem Formulation

We shall consider three different, but related problems: a) diffusion

from a stomate, b) diffusion through a calibration plate when the wetted 

surface is flush with the plate and c) diffusion through a calibration plate 

when the wetted surface is not flush with the calibration plate.

Steady-state, isothermal diffusion through still air is governed by 

Laplace's equation. Attention may be focussed on a single stomate or pore, 

rather than an array of pores, if they are uniformly distributed. For 

example, Figure la represents half of a single stomate of circular pore cross- 

section having axial symmetry. The highly idealized substomatal cavity is shown



(a) (b) (c)

Figure 1. Axisymmetric Geometries Studied: Porometer with (a) Stomate,

(b) Wetted Surface Flush with Calibration Plate, (c) Wetted 
Surface Separated from Calibration Plate
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as a right circular with a constant saturation concentration along the 

bottom and the outer wall. The smaller cross section corresponds to the stomatal 

pore. The larger cylinder above the pore represents the effective area into 

which diffusion from the pore occurs. The right hand side, i.e., the outer 

wall, is not a physical wall.but rather a surface across which no diffusion 

occurs as a result of the adjacent pores. The top of the figure corresponds 

to the top of the laminar boundary layer above the leaf and through which 

transport of vapor is b y  diffusion rather than by convection. The left side 

of the figure is the axis of symmetry and, therefore, can be treated as a no 

flux boundary.

Figure lb represents diffusion from a wetted surface flush with the 

bottom of a calibration pore. This is a special case of Figure la if the 

depth of the cavity is zero. Figure lc can also be considered a special 

case of Figure la where the substomatal cavity is enlarged and the right hand 

side of the cavity is changed from a constant concentration surface to a no 

flux surface.

Laplace's equation for these three axisymmetric cases becomes

assuming a unity diffusion coefficient and where r is the radial variable, z 

the axial variable, t the time and v  the concentration. The boundaries are of 

three types: no flux (i.e., 3v/3n = 0 on the sides) constant concentration (at

bottom) and a uniform but time dependent concentration at the top. The porometer 

chamber has a finite volume which we assume to be well-stirred, i.e., everywhere

2 3v
3t

(1)

at the same concentration at each instant in time. The concentration in the



well-stirred chamber changes with time as a result of the diffusion from 

the constant, but higher concentration, surface at the bottom.

The fir s t order equation governing this condition may be written as

rR

V du/dt = 2irD 
P

[3v/3z] r dr
0

(2 )

where is the chamber volume per pore and u(t) is the time dependent con

centration of the porometer chamber.

Equation 1 may be represented by a fin ite  difference approximation as 

follows, where R = i(Ar):

m+1

V i»J

AT
Ta rF

, i  + l/2\
(— :---L~ )  vm | r

i +1» J j +j^
AT

(AR)r
m

Vi-l,J

AT m AT
(Az)2 Vi,j+ 1 (Az)2

m

+ 2AT 2(AT)
1 ~ TarP " TaIF (3 )

where i , j  is the point location and m is the iteration level; AT, AR and Az 

are the time, radial and z increments.

The no flux boundary condition becomes
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where n represents the boundary, n-1 is one grid space normal from the boundary. 

From an assumed initial concentration distribution, a steady state solution 

was found for a specified initial porometer concentration u(t=0). The test of 

convergence used was a requirement that the normalized concentration at each 

point must agree at two consecutive time steps with a maximum tolerance of 

1 x 10 This computed steady state distribution was then taken as the initial 

conditions for the transient problem in which equation 2 was taken as the upper 

boundary condition. The well-stirred chamber concentration was updated after 

each time step.

From a stability consideration the maximum step size must not exceed

4T ± < tJf  ♦ <^f  rl (5)

DISCUSSION OF RESULTS

Typical steady state concentration distributions for the three cases 

are shown in Figures 2a, 2b and 2c. Since such a small concentration change 

occurs in the substomatal cavity, one can infer that the precise shape of 

the cavity is not a major concern. For example, a small hemispherical cavity 

would yield practically the same results. The concentration lines in the pore 

are horizontal. The contour lines above the pore are also somewhat hemi

spherical but indicate a larger rate of change with distance than was the case 

for the cavity.

The steady state contours for the calibration plate with the wetted 

surface flush with bottom of the plate (Figure 2b) shows similiar behavior.

Note, however, that a somewhat larger fraction of the total drop in concentration 

occurs in the pore. If on the other hand, the wetted surface is not flush
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X 3

Figure 2a. Steady State Concentration for Diffusion in

Three Axisymmetric Porometer Geometries: Stomate



Figure 2b. Steady State Concentration for Diffusion in 
Three Axisymmetric Porometer Geometries: 
Wetted Surface Flush with Calibration Plate



-1 2

.43

Figure 2c. Steady State Concentration for Diffusion in Three 

Axisymmetric Porometer Geometries: Wetted Surface
Not Flush with Calibration Plate
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with the calibration plate (Figure 2c), the vertical gradient within the 

pore is less. The practical implication of this observation is that when 

the wetted surface (say an ink blotter) is placed against the pore any 

slight penetration or bulging into the pore will change the effective 

length of the pore and vill alter the actual calibration resistance more than a 

similar displacement fluctuation in Figure 2c. The equations developed by 

Holcomb and Cooke (1977a) for calibration plate resistance can also be used 

to support this conclusion. The electrolytic tank diffusion analog (Holcomb 

and Cooke, 1977 a,b) may also be used to explore non-uniform spacing of pores.

The steady state diffusion resistances calculated for the three regions 

considered in Figure 2 do not agree, to the authors' satisfaction, with the results 

obtained b y  Holcomb and Cooke (1977a). This difference arises from the treat

ment of the normal derivatives at the sharp corners and deserves further con

sideration.

The calculations of the time-dependent concentration in the well-stirred 

chamber proceed extremely slowly for the desired mesh size. In fact, computational 

time is excessive for even short times. An alternative approach would be to 

recompute the stomatal or plate resistance less frequently than every time- 

step for equation 2. This is plausible since "the resistance" is essentially 

at a quasi-static steady state, as assumed b y  Turner and Parlange (1970).

Another suggestion also emerges from consideration of Figures 2a, b, c.

As the distance from the pore increases, the contours become nearly flat as 

the constant concentration upper boundary is approached. The actual length 

of the diffusion path in the porometer above the pore depends upon the design 

of the particular instrument. We suggest that this additional resistance be



be associated with the particular porometer rather than with the calibration 

plate, provided some minimum distance is  maintained. This leads to the con

jecture that only the resistance related to the pore size be used in the cali

bration. The boundary layer resistance could be treated as a characteristic 

of the porometer and not included in the calibration reference. I f  this were 

done, the porometer reading would be an indication of the pore geometry; 

the boundary layer resistance should be measured with an alternate technique.

Because of the uncertainties mentioned above, (e.g., treatment of the no 

flux boundary condition at the sharp, convex corners) this paper is considered 

to be speculative in nature and is  not intended for publication in its  present 

form.

SUMMARY

The behavior of three idealized geometries have been considered and the 

fin ite difference calculation of constant concentration contours completed.

We tentatively conclude, or perhaps more properly, we conjecture that

a) the exact shape of the substomatal cavity is not important since 

near-saturation conditions exist throughout most of the cavity,

b) an improvement in calibration accuracy results when the wetted 

surface is not brought into contact with the calibration plate but 

is maintained a short distance below the plate as in Figure 2c,

c) the transient concentration for the porometer chamber may be found 

using steady state pore resistances since the changes in resistance 

occur at such a slow rate,

d) the calibration of a porometer might be referenced to the pore- 

geometry- dependent part of the resistance and the boundary layer 

thickness could or should be measured by an alternate means.
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DIFFUSION RESISTANCE OF POROMETER CALIBRATION PLATES 
DETERMINED WITH AN ELECTROLYTIC TANK ANALOG

D. P. Holcomb and J. R. Cooke

ABSTRACT

An electrolytic tank analog is used to model diffusion through perforated 

plates such as those used for calibration of diffusion porometers. Using this 

analog, a consistent system is developed for dividing the total diffusion 

resistance of a perforated plate into a number of series resistance components. 

The independence of these component resistances simplifies the prediction of 

resistance for plates with varying geometries. This series sum treatment of 

resistance is tested experimentally and simple equations are developed to 

predict the component resistances for a plate with circular cylindrical holes. 

The results presented here are compared with several approximate analytical 

treatments previously reported in the literature. Based on the experimental 

results, some recommendations are made for the design of calibration plates for 

use with diffusion porometers.

INTRODUCTION

Measurement of diffusional water vapor losses from plant leaves has been 

of increasing interest in recent years. Diffusion resistances are commonly 

used to characterize this gas exchange between the plant and the environment. 

Currently the most popular method of experimentally measuring these leaf 

diffusion resistances involves the use of diffusion porometers modelled on 

that initially described by Wallihan (1964). For a review of subsequent 

modifications of the original device, the reader is referred to articles by 

Stigter (1972) and Chapman, et al. (1977).
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These instruments basically consist of a small chamber containing a 

humidity sensor. When clamped to a leaf, the measured rate of rise of 

humidity in the chamber depends upon the rate of water loss from the leaf 

surface and can be related to the diffusion resistance of the leaf. Typically, 

the humidity is measured with a lithium chloride (LiCl) sensor in which the 

electrical resistance is dependent on the moisture content of the LiCl. The 

lack of long term stability of these LiCl sensors increases the need for a 

reasonably simple method of instrument calibration.

In the most widely used calibration method, the leaf is replaced by a 

calibration resistance and the Instrument response is monitored as water 

vapor diffuses from a wetted surface through the calibration resistance into 

the porometer. These calibration resistances are usually thin plates with 

many small holes through them. By measuring the, instrument response for a 

number of these "known" calibration resistances, a calibration curve can be 

obtained for the instrument.

The accuracy of this calibration method can be no better them the 

accuracy with which the diffusion resistances of the calibration plates are 

known. Thus, it is important to know the resistances of the calibration 

plates as accurately as possible. In this paper, an electrolytic tank 

analog is used to experimentally model diffusion through such perforated 

plates. An equation is developed which can be used to predict the diffusion 

resistance of general perforated plates. In addition, some recommendations 

for the design of these calibration plates are presented.

There are two approaches which can be taken in determining the diffusion 

resistance of a perforated plate: mathematical or experimental. The geometry
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of a perforated plate can be sufficiently complicated that mathematical 

determinations of the diffusion resistances are difficult and require ap

proximate solutions. Such solutions have been presented by Keller and Stein 

(1967), Cooke (1969), and Parlange and Waggoner (1970).

The measurement of gaseous diffusion rates is difficult to make directly 

so less direct methods are necessary for experimental resistance determination. 

The normal experimental technique uses a measurement of the water loss due to 

diffusion (determined by weighing) from a small container covered with the 

perforated plate of interest. Such experiments require very precise long

term control of the air flow and temperature conditions near the container.

The difficulty in controlling and monitoring these environmental conditions 

makes these measurements difficult to make with great accuracy.

Since a physical process exists which is analogous to diffusion, the 

diffusion resistance can be determined from measurements made in the analogous 

system. There is a very simple one-to-one correspondence between steady-state 

diffusion problems end problems involving electrical current flow. A con

siderable advantage is obtained by working with the analogous electrical system 

because it is a much simpler matter to measure electrical current flow than 

diffusive current flow. By being able to measure the current flow directly, 

the need for precise control of environmental conditions is eliminated. As 

a result, potentially greater accuracy can be obtained by making electrical 

measurements and transforming the results to the diffusion system.

The correspondence between electrical and diffusive properties exists 

because both systems have the same governing differential equations. In a 

diffusion system, the steady-state differential equations for concentration 

and current density in a homogeneous, isotropic medium are
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(la)

m -DVc (lb)

where c Is the concentration (or diffusion potential), D the diffusion

coefficient, and the diffusion current density. The corresponding 

equations in an electrical system are

(2a)

J =-aV <J> (2b)

where <j> is the electrical potential, a the electrical conductivity, and 
J the electrical current density. As can be seen, there is an exact 

correspondence between c and §, D and O, and J. and J . Solutions for a
" O

problem in one system are automatically solutions to the corresponding 

problem in the other system.

PROBLEM FORMULATION

In general, the problem of diffusion through a calibration plate can he 

represented as shown in Figure 1. Water vapor moves by diffusion from one 

constant potential (constant concentration) surface, through the perforated 

calibration plate, and to the other constant potential surface. The problem 

is to find the resistance to diffusion between the two constant potential 

surfaces. This resistance will be a function of the diffusion layer thicknesses 

(l^ and ly) , the size and, spacing of the holes (or pores) in the calibration 

plate, and the thickness of the calibration plate. It will also be a function 

of the shape of the calibration plate pores. The analog method can be used for

pores of any shape but since the standard circular cylinder is both easy to 

fabricate and adequate for calibration purposes, attention will be limited to 

this case in this paper. A similar study, also using an electrolytic tank
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analog, has been made for pores having elliptical shapes (as an approximation 

to the shapes of real stomates) and equations developed predicting the 

diffusion resistances of actual leaves (Holcomb and Cooke, 1977).

Because the total resistance for diffusion in the system illustrated in 

Figure 1 depends on so many different variables, it is convenient to break 

the total resistance into several component parts, each of which depends on 

fewer variables and from which the overall resistance can be obtained. The 

typical form for this decomposition is to treat the total resistance as a sum 

of resistances in series in a maimer similar to the treatment of series re

sistances in electrical circuits (Nobel, 1974). In such a treatment, the 

total resistance might be considered to be the sum of three parts: the

resistance of the lower diffusion space, the resistance of the calibration 

plate, and the resistance of the upper diffusion space. Some care must be 

taken in this sort of treatment. The resistance can only be properly divided 

along equipotential surfaces without changing the solution to Laplace's 

equation (equation la).

Here, this treatment will be taken even one step further. The total 

resistance will be decomposed into five components. The resistances of the 

upper and lower diffusion spaces are calculated as though the diffusive flow 

were purely one-dimensional (in the z-direction). Similarly, the internal 

resistance of the calibration plate is calculated as though diffusion within 

the pores were purely one-dimensional along the pore axis (in the z-direction). 

The other two components are correction terms which must be used to account 

for the distortion of the flow lines near the ends of the pores from the assumed 

one-dimensional forms.

By such decompositon, each resistive component depends on fewer variables

as will be seen in the discussion section.



-6

There is one restriction that must be kept in mind when decomposing the total

resistance in the manner just described. If the height (1^ or of

one of the diffusion spaces becomes too small, the correction term for that

side of the calibration plate will become dependent on the height of the

diffusion space in addition to the pore radius and spacing. Since the end-

effect correction accounts for the shapes of the flow lines hear the ends of the

pores, there is a distance from the calibration plate beyond which, due to

interaction between the pores, the equipotentials are essentially flat and

parallel to the calibration plate surface. This distance corresponds to the

height of the dotted line in Figure 2a or 2b. We shall call this critical

distance S>c. As long as and %2 each exceed this critical value, the

shapes of the flow lines near the ends of the pores are constant and the

correction terms are independent of £, and If £, (or i~) is less than SL. 1 2  1 2  c

then the shapes of the flow lines near the ends of the pores become dependent

on (or l.J and the corresponding correction term also becomes dependent

on (or i2). For plates of interest, and %2 can be made sufficiently

large to exceed i .c

The critical distance, l , can not be precisely defined but can bec

characterized well enough to be useful. For a reasonably uniform calibration

plate pore distribution, & is less than half the average pore spacing. Thisc
can be shown by constant potential plots for both one-dimensional (Cooke, 1967) 

and two dimensional arrays of sources. Such a computed field plot for a planar 

hexagonal array of point sources is shown in Figure 2. Although replacing pores 

of finite size by point sources is an approximation, it should be sufficiently 

good for estimating i-c as only a rough value.
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We now wish to reduce the geometrical complexity of the system shown 

in Figure 1. To do this, a number of assumptions must be made. Fortunately, 

the validity of these assumptions can be tested and justified experimentally. 

The major assumption is that the behavior of a single pore can be used to 

predict the behavior of an array of pores. This should be a good approximation 

if the distribution of pores is fairly uniform across the calibration plate.

The most uniform regular pore distribution would be a two-dimensional 

hexagonal array as shown in Figure 2c. At a vertical plane bisecting a line 

between each two adjacent pores in such an array, the potential gradient per

pendicular to that plane will be zero due to symmetry. This means that there 

will be no diffusion across the plane. Thus, the problem of diffusion from a 

hexagonal array of pores is exactly identical to that of diffusion from each 

pore into a separate tube of the appropriate hexagonal cross section. It 

is assumed that this simpler problem can be approximated as diffusion from a 

pore into a circular cylinder of the same cross-sectional area or "area of 

influence" as the hexagonal tube (Cooke, 1969). Call the radius of this 

equivalent cylinder the "radius of influence" of the pore. In the case of 

a hexagonal array of pores, this approximation should be quite good. The 

validity of this representation in the case of a less uniform distribution of 

pores is more difficult to justify a, priori but turns out to be reasonably 

good also.

It is possible to make one further simplification of the problem. In

stead of measuring diffusion between the two constant potential surfaces in 

Figure 1, we will consider diffusion from a plane near the middle of the 

calibration plate to one of the constant potential surfaces of Figure 1. 

Because the equipotentials within each pore are very nearly flat and 

perpendicular to the pore axis, this will be a valid representation.
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We now have a geometry as shown in Figure 3. In a cylindrical coordi

nate system we have the following boundary conditions :

an assumed flat constant potential surface within the pore

c = C at z - -h , 0 < r < r o p — P
a different constant potential at the top surface

c m C +i c  at * B Ji , 0 < r < ro c —  c

no diffusion occurs through the three remaining surfaces

•f—  m 0 at r — -r , -h < z < 0 (pore walls) dr p p —  —

(3a)

(3b)

(3c)

3c 
8 z at z ■» Of r < r < rp —  —  c

dc = 0 at r m r , 0 < z < h  3r c —  c

(cylinder bottom) 

(cylinder walls)

(3d)

(3e)

The above boundary value problem is difficult to solve analytically.

A numerical solution has been presented by ■■ Chapman et al. (1977).

The boundary value problem is fairly simple to model experimentally and the 

results of such an analog study are the basis for this paper.

EXPERIMENTAL DESIGN

Definition of Experimented Quantities

The treatment of the particular experimental results to be reported 

here can he generalized to a dimensionless unit system. All physical 

measurements are made dimensionless by scaling all lengths in terms of the 

radius of the pore, r^. We define these dimensionless quantities as follows:

1. L = ratio of pore length to pore radius; L * h /r
P • P P P

2. R = ratio of the radius of the larger cylinder (called the chamber)

to the pore radiusj R = r /rc p

3. L m ratio of the chamber length to the chamber radius, r ;c c

L — h J r  . c c c
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The resistance of the system in Figure 3 is defined by the equation:

Rt = AC/Jd (4)

where the total resistance1between the two constant potential surfaces is

Rt (sec/cm ) , he is the concentration difference between these surfaces,

and I. is the total diffusion current. This total resistance is separated into 
d

three "series resistance" components in the manner described previously:

1. Rp m resistance of the pore cylinder assuming one-dimensional

flow in the (axial) z-direction

2. Rc = the resistance of the chandler cylinder to one-dimensional

flow in the (axial) z-direction

3. R . » the end-effect resistance correction term needed to correctend

for the simplified forms of R and R .p c  *

*The resistances in the body of this paper are defined as in equation (4) 

giving units of sec/co?. This is in contrast to the more common convention, 

when discussing diffusion resistances, where resistance is defined as the 

concentration difference divided by the current density, giving units of 

sec/cm. This departure from the more common usage is not made lightly - i t  

is felt that the advantages outweigh the disadvemtages. The primary con

sideration is that the actual experimentally measured quantities are 

directly analogous to diffusion resisteuices defined as in equation 4. This 

means that the statistical treatment of the data is more straightforward using 

this resistance definition. In addition, the physical significance of the 

end-effect correction resistance is more easily visualized. Note that all 

equations for resistance defined in this manner will give the resistance per 

pore. A thorough discussion of the method of transforming equations from 

one convention for resistance definition to the other is given with the dis

cussion of results.
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Then the total resistance, R^, is given by:

R — R + R + R .  t p c end (5)

The problem now becomes a) one of finding by simple calculation the values

for Rp and Rc and b) one of experimentally characterizing Ren^~

The basic experimental procedure consists of the measurement of R^ for

particular values of r , R, L , and L . From these measurements, R -isp c  p end

calculated using equation (5). Assuming a fixed relative error in the

measurement of R^, then to obtain the minimum possible relative error in the

calculation of R .we should minimize R and R . This requires that L and end p c  p

Lc be as snail as possible. However, Lc corresponds to or of Figure 1 

and, as discussed above, these dimensions can not decrease below a certain 

value without affecting the value of R .. As is indicated by Figure 2,
6 fla

if L > 1 (h > r in Figure 3) then L may be considered to be larger than 

the critical value and Ren^ is independent of L^. Later in the paper, this 

will be shown experimentally.

Although there will be a similar minimum vale for L^, it is not as 

easy to estimate as the condition on L^. Because the curvature of the equipo 

tentials within the pore'will be small, even very near the outer end, the

limiting condition for is almost certainly less restrictive than that for

L . Thus, imposing the restriction that L > 1 (h > r in Figure 3) should c P ~  P ~  P

certainly be sufficient to ensure that Ren$ independent of L^. with these

restrictions on L and L , R ., for practical purposes, should be a function p c end

only of r^ and R (the pore radius and spacing) .

Electrical Analog

An electrolytic tank is used as the three-dimensional electrical analog 

to the diffusion problem. The diffusion region is modelled by an electrolyti
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solution of moderate conductivity, in this case a .05N solution of copper 

sulfate. The no-flux boundary conditions (equations 3c, 3d, 3e) are created 

by using non-conducting walls (plexiglass) . The constcint potential surfaces 

(equations 3a, 3b) are created by making the surfaces of a high conductivity 

metal (copper). These materials should adequately model the boundary value 

problem (Karplus, 1958).

In general, the electrical resistance between the constant potential 

boundaries for such an electrolytic cell can be expressed as

R*  « X/a (6)

where X contains all geometrical dependence and O is the electrical con

ductivity of the electrolyte. To transform the results into the diffusion 

system, X is the quantity which must be known. To obtain X from experimental 

measurement of R*, it is necessary to know O. In most electrolyte solutions, 

a has a temperature variation of roughly 2X per degree Celsius at 25°C 

(Robinson and Stokes, 1959). Unless the temperature is controlled very pre

cisely, a cannot be known accurately. Fortunately, this problem can be 

avoided by making resistance measurements relative to another electrolytic 

cell for which X is known exactly. The experimental circuit used is shown 

in Figure 4. The reference cell consists of an insulating cylindrical tube 

filled with the same electrolyte solution (same temperature and same concen

tration) as the cell of interest and with a flat constant potential surface 

at each end. In such a geometry, current flow is one-dimensional and X 

is simply the cylinder length divided by the area. The unknown cell is of 

the geometry shown in Figure 3. In the following discussion, the subscripts 

k and u refer to the known reference cell and unknown cell, respectively.

We denote electric currents by I, or I and voltages by V, or V . Thenk u k u



-12

from Ohm's Law:

%nN* (7a)

J * V /R* (7b)u u u

The current through the two cells is equal so:
Sv* ll ■s * c (8)

As in equation 6:

*** - V a* (9a)

R* « A /a u U u (9b)

Substituting equations (9a) and (9b) into equation 8 gives:

V,aX - V q (■k k u u”u k
If exactly the same electrolyte (same concentration and temperature) is

used in the two cells, then CT, = C andk u

x» - 'VV x* •

By measuring and experimentally and by circulating we can determine

The diffusion resistance for the unknown cell can.then be calculated from Au

using equation 6 (with R* and a replaced by the analogous diffusion quantities).

Let c(r,z) be the field solution to the boundary value problem given by

equations la and 3a-3e. The total diffusion current flow is found by in-

tegrating equation (lb) across the top surface of the chamber (z * h ):c

fr R 
P 3c

tr r dr dQ o 3z (12)
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Integrating and transforming to dimensionless quantities c ', r' and z ' 

given by

c' - c/AC/ r ' = r/r , z ' = z/rP P

equation (12) becomes:

f  R-2irr DAc 3c '
P Jo ='■  r dr'

The diffusion resistance can then be found from equation (4)

(14)
fR

-2 TT r D 
. p

3c'
3z'

dr'

Note that this resistance is for an arbitrary set of r , R, L and L . We
P P c

denote the values associated with one particular measurement by (*). Xf

is determined experimentally for a particular set of values (r , tl, Z and t ) ,p e p

then by analogy with equations 6 and 7:

I . * Ac D/X d u (15)

Equating the right hand sides of equations (13) and (15) for this particular

case gives:

f — ' ■"dr* -1
- A 

2frr X P u
(16)

Substitution of equation (16) into equation (14) gives for an arbitrary

r (although not for arbitrary R, L or L )
P c p

Rt = 77p
A

r X 
P U (17)
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or from equation (11):

Rt
1 * C- u— r  r  A —  rpD p c -

V
(18)

It should be emphasized that equation (18) gives an experimentally determined

value of R. for a fixed set of R, L and L .t p c

The two resistances Rc and Rp can be simply calculated using the formula 

for the resistance of a circular cylinder. Wiese resistances are then given by

Rc
1

r D
P

1
r D 
P

(19)

(20)

For the purposes of discussion of the experimental results, it is 

convenient to eliminate the dependence of the above resistances on rp and

D. The new unsealed resistances, denoted by primes, are defined by multiplying

the corresponding resistances (from equations 18, 19, 20 and 5) by This

yields:
~ V

R ’ = r  X t p c (21)

R ' c
L
c

irj?

R '
P

( 22)

(23)

R ' ,end - R 'c R '
P

(24)
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Using this convention, R' , should be a function only of R. Having R '
end  ---- *■  end

depend only on R (provided that L  and L are greater than one) significantlyc p

simplifies the experimented, studies required and, of course, simplifies the

2
outcome of this study.

Experimental Arrangement

The experimental procedure has involved five basic sets of measurements

designed to measure the end-effect correction resistance, R  ,, for theend

geometry shown in Figure 3 and to test the assumptions made in the choice 

of that geometry.

The initial three experiments were done using the geometry of Figure

3. First, the dependence o f  R en(j on  £>c was investigated. This was done to

verify the assumption that for Lc m  1, which was the value for the models

used later, R  , is in fact Independent of L  . That is, L exceeds the 
end c c

critical value, £ . An estimate for  £ was also obtained. The second experi- c c

ment was conducted to measure the dependence of Ren(j on L^. This established

the independence of Ren^ fxom for the range of values of used. Finally,

the resistances were measured for a number of values of R  to determine the

dependence of R  , on R  (which characterizes the pore spacing).
. end

The last two experiments were performed with a more geometrically compli

cated model, corresponding to Figure 1. This was a scale model of the dif

fusion region of an actual diffusion porometer. The calibration plate models 

were made with exactly the same hole distribtuion as the actual calibration 

plates for the porometer . The first of these experiments was to measure

R  , for the various calibration plate models. These results were compared 
end

A more thorough discussxon of the measurement of and is given elsewhere 

(Holcomb and Cooke, 1977).

2
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with the results obtained for the simple geometry of Figure 3 to show 

that the simple geometry is actually a good model of the more general 

problem. Finally, the height of one of the constant potential surfaces, 

corresponding to or in Figure 1, was varied to determine the critical 

value lc . This was then compared to the value for obtained in the simpler 

geometry as another check on the validity of the model.

Experiment

Most of the experimented models o f  the geometry shown in Figure 3 were 

constructed in two parts (see Figure 5). The dimensions of the pore insert 

were such that when the two parts .were joined, the top end of the pore was 

flush with the inside bottom surface of the chamber. Thus, the interior o f  

the assembly had the same shape as Figure 3. Due to the interchangeability 

of the parts, a large number o f  combinations could be made with relatively 

few components. The three chamber radii actually used were in the range  from 

2.835 cm to 5.378 cm and the four pore radii were .257 cm to .636 cm. In 

addition, to obtain the measurements of  for R  <_ 4, another set of models 

was constructed. In this set, the chamber radius  was 5.382 cm and the pore 

radii ranged from 1.349 to 2.704 cm. The actual dimensions of all components 

are given in the appendix.

The first experiment, determination o f  the effect of the chamber 

height (L^  on R en(j, used five different chambers. All of these chaabers 

had the same radius but was different for each (ranging from .098 to 2.0). 

By combining these with each o f  the four pore radii, the dependence o f  R  ,
etiQ

on L was observed for four different  values o f R.c

In the second experiment, the dependence of Ren(j on the pore length,

L  , was investigated. Four pore inserts were made, all having the same 
P

radius, with values of ranging from 0.0 to 1.006. These were combined 

with each of three chamber radii, producing sets of data for three values

of R.
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The third experiment was measurement of as a function of R.

These measurements are divided into two parts. All of the data for R > 4

was obtained with models where L and L were both greater than or equal
c p

to one. The few data points for R  <_4 were obtained with models in which 

Lc was greater than one but was zero, that is, the copper plate in the 

pore was flush with the chamber bottom. At least two measurements were made 

for each value of R.

The remaining two experiments were done using a model of the geometry 

of a calibration plate in an actual diffusion porometer. A diagram of 

the porometer model is shown in Figure 6. The actual porometer dimensions 

and the dimensions o f  the model are given in the appendix. Because 

the porometer aperture was circular, the model could be conveniently made 

using circular plexiglass tubing. The top copper plate and the model calibration 

plate were each supported on three plexiglass pegs protruding from the walls.

(The pegs were small enough for their presence to be an insignificant pertur

bation on the current flow.) The height of the top plate could be varied in 

fixed increments. Diagrams o f  the hole distributions on each of the four 

model calibration plates are shown in Figure 7. Model plates 1 , 2  and 3 are 

exact scaled copies o f  actual calibration plates used with the porometer. The 

fourth model plate  was designed to have the most uniform possible pore distri

bution (hexagonal array) for comparison with the non-uniform distribution of 

holes of the other plates.

In experiments with the pyrometer model, the "area of influence" for

each hole is defined as the total plate area divided by the number of holes.

The "radius of influence" is the radius of the circle with area equid to the

area of influence. This radius corresponds to the chamber radius of Figure

3, so r , L and R are defined in the same manner as previously. The new 
P P
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quantities, L and L are defined the same way as L but correspond to 
C1 C2 ° 

the distances to the lower and upper copper plates respectively.

Measurements were made with the porometer model both for L and L
C1 c2

greater than 1, and for L having values ranging down to zero. From
C2

these measurements could be obtained the end-effect correction resistance

Rend' re9*-on *>here it is independent^ of . In addition, the dependence

2 4
of Rend on Lc  / where significant, could be determined.

EXPERIMENTAL RESULTS

All of the discussion of the results is in terms of the non-dimensional 

resistances as defined in equations 21-24. The actual resistances for parti

cular values of r and D  can be easily obtained from these non-dimensional 
P

resistances. The use of the non-dimensional resistances, however, makes it

possible to discuss the results with greater generality than could be done if

fixed values of r and D  were used.
P

The effect of decreasing the chamber height, L  , on the observed value
c

of R ' i s  indicated by the data plotted in Figure 8. The important point

to be noted is that R 'en^ is in fact very nearly independent of Lc for values

of Lc approximately 1. It is evident that R>en^ is relatively unaffected by

changes in L until L becomes less than about .5. This makes it clear that 
c c

the choice of Lc >_ 1 was sufficient to ensure the independence of R> en$ from

3
In the case of the porometer model, equations 18 and 21 give the resistance

for the entire model. To obtain R. or R ' for each pore, the total resistancet  t
roust be Multiplied by the number of pores.

4
Note that the experimentally measured values of R . for the porometer modelena

include the effects of two end-effect resistances.
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The solid curves in Figure 8 are the best fits to each set of data for 

equations of the form:

* 'end ~ y (1 “  e ~*Lc) (25)

If  £ is defined to be the value of L at which each of these curves is at 
c c

95% of its asymptotic value (y) , then the average value for  £ is .291. Thec

exact value of this number is important only in that it is useful to characterize

the dependence of R' . on L .
end c

The results of the second set of measurements, made to find the dependence

of enfl on the pore depth (L^) are given in Figure 9. The striking feature

exhibited by the data is that R 'en^ appears to be virtually independent of

for any value of A statistical t-test indicates that the slope of the

line fitting each set o f  data points is zero (accepted at the 95% level) .

The solid lines in Figure 9 were drawn having zero slope and were determined

by a simple averaging method. The conclusion is that R ' . i s  independent of
end

1,̂  at least to within the accuracy of this experiment.

From the results shown in Figure 9 it is apparent that use of a pore 

o f  zero depth to approxixiate a pore with non-zero depth is quite a good

approximation. This means that the data obtained for R  < 4 (where L m  0)
—  P

can be treated with the rest of the data (where L  > 1) which were taken to
P  ~

find how R 'en(j depends on R. A pore depth o f  zero was used to minimize the

error in the determination of R • .. With L  > 1, R' „ is less than 20%
end p  —  end

o f  J?fc' so the relative error in can be large for small errors in the

measurement o f  R^_'. The loss of accuracy introduced by the use of a zero- 

depth pore instead o f  a deeper one is small compared with the gain in ac

curacy due to making R' . a  larger fraction of R * .end t
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The experimentally obtained values of R ’ , are plotted against R in
end

Figure 10. It is evident that R ' can indeed be described  as a function 

of R  alone. Least squares regression fits are obtained for the two equations:

end
= a + b/R + c/R

and

J?* _ ** d + e/R
end

The results are:

and

R' , 
end

.250 .326 .011

R  R2

R' . 
end

.250
.321
R

(26)

(27)

(28)

(29)

2
The R  correlation coefficients for these two fits are .994 and .998, 

respectively, so it is clear that the extra degree o f  freedom of equation 

26 provides no improvement on the fit for equation 27. In both cases the 

degree of fit is excellent. The solid curve in Figure 10 is described by 

equation 29.

The  results of the experiment to measure the end-effect correction

resistances of the calibration plates in the porometer model show, good

agreement with the results for the simpler model. The values of the end-

effect resistances for a single end-effect are derived by dividing by two the

experimental values obtained for L  .5. These are then averaged along with
c 2

the value for L = 0 (corresponding to a single end effect) . The data
c 2

points obtained by this method are plotted in Figure 11 which shows the 

dependence of R> en<j on R - The solid curve indicates the behavior exhibited 

by the simpler model and is described by equation 29. The agreement between
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the curve and the data points is well within the estimated experimental 

error (error bars correspond to the measurement standard deviation).

The  dependence of R ‘Bn^  on Lc ^or porometer model is indicated 

by Figure 12. The behavior of the simpler model (Figure 8) is in general 

agreement with that shown in Figure 12. Here, as in Figure 8, R 'en(j *s

essentially independent o f  L  for L  > .5.
°2  C2 ~

DISCUSSION

Brown and Escombe (1900) initially proposed the idea that the diffusive 

resistance of a perforated plate or membrane could be approximated by the 

addition o f  two resistances. The first is the resistance to diffusive flow 

through the pores (or pore resistance). The second is the resistance to 

flow towards or away from the ends of the pores. They argued that if the 

pores are  far enough apart, so they don't "interfere” with each other, 

then the flow through each pore will be the same as if the pore were completely 

isolated (diffusing into an infinite half space). Since this was initially 

proposed, a number of researchers have attempted to quantitatively verify 

this postulate, with varying degrees of success.

The basic problem with this argument is a lack of recognition of another 

resistive effect which is important in the case of diffusion through a per

forated plate. As is indicated by Figure 2, diffusion in the region near 

the surface o f  a perforated plate is primarily due to the "end-effect" 

diffusion described by Brown and Escombe. The point which was not recognized 

by some of the early researchers is that the diffusive flow above a plane, 

at a height above the plate surface on the order of the pore separation, 

behaves as flow from the perforated plate as a whole. Flow in this diffusion 

region, or boundary layer, has a resistance associated with it. The lack of 

recognition of the form of this resistance led to much of the difficulty in 

interpreting some o f  the less successful experiments.



In  the boundary layer, the flow of gas from each stomate can be 

visualized as flowing up a tube with cross-sectional area given by the 

"area of influence" (Cooke, 1969). The resistance of each of these tubes 

will be proportioned to the length divided by the area. As the pore spacing 

decreases, the area o f  influence decreases and the resistance o f  each tube 

increases. It is this effect which has been commonly described as "inter

ference." The overall boundary layer resistance, however, is unchanged 

by changes in the pore spacing because the increase in the number o f  pores 

counteracts the increase in resistance per pore.

The boundary layer resistance depends on the bulk air flow conditions 

near the perforated plate. Thus, depending on the environmental conditions, 

this resistance can be large or small in relation to the resistance described 

by Brown and Escombe. When later experimenters began to attempt to take 

into account the existence of this boundary layer resistance, the experi

mental results could be explained much more clearly.

The key point in the derivation by Brown and Escombe of the equations 

for the pore resistance and the end-effect resistance is the necessary as

sumption that the equipotential surface at the end of the pore is essentially 

flat (i.e. there is no radial component of the concentration gradient). With 

this assumption, the pore resistance is as defined in equation 23 and the end 

resistance is given by the resistance for diffusion from a circular disk, on 

which the concentration is constant, into  an infinite half-space. In the 

notation defined previously, this Brown and Escombe end resistance is: 30
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R  = JL-A
r D 4 
P

(30)



This equation was derived for diffusion from an isolated pore and was 

argued to hold true for widely spaced pores.
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From the experiment discussed here, it has been shown that Ren<j is 

unchanged as decreases to zero. This means that diffusion from the 

end of an isolated pore is, in fact, nearly identical to that from an 

equipotential disk. Thus, the assumption made in deriving equation 30 is 

quite valid. This can be seen more explicitly by comparing equation 30 

to the experimental results. To obtain the corresponding resistance from 

the experimental results we write

Rm - l i m  (Rend * Rc) (31)

where R will be given by equation 22 (with L  o f  order one) and R  . i s  
c c  end

25
found from equation 29. In the limit as R+*0, R  +0 and R  j*- — — . Thus,

c end r D
1 1  p

in equation 31 we find R  *  — -  (—  ), exactly as in equation 30. The results of•  r D 4
p

the experiment are in excellent agreement with the Brown and Escombe result 

for an isolated pore  -  where there is no "boundary layer” resistance.

The problem is now to see how equation 30 relates to the problem of 

diffusion from a perforated plate with many pores. Because of the high 

concentration gradients near the outer end of. the isolated pore, a large 

fraction of the total resistance occurs in the region just beyond the end of 

the pore. Consequently, if the pores in a perforated plate are far enough 

apart, the resistance of the region near the surface can be approximated by 

equation 30, from an argument similar to that of Brown and Escombe. This is 

the region described by Bange (1953) as the micro-vapor cup. The resistance 

of the remainder of the boundary layer must then be added to obtain the total 

resistance of the region above the plate surface.
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Parlange and Waggoner (1970) discuss this point in a more quantitative 

fashion. They divide the region above the plate surface into.two subregions. 

Region 1 extends from the surface to a plane parallel to it such that dif

fusion in this region is dominated by the end-effects of the pores. This 

is the region below the dotted line in Figures 2a and 2b. Region 2 is the 

diffusion region above region 1, where diffusion is dominated by effects of 

the array of pores as a whole. As indicated by Figure 2, the boundary 

between these two regions is at a height comparable to one-half the pore 

spacing, although, as discussed earlier, this height is not well-defined. 

Parlange and Waggoner argue that if the pore spacing is at least three times 

the pore diameter, then equation 30 is a good approximation for the re

sistance (called R^) of region 1. The remaining problem is to determine 

the effective height of region 1 associated with this resistance, and to 

experimentally test their result.

The argument that equation 30 gives a good estimate o f  R^ relies on the . 

assumption that the equiconcentratlon shells above each pore in a perforated 

plate are o f  essentially the same shape as those above an isolated pore. 

Parlange and Waggoner assume this to be true out to a distance roughly equal 

to one-half the pore spacing. Thus, one might expect the effective height of 

region 1 to also be on the order o f  one-half the pore spacing. The Important 

point is that this height depends on the spacing o f  the pores.

In the terms o f  this experiment, R^ will be given by:

R = R  .  + R 
1 end c

(32)

where, in obtaining R  , L  corresponds to the effective height of region 1c c

as discussed above. If is estimated to be 1, then equation 32 becomes
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or,

1
r D 
P

(1/4 - .003
R

)

(33a)

(33b)

Because R >1, it is certainly justifiable to write equation 33b as

(1/4) (34)

Thus, if the height of region 1 is such that L = 1, this result agrees
c

with that predicted by Parlange and Waggoner. However, in their appendix 

II they argue that the height of region 1. should be L  = ^  . This was found 

by consideration of the case of R m 1, where equation 30 is not valid. The 

results of the experiment described in this paper indicate that « 1 is a 

much better estimate for the height of region 1.

Parlange and Waggoner show that equation 34 is a good estimate for R^ 

if R  3. The experimental results here indicate that this limit can be 

extended and that equation 34 is an excellent approximation if R 2. It 

should be noted that the behavior of R^ in the region 1 <_ R  < 2 is probably

not well described by equation 30. For R  *  1, the value for R^ will be 

given by R  *  R ** — — which differs from the result given by equation 30.
X C  JT D ITp

One point which has not generated enough discussion in the literature 

is consideration of what is actually meant by "plate resistance" or, in the 

case of leaves, the "leaf resistance." The most commonly used method for 

calculating the plate resistance has been the addition of the end resistances 

(equation 30) to the pore resistance. As demonstrated above, this end



26

resistance is effectively the resistance of region 1. Because the height 

of region 1 is dependent on the pore spacing, it will vary, in general, 

from one plate to another. Parlange and Waggoner .indicate that this will 

also be the case for leaves in which the pores (stomates) are elliptical 

rather than circular in cross section. The variation of the height of 

region 1 from one plate to another makes the inclusion of the boundary 

layer resistance in obtaining the total resistance more difficult than 

might be wished.

The boundary layer resistance is normally found by replacing the per

forated plate by a surface of constant potential. The boundary layer 

resistance, i.e., the resistance for diffusion away from the constant 

potential surface, can then either be calculated or measured experimentally. 

If the value obtained for the boundary layer resistance is simply added to 

the plate resistance (which already Includes the resistance due to 

diffusion in region 1) then, in effect, part o f  the resistance is being 

accounted for twice. This has been the practice used by most authors.

What really needs to be added to the plate resistance defined as above is 

the resistance, called R^, of region 2 instead of the full boundary layer 

resistance. Although the error due to this misconception becomes small 

as the pore spacing decreases, it is desirable to eliminate it entirely.

In the case of the boundary layer resistance above a constant potential 

surface, even though the surface is of only finite extent, the equipotentials 

near the surface will be parallel to the surface. The portion of the 

boundary resistance corresponding to region 1 can be easily calculated 

since the diffusive flow near the surface will be purely one dimensional.

R2 can then be obtained by subtracting the resistance due to region 1 from 

the full boundary layer resistance. R 2 is then added to the plate resistance
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to correctly obtain the total resistance. The awkward feature of this 

procedure is that R^ is now a function of the pore spacing as well as 

the plate shape and exterior air flow conditions.

There is an alternative way of defining the plate resistance which 

avoids the situation where R^ depends on the pore spewing. Instead of 

defining the plate resistance as the pore resistance plus the resistance 

o f  region 1, we add these resistances then subtract the resistance of 

region 1 assuming one-dimensional flow. This is really only a bookkeeping 

difference where this last calculated resistance is subtracted from the end 

resistance o f  equation 30 instead of from the boundary layer resistance.

It is useful, however, as now all dependence on the pore spacing resides 

in the plate resistance, rather than in the boundary layer resistance.

Subtracting the appropriate resistance (the one-dimensional resistance 

of region 1 is  evaluated for ■  1) from equation 30, we have an end- 

effect correction resistance defined almost exactly as Ren<^ has Jbeen. 

Equation 30 becomes:

R  . 
end

1
r D 
P

4
(35)

This equation differs from equation 29 (determined experimentally) only in 

the coefficient of the 1/R term. The coefficient .321 is replaced by  —
IT

(= .318) which is virtmilly identical. Thus, equations 29 and 35 can be used

interchangeably. Equation 35 is the form that will be used in the remainder

of the paper, being in somewhat neater form.

From this point on, all plate resistemces or end-effect resistances will

be defined as R  . has been, so the total resistance can be obtained by one

simply adding the entire boundary layer resistance.
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Calibration Plate Design

The experimental results described in the proceeding sections allow 

some guidelines for calibration plate design to be formulated. Previously, 

many experimenters believed that the pore size and spacing in porometer cali

bration plates needed to be comparable to stomate sizes and spacixtgs in actual 

leaves in order to obtain good calibrations. It appears, however, that the ■size 

restriction can be relaxed somewhat without losing any calibration accuracy 

as long as the effects o f  the boundary layer resistances are treated properly. 

This can increase the ease of fabrication of the plates.

The major restrictions which need to be placed on the pore sizes and spacings 

are due to the nature of the diffusion process. There will be some upper limit 

for pore sizes due to convective transport effects which may begin to appear 

if the pores become exceedingly large. There will also be an upper limit on the 

calibration plate thickness (which is also the pore length). If the pores be

come very long, the time delay associated with the diffusion along the length 

of the pore becomes appreciable and the diffusion system is no longer in a 

steady state or quasi-steady state. This is the same problem discussed by 

Kanemasu, et al. (1969) for the use of calibration tubes rather than plates.

In addition to these restrictions for the maximum pore size, there may also 

be a minimum size below which the resistance will deviate from the predicted 

value. When the pores become very small, the transport process may not be 

purely diffusion. That this problem does occur is discussed by Stigter (1972).

He claims that for pores with diameters of less than 20 microns, there is a 

significant deviation from the predicted diffusive behavior. Nobel (1974, p. 309) 

claims that this only becomes a problem for diameters of a few tenths of a 

micron, comparable to the gas molecular mean free path.
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There are also some purely practical problems which arise from the use 

of calibration plates with very small pores. The sizes of very small pores 

are difficult to measure accurately leading to errors in calculation of the 

diffusion resistance. Electroplated screens such as those used by Ting and 

Loomis (1965) are generally used when very small pores are desired. The 

pores in such screens are not cylindrical in shape but are more nearly 

funnel-shaped. Because of this, the equations for pore resistance and the 

end-effect correction resistance at the large diameter end of the pore 

cannot be used directly. It is necessary to use an "effective radius" 

to calculate these resistances where this effective radius is circulated 

from an approximate formula such as that proposed by Penman and Schofield 

(1951). As discussed in Appendix 2, this approximation can lead to signi

ficant errors.

In practice, it should be possible to obtain better results with larger 

pore sizes than those in electroplated screens. The larger sizes can be 

measured more accurately. Also, the pores can be made by drilling so the 

pores are cylindrical in shape and the resistance calculation equations de

rived above can be used directly.

Two further points should be noted. In designing calibration plates, 

the pore spacing should be as uniform as possible to ensure that the  re

sistance can be well approximated by the results derived for a single pore. 

Finally, it should be emphasized that there is no minimum plate thickness 

necessary for accurate calibration. As was shown, the end-effect correction 

resistance is independent of pore length. Thus, a plate can be made as thin 

as desired to obtain a low resistance for calibration. Thus, it is possible 

to design calibration plates having resistances comparable in magnitude to
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the resistances of leaves which are to be studied. The calibration will 

then be more satisfactory than if it were necessary to extrapolate to 

obtain the porometer response for the resistance values of interest. 

Resistance conventions

In the proceeding portions of this paper, resistances have been defined

J
as in equation 4 where the resistance units are sec/cm . The alternative , 

common definition is:

d
AC/J

av (36)

where J is the average current density and is obtained by dividing the
Ckw

total current per pore by the area of influence:

Jav -  V ' ” r p *2 j <37>

These resistances will be marked by (-) and the resistance units are 

sec/cm. Then:

~ 2  2  
R*  *  R-  * irr R  d d p

Equations 19, 20 and 35 become, respectively:

R  **(-£) L R? p  D  p

(38)

(39)

R =(-£)l R 
c D  c

end D  4 -  R )

(40)

(41)

Returning to the dimensional units of Figure 3, equations 39, 40 and 41 

become respectively
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R
P

- & hD p <rr > 2
P

(39a)

R
c

4 ;  h
D  c (40a)

V rc

where h is the pore height (or length) and h is the chamber height. By 
P  c

trims formation to this convention for resistance, equations 39a and 40a

have attained a simplicity which sokes the functional dependence easy to

visualize. The chamber or boundary layer resistance, depends only on

the thickness of the layer (h ). It has no dependence on the pore size or
c

spacing. The pore resistance, depends on the pore length (the calibration 

plate thickness h^) and the ratio of pore spacing to pore radius, r^/r^. As 

long as the ratio remains constant, the pore resistance lias no dependence on 

pore size. The end-effect correction resistance Ren<̂  can be seen to depend 

on both the pore radius and spacing.

SUMMARY

The diffusion resistance o f  porometer calibration plates were determined 

using an electrolytic tank analog technique. Two experimental approaches 

were presented: a) the resistance for a "typical pore" was explored and

b) the total resistance for an actual calibration plate was measured directly 

using a plexiglass scale model.
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In the former approach, the total resistance eussociated with a pore 

was decomposed into series components so the functional dependence of each 

component resistance was quite simple. In this manner, a one-dimensional 

equivalent for a three-dimensional steady state problem  was obtained 

by associating an additional, experimentally determined, correction resistance, 

R  ., with the three-dimensional behavior at the end of the pore. EquationsBttC
for the resistance of these components were developed; from these equations, 

the resistance of a calibration plate can be found.

In the other approach, a more direct attack  was used. Scale models of 

actual calibration plates were constructed and the resistances meeisured 

directly. The results were used to validate the decomposition approach 

described first.

In contrast to the diffusion studies reported in the literature, explicit 

use was made of a non-dimensional formulation, making the scaling relationship 

for the preparation of suitable models simple to apply. Suggestions concerning 

the thickness of calibration plates and the arrangement of the pores on the 

plate were given.

The total plate resistance for circular pores has been divided into 

three componentss

a) The pore resistance, R^, calculated  as though  diffusion within 

the pore were purely one-dimensional (in the axial direction).

b) The (single) boundary layer (or chamber) resistance, is  

calculated as^ though diffusion away from the plate surface were 

purely one-dimensional (in the direction perpendicular to the surface).



-33

c) The (single) end-effect correction resistance, Ren$> which 

must be added to correct for the deviation of the diffusion 

process (near each end of the pore) from the assumed one

dimensional forms .

The end-effect correction resistance

per pore is (in units o f  sec/cm ):

(35)- — —  /i _ JL ,
end *  rpD l4 ~ ^R '

The pore resistance per pore is 

(units of sec/cm ):

Rp  r D  it 
P

(20)

The end-effect correction resistance

is (in units of sec/cm) :

a  « £ r ( - 1)
end D  c 4 r 

P
(41a)

The pore resistance is (units of 

sec/cm)t

R = j-h (—  )2 
P  D  p  rp

(39a)

The boundary layer (chamber) re

sistance per pore is (units of 

sec/cm ) :

R
c

1
r  D  
P

(19)

The boundary layer (chamber) resistance 

is (units of sec/cm):

(40a)

The above equations hold true only if the radius of influence is at least

twice the pore radius (R «* r  J r  > 2) and  as long as the boundary layer
c  p  —

thickness is at least as large as the radius of influence (L > 1).

Finally, tlx appendices extend the analysis to include non-cylindrical 

pores, such as occur with electroplated screens. The experimental results 

for the circular cylinder pores are shown in relation to several mathematical 

analyses reported in the literature.
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CONCLUSIONS

1) An electrolytic tank analog is a good model for steady-state diffusion 

problems. Such a technique is a very powerful method for the experimental 

determination of diffusion resistances for varied and complex geometries.

2) Gaseous diffusion from a single pore into the appropriate "area of 

influence," which depends on the pore spacing, characterizes the case of 

diffusion through a perforated plate with a large number of pores well - 

i f  the pores are distributed in a relatively uniform array.

3) The assumption which is frequently made in treating diffusion from a 

pore, that is, the gas concentration is constant across the mouth of the pore, 

is a good approximation.

4) The total resistance o f  a perforated plate can be expressed as the sum 

of a number of series resistive components if the decomposition is done 

properly. The resulting resistance components can be expressed in a simple 

functional form.

5) The total resistance of a calibration plate, with circular pores, in a 

porometer will be given by

C  ,2
'cal* Ih + 2rc <T> (42)

(in units of sec/cm) where r^ is the pore radius, h^ is the pore length, 

is the radius of influence (r =  /_L_ , n being the number of pores per
C  X j i

unit area), and h is the height of the boundary layer between the wetted

r
c
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surface and the calibration plate. Note that equation 42 does not include

the resistance of the diffusion region above the calibration plate as it

is characteristic of the porometer rather than the calibration plate.

Equation 42 can be used subject to the following geometrical restrictions:

the heights of the diffusion spaces on the two sides of the calibration

plate must exceed r  ; r  must be at least as great as twice r ; and the pore
c  c p

distribution should be as uniform as possible.

6) The experimentally obtained resistance equations show good agreement 

with the approximate analytical results o f  Cooke (1969) and Keller and 

Stein (1967). Very good agreement exists with the analytical derivations 

of Parlange and Waggoner (1970) with a slight modification.

7) The classical Brown and Escombe (1900) result for the end-effect re

sistance can be modified to correspond exactly to the experimentally 

determined equation.

8) Calibration plates may be designed with pores considerably larger than 

normal stomatal dimensions. Such plates also may be designed to be very 

thin with no loss in accuracy in using the above resistance equations.

9) Calibration plates should be designed with uniform pore distributions 

to ensure that the resistance equations derived from the single pore model . 

can be used to accurately predict the plate resistance. For arbitrarily 

spaced holes in a plate, the calibration resistance can be determined experi

mentally with the electrolytic tank technique.
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10) The use of the above resistance equations for non-cylindrical pores 

leads to errors which can be easily avoided. Similar equations could be 

found experimentally for non-cylindrical pores by the same method.
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Figure 1. Geometry of the general problem of diffusion 
through a perforated plate .
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Figure 2. (c) shows  a array segment near the middle
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x1' " x x x

of the large hexagonal array (1470 points) 
used in generating the field plots in (a) 
and (b). These field plots are on planes 
perpendicular to the array. The positions 
of these planes are shown by the dashed lines 
in (c). The dotted lines in (a) and (b) 
correspond to a height above the array equal 
to one-half the point source spacing.
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F ig u re  3 . Geometry o f  s im p lif ie d  s in g le  pore model
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Figure 4. Diagram of experimental circuit



F ig u re  5. C o n s tru c tio n  o f  c e l ls  used in  the experim ents
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F ig u re  6 . C o n s tru c tio n  o f  porom eter model.



Figure 7. Diagrams of the patterns of pores in the perforated plates 
used with the porometer model. Figures (a), (b), and (c) 
are models of calibration plates used with an actual porometer, 
and figure (d) shows a plate constructed with a more uniform 
pattern of holes.
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on chamber h e ig h t



.3 0

.10

.05 —

.25
_L
.75 1.00 125
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Figure 10. Dependence o f  e n d -e ffe c t  c o rre c t io n  re s is ta n c e  on pore spa cing
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F ig u re  11. Dependence o f  e n d -e ffe c t  c o rre c tio n  re s is ta n ce
on pore spa cing f o r  porom eter model
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Appendix 1

Dimensions of components used in experiments 

Model of geometry in Figure 3

iamber radius length
imber (cm) (cm)

1 2.837 2.835
2 2.835 5.667
3 3.490 3.498
4 5.378 5.395
5 2.832 1.397
6 2.837 .650
7 2.837 .300
8 5.382 8.486

pore radius length
insert
number

(cm) (cm)

1 .257 .640
2 .378 .645
3 .508 .638
4 .636 .640
5 .635 .333
6 .635 .170
7 .259 .262
8 .635 0.0
9 1.349 0.0

10 1.835 0.0

Reference cell #2

radius  = 1.281 cm 
length  -  4.945 cm

Reference cell #2

radius = 2.573 cm 
length = 6.629 cm
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Dimensions of components used in experiments (continued)

Porometer model

model calibration plates

plate radius  = 10.72 cm. for all plates
radius of holes in plates  -  .635 cm. for all plates

model calibration number of plate
plate number holes thickness

(cm)
1 9 .472
2 15 .467
3 24 .470
4 19 .470

Distance from bottom copper plate to bottom surface of 
calibration plate is always 5.05 cm

Distances from top of calibration plate to top copper 
plate:

position distal
number (cm)

1 5.05
2 .796
3 .596
4 .408
5 .191
6 0.0

Dimensions of actual calibration plates

plate radius  = .535 cm. for all plates
radius o f  holes in plates  «* .0318 cm. for all plates (equals aperture 

of porometer)
plate thickness = .0117 cm for all plates  .
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Resistance of Non-Cylindrical Pores

A-3

One common technique used in calculating the resistance of non-cylindrical 

pores is to define an "effective radius" for the pore. Such an approach has 

been necessitated by the use of electroplated screens to obtain small pore 

sizes and spacings. Unfortunately, these screens have non-cylindrical pores, 

making some sort of approximation necessary. Typically these pores open out 

at the surface o f  the screen so the radius is larger there than within the pore.

The formula which has been most widely used was first suggested by Penman 

and Schofield (1951). The approximate formula which they proposed was :

r -  (r /r  r  ; 1/2 (A-l)
t t m

where r is the effective radius, r the radius of the outer end (or mouth)
2R

of the pore, and  rfc is  the radius of the throat or smallest part of the pore.

This formula was proposed on the basis of "reasonableness” rather than from 

any rigorous theoretical basis. Since then, at least one attempt has been 

made to verify this equation from a more rigorous basis (Stigter and Lanmers,

1974).

Stitger and Lammers base their analytical treatment on the geometry of

Figure A1 as an approximation to the pore shape for standard electroplated screens. 

In Fig. Al, aQ  corresponds to  rfc and a^ + t corresponds to r^. The internal

pore resistance, , is calculated using the assumption that the equipotentials

within the pore are flat and thus the total resistance is the sum of the

resistances of a series of thin slabs perpendicular to the z-axis. The values

of Rp obtained in this manner somewhat exceed the values predicted by use of

equation Al. These differences range from 8% for aQ/i = .1 to 4% for

a /l = 1.0. 
o
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Figure Al
Non-cylindrical geometry of electroplated screens

A physical model of the geometry shown in Figure Al was constructed for

use in the analog measurements. The dimensions were such that a /% = .25.o

This value is reasonably typical of commonly used electroplated  screens.

Resistance measurements were made for this pore in combination with each of three

upper chambers (corresponding to different pore spacings). The value of r from

equation Al was used with the modified Brown and Escombe equation (equation 35)

to predict the measured resistmces. The resistances shown in Table Al include

both the internal pore resistance R  and the end-effect resistance R .. Inp  end

each case, the measured pore resistance exceeded the Penman and Schofield 

prediction by 11% to 12%. Although an effective radius obtained from Stigter’s 

treatment gives results in better agreement with the experimentally measured 

values, it does still underestimate the measured resistance by 4% or 5%.
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It is evident that significant errors are introduced by the use of 

electroplated screens and the Penman and Schofield "effective radius" for 

porometer calibration. In view o f  the much more accurate results obtainable 

with the use o f  calibration plates having cylindrical pores, the use of 

such plates is recommended rather than the use o f  electroplated screens.

Table Al

Calculated and measured values of electroplated pore resistance

measured pore Penman percent
differenceresistance prediction

12.95
5.80
D

5.18
D

11

15.94
5.86
D

5.20
D

11

24.56
5.94

D
5.23
D

12
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Comparison of Electrolytic Analog With Analytical Models

A—6

Several analytical treatments have been done for the problem of diffusion 

from a perforated plate. Kelson (1965) has set up an exact solution for 

diffusion from a cylindrical pore into a half-space. He presents an ap

proximate formula for the resistance o f  such a system with a rigorous error 

limit for the approximation. He also establishes a rigorous error limit for 

the classical Brown and Escombe approximation.

Both Cooke (1969) and Keller and Stein (1967) have found approximate 

solutions for diffusion from an  array of circular holes. Keller and Stein 

make the simplifying assumption that the concentration gradient at the outer 

end of a pore is constant across the pore. Cooke makes the less restrictive 

assumption that the concentration is constant across the outer end of the 

pore.

In the limiting case of a single isolated pore, the approximate formula 

presented by Kelman (1965), in the notation of this paper, is:

R
end

1
r D 
P

(.262 ± .012)

The Keller and Stein result for an isolated pore is:

(A2)

R  , end
1

r D 
P

(.270)

The Brown and Escombe result, and the result of this experiment, is 

(including Kelman's (1963) error limit):

(A3)

R  , end
1

r D 
P

(A4)(.250 ± .023)
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Although these three results are all in reasonable agreement, there 

is some difference. The differences all are just within the error limits so 

the three results are not inconsistent. Although this agreement for the 

case o f  an isolated pore does not verify the predictions of equation 35 

for an array of pores, it shows that the behavior predicted by this equation 

is correct for very large pore spacings.

The results of Cooke, Keller and Stein, and of this experiment are 

shown in Figure A2 for a range of pore spacings. The three results are in 

good qualitative agreement although the quantitative agreement is not exact. 

The agreement with the result o f  Cooke is quite good as would be expected.

He used the approximation of constant potential across the outer end of the 

pore which was above demonstrated to be a very good approximation.

Several other features of the treatment by Keller and Stein show 

excellent agreement with the results of the experiment. Figure A3 shows 

that is  independent of Lc for Lc >_ 1 as was indicated by the experi

mental results shown in Figure 8. In addition, figure A4 demonstrates that 

- 1 is a good estimate for the height of Parlange and Waggoner's region 1. 

The sum of R  ' and R  ' is a constant for L * 1, independent of R. This 

value (.267) is close to Keller and Stein's resistance of an isolated 

disk (.262). Although these numbers are not in exact agreement with the 

results reported above, the qualitative behavior is very similar.

It is not surprising that the three results shown in Figure A2 are not 

exactly the same, due to the approximations made in the analytical studies, 

particularly the condition assumed by Keller and Stein, and due to possible 

experimental error. The important point is that the results of the different 

methods are in basic agreement.



Figure A2. Dependence of end-effect correction resistance on pore spacing



Fioure A3. Dependence of end-effect correction resistance on chamber height.
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Figure A4. Dependence of the sum of chamber and end-effect 
resistances on the chamber height.



REFERENCES

Bange, G.G.J. 1953, On the Quantitative Explanation of Stomatal Trans
piration, Acta Botanica Neerlandica, Vol. 2 (3), p p . 256-297.

Brown, H.T. and F. Escombe. 1900, Static Diffusion of Gases and Liquids in 
Relation to the Assimilation of Carbon and Translocation in Plants,
Phil. Trans, of the Royal Society of London, Series B, Volume 193, pp. 223-291.

Cooke, J. Robert. 1967, Some Theoretical Considerations in Stomatal
Diffusion: A Field Theory. Approach, Acta Biotheoretica, Volume XVIII,
Pars III, pp. 95-124.

Cooke, J. Rolsert. 1969, The Influence o f  Stomatal Spacing Upon Diffusion 
Rate, ASAE Annual Mr-eting, No. 69-525. ASAE, St. Joseph, Michigan.

Chapman, D. C., J. R. Cooke and D. C. Elfving. 1977. A  Finite Difference 
Analysis of the Diffusion Porometer, ASAE Meeting. No. 77-5508, St.
Joseph, Michigan. December.

Holcomb., Douglas P. and J. R. Cooke. 1977. An Electrolytic Tank Analog 
Determination of Stomatal Diffusion Resistances, ASAE Meeting, No.
77-5510, St. Joseph, Michigan. December.

Kanemasu, E. T., G. W. Thurtell and C. B. Tanner, 1969. Calibration and 
Field Use of a Stomatal Diffusion Porometer, Plant Physiology,
Vol. 44, pp. 881-885.

Karplus, Walter J., 1958, Analog Simulation (Solution of Field Problems), 
McGraw-Hill Book Co., Inc., New York, pp. 149-159.

Keller, Kenneth H. and Thomas Stein, 1967, A  Two-Dimensional Analysis of
Porous Membrane Transport, Mathematical Biosciences, Vol. 1, pp. 421-437.

Kelman, R. B., 1963, Axisymmetric Potentials in Composite Geometries:
Finite Cylinder and Half Space, Contributions to Differential 
Equations, Vol. II, pp. 421-440.

Kelman, R. B., 1965, Steady-State Diffusion Through a Finite Pore Into 
an Infinite Reservoir: An Exact Solution, Bulletin of Mathematical
Biophysics, Vol. 27, pp. 57-65.

Nobel, Park S., 1974, Biophysical Plant Physiology, W. H. Freeman and Co.,
San Francisco, pp 303-325.

Parlange, Jean-Yves and Paul E. Waggoner, 1970, Stomatal Dimensions and 
Resistance to Diffusion, Plant Physiology, Vol. 46, pp. 337-342.



Penman/ H. L. and R. K. Schofield/ 1951/ Some Physical Aspects of Assimilation 
and Transpiration, Symposia of Society for Experimental Biology, Number 5, 
Academic Press Inc., New York, pp. 116-129.

Robinson, R. A. and R. H. stokes, 1959, Electrolyte Solutions - The Measurement 
and Interpretation of Conductance, Chemical Potential and Diffusion in 
Solutions of Simple Electrolytes, Butterworth Scientific Publications, 
London.

Stigter, C. J., 1972, Leaf Diffusion Resistance to Water Vapour and Its 
Direct Measurement: I. Introduction and Review Concerning Relevant
Factors and Methods, Meded. Landbouwhogeschool Wageningen, 72(3), 
pp. 5-47.

Stigter, C. J. and B. Lammers, 1974. Leaf Diffusion Resistance to Water
Vapour and Its Direct Measurement: III. Results Regarding the Improved
Diffusion Porometer in Growth Rooms and Fields o f  Indian c o m  (Zea 
Mays), Meded. Landbouwhogeschool Wageningen, 74(21), pp. 1-76.

Ting, Irwin P. and Walter E. Loomis, 1965, Further Studies Concerning 
Stomatal Diffusion, Plant Physiology, Vol. 40 , pp. 220-228.

Wallihan, Ellis F. 1964. Modification and Use o f  an Electric Hygrometer for 
Estimating Relative Stomatal Aperture. Plant Path'. Vol. 39, No. 1. 
January.



Papers presented before ASAE meetings are considered to be the property of the Society. 
In general, the Society reserves the right of first publication of such papers, in complete 
form. However, it has no objection to publication, in condensed form, with credit to the 
Society and the author. Permission to publish a paper in full may be requested from ASAE. 
P.O. Box 410, St. Joseph, Michigan 490B5.
The Society is not responsible for statements or opinions advanced in papers or discussions 
at its meetings. Papers have not been subjected to the review process by ASAE editorial 
committees; therefore, are not to be considered as refereed:



ABSTRACT

An electrolytic tank analog is described and shown to be a powerful 

technique for modelling gaseous diffusion problems for complex geometries. 

Analog measurement is shown to be straightforward in application. The 

technique is used to model stomatal diffusion in plants. The experimental 

results are used to obtain equations for prediction of stomatal diffusion 

in the general case. The resistance is expressed as a sum of series re

sistance components which makes clear the dependence on stomatal geometry 

and separately on the boundary layer. The results are in agreement with 

diffusion behavior reported in the literature. The dependence of stomatal 

diffusion resistance on the stomatal spacing and size is described. In 

addition the relation between stomatal control of diffusion and the control

due to the boundary layer is discussed.



A N  ELECTROLYTIC TANK ANALOG DETERMINATION OF 

STOMATAL DIFFUSION RESISTANCE

INTRODUCTION

Photosynthesis, and therefore crop production, depends upon the exchange 

of gases between the plant and the atmosphere. As this gas exchange takes 

place primarily through the leaf surfaces of the plant, understanding the 

process o f  gas transport in and out of leaves is essential. Movement of 

both carbon dioxide and water vapor is of interest, however discussion here 

will be limited to water vapor transport. Nevertheless, the concepts and 

techniques developed will hold equally well for the movement of carbon dioxide.

The physical process by which water vapor moves from the interior of a 

leaf into the air surrounding the leaf is primarily diffusion. The water 

vapor travels from the mesophyll cell walls into the sub-stomatal cavities 

within the leaf, through the stomates, and out into the air surrounding the 

leaf. There is some water loss through the leaf cuticle also but the rate 

of loss is very small compared to the loss through the stomates (Nobel, p. 315) 

so will be assumed zero. There will be a limited region of air adjacent to 

the leaf surface within which the transport process will still be diffusion 

(Meidner and Mansfield, p. 55). The thickness of this layer of still air, or 

boundary layer, is dependent on the wind speed. This boundary layer exists 

even in strong winds, although it can become quite thin. Beyond this boundary 

layer, the water vapor is carried away by the bulk (i.e., convective) movement 

of the air.

For a given water vapor partial pressure in the local atmosphere, changes 

in the rate of water loss for a given leaf can be seen to depend primarily on
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two variables. The size of the stomatal aperture will have a large effect 

on the rate at which water vapor diffuses through the stomate. In 

addition, the thickness of the boundary layer, which is a function of the 

wind velocity, will also substantially affect the water loss rate.

The rate of water loss is frequently described in terms of a resistance 

to diffusion. A high water vapor concentration exists at the surface of the 

mesophyll cells and the concentration at the outer surface of the boundary 

layer is lower, being typical of the local atmospheric concentration. This 

concentration difference is the driving force for the diffusion process.

Given a fixed concentration difference, the rate of gas flow depends upon 

the leaf geometry. The diffusion resistance of the leaf surface can then be 

defined as the concentration difference divided by the flow rate. This use 

of a resistance to characterize the water loss rate is very convenient and 

will be used in this paper. More specifically, an experimental procedure 

for the determination of this steady state resistance will be presented.

There is a large volume of the literature devoted to the discussion of 

leaf resistances. These resistances are both measured experimentally and 

discussed from a theoretical viewpoint. Unfortunately, the geometry of a 

leaf is sufficiently complicated that rigorous analytical determination of the 

diffusion resistance is difficult, to say the least. As a consequence, a 

theoretical understanding of the dependence of the leaf resistance upon the 

leaf geometry is  based upon a variety of approximate analytical treatments.

The basis for this paper is the use of a physical analog model to determine 

leaf resistance. By varying the geometry of the model, it is possible to 

develop an understanding of how various geometrical factors affect the over

all leaf resistance.
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The analog measurement method is a more powerful tool than the 

standard type of diffusion resistance measurement as described by Ting and 

Loomis (1965). The geometries can be more accurately controlled because the 

models can be made to virtually any scale and complicated geometries can 

be more easily constructed. In addition, the analog resistance measurements 

can be made with inherently more accuracy than direct measurements of 

the diffusion resistance. The combination of the analog measurements with 

analytical arguments makes possible a fuller understanding of the factors 

affecting the resistance than if either were used alone.

ELECTROLYTIC TANK ANALOG

The flow of electric current in an aqueous electrolyte solution is

exactly analogous to diffusive flow in a gas. The differential equations

for steady-state gaseous diffusion are 

2
V C = 0 (la)

and

J , = -DVc (lb)
— a  —

where c is the concentration (or diffusion potential) , D the diffusion

coefficient, and J. the diffusion current density. The analogous equations 
— a

for electrical current flow in an electrolytic solution are

and

V2$ = 0

J  =  -  a V d >  
— —

(2a)

(2b)

where $ is the electrical potential, a the electrical conductivity, and J, 

the electrical current density. Thus it can be seen to be quite straight

forward to use an electrolytic tank to model gaseous diffusion in a one-

to-one analogy.



In designing the analog model it is necessary to describe the 

diffusion problem as a boundary value problem. That is, in addition to 

specifying the governing differential equations (equations la and lb), 

the conditions at the boundaries must be specified to obtain a unique solution. 

For these diffusion problems, the boundaries can Jbe specified as one of. two 

types. A boundary surface can have a constant concentration (constant 

potential) or it can be impervious to flow, i.e., a no-flux boundary. In 

the latter case, such boundaries can be either solid boundaries which are 

impermeable to diffusion, or can be hypothetical barriers to diffusion due 

to geometrical symmetry. This no-flux boundary condition is

If -• (3)

where the gradient is taken normal to the surface.

The constant concentration boundary condition is simply:

c = constant (4)

Constant potential boundary conditions correspond to the constant water 

vapor concentration at the mesophyll cell surfaces or at the outer surface 

o f  the boundary layer. The no-flux boundary conditions correspond to the 

relatively impermeable cuticle*covering the guard cells and the leaf 

surface. There are also symmetry-caused no-flux boundaries in the boundary 

layer due to "interference" between stomates as will be discussed later.

The two types o f  boundary conditions are easily simulated in an electro

lytic tank analog. The constant concentration boundary is formed by a metal 

with essentially infinite conductivity (compared to the conductivity of the 

electrolytic solution). Similarly, the no-flux boundary condition is created 

by an insulating surface. In using such a model to simulate diffusion 

through stomates, it is merely necessary to build a physical model, at a

* (See Aston and Jones, 1976)
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convenient scale, which matches the boundary conditions. Since the 

diffusion resistance is defined between the surfaces o f  constant potential, 

the resistance measured between the metal plates in the analog model cor

responds exactly to the diffusion resistance. In studying the effects of 

the stomatal geometry on leaf resistcuzee, therefore, one is limited only 

by the ability to build models o f  the appropriate geometry. Because the 

resistance is related to size by a simple scaling factor, the models can be 

scaled to a size at which construction is fairly simple.

In general, the electrical resistance between the constant potential 

boundaries for an electrolytic cell can be expressed as

R* = X/o (5)

where X contains all geometrical dependence and a is the electrical con

ductivity of the electrolytic solution. To transform the results into 

the diffusion system, X is the quantity which must be known but to obtain X 

from the experimental measurement of R * , it is necessary to know o. In

most electrolyte solutions, a has a temperature variation o f  roughly 2%

o
per degree Celsius at 25 C (Robinson and Stokes, p. 87) so unless the temp

erature is controlled very precisely, a cannot be known accurately. For

tunately, this problem can be avoided by making resistance measurements 

relative to another electrolytic cell of a simple geometry where X is 

known exactly and which is filled with the same solution as the model of 

interest. By this technique, the necessity of knowing a is eliminated. The 

experimental circuit used is shown in Figure 1. The reference cell consists 

of an insulating cylindrical tube filled with the same electrolytic solution



-6

(same temperature and concentration) as the cell of interest and with a

flat constant potential surface at each end. In such a geometry, current

flow is one-dimensional and X is simply the cylinder length divided by

the area. The unknown cell is constructed with the geometry of interest.

In the following discussion, the subscripts k and u refer to the known

reference cell and the unknown cell, respectively.

We denote electric currents by I, or I and voltages by V , or V . Then
k u * k u

from Ohm's Law:

xk .  V R' *  <“ >

I = V /R* 
u u u

(6b)

The current through the two cells in series is equal, so:

V*** * V R*u (7)

As in equation 5:

« ‘ k -  V ° *

R* = X /o u u u

(8a)

(8b)

Substituting equations (8a) and (8b) into equation 7 gives:

V a, X = V a X. k k u u u k
(9)

If exactly the same solution is used in the two cells, then a = and:

X = -p- Xu V, k 
k

( 10)

By measuring V and V experimentally and by calculating X , we can determine
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A^. An equation which is analogous to equation 5 can be written for the 

diffusion resistance. In equation 5, R* is replaced by the diffusion re

sistance and a is replaced by the diffusion coefficient, D. The diffusion

resistance for the unknown cell then can be calculated from A .
u

MATERIALS AND INSTRUMENTATION

Some of the necessary material requirements were mentioned in the 

previous section but will now be elaborated. The electrolytic 

solution should be fairly weak. This is necessary for a number of 

reasons. Basically, it is desirable to make the experimental measurements 

using low currents. This minimizes ohmic heating and also limits the 

reaction rates of any undesirable chemical reactions. To achieve these 

low currents (on the order of milliamps) while maintaining easily measured 

voltage levels (on the order of a volt), the solution resistivity must be 

appreciable. This is achieved by the use of quite weak (dilute) electrolytic 

solutions. In addition, the resistivity must be high enough that the con

ductivity of the metal electrodes can be regarded as infinite although this 

condition is easily met if the electrodes are made of a high conductivity 

metal. Copper sulfate is frequently used as an electrolyte.

The no-flux boundary conditions are easily created using a variety 

of materials. The material must be non-conducting and non-reactive with 

the electrolyte. Plexiglass, was used in this study as it fills all of the 

requirements and is readily available.

Some care must be taken when choosing electrode materials. The 

primary consideration is to pick a material having a high conductivity.



- 8

In addition, the electrode material must not chemically react with the 

electrolytic solution when current is passed through the tank. This 

constraint must also be kept in mind when choosing an electrolyte.

Platinum is the best electrode material and graphited electrodes are also 

good, but copper is frequently used and works very well for most applications 

(Karplus, 1958). The use of copper electodes and copper sulfate for the 

electrolyte avoids reaction problems at the electrodes. However, copper 

is reactive with many substances (such as oxygen) and hence it is often 

quite difficult to keep the electrode surfaces chemically clean.

Up to this point, the impedance of an electrolytic cell has been 

treated as -though it were purely resistive in nature. That is not quite 

correct, however. When a current is passed through an electrolytic solution, 

there are some time dependent effects which alter the behavior from a purely 

resistive one.

When an electric field is applied to an electrolytic solution, the 

various ions move under the influence of the field. Initially, the iorjs 

are uniformly distributed throughout the liquid and there is no net space 

charge. Due to the motion of the ions, the distribution of each ionic species 

is no longer uniform. The result is a build-up of space charge near the 

electrode surfaces. These charged layers are referred to as polarization 

layers. It is the formation of these polarization layers which principally 

contributes to the non-resistive component of the impedance. The effect of 

the polarization layer formation is to reduce the strength of the electric 

field within the solution, and hence reduce the current. This polarization 

layer behaves as a capacitance in series with the resistance of the electrolytic

cell.
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In addition to the current flow due to simple ionic migration associated 

with the polarization, there is another component of the current flow due 

to an electrochemical reaction, such as oxidation or reduction, at the 

electrodes. This current has been referred to by Grahame (1952) as the 

faradaic current. There is eui impedance, called the faradaic impedance, 

which can be used to describe the faradaic current. Unfortunately, it is not 

possible to represent the faradaic impedance in terms of a simple equivalent 

circuit. It turns out, however, that this does not restrict us in the use 

o f  an electrolytic tank analog.

Grahame (1952) has shown that the impedance of an electrolytic cell

can be represented as in Figure 2 as long as there are no substances present

in the solution which will form secondary reactions at the electrodes after the

simple faradaic electrochemical reaction. In Figure 2, R is the simple

resistance o f  the electrolytic cell as first introduced, C is the capacitance
P

which accounts for the polarization effect, 8 is a resistance associated 

with the faradaic current, and -W- is a so-called Warburg impedance (Grahame, 

1952, p. 378C) also associated with the faradaic current. The Warburg im

pedance cannot be represented simply because of the manner in which it 

changes with frequency. Fortunately, it is not necessary to do so.

As can be seen from Figure 2, the faradaic impedance is effectively 

in parallel with C^. If an alternating current of a sufficiently high fre

quency is passed through the cell, the impedance of C will approach zero
P

compared with 0, -W- and R, and the overall impedance will approach R.

Thus the effects of the faradaic impedance and the polarization effects 

can be eliminated if impedance measurements are made at a high frequency.

In practice, with the use of copper electrodes, and a copper sulfate 

solution, the frequency which is needed for the measured impedance to be
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simply equal to R can become quite high (> 100 kHz) . In addition, the 

necessary frequency is dependent on the state of chemical cleanliness of 

the electrode surfaces. If the copper can be kept very clean, the 

measurement frequency can be considerably reduced, to as low as 10 kHz.

To ensure that the measurement frequency is sufficiently high, it is 

convenient to use a signal generator which produces a square wave rather 

than a sinusoidal one. If a square wave current is passed through an 

electrolytic cell, the voltage across the cell will generally appear as 

in Figure 3. The resistance o f  the cell will then be given by the dis

continuous voltage change, Vq  divided by the discontinuous current change,

IQ . This is because the discontinuous voltage change is the voltage re

sponse at essentially infinite frequency (at which the impedance will be 

purely resistive). The charging o f  the polarization layer capacitance 

causes the voltage to rise, creating the curved voltage response in Figure 3. 

If the square wave frequency is increased, the charging will become less, 

and the voltage response will approach being a square wave as in Figure 

4a. If the frequency is decreased, the charging effects become greater and 

the voltage response becomes like that shown in Figure 4b. It should be noted 

that whatever the frequency and the shape of the voltage response, the dis

continuous voltage change will always correspond to the resistive impedance 

component, which is what we wish to measure.

If a circuit is used as shown in Figure 1, the signal generator produces 

a voltage rather than a current square wave. The measured voltage responses,

and V , will then have somewhat different appearances than in Figures 3

and 4. Despite this, the discontinuous voltage changes will still reflect

the resistances and the ratio of the discontinuous changes in V and V, can
u k
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still be used to calculate X^ as in equation 10. These voltage measurements 

are easily made using an oscilloscope.

MEASUREMENT OF STOMATAL RESISTANCE 

Geometry

Experimental modelling is facilitated if the stomatal geometry is fairly 

simple. Although the geometry of the surface of a real leaf is generally 

quite complicated and in principle could be modelled, a number of simplifi

cations can be made without seriously compromising the analysis. The result 

of these simplifications is that the models are relatively easy to construct. 

Hence, it becomes feasible to produce a fair number of models with differing 

geometries, to study how geometrical changes affect the stomatal resistance.

The most important simplification which can be made is to represent the 

diffusive behavior of the array of stomates in a leaf by the diffusive be

havior of a single stomate. That this is possible is due to an effect 

commonly referred to as "interference." Within the boundary layer of still 

air which adheres to a leaf, the water vapor diffusion away from the leaf 

surface is very nearly one-dimensional. This is illustrated in Figure 5. 

Because of the effects of the neighboring stomates, the water vapor diffusing 

away from each stomate is effectively constrained to flow through an imaginary 

tube. The area of the tube can be considered to be the "area of influence" 

of the stomate and will be approximately given by the average leaf area per 

stomate. The restriction of the flow from each stomate into one of these 

imaginary tubes is referred to as the "interference" effect of the neighbor

ing stomates.

From the concept that diffusion from each stomate is restricted to flow 

through an imaginary tube, it is but a short step to realize that diffusion 

from a single stomate into a real tube is an almost identical situation,
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from a diffusion standpoint (Cooke, 1969) . The diffusion resistance of the stomal 

will be the same in either case as long as the sizes of the imaginary tube 

and the real tube are the same. Thus, if the stomates are distributed in 

a reasonably uniform manner across the surface o f  the leaf, it should be 

possible to model diffusion from each stomate using an analog model o f  a 

single stomate diffusing into a tube whose cross-sectional area will be 

determined by the spacing of the stomates in the leaf. That this is, in 

fact, a reasonable approach is supported by the results o f  another experi

ment (Holcomb and Cooke, 1977) . In that study, it was demonstrated that 

diffusion from an array of circular pores could be adequately modelled by 

consideration of a single pore diffusing into a tube with a size characteristic 

of the pore spacing in the array. Although stomates are non-circular, the 

behavior should be similar.

Having reduced the problem of diffusion from an array of stomates in 

a leaf surface to one of diffusion from a single stomate into a tube, it 

is necessary to specify the geometry of the stomate-tube configuration.

Because there is a good deal of geometrical variation from one leaf to another, 

it is impossible to accurately represent all geometries so it is necessary to 

idealize the geometry to a representative case. This will make it clear how 

the geometry qualitatively affects the diffusion resistance. The quantitative 

results will also be valid inasmuch as it is possible to predict the resistances 

of different leaf structures with a single model. The model chosen is il

lustrated by Figure 6.
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The tube itself will be assumed to be a cylinder having a circular cross- 

section with radius and length The "radius of influence," r is

chosen so the tube cross section will be given by the "area of influence" 

defined previously. The choice of a circular cross-section should be a 

good approximation if the stomates are fairly evenly spaced across the surface 

of the leaf (Holcomb and Cooke, 1977) . It is expected that the diffusion 

resistance is insensitive to the actual cross-sectional shape of the tube 

as long as the area is constant. Thus it might be expected that the results 

obtained with a tube of circular cross-section should also reasonably well 

predict the diffusion resistance of arrays of stomates which are less uni

formly spaced. This is a point which is worth further experimental investi

gation.

The shape of the stomate itself will be assumed to be a cylinder with 

an elliptical cross-section. Although stomates are not perfectly elliptical 

in cross-section, the real shapes are often quite close to this idealized 

shape (Meidner and Mansfield, p. 15; Troughton and Donaldson, 1972). The 

important feature of the ellipse is that it does a good job of modelling the 

qualitative behavior o f  the changes in the shape of real stomates while being 

a relatively simple shape itself. By specifying the lengths of the semi

axes, an ellipse can be made either fat, i.e., somewhat circular, corresponding 

to a wide-open stomate, or quite thin, corresponding to a nearly closed 

stomate. It has been observed (Meidner and Mansfield, p. 12) that the 

length of a stomate is nearly constant as it opens and closes which is a con

dition easily met by use of an elliptical shape. The ellipse will be de

scribed by its semi-major axis length, a, and the length of the semi-minor 

axis, b. Hereafter, the terms "stomate length" or "stomate semi-length" 

will refer to the longer or major axis. The depth of the stomatal pore is d

(Figure 6) .
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The substomatal cavity will be represented as hemispherical in shape.

The curved constant concentration surface of radius r i n  Figure 6 corresponds 

to the wetted surface of the mesophyll cell walls. The lower surfaces of the 

epidermal cells and the guard cells (the top of the substomatal cavity in 

Figure 6) are assumed to be no-flux boundaries, although this may not be 

strictly true.

The experimental results can be discussed in more generality if we use 

dimensionless units to specify the geometry. This can be done by scaling all 

length dimensions to one single quantity. As the stomatal length remains 

essentially constant during opening or closing of the stomate, it is 

advantageous to scale all length measurements to the semi-major axis 

length, a. The geometry will then be described in terms o f  the following 

dimensionless quantities:

a = b/a the width-to-length ratio of the ellipse 

(0.05 <_ b/a <_ 0.5)

the ratio of the circular cylinder 
radius to the ellipse semi-length

the ratio of the circular cylinder length 
to the ellipse semi-length

the ratio of the stomatal pore depth 
to the ellipse semi-length

the ratio of the sub-stomatal cavity 
radius to the ellipse semi-length

In considering the diffusion resistance of a geometry such as that shown 

in Figure 6, the total resistance is frequently broken into a sum of series 

resistance components. It should be a good approximation to assume that the 

water vapor concentration is constant across each end of the stomatal pore. 

This approximation has been demonstrated to be valid for circular pores

3 = (r^a) >_ 2

T = (l /a) > r 
c —  c

Lp = (d/a)

y = (r s / a) L  2
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(Holcomb and Cooke, 1977) so should hold for wide-open elliptical pores 

as well. In addition, analog plots of constant potential lines (Cooke,

1967) have shown a similar result in a two-dimensional model which should 

be a good representation for the concentration field near a very narrow pore. 

Thus, there is good justification for the assumption that a flat equipotential 

surface exists across each end of a stomatal pore. Due to the supporting 

evidence, the treatment here differs from that of Bange (1953) who 

simply assumed the existence o f  various flat equipotential surfaces within 

the stomatal pore.

The total resistance can be separated along these flat surfaces at the 

ends of the pore into three component parts. The three resistance components 

will then be:

R^ = The resistance o f  the sub-stomatal cavity from 

the mesophyll cell walls to the inner end of 

the stomatal pore.

R — The resistance o f  the stomatal pore from the 
P

inner end to the outer end

R , =  The resistance o f  the cylinder from the outer end
cyl

o f  the stomatal pore to the constant concentration 

surface at the upper end of the cylinder.

The length, , o f  the upper cylinder is given by the thickness of the 

boundary layer o f  still air adhering to the leaf. Because this thickness 

depends on conditions such as wind velocity and leaf size, rather than the 

stomatal geometry, it is desirable to separate out the dependence of the re

sistance on l^. This separation can be accomplished by writing the cylinder

resistance, R ., as the sum o f  two terms, R and R R^ is the resistance
cyl b end b

of the cylinder or boundary layer calculated as though the diffusion
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were purely one-dimensional along the cylinder axis. R is a correction
end

term which accounts for the added resistance due to the constriction of the 
%

flow lines from the assumed one-dimensional form near the end of the stomatal

pore, as can be seen in Figure 5. The correction term, R ., contains all
end

of the dependence of the cylinder resistance on the pore geometry, and the 

boundary layer resistance, R w i l l  depend only on the boundary layer 

thickness and the "area of influence." It should be noted that the preceeding 

statement is true only if the shapes of the flow lines near the end of the 

stomatal pore are independent of the thickness of the boundary layer. As 

can be seen from Figure 5, any surface of constant potential is essentially 

flat and parallel to the leaf surface if it is beyond a height above the leaf 

surface comparable to the stomatal spacing distance. Thus, any of these flat 

surfaces of constant potential can be replaced by the outer surface of the 

adhering boundary layer (itself approximately a flat constant potential 

surface) without altering the shape of the flow lines near the leaf. Ex

perimental investigation (Holcomb and Cooke, 1977) indicates that the limiting 

condition for the simple decomposition of R C y^ has the boundary layer thickness,

i , equal to the "radius of influence," r . This means that the resistance 
c c

components R , and R will have the geometrical dependence described above 
end b

as long as SL > r .
c —  c

The overall resistance for a stomate can be written

R = R + R + R. + R .
total s p b end

(11a)

where the resistances are defined by the potential difference divided by the 

diffusion current flow and have units of s/crt?. We can change to a dimen

sionless system b y multiplying each resistance by D ma to obtain a new 

resistance (denoted by a prime). Equation 11a then becomes
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(lib)

where the primed resistances are given by:

R' - D • a • R ( 12)

The dimensionless resistances are independent o f  the scale of the 

geometry so are useful for discussing the experimental results in general 

terms. The actual resistance can easily be calculated for any scale 

system from the dimensionless resistances using equation 12.

Experiment

As can be seen from equations 11a and lib, the total resistance per

stomate, and therefore the total resistance of a leaf, can be predicted

if the four component resistances R , R , R. and R , are known. The two 
^  s p b end

resistances R and R. are obtained simply from calculation, being the re- 
P  b

sistances of an elliptical and a circular cylinder respectively. The 

resistance o f  a cylinder is proportional to the length divided by the area 

of the cylinder and the following equations can be found:

(13a)

L
R >  =  - E (13b)

p  net

R =  l .... £-
b D 2

(14a)

nr
c

T

TTp
2

(14b)
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The two other resistances, R and R ., must be found experimentally.
s end

The procedure which is followed here is to experimentally measure &en(j 

and to use that result together with an analytical argument to estimate 

j?s rather than to measure it directly.

To avoid having to make simplifying assumptions, such as the 

existence of a flat constant concentration surface across each end of the 

stomatal pore as mentioned earlier, analog models having the full geometry 

of Figure 6 would need to be used for resistance measurement. However, 

using such a relatively complex geometry makes varying of that geometry 

difficult. This is primarily due to the difficulty in making elliptical 

cylinders, to represent the stomatal pore, in the varying shapes and sizes 

necessary.

Instead of constructing such complex geometries, the assumption of a

constant potential across each end o f  the stomatal pore makes possible the

use of a physical model whose construction is simple and can be accurately

accomplished. The mouth o f  the stomatal pore is represented by an elliptical

disk of constant potential, flush with the bottom end o f  the circular

cylinder representing the boundary layer. The resistance between such a disk

and the constant potential surface at the upper end of the cylinder corresponds

to the sum (R ,) o f  R, and R ,.
cyl b end

Copper sulfate was used for the electrolyte solution at a concentration 

of .05N. The cylinders used were made of plexiglass and the constant potential 

surface at the upper end of the cylinder was a copper plate. The copper ellipse 

at the bottom o f  the cylinder was produced by a technique common to the 

electronics industry.
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The starting material for the ellipse is a rigid, flat phenolic board 

(an insulator) clad with a very thin layer (.003 inch) of copper. The 

copper can be selectively covered with a material which will protect it 

from the subsequent chemical etch. The etch removes the unprotected copper 

leaving a flat, conducting copper surface of the desired shape. The key 

to this process is that the chemical masking of the copper can be done 

photographically. Thus, small elliptical electrodes can be accurately pro

duced by photographically reducing a much larger ellipse. The end result 

is a flat, elliptical copper electrode whose surface is slightly raised 

above the insulator surface, due to the finite thickness of the copper plate.

The surrounding insulating area can easily be built up to be flush with the 

surface of the copper (in this experiment, a single layer of cellophane tape 

worked very well) . This construction formed the bottom end of the cylindrical 

electrolytic tank and the resistance was measured between the two copper 

electrodes.

The two sizes of elliptical electrodes (lengths 1 .27 cm and 5.08 cm) 

used in the experiments had a wide range of shapes. The thinnest ellipses 

had a = 0.05, corresponding to a nearly closed stomate, and the broadest had

a. = 0.5, corresponding to a wide-open stomate. Two cylinders of different 

sizes (r■ = 5.38 cm and 10.73 cm) were combined with the ellipses to simulate

spacing ratios of 6 = 2.1 2, 4.2 5, 8.5, and 17. The lengths of the two 

cylinders were made great enough, so that >_ r^, to ensure the independence 

of R end from the cylinder length (corresponding to the boundary layer thickness).

In addition to the models constructed with the geometries just described, 

one model was constructed to further test the approximation made in using the
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elliptical disks to represent the pore mouth. This model was made with 

an elliptical cylinder (a = 0.1) for the stomatal pore. A copper electrode 

was placed at the bottom of the elliptical cylinder whose upper end was 

flush with the bottom surface of the cylindrical tube representing the 

boundary layer. The overall resistance was measured to see how well the 

assumed form

R = R + R. + R
end

(15)

for the resistance predicted the measured result.

The dimensions of all components used in the experiments are given 

in the appendix. Each pore was used with each of the two cylinders in 

forming differing geometries.

EXPERIMENTAL RESULTS

As will be discussed in more detail, an approximate analytically 

obtained equation for the resistance o f  an elliptical stomate has been ob

tained by Parlange and Waggoner (1972). From their treatment, the functional

form of R' , is found to be 
end

R' = d [in (e/a)]- f/Z (16)
end

where d, e and f  are constants. When such an equation is fit by a least 

squares method to the experimental data, obtained for the flat elliptical 

electrodes representing the stomate, the resulting equation is

342
R' = .151 In (4.96/0. - 
end p

where .05 < a < 0.5, £ > r , and 3 > 2.
—  —  c —  c —

(17)
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2 2 
The R correlation coefficient for the fit o f  equation 17 is R = .999,

indicating that the equation is an excellent representation for the

experimental results. The experimental data and equation 17 are plotted

together in Figure 7 where R ' , is plotted as a function of In (1/a) for
end

the various values o f  & used in the experiment.

The results o f  the measurements made w i t h  the more geometrically 

complicated model, w h e r e  the stomatal pore is physically represented by an 

elliptical cylinder, can b e  compared with the resistances calculated from 

equation 17. The elliptical pore w a s  combined with each o f  the two circular 

cylinders to obtain resistance values for two values of $. Two measurements 

were made for each combination and the results are shown in Table 1 with the 

values calculated from equations 13b, 14b and 17 used in calculating the 

resistance of the models from equation 15. The calculated resistance values 

underestimate the total resistance by only 5-6%.

DISCUSSION OF RESULTS

It appears that the geometry (that is, a flat elliptical electrode) used 

in obtaining the results■ shown in Figure 7 is a reasonable representation 

of the geometry of a stomate to obtain the diffusion resistance within the 

boundary layer. The results (Table 1) of the experiment to test the elliptical 

plate representation show a 5-6% difference between the resistances obtained 

for the two different geometries. In light of the 2-3% reproducibility error 

between measurements for a given geometry, the difference seems to indicate a 

slight inaccuracy in the use of an elliptical plate to represent a stomate, 

at least in the case o f  a very narrow pore width. The limited amount of data 

for comparison purposes makes it difficult to draw any firm conclusions, however. 

It is clear that the simplified representation of the stomate can be used to 

give reasonably dependable quantitative results as well as being an excellent 

model for the qualitative behavior of the resistance.



Parlange and Waggoner (1972) have presented the best analytical 

treatment of the stomatal diffusion problem. They find that the total 

resistance can be separated at the ends of the pores into three components 

as has been done here. They then approximate the resistance based

on the resistance to diffusion from a single isolated slit into an 

infinite half-space. The key point in their argument is that the constant 

concentration surfaces near the end of the stomatal pore have very nearly 

the same shapes whether diffusion is into a cylinder or into an infinite 

half-space. It is argued that this shape similarity is maintained out from 

the stomate to a distance comparable to the radius o f  the circular cylinder. 

Because the incremental resistamce falls off very rapidly as the distance 

from the isolated stomate is increased, most of the resistance occurs in the 

region very near the end of the stomatal pore. Thus, the resistance of the 

region near the stomate can be approximated by the total resistance for dif

fusion out from an isolated stomate. This approximation will be good if the 

cylinder radius is much larger than the stomate semi-length and will become 

poorer as the cylinder radius decreases. Assuming a constant concentration 

at the end of the pore, Parlange and Waggoner (1972) approximate this 

resistance (using the notation of the present paper) as

R' - In (4/0.) (18)
00 2 ir

where the natural logarithm is an approximation for an elliptic integral, 

valid for narrow ellipses. As the ellipse becomes increasingly narrow, 

this representation should become increasingly accurate.

-2 2
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The resistance, R ,, is then found as the sum of the resistance of 
cyl

the region near the end of the pore (equation 18) and the resistance of 

the remainder o f  the cylindrical tube, assuming one-dimensional flow. The 

problem is to find the actual extent o f  the region associated with the 

resistcuice in equation 18.

In a similar investigation for diffusion from circular pores (Holcomb

and Cooke, 1977), the region associated with the resistance defined as in

equation 18 was found experimentally. Although the ellipsoidal constant

potential surfaces above an elliptical pore have different shapes than

those above a circular pore, the shapes become very similar as the distance

from the pore increases. Thus, for the cylinder sizes being considered, the

regions associated with the resistances defined as in equation 18 will be

nearly identical in extent. In the circular pore study, it was found that

the region (called Region 1) of the cylinder associated with the resistcuice

(defined as in equation 18) was the part o f  the cylinder extending up to a

height from the pore equal to the cylinder radius (Z - r ). This will be
c c

assumed to be the case for elliptical pores as well.

R' . can b e  found from equation 18 by subtracting from it the resistance 
end

of Region 1, assuming one-dimensional flow (given by R^ evaluated for

Z = r ). The resulting equation is: 
c c

R' = In (4/ct) - -4-
end 2it ' ir0

(19)

If the equation is plotted together with equation 17, as in Figure 8, we 

see that the two equations yield virtually identical results for the range 

of geometries considered in this experiment. In further discussion, equation 

19 will be used to replace equation 17 because if its simpler representation.
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Due to the agreement of equations 17 and 19, we can relax some of the 

restrictions on the geometrical parameters. In approximating the resistance 

near the end o f  the stomatal pore by equation 18, Parlange and Waggoner 

claim that the approximation will be valid if the cylinder radius is at least 

three times the stomate semi-length. From the experimental results pre

sented here and previously (Holcomb and Cooke, 1977), it appears that the 

cylinder radius can even be as small as twice the stomate semi-length and 

still be a useful approximation. In the experiment from which equation 17 

was found, fj was less than 17 and a was greater than or equal to 0.05.

Because the approximation used in finding equations 18 and 19 become in

creasingly good as $ increases and as a decreases, equation 19 will be valid 

for 0 <_ a <_ 0.5 and & > _  2.

Having developed an understanding of how the resistance behaves near 

the outer end of the stomatal pore, we can discuss the resistance, R^, of 

the sub-stomatal cavity. If the diameter o f  the hemisphere representing the 

sub-stomatal cavity in Figure 6 is large enough, the resistance of this 

region can also be approximated by the resistance to diffusion from an 

isolated pore. As can be concluded from the above discussion, having the 

cavity radius be at least twice the pore semi-length should ensure the 

validity of the approximation. Even for a somewhat smaller cavity, the 

approximation will probably hold fairly well, although this can not be demon

strated on the basis of the experimental results. Equation 18 will be 

used to approximate the resistance, Rs , for diffusion within the sub-stomatal 

cavity.

All resistances discussed to this point have been for a single stomate 

and have had units o f  s/cn?. A more common form of resistance definition
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gives the resistance as the concentration difference divided by the diffusion 

current density, yielding units o f  s /cm. The resistance equations 18,

13, 19 and 14 can be converted to the more common resistance form, denoted 

by ("), by multiplying by the area o f  influence, yielding:

m& T  ln(4/a) (20)

*, *2/a m >

“eve, ' t f 1'  4 la<4/al - ,22>
T <23>

As before, the restrictions on the geometry for the above equation are

6 > 2, 0.05 < a < 0.5, and T > 0 (i.e., 1 > r ).
—  —  —  —  c —  c

Discussion of Results: Biological Significance

Having established an equation for each major resistance component, we 

may now explore the biological aspects of stomatal diffusion. We shall con

sider the behavior of existing stomates and will also conjecture about the 

potential significance of genetic and environmental modifications.

Meidner and Mansfield (1968, pp. 2-3) have compiled a table for a number 

of plant species giving stomatal sizes and spacings. From this compilation, 

it is evident that although the sizes and spacings vary, the values of 8 

fall in a fairly narrow range (see Table 2, Figure 9). It should be noted 

that in all cases 8 is greater than two so the equations derived in this 

paper (equations 20-23) can be applied.
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Stomatal spacing is commonly described in the literature in terms of the 

number of diameters between stomates, where the diameter refers to the size of 

a stomate. The parameter which most closely corresponds to the "number of 

diameters" in this paper is 3. For 6 = 5, the separation distance between 

stomates is approximately equal to five times the length (=2a) of a stomate.

(It does not make sense to refer to the "diameter" of an elliptical stomate.)

Because of the definition of the resistances, the R^ portion of the total 

is independent of stomatal dimensions. Specifically, using the definition 

of T and equation 23 shows that the boundary layer resistance is simply the 

actual boundary layer thickness divided by the diffusion coefficient.

The other three resistance terms contain a dependence on the pore geometry 

and spacing. The sum of these three terms will be called the stomatal resistance,

R ^ .
stom

R =  (a/D) [B2 In (4/ct) + L B2/a - 6 ]  (24)
stom p

Figure 10 shows the dependence of the non-dimensional stomatal resistance,

R /(a/D), upon the non-dimensional pore width. Since the pore length re- 
stom

mains constant during opening and closing of a stomate, the non-dimensional

pore width is proportional to the actual pore width. As the pore width increases,

R decreases monotonically, as expected. For widely separated stomates (say 
stom

3 > 10) , the resistance R has an appreciable dependence upon a throughout
stom

the normal range ( 0 <_ a <_ 0.5). In contrast, for more closely spaced stomates 

(say 3 < 5J the resistance changes relatively little after the width exceeds 

one tenth the length; the stomate under these conditions operates somewhat as

an off/on valve.
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Since the boundary layer resistance is not dependent upon a, appears 

as a horizontal line in Figure 10. Nobel (1974, p. 306) gives the thicknesses 

of a relatively thin and a relatively thick boundary layer to be .025 cm and

0.25 cm respectively. Assuming a "typical" stomate length of 20u, these 

boundary layer thicknesses can b e  expressed as T = 25 and T  = 250 respectively.

is shewn in Figure 10 b y  the two horizontal dashed lines for these two 

values of T.

The total resistance is the sum

K =  K +  R
tot. stom b

(25)

of the two components. The total resistance curves are obtained by an upward

translation of the solid curves for R  ^ in Figure 10. This treatment is
stom

similar to that of Lee and Gates (1964). The total resistance for 0 = 5 ,  

r = 250 is shown as a dashed line. The boundary layer resistance constitutes 

a large fraction of the total resistance for closely spaced stomates.

The reciprocal of the resistance is proportional to the stomatal flux and 

may be more convenient for direct comparison with experimental results. Figure 11 

shows such a curve for two spacings at each of three boundary layer thicknesses.

For large boundary layers, the pore width changes become relatively unimportant 

if o > 0.2. For widely spaced stomates, the same is true even for thinner 

boundary layers. For comparison, the dashed lines in Figure 11 are the fluxes 

that would exist if the original Brown and Escombe (1900) treatment, where no account

is made for the boundary layer, were followed. In other words, we have a direct 

measure of the so-called "interference effect." Note that the actual diffusion 

rates can be obtained by multiplying the ordinate value of Figure 11 by

(DbC/a).
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The behavior exhibited in Figure 11 is in agreement with that discussed 

in the literature. Kramer (1959, p. 623), for example states: "It is

apparent that transpiration increases rapidly with increase in aperture as 

the stomata begin to open, but at low rates of evaporation there is little 

further increase in the rate of transpiration over a wide range of increase 

in aperture. In contrast, with a high rate of evaporation, the rate of 

transpiration increases up to the widest apertures obtained."

The remarkable diffusive capacity o f  stomates is widely discussed in the 

literature (Kramer, 1959, p. 620; Meyer et al., 1960, p. 86). Although the 

open stomatal pores may account for perhaps only one percent of the stomate 

bearing surface, the rate of water loss per unit area may even be more than 

half of the evaporation from an exposed water surface of the same area. The 

explanation usually given for this property centers on the diffusion pattern 

at the edges o f  the pores, where gradients become large as a result of the 

geometry. However, an equally important aspect of this characterization of 

the diffusive capacity has not been discussed.

Figure 12 is a graph of the fraction of the total resistance R con-
tot

tributed by the boundary layer (R^). An alternate interpretation provides

an interesting view of the diffusive capacity. If the same thickness

boundary layer is assumed to exist on a free water surface as on the stomate

bearing surface. Figure 12 is also a plot of the ratio of the diffusion rate

through the stomates to the diffusion rate for a free water surface. For a

modest pore opening (a = 0.2) with a typical spacing (& = 5.0), a typical pore

depth (L = 0.5) , and a reasonable boundary layer thickness (T = 125) , the 
P

diffusion rate for the stomates is 49 percent of that for a free water surface, 

as expected from the experimental literature. Not recognized in the discussion
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of this property in the literature, however, is the dependence on the

boundary layer thickness. For a thin boundary layer (T = 25) the percentage

is only 16% but for a thick boundary layer (T - 250) this value becomes 65%.

Clearly this diffusive property is an indication of the relation of the

boundary layer resistemce to the stomatal resistance. The literature has

focussed on the geometrical properties o f  the stomate which allow R stom to

become small relative to i? , rather than on the boundary layer resistance.
tot

From data presented by St&lfelt (Kramer, 1959, p. 624) , we can obtain the 

fraction o f  water loss from Betula pubescens relative to that from a free 

water surface. By picking reasonable values for the parameters, the model 

presented in this paper can be shown to produce behavior similar to that 

observed by Stalfelt. If we assume ** 0.25, 3 = 6.0, a = 8u and T = 150, 

the relative fraction of water loss depends on a in- a form in agreement with 

Stalfelt's data (see Table 3).

There does not exist a stomatal spacing which maximizes diffusion, as

shown in Figure 13. If all parameters (LC, D, a, a, L , T) are held constant,
P

the stomatal diffusion rate monotonically approaches the free surface dif

fusion rates as the spacing decreases. For example, if a = 0.1, T = 125 and

L = 0 . 5  the flux nearly doubles as 3 changes from 3 = 7.5 to 3 = 5.0.
P

Although there is no spacing at which the diffusion rate is a maximum, stomates 

can achieve a major fraction of the free surface diffusion rate while exposing 

only a small fraction of the leaf's interior.

Note that, since 3 is nondimensional, in comparing leaves with different 

stomatal spacings, account must be made for differences in pore lengths 

if they exist. The curves of Figure 13 describe the dependence of the dif

fusion rate on 3 for a fixed stomatal length.
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Since three of the factors (LC, D, a) enter the results only as multipliers, 

they need not be discussed. The remaining parameter, which has not been dis

cussed, L , has only a modest influence on the diffusion rate unless the 
P

boundary layer becomes very small (Figure 14) when the influence of L
P

becomes much greater.

Since the literature contains such extensive reference to the perimeter

and area of stomates, we will include a discussion of that aspect. Cooke

(1967) observed that since the pore length of a stomate remains constant

the perimenter does not approach zero during closure. Obviously, diffusion

is not simply proportional to the perimeter. That a simple area dependence

does not hold is apparent in Figure 15. R is shown as a function of the
stom

fractional part (a/5^) of the stomate bearing surface which is open. Clearly 

different curves pertain to each of the stomatal spacings (5)• Since the 

equations developed in this paper were limited to values o f  a <_ 0.5, the curve 

for 5 = 10 stops at 0.5% area exposed while the 5 — 5 curve continues to 

include 2.0% exposed area. If a moderate boundary layer is added (T = 125) 

and the reciprocal o f  the resistance plotted in Figure 16, a non-linear de

pendence of the diffusion rate on pore area is clearly evident.

Finally, we can compare R given by equation 24 with a commonly used
stom

equation for stomatal resistance. A frequently used equation is given by 

Nobel (1974) (his equation 7.5). In terms of the quantities used in this 

paper, Nobel’s equation becomes:

Rn = D tLp  B2/a + *2 (26) 

Although the resistance predicted by equation 26 can be in very good agreement

with R . for some values o f  a and g, but for other values the two resistance 
stom

equations give significantly different results. For a = 0.05, 5 - 6  and
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L = 0.5, R exceeds R by only one percent. However, for a = 0.5, B = 6 
p  n stom

and L = 0.5, R is 21 percent less than R __ • The disagreement is due to
p  n stom

the assumption made in obtaining equation 26. The stomate is represented 

by a circular cylinder with the seune cross-sectional area. Because R en(j 

will b e  significantly different in the two cases, the approximation can lead 

to significant errors.

SUMMARY

An electrolytic tank analog is discussed as a method o f  modelling 

gaseous diffusion problems. The analog representation is shown to be 

versatile but simple in both concept and practice. Materials requirements 

for the model are discussed as are considerations for making electrical 

measurements in the analog system.

The behavior of an array o f  stomates is characterized by the behavior 

of a single stomate model having the appropriate geometry. The stomatal 

pore is represented by an elliptical cylinder which, although it is a 

stylized representation, is sufficient to exhibit the important character

istics of stomatal behavior. The technique, of course, is not restricted 

to such simple geometries.

Stomatal resistance measurements are made using the single stomate model 

and equations are obtained which can be used to predict diffusion resistances. 

The total resistance is divided into four series resistance components. Due 

to the manner in which these resistance components are defined, the functional 

dependence of each is quite simple. In addition, the part of the resistance 

which is dependent on the stomatal geometry can be clearly distinguished from 

the boundary layer resistance which is dependent on the geometry of the entire 

leaf and the local atmospheric air flow conditions. The non-dimensional form
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of the resistance equations makes possible the discussion of the resistance 

behavior in considerable generality.

The experimentally obtained equations are shown to be in excellent agree

ment with analytically derived equations presented by Parlange and Waggoner 

(1970). Considerations from the two separate derivations indicate that the 

equations should apply to all stomatal sizes (a < 0.5) and spacings (& >_ 2.0) 

commonly found in nature.

Several of the biological implications of the stomatal resistance equations 

are discussed. It is demonstrated that the boundary layer resistance, which 

is independent of stomatal geometry, can substantially limit the stomatal 

control of diffusion as has been previously mentioned in the literature. Also 

in agreement with previous experimental observations in the literature is the 

predicted efficiency of diffusion from stomates which can be half as great 

as that of an open water surface. A point which has not received recognition 

in the literature is that the efficiency of diffusion relative to that of a 

free water surface is greatly affected by the boundary layer thickness as well 

as by the stomatal geometry.

The qualitative effect of the stomatal width is also consistent with 

that reported in the literature, i.e., the stomatal resistance is much more 

dependent on the width tor si iyhtly open stomates than for wide open stomates.

The dependence o f  the stomatal resistance on the other geometrical parameters 

is discussed and the importance of each in controlling diffusion is shown.

Although much discussion exists in the literature concerning whether 

the diffusion rate is proportional to the stomatal area or to the perimeter, 

the experimental results show that the rate is proportional to neither. Finally, 

the resistance predictions are compared to those obtained from another popular



-33

equation (Nobel, 1974) and the two are shown to give equivalent resistance 

values for some geometries but substantial errors occur for other conditions 

CONCLUSIONS

1) The electrolytic tank analog is a powerful technique for modelling 

diffusion in arbitrarily complex geometries. The application is limited 

primarily b y  the ability to construct scale models of the appropriate 

geometry.

2) The resistance equations for the three-dimensional system can be expressed 

in a one-dimensional form if the resistance components are defined as 

they have been here. The experimental results for the elliptical stomate 

model are in excellent agreement with the analytical treatment

by Parlange and Waggoner (1970).

3) The total resistance is divided into two parts; the boundary layer 

resistance R, , which is independent of the stomatal geometry, and the 

stomatal resistance Rstom which depends on the pore size, shape and 

spacing. The boundary layer resistance is given by:

Rb = (a/D) T ■ (23)

(in units o f  s/cm) where (aT) is the boundary layer thickness. The 

■stomatal resistance is:

= (*/*» £b2 ln + g2/a “ bJstom p

(in units o f  s/cm) where a is the pore semi-length, a is the pore semi

width divided by the semi-length, L is the pore depth divided by a, (3

-3f
is the radius of influence r (= (tn) , where n is the number of stomates

c

per unit area) divided by a, and D is the diffusion coefficient.
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4) The resistance equations for the elliptical stomate model predict 

significantly different resistance values than commonly used equations 

which are based on representing the stomatal pore less realistically as 

circular in cross-section.

5) The diffusive behavior predicted by the model validates what is 

known from the literature as the dependence on a is very sensitive 

for small a (corresponding to slightly open stomates). In contrast,

the total resistance changes little with changes in a as the stomate opens 

beyond a = 0.2, except for very thin boundary layers or large stomatal 

spacings.

6) There exists no geometry at which diffusion achieves a relative maximum.

The diffusion rate increases monotonically as a increases or as &, T,

a and L decrease.
P

7) It has been clearly demonstrated that the diffusion rate is not pro

portional to the pore area.

8) Stomatal diffusion can reach a large fraction of that from a free water 

surface, as discussed in the literature. The explanation for this 

property depends on the boundary layer effects as well as the stomatal 

geometry.

9) The depth of the stomatal pore is relatively unimportant in controlling 

diffusion except for very thin boundary layers.
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TABLE 1

Comparison of Results for the Elliptical Cylinder with 
that Obtained from the Flat Elliptical Plate Representation

(Elliptical
Cylinder)

measured
R'

Chamber 1 1.268

(rc = 1 0’73) 1.290

Chamber 2 1.347

(rc - 5.38) 1.359

(Flat Elliptical Plate)

calculated
R ' R! R' R'
D b end

.630 .075 .506 1.211

.630 .075 .506 1.211

.630 .237 .426 1.283

.630 .237 .426 1.283
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TABLE 2*

Stomatal Spacings for a Variety of Plant Species

Plant Species Non-dimensional stomatal spacing

upper leaf lower leaf
surface surface

Osmunda regal is - 4.60

Phyllitis scolopendrium - 3.87

Pteridium aquilinum - 5.83

Abies nordmanniana - 6.33

Cedrus deodara 5.13 5.10

Pinus sylvestris 5.15 5.15

Picea pungens 15.06 15.06

Larix decidua 15.08 14.10

Allium cepa 3.55 3.55

Avena sativa 7.98 8.85

Hordeum vulgare 7.93 7.20

Triticum vulgare 5.70 6.37

Zea mays 9.50 6.79

Aesculus hippocastanum - 5.99

Carpinus betulus - 6.66

Eucalyptus globulus - 5.87

Quercus robur - 6.12

Tilia europea - 5.87

Helianthus annuus 6.87 5.02

Medicago sativa 9.64 6.33

Nicotiana tabacum 11.39 5.85

Pelargonium zonale 8.73 3.67

Ricinus communis 6.97 2.86

Vicia faba 5.00 4.65

Xanthium pennsylvanicum 5.05 4.99

Sedum spectabilis 10.15 9.54

Tradescantia virginiana 8.70 4.52

*Data taken from Meidner and Mansfield (1968) pp. 2-3.



TABLE 3

Comparison of Observed Leaf Water Loss with that 
Obtained from the Resistance Equations 24 and 25 

(expressed as a fraction of free water loss)

Stomate Fraction o f  open water surface
width

a Stalfelt data Resistance model 
(eq. 25)*

.068 .35 .34

.125 .45 .44

.25 .53 .54

.38 .58 .59

.50 .60 .63

*Parameters used: L = 0 .25 , 3 = 6 .0 , T - 150, a = Sy.
P
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Figure Equivalent circuit for an electrolytic cell.
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Figure 3. Voltage response of an electrolytic cell 
to an applied current square wave.



Figure h. Voltage response of an electrolytic cell at 
a) high frequency and b) low frequency of 
applied current.
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Figure 5. Sketch of diffusion streamlines for diffusion away from an 

array of stomates.



BOUNDARY LAYER 
(CIRCULAR CYLINOER)
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(ELLIPTIC  CYLINDER)

SUB-STOMATAL
CAVITY
(HEMISPHERE)

Figure 6a. Simplified geometry assumed for a stomate.



Figure 6b. S i m p lified geometry assumed 
for a stomate.



Figure J .  Experimental data plotted with curves obtained

from equation IT for the appropriate values of B-
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Figure 8. Comparison of resistances calculated using 

equations IT and 19-
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Figure 9- His t o g r a m  plot for a variety of species 

showing the number of plant species with 
a given stomatal spacing. Data from Table 2.
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Figure 10. Solid curves show dependence of (D/a) R stom on the P ore width for Lp = °-5 

and the indicated values of 6. The horizontal dashed lines show the resis

tance (D/a) of a thick and a thin boundary layer. The dashed curve shows 

the sum (D/a) ( +  R sto m ) = (°/a ) R tot for 6 = 5, T = 250.
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Figure 11. Solid curves show conductance (proportional to total diffusion flux) 

as a function of a for several values of $ and T. The dashed curves 

show the conductance predicted by the original Brown and Escombe 
(1900) approach where interference effects are neglected.
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INTRODUCTION

The stomatal system is  a crucial element in the physiological balance 

of higher land plants. Cast in a conflicting ro le , the stomata must perform 

the control task of allowing su fficien t carbon assim ilation while preventing 

excessive water lo ss . Most of the water absorbed by a plant is  lost through 

the stomata and v irtu a lly  a ll  of the carbon dioxide entering the plant passes 

through these same stomata. Any resulting movement must be a reflection  of 

both concerns.

Relatively l i t t l e  is  known about the basic mechanical and biochemical

reactions governing stomatal movement, though in recent years a great deal
£

of attention has been focused on both of these aspects. Fundamental questions 

concerning the mechanics of guard c e ll motion and the metabolic reactions 

leading to ion transport have yet to be completely answered. An analytical 

model of stomatal dynamics and plant-water movement, incorporating clearly  

defined and measurable plant and environmental components, would be of 

considerable u t i l i ty . Apart from the prediction of water fluxes and poten

t ia ls ,  the functional relationships of the parameters involved with stomatal 

regulation could be scrutinized in a manner not otherwise possible. C lari

fication  of the role played by the components of the stomatal mechanism and 

their coordination as a control system could be extremely useful to the experi

mentalist. An e x p lic it , analytical formulation of the plant hydraulic control 

of stomatal action could provide a foundation for elaboration in more compre

hensive models. Such a rational foundation is  not readily accessible with 

analog or transfer function models.

A natural extension of such a model would be an explanation for the 

occurrence of stomatal o sc illa tio n s. These oscillation s in stomatal aperture 

have been observed in a wide variety of higher land plants under a number of 

different conditions (Barrs, 1971). A s ta b ility  analysis of the model could
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establish the existence of a stable, hydraulically-based limit cycle, in

dependent of carbon dioxide feedback effects, and point to the critical 

controlling factors.

LITERATURE REVIEW

Two aspects of the stomatal system are considered in this work: the

system response to various environmental and plant inputs and the nature 

and occurrence of stomatal oscillations. Raschke (1975) has summarized the 

physical and chemical factors believed to govern stomatal action, though 

his review was concerned mainly with the biochemical aspects of the system. 

Cooke, DeBaerdemaeker, Rand, and Mang (1976) have given an analysis of guard 

cell mechanics using a fin ite element analysis of an ellip tical torus shell 

model of a pair of guard cells. Oscillations in stomatal aperture have 

recently been summarized by Barrs (1971).

Through the combination of known and hypothesized mechanical and 

metabolic relationships, attempts have been made to model the dynamics 

of stomatal action (Karmanov, Meleshchenko and Savin, 1966; Woo, Stone 

and Boersma, 1966; Penning de Vries, 1972; Lambert and Penning de Vries, 

1973). Due to the complex nature of the system, model construction is  

d ifficu lt, subject to many simplifications and conjectures.

Cowan (1972a) has probably given the most fundamental treatment of 

stomatal hydraulics to date. His analog model succeeded in explaining and 

simulating several aspects of stomatal behavior. Water movement was divided 

into a transpirational component and a  plant component. The water relations 

of the leaf epidermis were assumed to determine the stomatal conductance, 

which in turn regulated transpiration. The transpiration rate determined 

leaf water potential, thus completing the feedback loop. The effects of 

four environmental and plant parameters were investigated: the resistance of
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the roots to water uptake; the potential rate of transpiration; the water 

potential of the root waterj a n d  the osmotic potential of the guard cells. 

Certain parameters were adjusted, somewhat arbitrarily to produce oscillatory 

behavior. Unstable oscillatory.behavior.was found to be characterized by 

a high potential rate of transpiration,.large.boundary layer conductance, 

and high positive feedback from the subsidiary cells. With reference to the 

previously mentioned parametersr .increases in the plant-resistance and potential 

transpiration rate and decreases in guard cell osmotic potential and root 

water potential all ..promoted oscillatory behavior.- Stomatal opening was 

simulated by an exponential.increase in the.guard cell osmotic potential.

S t e p .changes in the perturbation.parameters were found to affect stomatal 

aperture in a similar.way. The,transient aperture response was determined 

by the direction of water potential change. The steady state mean aperture 

change was found to be opposite the transient movement and consonant with the 

mean water potential shift, a result we will further analyse and discuss.

Cowan's.model, however, is subject to several restrictions. The 

absence of a,complete, analytical formulation of the governing equations 

limits the versatility.of his model and makes it less accessible to stability 

analyses or to examination-through.the use.of the digital computer. The 

effects of cell surface areas, voluaes, osmotic potentials, membrane conducti

vities, and.cell wall moduli on the functioning of the stomatal system are 

obscured by the.use,of resistors.and capacitors. No general stability condi

tions were derived.

The model developed in this paper represents the stomatal system in 

explicit, analytical form by a system of coupled differential equations. The 

model incorporates the fundamental relationships for water movement in plant 

tissue developed by Philip (1958a9 b ) , as did Cowan's. However, we have 

extended and improved Cowan's model in several critical areas. Structurally
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the guard and subsidiary cells are placed in series rather than in parallel. 

The precise nature of each leaf water flux modeled is clearly stated and dis

cussed. The stomatal aperture is assumed to be a multilinear function of the 

guard and subsidiary cell hydrostatic pressures, with no constraints imposed 

on the upper limit of leaf conductance. To facilitate the analysis, the model 

is reduced from a three-dimensional system to a more tractable two-dimensional 

system. Stability conditions for the occurrence of stomatal oscillations are 

derived and discussed.

Farquhar (1973) studied the response of stomata to perturbations of 

the plant environment using a classical control systems approach. The plant 

was treated as a 'black box' system, with inputs and outputs designated. 

Transfer functions for both the hydraulic and metabolic aspects of the 

system were formulated. Sinusoidal fluctuations of the ambient humidity and 

CC>2 concentration were used to help quantify the transfer functions. The 

closed and open loop response of the system was analysed theoretically and 

experimentally. Farquhar defined the term 'environmental gain' as the 

sensitivity of the transpiration rate to changes in leaf conductance. By 

making the ambient humidity a function of the stomatal conductance such 

that the transpiration rate was held constant, the environmental gain was 

set to zero. Oscillations in stomatal conductance were observed to die out 

when the environmental gain was reduced to zero (also see Farquhar and Cowan, 

1974). In general it was found that an increased environmental gain favored 

the occurrence of oscillations and expedited stomatal response.

MODEL

The formal construction of the model is divided into four sections:

Cl) identification of the appropriate water fluxes;(2) cellular pressure 

changes related to water fluxes; (3) water fluxes written as functions of
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the c e ll hydrostatic pressures; and (4) sim plification of the model. Symbol 

definitions are given as they arise and units are found in Tables 1-3 .

To expedite the mathematical modeling, a number of simplifying assumptions 

are made at the outset. The model is  of a mature, generic plant with 

e llip tic a l stomates. A ll stomates are considered to behave identically  and 

in unison. The leaf is  treated as a lumped system with no intracellular  

gradients of water potential and with the stomates uniformly distributed on 

the lower surfaces. Solutes are considered nondiffusible. Source terms are 

introduced to account for metabolically produced increases in c e ll osmotic 

potentials related to light and carbon dioxide e ffe c ts . The plant and its  

environment are at a uniform temperature, say 25°C. The model is  normalized 

on a flow per unit leaf area basis.

1. Water -fluxes identified . A cross-sectional view of the stomatal 

system modeled is  shown in Figure 1 (Meidner and Mansfield, 1968, p. 11).

Four principal water fluxes are identified with positive directions of flow 

indicated by the arrow directions. is  the transpirational stream, a 

water vapor flux coming o ff  the wet mesophyll and subsidiary c e ll walls and 

exiting the leaf via the stomatal pore. ^  is  the flux of water entering the 

guard c e lls  from the neighboring subsidiary c e l ls . The guard cell walls are 

assumed to be heavily cutinized, with a negligible water loss resulting. Water 

may only enter or leave the guard c e lls  through the wall common to the sub

sidiary c e lls . This assumption may not be good for a ll  species, however.

Using monosilicic acid as a tracer for water movement, Aston and Jones (1976) 

have recently found a re lative ly  high rate of water loss from the guard c e ll  

walls in Avena s te r il is  L. var. Algerian. A high rate of peristomata! trans

piration in certain species could necessitate a change in the modeling of

It is  presently thought that the bulk of leaf water movement is  through 

the xylem and the c e ll walls (Nobel, 1974, p. 395; Aston and Jones, 1976).
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J 1

Figure 1. A  schematic representation of the

stomatal system; cross-sectional viei 
(g-guard cell; s-subsidiary cell; 
m-mesophyll cell)
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Consequently, flux is-juodeled a s  entering the subsidiary cells from the 

surrounding wet cell walls. Similarly, is assumed to enter the mesophyll 

cells from the surrounding wet cell walls. The water storage capacity of 

the cell walls is assumed negligible,--although models for this are available 

in the literature (Molz and Ikenberry, 1974; Molz, 1976).

2. Cellular.pressure-changes- r e l a t e d t o  fluxes. Cell volume changes 

with respect to time are determined by the water flowing into the cell minus 

the water leaving the cell. For linearly elastic cell walls and small 

volume changes, cell pressure changes are assumed proportional to volume 

changes (Broyer, 1952; Philip, 1958a):

O

(1)

where: V.
1

V?
1

e.

cellular volume

cellular volume at incipient plasmolysis 

cell wall modulus
1

Assuming a quasi-static system, equation (1) is differentiated with respect

dP. dV. e.
to time, yielding proportional to by the constant . Using these

j

relationships and the fluxes identified in the previous section, the 

following expressions are written:

dP
_ £
dt ( 2 )

dP 
__ s
dt C-J2 ♦ J3) (3)

dPm
dt (4)
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Pressure changes due to mechanical interactions of the different icells are 

considered n egligib le . Equations (2 ), (3 ) , and (4) are completed by writing 

J^, and as functions of the various hydrostatic pressures.

3. Fluxes as.functions-of-hydrostatic pressures. Assuming a lumped 

system and neglecting matric e ffe c ts , J3 and are written in terms 

of the water potential gradients outlined in Section 1 (Philip, 1958b). 

Following Philip (1958a), the c e ll osmotic potentials are written as 

functions of the hydrostatic pressures. Source terms are included to 

account for metabolically controlled changes in the solute contents of the 

guard and mesophyll c e lls  (Cowan, 1972a).

J2

P
+  tr° ( 1  - — ) . +  it ] 

g e g (5)

P

LA3 [ij>Lrcw P + TT° s s (1 -  —  ) ] e J (6)
s

P
[ij>rew P + TT° 

m  m
(1 - —  ) + IT ]

e m 
m

C7)

where: c e ll hydrostatic pressure

osmotic potential at incipient plasmolysis

TTj = osmotic potential increase

-  c e ll wall water potential

A. = c e ll surface area 
J

L = membrane hydraulic conductivity

Note that in the above equations and throughout th is paper, osmotic potentials 

are considered to be positive.

The transpirational flu x , J j , is  written as the difference in water 

vapor concentration between the mesophyll c e ll w alls, c , and the turbulent 

atmosphere, c , divided by the to ta l water vapor resistance, R , (Meidner,
la I
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(8 )

et al., 1968, p. 49-63; Nobel, 1974, P. 302-325):

(c,

J1 =
m Cta^
R.

Assuming cuticular transpiration to be negligible, the total water vapor 

resistance is calculated using the expression (Nobel, 1974, p„ 302-305):

ias
(9)

w h e r e : D = diffusion coefficient of water vapor in air 

<5. = mean intercellular air space path length
l c l S

d - pore depth 

r = mean pore radius

n = number of stomata per unit leaf area 

A gt = average single pore area 

£ = proportionality coefficient

£ = maximum leaf dimension in the downwind direction

v = mean ambient wind speed

Equation (9) contains several implicit assumptions, however, which 

may tend to reduce its validity. One-dimensional, steady state flow is 

assumed, with the stomatal spacing effects on the vapor concentration 

gradient above the leaf surface considered negligible. The problem is 

more accurately formulated using field theory, with vapor movement cal

culated from the diffusion equation. A more precise formulation of 

equation (9) could readily be incorporated in the model.

Using equation (9), the stomatal resistance is determined by the pore area. 

Assuming the pore to be elliptical with a fixed major axis, b, and a variable 

minor axis, a, pore area is given by:

A  ^ =. rrab ...
st

The stomatal aperture, w =? 2a, is some unknown function of and P g ,

( 10)
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Linearizing this function in a Taylor series about nominal values of P 

P ,■  a is  approximated by the multilinear expression:
g

and

a
b +b P +b P o g g s s

0

b +b P +b P > 0o g g s s —

b +b P +b P < 0 o g g s s
(ID

The aperture coefficients b ,̂ bg, and bQ are estimated from the literature 

(Glinka, 1971; Meidner & Edwards, 1975; Edwards, Meidner ̂ Sheriff, 1976; Cooke et a l.,

1976). Typically, b is positive and b is negative. Equation (11) is made
g s

a saturation function to guarantee nonnegative stomatal apertures. can

be written as a function of P and P by substituting (ID) and (11) into (9).
g s

The final step in this section is to write the cell wall water potential 

as a function of the various cell pressures. is approximately determined

by the resistance to water flow from the roots to the cell walls of the sub

stomatal cavity (Boyer, 1971; Penning de Vries, 1972; Cowan, 1972a).

ip = i> cw r - J R x p ( 12)

where: Yr root water potential

R
P

total plant resistance

J =
X

flux of water through the xylem

Slatyer (1967, p. 202) indicates that the primary barrier to water entering 

and traversing the plant is the cellular membranes of the casparian strip.

The magnitude of should therefore be on the order of the hydraulic con

ductivity inverse, L- 1 . Diurnal variations in R̂  are assumed to be negligible 

over the time periods examined.

By conservation of matter, J is given by:A

JX J,

-1 0 -

+
(13 )



where J 3 and J a r e  written on a per unit leaf area basis by dividing each

by the surface area of the system, Ag.

Substituting the expressions for J^, J^, and into (13) and (12), i|j

can be written in terms of P , P , and P . This expression is used to finish
g s m

writing (6) and (7) in terms of the cellular pressures. The model is completed 

by substituting these flux equations into (2), (3), and (4), and writing the 

system in vector form:

p
g a l a2

0 P
g

ajrt) r —

i
_
E___

_

p
s a 5 a6 a7

P
s.

+ a8 (t) +
a9

+
f l

p
m

0
a io a ll

P
m a l 2 Ct) a !3 f2

— s — J hu —t L  J

(14)

whe r e :

e LA- 
g 2
2V° a  +

g

(15)

e LA tts

a2 = 2V" (1 + ~
sg

£ LA,
a3 (t) - 2V2

g

(16)

(17)

- ^ 2
•'vj; &z,\ ( tt°  -  ire  )  

g s J
(18)

esLA2 <(1 + }

a6 =

2 V

e LA_ tt°
s 2 ,, s ,

~ 2 T ~  (1 + T  3 +
s s

e LA_ it
s 3 ,, . _s

^  e )

g

2 2
e L A_ kR
s 3 p

V c A,
s 5

TT
(! + ^ )

S

(19)

( 2 0 )

esL A 3A 4kRp

V®Al---
s 5

TT
+ - * )

£ m
(21)
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a8 ( t )  = - (22)
£ s L A 2 ~

2V° wg s

e L A_A.kR s 3 4 p
V*Al s 5 m

e LA e LA

a9' "fv̂  ^  ‘ ’P * - V- Wr
kR LA,
- 4 - A  *•

A5 (23)

kR LA.
p  4 o o „— f----  ir + ir )
A, m  s J

e L A_A,kR ir°m 3 4 p . s
3 .  _ _  ~  ■  A  "!■ “ ........  '10 (1 + — ) k e 1 m 5 sV*A. (24)

11
e L2A 2kR ir

= -5L....4___E fl + JS. )
V*AZ U e J m 5 in

° e LA. ir0m 4 ... m ..
-TT—  »  * T  5m m

(25)

e L2A , 2kR e LA.
„  r<-\ -  r m 4 p  ̂ m 4 .
a i - > ( t )  -  ( “  yT6 a  +  “ 7TB  )  Z 17,12 V°A, m 5 V" ' m m

(26)

13 V

e LA.
m 4 n , n—  (kiji

kR LA, 
- P - 3

m

kR LA.
_o P  4ir - — r-----s A,

o o
TT +  IT )m m (27)

e LA-kR
f  _ s 3 p

1 ” V°Rs t 4
(c - c. ) m ta' (28)

e LA.kR
£ - — EL_i— E fc . c 1 

2 V R lcm taJ (29)
m t

R L .
k ■  I1* A^T <A3 * A4̂  J (30)

4. Simplification of the model. Due to non-linearities, a closed form

solution of (14) is unknown. Two solution approaches are warranted.
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The model Is a system of first-order equations and can be readily solved 

numerically. However, numerical solutions give no explicit functional r e

lationships from which generalizations can conveniently be made. Alterna

tively, further simplification might make the. m o d e l .analytically more tractable 

and facilitate the stability analysis. - Such a formulation will now be 

presented.

The flux of water through the xylem is given by (13). Assuming that 

the transpirational flux is much larger than the fluxes entering the sub

sidiary and. mesophyll cells, J is approximately .equal to J .. Using this 

approximation to r e w r i t e .(12), (6), and (7) ,  equations (3) and (4) are 

uncoupled. In other words, (2) and (3) need not be solved simultaneously 

with (4).
e V9 A3

Defining the dimensionless quantities e « , V = y©’ > and A  - ,

f" g  s  2
i t  can be shown that:

P
g b l b 2

P
g

b 3 ( t )
b 4

0

~ + +

P
1 1 1 b 5 b 6-

P
s

b 8 (t)
b 9 *i

(31)

wherei

2V°
= ___ SL

1 Le A„ 
g 2

(32)

b. « -(1 + )
1 e J

g

ir

* * - ?  )
s

(33)

(34)
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b g  (t) = it, (35)

O 0 - ir°) g s'

br = eV (1 + -S- )
5 v e

g

b t = - (sV + 2cAV) o

bg(t) = - eV ug 

b9 = eV (u° - u° ) + 2eAV + u p

O

-2 eAVR

gl = R. (cm S a 5

(36)

(37)

(38)

(39)

(40)

(41)

The model has been reduced from a three-dimensional equation, (14), to a 

two-dimensional equation, (31). Solutions of the two models will be compared 

to test the simplifying assumptions.

SOLUTIONS AND DISCUSSION

The three-dimensional model, equation (14), and the two-dimensional 

model, equation (31), are both nonlinear and hence are solved numerically. 

Nonlinearities result from the boundary layer effects on the water vapor 

resistance, equation (9), and from the zero lower bound of the aperature re

lationship, equation (11). An Adams-Moulton predictor corrector method was 

used to solve the two vector differential equations (Conte and de Boor, 1972, 

p. 350-354), with starting values generated by a fourth-order Runge-Kutta 

routine (Conte and de Boor, 1972, p. 336-339) (Delwiche, 1976).

The parameters used in the derivation of (14) and (31) are given
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numerical values in Tables 1 - 3 .  Those parameters having a fixed numerical 

value throughout the analysis are listed in Table 1. All results given 

are computed with the parameters set at these values. Corresponding to 

several hypothetical plant types, four different sets of cell wall moduli, 

osmotic potentials, and aperture coefficients are tabulated in Table 2.

Results using these different sets are identified by the numerals I, II, III, 

and IV. Table 3 consists of the plant and environmental parameters easily 

accessible to experimental study. In this category we have included the 

root water potential, ijr.; the water vapor concentration in the turbulent 

atmosphere, c^a ; the resistance to water movement through the plant, R^; and 

the metabolically controlled increase of guard cell osmotic potential, ir .
o

Normal values for these parameters are listed. Deviations from the tabulated 

values are indicated with the corresponding results.

A  limited amount of data exists in the literature with which to estimate 

the model parameters, particularly those listed in Tables 1 and 2 (see 

Appendix A). It should be stressed that these values are 'ball-park' 

estimates, subject to a wide range of variation and considerable uncertainty. 

Consequently, solutions are examined more for qualitative than for quanti

tative behavior.

Metabolically controlled increases in the guard cell osmetic potential

are modeled as both step and exponential changes. An exponential form of

_2
ir is used to simulate stomatal opening: n = 5 [1 - exp (-7.8 x 10 t)]
S  s
(10* 5Pa) where time is in minutes. The pore is assumed to be initially 

closed and the plant to be at hydraulic equilibrium. Water potentials are 

uniform throughout the plant and will be taken to be at approximately the 

root water potential. The appropriate initial conditions can be shown to 

be of the form:
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TABLE 1

Fixed Parameter Values

A 2 = 6.3 x 10 4 2
mm

A 3 » 6.3 x 10"3 2
mm

A 4
= 3.1 x 10”2 2

mm

A 5
= 2.8 x 10“3 2

mm

V°
g

= 4.2 x 10"6 3
mm

V°
s

= 4.2 x 10"5 3
mm

V°
m - 1.0 x 10~4 3

mm

TT°
m = 17.0 x 105 Pa

e
m = 50 x 105 Pa

L = 1.0 x 10-11 mm s *

l = 100 mm

K = 4.0 mm s _1/

n = 70.0 -2
mm

D = 26.0 2 -1
mm s

6.
ras = 0.5 mm

d = 2.0 x 10'2 mm

r = 0.5 x 10"2 mm

b = 1.0 x 10'2 mm

c
m = 23.0 x 10"6 3 1 

mm /mm"

TT
m = 0 Pa

V = 1.0 x 10~3 -1
mm s
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TABLE 2

Hypothetical Plant Types

Parameter I II III IV

e " 
g

(105 Pa) 50 25 50 23

es CIO5 Pa) 50 15 20 10

TT°
g

CIO5 Pa) 20 20 20 20

TTS CIO5 Pa) 15 15 20 20

bg (10 ® mm Pa *) 1.4 1.4 1.4 1.6

bs CIO-8 mm Pa"1) -2 .1 -2 .1 -2 .1 -2 .0

bo (10 5 mm) 0 -1 .0 0 -4 .0

TABLE 3

Parameters Varied

\li = -3 .0  x 10° Par

c = 11.5 x ta ; 10 "6 3 , 3 mm /mm

R = 0 .4  x io10 D -1 Pa s mm
P

TT = 5 .0  X 
g

io5 Pa (at steady state)
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Pj (0)
T „ + ill

3 r
o 

TT .

1 + - L£ . 
3

(42)

Although included in the three-dimensional model for the sake of complete

ness, osmotic potential increases of the mesophyll c e lls  are probably small 

and ft i s ,  therefore, set to zero throughout the analysis„

Solutions of the two-dimensional and three-dimensional models (equations 

(14) and (31)) are shown in Figure 2. Using set I , three different cases 

of simulated opening are compared: the two-dimensional model with a fixed

end correction factor, r , on the stomatal resistance; the three-dimensional 

model with a fixed end correction factor; and the three-dimensional model 

with an end correction factor proportional to the square root of the pore 

area (Nobel, 1974, p. 309). Cell pressures are plotted for a two hour period.

The source of water for the subsidiary and mesophyll c e lls  is  assumed 

to be the surrounding wet c e ll w alls. Further, the ce ll wall water potential 

is  written as a function of J^, J^, and the transpirational flu x , J^. By 

assuming >> j j/A^, the model was sim plified. Mathematically,

this sim plification uncouples the mesophyll c e lls  from the water relations 

of the guard and subsidiary c e lls  (see Appendix B). Figure 2 shows the 

two models to have very similar solutions. Most of the system informa

tion is retained in the sim plified model. Farquhar (1973, p. 83) noted 

similar results with his analysis. Also, model behavior is  re latively  un

affected by considering the stomatal end correction factor proportional to
_2

pore area. For the sake of sim plicity , r is  held constant at 0.5 x 10 mm 

in a l l  solutions of the two-dimensional model.

Parameter studies are conducted with the sim plified model, for a number 

of reasons. A nalytically ,(31) is  more tractable than (14). More
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Figure 2. Cell pressures during a simulated opening: (a) the
2-D model with a fixed end correction factor on R ; 
(b) the 3-D model with a fixed end correction factor; 
and (c) the 3-D model with a variable end correction  
factor. Set I.
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important, though, is the u tiliza tio n  of the dimensionless parameters, A and 

V,in (31). Rather than requiring precise numerical values, the solution be

havior is  determined by the ratios of c e ll areas and volumes, quantities 

much more readily estimated, although absolute magnitudes are needed to 

compute the scaling c o effic ien t, on the le ft  hand side of (31). Lastly,

the s ta b ility  analysis is  considerably less formidable in two dimensions.

A simulated opening for set I is  shown in Figure 3, with c e ll pressures, 

stomatal aperture, and c e ll water potentials plotted as functions of time. 

In itia lly  the stomate is  closed and the plant is  in hydraulic equilibrium.

At t = 0 the osmotic potential of the guard c e lls  begins to rise exponentially 

(Figure 3a), due, for example, to plant illumination. The increasing ir
S

causes ip to decrease (Figure 3d) and P to increase (Figure 3b) as water 
g 8

flows into the guard c e lls . Over the f ir s t  12 minutes, rises but Pg stays

at approximately its  in it ia l value (Figure 3b) and the pore remains closed

(Figure 3c ). After 12 minutes, P has increased to the point where the pore
g

begins to open (Figure 3c). As the aperture grows, the transpirational

stream increases, causing a drop in the c e ll wall water potential. With

ip decreasing, water leaves the subsidiary c e l ls , causing ip and P to

drop (Figures 3b and 3d). Stomatal opening is  accelerated by the decreasing

P . The decreasing ip o ffsets  the metabolically controlled decreasing ip , s s §

and P drops to s lig h tly  above its  in it ia l level. After approximately 40 
g

minutes, ir has risen to a steady state maximum o f .5 x 10 Pa, the stomate 
g

is fu lly  open, and the c e lls  have come to an equilibrium water potential of 

about -8  x 105Pa. It should be noted that the time intervals found here 

are fixed by an arbitrary choice of the time constant in the forcing 

function (see Appendix A ).

The simulated opening described above can be interpreted in light of 

Meidner and Edwards' (1975) discussion of the Spannungsphase. Opening is
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Figure 3. Osmotic forcing term, c e ll pressures, aperture, and
c e ll water potentials during a simulated opening.
c = 4 .6  x 1 0 - 6 mm̂ /nun̂ ; Set I . ta
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divided into two d istin ct phases, a stress phase and a motor phase. During 

the stress phase, guard c e ll pressure appears to increase but the pore 

remains closed. Cooke et a l. (1976) recently discussed th is in their  

formulation of a m ultilinear aperture relationship. At a threshold pressure 

level, the pore opens s lig h tly , commencing the motor phase. Beyond this  

point, stomatal opening progresses rapidly. Consider the phase-plane plot 

in Figure 4 of the results shown in Figure 3. Increasing time is  indicated 

by the arrow directions. Above the zero aperture contour line the stomate 

remains in the stress phase. After 12 minutes, has increased su ffic ien tly  

to cause a sligh t pore opening, commencing the motor phase. Below the zero 

aperture contour lin e , Pg sharply decreases and causes an accelerated 

opening. The stomate lite r a lly  'pops’ open once a su fficien t guard c e ll  

osmotic potential has been achieved. Cowan (1972a) noted a similar sub

sidiary c e ll e ffe c t .

A critical.elem ent in this discussion is  the degree to which the

stomate is  in it ia lly  closed. The degree of stomatal closure in the model

is determined by the aperture coefficien ts -b -»--bs-, bQ, and the in itia l

values of P and P . For example, i f  the guard c e lls  are pressed tigh tly  
§ *

together, a large increase in P is  necessary to in itia te  opening. No
8

stress phase w ill be observed i f  the pore is  not completely closed at the 

onset.

Changes in root water p o te n tiil, $ , a ffect both P and P . Fromr g s

equation (12), ip establishes an upper bound on the c e ll wall potential,

Given a stable steady state situation, and are equal to ^cw> 

thus fixing the levels of P̂  and P ^  Stomatal apertures for step 

changes in ip̂  are plotted in Figure 5. The model is  allowed to reach 

equilibrium with = 5 x 10^ Pa and = -1 x 10^ Pa, resulting in a 

constant aperture and a uniform water potential. At 30 minute intervals,
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Figure 4. Phase-plane plot of the stomatal opening shown 
in Figure 3.
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F igure 5. Stomatal apertures for step changes in : -1 to -5;
-5 to -3; and -3 to -10 (105Pa); at 30 minute intervals.
f = 5.0 x lO^Pa; Sets I-IV.
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\|>r is stepped from -1 to -5, -5 to -3, and -3 to -10 (10 Pa). Results for 

the four plant sets are given.

Following each step change, the aperture overshoots its. steady state

value. This overshoot behavior is caused by the relative isolation of the

guard cells from the plant hydraulic network. Consider the step from

= -1 to tj> = -5 (lO^Pa) at t = 30 minutes. The decrease in causes a

drop in and P_ falls as water flows from the subsidiary cells. This

sharp decrease in P g causes the stomate to open more widely than normal. As

P s decreases, decreases and P^ begins to fall as water flows from the

guard to the subsidiary cells. The stomatal aperture decays to a steady

state value as P decreases, 
g

Transient effects of step changes die out after approximately 15 

minutes and the new steady state aperture may be.compared to the previous 

one. Responding to a step decrease in .i(i , three different modes of b e

havior occur: increased apertures for sets I and II, a uniform aperture

for set III, and a decreased aperture for set IV. Herein lies the motivation 

behind choosing the four plant parameter sets.. At steady state, any reduction

of leaf water potential causes an equal reduction in ip and , say AtJj.
g ^

It can be shown that the corresponding change in stomatal aperture, Aw, is 

of the form:

2b AtJj
w = — S p —  [1 - aB] (43)

( 1+ S -  )
e
g

where:

b
a = - ~  (44)

g
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(45)

CL +

3 =

(1 + - r - )

The coefficient a  is known as the antagonism ratio (Cooke et al., 1976).

For equal decreases of ip and ip , the product a3 determines the sign Aw,
g *

and hence the direction of aperture change: a&>l causes w to increase, 

a3<l causes w to decrease, and a(3 = 1 leaves w unchanged.

The ratios a and 3 of the four plant sets are listed in Table 4. Sets 

I and II were chosen to give aperture increases for water potential decreases. 

Set III was chosen to give uniform apertures. Set IV was chosen to show 

aperture decreases for water potential decreases. It should be emphasized 

that these values were chosen to investigate model behavior. Accurate 

values need to be determined experimentally.

-Cowan's analog model shows behavior similar to that of set IV 

(Cowan, 1972a). Parameter perturbations causing a drop in leaf water p o

tential resulted in a decreased mean leaf conductance.- By assuming a multi

linear stomatal conductance function, with variables ij; and. to > and a guard
g s

cell coefficient larger in magnitude than the subsidiary cell coefficient, 

equal decreases in iJj and resulted in a decreased stomatal conductance.

In response to a step parameter change lowering leaf water potential, Cowan's 

finding that the initial stomatal movement was opposite.to its ultimate 

c h a n g e ^ m u s t  be considered in light of his conductance coefficients. Had the

ip coefficient been larger in magnitude than.the \p coefficient, this result
s g

would not have been observed.

Stomatal aperture is more accurately modeled as a.function P^ and P s - 

Recent experimental and theoretical w o r k .indicates that the antagonism ratio 

is typically greater than unity (Glinka, 1971; Meidner et al., 1975; Edwards 

et al.-, 1975; Cooke et al., 1976). Set II probably contains the best estimate
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TABLE 4

Plant Set Characteristic Ratios

Plant Set a ....... 3.. aB

I 1.50 1.08 1.62

II 1.50 .90 1.35

III 1.50 .70 1.05

IV 1.25 .62

00
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of 6= Together, these values yield conductance coefficients contrary to 

Cowan's numbers. The product ag is greater than one, indicating that 

Cowan should probably have used a larger subsidiary cell coefficient 

than guard cell coefficient. Further experimental work is needed in 

this area, perhaps with reference to drought resistance.

By fixing it at a constant value, the results shown in Figure 5 

simulate hydropassive stomatal movements (see Raschke, 1975, Fig. 1). 

Regardless of a and 3, it  is apparent that hydropassive movements are, 

by themselves, unable to close the pore and regulate water loss at low 

leaf water potentials. Raschke (1975) writes that, in general, the 

stomates are insensitive to reductions in leaf water potential above a 

certain threshold. Such insensitivity is evident in set III of Figure 

5, Below this threshold, the stomates close rapidly. The model solutions 

suggest that this threshold behavior cannot be explained strictly  by 

hydropassive movements.

Moderate fluctuations in guard cell osmotic potential have a pro

nounced effect on the stomatal aperture. Solutions of the model indicate 

that these metabolically controlled fluctuations are the key factor 

restricting water loss at low leaf water potentials. The forcing term, 

ir , must decrease under conditions of high evaporative demand to su ffi-  

ciently reduce stomatal aperture and control water loss. Stomatal

apertures . for step changes in it are shown in Figure 6. At t = 20

g 5minutes, ir Is stepped from 0 to 2.-5, 3.0, 5.0 and 7.0 (10 Pa). Osmotic 
S

forcing terms below approximately 2.5 x 10̂  Pa are insufficient to cause 

opening.

STABILITY DISCUSSION

In a recent review, Barrs (1971) noted the occurrence of stomatal
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Figure 6. Stomatal apertures for step inputs of tt : 

5.0  and 7 .0  (10bPa) at t = 20 minutes. g
tt = 2 . 5 ,  3 . 0 ,  

g Set I .
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oscillation s in a wide variety of higher plant species. The majority of 

these oscillation s had a period of between 10 and 50 minutes and could 

involve almost complete stomatal opening and closure. Cowan (1972a) and 

Farquhar (1973) have attributed these oscillation s to be in sta b ilitie s  in 

the hydraulic network of the plant, a view supported below. Perturbations 

of the plant environment known to trigger oscillation s include such 

factors as so il moisture, root condition, atmospheric humidity, plant i l 

lumination, and ambient CÔ  concentration. In general, unstable behavior 

is  favored by parameter perturbations resulting in a lowering of leaf water 

potential (Barrs, 1971). Four parameters in the model are used to in vesti

gate s ta b ility : the atmospheric vapor concentration, c ; the plant

resistance, R^; the root water potential, and the osmotic forcing term, 

■ffg. By making a function of stomatal aperture, the CÔ  feedback effects  

on model s ta b ility  could be studied in a future refinement.

The nonlinear part of the sim plified model, equation (31), is  contained 

in the term g^. By examining the linear variational equations of the 

sim plified model, sta b ility  information can be obtained for different 

parameter choices (Struble, 1962; Brauer and Nohel, 1969). During a 

simulated opening, it grows to a steady state value and the model approaches
o

equilibrium. Equation (31) is  made autonomous by setting tt equal to a
§

steady state value. The pressures in the guard and subsidiary c e lls  at 
0 0

equilibrium (P , P ) are found by setting (31) equal to zero.
§ s

Equation (31) is  linearized by expanding g  ̂ in a Taylor series 

about the equilibrium point and truncating after linear terms: 46

(46)

where:

a = b Pe + b Pe + bg g s s o (47)
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5 .b
d, =1 CC2aH3) (1

C2a
(48)

d_ = 4̂a d,Pe + ad,Pe I s*2 " C52a+53.) “1‘g

(See Appendix C for definitions of C2» 53> and £ .̂) 

Substituting (46) into (31) and regrouping terms:

“V"
p b, b_ p b, b .

g 1 2 g 3 4
7Z + . +

p b b. p bc
A

b_s 5 6 s 8 9
mt V- mJ

(49)

(50)

where:

(51)

(52)

(53)

In the neighborhood of the equilibrium point, the behavior of the 

nonlinear system, (31),is similar to the behavior of the linearized system, 

(50). The eigenvalues of the linearized system determine stab ility at the 

equilibrium point of the nonlinear system (Struble, 1962; Brauer and Nohel, 

1969). I f  a ll eigenvalues have negative real parts, the system is asympto

tica lly  stable. If  one or more eigenvalues have positive real parts, the 

system is unstable. It should be stressed that stability conclusions are

b6 = b6 - «d1 

b9 = b9 * d2
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valid only in some neighborhood of the equilibrium point. The eigenvalues 

of (50) are:

X = _1
21 1

(bj * b6) ±
1

2S, [Ch, ♦  b6)‘ 4 (blb6 b2b5^
1/2

For reasonable estimates of plant and environmental parameters, the 

eigenvalues of the linearized system are complex. Equilibrium point in-
A

stab ility in the complex case occurs when (b̂  + b̂ ) > 0. Using a 

computer routine to calculate equilibrium points and eigenvalues (Delwiche, 

1976), parameters in Table 3 were adjusted to produce positive real part 

eigenvalues of the linearized system. The nonlinear system was solved 

numerically with the parameters set at these unstable levels.

The results shown in this section are for one combination of parameters

giving unstable equilibrium point behavior: = 0.5 x 1010Pa s mm 1,
5 -A 3 3 5

\ji = -3.0 x 103Pa, ĉ_ = 4.6 x 10 mm /mm , and ir = 2.7 x 10 Pa. Setr ta g

I was used with normal values for the/other parameters. Unless otherwise 

indicated, all results in this section are: for the parameters set at these 

levels.

The solution of the two-dimensional model, including cell pressures, 

aperture, and_cell water potentials, is shown in Figure 7. The stomatal 

aperture oscillates in a quasi-sinusoidal waveform with a maximum opening

of 12 ym and a.period of 28 minutes. P lags P by about 4 minutes, or a
g s

phase angle of 51°. Barrs (1971) noted that during hydraulic oscillations 

the stomates are open when the leaf water potential is low. The maximum: 

stolhatal aperturein Figure 7 occurs when the water potentials of the guard 

and subsidiary cells are close to their minima.

Cowan (1972a) observed stomatal oscillations with a period of 40
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Figure 7. Stomatal oscillations of the two-dimensional model.
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minutes in cotton plants, and with a total leaf conductance to water vapor 

ranging between a maximum of 4.0 mm/s and a minimum of 0.2 mm/s. Farquhar 

(1973) also reported oscillations in cotton with a period of 40 minutes, but 

found higher values for the total leaf conductance. Maximum magnitudes of 

oscillation ranged from about 6.0 mm/s t o .16.0 mm/s. The maximum stomatal 

aperture of about 12 um in Figure 7 corresponds to a.total leaf conductance 

of 7.1 mm/s. At zero stomatal aperture, the total leaf conductance is zero. 

E[y including a cuticular resistance term in equation (9), the model would 

show a non-zero minimum leaf conductance (Nobel, 1974, p. 314).

Positive real part eigenvalues of the linearized system indicate in

stability of the nonlinear system in the neighborhood of the equilibrium 

point. Numerical solutions of the model for parameter values predicting 

instability show limit cycle behavior. A phase-plane plot of several 

different trajectories is given in Figure 8. Increasing time is indicated 

by the arrow directions... Unlike a second-order linear system, the amplitude 

of oscillations are independent of initial conditions. All trajectories in 

the phase-plane of Figure 8 spiral into the limit cyle and oscillate with 

the same period and amplitude.

T h e .existence of a limit cycle in the model can be attributed to the

saturation.of the aperture fuction, equation.(11). Consider the phase-

plane diagram in Figure.9 with aperture contours superimposed on the limit

cycle. Starting in a neighborhood-close to the equilibrium point, P and
§

Pg oscillate out of phase with increasing amplitude. At some point the 

magnitudes of P^ and P-̂  are sufficient to cause stomatal closure. As the 

aperture closes, goes to zero, causing P s to temporarily stabilize near

its maximum. Meanwhile, P increases and reaches a point where the stomate
g

begins to open. As the stomate opens, increases, causing P g to decrease

and w to increase further. The decreasing P eventually causes P to drop,
s g
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Figure 8. Trajectories of the two-dimensional model with 
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F igure 9. Aperture contours superimposed on the limit 
cycle shown in Figure 8.
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the stomate closes, and the cycle begins again.

Model instabilities were investigated for the parameters given in

Table 3. R and c appear together in the nonlinear part of (31) and 
p ta

thus affect stability in a similar manner. and it affect stability 

through equilibrium point position, by determining a in (47). Eigenvalues 

of (50) were computed by fixing three of these parameters and incrementing 

the other. In general, model instability is promoted by each of the following 

(1) increasing R ; (2) decreasing c ; (3) increasing ip ; and (4) decreasing
P  L 3 .  T

tt (Delwiche, 1976). These results are in qualitative agreement with 
§

Barrs (1971). Except for an opposite root water potential influence, Cowan

(1972a) found simiLar behavior with his model.

Beyond a certain threshold, further increases in R^ or decreases in

c push the model back into stable behavior. This threshold effect is 
ta

a curious result that bears future examination.

Several important observations can be made by considering parameter 

extremes. If the vapor concentration of the atmosphere is at its saturation 

level, 54 = 0, and the model is entirely stable, regardless of the other 

parameter levels. By setting R. and R to zero, (31) is made linear in
lcL S  cl

the portion of the phase-plane where w is greater than zero. Since ^  = 0,

the eigenvalues of (50) are independent of equilibrium point position and

model stability is completely independent of i j j^ and ir̂ . The threshold

effects of R .and c, are not seen in this case, 
p ta

The hydraulic conductivity, L, is an important factor determining the 

period of oscillation, but has no effect on the stability of (50). L appears 

only in the term; of (31) and (50) and approximately scales the solution 

of the nonlinear model. A s  the hydraulic conductivity decreases, the 

model response time and the period of stomatal-oscillation both increase. 

Solutions of (31) show a 14 minute period f o r T  = 2.0 x 10 ^  mms~^Pa” , a

-38-



-11 -1 -128 minute period for L = 1.0 x 10 mm s Pa , and a 57 minute period 

-12 -1 -1for L = 5.0 x 10 mm s Pa . Both the amplitude of oscillation and the 

waveform are roughly constant for the different conductivities.

The values used for the hydraulic conductivity are slightly lower than 

cited in the literature. Philip (1958a), Slatyer (1967, p. 177), and Cowan 

(1972a) use L = 5.0 x 10 11 mm s 1 Pa 1 . This value leads to small, but 

not unreasonabler periods of oscillation when used in the solutions of (14) 

and (31). Several matters bear comment here. The tendency of the three- 

dimensional model -to have a larger period of oscillation than the two- 

dimensional model, would offset this effect. The factor is influenced 

by other plant parameters as well, including cell volumes, surface areas, 

and moduli. These may well have been estimated incorrectly. Water 

movement through the xylem is  assumed to occur- instantaneously. In the 

absence of a time lag, the cell wall water potential responds immediately 

to changes in the transpirational flux, producing a model response time faster 

than would be expected. Finally, a value L = 1.0 x 10 ^  ■  s * Pa * probably 

is not out of range of acceptability (Dainty, 1963).

No attempt has been.made in either model to distinguish hydraulic 

conductivities between the different cells. Though analytically simple to 

do, l i t t le  justification exists for such a refinement at this point.

SUMMARY AND CONCLUSIONS

An analytical model of the hydraulic aspects of stomatal dynamics 

was developed in.this paper.. Consisting of three, first-order, nonlinear, 

ordinary differential equations., the model.was simplified to a more tractable 

system of two differential equations. Cell hydrostatic pressures were used 

as the dependent variables, from which could be calculated the stomatal 

aperture, cell water.potentials, and water fluxes. Numerical solutions of
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the two-dimensional and three-dimensional models were studied for perturba

tions of plant and environmental parameters. Solutions were discussed with 

reference to previous models and with regard to experimental observations.

A stability analysis was performed on the two-dimensional model to study 

the nature and occurrence of stomatal oscillations. Conditions for equili

brium point instability were derived and some of the factors affecting 

oscillatory characteristics were identified.

The following conclusions were reached in this study:

1. The model of stomatal dynamics developed in this paper exhibits 

behavior qualitatively similar to many stomatal responses. The 

quantitative predictions are reasonable, but must be considered

in light of the plant parameter estimates taken from the literature.

The model can, therefore, be productively used as a tool to investi

gate stomatal action.

2. Stomatal opening in the model is dependent on the interaction of 

the guard and subsidiary.celIs in the following manner. Opening

is initiated by a rise in the guard cell osmotic potential, which in 

turn causes a rise in the guard cell, hydrostatic pressure. As the 

stomate opens, the transpiration rate increases, causing the cell 

wall water potential to drop. The decreasing cell wall water potential 

causes the subsidiary cell pressure to drop. Opening is accelerated 

by the dropping subsidiary cell pressure.

3. Stomatal opening proceeds in two distinct phases in the model: a

stress phase and a motor phase.

a) During the stress phase, the guard cell pressure rises, but 

the pore remains closed.

b) The motor phase commences after the guard cell pressure has risen

sufficiently to initiate pore opening. Beyond this point, the
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stomate 'pops' open, due to the decrease in cell wall water 

potential causing a subsidiary cell pressure drop.

4. The duration of the stress phase in the model is determined by the 

increase in guard cell pressure necessary to initiate pore opening and 

the rate of guard cell pressure increase. If the pore is not closed 

at equilibrium, no stress phase occurs.

5. Hydropassive stomatal- movements in the model (i.e., movements with a 

fixed guard cell solute content) are insufficient to regulate water 

loss at low leaf water potentials. Hydroactive stomatal movements 

(i.e., movements caused by a change in guard cell solute content) are 

required to sufficiently close the pore and reduce transpiration.

6. The direction of the hydropassive changes in stomatal aperture (i.e.,

whether the pore opens or closes) is determined by the product of 

the ratios, a, equation (44), and 0, equation (45). For equal 

decreases in the guard and subsidiary cell water potentials, three 

modes of aperture behavior are shown: (1) the aperture increases for

ctg > 1; (2) the aperture decreases for ag < l ‘r and (3) the aperture 

remains unchanged for otg = 1.

7. Stable, hydraulically-based oscillations in stomatal aperture are pre

dicted by the model. These oscillations are independent of periodic 

forcing terms and carbon dioxide regulatory effects.

8. For fixed parameter values resulting in oscillatory model behavior, the 

aperture oscillates with the same magnitude and frequency, regardless 

of the initial plant-water status. In other words, the model contains 

a stable limit cycle.

9. The period of oscillation in the model is strongly influenced by the 

cell membrane hydraulic conductivity. An increased conductivity results
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in a shorter period oscillation.

10. The model is simplified from a system of three equations to a system of 

two equations. The behavior of the simplified model is similar to the 

behavior of the more complicated form. The two-dimensional model can, 

therefore, be used in conjunction with the more complicated three- 

dimensional model to investigate stomatal behavior.
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Appendix A

A. Cell Volumes and Surface Areas

Dimension estimates are taken from Chapter 1 of Meidner and 

Mansfield (1968).

1. Guard cells - approximate each of the two guard cells in the system as

a right circular cylinder with a diameter of 10 pm and a height of 40 pm.

Assume thAt the incipient plasmolysis cell volume is 2/3 the normal cell
—6 3volume, given by the above dimensions': V° = 4.2 x 10 mm .

8

Approximately 1/4 of the cylinder surface area, discounting ends,

-4 2is m contact with the subsidiary cells: A^ = 6.3 x 10 mm .

2. Subsidiary cells - the subsidiary cells are treated in a similar

manner, except there are four cells with a 20 tim diameter and

-5 3a 50 pm height: V° = 4.2 x 10 mm . Approximately 1/2 of the

cylinder surface area, discounting ends, is in contact with the

-3 2wet cell walls: Â  = 6.3 x 10 mm . Note that for these values,

A = 10 and V = 0.1. In other words, the guard cells have 1/10 

the combined volume.of the subsidiary cells and Â  is ten times 

the magnitude of A^-

3. Mesophyll cells - it  is assumed that there are ten mesophyll

cells per system, identical in size to the subsidiary cells: 

o - 4  3V = 1.0 x 10. mm . All of the cylinder surface area, dis

counting ends, is assumed to be in contact with the wet cell

-2 2walls: A, = 3.1 x 10 mm .4

4. System area -.the surface.area of the system, as viewed from above

the leaf surface in Figure-1, is approximately circular with a

-3 3diameter of 60 pm: Â .=? 2.8 x 10 mm .
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B. Cell Wall Moduli

Estimates of (e, ■ +-ir?) range from 50 x 105 Pa to 100 x 10̂  Pa 

(Philip, 1966; Slatyer, 1967, p. 177), indicating moduli values 

of 50 x 105 Pa or less. The guard cell modulus is assumed to be 

greater than or equal to the moduli of the subsidiary and mesophyll 

cells.

C, Osmotic Potentials

Estimates for the cell osmotic potentials are taken from Meidner and 

Edwards (1975). At incipient plasmolysis, cell volumes are assumed 

to -shrink by about 1/3, therefore, tt?- = 3/2 in . The osmotic potentials 

combined with the cell wall moduli restrict model pressures to a 

maximum of approximately 15 x 10̂  Pa. Raschke (1975) cites much higher 

osmotic potentials and cell-pressures,-particularly for the guard 

c e lls . . We have not used-these higher values for lack of data with 

which to estimate the aperture coefficients, although qualitative model 

behavior would be similar.

D . - .Aperture Coefficients

The values used for b , b , and b , were obtained by Cooke et al.g s ’ o

(1976) from the data of Glinka (1971) and Edwards et al. (1976).

Typically, the antagonism ratio, a = -b-/b , is greater than unity,s g

E.

with bg positive and bg negative.

Resistance-Related Parameters

The.parameters necessary to calculate the-boundary layer, intercellular 

air space, and stomatal resistances (R̂ , R̂ as> Rs t> respectively) are

taken from Chapter 7 of Nobel ( 1 9 7 4 ) .Their combination yields Ra =

-2 -2 -2 4.86.x 10 s/mm and R. = 1,92 x 10 s/mm. For r = 0.5 x 10 mm1&S
-4and the aperture, w, in mm, R ■ = 8.74 x 10 /w s/mm.
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F. Hydraulic Conductivity

Estimates for L are discussed-in the stab ility section.

Parameters Varied

Vapor concentrations are-expressed as a-volume of liquid water per 
3 3

volume of air: mm /mm . Boyer-(1971) cites a plant resistance of

0.4 x 10^ Pa s mm * for beans and 0.6.x 10^ Pa s mm * for sunflowers,

indicating a nominal value of -  0 .4 x 1010 Pa s mm \  The guard

cell osmotic forcing term, if , is arbitrarily chosen to rise to 90%
S

of its  steady state value in 30 minutes.

Appendix B

The relationship between the two-dimensional and three-dimensional 

model can.be shown in the following manner. Equation (3) is coupled to

equation (4) through the expression for ip .. Substituting (6) and (7)cw

into (13) and (12) and solving for ipcw

R R LA P

- k t*r - 5 *  C'. - cta> - - f r  C-P s * ' l  »  * r> >t 5 s

. RpLAA
AS

(-P + H° (1 - —  ) + Tf ) ] 
 ̂ m  m  - e  J nr  J m

where:

k ■ n * <A3 ♦ V  i -1

If R L
-P—  (A_ + A.) << 1, then k 1 and:
AS a  4

R
ip - Ip (c - c )vcw yr R  ̂ m ta'
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Using this expression in (6) and (7), equation (14) collapses to equation 

(31).

For the numerical values of the plant parameters used to calculate
R L

the results shown in Figure 2, (A^ + A^) = .53. The solutions of

(14) and (31) are quite similar for this case. In general, the two-dimensional 

model will show qualitative agreement with the three-dimensional model, 

but quantitative comparisons must be made with regard to the numerical 

values given to the plant parameters.

Appendix C

= 4  (<5. + E /  -  1 = R. + R
^2 D 1 las v J las £

K
3

d+r
nirbD

= -2 eAVR (c —c )
4 p v m ta
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A NONLINEAR FINITE ELEMENT ANALYSIS 
OF STOMATAL GUARD CELLS

J. Robert Cooke, Richard H. Rand, Herbert A. Mang, Josse G. DeBaerdemaeker 

INTRODUCTION

The major pathway for gaseous exchanges between the plant and the environ

ment is through the stomates, which act as valves regulating the rate of 

exchange. The behavior of the guard c e lls , which form the stomatal pore, 

therefore has appropriately been the subject of extensive study.

The present paper w ill focus on the mechanical aspects of stomatal open

ing and is a sequel to an earlier paper (Cooke et a l . ,  1976) in which a 

linear theory of thin shells was used to study the deformations of a doubly 

e llip tica l shell model of a pair of guard ce lls . That study, which included 

an extensive literature review, w ill be summarized briefly. The principal 

task of the present paper w ill be to extend that linear analysis to include 

the consideration of geometric nonlinearities.

In the linear fin ite  element study we explored the deformation of an 

e llip tica l torus model subjected to a uniform internal hydrostatic pressure 

and a counteracting pressure from the adjacent subsidiary cells. The 

e llip tica l geometry was found to be a particularly important factor in 

the proper functioning of the stomate -  i . e . ,  an increase in internal pressure 

opens the pore while the opposite is  true for the pressure in the subsidiary 

ce ll. An antagonism ratio was defined. Surprisingly, we found that a 

circular torus model of reasonable dimensions behaved in a manner contrary 

to this and therefore would be an unsatisfactory configuration. The pore 

must not open when guard c e ll pressure drops under drought conditions!
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The pore width was shown to be a linear function of the two pressures. 

This result emerged from the analysis and was shown to reconcile two 

different experimental approaches.

The pore length in the model remained practically constant during 

opening, as has been reported for actual stomates. The shell model, in 

agreement with other recent studies, shows that unequal wall thickness 

of the ventral and dorsal walls is not an essential characteristic. Using 

orthogonally anisotropic material properties to represent the effect of the 

micellae, the model was used to demonstrate that a more favorable antagonism 

ratio is achieved when the Young's modulus in the radial direction exceeds 

the corresponding value along the direction of the major axis of the stomate. 

The present study w ill elaborate further on the effect of the micellae. The 

elevation cross-sectional view is noticeably different for the linear and 

non-linear cases.

FORMULATION OF THE MODEL

As in the previous paper we need not be concerned with the biochemical 

aspects leading to the presence of a hydrostatic pressure within the guard 

cells. Instead, we shall consider the mechanical consequences of such a 

circumstance.

By exploiting the symmetry of the assumed e llip tica l torus configuration 

of the guard c e ll model, we need consider only one-eighth a non-shallow, thin 

shell. The same discretization of the shell into 8l  doubly-curved triangular 

elements with 280 nodes (Figure l) is used in this work as was used in the 

linear analysis. The surface shown is assumed to be halfway between the inner
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and outer surfaces; since uniform wall thickness was found satisfactory in the 

linear analysis, that characteristic was retained here. The micellae were 

represented by the inclusion of orthotropic material properties aligned with 

the parametric lines used to generate the shell.

The fin ite  element shell program used here was developed under the 

leadership of Professor R. H. Gallagher of the Structural Engineering Depart

ment at Cornell University (Thomas and Gallagher, 1975&, b) and subsequently 

extended (Mang, Gallagher and Kanodia, 1976). Each doubly-curved triangular 

element has seven nodes with a to ta l of 33 unknowns. Linear bending effects 

are included in the element.

The shell of Figure 1, with an e llip tic  plate restraining the end 

nearer the viewer, has 695 unknown variables to be found by solving a system 

of linear algebraic equations which have a semiband width of 157 •

The geometric nonlinearities were handled in the program by computing 

the displacements for an in itia l linear step (as before). After each sub

sequent increment in the pressure load, the linear result was improved by 

a single Newton-Raphson correction. The pressure increments were restricted  

in magnitude sufficiently to assure that the same displacements would occur i f  

the same total pressure were achieved by twice the number of steps of half 

the size.

An IBM 370/168 computer with a conversational time sharing system (CMS) 

was used to run a virtual machine (VM) with a memory of 1.5 megabytes. The 

programs were FORTHX compiled to decrease execution time. A particularly 

useful feature of computing in this manner was the possibility of halting 

execution to examine intermediate results and to then resume execution or to

terminate and print the results. Unlike batch computing, decisions could be
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made while the calculations were in progress; this was an important con

sideration since up to 30 minutes of CPU time were required for some 

cases.

NUMERICAL EXPERIMENTS

Before proceeding to the most general case of interest with the ortho

tropic, e llip tic a l torus model, the nonlinear portion of the program was 

checked with a simplier, hut related problem, for which computational results 

are available. Specifically, an isotropic, circular torus was analyzed.

The results are compared in the appendix. The agreement is  excellent. We 

note in passing that even when geometric nonlinearities are included, the 

circular torus is s t i l l  unsatisfactory as a guard c e ll geometry.

E llip tic torus

The dimensions of the shell remain as used earlier. When viewed from 

above, the half pore length is Ilym. In the elevation view, the semi-major 

(horizontal) and semi-minor axes are 8 and 6 ym, respectively. Symmetry 

boundary conditions are used at the edges. For simplicity, the subsidiary 

cell pressure was set to zero.

The orthotropic material properties satisfied the following two conditions

( 1 )

g9* = (1/2> W *  Cl - < v * >i:i/Cl - v * ’ (2)

Here (as in the linear analysis) 6 is the coordinate which increases along 

the length of the pore, while <ji is orthogonal to 6 .
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In the results depicted here, the material properties used are Eg = 1.0pN/(pm)2 ,

E. = 100.0 pN/(pm)2, v, = 0.39, v. = 0.0039 and GQ, = U.8lpN/(pm)2. Figure 2
<p <J> u 0<p

shows the nonlinearity associated with the increase in pore half width as a 

function of guard cell pressure. After an in it ia lly  linear portion, the slope 

decreases until the curve reaches a maximum, and decreases thereafter. An

immediate consequence of this plateau is that an upper limit on the pore size 

is predicted, even i f  the guard ce ll pressure is increased substantially.

A top view of the pore (Figure 3) suggests that most of the deformation 

occurs near the ends of the stomatal pore. The sides of the pore after de

formation are somewhat parallel.

Figure H displays the elevation cross section at the midpoint of the 

guard cell. The elevation cross section tends to become more circular upon 

inflation. The perimeter of the elevation cross section remains nearly 

constant upon inflation until about (P/E.) = 1 2 .  At maximum opening (P/E.) =

. 3 15 , this perimeter has increased by 1% over its  undeformed size.

Figure U also indicates that the guard c e ll can "bulge" into the 

neighboring cells  as described by Meidner and Mansfield (1968, p. 15)- In 

the linear analysis with relatively small ratio of Young's moduli the dorsal 

guard ce ll wall is displaced away from the adjacent c e ll. But when the geometric 

nonlinearities are considered, the behavior reported in the literature does appear.

PARAMETER SENSITIVITY

A computer study of this type is not complete without an exploration of 

the dependence of the results upon a plausible variation in the parameters.

Since significant computer time (approximately 1 minute of CPU time for 

each step) was required only a few cases were considered. Four of the most
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FIGURE 2. Increase in pore half width in relation to non-dimensional internal 
hydrostatic pressure. (Geometric and material parameters are given 
in the te x t.)
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FIGURE 3- Top view of undeformed (solid) and deformed (dashed) 
guard cell pair at the 21st pressure level (.315 ). 
(Geometric and material parameters are given in the 
te x t.)



Figure Elevation cross-section at the mid-point of the guard ce ll pair 
at the 21st pressure level (.315)* [Solid, undeformed; dashed, 
deformed] (Geometric and material parameters are given in the 
te x t .)
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instructive cases are shown in Figure 5; the relevant parameters for these

curves are shown in Table 1.

TABLE 1

PARAMETERS FOR FIGURE 5

Curve
Micellae

V Ee

Thickness
pm

Pressure AP 
uN/(pm)2

Steps
n

A 100 1 0.015 22

B 20 1 0.005 13

C 20 2 0.005 26

D 5 2 0.005 23

Nonvaried Parameters

Geomteric: Top view 11, 1.5;' elevation view 8, 6 pm

Material: EQ = 1 pN/(ym)2 , v - =  39
a 0

v, by equation 1;
9

G by equation 2 O9

Subsidiary c e ll pressure = 0

Micellae. The stiffening effect of the micellae in the guard c e ll is  

represented by the orthotropic material properties. We need only consider 

the ratio of the Young's modulus in the radial direction to the Young's modulus 

along the length of the guard c e ll. This is possible because of the use of a 

non-dimensional pressure, the actual pressure divided by one of the Young's
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moduli. This non-dimensionalization permits us to use a single curve for

each (E./E«) ratio, rather than a separate curve for each combination of E 9 0 9
and E .. The larger this ratio, i . e . ,  the more prominent the micellae, the 

larger the maximum pore opening.

From Figure 5 we may compare curve A with B and curve C with D. In 

each case with a constant shell thickness, the lower ratio curve rises more 

quickly with pressure but does not reach as large an eventual maximum.

Shell Thickness. Curves B and C differ only with respect to shell thick

ness. As expected, the thinner shell has a larger pore for a given pressure 

than does the thicker shell; and the eventual maximum also appears to be larger. 

The maximum half-pore width, apparently, cannot Be made arbitrarily large.

The model does not open as wide as some stomates under (perhaps abnormal) 

environmental conditions- Holcomb and Cooke (1977) have shown that for normally 

occurring circumstances, stomatal pores need not open further than a width- 

to-length ratio of 1 to 5 (as obtained for curve A in Figure 5) to achieve 

nearly the fu ll diffusive capacity obtainable.

The existence of an upper limit on pore width suggests an hypothesis. 

Namely, does there exist a normal working range for the hydrostatic (turgor) 

pressure such that l i t t l e  benefit derives from larger pressures. Alternatively, 

one might conjecture about the magnitude of the Young’ s modulus for the 

guard cell walls i f  the pressure range is independently measured.

Computational details. The choice of the incremental pressure loads, 

ostensibly a routine matter, deserves comment. As a heuristic guide, the 

step size was reduced until the fir s t nonlinear step displacements were 

twice the magnitude of the linear step as an indication that the linear region 

had not been exceeded. Unnecessarily small steps require more steps (and 

more computational cost) to reach a given pressure load. Excessively



large steps produced an abrupt change in the graph of the displacement vs. 

the pressure load. In the absence of quasi-rational estimates for the appro

priate step size, a series of successively smaller exploratory tests are 

necessary.

CONCLUSIONS

A consideration of the geometrical nonlinearities in the fin ite  element 

analysis of deformation of an orthotropic, e llip tica l torus subject to in

ternal pressure leads to the following conclusions about the stomatal 

mechanics:

1. As was true for the linear analysis, the elongated, e llip tic  shape 

of the guard cells plays a decisive role in the mechanical function 

of the stomate. Even when nonlinearities are considered in the 

calculation of the deformation of an isotropic circular torus,

the pore would decrease, rather than increase in size.

2. The analysis of the circular torus agrees with the analytical 

results reported in the literature.

3- As before, the pore length is shown to remain relatively  

constant upon opening.

1+. The stomatal pore, i f  subjected to sufficient pressure, does 

exhibit a nonlinear dependency upon guard c e ll pressure.

5* The stomatal pore experiences a maximum opening even when subjected 

to an arbitrarily large pressure. This pore width appears to be 

sufficiently wide as to permit maximum diffusive capacity to be 

approached. This maximum pore size property may be used to bound

-13



the magnitude of the Young's modulus, i f  turgor pressure is 

known. Conversely, there appears to exist an upper pressure 

range for which l i t t l e  additional pore opening results.

6 . The perimeter of the elevation view cross section experiences 

only a very small extension when the pressure increases and 

the pore opens.

7. For a given pressure, the pore width would be larger for 

thinner shells. For increasingly prominent micellae the porer

width in itia lly  increases more modestly with increasing pressure 

but eventually achieves a larger pore size.

- l U



Appendix

Nonlinear Deformation of a Circular Torus

The special case of a circular torus has been studied using nonlinear

analytical approximations by Jordan (J), by Sanders & Liepins (SL) and by

Colbourne and Flttgge (CF). As a check on the fin ite  element shell program

used in this work, we compared our results for a circular torus under

uniform internal, pressure with the results of these authors. Our results
7

are displayed in Figure A1 for parameter values E * 10 psi, v = 0.3, h = 

thickness = 0.02U in ., G = E/(2 + 2v) = 3.8U6 x 10  ̂ psi, radius of elevation 

view = 2U", B = inside radius of top view = 12” , and for P varying from 0 

to 150 psi.

We shall be interested in the extent of opening or closing of the circular 

torus, i . e . ,  the change in pore radius W (W > 0 means opening).

As we showed in Appendix B of the linear analysis,

= 4  <“ >

We shall use equation (Al) to compute the change in pore radius in 

the nonlinear approximate analyses of J, SL and CF. In particular the values 

of N„ and N. for the above parameters and for certain choices of the internal
6 <p

pressure P have been given in Figures 3, 1* of SL and in Figures 7, 8 of CF.

A ll these authors agree that - 2PC, this value being the corresponding linear

result. For Nn, however, the following results have been given.6
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Author Pressure ** (psi) V PC
Linear Theory any 0.5

Jordan 20 0.U85

Sanders & Liepins 20 O.U95

Colboume & Flugge 10 0 .U9U
100 0.U7

Substituting these results into Equation (Al) gives the respective 

values for W. Comparison of these predictions with the results of our 

numerical experiments is given below.

Pressure P (psi) Change in pore radius W (inches) Source

10 -.00120 linear
10 -.00127 CF
10 -.00127 this paper

20 - . 002U linear
20 -.0025 SL
20 -.0028 J
20 -.0026 this paper

100 -.0 12 0 linear
100 -.0156 CF
100 -.0 17 0 this paper

There is close agreement between our numerical results and the analytical 

treatments of the other authors. We feel that this provides a limited check 

on our work. (Note however that omission of bending effects in their 

analytical approximations is  a possible source of error. The fin ite  element 

shell program that we used includes bending e ffe cts.)
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Abstract

A model of CO^ assimilation in leaves is presented which includes 

consideration of cell size and distribution, and biochemical kinetics.

The model, which includes the effects of distributed sources and sinks on 

the diffusion process, is formulated as a nonlinear boundary value problem 

involving 2 coupled ordinary differential equations. An approximate 

analytic solution is presented and its validity is checked by finite dif

ferences. The qualitative effects of parameter changes are discussed.



Introduction

The CO2 needed for photosynthesis in green plants is typically obtain

ed by a diffusive flow along a pathway extending from the leaf exterior to 

the chloroplasts inside the leaf. CO2 diffuses from the ambient atmosphere 

through a boundary layer of relatively "still air" into the stomatal pores 

(if they are open) and then into the substomatal cavity just inside the 

leaf. From there CC^j still in the gaseous phase, diffuses through the 

intercellular air spaces (ias) to the cell walls of the mesophyll cells 

in the leaf interior. Once the gaseous CO2 has be e n  absorbed into the 

cell wall liquid, it continues to diffuse as a solute through the plasma- 

lemma membrane into the cell cytoplasm and finally into the chloroplasts 

where it is utilized in photosynthesis. CO2 created b y  respiration inside 

the cell (in the mitochondria) also diffuses into the chloroplasts.

Various models have been proposed to describe this phenomenon. An 

early paper by Brown and Escombe (1900) utilized an analogy from electro

statics. Their paper first introduced the resistance concept into plant 

physiology. I;t has become the standard model for quantitatively describing 

the CO2 pathway.

The resistance model asserts that the steady state diffusive flux of2
C 0 2 into the leaf, J[gm/cm sec], is proportional to the change in con

centration [gm/cm^] between the atmosphere Catin and the substomatal

,_ „cav 
cavity C :

j .  (Catm- C Cav)/R ent (1)

where R ent is the "entrance" resistance [sec/cm]. The quantity R 6nt 

depends upon the geometry of the stomatal pore, the thickness of the still

1 -
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air layer, and the diffusion coefficient. Since the time of the Brown 

and Escombe paper, many researchers have given expressions for R e n t .

(For a detailed literature review, see Cooke and Rand (1979)). As an 

example of such an expression, w e  quote the result of Holcomb and Cooke

(1977): (see also Cooke and Rand (1979))

Re n t  = (p/D )[T + XB 2 /a + B2«-n(4/a) -  6] (2)
where

p = semi-major axis of elliptical pore [cm]

2
D = diffusion coefficient of CC^ in air [cm /sec]

T = ratio of boundary layer thickness to p

X = ratio of pore depth to p

a = r atio of s e m i - m i n o r  to s e m i - m a j o r  p o r e  axes

3 = r atio of d i s t a n c e  b e t w e e n  n e i g h b o r i n g  s t o m a t a  to p.

While the resistance model of eq. (1) gives J as a function of Catm 

€ i T l t

(measurable) and R  (calculable from eq. (2), e.g.), it also requires 

cav cav
that C be known. Since C is not easily measured, it is desirable

cav
to be able to calculate C fjrom additional theoretical c o n - : ' ' .

siderations.

A  typical approach to this question is given by the equation (see e.g. 

Nobel C1974), Chap, 7)

J
Cca v - Cint

R int

(3)

where C
int

is taken to be a typical (solute) concentration of CO, in



the chloroplasts and where R  is the sum of resistances due to diffusion 

through the ias, call wall, plasmalemma, cytoplasm, etc. Here each 

resistance in the series is taken to be of the form L/D where L is the 

length of the associated portion of the pathway and wh e r e  D is the assoc

iated diffusion coefficient (cf. eq. (2)). (See Nobel (1974), p. 304).

Alth o u g h  this procedure formally solves the p r o blem of establishing 

a value for C (for n ow eqs. (1), (3) represent 2 eqs. in the 2 un-

CeLV
knowns J, C ), it involves certain theoretical objections which we will 

now discuss.

The process of CC^ diffusion in the ias and in the mesophyll cells 

is fundamentally different from that in the entrance region. E.g., while 

m o v i n g  through the stomatal pore, CC^ diffuses inward without being 

absorbed along the way. In the ias, however, CO2 simultaneously diffuses 

inward and is absorbed into the mesophyll cell trails which bound the ias.

It is a question of diffusion without distributed sinks and sources (in the 

entrance region) versus diffusion with distributed sinks and sources (in 

the ias and cell interiors).

The difference between these two processes can be exhibited by con

sidering the following differential equation which is based on a simplified 

one-dimensional situation:

2
D ^  = $(C,x) (4)

dx

where the LHS (left hand side) represents diffusion and the RHS $ represents 

distributed sinks (and sources). The special case $ = 0 corresponds to the 

usual model of C O2 diffusion without distributed sinks or sources, and has

the solution
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C(x) = C ( 0 ) +  [C(L)-C(0)](x/L) (5)

and

J
AC
R

( 6)

where R  = L/D, where C(0), C(L) represent values of C at x  = 0, L 

and where AC = C(L) - C(0).

The case $ f  0 is, however, very different. The solution is un

available for a general function $ ( C , x ) ,  although the equation m ay be 

solved in the case of particular choices for This equation has been

used by Rand (1977 , 1978) to model diffusive flow in the ias, and in a 

related three-dimensional form by Parkhurst (1977) to model leaf diffusion, 

and by Sinclair et, al. (1977) and by Sinclair and Rand (1979) to model 

cellular diffusion..

Note that the expression for J in the case $ = 0 (eq. (6)) will 

generally not agree with the comparable expression when $ 4  0. E.g., if

$ 5 constant then eq. (4) has the solution

Note the extra term in eq. (8) which is missing from eq. (6).

Our purpose in the present paper is to use a relatively realistic model 

of the leaf C O2 diffusion process which includes distributed sinks and 

sources in order to obtain an equation to supplement eq. (1) (just as eq. (3)

C(x) = ( x 2 - L x ) ( $/2D)+  C ( 0 ) +  [C(L)-C(0)1(x/L) (7)

and

( 8)
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does in the case where distributed sinks and sources are neglected). This

new equation, together with eq. (1), will describe the diffusion process,

c av
We will derive an expression for J as a function of C and the

biochemical and geometrical parameters of the leaf. The complicated b i o

chemistry of photosynthesis and respiration will be represented by Michaelis- 

Menten kinetics. Although many authors have used Michaelis-Menten kinetics 

to describe photosynthesis (see e.g. Jones and Slatyer (1972) who give an 

extensive list of references), their models have usually omitted the effects 

of leaf geometry (i.e., cell size and cell distribution). These effects 

will be included in our treatment.

The resulting expression for J summarizes the process of CC^ 

assimilation in leaves at a level of complexity appropriate for use in 

w h o l e  plant or crop simulation models.



The Model

We shall be concerned with the diffusive flow of CC>2 from the sub

stomatal cavity to the chloroplasts. Although this problem is perhaps 

most realistically modeled by using an accurate leaf geometry (see Fig. 1), 

the boundary value problem which would result from such geometry would 

certainly be intractable: one would require the three dimensional diffusion

equation to hold in the ias; an equation similar to eq. (9) below, but w i t h

out spherical symmetry, to hold in the mesophyll cell cytoplasm; and boundary 

conditions based on continuity of flux and H e n r y’s law to hold at the liquid- 

gas interfaces. We shall present a model which basically includes these 

effects but in the context of a simplified geometry.

The model wi l l  involve gaseous diffusion in the ias and diffusion in 

the liquid phase in the mesophyll cells. We shall utilize two previous 

approaches which treated these problems separately: the ias model of

Rand (1977 , 1978) and the spherical mesophyll cell model of Sinclair et al.

(1977) and of Sinclair and Rand (1979). The resulting model wil l  provide 

a comprehensive analysis of CO^ diffusion in the leaf. As will be 

apparent, the process of joining these two previously developed models 

together leads to a complicated mathematical problem (due to the appearance 

of coupling terms in the differential equations and boundary conditions) and 

is in no way simply a question of superimposing the previously obtained 

results. To deal with this coupled problem, we proceed as follows.

We first consider a single idealized spherical mesophyll cell (Sinclair 

et al. (1977), Sinclair and Rand (1979)). (See Fig. 2). The region of 

cytoplasm contained between the vacuole (r = ka, k  < 1) and the cell 

boundary (r = a) is modeled as containing distributed sinks and sources

- 6 -
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of CC^j representing, respectively, photosynthesis and respiration. The 

cell
variable C (r) which describes the CC^ concentration in the cell at 

radius r is governed by the equation:

D cell7 2 ccell _ ^ c e l l .
(9)

where

P p l  "J

$ = *(C ) = $ .
chi pr drk

(10)

chi

&Pt

drk
2

cell

= chloroplast carboxylation rate [g/cm sec]

3
= photorespiration rate [g/cm sec]

3
= dark respiration rate [g/cm sec]

1 d , 2 d , _ . . .
= ~ j  H r '  f°r sP ^ erical symmetry

= diffusion coefficient of C0„ as a solute in cytoplasm.

Here the distributed sink term $ is the algebraic sum of a photosynthetic

sink term and two respiration source terms.

Following Sinclair et al. (1977) and Sinclair and Rand (1979) we

will model $ ,, and $ using Michaelis-Menten kinetics: 
chi pr

^cell cell
chi

= ( V K C  )/(K K  + K  C + K  Q)C O  n  r% r\ /-»C O  o ( 11 )

$ = (tv K  Q)/(K K  + K  Ccell +  K  Q)
pr o c c o  o c < (12)

where

K  = Michaelis-Menten constant [g/cin ]

3
= maximum enzymatic velocity [g/cm sec]V



Q = oxygen concentration [g/cm ]

t = fraction of glycolate carbon released in photorespiration,

where subscripts c, o refer to CC^ and oxygen respectively, and where

, has been taken as a constant, 
drk

Eq. (9) is supplemented by the following boundary conditions:

cell
At the vacuole, r = ka, dC /dr = 0 (no flux) (13)

At the cell boundary, r = a, CCe"^ = H C*aS (Henry’s law) (14)

Henry's law, eq. (14) , provides the equilibrium condition at the gas- 

liquid interface. We apply it here to an idealized 2 component system of 

a dilute solution of CO^ in water. The proportionality constant H is 

temperature dependent (Nobel (1974), p. 330, gives H = 1.19 at 10°C,

H  = 0.88 at 20°C). Henry's law has previously been applied to leaf dif

fusion field equations in Rand (1977 , 1978),

We n ow consider the ias in which the spherical cells reside (see 

Fig. 3). Rather than assume a particular configuration for the placement 

of cells (cf. Rand (1978)), we will assume a uniform distribution which is 

characterized by the following two p a r a m e t e r s :

Let A  /A = surface area of mesophyll cells under leaf area A

I c lS
V /V = volume of ias per unit leaf volume

where A  = area of leaf surface (one side of leaf only)

L  = leaf thickness (Fig. 3)

3

V AL total leaf volume under leaf area A.
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The parameters Am e s /A and V i as/y have been extensively measured in 

real leaves (Turrell (1936), Nobel (1976), Nobel et al. (1975)). They 

may be related to other parameters as follows:

number of mesophyll cells under leaf area A

effective cross-sectional area available for gaseous 

diffusion in the leaf interior, in a direction perpen

dicular to the leaf surface.

Then

N  = Am e s /(4ira2) (15)

2
since 4ira is the surface area of a single spherical cell. Also

A i a S /A = V±aS/V (16)

1 3 .S  1 3 .S
since the uniform distribution of cells requires that V  = L A  .

In order to derive an equation which governs C (x), the average 

concentration of CO 2 in the ias at cross-section x (Fig. 3), w e  

consider a volume element I of thickness dx and of area A. For con

servation of mass, the net rate at which CC>2 is added to E by gaseous 

diffusion from the rest of the ias must equal the rate at which C O2 is 

absorbed into the mesophyll cells in E (at steady s t a t e ) :

Let N

, ias 
A  =

,dJ
ias

dx
dx) A

ias Tcell.mes,dxN
J A (T } (17)

where
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J

J

ias

cell

-D i a S dCl a S /d x

- D C e l l (dCcell/dr)
r=a

(18)

(19)

That i s ,

(20)
r=a

Eq. (20) is accompanied by the following boundary conditions:

laS
At the leaf interior, x  = 0, dC /dx = 0 (no flux) (21)

x a s c slv
At the substomatal cavity, x = L, C = C (continuity) (22)

Note that eqs. (20)-(22) for Ci a S (x) and eqs. (9)-(14) for C C e l l (r)

cell
are coupled (specifically through the appearance of dC /dr in eq. (20) 

and of C iaS in eq. (14)).

If these equations could be solved simultaneously we would have 

C a a S (x) and CCe'*'̂ (r) as functions of C°aV (which appears in eq. (22)). 

Then the problem would be completed by requiring conservation of mass for 

the CO2 flow into the l e a f :

d2clas , ,D 

d*2 '

cell .mes , ..cell
___ ) (A---)(I) j c ---
i a s M .ias; V  dr

JA D l a S (dCl aS/dx)
, ias

x=L
(23)

C 3.V
Here eq. (23) would provide the desired expression relating J to C

X 3 .S  C 3 .V
(since C (x) depends on C ), which would replace eq. (3) in

supplementing eq. (1). In summary, eq. (23) could be solved simultaneously

c a.v
wit h  eq. (1) to eliminate C from the problem and to thereby obtain an
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expression for J as a function of the biochemical and geometrical model 

p a r a m e t e r s .



An Approximate Formula

The eqs. (9)-(14) and (20)-(22) are complicated mathematically and 

their analytical solution is unavailable. In v i e w  of this mathematical 

difficulty we shall presently derive an approximate formula for J which 

is based on certain simplifying assumptions. In the next section of this 

paper we discuss the validity of this formula and show that it does in 

fact follow as an acceptable approximation from the differential equation 

model just presented.

In deriving the following approximate formula w e  shall neglect the

variation in CC>2 concentration from point to point within the leaf

interior. In fact this concentration will drop as CC>2 diffuses further

inward and is assimilated. Nevertheless if the m a x imum CC^ concentra-

cav
tion drop is small compared to C , then the assumption of constant 

concentration will introduce only a small error.

As in boundary condition (14), we assume Henry's law governs the 

equilibrium of gaseous CC^ with the CC^ dissolved in the cell liquid:

CC e 1 1  = H Cia S (24)

Neglecting any drops in CC^ concentration due to diffusion, we assume

ce
that all the CC^ in the liquid phase is at the same concentration C

and likewise that all the CC^ in the gaseous phase is at the same con-

i«is j.3s c a v
centration C . In particular this means that C equals C so

that eq. (24) becomes

CCe11 = H C CaV (25)

- 12 -
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From eqs. (10), (25) the assimilation rate per unit volume inside 

a mesophyll cell is assumed to be independent of position and equals 

$(HCC a V ). (Here the notation $ (HCC a V ) means replace C°e33 by H C CaV 

whenever it appears in eqs, (10)— (12)). The assimilation rate of one cell 

becomes

( W 3 ) ( a 3- k 3a 3 )$(HCCaV) (26)

where the first factors represent the volume of the portion of the cell 

which lies in the region ka < r < a (Fig. 2).

The flux J into the mesophyll cells under a leaf area A  equals N 

times expression (26). Using eq. (15), w e  obtain

j . (27)

Eq. (27) is an approximate algebraic formula for J in terms of C C a V . 

By simultaneously solving eqs. (27) and (1), C CaV can be eliminated, 

yielding an expression for J. This involves solving only a quadratic 

equation. In a later section of this paper we will discuss the resulting 

expression for J. Before doing so, however, we shall first relate eq. (27) 

to the differential equation model formulated in the previous section. We 

shall also justify the severe assumptions made in the derivation of eq. (27) 

(namely that drops in CC^ concentration are ne g l i g i b l e ) .



Validity of the Approximate Formula

In this section we will show analytically that eqs. (9)-(23) exhibit

formula (27) as an approximate solution. We will also show by numerical

integration of the differential equations that the approximation is valid

for typical values of the model parameters.

We begin by nondimensionalizing the model eqs. (9)-(14), (20)-(23).

c e l l  ias
We replace the variables C , C , r and x by the nondimensional 

v a r i a b l e s :

cell
u = C /K

c

v  = Cias/K

(28)

P = r/a

5 = x/L

Eq. (9) becomes

_1_ jd_, 2 du,

2 d p ^  dp' 
P

F (u) (29)

where

F(u)
.u-r. 

■ 0<u + y ) (29.1)

a  ~ (a2V c /DCellK c )(l-«drk/Vc ) (29.2)

Y = l +  Q/Ko (29.3)

r =

t(Vo /Vc ) (Q/Ko )+(»drk/Vc ) (l+Q/Ko )

(29.4)

- 14 -
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(Here T is a dimensionless compensation concentration. See e.g. Nobel

(1974), p. 338).

The boundary conditions (13), (14) become 

p = k  , du/dp = 0 (30)

p = 1 , u  = Hv 

Eq. (20) becomes

(31)

= G(v)

d r

where

(32)

G(v) = A(du/dp) p=1 (32.1)

A = (DCel l /DiaS)(Am e S /A)(V/ViaS)(L/a) 

The boundary conditions (21), (22) become

(32.2)

K = 0 , dv/d£ = 0 (33)

_ .. cav 
K = 1 , v = v

Eq. (23) becomes

(34)

J = D l a S (Vi as/V)(Kc /L)(dv/d?) (35)

In the Appendix we obtain an approximate solution to eqs. (29)-(31) by

expanding F(u) in a power series about u = H v  and neglecting terms of 

2
order (u-Hv) . This assumes that the variation in CC>2 concentration u
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throughout the cytoplasm of a cell is small. We also assume a certain 

parameter w is small (see Appendix for deta i l s ) . The resulting approximate 

solution u(p) may be differentiated to give the R H S  of eq. (32):

G(v) = (A/3)(l-k3)F(Hv) (36)

Also in the Appendix we obtain an approximate solution to eqs. (32)-

(34), with G(v) as in (36). We expand G(v) in a power series about

C  cLV  C  cLV 2
v  = v  and neglect terms of order (v-v ) . This assumes that the

v a riation in C(>2 concentration v  throughout the ias of the leaf is

small. W e  also assume a certain parameter ft is sm a l l  (see Appendix for

details). The resulting approximate solution v(£) m a y  be differentiated

to give the RHS of eq. (35):

( d v / d O
5-1

(A/3)(l-k3)F(HvCaV) (37)

Substituting this result into eq. (35) and us i n g  eqs. (29.1), (32.2) 

w e  obtain the approximate formula (27).

Thus we have shown that the approximate formula of the previous 

section is an approximate solution of the differential equation model.

How good is this approximation? We have assumed in the derivation that 

various drops in concentration and certain parameters were small. In order 

to test the validity of these assumptions, we numerically integrated eqs. 

(39)-(34) in the following way: First w e  wrote eqs. (29) and (32) in finite

difference form using central differences. Then we numerically solved eqs. 

(29)-(31) by using the boundary condition (30) and selecting the value of 

u at p = k arbitrarily. In particular we computed u and du/dp at
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p = 1. By repeating this process for different values of u at p = k 

we were able to numerically construct the function G(v) (which relates 

du/dp at p = 1 to u = Hv at p = 1) .

Next we numerically solved eqs. (32)— (34), interpolating the required 

values for G(v) (which appears in the RHS of eq. (32)) from those 

obtained by numerically integrating eq. (29). We used the boundary con

dition (33) and selected the value of v at C = 0 arbitrarily. By 

repeating this process for different values of v  at £ = 0 w e  wer e  able 

to numerically calculate corresponding values of v  and dv/d£ at 

£ = 1. Then using eqs. (34) and (35) we obtained values of J as a function 

of C C a V (which equals v CaVK c ) .

By solving this latter relationship simultaneously with eq. (1) we 

cav
eliminated C and were able to find J for a given set of the model 

p a r a m e t e r s .

For example, we used the following values of the geometrical and b i o

chemical parameters (most of these are taken from Sinclair et al. (1977), 

where references are given to the experimental literature; also see Cooke 

and Rand (1979) for parameter v a l u e s ) :
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Q/K q  = 0,7

$
drk

/V
c

0.03

t = 0.25

V /V = 0.5
o c

v c = 2 x 10 4 g/cm3sec

K c = 7 x 10 g/cm3 

-4
a = 5 x 10 c m

D Ce11 = 1.8 x 10-5 c m 2 /sec

(38)

D ias = 0.16 cm^/sec

Am e S /A = 30

V i a S /V = 0.35

L  = 250 x 10-4 cm

H  = 1

k  = 0.9

Rent = 3.7 sec/cm

Ca tm = 5 . 8 8 x  10“7 gm/cm3

Wit h  these parameter values the numerical integration procedure gave 

~”8 2
J = 4 . 9 3 x 10 g/cm sec. Substituting these same parameter values into 

eqs. (27) and (1) we find J = 5 . 0 0 x 10 ® g/cm^sec. Thus for the typical 

parameters of eqs. (38) the approximate formula checks with the numerical 

integration of the model equations to within 2%.



Discussion

We return to a discussion of the approximate formula (27), which may 

be written (using eqs. (10)-(12)):

.mes
J =

$
drk

V
(39)

This equation is to be solved simultaneously with eq. (1) which is rewritten 

here for convenience:

J

atm cav

Retlt
( 1)

By equating the RHS's of eqs. (39) and (1) we obtain a quadratic

CSV
equation on C . One of its roots is negative and must be rejected as

CSV
extraneous. The other root is positive and the resulting value of C 

may be found in a straightforward manner by use of the quadratic formula. 

Once C caV is known, J may be found immediately from eq. (1).

For a particular problem with a fixed set of model parameters the 

algebraic procedure just described is the best and most direct way of 

finding J. To discuss general trends, however, we shall find it useful to 

consider a geometrical approach. By plotting eqs. (39) and (1) with respect 

to J and C axes, w e  may identify their common solution as the point 

of intersection of their graphs.

The graph of eq. (39) in the J-CCaV plane is a "saturation” curve 

(Fig. 4). It intersects the C CaV axis at C°aV = K^T/H where T is

- 19 -
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the dimensionless compensation concentration of eq. (29.4). This graph has 

a horizontal asymptote at

J
A m eS a ( l - k 3 ) 
A  3

(V . .) 
c drk

(40)

en £
The graph of eq. (1) is a straight line wit h  slope 1/R . Its

cav . ^ ^ . _atm . . . .  _ . ^ . _atm,„ent
C -axis intercept is C while its J-axis intercept is C /R

(Fig. 4).

The effect on J of changing a particular parameter may be stated in

terms of the effect on the graphs of eqs, (39), (1). E.g, it is clear from 

• ent
Fig. 4 that increasing R  decreases the slope of eq, (1), and decreases 

J. Similarly increasing CatTn moves the straight line of Fig. 4 away from 

the origin (its slope remaining f i x e d ) , w h i c h  causes an increase in J.

The effect of changing the other model parameters on the graph of eq. 

(39) m ay be similarly investigated. If the CCav intercept of eq. (39) 

remains fixed, an increase in the horizontal asymptote (40) of eq. (39) wil l  

cause an increase in J. In this w ay w e  m ay conclude that increases in 

A  /A and in cell radius a cause increases in J, while an increase in 

vacuole size k  decreases J. Similarly if the horizontal asymptote (40)

C 3 V
remains fixed but the C intercept decreases, then J increases. N o w

since the C intercept is K^T/H w e  may conclude from eq, (29.4) that

J increases w i t h  increases in H  and K  while J decreases w i t h  in-
o

creases in K^, t, V q  and Q, In a similar w ay w e  may determine that J

increases wit h  a n  increase in V  but decreases wit h  an increase in $, ,
c drk

(although changes in these parameters cause both the CCav intercept and 

the horizontal asymptote to c h a n g e ) .
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These effects may be summarized as follows:

J +  with + in: Ca t m , Am e s /A, a, H, K  , V
o c

J +  wit h  + in: R e n t , k, K  , t, V  , Q, *. ,
c o drk

(41)

Up to n o w  w e  have taken the point of v i e w  that if the m o d e l  parameters

are given then w e  may use the approximate formula (39) to find J. On the

other hand, if J is known from experimental measurements then eq. (39)

m ay be used to infer a value for one of the other m o d e l  parameters.

Of the various mo d e l  parameters used in eq. (38), the one wh i c h  is

least reliably kn o w n  is V c - (For example, Sinclair, et al. (1977), p. 60

refer to values of based on in vitro measurements, b ut they state that

"in vitro determinations of V c are almost certainly too small compared

w i t h  in vivo determinations"). In order to find J as a function of V c

(for values of the other model parameters as in eqs. (38)) w e  m ay use the

algebraic approach referred to above (this entails solving a quadratic

equation based on eqs. (39), (1)). The result is shown in Fig. 5. We find

—8 2
that for J = 5 x 10 g/cm sec (a typical value; see Noble (1974), Cooke

_/ ^
and Rand (1979)), V £ = 2 x 10 g/cm sec. This value is about 7 times 

larger than the in vitro determinations of quoted in Sinclair, et al.

(1977) (although our other biochemical parameters agree w i t h  those in 

their paper). Our point is not to insist upon one va l u e  of or another,

but rather to show h o w  the approximate formula (39) may be use d  to predict 

model parameters if J is known.



Summary and Conclusion

We have derived an approximate formula which governs CO^ assimilation 

in leaves. It is based on a comprehensive model which emphasizes both 

geometry and Michaelis-Menten biochemistry, and w h i c h  includes the effects 

of sources and sinks on the diffusion process.

The approximate formula has been shown to be an approximate solution to 

the differential equations of the model. The approximation has been verified 

by numerical integration of the model equations.

The qualitative effects of parameter changes on the CC^ flux J have 

been discussed and are summarized in expression (41),

We feel that this formulation offers the most accurate expression 

currently available for J in terms of basic leaf parameters. It provides 

a substantial improvement over the usual method of predicting J (which is 

based on estimating a value for R int (cf. eq. (3)) in the context of a 

diffusion model wh i c h  omits the effects of sources and s i n k s ) .

The approximate formula is sufficiently compact to be usable in a crop 

simulation model of the entire crop system.
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Appendix

In this appendix we provide the mathematical details of the derivation 

of the approximate solution of eqs. (29) — (35) referred to in the text. 

Expanding F(u) of eq. (29.1) in a power series about u = Hv,

F (u) = F (Hv) +  F » (Hv) (u-Hv) +  . .. (Al)

Neglecting higher order terms in eq. (Al), eq. (29) becomes

1 d . 2 d m _  . . .
7 * (p - a i + a 2u

CA2)

where

= F(Hv) - HvF'(Hv)

o(H2v2-2rHv-rY)

(h w t )2

A 2 - F'(Hv)

q(v+r)

(Hv +y )2

(A2.1)

(A2.2)

Eqs. (A2), (30), (31) have the solution

A  A
1 j 1 [ 1^ ̂ cosh m p + M s i n h  a>P_̂

A 2 P A 2 cosh to +  Msinh u)
(A3)

where

M  = (1 - tok tanh uk) / (wk - tanh tok)
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oj = s i q

Eq. (A3) yields

—  _ , ~ \  ra)( 1~^) + (a)2k~1 ) t:anh m  ( I r k ) ,
dp V A2 tok+tanho) (1 - k ) (A4)

Expanding tanhco (1-k) in a Maclaurin series,

3 3
tanh a) (1-k) = w(l-k) - “ ■(1̂ ) +  . . (A4.1)

Neglecting higher order terms in eq. (A4.1) and substituting into eq. (A4) 

gives

du

dp P=1
(1 3k  ^  (Hv A 2 +  A 1) (A5)

Eq. (A5) together with eqs. (A2.1), (A2.2), (32,2) give the expression for 

G(v) of eq. (36).

Expanding G(v) of eq. (36) in a power series about v  = v C S V ,

G(v) = G (v CaV) + G ’ (v ''iiV) (v -  v''av)  +  . .cav. cav.
(A6)

Neglecting higher order terms in eq. (A6), eq. (32) becomes

d 2v
^ 7  =  B + B v
d£

(A7)

where
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= G ( v C aV) - v CaV  (vC3V)

A a ( l - k 3) (H2v Cav2-2 r H v Cav-rY) 

3 (HvCaV+ y )2

B 2 = G ’(vCaV)

A a H ( l - k 3 )(Y+r)

3(HvCaV+ y ) 2

Eqs. (A7) , (33), (34) have the solution

B B1 . / cav . 1N cosh ft5
V  =  — -------- r  ( v  H-------- ) --------------------

B 2 B 2 COsh ^

where ft =

Eq. (A8) yields

dv

d Z
5=1

B
(v cav +  — — )ft tanh ft B2

Expanding tanh ft in a Maclaurin series,

tanh ft = ft

(A7.1)

(A7.2)

(A8)

(A9)

(A9.1)

Neglecting higher order terms in eq. (A9.1) and substituting into eq. (A9) 

gives

dv

dC
5=1

A( 1 - k 3 ) q(HvCaV-r) 

3 ( H v ^ + y )

(A10)

which together wi t h  eq. (29.1) gives eq. (37).



Fig. 1. Transverse Section of a Leaf (after N o b e l  (197*0, P- 3*)



Fig. 2. A n  i d e a l i z e d  s p h e r i c a l  m e s o p h y l l  cell. The 

r e g i o n  b e t w e e n  the v a c u o l e ,  r = ka, an d  t he c e l l  wall, 

r = a, c o n t a i n s  d i s t r i b u t e d  C O g  s o u r c e s  a n d  sinks.



ias m e s o p h y l l  cell

%=0

Fig. 3 . S c h e m a t i c  d i a g r a m  of the l e a f  m o d e l .

T he s p h e r i c a l  m e s o p h y l l  c e l l s  of Fig. 2 are a c t u a l l y  

a s s u m e d  to he u n i f o r m l y  d i s t r i b u t e d  t h r o u g h o u t  the 

i n t e r c e l l u l a r  a i r  s p a c e  (ias). T he v a r i a b l e  x  m e a s u r e s  

d i s t a n c e  i n  a d i r e c t i o n  p e r p e n d i c u l a r  to the l e a f  surface.



Fig. 4. G r a p h s  of eqs.(l) a nd (39) f o r  p a r a m e t e r  v a l u e s

of e q s . ( 3 8 ). The g r a p h  of eq.(39) has a h o r i z o n t a l

8 2
a s y m p t o t e  at J =  26.3 x  10 g / c m  see.



z 4

Vc (10 +q/cm3sec

Fig. 5. J  s h o w n  as a f u n c t i o n  of V  a c c o r d i n g  to the
V/

a p p r o x i m a t e  f o r m u l a  (39) and eq.(l). V a l u e s  of t he o t h e r  

o a r a m e t e r s  are as in e q s . (38).
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EFFECT OF C 0 2 ENRICHMENT ON 
GREENHOUSE CROP PRODUCTION

by

S. K. Upadhyaya, J. R. Cooke and R. H. Rand 

INTRODUCTION AND R E V I E W  OF LITERATURE

With an ever increasing world population the need for higher 

food production is a critical issue for the coming years.

Photosynthesis in green leaves is the basic source of food on this 

planet and therefore has been a subject of compelling interest.

There have been over 500 studies w h i c h  were aimed specifically at 

finding the effect of CO2 concentration on the economic yield,

growth rate and photosynthesis of various plant species (Kimball and 

Mitchell, 1979). Gaastra (1959), Wittwer and Robb (1964) and a 

series of papers published in the Transactions of the ASAE (Vol. 

13:237-268) on the subject of controlled atmosphere for plant growth 

cover most of the literature on this subject. In summary, Gj -plant 

species, such as barley, rice, soybean, lettuce, tomato, potato, 

etc., respond to an increased CO2 concentration in their atmosphere. 

The C4 -plant species such as maize, sunflower, sorghum, etc., do not 

respond to CQ2 enrichment. This is because in C4 -species a decrease 

in stomatal conductance results as COj in the ambient air is

increased (Akita and Moss, 1972; Goudriaan and Van Loar, 1978). 

However, corn (a C4 - p l a n t  species) responds to a higher C0^ 

concentration at higher light intensities (Wittwer, 1970). Stomata 

of C3 -plant species do not significantly respond to COj 

concentrations in the range of 0 to 0.03% C 0 ^ . But at higher CO^
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levels they tend to close (Akita and M o s s r 1972) . The effects of CO2 
enr i c h m e n t  i n c lude a c celerated maturity, s u b s t a n t i a l l y  higher yields 

and an a d d i t i o n a l  cr o p  a year (Wittwer, 1970). Tomatoes, cucumber, 

sugarcane, lettuce, tobacco, sugarbeet, turnip, spinach, potatoes, 

wheat, roses, carnations, chrysanthemums, snapdragons and g e ranium 

increase in y i e l d  under C 02 yenrichment. Flowers increase in size and 

improve in q u a l i t y  w h e n  g r o w n  undar higher C02 concentrations 

(Wittwer, 1970). C 02 e n r ichment is economical even if the mo s t

expen s i v e  C 02 source (C02 cylinders) is used (Wittwer, 1970). A  

threefold increase in C O2 c o n c e n t r a t i o n  (about 1000 ppm) is 

c o n s i d e r e d  to b e  optimal for several p l a n t  species (Wittwer, 1970; 

Calvert and Slack, 1975; Imai and Murata, 1979a). This threefold 

increase is n o r m a l l y  refereed to as "C02 fertilization" (Imai and 

Murata, 1 9 7 9 a ) .

P h o t o s y n t h e s i s  m a y  be g r o uped into three major processes (Evans, 

1963):

1 . A  photoc h e m i c a l  process

2 . The trans p o r t  of C 0 2 from the external air to the site of

photosynthesis, and

3. A  dark bio-chemical p r o c e s s  preceeding and following the

reduc t i o n  of C 0 2 •

At low light intensity the photochemical process limits

photosynthesis. At higher light intensities the ambient CO 2
c o n c e n t r a t i o n  limits photosynthesis. Tempe r a t u r e  has very little 

influence on  these processes. However, temperature influences the 

dark reaction, w i t h  high C 0 2 c o n c e n t r a t i o n  and saturating light, 

p h o t o s y n t h e s i s  is strongly influenced by temperature as it influences

Z
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the dark b i o - c h e m i c a l  process.

Under field c o n ditions light i n t e n s i t y  and C 0 2 conc e n t r a t i o n s  
are such that for a wide range of temp e r a t u r e s  the d i f f u s i o n  process 

and/or the ph o t o c h e m i c a l  process is limiting (Evans, 1963) . In 

plants w i t h  a C4- d i c a r b o x y l i c  acid p a t h w a y  of photosynthesis, the 

a v a i l a b l e  light energy limits photosynthesis. In plants w i t h  a C3 
- C a l v i n  Ben s o n  pathway, CO2 c o n c e n t r a t i o n  in the ambient air nor m a l l y  

limits photosynthesis. T h ese plants are light saturated even under 

low light conditions. However, at h i g h e r  light intensities even C4 
plants can use higher CO2 c o n c e n t r a t i o n s  and increase photosynthesis.

The response of plants to light level in terms of photosynthesis 

follows a r e ctangular hyperbola (Kriedemann and Smart, 1971). Net 

p h o t o s y n t h e s i s  increases as b o t h  C 0 2 c o n c e n t r a t i o n  and light intensity 

increase (Hicklenton and Jolliffe, 1978). O p t i m u m  t e mperature for 

p h o t o s y n t h e s i s  increases as CC^ c o n c e n t r a t i o n  in the atm o s p h e r e  

increases (Imai and Murata, 1979b; Stoev and Slavcheva, 1979).

The d i f f u s i o n  of C02 to the site of p h otosynthesis is determined 

by (i) the b o u n d a r y  layer resistance? (ii) the resistance of stomata 

to C02 diffusion? and (iii) the m e s o p h y l l  resistance to C02 
diffusion. B o u n d a r y  layer resistance depends upon wind ve l o c i t y  and 

leaf and ca n o p y  geometry. The m e s o p h y l l  resistance to C 0 2 uptake is 

det e r m i n e d  by soil water potential and a t mospheric humidity. It also 

depends on irradiance (Gaastra, 1959). Stomatal resistance to C 0 2 
diffu s i o n  d e p ends on several factors.

The res i s t a n c e  of stomata to C 0 2 d i f f u s i o n  depends upon stomatal 

pore width. Stomata are dynamical systems (Barrs, 1971). Their pore 

widths depend on environmental factors such as soil water potential,
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atmospheric humidity, C O 2 concentrations within the cavity, light 

intensity and temperature.

Light intensity influences stomatal pore w idth indirectly by 

reducing C O 2 concentration in the cavity through photosynthesis. 

Soil water potential and atmospheric humidity influence the stomatal 

pore width through a hydropassive feedback loop (Delwiche and Cooke, 

1977) . The control of stomatal w idth can also be hydroactive through 

a plant hormone, abscisic acid (ABA). A B A  is believed to be produced 

in plants under water stress (Raschke, 1975; 1979). The C O 2
concentration in the cavity influences stomatal width through a C O 2 
feedback loop. Upadhyaya, Rand and Cooke (1980b) developed a model 

of stomatal dynamics based on both the hydropassive model of Delwiche 

and Cooke (1977) but extended to include a C O 2 feedback loop.
The C O 2 feedback loop incorporated the C O 2 chemistry of the 

guard cell and was based on the chemiosmotic hypothesis. This 

comprehensive model exhibited limit cycle oscillation behavior 

consisting of a short period (2 1/2 min.) C 0 2 based oscillation and a 
longer period (20 min.) water based oscillation. The model predicted 

important observations of Raschke and other scientists (Upadhyaya, 

Rand and Cooke, 1 9 8 0 b ) .

STATEMENT OF THE PROBLEM

In the present study the comprehensive model developed by 

Upadhyaya, Rand and Cooke (1980b) is used to predict the effect of CO2 
enrichment on greenhouse crop production. The main difference of our 

approach compared to the traditional approach is that the 

photosynthesis in the green leaf is evaluated using the CO2
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concentration in the cavity rather than simply using the C02 
concentration in the plant environment since the cavity conditions 

directly affect the pore width. The C 0 2 concentration in the cavity 

is a function of the C 02 concentration in the plant environment and 

the stomatal pore width (Rand and Cooke, 1980). The stomatal pore 

width is influenced by the C 02 concentration in the cavity through a 

C02 feedback mechanism (Upadhyaya, Rand and Cooke, 1 9 8 0 b ) . This 

feedback w h i c h  is usually ignored is .explicitly considered here.

MATHEMATICAL MODELLING

Let V  be the enclosed volume and A  be the floor area of the 

greenhouse. Let C02 be generated at a rate of g moles/sec (Fig. 1). 

In order to simplify the analysis w e  make the following assumptions:

1. The air in the greenhouse is well mixed (i.e., CO2 
concentration is the same everywhere within the 

g r e e n h o u s e ) .

2. The stomata respond very quickly to C02 level in the 

greenhouse compared to the rate at which C02 concentration 

is changing in the greenhouse. This assumption allows us 

to assume that the stomatal complex is in instantaneous 

equilibrium with the greenhouse environment.

3. The stomata do not undergo limit cycle oscillation. Since 

the greenhouse humidity is normally high the stomata are 

expected to be at a stable equilibrium position. 

(Upadhyaya, Rand and Cooke, 1981).
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Furthermore, we have not included the e£fect of light and temperature 

in our model, i.e., we assume these to be controlled such that any 

changes will be negligible. Only the effect of the change in C 0 2 

concentration is included, 

greenhouse gives:

A  mass balance for C02 within the

V  | |  '= q - p*a*LA  - nV(C-co ) (1)
where:

C

P

n

C

L,

* C 0 2 concentration at any time, t, moie/m^

= net photosynthetic rate, m o l e / m 2 

= air leakage rate, 1/sec

= C 0 2 concentration in the ambinent air, moles/m3 

= leaf area index

Dividing equation (1) by V, we get

dc
d t  -  <5 “

P*L.
A  _

H.
n(C-CQ ) (2)

where:

q - q/v

H = V / A

Under steady state conditions, the net photosynthesis rate m a y  be 

approximated by:

C-C
P =

cav (3)

st

where:

cav

st

C02 concentration in the substamatal cavity, 

mole/m3

stomatal resistance to C O 2 uptake, s/m.
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But the C O 2 concentration in the cavity depends upon atmospheric C 0 2 
concentration, stomatal resistance to C 0 2 uptake, gross 

photosynthesis rate, photorespiration rate and dark respiration rate. 

Rand and Cooke (1980) have developed an equation to estimate the C 0 2 
concentration in the cavity. Their model assumes that the stomatal 

pore width is known or can be calculated. Stomatal pore width 

depends upon the physical parameters of the guard cell complex and 

the plant, environmental conditions such as light, relative humidity, 

C02 concentration in the atmosphere and temperature of the leaf and 

atmosphere. Upadhyaya, Rand and Cooke (1980b) have developed a 

comprehensive mathematical model for stomatal dynamics. Their model 

consists of a system of three first order, non linear, ordinary 

differential equations coupled to each other in terms of guard cell 

turgor, Pg , subsidiary cell turgor, Ps and guard cell osmotic 

pressure, itg . Assumption (2) allows us to determine the equilibrium 

width for the particular case of equilibrium situations. Because of 

the high relative humidity (about 70%) and soil water potential 

(about 0 bar) in the greenhouse the equilibrium point is expected to 

be stable (Upadhyaya, Rand and Cooke, 1981) (i.e., no limit cycle 

oscillation is e x p e c t e d ) . Since the equations involved are nonlinear 

an iterative technique is used to solve for the equilibrium width.

Using the equilibrium width, stomatal resistance to C O 2 uptake and C O 2
\

concentration in the cavity can be evaluated. Equation (2) can be 

numerically integrated using these values of C O 2 concentration and 

stomatal resistance and equation (3).
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RESULTS AND DISCUSSION

The results of the numerical integration of equation 2 are 

presented in Fig. 2 for one air change per hour in the greenhouse. 

The leaf area index and H are both assumed to be 3. The strength of 

the C 0 2 source is taken as 0.2 m o l e / m 3  - h. because this value of 

results in a threefold increase in C 0 2 concentration within the 

greenhouse using traditional approach. When the effects of the C 0 2 
feedback loop is taken into consideration the C 0 2 concentration 
within the greenhouse raises at a much faster rate and reaches a 

m a ximum of 6 .8  times the atmospheric C O 2 concentrations.
The effect of C 0 2 enrichment on greenhouse production (net 

photosynthesis) is shown in Fig. 3. If the stomata are assumed to be 

insensitive to the C 0 2 concentration in their environment

(traditional approach) the photosynthesis rate increases to a  maximum 

of 0.46 x 1 0 “ 9 m o l e / m2 - s. This increase represents an increase of 

64% over the photosynthesis rate under normal atmospheric conditions. 

The photosynthesis rate becomes asymptotic to the maximum rate in 

about an hour which corresponds to a C 0 2 concentration of 0.45 mole/m3 
or approximately a threefold increase.

When the stomata are assumed to respond to the C 0 2
concentrations in the surrounding air through a C 02 feedback 

mechanism the m a ximum photosynthesis rate is only about 0.33 x 10“ 4 
mole/m2 - s or 37.5% higher than that under normal atmospheric 

conditions. The photosynthesis rate becomes asymptotic to the

maximum rate in about 20 min. The C 0 2 concentration that corresponds 
to this m a x i m u m  net photosynthesis rate is 0.41 mole/m2 which is
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also about threefold increase over the atmospheric CO^ concentration. 

The qualitative behavior predicted by both the methods appear to be 

similar. However, several simulation studies with different values 

of source strength must be conducted before drawing any definite 

conclusions.

It is quite possible that the observed difference among various 

plant species to elevated C O 2 concentrations in their surrounding is 

merely due to the differences in the sensitivity of their C O 2 
feedback mechanism. Thus a plant species w hich is very responsive to 

the C O 2 concentration in its environment may have an insensitive C 0 2 
feedback mechanism. In this case stomata which are open, do not tend 

to close when the C 0 2 concentrations in their environment is raised 

resulting in a higher photosynthesis rate. On the other hand, a 

plant species which is not responsive to C O 2 concentrations in its 

surrounding may possess a very sensitive CO2 feedback mechanism. In 

this case stomatal width may change to keep the C O 2 concentration in 

the cavity nearly a constant resulting in a negligible raise in 

photosynthesis rate. The behavior of a given plant species may be 

somewhere in between these two extremities. Thus the response of a 

plant species to C O2 enrichment m a y  be primarily controlled by the C 0 2 
feedback mechanism.

CONCLUSIONS

Based on the preliminary results of our study we reached the 

folowing conclusions:

1. The CO2 feedback mechanism tends to decrease the net 

photosynthetic rate under enriched C 0 2 conditions compared to

/  o
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the case where the stomatal proe width is assumed not to change 

with increased C O 2 concentrations in the surrounding atmosphere.

2. The degree to which a plant responds to C 0 2 enrichment in a 

greenhouse depends m o s t  likely on the sensitivity of the C O 2 
feedback mechanism.

ACKNOWLEDGEMENTS

The authors w i s h  to express their sincere appreciation to Ms. 

Colleen Denneny for her assistance in the computer implementation 

part of this study.



1 1

REFERENCES

Akita, s. and D. N. Moss. 1972. Differential stomatal response

between C 3 and C4 species to atmospheric C 0 2 concentration and

light. Crop. Sci. 12:789-793.

Barrs, H. D. 1971 . Cyclic variations in stomatal aperature,

transpiration and leaf water potential under constant

environmental conditions. Ann. Rev. Plan. Physio. 22:223-226.

Boodley, J. W. 1981. The commercial greenhouse. Delmar Pub., 

Albany, NY. p. 568.

Delwiche, M. J. and J. R. Cooke. 1977. An analytical model of the 

hydraulic aspects of stomatal dynamics. J. Theo. Biol. 

69:113-141.

Evans, L. T. 1963. Environmental control of plant growth.

Academic Press, NY p. 449.

Gaastra, P. 1959. Photosynthesis of crop plants as influenced by 

light, carbon dioxide, temperature, and stomatal diffusion 

resistance. Meded. L a ndbouwhogeseh., Waseningen 59:1-68.

Goudriann, J. and H. H. Van Loar. 1978. Relations between leaf 

resistance, C02~concentration in maize, beans, lalang grass and 

sunflower. Photosynthetica 12(3):241-249.

Hanan, J. J., W. D. Holley and K. L. Goldsberry. 1978. Greenhouse 

management. Springer-Verlag, NY. p. 530.



1 2

Hicklenton, P. R. and A. P. Jolliffe. 1978. Effects of C 0 2 

enrichment on the yield and photosynthetic physiology of tomato 

p l a n t s • Can. J. PI. Sci. 58:801-817.

Imai, K. and Y. Murata. 1979a. Effect of carbon dioxide 

concentration on growth and dry matter production of crop plants

VI. Effect of oxygen concentration on the carbon dioxide-dry 

matter production relationship in some C3 and c4-crop species. 

Japan J. Crop. Sci. 48:58-65.

Imai, K. and Y. Murata. 1979b, Effect of carbon dioxide 

concentration on growth and dry matter production of crop plants

VII. Influence of light intensity and temperature on the effect 

of carbon dioxide enrichment in some C 3 and c4 -species. Japan 

J. Crop Sci. 4 8 ( 3 ) :407-417.

Kimball, B. A. and S. T. Mitchell. 1979. Tomato yields from C O 2 
-enrichment in unventilated and conventionally ventilated 

greenhouses. J. Amer. Soc. Hort. Sci. 104:515-520.

Kriedemann, P. E. and R. E. Smart. 1971. Effect of irradiance, 

temperature, and leaf water potential on photosynthesis of vine 

l e a v e s . Photosynthetica 5:6-15.

Rand, R. H. and j. R. Cooke. 1980. A  comprehensive mathematical 

model for C 0 2 assimilation in leaves. Trans. ASAE 23:601-607. 

Raschke K. 1975. Stomatal action. Ann. Rev. Plant Physiol. 

26:309-340.

1 1



13

Raschke, K. 1979. Movements using turgor mechanisms: movements of 

stomata. In w. Haupt and M. E. Feinleib (ed.). Encyclopedia of 

plant physiology, New Series, Vol. 17. Physiology of movement. 

Springer-Verlag, Berlin4

Stoev, K. D. and T. Slavcheva. 1979. Influence of major 

ecological factors on photosynthesis of grape wines. Soviet 

Plant Phys. 26(2):351-354. (Translated from Fiziologiya Rasten

II.)

Upadhyaya, S. K., R. B. Rand and J. R. Cooke. 1980a. Stomatal 

dynamics. 1980 Advances in Bioengineering. Van C. Mow ($d.). 

ASME, New York, 10017. pp. 185-188.

Upadhyaya, S. K., R. H. Rand and J. R. Cooke. 1980b. A

mathematical model of the effect of C O 2 on stomatal dynamics. 

ASAE Paper No. 80-5517, ASAE, St. Joseph, MI.

Upadhyaya, S. K., R. H. Rand and J. R. Cooke. 1981. The role of 

stomatal oscillations on plant productivity and water use 

efficiency. ASAE Paper No. 81-4017. ASAE, St. Joseph, MI.

Wittwer, S. H. and W. Robb. 1964. Carbon dioxide enrichment of 

greenhouse atmospheres for crop production. Econ. Bot. 

18:34-56.

Wittwer, S. H. 1970. Aspects of C O 2 enrichment for crop 

production. Trans. ASAE 13:249-251.



7 ^ V ( C - C . )

Fig. 1. Schematic of the greenhouse showing pertinent 
sinks and sources.
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C(>2 concentrations within the greenhouse as a function of time 
predicted by: (A) our model (B) traditional approach

Fig. 2.



Fig. 3. Photosynthesis rate within the greenhouse as a function of
time predicted by;(A) our model and (B) traditional approach.



PAPER M n  80-5517

A  MATHEMATICAL MODEL OF THE EFFECTS OF CO,
C

ON STOMATAL DYNAMICS

S, K, Upadhyaya R, H, Rand J . R , Cooke

Departments of Agricultural Engineering and 

Theoretical and Applied Mechanics

Cornell University 
Ithaca, NY 1U853

For presentation at the 1980 Winter Meeting 
AMERICAN SOCIETY OF AGRICULTURAL ENGINEERS

Palmer House Hotel
Chicago, Illinois 

December 2-5, 1980

SUMMARY: We extend a previous model of stomatal
dynamics (Delwiche and Cooke, 1977) which accounted 
for hydraulic feedback effects but which omitted CO^ 
feedback effects. The present work includes both 
feedback loops in a model featuring CO^ chemistry of 
the guard cell. The model consists of three first 
order non-linear differential equations which are 
treated by numerical integration.

American Society of Agricultural Engineers
S t Joseph, M ich igan 4 9 0 8 5

Papers presented before ASAE meetings are considered to be the property of the Society. 
In general, the Society reserves the right of first publication of such papers, in complete 
form. However, it has no objection to publication, in condensed form, with credit to the 
Society and the author. Permission to publish a paper in full may be requested from ASAE, 
P.O. Box 410, St. Joseph, Michigan 49085.
The Society is not responsible for statements or opinions advanced in papers or discussions 
at its meetings. Papers have not been subjected to the review process by ASAE editorial 
committees; therefore, are not to be considered as refereed



INTRODUCTION

Stomatal pores are microscopic openings in the leaf surface which permit 

the gas exchange of CO^ and. water vapor between the leaf interior and the en

vironment. CO^ is used by the plant in photosynthesis. When the stomatal pore 

is open, however, not only does CO^ enter the leaf, but water vapor also dif

fuses out of the leaf into the atomosphere. Water loss is undesirable, espec

ially in times of drought. Stomata therefore have the dual task of permitting 

sufficient entry of CO^ while avoiding excessive water loss. A clearer under

standing of stomatal dynamics is expected to lead to application in crop pro

duction models.

The stomatal pore is bounded by two specialized guard cells which act as 

a valve in regulating pore size (Cooke, DeBaerdemaeker, Rand and Mang, 1976), 

see Fig. 1. In addition to transient responses, stomata have been observed 

to oscillate, even under constant environmental conditions. Experiments have 

revealed two oscillations, one of about 10-50 minute period associated with 

a hydraulic feedback loop, and another of about 2-5 minute period associated 

with a CO^ feedback loop (Barrs, 1971).

Delwiche and Cooke (1971) modelled the hydropassive aspects of stomatal 

dynamics, but did not include the C0^ loop. Rand, Upadhyaya, Cooke and Storti 

(1980) analyzed this model and showed that it exhibits a steady state oscilla

tion for a certain range of parameter values, Fig. 2. The objective of the pres

ent study is to extend this previous work by including the effects of the C0^ 

feedback loop.

The model will be shown to take the form of an autonomous system of three 

coupled first order ordinary differential equations, derived from a consider

ation of C02 chemistry of the guard cell as well as of liquid and gas fluxes 

between guard cells, neighboring subsidiary cells and intercellular air spaces.

CORNELL IS AN EQUAL OPPORTUNITY, AFFIRMATIVE A CTION EDUCATOR.



The COj oscillation may be described in words as follows: CO^ entering

the stomatal pore by diffusion is absorbed by the wet cell walls of the guard

cells. Dissolved CO^ diffuses through the cell liquid to carboxylation sites

where malic acid is produced. In the presence of light or another source of 

+
energy, H ions are actively pumped across the guard cell membrane, increasing 

the negative electrical charge inside the guard cell. In response to this,

K+ ions passively diffuse into the guard cell from the neighboring subsidiary 

cells. The osmotic content of the guard cell is now increased causing water 

to flow passively into the guard cell. The resulting increase in hydrostatic 

(turgor) pressure causes the stomatal pore width to increase. This continues 

until the rate of carboxylation becomes so large (due to a greater supply of 

CC>2 entering through a wider pore) that ion fluxes due to the dissociation of 

malic acid cause the electrical charge inside the guard cell to become posi

tive. This forces the K+ ions to passively diffuse out of the guard cell.

The water follows the K+ ion transport and the guard cell turgor drops, caus

ing the stomatal pore width to decrease. These hypothetical events will be 

considered in greater detail later in this paper.

This COg oscillation is to be contrasted to the hydropassive oscillation 

studied previously (Delwiche and Cooke, 1977). The hydropassive oscillation 

may be described in words as follows: Water vapor evaporating from the wet

mesophyll cell walls diffuses through the stomatal. pore to the leaf exterior. 

This water is replaced both by  a flux brought to the leaf mesophyll from the 

roots via the vascular system, as well as by  water diffusing passively from 

the guard cells to the mesophyll cells. The resulting decrease in turgor in 

the guard cells causes the stomatal pore width to decrease. A  smaller pore 

width slows the rate of evaporation and causes water to accumulate in the meso

phyll cells. In response to this accumulation, water diffuses back to the guard 

cells, increasing their turgor and increasing the pore width.



In addition to b o t h  CO^ and hydropassive loops, the current model also 

includes provision for a hydroactive feedback loop. The hydroaetive loop could 

be m o d eled b y  requiring the H+ pump capacity or the PEP carboxylation velocity 

in the guard cell to be dependent upon the water potential in the mesophyll 

cells. This models the hypothesis (Raschke, 1979) that abscisic acid is pro

duced in the mesophyll under water stress, and upon arriving at the guard cells, 

causes solute loss.

Numerical integration of the differential equations of our model reveals 

that the system exhibits a limit cycle in three dimensional state space. The 

resulting oscillation is shown to possess (l) a hydraulically-based oscilla

tion with a period of about 20 minutes and (2) a COg-based oscillation with 

a period of about 2 minutes. The CO^-hased oscillation is superimposed on the 

water-based oscillation (Figs. 2,3). Note that the CO^ oscillation occurs 

only when the stomatal pore is nearly closed. We will present extensive para

meter studies later in this paper in order to see h ow the various model para

meters influence the stomatal oscillations.
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REVIEW OF LITERATURE

The remarkable behavior of stomata has interested plant physiologists 

for well over a century and the number of Investigations reported in the liter

ature is vast. Two excellent reviews b y  Raschke (1975a, 1979) and another 

one by Hsiao (1976) cover the literature on all aspects of stomatal action. 

Cowan (1977) has reviewed the literature on stomatal behavior and environment 

and has included mathematical studies in his treatment of the subject. In 

view of these articles and earlier reviews by Zelitch (1969) and Ketellapper 

(1963), only a short review of the pertinent articles is presented here.

The stomatal pore in ma n y  plants is formed b y  an opening between two k i d

ney shaped cells. This structure is called an elliptical stomate. Another 

type of stomate normally found in grasses is formed by an opening between two 

"dumbbell-shaped" guard cells and is referred to as graminaceous (Meidner and 

Mansfield, 1968). Stomatal movements occur due to changes in the turgor pres

sures of these guard cells and the neighboring subsidiary cells. An increase 

in the turgor pressure of guard cells increases the pore width whereas an in

crease in the turgor pressure of subsidiary cells decreases the pore width 

(Cilinka, 1971). The change occurs mainly in the pore width, the pore length 

remaining relatively constant. Cooke et a l . (1976, 1977) have made a linear 

and nonlinear finite element analysis of the guard cell mechanics. Their re

sults show that the pore width is linearly related to the guard cell pressure 

and subsidiary cell pressure when the stomata is open. Changes in the turgor 

of guard cell and subsidiary cells are caused by several environmental factors 

and can exhibit self-induced (or endogenous) oscillations even in a constant

e nvironment.
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Stomatal Movements

Stomatal movements can be caused by environmental factors such as (i) 

moisture conditions, (ii) light intensity, (ii) ambient temperature, (iv) at

mosphere humidity, (v) carbon dioxide supply, (vi) wind velocity, (vii) ir- 

radiance, (viii) leaf water temperature, (ix) root impedance to water absorption.

Stomata are very sensitive to the plant water supply (Raschke and Kuhl, 

1969). A  decrease in water potential be l o w  a certain optimum (-7 to -18 bar 

at the site of evaporation; Raschke, 1976a) causes the stomata to close rapid

ly and more or less completely. Schulze and Kuppers (1979) found that short 

term water stress did not influence the steady state stomatal conductance of 

hazel. However, long term water stress reduced t h e  stomatal conductance.

The stomatal movement due to water stress may be governed b y  hydropassive or 

hydroactive mechanisms.

The stomata respond to a decrease in CO^ concentration in the intercell

ular cavity by increasing the stomatal aperture (Meidner and Mansfield, 1968). 

Stomata of most plants are insensitive to CO^ concentration below 0.01$. Light 

induced opening is indirect, caused by the lowering of CO^ in the cavity due 

to increased photosynthesis of mesophyll cells (Raschke, 1966; Raschke, Hanebuth 

and Farquhar, 1978). Stomata on the upper epidermis open slightly more if 

directly exposed to blue light than red light. Raschke, Hanebuth and Farquhar

(1978) found that the direct effect of light on stomata is very small. The 

effect of blue light may be due to enhanced respiration, making more energy 

available to the turgor mechanism (Raschke, 1975a). Photosynthesis within 

the guard cell is very small. Light induced opening increases with light in

tensity and saturates at a value which is approximately the same as moderate 

sunlight. CO^ induced stomatal movement is considered an active movement caused 

by bio-chemical reactions.
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Increased temperature causes stomatal closing through an indirect effect 

on the HgO feedback loop. The atmospheric humidity and wind have an indirect 

effect through a change in water vapor loss to the atmosphere. Stomatal con

ductance of well-watered plants was found to depend on atmospheric humidity.

When the atmospheric humidity was decreased hazel plants decreased their sto

matal pore width (Schulze and Kuppers, 1979)- The stomata of pearl millet 

did not respond to the atmospheric humidity when the soil was dry (Black and 

Squire 1979 and Squire 1979)* Stalfelt (1955) observed the stomata to close 

under high water deficit even in light. Increased wind velocity reduces the 

thickness of the boundary layer and hence decreases stomatal resistance to water 

vapor loss. Increased irradiance increases the leaf water deficit, which in 

turn increases stomatal resistance to CO^ transport and mesophyll resistance 

to CO^ assimilation. A  change in leaf water temperature also induces oscilla

tions (Mederski, Chen and Curry, 1975).

Skidmore and Stone (196U) observed a reduction in the transpiration rate 

in the afternoon with no change in the environmental conditions. This reduc

tion was attributed to an increase in the root impedance in the afternoon.

Influence of H^O Feedback Loop on CO^ Assimilation

Leaf water deficit affects CO^ assimilation by (a) increasing stomatal 

resistance to gas flow and (b) by a bio-chemical effect associated with the 

partial protoplasmic dehydration and reduced rate of reaction of CO^ at the 

site of assimilation (Mederski, Chen and Curry, 1975).

Loss.of water through stomata represents a loss of latent heat from the 

plant. This lowers leaf temperature and also water vapor pressure and thus 

provides negative feedback. Changes in leaf temperature also affect C O ^  as

similation which leads to stomatal response through CO^ feedback.
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Oscillations Induced by Water Stress (H^O Feedback Loop)

Changes in the water potential in the leaf system produces two opposing 

effects on the stomata. Water potential in the guard cell follows the water 

potential in the vascular bundle. Thus a reduction in the water potential in 

the conduit tends to close the stomata by decreasing the water potential of the 

guard cell. The second effect is due to pressure changes in the epidermis (sub

sidiary cells). A decrease in the water potential of these cells tends to 

open the stomata. The net opening of the stomata is a result of these oppos

ing motions (Raschke, 197('). This is termed hydropassive movement of stomata.

Here the water potential changes simply as a direct response to water stress 

but solute contents do not change.

Epidermal pressure in the hydropassive opening provides positive feedback 

and prevents maximum stomatal opening. Lang, Klepper, and Cummins (1969) have 

reported that all leaves on a plant cycle in phase with each other. This is 

probably caused by fluctuating xylem potential which acts as a forcing function.

In contrast with the above, hydroactive feedback brings about a change in 

the solute content of the guard cells. The hydroactive closure of the stomata 

is brought about by a plant hormone called abscisic acid (ABA) (Raschke, 1967a).

The role of ABA in bringing about stomata] closure has been confirmed by Cummins, 

Kende and Raschke, 1971; Mansfield and Jones, 1971; Most, 1971; Hiron and Wright, 

1973; Mizrahi et a l . , 197^; Weyers and Hillman, 1979* ABA is formed within 

minutes in leaves which are exposed to water stress. Rapid accumulation of 

ABA occurred in the cells as the turgor decreased below U bars (Pierce and Raschke, 

1980). Guard cells lose K+ and close if ABA is present in the transpiration 

stream. The transport of a phytohormone is involved in the moderation of water 

loss by stomata (Raschke, 1976a). Cummins and Sondheimer (1973) reported that 

'+' ABA (naturally occurring) is more active than ABA. ABA level and sto

matal opening are strongly correlated (Hiron and Wright, 1973). Exogenous
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A BA applied as antitranSpirant cut down water loss by 50$ over a nine-day period 

without much reduction in dry matter. A BA esters are a little more effective 

than ABA. Loveys and Kriedemann (1973) have reported that ABA level doubles 

within 15 minutes after leaf excision. Mansfield and Jones (1971) have found 

that 100 pm concentration o f  A B A  reduced mean aperture on isolated epidermis 

of Commelina communes from 9.5 to 3-1 pm. This is associated with a fall in 

osmotic pressure of guard cells from l*+.l to 9.8 bars. The subsidiary cells 

did not'Change in osmotic pressure much. Raschke (l975"b) has found that open 

stomata of Zantium strumarium L. closed only when carbon dioxide and A BA were 

present simultaneously. Changes in stomatal response to ABA is enhanced by 

CO^* This follows saturation kinetics. The simultaneous requirement by COg 

and ABA for stomatal closure leads to the inference that ABA inhibits the ex

pulsion of H+ from guard cells and acidifies the cytoplasm. The CO^ supply 

has been found b y  Stalfelt (1959) to enchance hydroactive closing. Raschke 

(1976a) has proposed the following mechanism:

CO -v Malic acid -*■ H+ + HA + A  

2 (H2A)
+ +

If [H ]>[K 1 then guard cell acidifies. ABA inhibits active expulsion 

+
of H . Tims CO- is needed for stomatal closure. Endogeneous C0o due to res-

d  d.

piration may b e  sufficient in some cases.

Wellburn at al. (197*0 has found that all-trans-farnesol can also induce 

stomatal closing (slightly faster than ABA at equal molal concentration).

The onset of stomatal closure lags the application of ABA by 3 to 32 min and 

depends on species (Kriedemann et al., 1972).

S i t e  of Ev a p o r a t i o n :

Evaporation from the epidermal surface was found to be most intense over 

the guard and subsidiary cells with very little evaporation from cuticular



- 9 -

surfaces of normal epidermal cells. Evaporation from all walls of the guard 

cells including the wall adjacent to the pore was very strong (Aston and Jones, 

1976; Rand, 1977)- There is no evidence of the presence of a wall resistance 

to transpiration under physiological conditions (Farquhar and Raschke, 1978).

In leaves, water is lost to intercellulai air spaces by evaporation from cell 

walls (Molz and Ikenberry, 197^; Molz, 1976). Meidner (1975) reported that 

the inner epidermal walls, especially subsidiary and guard cell walls, consti

tute the main evaporation sites. Less water is evaporated from the walls of 

mesophyll cells than was traditionally supposed.

The CO^ Feedback Loop

Stomata of plants respond to COg concentration. Scarth put forward a 

theory which postulated conversion of starch to sugar during stomatal opening 

(Meidner and Mansfield, 1968). Recent experiments have shown that stomatal 

regulation b y  COg is an active transport mechanism involving the transport of 

K+ ions (Fischer and Hsiao, 1968; Pallaghy, 1971; Humble and Raschke, 1971; Willmer 

and Pallas, Jr., 1973; Meidner and Willmer, 1975; Raschke, 1975a)- Stomatal

movements associated with light, COg, ABA or night movements have associated

+ +
K fluxes (Dayanandan and Kauftnan, 1975). The presence of K in guard cells

was detected as early as 1905 hy MacAllum (Humble and Raschke, 197l). Stomatal 

width and mean potassium content are linearly related (Sawhney and Zelitch, 1969; 

Raschke, 1975a). There is a shuttle of K + and Cl ions. However, Cl can 

only partially account for the accompanying anion. The extent of the charge 

balance provided b y  Cl varies from 5 to 100 percent, depending on the species 

(Kirk and Raschke, 1978a). In grasses (oats and barley, etc.), the Cl charge 

balance can be 100 percent (Meidner and Willmer, 1975). It is likely that 

malates form the balancing anions (Allawey, 1973; Raschke, 1975). The level 

of malate in the epidermis of illuminated leaves of Vicia faba was greater
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than the dark-treated leaves (Raschke, 1977a). Milthorpe has reported a linear 

relationship between stomatal pore and epidermal malate in the absence of Cl 

(Kirk and Raschke, 1978b). Thus Cl" and malate together play the role of b al

ancing anions. Raschke and Humble (1973) have observed the release of H in 

Vicia faba during stomatal opening. Most likely the source of K  is the sub

sidiary cells (Raschke and Fellows, 1971; Willmer and Pallas, Jr., 1973; Raschke, 

1976a). The subsidiary cells also act as a reservoir of Cl (Raschke and 

Fellows, 1971).

Photosynthesis b y  guard cells plays only a subordinate role. Most of 

the C0o used by the guard cells is used in PEP (phosphoenolpyruvate) carboxylation 

(Raschke, 1977a). Willmer and Dittrich (197^) found that the main product of 

CO^ fixation b y  guard cells of Commelina comm i nis and Tullpa gesneriana was 

malic acid in light as well as darkness. PEP carboxylation occurred predom

inantly in guard cells (Willmer, Pallas, J r . , and Black, 1973). Epidermal 

extracts contain PEP carboxylase in proportion to the number of guard cells 

present. The malate is most likely produced by the carboxylation of PEP derived 

from starch (Raschke, 1976a; Dittrich and Raschke, 1977; Outlaw and Manchester, 

1979 and Schnabl, 1980). About half the malate is lost to the surrounding 

cells when the stomate closes. If it closes rapidly, more is lost; and if it 

closes slowly, less Is lost (Dittrich and Raschke, 1977).

When a stomate opens from 2 to 12 y, the solute content of the guard cells

—12 + —12 
increases by U.8 x 10 moles/stoma and K increases by U x 10 g equivalent

(Humble and Raschke, 197l)-

When stomata were open, large gradients of K + were found, with the high

est K+ concentration in the guard cells. K+ is transported from epidermal 

cells through the subsidiary cells (Penny and Bowling, 1975). A similar grad

ient was observed for Cl , although the magnitude of the Cl gradient was small

er than the magnitude of the K+ gradient. Penny and Bowling (1975) reported
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an increase in pH of about 0.5 units in guard cells and a fall in pH in sub-

+
3idiary cells during stomatal opening. H lost by the guard cells accounts 

for this change. The above gradients reverse upon stomatal closing.

The stomatal response to CO^ is relatively fast, with the shortest lag 

between the application of 300 yl of CO,-, per liter of air and the beginning 

of stomatal response being 3 sec. Variations in osmotic potentials of neigh

boring epdiermal cells is relatively small.

Stomatal response to CO^ is essentially the same in light and darkness. 

Therefore the mechanism is probably the same in both cases. High stomatal 

action at low CO^ concentration rules out stomatal action based on carbonic 

acid. The C02 sensor is located in the guard cells and is probably very close 

to the intercellular air space (Raschke, 1972). This suggests that continu

ous malic acid metabolism may serve as a sensing system for CO^ in the guard 

cells (Raschke, 1977a). Wood, Stone and Boersma (1966) suggested that the 

availability o f  energy to be used for active transport to the guard cells 

is considered to be inversely proportional to the concentration of CO,-,.

Thus stomatal opening has the following associated processes:

1) Uptake of K+ into the vacuole.

2) Expulsion of H from the guard cells.

3) Production o f  organic acid, particularly malic acid.

*0 Disappearance of starch.

5) Uptake of Cl~ into the vacuole.

Levitt (197*0 put forward a theory which incorporated the positive points 

o f  Scarth's theory and the active K + transport theory. Although this theory 

attempts to explain both light induced and scotoactive opening, it essential

ly employs different mechanisms for the rise of pH of the cytoplasm in each 

of these cases.
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Zeiger, Bloom and Hepler (1978) have put forward a chemi-osmotic mechan

ism. Metabolic reactions in the cell are spatially arranged so as to produce 

an asymmetrical separation of molecular species across a membrane. This causes 

a concentration gradient and an electro-chemical gradient, thus converting 

chemical energy to osmotic energy. Proton expulsion leads to an effective 

electrochemical gradient which the cell can use for work. K+ salts enter 

the guard cell, causing turgor change.

CO,, is needed to form malate which is needed for bo t h  opening and clos

ing o f  the stomata. Based on the saturation kinetics of the velocity o f  sto

matal closure and PEP carboxylase, which are similar, Raschke (1975a) specu

lates the ’’malate production is not only necessary for stomatal opening but 

is also responsible for stomatal c l o s i n g " . The malate level in the cytoplasm 

reflects the balance between malate formation, malate removal into the vacuole 

and deacidification. High malate concentration inhibits PEP carboxylase and 

hence its own formation. There may be a negative feedback through cytoplasmic 

pH due to the accumulation of malate. PEP carboxylase and malic dehydrogenase 

appears to form a push-pull system which adjusts the intracellular malate 

level and pH in some relation to intercellular CO^. This may be how stomata 

sense CC^. Stomatal closing is due to the acidification of guard cells which 

causes specific release of malate probably with K+ , thus enabling guard cells 

to lose their turgor (Raschke, 1975b). Bowling (1976) speculated a malate 

switch hypothesis which was based on pH regulated HA ^  H + A  conversion 

within the guard cell. Travis and Mansfield (1977) doubted the importance 

of malate production via PEP carboxylation as the major means of GO^ sensing 

in the guard cell.
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Sensitivity of COg feedback loop:

At low temperatures (0 to 20°C) stomata remained closed for a long dur

ation of time. At higher temperatures (30-l+5°C) stomata opening rapidly (Rogers, 

Powell and Sharpe, 1979). PEP carboxylation was four to five times as high 

at 25°C than at 10 or 1+0°C (Outlaw, Manchester and DiCamelli, 1979).

Certain chemicals such as Fusicoccin (FC), 1-Napthylacetic acid (NAA) 

and 2-Napthoxyacetic acid (NOXA) and sorbitol influence stomatal conductance.

FC was found to enhance stomatal opening by increasing the H+ pump capacity 

as well as b y  increasing malate synthesis (Travis and Mansfield, 1979). NAA 

and NOXA both had negative effects on stomatal opening of illuminated 

Stachytarpheta indica. These chemicals probably suppress the hydrolysis of 

starch (Pamadasa, 1979). Sorbitol also reduced stomatal conductance. Most 

likely sorbitol stimulates ABA production (Cooper and Cockbwon, 1978).

Allium cepa L. was observed to become less sensitive to K ions, FC and 

ABA at high levels of Cl” concentration (Schnabl, 1978). This is attributed 

to a lack of availability of H+ as a proton yielding primer. Wardle and Simpkins

(1979) found an increase in stomatal resistance after treatment with Cl .

Dittrich, Mayer and Meusel (1979) found that Commelina communis L. and 

Vicia faba L. open their stomata at lower concentrations of external KCl so

lution if the pH of the external solution is lower. They interpreted this 

to imply H+ /C1~ symport. COg-free air was found to cause stomatal opening 

at lower external KCl concentrations than normal air (Fischer and Hsiao, 1968).

Interaction Between the COg and HgO Loops

Water stress overrides the COg loop by changing the turgor of guard cells 

hydropassively. It can also cause active reduction of solute loss (ABA induced) 

on guard cells (Raschke, 1975b). Open stomata of water-saturated leaf tis

sue may lose sensitivity to COg but exposure to ABA sensitizes the m  (Raschke,



1975a; 1976a). Raschke (l975h) has attempted to put together various experi

mental observations concerning the effects of ABA and CO^ on stomatal action 

into an hypothesis.

Stomatal Oscillations

Stomata are rarely in a steady state either in the field or in laboratory 

(Raschke, 1975a). Oscillations for most plant species aave a period be

tween 10 to 50 minutes (Anderson, Hertz and Rufelt, 195^; Barrs and Klepper, 

1968; Cox, 1968; Nakayama and Van Bavel, 1965 and Karmanov and Savin, 196!+).

A  close observation by Apel (1966) showed an oscillation of 2 1/2 to 1+ 1/2 

min superimposed upon an oscillation with a period of 15 to 30 min for maize 

(Barrs, 1971)- This separation of stomatal cycling into high frequency C 0 ^ ~  

based oscillations and lower frequency water-based oscillations stands up quite 

well on the whole. Barrs (1971) has summarized the oscillations in stomatal 

apertures.

Several researchers have tried to model the dynamics of stomatal action 

(Karmanov, Meleschenko and Savin. 1966; Woo, Stone and Boersma, 1966; Penning 

de Vries, 1972; Lambert and Penning de Vries, 1972). Cowan (1972) developed 

an electrical analog model for the hydropassive feedback loop of stomatal 

action. Unlike Cowan’s electrical analog model, the model developed by Delwiche 

and Cooke (1977) dealt directly \d.th the plant components. The differential 

equations which describe their model are based on leaf water fluxes in guard 

and subsidiary cells. The model predicted hydraulically stable oscillations 

in the form of a stable limit cycle. (See Appendix I.)

In his review article, Barrs (1971) has reported that the model developed 

by Raschke (1965) for CO,, based cycling is probably the most detailed one.

The model of Viktorov and Karmanov (1968) contains both CO^ and H^O feedback 

loops. But this model associates CO,, with an outward transpirational flux 

(Barrs, 1971).• The model of Meister and Apel (1968) has no such limitation.
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Farquhar and Cowan (197M  have studied the response of stomata to changes 

in ambient humidity and CO^ concentration using a control system approach.

Cowan (1977) has reviewed stomatal behavior with respect to changes in the 

environment. He has included dynamic behavior regulated b y  a hydraulic loop 

as well as b y  light and CO^. This electrical analog model did not show high

er frequency oscillations induced b y  a CO^ feedback loop. It was concluded 

that the effect of CO^ and light intensity is to influence the hydraulic 

loop b y  shifting the phase of the hydraulic oscillations.

Up to n ow there has been no comprehensive model presented that incorporates 

hydropassive, hydroactive and COg-based feedback loops.



THE MODEL

Qualitative Description

We will now describe in words the hypothetical events occurring in our 

model of the effects of COg chemistry on stomatal dynamics. Later in this 

paper we will present a mathematical model based on these effects as well as 

on previous work which considered only the effects of transpiration (Delwiche 

and Cooke, 1977)- The following discussion is illustrated schematically in 

Fig. k .

COg in the ambient atmosphere diffuses into the leaf through the stomatal 

pores and is assimilated into the leaf mesophyll cells. At the same time COg 

is released from inside each mesophyll cell due to respiration. Both these 

effects produce a net concentration of COg in the substomal al cavity.

COg is absorbed from the substomatal cavity into the guard cells where it 

is converted into malic acid (HgA) by PEP carboxylation. It has been suggested 

that this chemical reaction provides the COg sensing mechanism responsible 

for COg feedback (Raschke, 1975a).

We assume that when sufficient energy is available due to either light 

absorption (during the day) or oxidative phosphorylation in mitochondria (dur

ing the night) asymmetrical separation of HgO occurs across the guard cell 

membrane, i.e., a proton pump is activated (cf. chfemiosmotic hypothesis, Zeiger, 

Bloom and Hepler, 1978). This results in the active expulsion of H+ to sub

sidiary cells (or to neighboring epidermal cells in plants which do not have 

subsidiary cells) and in the active expulsion of OH to guard cells. The 

pimp generates a pH difference and an electrical potential difference across 

the membranes separating the guard cell from the subsidiary cell.



- IT -

N ow once the H ^A is formed in the cytoplasm of the guard cell, it dissociates 

into H+ , HA and A  , the relative concentrations of H A - and A depending on 

the concentration of H , i.e. on the pH of the guard cell cytoplasm (Freiser 

and Fernando, 1963).

+ —

Some of the H ions produced b y  the dissociation of H^A combine wi t h  OH

ions to produce water. The rest regulate the pH of the guard cell. Some of 

the HA and A ions may diffuse passively across the cell membranes to the 

subsidiary cell. The strength of these passive fluxes depends on both the 

concentration differences and the electrical potential differences between 

the guard cell and the subsidiary cell.

It has been shown experimentally that K+ ions move inio the guard cell

from the subsidiary cell as stomata open (Raschke, 1975a). We assume that

+ +
a passive K flux is set up b y  the electrical gradient generated by the H

pump. In some species OH /CJ, exchange may occur, dependir g on the availabil

ity of Cfc” ions in the subsidiary cell. The electrical charge of the K ions 

in the guard cell is balanced by that of HA , A  and C2. ions.

Finally the osmotic pressure (and water potential) of the guard cell changes 

in response to the net change in K + , HA , A  and CJl ion concentrations. Water

flows passively into the guard cell from the subsidiary cell in response to the 

change in water potential.

Simplifying Assumptions

Before the preceding qualitative statements are translated into mathemati

cal equations, we shall make the following simplifying assumptions:

1. The guard cell pH is assumed to be such that the dissociated malate 

in the guard cell consists mainly of A  ions. This assumption is based on 

the observation by Raschke (1979) that the pH of the guard cell cytoplasm 

is close to the second dissociation constant of H^A.
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2. It is assumed that no C l ~  ions participate in the ion shuttle. If 

Ci,” ions are present, they help the A  ions to balance the charge of the K+ 

ions. Since one C l  ion balances only one K+ ion while- one A ~  ion balances two

K+ ions, the presence o f  C l ~  increases the osmotica in the guard cell for a

+ . 
given quantity of K  . However this effect only complicates the model (by in

volving an additional differential equation) without providing any essentially 

different phenomenon.

3. It is assumed that the number of K + ions in the guard cell at any 

time is twice the number o f  A - ions there. This requires that charge balances 

occur on a much faster time scale than do membrane fluxes. (Hsiao, 1976; 

Humble and R a s c h k e , 1971.)

it. It is assumed that all chemical reactions occur on a much faster time 

scale than do membrane fluxes. This permits us to take all chemical reactions 

to be at quasi-equilibrium.

5. It is assumed that the total quantity o f  K + ions in the guard cell- 

subsidiary cell complex in constant (Raschke, 1979)-

6. The rate of production of malate b y  P EP carboxylation is assumed to 

follow Michaelis-Menten kinetics.

7. The H+ pump is assumed to actively transport H + ions at a rate which 

is independent o f  other model parameters.

Mathematical Model of CO^ Effects

We begin b y  writing Ohm's law for the ion flow through the guard cell and 

subsidiary cell membranes (cf. Nobel p.120 eq. (3.20)):

E  = FR mC.mA s g ( J  ++ J  +'mem ..+ +
H K

2J _) 

A ~
(1)
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where E  = electrical potential difference between the guard cell and the 

subsidiary cell [volts]

= flux of species i taken positive when flux direction is from

2
subsidiary cell to guard cell [g/cm - s]

2
A  = area o f  interface between guard cell and subsidiary cell [cm ] 
sg

R  = electrical resistance o f  guard cell and subsidiary cell mem-  
m e m

branes in series [ohms]

F  = the Faraday = 96U87 coulombs/mole 

Next we consider the flux terms in eq. (l). The H+ flux is due entirely 

to the pump, and may b e  written using assumption 7 as

+ 2 q = H pump transport rate [g/cm -  s].

(2)

where

An expression for the A - ion flux may be obtained b y  noting that the net 

rate of accumulation of A  ions in the guard cell equals the rate o f  A" ion 

production by carboxylation plus the rate at which A  ions enter the guard cell 

from the subsidiary cell. By assumption 3, the rate of accumulation of A  ions

also equals half the rate of accumulation of K ions. This gives 

1

*  CO 
V. HC *

0 J XA
2 sg

cav . T . 
C0„ ,= sg* p A

K + HC d 
cav

(3)

where we have used assumption 6, and where

COg 3
C = C0„ concentration in the substomatal cavity [g/cm ] 
cav 2

*  3
K  = Michaelis-Menten constant [g/cnr]

V * maximum enzymatic velocity [g/s]

H = Henry's l aw constant
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Here we have used Henry's law, which states that equilibrium at the gas-liquid 

interface (i.e. at the guard cell wall) requires that the ratio o f  the concen

tration of COg in the cell liquid to the concentration o f  gaseous COg in the 

substomatal cavity is H. Nobel (197*0, p.330, gives H  = 1 . 1 9  at 10°C and 

H = 0.88 at 20°C.

Substituting eqs. (2), (3) into (l) gives

,°°2
cav

* co
2V HC *

E  = FR (-qA + ---
m e m  sg # CO,

-) (10
K  + HC

cav

An expression of the K  flux is available in Nobel (1 9 7 U), p.110, eq. 

(3.15):

. N N

■J + = P« —  ( /  - t 2 )
K e -1 s g

where a =
PTC
RT

(5)

(6)

N i ■ mass 0 f K ions in cell i [g]

V. ■ volume of cell i [cm ]1

p = permeability of guard cell and subsidiary cell membranes in series 

[cm /s]

R = gas constant -  83*1*+1 cmJ-bar/mole-°K 

T = absolute temperature [°K]

and where subscripts g, s refer to guard cell and subsidiary cell, respectively. 

Assumption 5 may be written

N + N  = N m = constant 
s g T

(7)
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Conservation of mass for K ions gives

N J A 
K+ SB

(8)

Eqs. (5)-(8) give

A  N - N 

e - 1  s

- e

N 
ct

(9)

Since, from eq. (6 ), a depends on E, one mutt consider eqs. (9) and 

(U) simultaneously. These equations represent the effects of C O ^  on stomatal 

dynamics and will be incorporated into a more comprehensive model in the next 

s e c t i o n .

Model including both C02 and hydraulic feedback loops

We shall append the COg-effect equations just derived to a model which 

has been previously presented (Delwiche and Cooke, 1977) and analyzed (Rand, 

Upadhyaya, Cooke, Storti, 1980), but which involved only a hydiaulic feedback 

loop. W e  have summarized the governing equations of this model in Appe n d i x  I. 

They m a y  b e  written in the functional form (cf. eqs. (All), (A32) in Appendix

I):

P ■- f.(P ,P ,ff )
g 1 ' R *  S* g'g s' g

P » f_(P ,P ,Tf ) 
s 2 ' g ’ s ’ g

(1 0 )

( 11 )

Here P and P are the hydrostatic (turgor) pressure in the guard cell and 
g s

subsidiary cell, respectively, and ff is the metabollically controlled part
g

of the osmotic pressure in the guard cell. Delwiche and Cooke book 1f to

be a constant and found that the system of eqs. (1 0 ), (ll) nevertheless exhibited

a steady state oscillation (a limit cycle in the P , P plane, Fig. 2.)g s
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In order to include C0o feedback in this model we will allow tt to vary2 S
with time. B y  assumptions 1, 2, 3, the only ions responsible for changing

tt are K  and A  . Since ea.ch A  ion has two K  ions accompanying it in the 
g

guard cell (assumption 3), w e  m ay write the Van't Hoff relation as (Nobel (197*0, 

p-6 6 , eq. (2 .1 0 )).

tt (t) (N (t) - N  (0)) (12)
g 2 ”g g g

The variation of tt with time t will therefore be given b y  eqs. (9),
g

0 0  which govern N  (t). However eq. (U) requires that the concentration of
8

C0p in the substomatal cavity be known. A  recent model (Rand and Cooke, 1980)

C02
has provided an equation for in terms of leaf geometry and biochemistry.

The explicit form o f  this equation is presented in Appendix II, eq. (A13)» but 

m ay be abbreviated b y  the functional expression

C02
C * ■ f,(P ,P ) 
cav 3 g s

(13)

CO

(Here C c&^  depends on the stomatal diffusion resistance, which depends on 

the stomatal pore width, which in turn depends on P , P g . See Appendices 

I , II for d e t a i l s .)

Finally note that the cell volumes V  , V  appearing in eqs. (9), (12)
g s

are not constants, but rather depend linearly upon P , P , respectively,
£ 8

since the cell walls are assumed to be elastic. See eq. (A7) in Appendix I.

In summary, eqs. (9), (10), (ll) together with auxiliary eqs. (*+)» (13),

(A7). form a dynamical system of three coupled nonlinear ordinary differential

equations which define a flow on the P , P , N  state space.
g s ’ g
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RESULTS AND DISCUSSION

In order to study the dynamics exhibited b y  the above system of ordinary

differential equations, numerical integration was performed on an HP-9830A

microcomputer. Adams' predictor-corrector method was used in conjunction with

a Runge Kutta fourth order initialization scheme.

The parameters chosen for the numerical treatment are listed in Appendix

III. For these parameter values the system exhibited a stable limit cycle in

P  , P  , N  state space. Fig. 3 shows a projection of this limit cycle onto 
6 ® S

the P  , P  plane.
K 3

Corresponding to this periodic motion of the system in the P  , P  plane,
g 3

each of the model variables displays a periodic dependence on time. Figs.

5-10 show respectively the model's predictions for the time dependence of

C°2
P g ’ V  w ’ Ccav* E and V

Consider Fig. 7 showing pore width w  versus time. The large peaks corres

pond to maximum stomatal opening and are due to the hydropassive feedback loop. 

These peaks have a period of about 20 minutes and are essentially the same 

as those observed b y  Delwiche and Cooke (1977), cf. ?ig. 2.

However Fig. 7 also reveals the presence of s m a H e r  amplitude oscillations. 

These occur when the stomatal pore is nearly closed and have a period of about 

2 minutes. These were not observed b y  Delwiche and Cooke (1977) and are there

fore the result of the COg feedback loop. We believe these oscillations cor

respond to the high frequency oscillations observed by Apel (1 9 6 7 ).

Note from Figs. 8-10 that these oscillations ir w  occur in synchrony

co2
with rapid changes in C , E and N . As the poie width becomes smaller 

the concentration of intercellular COg in the substomatal cavity decreases, 

the voltage in the guard cell drops to a negative value and a large influx 

of K+ ions enter the guard cell from the subsidiary cell.
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Examination of the numerical solution reveals that w, C and E areC 8 .V

all in-phase with each other, while N  leads all of these b y  about 30 seconds. 

(Since the behavior is periodic one may also say that N lags the others by
o

about 90 seconds.) This may be explained by the algebraic relationship between

co c o2
w. C , eq. (A13), and between C , E, eq. (U), as contrasted with the 

cav cav

differential equation relating N , E, eq. (9). A n  algebraic relationship which 

does not involve time explicitly requires all related variables to be in phase, 

while a differential equation like eq. (9) has a time constant associated with 

it related to the observed phase difference between N , E. Note also that w  

is algebraically related to P  , P , eq.(AlO), but that P  , P, are relatedg s s b
b y  differential equations to N  , eqs. (.10)— (12).s

The short period COg oscillations m a y  be described in words in terms of

the. mathematical form of the model as follows: A n  increase in w  causes an in-

CO
crease in C , eq. (A13), which, causes an increase in E, eq. (U). The great- 

cav

er positive charge of the guard cell relative to the subsidiary cell forces

K+ ions to flow out of the guard cell, decreasing N , eq. (.9). N o w  if de-

creases, eq. (12), causing water to flow out of the guard cell and changing

P , P , eqs. (10), (ll). This results in a smaller pore width w, eq. (A10),

8 S C02
increasing C , eq. (A13)., and so on.C ELV

The COg oscillation m ay be isolated from the hydropassive oscillation by

equating the concentration of water vapor in the atmosphere outside the leaf

to that inside the leaf (i.e. the atmosphere has 100$ relative humidity at leaf

w
temperature). For the other parameters as in Appendix III, but with =

C™  = 23 x 10~^ mm^/mm^, we obtained the oscillation shown in Fig. 11. 
m

Note that in the absence of the hydropassive loop the COg loop produces 

a transient oscillation and the system asymptotically approaches equilibrium 

(see Fig. ll).
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A  comparison of Fig. 11 with Figs. 2, 3 shows that the normal behavior 

of our model (Fig. 3) m ay be thought of as a "superpositior" of a purely h y

dropassive oscillation (Fig. 2) and a purely COg oscillation (Fig. l l ) . Of 

course here we are being figurative since the differential equations of the 

model are nonlinear and therefore strict superposition does not hold.

Effects of Changes in Parameters

In order to investigate the effects on the COg oscillation of changes in

“W V  w
model parameters we suppressed the hydropassive loop b y  setting C. - CT> 8* DEI

as in Fig. 11. We considered the influence of the following six parameters 

on the C02 oscillation period and amplitude, and on the equilibrium pore width

1) membrane permeability to K + ions, p in eq. (5),

2) electrical membrane resistance, R  in eq. (l),
m e m

3) pump transport rate, q in eq. (2),

tt
H) maximum PEP carboxylation velocity, V  in eq. (3),

ft
5) Michaelis-Menten constant for PEP carboxylation, K  Ln eq. (3),

C°2
6) COg concentration in the atmosphere, C^ in eq. (.A13).

The results o f  our investigation are summarized in Table I - Each of the 

above six paramters was independently changed and ths resulting changes in 

the COg oscillation noted.

♦ » C02
P+ R  + 

mem q+ v + K  + C.
ta

oscillation period - - + - + -

oscillation amplitude - + + - + -

equilibrium pore width none - + - + -

Table I. Effect of parameter changes on COg oscillati on. 

(+ = incr e a s e , - = decre a s e ).
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Some of these effects may he understood hy considering the model equations.

E.g., note that an increase in p causes the magnitude of J + to increase,

+ K
eq. (5), and thus causes the rate of i transfer to increase. This decreases 

the oscillation period.

d.
The effect of q, V  , K  and C on equilibrium pore width may be

* *
established as follows: Note that increases in q, K and decreases in V  ,

C°2
Ĉ . all cause the membrane potential E of the guard cell to become more 

negative, eq. (U). Now at equilibrium the right hand side of eq. (5) must 

vanish, giving (using eq. (T))»

N

N =
g n , s a 

1 + —  e
V

(lU)

From eq. (6), a decrease in E causes a  to decreese which decreases ea ,

which in turn causes an increase in N at equilibrium, eq. (ll;). An increase
6

in the osmotic contents of the guard cell causes the pore to open wider as 

additional water enters the guard cell.

Note also that since p does not appear in the equilibrium eq. (lU) (cf. 

eq. (5)), it cannot influence the equilibrium pore width.

Comparison with Experimental Observations

Most experimental observations of stomatal effects have considered the 

equilibrium pore width rather than the oscillation itself. E.g., the well 

known result that stomata open wider if the concentration of CO^ in the atmos

phere around the plant is decreased (Meidner and Man: field, 1968) is in agree

ment with the model's behavior (Table I).

Application of abscisic acid (ABA) was found to reduce stomatal aperture 

(Dubbe, Farquhar and Rashke, 1978). It has been suggested that ABA reduces 

the electrogenic pump capacity (Rashke, 1977). Our model supports this hy

pothesis since from Table I a decrease in pump capacity q causes a
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reduction in equilibrium pore width. However ABA is ineffective at stomatal

closure unless COg is present (Rashke, 1 9 7 5 b ) . Thif suggests that ABA may

enhance COg fixation in the guard cell. Our model predicts that an increase

in carboxylation rate causes a smaller stomatal aperture since from Table I 

*
an increase in V  produces a reduced pore width.

" On the other hand, application of fusicoccin (PU) was found to increase

the steady state aperture (Travis and Mansfield, 1979). This effect may be

due to an increase in the electrogenic pump capacity b y  FC (Rashke, 1977)*

Our model supports this hypothesis (Table I). Moreover, Travis and Mansfield

(1979) also found an increase in malate content of the guard cell when FC

was applied. In terms of our model, assumption 3 requires that an increase in

malate be accompanied by an increase in K ions in the guard cell. From eq.

(lU), at equilibrium N will increase if a is decreased and, from eqs.

8
(A), (6), this will follow from a decrease in V  . This leads us to speculate 

that FC m a y  inhibit COg fixation in the guard cell.

The phenomena of stomatal opening in the presence of light may be explained 

by hypothesizing light as an energy source for the electrogenic pump. In the 

presence of light, the pump capacity q increases causing an increase in pore 

width (Table I).

Extensions of the Model

In this section we shall consider various ways of extending the model.

Consider first the addition of a hydroactive feedback loop to the hydropassive

and COg loops already discussed. Hydroactive stomatal closure involves the

role of the plant hormone ABA. It has been shown that water str-ss produces

ABA in leaves (see e.g. Pierce and R a s h k e , 1980). A hydroactive feedback loop

could be included in our model by considering the pump capacity q or the PEP

*
carboxylation velocity V  to depend on the water potential of the leaf

mesophyll cells (cf. eq. (A8)). We have omitted thif loop at present due
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Consider next the extension of -the model which results when the simpli

fying assumptions (listed-above in tie description of the model) are relaxed.

In this case we would have five differential equations corresponding respec

tively to mass balance for each of tie following ion fluxes: K + , A  , HA”,

OH , Cl . Moreover PEP carboxylatior would be described b y  an additional 

differential equation. These six differential equat .ons together with the 

two differential equations (10), (ll) of the hydropassive model (Delwiche and 

Cooke, 1976) would constitute the extended model. Needless to say the be h a v

ior of the resulting system would be considerably more difficult to understand 

than that of the present model.

Perhaps the most serious limitation imposed b y  cur simplifying assump

tions regards the assumed charge balance between K+ find A  ions (assumption 

3)• Although this assumption is valid at equilibrium, in { eneral there will 

be some unbalanced charges in the guard cell. These will change at a  rate 

equal to the net current flow through the membrane. Assumption 3 requires 

that such unbalanced charges be small, allowing us to neglect the electrical 

potential generated b y  the capacitance of the guard cell. Relaxing this assump

tion would add an additional ter m  to eq. (l) for E, which in turn would re

quire an additional differential equation, further complicating the model.

Another important limitation is due to assumption 1, where we assumed 

that the pH of the guard cell is such that the dissociation of malate produced 

mainly A = ions in the guard cell. In fact we expect that the number o f  A  

ions in the guard cell will b e  greater than the number of H A  ions, but that 

both ions will be present. In relaxing assumption 1 we must append to the 

model a cubic equation for the pH (Freiser and Fernando, 1963). It seems 

likely that this will not qualitatively-change the m o d e l’s behavior.
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SUMMARY AND CONCLUSIONS

We have proposed a mathematical model of the effects of CO^ on stomatal 

dynamics. It consists of a system three autonomous nonlinear differential 

equations which were solved numerically.

The model exhibits a stable steady state periodic behavior (a limit cy

cle) which may be thought of as the superposition of a lone (about 20 m i n . ) 

period hydropassive loop and a short (about 2 min.) period CO^ loop. These 

characteristics agree with the experimental work of Apel (T966).

We have investigated the effects of changes in the monel parameters on 

the system's behavior.

We have proposed a scheme by which a hydroactive feedback loop could be 

included in the model.

Perhaps the single most important conclusion of this work is the un e x

pected prediction that the CO^ loop oscillation occurs only when the stomatal 

pore is nearly closed.
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The hydraulic loop model

Since the present model is an extension of the stomatal dynamics model 

o f  Delwiche a nd Cooke (1977), we shall give a brief derivation of the govern

ing equations below. See Fig. Al.

Conservation of mass for water flowing into and out o f  guard and subsidiary 

cells

V  = J A  
g sg sg

(Al)

V  = J A  - J A (A2)
s ms ms sg sg

3
where = volume of cell i [cm ]

and where the subscripts refer to the following types of cells:

g *» guard cell

s = subsidiary cell

m  = mesophyll cell.

Thermodynamics

(A3)

J _ = L(i|> -i|> ) 
ms m Ys ( A U )

where i|k  = water potential in cell i [bar]

L = hydraulic conductivity coefficient [cm/bar-s]



31  -

Water Potentials

*1 = FJ ‘  '3 '  ’ j * 3 = B* 3
(A5)

where P. = hydrostatic (turgor) pressure in cell j [bar]
* J

it. = osmotic pressure in cell j due to osmotica which remains in- 

side cell J (non-diffusible solutes) [bar] 

if = osmotic pressure in cell j due to osmotica which is added 

to or removed from cell j b y  metabolic processes and diffu

sion (e.g. COg loop processes) [bar]

In fact we assume if = 0 .  Delwiche and Cooke took if = constant. The present
S

paper replaces this assumption with treatment of f  as an additional state
6

variable.

Conservation of solute mass

,r 0 ,-0 .
"jvi * " / j • J 3 e> 8

<A6)

where the superscript o refers to incipient plasmolysis.

Elastic cells
V  - V°

P = - J ____i _
J v°  J 

J

where e, = cell wall elastic modulus for cell j [bar]
J

(Aj)

Conservation of mass for transpiration stream

wv wv
ill -  ill c - c
yr ym  _ _ m _____ ta

R ~ „ wv
(A8)
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where ip * water potential at the roots [har]

^  = water potential in the leaf mesophyll [bar]

c ™  = concentration of water vapor at the mesophyll cell walls 
m

[cm^/cm^]

c™  = concentration of water vapor in the turbulent atmosphere ad- 
ta

3 3
jacent to the leaf surface [cm /cm ]

R *= resistance to flow of water in liquid state between root and 
P

mesophyll leaf cells (bulk flow) [bar-s/cm] 

w
R = resistance to flow of water vapor between mesophyll cells and 
t

leaf exterior (diffusion) [s/cm]

Diffusion Resistance

The following expression for Rt has become available since the paper 

by Delwiche and Cooke (l9T7) was written. It is thought to be more accurate 

than expression originally used (Cooke and Rand (1980), p.101, 10U) .

s™  = -i- u + asii + i - .  r]
t j^wv aw a w (A9)

where D1̂  = diffusion coefficient of water vapor in air [cm^/s]

£ = thickness of still air layer adjacent to leaf [cm]

a = semimajor axis of elliptical stomatal pore [cm]

w  = pore width (minor axis of elliptical pore) [cm]

d = pore depth (distance from leaf exterior to substomatal cavity) [cm]

r = average distance between adjacent pores on leaf surface [cm]
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Guard cell elastostatics

The following expression for pore width w  was obtained b y  using finite 

element analysis (Cooke, DeBaerdemaeker, Band, Mang, 1976)

w  =,

i b + b P + b P  if b + b P  + b P  > 0
o g g  s s  o g g  s s -

if b + b P + b P < 0o g g s s

(A10)

where b , b and b are constants, 
o ’ g s

Governing equations

Substituting (A3) through (A8) into (Al) and (A2), and assuming small 

volume changes in (AT) gives

A L tt°  T7°
P = 'S SS~- [-(1 + -^)P + (l + — )P + ff + TT° - TT°] (All)
g v o eg g  eo S  g g s

g
s

p = —  A  1 + -fi)P - A  +A 1 + — )P
s o sg g sg ms £c, s

s g

- A  if - A  (r° + (A +A )tt
Sg g Sg g sg ms s

, Wv WVv 
R (c. -c )

. / . . p ta m  \ n
+ A  U  + - ■ r -----— )]

ms r
(A12)

Eqs. (A9), (A 1 0 ) replace R in (A12) with an expression dependent on P ,
t g

This relationship provides the feedback which causes the model to oscillate.P .
s
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APPENDIX II

COg assimilation model

We summarize here a comprehensive model of COg assimilation in leaves 

(Rand and Cooke, 1980) which we use in this paper to predict the COg concen

tration in the substomatal cavity.

Conservation of mass for COg flux into the leaf

CO,
"ta

CO,
- C

cav
,mes

CO,

(1-k3 ) C0?
$>(HC

cav
(A13)

R.

The LHS of (A13) repi'esents the diffusive flux of COg from the leaf exterior 

into the substomatal cavity. The RHS of (A13) represents the net COg flux 

assimilated into the leaf mesophyll cells. The parameter and expressions 

appearing in (A13) are identified as follows:

cav
= concentration of CO

= concentration of CO 

to the leaf surface

2

2

in the substomatal cavity [g/cm
3
1

in the turbulent atmosphere adjacent 

[g/cm3 ]

CO,
resistance to flow of COg between leaf exterior and substo

matal cavity (diffusion) [s/cm]

CO,

DW V  wv , .
Rjy , c f . eq. (A9) .

diffusion coefficient of COg in air [cm /s ]

J T J 0  g  r  £L '1

A  = surface area of mesophyll cells under leaf area A  Lem J

p = radius of typical (assumed spherical) mesophyll cell [cm]
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k = ratio of vacuole radius to cell radius for typical (spherical) 

mesophyll cell (k < l)

H = H e n r y’s law constant (Rand and Cooke,1980)

$ = net rate of CO^ assimilation in mesophyll cell cytoplasm

^chl % r  ^drk

$ . = chloroplast carboxylation rate [g/cm -s]

c CO.
V  K  HC 
c o cav

CO

K  K  + K  HC ^+K Q 
c o o  cav c

4> = photorespiration rate [g/cm -s]
pr

tV K  Q 
o c

CO
K  K  +K HC +K Q 
c o  o cav c

$drk “ dark respiration rate [g/cm -s]

Here $ and $ are assumed to follow Michaelis-Menten kinetics while 
chi pr

» , is taken as a constant (Cooke and Rand, 1980).
drk

• j

K  <= Michaelis-Menten constant [g/cm ]

V  = maximum enzymatic velocity per unit volume [g/cm -s]

Q  = oxygen concentration [g/cm-3]

t = fraction of glycola.te carbon released in photorespiration

and where subscripts c, o refer to CO^ and oxygen respectively.
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C02
Eq. (A13) represents a quadratic equation on C . A s  discussed in Rand

cav

and Cooke (1980) only one root is positive (the other is negative and must he

rejected as extraneous). In terms of the state variables of our stomatal

C02 C02
oscillator, eq. (A13) gives C as a function of R, , and hence as a func- 

’ H cav t

tion of v  (cf. (A9)), and finally as a function of P and P (cf. (A10)).
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APPENDIX III

Parameter Values

The following list gives the parameter values used for the numerical treat

ment of the differential equations of the model. They are based on values 

given in Nobel (197*0, Cooke and Rand (1980), Rand and Cooke (1980), Delwiche 

and Cooke (1977).

Parameter Value Eq. in which it first appears

a 10 2 mm A9

Am S S /A 30 A13

A
m 3 6*3 x 10- ^ mm2 Al

A
sg

^ •3 x 10 ^ mm2 1

b0 0 A10

b
g

1-H x 10 ^ mm/bar A10

b
8 “2.1 x 10 ^ mm/bar A10

C O p
1.28 x 10 mole/mm^Cta A13

WV
c
m 23 x 10 ^ mm^/mrn^ A8

cw v
ta ^•6 x 10 ^ mm^/mui^ A8

CO.
D 2 16 mm2 /s A13

p W
26 mm2 /s A13

d 10 2 mm A9

H 1 3
*

K 2 x 10 '*'2 mole/mm^ 3

K
c 7-5 x 10 ^2 mole/mm^ A13

K0 Q/K = 0 . 7  0 A13

k 0.9 A13
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Parameter Value E q . in which it first appears

L 10 ^ mm/har^s A3

i 100 m m A9

N (0)
6

—13
U x 10 mole 12

n t . 11.6 x 10-12 mole 7

P U.8 x 10 ^ mm/s 5

Q Q/K q = 0 . 7 A13

q. 11 x 10 ^  mole/mm2-s 2

R
mem

g
6 x 10 ohm 1

R
P

5 x 10^ har-s/mm A8

r 0.067^+ m m A9

T 25°C 6

t 0.25 A13

V°
g

k . 2  x 10 ^ mm^ A  6

V°
s

h . 2  x 10 ^ mm^ A  6

#
V

—13
6.9 x 10 mole/s 3

V
c

V  /V = 0.50 c
A13

V
o

v /v = 0.50 c
A13

e
g

50 "bar A7

e
s

50 "bar A7

o
tt
g

22.5 Par A  6

o
ITB 15 Par A6

P
-3

5 x 10 mm A13

r
-3 Par A8
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Fig. 1. The stomatal apparatus: (i) view looking onto the leaf surface, (a)
pore open, (b) pore closed; (ii)  cross-sectional view with arrows represent
ing various water fluxes (see text); g, guard c e ll;  s, subsidiary c e ll;  
m, mesophyll c e ll.
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F i g .  2. Lim it cyc le  o s c i l la t io n  projected onto P , P plane exhibited by model involv ing
only hydropassive feedback loop '(Delw ich i ana Cooke, 1977). Note that the stomatal
pore width w = o for a l l  pressures P , P ly ing  above the stra igh t lin e .
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described in this paper. Model includes g both hydropassive and C02 feedback loops.
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Pore width, w, displayed as a function of time for the limit cycle 
oscillation of Fig. 3.
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Fig. Al. Schematic diagram of hydropassive loop model (Delwiche and Cooke, 1977),
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StomateTutor™ : An Introduction to Stomatal 
Control of Gas Exchange in Plants (V e r s io n  2.0)

This is a HyperCard implementation which includes Pascal programs. 
HyperCard, which requires at least 1 Megabyte of memory, must be 
supplied by the user. The system disk must include the Geneva 10 pt font. 
When using, open the HyperCard stack S to m a te T u to r  which coordinates 
the remaining files (StomateTutorl-3 and the two Pascal programs). When 
you run StomateTutor the first time with your file configuration, you must 
locate the Pore Width and Diffusion applications used in Modules 1 and 2, 
respectively.

Abstract:
Stomata are the microscopic pores created by a pair of guard cells on the 
plant surfaces, especially leaves, which open and close to regulate gas 
exchange in plants. This contemporary presentation of the century-old 
topic of stomatal control of gas exchange in plants uses HyperCard and 
integrated Pascal applications to present ideas visually. Hypertext allows 
this courseware to be user-adjusted for novice, intermediate, or advanced 
levels. The Pascal applications, which are launched from within 
HyperCard, allow the student to manipulate three-dimensional images to 
improve visualization and to perform computational experiments without 
explicitly dealing with the mathematics, which might otherwise be 
intimidating to undergraduate students. The student can simulate 
experiments which would be prohibitively expensive and time consuming to 
conduct in an undergraduate lab.

Research interest in stomata continues unabated after more than a 
century. Several thousand papers are published each year which explicitly 
deal with some aspect of stomatal action because this topic is critical to 
photosynthesis and crop production.

The field of biology does not yet utilize mathematics and computers as 
extensively as do the physical sciences. Consequently, mathematically 
based research may be neither understood nor appreciated in the plant 
sciences. This courseware grew out of a desire to communicate our own 
mathematical research in a manner which could be readily understood by 
a non-mathematically oriented audience.
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The segment of a general biology course dedicated to gas exchange is often 
quite abbreviated. Therefore, this material must be presented in a compact, 
yet comprehensible form. The learning time has been compressed.

We present a contemporary view of the physical aspects of stomatal control 
of gas exchange in plants and identify departures from traditional 
explanations. We wish to stimulate interest in this topic and in the use of 
mathematics and computers—under-utilized resources in biology. We also 
wish to make this an enjoyable learning experience. This is a 
comprehensive and coherent treatment of a set of related research topics.

1. Our finite element stress analysis of guard cells demonstrates the 
inadequacies of the explanation found in all undergraduate textbooks. 
Guard cell geometry, not differential wall thickness, is the central 
structural feature. Pore opening and closing are shown to involve a three- 
dimensional deformation which results from the opposing guard cell and 
surrounding cell pressures. The radial stiffness of the guard cells 
improves the effectiveness of these pressure interactions, although the pore 
would still open without this structural component.

2. We show that the average stomatal pore spacing common to most species 
permits the highest possible rate of gas exchange attainable w ith o u t  

subjecting the plant's internal gaseous environment to unacceptable 
fluctuations due to ordinary wind speed changes. In other words, closer 
stomatal spacing would allow a higher rate of gas exchange, but the plant's 
stomatal control system could not respond rapidly enough to maintain a 
constant internal environment for photosynthesis. Wider spacing would 
lead to a more stable internal environment, but at the expense of a lower 
rate of photosynthesis. This has implications for the genetic adaptation of 
stomatal spacing to match environmental conditions.

3. We identify the mechanism which permits rapid pore opening when 
environmental changes occur. When guard cell pressure increases 
enough to initiate pore opening, evaporative water loss from the stomatal 
cavity wall reduces surrounding cell pressure, which produces pore 
opening. This reduction in surrounding cell pressure, rather than the 
further increase in guard cell pressure, is responsible for the rapid 
opening. Unfortunately, biochemical studies of stomatal action have 
concentrated almost exclusively upon the membrane between the guard
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and surrounding cells, rather than upon the properties of the control 
system.

4. Finally, we present possibly the first definitive explanation of an 
endogenous rhythm in plant biology—a periodic opening and closing of 
stomata under constant environmental conditions. [Superficially an 
endogenous rhythm could be regarded as a response without a stimulus.] 
Not only does this module identify the mechanism, but we also conjecture 
that a potentially practical use of this phenomenon is the reduction in 
irrigation costs. Our studies suggest that water use efficiency is increased 
during these periodic oscillations. In other words, the ratio of carbon 
dioxide intake to water vapor loss is improved, although the rate of 
photosynthate production is lowered. These oscillations are known to occur 
naturally during stress conditions. Perhaps we can find ways to 
deliberately induce these oscillations in order to improve water utilization.

Pedagogical Considerations

Undergraduates in introductory biology and advanced undergraduates in 
plant physiology courses are the intended audience. We assume that these 
students have had very limited mathematical and computer experience.
The mathematical content is also appropriate for applied mathematics 
students.

HyperCard allows the student to adjust the level of detail presented. 
Annotations (Elementary, Intermediate, and Advanced) indicate the 
recommended paths to follow according to your biological preparation. By 
launching Pascal programs from within HyperCard, we greatly extended 
the flexibility of HyperCard. This allows the courseware to be even more 
responsive to the student. The performance of calculations and the 
generation of user-defined graphics without the explicit consideration of the 
mathematical equations significantly extends the range of uses and users. 
Hypotheses not presented by the authors can be invented and tested by the 
student without facing the chore of writing a program in a high level 
programming language.

HyperCard is a powerful tool so we needed only one unique extension. We 
created a bookmark. When the student terminates a session, an 
opportunity is presented for a marker to be created. A bookmark icon
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appears on the title screen when the session is resumed and allows an 
immediate return to the point of previous study.

Much of this material could be presented effectively in the print format; see 
the enclosed reprint. However, traditional print media allows, but does not 
necessarily encourage extensive usage of graphics to support the text. 
Incontrast, this Macintosh environment encourages the use of graphics. 
Compare the ratio of text to graphics in the two presentations. Such 
extensive reliance upon graphics in a traditional presentation would be 
abnormal.

Snapshots of the HyperCard stacks and the Pascal applications follow.
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In tro d u ctio n

The pholosynlhetlc process 
in plants, which occurs 
largely in the leer and In the 
presence of ligh t, u tilize s  
carbon dioxide from the a ir 
and w ater from the to ll to 
form sugars and oxygen

Own as 2 Click hara If you need instructions

<£ o

in the following animated 
presentation you w ill 
explore m odels o f the 
m echan ism s used by 
the  le a f  to  ra g u la ta  
t h is  v i t a l  exchange of 
carbon d io x id e , w a te r  
vapor, and oxygen.

O  O

Background

The oular (or epidermal) 
surface of a leaf Is 
covered by a waxy 
(cutfntzed) m aterial 
which Impedes the 
passage of gases Into 
or out of the leaf and, 
therefore, makes possible 
the maintenance of a 
stable internal gaseous 
environment in which 
photosynthesis can occur

2

Cuticle
■Epidermis

Palisade
Mesophyll

Spongy
Mesophyll

JLI-Ower
_  „ ^  \ ‘ Epidermis
Guard Cell 0.5mm

Stoma
K*nton and Gould 4fi adiken. p 3 7 4 , i b m

O  C>

The necessary exchange 
of gases between the 
atmosphere and the 
leaf Interior occurs by 
diffusion through
microscopic pores In 
the leaf surface called 
stoma or stometes.

Own
2

Km Iot and Gould. * *  •ASwv p 374. 1M£

<2 O

The pore s ize  changes 
throughout the day to 
regulate the Internal 
conditions at the site  
of photosynthesis. A 
paradoxical situation 
e x is ts  Ths pores 
must be open in order 
to permit the entry of 
gaseous carbon dioxide

M  HU 2
Own n»*

/ Cuticle 
Epidermis

Palisade
Mesophyll

Spongy
Mesophyll

Guard C e l l '  1 0.5mm
Stoma

KMtan and Gould. 4 *  a H m  p 274. isae

o  o

On the other hand, 
open pores allow 
w ater to evaporate 
from the moist 
leef interio r and to 
escape into the 
atmosphere Without 
e control capability 
the plant would be 
unable to maintain a 
v ita l supply of water.

2 o  o

Q uestion  How doas the p lan t ra g u la ta  th is  exchange of ga s ts 7

Own
m 2 O  O
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Q uestion: How doss the p lant re g u la te  th is  exchange o f g e sa s ?

Tht plant adjusts port size to madlata these competing requirements In 
tha prastnct of a wlda rang* of envlronmantal conditions Tha stomata 
functions as a ve lva  that ragulates diffusion of carbon dioxide Into 
tha laaf end water vapor end oxygen out of tha leaf

Because gas exchange Is  fundamental to the photosynthstlc 
process (end, therefore, to crop production), sc ientists 
continue to Pa Interested 1n th is control process used by the 
plant. Some of the basic sc ie n tific  work was done at the turn 
of the century, but a live ly  research effo rt persists. Th is 
animated lesson w ill summarize some recent Cornell 
mathematical studies which reveal new insights Into 

S to m e te l C on tro l of Gas Exchange In P la n ts

3
<M*

HD 13 O  C>

The following three modules should be examined sequentially 

MENU OF BASIC BIOLOGICAL CONCEPTS

nodule 1 C a ll P re e su re e  A f fe c t  Pore s iz e
(Anatomical Considerations)

Module 2 Pore S iz e  A f fe c t s  D iffu s io n  Rate 

(Diffusion Considerations)

Moduli 3 D iffu s io n  A f fe c t s  C a ll P ra a tu r t s  

(S y ste m  Con sid era tions)

The module lilies suggest a  cyclical relationship of three pieces o1 
a puzzle. We follow the c lassica l approach of Descartes In 
subdividing a problem into subproblems or components which can ba 
more easily analyzed. Once the subproblems have been solved, an 
understanding of ihe  larger progiem can be synthesized from 1hsm.

3 o  o

MENU OF BASIC BIOLOGICAL CONCEPTS

iw'ienur* | Module I 1 C e ll P re s s u re *  A f fe c t  Pore S l id  
(Anatomical Considerations)

| Module 2 | Pore S iz e  A f fe c t s  D iffu s io n  Rate  

(D iffusion Considerations)

^ T r r jU 'i I Module 3 | D iffu s io n  A f fe c t *  C e ll P re ssu re s  

(System  Considerations)

Select a module by clicking on the appropriate box

3 o

Module 1: C e ll P re s s u re s  A f fe c t  Pore S lza Module 1: C e ll P re s s u re s  A f fe c t  Pore S ize

To understand the mechanical process of pore closure we must 
briefly review some details of plant anatomy We use the term 
'stomate' to re fer to the compmoticn of the pore end the pair 
of specialized ce lls  (guard ce lls ) which form the pore

Pore
Guard Cells

o  o

Although numerous specialized adaptations of guard cell design 
e x ist , two main c la s t ts  ar« predominant - the barbell shape 
found in grasses such es com and th# e llip t ica l or kidney shape 
such es occurs In the cucumber

I
Barbell

H  HD 3
Ourt MV

( $
E llip tica l

The enlargement a) tha right displays one of tha fully-opened slom ales. Whan 
additional water mowee Into the guard calls of a closed slom ale due to 
osmotic e h e d s , the hydrostatic (or turgor) pressu re  within the guard calls 
inc reases .

Th is Increase in Iniernal guard cell pressure Increases the widih ol the pore, 
provided the pressure of Ihe adjacent cells rem ains con ilan t.
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Question How doas an in c ra a ia  In in ta m a l guard c a ll  
p rassu ra  in c ra a ss  tha pora s lz a ?

Quastton: How does on Incroese in intarnel guard coll  
prassura Incraasa tha para »1za?

Recant mathematical and computer studies In Biological Engineering 
provide Iresh Insight Into this proem s. The traditional model ol slomatai 
response attribute* the opening of the pore to the expansion of guard 
oalls away from each other because of an unequal thickness In their cel: 
w alls (Keaton and Gould. 1BB£. Biological Science. 4th ed. 276). After 
reviewing the Iradilional mode:, we present an alternative view.

OuM
ED 12

N»* o  o o  o

The Traditional Model

Before After Superimposed

The w all of the guard cetl forming the port Is  thicker than the 
opposite wall where the guard cell Joins the adjacent epidermal 
ce lls  and formerly was believed to cause the guard call to bulge 
Into the surrounding ce lls .

This model im plic itly  assumes that a significant end unlikely 
ttraten irg  ana shrinking of the spidermis occurs when pores 
open end close

Quit
E D  2

we o  o

in the scanning electron micrographs of open cucumber stomata, tha guard 
Oall appears to be bulging out ot the plane of the leaf. Of course, this could be 
an artifact of the gold plaling process used to obtain the picture, but tha 
results of the following mathematical analysis are  consistent with theta 
m icrographs.

Scanning atac*onmicfog>apht ol oueumbat tton au  (adapiad hom Trough ton and Doraldaon 1977)

Our mathematical studies Indicate that guard cell deformation 
(and. hence, pori opening) results largely from the e lliptica l 
shape of the guard ce lls , not from differences In guard call 
wall thickness

^  E D  2 o  o

Let s review the resu lts of the mathematical analysis

Consider a doubly elliptical torus of uniform wall thickness.
Whan inflated, tha pora increases In width as a result ot a 
change In shape of tha call wall cross saction.

^  EH 2  o  o
Ou* H»>

Tha parlmster of tha transversa section of each guard cell 
remains essentially constant during tha chergs in turgor 
pressure

Purl
2

Tha dashed lines show the guard oall with low lutgor prassura. In this 
eondhion ihe tong axis of a guard call's elliptical transverse section rs 
parallel to the leaf surface.

§1 g u  2
Ouii Http

o  o o  o
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At lurgoi p<M«ur« Increases In the guard call, the long a iit  of IS# 
•lliptical transverse section becomes perpendicular 10 ' h« leal turfaca. 
widening Ihe ipaca between tha guard call* a t tha tolid linat show.

Dua la  guard c a l l  geom etry , tha th raa d im ensional 
d afo rm ello n  la  la rg e ly  p arp an d lcu lar to (ra th e r  than 
p a ra lle l to ) tha le a f su rfa c e . Tha port opant when tha 
guard cell I t  Inflated Increased Inner wall thickness is  
not a necessary condition for the pore opening and appear! 
to have l it t le  Influence upon tha response

0 o  o 0 o  o

Another rasull of tha elliptical geometry Is Ihe 
constancy ol pora lenglh regardless of the pore 
width. In earlier models of stomatal mechanics 
this property had been prescribed rather than 
deduced from the model.

0 o  o

Cross-section

g > guard cell

n w « aperture 
width

H * in itia l guard 
cell height

T oo View

g • guard cell 

w « aperture width

L • constant pore 
length

o  o

Cross-sect'on
0 « guard call 

w » aperture 
width

H s in itia l guard 
call height

I f  tha pora opening response Is  not a consequence of w a ll 
v a r ia t io n , w hat i s  tha b a s is  fo r th is  Im portan t c h a ra c te r is t ic ?

Tha e l l ip t ic a l  shape of guard c a l l s  I s  tha c ru c ia l p roperty

Q uestion: what would happen if the surface view of the stomata
were c ir c u la r  rather than e llip t ica l?  (Select A. B, or C)

pore size would not change when guard cell became Inflated 

(? )  pore size would increase when guard cell became inflated 

(? )  pore size would o e :rease when guard cell became inflated

o  o

The correct answer is  *c“ When a c ircu lar torus, such as an 
automobile tire , is  inflated, the size of tha hole becomes sm aller, 
not larger

m  0

This response Is  opposite that of a guard call and would be 
catastrophic for a plant When a plant becomes drought stressed, 
tha stomatal pore must close, not open, in order to promote 
survival A very slim  circu lar torus, such es obtained by 
connecting both ends of a garden hose together, does respond in the 
correct manner but a guard cell pair more nearly resemDies a oagei 
than a "hula-hoop* The e l l ip t ic a l  ahapa of tha stom ate . 
ra th a r  than d iffe re n c e s  in w e ll th ic k n e s s , p lays  the 
d e c is iv e  ro le  tn tha m echan ics of pore opening.

o  o S a a 0 o  o
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Th« por# Width i l  determnad by lha opposing pressures gen«-*ie<j 
by auch water transfers. Tha pressure in lha larger surrounding call 
fluctuates lata than tha pressure in lha smaller guard oall. 
Therefore. H lha auriounding and guard ealle ara to provide aqua) 
and opposite control ot the pore width, than pore width must 
decrease more lor a unit change in surrounding oall pleasure than 
tor a unit change in guard cell prasiure.

In other words, ths m icellae permit the sm aller p rissurs changes in the 
surrounding cell to counteract the larger changes In th i guard calls 
The micellae Increaee the radial atlffneea ol the guard calls 
which Improvee the reeponslveneaa ot the control system to 
changes In weler statue ot the plant by changing the relative 
Influence of pressure changes in ihe guard and surrounding 
c e lls .

o  o o  o

Click on the Exp erim e n ta l Ev idence  button to review 
two experimental studies of the relationship of pore 
width to guard cell end surrounding cell pressures

OR

Click here to menipulele e three-dimensional view ol 
pore width as a (unction of guaid call and surrounding 
call pressures.

Click on the arrow button to bypass this advanced 
module

\ Experim ental Euidenca 1

Pore liild lh

prOTE A le ctcijif 9  r»l Wfclti Ijlon c*t* or El to# r unxii9t]

O  O O  O

Module! Summery

1. Pore size depends upon two opposing preaeuree: the 
guard cell preiaure which opens the pore, and tha 
surrounding cell pressure which cloeea the pore.

2. Pore opening Involves three dimensional change In 
guard call shape largely due to bending rather than 
stretching ol the guard eell.

3. Guard cell geometry, raiher than well thlckneee or 
radial atlftenlng, Is the primary basis for pors 
o p e n in g .

4, Differences In guard ce il wall th ickness have little e ll*c i 
on the m echanics of pore opening.

5. Pore opening can occur without mlcallao. However, title 
stiffening enhances the role ot lha surrounding cello lh 
controlling pore wldin and thereby Improvee the 
performance of th is  control ayelam .

2 H  E D  2 o  <2

A Direct Measurement

Edwards, Me IOner end Sheriff (1976 Journal of Experimental 
Botany) made direct measurements of turgor pressures in 
guard and surrounding ce lls  The following figure shows the 
change tn pore width In response to a pressure change In 
either the guard cell or subsidiery cell while keeping the 
other pressure constant ot zero

b „- —  -  3 .1 2  , i» / I0 5 Po*p« If,
b , -  —  .  - 5 ,0 I u . /' I0 3 Po 

4P- 1-g

o> rr io " p « <? ^
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yr * f 6° 4 bflP9 * bSP* 1 ,f lh* por* 11 op>n
[ 0, if  port i t  closed

whcra tig end bs ere the sen s itiv ity  coeffic ients for each 
tugor pressure

Because b, H negative, a negative pore vndth would be 
predicted for certain {P f  P, ] combinatione H (he 
equation were nof set to zero for those condllioni. This 
region of zero pore width plays a key role in slomatal 
behavior so will return to this point later.

An antagonism ratio  (Cooke, e l at 1976} 

or ■ - 6j/bg

describes the re lative  influence of unit pressure changes in 
the surrounding and guard ce lls

H U  © O  to

In th t lr  experiment « ■  - ( -5  01/ 3-12) * 16 in other words, a 
unit pressure change In the surrounding CSU produces 1.6 lim es 
the w idth change a unit change in the guard ca ll produces

Th is ratio  might be as low as 1.0 w ithout the presence of 
m icellae and as high as 2 0  when the m icellae are prominent

® H i ©
0v« Mt»

o  o

D indirect Measurement

Glinka (1971 . Physiologia Piontarum) used a plasm olytic 
technique to determine the relationship of pore width to 
turgor pressure of tha guard and adjacent epidermal cells. 
The following figure shows measured aperture width, 
guard ce ll turgor pressure, and subsidiary ce ll pressure 
as a function of w ater potential

E !  @3 © o  o

Notice that pore width 
Increases although guard 
cell turgor pressure 
decreases, and the difference 
between guard and subsidiary 
ce ll turgor pressures is 
constant whenever the 
subsidiary ce ll pressure Is 
positive

Glinka. 1971

E3  m  ©
Pun M>b O  O

Glinka. 1971

The predicted pore width 
corresponds quite closely 
with Ihe measured width. 
We consider the curve UH 
again in the naxt ligure.

© O  CO

Tha pore width It zero 
(dark shading) lor 
some pressure 
eorrbt n il ions. In the 
literature this it 
referred lo as the 
•tress phase Wher the 
pore is open (lighl 
shading) the pore 
width is a multilinear 
lundion ol (ha two 
pressures.

^  H D  ©

This figure clarifies 
a superficially 
contradictory 
response noted lor Ihe 
Glinka experiment, l.e., 
pore Width can 
increase even when 
guard cell pressure 
decreases.

m  ©
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However, as the perimeter of tha pora ta approachtd, tha diffusion lin ts  
abruptly change dirsctlon Tha concmtretion changes mort rapidly at tha 
perimeter than at lha cantar of tha pora Therefore, diffusion Is mort rapid at 
tha perimeter fo r a hypothetical, slngla Isoletad, c ircu lar or alllp tica l port. 

rwwn — - th* diffusion rala Is actually proportional

O  3 5  3  “ <*3 rS

Diffusion rala can be quit* larga II tha parimaiar becomes large. However. lha 
actual diffusion rata la Intermedial* between a/aa and parimaiar 
proportionality 1or savaral obvious raasons.

H i m  3
OuH M.* o  o

First, as notad in Module 1. tha port tangth rami ni ralalivaly constant as 
tha pora width ciosas.

Wifth rwrutr* eoftsUnl 
w ?n  cw«vi«

As tha pora closes, tha parimatar of an aliiptical pora does not approach 
*#ro, hut approaches twice tha length of the pora. Hence. delusion rata, 
which doat approach iero when tha port width bacomes zero, simply 
cannot be proportional to parimatar bacauaa it doas not also approach 
zero.

H  B D  3 o  o

Second, stomatss In many species ere roughly ten 
pors lengths apert on lha laat surfece This spacing 
1$ closs enough to produce e different diffusion 
pattern than for lh *  Isolated stomate end, therefore, 
changes the diffusion rale Consequently, the 
predict ad diffusion rata would be too larga If 
computed simply as tha sum of 1h# diffusion from a 
collection of ‘ isolated* slomates.

H  H D  3 o  o

lha  delusion palhway for closely spacsd porss is represenled in lha 
figure below. First, not# Ihsl diffusion occurs through tha pores and 
through a relatively stagnant layer ol air immediately adjacant to tha 
leaf, called the boundary layer, as a result ol a concentration difference.

Sscond. furthsr from tht Isef th# gos movsmsnt 1$ due to 
convection, i s , mess movsmsnt w ith  the a ir as e rasuli of 
pressure d lfferancis

B o u n d a r y

Layer
y  Constent 
/  Concentration 

* / Surfaces

Leaf
Surface

Boundary
Layer

T p i P c  P i

■ Constant 
✓  Concentration 
'/  Surfaces 

J<+-y~ L«»f
,j| Surface

Cooke and Rand, Chapters, Diffusion Resistance 
Models, in Pradictlng Photosynthesis for Ecosystem 
Models, Vol. 1,1880

Cooke and Rand, Chapters, Diffusion Resistance 
Moosis, In Predicting Pnotosynthesis for Ecosystem 
Models, Vol 1,1980

Dull
3 o  o 0UT1

3 o  o

Third, the diffusion pathwey w ithin tha boundary layer becomes 
uniform a short distance from the pore Contrast th is pattern 
with the previous Isolated pore where diffutton can continue to 
spread radially from the pore

Boundary
Layer

■-* ::i: ' \  Constant

‘ / Surfaces

Leaf
Surfece- i f I f n i fllf!

Cooke end Rend, Chapter 5, Diffusion Resistance 
Models, tn Predicting Pnotosynthesis for Ecosystem 
Models, Vol 1,1980

A typical port

To examine th* effect of pore apacing consider a typical pore. The 
presence of adjacent pores can be represented by an impervious barrier.

H m  3
Ovn H » » Ovti

H D 3o  o O  O
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The curvas AD and FG rita  
sharply when the pore 
opens slightly , Put 
Inert os as 1 n width yield 
vary l it t le  additional 
diffusion on the curves 

DC end GH

Diffusion
Rata

» r

Boundary its  
Layer

00  os
Pore Width, oc

4. Closer pore spacing (0 •  5) 
Increases the diffusion rate 
for both carbon dioxide 
(desirable) and waier vapor 
(undesirable).

d iffu sion  j

j§j flB (2 < > O Qu<l
(2 o  ib

Notice that (or typ ica lly  
spaced pores (the tower 
surface of the figure), 
diffusion Is almost 
Independent of the 
thickness Of the Boundary 
layer

Diffusion J

Namely, for typical poie 
spacing (0-10) the ahapa 
ol the curve It  basically 
the same regardless of tha 
boundary layer thickness. 
Curve ABC and FGH dhfar 
only aiightly.

D iffusion u

Quit M§e O  cb EH El] (2

When pores are unusually 
close (the upper surface 
Of the figure ADEJIFA). the 
diffusion rate chonges 
substantially w ith  changes 
In the Boundary layer, 
especia lly at thinner 
boundary thicknesses.
ADE end F lJ  d iffe r 
substantially

Diffusion J

I i 0
Out* Nib

o  o

An increase In wind speed across a lea f surface decreases the 
Boundary layer, i e , the th icknss* of the re la tive ly  stagnant 
layer of a ir near the leaf surface Therefore, higher diffusion 
rates can be achieved In plants If pores are closer, but the 
additional dependence upon boundary layer thickness makes the 
plant more vulnerable to atmospheric changes

Tha stomatel conlrol system Is unable to adjust pore size as 
rapidly as Ihe wind fluctuates. Hence, the internal gaseous 
environment of the leaf cannot be maintained ai a constant level 
if pore ipac ng is loo close.

E l m  (2
Quit

Vou may now Interactively examine Ihe relationship ol elomaial diffueion 
to pore width, pore spacing, and boundary layer Ihtcfcness.

EXER C ISE  1. Show that diffueion rale would be advereely affected by wind 
speed If the pores were S, rather than 10 diametars apart (i.e. belt of 5 and 
10). Tha absolve diffusion raia is larger for closer pores, but wind speed 
fluctuations would result In large changes in the laefs Internal gas 
concentration. NOTE: High wind spaed produces a thin boundary layar (T-25); 
low wind spaed corresponds to a large boundary layer (T .25C).

EXER C ISE  2. Does pore depth appreciably afled the diflusion raia? Try L-0 
(no depth). L-0.5 (a common ratio), end L«2 (a long pore).

| D iffusion C a lc u la t io n  j

p O T I  AJW dcJanfl on DHuwW C M C uiaeri Buflan e M  or m  tor m jn ieta n i ]

OuK
m  (2

Module 2  Sum m ary

1. Le a f  d esig n  r c c H H o ta s  a  s u rp r le ln g ly  h igh r a ia  of gas 
exchang e .

2. Slometel diffueion rata cannot exceed that of a water 
surface the size of the leaf, but remarkably water 
vapor diffusion can approach that of •  water eurtece of 
the eame size If tha boundary layer le thick.

m  12
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1. t lo m ilB l diffusion rat* It  Intermediate between arts and 
parlm atar pro porilona llty .

4. Tha atemaia bahavaa baaleally aa an on-off valve.

8. Clostr than normal port spacing Incrsssas ths diffusion 
rsls but csusas an undsslrabls dapandanca on wind apasd. 
Tha typical pora spacing of tan dlsmatars parmlts tha 
hlghaai diffusion rata without Introducing wind apasd

When two physical systems ars governed by the same equations 
and ona a easier to measure than the other, relationships 
discovered using one can be applied to the other. In this 
Instance, electrical measurements can be made more easily on 
an electron ic tank analog of tha stamatal diffusion problem. 
These measurements are proportional to the corresponding 
diffusion measurements.

0
Out N»*

O  <P
Out

0 o  o

Holcorrtj and Cooke (1977) used this iechrique to develop tha 
following empirical relationship for diffusion per unit leaf 
area J  as a function of pars geometry, pore spacing and 
boundary layer thickness:

0
h*tp

| J  -  t c  (P /A ) / [T ♦  p7 In (4/g) -  pi

where
J  « d iffusion  per unit la s t or*e , gm/cm2 *
AC « gas concentration d ifference between bottom of the stomata! cavity 

and the atmosphere, gm/cm*
D s d iffusion  co e ffic ie n t, cm2/*  
e * pore half length, cm 
b * pore half w idth, cm 
d t port depth, cm
l« e th ickness of boundary layer on leof surface , cm 
N s number of stom otss per cm2

«.= b/a w idth to length aspect ra t lc  of pora. 0 05 <■ a  «- 0 5
pc (hN)‘V2/b. p>. 2
T « nondimtnslonel boundary laye r th ickness, -  le/o >■ p >- 2 
Lp= nondlmensloral pere depth -  d/a >- 0

o  o

Typical values:

0 025 <- le 0 .25 cm 
e * l O'1 cm 
L E 0 5

Relationships become clearer If the diffusion expression is written 
completely in non-dimensional form lor conductance.

This expression relates J  to concentration difference, diffusion 
coefficient, pore half lergih. nondimensiona! boundary layer thickness, 
nondimensional pore depth, nondimansional pore spacing, and 
nondimensional pora widlh.

^  [asi 0 O  <2
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nodule 3 D iffusion  A ffe c ts  Coll Pressures

in nodule l the pressures in the guard and surrounding cells were 
related to the pore opening. In nodule II the pore opening was 
related to the diffusion rate We are now reedy to use this 
background to show that the diffusion rate effects the pressure of 
the guard and subsidiary cells. To do thts we must explore tha 
relationship of tha components discussed in nodules l and ll to the 
behavior of the system  which regulates gas exchange

In this brief description, only the movement 
of water through the eystem w ill be 
considered In a more advanced companion 
piece we examine the role of carbon dioxide 
as a second component of the control system

M sa 0
Ourt Mr*

o  o S  S E  0
Quit

O  O

h  1he above sketch a transverse  view of a s lo rre ie  and tit associa lec 
su b ilo m a ia l cavity  appear. Arrows indicate lhat water evaporates 
from the cavity walls and passes through the pore inlo the atm osphere.

As d iscussed  in Module 1. water in liquid ph ase also passes through 
the mem brane between the guard and surrounding cells and between 
tha surrounding and mesophyll cells.

ga) 0 0 O  t£>

You can use co n se rva tio n  of m ass and w a ts r  p o ten tia l re le lto n sh lp s  to 
form  the eouations d escrib in g  the sys te m  T h is  1s covered  In the 
edvanced ve rs io n  H ere, we d iscu ss  the In s igh t gained from  those 
eou ation s, and ob se rve , in  p ass in g , that d if fe re n c e s  in  w a te r  p o te n t ia l 
govern the actu a l movement of w a te r  betw een co m p artm en ts , but the 
tu rg o r  p r e s s u re  component of w a te r  p o ten tia l alone d ire c t ly  a f fe c t s  
the pore w id th .

l a t a  qualitatively review the sequ ence  of events which occur 
when e  closed stom ata opens. Suppose the osmotic potential 
of tha guard cell becom es more negative. One possible 
m echanism  for this change In osmotic potential would be an 
increase  in K* concentration In Ih e  guard ce lls .

E! m 0
Ou« to*

o  o M  m  0
own H*e

Me must use four relaied 
graphs to describe the sequence 
of events. All four graphs have 
a common time axis .

Me will describe the events 
which follow Irom  this osmotic 
s t im u lu s .

Tww# (wiw)
0]_______ 30______ 60______ SO |JQ

so to so 130

so so ec

SO  6 0  SO

120

120

Graph *1 shows an assum ed 
osmotic potential in tha guard
c e l l .

so

so

60 SO 120

60 SO , JO

(2 o  o 0 o  o
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Th* figure el the right 
depicts such behovicr. 
The guard cell end 
surrounding cell 
presiurss oscillate 
with ■ piriod of 
roughly 20 minutes. 
Because the 
surrounding cell 
pressure reaches a 
minimum before the 
guard celt pressure 
does, the pore width 
oscillates, es shown 
In the lower figure

®  Eg GD o  o

When we consider the carbon dioxide control system, on additional 
oscillation occurs after the pore closes and the internal supply of 
carbon dioxide becomes limiting Dur ca lcu la tio n s  suggest that 
th is  behavior re su lte  in en Improved w ater use e ff ic ie n cy ! 
In other words, ths ratio of carbon assimilation to watar loss 
increases.

S I  m  2) o  o
own

If tnn property of improved efficiency can be experimentally 
verified, it w ill present an Interesting avenue for research Into 
Improved water use In agriculture Perhaps Irrigation 
requirements can be reduced through management practices or 
perhaps genetically adapted, more water efficient plants car be 
produced [We are not aware cf any reference in the literature to 
this beneficial characteristic of an endogenous rhythm.1

An Alternate Description of Stomalal Response

We have discussed the stomatal response as a function of 
time. Another Interesting description results when tne guard 
cell and surrounding cell pressures are the independent 
variables

ESI m  (3 O [j§j g s  (3 o  o

a.

Pj , I0S P«

The figure et the left 
describes the transient 
response of pore 
opening considered 
•e rlitr . Point a 
corresponds to the 
closed pore at time 
zero The guard cell 
pressure increases to 
point B with no change 
In surrounding cell 
pressure

Motor Phase 
W > 0

Next, the surrounding 
cell pressure decreases 
and the pore opens, u  , 
the trajectory crosses 
the WcO line and the 
pore opens Both 
pressures decrease 
until a constant pore 
width at point C is 
reached (Note. The 
pore width is 
proportional to the 
perpendicular distance 
from the W*0 line 1

©V*
m M  m (2

Ou11 M»t

/  ■ s  vUv c«n b*
I Pore tilldth j M*bvchc*«s

“  ■ ■ V» tttia button

Periodic Response

The figure at the right 
•hows the periodic 
response using the 
pressures as the 
Independent variables 
Note that the periodic 
response is a result 
of this trajectory 
crossing the W*0 line

Limit cycle oscillation

o  o

Pore width cannot be 
negative, so the multi
linear relationship is 
clipped to zero for those 
pressure combinations 
which would otherwise 
predict a negative pore 
width. Constant pore 
width lines ere projected 
onto the pressure plane 
in the figure

\*r\
o  o
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In othgr words, tha 
clipping of tha port 
width relationship 
(1 •  , movam ant 

Into the pcra doted 
region) produces 
the endogenous 
rhythm!

P, , to ’ Pt

Limit cycle oscillation

The outer loop corresponds 
to the hydropossNe control 
system The Inner loop 
correspond* to the 
combined hydropasslve and 
carbon dioxide feedback 
loops The effact of the 
carbon dioxide feedback 
loop It  to keep the 
trajectory nearer the WsO 
line. In fe c i, when the 
carbon dioxide becomes 
lim iting, the pore opens 
slightly end then closet 
again.

Limit cycle oscillation

E l i s )  (2Ov* **»* o  o (2 o o

In Ihe m athem atical literature ihie period ic re sp o nse  ta called  a 

stab le  limit cy c le . As the lollow ing illu stra te s , th is period ic syste m  

re sp o n ie  occurs reg ard less  of the initial p ressu re  com binations. 
Starting p o in t  inside and outside the stab le  limit cy c le  result in 
tha sam e  limit cy c le  being rep e lilive ly  traced .

m  a

Starting  po ints Inside 
and outside tha stable 
limit cy c le  resu lt in the 
repetitive  re tracing  of 

the sam e limit cy c le .

Ouit
E

<b <JD
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SUMMARY: The hydropassive feedback loop model for
stomatal dynamics developed by Delwiche and Cooke (1977) is 
investigated for equilibrium behavior. The average rates of
transpiration, assimilation and water use efficiency are evalu
ated for steady state oscillations both for the hydropassive 
feedback loop model and for the comprehensive model with CO2 
feedback effects (Upadhyaya, Rand and Cooke, 1980b). These 
results are compared with the corresponding values for the equi-
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INTRODUCTION

Stomatal pores are microscopic openings on the surface of the leaf which 

permit the gas exchange of C02 and water vapor between the leaf interior and 

the environment (Figure 1). C02 enters the leaf through the open stomata and 

is utilized in photosynthesis. Water vapor diffuses out of the leaf when the 

stomatal pore is open. Water loss is undesirable especially during times of 

drought. Thus stomata play the crucial role of permitting sufficient entry of 

C02 while avoiding excessive water loss.

Stomata change their width continuously in response to changes in the 

surrounding environment. Delwiche and Cooke (1977) modelled the hydropassive 

aspects of stomatal dynamics. Their model exhibited a limit cycle oscillation 

of approximately 20 minute period under constant environmental conditions. 

Rand, Upadhyaya, Cooke and Storti (1981) analyzed the model and showed that it 

exhibits a steady state oscillation (Figure 2) for a certain range of 

parameter values. Upadhyaya, Rand and Cooke (1980a, 1980b) developed a 

comprehensive model of stomatal dynamics which incorporated the C02 based 

feedback control into the.model developed by Delwiche and Cooke. This model 

exhibited a limit cycle behavior which may be thought of as a superposition of 

a long (about 20 minute) period hydropassive loop and short (about 2 minute) 

period C02 loop. These characteristics agree with the experimental work of 

Apel (1966, 1967).

These steady state oscillations are predicted to occur for a certain 

range of parameters. What purpose, if any, such oscillations play in 

conserving moisture or improving plant water use efficiency (i.e., mass of C02 

assimilated per unit mass of water vapor lost) is not known. Moreover,

Cornell is an equal opportunity, affirmative action educator.
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the equilibrium behavior of the model is of considerable interest as it 

provides a basis for the verification of the model with the existing 

experimental literature. The objectives of the present study are:

1. To investigate the influence of parameter variations on equilibrium width 

behavior of the hydropassive feedback loop model of stomatal dynamics 

developed by Delwiche and Cooke (1977).

2. To study the effect of limit cycle oscillations on a) transpiration rate,

b) assimilation rate, and c) water use efficiency of the plant.

REVIEW OF LITERATURE

Stomata have been observed to oscillate even under steady environmental 

conditions (Apel, 1966, 1967; Barrs, 1971; Ehrler, Nakayma and Van Bavel, 

1965; Karmanov and Savin, 1969; Long, Klepper and Cumming, 1969). Barrs 

(1971) has reviewed the oscillations in leaf conductance. Cowan (1977) has 

reviewed stomatal behavior with respect to changes in the environment. Two 

reviews by Raschke (1975, 1979) cover the literature on various aspects of 

stomatal mechanics. Upadhyaya, Rand and Cooke (1980b) have summarized the 

literature on stomatal movements. In view of our recent paper we will not 

elaborate on the review of literature in this paper.

Model Studies

1. Equilibrium behavior of the hydropassive model of stomatal dynamics 

developed by Delwiche and Cooke (1977):

The equilibrium width for the hydropassive feedback loop model can be 

shown to be predicted by a quadratic equation in width, w. The coefficients
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of this quadratic equation depend on the geometry of the guard cell complex, 

the elastic modulus and osmotic pressure of both the guard and subsidiary 

cells, the resistance of the plant to water uptake and environmental factors 

such as soil water potential, atmospheric humidity and ambient temperature.

Figure 3. shows the change in the equilibrium width as the osmotic 

pressure ( * g )  in the guard cell changes due to diffusible solutes, assumed 

to be mainly potassium and malate ions. The osmotic pressure at incipient 

plasmolysis ( i r ° g )  is assumed to be 1.5 MPa. Note that in the region of 

interest (up to a total osmotic pressure of ( v ° g +  «g) of 2.5 MPa) the 

width versus osmotic pressure graph is a straight line.

The qualitative response of the model to the changes in soil water 

potential, atmospheric humidity and plant resistance to water uptake depends 

on the antagonism ratio (mechanical advantage of subsidiary cells over guard 

cells, see Cooke, et al. (1976)), the guard and subsidiary cell elastic

moduli, and the guard and subsidiary cell osmotic pressures at incipient 

plasmolysis. We will restrict our attention to parameter values which result 

in a realistic behavior of the model in the following sense: In order that

the equilibrium width of the stoma increases with either an increase in 

atmospheric humidity, soil water potential or overall plant conductivity, it 

can be shown that:

(1 + if°s/e s) > a (1 + if°g/eg) -  (1)

where,

Tr°g, u°s = osmotic pressure in the guard and subsidiary cells 

at incipient plasmolysis.
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eg. es = guard and subsidiary cell elastic modulus 

a = antagonism ratio.

Due to the presence of radial mlcellatlon, the guard cell elastic modulus 

is quite high (about 7 MPa, Raschke, 1979). We have used a value of 6 MPa in 

our study. Equation (1) can be satisfied for various combinations of a, 

eg, es ir°g and if°s. In this study we used the following values.

Almost all other parameter values used in this study are the same as 

those used by Upadhyaya, Rand and Cooke (1980b). The parameters which are 

different than the ones used in our previous paper are given in Table 1. 

These parameters improve the model behavior. Figure 3 is a plot of the 

equilibrium width, w, versus the guard cell osmotic pressure wg at three 

different soil water potentials. Figure 4 is a graph of equilibrium width, w, 

versus atmospheric humidity, Ĉa at three different soil water potentials.

2.1. Transpiration, E

The outward flux of water vapor through stomatal pores into the atmo

sphere is known as transpiration, which may be represented mathematically as:

if°g = 1.5 MPa eg = 6 MPa

w°s = 2 MPa es = 2 MPa

a ~ 1.5

- (2)

where

Dwv = Diffusion constant for water vapor
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Rst » Stomatal resistance

Cm * Water vapor concentration at the wet mesophyll wall

Cta = Water vapor concentration in the turbulent atmosphere

For equilibrium conditions under a steady environment

a +
b
w

where,

a
6
ias

+ £/*/v
Vwv

2(d+r) 
ri*a0 U"wV

- (3)

fiias = mean intercellular airspace path length

£ = proportionality coefficient

l = maximum leaf dimension in the downward wind direction 

v = mean ambient speed

d = pore depth

r = mean pore radius 

n = number of stomata per unit area 

a0 = semi-major axis of elliptical stoma
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Equation (2) can be rewritten as

f f
m- ta i w 
a * 

b/a + w

+ w

where
C - C. .p _ m td

max ~ a

- (4)

KE = b/a

Figure 5 is a plot of transpiration, E, versus pore width, w.

Assimilation, A

The amount of C02 fixed by the green leaves minus the C02 released due to 

respiration and dark respiration is net assimilation. Under steady state 

conditions this net assimilation is equal to the inward flux of C02 through 

the open stoma (Rand and Cooke, 1980).

A
CO

'ta
2

Hit

C
co2
cav

where

D

C

CO

CO
ta

2

2

diffusion coefficient for C02

atmospheric C02 concentration

- (5)

cco2 _
Lcav C02 concentration in the cavity
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CC02 - C02
ta cav

p + q/w “ p + q/w -  (6)

where

P
6 + €/t/v
las

D C02

q = 2(d+r)
iTra0 DCo2

COBut C  ̂ is a function of atmospheric C02 concentration and the stomatal

pore width (Rand and Cooke, i980). Therefore,

cco2
ucav f (w, CCO

ta2 ) - (7)

Equation (6) can be rewritten as

cco2 . cC°2
A * ( ) w - ( - ^  ) w

q/p + w q/p + w

max w 
TCTTlv

m̂ax w 
K - F w -  (8)
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where

KA = q/p

Fmax cav
P

Figure 6 1s a graphical representation of the assimilation rate as 

equilibrium stomatal pore width is changed.

c. Water Use Efficiency

The ratio of the amount of C02 fixed to the amount of water vapor lost is 

called water use efficiency. It is obtained by dividing Equation (8) by 

Equation (5)

Figure 7 is a plot of water use efficiency vs. equilibrium pore width. 

Stomatal Oscillations

Several researchers have observed that stomata oscillate even under 

constant environmental conditions. Rand, et al. (1981) have shown

analytically the presence of a Hopf bifurcation in the hydropassive model 

developed by Delwiche and Cooke (1977). In particular, they showed the

WUE = A/E - (9)
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bifurcation to occur as the osmotic pressure in the guard cell is changed. 

When the osmotic pressure in the guard cell is high the stomata opens to an 

equilibrium width under steady environmental conditions. If the osmotica in 

the guard cell is decreased, a critical value of osmotic pressure will be 

reached when the stable equilibrium point becomes unstable. Because of the 

differences in the differential equations that govern stomatal dynamics when 

the stoma is open versus when it is closed, a stable limit cycle surrounds 

this unstable equilibrium point resulting in steaoly state oscillations (Figure

2). Note that the Hopf bifurcation itself leads to an unstable limit cycle. 

Rand, et al. (1981) have discussed this bifurcation phenomena in detail. For 

present purposes it suffices to know that steady state stomatal oscillations 

may result when the guard cell osmotica is decreased from a high to a low 

value (and vice versa).

Such a reduction in osmotica may occur due to the release of the plant 

hormone ABA at low soil water potential. Such a bifurcation also occurs when 

the humidity in the turbulent atmosphere is decreased or when the plant 

resistance to water uptake is increased. The plant resistance to water uptake 

and the difference in water vapor concentration between wet mesophyll cell 

walls and the turbulent atmosphere appear as a product in our model. 

Therefore, the response of the plant to an increase in the atmospheric 

humidity is similar to the response of the plant to a decrease in the plant 

resistance.

In this study we have considered the variation of the atmospheric 

humidity only. The steady state oscillations observed during the late
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afternoon are probably due to a quasi-static decrease in atmospheric 

humidity.

We have calculated the transpiration, assimilation and water use 

efficiency for the following cases:

a. The atmospheric humidity is changed while holding the soil water 

potential constant. Osmotic pressure in the guard cell is adjusted such that 

steady state oscillations occur. The results are shown in Figures 8, 9 and 

10.
b. The atmospheric humidity is changed while holding the soil water 

potential and the osmotic pressure constant. The guard cell osmotic pressure 

is selected such that steady state oscillations occur when the relative 

humidity is 25 percent. The results are plotted in Figures 11, 12 and 13.

c. The soil water potential is changed while holding relative humidity 

constant at 25 percent. Osmotic pressure in the guard cell is adjusted such 

that steady state oscillations occur. However, the bifurcation osmotic 

pressure is not greatly influenced by changes in soil water potential. The 

results are shown in Figures 14, 15 and 16.

As the stomatal resistance changes during oscillations, transpiration and 

assimilation are evaluated by integrating Equations (2) and (5) over one time 

period respectively. The results are then normalized to a time base of one

hour.

The transpiration, assimilation and water use efficiency are evaluated 

for the above three cases for the following situations:

(i) The stoma opens to its equilibruim width and does not oscillate.

(ii) The stoma exhibits steady state oscillations governed by the 

hydraulic feedback loop (Delwiche and Cooke, 1977).
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(iii) The stoma exhibits steady state oscillations governed by both 

hydraulic and CO2 based feedback loops (Upadhyaya, Cooke and Rand, 

1980).

RESULTS AND DISCUSSION

From Figure 3 it is seen that as the osmotic pressure 1n the guard cell 

increases the width increases linearly. This is in agreement with the 

experimental results reported by Raschke (1979) and Hsiao (1976).

Figure 4 shows that as the atmospheric humidity increases the equilibrium 

width increases slightly. This is reasonable to expect as an increase in the 

atmospheric humidity tends to decrease the water vapor lost. This would favor 

further opening of the stoma.

Figures 3 and 4 indicate that as the soil water potential is decresed at 

a constant osmotic pressure or relative humidity the stomatal pore width 

decreases. This is expected as a decrease in soil water potential decreases 

the amount of water available to the plant. The decrease in stomatal width 

due to a reduction in soil water potential may be further enhanced by the 

active expulsion of solutes from the guard cells due to the action of the 

plant hormone ABA.

Figure 5 shows the increase in transpiration rate as the width of the 

stoma increases. Note that in the region of interest the transpiration rate 

increases rapidly. However, Equation (4) predicts that at very large pore 

widths the transpiration rate approaches a limiting value. However, such 

large stomatal openings are not expected to occur in reality.
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The assimilation rate versus pore width is shown in Figure 6. The 

assimilation rate increases very rapidly for very small pore widths (<2ym) and 

then stays more or less constant. From Equation (8) we would expect such a 

behavior if Ka is small compared to the maximum pore width (say 10 yin).

Figure 7 shows the changes in the water use efficiency as the stomatal 

pore width changes. The water use efficiency decreases rather quickly for an 

increase in pore width below about 2jim. For larger pore Width the water use 

efficiency becomes more or less constant. Thus smaller pore width promotes 

better utilization of the available water.

Stomatal Oscillations

Figures 8 through 10 represent the variation of transpiration,

assimilation and water use efficiency as the atmospheric humidity changes.

Note that above 50 percent relative humidity, hydropassive oscillations 

cease. Below 50 percent humidity hydropassive oscillations increase in 

amplitude as the humidity decreases. Transpiration reduces as the humidity 

decreases. This happens at the cost of a decrease in assimilation rate and 

water use efficiency. Inclusion of the C02 loop further reduces the 

transpiration. It also reduces assimilation but improves water use 

efficiency. As the relative humidity in the atmosphere increases the Hopf

bifurcation does not occur when the pore is open. However, the C02 feedback 

mechanism never lets it fully close. Note that under this high ambient

humidity conditions water loss is low as the gradient of humidity is low.
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Simulations at a constant soil water potential and constant osmotic 

pressure are shown in Figures 11 through 13. Note that the results are 

similar to the previous case. This situation represents the daily course of 

events under field conditions. During late afternoons when the atmospheric 

humidity is low, stomatal oscillations reduce transpiration.

Figures 14 through 16 show the effect of variation of soil water 

potential on the transpiration, assimilation and water use efficiency. The 

effect of changes in soil water potential on these three variables is small. 

However, changes in soil water potential influence the guard cell osmotic 

pressure through the action of a plant hormone called ABA. Such effects are 

not included in this study.

Conclusions

1. The predicted changes in the equilibrium behavior of the hydropassive 

feedback loop model for stomatal dynamics in response to variations in 

atmospheric humidity, soil water potential and osmotic pressure are 

reasonable provided that Equation (1) holds. Because of the radial 

miscellation of guard cell walls we expect a high elastic modulus for 

guard cells compared to subsidiary cells. Therefore, Equation (1) holds 

for the guard cell complex.

2. Stomatal oscillations occur as the humidity in the ambient atmosphere is 

reduced. These oscillations are induced by a hydropassive feedback 

mechanisms. As the atmospheric humidity decreases, the amplitude of 

these oscillations increases and the amount of water vapor lost to the
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surrounding atmosphere decreases. Thus, hydropassive oscillations tend 

to conserve water under dry atmospheric conditions. This moisture 

conservation occurs at the cost of reducing the assimilation rate and 

water use efficiency.

3. Incorporation of the CO? feedback mechanism further reduces the water 

vapor lost at low ambient humidity. The CO? control mechanism also 

improves the water use efficiency. This is Important under dry ambient 

conditions. However, this reduction in water loss occurs at the cost of 

reduced rate of assimilation.
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TABLE 1. Parameters used in this study.

i . Plant resistance to water uptake, Rp =

ii . Water vapor concentration in the wet J 
mesophyll walls }

iii. Hydrogen pump capacity, q = 18 x 10“l°

iv. Maximum enzymatic velocity for 
PEP carboxylation, V*

= 8.5

V . Guard cell elastic modulus, eg = 6 MPa

vi. Subsidiary cell elastic modulus, es =

vi i . Guard cell osmotic pressure at 
incipient plasmolysis, ir°g 1

viii. Subsidiary cell osmotic pressure 
at incipient plasmolysis, ir°s

8 x 106 Pa s/mm

= 30 x 10~3 mm3/mm3

moles/mm2-s 

x 10-13 moles/s

.5 MPa 

= 1.5 MPa

= 2 MPa



Fig. 1. The stomatal apparatus: (i) view looking onto the leaf surface, (a) pore open,
(t>) pore closed; (ii) cross-sectional view with arrows representing various 
water fluxes; g, guard cell; s, subsidiary cell; m, mesophyll cell.
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Abstract
This presentation reviews finite element shell analyses (linear and nonlinear, isotropic and anisotropic) of 
microscopic stomata modeled as doubly-elliptic toroidal shells. Stomata are the regulating valve in the seminal 
issue of water and carbon dioxide transport in plant biology. The finite element method allows more realistic 
modeling of complex geometries and material properties that are common in biology.

1. Introduction
The physical sciences and engineering are increasingly broadening their traditional focus to include topics 
formerly within the exclusive domain of the biological sciences. Biological organisms, of course, are governed 
by and must function within the constraints of physics, so this expansion is direct. As the tools of engineering 
evolve and mature, especially the digital computer and software implementations such as the finite element 
method, the opportunities for cross-fertilization between the physical and biological domains increase. We hope 
that this presentation will encourage other attendees of this conference to turn their attention to the study of 
biology and to the transfer of the insights gained and methods developed in the physical sciences.

This presentation will review an application in plant physiology -  an area that lias attracted far less attention to 
date than has been the case for biomedical studies and animal physiology. The finite element method makes it 
feasible to deal effectively with the typical biological circumstances of increased geometrical complexity and 
highly anisotropic and nonlinear material properties and composites. Our focus will be on the surprisingly deep 
insights derived from studies of 30 and 20 years ago (Cooke et al. [1, 2] and Lee [4]).

Our efforts utilized software, FESIA, being developed at the time by Richard Gallagher and colleagues (Thomas 
and Gallagher [5]) here at Cornell in structural engineering. Their interest had been motivated by some rather 
dramatic collapses in multi-story tall concrete structures coming into usage at that time as cooling towers. They 
had developed a shell element that would accoimnodate a doubly curved surface such as occurs in a hyperbolic 
paraboloid. As an illustration of the theme of this conference, they were interested in a megastructure and we 
were interested in a structure of microscopic dimensions, i.e., invisible to the unaided eye. One other important 
attribute deserves mention at the outset: The system we are studying already exists and is functioning. Our 
interest primarily is one of reverse engineering, i.e. analysis rather than design.

2. Background

2.1 Plant biology considerations: Our project sought to understand better the processes of carbon dioxide and 
water exchange between plants and the enviromnent, especially for agronomically important crops, that through 
evolution developed an effective feedback control system for regulating this gas exchange process. Higher 
plants provide an internal environment in which the energy received from the sun is converted into energy 
usable by the plant. That process, called photosynthesis, requires a source of carbon, which is obtained from the 
carbon dioxide in the atmosphere. Terrestrial plants are able to avoid desiccation in a relatively dry enviromnent 
as a consequence of a relatively impervious outer surface. In many respects this is analogous to the thermal
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environment provided by a building’s outer surfaces. Passage of carbon dioxide into the plant’s interior is 
facilitated by specialized passages analogous to windows that are opened and closed by the plant.

Specialized epidermal cells on plants, called guard cells, form pores 
called stoma that open and close (Figure 1) acting as an actuator valve 
for the passage of gases between the plant’s interior and its environment. 
Usually these pores are open during the daylight when photosynthesis 
can proceed, and closed at night, blocking gas exchange. Because the 
plant’s interior is water vapor saturated and therefore at higher 
concentration than the ambient environment, any time stomata are open 
for carbon dioxide uptake, water vapor moves in the opposite direction 
through the same pathway.

Figure 1. Fully opened stomata on lower surface of a cucumber leaf, 
(from Troughton and Donaldson [6])

One of the two most common geometrical shapes for stomata consists of 
a pair of kidney-shaped cells which we modeled as an elliptical torus, i.e., as a torus that is elliptical in plan 
view as seen from the outer surface of the leaf, and also elliptical in elevation view. The opening and closing of 
the pore was conjectured as early as 1856 to result from opposing forces caused by hydrostatic pressures inside 
the guard cell and from the adjacent cells.

Before the emergence of digital computers and the finite element method, only less realistic modeling of the 
behavior of the mechanics of the opening and closing of the pore was possible. Various beam theories were 
applied, but offered little understanding of the process by which pores opened. Two of the present authors 
(Rand and Cooke) applied Fliigge’s (then) recent thin shell theory of a circular torus with disappointing results. 
Namely, a circular torus of biologically realistic dimensions, when inflated, causes the pore size to decrease, 
rather than increase. Such behavior would be catastrophic for a plant -  the pore must open when water is in 
ample supply (when some water loss can be tolerated) and close when water is in short supply (flaccid guard 
cells). (Note: An unphysiological garden hose shape when joined end-to-end and inflated would exhibit an 
increasing ‘pore’.) This suggested that the observed non-circular shape of stomata played an essential role in 
their functioning as valves. However, since no analytical solution was available, it was natural to utilize the 
finite element method to study their behavior.

2.2 Shell considerations Figure 2 shows two views of the doubly elliptical shell studied, which includes a plate 
at each end of the guard cell pair. This plate does limit the outward expansion of the shell at each end of the 
pair, but is not required for the pore to open when the internal pressure is increased. Geometrical nonlinear 
aspects reveal some additional properties. One of the authors (Mang) generalized the FESIA software to handle 
geometric nonlinearities. Unsurprisingly, the nonlinear studies revealed that there are limits to the size of the 
pore opening as a result of increases in guard cell pressure. That is, the pore cannot be made arbitrarily large. 
Indeed, as the circular model showed, a contrary behavior would be expected as a more circular geometry is 
approached. Mang also generalized the FESIA software to include orthogonally anisotropic material properties 
so that we could model the role of the micellae (radially oriented microfibrils). A new finite element for shell 
analysis was introduced by Lee in 1986 and used in the subsequent calculations.

Figure 2. Toroidal shell -  elliptical in plan and elevation views. Bottom view at right shows the plate at the end. 
From Lee [4],
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3. Results

The elliptical geometry is the fundamental attribute governing the mechanism of pore opening! Nowhere
shape simply would not operate correctly.in the plant kingdom does a circular stoma exist. That

Only half of a guard cell is shown in Figure 3. Elevation 
views: The top row has circular and the bottom elliptical 
cross sections. Plan views: The left column has circular 
and the right one elliptical top views.

Figure 3. Four geometrical shapes: a) circular torus (plan 
and elevations) with plate in end, b) circular torus (plan 
view) elliptical in elevation with plate in end, c) elliptical 
torus (plan view) circular in elevation with plate at end,
d) elliptical in plan view and elliptical in elevation 
(without end plate) From Lee [4],

A circular torus with a circular cross section (a) would 
disturb the adjacent epidermal surface and the pore 
would not open. When the elevation cross section is 
made elliptical (b) the disturbance to the adjacent leaf 
surface is less, but the pore does not open sufficiently 
when inflated. If the top (or plan) cross section is made 
elliptical (c), but the elevation cross section remains 
circular, the adjacent cells would be disturbed and the 
pore would be little influenced by pressurization of the 
guard cell. Finally, when the torus (d) is doubly elliptical 
-  plan and elevation -  the guard cell does not bulge into 
the adjacent cells of the leaf surface and the pore width 
increases (moving in a direction opposite to the 
internally applied pressure).

Figure 4 shows the deformed shape of a doubly-elliptical 
toroidal shell. The shape of the deformed elliptical torus

reveals another attribute of importance that has previously been ignored. Namely, when inflated, the shell 
expands mostly vertically (out of the plane of the leaf surface), minimizing the stretching of the leaf surface.

Figure 4 shows the deformed shape for an elliptical torus having an elliptical elevation cross section and end 
plate. Top-right shows the deformed shape superimposed on the mesh. Bottom-right shows the major principal 
stresses at the middle surface. From Lee [4],

The shell model did not impose a constraint on the length of the pore but that movement is inherently negligible, 
as reported in the experimental literature and confirmed by both the linear and nonlinear analyses.
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Prior to our work, the two prevailing theories of the mechanics of pore opening attributed the response to 1) a 
thicker ventral wall of the guard cell (facing the pore) than occurs for the opposite guard cell wall (facing the 
surrounding cells) and 2) the presence of radial cellulose microfibrils in the guard cell, resulting in anisotropic 
material properties. Our finite element analyses shoved that a) the dominant consideration is geometry, b) a 
perfectly uniform wall thickness for a doubly-elliptical shell will work correctly, and c) a perfectly isotropic 
elliptical torus will open under static pressure when inflated BUT the anisoptropic property becomes a decided 
advantage when the dynamical response of the feedback control system is considered. Specifically, the internal 
volume (lumen) of the guard cell is much smaller than the enclosed volume of the surrounding cells so when a 
unit of w ater diffuses from the larger volume into the smaller volume, the pressure drop in the surrounding 
volume is less than the pressure increase in the smaller volume. Hence, the radial stiffening allow s a smaller 
external pressure change to offset a larger pressure change inside the guard cell.

That is. in general, an increase in internal pressure opens the pore 
while a smaller increase in the surrounding pressure is able to 
counteract and close the pore. Indeed, the pore width can be 
represented as a multilinear function of the internal pressure and the 
pressure in the adjacent cell. This result is consistent with two very 
different experimental approaches: 1) pressurized inflation of the 
guard cell with the surrounding cells ruptured and pressuration of the 
surrounding cells with the guard cell ruptured, and 2) a plasmolytic 
approach in which osmotic conditions were used to alter the 
pressures. (A subsequent study of the dynamics of pore opening 
(Delwiche and Cooke [3]) revealed that this relationship must be 
clipped to exclude negative pore widths and that this is the key issue 
in causing a stable oscillatory behavior (a limit cycle) for stomata 
under drought stress.) (Double-click to see the animation at right.)

The pore width rises in a nonlinear manner and plateaus 
with increasing pressure, i.e.. the width cannot be increased 
arbitrarily. Decreasing the wall thickness increases the pore 
size for a given pressure. The greater the stiffness provided 
by the micellae, the greater the maximum pore width 
achievable. However, most of the diffusive control is 
achieved with smaller pore widths, making larger widths 
unnecessary.

Figure 5 Pore width vs normalized internal pressure for the 
nonlinear model (Cooke et al. [2].)
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