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This thesis consists of four papers on which I worked during the course of stud-

ies as a graduate student at Cornell University. The first paper, presented in

Chapter 2, presents a nearly model-independent method of establishing the de-

gree of fine-tuning in the Standard Model by measuring the coupling of the

Higgs to gauge bosons. The second paper, presented in Chapter 3, is an analy-

sis of the phenomenology of the minimal supersymmetric models with spin-one

top partners, dubbed the “Swan” model. The third paper, presented In Chap-

ter 4, demonstrates how to use dimensional reduction to go from s-confining

four-dimensional theories to three dimensional theories of chiral fields which

contain dressed monopoles, bound states of monopoles and matter fields. The

fourth and final paper, presented in Chapter 5, presents a novel scenario for

the production of thermal relic dark matter. In this scenario, the dark matter

candidate is an Elastically Decoupling Relic, or ELDER, whose relic abundance

is controlled almost uniquely by its elastic, non-preserving scattering with the

Standard Model.
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Csáki, who took an interest in my future at a time where I perhaps wasn’t do-

ing so myself; Julia Thom-Levy, who allowed me to discover what it was that

I really wanted to do, and convinced me that I could do it; my friends at Cor-

nell University, Flip, Bibhushan, Mario, Jack, John, Wee-Hao, Math: thank you

for the laughs, the physics, and the poker; Cody and Julia, who made me feel

v



welcome and useful and appreciated, and let me hang out with their cats; Alisa,

who made sure I’ll never forget Ithaca and its gorges; and finally all of my stu-

dents, from my undergraduate days to this very week: thank you for wanting

to learn, and thank you for giving me a chance to help you.

vi



CONTENTS

Biographical Sketch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v
Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

1 Introduction 1
1.1 The Hierarchy Problem . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Bottom-Up Explanation . . . . . . . . . . . . . . . . . . . . 2
1.1.2 Top-Down Explanation . . . . . . . . . . . . . . . . . . . . 4
1.1.3 Proposed Solutions to the Hierarchy Problem . . . . . . . 6
1.1.4 The Topic of Chapter 2: Higgs Couplings and Naturalness 7
1.1.5 Supersymmetric Models . . . . . . . . . . . . . . . . . . . . 8
1.1.6 The Topic of Chapter 3: Swan Models . . . . . . . . . . . . 9

1.2 Dualities in 3D Field Theories . . . . . . . . . . . . . . . . . . . . . 10
1.2.1 A Duality for QCD . . . . . . . . . . . . . . . . . . . . . . . 11
1.2.2 Seiberg Dualities and S-Confinement . . . . . . . . . . . . 12
1.2.3 Test of the Duality: Anomaly Matching . . . . . . . . . . . 15
1.2.4 Gauge Theories in Three Dimensions . . . . . . . . . . . . 16
1.2.5 An Example: SQED . . . . . . . . . . . . . . . . . . . . . . . 18
1.2.6 From Four Dimensions to Three Dimensions: Dimen-

sional Reduction . . . . . . . . . . . . . . . . . . . . . . . . 26
1.2.7 The Topic of Chapter 4: Dressed Monopoles Operators . . 31

1.3 Thermal Dark Matter Relics . . . . . . . . . . . . . . . . . . . . . . 32
1.3.1 The Case for Dark Matter . . . . . . . . . . . . . . . . . . . 32
1.3.2 Dark Matter as Thermal Relic . . . . . . . . . . . . . . . . . 35
1.3.3 The Topic of Chapter 5: ELDERs . . . . . . . . . . . . . . . 39

2 Higgs Couplings and Naturalness 41
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.2 General Argument: Top Partners, Naturalness, and the Higgs

Couplings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.3 Benchmark Model: a Single Top Partner . . . . . . . . . . . . . . . 49
2.4 Two Top Partners . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3 Spin-One Top Partner: Phenomenology 60
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.2 Review of the Model . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.2.1 Structure and Particle Content . . . . . . . . . . . . . . . . 63
3.2.2 Gauge Boson Spectrum . . . . . . . . . . . . . . . . . . . . 68

vii



3.2.3 Beta Functions and the Strong-Coupling Scale . . . . . . . 70
3.3 Precision Electroweak Constraints . . . . . . . . . . . . . . . . . . 71
3.4 Direct Searches at the LHC . . . . . . . . . . . . . . . . . . . . . . . 74
3.5 Higgs Mass and EWSB Fine-Tuning . . . . . . . . . . . . . . . . . 77
3.6 Higgs Couplings to Photons and Gluons . . . . . . . . . . . . . . . 80
3.7 Future Prospects for Direct Searches . . . . . . . . . . . . . . . . . 83
3.8 Conclusions and Outlook . . . . . . . . . . . . . . . . . . . . . . . 85
3.9 Appendix A: Masses and Couplings of Z′ States . . . . . . . . . . 86
3.10 Appendix B: Non-Decoupling D-Terms . . . . . . . . . . . . . . . 88
3.11 Appendix C: Parton-Level Cross Sections for Swan Production . . 90

4 From S-confinement to 3D Chiral Theories: Dressing the Monopoles 92
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
4.2 3D IR Duality in a Chiral S U(6) Gauge Theory . . . . . . . . . . . 95

4.2.1 The Coulomb Branch Operators . . . . . . . . . . . . . . . 96
4.2.2 Consistency Check from the Partition Function . . . . . . . 106

4.3 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
4.3.1 Real Mass Deformation . . . . . . . . . . . . . . . . . . . . 109

5 Elastically Decoupling Dark Matter 111
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
5.2 The elastically decoupling thermal relic . . . . . . . . . . . . . . . 114
5.3 The Boltzmann Equations . . . . . . . . . . . . . . . . . . . . . . . 118
5.4 Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Bibliography 125

viii



LIST OF TABLES

1.1 Matter and symmetry content of SQCD with NF = Nc + 1flavours. 13
1.2 Matter and symmetry content of the dual of SQCD with NF =

Nc + 1 flavours. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.1 Chiral superfields of the model, and their gauge quantum num-
bers. Here, i = 1 . . . 3 is the flavor index. . . . . . . . . . . . . . . . 63

3.2 Field content after the UV symmetry breaking; all entries with
spin 0 correspond to complex scalar fields. The MSSM fields are
not included in this table. . . . . . . . . . . . . . . . . . . . . . . . 66

3.3 Mass matrix for fermions in the (3, 2, 1/6) (and conjugate) sector. 67

4.1 Matter content of the 3D duality obtained from the 4D theory by
applying the dimensional reduction procedure. . . . . . . . . . . 96

4.2 Matter content of the 4D s-confining theory along with the global
symmetries and the charges of the confined mesons. . . . . . . . 109

ix



LIST OF FIGURES

1.1 Feynman diagram representing the quantum corrections from ψ
loops to the mass of the h particle in the toy-model given by Eq.
1.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Pictorial representation of the moduli space of N = 2, three-
dimensional SQED with one flavour. The shaded region cannot
be studied using weakly-coupled methods. . . . . . . . . . . . . . 20

1.3 Pictorial representation of the classical moduli space of N = 2,
three-dimensional SQCD with NF flavours. All of the shaded
regions involve strongly-coupled dynamics and cannot be ana-
lyzed using perturbative methods. . . . . . . . . . . . . . . . . . . 25

1.4 Representation of the RG flow of various theories during the pro-
cess of dimensional reduction. . . . . . . . . . . . . . . . . . . . . 29

1.5 The life of a thermal relic, part 1. The dashed blue line repre-
sent the yield, or energy density of a thermal relic normalized
by the entropy density of the photon bath, if it stayed in thermal
and chemical equilibrium throughout its life. The solid orange
line corresponds to the observed yield of dark matter in our uni-
verse. When T . m, the number density becomes exponentially
suppressed and plummets downward to zero. . . . . . . . . . . . 38

1.6 The life of a thermal relic, part 2. For a real thermal relic (solid
black line), the interactions that keep the particle in thermal and
chemical equilibrium stop being effective when T . m, and the
yield stops following the equilibrium distribution. After decou-
pling, the yield is constant. . . . . . . . . . . . . . . . . . . . . . . 39

2.1 Fractional deviation of the Higgs coupling to gluons (left panel)
and photons (right panel) from the SM value, as a function of
the top partner mass. Top row: Spin-0 top partner. Bottom row:
Spin-1/2 top partner. Regions currently allowed by the LHC and
Tevatron data are shown in green (68 % c.l.) and yellow (95 % c.l.). 48

2.2 Regions allowed by the LHC and Tevatron measurements of the
Higgs rates in the Rγ − Rg plane, at the 68 % c.l. (green) and 95 %
c.l. (yellow). The spin-0 top partner model predicts deviations
along the blue line, while the spin-1/2 top partner induces devi-
ations along the red line. The points on both lines correspond to
the partner masses of 350, 500, 650, and 800 GeV. For compari-
son, projected constraints from the LHC-14 [1] are shown by red
lines. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

x



2.3 Regions allowed by the LHC and Tevatron data in the ∆ − log Λ

plane, at the 68 % c.l. (green) and 95 % c.l. (yellow). Here, Λ is
the scale (in GeV) where the logarithmic divergence in the Higgs
mass renormalization is cut off. Left panel: Spin-0 top partner.
Right panel: Spin-1/2 top partner. . . . . . . . . . . . . . . . . . . 51

2.4 Fine-tuning as a function of the fractional deviation of the Higgs
coupling to gluons (left panel) and photons (right panel) from
the SM value, and the energy scale Λ (in GeV) where the loga-
rithmic divergence in the Higgs mass renormalization is cut off.
Top row: Spin-0 top partner. Bottom row: Spin-1/2 top part-
ner. Regions currently allowed by the LHC and Tevatron data
are shown in green (68 % c.l.) and yellow (95 % c.l.). . . . . . . . 52

2.5 Contours of fine tuning (in blue) and Rg (in red) for fixed values
of θ, with Λ = 20 TeV. The regions shaded in green correspond to
points where |Rg−1| < 0.01 but for which the amount of fine tun-
ing is less than what is predicted for a one scalar partner model
with Rg = 0.01. The regions shaded in gray corresponds to points
where |civ2/m2

0,i| > 1. The top partner mass m1 is in units of GeV. . 55
2.6 Fine tuning (in blue) as a function of θ for fixed values of µ and

Rg, with Λ = 20 TeV. The regions shaded in in gray indicate val-
ues of θ where |civ2/m2

0,i| > 1; the regions shaded in red are un-
physical due to m2

1 < 0. Green regions indicate values of θ for
which the fine tuning is less than what is predicted for a one
scalar partner model with Rg = 0.01. . . . . . . . . . . . . . . . . . 56

3.1 Ratio of the masses of the spin-1 top partner (“swan”) and the
lightest Z′. Left panel: full parameter space (gray regions in-
dicate regions where one of the gauge couplings becomes non-
perturbative). Right panel: the region where the ratio is mini-
mized. In both plots, tan β = 0.95; the ratio scales as

√
1 + tan2 β. . 69

3.2 Lower bound on the swan mass (in TeV) from precision elec-
troweak constraints. Left panel: full parameter space (gray re-
gions indicate regions where one of the gauge couplings be-
comes non-perturbative). Right panel: the region where the con-
straint is minimized. In both plots, tan β = 0.95; the bounds scale
as

√
1 + tan2 β. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.3 Lower bounds on the swan mass (in TeV) from direct searches
for the Z′ at the LHC (left panel) and the combination of di-
rect search and precision electroweak constraint (right panel). In
both plots, tan β = 0.95; the bounds scale as

√
1 + tan2 β. . . . . . . 75

xi



3.4 Solid lines: The difference δ between the value of the Higgs quar-
tic λSM(Λsusy) needed to accommodate the 125 GeV Higgs, and
the value predicted by a SUSY theory with the SM gauge group.
Top to bottom: Λsusy = 5, 10, 100 TeV. Dashed lines: The addi-
tional contribution to λ from non-decoupling D-terms possibly
present in the CCT model. Top to bottom: ρ = 2.0, 1.0, 0.5. (For
definition of ρ and other details, see Appendix 3.10.) . . . . . . . 78

3.5 Swan contribution to Higgs couplings to gluons and photons, at
the one-loop level. . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.6 Fractional deviation in the hgg (left panel) and hγγ (right panel)
couplings from the SM in the CCT model, as a function of the
swan mass and tan β. (See text for details on the values of other
model parameters.) The shaded region is disfavored by preci-
sion electroweak constraints and direct LHC searches for a Z′. . . 82

3.7 Swan production cross sections at a 100 TeV pp collider: pp →
~Q ~Q (blue), ~Qg̃ (green dashed), ~Qχ̃0

1 (red dashed). . . . . . . . . . . 83

5.1 Dark matter yield, as a function of the SM plasma temperature
T , for elastically decoupling dark matter with mχ = 10 MeV,
ε = 8.5 × 10−9, and α = 1 (purple/solid line). For comparison,
the dashed curves show the equilibrium yield assuming the DM
and SM plasmas are in equilibrium (blue/dashed), and assum-
ing the DM plasma is in chemical equilibrium with itself after
decoupling (red/dashed). Decoupling of the χχ → γγ annihila-
tions occurs roughly at x ∼ 3. . . . . . . . . . . . . . . . . . . . . . 116

5.2 Regions of parameters corresponding to the observed relic den-
sity. For each mass, the vertical section of the line of the left/top
corresponds to the elastically decoupling relic (ELDER) scenario
proposed in this paper; the horizontal line to the SIMP scenario;
and the vertical section on the right/bottom to the WIMP scenario.119

5.3 Constraints on ε vs. mχ, from dark matter couplings to photons.
The blue line corresponds to the ELDER scenario while the re-
gion above it corresponds to the SIMP scenario. Also shown are
the exclusion limits from: supernova cooling (purple region);
CMB constraints on DM annihilations into photons before re-
combination (blue region); and modification to Nν

eff
from DM de-

coupling (red region). . . . . . . . . . . . . . . . . . . . . . . . . . 121

xii



CHAPTER 1

INTRODUCTION

The body of this thesis is a set of four papers on which I worked during my

five years at Cornell University as a Ph.D. student. While these papers all deal

with current subjects of interests and unsolved problems in the domain of par-

ticle and field theory, they tend to deal with very separate areas in this field of

research, with little direct relationship with each other. Chapters 2 and 3 contain

two papers which can broadly be said to consider what is called the “natural-

ness problem” of particle physics; Chapter 4 is a study of non-perturbative ef-

fects in three-dimensional field theory, with little immediate phenomenological

applications; and Chapter 5 presents a novel scenario for the thermal produc-

tion of dark matter particles.

This introduction aims to provide an overview of these three topics for non-

experts, with a special emphasis on the subjects treated in the following chap-

ters.

1.1 The Hierarchy Problem

The “hierarchy problem” of particle physics refers to the fact that the value of

the electroweak scale (or, equivalently, the Higgs mass) seems to be dramati-

cally different from what we should “reasonably” expect it to be. This is also

often stated by saying that the weak scale is “fine-tuned” or “unnatural”. To

establish what is meant exactly by “reasonable”, it can be helpful to think about

the situation from two different directions: a “bottom-up” and a “top-down”

approach.
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Figure 1.1: Feynman diagram representing the quantum corrections from
ψ loops to the mass of the h particle in the toy-model given by
Eq. 1.1.

1.1.1 Bottom-Up Explanation

A common way to present the hierarchy problem is to consider this simplified

toy model for the Higgs sector of the Standard Model:

L =
1
2
∂µh∂µh −

1
2

m2h2 + ψ/∂ψ + yhψψ (1.1)

This theory describes a scalar particle interacting with a fermion. We can use

the standard methods of Feynman diagrams to compute observable from this

Lagrangian. As is usually the case, however, “loop” diagrams will exhibit di-

vergences when the momentum integration is taken to arbitrarily high energies.

This, however, does not affect the predictive power of the theory: renormaliza-

tion theory allows us to “absorb” these divergences, properly regulated, into

the values of the “bare” parameters of the theory. Let’s be more explicit about

this. The mass of the scalar h receives a correction from the loop shown in Fig-

ure 1.1. This correction is divergent; however, if we regularize it by cutting off

2



the momentum integral at the scale Λ, we get a finite value:

δm2 = −
y2

8π2 Λ2 + ... , (1.2)

where the omitted terms are sub-leading in Λ. The observed mass of the scalar,

then, will be the sum of this loop correction and of the tree-level value:

m2
obs = m2 + δm2 = m2 −

y2

8π2 Λ2 (1.3)

In a renormalizable theory, such as this one, we can set the value of the tree-

level mass m by demanding that mobs reproduce the observed mass of the scalar:

this will introduce a Λ dependance in m, but it can be shown that all physical

predictions will only depend on mobs, not on m and δm separately, so that the

physics in in fact independent of the cut-off Λ. The hierarchy problem will rear

its head if we insist on assigning physical meaning to the scale Λ; for example,

we might think of Λ as the mass scale of some new, very heavy particles, so that

our computations are only valid up that scale, at which our toy-model should

be UV-completed. This does not affect our (low-energy) physical predictions at

all, since, as stated above, they are Λ independent. However, if we want mobs

to be much smaller than Λ, Eq. (1.3) indicates that we should have some very

fine cancellation between the two large (but finite) terms m2 and δm2. This is not

incoherent, but it is uncomfortable: it would be much more “natural”, in a sense, if

the three terms mobs, m, and δm were not too far from each other, so that no very

precise cancellation were needed. A theory where Λ >> mobs might be said to be

“fine-tuned” in that sense, and would suffer from the hierarchy problem. The

above discussion can be applied directly to the Standard Model, where the role

of the field h is played by the Higgs boson; the fermion ψ is usually taken to be

top quark, since it is the fermion whose coupling to the Higgs is largest.
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1.1.2 Top-Down Explanation

I would guess that the “bottom-up” approach presented above is the one most

commonly used to introduce the hierarchy problem. Unfortunately, it can easily

lead to confusion if we start thinking about massless regularization schemes

such as dimensional regularization. If we use these regularization schemes then

we do not have any explicit cut-off scale playing the role of Λ in the above

example, which might lead us to think that the hierarchy problem is just some

sort of notational red-herring.

To convince ourselves that this is not the case, it might help to approach the

issue from the opposite direction; that is, start with a high energy theory and

consider what it might look like at low energy1. Consider once again the toy

model given in Eq. (1.1), but this time let’s give a large mass M to the fermion:

L =
1
2
∂µh∂µh −

1
2

m2h2 + ψ
(
/∂ − M

)
ψ + yhψψ (1.4)

If we use dimensional regularization, then there is no cut-off scale Λ in this the-

ory, and the issue brought up in the previous section does not appear. There

will be a price to pay, however: dimensional regularization becomes problem-

atic when we use it at scales below the masses of some of the particles of theory.

Physically, heavy particles should decouple from the dynamics of the theory at

low energies: that’s why we can afford to ignore contributions from hypothet-

ical as yet undiscovered heavy particles when doing QED loop computations,

for example. But this will not happen in dimensional regularization! A naive

application of this regularization scheme would show that the heavy fermion ψ,

for example, would keep on contributing to the running of the h mass even at

scales far below M.
1This is a simplified version of the much thorough presentation given in [2]

4



There is a way to correct for this flaw of dimensional regularization: we have to

manually integrate out the heavy fermion when we go to scales below M. For-

mally, this consist of deriving an effective low-energy Lagrangian Leff(h) which

contain only the field h and which should be valid at energies below the scale

M. Leff(h) is defined by:∫
Dhei

∫
Leff (h) =

∫
DhDψDψei

∫
L(h,ψ,ψ) , (1.5)

whereL(h, ψ, ψ) is the full Lagrangian given in Eq. (1.4). In practice,Leff(h) is de-

rived by computing low-energy observables with both Leff(h) and L(h, ψ, ψ) and

matching the two. This can be done systematically to the n-loop level. If we ap-

ply this procedure to the theory specified in Eq. (1.4) we will obtain a mass term

m2
eff

h2 in Leff which can be obtained, at the one-loop level, by demanding that it

matches the one-loop computations for the two-point function in L(h, ψ, ψ). The

point is that, even in dimensional regularization, the diagram in Figure 1.1 has a

finite part which is proportional to the mass of the fermion running in the loop.

The matching procedure tells us that this contribution should be added to the

m2
eff

term in the low-energy Lagrangian, giving us:

m2
eff ∼ m2 +

c
(4π)2 M2 , (1.6)

where c is an O(1) number. The hierarchy problem strikes again! Eq. (1.6) leads

us to expect that, if this theory contains a heavy fermion, it should try to “drag”

the mass of the scalar h to a scale ∼ M; that is, it tries to raise the scalar mass

to its own level by radiative corrections. The only way to have a light scalar in

this theory is to choose the tree-level UV mass term, m2, to precisely cancel out

the radiative correction in Eq. (1.6): then m2
eff

can be light. But once again, this

involve an uncomfortable of fine-tuning which we would not reasonably expect

to see.
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There is a way to avoid the hierarchy problem as discussed in this section: don’t

have heavy degrees of freedom in your theory! Then there be no large scale M2

trying to make the scalar h heavy. Unfortunately, this “solution” cannot help

the Standard Model, as we have very good reasons to believe that there really

should be heavier scales present in nature. For one thing, quantum gravitational

effects should become important around the Planck scale, MP ≈ 1019 GeV, so that

some sort of new dynamics at that scale seems unavoidable.

1.1.3 Proposed Solutions to the Hierarchy Problem

There are, roughly speaking, two distinct ways of solving the hierarchy prob-

lem. The first solution consists of “simply” choosing the scale Λ of Section 1.1.1

(or equivalently, the scale M of Section 1.1.2) to be close enough to the elec-

troweak scale that the tuning required between m2 and δm2 to obtain the physical

Higgs mass is not too large. Above the scale Λ, we should have new dynam-

ics which come in to prevent further corrections to the Higgs mass from higher

scales. This could be because these dynamics enhance the symmetries of the

model, forbidding corrections to the Higgs mass; or it could be because, at that

scale, the Higgs is revealed to be a bound state of some more fundamental con-

stituents. Either way, this solution requires new, observable phenomena to take

place at a scale not too far above the mass of the Higgs.

The second solution calls upon the anthropic principle: we begin with the idea

that our universe is only one out of vast “landscape” of universes, each of which

contains different dynamics. For example, if there is a more fundamental UV

theory with many different meta-stable vacua, each of these could constitute

a possible universe. The hierarchy problem implies that in a generic theory it
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is very unlikely for the Higgs mass to be at its observed value, but if we have

enough universes in the landscape, some of them will, probabilistically, have

a light mass for the Higgs. The anthropic principle comes in with the realiza-

tion that life as we know it would be impossible if the Higgs was much more

massive than it is [3]. Therefore, life will only form in one of those compara-

tively few universes where the Higgs is light: in most universes, the Higgs has

a much more “reasonable” mass, but no physicists can exist in those universes.

The anthropic principle is sometimes pithily stated as “things are the way they

are because if they weren’t, we wouldn’t be around to wonder why they are the

way they are”.

1.1.4 The Topic of Chapter 2: Higgs Couplings and Naturalness

As has been pointed out above, a common feature of solutions to the hierar-

chy problem (with the exception of the anthropic principle) is the appearance

of new physics not too far away from the electroweak scale. Given a specific

example of such physics, we can then try to directly detect the new particles at

a collider experiment. This approach, while entirely valid, is also very model-

dependent. In Chapter 2, we present an approach which tries to detect the ef-

fects of naturalness-restoring physics in a much more model-independent way.

The main idea is as follows: since the main contributors of radiative corrections

to the Higgs mass are the top quarks, models which attempt to restore natural-

ness typically contain top partners: particles which provide radiative contribu-

tions that cancel that of the top quarks. The key point here is that these partners

should not only provide radiative corrections to the Higgs mass but also to the

loop-induced couplings of the Higgs to gauge fields. These are vanishing at
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tree-level, which means that contributions from higher mass scales are more

likely to be significant enough to be detected. The more closely these couplings

are seen to adhere to the Standard Model predictions, the more massive the top

partners must be, which imply a higher degree of tuning for the theory. The pa-

per presented in Chapter 2 quantitatively demonstrate this point and discusses

the degree to which it is independent of the particular model chosen for the top

partners.

1.1.5 Supersymmetric Models

A specific choice of new dynamics to restore naturalness to the Standard Model

consist of supersymmetry, or SUSY2. The idea of supersymmetry is to enhance the

Poincarré spacetime symmetry of the Standard Model with an additional set of

“anti-commuting” generators. It can be shown that this is the only possible way

to enlarge the group of spacetime symmetries of a quantum field theory without

making it trivial, a result known as the Coleman-Mandula theorem [5]. Because

a supersymmetric transformation exchanges fermionic and bosonic degrees of

freedom supersymmetry forces the fields of the theory to arrange themselves

in “supermultiplets”, irreducible representation of the symmetry group which

include both fermions and bosons. This has dramatic consequences on natural-

ness considerations: the masses of fermions are generically protected by chiral

symmetries, which means that they can only be multiplicatively renormalized. In

other words, radiative corrections to these masses vanish if their tree-level val-

ues go to zero. Because supersymmetry demands that the fermions and bosons

within a supermultiplet have the same mass, it extends this protection to the

2See [4] for an excellent introduction.

8



bosonic degrees of freedom of the theory. This is a result of a more general fea-

ture of supersymmetry known as the non-renormalization theorem.

If we extend the Standard Model with the degrees of freedom required to make

it supersymmetric, then the radiative corrections to the Higgs mass will vanish

and naturalness will be restored. Of course, supersymmetry is not observed in

nature, at least not at the scale at which we have been able to make observa-

tions so far! This implies that, if it exists, supersymmetry must be broken in

some way. To effectively be a solution to the naturalness problem, this breaking

must not happen at a too high scale, otherwise radiative corrections between

the breaking scale and the electroweak scale would once again require us to

fine-tune the Higgs mass.

1.1.6 The Topic of Chapter 3: Swan Models

The phenomenology of SUSY theories is a rich and extended subject. The most

common implementation of supersymmetry is the Minimal Supersymmetric

Standard Model (MSSM). In this model, the Standard Model fermions are made

to be a part of a supermultiplet which also contains scalar fields, the squarks.

These superpartners also make radiative contributions to the Higgs mass, similar

to Figure 1.1, but with the opposite sign, which cancels the quadratic diver-

gences.

In Chapter 3 we present a study of a different kind supersymmetric model,

which we dub the Swan model3 [6]. Unlike the MSSM, in Swan models the top

3“Swan” is a contraction of “spin-one”, which is itself a shorter way of referring to “spin-one
top partners”. Let History always remember that it was the genius of John Stout who gave us
this name; my co-authors and myself merely adopted it.
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quark is made to be part of a multiplet that contains the gauge field of an en-

larged gauge symmetry. The super partners will then not be scalar fields, but

rather the spin-one force carriers for these gauge symmetries. The phenomenol-

ogy of these models will differ in many ways from that of the MSSM: Chapter 3

studies the constraints and possible signatures of these models at both current

and future colliders.

1.2 Dualities in 3D Field Theories

Quantum Chromodynamics (QCD), the theory of the strong interactions of the

quarks and gluons which make up the nuclei, is described by an SU(3) gauge

theory which has the following Lagrangian:

LQCD = ψi(i /D
i
j − m)ψ j −

1
4

Ga
µνG

µν
a , (1.7)

where Ga
µν = ∂µAa

ν − ∂νA
a
µ + g f abcAb

µAc
ν. The ψ fields are the quark fields, which

transform in the fundamental representation of SU(3), and the gauge fields Aa
mu,

a = 1, ..., 8 are the gluons. If one assumes that the gauge coupling g is small,

then perturbative computations can be performed as usual using Feynman di-

agrams. However, the influence of radiative corrections will cause this gauge

coupling to run, i.e. to effectively take on different values at different scales. At

high energies, g runs to zero, which means the interactions in the theory become

less and less important: the theory is said to be asymptotically free. The flip side

of this fact is that, as we go to lower energies, g becomes larger and larger until

perturbation theory breaks down and we lose our perturbative handle on the

theory.

What happens then? The consensus is that, at lower energies, the theory con-
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fines: quarks and gluons become tightly bound together by non-perturbative

effects which prevent them from ever being observed as free particles. Instead,

we observe a wide spectrum of bound states, the hadrons. Because this phe-

nomenon involves strong, non-perturbative dynamics, Feynman diagrams are

quite useless when it comes to analyzing QCD at low energy. What are the al-

ternatives? One possibility is to discretize the Lagrangian given in Eq. (1.7) and

perform the path integral numerically [7]; another approach, commonly em-

ployed for collider physics, is to treat the hadrons as “bags” containing quarks

and gluons (which, in this context, are called partons). At high energies, the par-

tons are effectively free, so we can treat the collisions of hadrons as collisions

between the partons that they contain [8]. It is also possible to try to approach

the problem by trying to solve the equations for bound states in quantum field

theories, called the Bethe-Salpeter equations [9]. Finally, one can try to apply

the idea of dualities.

1.2.1 A Duality for QCD

A duality refers to the fact that a particular theory can be expressed in more than

one way without changing its physical content. Because certain descriptions are

more convenient to use than others in certain contexts, a duality can allow us

to effectively study a theory using whichever description works better. In the

context of QCD, the duality which allows us to effectively treat the low-energy

regime of the theory is called chiral perturbation theory: its only assumption is that

QCD possesses an approximate continuous symmetry, the chiral symmetry of

the quarks, which is spontaneously broken by the non-perturbative effects. The

low energy dynamics of the theory should then consist of fluctuations within
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the space of possible symmetry-breaking vacua (this space is called the mod-

uli space of the theory). These fluctuations are called Nambu-Goldstone bosons

(in this context these are often called pseudo Nambu-Goldstone bosons, because

the chiral symmetry is only approximate). The theory of these pseudo Nambu-

Goldstone bosons has the exact opposite behaviour of QCD with respect to en-

ergy: it is weakly coupled at low energies, but becomes non-perturbative at

higher momentum scales. This means that it can only reliably be used at low-

energies4, and that it does not tell us the full story. Indeed, we know that the

spectrum of QCD bound states goes far beyond the pions and also include a

whole menagerie of particles and resonances, such as protons, neutrons, rho

mesons, etc. In addition, the whole approach relies on an assumption: that chiral

symmetry is spontaneously broken by QCD. Certainly, both theoretically and

experimentally, there are many reasons to believe that this assumption really is

realized in nature, so that in practice this isn’t a serious challenge to the use of

this particular duality. But it will be important to keep these last two points in

mind as we discuss dualities further: they are often only valid (or useful) within

a limited regime, and they often rely on assumptions on which the strongest

statement that we can make is that they have passed all the tests to which we

have subjected them.

1.2.2 Seiberg Dualities and S-Confinement

The main tool used to establish chiral perturbation theory as a duality of QCD

was its symmetries. We should then not be surprised that theories with larger

4“Low energies” here means that we can only reliably compute observables which are small
compared to the QCD scale, ΛQCD. ΛQCD is actually not a perfectly well defined quantity, but in
practice can be taken to be O(1) GeV.
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S U(Nc) S U(NF) S U(NF) U(1)B U(1)R

Q � � 1 1
1

NF

Q � 1 � −1
1

NF

Table 1.1: Matter and symmetry content of SQCD with NF = Nc+1flavours.

sets of symmetries are even more likely to be approachable using dual repre-

sentations. Such is the case of the supersymmetric version of QCD, SQCD [10].

As discussed in Section 1.1.5, supersymmetry requires that the field content of

QCD be augmented by adding a coloured scalar for each coloured fermions;

these are the squarks. We must also add fermionic superpartners for the gauge

fields, called gauginos. Typically, we also get rid of the mass terms by imposing a

flavour symmetry on the matter superfields (although these can be added back

in later as a small deformation of the theory, just like in chiral perturbation the-

ory). If we allow the gauge group to be a generic SU(Nc) rather than the usual

SU(3) of QCD, and allow for an arbitrary number N f of quarks-antiquarks pairs,

then the matter content of the theory can be represented as in Table 1.1.

Seiberg [11, 12] made the celebrated proposition that, for NF > Nc − 1, there is

a series of dualities that can be used to describe SQCD at low energies. While

these are, in a sense, “morally” similar to the case chiral perturbation theory in

QCD, they present many novel features which go beyond our purposes here;

we will content ourselves with presenting the NF = Nc + 1 case, which ex-

hibits the phenomenon of S-confinement. Seiberg’s proposal is that SQCD with

NF = Nc +1 is dual, at low energies, to a supersymmetric theory of NF “baryons”

Bi, i = 1, ...,NF , NF “anti-baryons” Bi, i = 1, ...,NF , and N2
F “mesons” which are

usually assembled into an NF×NF matrix M. This matter content is summarized
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S U(Nc) S U(NF) S U(NF) U(1)B U(1)R

M 1 � � 0
2

NF

B 1 � 1 NF − 1
NF − 1

NF

B 1 1 � 1 − NF
NF − 1

NF

Table 1.2: Matter and symmetry content of the dual of SQCD with NF =

Nc + 1 flavours.

in Table 1.2.

The dual theory also possess a superpotential W which describe the interactions

of its fields:

W = BiMi
jB

j
−Det(M) (1.8)

This duality might be taken as the supersymmetric equivalent of the duality

described in the previous section. Indeed, just like chiral perturbation theory, it

gives us a theory of chargeless fields which we expect should correspond to the

lowest energy bound states of the confining SQCD theory. There is a new feature

here however: unlike chiral perturbation theory, this duality does not require

that the chiral symmetry of SQCD be broken. If we look at the superpotential in

Eq. (1.8), we can easily see that the point where all the fields are equal to zero,

where there is no spontaneous symmetry breaking, is part of the moduli space

of the theory. This indicates that in SQCD with NF = Nc + 1, unlike “our” QCD,

the strong dynamics of the theory do not break the chiral symmetry5. Theories

such as these, which exhibit confinement without spontaneous breaking of the

chiral symmetry, are called s-confining [13].

5Note, however, that for NF = Nc, SQCD does exhibit chiral symmetry breaking; see e.g. [10].
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1.2.3 Test of the Duality: Anomaly Matching

The reader may well wonder at this point why exactly we should trust Seiberg’s

proposal of s-confinement for SQCD with NF = Nc + 1. After all, it’s not as if we

have an experimental realization of this theory to convince us that this assump-

tion is reasonable, like we do for chiral perturbation theory. One could try to use

lattice methods to try to verify the duality, but such means were not available to

Seiberg in the mid-nineties; so why did he feel so confident that his conjectured

duality was reasonable? The answer is that, while we may not be able to rig-

orously prove the duality described above, we can expose it to a series of very

constraining consistency tests. Anyone is free to conjecture a duality for SQCD,

but if this duality can not satisfy of all of these tests then it is dead on arrival.

Part of the reason for the appeal of Seiberg’s conjecture is that it has survived all

of the tests that anyone has ever been able to think to subject it to. The most cel-

ebrated and insightful of these is probably t’Hooft anomaly matching. The idea is

as follow: we imagine taking one of the global continuous symmetry of our the-

ory, and “weakly gauging” it, i.e. gauging it with a very, very small gauge cou-

pling. The key observation is that the anomaly coefficients6 of this new gauge

interaction must be the same on both side of the theory. We might convince

ourselves this by adding some light fermions to the theory which only interact

with the weakly gauged sector and which have exactly the right charge to can-

cel the anomalies. Then the weakly gauged group is non-anomalous and is a

perfectly legitimate deformation of the theory, and the duality can only be valid

is this statement is true for both representation of the theory, which implies the

equality of their anomaly coefficients. Because dual theories generically have

very different fields content, it is a highly non-trivial result for their anomaly

6See e.g. [14, 5] for a discussion of anomalies in quantum field theories
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coefficients to match: the fact that Seiberg’s duality (all of them!) satisfy this

constraint is a very strong argument in favour of their validity.

1.2.4 Gauge Theories in Three Dimensions

Let us now leave aside QCD and its supersymmetric cousins and consider field

theories which live in three dimensions (that is, two spatial and one time di-

mension). To motivate the study of this subject (beyond pure curiosity in quan-

tum field theory in itself), consider a U(1) gauge theory in three dimensions,

i.e. a three-dimensional analog of quantum electrodynamics. The question we

would like to answer is, what would be the potential energy of two static heavy

charges (which we can represent as external sources) which are placed some

distance R apart? In four dimensions, classical field theory tells us that the

answer is given by the well known Coulomb potential, V(R) ∼ −
e1e2

R
. This

conclusion has to be modified somewhat to account for quantum corrections:

if the theory possesses some light fields charged under the U(1) gauge group,

quantum fluctuations of these fields will help “shield” the two charges from

each other at large distances, so that the potential becomes V(R) ∼ −
e1e2

R log R
.

In three dimensions, things are dramatically different already at the classical

level: according to classical field theory, a single charge emits a potential of the

form V(R) ∼ log R: the energy of the two charges diverges logarithmically as we

take them farther and farther apart. Strong dynamics, then, are not optional for

three-dimensional gauge theory: they are a built-in feature.7 Whatever the spec-

7Another way to see this is to consider the dimension of the gauge coupling in three dimen-
sions. Since the three dimensional gauge field Aµ has canonical dimension 1/2, and it couples to
matter by replacing all ordinary derivative ∂µ by covariant derivatives Dµ = ∂µ−g3Aµ, the gauge
coupling g3 must have dimension 1/2 too. A positive mass dimension for a coupling indicates
that it is relevant, that is, that it becomes important at low energies (or, equivalently, at large
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trum of theory ends up being, we can feel confident that it will not include any

particles which can be straightforwardly associated with the matter fields. This

example shows that we should expect three-dimensional gauge theories to be

fertile ground for all kinds of non-perturbative phenomena. Beyond the the in-

trinsic interests of such phenomena, one might hope that, by studying strongly

coupled three-dimensional theories, we could gain valuable insight into more

directly phenomenologically interesting cases, such as QCD. This program has

had tantalizing successes in the past: Polyakov [15] has shown that, for three-

dimensional QED, the “logarithmic confinement” discussed above is modified

into a full blown, genuine “linear confinement” due the effect of instantons (also

variously referred to as pseudo-particles and monopoles in the literature) on the

path integral. That is, when the effect of the instantons is accounted for, the en-

ergy between two charged particles becomes V(R) ∼ TR, with T some constant:

the energy grows linearly with the distance, due to the formation of a string of

field lines between the charges. This is exactly the kind of confinement which

we expect to see in four dimensional QCD! Unfortunately, this result does not

generalize to four dimensions. More recently, [16] studied gaugino condensa-

tion in supersymmetric theories that live in one time dimension, two space di-

mensions, and one “rolled up” periodic space dimension.8 They have shown

that, if the periodic space dimension is small enough, the gaugino condensate

can be shown to arise from weakly-coupled effects due to instantons. The peri-

odic space dimension can then be enlarged so that the theory becomes undistin-

guishable from a four-dimensional field theory: by following this program, the

four-dimensional gaugino condensate for a variety of four-dimensional gauge

theories can be extracted from weakly-coupled computations on the cylinder.

distances).
8Mathematically, such a space can be written R(2,1) × S 1; in the literature, one often speaks of

this kind of space by saying that we are considering the theory “on the cylinder”.
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1.2.5 An Example: SQED

Let us now consider gauge theories living in three dimensions and possessing a

N = 2 supersymmetry9. What does the classical low-energy behaviour of such

a theory look like? On the one hand, the scalar components of the quark su-

perfields can acquire VEVs, spontaneously breaking the gauge symmetry and

leaving only some weakly-interacting singlets in the low-energy spectrum of the

theory. The part of the moduli space where the squarks acquire VEVs is called

the Higgs branch of the theory because of its similarity to the spontaneous sym-

metry breaking of Standard Model due to the Higgs field. This sort of behaviour

is also common in four dimensions, where the squarks fields can acquire VEVs

just as well as in three dimensions. However, in three dimensions, there is a

new feature which is not present in four dimensions. This is due to the presence

of an extra scalar field in the gauge supermultiplet of N = 2 three-dimensional

theories: this field, usually referred to as σ, can also acquire VEVs: when it does

so, it gives masses to the quark superfields and spontaneously break the gauge

theory down to its U(1) subgroups. The low-energy spectrum of the theory then

consists of a set of U(1) gauge supermultiplets with no matter fields. Because

only U(1) gauge groups are left in the theory at low energies, this part of the

moduli space is called the Coulomb branch. If we are “far along” either the Higgs

branch or the Coulomb branch (by which we mean that the VEVs involved are

large compared to the strong coupling scale), then the classical description given

above should be accurate. What happens, however, if we take the VEVs to be

comparable, or smaller than, the strong coupling scale? Weak-coupling com-

putations cannot help us here, but dualities might. Let’s consider an explicit

9In three dimensions, N = 2 supersymmetry corresponds to four real supercharges; in that
sense, it possesses the same amount of supersymmetry as a N = 1 theory in four dimensions.
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example: N = 2 SQED with one quark and one antiquark10. The potential for

the squarks Q and Q and real scalar σ is

V = e2σ2
(
|Q|2 + |Q|2

)
+ e2

(
|Q|2 − |Q|2

)2
(1.9)

This can be minimized for

σ = 0,

Q = veiφ,

Q = v . (1.10)

This corresponds to the Higgs branch of this theory11. We can parameterize this

region of the moduli space in a gauge-invariant way in terms of the VEV of

the gauge single composite field M ≡ Q̃Q.12 In addition to Eq. (1.10), we can

minimize the potential with the field configuration:

σ = anything,

Q = 0,

Q = 0 . (1.11)

This which correspond to the Coulomb branch. Actually, the parameterization

of this branch is a little more intricate than simply specifying the VEV of σ: in

three dimensions, we can re-write the gauge supermultiplet in such a way that

we exchange the vector field, Aµ, in favor of a real scalar field, γ, defined by the

relationship εµνρFµν = ∂ργ.13 The point here is that γ can also acquire a VEV on
10My favourite presentation of this example is in [17]
11In Eq. (1.10), I’ve used the gauge symmetry of the theory to rotate away the phase of the Q

field. Since gauge symmetries are really symmetries of our theories, but rather a redundancy of
our notation, all the vacua which are related to each other by such gauge transformations are
really physically equivalent.

12It is a general result that the field values which minimize the D-term potential of super-
symmetric theory can be parameterized using only such gauge-invariant operators, along with
some possible constraints amongst these operators.

13One aspect of this duality may at first be troubling: Aµ has three components, while γ only
has one. How can this duality be true if it does not preserve the number of degrees of freedom?
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Figure 1.2: Pictorial representation of the moduli space of N = 2, three-
dimensional SQED with one flavour. The shaded region cannot
be studied using weakly-coupled methods.

the Coulomb branch, so we should include it in our parameterization of this

region of moduli space. Putting everything together, and with the benefit of

some foresight, we might draw a pictorial representation of this moduli space

which looks like Figure 1.2.

The moduli space as drawn in this figure is made up of three “prongs”: one

prong corresponds to the Higgs branch (〈M〉 , 0), one prong correspond to the

part of the Coulomb branch where 〈σ〉 > 0, and one prong corresponds to the

part of the Coulomb branch where 〈σ〉 < 0. All three prongs meet at the point

where 〈M〉 = 〈σ〉 = 0: at that point, and in the surrounding region, the VEVs are

smaller than the strong coupling scale of the theory, so that our classical analysis

becomes unreliable. 14

The answer is that while the field Aµ may have three components, it only has one physical degree
of freedom: we can use the equations of motion, along with gauge invariance, to remove two
dynamical degrees of freedom, leaving only a single one.

14This can also be stated by deriving the Kahler metric controlling the interactions of the
moduli fields. Far away from the center of the moduli space, these are nice, smooth functions,
which agree with the classical analysis. But as we approach the center, this metric becomes
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Can we think of a theory who might be dual to this version of SQED, but

which might be easier to study near the center of the moduli space? Clever

minds have proposed that the so-called “XYZ theory” might just be such a dual

theory. This theory is easily stated: it consists of three chiral supermultiplets, X,

Y and Z, with a superpotential

W = hXYZ , (1.12)

where h is some coupling constant. As a first test if this proposed duality, we

can derive the moduli space of the XYZ theory and verify that it matches that

of three-dimensional SQED. This is easily done: the vacua of the XYZ theory

consists of field configurations where at most one of the three fields acquire a

VEV. But this is exactly the kind of “three-pronged” moduli space that we drew

for SQED! So it is, at least, not completely unreasonable to hope that by study-

ing the dynamics XYZ theory at low energy, we will, through this duality, learn

about the dynamics of three-dimensional SQED. But hang on a second! Some-

thing fishy is going on here. XYZ theory is a model with three chiral superfields,

each acting as a coordinate on one of the prongs of the moduli space. But three-

dimensional SQED seems to only possess two fields that acts as coordinates on

its moduli space: M and the holomorphic combination of σ and γ. In Figure

1.2, we used a bit of a sleight of hand to draw attention away from this fact by

separating the σ > 0 and σ < 0 regions. But surely, these are both parameter-

ized by the same field? Part of the answer here is that, while the above may be

true classically, we have no right to expect it to still hold when strongly-coupled

quantum dynamics come in play. After all, to cross from the σ > 0 region to the

σ < 0 region, we must travel through the troubled sea of the small VEVs region,

where there be quantum dragons. We can state this another way: consider the

singular, indicating the unreliability of this approach.
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chiral supermultiplet Σ whose scalar component is σ+ iγ, and then consider the

functions eΣ and e−Σ. Classically, we can think of these two functions as obeying

the “classical constraint” eΣe−Σ = 1. The point is that, while this may seem like a

trivial statement, it may no longer be true in the quantum theory: if XYZ theory

is indeed dual to SQED, then the quantum version of this constraint becomes

eΣe−Σ = 0. We should then think of eΣ and e−Σ as two distinct objects. If we (arbi-

trarily) decide that the X field is dual to the M field of three-dimensional SQED,

then eΣ and e−Σ should be dual to the Y and Z fields.15 But then, how do these eΣ

and e−Σ manifest themselves in SQED? This is maybe the most interesting part

of the story. We can show that, on the part of the moduli space where the matter

fields acquire VEVs, there are solutions to the classical equations of motions of

SQED where the phase of the Q and Q fields change by integer multiples of 2π

as we go around the “circle at spatial infinity”. These solitons16 have finite en-

ergy, and they should be interpreted as massive excitations of the quantum field

theory-that is, as particles. It turns out that it is these solitons which should be

associated with the Y and Z fields of the XYZ theory!17 In the full quantum the-

ory then, the Coulomb branch consists of the phase of this theory where these

vortices condense, i.e. acquire a VEV. We are almost at the end of our (long)

story. We have seen that, on all three prongs of the moduli space, the low-energy

dynamics of theory correspond to weakly interacting massless singlet fields.18

15This is skipping ahead a little bit: at this point, we have no reason to think that it should be
these functions of Σ that should be dual to Y and Z. Why not e2Σ, or 1/Σ? But as we will see, we
do indeed have a good reason to think that it really are eΣ and e−Σ which are dual to Y and Z.

16Because the gauge field also winds around at infinity for these field configurations, they are
commonly referred to as vortices.

17There are many arguments for this, but one of the most instructive is that the vortices (resp.
anti-vortices) are charged under a global topological charge which correspond to the winding of
the gauge field at infinity. This is dual to the global symmetry of the XYZ theory under which Y
has charge 1, Z has charge −1, and X (the meson) is uncharged. In SQED, this global symmetry
acts on γ, the scalar dual of the gauge field, through γ → γ + c. So the operators eΣ and e−Σ

transform as eΣ → eΣeic and e−Σ → e−Σe−ic: that is, they have charge 1 and −1 respectively, just
like the operators Y and Z in the XYZ theory.

18We still have a U(1) gauge group on the Coulomb branch, but there are no charged fields
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What happens at the very center of the moduli space? Do we also have a theory

of weakly coupled singlets at low energies? It seems very difficult to answer

that question for SQED, but fortunately it is much more tractable in the dual

XYZ model. There are various reason to believe that at the origin of the moduli

space, the XYZ theory flows to a strongly coupled interacting, and scale invari-

ant theory at low energies. With a slight abuse of language, theories such as

these are often called Conformal Field Theories, or CFTs. Unlike most of the field

field theories that phenomenologists may be used to dealing with, CFTs have no

interpretations of terms of particles and S-matrix elements; instead, they have a

“spectrum” of operators with well specified scaling dimensions and correlation

functions. We’ve come a long way from our classical description of SQED in

terms of charged particles with logarithmic Coulomb potential!

The Lessons of SQED

What have we learned from our rather detailed look at SQED? First, that gauge

theories in three dimensions have, at the classical level, moduli spaces which

tend to break in different Higgs branches and Coulomb branches. The points

where these different branches join each others cannot be treated by weak-

coupling methods, and we should expect non-perturbative dynamics to play

an important role. Near these singular points, there might be dual descriptions

of the theory which allows us to more conveniently describe the dynamics, and

which may involve degrees of freedoms, like vortices, which do not appear as

fields in the original Lagrangian. With this in mind, we now move on to the

more intricate case of non-abelian gauge theories in three-dimensions.

remaining in the low-energy spectrum.
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Another Example: SQCD

Let’s now consider a three-dimensional S U(N) gauge theory with NF fields

that transform under the fundamental representation and NF other fields which

transform under the anti-fundamental representation. This theory has a N = 2

supersymmetry: it is the three-dimensional version of the SQCD we were con-

sidering in Section 1.2.2. What does the classical moduli space of this theory

look like? Just as for SQED, it possess a Higgs branch where the squarks ac-

quire VEVs. It also possesses a Coulomb branch where scalar fields acquire

VEVs which spontaneously break the gauge group down to its U(1) subgroups;

and just like in SQED, we expect that at the points where the Higgs branch and

the Coulomb branches meet, the strong-coupling effects become important and

the classical description becomes inadequate. For non-abelian groups, how-

ever, the moduli space is made somewhat more complicated by the fact that

the gauge multiplet contains many different σ fields which can acquire VEVs.

Whenever any single of those VEVs vanish, some of the matter fields become

(classically) massless, and we can attach a Higgs branch to this point. The result

looks schematically like Figure 1.3.

How will this picture be modified by non-perturbative effects? There is a new

feature here that arises from the self-interactions of the gauge field which was

not present in SQED: it consists of the presence of instantons, saddle-points of the

Euclidian path integrals. Suppose for a moment that the theory had no matter

fields (i.e. that NF = 0); then we can go far along the moduli space and evaluate

the instantons semi-classically to show that they will generate effective super-

potential terms on the Coulomb branch. If we use the symbols Yi to indicate

the vortices operators which parameterize these branches of the moduli space,
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Figure 1.3: Pictorial representation of the classical moduli space of N = 2,
three-dimensional SQCD with NF flavours. All of the shaded
regions involve strongly-coupled dynamics and cannot be an-
alyzed using perturbative methods.

then the potential generated by the instantons takes the form
∑

i
1
Yi

19 This would

indicate that the VEVs of the Yi fields should be dynamically ”pushed away” to

infinity, so that the theory does not in fact possess a stable supersymmetric vac-

uum. But if we not put the matter fields back in the theory, we can avoid this

conclusion: the fermionic quarks can couple to certain instantons and cancel

their contribution to the superpotential! This allows us to save one part of the

Coulomb branch from destruction: the one in which the gauge group is sponta-

neously broken in a S U(N)→ S U(N − 2) × U(1)2 pattern. The vortex coordinate

used to parameterize this unlifted branch is called Y (with no subscript). This

19In the literature these instantons are commonly called “monopoles”, and the Yi are called
“monopole operators” because of the origin of the superpotential term. In my opinion, this
is a highly misleading notation: “monopoles” is a name given to particles in four dimensional
theories, whereas the instantons we are talking about are “just” mathematical saddle-points
in the path integral. The Yi, meanwhile, should be associated with vortices configurations, not
monopoles. Throwing all of these objects under the umbrella of “monopoles” emphasizes the
mathematical resemblance between them but obscures the very real physical differences.
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semi-classical analysis has taken us quite far, but that seems to be the end of the

road for it. It tells us that the low-energy degrees of freedom of SQCD should,

at the most, consist of the gauge-singlets if the Higgs branch (the mesons and

baryons, M and B, B) and the vortex Y . But the strong interactions have yet to

have their say, and who knows what their effects might be? Maybe some of

these degrees of freedom acquire masses at low energies? Maybe they interact

only very weakly, or maybe the low energy theory is an interacting CFT? The

full, quantum version of the moduli space could contain different regions where

these different results apply. The key to this question, as was the case for SQED,

will be to use the power of dualities.

1.2.6 From Four Dimensions to Three Dimensions: Dimen-

sional Reduction

In a recent paper [18], it was proposed that we could use the four-dimensional

Seiberg dualities to extract “descendant” dualities in three-dimensional theo-

ries. The idea goes as follow: we start with some duality between two theories

(call them A and B) in four dimensions. We then imagine “putting the theories

on the cylinder”; that is, we compactify one of the space dimensions, so that it

is now a periodic circle. While at high energies this should not change either

of our theories, we now expect that their low energy behaviour should be dra-

matically altered. Indeed, low energies imply large distance scales: so no matter

how “large” our compact dimension is, at low enough energies it will be small

compared to the wavelengths of the field excitations, and so the theories will

effectively look like three-dimensional theories. This procedure is called dimen-
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sional reduction.20 Let us called the dimensionally reduced theories A′ and B′.

The assumption is that, just as A and B were dual to each other at low energies,

A′ and B′ will similarly be dual in that same regime. Since, at low-energies, A′

and B′ look like three-dimensional theories, this process has given a new duality

for three-dimensional field theories. But not so fast! There is a twist in the story.

It turns out that there remains some effect of the compactified dimension even

at low-energies. This is because we can construct instantons where the gauge

field winds around the compactified dimension; these are commonly called KK

monopoles21 At low energies the compactified dimension is “removed” from the

theory, but the effect of these KK monopoles remains and is equivalent to the

generation of a term of the form ηY in the superpotential. Since this ηY term is,

in a sense, an artefact of the four-dimensional origin of the theories A′ and B′,

we would like to remove it so that we can consider theories which are purely

three-dimensional. To do this, we can employ a trick: we give a real mass term

to one of the flavours in our theories. This can be done by imagining that we are

weakly gauging one of the flavour symmetries and giving a VEV to the scalar

component of this new gauge multiplet. It has been argued that the, at energy

scales below this mass deformation, the ηY will be decoupled and vanish as

desired. The price we have to pay for this is that our duality is no longer be-

tween the theory A′ and B′, but between deformations of these theories which

are obtained by decoupling a flavour in this way. We can summarize all of the

above like so: Consider two theories, A and B, which live in four dimensions.

Obtain the theories the three-dimensional theories A′′ and B′′ from these by

compactifying a dimension and decoupling a flavour; then if A and B are dual

20Dimensional reduction is ubiquitous in string theory, where it is used to extract the low-
energy four dimensional behaviour of ”parent” string theories which live in much higher di-
mensional space.

21“KK” stands for “Kaluza-Klein”; Theodor Kaluza and Oscar Klein were pioneers of the
methods of dimensional deconstruction, hence the name.
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to each other at low energies, so will A′′ and B′′. This is illustrated in Figure

1.4.
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Figure 1.4: Representation of the RG flow of various theories during the
process of dimensional reduction.
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As an illustrative example, let’s apply this program to the Seiberg duality of

four-dimensional SQCD with NF = Nc + 1. We have seen in Section 1.2.2 that

this theory is s-confining: at low energy it is described by the superpotential

W = BiMi
jB

j
−Det(M). If we dimensonally reduce SQCD and decouple a flavour,

then what we have is three-dimensional SQCD with NF = Nc. On the other side

of the duality, we need to remove all of the singlets which are charged under

the symmetry QN f +1 → QNF+1eiφ, Q
NF+1

→ Q
NF+1

e−iφ. The fields that remain are

Ma
b for a, b < NF + 1, the two baryons BNF+1, B

NF+1
, and the lone field MNF+1

NF+1 .

For notational convenience, let us rename these fields ma
b, b, b, and M̃. Then we

have obtained a new duality: three-dimensional SQCD with NF = Nc is dual, at

low-energy, to a theory of singlets interacting through the superpotential:

W = M̃
(
bb −Det(m)

)
(1.13)

Let’s consider this duality for a moment: the fields m, b and b are all easy to

interpret as the gauge singlets of NF = Nc SQCD. But what about the M̃ field? Is

there an object in SQCD which we can associate to this field? The answer is yes:

the vortex Y! With this association in mind, we can rewrite Eq. (1.13) as:

W = Y
(
bb −Det(m)

)
(1.14)

We have thus arrived at an answer for the question which we asked at the end

of Section 1.2.5, at least for NF = Nc: at low energies, the fields of the Higgs

and Coulomb branch interact with each other through the potential given in Eq.

(1.14).
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1.2.7 The Topic of Chapter 4: Dressed Monopoles Operators

We are now ready to discuss the topic of Chapter 4: dressed monopole in three-

dimensional theory. The idea is to apply the method of dimensional reduction

to all the known s-confining theories in four-dimension. By analogy with the

case of Section 1.2.6, we expect that these should allow us to derive a similar list

of theories in three-dimensions which exhibit a similar kind of s-confining be-

haviour, i.e. theories where the low-energy limit is described by gauge singlets

interacting through a superpotential whose origin is accessible. As will be the

discussed in the paper, the dimensional reduction itself is straightforward, but

the results contain several operators who cannot seem to be matched either to

the hadrons or to the monopole operators of the gauge theories. We will show

that these operators in fact consist of dressed monopole operators: bound states

of vortices and matter fields! These new kind of degrees of freedom appear

in theories which are chiral, i.e. where the number of flavours is different from

the number of anti-flavours. This imbalance will cause the appearance of Chern-

Simons term at the quantum level, which will give electric charges to the vortices

and cause them to bind with the matter field. While we only present in detail a

single example of a theory which exhibit this behaviour, the tools presented in

Chapter 4 can be applied to all S-confining four-dimensional theories to classify

all s-confining theories in three-dimensions; this will be done in a future work

currently in production.
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1.3 Thermal Dark Matter Relics

1.3.1 The Case for Dark Matter

There are many observations, both astronomical and cosmological, which sug-

gest that the vast majority of the matter in our universe is not of the usual, or

“baryonic” kind. By this, we mean that it does not consist of particles which

arise out of the Standard Model of particle physics. Some of the most convinc-

ing arguments which support this conclusion are [19]:

• Galaxy Rotation Curves: The velocity at which matter bound to a galaxy

rotates around its center can be straightforwardly predicted using classi-

cal gravity and newtonian motion. For a satellite a large distance R away

from the center of the galaxy, where most of the visible mass is contained

within the orbit, the virial theorem, V = −2K, implies that the velocity v

should go like v ∝ R−1/2. Observations of these rotation curves for various

galaxies, however, shows that velocity is roughly constant over large dis-

tances away from the galactic center. This could be explained by the fact

that most of the matter in a galaxy is not, in fact, contained in its visible

matter; instead, it could be found in a diffuse, spherical halo which would

extend far beyond the visible disk. Whatever it is that makes up this halo

would be the theorized dark matter particle(s).

• The Bullet Cluster: The bullet cluster refers to the result of the collision

between two clusters of galaxies, some 4 billion light years away from

Earth. The significance of this event becomes clear when we look at it

using two different sets of “eyes”. On the one hand, we can look at the
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electromagnetic radiation emitted by the visible, baryonic matter in the

clusters to establish where most of their visible mass is concentrated. On

the other hand, we can use the method of gravitational lensing to map out

the entire mass distribution, visible and invisible, of those clusters. These

results show a net separation between the net enters and mass and the

centers of visible mass in the clusters: once again, we are led to conclusion

that most of these stellar objects is not contained in the visible matter, but

rather in some invisible dark material. In addition, the results of the bullet

cluster observation show that the dark matter in the clusters was barely

affected by the collisions of the two objects: whereas the visible matter was

disturbed, heated up, and slowed down by the impact, the dark matter

seems to have just gone right on through with very little effect. As we will

discuss later, we can use this to put upper bound on the self-interaction of

dark matter.

• Cosmological Fits: At large enough scales, the dynamical behaviour of

the universe can be well described by specifying the different types of

contributions to the average energy densities of the universe: these are

non-relativistic (or “cold”) matter Ωm, relativistic (or “warm”) matter Ωrad,

dark energy (also called the cosmological constant) ΩΛ, and the curvature

of the universe, Ωk. The scale factor a, which control the expansion (or

possible contraction) of the universe, is then controlled by the Friedmann

equation [20]:

ȧ
a
≡ H = H0

√
Ωma−3 + Ωrada−4 + Ωka−2 + ΩΛ , (1.15)

where H0 is Hubble’s constant as measured today, and we set a = 1 at the

present day, so that the sum of the energy densities must be 1. There are

many cosmological and astronomical observables, such as the features of
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the Cosmic Microwave Background (CMB), the distributions of galaxies,

and the relic abundances of the many elements, which are affected by the

behaviour of the scale factor a throughout cosmological history. We can

therefore use these measurements to fit for the values of the various en-

ergy densities. When this is done, the best fit is for Ωm ≈ 0.28; since the

value of Ωm for visible matter is about 0.05, this fit indicates the presence

of an invisible component to Ωm which is larger than the observed value

by about a factor of 5.

These arguments have created a widespread consensus on the existence of dark

matter. What should the properties of a dark matter candidate be?

• A dark matter particle should be stable over cosmological time scales: its

decay rate, if it has any, should be small enough to allow it to maintain its

density throughout the age of the universe.

• A dark matter particle must have tightly constrained self-interactions to

respect the bounds set by the bullet cluster. This bound can approximately

in terms of the ratio of the dark matter scattering cross-section to its mass

as:
σ

m
< 2

barn
GeV

[21, 22, 23].

• A dark matter particle must be approximately dissipationless: that is, its

interactions, whatever they are, must not allow it to dissipate its kinetic

energy away to other forms of matter or radiation. This is because, were it

otherwise, the dark matter would not have formed the large, diffuse halos

necessary for galaxy formation: it would have radiated way its energy and

collapsed into much more compact shapes, the way visible matter does.
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In addition to these, the ways in which the dark matter is actually produced

in the early universe is also very constrained: not only must this production

mechanism give us the correct present day relic density of ΩDM ≈ 0.23, but it

must also produce a population of dark matter particles which is cold enough

to allow for structure formation. If the population of dark matter particles pro-

duced is too hot (i.e. too relativistic), then it will tend to ”free stream” and avoid

forming dense gravitational pits which can be used to accrete visible matter. Let

us now examine a common way of explaining the dark matter relic density: the

thermal relic paradigm.

1.3.2 Dark Matter as Thermal Relic

A thermal relic is a particle which was in thermal equilibrium with the photon

bath of the Standard Model in the early universe. However, as the universe

expanded, this particle eventually decoupled from the photon bath, at which

point its energy density evolved independently of the dynamics of the Standard

Model sector. The relic neutrinos are a known example of such a particle.

The ”advantage” of such a paradigm, from a phenomenological point of view, is

that it directly relates the microscopic properties of the thermal relic (such as its

mass and couplings) to its cosmological properties: by computing the various

collision and annihilation rates of a thermal relic and comparing them to the

rate of the expansion of the universe we can compute the relic abundance for

this particle, i.e. the amount of particles left over.

Let us be a little more specific. If a particle species is thermalized “with itself” its

distribution will be characterized by only two quantities: its chemical potential

µ and its temperature T ′ (we reserve the use of T for the temperature of the
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Standard Model photon bath). We will find it a little more convenient to use the

quantities y and r, defined through

nχ(T ) = y(T )neq
χ (rT ) , (1.16)

where

neq
χ (T ′) =

gχ
2π2 m2T ′K2(m/T ′) . (1.17)

In other words, y = eµ/T
′ and r = T ′/T . Again, assuming that the dark matter

remains thermally coupled to itself, the parameters y and r can be obtained by

solving the Boltzmann equations which control its thermal evolution. Since we

have two unknowns, we need two equations to uniquely determine them. For

all cases, one of these will be the Boltzmann equation for the energy density

[20]:
∂ρχ

∂t
+ 3H(ρχ + Pχ) = 〈σv · δE〉kinnχn

eq
γ , (1.18)

where 〈σv ·δE〉kin is the rate of energy transfer from the photon bath to the χ par-

ticles, which can be computed from its couplings; ρχ and Pχ are the energy and

the pressure density of the dark matter particles, respectively, and are simply

related to its equilibrium distribution. The second equation we need to use is

the Boltzmann equation for the number density. Its exact form will depend on

the dominant number-changing process for the particle. A common example is

the Weakly Interacting Massive Particle (WIMP) [24], which tends to annihilate

into Standard Model particles through interactions of the form χ+χ→ SM+SM.

For this case, the number-changing Boltzmann equation would be:

∂nχ
∂t

+ 3Hnχ = −〈σv〉2→2(n2
χ − n2

χ
eq) . (1.19)

Another example which has been studied more recently consists of the Strongly

Interacting Massive Particle (SIMP) [25, 26]: this dark matter candidate has only
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negligible annihilations to the Standard Model. Instead, its dominant number-

changing process is self-annihilation, e.g. χ + χ + χ → χ + χ. In this case the

number-changing Boltzmann equation is:

∂nχ
∂t

+ 3Hnχ = −〈σv2〉3→2(n3
χ − n2

χn
eq
χ ) . (1.20)

For any given microscopic model describing the dark matter particles (i.e. a La-

grangian describing its masses and couplings) we can compute the transition

rates 〈σv · δE〉kin, 〈σv〉2→2 (or 〈σv2〉3→2, as is appropriate) and use them to numeri-

cally solve the Boltzmann equations. In all cases, however, the story of a (valid)

dark matter relic is similar: at high temperatures it is in thermal equilibrium

with the photon bath and in chemical equilibrium: that is say, it has r = y = 1. As

the universe expands and cools down, however, it becomes harder and harder

for the thermal relic to maintain both of these equilibriums. Eventually, the dark

matter particle will reach a density low enough that they will become unable to

“find themselves” and will effectively stop interacting at all, both with the Stan-

dard Model and with each other.22 When this happens, the co-moving energy

density of the dark matter particles is fixed and does not change anymore. This

story is illustrated in Figs. 1.5 and 1.6.

22As we will soon discuss, it makes a crucial difference whether the χ particles stop interacting
with themselves or with the Standard Model first.
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Figure 1.5: The life of a thermal relic, part 1. The dashed blue line repre-
sent the yield, or energy density of a thermal relic normalized
by the entropy density of the photon bath, if it stayed in ther-
mal and chemical equilibrium throughout its life. The solid
orange line corresponds to the observed yield of dark matter
in our universe. When T . m, the number density becomes
exponentially suppressed and plummets downward to zero.
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Figure 1.6: The life of a thermal relic, part 2. For a real thermal relic (solid
black line), the interactions that keep the particle in thermal
and chemical equilibrium stop being effective when T . m,
and the yield stops following the equilibrium distribution. Af-
ter decoupling, the yield is constant.

1.3.3 The Topic of Chapter 5: ELDERs

Chapter 5 is a paper which present a new kind of thermal relic dark matter,

the Elastically Decoupling Relic (ELDER). This dark matter candidate is similar

to a SIMP in that its dominant number-changing interactions consist of self-

annihilations. However, the ELDER has a larger self-annihilation rate and a

smaller coupling with the Standard Model compared to the SIMP: this means

that, for the ELDER, the first process to turn off will be the exchange of energy

with the Standard Model. This is quite unlike both the SIMP and the WIMP,

which both remain in thermal contact with the SM throughout the important

part of their decoupling process. After the ELDER has decoupled from the pho-
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ton bath, it will begin a cannibalization23 phase [27]: the self-annihilations will

start converting mass energy into kinetic energy, keeping the temperature of

the ELDER far above that of the Standard Model. Eventually, self-annihilations

too will decouple, and the co-moving energy density of the ELDER will reach its

final value. The key point, however, is that the final relic density depends very

little on the self-annihilation rate: the relic density changes very slowly dur-

ing the cannibalization phase, so it doesn’t matter that much when exactly the

self-annihilation decouple. As a result of this, the ELDER relic density is con-

trolled almost completely by its elastic scattering rate with the Standard Model.

Remarkably, the final number density is controlled by a process which is not

number-changing!

A more detailed presentation of the ELDER scenario, which include its expected

couplings, mass range, exclusion bounds, and discovery prospect, is the subject

of Chapter 5.

23While I think that the term “cannibalization” is both witty and appropriate, the editorial
staff of PRL disagreed; sadly, the term has been changed to “self-heating” in the published
version of the paper presented on Chapter 5.

40



CHAPTER 2

HIGGS COUPLINGS AND NATURALNESS

Many extensions of the Standard Model postulate the existence of new weakly coupled

particles, the top partners, at or below the TeV scale. The role of the top partners is to

cancel the quadratic divergence in the Higgs mass parameter due to top loops. We point

out the generic correlation between naturalness (the degree of fine-tuning required to

obtain the observed electroweak scale), and the size of top partner loop contributions to

Higgs couplings to photons and gluons. If the fine-tuning is required to be at or below

a certain level, a model-independent lower bound on the deviations of these Higgs

couplings from the Standard Model can be placed (assuming no cancellations between

contributions from various sources). Conversely, if a precise measurement of the Higgs

couplings shows no deviation from the Standard Model, a certain amount of fine-tuning

would be required. We quantify this connection, and argue that a measurement of

the Higgs couplings at the per-cent level would provide a serious and robust test of

naturalness.1

2.1 Introduction

The recent discovery of a new particle, roughly consistent with the Standard

Model (SM) Higgs boson, has opened a new window into physics at the elec-

troweak scale. In the next decade, the Higgs physics will enter the precision era,

1This paper was co-authored with Marco Farina and Maxim Perelstein; it was published in
July 2014 by Physical Review D. [28]
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in which the goal will be to measure the properties of this particle, in particular

its couplings, with the highest possible accuracy. Besides the continuing exper-

iments at the LHC, the idea of a next-generation electron-positron collider such

as the International Linear Collider (ILC) is currently under active discussion,

with precise measurements of the Higgs couplings as its prime motivation [1].

Such a facility would be capable of measuring several couplings at a per cent

level. It is important to understand the implications that these measurements

could have on our ideas about physics beyond the Standard Model.

Predictions of many SM extensions for the Higgs couplings have already

been extensively studied. In this paper, we point out a very general, and impor-

tant, feature of such predictions. In any model which stabilizes the Higgs mass

against radiative corrections by postulating weakly-coupled new physics, the

amount of fine-tuning required to obtain the observed electroweak scale is in-

versely correlated with the size of certain non-SM contributions to the Higgs cou-

plings to photons and gluons. In other words, if the fine-tuning is required to be

at or below a certain level, a model-independent lower bound on the deviations

of these Higgs couplings from the SM can be placed (assuming no cancellations

between contributions from various sources). Conversely, if a precise measure-

ment of the Higgs couplings shows no deviation from the SM, a certain amount

of fine-tuning would be required. We will quantify these statements, and show

that per-cent level Higgs coupling measurements, expected to be achievable at

the next-generation experimental facilities, would provide a serious test of nat-

uralness of the electroweak scale. This gives a clear and compelling physics

motivation for such measurements.2

The paper is organized as follows. In Section 2.2, we present the gen-

2For earlier work along these lines, see Refs. [29, 30, 31].
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eral argument for the correlation between naturalness and loop-induced Higgs

couplings to gluons and photons. The key observation is that the same ob-

ject, the Higgs-dependent mass of the top partner (or partners), determines the

dominant radiative corrections to the Higgs mass parameter, via the Coleman-

Weinberg (CW) potential, and the top partner contributions to the Higgs cou-

plings to gluons and photons, via the well-known “low-energy theorems” [32].

In Section 2.3, we study the correlation between fine-tuning and Higgs cou-

plings quantitatively, using a simple toy model with a single top partner (scalar

or fermion) as the benchmark. In Section 2.4, we explore how the picture may

be affected by the presence of a second top partner, and find that excepting

small regions of parameter space where accidental cancellations occur, the con-

clusions of the benchmark one-partner analysis remain valid. We discuss our

findings and conclude in Section 2.5.

2.2 General Argument: Top Partners, Naturalness, and the

Higgs Couplings

The starting point of our analysis is a single Higgs doublet H with the SM tree-

level potential

V(H) = −µ2|H|2 + λ|H|4. (2.1)

This hypothesis is the simplest interpretation of the LHC discovery consistent

with all other experimental data. In particular, there is no evidence in the data

of H mixing with other scalar fields, and the constraints on such mixing are now

quite stringent. In the SM, the measurements of the Higgs vacuum expectation
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value (vev) and mass provide precise values for the parameters in the potential:

µ = 90 GeV, λ = 0.13. (2.2)

How natural are these parameters? To address this question, we need to con-

sider quantum corrections to the potential (2.1). At the one-loop order, these

corrections are conveniently given by the Coleman-Weinberg (CW) formula

VCW(h) =
1
2

∑
k

gk(−1)Fk

∫
d4`

(2π)4 log
(
`2 + m2

k(h)
)
, (2.3)

where the sum runs over all particles in the model, and gk and Fk is the mul-

tiplicity and fermion number of each particle, respectively. For example, for a

gauge-singlet complex scalar, g = 2 and F = 0; for a gauge-singlet Dirac fermion,

g = 4 and F = 1. Here h/
√

2 is the real part of the U(1)em-neutral component of

H; in the SM vacuum, 〈h〉 = 246 GeV. The one-loop correction to the Higgs mass

parameter is given by

δµ2 ≡
δ2VCW

δh2 |h=0. (2.4)

In the SM, the largest contribution to the CW potential comes from the top

quark, since the top Yukawa is the strongest coupling of the Higgs:

δµ2 = −
3y2

t

8π2 Λ2 + . . . , (2.5)

where Λ is the scale at which all loop integrals in VCW are cut off. Since we ex-

pect Λ � MEW, the quantum correction to µ from the top loop is unreasonably

large, and would require fine-tuning if no new physics is present. If the the-

ory is weakly coupled at the TeV scale, the only way to avoid fine-tuning is to

introduce a new particle, the top partner, with mass at or below the TeV scale.

(Multiple top partners may be involved in the divergence cancellation.) Such

partners can be spin-0 scalars, as in supersymmetric (SUSY) models3, or vector-
3The special role played by the stops, the partners of the top quarks, in determining the

degree of naturalness of the electroweak scale in SUSY models was emphasized in Refs. [33],
and more recently in Refs. [34, 35, 36, 37, 38].
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like spin-1/2 fermions, as in Little Higgs [?, 39, 40] or 5-dimensional composite

Higgs models [41, 42, 43].4 In either case, the top partner mass has the form

m2(Ti) = m2
0,i + cih2 + · · · (2.6)

where we allow for the possibility of multiple top partners labeled by Ti, and

drop the terms of higher order in h. By dimensional analysis, such higher-order

terms need to be suppressed by powers of a mass scale; our approximation is

valid if this mass scale is� v. The absence of a term linear in h in the mass is a

consequence of the top partners’ vector-like S U(2) charges. The combined top

sector contribution to the quadratic terms in the Higgs potential is

δµ2 =
1

16π2

∑
i

gi(−1)Fici − 6y2
t

 Λ2 +
∑

i

gi(−1)Ficim2
0,i log

Λ2

m2
0,i

− 6y2
t m2

t log
Λ2

m2
t

+ . . .

 .
(2.7)

Cancellation of the quadratic divergence yields the sum rule

6y2
t =

∑
i

gi(−1)Fici . (2.8)

This sum rule is imposed by the symmetry of the theory in both SUSY and Little

Higgs. The remaining fine-tuning can be quantified by taking the ratio of the

quantum correction to µ2 to its measured value:

∆ =
δµ2

µ2 ≈ 0.78

∑
i

gi(−1)Fici

( m0,i

1 TeV

)2
log

Λ2

m2
0,i

− 6y2
t

( mt

1 TeV

)2
log

Λ2

m2
t

 . (2.9)

If ∆ � 1, the theory must be fine-tuned to accommodate the observed EWSB.

Note that ∆ only measures fine-tuning in the Higgs mass parameter; we assume

that the observed quartic coupling can be generated with no additional fine-

tuning. In certain specific models, such as the minimal supersymmetric stan-

dard model (MSSM), a significant loop contribution to the quartic is required,

4In principle, a spin-1 top partner is also a possibility [44]; we will not consider this case here.
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which in turn implies strong constraints on the top sector and associated fine-

tuning in the Higgs mass parameter. However, such correlations between the

quartic and the mass are very model-dependent, and we will not take them into

account in this analysis.

The effects of the top partners on the Higgs couplings first appear at the

one-loop level. The best place to look for such effects is in the couplings which

vanish in the SM at the tree level. We focus on the couplings of the Higgs to

gluons and photons. At the one-loop order, the contributions of particles with

masses� mh to these couplings are described by effective operators,

Lhγγ =
2α
9πv

CγhFµνFµν , Lhgg =
αs

12πv
CghGµνGµν . (2.10)

The Wilson coefficients can be found using the well-known “low-energy theo-

rems” [32]:

Cγ = 1 +
3
8

Dirac f ermions∑
f

Nc, f Q2
f

∂ ln m2
f (v)

∂ ln v
+

3
32

scalars∑
s

Nc,sQ2
s
∂ ln m2

s(v)
∂ ln v

,

Cg = 1 +

Dirac f ermions∑
f

C(r f )
∂ ln m2

f (v)

∂ ln v
+

1
4

scalars∑
s

C(rs)
∂ ln m2

s(v)
∂ ln v

, (2.11)

where the first term is the contribution of the SM top loops, the sum runs over

the top partners, and Nc,i and Qi are the dimension of the S U(3)c representation

and the electric charge (in units of electron charge) of the particle i. Note that

the exact same objects, the Higgs-dependent masses of top partners mi(h), enter

the CW potential and the Higgs couplings, providing a very general and ro-

bust connection between these quantities. In the approximation of Eq. (2.6), we
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obtain

Cγ ≈ 1 +
3
4

∑
f

Nc, f Q2
f c f v2

m2
0, f + c f v2

+
3

16

∑
s

Nc,sQ2
scsv2

m2
0,s + csv2

,

Cg ≈ 1 + 2
∑

f

C(r f )c f v2

m2
0, f + c f v2

+
1
2

∑
s

C(rs)csv2

m2
0,s + csv2

. (2.12)

The set of coefficients {m0,i, ci} determines both the fine-tuning ∆ and the Wil-

son coefficients, generically resulting in a correlation between these quantities.

Assuming that there are no other non-SM contributions to the Higgs couplings

to photons and gluons, the deviations of these couplings from the SM in the

presence of top partners are given by

Rg ≡
g(hgg)

g(hgg)|SM
= Cg, Rγ ≡

g(hγγ)
g(hγγ)|SM

≈ 1 − 0.27
(
Cγ − 1

)
, (2.13)

where the contribution of the W loop has been taken into account in the photon

coupling.

It should be noted that in the above discussion, we assumed that the top

loop contribution to the Higgs couplings is exactly equal to its value in the SM.

In some relevant models of new physics, this assumption is not valid, due to

deviations of the top Yukawa from its SM value. Models in which the Higgs is a

pseudo-Goldstone boson, such as Little Higgs models, provide an example. In

these models, the shift in the top loop contribution to hgg and hγγ couplings is

of the same order as the top partner loop contributions to these couplings [45,

46, 47]. The effect of the additional shift is model-dependent. In some cases,

a cancellation between the top-Yukawa and top partner loop effects may occur,

due to the specific structure of the top mass matrix [48]. In this case, our analysis

would not apply. Note, however, that in all theoretically motivated examples

that we are aware of, the shift in the top Yukawa is due to Higgs compositeness,

at a scale not far above the electroweak scale. Such models also predict large,
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Figure 2.1: Fractional deviation of the Higgs coupling to gluons (left
panel) and photons (right panel) from the SM value, as a func-
tion of the top partner mass. Top row: Spin-0 top partner. Bot-
tom row: Spin-1/2 top partner. Regions currently allowed by
the LHC and Tevatron data are shown in green (68 % c.l.) and
yellow (95 % c.l.).

tree-level deviations of the Higgs couplings to W and Z bosons, which will be

probed with high precision by any experiment capable of precise measurements

of gluon and photon couplings.
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2.3 Benchmark Model: a Single Top Partner

The simplest possibility is that there is a single top partner, in fundamental rep

of S U(3) and with electric charge 2/3, just like the SM top. (The single part-

ner model is applicable to models with multiple top partners if they have the

same m0,i parameters: for example, the MSSM with two degenerate stops.) This

simple model can be used as a benchmark for evaluating the potential of preci-

sion Higgs couplings to probe naturalness. In this case, c1 is fixed by the sum

rule (2.8), and m0,1 is the only free parameter in the predictions:

Cγ = Cg = 1 +
1
4

y2
t v2

m2
0,1 + y2

t v2
(spin 0 partner);

Cγ = Cg = 1 −
y2

t v2

2m2
0,1 − y2

t v2
(spin 1/2 partner). (2.14)

The correlation between the Higgs coupling deviations from the SM and the

mass of the top partner is shown in Fig. 2.1. For reference, we also show con-

straints obtained from a fit to the current LHC-7, LHC-8 [49, 50, 51, 52, 53] and

Tevatron [54] data, assuming that top-partner loops are the only non-SM contri-

bution to Higgs couplings. To obtain these constraints, we fit to the published

Higgs event rates observed in various channels, assuming no correlation be-

tween any of the data points, and include the theoretical uncertainties provided

by the Higgs cross section working group [55, 56]. Our results are roughly con-

sistent with the more detailed fits performed by the LHC collaborations [57, 58]:

for example, our one-sigma error bar on Rg is about ±0.1, compared to 0.14 re-

ported by the ATLAS collaboration [57] in a two-parameter fit where Rg and Rγ

were assumed to be the only non-SM contributions to the Higgs rates. A broad

range of top partner masses in the region motivated by naturalness are currently

allowed by data: the 95% c.l. limit on the top partner mass is about 320 GeV for

a spin-0 top partner, and 400 GeV for a spin-1/2 partner. (Note that our best-fit
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Figure 2.2: Regions allowed by the LHC and Tevatron measurements of
the Higgs rates in the Rγ − Rg plane, at the 68 % c.l. (green)
and 95 % c.l. (yellow). The spin-0 top partner model predicts
deviations along the blue line, while the spin-1/2 top partner
induces deviations along the red line. The points on both lines
correspond to the partner masses of 350, 500, 650, and 800 GeV.
For comparison, projected constraints from the LHC-14 [1] are
shown by red lines.

value for Rg is about 0.7σ below the SM expectation of 1.0, resulting in a slightly

stronger bound on the spin-0 partners and a slightly weaker bound on the spin-

1/2 case.) However, future precise measurements of the Higgs coupling at the

LHC-14 and a future e+e− facility would probe much of the interesting parame-

ter space. For example, a 1% measurement of the gluon coupling will probe the

top partner masses in excess of 1 TeV, for both spin-0 and spin-1/2 top partners.

Since the one-partner model has only one free parameter, the deviations in

gluon and photon couplings are correlated. This is shown in Fig. 2.2, along

with the current and future LHC constraints on the two couplings. (We used

the information provided in Ref. [1] to estimate the LHC-14 contours.) It is
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Figure 2.3: Regions allowed by the LHC and Tevatron data in the ∆− log Λ

plane, at the 68 % c.l. (green) and 95 % c.l. (yellow). Here, Λ

is the scale (in GeV) where the logarithmic divergence in the
Higgs mass renormalization is cut off. Left panel: Spin-0 top
partner. Right panel: Spin-1/2 top partner.

clear that the constraints are strongly dominated by the gluon coupling mea-

surement, due to both the slope of the trajectory and the stronger experimental

bound on Rg. If a deviation from the SM is observed, it would be straightfor-

ward to check whether it can be interpreted within the one-partner framework

by simply checking whether the trajectories shown here intersect with the ex-

perimentally determined region. If the answer is positive, these measurements

will also allow to unambiguously determine the top partner spin.

The connection between Higgs couplings and fine-tuning is illustrated more

directly in Figs. 2.3 and 2.4. Since the top partners only cut off the quadratic di-

vergence in the top loop, leaving the logarithmic divergence uncanceled, the

value of the fine-tuning measure ∆ depends logarithmically on the scale Λ
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Figure 2.4: Fine-tuning as a function of the fractional deviation of the
Higgs coupling to gluons (left panel) and photons (right panel)
from the SM value, and the energy scale Λ (in GeV) where the
logarithmic divergence in the Higgs mass renormalization is
cut off. Top row: Spin-0 top partner. Bottom row: Spin-1/2 top
partner. Regions currently allowed by the LHC and Tevatron
data are shown in green (68 % c.l.) and yellow (95 % c.l.).
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where the logarithmic divergence is cut off. The value of Λ is very model-

dependent. To demonstrate its effect, we vary Λ between the “low” 10 TeV

scale, representing a rough lower bound on this scale in realistic models, and

the “high” 1016 GeV, motivated by grand unification. In the case of a spin-0

partner, the 95% c.l. lower bound on the fine-tuning from the current Higgs data

varies between ∼ 1/2 for a low-scale model and ∼ 1/20 for a high-scale model.

The bounds for the spin-1/2 partner are slightly stronger, between ∼ 1/3 and

∼ 1/30. Of course, these bounds can be dramatically improved by the future

precise measurements of Higgs couplings. For example, if the gluon coupling

is found to agree with the SM at a 1% level, the minimal amount of fine-tuning

required would be ∼ 1/25 for the low-scale model, and ∼ 1/400 for a high-scale

model.

We emphasize that the probe of naturalness advocated here is complemen-

tary to direct searches for top partners. Sensitivity of the direct searches, espe-

cially at hadron colliders such as the LHC, depends on details of the spectrum

and the decay patterns of the produced top partners. For example, while the

LHC “headline” direct bounds on stops are already about 600 − 700 GeV [?],

these bounds can be evaded in a variety of ways, e.g. “stealthy” [59] or com-

pressed stop spectra, or R-parity violation. In contrast, the nature of the Higgs

coupling deviations discussed here is very tightly connected to the restoration

of naturalness, and the connection is essentially model-independent. Of course,

the simple correlation exhibited in the benchmark one-partner models may be

violated in more complicated setups, where for example cancellation among

various loop contributions is in principle possible. We will investigate an exam-

ple of this in the next section. Still, it is worth emphasizing that the “loopholes”

inherent in the test of naturalness proposed here are completely different from
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the ones plaguing direct searches. Together, these techniques should provide an

extremely powerful and robust test of naturalness.

2.4 Two Top Partners

Cancellation of the top loop divergence does not have to be achieved with a

single new particle. For example, in the MSSM, there are two spin-0 top part-

ners, t̃1 and t̃2, generically with different masses, both of which participate in

divergence cancellation. Models with multiple top partners are characterized

by multi-dimensional parameter spaces, even after the divergence cancellation

sum rule is imposed. We expect that throughout most of the parameter space of

a given model, the correlation between Higgs couplings and fine-tuning stud-

ied in Section 2.3 continues to hold. However, there could be special regions of

parameter space where it can fail, due to cancellations between contributions

of the two top partners, either to the CW potential or to the Higgs couplings.

To illustrate this, in this section we will consider a toy model with two spin-0

partners, both in fundamental rep of S U(3) and with electric charge 2/3. (These

are the quantum number assignments of the MSSM stops, so the results of this

section will approximately apply in that model; the correspondence becomes

exact in the limit of soft masses large compared to v.5) The model has four free

parameters, {m0,i, ci}, i = 1, 2; after the sum rule (2.8) is imposed, the number is

reduced to 3. We choose to work in terms of

m1; µ =
m2

m1
; θ = tan−1 c2

c1
, (2.15)

5Many authors examined the stop loop contributions to Higgs couplings in the MSSM; see,
for example, Refs. [60, 61, 62, 63].
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Figure 2.5: Contours of fine tuning (in blue) and Rg (in red) for fixed values
of θ, with Λ = 20 TeV. The regions shaded in green correspond
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Figure 2.6: Fine tuning (in blue) as a function of θ for fixed values of µ and
Rg, with Λ = 20 TeV. The regions shaded in in gray indicate
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for which the fine tuning is less than what is predicted for a
one scalar partner model with Rg = 0.01.

where mi =
√

m2
0,i + civ2 are the physical masses of the top partners, and m1 < m2.

Note that in the limits (µ → 1, any θ) and (θ → 0, any µ), the model reduces to

the one-partner model with the same m0,1, considered in Section 2.3 above.

The main conclusion of our analysis of this model is that the correlation of

the Higgs coupling deviations and fine-tuning, observed in the benchmark one-
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partner models of Section 2.3, is rather robust. This is illustrated in Fig. 2.5.

For example, suppose that the gluon coupling is found experimentally to agree

with the SM prediction at a level of 1%. Interpreting this bound within a one-

partner model places a lower bound on fine tuning of about 1/35 assuming Λ =

20 TeV. The two-partner model can produce the gluon coupling within 1% of

the SM value with smaller fine-tuning; however, the regions of parameter space

where this occurs (shaded in green in Fig. 2.5) are rather small, so an accidental

cancellation is clearly involved. Note also that such accidental reduction in fine-

tuning can only occur when c1 and c2 have opposite signs (θ < 0). The accidental

nature of the fine-tuning reduction is further illustrated in Fig. 2.6: once the

masses are fixed, fine-tuning drops significantly below the value inferred from

the one-partner model only for a narrow range of the couplings.

In principle, cancellation of the top quadratic divergence may involve > 2

new particles, although we are not aware of any explicit model in which this

is the case. It seems reasonable to conjecture that if this were the case, the cor-

relation of Higgs coupling deviation and fine-tunings would persist, modulo

possible accidental cancellations.

2.5 Conclusions

In this paper, we pointed out and quantified a correlation between the level of

fine-tuning of electroweak symmetry breaking and the deviations of the Higgs

couplings to photons and gluons from their SM values. The connection holds

in a very large class of well-motivated models: the basic assumptions are that

the physics at the weak/TeV scale is weakly coupled, and that the quadratic di-
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vergence in the Higgs mass from the SM top loop is canceled by loops of new

particles, the top partners. The top partners’ contributions to the Higgs mass

parameter and to the Higgs couplings to photons and gluons are determined

by the same objects, their Higgs-dependent masses, resulting in a simple rela-

tionship between them. Thus, measuring Higgs couplings precisely provides a

robust, model-independent test of naturalness. We showed that a measurement

of Higgs couplings to gluons and photons at a per-cent level will either result

in a discovery of a deviation from the SM, or imply that electroweak symmetry

breaking is significantly tuned. This test of naturalness should be within the

power of the proposed next-generation electron-positron collider such as the

ILC.

A potential “loophole” in our argument is that the top partner contributions

to the hgg and hγγ couplings may be canceled by other non-SM contributions

to these vertices. In the case of multiple top partners, there is also the possibil-

ity of cancellations of the top partners’ contributions to hgg and hγγ couplings

among themselves. Typically, such cancellations should be regarded as acci-

dental, and therefore unlikely. This was illustrated with an example of a two

top partner model in Section 2.4. The only example that we are aware of where

the cancellation of the top partner contributions to hgg and hγγ happens for a

reason that seems inherent to the structure of the theory and not accidental is the

model studied in Ref. [48, 64, 65]. However, the composite nature of the Higgs

in that model implies large tree-level deviations of the Higgs couplings to W

and Z bosons, and therefore it will still not escape detection via measurements

of Higgs couplings.

So far, naturalness of the electroweak scale has been mainly probed through
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direct searches for the top partners, which will of course continue in the next

decade. We emphasize the complementarity between this program and the test

of naturalness proposed here. The Higgs couplings test does not suffer from

the well-known loopholes which plague direct searches (e.g. special spectra or

R-parity violation). At the same time, there seems to be no reason for models

where the deviations of hgg and hγγ are suppressed, for whatever reason, to

pose unusual difficulties for direct searches. Taken together, the two programs

will provide a powerful and robust test of naturalness.

In summary, we believe that the test of naturalness proposed here provides

a compelling motivation for the future program of precision Higgs coupling

measurements. We hope that this program will be realized in the coming years.
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CHAPTER 3

SPIN-ONE TOP PARTNER: PHENOMENOLOGY

Cai, Cheng, and Terning (CCT) suggested a model in which the left-handed top quark

is identified with a gaugino of an extended gauge group, and its superpartner is a spin-

1 particle. We perform a phenomenological analysis of this model, with a focus on the

spin-1 top partner, which we dub the “swan”. We find that precision electroweak fits,

together with direct searches for Z′ bosons at the LHC, place a lower bound of at least

about 4.5 TeV on the swan mass. An even stronger bound, 10 TeV or above, applies in

most of the parameter space, mainly due to the fact that the swan is typically predicted

to be significantly heavier than the Z′. We find that the 125 GeV Higgs can be easily

accommodated in this model with non-decoupling D-terms. In spite of the strong lower

bound on the swan mass, we find that corrections to Higgs couplings to photons and

gluons induced by swan loops are potentially observable at future Higgs factories. We

also briefly discuss the prospects for discovering a swan at the proposed 100 TeV pp

collider. 1

3.1 Introduction

Discovery of the Higgs boson brought into sharp focus the long-standing theo-

retical problem of the Standard Model (SM), the hierarchy problem. If the SM is

the complete description of physics up to scale Λ, radiative corrections generate

1This paper was co-authored with Jack Collins, Bithika Jain and Maxim Perelstein; it was
published in August 2014 by the Journal of High Energy Physics [67]
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a contribution to the Higgs mass parameter of order Λ/(4π). The Higgs mass

parameter is now precisely known, µ = (126 GeV)/
√

2 ≈ 90 GeV. Unless unre-

lated contributions to µ cancel, we expect the scale of SM break-down Λ to be of

order 1 TeV. This argument strongly motivates experimental searches for non-

SM physics at the LHC energies, and an extensive program of such searches is

ongoing.

The hierarchy argument does not uniquely fix the nature of new physics at

scale Λ, but it does provide some important clues. Precision electroweak mea-

surements constrain the scale at which generic strong-coupling extensions of the

SM may become relevant to ∼ 10 TeV or above. This indicates that the solution

to the hierarchy problem must rely on weakly-coupled physics, unless signifi-

cant fine-tuning is involved. All known weakly-coupled solutions to the hierar-

chy problem involve new particles at the scale Λ <∼ TeV. Loops of these particles

introduce additional contributions to the Higgs mass parameter, which cancel

the leading contribution of SM loops. Such cancellations can occur naturally

due to symmetries; known examples are supersymmetry, shift symmetry, and

gauge symmetry extended to models with extra compact dimensions of space.

Each of these symmetries can be implemented in a variety of ways, leading to a

large zoo of possible explicit models for non-SM physics at the TeV scale. Most

of these models have a rich spectrum of new states, and their masses are typi-

cally extremely model-dependent, making it difficult to choose optimal targets

for experimental searches. However, in all models, the particles canceling the

loops of SM tops, the “top partners”, play a special role. The large value of the

top Yukawa in the SM implies that the top partners must be quite light, below a

few hundred GeV, for the model to be natural, independent of model-building

details. This makes top partners a particularly well-motivated target for the
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LHC searches.

The conventional wisdom says that top partners fall into one of two classes:

spin-0 partners, or “stops”, if the hierarchy problem is solved by supersym-

metry; and spin-1/2 partners, if it is solved by shift symmetry or higher-

dimensional gauge symmetry. Both these possibilities are extensively covered

by experimental searches. There is, however, an alternative possibility, which

has so far received far less attention: a spin-1 top partner. An explicit model

realizing this scenario was constructed by Cai, Cheng and Terning (CCT) in

2008 [6]. However, to date, no comprehensive study of phenomenology of this

model has been performed. The goal of this paper is to rectify this omission.

The paper is organized as follows. We review the CCT model, emphasiz-

ing the aspects that will be germane for the discussion of phenomenology, in

Section 3.2. We then discuss the two main sources of current constraints on the

model, precision electroweak fits (Section 3.3) and direct searches for Z′ bosons

at the LHC (Section 3.4). In Section 3.5, we discuss how the 125 GeV Higgs

boson can be accommodated in this model, and briefly discuss the degree of

fine-tuning implied by the constraints. Section 3.6 discusses the deviations in

the Higgs couplings to gluons and photons induced by the new particles of the

CCT model, while Section 3.7 contains a brief sketch of the possible signatures of

the model at a 100 TeV hadron collider. We conclude in Section 3.8, and relegate

some of the details of the analysis to the Appendix.
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S U(5) S U(3) S U(2) U(1)H U(1)V U(1)Y

Qi 1 � � 1
6 0 1

6
ui 1 � 1 −2

3 0 −2
3

di 1 � 1 1
3 0 1

3
Li 1 1 � −1

2 0 −1
2

ei 1 1 1 1 0 1
H � 1 1 1

2
1
10

(
2
3 ,

1
2

)
H � 1 1 −1

2 − 1
10

(
−2

3 ,−
1
2

)
Φ3 � � 1 −1

6
1
10

(
0,−1

6

)
Φ2 � 1 � 0 1

10

(
1
6 , 0

)
Φ3 � � 1 1

6 − 1
10

(
0, 1

6

)
Φ2 � 1 � 0 − 1

10

(
−1

6 , 0
)

Table 3.1: Chiral superfields of the model, and their gauge quantum num-
bers. Here, i = 1 . . . 3 is the flavor index.

3.2 Review of the Model

The model studied in this paper was proposed by Cai, Cheng and Terning (CCT)

in [6]. In this section we will review the model.

3.2.1 Structure and Particle Content

The CCT model is a supersymmetric gauge theory, based on a gauge group

G = S U(5)×S U(3)×S U(2)×U(1)H ×U(1)V . The matter superfields of the model,

and their gauge quantum numbers, are listed in Table 1.The superpotential has

the form

W = y1Q3Φ3Φ2 + µ3Φ3Φ3 + µ2Φ2Φ2 + y2u3HΦ3 + µHHH

+
YUi j

MF
Qiu jΦ2H +

YDi j

MF
Qid jΦ2H +

YEi j

MF
Lie jΦ2H, (3.1)

where i, j = 1 . . . 3 are flavor indices. In addition, one must also add soft SUSY-

breaking terms generated at some messenger scale Λ. With the usual motiva-
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tion of the hierarchy problem, we assume that all soft masses are around the

TeV scale; their precise values will not be important for most of our discussion.

As will be described in more detail below, SUSY breaking triggers gauge sym-

metry breaking by causing the four link fields, Φ2,3 and Φ2,3, to acquire vacuum

expectation values (vevs) of the form

〈Φ3〉 =


f3 0 0 0 0

0 f3 0 0 0

0 0 f3 0 0

 , 〈Φ3〉
T =


f 3 0 0 0 0

0 f 3 0 0 0

0 0 f 3 0 0

 ,

〈Φ2〉 =

 0 0 0 f2 0

0 0 0 0 f2

 , 〈Φ2〉
T =

 0 0 0 f 2 0

0 0 0 0 f 2

 . (3.2)

Given their connection with SUSY breaking, we assume that all f ’s are at

roughly the same scale, f ∼ TeV; we will discuss experimental constraints

on f ’s in detail later in this paper. This pattern of vevs breaks G to GSM =

S U(3)c × S U(2)L × U(1)Y , with the S U(3)c × S U(2)L identified with the diagonal

linear combination of the S U(3) × S U(2) subgroup of S U(5), and the additional

S U(3) × S U(2) factor in G. The unbroken hypercharge U(1)Y is given by the

linear combination of the diagonal generator T24 of S U(5) and the two explicit

U(1) factors in G: Y = 1
√

15
T24 + H + V . The SM gauge couplings at the scale f are

related to the G couplings (denoted by hats):

1
g2

2,3

=
1

ĝ2
2,3

+
1
ĝ2

5

,
1
g2

Y

=
1

ĝ2
H

+
1

ĝ2
V

+
1

15ĝ2
5

. (3.3)

Examining the matter field quantum numbers under GSM, it is easily seen that

the model contains all of the familiar matter content of the MSSM. In particular,

the fields Qi, ūi, d̄i, Li and ēi are directly identified with the corresponding MSSM

fields, with the exception of the third-generation quarks which require special

treatment. The two Higgs fields of the MSSM, Hd and Hu, are embedded in the
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H and H fields, along with the (non-MSSM) color triplets and anti-triplets T
c

and T :

H =

 T
c

Hu

 , H =

 T

Hd

 . (3.4)

The last four terms of the superpotential (3.1) then reproduce the full MSSM

superpotential. In particular, SM quark and lepton Yukawa couplings are of

order f /MF , and can naturally be small if there is a hierarchy between these

scales.

The model also has a rich spectrum of non-MSSM fields. These are listed

in Table 2, along with their GSM quantum numbers and R parity. Since SUSY

breaking and G → GSM breaking occur at roughly the same scale, in this case we

list each field and its superpartner separately. Note that the conserved R parity

in the CCT model, which plays the same role as the usual R parity in the MSSM,

is a convolution of a “global” R parity which commutes with all gauge trans-

formations, and a “twist” transformation, which acts on the S U(5) multiplets

as Ptwist = diag(−1,−1,−1, 1, 1). The twist is required because the scalar compo-

nents of the H and H̄ multiplets must be assigned opposite R-parities, +1 for the

Higgs and −1 for the T and T
c
.

Interestingly, some of the fields in Table 2 have the same quantum numbers

as MSSM fields, allowing them to mix. In particular, there are three fields with

the quantum numbers of the left-handed quark doublet Q, (3, 2, 1/6): the “off-

diagonal” S U(5) gaugino λ, and the link field “inos” Φ2t and Φ̄3t. There are

also three fields in the conjugate representation, (3̄, 2,−1/6): λ̄, Φ̄3t and Φ2t. The

mass matrix for these fields, before electroweak symmetry breaking (EWSB),

is given in Table 3.3. Note that only Q3 participates in the mixing due to the

structure of the superpotential; more generally, we can always relabel the linear
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Field Spin S U(3)c S U(2)L U(1)Y R-Parity UV Multiplet Mass
Scale

Φ3S , Φ3S 0 1 1 0 +1 Φi, Φi f
Φ2S , Φ2S

Φ3A, Φ3A 0 Adj 1 0 +1 Φ3, Φ3 f
Φ2A, Φ2A 0 1 Adj 0 +1 Φ2, Φ2 f

Φ̃3t, Φ̃2t 0 3 2 1/6 -1 Φ2, Φ3 f

Φ̃3t, Φ̃2t 0 3 2 -1/6 -1 Φ3, Φ2 f

Φ̃3S , Φ̃3S 1/2 1 1 0 -1 Φi, Φi f

Φ̃2S , Φ̃2S

Φ̃3A, Φ̃3A 1/2 Adj 1 0 -1 Φ3, Φ3 f

Φ̃2A, Φ̃2A 1/2 1 Adj 0 -1 Φ2, Φ2 f
Φ3t, Φ2t 1/2 3 2 1/6 +1 Φ2, Φ3 f
Φ3t, Φ2t 1/2 3 2 -1/6 +1 Φ3, Φ2 f

T̃ 0 3 1 -2/3 -1 H f

T̃
c

0 3 1 2/3 -1 H f
T 1/2 3 1 -2/3 +1 H v
T

c
1/2 3 1 2/3 +1 H f

λ 1/2 3 2 1/6 +1 S U(5) gauginos v
λ 1/2 3 2 -1/6 +1 S U(5) gauginos f
W̃′ 1/2 1 Adj 0 -1 S U(2), S U(5) gauginos f
G̃′ 1/2 Adj 1 0 -1 S U(3), S U(5) gauginos f
B̃′, B̃′′ 1/2 1 1 0 -1 U(1)H , U(1)V , S U(5) gauginos f
W′ 1 1 Adj 0 +1 S U(2), S U(5) gauge fields f
G′ 1 Adj 1 0 +1 S U(3), S U(5) gauge fields f
Z′, Z′′ 1 1 1 0 +1 U(1)H , U(1)V , S U(5) gauge fields f
~Q 1 3 2 1/6 -1 S U(5) gauge fields f

Table 3.2: Field content after the UV symmetry breaking; all entries with
spin 0 correspond to complex scalar fields. The MSSM fields are
not included in this table.

combination of the quark doublet fields which couples to Φ3Φ̄2 as Q3. Because

the mass matrix has four columns but only three rows, there will always be a

linear combination of Q-like fields which will be massless at this level, acquiring

a mass through ESWB only. We identify this field with the third generation

quark doublet of the SM, QS M
3 . The key idea of the CCT model is that for a certain
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λ Φ2t Φ3t Q3

λ M5 ĝ5 f2 ĝ5 f 3 0
Φ3t ĝ5 f3 0 µ3 y1 f 2

Φ2t ĝ5 f 2 µ2 0 y1 f3

Table 3.3: Mass matrix for fermions in the (3, 2, 1/6) (and conjugate) sector.

range of parameters, QS M
3 is predominantly the gaugino λ. If that’s the case,

top-loop contribution to the Higgs mass must be canceled by its superpartner, a

spin-1 (“swan”) gauge boson ~Q. This occurs if [6]

M5 � ĝ5 f2, ĝ5 f3 � µ3, ĝ5 f3 � ĝ5 f 2,

ĝ5 f 2 � µ2, ĝ2
5

f2 f 2

M5µ2
≈ 1, ĝ5 . y1. (3.5)

We will assume throughout this paper that these conditions are realized. An-

other sector in which mixing occurs is the fields with the quantum numbers

(3̄, 1,−2/3): ū and T̄ . One of their linear combinations gets a mass of order f ,

while the other remains massless until EWSB, and is identified with the SM

right-handed top. Generating an order-one top Yukawa requires that the mass-

less combination be predominantly T ; the condition for this is

µH � y2 f 3. (3.6)

The dominant coupling of the SM top to the Higgs comes from the S U(5)

gaugino-sfermion-fermion interaction of the field H:

−
√

2ĝ5H
∗ (
−T a∗λa

5
)

H̃ ⊃ ĝ5H∗dλT . (3.7)

Since ĝ5 can be O(1) while the other Yukawa couplings in Eq. (3.1) are sup-

pressed by the ratio f /MF , this explains the mass splitting between the top and

the other quarks. The down-type third generation singlet is still d3, just like

in the MSSM, so the bottom quark still gets its mass from the superpotential
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Yukawas. From now on we will assume that the gaugino fraction of the third

generation doublet is very close to unity, i.e. 〈QS M
3 |λ〉 ≈ 1. Note that this equality

cannot be exact without forcing the bottom quark’s mass to vanish since it is

proportional to
∣∣∣〈QS M

3 |Q3〉
∣∣∣ ≤ √

1 −
∣∣∣〈QS M

3 |λ〉
∣∣∣2. Still, assuming that the deviation

of 〈QS M
3 |λ〉 from unity is small, the gauge coupling ĝ5 must satisfy

ĝ5 =

√
2mt

v cos β
≈

√
1 + tan2 β , (3.8)

where mt is the top mass, v =

√
v2

u + v2
d = 246 GeV, and β is defined through the

usual MSSM relationship tan β ≡ vu/vd. With this result, the first of Eqs. (3.3)

uniquely fixes ĝ2 and ĝ3 in terms of tan β, while the second one reduces to

1
g2

Y

(1 − ε) =
1

ĝ2
H

+
1

ĝ2
V

, (3.9)

where

ε =
g2

Y

15ĝ2
5

≈
8 · 10−3

1 + tan2 β
. (3.10)

Thus, requiring that the model reproduce the SM gauge couplings and the top

Yukawa leaves only two independent parameters in the gauge sector: tan β and

the U(1)-sector mixing angle

θ = arctan
(

ĝV

ĝH

)
. (3.11)

3.2.2 Gauge Boson Spectrum

The model contains several additional gauge bosons, which will be especially

important for the analysis of this paper for two reasons. First, as already men-

tioned, one of them, the swan ~Q, is largely responsible for canceling the quadrat-

ically divergent contribution of the SM top loop to the Higgs mass. Second,
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Figure 3.1: Ratio of the masses of the spin-1 top partner (“swan”) and the
lightest Z′. Left panel: full parameter space (gray regions in-
dicate regions where one of the gauge couplings becomes non-
perturbative). Right panel: the region where the ratio is mini-
mized. In both plots, tan β = 0.95; the ratio scales as

√
1 + tan2 β.

the extra U(1) gauge bosons are responsible for the strongest experimental con-

straints on the model parameter space. The swan mass is given by

m2
~Q

= ĝ2
5

(
f̃ 2
2 + f̃ 2

3

)
, (3.12)

where we defined

f̃2,3 =
f 2
2,3 + f̄ 2

2,3

2
. (3.13)

Requiring that the left-handed top quark is predominantly a gaugino requires

f3 � f 2, as mentioned above; however, no particular hierarchy between f 3 and

f2 is required, so the scales f̃2 and f̃3 are essentially independent parameters. We

find it convenient to define

f̃ =

√
f̃ 2
2 + f̃ 2

3 , φ = arctan
f̃2

f̃3

. (3.14)
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With this notation, the swan mass is simply

m2
~Q

= ĝ2
5 f̃ 2 ≈ (1 + tan2 β) f̃ 2. (3.15)

The mass of the lightest extra U(1) gauge boson, the Z′, is given by

m2
Z′ ≈ 2g2

Y
csc2 2θ sin2 2φ

5 − cos 2φ
f̃ 2, (3.16)

where corrections of order ε and v2/ f̃ 2 have been dropped. (The complete spec-

trum of the U(1) gauge bosons is given in Appendix A.) Since gY ≈ 0.3, the swan

is generally significantly heavier that the Z′; see Fig. 3.1. We will see below that

this results in very strong experimental lower bounds on the swan mass.

For completeness, we also list the masses of the heavy partners of the gluon

and the charged W bosons:

m2
G′ = 2

(
ĝ2

3 + ĝ2
5

)
f̃ 2
3 ≈

2g2
3(1 + tan2 β) cos2 φ

1 + tan2 β − g3
3

f̃ 2, (3.17)

m2
W′ = 2

(
ĝ2

2 + ĝ2
5

)
f̃ 2
2 ≈

2g2
2(1 + tan2 β) sin2 φ

1 + tan2 β − g3
2

f̃ 2. (3.18)

3.2.3 Beta Functions and the Strong-Coupling Scale

The CCT model is an effective theory, since some of its gauge groups are not

asymptotically free and their gauge couplings hit a Landau pole at a finite en-

ergy scale. At that scale, the model has to be either embedded into a larger

structure, providing a UV completion, or else a non-perturbative description of

the dynamics is required. Defining the one-loop beta function as

βi ≡ µ
dgi

dµ
= −

g3
i

16π2 bi, (3.19)

we find the coefficients

b5 = 9 , b3 = −2 , b2 = −5 , bH = −
40
3
, bV = −

3
5
. (3.20)
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With the exception of S U(5), all other factors in G are not asymptotically free.

We estimate the strong-coupling scale Λi for each group with the condition

gi(Λi) = βi, or equivalently big2
i /(16π2) = 1; this yields

Λi = fi exp
[

2π
|bi|αi( f )

−
1
2

]
, (3.21)

where fi is the scale where the gauge group associated with each gauge coupling

is broken.

The parameters in the gauge sector of the theory are restricted by pertur-

bativity requirements. For the asymptotically free S U(5) coupling, we demand

b5ĝ2
5/(16π2) ≤ 1 at the symmetry-breaking scale f ; for the other couplings, we

require Λi/ f >∼ 5. This yields

0.8 <∼ tan β <∼ 4.0, 0.2 <∼ sin θ <∼ 0.99. (3.22)

The bounds on tan β should be compared to the case of the MSSM, where the re-

lationship analogous to Eq. (3.8) is yt =
√

2mt
v sin β and imposes only the much weaker

constraints 0.3 <∼ tan β <∼ 150. The fact that tan β is constrained to lie close to 1

will tend to suppress the Higgs mass, since at tree-level and in the decoupling

limit it is proportional to cos 2β; this will be discussed in Section 3.5.

3.3 Precision Electroweak Constraints

As described in the previous section, the CCT model extends the SM gauge

group and introduces additional R-even gauge bosons, W ′ and Z′. These gauge

bosons generically mix with the SM Z and W, leading to deviations of their

properties from the SM predictions. In addition, tree-level exchanges of W ′ and

Z′ induce effective four-fermion interactions not present in the SM. Such effects
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Figure 3.2: Lower bound on the swan mass (in TeV) from precision elec-
troweak constraints. Left panel: full parameter space (gray re-
gions indicate regions where one of the gauge couplings be-
comes non-perturbative). Right panel: the region where the
constraint is minimized. In both plots, tan β = 0.95; the bounds
scale as

√
1 + tan2 β.

are tightly constrained by precision electroweak (PEW) measurements, which

can be translated into restrictions on the parameter space of the CCT model.

Before proceeding, let us note that while the CCT model predicts many new

states at the TeV scale (see Table 3.2.1), it is easy to see that the PEW constraints

are dominated by the W ′ and Z′. Most of the other fields do not contribute to

PEW observables at tree level at all, either due to negative R-parity or, as in the

case of vector-like fermions in the top sector and the heavy partner of the gluon,

due to the structure of their couplings to the SM. The only states that do make

a tree-level contribution are the scalars from link fields, which however only

have suppressed couplings to light fermions of order v/MF . We will ignore such

contributions.
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It is well known that the effect of Z′ and W ′ bosons on PEW observables can

be cast in terms of the oblique parameters S , T and U [68, 69, 70, 71]. Evaluating

the T parameter in the CCT model yields2

αT =

3
4

(
(1 − ε) cos2 θ + ε

)2

cos2 φ
+

1
8

((1 − ε) cos 2θ − 4ε)2

sin2 φ


 v

f̃

2

. (3.23)

Both S and U parameters are not generated at order (v/ f̃ )2. The leading contri-

butions to these parameters, up to O(ε) corrections, are given by

U =

(
cos2 θW

2α

) (
9 sin2 θ cos6 θ

2 cos4 φ
+

sin2 4θ
32 sin4 φ

+
3 sin2 θ cos 2θ cos4 θ

sin2 φ cos2 φ

)  v

f̃

4

;

S = −U −
sin2 θW

16α
1

sin4 φ
x (1 + x)−3

 v

f̃

4

, (3.24)

where x = (g2/ĝ5)2 ≈ g2
2(1 + tan2 β)−1.

The 95% c.l. PEW lower bound on the swan mass is shown in Figure 3.2.

As expected, the bound is strongly dominated by the T parameter. (The current

95% c.l. bound on T , for S ≈ 0, is T <∼ 0.12 [73].) Here we fixed tan β = 0.95, close

to the low end of the allowed range; the bound is stronger for larger values of

tan β, scaling as
√

1 + tan2 β. We find that the lowest possible bound occurs when

f̃2 > f̃3 and ĝV � ĝH, and it is roughly given by

m ~Q
>∼ 4.5 TeV. (3.25)

Since swans need to be pair-produced in proton collisions due to their nega-

tive R-parity, this bound effectively puts them out of reach of the direct LHC

searches. It also implies significant fine-tuning in the EWSB, as will be discussed

in section 3.5.

Additional contributions to PEW observables may be generated by strongly-

coupled physics in the ultraviolet (UV), and in a generic UV completion, the
2Oblique parameters in the CCT model have been previously computed in Ref. [72].
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strong-coupling scale must be above ∼ 10 TeV to avoid conflict with experiment.

Bounds on the perturbative contribution to the T parameter, together with the

parameter space constraints (3.22), ensure that such non-perturbative contribu-

tions are negligible throughout the viable parameter space, with the possible

exception of the far upper-right corner of the plots in Fig. 3.2, where the S U(3)

gauge group may become strongly coupled below 10 TeV. Since S U(3) is not

part of the electroweak gauge group, this by itself does not imply additional

contributions to PEW observables at the same scale; they may or may not be in-

duced, depending on the nature of the UV completion. In any case, this caveat

only affects a small corner of the parameter space, and the basic conclusions of

the perturbative analysis remain valid.

3.4 Direct Searches at the LHC

Further bounds on the model parameter space come from direct searches at the

LHC. Conventional SUSY searches place bounds on many of the R-odd states,

which are also present in the MSSM spectrum. In the MSSM, assuming a spec-

trum with a weakly interacting lightest R-odd particle, and large mass gaps

between this particle and colored R-odd states, current LHC bounds require

mG̃
>∼ 1.2− 1.4 TeV for gluinos, mQ̃

>∼ 0.8 TeV for squarks of first two generations,

and mt̃ >∼ 0.7 TeV for stops/sbottoms. The bounds in the CCT model can be

modified due to the presence of additional states with the quantum numbers

of gluinos and stops, G̃′, ˜̄T , and ˜̄T ′. These can induce additional cascade de-

cays, strengthening the bounds somewhat; however, we do not expect a major

qualitative change. It should also be noted that while the superpartner masses

are generally expected to be at the scale f , the precise relation between them is
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Figure 3.3: Lower bounds on the swan mass (in TeV) from direct searches
for the Z′ at the LHC (left panel) and the combination of direct
search and precision electroweak constraint (right panel). In
both plots, tan β = 0.95; the bounds scale as

√
1 + tan2 β.

model-dependent, since the details of SUSY breaking come into play. On the

other hand, searches for the R-even states, in particular extra gauge bosons, in

many cases have higher reach, since these states can be produced singly, and

can be described in terms of just a small number of parameters, as explained in

Section 3.2. With this motivation, we investigate these bounds in detail in this

section.

The strongest bounds come from searches for Z′ gauge bosons, in particular

in the Z′ → µ+µ− channel. We incorporated the relevant couplings of the CCT

model (listed in Appendix 3.9) into the MadGraph/MadEvent 5 event gener-

ator [74], and computed the cross section of the process pp → Z′ → µ+µ− at the
√

s = 8 TeV LHC as a function of the Z′ mass. We then used the cross section

bound presented by the CMS collaboration [75], based on the full 20 fb−1 data
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set collected at LHC-8, to constrain the model parameter space. The resulting

bound on the swan mass, for tan β = 0.95, is shown in Fig. 3.3 (left panel). (As

for precision electroweak, the direct search bound on the swan mass scales as√
1 + tan2 β, so the bounds in Fig. 3.3 become stronger for larger tan β.) Gener-

ically, the bounds on the swan mass are quite high, above 10 TeV in most of

the parameter space. This is stronger than the PEW bound. However, the di-

rect search bound is weakened significantly in the region gV � gH, where the Z′

couplings to fermions are suppressed. In this region, the PEW constraint domi-

nates; the combined bound from PEW and direct searches is presented in Fig. 3.3

(right panel). Overall, the lowest bound on m ~Q found in the PEW analysis, about

4.5 TeV, remains unchanged.

In addition to Z′, the model contains two more electrically neutral gauge

bosons: Z′′, the heaviest of the mass eigenstates composed of U(1)H, U(1)V and

T24 gauge bosons; and W ′3, the heavy mass eigenstate composed of the diago-

nal S U(2) and S U(2)′ ∈ S U(5) gauge bosons. Since ĝ5 is larger than the other

gauge couplings, both Z′′ and W ′3 are significantly heavier than the Z′ through-

out the parameter space. Furthermore, for the same reason, both Z′′ and W ′3 are

dominated by their S U(5) components, and since light fermions are not charged

under the S U(5), their production cross sections are suppressed. As a result, we

find that including these states in the analysis does not improve the bounds de-

rived by considering only the lightest Z′. Likewise, massive electrically charged

gauge bosons W ′ and color-octet gauge bosons G′ do not yield relevant bounds.
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3.5 Higgs Mass and EWSB Fine-Tuning

Just as in the MSSM, the superpotential of the CCT model, Eq. (3.1), does not

contribute to the Higgs quartic coupling, and the D-term contribution by itself

is far too small for compatibility with a 125 GeV Higgs. The quartic is enhanced

by the RG evolution between the SUSY breaking scale Λsusy, and the electroweak

scale. To understand whether this enhancement is sufficient to produce a viable

Higgs mass, we evolve the weak-scale Higgs quartic λ(Mt), inferred from the

data, up to the scale Λsusy, and compare it with the SUSY prediction at that scale:3

λsusy =
g2

2(Λsusy) + g2
Y(Λsusy)

8
cos2 2β. (3.26)

Assuming that all non-SM particles have masses at or above Λsusy, we use the

SM beta functions at two-loop order, and the values of SM couplings at the weak

scale given in Ref. [76], to obtain λSM(Λsusy). We find that accommodating the 125

GeV Higgs in the minimal CCT model, with no additional contributions to the

quartic, requires

Λsusy >∼ 100 TeV. (3.27)

This is clearly a much stronger constraint than the experimental bounds consid-

ered above, and a model with such a high SUSY-breaking scale would require

a very significant amount of fine-tuning: very roughly, fine-tuning can be esti-

mated as (v/Λsusy)2 ∼ 10−6. Moreover, for tan β ≈ 1.0, which is preferred from the

point of view of the PEW and direct constraints, a much higher SUSY-breaking

scale is required, since λsusy is suppressed.

However, simple extensions of the minimal setup can easily alleviate this

tension. For example, consider the scenario in which the gauge symmetry
3Our normalization for λ is such that the Higgs scalar potential in V = −m2H†H + λ(H†H)2,

where H is the Higgs doublet field. In this normalization, λSM(Mt) ≈ 0.127.
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Figure 3.4: Solid lines: The difference δ between the value of the Higgs
quartic λSM(Λsusy) needed to accommodate the 125 GeV Higgs,
and the value predicted by a SUSY theory with the SM gauge
group. Top to bottom: Λsusy = 5, 10, 100 TeV. Dashed lines: The
additional contribution to λ from non-decoupling D-terms pos-
sibly present in the CCT model. Top to bottom: ρ = 2.0, 1.0, 0.5.
(For definition of ρ and other details, see Appendix 3.10.)

breaking occurs below the SUSY-breaking scale, fi < Λsusy. In this case, λsusy re-

ceives additional contributions from the D-terms associated with non-SM gauge

generators, the “non-decoupling D-terms” [77, 78]. The non-decoupling D-

terms in the CCT model were considered in Ref. [72]. They can be obtained

as follows. Introduce additional superfields A2,3 (in the adjoint representations

of S U(2) and S U(3), respectively) and S 2,3 (both singlets under G), with a super-

potential4

Wnew = λS 2S 2Φ2Φ2 + λS 3S 3Φ3Φ3 + λA2Φ2Aa
2
σa

2
Φ2 + λA3Φ3Am

3 GmΦ3. (3.28)

When the link fields Φ and Φ̄ acquire vacuum expectation values, F-terms for S

are generated, inducing “hard” F-term SUSY-breaking and prevent the complete
4Our model of the non-decoupling D-terms differs slightly from Ref. [72] in that we include

soft mass terms in the scalar potential, allowing for a simpler field content and superpotential.
For details, see Appendix 3.10.
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decoupling of the ultraviolet D-terms. The UV value of the Higgs quartic is

modified as follows:

λNDDT
susy =

∆2g2
2(Λsusy) + ∆Yg2

Y(Λsusy)
8

cos2 2β , (3.29)

where ∆2 and ∆Y are order-one coefficients which can be calculated in terms of

the superpotential couplings and soft SUSY-breaking terms. (For details, see

Appendix 3.10.) In Fig. 3.4, we compare the size of the quartic correction re-

quired to accommodate a 125 GeV Higgs, defined as δλ = λSM(Λsusy)− λsusy, with

the non-decoupling D-term contribution for reasonable model parameters. It is

clear that the D-term contribution can easily be large enough to provide a vi-

able model with Λsusy in the 5 − 10 TeV range. Thus, we conclude that in the

presence of non-decoupling D-terms, the 125 GeV Higgs does not place con-

straints beyond those already known from PEW fits and direct searches. The

required fine-tuning is roughly of order 10−3. The only problematic region is

around tan β = 1, where all D-term contributions to quartic vanish as cos2 2β. In

this region, either a much higher value of Λsusy, or an alternative mechanism for

raising the quartic (e.g. large threshold corrections), is required.

Note that the A fields introduced in this section will affect the β function

coefficients, potentially shifting the location of Landau poles and modifying the

constraints on the parameter space in Eq. (3.22). We find that the only effect this

has is on the lower bound on tan β, which is raised from 0.8 to 0.95. This does

not have a significant effect on the precision electroweak and direct constraints

on the model.
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Figure 3.5: Swan contribution to Higgs couplings to gluons and photons,
at the one-loop level.

3.6 Higgs Couplings to Photons and Gluons

Following the discovery of the Higgs boson, a multi-year program to precisely

measure the Higgs couplings is envisioned [79]. The upcoming LHC experi-

ments as well as, hopefully, experiments at a next-generation electron-positron

Higgs factory [80, 81], will be able to measure many Higgs couplings with pre-

cision of ∼ 1% or better. It is therefore worthwhile to study deviations from the

SM predicted by models of new physics at the TeV scale.

In the CCT model, the corrections to Higgs couplings are of two types. First,

since the full structure of the MSSM is reproduced, the Higgs sector is extended

to a two-Higgs doublet model, leading to tree-level shifts in the Higgs couplings

to gauge bosons and fermions. These effects have been already comprehen-

sively studied in the MSSM [82]. More interesting are the corrections from new

particles running in loops. In particular, it has been argued in Ref. [83, 84, 85, 28]

that very generally, loops of top quark partners (i.e., particles whose loops cancel

the quadratic divergence in m2
h induced by the SM top loop) induce potentially

observable shifts in the hgg and hγγ couplings.5 The corrections from spin-0

5These two couplings are singled out because they are absent at tree level in the SM, making
the new physics effects relatively more significant. Top partner loops may have other potentially
observable effects, e.g. wavefunction renormalization corrections which may be measured in the
e+e− → hZ process at Higgs factories [86].

80



and spin-1/2 top partners have been previously calculated. Here, we focus on

the effect of the spin-1 top partner loops, shown in Fig. 3.5. We performed the

calculation using the Mathematica implementation of the h → VV decay am-

plitudes for a generic gauge extension of the SM, described in [87] and available

on the website http://www.phy.syr.edu/ jhubisz/HIGGSDECAYS/. To

leading order in (mh/M ~Q)2, we obtain the effective Lagrangian

Lhγγ =
2α
9πv

CγhFµνFµν, Lhgg =
αs

12πv
CghGa

µνG
aµν , (3.30)

where F and Ga (a = 1 . . . 8) are the SM U(1) and S U(3) field strength tensors,

respectively, and the Wilson coefficients are

Cg = Cγ =
21
4

ĝ2
5v2

m2
~Q

. (3.31)

Here the normalization of Cg and Cγ is such that the SM top loop contribution,

in the low-mh limit, is 1. Note that, due to a large numerical coefficient, the swan

induces a much larger deviation of the hgg/hγγ couplings from their SM values

than either a spin-0 stop or a spin-1/2 top partner of the same mass. We find that

even very strong bounds on the swan mass discussed above do not completely

preclude a potentially observable deviation: a 5 TeV swan, at tan β = 1.0, induces

a fractional shift in the hgg/hγγ couplings of about 3%, which may be within a

3-sigma detection reach at the proposed e+e− Higgs factories.

The CCT model contains a large number of colored and/or electrically

charged states at the same mass scale as the swan, and loops of those particles

will in general contribute to the coefficients Cg and Cγ, modifying the predic-

tions (3.31). The contributions of scalars and fermions can be computed using

the Higgs low energy theorems [88, 89], while the spin-1 states other than the

swan can be treated using the results of [87]. A comprehensive analysis of these

effects is complicated by the large dimensionality of the parameter space. We
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Figure 3.6: Fractional deviation in the hgg (left panel) and hγγ (right panel)
couplings from the SM in the CCT model, as a function of the
swan mass and tan β. (See text for details on the values of other
model parameters.) The shaded region is disfavored by preci-
sion electroweak constraints and direct LHC searches for a Z′.

will not attempt such an analysis here; instead, we illustrate the typical size

of the overall contribution to Cg and Cγ with a two-dimensional plot, Fig. 3.6,

where we vary the swan mass and tan β and fix all other parameters. (All pa-

rameters with dimension of mass are fixed at the scale m ~Q, with mild hierarchies

imposed in some cases to ensure that the conditions (3.5) are satisfied and an

acceptable Higgs mass is generated through non-decoupling D-terms.) In this

slice of the parameter space, we find that deviations in the hgg coupling of about

5% are possible, while the maximum deviation in hγγ is about 4%. Such shifts

may be within reach of the proposed e+e− Higgs factories.
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Figure 3.7: Swan production cross sections at a 100 TeV pp collider: pp →
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3.7 Future Prospects for Direct Searches

Existing bounds on the swan mass, and the fact that swans must be pair-

produced, preclude the possibility of direct swan production at the LHC. Of

course, it may well happen that other particles in the CCT model, such as a

Z′ or some of the MSSM-like states, will be within the reach of the LHC-14.

However, without a direct observation of the swan, it would be difficult to dis-

tinguish between this model and more conventional realizations of weak-scale

supersymmetry. If a Z′ is discovered, some indirect evidence can perhaps be

obtained by measuring its couplings, which are predicted in the CCT model

with few free parameters (see Appendix A). A much more direct and convinc-

ing test would have to await the direct discovery of the swan, and measurement

of its spin. A next-generation pp collider with
√

s = 100 TeV, which is currently

under discussion in the high-energy physics community, would provide an op-

portunity for such a direct discovery. As a first step to an estimate of the po-
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tential of such a collider to search for swans, we computed the cross sections

of swan pair-production, along with associated production with a gluino g̃ and

a neutralino χ̃0
1. The analytic formulas for parton-level cross sections are col-

lected in Appendix C. The cross sections for 100 TeV pp collisions are plotted in

Fig. 3.7. Here we assumed mg̃ = 1 TeV and mχ̃0
1

= 0.5 TeV; the plotted associated

production cross sections represent the maximum possible values, and would

decrease if mg̃/mχ̃0
1

are increased. We used the NNPDF2.3 NNLO parton distri-

bution functions [90], including top quark pdf’s for associated production, and

set the renormalization/factorization scale to Q2 = (10 TeV)2. It is interesting to

note that the large associated production cross sections are due to appreciable b

and t content in the proton at this scale.

Swans within a broad mass range will be copiously produced in 100 TeV pp

collisions. For example, if 3000 fb−1 of data is collected (the integrated lumi-

nosity assumed in the Snowmass study [91]), we expect that >∼ O(100) swans

would be produced in pair-production up to m ~Q ≈ 15 TeV, and in association

with gluinos up to m ~Q ≈ 25 TeV (assuming mg̃ � m ~Q). This suggests that

direct reach of such an experiment for swan discovery can potentially extend

into 10 − 20 TeV domain, although the actual reach depends on the swan decay

chains, which will determine relevant backgrounds, kinematic cuts, etc. Once a

swan is produced, its spin could be determined using the techniques proposed

for top partner spin determination at the LHC, see e.g. [92]. Thus, a 100 TeV

collider may be capable of directly demonstrating the existence of a spin-1 top

partner.
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3.8 Conclusions and Outlook

In this paper, we considered the phenomenology of the Cai-Cheng-Terning

(CCT) model, in which the superpartner of the (left-handed) SM top quark is

the spin-1 particle, the “swan”. Our main result is that existing constraints from

precision electroweak fits and direct LHC searches for a Z′ place a very strong

bound on the swan mass, which is required to be above at least 4.5 TeV, and in

fact above 10 TeV in most of the parameter space. The primary reason for this

bound is the tight relation between the swan mass and the mass of a neutral, R-

even Z′ boson, which is tightly constrained. The masses of the two bosons arise

from the same symmetry breaking, and the structure of the gauge couplings

of the CCT model induces an additional hierarchy, typically of a factor 5 − 10,

between the swan and Z′ masses.

The tight bounds on the swan mass imply that the models of this type would

need to be quite fine-tuned if realized in nature, making them less appealing. It

also precludes the possibility of a direct swan discovery at the LHC. It is inter-

esting to note, however, that neither conclusion would hold in a model with a

spin-1 top partner not accompanied a Z′ whose mass arises from the same sym-

metry breaking, or in a model where a Z′ is odd under an R parity. It would be

interesting to construct such models. Even if a complete model proves hard to

build, a phenomenological model with these features, analogous to minimal set-

ups used for the spin-0 top partner (“natural SUSY” [93, 94]) and the spin-1/2

top partner (see e.g. [95]), would be potentially quite useful.
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3.9 Appendix A: Masses and Couplings of Z′ States

Compared to the MSSM, this model possesses three additional neutral, massive

gauge bosons. Two of them are linear combinations of the UV gauge fields BH,

BV , B24 obtained by diagonalizing the following quadratic terms:

6 f̃ 2
3

(
ĝH

6
BH −

ĝV

10
BV −

ĝ5
√

15
B24

)2

+ 4 f̃ 2
2

 ĝV

10
BV −

√
15

10
ĝ5B24

2

. (3.32)

The massless linear combination B ≡ gY
ĝH

BH +
gY
ĝV

BV +
gY
√

15ĝ5
B24 will be the gauge

boson of the SM U(1)Y group; we refer to the other two eigenstates with non-

vanishing masses as the Z′ and Z′′, in ascending order of masses. As discussed

in section 3.2, it is convenient to re-express the parameters ĝH, ĝV , ĝ5, f̃2, and f̃3

in terms of ε ≡ g2
Y/15ĝ2

5, θ ≡ arctan (ĝV/ĝH), f̃ 2 ≡ f̃ 2
2 + f̃ 2

3 and φ ≡ arctan
(

f̃2/ f̃3

)
. In

this parameterization, the mass of the Z′ and Z′′ can be written as:

m2
Z′,Z′′ =

m2
~Q

20 (1 − ε)

(
A(ε, θ, φ) ∓

√
B(ε, θ, φ)

)
, (3.33)

where m2
~Q

is the squared mass of the swan and the A, B functions are given by:

A(ε, θ, φ) ≡ 50ε csc2 θ cos2 φ + 3ε sec2 θ (cos 2φ + 5) − 2 (1 − ε) (cos 2φ − 5) , (3.34)
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and,

B(ε, θ, φ) ≡ 2500ε2 csc4 θ cos4 φ + 9ε2 sec4 θ (cos 2φ + 5)2

+ 100ε csc2 θ cos2 φ (5 (ε + 2) cos 2φ + 5ε − 2)

+ 3ε sec2 θ (300ε cos 2φ + (27ε + 98) cos 4φ + 177ε − 2) . (3.35)

Since ε is typically O(5) × 10−3 (see Eq. (3.10)), we can obtain much simpler

formulas by expanding to O(ε), in which case we can write the Z′ mass as:

m2
Z′ ≈ 30m2

~Q
ε

csc2 2θ sin2 2φ
5 − cos 2φ

= 2g2
Y

csc2 2θ sin2 2φ
5 − cos 2φ

f̃ 2, (3.36)

where the second equality was obtained by using m2
~Q

= ĝ2
5 f̃ 2 and the definition

of ε. For the Z′′, we have:

m2
Z′′ ≈ m2

~Q

(
5 − cos 2φ

5

)
+ O(ε) . (3.37)

The couplings of the Z′ to the light fermions of the SM will be given by

gZ′ f̄ f = ĝH〈Z′|BH〉 (Q − T3) , (3.38)

where 〈Z′|BH〉 is the amount of BH contained in the Z′ mass eigenstates. The cou-

plings of the Z′′ follows an analogous formula, with the replacement of 〈Z′|BH〉

by 〈Z′′|BH〉. While explicit formulas for these coefficients are straightforward

to compute, they are cumbersome and unenlightening. We note, however, that

ĝH〈Z′|BH〉 =
|gY tan−1 θ|
√

15
+ O(ε), which indicates that the Z′ decouples from the

light SM fermions in the large tan θ region; this explains why the bounds on the

Z′ mass are weakest in this region of Fig. 3.3. The couplings of the Z′ and Z′′

to the third generation quarks will be different from Eq. (3.38) because these

fermions are charged differently under the UV gauge group6. The coupling to

6The exception is the right-handed bottom quark bR, whose coupling to the Z′ follows Eq.
(3.38)
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the right-handed top is

gZ′ t̄RtR =
1
2

ĝH〈Z′|BH〉 −
1
10

ĝV〈Z′|BV〉 −
1
√

15
ĝ5〈Z′|B24〉 , (3.39)

while the coupling to the third generation doublet of the SM, Q3
L = (tL, bL) is

gZ′Q̄3
LQ3

L
=

√
5
12

ĝ5〈Z′|B24〉 . (3.40)

The couplings of the Z′′ can once again be obtained by replacing 〈Z′|Bi〉 by 〈Z′′|Bi〉

in the above.

3.10 Appendix B: Non-Decoupling D-Terms

The non-decoupling D-terms coefficients ∆2 and ∆Y were introduced in Sec-

tion 3.5 as a way of enhancing the tree-level quartic of the Higgs at the scale

Λsusy to obtain the observed Higgs mass. Here we outline the derivation of these

coefficients.

Combining the superpotential terms of Eqs. 3.1 and 3.28 to the usual soft

SUSY breaking terms, we obtain the following potential for the link fields:

Vlink =
(
µ2

2 + m2
2

)
Φ2Φ

∗
2 +

(
µ2

2 + m2
2

)
Φ2Φ

∗

2 +
(
µ2

3 + m2
3

)
Φ3Φ

∗
3 +

(
µ2

3 + m2
3

)
Φ3Φ

∗

3

− b2

(
Φ2Φ2 + c.c.

)
− b3

(
Φ3Φ3 + c.c.

)
+ y2

1|Φ3Φ2|
2 + λ2

S 2|Φ2Φ2|
2 + λ2

S 3|Φ3Φ3|
2

+ λ2
A2|Φ

a
2
σa

2
Φ2|

2 + λ2
A3|Φ

m
3 GmΦ3|

2 + (D − terms) . (3.41)

Though the soft SUSY-breaking masses m2
i and m2

i can in principle be indepen-

dent from one another, we will make the simplifying assumption that they are

identical. Note however that while this assumption greatly simplifies the fol-

lowing analysis, the theory possesses no symmetry that could make this equal-
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ity exact and stable under radiative corrections, even if it is approximately real-

ized at the messenger scale. Under this assumption then, we can derive simple

formulas for the vevs from Eq. (3.41):

f 2
2 = f

2
2 =

b2 −
(
µ2

2 + m2
2

)
2λ2

S 2

,

f 2
3 = f

2
3 =

b3 −
(
µ2

3 + m2
3

)
3λ2

S 3

. (3.42)

We can shift the link fields by these vevs in Eq. (3.41) and compute the mass

spectrum for the scalar components of the link sector. It is convenient to invert

the formulas for the masses to express the parameters of the potential in terms

of more physical quantities: the vevs f2 and f3, the masses of the two CP-odd

singlets m2
O2,3

, and the masses of the two CP-even singlets m2
E2,3

. The relationship

between the masses and the parameters of the potential in Eq. (3.41) is:

m2
O2,3

= 2b2,3 , (3.43)

m2
E2

= 4 f 2
2 λ

2
S 2 , (3.44)

m2
E3

= 6 f 2
3 λ

2
S 3 . (3.45)

The effect of the aforementioned non-decoupling D-terms on the low-energy

Higgs potential can be obtained by integrating out at tree-level the scalar fields

that possess trilinear coupling to the Higgs bilinears. This will effectively

modify the low-energy Higgs potential through the substitutions gY → ∆YgY ,

g2 → ∆2g2, where:

7

∆2 =

(
1 +

ρ2

2ĝ2
2

)
×

1 +
ρ2

2
(
ĝ2

5 + ĝ2
2

)
−1

,

∆Y =
1 + N2ρ2 + N3ρ3 + N23ρ2ρ3

1 + D2ρ2 + D3ρ3 + D23ρ2ρ3
, (3.46)

7The coefficients ∆2 and ∆Y were previously computed in Ref. [72]. Our results are not fully
in agreement, but the discrepancies would not affect the qualitative conclusions of Section 3.5.
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with

ρ2 ≡
m2

O2 − m2
E2

f 2
2

= 2
(
m2

2 + µ2
2

f 2
2

)
, ρ3 ≡

m2
O3 − m2

E3

f 2
3

= 2
(
m2

3 + µ2
3

f 2
3

)
, (3.47)

and the various Ni(θ, ε), Di(θ, ε) coefficient functions are:

N2(θ, ε) ≡
(
1 + 15ε

2g2
Y

)
,

N3(θ, ε) ≡ 3
(
ε sin2 θ + cos2 θ

g2
Y

)
,

N23(θ, ε) ≡ 3

 (1 − ε) sin2 θ cos2 θ
(
1 + ε tan2 θ + 25ε csc2 θ

)
2g4

Y

 ,
D2(θ, ε) ≡

(
(1 − ε) (1 + 33ε + 16ε cos 2θ − (1 − ε) cos 4θ)

4g2
Y

)
,

D3(θ, ε) ≡

3 (1 − ε) sin2 2θ
(
1 + ε tan2 θ

)
4g2

Y

 ,
D23(θ, ε) ≡

(
75 (1 − ε)2 ε sin2 2θ

8g4
Y

)
. (3.48)

3.11 Appendix C: Parton-Level Cross Sections for Swan Pro-

duction

In this Appendix, we list the formulas for parton-level cross sections of swan

production in pp collisions. For swan pair-production, we find

dσ(gg→ ~Q ~̄Q)
d cos(θ)

=
g4

3

16πs

√
1 −

4m2
~Q

s

[
4 +

9
(
m4

~Q
+ m2

~Q
s − tu

)
4s2 +

6m4
~Q

+ 2s2

3
(
t − m2

~Q

)2

+
6m4

~Q
+ 2s2

3
(
u − m2

~Q

)2 −

(
m2

~Q
+ s

) (
m2

~Q
+ 3s

)
2s

(
m2

~Q
− u

) −

(
m2

~Q
+ s

) (
m2

~Q
+ 3s

)
2s

(
t − m2

~Q

) ]
. (3.49)

The quark-initiated contribution to swan pair-production is negligibly small in

the relevant swan mass range. The associated swan-gluino production cross
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section is

dσ(gtL → ~QG̃)
d cos(θ)

=
g2

3ĝ2
5 cos(θG̃)2

16πs2

√(
s − m2

G̃
− m2

~Q

)2
− 4m2

G̃
m2

~Q

[4m4
~Q
− m4

G̃
− u

(
m2

G̃
+ 2m2

~Q

)
9m2

~Q
s

+
4s2 + 4m4

~Q
− 2m4

G̃
− 2m2

G̃
m2

~Q

9
(
t − m2

~Q

)2 +
2m2

G̃
m4

~Q
− m6

G̃
− m4

G̃
m2

~Q

2m2
~Q

(
u − m2

G̃

)2 −
1

18
−

m2
G̃

4m2
~Q

−

2m2
~Q
s2 − 4s

(
2m4

~Q
− m4

G̃
− m2

G̃
m2

~Q

)
− 4m6

G̃
− 9m4

G̃
m2

~Q
+ 3m2

G̃
m4

~Q
+ 10m6

~Q

18m2
~Q
s
(
t − m2

~Q

)
+

(
m2

G̃
+ 2m2

~Q

) (
s2 − 2s

(
m2

~Q
− m2

G̃

)
− 2m2

G̃
m2

~Q
+ 2m4

~Q

)
4m2

~Q
s
(
m2

G̃
− u

) ]
, (3.50)

where cos(θG̃) is the overlap of the gaugino being produced with the S U(5) gaug-

ino. (In Fig. 3.7, we assumed that the mixing angle for gauginos and corre-

sponding gauge bosons are aligned.) Finally, the associated swan-neutralino

production cross section is

dσ(gtL → ~QÑ)
d cos(θ)

=
g2

3ĝ2
5 cos(θÑ)2

16πs2

√(
s − m2

Ñ
− m2

~Q

)2
− 4m2

Ñ
m2

~Q

[
1
4

+
m2

Ñ

24m2
~Q

+

+

t
(
m2

Ñ
+ 2m2

~Q

)
− 3m2

Ñ
m2

~Q
+ 2m4

~Q
− 2m4

Ñ

24m2
~Q
s

+
2s2 + 2m4

~Q
− m4

Ñ
− m2

Ñ
m2

~Q

12
(
t − m2

~Q

)2

+

4m2
~Q
s2 + s

(
2m4

~Q
− m4

Ñ
− m2

Ñ
m2

~Q

)
− 3m2

Ñ
m4

~Q
+ 2m6

~Q
+ m6

Ñ

12m2
~Q
s
(
t − m2

~Q

) ]
. (3.51)
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CHAPTER 4

FROM S-CONFINEMENT TO 3D CHIRAL THEORIES: DRESSING THE

MONOPOLES

Monopole operators play a central role in 3 dimensional supersymmetric dualities: a

careful understanding of their spectrum is necessary to match chiral operators on either

sides of a conjectured duality. In Chern-Simons theories (k , 0), monopole operators

acquire an electric charge, thus they need to be “dressed” by chiral matter superfields to

be made gauge-invariant. Here we present strong evidence that “dressed” monopoles

appear in S U(N) chiral theories even for k = 0 because of mixed CS terms generated

along certain Coulomb branch directions. Our analysis is based on the dimensional

reduction of 4-dimensional dualities which, for the simplest s-confining case, allows us

to easily identify the spectrum of the electric chiral operators. 1

4.1 Introduction

Supersymmetry has had many important applications over the years: it is the

leading candidate for solving the hierarchy problem, it allows a successful unifi-

cation of gauge couplings, it predicts a potential dark matter candidate, and it is

a necessary ingredient of string theories at high energy. However the arguably

most successful application of supersymmetry has been its use as a laboratory

for testing non-perturbative physics effects and guessing dualities in various

dimensions.
1This paper was co-authored with Antonio Amarity, Csaba Csáki and Mario Martone; at the

time of this writing, it was being prepared for publication by Physical Review D. [96]
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Supersymmetric dualities in 3D have been studied since the late 90s [97,

98, 99, 100, 101, 102, 103, 104, 105]. One of their distinctive features is the role

played by monopole operators which are non-trivially mapped across the dual-

ities. Monopole operators are local disorder operators defined by requiring that

the gauge field approaches a certain singular profile close to the point where

the operator is inserted [106, 107]. These operators are commonly referred to as

monopole operators because in Euclidean signature the gauge field singularity

looks like that of a Dirac monopole or its non-Abelian generalization.

In theories with Chern-Simons (CS) terms (k , 0), magnetically charged ob-

jects acquire an electric charge, generically implying that a pure monopole op-

erator Y is no longer gauge invariant. Hence the right (chiral) operator that has

to be matched across the duality is “dressed” by some matter fields ϕ such that

Ydress ≡ Ybareϕ
|k|, where ϕ is an electrically charged operator. Dressed monopoles

are generic features of both U(1)k [108, 109] and U(N)k [18, 110] theories.

Monopole operators have recently been systematically studied (e.g. [111,

112, 108, 18, 109, 110, 113]). In particular in [110] the super-conformal index

was used to identify the chiral monopoles of generic U(N)k theories (with chiral

and non-chiral matter) finding, surprisingly, that monopole operators are not

always chiral. Furthermore the authors of [108, 109] have carefully investigated

the relations between monopole operators and Coulomb branch (CB) operators.

Many of their results will be used here.

The study of monopole operators in U(1) and U(N) theories is made feasible

by the extra topological global U(1)J symmetry [97]. Monopole operators are

always charged under the U(1)J, and are the only matter fields carrying such a

charge, making them clearly identifiable. Simple gauge groups however don’t
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have this extra global symmetry, making the study of the monopole operators

much harder in S U(N) theories. This is the task that we will attempt to address

here by investigating a concrete chiral 3D N = 2 S U(N) model.

Using dimensional reduction [18] of 4D s-confining dualities [114, 115] we

are able to obtain the low-energy description of 3D s-confining theories. These

theories are described in the IR by very basic “confined” dynamics from which

we can readily obtain the spectrum of the chiral operators of the UV theory

and in particular study its monopole operators. By using this technique we can

present evidence for the existence of “dressed” monopole operators in chiral

S U(N) theories at zero CS level. Such dressed monopoles have previously ap-

peared [108, 109, 18, 110] in models with non-vanishing CS terms, but this is the

first example of such objects mixing the Coulomb and Higgs branches without

tree-level CS terms. A crucial ingredient necessitating the dressed monopoles is

the presence of matter in the antisymmetric representation of S U(N). These will

generate mixed CS terms at one-loop along a particular unlifted U(1) direction,

which in turn induces the dressing of the monopole operator associated to that

U(1).

This effect appears to be a generic feature of chiral theories with matter fields

in tensor representations, and is the last ingredient needed to find a complete

classification and description of all 3D s-confining theories, which will be dis-

cussed in an upcoming more comprehensive publication [116]. The purpose

of this paper is to present the complete and detailed analysis of one such s-

confining theory: the simplest one which exhibits all the dynamical effects nec-

essary to understand the full set of s-confining theories [116].
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4.2 3D IR Duality in a Chiral S U(6) Gauge Theory

To make our discussion more concrete we perform the explicit analysis for a

specific s-confining 3D theory. At high energies the theory (referred to as the

“electric” theory) is a (2 + 1) dimensional N = 2 S U(6) gauge theory with four

fields in the antifundamental representation of the gauge group (Q̄), two fields

in the antisymmetric representation of the gauge group (A), and a vanishing su-

perpotential. As mentioned above this is the simplest s-confining theory that

contains all the ingredients necessary to eventually completely classify all 3D

s-confining theories, and thus perfectly suited for our purposes. At low ener-

gies, this theory is described by a “magnetic theory”, with several gauge singlet

“meson-like” fields and an s-confining superpotential. The matter and symme-

try content of this theory is presented in Table 4.1.

The low energy properties of this theory are derived from a similar (3 + 1)

dimensional s-confining theory through dimensional reduction. This procedure

is by now fairly standard. It involves compactifying a dimension on both sides

of a 4D duality to obtain a duality between theories which live on R3 × S 1 and

integrate out a flavor through a real mass deformation to decouple the extra

super-potential term generated by a monopole configuration (KK monopole

[117, 118, 119, 120, 121, 122]) wrapping around the compactified dimension [18].

The s-confining superpotential for the 3D theory can be obtained by removing

from the superpotential of the 4D s-confining theory those fields which gain a

mass when the flavor is decoupled [123].

Carrying out this procedure the 3D s-confining super-potential becomes (ig-
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S U(6) S U(2) S U(4) U(1)3 U(1)4 U(1)R′

Q̄ � 1 � -6 1 0
A � 1 3 0 0
b1 ≡ AQ̄2 � -9 2 0
b3 ≡ A3 1 9 0 0
b4 ≡ A4Q̄2 1 0 2 0
M̃0 ≡ Y 1 1 0 -4 2
M̃3 ≡ AỸ � 1 9 -4 2

Table 4.1: Matter content of the 3D duality obtained from the 4D theory by
applying the dimensional reduction procedure.

noring the overall scale):

W3D = M̃0

(
b2

4 + b2
3b2

1

)
+ M̃3

(
b4b1 + b3b2

1

)
. (4.1)

The details of the real mass deformation can be found in Appendix 4.3.1.

From Table 4.1 we can read off the chiral operators of the electric theory.

The bi’s are easily mapped to the gauge invariant meson-like operator of the

electric theory and it is tempting to associate M̃0 and M̃3 to unlifted CB direc-

tions parametrized by monopole operators. In the next section we will argue

that while this is indeed the correct interpretation, the matching of the M̃3 field

presents features NRLL which had not been observed in previous analyses of

3D s-confining models [123]; this is due to the chiral nature of this theory.

4.2.1 The Coulomb Branch Operators

As was discussed in [123], and will be discussed in more details in [116], for an

S U(6) theory with a non-chiral field content of fundamental and antisymmetric

fields the unlifted CB of the theory is described by three monopole operators,
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Y , Ỹ , and Ŷ , associated with three unlifted U(1) directions. These operators can

be written explicitly in terms of the five “fundamental” monopole operators Yi,

i = 1, ..., 5, as Y ≡ Y1Y2Y3Y4Y5, Ỹ ≡
√

Y1Y2
2 Y2

3 Y2
4 Y5 and Ŷ ≡

(
Y1Y2

2 Y3
3 Y2

4 Y5

)1/3
. In a

chiral theory, however, we must be more careful. Alongside these directions,

some matter fields acquire real masses and must be integrated out of the theory.

The chiral nature of the theory allows the possibility that this could generate

CS terms for the unbroken U(1) gauge groups. These could in turn affect the

equations of motions and change the structure of the moduli space. We exam-

ine all three CB operators in details. We will find that the Y operator remains

unlifted while Ŷ is lifted. The operator Y is readily associated to M̃0. However

the matching of the remaining Ỹ operator is less trivial. In fact, a CS term is

generated along the Ỹ direction. This causes this operator to acquire an electric

charge and to be “dressed up” into the correct gauge invariant operator, AỸ . We

will show with an explicit calculation that this is indeed the correct operator

to describe the flat direction of the electric theory. Furthermore we will show

that this operator has exactly the right abelian and non-abelian global quantum

numbers to match the M̃3 chiral operator leading to the association in Table 4.1.

Generalities

Here we present the essential ingredients to understand the CB dynamics of 3D

N = 2 gauge theories. For reviews and more details see [97, 98, 18, 123].

A generic point of the CB of aN = 2 3D S U(N) gauge theory is parametrized

by the VEV of the scalar component of the vector multiplet which, using gauge

transformations, can be diagonalized. Thus a generic point of the CB can be

parametrized by N parameters: σi’s, i = 1, ...,N, satisfying σ1 ≥ σ2 ≥ ... ≥ σN
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and
∑

i σi = 0:

ϕ =



σ1 0 ... 0

0 σ2 ... 0

0 0 . . . 0

0 0 ... σN


,

N∑
i=1

σi = 0 (4.2)

For generic values of the σ’s S U(N) → U(1)N−1. Each unlifted U(1) direction

is parametrized by an operator Yi, i = 1, ..,N − 1, and thus semi-classically the

theory has a N − 1 dimensional CB. Each Yi is associated to one of the N − 1

fundamental monopoles.

At the quantum level, 3D instantons generate contributions to the super-

potential [124] which, in absence of matter, fully lift the CB. In the presence of

matter, however, the analysis becomes considerably more elaborate as the CB

splits in different regions in which some of the quantum corrections are not

generated because of the presence of fermionic zero-modes [97, 98, 18, 123].

After accounting for non-perturbative corrections, we are left at most with

operators describing unlifted U(1) directions. For a Coulomb vacuum associ-

ated to a particular U(1)a to be allowed, it needs to satisfy2:∑
i

2πn(a)
i

∣∣∣Φi

∣∣∣2 = ξ(a)
e f f +

∑
b

k(a,b)
e f f σ

(b), (4.3)

(
mR,i + n(a)

i σ(a)
)
Φ

(a)
i = 0 , (4.4)

where n(a)
i and σ(a) are, respectively, the charge of the ith field under and the

scalar VEV for the unbroken U(1)a, while Φi is the VEV of the ith matter field.

The k(a,b)
e f f are the CS terms generated at one-loop [108, 109]:

k(a,b)
e f f =

1
2

∑
i

n(a)
i n(b)

i sign(mR,i) , (4.5)

2Here we assuming that both the tree level CS and FI terms vanish, k = ξ = 0.
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where mR,i is the real mass of the field i. Note that in all the cases we are inter-

ested in here, mR,i will be induced by a given U(1)ā VEVs, thus mR,i = n(ā)
i σ(ā).

These formulae allows for both “pure”, a = b, and “mixed”, a , b, CS terms. A

similar formula applies for the effective Fayet-Iliopoulos (FI) term

ξ(a)
e f f =

1
2

∑
i

n(a)
i mR,isign(mR,i) . (4.6)

Furthermore, CS terms will induce electric charges for the fields which are

charged under the topological U(1)J’s associated with the various U(1) gauge

factors:

q(a)
i = −

∑
b

k(a,b)
e f f q(b)

J,i , (4.7)

where q(a)
i is the electric charge under U(1)a generated for the ith field.

One loop CS terms can also be generated for non-abelian groups. Eq. (4.5)

then generalizes to:

kG
e f f =

1
2

∑
ri

T2(ri)sign(mR,ri) . (4.8)

where the real masses mR,ri will again be induced by U(1) VEVs.

The Y Direction

Far along on the moduli space, the Y operator describes the direction

diag(σ, 0, 0, 0, 0,−σ). This field configuration spontaneously breaks S U(6) to

S U(4) × U(1)1 × U(1)2 where, up to an irrelevant normalization, the U(1)1 and

U(1)2 factors are respectively associated with the generators diag(1, 0, 0, 0, 0,−1)

and diag(2,−1,−1,−1,−1, 2). Under the unbroken gauge group the matter con-
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tent of the theory decomposes as follows :

�→ �(0,1) + 1(−1,−2) + 1(1,−2) ,

→ (0,−2) +�(1,1) +�(−1,1) + 1(0,4) . (4.9)

We can now compute the possible CS terms generated by integrating out the

heavy matter fields. From Eq. (4.9) we see that that all fields charged under n(1)

come in pairs of fields whose contributions to the pure CS terms are equal and

opposite: hence, all pure CS terms vanish. This argument does not apply to the

mixed CS term however, which must be computed:

k(1,2)
e f f =

1
2

(−8 − 8 + 8 + 8) = 0 . (4.10)

So the mixed CS term also vanishes, but this is not a generic result and only

occurs because of a non-trivial cancellation between the different contributions

from the matter fields in the theory. All FI terms also vanish. It follows that this

CB direction remains unlifted and unmodified by the chiral effects.

The Ỹ Direction and the Dressed Monopole

Far along on the moduli space, the Ỹ direction describes the direction

diag(σ,σ, 0, 0,−σ,−σ). This field configuration spontaneously breaks S U(6) to

S U(2)t × S U(2)m × S U(2)b ×U(1)1 ×U(1)2. The subscripts “t”, “m” and “b” stand

for “top”, “middle” and “bottom”, and refer to the embedding of the S U(2) sub-

group of S U(6) in the matrix representation of the group. Up to an irrelevant

normalization, the U(1)1 and U(1)2 factors are respectively associated with the

generators diag(1, 1, 0, 0,−1,−1) and diag(1, 1,−2,−2, 1, 1). Under the unbroken
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gauge group the matter content of the theory decomposes as follows:

�→ �
t
(−1,−1) +�

m
(0,2) +�

b
(1,−1),

→ 1(2,2) + 1(0,−4) + 1(−2,2)

+
(
�t,�m)

(1,−1) +
(
�t,�b

)
(0,2)

+
(
�m,�b

)
(−1,−1)

. (4.11)

Once again, all pure CS terms will necessarily cancel because fields with non-

vanishing n(1) terms necessarily come in pairs with opposite-sign real masses.

This time, however, there is a non-vanishing mixed CS term:

k(1,2)
e f f =

1
2

(−8 − 8 + 8 + 8 − 8 − 8) = −8 . (4.12)

From Eq. (4.6), we see that there should also be an effective FI term generated

for the U(1)2 group, ξ(2)
e f f = −8σ. Hence (4.3) and (4.4) are modified to:

∑
i

2πn(1)
i |Φi|

2 = k(1,2)
e f f σ

(2) = −8σ(2) , (4.13)

∑
i

2πn(2)
i |Φi|

2 = k(1,2)
e f f σ

(1) + ξ(2)
e f f = −16σ(1) , (4.14)

where Φi represents the i-th massless field of the theory and the σ(1),(2) are the

VEVs of the scalar component of the vector supermultiplets associated with the

respective abelian gauge groups. In our notation, the “undressed” Ỹ direction

corresponds to σ(1) = σ > 0 while the matter fields’ VEVs Φi and σ(2) are set to

zero. This vacuum configuration is perfectly compatible with Eq. (4.13) but it

is inconsistent with Eq. (4.14) due to the non-vanishing k(1,2)
e f f and ξ(2)

e f f . This con-

dition can now only be satisfied if some VEVs for the matter fields are turned

on. For consistency with Eq. (4.13) those fields must have n(1)
i = 0. Furthermore,

since the right-hand-side of Eq. (4.14) is negative, those fields must also have

n(2)
i < 0. From Eq. (4.11), we see that there is only one possible candidate: the
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1(0,−4) field which was initially part of the field A in the antisymmetric S U(6) rep-

resentation. Therefore, the effects of the chiral dynamics boil down to turning

the CB parameter into a dressed monopole AỸ . This is similar to the dressed

monopoles that show up in [108, 109, 18, 110]. However, in all of these previ-

ous examples, the models in which the dressed monopoles appeared were chiral

theories obtained from real mass deformations of parent non-chiral theories. All

of these theories had tree-level CS terms. The example we present here is the

first example of a dressed monopoles in a model without such a tree-level CS

term and the simplest in a series of models that will be systematically explored

in [116].

As an independent check, we can verify that AỸ is in fact a gauge invariant

operator. As explained above A → 1(0,−4), thus it has charges (0,−4) under the

unbroken U(1)’s. From (4.7), computing the U(1)2 electric charge generated by

the mixed CS term and the U(1)1 magnetic charge, Ỹ has charges (0, 4) making

the dressed operator gauge invariant. It is important to stress that gauge in-

variance of the dressed monopole implies the presence of the square root in the

definition of the Ỹ .

As we will show below, this dressed monopole also possesses the correct

global quantum numbers to match the field M̃3 on the magnetic side of the du-

ality. Note that this also includes the non-abelian flavor S U(2) charge which

A1(0,−4)Ỹ inherits from the A field. All the one-loop non-abelian CS terms vanish:

kS U(2)t
e f f =

1
2

(4 ∗ (−1) + 2 ∗ 2 ∗ (+1)) = 0 ,

kS U(2)m
e f f =

1
2

(2 ∗ 2 ∗ (+1) + 2 ∗ 2 ∗ (−1)) = 0 ,

kS U(2)b
e f f =

1
2

(4 ∗ (+1) + 2 ∗ 2 ∗ (−1)) = 0 . (4.15)

The vanishing of all the non-abelian CS terms depends, once again, on a non-
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trivial cancellation which is realized for this specific matter content. In a generic

chiral theory, these terms could be present.

The Ŷ Direction

Far along on the moduli space, Ŷ describes the direction diag(σ,σ, σ,−σ,−σ,−σ).

This field configuration spontaneously breaks S U(6) to S U(3)t × S U(3)b × U(1).

The subscripts “t” and “b” stand for “top” and “bottom”, and refer again to the

position of the embedding of S U(3) in the matrix representation of S U(6). Up

to an irrelevant normalization, the U(1) factor is associated with the generator

diag(1, 1, 1,−1,−1,−1). Under the unbroken gauge group the matter content of

the theory decomposes as follows:

�→ �
t
(−1) +�

b
(1),

→ �
t
(2) +�

b
(−2) +

(
�t,�b

)
(0)
. (4.16)

No abelian CS term is generated for the unbroken U(1). By Eq. (4.6), no FI term

is generated either. However, non-abelian terms are generated for both S U(3)

factors:

kt
e f f =

1
2

(4 ∗ (−1) + 2 ∗ (+1)) = −1 ,

kb
e f f =

1
2

(4 ∗ (+1) + 2 ∗ (−1)) = 1 . (4.17)

We now argue that it is plausible that the effect of these non-abelian CS terms,

combined with non-perturbative dynamics, result in the Ŷ direction being lifted.

The non-abelian CS-terms generated by the Ŷ direction affect the equations of

motions for the VEVs of the two unbroken S U(3) in a manner analogous to Eqs.

(4.13-4.14). Since turning on the directions Y or Ỹ requires giving VEVs to some

of the generators which live in these S U(3) subgroups, we can see that chiral
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effects forbid us from turning on the Ŷ direction when either of the other two

directions are turned on. However, if we study the different regions of the CB of

this theory, we can see that in all the regions where the Ŷ operator is defined, the

Ỹ operator is necessarily also defined. Ultimately it is the full dynamics that will

determine whether along these regions of the CB the theory settles along the Ỹ

or Ŷ directions. The effective low energy description (4.1) obtained through the

compactification suggests that in all of these branches the theory settles to the Ỹ

direction, and so Ŷ gets lifted.

It would be very interesting to gain a more detailed understanding of the

underlying dynamics leading to the lifting of Ỹ . In particular one can construct

a UV free completion of the IR sector, e.g. by integrating in some extra singlets,

hoping to better understand the nature of the duality under consideration here.

3 A more detailed analysis of the different regions of the CB and their rela-

tionship to the properties of the unlifted directions will be provided in a future

publication [116].

U(1) Charges

A non-trivial check of the claimed mapping between the fields M̃0, M̃3 and Y ,

A1(0,−4)Ỹ is the matching of the global quantum numbers on both sides of the

duality. The global quantum numbers of the fields on “the magnetic side” are

listed in Tab. 4.1 and are inherited from those of the “parent” 4D theory. In the

3D theory there is an extra U(1) symmetry, U(1)4, which originates from the di-

agonal generator of the flavor S U(5) in 4D. On “the electric side”, the quantum

numbers of the CB parameters are inherited from the Yi’s monopole operators

3 We would like to thank Ofer Aharony for emphasizing this issue to us.
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of which they are composed. These operators acquire global symmetry charges

at one-loop [97] which can be computed by counting matter zero modes us-

ing the Callias index theorem [125, 98, 97, 123]. We use this fact to compute

the global charges of the two relevant CB parameters Y and Ỹ . As explained

above, the CB splits in different regions and these operators are associated to

inequivalent ones. We report the detailed calculation elsewhere [116]. Care-

fully keeping track of the splitting and the non-perturbative contributions to

the super-potential, we obtain the following charge assignments:

U(1)3 U(1)4 U(1)R′

Y1 0 -4 10

Yi,1 0 0 -2

Y ≡ Y1Y2Y3Y4Y5 0 -4 2

M̃0 0 -4 2

(4.18)

The charges of Y match those of the the operator M̃0, as claimed. For Ỹ :

U(1)3 U(1)4 U(1)R′

Y2 6 -4 8

Yi,2 0 0 -2

Ỹ ≡
√

Y1Y2
2 Y2

3 Y2
4 Y5 6 -4 2

AỸ 9 -4 2

M̃3 9 -4 2

(4.19)

We see that while Ỹ by itself does not match any of the operators on “the mag-

netic side” of the theory, the dressed monopole, A1(0,−4)Ỹ , has the same abelian

global quantum numbers as M̃3. In addition, because of the A1(0,−4) field, the

dressed monopole is in the � representation of the global flavor S U(2), just like

M̃3. Since we expect the Ŷ operator to be lifted we do not list its quantum num-

bers.
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4.2.2 Consistency Check from the Partition Function

Finally we discuss a further powerful check of our conjectured IR dynamics by

reducing the four dimensional superconformal index4, a topological invariant

quantity counting a set of protected BPS operators in a 4D supersymmetric field

theory, [126, 127] to the three dimensional partition function [128, 129] which

is a measure of the 3D degrees of freedom. Because of the technical nature of

this section we will not report many of the details. They will be discussed thor-

oughly in [116].

Starting from the result of [130, 131] of the matching between the 4D indices

in the confining case, we can show the identity of the 3D partition function for

the expected 3D duals through dimensional reduction. We observe in this pro-

cess the appearance of the extra dressed monopole operators discussed above.

This relation between the 4D index and 3D partition function has already been

used to study the dimensional reduction of 4D dualities in [18, 132].

In our case, from the exact identity between the 4D index of the S U(6) theory

and the index of its confining phase, we obtain the relation between the partition

functions for the effective duality on R3 × S 1. We can consider the compactified

theories as effective 3D theories with the finite size effects from S 1 representing

the non-perturbative dynamics. We obtain the following relation matching the

4 The definition of the index requires only a conserved R-current; the theories do not neces-
sarily have to be superconformal.
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partition functions for the dual phases:∫ ∏6
i=1

(
dσiΓh(µ1 + σi)

∏5
β=1 Γh(νβ − σi)

)
δ(

∑
σi)∏

i< j Γh(±(σi − σ j))
∏2

γ=1 Γ−1
h (σi + σ j + τγ)

=

5∏
β=1

(
Γh(µ1 + νβ)

2∏
γ=1

(
Γh(µ1 + τ1 + τ2 + τγ + νβ)

5∏
ρ=β+1

Γh(τγ + νβ + νρ)
) 5∏
ρ=β+1

Γh(2(τ1 + τ2) + νβ + νρ)
)

∏
iM∈{1,2}

Γh(τi1 + τi2 + τi3) (4.20)

The functions Γh are called hyperbolic gamma functions [133] and they repre-

sent the one loop determinants of the vector and matter multiplets in the com-

putation of the partition function from localization. The variables σi are the

eigenvalues of the scalars in the vector multiplet as in (4.2). The parameters

µ, ν and τ are holomorphic combinations of the real masses for the fields and

their R-charges. They correspond to turning on a background gauge field for

each global symmetry. 5 Even though in the field theory analysis we fixed the

R-charges as in Table 4.1, here we consider a more general definition, consis-

tent with the other abelian global symmetries. We observe that in this case the

R-charges can be treated as unconstrained. This is consistent with the absence

of superpotential in the electric theory. This procedure allows a better identi-

fication of the zero modes carried by the (dressed) monopole operators, acting

as singlets in the dual theory, in terms of the elementary fields of the electric

theory.

The non-perturbative effects from the finite size of the circle generate an ex-

tra superpotential in the electric theory. It breaks an abelian symmetry which is

5The real part of these parameters reproduce the weight of the representation for each
charged matter multiplet under the (non R) global symmetries. The imaginary term is associated
to the gauging of the R-symmetry and it is proportional to the squashing parameter through the
formula ω = i(b + 1/b).
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anomalous in the 4D electric parent. In the dual theory this symmetry is broken

by the 4D superpotential (which is not modified by compactification). On the

partition function this effect corresponds to a relation between the parameters

µ, ν and τ. In fact the equality (4.20) is valid if the parameters satisfy the relation

µ1 +

5∑
β=1

νβ + 4
2∑
γ=1

τγ = 2ω (4.21)

The equality (4.20) can be further reduced to the S U(6) theory with four antifun-

damentals and two antisymmetrics that we studied above by a real mass flow

[133]. At the end of the mass flow we obtain the relation∫ ∏6
i=1

(
dσi

∏4
β=1 Γh(νβ − σi)

)
δ(

∑4
i=1 σi)∏

i< j Γh(±(σi − σ j))
∏2

γ=1 Γ−1
h (σi + σ j + τγ)

=

Γh(MM̃0
)Γh(MM̃3

)
∏

iM∈{1,2}

Γh(τi1 + τi2 + τi3) (4.22)

4∏
β<ρ

(
Γh(2(τ1 + τ2) + νβ + νρ)

2∏
γ=1

Γh(τγ + νβ + νρ)
)

From which we can read off the quantum numbers of the operators in the spec-

trum. We find that the two terms parameterized by MM̃0
and MM̃3

have the same

charges as the monopole Y and the dressed monopole AỸ discussed above. This

is an additional powerful check that the correct CB directions are Y and AỸ as

discussed previously. More precisely we have MM̃0
= 2ω(1 − 4∆A − 2∆Q) − 4m3

and MM̃3
= (ω(2 − 5∆A − 4∆Q) − 4m3 + 9m4. The parameters m3 and m4 are the real

masses of the abelian U(1)3 and U(1)4 global symmetries. The identity (4.22)

holds when the condition
4∑
β=1

νβ +

2∑
γ=1

τγ = −4(m3 − ω(∆Q̃ + 2∆A)) (4.23)

is imposed on the parameters.

We conclude this section with a comment on the matching of the 3D super-

conformal index which could be an extra check of the relations studied in this
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S U(6) S U(2) S U(5) U(1)1 U(1)2 U(1)R

Q � 1 1 -5 -4 0
Q̄ � 1 � 1 -4 0
A � 1 0 3 1/4
M0 ≡ QQ̄ 1 � -4 -8 0
M3 ≡ QA3Q̄ � � -4 1 3/4
B1 ≡ AQ̄2 � 2 -5 1/4
B3 ≡ A3 1 0 9 3/4
B4 ≡ A4Q̄2 1 2 4 1

Table 4.2: Matter content of the 4D s-confining theory along with the
global symmetries and the charges of the confined mesons.

section by performing the calculation on S 2 × S 1 [134]. This can be obtained

from direct computation or from the matching between the partition on T 2 × S 2

recently discussed in [135, 136] This check can also be performed by following

a different strategy: first one can factorize the index on the S 3
b in terms of holo-

morphic blocks [137], and then glue the blocks together as explained in [138] to

obtain the matching of the index. We leave this analysis to future investgations.

4.3 Appendix

4.3.1 Real Mass Deformation

The real mass deformation procedure is applied on a compactified R3×S 1 theory

to decouple a flavor and get rid of the KK terms, giving us with the 3D theory

with the properties described above. We go through this procedure step-by-

step below. The field content of the 4D electric and magnetic theories is given in

Table 4.2.
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The s-confining superpotential for the mesons of the 4D theory is:

W4D =
1

Λ11

(
B2

4M0 + B4M3B1 + B3M3B2
1 + B2

3M0B2
1

)
. (4.24)

We now add a vector-like real mass deformation to the unique Q field and

the fifth flavor of Q. This can be done by ”fictitiously” gauging a linear com-

bination of the diagonal generators of the flavor groups and of U(1)1 such that

only these flavors are charged under this combination; we can then imagine

turning on a background scalar field for this gauge group, providing us with

the desired real mass deformation. The mesonic fields which are left massless

(and thus remain in the spectrum) under this procedure are:

• Bab
1 with a, b < 5, which we rename b1.

• B3, which we rename b3.

• Bab
4 with a, b < 5 which we rename b4.

• M5
0 ≡ M̃0.

• M5
3 ≡ M̃3.

These are the fields which will be part of the s-confined description of the 3D

theory.

The 3D duality can now be written by applying the real mass deformation

on both sides of the 4D duality. For the electric side, this consists simply of re-

moving one flavor. For the magnetic side, the field content is reduced to those

massless mesonic fields listed above and the superpotential is obtained by set-

ting all other fields to zero in Eq. (4.24). Doing so, we obtain the matter content

displayed in Table 4.1 and the superpotential of Eq. (4.1).
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CHAPTER 5

ELASTICALLY DECOUPLING DARK MATTER

We present a novel dark matter candidate, an Elastically Decoupling Relic (ELDER),

which is a cold thermal relic whose present abundance is determined by the cross-

section of its elastic scattering on Standard Model particles. The dark matter candidate

is predicted to have a mass ranging from a few to a few hundred MeV, and an elas-

tic scattering cross-section with electrons, photons and/or neutrinos in the 10−3 − 1 fb

range. 1

5.1 Introduction

It has now been firmly established that the Standard Model (SM) of particle

physics must be extended to include new particle(s) to account for the observed

dark matter (DM). Many of the proposed dark matter candidates fall into a

broad category of thermal relics, particles which were in thermal equilibrium

with the hot SM particle plasma at some point in the early universe, and sub-

sequently “froze out” as the universe expanded and cooled [140]. An attractive

feature of this framework is its predictive power: the current abundance of the

DM χ can be related to its microscopic properties, such as its mass and interac-

tion cross sections.

The type of interactions which determine the χ relic abundance can vary.

1This paper was co-authored with Eric Kuflik, Maxim Perelstain and Yu-Dai Tsai; at the time
of this writing, it was being prepared for publication by Physical Review Letters. [139]
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The following three reactions will play a major role in the analysis of this paper:

• Elastic Scattering: χ+SM ↔ χ+SM, where “SM” stands for any of the

known Standard Model particles.

• Annihilation: χ + χ↔ SM+SM.

• Self-Annihilation: χχ ↔
n︷︸︸︷

χ . . . χ, with n ≥ 3. (Specifically, we will focus on

the case n = 3.)

In the popular weakly-coupled massive particle (WIMP) paradigm, the relic

abundance is entirely determined by the annihilation process. An alternative

paradigm of self-interacting dark matter relies instead on self-annihilation [27].

Unfortunately, the dark matter predicted by this scheme is too light (. 100

eV) to be consistent with the observed large-scale structure [27, 141]. Re-

cently, an interesting variation has been proposed, dubbed the strongly in-

teracting massive particle or SIMP [25, 26] (for extensions and variations, see

[142, 143, 144, 145, 146]). In this model, the relic abundance is still set by self-

annihilation, but the elastic scattering process is strong enough to sustain the

thermal equilibrium between the SM and DM sectors until freeze-out occurs. In

this case, the dark matter mass consistent with cosmological data is between an

MeV and a GeV.

In these and all other known examples, the DM relic abundance is set by

processes that change the χ particle number. In this Letter, we present a novel

scenario in which the dark matter relic density is determined almost exclusively

by the decoupling of the elastic scattering. We will refer to the dark matter candi-

date in this scenario as “ELastically DEcoupling Relic”, or ELDER. In a nutshell,

the scenario works as follows. At high temperatures, when χ is relativistic, it
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is in thermal and chemical equilibrium with the SM plasma. As the universe

cools to temperatures below the χ mass, the χ equilibrium density drops expo-

nentially, and the annihilation process quickly decouples. (This feature is the

same as in the SIMP scenario.) The self-annihilation and elastic scattering pro-

cesses are still active, and maintain thermal and chemical equilibrium (with zero

chemical potential) between the two sectors. In the ELDER scenario, the elastic

scattering decouples first, while the self-annihilation process is still active. (This

is in contrast to the SIMP case [25], where the self-annihilation process is the

first one to decouple.) After the decoupling of elastic scattering, the dark mat-

ter sector enters the so-called “cannibalization” epoch [27], in which the energy

released by self-annihilation keeps it at an approximately constant temperature,

even as the universe continues to expand. Eventually, the self-annihilation pro-

cess also decouples, at which point the comoving number density of χ is frozen.

The near-constant temperature (and therefore density) of the DM in the canni-

balization epoch means that the relic abundance of dark matter observed today

is almost entirely fixed by the density of χ’s at the beginning of this epoch, which

in turn is fixed by the size of the elastic scattering cross section.

We study the scenario outlined above using both simple estimates and de-

tailed numerical solutions of the Boltzmann equations. We find that the ob-

served dark matter abundance can be reproduced, and all theoretical and ob-

servational constraints can be satisfied, for χ masses between a few and a few

hundred MeV, while the cross-section of elastic scattering between DM and SM

particles (electrons, photons, and/or neutrinos) is of the order of 10−3−1 fb in the

non-relativistic limit. DM candidates with such properties arise in simple and

attractive theoretical extensions of the SM: for example, a hidden-sector DM can

interact with the SM sector via a TeV-scale Z′ with order-one gauge couplings to
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both sectors, or via a relatively light (0.01 − 1 GeV) dark photon with a kinetic

mixing parameter ε ∼ 10−8 [147]. We note that the model presented in [148]

can realize the ELDER scenario for a range of parameters in which the theory is

perturbative and all constraints are satisfied.

5.2 The elastically decoupling thermal relic

The thermal history of the ELDER is summarized in Fig. 5.1. At high temper-

atures, when χ is relativistic, it maintains thermal and chemical equilibrium

with the SM plasma. As the universe cools, the temperature drops below the χ

mass, and the subsequent thermal history is marked by two important events.

First is “decoupling”, when the rate of elastic scattering becomes insufficient to

maintain the DM and SM sectors in thermal contact. Second is “freeze-out”, at

which point the rate of self-annihilation becomes insufficient to maintain chem-

ical equilibrium in the DM sector, and the comoving dark matter density is

frozen. Between these two events, chemical equilibrium within the DM sec-

tor are still maintained by self-annihilations, but the DM temperature T ′ is no

longer equal to the SM temperature T . In this regime, the DM gas undergoes

“cannibalization”: 3 → 2 self-annihilations decrease the number density, but

at the same time inject kinetic energy into the remaining gas. As the DM gas

cannot exchange entropy with the SM sector at this time, its comoving entropy

density is constant as the universe expands:

a3s′χ = a3 mχnχ
T ′

= constant

=⇒ (T ′)1/2e−mχ/T ′ ∝ T 3 (5.1)
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where a ∝ T−1 is the FRW scale-factor. As a result, T ′ decreases much slower

than T as the universe expands:

T ′ ≈
Td

1 + 3x−1
d log Td/T

, (5.2)

where xd ≡ mχ/Td and Td is temperature at which (elastic) decoupling occurs.

As the DM density evolves through cannibalization stage, the comoving DM

number density will reach a phase where is it changing very slowly with the

expansion of the universe (see Fig. 5.1), reaching an (almost) constant value

before freezeout occurs.

Let T ′f denote the DM temperature at freeze-out. Since the comoving en-

tropies of the DM and SM sectors are separately conserved in the cannibaliza-

tion epoch, the DM number density at freeze-out is given by

n′f =
ρ′f

mχ

=
s′f T

′
f

mχ

=
s′d
x′f

s f

sd
, (5.3)

where x′f = mχ/T ′f , sd and s′d are the entropy densities of the SM and DM sectors

at decoupling, and s f and s′f are the same quantities at freeze-out. The DM

number density today is

n0 =
s0

s f
n′f =

s′d
sd

s0

x′f
, (5.4)

where s0 is the current entropy density. Since the dark matter is non-relativistic

at Td,

Ωχ =
45

25/2π3/2

(
mχs0

ρc

) (
gχ
g∗d

)
x5/2

d e−xd

x′f
, (5.5)

where ρc is the critical density (s0/ρc ≈ 0.60 eV−1), gχ is the number of degrees

of freedom in the χ field (e.g. 2 for complex scalar and 4 for Dirac fermion),

and g∗d is the effective number of relativistic SM degrees of freedom at decou-

pling. Hence, the relic abundance is exponentially sensitive to the temperature

at which the elastic scattering processes decouple.
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Figure 5.1: Dark matter yield, as a function of the SM plasma temperature
T , for elastically decoupling dark matter with mχ = 10 MeV,
ε = 8.5 × 10−9, and α = 1 (purple/solid line). For comparison,
the dashed curves show the equilibrium yield assuming the
DM and SM plasmas are in equilibrium (blue/dashed), and
assuming the DM plasma is in chemical equilibrium with itself
after decoupling (red/dashed). Decoupling of the χχ → γγ
annihilations occurs roughly at x ∼ 3.

In order to determine the temperatures at decoupling, xd, and at freeze-out,

x′f , we parametrize the elastic scattering and self-annihilation cross-sections in

the non-relativistic limit as

lim
T→0
〈σelv〉 ≡

ε2

m2
χ

, lim
T→0
〈σ3→2v2〉 ≡

α3

m5
χ

, (5.6)

where σel is the cross-section of elastic scattering, averaged over SM species that

are relativistic at T ∼ mχ. At T < mχ, the equilibrium density of DM particles

drops exponentially as neq
χ ∼ (mχT )3/2e−mχ/T . The self-annihilation process which

maintains chemical equilibrium in the DM gas releases kinetic energy, at a per-

particle rate of

K̇χ = m
ṅ
n

∣∣∣∣∣
µχ=0
' −m2

χHT−1. (5.7)

Elastic scattering processes transfer this excess kinetic energy to the SM gas at a
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rate

K̇χ ∼ Γelv2
χT ∼ T 5ε2/m3

χ, (5.8)

where Γel = nSM〈σelv〉 is the rate at which each χ scatters elastically off the SM

gas. The decoupling occurs when the DM-to-SM energy transfer can no longer

keep up with the kinetic energy production; equating Eq. (5.7) with Eq. (5.8),

xd ∼ ε
1/2m−1/4

χ M1/4
Pl . (5.9)

Freeze-out occurs when the rate of self-annihilations is no longer sufficient

to maintain chemical equilibrium, (neq
χ )2〈σ3→2vχ〉 ∼ ṅeq

χ /n
eq
χ , which yields

x′f ∼
3
4

log
(

MPl

mχ

)
−

xd

2
+

9
4

logα. (5.10)

For DM mass in the MeV−GeV range, the relic density can be conveniently ap-

proximated as

Ωχ ∼
106mMeV exp(−10ε1/2

−9 m−1/4
MeV)

1 + 0.07 logα
, (5.11)

where ε−9 ≡ ε/10−9 and mMeV ≡ mχ/(1 MeV). As emphasized in the Introduction,

the relic density is controlled by the strength of the elastic scattering, ε, with

only weak, logarithmic, dependence on the strength of the number-changing

self-annihilation process α. This is the unique feature of the ELDER scenario.

The ELDER mechanism is only possible if the self-annihilation process main-

tains the DM gas in chemical equilibrium until at least the temperature Td, re-

quiring

α >∼ αmin '
10−5x7/3

d mMeV

Ω
2/3
χ

≈ 0.015mMeV
(
1 + 0.16 log mMeV

)
. (5.12)

Numerical solutions to the Boltzmann equations (see below) indicate that

Eq. (5.12) somewhat underestimates the lower bound of the “pure ELDER” re-
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gion: for α . a few × αmin, both self-annihilation and elastic scattering are im-

portant. For even lower α, freeze-out occurs before the elastic scattering decou-

ples; this is precisely the SIMP scenario of [25, 26]. Together with perturbativity

and unitarity constraints on the self-annihilation cross section, which can be es-

timated as α . 4π, this bound imposes an upper bound on the DM mass. For a

“pure ELDER,” this implies mχ . 100 MeV. A lower bound of mχ & a few MeV

is imposed by observational constraints, see below. In the allowed mass range,

the correct relic density is obtained for ε ranging between 10−9 and 10−7, while

α ∼ 10−2 − 10.

A potential concern in the elastic decoupling scenario is its naturalness: if

small changes in ε lead to huge changes in the relic density, it would be difficult

to conceive of a reason why Ωχ ∼ 1 in the observed universe. To quantify this

issue, we estimate
∂ log Ωχ

∂ log ε
≈ 7 +

1
2

log mMeV. (5.13)

An order-of-magnitude change in the relic density requires a 20−30% change in

ε. We conclude that only a mild amount of tuning is required to obtain Ωχ ∼ 1.

5.3 The Boltzmann Equations

The starting point of the analysis is the microscopic Boltzmann equation for the

phase-space density of the DM particle χ, with collision terms describing elastic

scattering, χγ → χγ; annihilation χχ↔ γγ; and self-annihilation χχ↔ χχχ. (For

concreteness, we assume that the dominant DM coupling to the SM is via pho-

tons; couplings to e± or ν would produce similar results.) Since the χ velocities

follow thermal distribution at all times, the microscopic Boltzmann equation
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Figure 5.2: Regions of parameters corresponding to the observed relic den-
sity. For each mass, the vertical section of the line of the left/top
corresponds to the elastically decoupling relic (ELDER) sce-
nario proposed in this paper; the horizontal line to the SIMP
scenario; and the vertical section on the right/bottom to the
WIMP scenario.

reduces to two integro-differential equations for the DM number density nχ(t),

dnχ
dt

+ 3Hnχ = −〈σ3→2v2〉(n3
χ − n2

χn
eq
χ ) + . . . , (5.14)

and energy density ρχ(t),

dρχ
dt

+ 3H(ρχ + Pχ) = 〈σelv · δE〉nχn
eq
γ + . . . , (5.15)

where

〈σelv · δE〉 =
1

neq
χ neq

γ

∫
dΠχ1dΠγ1dΠχ2dΠγ2(2π)4δ4(p)

×(Eχ2 − Eχ1) fχ1(Eχ1) fγ1(Eγ1) |M|
2 , (5.16)

and dΠi = gid3 p1/(2π)3. Here, the dots denote the annihilation terms; these are

unimportant in the ELDER regime, but are nevertheless fully included in the

numerical analysis, as will be described in detail in Ref. [147].

The numerical solution for the evolution of the DM yield, Yχ ≡ nχ/s, in the

ELDER scenario is shown in Fig. 5.1. The three stages of the DM evolution
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(thermal equilibrium with the SM, cannibalization, and freeze-out) are clearly

visible. The yield evolves very slowly in the cannibalization stage, due to slow

evolution of the DM temperature (for the parameters in Fig. 5.1, T ′f ≈ 0.3Td,

while T f ≈ 0.025Td). As a result, the final DM abundance is approximately

independent of when freeze-out occurs, and hence of the self-annihilation cross-

section.

This feature is further illustrated in Fig. 5.2, which shows the regions of pa-

rameter space where the observed DM density is reproduced. For fixed mχ,

the ELDER scenario corresponds to the narrow vertical region of approximately

constant ε, while α can take any value above a certain lower cutoff; these fea-

tures are consistent with the estimates in Eqs. (5.11) and (5.12). For smaller val-

ues of α, self-annihilations freeze out before elastic scattering decouples, and the

relic density is fixed by the strength of the self-annihilation process, α, and is in-

dependent of ε as long as it is large enough. The resulting horizontal region cor-

responds precisely to the SIMP scenario proposed in [25]. Finally, if ε becomes

too large, annihilations become important, and since ε controls the annihilation

cross-section, another vertical region occurs. This corresponds to the canonical

WIMP scenario (or the “WIMPless” regime [149]). The numerical study clearly

establishes the presence of the novel elastic decoupling scenario. In addition, it

establishes precise boundaries of the different regimes, and traces out in detail

the transition regions where two types of interactions play an equally important

role in setting the relic density.
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Figure 5.3: Constraints on ε vs. mχ, from dark matter couplings to photons.
The blue line corresponds to the ELDER scenario while the re-
gion above it corresponds to the SIMP scenario. Also shown
are the exclusion limits from: supernova cooling (purple re-
gion); CMB constraints on DM annihilations into photons be-
fore recombination (blue region); and modification to Nν

eff
from

DM decoupling (red region).

5.4 Constraints

Since ELDER dark matter has mass and coupling strengths similar to the case of

SIMPs, the same set of observational constraints is relevant for both scenarios.

The strongest constraints on the strength of the χ interactions with the SM are

summarized in Fig. 5.3.

In the relevant range of ε, the reaction γγ → χχ in the core of the supernova

SN1987A would lead to energy loss rate inconsistent with observations, unless

the produced χ particles become trapped in the core [150, 151, 152, 153]. Since

trapping is due to elastic scattering of χ on photons in the supernova core, this

constraint places a lower bound on ε. The value predicted by the ELDER sce-

nario satisfies this bound throughout the relevant mass range. The bound can

be further weakened if χ couples to e− or ν instead of γ, as their higher density
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in the supernova core implies a smaller mean free path for the same value of ε.

Cosmic Microwave Background (CMB) measurements limit the rate of DM

annihilation into SM particles before recombination, which can modify the

anisotropies of the CMB [154, 155, 156]. In our case, the relevant process is

χχ → γγ. The cross-section of this process in the non-relativistic regime is ob-

tained from Eq. (5.6), which implies that annihilation occurs in s-wave. The

WMAP results [157] place an upper bound on ε shown in Fig. 5.3. Again, the

coupling predicted by the ELDER scenario is consistent with this bound. Null

results of searches for anomalous high-energy photons from dark matter annihi-

lation in the Milky Way or its dwarf satellites can also be used to place an upper

bound on ε [158]. The bound is similar to the one implied by the WMAP data,

and we do not show it in Fig. 5.3. Note that if χχ→ γγ annihilation occurred in

p-wave instead, the cross-sections relevant for both CMB and indirect searches

would be severely suppressed relative to that at the time of dark matter decou-

pling, due to lower χ velocities, and the bounds would be even weaker. These

bounds would also be completely eliminated if χ couples only to neutrinos.

If the ELDER decoupling occurs after the neutrinos are decoupled from the

SM plasma, it can affect the temperature ratio Tν/Tγ, resulting in a non-standard

value of Nν
eff

measured in CMB observations. This places a lower bound on the

DM mass of a few MeV, with the exact number depending on gχ: for example,

mχ >∼ 6.5 MeV for a complex scalar χ coupled only to γ [159]. This bound can

be avoided if χ is coupled to both ν and e/γ, since in this case reheating due to

ELDER decoupling does not change the ratio Tν/Tγ. (The region mχ <∼ 1 MeV

is also constrained by the Big Bang Nucleosynthesis bound on the number of

relativistic degrees of freedom.) In summary, the ELDER scenario is consistent
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with all constraints provided that mχ >∼ a few MeV, even with the most stringent

interpretation of the observational bounds.

If the DM couples to electrons, additional signatures arise in direct de-

tection experiments searching for electron recoils [160], as well as collider

searches for e+e− → χχγ [161, 162, 163]. Current direct-detection bounds from

XENON10 [164] are not yet sensitive to ε in the range predicted by the ELDER

scenario, while the collider bounds from LEP-2 depend strongly on the mass of

the particle mediating the DM-SM scattering, and cannot be used to put robust

constrains on ε. Interestingly, proposed dedicated germanium or silicon-based

electron-recoil direct detection experiments [165, 166] and superconducting de-

tectors [167] are expected to directly probe the ELDER scenario, which gives a

scattering cross-section with electrons, σscat ∼ 10−40 − 10−41 cm2.

Finally, the strong 3 → 2 self-annihilations required in the ELDER scenario

generically imply a large contribution to χχ → χχ elastic self-scattering. The

elastic self-scattering cross-section at low velocities, vχ ∼ 10−3, is constrained by

observations of the Bullet Cluster [21, 22, 23] and halo shapes [168, 169, 170]:

σχχ→χχ

mχ

<∼ 1 cm2/g. (5.17)

Note that a self-scattering cross section in the 0.1− 1 cm2/g range [169, 171, 168,

170], consistent with this bound, could reconcile the N-body simulation results

with the observed small-scale structure, providing an additional motivation

for self-interacting DM candidates (see for instance, [172, 173, 174, 175]). The

precise relation between the elastic self-scattering and self-annihilation cross-

sections is model-dependent. Generically, one might expect that

σχχ→χχ = a2 α
2

m2
χ

, (5.18)
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where a is an order-one constant. Consistency of the ELDER scenario with the

bound of Eq. (5.17) requires a <∼ 0.01 − 0.1 (depending on mχ). However, if the

self-annihilation and self-scattering cross-sections both vanish at threshold, and

are therefore velocity suppressed, these bounds may be alleviated [147].
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