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ABSTRACT

The use of computational tools and mathematical modeling has long contributed to our

understanding of biochemical networks, in particular, there is a long history of quantita-

tive mechanistic modeling. Currently, there are many existing mathematical approaches

to characterize biochemical networks such as cellular metabolism and its regulation. How-

ever, many of these methods require detailed kinetic and concentration information that

are difficult or even impossible to obtain. In this study, we used three different approaches

of computational modeling to gain insight to the behavior of complex biochemical net-

works.

First, we took a multi-scale modeling approach to describe the intracellular and inter-

cellular behaviors of different cell populations within a tumor, in the aim of investigating

the outcomes of the existing hypotheses in cancer metabolism from a population eco-

logical perspective, namely: Warburg Effect/Aerobic glycolysis, Glutamine Addiction, and

Reverse Warburg. Specifically, at the intracellular scale, we used the Flux Balance Analy-

sis (FBA) to analyze the metabolic behaviors of tumor cells using the central metabolism

of mammalian cells. Then using the metabolic uptake and production rates from the FBA,

we determined the yield coefficients for Monod kinetics to set up the agent based model to

resolve intercellular dynamics. Second, we used an effective biochemical network model-

ing approach in building a reduced order model to study a complex biochemical network,

the human complement system. The key innovation of our approach is the use of simple

equations to capture the behavior of a complex biochemical network. We developed a

hybrid modeling approach which combines ODEs and control rules to model biochem-

ical processes for which a complete mechanistic understanding is missing. Using this



modeling framework we incorporated computational simulation and experimental valida-

tion of the lectin and alternative pathway to examine C3 and C5 convertase formation

and activity. Finally, we present a versatile next-generation flux balance analysis model

that is capable of capturing intracellular dynamics and concentrations of the network. Our

approach integrates kinetic-like constraints that work in combination with the objective

function to overcome the issues with unidentifiable parameters or mechanisms to predict

flux distributions.
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LIST OF FIGURES

2.1 Multi-scale modeling of cancer metabolism. Intracellular scale (top): Flux
Balance Analysis (FBA). The arrows represent fluxes of transport of species
within intracellular or between intracellular and extracellular spaces and
the production of biomass. (1) Warburg effect: The distinct traits of War-
burg effect lie in the high glycolytic flux and lactate production, illustrated
by the arrows. (2) Reverse Warburg: Indicated by the arrow, the most
distinguished character of Reverse Warburg hypothesis is the uptake of
lactate by tumor cells. (2) Glutamine addiction: Glutamine-addicted tumor
cells uptake glutamine as the one of the main carbon sources to replenish
TCA cycle to grow. Intercellular scale (bottom): Governing equations are
informed by FBA through yield coefficients to define the metabolic rates
of metabolites due to consumption/production by the cells (left) and the
biomass growth rate (right) within two-dimensional agent-based models.
Agent-based model: The simulation recapitulates the tumor growth via
growth of individual cells. The cell phenotypes are defined by different
governing equations following Monod-like kinetics parameterized based on
FBA. Cells are treated as hard spheres that move based on steric inter-
actions with each other, via built-in pressure calculation based on Darcy’s
law [1]. Layers of cells start at the bottom and grow towards the top while
the source (blood vessel) moves along with the top layer of cells. Axial
model: A tumor that initiates near a blood vessel has access to metabo-
lites such as glucose and oxygen in the blood stream. As the tumor grows,
concentration gradients of metabolites become significant, making the tu-
mor growth a diffusion-limited process that can result in different growth
dynamics as well as distinct spatial distribution of subpopulations. Radial
model: Tumor cells grow two-dimensionally and expand as a cross section
of a spheroid. Metabolites are being transported into the domain from all
four directions. Krogh length calculation: We assume that cells grow with
zeroth order kinetics as opposed to the more complete Monod-like growth
kinetics in the agent-based model. Metabolites enter diffuse into the do-
main from the top and Krogh lengths of metabolites are calculated based
on steady state assumption. . . . . . . . . . . . . . . . . . . . . . . . . . . 33
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2.2 Metabolic profiles of various cell types in different hypotheses. (A) Healthy
stomal cells: Normoxic stromal cell is quiescent and aerobic (use mainly
OXPHOS to generate ATP to maintain). Hypoxic stromal cell is quies-
cent and anaerobic (use primarily glycolysis to generate ATP to maintain).
(B) Warburg cell: Normoxic Warburg tumor cell is highly proliferative, aer-
obic and undergo aerobic glycolysis (use mainly glycolysis to generate
ATP to grow). Hypoxic Warburg tumor cell is quiescent and anaerobic
(use glycolysis to generate ATP to maintain). (C) ”Non-limited” tumor cell:
Normoxic ”non-limited” tumor cell is highly proliferative and aerobic (use
mainly OXPHOS to generate ATP to grow). Hypoxic ”non-limited” tumor
cell is quiescent and anaerobic (use glycolysis to generate ATP to main-
tain). (D) Hijacked stromal cell: Normoxic hijacked stromal cell is quiescent
and undergo aerobic glycolysis (use mainly glycolysis to generate ATP to
maintain). Hypoxic hijacked stromal cell is quiescent and anaerobic (use
mainly glycolysis to maintain). (E) Reverse Warburg tumor cell: Normoxic
Reverse Warburg tumor cell is highly proliferative and aerobic, however
utilize OXPHOS to generate ATP to grow fueled by lactate and oxygen in-
stead of undergoing glycolysis with glucose. Hypoxic Reverse Warburg
tumor cell is quiescent and anaerobic (use mainly glycolysis to maintain).
(F) ”Glutamine-addicted” tumor cell: Normoxic ”glutamine-addicted” tumor
cell is highly proliferative and aerobic, instead of utilizing glucose in gly-
colysis, it undergoes OXPHOS to generate ATP to grow fueled by glu-
tamine and oxygen. Hypoxic ”glutamine-addicted” tumor cell is quiescent
and anaerobic (use mainly glycolysis to maintain). . . . . . . . . . . . . . 34

2.3 Agent-based model of growth of Warburg tumor cells as a function of re-
source limitations in a perivascular tissue. (A) Predictions of simulations:
Snapshots of tumor growth and concentration fields of metabolites at 0,
15 and 30 days. Tumor initiates with various numbers of layers of healthy
stromal cells separating them from the blood. (C) Growth trajectories of
tumor cells from simulations in all three cases. (1): time = 0 day. (2): time
= 25 days. (3): time = 25 days. (4): time = 50 days. (5): time = 50 days.
(6): time = 200 days. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
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CHAPTER 1

INTRODUCTION

The use of computational tools and mathematical modeling has long contributed to our

understanding of biochemical networks, in particular, there is a long history of quantitative

mechanistic modeling [4]. Currently, there are many existing mathematical approaches

to characterize biochemical networks such as cellular metabolism and its regulation [5–

14]. Within the realm of modeling biochemical networks, there also exist many different

modeling approaches. For instance, mechanistic models derive governing equations from

mechanisms of the biochemical interactions. In most cases, mechanistic models incorpo-

rate the most detail, however this require additional information about kinetic parameters

of enzymes and concentrations that may be difficult to obtain or measure. Effective kinetic

models attempts to overcome the problem by reducing the complexity by using simple

equations that empirically capture the behavior of an interaction without the knowledge

of the mechanisms. For example our lab have used this modeling approach to study

complex biochemical systems such as metabolic regulation of cell free systems and hu-

man coagulation [14, 15]. Constraint-based models such as the flux balance analysis

is a course-gained modeling approach that is the gold standard for studying large scale

metabolic networks. Unlike the modeling approach previously described, constrained-

based modeling require little to none parameters making it attractive for genome-scale

studies with thousands of reactions and species [16].

First, we took a multi-scale modeling approach to describe the intracellular and inter-

cellular behaviors of different cell populations within a tumor, in the aim of investigating

the outcomes of the existing hypotheses in cancer metabolism from a population eco-

logical perspective, namely: Warburg Effect/Aerobic glycolysis, Glutamine Addiction, and
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Reverse Warburg. Specifically, at the intracellular scale, we used the Flux Balance Analy-

sis (FBA) to analyze the metabolic behaviors of tumor cells using the central metabolism

of mammalian cells. Then using the metabolic uptake and production rates from the FBA,

we determined the yield coefficients for Monod kinetics to set up the agent based model to

resolve intercellular dynamics. Second, we used an effective biochemical network model-

ing approach in building a reduced order model to study a complex biochemical network,

the human complement system. The key innovation of our approach is the use of simple

equations to capture the behavior of a complex biochemical network. We developed a

hybrid modeling approach which combines ODEs and control rules to model biochem-

ical processes for which a complete mechanistic understanding is missing. Using this

modeling framework we incorporated computational simulation and experimental valida-

tion of the lectin and alternative pathway to examine C3 and C5 convertase formation

and activity. Finally, we present a versatile next-generation flux balance analysis model

that is capable of capturing intracellular dynamics and concentrations of the network. Our

approach integrates kinetic-like constraints that work in combination with the objective

function to overcome the issues with unidentifiable parameters or mechanisms to predict

flux distributions.
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CHAPTER 2

ELUCIDATING THE METABOLIC STRUCTURE AND DYNAMICS WITHIN

TUMOR-CELL POPULATIONS

2.0.1 Introduction

Introduction: Our understanding of genetic mutations and signaling events of cancer cells

has advanced significantly over the past two decades. However, cancer remains one of

the leading causes of death worldwide.One of the main challenges regarding treating can-

cer comes from the complexity that underlines the resistance and persistence of cancer

at the population scale.

Indeed, cancer is a tissue-scale disease involving both cell-cell and cell-tissue interac-

tions. These interactions within the tumor itself and between tumor and the surrounding

tissues influence tumor progression and complicate extrapolation from single-cell proper-

ties to tumor behavior [17–19].Therefore, cancer must be studied and treated as a cellular

ecology, where different cellular and molecular players compete and cooperate with one

another, with account taken for both the physical and biological characteristics of the en-

vironment in which tumor evolves. Such perspectives complement studies of genetic and

intracellular approaches and potentially provide new bases for treating cancer. Central

to an ecological perspective of tumors is metabolism, the biochemical process by which

cells derive energy and biomass from the nutrients available in their environment.

Recently, cancer metabolism has drawn renewed attention in the field of cancer bi-

ology [20, 21] Early observations of the unique tissue-scale metabolic profile of tumor

were made by Otto Warburg in the 1920s, more recently discoveries of oncogenes and

molecular cues in tumor-associated metabolic alterations via newly developed biochemi-
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cal and biomolecular tools have renewed the hope for new therapeutic routes that target

cancer metabolism [22]. As the understanding of cancer metabolism emerges, various

hypotheses of metabolic behaviors at both molecular and cellular levels have been pro-

posed [18, 23, 24]. However, how these metabolic phenotypes such as Warburg effect

arise and their effects on tumor progression at population scale are incompletely under-

stood. Additionally, existence of metabolic heterogeneity within single cell type has also

been observed. [25, 26]. How the heterogeneity in metabolic phenotypes persists and

impacts progress remains poorly understood. Unraveling these fundamental questions

could open a clearer path to targeting cancer metabolism as a therapeutic route. In

this study, we exploit a multi-scale computational platform to address the impact of the

metabolic phenotypes implied by current hypotheses on the growth dynamics of tumor

cells in the resource-limited microenvironments that emerge after tumor initiation.

Presently, the existing computational work on tumor progression focuses on two major

aspects.First, the emergence and accumulation of genetic heterogeneity in cancer evo-

lution [27, 28]. These studies provide insights into the evolutionary dynamics of tumor

genetic progression usually without introducing the spatial structure of the tumor. Ne-

glecting the effects of population structure within a tumor leads on interactions with the

microenvironment (and visa versa) [27]. Recently Waclaw et al. introduced spatial con-

straints on the evolutionary dynamics of tumor progression. However, because these

studies focus on genetic and intracellular aspects of tumor development, impact on tumor

growth at intercellular scale such as tumor-stroma interactions as well as exchange of

nutrients with the microenvironment at tissue scale are overlooked.

Second, tumor progression aided by its microenvironment (eg. Growth factors, ECM,

angiogenesis etc.). This category of studies often captures the full dynamics of a tumor

growth by integrating several tumor microenvironmental factors [29–31] However, due to

5



the complexity of this type of modeling, the fundamental insights on the crucial compo-

nents that impact tumor progression are sometimes lost. These two categories of studies

focus on either cellular or tissue-scale dynamics within a tumor. We hypothesize that only

through a combination of both scales can the complexity of cancer be defined.

Recent computational works [32, 33] have made progress toward bridging between

these two scales. These studies used game theory approaches to investigate the effect

of tumor environment, specifically molecular cues and metabolites, on tumor population

dynamics and provided insights on the cooperative behaviors of tumor subpopulations.

Similar intraspecies competition or cooperation are often observed in microbial organisms

and heavily studied from a population ecology perspective [34–36]. Theories and mod-

eling tools [1, 37, 38] are also better developed in the microbial field due to the relatively

convenient validation from experiments.

Studies on cancer metabolism have begun to elucidate that the metabolic alterations

in tumor cells play an important role in tumor progression [39–43]. A definitive character

of tumor cells is rapid proliferation. Compare to healthy cells that remain quiescent in

most of their life cycle, tumor cells proliferate at a much faster rate, accompanied by high

metabolic uptake rates. Such metabolic profile of tumor cells could lead to fast depletion of

metabolites in the local microenvironment, resulting in resource limitations. Additionally,

byproducts/waste products produced during metabolism of tumor cells can potentially

hinder the growth of neighboring cells or act as alternative metabolic substrates [44–

46]. Dating back to Warburg’s seminal work, efforts have been made to characterize the

metabolic abnormalities of tumor cells and their impact on tumor progression. Since then,

the distinct metabolic profile of tumor cells with high glycolysis rate and lactate production

in the presence of oxygen has been widely observed in different types of tumor cells and

recognized as the Warburg effect. Additionally, other hypotheses have been proposed in
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the filed of cancer metabolism such as Reverse Warburg effect and Glutamine addiction

[23, 24, 45, 47, 48]. Although studies have made efforts to confront these experimental

observations mathematically [43, 49–53], we are unaware of computational studies that

test the implications of these hypotheses with respect to metabolic behaviors at single

cell level, intercellular interactions mediated by shared metabolic environment, and the

collective behavior that defines fitness, growth potential, and potential responsiveness to

therapeutic intervention.

In this study, we took a multi-scale modeling approach to describe the intracellular and

intercellular behaviors of different cell populations within a tumor. With this framework,

we investigate the outcomes of the existing hypotheses (Fig. 2.1) in cancer metabolism

from a population ecological perspective, namely: Warburg Effect/Aerobic glycolysis, Glu-

tamine Addiction and Reverse Warburg. Fig. 2.1 illustrates the multiscale approaches we

use. Specifically, in the intracellular scale, using Flux Balance Analysis (FBA), we con-

structed a network that captures the central metabolism of mammalian cells (”Intracellular

scale” in Fig. 2.1, Fig. S1). We built the biomass template reaction based on major pre-

cursors for biomass synthesis by reducing Shlomi and coworker’s genome scale biomass

template [43]. We use this central-metabolism FBA network throughout all the different

hypotheses. We acknowledge that the altered phenotypic metabolic profile of tumor cells

are likely due to prior genetic events that occurred in the cell such as loss of tumor re-

pressors, for example p53 [54]. However, we only consider the metabolic phenotypes

of the cells at fixed genetic profiles here since we focus on impact of metabolic profiles

on tumor growth, for which the relevant time scale is much smaller than the one of the

emergence and accumulation of genetic alterations in the cells. In implementing FBA, we

interpreted the different cell phenotypes within a given hypothesis in terms of constraints

and objective functions within the FBA. We made estimates of parameters (e.g., maxi-
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mum growth rates of different cell types at different growth conditions) based on literature.

Using the metabolic uptake and production rates of the metabolites obtained from the

FBA, we determined the yield coefficients for Monod kinetics to set up simulations and

compartment model to resolve intercellular dynamics. Additionally, as we are interested

in the stage of tumor initiation, we neglect tumor angiogenesis and focus only on avas-

cular tumor growth. In avascular tumor growth, due to the lack of nutrients towards the

center of the tumor, proliferative, quiescent and necrotic layers are all present in tumor

spheroids [55–59]. These tumor cells, though at different cell cycles, all contribute to the

overall tumor mass. In our study, we are interested in understanding how resource limita-

tions affect overall tumor growth due to distinct metabolic phenotypes. Using numbers of

tumor cells as a measure of the tumor mass allows us to account for tumor cells in all cell

cycles. Therefore, we do not consider death mechanisms in our study.

In the intercellular scale shown in Fig. 2.1, we described the biomass growth of differ-

ent cell types in each hypothesis with Monod-like governing equations (eqn. on the right in

Fig. 2.1) and applied yield coefficients informed by FBA based on metabolite uptake rates

(eqn.’s on the left in Fig. 2.1). We then simulated the growth of tumor subpopulations un-

der each hypothesis as a reaction-diffusion process using an agent-based model (ABM),

iDynoMiCS. In a malignant tissue, cancerous cells can initiate at various sites. Whether

the initiation sites have access to sufficient nutrients or not could lead to distinct outcomes

of tumor growth. Therefore, we simulate a series of situations in which the population of

tumor cells is initiated more and more deeply beneath layers of stromal cells such that it

experiences more and more severe diffusion limitations of the metabolites. Within the use

of ABM, we simulated the tumor growth both axially and radially. In parallel, with the aim

of providing intuition on the outcomes of simulations and characteristic physical parame-

ters, we came up with a model to calculate Krogh length, shown in Fig. 2.1 (bottom right).
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Here, we defined the Krogh length of a metabolite as the length at which the metabo-

lite becomes zero given the uptake of the metabolite with zeroth order growth kinetics

for the phenotype in the region. While this is an extremely simple model of the zeroth

order kinetics coupled with diffusion, it nevertheless presents physical insights of the sys-

tem such as the characteristic metabolite that governs the growth of tumor. Through this

multi-scale computational work, we studied the tumor population dynamics in a spatial-

temporal manner and investigated the consequences of different hypotheses of cancer

metabolism from a population ecology perspective in the aspects of tumor growth, spatial

structures and phenotypic heterogeneity.

2.0.2 Results and Discussion

2.0.3 Distinct metabolic profiles of various cells types Before we investigate the

aforementioned hypotheses individually, we defined the metabolic phenotypes of different

cell types in each hypotheses based on literatures. Our interpretations of these metabolic

mechanisms are integrated into FBA as objective functions and constraints to obtain the

yield coefficients of metabolites. Due to the difference in pathways utilized by each cell

phenotype, the FBA presents quite distinct outcomes in the flux distributions. Fig. 2.2

summarizes the metabolic profiles of these cell types under both normoxic and hypoxic

conditions. The metabolic switch from normoxic to hypoxic leads to drastic changes in

metabolic fluxes, captured by difference in the thickness of the arrows in Fig. 2.2. Cells

in the hypothesis of Warburg effect: Among the six cell types we considered, the healthy

stromal cell, Warburg tumor cell and the ”non-limited” tumor cell are used to test the

hypothesis of Warburg effect. The biomass growths of these three cell types all follow the

same form of Monod kinetics, shown in Eqn (2.1).
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dXi

dt
= µhaer

CG
KG + CG

CO
KO + CO

Xi + µana
CG

KG + CG

KO

KO + CO
Xi (2.1)

Where Xi is the mass of the ith cell type, µaer µis the maximum growth rate under aero-

bic condition (in normoxia), µana is the maximum growth rate under anaerobic condition (in

hypoxia), KG is the half saturation constant of glucose, KO is the half saturation constant

of oxygen, CG is the concentration of glucose and CO is the concentration of oxygen.

We assume that the healthy stromal cells follow Pasteur effect, meaning that they uti-

lize OXPHOS to generate ATP to fuel cell cycles when oxygen is abundant (term 1 in

Eqn (2.1), Fig. 2.2A top) but utilize glycolysis and downstream anaerobic fermentation to

generate ATP when oxygen becomes limited (term 2 in Eqn (2.2), Fig. 2.2B bottom). We

also consider them quiescent, represented by a growth rate of 1 ∗ 10−6 hr-1 under both

conditions (µaer = µana). Next we define Warburg tumor cells. It has been repeatedly re-

ported that tumor cells exhibit high rate of glycolysis and undergo anaerobic fermentation

to produce lactate in the presence of oxygen, a phenomenon termed ”aerobic glycolysis”

or ”Warburg Effect”.This observation was first made by Otto Warburg in the 1920s. He

hypothesized that aerobic glycolysis is caused by impaired mitochondria, which subse-

quently results in cancer. It is now well accepted that this hypothesis is incorrect as most

tumor cells retain functional mitochondria [60] Illustrated in Fig. 2.2B, such metabolic be-

havior observed in tumor cells is very distinct from Pasteur effect as tumor cells undergo

glycolysis in both normoxic and hypoxic conditions. Therefore, we take tumor cells to

be highly proliferative (µaer = 0.018 hr-1) and with Warburg-like metabolic profile in nor-

moxia.We introduce a concept of Warburg Number to help understand the utilization of

glucose by the Warburg tumor cells. It is the ratio of flux of pyruvate going into lactate

to flux of pyruvate entering TCA cycle through acetyl-CoA. Under the same growth rate,
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a higher Warburg Number implies a less efficient utilization of glucose in growth and just

the opposite for the utilization of oxygen. We achieve the Warburg effect in tumor cells by

imposing a Warburg Number ranging from 2 to 10 as the constraint, while setting max-

imizing biomass growth rate as the objective function in FBA. A Warburg Number of 2

was chosen based on several experimental observations [48, 61, 62] as the base case for

comparison with the other hypotheses. Additionally, we propose that tumor cells switch

to quiescent state when oxygen becomes limited (hypoxia, µana = 1 ∗ 10−6 hr-1), adopting

the same metabolic profile as the hypoxic healthy stromal cells.

To test the hypothesis of Warburg effect, we further created a hypothetical tumor cell

type, referred as the ”non-limited” tumor cell. This ”non-limited” tumor cell is essentially

a tumor cell with a Warburg Number of 0. Shown in Fig. 2.2C, these ”non-limited” tumor

cells always utilize OXPHOS for ATP generation, hence use glucose more efficiently and

do not produce lactate under aerobic condition.They also switch metabolic phenotypes

based on local oxygen concentration. When Oxygen is abundant, they grow aerobically

using both glucose and oxygen (term 1 in Eqn (2.1)), as oxygen drops, they switch to

quiescent phenotype, utilizing mostly glucose to generate ATP to fuel maintenance (term

2 in Eqn (2.1)), same as the Warburg tumor cells and the healthy stromal cells.

2.0.4 Cells in the hypothesis of Reverse Warburg effect: In the hypothesis of Re-

verse Warburg effect, we considered two cell types: Hijacked stromal cell (Fig. 2.2D) and

Reverse Warburg tumor cell (Fig. 2.2E). The so-called ”hijacked” stromal cells, often ob-

served in tumor tissues, can be tumor-associated fibroblasts or macrophages. Although

being quiescent like healthy stromal cells (µaer = 1 ∗ 10−6 hr-1), they commit to aerobic

glycolytic phenotype in which they uptake glucose and produce lactate all the time, insen-

sitive to local concentration of oxygen. Hence the flux distributions are identical in the two
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conditions in Fig. 2.2D. We define the biomass growth of such ”reprogrammed” stromal

cells as:

dXH

dt
= µaer

CG
KG + CG

XT (2.2)

Unlike the ”hijacked” stromal cells, which have a completely different metabolic profile

compared to the healthy stromal cells under normoxia, the Reverse Warburg tumor cells

resemble some similarities to the Warburg tumor cells, we define the biomass growth of

Reverse Warburg tumor cells as follows:

dXT

dt
= µtaer

CG
KG + CG

CO
KO + CO

CL
KL + CL

XT + µtaer
CG

KG + CG

CO
KO + CO

LL
KL + CL

XT

+µana
CG

KG + CG

KO

KO + CO

CN
KN + CN

XT

(2.3)

where L refers to lactate.

When lactate is ample, the Reverse Warburg tumor cell preferably uptake lactate over

glucose and undergo OXPHOS aided by oxygen to grow under normoxia (term 1 in Eqn

(2.3), Fig. 2.2E top, µtaer = 0.018 hr-1). However, when lactate is limited in their microen-

vironment, tumor cells will revert back to the Warburg phenotype and grow by uptaking

glucose while producing lactate (term 2 in Eqn (2.3), Fig. 2.2B top). Additionally, due to

the crucial role of glucose in biomass growth, we allow the tumor cells to stay quiescent

and to survive under hypoglycemic conditions (µhypogly = 1 ∗ 10−6 hr-1) by having lactate

and oxygen fuel its mitochondria to generate necessary energy for maintenance (term 3 in

Eqn (2.3)).The Reverse Warburg tumor cell is also sensitive to local oxygen concentration

(Fig. 2.2E). When oxygen becomes limited, it utilizes glucose in anaerobic fermentation
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to stay quiescent (term 4 in Eqn (2.3), (µana= 1 ∗ 10−6 hr-1), same as the Warburg tumor

cell, healthy stromal cells and the ”non-limited” tumor cells.

2.0.5 Cells in the hypothesis of glutamine addiction To explore the role of ”glu-

tamine addiction” in tumor cell growth, we made several assumptions based on the lit-

erature and created a ”glutamine-addicted” tumor cell. We defined glutamine-addicted

cancer cell growth as follows:

dXT

dt
= µaer

CG
KG + CG

CO
KO + CO

CN
KN + CN

XT + µhypogly
CG

KG + CG

KO

KO + CO

CN
KN + CN

XT

(2.4)

where N refers to glutamine, KN is the half saturation constant of glutamine and µhypogly

is the maximum growth rate under hypoglycemic condition. Specifically, the protein-coding

gene Myc has been found to be crucial in regulating glutamine uptake in these tumor cells.

When the tumor cell is Myc-positive, it becomes glutamine-addicted and cannot survive

without glutamine [24, 31]. Hence we consider our glutamine-addicted tumor cells as

Myc-positive tumor cells, meaning that these tumor cells cannot survive under glutamine

deprivation (No contribution to the biomass growth: not present in Eqn (2.4)). Aside from

the utilization of glutamine, another major difference between ”glutamine-addicted” tumor

cells and Warburg-like tumor cells is their metabolic phenotypes under oxygen limitation.

Demonstrated in Figure. 2F, when oxygen is limited, instead of switching to anaerobic

growth regime (e.g. in Warburg-like tumor cells), the glutamine-addicted tumor cells are

unable to uptake glutamine, thus unable to grow or survive under oxygen deprivation.

This is due to the requirement of oxygen in the utilization of glutamine (No contribution to

the biomass growth: not present in Eqn (2.4)). We also assume that under glucose de-

privation, the glutamine-addicted tumor cells are unable to proliferate. However, they can
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still generate energy and maintain redox through glutaminolysis as well as the oxidation

of glutamine, enabling the tumor cells to remain in a quiescent state (µhypogly = 1 ∗ 10−6

hr-1).

2.0.6 Impact of reaction-diffusion on tumor growth We first ask how diffusion-

limited transfer of metabolites within a multicellular tumor impacts population-scale growth.

We demonstrate the outcomes under the hypothesis of Warburg effect. In a tumor tissue,

multiple cellular populations are present, including the surrounding stromal cells. Where

the tumor cells initiate geographically in relation to the surrounding stromal cells poten-

tially results in different tumor growth dynamics. In these simulations, we want to capture

the dynamics of tumor initiating at various distances from the blood vessel, established

by introducing different layers of healthy stromal cells. As time progresses, distinct out-

comes evolve due to the availability of metabolites, glucose and oxygen, governed by

reaction-diffusion kinetics. We acknowledge the randomness in locations where tumor

cells evolve, thus random initial seeding is introduced to the simulations and multiple runs

were collected to perform statistical analysis. We implemented the two cell types, healthy

stromal cell and Warburg tumor cells in an axial set-up shown in Figure. 1B. This sce-

nario represents the local environment adjacent to a blood vessel (upper boundary). The

seeding of the two cell types allows the two cell types to co-exist in a resource-limited

microenvironment where local concentration of oxygen and glucose plays a role in their

metabolic phenotypes.

Fig. 2.3A shows the snapshots of tumor growth and the corresponding concentration

fields of metabolites at various time-points. n the colormaps of the concentration fields in

Fig. 2.3A, we see that when the tumor initiated closer to the source (top row with one layer

of stromal cells), the Warburg tumor cells had access to ample metabolites (red) to fuel
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their growth at early time (t = 0, (1)), at later time (t = 25 days, (2)), significant depletion of

both oxygen and glucose occurred, but the uppermost layer of tumor cells still benefited

from high metabolite concentrations. However, when the tumor initiated farther away

from the source (middle and bottom rows), the consumption by healthy stromal cells and

diffusion limited the metabolites available to the tumor cells, even at early times ((3),(5)).

This limitation persists until the Warburg tumor cells break through the stromal layer and

access higher concentrations of metabolites (((4),(6)).

Fig. 2.3B presents the trajectories of tumor growth of all simulation runs in each case.

These growth curves of Warburg tumor cells provide interesting insights on the dynamics

of tumor growth. In the case of 1 layer of healthy stromal cells, the growth of the Warburg

tumor cells is almost linear and consistent across random initial seeding conditions. This

suggests that the initial growth of tumor cells is not limited by the local concentrations

of metabolites. These tumor cells quickly break through the layers of stromal cells and

commit to the aerobic growth mechanism. After a short period of time, the tumor cells

that remained in the bottom eventually suffered from limited metabolites and switched to

quiescent state whereas the uppermost tumor cells continue to grow with constant and

ample amount of metabolites, which results in the completely linear growth curves.

Taking a closer look at the case of 3 layers of stromal cells, the tumor cell growth

curves are composed of two growth regimes, with the first one slower than the other. This

observation is reflected by the qualitative data in Fig. 2.3A (middle row): When the tumor

cells start to grow, the supply of metabolites to the tumor cells is limited by the reaction-

diffusion process that occurs before the metabolites can reach the tumor cells. Under

such condition, the biomass growth of tumor cells is dominated by anaerobic growth.

However, if any of the tumor cells experiences an intermediate level of metabolites, their

growth is compromised by both aerobic and anaerobic growth mechanisms (both terms
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in Eqn (2.1)), simultaneously. Eventually, although much longer in time than the case of

1 layer of stromal cells, this intermediate growth rate leads tumor cells to break through

the layers of stromal cells, gaining direct access to metabolites, and switch to the aerobic

growth regime, which results in the much faster linear second half of the growth curve.The

growth of tumor cells is limited the most in the case when 5 layers of stromal cells are

seeded. As indicated by the growth curves in Fig. 2.3B, the tumor cells did not break

through until after 100 days.

Due to the randomness of initial seeding, the probability and time for tumor cells to

grow to break through the layers of stromal cells varies. This variation propagates with

time, as indicated by different switch time in the growth trajectories in both cases of three

layers and five layers of stromal cells. Together, the qualitative and quantitative results

obtained from the simulations indicate the importance of tumor initiation sites in relevant to

the source of metabolites. The deeper tumor cells initiate in the tissue (further away from

source of metabolites), the less advantage they have to grow due to resource limitation.

We further investigated whether Warburg effect confers a better fitness to tumor cells

when confined in a nutrient-limited microenvironment. Although all three different types of

tumor cells explored here are growing at the same maximum aerobic growth rate, due to

different flux distributions of metabolites, tumor cells with higher Warburg Number utilize

oxygen more efficiently and have worse utilization of glucose. We performed agent-based

simulations confining these different tumor cells in the same axial set-up shown in Fig.

2.1, where tumor cells initiate at various depths in the tissue imposed by different layers

of stromal cells. Fig. 2.4A-C presents the comparison of growth curves of tumor cells

in three different cases where thickness of stromal cells varies. Surprisingly, the growth

curves of tumor cells with higher Warburg Number rises above the one of the non-limited

tumor cells in almost all cases, especially for tumor cells with Warburg Number of 10 (Fig.
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2.4A-C).

In reality, tumors always initiate in tissue composed of different cellular structures

where nutrients can become limited. Our results suggest that Warburg effect provide

growth advantage to the tumor cells under resource limitations. To explain such obser-

vation, we first extracted concentration of metabolites experienced by tumor cells at early

time points. We present such information as a percentage of the maximum concentra-

tion (in blood source) of oxygen and glucose at the beginning of simulations shown in

Fig. 2.4D. It’s very clear that the disparity in the availabilities of the two metabolites is

the largest in the case of 1 layer of stromal cells, with glucose more readily available to

the tumor cells. As the number of layers of stromal cells increases, the difference in the

availabilities of the two metabolites decreases accordingly, allowing tumor cells to gain

more access to oxygen and less access to glucose. This observation suggests a more

important role of oxygen in the biomass growth and we will come back to this discussion

later. Additionally, it points to a relationship between the biomass growth of tumor cells

and the difference in concentrations of the two metabolites. Indeed, it is a combined con-

tribution from the two metabolites that governs the overall biomass growth of the tumor

cells, according to our definition of biomass growth of tumor cells in Eqn (2.1). To demon-

strate this point, we present the product of Monod forms of oxygen and glucose under

aerobic condition in Fig. 2.4E. This product is represented by the 1st term in Eqn (2.1)

and acts as a factor to the maximum growth rate of tumor cells: The higher the product is,

the faster the tumor cells grow. Comparing across the three scenarios with different layers

of stromal cells, the scenario with 1 layer of stromal cells allows tumor cells to have the

fastest growth rate initially (Fig. 2.4E, 1 layer of stromal cells). This observation explains

the fast breakthrough of the tumor cells that scenario and hence the almost linear growth

regime shown in Fig. 2.3B. As the number of layers of stromal cells increases, the Monod
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product decreases accordingly, resulting in slower growth rates of tumor cells, which in

turn led to longer period of time for tumor cells to break through, captured in Fig. 2.3 (3

and 5 layers of stromal cells).

Additionally, in all three scenarios presented in Fig. 2.4E, the tumor cells with Warburg

Number of 10 has the largest Monod product. This result explains the trends in growth

curves shown in Fig. 2.4A-C that the ones of tumor cells with Warburg Number of 10 grow

faster over all the others. We now discuss whether oxygen plays a more important role

in governing the growth of tumor cells under the Warburg effect hypothesis by turning to

the calculation of Krogh lengths. The Krogh lengths of metabolites are obtained based

on zeroth order consumption by tumor cells and diffusion limitation. Zeroth order kinet-

ics, although a crude estimation, it nevertheless captures the dynamics when medium to

high concentrations of metabolites are present. Fig. 2.4F shows the changes in Krogh

lengths of oxygen and glucose according to increase in Warburg Number. At low War-

burg Numbers, Krogh length of oxygen is smaller which indicates that the growth of tumor

cells is limited by local concentration of oxygen. As Warburg Number increases, Krogh

length of oxygen increases accordingly whereas Krogh length of glucose decreases more

drastically. Interestingly, the Krogh lengths of oxygen and glucose intersect at Warburg

Number of 10, which suggests that tumor cells with Warburg Number of 10 experience

similar concentrations of the two metabolites. Such insight is reflected in the simulation

results. Shown in Fig. 2.4D, in the scenarios with 1 and 3 layers of stromal cells, tumor

cells experience relatively high to medium concentrations of metabolites due to less con-

sumption by stromal cells. Under such microenvironments, being more Warburg-like by

having a higher Warburg Number beyond 10 does not provide better growth advantage

to the tumor population (Fig. S2). This observation implies that tumor cells have the best

growth fitness at Warburg Number of 10 when exposed to medium to high level of metabo-
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lites. Together with the calculation of Krogh lengths, we suggest that there is an optimal

Warburg-like metabolic phenotype tumor cells can adopt when resource is not severely

compromised. On the other hand, when we computed the growth curves of tumor cells

with even higher Warburg Number (e.g. 22, 34) in the case of 5 layers of stromal cells(Fig.

S2), the growth of tumor cells with higher Warburg Number appears to be faster than the

one of tumor cells with Warburg Number of 10, only at pre-breakthrough period.

In this event, tumor cells are initiating deeper in the tissue, which makes them suffer

from relatively low concentration of oxygen initially. By adopting a metabolic phenotype

with higher Warburg Number limits the use of oxygen and potentially preserve oxygen at

the population scale. We infer that tumor cells potentially work cooperatively to gain better

population-scale fitness and such mechanism could be an evolutionary outcome wherein

a mitochondrial capacity exists in tumor cells. Considering that the growth of healthy

stromal cells and tumor cells requires both oxygen and glucose, it is a direct competitive

interaction between the two. As the reproduction (proliferation) rate of tumor cells is much

faster than that of healthy stromal cells, tumor cells ought to be the superior competitor in

the competition.

2.0.7 Reverse Warburg In the past couple of years, a new hypothesis in cancer metabolism

has been emerging, the Reverse Warburg effect. [23, 44, 45, 47, 63]. The Reverse War-

burg effect has been observed experimentally and proposed to be a new therapeutic

target to treat cancer. It can be explained as such: Tumor cells hijack stromal cells to

commit to aerobic glycolytic phenotype in which they uptake glucose and produce lactate

(Fig. 2.2D), the hypoxic tumor cells undergo anaerobic growth to produce lactate (Fig.

2.2E bottom), and the oxygenated tumor cells (Fig. 2.2E top) uptake lactate produced by

hijacked stromal cells and hypoxic tumor cells to fuel their mitochondria, leaving most of
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the glucose to the stromal cells and hypoxic tumor cells. By having this kind of coopera-

tive behaviors between the two cells, it is referred as a symbiosis from the perspective of

population ecology.

To study the population-scale outcome of Reverse Warburg effect under resource lim-

itation, we performed agent-based simulations by imposing the Reverse Warburg tumor

cells and hijacked stromal cells in the same set-up as described previously (Fig. 2.1, ax-

ial). We then compare and present in Fig. 2.5 the growths curve of tumor cells under the

hypothesis of Reverse Warburg effect to that of Warburg effect (WN = 2). Under 1 layer

of stromal cells, tumor cells in both hypotheses have good access to the metabolites.

However, the Warburg effect led to a faster overall growth rate of tumor cells compared to

the Reverse Warburg effect (Fig. 2.5A). Looking at Fig. 2.5B, similar to what we have ob-

served previously in Warburg effect, a two-phase growth profile is present here in Reverse

Warburg effect with 3 layers of stromal cells. As tumor cells grow to break through layers

of stromal cells, the uppermost layer of tumor cells gains better access to metabolites,

resulting in a 2nd growth regime similar to the case of 1 layer of stromal cells. Thus, in

the case of three layers of stromal cells, Warburg tumor cells again grow at a faster rate

than Reverse Warburg-like tumor cells.

However, the case with 5 layers of stromal cells present the opposite trend of growth

between Warburg effect and Reverse Warburg effect, shown in Fig. 2.5C. According to

the averaged growth curve, tumor cells in Reverse Warburg have better chance of break-

ing through and present faster growth rate overall in the time frame of our simulations.

To explain these distinct simulation outcomes, we first extracted the concentrations of

metabolites that tumor cells experience at early stages under each case. As explained

earlier in the hypothesis of Warburg effect, the percentages of maximum concentration

(percent Max. Conc.) of oxygen and glucose for Reverse Warburg tumor cells are com-
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puted and compared individually with the ones for Warburg tumor cells. Shown in Fig.

2.5D, the percent Max. Conc. of oxygen in Reverse Warburg effect is consistently higher

than the one in Warburg effect in all three cases whereas the percent Max. Conc. of

glucose follows the opposite trend. This result indicates that comparing to the Warburg

effect, the tumor cells in the hypothesis of Reverse Warburg effect have better access

to oxygen and less access to glucose. This is a result of the altered metabolic pheno-

type of the hijacked stromal cells. They undergo aerobic glycolysis to reserve oxygen for

tumor cells in the deeper tissue but consume glucose to fuel maintenance. Because of

the increased uptake of glucose in hijacked stromal cells, glucose becomes slightly more

exhausted in Reverse Warburg compared to Warburg effect.

We further calculated the Monod product of the limiting metabolites (glucose, oxygen

and lactate) for Reverse Warburg tumor cells under aerobic conditions (term 1 + 2 in Eqn

(2.3)) and compared it to the Monod product for Warburg tumor cells with WN of 2. The

comparison is present in Fig. 2.5E. In all three cases, the Monod product of Reverse

Warburg tumor cells is larger than that of Warburg tumor cells, which means that the

Reverse Warburg tumor cells have growth advantage over the Warburg tumor cells at

initial growth stage and better chance of breaking through. This effect is amplified in the

case of 5 layers of stromal cells (Fig. 2.5C) as tumor cells initiate deeper in the tissue

and require longer period of time to grow to break through. However, the bulk growth

dynamics in Fig. 2.5A-B cannot be explained by the results shown in Fig. 2.5D and

5E as in the case of 1 and 3 layers of stromal cells, the tumor cells break through very

quickly and regain direct access to higher concentrations of metabolites. Hence, the initial

concentrations of metabolites that tumor cells experience are not sufficient to explain the

full growth dynamics in these cases. Therefore, we further calculated the Krogh lengths

of metabolites based on zeroth order kinetics of tumor cells. These results are shown in
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Fig. 2.5F and compared to the Warburg effect (WN = 2). As illustrated in Fig. 2.5F, the

Krogh length of oxygen is much shorter than that of glucose in both hypotheses, which

makes oxygen the more limiting metabolite that governs the tumor growth. Comparing

the Warburg effect and the Reverse Warburg effect, it is clear that the Krogh length of

oxygen in Warburg effect is longer which indicates that the Warburg tumor cells consumes

oxygen more efficiently to grow, population-wise. This population-scale effect governs the

biomass growth dynamics when tumor cells initiate in medium to high concentrations of

metabolites (e.g. under 1 and 3 layers of stromal cells, Fig. 2.5A and 5B): As tumor

cells quickly break through layers of stromal cells, they attain direct access to metabolites

and thus experience medium to high level of concentrations of metabolites. Under these

circumstances, because oxygen is more limited in the tumor microenvironment, the tumor

cells under Warburg effect consume less oxygen, allowing them to have better growth

advantage over Reverse Warburg effect, captured in Fig. 2.5A and 5B.

Judging from our observations of the simulation results, based on our interpretation

of Reverse Warburg effect, we hypothesize that the symbiosis that lies in the Reverse

Warburg effect could provide growth advantage to tumors that initiate farther away from

blood vessels.

2.0.8 Glutamine Addiction Glutamine addiction has been recognized as one of the

most important hypotheses in the field of cancer metabolism. Although glutamine addic-

tion is not observed in all tumor cells, glutamine as a key substrate for anabolic growth

of mammalian cells has become an emerging hallmark of cancer metabolic rewiring

[21, 24, 64, 65]. Glutamine has been reported repeatedly to be consumed by cancer

cells via glutaminolysis to replenish TCA cycle (a process called anaplerosis). It plays

an important role in cancer cell survival by providing redox balance, specifically NADPH

22



production and ATPs under glucose deprivation [24]. Thus, glutamine is often considered

as an alternative substrate for glucose in energy metabolism in tumor cells. However, it is

well characterized that the growth of tumor cells is hindered under glucose depletion due

to the dependence on glycolysis and Pentose Phosphate Pathways (PPP), suggesting a

coupled utilization of glucose and glutamine in cancer metabolism [64].

Since it is not obvious that the Warburg effect and the glutamine addiction are two

mutually exclusive hypotheses, we created the glutamine-addicted tumor cells by adding

the dependence of glutamine to the previously defined Warburg tumor cells. We im-

posed the uptake rate of glutamine to be 30 percent (Fan2013) of that of glucose. Hence,

glutamine-addicted tumor cells utilize both glucose and glutamine as their carbon source

to grow, shown in Fig. 2.2F. Fig. 2.6A-C present the comparison of tumor growth be-

tween Warburg-like tumor cells and glutamine-addicted tumor cells. The growth advan-

tage of Warburg-like tumor cells is present in all three cases. Such superiority in growth

for Warburg-like tumor cells increases as tumor cells initiate deeper and deeper in the

tissue (from 1 layer to 5 layers of stromal cells). From an ecological perspective, we

hypothesize that glutamine-addicted tumor cells expand their niche (a description of the

ecological space occupied by a species)[66] by including glutamine as a second carbon

source, making them a more generalist compared to Warburg-like cancer cells (specialist

in this case, with glucose as the only carbon source). Ideally, when glucose becomes

limited, the glutamine-addicted cancer cells becomes better colonizer due to their less

dependency on glucose by utilizing glutamine as the carbon source to produce energy for

growth and survival.

However, when we looked at the simulation results in Fig. 2.6A-C, the ability to uti-

lize glutamine does not provide glutamine-addicted tumor cells growth advantage. This

observation can be explained: From FBA results, glutamine-addicted tumor cells uptake
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much less glucose compared to Warburg-like tumor cells under aerobic growth regime,

compensated by glutamine. This phenotypic trait is reflected in the higher concentration

of glucose experienced by glutamine-addicted tumor cells initially in Fig. 2.6D as well

as the calculation of Krogh length of glucose in Fig. 2.6F. However, the uptake rate of

oxygen for glutamine-addicted tumor cells to grow is higher due to the lower oxygen uti-

lization efficiency for glutamine compared to glucose, leading to a much faster exhaustion

of oxygen, also captured by the oxygen concentration in Fig. 2.6D and 6F. When we

compared the Monod products of tumor cells in the hypothesis of Glutamine addiction to

that of Warburg effect under aerobic conditions (Fig. 2.6E), it is clear that Warburg effect

provides the tumor cells higher growth rate at initial stages and thus higher chance of

breaking through to gain better access to metabolites. After the tumor cells break through

the layers of stromal cells and regain better access to the metabolites, the overall tumor

growth is governed by the limiting metabolite, which in this case is oxygen according to

the calculations of Krogh lengths (Fig. 2.6F).

Since the glutamine-addicted tumor cells have stronger dependence on oxygen to

grow, as oxygen becomes depleted, glutamine-addicted tumor cells are unable to utilize

glutamine, hence impairing their growth. Based on our assumptions and results, we infer

that unless glutamine-addicted tumor cells utilize oxygen at a similar efficiency as War-

burg tumor cells, which can be achieved by adopting a metabolic phenotype with higher

Warburg Number (e.g. being MYC-positive allows tumor cells to have even higher gly-

colytic rate [67], it’s unlikely that glutamine addiction is exploited by tumor cells to improve

fitness. Nevertheless, we did observe an interesting outcome from the FBA analysis re-

garding the use of glutamine by the tumor cells. When we fix the oxygen uptake rate

and try to maximize the tumor growth rate by enabling the network to use glutamine as a

carbon source, the tumor growth rate reached a higher value when uptake of glutamine is
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allowed. The uptake of glutamine is accompanied by higher rates of glycolysis and lactate

production. We propose that glutamine addiction could act as a metabolic trait in addition

to Warburg effect for tumor cells to acquire in order to grow faster.

2.0.9 Calculation of Krogh lengths with stromal cells After performing the 1D simu-

lations, we obtained Krogh lengths of metabolites with stromal cells in the aforementioned

hypotheses. Here, we are only concerned with the Krogh lengths due to diffusion and con-

sumptions of stromal cells under aerobic growth conditions. Doing so allows us to provide

insights on the dynamics of tumor initiation when constrained spatially to experience var-

ious concentrations of metabolites. We identified the limiting metabolite in the case of

Warburg effect and Glutamine Addiction is oxygen as its Krogh length is 40 µm, shorter

compared to that of glucose, 160 µm. This is equivalent to roughly 3-4 layers of healthy

stromal cells. However, the limiting metabolite in the case of Reverse Warburg effect is

glucose, with a Krogh length of 50 µm, equivalent to roughly 4-5 layers of hijacked stro-

mal cells. Although the limiting metabolites are different among these hypotheses, the

Krogh lengths turn out to be roughly the same length scale, calculated based on the dif-

fusion coefficients, physiological concentrations in the blood etc. This suggests that there

lies a fundamental length scale that regulates the physiology of metabolism. Based on

the Krogh lengths in Warburg effect and Reverse Warburg effect, we conclude that tumor

cells in the hypothesis of Reverse Warburg have better fitness when initiating deeper in

the tissue.

2.0.10 Two-dimensional simulations We also investigated the 2D growth in all of the

hypotheses. Fig. 2.7 shows that the 2D tumor growth resembles the 1D growth trends

in all three hypotheses. As the number of layers of stromal cells increases, the growth

of tumor cells becomes more compromised due to less access to the metabolites. In
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the case of 1 layer of stromal cells, Warburg effect confer tumor cells the best growth

fitness. Such advantage is being carried through to the case of 3 layers of stromal cells.

However, in the case of 5 layers of stromal cells, tumor cells are initially buried deeper

in the tissue. The Reverse Warburg hypothesis clearly provides tumor cells significant

growth advantage initially and allows the tumor to initiate and eventually grow to break

out at a much faster rate. These observations of 2D simulations are coherent with the 1D

simulations.

Additionally, the 2D tumor growth presents an interesting lobe structure in the Reverse

Warburg effect. This phenomenon has been previously reported [36].We suspect that this

is an outcome of moderate substrate availability at the forefront of tumor growth.

2.0.11 Conclusion

Based on our observations, the growth curves captured in all phenotypes of tumor cells

in our spatially resolved model (semi-exponential followed by linear growth) are compat-

ible with the experimentally observed growth of avascular solid tumor. Previous studies

contribute the linear growth regime to available space for growth and cell diffusion on the

edge of the tumors [28, 68]. Without the consideration of spatially resolved limitations

of metabolites, the tumor growth remains exponential as all tumor cells have access to

ample metabolites to fuel growth.Here we show that both the semi-exponential and the

linear growth regimes can be explained by the metabolite availability. Additionally, our

tissue-scale simulation results suggest that under the hypothesis of Warburg effect, there

seems to exist an optimal Warburg phenotype for tumor cells when experiencing medium

to high concentrations of metabolites. However, when resource is extremely limited, ei-

ther through deprivation or due to site of initiation, the more Warburg-like tumor cells can
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be, the better growth fitness they retain. We further conclude that the Reverse Warburg

effect does act as a symbiosis, though only when tumor cells initiate deeper in the tissue

and away from a blood vessel. Additionally, our interpretation of glutamine addiction does

not confer a growth advantage to tumor cells due to the oxygen-dependent glutamine

metabolism. We propose that the hypotheses of Warburg effect and glutamine addiction

are not mutually exclusive in that glutamine addiction could potentially be an additional

metabolic trait that tumor cells acquire during tumorigenesis to grow more aggressively.

Our study provides a computational platform to systematically test the existing hy-

potheses in the field of cancer metabolism and can be exploited as a guide to inform

design of experiments in the future.

2.0.12 Methods

Modeling biomass production using a stoichiometric model. The Flux Balance Analysis

(FBA) is a coarse-grained, modeling approach that constrains the metabolic network by

using a steady state approximation by balancing the metabolic flux around each metabo-

lite. The mass balance of the network can be described by a set of linear equations as

follows:

Sv = b (2.5)

where S is the stoichiometric matrix of the reactions with the dimensions of m rows and

n columns, representing the number of metabolites and reactions respectively [69]. The

mathbfv represents the flux of all the reactions within the network, while mathbfb is the

change in species per time.

FBA is a tool to inform input and output flux distributions of substrates in a cellular
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network based on objective functions and constraints, under the assumptions of steady

state and optimality. In our case, the central carbon metabolism of human was con-

structed with 139 reactions and 92 metabolites. Of those 139 reactions: 16 consist of

boundary exchange of metabolites such as uptake and secretion, 12 consist of mitochon-

drial exchange of metabolites and 1 biomass function. An objective function (Z, often

minimizing or maximizing a flux) is used to solve the system of underdetermined linear

system. The biomass production was modeled by introducing a template reaction for

growth in the human model: this reaction was adapted from the Shlomi et al. genome-

scale model that consists of 30 biomass compounds including amino acids (0.78 g/g-DW),

nucleotides (0.06 g/g-DW), and lipids (0.16 g/g-DW). These biomass requirements were

lumped and reduced to their precursors (for example equivalence of ribose-5-phosphate

and co-factors was in place of nucleic acid). Using our reduced biomass function, our glu-

cose yields (glucose uptake to biomass production) matched closely with that of Shlomi

and coworkers’.

To test these hypotheses via FBA, we assumed that tumor cells are optimized to grow.

In addition, we assumed the time-scale of mammalian metabolism occurs at a time-scale

that is magnitudes faster than signaling and the cell cycle, allowing pseudo steady state

assumptions in FBA. Therefore, it is reasonable to assume that the metabolism is at

pseudo steady state and thus appropriate to use FBA in our case as both the steady

state and optimality assumptions are met.

2.0.13 Accounting for constraints and objectives The constraint-based model con-

tains upper and lower constraints for both the flux and the species variables. The rate of

change of intracellular metabolite was constrained at zero due to the pseudo steady state

approximation, while rate of change of extracellular metabolite are constrained according
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to theoretical maximum. The FBA will solve for a set of flux distribution satisfying the

objective function within those constraints. The interpretation and assumptions of unique

constraints and objective functions for each hypothesis is discussed below.

2.0.14 Warburg Effect Stromal Cell Constraints For healthy stromal cells, the objec-

tive function was implemented to maximize the growth rate using a theoretical maximum

growth rate 1 0-6 hr-1 to represent the lack of growth due to cell cycle regulation. Fig.

2.7 shows an optimized flux distribution that represents our interpretation of a stromal cell

using the constraints above.

Warburg-like Tumor Cell Constraints Based on our findings in literatures [61, 62], we

chose to set the objective function to maximize growth rate while imposing a maximum

growth rate of 0.018 hr-1 with a Warburg Number (the ratio of pyruvate transport into

the mitochondria to that of lactate production) of 2. Due to the optimality of the Simplex

Algorithm, the optimized solution is that of a set of possible associated with the set of con-

straints. Therefore, additional constraints are needed to determine additional solutions.

For instance, without any addition constraints, oxidative phosphorylation is utilized for 100

percent of the time for energy, which matched the findings of Shlomi and coworkers [43].

Additional constraints on the fluxes are required to determine a set of flux distribution that

includes lactate production to meet a Warburg Number of 2. Since the Warburg Num-

ber is a ratio of the production of lactate to the mitochondrial transports of pyruvate, the

constraint is non-linear and cannot be explicitly applied in the FBA. We used an iterative

process that maintained the linearity of the problem by incrementally increasing the lower

bound of lactate production until the Warburg Number of 2 was reached. The flux distribu-

tion for the optimized Warburg solution is shown in Fig. 2.7 where the lactate production

was incrementally increased from zero until a Warburg Number of 2 is reached.
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Glutamine Addition Glutamine-addicted tumor cell constraints For the glutamine-addicted

tumor cells, we made the assumption that a glutamine to glucose uptake rate of 1:3 [62]

In addition, to maintain consistency with the Warburg effect hypothesis, we continued to

impose a Warburg Number of 2 as done previously. The FBA result of our interpretation

of a glutamine-addicted cell is shown in Figure 8 below.

Reverse Warburg Hypothesis Reverse Warburg-like tumor cell Constraints Tumor cell

with the Reverse Warburg (RW) phenotype was believed to uptake lactate as an alter-

nate substrate. This phenomenon would inhabit the microenvironment cooperatively to

benefit the total tumor survival. To interrogate this hypothesis, we made a course-grained

assumption that the Reverse Warburg cells would uptake as much lactate as possible so

that the glucose can be utilized by Warburg cells that are oxygen deficient. The objective

function was chosen to minimize glucose in order to utilize lactate to its full capacity. In

addition, the growth rate was fixed at the theoretical maximum to keep a consistent set of

parameters for comparison between the hypotheses.

Hijacked Stromal Cell Constraints An additional hypothesis of the Reverse Warburg

hypothesis believes that stromal cells are hijacked to undergo aerobic glycolysis for the

production of lactate. Based on survival advantages, we believe this is to provide lactate

for the RW cells with lactate and oxygen. Therefore, we used an objective function to

minimize oxygen uptake rate, with a hardbound growth rate at its minimum of 1 0-6 hr-1.

The optimized FBA result of our interpretation of RW cells is shown in Figure 8 below.

2.0.15 Agent- Based Model - iDynomics iDynoMiCS is an individual-based model-

ing platform built in Java in the aim of studying microbial biofilms. It allows computation

of diffusion-reaction kinetics at individual cell level and has multiple built-in kinetic mecha-

nisms. Additionally, iDynoMiCS treats the cell movement through two mechanisms, shov-
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ing at a local scale and pressure calculation based on Darcy’s law at global scale. Since

no cell death mechanism is integrated, the shoving is the primary mechanism that gov-

erns the cell movement in our use of iDynoMiCS. Basically, the shoving is achieved by

a relaxation algorithm to avoid overlapping. This mechanism is propagated through cells

until the number of cells that are still moving is negligible, a process that is considerably

random [1].

In our case, since we are explicitly interested in studying how diffusion-reaction ki-

netics impacts the tumor growth under various hypotheses on cancer metabolism with

no specific consideration of molecular guidance for cell movements, iDynoMiCS serves

as a great platform for such applications. For each simulation, two compartments in the

computational domain need to be defined: the ”tank” and the ”biofilm”. In our case, the

tank serves as the source of metabolites, which is essentially the blood stream that the

tissue exchanges nutrients with. Hence, the concentrations of metabolites are defined

such that they represent the physiological concentrations of metabolites in human blood

stream. On the other hand, the ”biofilm” defines the domain where the metabolites un-

dergo diffusion-reaction process and in which the cells grow. Multiple boundary conditions

such as ”zero-flux” can be applied to the biofilm compartment to allow different simulation

set-up. For example, in our 1-D simulations, we allowed the exchange of metabolites be-

tween the cells (”biofilm”) and the blood stream (”tank”) to be only at the top of the domain

by having zero-flux boundary condition at the bottom of the domain and cyclic boundary

conditions on the sides and in the 3rd dimension. Additionally, we selected a resolution

of solving reaction-diffusion kinetics to match individual cell size ( 10 µm) and a bound-

ary layer thickness to be about one cell size, 10 µm, to represent the thickness of blood

vessels. Note that in iDynoMiCS, only diffusion governs the local concentration within the

boundary layer. Once the computational domain is defined, we then specify the reactions
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that govern the cell growth. In each reaction, a kinetic form is chosen and parameters

such as maximum growth rate are defined accordingly. Cell types are then defined and

each reaction is categorized into different cell types. Reactions that are under the same

cell type work additively to govern the cell growth.

2.0.16 Construction of compartment model The compartment model considers the

simplest diffusion-reaction process that governs cell growth based on zeroth order kinet-

ics. We utilized the compartment model in two ways. When we aim to extract information

on the optimal Warburg-like phenotype, we calculated the Krogh lengths of metabolites

based on pure tumor cells. However, when we compare the initial dynamics of tumor

growth under different spatial distributions by imposing stromal cells, we calculated the

Krogh lengths of metabolites based on pure stromal cells. We omit the consumption con-

tributed by anaerobic growth of the cells and only consider the aerobic growth regime

since once the cells switch to anaerobic growth regime, they are essentially quiescent,

which impact the concentration field much less due to the extremely slow growth rate.

The construction of the compartment model can be illustrated as such in Fig. 2.11

We made steady state assumption and that led to a governing equation shown above

based on zeroth order reaction kinetics of cells. Boundary conditions were applied to ob-

tain Krogh length and whichever is shorter will play a more significant role in determining

the growth dynamics of tumor cells.

32



Fig. 2.1: Multi-scale modeling of cancer metabolism. Intracellular scale (top): Flux Balance Analysis (FBA).
The arrows represent fluxes of transport of species within intracellular or between intracellular and extra-
cellular spaces and the production of biomass. (1) Warburg effect: The distinct traits of Warburg effect lie
in the high glycolytic flux and lactate production, illustrated by the arrows. (2) Reverse Warburg: Indicated
by the arrow, the most distinguished character of Reverse Warburg hypothesis is the uptake of lactate by
tumor cells. (2) Glutamine addiction: Glutamine-addicted tumor cells uptake glutamine as the one of the
main carbon sources to replenish TCA cycle to grow. Intercellular scale (bottom): Governing equations are
informed by FBA through yield coefficients to define the metabolic rates of metabolites due to consump-
tion/production by the cells (left) and the biomass growth rate (right) within two-dimensional agent-based
models. Agent-based model: The simulation recapitulates the tumor growth via growth of individual cells.
The cell phenotypes are defined by different governing equations following Monod-like kinetics parameter-
ized based on FBA. Cells are treated as hard spheres that move based on steric interactions with each
other, via built-in pressure calculation based on Darcy’s law [1]. Layers of cells start at the bottom and grow
towards the top while the source (blood vessel) moves along with the top layer of cells. Axial model: A
tumor that initiates near a blood vessel has access to metabolites such as glucose and oxygen in the blood
stream. As the tumor grows, concentration gradients of metabolites become significant, making the tumor
growth a diffusion-limited process that can result in different growth dynamics as well as distinct spatial
distribution of subpopulations. Radial model: Tumor cells grow two-dimensionally and expand as a cross
section of a spheroid. Metabolites are being transported into the domain from all four directions. Krogh
length calculation: We assume that cells grow with zeroth order kinetics as opposed to the more complete
Monod-like growth kinetics in the agent-based model. Metabolites enter diffuse into the domain from the
top and Krogh lengths of metabolites are calculated based on steady state assumption.33
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Fig. 2.2: Metabolic profiles of various cell types in different hypotheses. (A) Healthy stomal cells: Normoxic
stromal cell is quiescent and aerobic (use mainly OXPHOS to generate ATP to maintain). Hypoxic stromal
cell is quiescent and anaerobic (use primarily glycolysis to generate ATP to maintain). (B) Warburg cell:
Normoxic Warburg tumor cell is highly proliferative, aerobic and undergo aerobic glycolysis (use mainly
glycolysis to generate ATP to grow). Hypoxic Warburg tumor cell is quiescent and anaerobic (use glycolysis
to generate ATP to maintain). (C) ”Non-limited” tumor cell: Normoxic ”non-limited” tumor cell is highly pro-
liferative and aerobic (use mainly OXPHOS to generate ATP to grow). Hypoxic ”non-limited” tumor cell is
quiescent and anaerobic (use glycolysis to generate ATP to maintain). (D) Hijacked stromal cell: Normoxic
hijacked stromal cell is quiescent and undergo aerobic glycolysis (use mainly glycolysis to generate ATP
to maintain). Hypoxic hijacked stromal cell is quiescent and anaerobic (use mainly glycolysis to maintain).
(E) Reverse Warburg tumor cell: Normoxic Reverse Warburg tumor cell is highly proliferative and aero-
bic, however utilize OXPHOS to generate ATP to grow fueled by lactate and oxygen instead of undergoing
glycolysis with glucose. Hypoxic Reverse Warburg tumor cell is quiescent and anaerobic (use mainly gly-
colysis to maintain). (F) ”Glutamine-addicted” tumor cell: Normoxic ”glutamine-addicted” tumor cell is highly
proliferative and aerobic, instead of utilizing glucose in glycolysis, it undergoes OXPHOS to generate ATP to
grow fueled by glutamine and oxygen. Hypoxic ”glutamine-addicted” tumor cell is quiescent and anaerobic
(use mainly glycolysis to maintain).
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Fig. 2.3: Agent-based model of growth of Warburg tumor cells as a function of resource limitations in a
perivascular tissue. (A) Predictions of simulations: Snapshots of tumor growth and concentration fields of
metabolites at 0, 15 and 30 days. Tumor initiates with various numbers of layers of healthy stromal cells
separating them from the blood. (C) Growth trajectories of tumor cells from simulations in all three cases.
(1): time = 0 day. (2): time = 25 days. (3): time = 25 days. (4): time = 50 days. (5): time = 50 days. (6):
time = 200 days.
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Fig. 2.4: Logistics of Warburg-like tumor cells and ”non-limited” tumor cells. (A-C) Comparisons of growth
curves across Warburg-like tumor cells with Warburg Number of 2, Warburg Number of 10 and ”non-limited”
tumor cells (Control) with 1, 3 and 5 layers of stromal cells on top, respectively. (D) Percentage of the
maximum concentration of metabolites at initial stage experienced by tumor cells. (E) Monod product of the
averaged concentrations of oxygen and glucose under aerobic condition (term 1 in Eqn (2.1)). (F) Krogh
lengths of oxygen and glucose based on consumption of tumor cells vs. Warburg Number. Red: Control.
Black: Warburg tumor cells with Warburg Number of 2. Blue: Warburg tumor cells with Warburg Number of
10. N = 11. Solid line: Oxygen. Dotted line: Glucose.
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Fig. 2.5: Reverse Warburg Effect: (A - C) Comparison of growth curves of tumor cells between the Warburg
effect and Reverse Warburg effect when 1, 3 and 5 layers of stromal cells is imposed in between the
source and tumor cells, respectively. (D) Percentage of the maximum concentration of metabolites at initial
stage experienced by tumor cells. (E) Comparison of the Monod product of the averaged concentrations
of oxygen, glucose and lactate (term 1+2 in Eqn (2.3)) for Reverse Warburg tumor cells and the Monod
product of the averaged concentrations of oxygen and glucose for Warburg tumor cells (term 1 in Eqn (2.1))
under aerobic conditions. (F) Comparison of the Krogh lengths of oxygen and glucose between Warburg
effect (WN = 2) and Reverse Warburg effect. Black: Warburg tumor cells. Orange: Reverse Warburg tumor
cells. N = 11.
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Fig. 2.6: Glutamine Addiction: (A - C) Comparison of growth curves of tumor cells between the Warburg
effect and Glutamine addiction when 1, 3 and 5 layers of stromal cells is imposed in between the source
and tumor cells, respectively. (D) Percentage of the maximum concentration of metabolites at initial stage
experienced by tumor cells. (E) Comparison of the Monod product of the averaged concentrations of oxy-
gen, glucose and glutamine (term 1 in Eqn (2.4)) for Glutamine-addicted tumor cells and the Monod product
of the averaged concentrations of oxygen and glucose for Warburg tumor cells (term 1 in Eqn (2.1)) under
aerobic conditions. (F) Comparison of the Krogh lengths of oxygen and glucose between Warburg effect
(WN = 2) and Glutamine addiction. Black: Warburg tumor cells. Green: Glutamine-addicted tumor cells. N
= 11.
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Fig. 2.7: : Two-dimensional simulation results at end-time point = 100days: Comparison of the three
hypotheses with 1, 3 and 5 layers of stromal cells on top, respectively.
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Fig. 2.11: The construction of the compartment model.
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CHAPTER 3

REDUCED ORDER MODELING AND ANALYSIS OF THE HUMAN COMPLEMENT

SYSTEM

Abstract

Complement is an important pathway in innate immunity, inflammation, and many disease

processes. However, despite its importance, there have been few validated mathematical

models of complement activation. In this study, we developed an ensemble of experi-

mentally validated reduced order complement models. We combined ordinary differential

equations with logical rules to produce a compact yet predictive complement model. The

model, which described the lectin and alternative pathways, was an order of magnitude

smaller than comparable models in the literature. We estimated an ensemble of model

parameters from in vitro dynamic measurements of the C3a and C5a complement pro-

teins. Subsequently, we validated the model on unseen C3a and C5a measurements

not used for model training. Despite its small size, the model was surprisingly predictive.

Global sensitivity and robustness analysis suggested complement was robust to any sin-

gle therapeutic intervention. Only the knockdown of both C3 and C5 consistently reduced

C3a and C5a formation from all pathways. Taken together, we developed a reduced order

complement model that was computationally inexpensive, and could easily be incorpo-

rated into pre-existing or new pharmacokinetic models of immune system function. The

model described experimental data, and predicted the need for multiple points of thera-

peutic intervention to fully disrupt complement activation.
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Introduction

Complement is an important pathway in innate immunity. It plays a significant role in

inflammation, host defense as well as many disease processes. Complement was dis-

covered in the late 1880s where it was found to ’complement’ the bactericidal activity

of natural antibodies [70]. However, research over the past decade has shown the im-

portance of complement extends beyond innate immunity. For example, complement

contributes to tissue homeostasis [71], and has been linked with several diseases includ-

ing Alzheimers, Parkinson’s, multiple sclerosis, schizophrenia, rheumatoid arthritis and

sepsis [72, 73]. Complement also plays positive and negative roles in cancer, attacking

tumor cells with altered surface proteins in some cases, while potentially contributing to

tumor growth in others [74, 75]. Lastly, several other important biochemical systems are

integrated with complement including the coagulation cascade, the autonomous nervous

system and inflammation [75]. Thus, complement is important in a variety of beneficial

and potentially harmful functions in the body. However, despite its importance, there have

been relatively few approved complement specific therapeutics, largely because of safety

concerns and challenging pharmacokinetic constraints.

The complement cascade involves many soluble and cell surface proteins, receptors

and regulators [76, 77]. The outputs of complement are the Membrane Attack Complex

(MAC), and the inflammatory mediator proteins C3a and C5a. The membrane attack

complex, generated during the terminal phase of the response, forms transmembrane

channels which disrupt the membrane integrity of targeted cells, leading to cell lysis and

death. On the other hand, the C3a and C5a proteins act as a bridge between innate

and adaptive immunity, and play an important role in regulating inflammation [74]. Com-

plement activation takes places through three pathways: the classical, the lectin and the

alternate pathways. The classical pathway is triggered by antibody recognition of foreign
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antigens or other pathogens. A multimeric protein complex C1 binds antibody-antigen

complexes and undergoes a conformational change, leading to an activated form with

proteolytic activity. The activated complex cleaves soluble complement proteins C4 and

C2 into C4a, C4b, C2a and C2b, respectively. The C4a and C2b fragments bind to form

the C4bC2a protease, also known as the classical pathway C3 convertase (CP C3 conver-

tase). The lectin pathway is initiated through the binding of L-ficolin or Mannose Binding

Lectin (MBL) to carbohydrates on the surfaces of bacterial pathogens. These complexes,

in combination mannose-associated serine proteases 1 and 2 (MASP-1/2), also cleave

C4 and C2, leading to additional CP C3 convertase. Thus, the classical and lectin path-

ways, initiated by different cues on foreign surfaces, converge at the CP C3 convertase.

However, the alternate pathway works differently. It is activated by a ’tickover’ mecha-

nism in which complement protein C3 is spontaneously hydrolyzed to form an activated

intermediate C3w, C3w recruits factor B and factor D, leading to the formation of C3wBb.

C3wBb cleaves C3 into C3a and C3b, where the C3b fragment further recruits additional

factor B and factor D to form C3bBb, the alternate C3 convertase (AP C3 convertase)

[78]. The role of classical and alternate C3 convertases is varied. First, AP C3 conver-

tases mediate signal amplification. AP C3 convertases cleave C3 into C3a and C3b, the

C3b fragment is then free to form additional alternate C3 convertases, thereby forming a

positive feedback loop. Next, AP/CP C3 convertases link complement initiation with the

terminal phase of the cascade through the formation of C5 convertases. Both classical

and alternate C3 convertases can recruit C3b subunits to form the classical pathway C5

convertase (C4bC2aC3b, CP C5 convertase), and the alternate pathway C5 convertase

(C3bBbC3b, AP C5 convertase), respectively. Both C5 convertases cleave C5 into the

C5a and C5b fragments. The C5b fragment, along with the complement proteins C6,

C7, C8 and multiple C9s, form the membrane attack complex. On the other hand, both

C3a and C5a are important inflammatory signals involved in several responses [76, 77].
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Thus, the complement cascade attacks invading pathogens, while acting as a beacon for

adaptive immunity.

The complement cascade is regulated by plasma and host cell proteins which balance

host safety with effectiveness. The initiation of the classical pathway via complement pro-

tein C1 is controlled by the C1 Inhibitor (C1-Inh), C1-Inh irreversibly binds to and deacti-

vates the active subunits of C1, preventing chronic complement activation [79]. Regulation

of upstream processes in the lectin and alternate pathways also occurs through the inter-

action of the C4 binding protein (C4BP) with C4b, and factor H with C3b [80]. Interestingly,

both factor H and C4BP are capable of binding their respective targets while in conver-

tase complexes as well. At the host cell surface, membrane cofactor protein (MCP or

CD46) can interact with C4b and C3b, which protects the host cell from complement self-

activation [81]. Delay accelerating factor (DAF or CD55) also recognizes and dissociates

both C3 and C5 convertases on host cell surfaces [82]. More generally the well known

inflammation regulator Carboxypeptidase-N has broad activity against the complement

proteins C3a, C4a, and C5a, rendering them inactive by cleavage of carboxyl-terminal

arginine and lysine residues [83]. Although Carboxypeptidase-N does not directly influ-

ence complement activation, it silences the important inflammatory signals produced by

complement. Lastly, assembly of the MAC complex itself can be inhibited by vitronectin

and clusterin in the plasma, and CD59 at the host surface [84, 85]. Thus, there are many

points of control which influence complement across the three activation pathways.

Developing quantitative mathematical models of complement will be crucial to fully un-

derstanding its role in the body. Traditionally, complement models have been formulated

as systems of linear or non-linear ordinary differential equations (ODEs). For example,

Hirayama et al., modeled the classical complement pathway as a system of linear ODEs

[86], while Korotaevskiy and co-workers modeled the classical, lectin and alternate path-
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ways as a system of non-linear ODEs [87]. More recently, large mechanistic models of

sections of complement have also been proposed. For example, Liu et al., analyzed the

formation of the classical and lectin C3 convertases, and the regulatory role of C4BP

using a system of 45 non-linear ODEs with 85 parameters [88]. Zewde and co-workers

constructed a detailed mechanistic model of the alternative pathway which consisted of

107 ODEs and 74 kinetic parameters and delineated between the fluid, host and pathogen

surfaces [85]. However, these previous modeling studies involved large models with little

experimental validation. Thus, while these models are undoubtably important theoretical

tools, it is unclear if they can describe or quantitatively predict complement measure-

ments. The central challenge of complement model identification is the estimation of

model parameters from experimental measurements. Unlike other important cascades,

such as coagulation where there are well developed experimental tools and publicly avail-

able data sets, the data for complement is relatively sparse. Data sets with missing or

incomplete data, and limited dynamic data also make the identification of large mecha-

nistic complement models difficult. Thus, reduced order approaches which describe the

biology of complement using a limited number of species and parameters could be impor-

tant for pharmacokinetic model development, and for our understanding of the varied role

of complement in the body.
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Results

In this study, we developed an ensemble of experimentally validated reduced order com-

plement models using multiobjective optimization. The modeling approach combined or-

dinary differential equations with logical rules to produce a complement model with a lim-

ited number of equations and parameters. The reduced order model, which described the

lectin and alternative pathways, consisted of 18 differential equations with 28 parameters.

Thus, the model was an order of magnitude smaller and included more pathways than

comparable models in the literature. We estimated an ensemble of model parameters

from in vitro time series measurements of the C3a and C5a complement proteins. Sub-

sequently, we validated the model on unseen C3a and C5a measurements that were not

used for model training. Despite its small size, the model was surprisingly predictive. Af-

ter validation, we performed global sensitivity and robustness analysis to estimate which

parameters and species controlled model performance. Sensitivity analysis suggested

CP C3 and C5 convertase parameters were critical, while robustness analyses suggested

complement was robust to any single therapeutic intervention, only the knockdown of both

C3 and C5 consistently reduced C3a and C5a formation for all cases. Taken together, we

developed a reduced order complement model that was computationally inexpensive, and

could easily be incorporated into pre-existing or new pharmacokinetic models of immune

system function. The model described experimental data, and predicted the need for

multiple points of intervention to disrupt complement activation.

Reduced order complement network. The complement model described the alternate

and lectin pathways (Fig. 3.1). A trigger event initiated the lectin pathway (encoded as a

logical rule), which activated the cleavage of C2 and C4 into C2a, C2b, C4a and C4b re-

spectively. Classical Pathway (CP) C3 convertase (C4aC2b) then catalyzed the cleavage
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of C3 into C3a and C3b. The alternate pathway was initiated through the spontaneous

hydrolysis of C3 into C3a and C3b (not C3w). The C3b fragment generated by hydroly-

sis (or by CP C3 convertase) could then form the alternate pathway (AP) C3 convertase

(C3bBb). We did not consider C3w, nor the formation of the initial alternate C3 conver-

tase (C3wBb). Rather, we assumed C3w was equivalent to C3b and only modeled the

formation of the main AP C3 convertase. Both the CP and AP C3 convertases catalyzed

the cleavage of C3 into C3a and C3b. A second C3b fragment could then bind with ei-

ther the CP or AP C3 convertase to form the CP or AP C5 convertase (C4bC2aC3b or

C3bBbC3b). Both C5 convertases catalyzed the cleavage of C5 into the C5a and C5b

fragments. In this initial study, we simplified the model by assuming both factor B and

factor D were in excess. However, we did explicitly account for two control proteins, fac-

tor H and C4BP. Lastly, we did not consider MAC formation, instead we stopped at C5a

and C5b. Lectin pathway activation, and C3/C5 convertase activity was modeled using

a combination of saturation kinetics and non-linear transfer functions, which facilitated a

significant reduction in the size of the model while maintaining performance. Binding in-

teractions were modeled using mass-action kinetics, where we assumed all binding was

irreversible. Thus, while the reduced order complement model encoded significant bi-

ology, it was highly compact consisting of only 18 differential equations and 28 model

parameters. Next, we estimated an ensemble of model parameters from time series mea-

surements of the C3a and C5a complement proteins.

Estimating an ensemble of reduced order complement models. A critical challenge

for the development of any dynamic model is the estimation of model parameters. We

estimated an ensemble of complement model parameters using in vitro time-series data

sets generated with and without zymosan, a lectin pathway activator [2]. The residual

between model simulations and experimental measurements was minimized using the
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dynamic optimization with particle swarms (DOPS) routine, starting from a random pa-

rameter guess. The best fit parameter set estimated by DOPS was then used to generate

a parameter ensemble using multiobjective optimization. Unless otherwise specified, all

initial conditions were assumed to be their mean physiological values. While we had sig-

nificant training data, the parameter estimation problem was underdetermined (we were

not able to uniquely determine model parameters). Thus, instead of using the best-fit

yet uncertain parameter set generated by DOPS, we estimated an ensemble of probable

parameter sets to quantify model uncertainty (N = 2100, see materials and methods).

The complement model ensemble captured the behavior of both the alternate and lectin

pathways (Fig. 3.2). For the alternate pathway, we used C3a and C5a measurements in

the absence of zymosan (Fig. 3.2A and B). On the other hand, lectin pathway parameters

were estimated from C3a and C5a measurements in the presence of 1mg/ml zymosan

(Fig. 3.2C and D). The reduced order model reproduced a panel of alternate and lectin

pathway data sets in the neighborhood of physiological factor and inhibitor concentrations.

However, it was unclear whether the reduced order model could predict new data, without

updating the model parameters. To address this question, we fixed the model parameters

and simulated data sets not used for model training.

We tested the predictive power of the reduced order complement model with data

not used during model training (Fig. 3.3). Six validation cases were considered, three

for C3a and C5a, respectively. All model parameters and initial conditions were fixed

for the validation simulations (with the exception of zymosan, and other experimentally

mandated changes). The ensemble of reduced order models predicted the qualitative

dynamics of C3a formation (Fig. 3.3, top), and C5a formation (Fig. 3.3, bottom) at three

inducer concentrations. The rate of C3a formation and C3a peak time were directly pro-

portional to initiator dose. Similarly, the C5a plateau and rate of formation were also
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directly proportional to initiator dose, with the lag time being indirectly proportional to ini-

tiator exposure for both C3a and C5a. However, there were shortcomings with model

performance. First, while the overall C3a trend was captured (within the 99% confidence

interval), the C3a dynamics were too fast with the exception of the low dose case. We

believe the C3a time scale was related to our choice of training data, how we modeled the

tickover mechanism, and factor B and D limitation. We trained the model using either no

or 1 mg/ml zymosan, but predicted cases in a different initiator range, comparing training

to prediction, the model performance e.g., the shape of the C3a trajectory was biased

towards either high or very low initiator doses. Next, tickover was modeled as a first-order

generation processes where C3wBb formation and activity was lumped into the AP C3

convertase. Thus, we skipped an important upstream step which could strongly influence

AP C3 convertase formation by slowing down the rate C3 cleavage into C3a and C3b. We

also assumed both factor B and factor D were not limiting, thereby artificially accelerating

the rate of AP C3 convertase formation. The C5a predictions followed a similar trend as

C3a, we captured the long-time C5a behavior but over predicted the time scale of C5

cleavage. However, because the C5a time scale depends strongly upon C3 convertase

formation, we can likely correct the C5 issues by fixing the rate of C3 cleavage. Despite

these shortcomings, we qualitatively predicted unseen experimental measurements typi-

cally within the 99% confidence of the ensemble, for three inducer levels. Next, we used

global sensitivity and robustness analysis to determine which parameters and species

controlled the performance of the complement model.

Global analysis of the reduced order complement model. We conducted sensitivity

analysis to estimate which parameters controlled the performance of the reduced order

complement model. We calculated the total sensitivity of the C3a and C5a residual to

changes in model parameters with and without zymosan (Fig. 3.4). In the absence of
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zymosan (where only the alternative pathway is active), the most sensitive parameter

was the rate constant governing the assembly of the AP C3 convertase, as well as the

rate constant controlling basal C3b formation. The C5a trajectory was sensitive to the

AP C5 convertase kinetic parameters (Fig. 3.4A). Interestingly, neither the rate nor the

saturation constant governing AP C3 convertase activity were sensitive in the absence of

zymosan. Thus, C3a formation in the alternative pathway was more heavily influenced by

the spontaneous hydrolysis of C3, rather than AP C3 convertase activity, in the absence

of zymosan. In the presence of zymosan, the C3a residual was controlled by the forma-

tion and activity of the CP C3 convertase, as well as tickover and degradation parameters.

On the other hand, the C5a residual was controlled by the formation and activity of CP

C5 convertase, and tickover C3b formation in the presence of zymosan (Fig. 3.4B). The

lectin initiation parameters were sensitive, but to a lesser extent than CP convertase ki-

netic parameters and tickover C3b formation. Thus, sensitivity analysis suggested that

CP C3/C5 convertase formation and activity dominated in the presence of zymosan, but

tickover parameters and AP C5 convertase were more important without initiator. AP C3

convertase assembly was important, but its activity was not. Next, we compared the sen-

sitivity results to current therapeutic approaches, pathways involving sensitive parameters

have been targeted for clinical intervention (Fig. 3.4C). In particular, the sensitivity anal-

ysis suggested AP/CP C5 convertase inhibitors, or interventions aimed at attenuating C3

or C5 would most strongly influence complement performance. Thus, there was at least a

qualitative overlap between sensitivity and the potential of biochemical efficacy. However,

sensitivity coefficients are only a local measure of how small changes in parameters affect

model performance. To more closely simulate a clinical intervention e.g., administration

of an anti-complement inhibitor, we performed robustness analysis.

Robustness analysis suggested there was no single intervention that inhibited com-
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plement activation in the presence of both initiation pathways (Fig. 3.5). Robustness

coefficients quantify the response of a protein to a macroscopic structural or operational

perturbation to a biochemical network. Here, we computed how the C3a and C5a trajec-

tories responded to a decrease in the initial abundance of C3 and/or C5 with and without

lectin initiator. We simulated the addition of different doses of anti-complement inhibitor

cocktails by decreasing the initial concentration of C3, C5 or the combination of C3 and

C5 by 50%, 90% and 99%. This would be conceptually analogous to the administration

of a C3 inhibitor e.g., Compstatin alone or combination with Eculizumab (Fig. 3.4C). The

response of the complement model to different knock-down magnitudes was non-linear,

a 90% knock-down had an order of magnitude more impact than a 50% knock-down. As

expected, a C5 knockdown had no effect on C3a formation for either the alternate (Fig.

3.5A) or lectin pathways (Fig. 3.5B). However, C3a and to a greater extent C5a abun-

dance decreased with decreasing C3 concentration in the alternate pathway (Fig. 3.5A).

This agreed with the sensitivity results, changes in AP C3-convertase formation affected

the downstream dynamics of C5a formation. Thus, if we only considered the alternate

pathway, C3 alone could be a reasonable target, especially given that C5a formation was

surprisingly robust to C5 levels in the alternate pathway. Yet, when both pathways were

activated, C5a levels were robust to the initial C3 concentration (Fig. 3.5B), even 1% of

the nominal C3 was able to generate enough AP/CP C5 convertase to maintain C5a for-

mation. Thus, the only reliable intervention that consistently reduced both C3a and C5a

formation for all cases was a knockdown of both C3 and C5. For example, a 90% de-

crease of both C3 and C5 reduced the formation of C5a by an order of magnitude, while

C3a was reduced to a lesser extent (Fig. 3.5B).
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Discussion

In this study, we developed an ensemble of experimentally validated reduced order com-

plement models using multiobjective optimization. The modeling approach combined or-

dinary differential equations with logical rules to produce a complement model with a lim-

ited number of equations and parameters. The reduced order model, which described the

lectin and alternative pathways, consisted of 18 differential equations with 28 parameters.

Thus, the model was an order of magnitude smaller and included more pathways than

comparable mathematical models in the literature. We estimated an ensemble of model

parameters from in vitro time series measurements of the C3a and C5a complement pro-

teins. Subsequently, we validated the model on unseen C3a and C5a measurements that

were not used for model training. Despite its small size, the model was surprisingly predic-

tive. After validation, we performed global sensitivity and robustness analysis to estimate

which parameters and species controlled model performance. These analyses suggested

complement was robust to any single therapeutic intervention. The only intervention that

consistently reduced C3a and C5a formation for all cases was a knockdown of both C3

and C5. Taken together, we developed a reduced order complement model that was

computationally inexpensive, and could easily be incorporated into pre-existing or new

pharmacokinetic models of immune system function. The model described experimen-

tal data, and predicted the need for multiple points of intervention to disrupt complement

activation.

Despite its importance, there has been a paucity of validated mathematical models

of complement pathway activation. To our knowledge, this study is one of the first com-

plement models that combined multiple initiation pathways with experimental validation

of important complement products like C5a. However, there have been several theoreti-

cal models of components of the cascade in the literature. Liu and co-workers modeled
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the formation of C3a through the classical pathway using 45 non-linear ODEs [88]. In

contrast, in this study we modeled lectin mediated C3a formation using only five ODEs.

Though we did not model all the initiation interactions in detail, especially the cross-talk

between the lectin and classical pathways, we successfully captured C3a dynamics with

respect to different concentrations of lectin initiators. The model also captured the dy-

namics of C3a and C5a formed from the alternate pathway using only seven ODEs. The

reduced order model predictions of C5a were qualitatively similar to the theoretical com-

plement model of Zewde et al., which involved over 100 ODEs [85]. However, we found

that the C3a produced in the alternate pathway was nearly three orders of magnitude

greater than the C5a generated. While this was in agreement with the experimental data

[2], it differed from the theoretical predictions made by Zewde et al., who showed C3a was

eight orders of magnitude greater than the C5a concentration [85]. In our model, the time

profile of both C3a and C5a generated changed with respect to the quantity of zymosan

(the lectin pathway initiator). In particular, the C3a peak time was directly proportional

to initiator, while the lag phase for generation was inversely proportional to the initiator

concentration. Korotaevskiy et al. showed a similar trend using a theoretical model of

complement, albeit for much shorter time scales [87]. Thus, the reduced order comple-

ment model performed at least as well as existing larger mechanistic models, despite

being significantly smaller.

Global analysis of the complement model suggested potentially important therapeutic

targets. Complement malfunctions are implicated in a spectrum of diseases, however the

development of complement specific therapeutics has been challenging [3, 72]. Previ-

ously, we have shown that mathematical modeling and analysis can be useful tools to

estimate therapeutically important mechanisms [89–92]. In this study, we analyzed a vali-

dated ensemble of reduced order complement models to better understand the strengths
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and weaknesses of the cascade. In the presence of an initiator, C3a and C5a forma-

tion was sensitive to CP C3/C5 convertase assembly and activity, and to a lesser extent

lectin initiation parameters. Formation of the CP convertases can be inhibited by targeting

upstream protease complexes like MASP-1,2 from the lectin pathway (or C1r, C1s from

classical pathway). For example, Omeros, a protease inhibitor that targets the MASP-2

complex, has been shown to inhibit the formation of downstream convertases [93]. Lam-

palizumab and Bikaciomab, which target factor B and factor D respectively, or naturally

occurring proteins such as Cobra Venom Factor (CVF), an analogue of C3b, could also

attenuate AP convertase formation [94–96]. Removing supporting molecules could also

destabilize the convertases. For example, Novelmed Therapeutics developed the anti-

body, NM9401 against propedin, a small protein that stabilizes alternate C3 convertase

[97]. Lastly, convertase catalytic activity could be attenuated using small molecule pro-

tease inhibitors. All of these approaches are consistent with the results of the sensitivity

analysis. On the other hand, robustness analysis suggested C3a and C5a generation

could only be significantly attenuated by modulating the free levels of C3 and C5. The

most commonly used anti-complement drug Eculizumab, targets the C5 protein [3]. Sev-

eral other antibodies targeting C5 are also being developed, for example, LFG316 targets

C5 in Age-Related Macular Degeneration [98], while Mubodina is used to treat Atypi-

cal Hemolytic-Uremic Syndrome (aHUS) [99]. Other agents such as Coversin [100] or

the aptamer Zimura [101] could also be used to knockdown C5. The peptide inhibitor

Compstatin and its derivatives are promising approaches for the inhibition of C3 [102].

However, while the knockdown of C3 and C5 affect C3a and C5a levels downstream, the

abundance, turnover rate and population variation of these proteins make them difficult

targets [103, 104]. For example, the eculizumab dosage must be significantly adjusted

during the course of treatment for aHUS [105]. A validated complement model, in com-

bination with personalized pharmacokinetic models of immune system function, could be
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an important development for the field.

The performance of the complement model was impressive given its limited size. How-

ever, there are several questions that should be explored further. A logical progression

for this work would be to expand the network to include the classical pathway and the

formation of the membrane attack complex (MAC). However, time course measurements

of MAC abundance (and MAC formation dynamics) are scarce, making the inclusion of

MAC challenging. On the other hand, inclusion of classical pathway activation is straight-

forward. Liu et al., have shown cross-talk between the activation of the classical and lectin

pathways through C reactive proteins (CRP) and L-ficolin (LF) under inflammation condi-

tions [88]. Thus, inclusion of these species, in addition to a lumped activation term for the

classical pathway should allow us to capture classical activation. Next, we should address

the C3a time scale issue. We believe the C3a time scale was related to our choice of train-

ing data, how we modeled the tickover mechanism, and factor B and D limitation. Tickover

was modeled as a first-order generation processes where C3wBb formation and activity

was lumped into the AP C3 convertase. Thus, we skipped an important step which could

strongly influence AP C3 convertase formation by slowing down the rate C3 cleavage

into C3a and C3b. The model should be expanded to include the C3wBb intermediate,

where C3wBb catalyzes C3 cleavage at a slow rate compared to normal AP or CP C3

convertases. We also assumed both factor B and factor D were not limiting, thereby ar-

tificially accelerating the rate of AP C3 convertase formation. This shortcoming could be

addressed by including balances around factor B and D, and including these species in

the appropriate kinetic rates. The C5a predictions also had an accelerated time scale.

However, because the C5a time scale depended strongly upon C3 convertase formation,

we can likely correct the C5 issues by fixing the rate of C3 cleavage. Lastly, we should

also consider including the C2-bypass pathway, which was not included in the model.
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The C2-bypass mediates lectin pathway activation, without the involvement of MASP-1/2.

Thus, this pathway could be important for understanding the role of MASP-1/2 inhibitors

on complement activation.
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Materials and Methods

Formulation and solution of the complement model equations. We used ordinary

differential equations (ODEs) to model the time evolution of complement proteins (xi) in

the reduced order model:

1

τi

dxi
dt

=
R∑
j=1

σijrj (x, ε,k) i = 1, 2, . . . ,M (3.1)

where R denotes the number of reactions and M denotes the number of proteins in

the model. The quantity τi denotes a time scale parameter for species i which captures

unmodeled effects. For the current study, τ scaled with the level of initiator (z) for C5a

and C5b, τi = z/z∗ for i = C5a, C5b where z∗ was 1mg/ml, τi = 1 for all other species.

The quantity rj (x, ε,k) denotes the rate of reaction j. Typically, reaction j is a non-linear

function of biochemical and enzyme species abundance, as well as unknown model pa-

rameters k (K× 1). The quantity σij denotes the stoichiometric coefficient for species i in

reaction j. If σij > 0, species i is produced by reaction j. Conversely, if σij < 0, species i

is consumed by reaction j, while σij = 0 indicates species i is not connected with reaction

j. Species balances were subject to the initial conditions x (to) = xo.

Rate processes were written as the product of a kinetic term (r̄j) and a control term

(vj) in the complement model. The kinetic term for the formation of C4a, C4b, C2a and

C2b, lectin pathway activation, and C3 and C5 convertase activity was given by:

r̄j = kmaxj εi

(
xηs

Kη
js + xηs

)
(3.2)

where kmaxj denotes the maximum rate for reaction j, εi denotes the abundance of the
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enzyme catalyzing reaction j, η denotes a cooperativity parameter, and Kjs denotes the

saturation constant for species s in reaction j. We used mass action kinetics to model

protein-protein binding interactions within the network:

r̄j = kmaxj

∏
s∈m−

j

x−σsjs (3.3)

where kmaxj denotes the maximum rate for reaction j, σsj denotes the stoichiometric coef-

ficient for species s in reaction j, and s ∈ mj denotes the set of reactants for reaction j.

We assumed all binding interactions were irreversible.

The control terms 0 ≤ vj ≤ 1 depended upon the combination of factors which in-

fluenced rate process j. For each rate, we used a rule-based approach to select from

competing control factors. If rate j was influenced by 1, . . . ,m factors, we modeled this re-

lationship as vj = Ij (f1j (·) , . . . , fmj (·)) where 0 ≤ fij (·) ≤ 1 denotes a regulatory transfer

function quantifying the influence of factor i on rate j. The function Ij (·) is an integration

rule which maps the output of regulatory transfer functions into a control variable. Each

regulatory transfer function took the form:

fij (Zi, kij, ηij) = k
ηij
ij Z

ηij
i /

(
1 + k

ηij
ij Z

ηij
i

)
(3.4)

where Zi denotes the abundance of factor i, kij denotes a gain parameter, and ηij denotes

a cooperativity parameter. In this study, we used Ij ∈ {min,max} [106]. If a process

has no modifying factors, vj = 1. The model equations were implemented in Julia and

solved using the CVODE routine of the Sundials package [107, 108]. The model code

and parameter ensemble is freely available under an MIT software license and can be

downloaded from http://www.varnerlab.org.
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Estimating an ensemble of complement model parameters. We estimated a sin-

gle initial parameter set using the Dynamic Optimization with Particle Swarms (DOPS)

technique [109]. DOPS is a novel hybrid meta-heuristic which combines a multi-swarm

particle swarm method with the dynamically dimensioned search approach of Shoemaker

and colleagues [110]. DOPS minimized the squared residual between simulated and C3a

and C5a measurements with and without zymosan as a single objective. The best fit set

estimated by DOPS served as the starting point for multiobjective ensemble generation

using Pareto Optimal Ensemble Technique in the Julia programming language (JuPOETs)

[111]. JuPOETs is a multiobjective approach which integrates simulated annealing with

Pareto optimality to estimate model ensembles on or near the optimal tradeoff surface

between competing training objectives. JuPOETs minimized training objectives of the

form:

Oj(k) =

Tj∑
i=1

(
M̂ij − ŷij(k)

)2

+

(M′
ij −max yij

M′
ij

)2

(3.5)

subject to the model equations, initial conditions and parameter bounds L ≤ k ≤ U . The

first term in the objective function measured the shape difference between the simulations

and measurements. The symbol M̂ij denotes a scaled experimental observation (from

training set j) while the symbol ŷij denotes the scaled simulation output (from training set

j). The quantity i denotes the sampled time-index and Tj denotes the number of time

points for experiment j. The scaled measurement is given by:

M̂ij =
Mij −miniMij

maxiMij −miniMij

(3.6)

Under this scaling, the lowest measured concentration become zero while the highest

equaled one, where a similar scaling was defined for the simulation output. The second-

term in the objective function quantified the absolute error in the estimated concentration
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scale, where the absolute measured concentration (denoted byM′
ij) was compared with

the largest simulated value. In this study, we minimized two training objectives, the total

C3a and C5a residual w/o zymosan (O1) and the total C3a and C5a residual for 1 mg/ml

zymosan (O2). JuPOETs identified an ensemble of N ' 2100 parameter sets which were

used for model simulations and uncertainty quantification subsequently. JuPOETs is open

source, available under an MIT software license. The JuPOETs source code is freely

available from the JuPOETs GitHub repository at https://github.com/varnerlab/POETs.jl.

The objective functions used in this study are available in the GitHub model repository

available from http://varnerlab.org.

Sensitivity and robustness analysis of complement model performance. We con-

ducted global sensitivity and robustness analysis to estimate which parameters and species

controlled the performance of the reduced order model. We computed the total variance-

based sensitivity index of each parameter relative to the training residual for the C3a/C5a

alternate and C3a/C5a lectin objectives using the Sobol method [112]. The sampling

bounds for each parameter were established from the minimum and maximum value for

that parameter in the parameter ensemble. We used the sampling method of Saltelli et

al. to compute a family of N (2d+ 2) parameter sets which obeyed our parameter ranges,

where N was the number of trials per parameters, and d was the number of parameters

in the model [113]. In our case, N = 400 and d = 28, so the total sensitivity indices were

computed using 23,200 model evaluations. The variance-based sensitivity analysis was

conducted using the SALib module encoded in the Python programming language [114].

Robustness coefficients quantify the response of a marker to a structural or oper-

ational perturbation to the network architecture. Robustness coefficients were calcu-

lated as shown previously [115]. Log-transformed robustness coefficients denoted by
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α̂ (i, j, to, tf ) are defined as:

α̂ (i, j, to, tf ) = log10

[(∫ tf

to

xi (t) dt

)−1(∫ tf

to

x
(j)
i (t) dt

)]
(3.7)

Here to and tf denote the initial and final simulation time, while i and j denote the indices

for the marker and the perturbation, respectively. A value of α̂ (i, j, to, tf ) > 0, indicates

increased marker abundance, while α̂ (i, j, to, tf ) < 0 indicates decreased marker abun-

dance following perturbation j. If α̂ (i, j, to, tf ) ∼ 0, perturbation j did not influence the

abundance of marker i. In this study, we perturbed the initial condition of C3 or C5 or

a combination of C3 and C5 by 50%, 90% and 99% and measured the area under the

curve (AUC) of C3a or C5a with and without lectin initiator. We computed the robustness

coefficients for a subset of the parameter ensemble.
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Fig. 3.1: Simplified schematic of the human complement system. The complement cascade is activated
through three pathways: the classical, the lectin, and the alternate pathways. Complement initiation results
in the formation of classical or alternative C3 convertases, which amplify the initial complement response
and signal to the adaptive immune system by cleaving C3 into C3a and C3b. C3 convertases further react
to form C5 convertases which catalyze the cleavage of the C5 complement protein to C5a and C5b. C5b
is critical to the formation of the membrane attack complex (MAC), while C5a recruits an adaptive immune
response.
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Fig. 3.2: Reduced order complement model training. An ensemble of model parameters were estimated
using multiobjective optimization from C3a and C5a measurements with and without zymosan [2]. The
model was trained using C3a and C5a data generated from the alternative pathway (A–B) and lectin path-
way initiated with 1 mg/ml zymosan (C–D). The solid black lines show the simulated mean value of C3a or
C5a for the ensemble, while the dark shaded region denotes the 99% confidence interval of mean. The
light shaded region denotes the 99% confidence interval of the simulated C3a and C5a concentration. All
initial conditions were assumed to be at their physiological serum levels unless otherwise noted.
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Fig. 3.3: Reduced order complement model predictions. Simulations of C3a and C5a generated in the
lectin pathway using 0.1 mg/ml, 0.01 mg/ml, and 0.001 mg/ml zymosan were compared with the corre-
sponding experimental measurements. The solid black lines show the simulated mean value of C3a or C5a
for the ensemble, while the dark shaded region denotes the 99% confidence interval of mean. The light
shaded region denotes the 99% confidence interval of the simulated C3a and C5a concentration. All initial
conditions were assumed to be at their physiological serum levels unless otherwise noted.
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CHAPTER 4

MODIFIED FLUX BALANCE ANALYSIS

Abstract

The use of computational tools and mathematical modeling has long contributed to our

understanding of biochemical networks, in particular, there is a long history of quantita-

tive mechanistic modeling. Currently, there are many existing mathematical approaches

to characterize biochemical networks such as cellular metabolism and its regulation. How-

ever, many of these methods require detailed kinetic and concentration information that

are difficult or even impossible to obtain, making it difficult for model validation. To over-

come such difficulties in the post-genomics era, large-scale stoichiometric reconstructions

of microbial metabolism popularized by static, constraint-based modeling techniques such

as the flux balance analysis (FBA) have become standard tools. FBA models use the

pseudo-steady-state approximation to reduce the model complexity, however the course-

graining also leads to the loss of intracellular species information of the system. Towards

those unmet needs, we present a versatile next-generation flux balance analysis model

that is capable of capturing intracellular dynamics and concentrations of the network. In

addition, the access to intracellular information would allow us to implement preexisting

regulatory methods that could not have been done in the existing FBA models. The

key innovation of our approach is the integration of kinetic-like constraints that work in

combination with the objective function to overcome the issues with unidentifiable param-

eters or mechanisms to predict flux distributions. We tested our approach by modeling

dynamic time evolution of two proof-of-concept networks. We were able to replicate clas-

sically expected gene expression and enzyme kinetic behavior, including diauxic growth

phenomenon. While only small-scale networks with simplified gene expression were eval-
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uated, the framework presented here could be an important first step towards modeling

large biochemical networks with undetermined mechanisms or parameters, and complex

regulation.

Keywords: Biochemical engineering, systems biology, flux balance analysis
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4.0.1 Introduction

The use of computational tools and mathematical modeling has long contributed to our

understanding of biochemical networks, in particular, there is a long history of quantitative

mechanistic modeling [4]. Currently, there are many existing mathematical approaches to

characterize biochemical networks such as cellular metabolism and its regulation [5–14].

However, many of these methods require detailed kinetic and concentration information

that are difficult or even impossible to obtain. Even with the growing data bases for cel-

lular components and development of new reduced order modeling approaches [15], the

applications of many mechanistic modeling methods are limited by the lack of kinetic and

concentration information.

To overcome the lack of kinetic information, alternative course-grained modeling ap-

proaches have been used to study flux distributions of metabolic networks. In the post-

genomics era, large-scale stoichiometric reconstructions of microbial metabolism pop-

ularized by static, constraint-based modeling techniques such as flux balance analysis

(FBA) have become standard tools [116]. Since the first genome-scale reconstruction of

Escherichia coli MG1655 by Edwards and Palsson [16], the reconstruction of over 100

organisms followed [117]. These organisms included prokaryotes such as E. coli [118]

or B. subtilis [119] were highly sought after in bioprocessing to maximize yields of de-

sired products. More recently, network reconstructions have been completed on humans

as well [120, 121]. Within this real of modeling, FBA is a course-grained model that re-

lies on a pseudo-steady-state assumption to reduce unidentifiable kinetic models into an

underdetermined linear algebraic system that can be solved effectively even for genome-

scale systems that are too large for kinetic models. Traditionally, FBA models have lack

descriptions of metabolic regulation and control mechanisms that cells need for adapt-

ing to different chemical and environmental stimulus. The FBA models instead chooses

75



pathways in the network by prescribing an objective function on network subjected to con-

straints. The use of an objective function is crucial for FBA models since predictions are

highly dependent on the objective function used for the analysis. Common objective func-

tions include maximizing growth [116, 122–125], ATP production [126], and the production

of desired products [127]. The utilization of objective function in FBA models is a huge

advantage over mechanistic models because with little to no kinetic parameters, the max-

imization of biomass production allows for a wide range of predictions that are consistent

with experimental observations for microbial systems [116, 122, 123, 128–132].

In the last decade, FBA have increased in accuracy and utility by incorporating addi-

tional biological knowledge from regulatory constraints, thermodynamics, and alternative

classes of objective functions [133]. The second generation FBAs initially approached

regulatory constraints as Boolean logic operators [131] that arise based on environmen-

tal cues. Palsson and coworkers took a bioinformatics approach and incorporated tran-

scription and translation through the use of the E-Matrix to regulate the metabolism [134].

Meanwhile other second generation FBA models focused on incorporating constraints at

a physiological level through the use of crowding constraints, enzyme solubility, or mem-

brane economics that constrain the upper limit on the sum of a combination flux vectors

to increase accuracy of metabolic models [135–137]. The accuracy of the prediction from

constraint-based models such as FBA is based heavily on the constraints implemented

to reduced the solution space to better represent the biology. Second generation FBAs

introduce additional constraints that reshape and reduce the solution space to redirect the

flux distribution guided by the objective function in a way that more accurately describe

biological behaviors.

In this study, we present an effective biochemical network modeling framework for

the construction of a next-generation flux balance analysis. The key innovation of our

76



approach is the integration of kinetic-like constraints that work in combination with the

objective function to overcome the issues with unidentifiable parameters or mechanisms

to predict flux distributions. These kinetic-like constraints are adjustable parameters that

are governed by the presence any combination of: substrate, enzyme, and signaling

molecules. This integration allows the description of fluxes and complex regulatory inter-

actions such as allosteric regulation of enzyme activity in the absence of specific kinetic

and mechanistic information which limited traditional FBA models. We adopted the reg-

ulatory rules and method from [14], which do not rely on overarching theoretical abstrac-

tions or restriction assumptions. We tested our approach by modeling the time-evolution

of a hypothetical proof-of-concept metabolic network using discretized mass balances. In

particular, we verified that our new modeling approach can replicate classically expected

gene expression and enzyme kinetic behavior, and capture intracellular metabolite con-

centrations and regulatory behaviors. Towards these questions, we constructed a proof-

of-concept metabolic network that has two enzyme-dependent reactions. In the absence

of the specific enzymes, the reactions will not occur, a behaviors that were that were not

captured by the traditional FBA models. We found that our next-generation FBA method

has the potential to incorporate gene expression, complex regulatory interactions, and

capture intracellular metabolite concentration. Even though only proof-of-concept models

were tested, we believe that this framework presented here could be an important addition

to the next-generation FBA models.
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4.0.2 Results

4.0.3 1. Formulation of Proof-of-concept Network Model We developed a proof-

of-concept metabolic network (Fig. 4.1) to investigate the features of our effective bio-

chemical network modeling approach. This ultra-reduced network incorporates metabolic

reactions, gene expression, enzyme-dependent reactions, and allosteric regulation. The

two examples presented results in the consumption and utilization of an extracellular sub-

strate Axt in a series of metabolic reactions. Several of these reactions or fluxes involved

are enzyme or initiator-dependent. The fluxes that were not explicitly enzyme-dependent

assumed enzyme saturation and that the flux is only a function of substrate concentration.

The conversion from A to B, and the extracellular uptake of Cxt is dependent on the

presence of enzyme E, and C transporter (CT ), respectively. The expression of E and

CT is regulated at the gene expression level. GeneEnzymeE is transcribed and translated

into enzyme E in the presence of growth factors, while GeneCTransporter transcription

and translation results in CT in a similar manner at a lower concentration of Axt. In the

presence of growth factors (inducer), the gene responsible for enzyme E was activated

and facilitated the transcription and translation reactions to synthesize enzyme E. Mean-

while, in the presence of Axt, the gene expression of CT was CT repressed. Once Axt

was depleted below a threshold, the inhibition on GeneCTransporter stopped, synthesiz-

ing C transporter. In our formulation, Hill-like transfer functions were used to calculate the

influence of factor abundance (Axt) on target activity (gene expression). In this context,

factors can be a function of metabolite concentration or flux. The kinetic-like constraints

are multiplied by an activity control between 0 and 1.
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Fig. 4.1: Proof-of-concept metabolic networks considered in this study. (A) Dynamic response time to
inducer input and silence. The gene responsible for Ctransporter was turned off during this study while
growth factor that inducers the expression of EnzymeE was introduced and silenced to show how the dy-
namic behavior of the proof-of-concept network. (B) Dynamic response to substrate utilization for growth.
As the initial concentration of Axt was consumed for growth, CTransporter was expressed to uptake Cxt
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that are enzyme dependent are subjected to regulation with respect to gene expression (enzyme E and
Ctransporter).
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Gene expression in the proof-of-concept network involved is a two-step process: tran-

scription and translation. The course-grained transcription and translation reactions in our

network neglected the utilization of NTPs and amino acids. Transcription in the proof-of-

concept network is solely determined by the presence of the relevant inducer, respective

gene, and RNA polymerase concentration, and translation reactions were determined by

mRNA and ribosome concentration. We assumed the generation of RNA polymerase and

ribosome synthesis to be a zeroth order constant while degradation to be a first order rate.

A critical test of our modeling approach was to simulate networks with known behav-

ior. If we cannot reproduce the expected behavior of simple networks, then our effective

modeling strategy and particular rules of constraining fluxes will not be feasible for large-

scale networks. We considered two cases that had identical initial concentrations and

kinetic parameters but with different objective functions and gene expression. The first

case involved the synthesis of Bxt from Axt, a case analogous to the maximization of a

desired product while minimizing any undesired byproducts. The second case we tested

included the addition of a biomass template reaction and we explored the diauxic growth

phenomenon through a simplified representation of carbon catabolite repression.

4.0.4 1.1 Dynamics of inducers and enzyme dependent reactions The following

study focused on the impact of growth factor (inducer) on networks aimed at the produc-

tion of Bxt. GeneEnzyme E(Fig. 4.1) responsible for the expression of the C Transporter

protein was silenced. The simulation was initiated with 1 arbitrary unit (AU) of intracel-

lular metabolite concentration for all of the species in the absence of any growth factors,

subsequently, without any expression of Enzyme E.

The growth factor concentration was varied systematically in a linear fashion and the

dynamic changes in system was determined. We implemented the objective function to
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maximize the production of Bxt. The intracellular metabolites concentrations were con-

strained with a lower limit of zero while the flux bounds were implemented as a function

of substrate concentration, control parameters, and enzyme concentration for the reac-

tions that were enzyme dependent. The biomass was kept at a constant of 0.1 gDW/L

without any growth. Gene expression of Enzyme E was governed by the concentration of

the inducer, a growth factor. With the increased inducer concentrations, we observed an

expected increase in mRNA and enzyme concentration until steady state (Fig. 4.2A).

The presence of Enzyme E facilitated the conversion of A to B. The rate of conversion

was governed by the concentration of both of the Enzyme E and species A. The rate of

conversion of A to B is shown in Fig. 4.2B. At an inducer concentration of zero, the rate

of conversion is zero (not shown). Initially, the rate of Axt uptake was greater than the

consumption of species A (Fig. 4.2C). As enzyme E accumulated, the conversion of A to

B increased proportionally to enzyme E’s and substrate A’s concentration. The total rate

of consumption A was greater than the generation, causing it to deplete until intracellular

A reaches steady state.

The gene expression of enzyme E redirected the pathway of synthesis for product Bxt.

In the absence of of enzyme E, B can only be formed from the longer path of conversion

of A toC to B (Fig. 4.1). This pathway leads to an increased production of undesired

byproduct Cxt (Fig. 4.2D). The presence of Enzyme E opens a new pathway for the direct

synthesis of Bxt through the conversion of A to B (Fig. 4.1) and reduces the accumulation

of intracellularC and byproduct Cxt (Fig. 4.2D).
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silence at 350 AU. (A): Intracellular concentration of species A. Upon the introduction of the growth factor,
A steady state concentrations decreased as a function of growth factor concentration. In addition, when
the growth factor was silenced A concentration returned to the original steady state concentration. (B):
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while that of C decreased. F: Rate of B synthesis increased with inducer concentration which lead to a
higher final production.
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4.0.5 1.2 Dynamics of Growth and Alternative Substrate Utilization The proof-of-

concept network was used to test whether our approach is capable of capturing the di-

auxic growth phenomenon observed in bacteria using gene expression to regulate the

metabolism. A biomass template reaction of intracellular metabolite consumption was

constructed:

2A+B + 3C → Biomass (4.1)

The above equation shows that for every one unit of specific growth rate, the system

requires 2, 1 and 3 AU / g DW of A, B, and C respectively. The growth factor that is

responsible for the expression of enzyme E which catalyzes the conversion of A to B

was maintained constant at zero. The objective function was implemented to maximize

biomass production and the species and flux constraints were implemented the same way

as the previous case.

We used an initial biomass concentration of 0.1 gDW/L, and a growth rate constraint

set between to initiate the simulation with 10 arbitrary units of Axt. The extracellular

product, Cxt was generated as a byproduct from the production of the biomass precursors

(Fig. 4.3A) since the presence of speciesC drives the flux ofC to Cxt. As Axt is depleted,

the repression of CT gene expression decreases in a manner governed by a Hill-like

transfer function with respect to Axt concentration. When all of the Axt was consumed,

gene expression of CT became uninhibited and the production of CT allowed the network

to uptake Cxt and utilize it as an alternate substrate for growth (Fig. 4.3 A and B).

With the proof-of-concept model, we were able to capture the diauxic growth phe-

nomenon with regulation at the level of gene expression. We witnessed a decrease in

intracellular species concentration due to the decreasing substrate uptake rate relative

to the metabolic demand of growth. Interestingly, when Axt was depleted, intracellular B
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andC began to accumulate due to the change in substrate utilization from Axt to Cxt. As

Cxt was consumed, the intracellular concentrations for Axt to Cxt decreased again (Fig.

4.3D).
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Fig. 4.3: Proof-of-concept network demonstrating the change in substrate utilization. (A): Growth Curve
showed a diauxic lag behavior commonly seen with bacteria. When Axt was depleted below a cer-
tain threshold, the system began uptaking Cxt as an alternative substrate. (B) Production of mRNA
Ctransporter and Ctransporter enzyme began when the Axt concentration is below it’s inhibition threshold
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Simulated time course concentration of intracellular species. Bxt and Cxt concentration decreased initially
until Cxt was utilized as a substrate. (E): Linear pathway of metabolic flux. While Axt is available, intracellu-
lar A, C and B are first, second, and third species respectively in the linear pathway. Once Axt is depleted
and Cxt is utilized as an alternate substrate, the order of the pathway changes to C, B, and A. The green
arrows represent metabolic growth demand.
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In addition, we witnessed that the intracellular concentration of B is almost zero due

to biomass demand (Fig. 4.3D). The rate of B production through the conversion of C

was equal to the rate of B consumed for growth. Intracellular B is the last species to

the synthesized in the sequential linear pathway (Fig. 4.3E), the objective function of this

study was to maximize growth and only require the minimal B for growth and dilution.

Once Axt was depleted, and Cxt was utilized as the new substrate, the sequential order of

the linear pathway also changed (Fig 4.3E). This shift in sequential order of reactions also

changed the relative concentrations between the three intracellular metabolites. Species

B accumulated to be able to facilitate the conversion of B to A to provide the biomass

demand for A. A is the last species in the linear pathway, similarly, A concentration

became lowest among the three intracellular species. Our method of introducing modified

constraints through effective kinetics and transfer function was able to reduce the solution

space, successfully capturing complex dynamic behaviors involving gene expression and

regulation.
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4.0.6 Discussion

In this study, we presented an effective kinetic-like constraint-based FBA model to dy-

namically simulate metabolic networks. Our proposed strategy integrated a kinetic mod-

eling approach with an objective function from the traditional FBA to dynamically describe

metabolic regulation and control. We tested this model approach by developing a hypo-

thetical proof-of-concept networks. In particular, we tested whether our effective modeling

approach could describe classically expected behaviors through the combination of reg-

ulatory control from allosteric regulation and gene expression. Towards these questions,

we explored two hypothetical and one realistic networks. In each of the two hypothetical

networks, substrate Axt was transported into the cell and consumed for the production

of Bxt or biomass depending on the objective function. The reactions were assumed to

be only substrate-dependent unless specifically implemented to be a function of substrate

and enzyme concentrations. When these flux constraints were integrated into the network

models, these constraints captured dynamic patterns in the flux and concentration in the

network.

This proposed modeling technique shares features with other modeling techniques.

The implementation of the flux constraints is flexible and can take the form of most kinetic

or mechanistic forms, ie mass action kinetics or effective kinetic formats [138]. This new

modeling approach takes the form of a discretized form of effective kinetic model in the

way that flux constraints that are implemented. The overall purpose of our framework

functioned in a similar manner as other FBA models to reduce the solution space to

what is biologically or thermodynamically relevant. The real innovation of this modeling

approach is imploring the use of intracellular metabolite. This subtle but key difference

allowed us to access intracellular information to integrate preexisting an effective kinetic

modeling approach [14, 15] into our kinetic-like constraints. In addition, having access
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to intracellular species information allowed us to integrate allosteric regulation into the

model.

This proposed modeling framework also differs appreciably from previous established

FBA models. The vast difference between our proposed method and an ODE models

involves the uncertainty that can be placed on governing parameters. This uncertainty

creates a range of possible rates with the mean defined by the governing kinetic equa-

tions. The upper and lower bound of the ranges defined by the governing kinetic equa-

tions serves as the flux constraints to guide the objective function. Even with uniden-

tifiable kinetic parameters, this combination of high uncertainty and objective function

of our modeling approach can overcome this problem. Based on the fluxes that were

determined, the kinetic parameters of the most optimized flux distribution could be de-

termined and analyzed for feasibility. Unlike the previous FBA models, we did not make

the quasi-steady-state (QSS) assumption for intracellular species. Our internal species

was allowed to accumulate and deplete at a constant rate each time the discretized mass

balances were evaluated so that the intracellular concentrations could be captured and

implemented as contributors for allosteric regulation. At high uncertainty of the kinetic pa-

rameters, we were still able to effectively capture glucose consumption, growth, and the

diauxic phenomenon. Unfortunately, detailed dynamic resolution for intracellular metabo-

lites may be lost because of the intracellular metabolites remain at steady state until the

transition point where substrate utilization switched from glucose to acetate. However,

with enough certainty in our parameters, we were able to fully capture the dynamics of

intracellular metabolite in our proof-of-concept networks.

In summary, our proposed framework offers an effective method of reducing the solu-

tion space of the FBA by using kinetic-like approximations that captured simple enzyme

dependence, allosteric regulation, and diauxic growth. At it’s core, our effective model-
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ing approach takes advantages of the use of an objective function from constraint-based

modeling such as the FBA, but addresses it’s shortcomings by implementing addition

modified constraints with effective kinetics. The use of an objective function that acts

as a global compass that points towards a feasible solution that will overcome problems

pertaining unidentifiable parameters or mechanisms. Meanwhile the use of kinetic-like

flux constraints acts as a local check-points to ensure that solutions determined are bi-

ologically feasible according to our governing equations. There is a trade off between

uncertainty and resolution as expected for any model. As the uncertainty of our system

increases, the mFBA approaches the behavior of a tradition FBA or dynamic flux balance

analysis (dFBA), where the solution is determined from the objective function. Meanwhile

as uncertainty of our system approaches zero, our modeling approach takes a form that is

more similar to an ODE model that is discretized and the solution is shaped by kinetic-like

flux constraints. We believe that utilization of this modeling approach will be most useful

for large networks with a few known parameters and many unidentifiable parameters, or

unsalable using ODEs.
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4.0.7 Materials and Methods

The Modified Flux Balance Analysis (mFBA) is new method created for the study of bio-

chemical networks much like the traditional flux balance analysis. The backbone of the

mFBA is the same to a tradition FBA or dynamic FBA (dFBA), however addition steps

were implement to include modified constraints that are evaluated for the species and

fluxes during every iteration of the discretized mass balance, shown in (Fig. 4.4).
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Fig. 4.4: Process flow diagram of the modified flux balance analysis methodology. The mFBA approach
is identical to that of the dynamic FBA (dFBA), except the inclusion of an addition step shown in the pink
box. The addition steps include the calculation of modified constraints for the flux constraints, species
constraints, and any regulatory components such as allosteric inhibition. The flux constraints contains
three portions: kinetic, regulation, and uncertainty. The kinetic portion which is represented by the effective
kinetic equations. Those kinetic terms are modulated by the regulatory component (Hill-equation shown)
that have multiplier coefficients between zero and one. Lastly, the upper and lower bounds of the flux
constraints (denoted α and β) are generated using an uncertainty error term.
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Being a constrained-based model, the modified flux balance analysis uses an objective

function (4.2) was used to optimize linear programming problem with respect to the given

constraints (Fig.T 4.4). The objective function was defined by:

Max or Min (Z = cTv) (4.2)

where cT is the objective vector transposed, and v, the flux vector. The objective value, Z

was determined by the product of the objective vector transposed and the flux vector. The

mFBA utilizes series of species constraints and flux constraints similar to the traditional

FBA as shown in Fig. 4.4 and the constraints the objective function was subjected to are

shown by Equations (4.3), (4.4), and (4.5).

dx

dt
= Sv (4.3)

dx̂

dt
= Ŝv (4.4)

α ≤ v ≤ β (4.5)

where x and x̂ represents a vector of balanced and unbalanced species respectively, and

S and Ŝ is the stoichiometric matrix of the balanced and unbalanced species respectively

(Fig. 4.4). S is the stoichiometric matrix with m species by n reactions, v is the flux

vector, the solution to the linear programming problem defined by the objective function

subjected to the constraints and α and β are the lower and upper bounds where the flux

vector solutions must be within.

Equations (4.3) and (4.4) represent constraints that are placed on the rate of change

in the species concentration, defined as species constraints. Meanwhile, Equation (4.5)
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is the constraint that governs the lower and upper bound of each flux, known as the

flux constraint. In a traditional FBA model, the intracellular species are assumed to be

balanced species due to the quasi-steady-state (QSS) assumption where there is no ac-

cumulation of depletion (Sv = 0). The unbalanced species in the traditional FBA models

were the extracellular species, where their concentrations were allowed to accumulate or

deplete at a constant rate within an upper and lower bound L ≤ Ŝv ≤ U). In contrast for

the mFBA, the intracellular species no long assume a QSS assumption, and is allowed

to accumulate and deplete, therefore assumes the state of unbalanced species. In ad-

dition, the flux constraints previously defined as constants in traditional FBA models are

implemented as effective kinetics as a function of reactant concentration as shown in 4.4

(purple box).

The upper and lower bound of the flux constraints are determined by a contribution

of three different factors: kinetic, regulation, and uncertainty. The error window, defined

by the distance between the lower and upper bounds of the flux constraints (β − α), is

a function of the parameter uncertainty. The more uncertain about the parameter the

greater the greater the distance between α and β. The lower and upper bounds of the

flux constraints are defined as:

α = f1(ε) vk Z

β = f2(ε) vk Z (4.6)

where and f1 and f2 are uncertainty functions that determines the distance between the

lower and upper bound, the uncertainty function that were used in our proof-of-concept

networks are shown in Fig. 4.4 (Purple Box).
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The kinetic term, vk is the vector of effective kinetic terms, and Z is the regulatory

control vector. The kinetic portion is represented by the effective kinetic equations that

takes account into the availability of all the species involved in the reaction, in forms such

as the power-law that was used in the proof of concept studies:

vk = k xn Z (4.7)

where vk is the kinetic flux vector that is determined by the effective kinetics, k is the ki-

netic parameter, and Z is the control vector that is responsible for regulatory control. The

kinetic terms are modulated by the regulatory control term 0 ≤ Z ≤ 1 depended on the

combination of factors which influenced rate of the respective vk. For each rate, we used

a rule-based approach to select from competing control factors. If rate the j-th rate, vkj,

was influenced by 1, ...,m factors, we modeled this relationship as Zj = Ij(f1j( ), ..., fmj( ))

where 0 ≤ fij() ≤ 1 denotes a regulatory transfer function quantifying the influence of fac-

tor i on rate j. The function Ij() is an integration rule which maps the output of regulatory

transfer functions into a control variable. With only a single factor influencing on the rate

as done in the proof-of-concept networks, each regulatory transfer function took the form:

Activation : Z =
γx

1 + γxn

Repression : Z = 1− γxn

1 + γxn

(4.8)

where x denotes the species vector, γ denotes a gain parameter vector, and n denotes a

cooperativity parameter. If the process vkj has no modifying factors, Zj = 1.

Since the mFBA does not assume QSS for intracellular species, they are free to accu-

mulate and deplete with respect to time at a constant rate. The lower and upper bounds
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of the species constraints are defined by L and U shown:

L = xmin − x (1−Dµ)

U = xmax − x (1−Dµ)

(4.9)

In Equation (4.9) xmin and xmax are the minimum and maximum limit of the species

concentration respectively, x is the vector of the current concentrations. The term, D

is a boolean vector that determines whether the species are intracellular species that

is effected by dilution due to growth, and lastly µ is the specific growth rate. Equation

(4.9) was used to determine the maximum amount of accumulation of depletion from the

current concentration to stay within a within the allowed concentration range.

The mFBA problem was solved using the constraints and the objective function, and

the predicted a flux distribution was used to update the current state of the system. The

mass balances for each species are discretized and solved using explicit numerical meth-

ods such as explicit Euler as in Fig. 4.4 (Green Box) and Equations , (4.10), and (4.11).

IntracellularSpecies : xt+1 = xt + Sv∆t− xtµ∆t (4.10)

ExtracellularSpecies : x̂t+1 = x̂t + Ŝv∆tX (4.11)

In the discretized mass balances, Equations (4.10) and (4.11), ∆t is the time-step, µ

is the growth rate, xt+1 denotes the species concentration at the next time-step, and X

is the cellmass. For traditional FBA, the intracellular species (IS) were assumed to be at

quasi-steady-state (QSS), making the species constraint, b = 0 . However, for the mFBA,

we used an arbitrary initial concentration for intracellular species concentration for our
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proof-of-concept networks and did not assume QSS by allowing intracellular metabolites

to accumulate and deplete within a physiological range. By incorporating the lower and

upper limit the species concentration and dilution due to growth, the species constraints

implemented in our model is shown in Equation (4.9). The new concentrations and state

of the system was updated and the process was repeated for the specified time-course.
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CHAPTER 5

CONCLUSION

In this thesis, we utilized three different modeling approaches examine three very differ-

ent biochemical systems. First we used constrained-based modeling in combination with

agent-based to investigate the effect of metabolic phenotypes on tumor growth at a popu-

lation level. Then taking advantages of effective kinetics and logic rules, we constructed a

reduced ordered model of the human complement system that can accurately predict the

dynamic behavior of anaphylatoxins, C3a and C5a. Finally, combining the previous mod-

eling approaches, we developed a novel hybrid modeling approach that encompasses

advantages of effective kinetics and constraint-based modeling to address the current

short-comings of FBA models.
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CHAPTER 6

FUTURE WORKS

The immediate future plans of this work involves implement the mFBA modeling strat-

egy on E.coli and cancer metabolism. For the E.coli model, we want to capture the diauxic

effect at a gene expression level. This work involves adopting the preexisting central car-

bon metabolism of E.coli and implementing mFBA using michaelis menten kinetics for the

flux constraints. We plan to train our model against using the aerobic time-course data of

Varma and coworkers [139] using the a constrained multiobjective optimization approach,

Julia POETs (JuPOETs) developed by the Varner lab and then validate our model us-

ing the anaerobic measurements. Using a similar approach, we aim to use mFBA as a

tool integrate gene expression to study a complex biochemical system that incorporates

signaling and metabolic networks together. The main focus on this study will be looking

at the individual and combined effects of oncogenes on key points in the metabolism,

mainly the contributions of PI3K, AKT, hypoxic inducible factor 1 α (HIFα), and mTOR on

glycolytic fluxes, glucose uptake rate, and growth rate.

The long-term goal of this work involve the transition of this work into a PhD disser-

tation. Having build a strong foundation in metabolic engineering, systems biology, and

a variety of computational modeling approaches, my future research direction will focus

on developing analytical methods involving the characterization metabolic measurements

through metabolomics and imaging analysis and computational modeling. The analytical

methods that we are developing is not only limited to cancer but will find useful applica-

tions in fields such as synthetic biology. Using those analytical methods, in collabora-

tion with the Physical Sciences Oncology Center (PSOC), we will aim to investigate the

multiscale physical interactions regulating cellular metabolism and assess the resulting
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functional impact on mammary tumor development, progression, and therapy response.
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