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Dragonflies are a remarkable example of flapping flight, demonstrating high speed

aerial maneuverability, precision tracking, and long sequences of near steady state

flight. We seek to understand how and why the dragonfly performs these particular

maneuvers, and if there are any inherent advantages the dragonfly has over other

flapping flight insects.

The dynamics of free flight are complicated by the dynamic coupling between

the dragonflies six degrees of freedom. We overcome this using a combination

of experimental studies and computer simulations to tease out various pieces of

information. To determine the range of maneuvers which the dragonfly performs

while in flight, we film the body kinematics of the dragonfly within a large flight

volume using high speed cameras. To understand how the dragonfly controls its

roll about the body longitudinal axis, we isolate that particular motion by dropping

the dragonfly while it is upside down. We conclude with a purely computational

study of the longitudinal stability of the dragonfly, with a focus on features unique

to four winged flight.
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CHAPTER 1

OVERVIEW AND INTRODUCTION

Insects in flight have long captured our imagination due to their unpredictable

grace as they fly through the air. What kinematic modulations does the insect

performs to control itself so precisely? Are these drawn from a common pool of

modulations which all insects share, or do the methods change significantly between

species? What sensory organs are necessary for it to know maintain stable flight,

and how quickly must they respond to perturbations to the insect? Questions such

as these and others like them [87] served as a backbone to guide our research of

the dragonfly as a model insect.

To construct an answer to these questions, we need two things. The first is

an accurate knowledge of the insects body and wing kinematics. Initial studies of

this were done with a focus on steady state flight, whether this was tethered in a

wind tunnel, [53, 40, 58, 59, 2, 96], or in free flight [8, 7, 71, 82, 83, 27, 28]. A

single camera was often the only device for recording the kinematics, which allows

for a nearly direct calculation of the large amplitude stroking motion of the wing,

measured using the trajectory of the wing tips. The rotation of the wing about its

leading edge was also found in some of the studies, either by inferring it through

the projected area of the wings, or utilizing bands which were painted along the

chord of the wings. For any of these calculations, the insects were required to be

oriented perpendicular to the camera axis, resulting in longitudinal flight being

the only type which was studied.

Our current techniques for measuring free-flight kinematics have become much

more advanced, thanks mostly to the use of stereo videography. This allows exper-

imenters to either directly track the 3D location of specific points on the insects

1



body and wings [38, 89], reconstruct the insect based on re-projecting its shadow

into 3D space [33, 34, 67], or directly fit a model insect to the captured videos [31].

By obtaining this three dimensional position and rotation data, we are now able to

capture the simultaneous body and wing kinematics associated with a much wider

range of mid-air flight maneuvers, as the insect is free to perform whatever flight it

wants within the filming volume. In addition to this, more detailed information on

features such as wing twisting and bending during the flight may now be obtained,

as the most advanced of these methods are capable of generated curved surfaces

fit closely to the overall wing orientation at any location on the wing [46].

With the ability to accurately measure the mid-flight kinematics of our various

insects, the second thing we need is a model of the insect in question. This model

needs to provide information not only about the body dynamics, but also the

aerodynamic forces generated by the flapping motion of the insects wings, and

recent work has shown that one of the key elements necessary for any flapping

flight model is the coupling which occurs between the wing and body motions

[19]. Much work has been put into understanding the forces generated by the

flapping motion of an insects’ wings. Early techniques began with a focus on

just the lifting forces generated by the wings, and the techniques which may be

used to enhance these forces using quasi-steady force models [91]. The inability of

these models to fully describe the hovering flight of all insects without excessively

large force coefficients led to an understanding of the need for unsteady forces to

be included in the various flight models [84, 72, 85, 86], with the ultimate effect

being a range of analytical and computational models in existance to estimate the

generated aerodynamic forces [73, 76, 63, 4, 5, 25]. While each provides a different

level of detail regarding the aerodynamic forces, good agreement has been found

between each of the analytical, experimental, and computational fluid dynamics
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approaches. [97, 88].

One defining element of the dragonfly is its two pairs of wings, which must

interact with one another in some fashion through the air in which they fly. This

is even a more interesting effect because experiments have shown that the drag-

onfly doesn’t fly with a constant phase between front and rear wings, flapping in

phase during takeoff, having the rear wings lead during steady flight, and fully out

of phase flapping when hovering [16, 2, 65, 71, 11]. Studies of the aerodynamic

forces associated with the this phase shift, both experimental [90, 69], and analyt-

ical/numerical [48, 89, 41, 15, 26] have shown that when the dragonflies wings are

in phase, the forces produced are enhanced, and while it is flapping with the rear

wings leading, the flight requires less power. It also was observed that typically

phase shifts between 90 and 200 degrees, where positive indicates the rear wings

leading the front wings, did not significantly impact either the efficiency of the

flight, or the total force produced by the wings. Because of this, so long as proper

coefficients of force are utilized, simpler analytical models which don’t take these

effects into account may still be quite valid.

By combining these modeling efforts with the observed experimental kinemat-

ics, it is possible to start determining the control mechanisms which different in-

sects utilize. One of the most fruitful methods used to generate these different

control signals is to provide a direct perturbation to the insect using a magnetic

field, [13, 66, 10, 92]. The resulting wing kinematics are recorded, and control

laws related to the various rotational degrees of freedom of the fruit fly were gen-

erated. Visual disturbances such as moving gratings or expanding circles are also

often used to instigate changes in behavior, [20, 9], providing information about

the typical flight speeds, and saccade magnitudes and durations.
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As an alternative approach some have designed experimental flapping fliers

[51, 75, 93], or numerical model of flapping flight [19, 52, 61, 42, 79, 64] to directly

apply different control laws. Some of the commonly utilized methods are to change

the amplitude of the stroking motion, the average pitch of the wings during the

stroke, and the average stroking angle of the wings to control the overall dynamics.

When all of these strategies were compared, it was found that changes to average

stroking angle and angles of attack provided the maximal amount of control over

the fliers state space[42].

In addition to letting the dragonfly maneuver, control is also necessary for the

dragonfly to simply remain in mid-air, as flapping flight has been found to be

inherently unstable. This is observable experimentally, where control-less robots

and fruit flies are found to tumble wildly while falling [32, 93]. A similar instability

is found using analytical and numerical approaches across a wide range of insect

species [80, 21, 94, 78, 77, 29, 62, 68, 35, 50, 45]. It was found that in particular, the

coupling between the body translation and the wing motion causes this instability

to occur. Applying control methods to the flight can of course stabilize the insect

[19], but there also have been manners discovered which may passively stabilize

the insect. One work found that increasing the distance between the body center

of mass and the wing attachment point stabilized a fruit fly [18], while others have

indicated that different insects become more stable when they are in forwards flight

[43, 95].

Among all these studies of control and passive stability there have been re-

markably few related to the dragonfly. The only study concentrating on maneuver

flight ocurred within a wind tunnel, during the initial moments after a dragonfly

is released as it turns towards a light [3]. Two computational simulations of the
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dragonfly have indicated that it may also be passively unstable [49]. A control

mechanism to prevent this was proposed and demonstrated, where the dragonfly

would change the orientation of its wings relative its body to where the dragonfly

would change the orientation of its wings relative to the body [54].

By studying the dragonfly, we look at an alternative insect family which has

been comparatively less studied. We seek to examine whether the insect is passively

stable, and if not are there manners by which the dragonfly can become stabilized

through changes in morphology or wing kinematics which are unavailable to 2-

winged fliers. Due to its four wings, the typical flight kinematics are noticeably

different between the dragonfly and the fruit fly for example. Does this also mean

that the dragonfly will utilize a different set of kinematic techniques to perform

its mid-flight control, or are these techniques impartial to the number of wings

on the insect? To attempt to answer these questions, we both measure mid-flight

kinematics of the dragonflies, as well as build numerical models to quantify the

effect of the observed wing kinematics, to determine which is the cause of the

primary motion we observe, and what may be used as secondary control over

other parameters.

In chapter 2, we describe the two flapping flight models which were constructed

to study the general motion of the dragonfly. The first model is a complete three

dimensional rigid body dynamics model of flapping flight which explicitly couples

the wing and body motions together. The second model is a highly simplified wing-

beat averaged model, designed to provide us with a more direct physical intuition

of our problems.

In chapter 3, we utilize both of these models to examine the passive longitudinal

stability of the dragonfly. We begin by looking at hovering flight, and explore the
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entirety of hinge location space, making the surprising discovery that the dragonfly

as found in nature is very close to the boundary between stable and unstable flight.

We identify and examine some of the other properties which make the dragonfly

unique relative to other two-winged flight before finally examining the stability

and power consumption of the dragonfly in forwards flight.

In chapter 4, we describe the experimental work which has been done to describe

the overall kinematics of the dragonfly in free flight. We use a combination of

different high speed camera setups to capture different types of flight from the

dragonfly. This enables us to both look at large scale maneuvering flight, and the

fine details of the wing motions during both steady and maneuvering flight.

In chapter 5, we focus on one particular motion of the dragonfly, rolling, as

a response to being initially dropped while upside down. We identify that the

key asymmetry the dragonfly uses to generate this motion is an asymmetry in the

pitch of the dragonflies wings. Based on the time series of the body motion, we

are further able to estimate the necessary driving torque exerted by the wings to

maintain the rolling motion. Examining the control strategy used to roll provides

clues about how the dragonfly controls itself, as well as lets us make comparisons

between the dragonflies control strategies and that of two winged insects like the

fruit fly.
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CHAPTER 2

MODELING A FREELY FLYING DRAGONFLY

To study the flight of the dragonfly, we have developed two distinct models of

flapping flight. The first is a fully coupled rigid body dynamics model of free flight,

expanding upon the model which Chang and Wang used to study the fruit fly [19].

One of the models key features is that it explicitely and instantaneously couples

the wing and and body motions together. This means that the aerodynamic and

inertial forces generated by the wings are a function of not just the pre-specified

wing kinematics, but also the current body state. These coupled forcces are used

to determine how the body state evolves, resulting in a simulation which exhibits

a fast wingbeat periodic oscillation, even when in stable steady state flight.

The second is a wingbeat averaged model, influenced by the work of Ristroph

et al. and Chang [68, 18]. This model assumes that the periodic motion of the

dragonflies body during a single wingbeat has a negligible impact on the forces

produced by the wings during that wingbeat. Thus, while there still exists coupling

between body and wing motions, during a single wingsstroke this is a constant

effect. This means that rather than considering the force applied to the dragonfly

as a function of time, we can instead consider it as a single value which changes

every wingbeat. Taking this resulting model, we add further simplifications to

reduce the problem to one which has an analytical solution to the question of

whether or not the dragonfly is passively stable. Some of these simplifications

include assuming that each wing has the same shape and wing kinematics, and

that the wings act as 2D plunging surfaces traveling at constant velocity and angle

of attack.
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Figure 2.1: Details of the flapping flight models. a) Body kinematics are
measured relative to a stationary lab frame, with the orientation
of the dragonfly defined using Z-Y-X Euler angles φb, θb, and ψb.
b) Within the dragonflies body frame, we use two angles to define
the orientation of the stroke plane, β, and γ. c) The wing Euler
angles are described relative to the stroke plane which is shown in
yellow, with φw being the stroking angle, θw being the deviation
from the stroke plane, and ψw being the pitch of the wing. d) A
visualization of the steady state wing kinematics, with the color
of the ball time during the stroking motion. e) When we begin
to study stability, the two primary parameters of interest are the
hinge separation, s, and the vertical distance between wing hinge
and dragonfly center of mass, h.

2.1 Instantaneous Flapping Flight Model

2.1.1 Dragonfly Body Equations of Motion

In the instantaneous model, we treat the dragonfly as being a collection of five

ellipsoidal bodies. One represents the rigidly connected head, thorax, and abdoman

of the dragonfly, while the remaining four represent each of the attached wings.

This combined body serves as the root of the model, retaining all six degrees of

freedom. The frame of reference of this body is located at its center of mass, with
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the x-axis pointed along the length of the dragonfly from abdoman to head, the

z-axis is pointed out of the dragonflies back, and the y axis points out the left side

of the dragonfly. The translation of the dragonfly is measured relative to the origin

of the lab coordinate system, while its rotational orientation is described using the

Z-Y-X (3-2-1) euler angle convention [24] [36]. These three angles correspond to

the heading of the dragonfly, φb, the pitch of the dragonfly relative to the x-y plane,

θb, and the roll angle of the dragonfly, which is the amount it has rotated about

its own body defined x-axis, ψb, figure 2.1 a).

We model the connection between the wings and thorax as a ball and socket

joint. This limits the dragonflies wings to only be able to rotate about the wing

hinge, the effect of which we discuss in section 2.1.2. To write the dynamical

equations of motion for the combined body and win system, we can turn to a

number of different methods, such as with Featherstone’s dynamics equations[30],

Lagrangian’s [36], or directly applying the Newton-Euler Equations which have

been augmented through coupling equations. Here we choose to directly apply

the Newton-Euler equations for each of the rigid bodies, and then devise explicit

coupling equations to ensure the connection between the body and wings. The

resulting equations of motion for both the body (eqn’s 2.1 and 2.2) and wings

(eqn’s 2.3 and 2.4) are then given as [19]

~atmt =
4∑
i=1

~ft/i +mt~g (2.1)

I t~αt + ~ωt × I t~ωt =
4∑
i=1

~τt/i + ~ri/cmt × ~ft/i (2.2)

~aimi = −~ft/i +mi~g + ~fa,i (2.3)

I i~αi + ~ωi × I i~ωi = −τt/i + ~ri/cmw ×−~fi/t + ~τa,i (2.4)
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In these equations, m is the mass of the body, I is its moment of inertia, and

~g is the gravitational constant. Vectors ~ri/cmt and ~ri/cmw represent the location

of the hinge connecting the ith wing to the body relative to the thorax and wing

centers of mass. Vectors ~fi/t, and ~τi/t are the constraint forcce and torque where

the subscript denotes that the positive force is applied on the body from the ith

wing. Lastly the aerodynamic force and torque applied to the ith wing is given as

~fa,i and ~τa,i.

For each wing, two unknown vector quantities have been introduced, ~fi/t, and

~τi/t. This means that we need two coupling equations to close our system. To

generate these, we must consider what restrictions have been applied to the model.

A ball and socket joint requires that the wing hinge on both the thorax and the

wing be located at the same spatial location for all time. This is imposed by

requiring that the acceleration of the hinge be the same when determined either

from the current state of either the wing or thorax.

~̈rcmt + ~̇ωt × ~ri/cmt + ~ωt × ~ωt × ~ri/cmt = ~̈rcmw + ~̇ωi × ~ri/cmw + ~ωi × ~ωi × ~ri/cmw (2.5)

This provides information on the constraint forces. The constraint torque on

the other hand is dependent upon the general goal of the study. As the constraint

torques are equivalent to the dragonfly muscle torques, one option is to specify the

muscle torques and let the wing motion be determined from the simulation. The

alternative, which we use, is to specify the wing kinematics of the wings relative to

the thorax, ~αt. This creates a link between the angular accelerations of the body

and wings, which becomes our second constraint equation.
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~αi = ~αt + ~αrel,i (2.6)

By including these constraints, we now have a complete system of equations

which can be written in the form Ax = B. The dimension of this system is one

of the primary differences between the current dragonfly model, and the fruit fly

model of Chang and Wang [19]. Using built in MatLab operators to solve this

matrix equation provides not only the current acceleration of the thorax, but also

each of the constraint forces and torques which must be applied at the joints. Using

these quantities, the kinematic state of the dragonfly is then updated using the

following equations.

~̇r = ~v (2.7)

~̇v = ~a (2.8)

φ̇b =
ωy sin(ψ) + ωz cos(ψ)

cos(θ)
(2.9)

θ̇b = −ωy cos(ψ) + ωz sin(ψ) (2.10)

ψ̇b = ωx − (ωy sin(ψ) + ωz cos(ψ)) tan(θ) (2.11)

~̇ω = ~α (2.12)

We chose this method for determining the equations of motion because the

intended model size is very small, with only a single link between its roots and

leaves. This means that there is no distinct advantage to any tree based modeling

methods. If we desired to extend the model to include inertial control over the body

by changing the orientation of the abdoman that would be straightforward to add.

The other likely addition would be wing flexibility, which while still possible with

11



our current approach, may necessitate a change to a different modeling method if

the evaluation speed suffed too greatly.

2.1.2 Wing Kinematics

Previous studies of dragonfly kinematics have shown that dragonflies tend to flap

their wings along planes which are highly rotated relative to their body axes [8, 71].

To describe the orientation of these planes two angles are necessary, γ, which

represents the rotation of the stroke plane about the dragonflies body z-axis, and

β, which is the inclination of the stroke plane relative to the body x-y plane,

see figure 2.1 b). The motion of the dragonflies wing is then defined relative to

this plane using Z-Y-X Euler angles, see figure 2.1 c). The rotation about the

stroke plane normal axis is the stroking angle, φw, representing the motion which

generates the overall velocity of the wing. The second rotation is the deviation

angle, θw, which indicates the angle between the spanwise vector the wing pitches

around, and the stroke plane. The last rotation is the pitch of the wing, ψw, which

is the rotation of the wing about the spanwise axis that passes through the wing

hinge point. While this allows for any generic motion of the wing to be modeled,

we choose to represent the motion using a set of simple sinusoidal functions.

φw(t) = φm + φa sin (2πft+ φshift) (2.13)

θw(t) = θm + θa sin (2πft+ φshift + θshift) (2.14)

ψw(t) = ψm + ψa sin (2πft+ φshift + ψshift) (2.15)

In this, φm, θm, and ψm are the mean values, φa, θa, and ψa are the amplitudes,
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Table 2.1: Wing Kinematics used in simulation

φa φm φshift θa θm θshift ψa ψm ψshift

Front Wing 20.72 0 0 0 0 0 50 120 97

Rear Wing 22.12 0 190 0 0 0 50 120 95

θshift and ψshift are the phase shifts of the deviation and pitch relative to the

wing stroke, and φshift defines the phase of the stroking relative to an internal

metronome ticking at wingbeat frequency. By framing the wing kinematics like

this, we have individual control of the overall phase for each wing. The basic wing

kinematics used for hovering flight are shown visually in figure 2.1 e), while the

coefficient values are given in table 2.1.

To allow this model to perform more than steady state flight analysis, the

ablility to smoothly transition between two different sets of wing kinematics was

included. To do this, we use a polynomial function to smoothly interpolate the

coefficients between two distinct values over a given timeframe [18]. The particular

polynomial, eqn 2.16 was chosen because it varies between 0 and 1 at times t =

0 and 1 respectively, while also having 0 first and second derivative. During this

transition, the equations for the wing euler angles 2.17, as well as their first, eqn

2.18, and second, eqn 2.19, derivatives can become rather complicated depending

on how many parameters are being varied at once.

13



p = 10t3 − 15t4 + 6t5 (2.16)

φw(t) = φm + p∆φm + (φa + p∆φa) cos(2πf + φshift + p∆φshift) (2.17)

φ̇w(t) = ṗ∆φm + ṗ∆φa cos(2πf + φshift + p∆φshift)−

(φa + p∆φa) (2πf + ṗ∆φshift) sin(2πft+ φshift + p∆φshift) (2.18)

φ̈w(t) = p̈∆φm + p̈∆φa cos(2πf + φshift + p∆φshift)−

(φa + p∆φa) (2πf + ṗ∆φshift)
2 cos(2πf + φshift + p∆φshift)

2ṗ∆φa (2πf + ṗ∆φshift) sin(2πft+ φshift + p∆φshift)−

(φa + p∆φa) p̈φshift sin(2πft+ φshift + p∆φshift) (2.19)

In these, ∆φm, ∆φa, and ∆φshift represent the difference between the original

and new kinematic states. The advantage of looking at the wing kinematics like

this is that we can think of transitioning between different periodic flapping flight

states, each with its own known properties associated with it. This also may be

used as a control method by making small changes to the periodic state. One of

the issues this has is that it requires the wing kinematics to go through distinct

periodic states, not allowing for any arbitrary motions of the wings. Further, once

the transition between states has started, it must be completed before moving on

to a third state, as otherwise the angular velocities and accelerations will become

non-smooth, disrupting the model in a non-physical manner.

2.1.3 Aerodynamic Forces

To calculate the aerodynamic forces produced by the wings we employ blade-

element theory. In this, the insects wing is broken up into elements which are differ-
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entially thick in the spanwise direction, the force generated by the two-dimensional

cross section of these elements is determined, and then the total force is obtained

by integrating these elements along the wing span. To obtain the forces on the two-

dimensional elements, we employ a quasi-steady force model originally developed

to model the aerodynamic forces generated by falling plates [63, 4, 5]. Quasi-steady

methods predict the force based solely on the kinematics of the center of mass of

each cross section, which are fairly simple to calculate, eqns 2.20 and 2.21. They

consist of effects from body translational velocity, body angular velocity, and the

angular velocity of the wings.

~Vw = ~Vt + ~ωt × (~rcmw/i + ~ri/cmt) + ~ωi/t × ~rcmw/i (2.20)

~ωi = ~ωt + ~ωi/t (2.21)

In addition to the aerodynamic forces which this model predicts, we further include

the effect of the wing accelerating the nearby fluid through added mass effects.

Conveniently, the added mass coefficients for a thin ellipsoidal shape have already

been calculated [81], such that we can directly use them in our formulation of the

aerodynamic forces.

The primary advantage to this method is that it is relatively quick to evaluate,

allowing for rapid iteration of dragonfly model parameters and wing kinematics.

One of the major drawbacks to this method for dragonfly flight is that there is

no fluid dynamic interaction between any of the dragonflies various body parts.

This is particularly important, as the phase difference between the front and rear

wings is not constant, but rather changes depending on the current maneuver the

dragonfly is performing [16, 2, 65]. As designed, our model only feels the impact
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of wing phase through the dynamic coupling of the wings and the body. Luckily,

studies on the effect of phase between the front and rear wings has shown that

for a range of phases from 100 to 220 degrees, the average coefficient of force is

relatively constant as a function of wing phase[89]. This indicates that with the

proper coefficients, the validity of the quasi-steady model in steady state flight

should not be significantly impacted by this effect.

2.1.4 Dragonfly Morphological Parameters

In constructing this computational model, we have specified a large number of

shape parameters for the dragonfly, see figure 2.2 for each of non-kinematic pa-

rameters we control. To generate a set of base parameters for this model, we took

measurements of the dragonfly Libellula Lydia at the Janelia Farms Leonardo Lab

dragonfly flight arena by photographing the dragonflies in front of graph paper,

and then using the scale to digitally determine each of the parmeters, figure 2.3.

After the photographs were taken, the dragonfly was weighed, and then dissected

to determine the relative masses of each individual wing and body segment. The

parameters used in our simulations are given in table 2.2.

2.1.5 Graphical User Interface

As part of the overall development of this model, we also created a graphical user

interface to aid in simulating the flight of both four and two-winged insects. This

allows for an end user to vary all of the relevant morphological and aerodynamic

parameters related to dragonfly free flight, and then perform a simulation of the

dragonfly for a set number of wingbeats. During the flights, the dragonfly can
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Figure 2.2: Schematic of the dragonfly being simulated. Dimensions of the
ellipsoidal bodies are given the letter r, the location of the hinge
relative to the dragonfly body center of mass is given the letter l,
and the location of the hinge relative to the wing center of mass
is given the letter h. Dimensions are the same for the left and
right side wings, as the dragonfly is assumed to be symmetric.
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Figure 2.3: Photographs of one of the dragonflies taken for measuring the
size of a dragonfly. a) Top down view to get lengths and widths
of each body part. b) Side view to obtain the body part heights.
c) Wing chord and span are obtained after dissection.

vary its wing kinematics between two different periodic motions once, which is

sufficient to study maneuvering flight alongside steady long-term flights. After

completion the flapping sequence has completed its simulation, constraint forces

and torques can be calculated, and then plotted along with the kineamtic state of

the dragonfly. Animation of the dragonflies flight is provided to visually inspect

the trajectory the dragonfly took. More complicated motions can be attempted by

breaking the flight into discrete segments, each with one change between periodic

states. This provides a powerful tool for manual inspection of dragonfly flight using

our instantaneous flight model.

18



Table 2.2: Body parameters used to model the dragonfly

Body dimension value Body dimension value

Head diameter 5.5 mm Head mass 31 mg

Thorax length 11 mm Thorax width 5 mm

Thorax height 8 mm Thorax mass 217 mg

Abdomen length 23 mm Abdomen width 5.7 mm

Abdomen height 5.7 mm Abodmen mass 62 mg

Front wing span 32 mm Front wing chord 8 mm

Front wing mass 3.5 mg

Rear wing span 33 mm Rear wing chord 11.25 mm

Rear wing mass 3.8 mg
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Figure 2.4: The main menu of DFSim, demonstrating each of the categories
of parameters which can be adjusted, as well as ways to interact
with the resulting data
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2.1.6 Model Comments

One question we can ask about this model is why should we expect it to acurately

describe the overally motion of the dragonfly. To do this, we consider some of

the assumptions which we have made. During steady state flight, the body of the

dragonfly can be considered as rigid. In the wings there is observable bending near

the root of the wing which we discuss in Chapter 4, however the outer portion of

the wing where the aerodynamic forces are being generated is considerably more

rigid, making a rigid wing assumption fairly well describe the motion of the wings.

The aerodynamic force model which we utilize had been shown to closely describe

the forces generated by a cross section similar to that of a dragonflies wing. Thus

by combining each of these features together, it follows that we should have a

reasonable approximation of the dragonflies motion in mid-flight.

Certainly there is complexity which may be added to the model to make it

more accurately describe the dragonly. The question which we must ask then is

how important do we consider these effects, and whether this feature will allow us

to learn something new about the dragonflies flight. Given that our understanding

of dragonfly flight is still minimal, it thus makes sense to instead focus on gathering

a basic understanding of the insect, before increasing model complexity to build

upon our previously gained knowledge. Therefore we choose to retain a simpler

model without the additional complexity that computational fluid dynamics, or

non-rigid wings would introduce.
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2.2 Wingbeat Averaged Flapping Flight Model

As a supplement to the fully coupled instantaneous flapping flight model described

above, we also create a wingbeat average model of dragonfly flight. This model

will let us more easily dig into the physics behind why the flapping flight models

behave the way they do. By simplifying both the kinematics and dynamics of

the problem, we can analytically solve for any steady state motion the dragonfly

can attain. Using these solutions, we can further investigate properties of the

dragonflies flight, such as its stability.

2.2.1 Modeling Assumptions

Similar to the instantaneous model, we consider the dragonfly as a set of five rigid

bodies, one for the combined abdomen, thorax, and head, and four individual

wings, figure 2.5 a). The thorax is the root of the system, however this time we

restrict the dragonfly to two-dimensional flight so that it has only three degrees

of freedom; translation in two directions, and pitching. The coordinate system

associated with the dragonfly body has its x-axis pointed along the length of the

dragonfly towards the dragonflies head, while the z-axis is perpendicular to it such

that it is typically opposes the direction of gravity.

The wings are connected to the thorax using a joint which acts similar to a

ball and socket joint, transferring the aerodynamic forces from the wings to the

dragonflies body. Each of the hinges is located the same vertical distance from the

body center of mass, and are placed symmetrically about the center of mass in the

x and y directions. We also assume that the wing kinematics and shape are the

same for both front and rear wings. Because our goal is for this to be analytically
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Figure 2.5: The 2D wingbeat averaged model dragonfly. a) The wings trans-
late along inclined paths at constant velocity and pitch. b) Free
body diagram of the model with applied forces in black, and
relevent dimensions in red. c) The effect of a net body velocity
on the angle of attack, total velocity, and direction of the velocity
vector during the downstroke. d) A net body velocity impacts
the same parameters in a different fashion during the upstroke.

tractable, we simplify the wing kinematics to a plunging motion along the inclined

stroke plane at constant wing pitch and velocity during both up and downstroke.

At stroke reversal, the kinematics instantaneously change between those specified

for upstroke and downstroke. It is important to note that this does not mean that

the coupling between the body and wings has been removed, as the wings are still

impacted by the average motion of the dragonflies body during the wingbeat. This

plays an important role in the forces which the wings produce, as the effect of the

body velocity must be taken into account when calculating the total velocity of
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the wings, angle of attack, and direction of the lift and drag vectors.

2.2.2 Calculating the Averaged Forces

We use the same force model from above[4], however because the wings translate

at a constant velocity with constant pitch, the only components remaining are the

lift and drag forces related to the wings translation. Because the wings have been

modeled as having constant velocity as a function of wing spanwise location, the

total lift and drag forces can be written as simply as the 2D force contribution

multiplied by the wings total area, equations 2.22 and 2.23.

FLift =
1

2
ρAV 2CL(α) (2.22)

FDrag =
1

2
ρAV 2CD(α) (2.23)

When calculating these however, we must be careful to properly include the

effects of a net body velocity because as indicated in figure 2.5 c) and d), the

velocity vector can be significantly changed under the influence of the net body

velocity. The resulting velocity magnitudes from this are given in equations 2.24

and 2.25 for the upstroke and downstroke respectivley.

Vu = w2 + u2x + u2z − 2wux cos(β) + 2wuz sin(β) (2.24)

Vd = w2 + u2x + u2z + 2wux cos(β)− 2wuz sin(β) (2.25)

The new combined velocity vector also changes the angle of attack of the wings.

To determine this new angle of attack, we first calculate the angle between the
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stroke plane and the new velocity vector, equations 2.26 and 2.27, where a positive

angle is one which will decrease the angle of attack of the wing during both up and

downstroke. The new angle of attack of the wings is then just the original value,

as determiend from the wing pitch, subtracted by the angle between stroke plane

and total velocity vector we just found, equations 2.29 and 2.28.

α′d = tan−1
(

sin(β)ux + cos(β)uz
w + cos(β)ux − sin(β)uz

)
(2.26)

α′u = tan−1
(

sin(β)ux + cos(β)uz
w − cos(β)ux + sin(β)uz

)
(2.27)

αd = αd,p − α′d (2.28)

αu = αu,p − α′u (2.29)

The last, and potentially most subtle, change is that the directions of the lift

and drag force are also rotated due to the new total velocity vector. We can

compensate for this change by thinking of the dragonfly as flapping its wings

along a different stroking plane, one defined by its total velocity vector. Because

we already know the inclination of the original stroke plane, as well as the angle

between the stroke plane and the new velocity vector, the ”effective” stroke planes

can be written in terms of those two values, equations 2.30 and 2.30.

βd = β − α′d (2.30)

βu = β + α′u (2.31)

The reason for the difference between the downstroke and upstroke is fairly

intuitive. During the downstroke, if the dragonfly is moving forwards, the wing
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will travel a greater horizontal distance, meaning the stroke plane will become

more flat. During the upstroke, the wing travels backwards, opposing the body

motion. This means less horizontal distance is traveled, effectively increasing the

steepness of the wing motion within the lab frame of reference.

Using these augmented values, we can now write the average horizontal and

vertical forces during a single wingbeat for any generic steady state of the dragonfly.

Fx =
1

4
ρAV 2

d (− cos(β′d)CD(αd) + sin(β′d)CL(αd)) +

1

4
ρAV 2

u (cos(β′u)CD(αu) + sin(β′u)CL(αu)) (2.32)

Fz =
1

4
ρAV 2

d (sin(β′d)CD(αd) + cos(β′d)CL(αd)) +

1

4
ρAV 2

u (− sin(β′u)CD(αu) + cos(β′u)CL(αu)) (2.33)

As we can see, body translational velocity leads to a complicated form of the

average force generated by the wings. Constant rotational velocity is not considered

as it would not be a steady state motion for the dragonfly. Often we will consider a

dragonfly which is hovering, and thus has no net body motion. In this case, these

equations can be simplified to the followng forms.

Fx =
1

4
ρAV 2 (cos(β)(−CD(αd) + CD(αu)) + sin(β)(CL(αd) + CL(αu))) (2.34)

Fz =
1

4
ρAV 2 (sin(β)(CD(αd)− CD(αu)) + cos(β)(CL(αd) + CL(αu))) (2.35)
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2.2.3 Steady State Constraint Equations

Combined, these two equations represent the total aerodynamic force generated by

a single wing during a wingbeat. There are no inertial or added mass forces because

the wing is at constant velocity and constant angle of attack. The plunging motion

of the wing is centered about the wing hinge such that over a single wingbeat, thus

the aerodynamic torques average to zero. A free body diagram of this overall

system is shown in figure 2.5 b), and from that we write the three equations of

motion for the dragonfly body.

max = 4Fx (2.36)

may = 4Fy −mg (2.37)

Iω̇ = 4hFx (2.38)

A crucial point which might not be immediately obvious from the equations,

but is visible within the free body diagram, is that the simplicity of the angular

acceleration equation is due to the assumptions that each wing is identical, and that

the wing hinges are located symmetrically about the dragonflies center of mass.

Therefore there is no torque due to the average vertical force, as the contribution

from the front and rear wings cancel one another out. As we are interested in the

steady state dynamics of the dragonfly, where there is no acceleration or angular

velocity, these three equations can be thought of instead as constraints on the

problem. This results in two unique constraints on our system when in steady

state flight, that the average horizontal force is zero, equation 2.39, and that total

average vertical force equals the gravitational force experienced by the dragonfly,

equation 2.40.
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cos(β)(−CD(αd) + CD(αu)) + sin(β)(CL(αd) + CL(αu)) = 0 (2.39)

ρAV 2 (sin(β)(CD(αd)− CD(αu)) + cos(β)(CL(αd) + CL(αu))) = mg (2.40)

With only two constraints to satisfy, there are a large number of parameters

we must specify in advance. Morphological parameters such as wing area, mass,

and coefficients of lift and drag are all specified as as these should be constant

regardless of the steady state. This leaves the kinematic properties which can

be varied, specifically the stroke plane inclination relative to the body x-y plane,

the wing velocity, and the pitching angle of the wings relative to the stroke plane

during up and downstroke. We find that varying the pitching angles provided the

most control over the forces being generated, so they were chosen to be satisfied

by the constraint equations, while past data on dragonflies was used to specify the

stroke plane inclination and flapping velocity.

2.2.4 Calculating the Steady State Stability

Using the constraint equations to determine steady state kinematics for the drag-

onfly, we can now ask whether or not this state is stable. To do this, we utilize

linear perturbation analysis, applying a small perturbation of order ε individually

to each of the state variables. The result of this is that each perturbation has a

corresponding set of forces and torques that it produces, generating a system of

four coupled ordinary differential equations. When these are arrange in matrix

form, as below in equation 2.41, it is called the stability derivative matrix.
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U̇z

ω̇

θ̇


=



∂fx
∂Ux

∂fx
∂Uz

∂fx
∂ω

∂fx
∂θ

+ g

∂fz
∂Ux

∂fz
∂Uz

∂fz
∂ω

∂fz
∂θ

∂τ
∂Ux

∂τ
∂Uz

∂τ
∂ω

∂τ
∂θ

0 0 1 0





Ux

Uz

ω

θ


(2.41)

To determine each of these coefficients, the perturbation is directly input into

the full averaged force equations, 2.32 and 2.33. By combining taylor expansions

and computation algebra, we can determine the first order response associated

with each individual perturbation. The full equations are necessary because when

the dragonfly is perturbed, it is no longer in pure hovering, and as such changes to

the total velocity vector of the wings must be accounted for. The coefficients for

both hovering flight and steady state translational flight can be found in appendix

A).

Because this is a linear system of coupled ODE’s, its stability can be directly

computed from the eigenvalues of the four by four matrix in equation 2.41. A

complementary approach to this which we perform for the hovering case is to

instead convert the system of ODE’s into a single fourth order ODE in terms of

the pitching value, equation 2.46.
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....
θ + a3

...
θ + a2θ̈ + a1θ̇ + a0θ = 0 (2.42)

a3 = −
(
∂fx
∂Ux

+
∂fz
∂Uz

+
∂τ

∂ω

)
(2.43)

a2 =
∂fx
∂Ux

∂fz
∂Uz

+
∂fx
∂Ux

∂τ

∂ω
+
∂fz
∂Uz

∂τ

∂ω
+

−∂fz
∂ω

∂τ

∂Uz
− ∂fx
∂ω

∂τ

∂Ux
− ∂fx
∂Uz

∂fz
∂Ux

(2.44)

a1 =
∂τ

∂ω

(
∂fx
∂Uz

∂fz
∂Ux
− ∂fx
∂Ux

∂fz
∂Uz

)
+

∂τ

∂Uz

(
∂fx
∂Ux

∂fz
∂ω
− ∂fx
∂ω

∂fz
∂Ux

)
+

∂τ

∂Ux

(
∂fx
∂ω

∂fz
∂Uz
− ∂fx
∂Uz

∂fz
∂ω

+ g

)
(2.45)

a0 = −
(
∂fz
∂Ux

∂τ

∂Uz
− ∂fz
∂Uz

∂τ

∂Ux

)
g (2.46)

The characteristic equation of the ODE can found by assuming the solution

takes the form θ = eλt. The roots of this system will provide the same eigenvalues as

those obtained from the stability derivative matrix. We can also use the coefficients

of this equation to determine whether or not it is stable using the Routh Hurwitz

criterion[6]. For a fourth order equation, this states that an ODE will be stable

if the characteristic equations coefficients is non-zero, positive, and satisfy the

condition in equation 2.47.

a3a2a1 > a4a
2
1 + a23a0 (2.47)

2.2.5 Model Physical Parameters

Again, we base the physical parameters on measurements from recently deceased

dragonflies. In this case, only two body parameters are important, the body mass
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Table 2.3: Model Parameters used for wingbeat averaged dragonfly modeling

Body mass 3 · 10−4kg

Body inertia 3.1211 · 10−8kgm2

Wing area 240 · 10−6m2

Flapping velocity 2.33m
s

Stroke plane inclination 60◦

Hinge height 3 mm

Hinge separation 5 mm

and moment of inertia. For the wings, we need to specify the wing area, flapping

velocity, and stroke plane inclination. Lastly, we specify the location of the wing

hinges in terms of the separation distance, and distance above the dragonfly center

of mass. Some basic values for this are given in table 2.3.

2.2.6 Model Uses

The advantage this model has over the instantaneous dragonfly model is that it has

explicit constraints on the wing kinematics which can be solved for such that the

dragonfly attains any specified steady state motion. This lets us rapidly calculate

the stability of a wide range of parameter spaces, where the instantaneous dragonfly

would require a significant amount of hand tuning. In addition, if we break our

symmetry assumption, we can take advantage of this models ability to find steady

state motions to understand how various yawing/rolling torques are generated as

a function of both wing kinematics and current dragonfly state.

A second reason for having both models is that there has been little study on
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how different a wingbeat averaged model is from the instantaneous calculations.

Wu and Sun performed a comparison between the two on both a hawkmoth and

dronefly. They found that for the dronefly, with a very large flapping frequency

both models provided the very similar eigenvalues. For the hawkmoth however,

the percent error between the two was nearly 25% [94]. This would appear to

indicate that for slowly flapping insects such as the hawkmoth or dragonfly, their

stability needs to be examined either instantaneously or through Floquet analysis.

This however states nothing regarding whether correct physical intuition can be

built from the wingbeat averaged model of flapping flight.

2.2.7 Model Comments

There are some aspects to this model which should be noted. First, this model

was designed specifically for wing kinematics which are identical for all wings. It

is possible that the model can be expanded to allow for each wing to flap with its

own wing kinematics, however this would dramatically increase the complexity of

certain stability derivatives, introduce a third constraint on steady state motion,

and introduce four new kinematic parameters. Second, there is no effect from the

phase difference between the front and rear wings because this averages out over

the entire wingbeat, yet the dragonflies overall behavior appears to be linked to the

wings phase difference. Lastly, it is possible to augment the model to alternative

effects on flapping flight stability so long as the augmentations can be quantified

through linear perturbation analysis. Som eexamples of this are how stability is

impacted by hanging a string below the dragonfly, or adding an aerodynamic drag

surface above or below the insect.
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2.3 Summary of Numerical Models

To study the flight dynamics of the dragonfly, two computational models were de-

veloped. The first is an instantaneously coupled free flight model, which treats the

motion of the dragonfly fully in three dimensions. The body dynamics are solved

by explicitely introducing coupling forces and torques between the different body

parts, and then solving the complete dynamics for each rigid body. Importantly,

the wings and body are instantaneously coupled together, as this both generates

and influences the wingbeat periodic motion of the dragonfly. The aerodynamic

forces are estimated using blade-element theory along with a quasi-steady estimate

of the fluid dynamic force on the wings ellipsoidal cross section. The flapping mo-

tion is directly specified, and can be smoothly morphed between different periodic

flapping motions to attempt to simulate more complex maneuvering fight.

As a complement to the instantaneous model, we also created a highly sim-

plified wingbeat averaged model. Rather than have periodic functions for the

wing kinematics, this model uses plunging wings translating at constant velocity.

This allows us to analytically write a set of constraint equations which force the

dragonfly to fly with a specific steady state motion. The stability of these states is

determined using linear perturbation analysis, where each of the force coefficients is

calculated analytically. Whether the dragonfly is stable can be determined directly

from the eigenvalues of the stability derivative matrix, however we also invoke the

Routh-Hurwitz criterion as a possible method which can give us insight into how

changing the different coefficients impacts the flights stability.
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CHAPTER 3

PASSIVE STABILITY IN LONGITUDINAL FLIGHT

A dragonfly in the middle of one of its various turning maneuvers must ex-

ert some form of control over itself. During hovering flight however, is control

absolutely necessary? Previous results based on 2-winged flapping flight suggest

that the dragonfly will be unstable, and must be stabilized through active control

[80, 19, 56, 52]. In this chapter we examine how a dragonfly may differ from its

two-winged bretheren to see if it possible to design a passively stabilized dragonfly.

Performing this study using computer simulations, we find that it is possible to

stabilize the dragonfly.

We find this stability by examining features such as wing hinge location, and

the effect of alternative wing kinematics to see what role each plays in determin-

ing the dragonflies stability. In doing this, we provide a platform to compare the

stability results of both of our models, finding that while there is up to a 20%

difference between them, as observed in prior work [94], the overall stability di-

agrams predicted by both models show similar characteristics. This means the

wingbeat averaged model can be used as a useful tool for building intuition about

how different changes impact flapping flight stability of the dragonfly and other

insects.

As our models are not limited to hovering flight, we further ask how changing

the steady state velocity of the dragonfly will impact its stability. Using the wing-

beat averaged model, the dragonfly is found to be more stable than in hovering

flight for speeds up to 1.5 m/s. We also find that in forward flight, the dragonfly

requires less power to maintain steady state motion.
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Figure 3.1: Simulation of an unstable dragonfly. a) Collage of the dragonflies
motion in the lab x-z plane. b) The velocity of the dragonfly in
the lab frame. c) The pitch of the dragonfly, and the curve fit to
the pitch to estimate the timescale of the instability.

3.1 Coupled Dynamics Simulation

We start with the parameters given in table 3.1. The resulting flight is indeed

unstable, oscillating in both pitch and horizontal location as the flight starts. These

oscillations grow, and eventually become so large that the average vertical force

produced by the wings is no longer equal to the weight of the dragonfly, and

thus it begins to fall. Once the dragonfly is falling, its oscillations in pitch and

horizontal location reach a peak magnitude, as the dragonfly enters into periodic

trajectory in which it rocks back and forth while continuing to fall. This is the

pitching instability which was observed in the dynamics of 2-winged flapping flight,

[18, 49], where it is attributed to the coupling between the horizontal translation

and the pitching motion.
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From this simulation, we find that there is a simple method which can be used

to estimate the relevant timescale of the instability. Focussing on the pitching time

series, we see that it can be generalized as the sum of two separate functions; a

fast wingbeat periodic motion of roughly constant amplitude, and a slow periodic

motion with a period on the order of twenty wingbeats whose amplitude grows

over the course of the simulation. It is this growth which is the signal for the

instability, and the rate at which the slow periodic motion grows is the timescale,

or eigenvalue, associated with this instability. To estimate this eigenvalue, we write

an equation for the slowly growing or decaying periodic motion, 3.1, and determine

its coefficients by fitting it to the pitching data from the dragonfly simulation using

Matlab’s built in curve-fitting functions.

θ(t) = a sin (2πf + ∆) ekt + θ0 (3.1)

For longitudinal flight, there are four eigenvalues in total, two of which are

stable real eigenvalues (r0 < 0 and r1 < 0), and while the remaining two are

typically an unstable complex conjugate pair (a ± ib where a > 0). The first of

the stable eigenvalues corresponds to the stabilizing feeback between pitching and

horizontal velocity, and thus decays rather rapidly. The second stable eigenvalue is

found to decay more slowly, however it corresponds primarily to oscillations in the

horizontal and vertical velocity of the dragonfly [49, 94]. The complex conjugate

pair is similar to the more stable eigenvalues, corresponding to a combination of

pitching and horizontal velocity. Because it is typically unstable, the motion of

the dragonfly will be dominated by this mode. Using the above curve fitting, we

can estimate both the real and imaginary components, and thus the corresponding

eigenvalue (a = k, b = 2πf).
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When calcullating the eigenvalue, there are two potential sources of error. The

first comes from the initial transient related to the decaying eigenvalue, which is

most observeable in stable flights. This can be identified by a shift in the average

pitching angle during the first 10-20 wingbeats before the dragonfly settles into its

expected oscillatory motion about the final pitch of the dragonfly. We handle this

by removing the data during the first 20 wingbeats of the response to make certain

that the fast eigenvalues have decayed out, as even when stable, the dragonfly is

not highly stabilized. The second source of error is caused by the transition to the

new periodic motion of the dragonfly as it is falling, which can be seen in figure 3.1

c). The point at which the fit diverges from the simulated pitching data is typically

clear, so we iteratively truncate and repeat the data fitting until the saturation

effect is no longer visible.

3.2 Stability as a function of hinge location

There are a number of ways in which the dragonfly can be designed that may

improve its longitudinal stability. The first method we examine is changing the

wing hinge location relative to the dragonflies center of mass, which we denote

using two variables, h, the vertical displacement of the wing hinges, and s, the

separation distance between the wing hinges. Analysis was conducted by directly

changing the hinge locations on the model dragonfly, and measuring the resulting

stability. We found that the steay state motion of the dragonfly is dependent upon

the wing hinge location. To avoid effects of translational velocity in the initial

tests, we compensate for this by adjusting the inclination of the stroke plane. This

rotated the total force vector such that it remained aligned with the direction of

gravity, enforcing a hovering motion in the dragonfly.
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Figure 3.2: The stability of a dragonfly as a function of hinge height, a), and
hinge separation, b).

3.2.1 Instantaneous Flight Model Results

We find that the dragonfly can be stabilized using just changes to hinge location,

figure 3.2. Similar to the fruit fly, as hinge height is increased to be exceptionally

far from the dragonflies center of mass, it becomes more stabilized [18]. Unlike

the hovering fruit fly however, the dragonfly does not appear to become fullly

stabilized using this method, as tests extending up to 1000mm high height found

it to still be marginally unstable. By lowering the hinge height, the dragonfly

becomes increasingly untable, reaching a maximum for this specific configuration

around 10mm. Interestingly, as hinge height is further decreased the dragonfly

becomes fully stablilized. This is in contrast to the fruit fly, which while exhibiting

this stabilizing effect never became fully stable.

The other variable we can adjust is hinge separation. In the region we tested,

we found a monotonic relationship between wing hinge separation and dragonfly

stability where increasing separation increased the dragonflies stability, figure 3.2
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Figure 3.3: The stability of the dragonfly using the wingbeat averaged model
to explore a large portion of the hinge location space. Superposed
on this is a to scale dragonfly in dark gray

b). This indicates one advantage the dragonfly may have over the fruit fly for

stability in hovering.

3.2.2 Wingbeat Averaged Model Results

So far the study was performed using the instantaneous dynamics model for drag-

onfly flight. The advantage it has is that it is a more accurate representation of

the overall dynamics of the dragonfly. However it is time-consuming to utilize, as

values must be hand-tuned at each selected hinge location. To further examine the

hinge location phase space, we turn to the wingbeat averaged model, and calculate

the maximum eigenvalue across a large portion of the phase space, figure 3.3.

We first see that our observations from the slices we took using the instan-
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taneous model provide a general description of most of the parameter space. At

low hinge height the dragonfly is stabilized, it reaches a peak in instability at a

moderate hinge height, and becomes more stable again at large hinge heights. Sta-

bility again is monotonically increasing along with wing separation. These two

effects combine together to create an ovular region of instability directly above the

dragonfly.

There are some observable differences between the two models as well, which

occur at large hinge separation and hinge height. At large hinge separation, we

find a decrease in the dragonflies stability. This is due to the dragonfly becoming

overdamped such that it no longer oscillates as it returns to steady state, and

instead slowly approaches it. At large hinge heights, we find that the dragonfly

becomes fully stabilized, matching the observations Chang made on the fruit fly

with a similar wingbeat averaged model [18], but contrary to the observations we

made using the instantnaeous calculations.

Both of these effects occur at large values however, which are neither morpho-

logically relevant nor likely to occur in developing a flapping flight drone. If we

instead focus on the region close to the dragonfly center of mass, we find that the

stability boundary goes through the body of the dragonfly. This indicates that

with only a modest amount of hinge separation, it is possible for the dragonfly to

be stabilized.

3.2.3 Comparison of the two models

Previous work had suggested that a wingbeat averaged methodology is appropri-

ate for insects with higher flapping frequencies such as fuit flies [94]. Their study
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wingbeat averaged models. a) Comparison of hinge height effects
with hinge separation held constant at 12mm b) Comparison of
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predicted by both models..

found that the eigenvalues for insects with high flapping frequency agreed nearly

perfectly when comparing the results of wingbeat averaged analysis and floquet

theory, while for the hawkmoth they studied, the wingbeat averaged model over-

predicted the eigenvalue by about 25%. Given that we have both models, we

can determine whether the wingbeat averaged model is still a valid approach for

gaining an understanding of the parmeter space for low frequency flapping fliers,

despite any difference in the measured eigenvalues.

We find that both models predict similar curves as a function of hinge height,

figure 3.4 a). Interestingly, in our case the wingbeat averaged model always is closer

to neutral stability than the instantaneous one, the opposite of the observations of
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Wu. As a function of hinge height, the peaks occur withing 3mm of one another,

and in both cases we find the dragonfly to be stabilized at low hinge height. We

do note that the differences in stability reach up to 20% at some points.

Similar analysis is performed for the hinge separation, figure 3.4 b). While the

dragonfly is becoming stabilized as hinge separation is increased, we find that the

wingbeat averaged model underpredicts the rate at which the dragonfly becomes

stable. As hinge separation continues to increase, we find very good agreement

between the two models.

Lastly, we need to consider what may be the most obvious difference between

the two methods, the location of the stability boundaries, figure 3.4 c). Close

to the dragonfly center of mass the two boundaries are in good agreement, with

the instantaneous dragonfly having a very slightly larger region of space which

is stable. Further away from the center of mass however, the wingbeat averaged

model noticeably overpredicts the range of hinge heights at which the dragonfly is

stable, and as noticed before, predicts that the dragonfly becomes fully stabilized

at large hinge height.

There is one key reason why looking at the location of the stability boundary

may be an improper measure of accuracy further away from the dragonflies center

of mass. We find in the wingbeat averaged model, that at both large hinge height

and separation, the predicted eigenvalue becomes insensative to changes in either

of our parameters. From the above comparisons, we already know that the model

may have a bias towards the dragonfly being more stable. If we look at the curves

for slightly unstable flight, the overall shape of the stability boundary very rapidly

transitions towards the one seen from the instantaneous model. This demonstrates

that part of the observed difference between the two models may come from errors
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in predicting the exact value of the eigenvalues using the wingbeat averaged model.

There is no indication however that the wingbeat averaged model incorrectly builds

a physical understanding of how changing these various morphological parameters

impacts flapping flight stability.

3.2.4 Why changes to hinge location stabilize flapping

flight

We next seek to understand why the stability is impacted by these changes in

morphology. This is done by examining how the hinge location alters the forces and

torques due to linear perturbations to the dragonflies state. When the dragonflies

linear velocity is perturbed, the induced velocity at the hinges is independent of

hinge location. Thus the perturbation force is equal at both front and rear wings.

The total force generated from this is independent of the hinge location, while the

torque scales only with the hinge height.

A perturbation to the angular velocity induces a velocity at the wing hinges

which we can break into horizontal and vertical components. The horizontal com-

ponent is associated with the wing hinge height, and is in the same direction

at both front and rear hinges, while the vertical component is associated with

wing hinge separation, and is pointed in opposing directions at the front and rear

hinges. Because we are concerned only with first order effects, the forces generated

by each of the velocities is independent of one another. Therefore we have two

sets of forces, ones relate the horizontal velocity coponent, and one related to the

vertical. Summing the forces, we find that the total induced force is only related

to the horizontal velocity, which scales by the hinge height. The total torque on
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the other hand is a function of both the horizontal and vertical velocities, meaning

it scales with both hinge height and hinge separation squared, see Appendix A for

the exact relationships.

From our earlier results, increasing the hinge separation was always stabilizing

to the dragonfly, figure 3.5. As hinge separation only scales the torque generated

due to a body angular velocity, this must be a key feature in stabilizing the drag-

onfly. We can corroborate this by examining the Routh Hourwitz criterion with a

focus on ∂τ
∂ω

. We find first that three of the four coefficients scale linearly with ∂τ
∂ω

,

a1, a2, and a3. Examining the necessary condition for stability, eqn 2.47, we find

that the left hand side scales as
(
∂τ
∂ω

)3
, while the right hand side scales as

(
∂τ
∂ω

)2
.

This indicates that increasing ∂τ
∂ω

leads to stable flight. Because both hinge sepa-

ration and hinge height scale this torque, this explains why there is a stabilizing

effect at large hinge heights as well.

Based on the stability as a function of hinge height, figure 3.5 a), most notably

the peak in the eigenvalue at moderate hinge height, we should expect that the

hinge height also scales terms which destabilize the dragonfly. Ignoring ∂τ
∂ω

, which

we know to be stabilizing, there are four remaining terms which depend on hinge

height, ∂fx
∂ω

, ∂fz
∂ω

, ∂τ
∂Ux

, and ∂τ
∂Uz

. These terms couple together the translational and

rotation motions of the dragonfly. If we look into their effect using the Routh

Criterion, we find that increasing each of these terms causes a2 to decrease, a0 to

increase, and a1 to change in some fashion which is difficult to infer. regardless of

a1, the changes to the first two terms are sufficient to drive the dragonfly towards

instability. Thus we find that it is the coupling terms which are destabilizing, and

that changes to hinge height has two competing consequences, a destabilizing term

scaling linearly with height, and a stabilizing term which scales quadratically.
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Understanding these effects can now be used to explain why the dragonfly

becomes stable at low hinge heights. When hinge height is low, the destabilizing

terms associated which it scales become small. This does not however change the

contribution to stability which hinge separation generates, nor any of the effects

which are independent of hinge location. These can thus dominate the dynamics,

resulting in a stable flight.

3.2.5 An alternative method for effectively increasing the

hinge separation

So far this analysis has directly changed the location of the of the wing hinge. This

is a useful concept for the design of MAV’s, which can be designed with the exact

wing hinge location being specified. A natural dragonfly is not so lucky, as its wing

hinge locations are effectively fixed. Thus, are there any alternative manners to

effectively increase the wing hinge separation for a live dragonfly?

We find that there is one method which the dragonfly can use to do this,

changing the orientation of the wing stroke planes, which we earlier defined as the

angle γ. The reason this works is that it changes the location of the wing center of

pressure, which induces a new torque at the wing hinge on average. Because our

analysis assumes no torque, we find the location where the equivalent force/torque

has zero torque component. This new location will be the location of the center

of pressure projected onto the body x-z plane, and thus by moving the center of

pressure we ”effectively” have moved the wing hinge location.

Based on experimental data we find for the dragonflies, we see that most drag-

onflies have their wings rotated by some amount. If we add this contribution to
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wing separation, about 7mm, to the physical hinge separation, about 5mm, we get

a total hinge separation of 12mm, with a hinge height of 3mm. From our calcu-

lations this makes the dragonfly just barely stable. This is advantageous because

the dragonfly is a predator, and by not being overly stable, can rapidly transition

between between hovering flight and various other forwards flights.

3.2.6 Stability due to changes in wing kinematics

The hinge location is not the only way in which dragonfly could become more

stabilized than the fruit fly. One alternative is to change the wing kineamtics of

the dragonfly, which we break into two parts. The first are the kinematics of the

individual wings, such as wing stroke and pitch, while the second being to keep

the same wing kinematics but adjust the phase between the fore and hind wings.

Considering the first effect, this may be more interesting for the dragonfly

because it has a much larger family of flapping motions it can take. This is due

to the front and rear wings of the dragonfly can compensate for one another,

such that the total force produced by all the wings remains consistent. Taking

the initially unstable dragonfly from our first simulation, we slowly changed the

wing kinematics, adjusting to the observed effects until eventually we resulted in

a dragonfly which was stable in hovering without the need for increasing the wing

hinge separation, figure 3.6

This one example was manually tuned, but does suggest that there may be a

wide range of different flight kinematics which may be more stable than traditional

flapping flight kinematics. The key difference to these being that the wings are

producing net forces in the horizontal direction. This net force suggests one reason
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why the dragonfly would not use these wing kinematics however. By producing

the extra horizontal force, the dragonfly requires more total power to perform its

flapping motion. In the case of the kinematics we found, they require 33% more

energy per wingbeat, thus losing efficiency to gain stability.

Rather than change the entire wing kinematics, it is also possible to instead

change the phase difference between the front and rear wings. Using the stabilized

dragonfly due to wing separation as a base case, we adjust the front/rear wing

phase over a range of 360 degrees, where positive phase shifts indicate the rear

wings leading the front wings. Because we fix the wing kinematics, this leads to a

small variation in the steady state of the dragonfly as phase is changed, figure 3.7.

Based on the measured eigenvalues, we can see that wing phase does have a

small effect on the overall stability of the dragonfly, with the eigenvalue varying

between -0.3 at 90 degrees phase to -0.75 at 270 degrees phase. This matches with

the results of Liang and Sun, where they found that varying the wing phase along

with wing kinematics to conserve hovering flight had little impact on the overall
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Figure 3.7: a) The stability of the dragonfly as a function of the phase dif-
ference between its wings. b) The steady state velocity of the
dragonfly for each of the different phase differences. c), d) Phase
diagrams for the pitching and translational motions of the drag-
onfly. Solid lines represent data at 0, 90, 180, 270 degree phase
shifts, while dashed lines are every 30 degrees.

stability of the dragonfly[49]. It is interesting to note that it is the phases we most

often see the dragonfly fly at when the eigenvalue is closest to being positive.

Changing the wing phase also alters the overall shape of the steady state mo-

tion, figures 3.7 b) - d). At the traditional hovering phase shift, 180 degrees, the

dragonfly has a modest oscillation in its pitch, and a relatively small oscillation

in translational velocity. If instead our goal was to minimize the pitching of the

dragonfly, this occurs at a 90 degree phase shift, where the dragonfly is also found

to be flying forwards. The largest oscillation on the other hand occurs at the most

stable of the phase shifts, 270 degrees. The magnitude of the pitching oscillation

matters, as it induces additoinal motion blur in all of the visual sensors which may

be undesireable.
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There is one difficulty which complicates this analysis however, the translational

velocity of the steady state dragonfly. Note that when the dragonfly is ascending

it is most unstable, and when falling it is most stable. This mimics the result

from Chang that a steady state fruit fly is stabilized by descending, and that it

becomes increasingly more unstable with increasing vertical velocity [18]. This is

logical if one considers the effect which additional drag forces due to translation

have on the dragonfly. When falling, if the dragonfly pitches away from steady

state, the drag forces generate a torque which returns the dragonfly to its original

state. The opposite happens if the dragonfly is ascending, as this torque will then

act to increase the pitching of the dragonfly, driving it away from steady state.

Because of this effect of the steady state motion, it is difficult to separate out

the effects of body velocity from the effects of phase difference between the wings

in terms of the eigenvalues. We know that translational velocity is caused by the

phase difference, as it is the only thing which was changed in this analysis. To then

compare it to hovering flight requires changes to the dragonflies wing kinematics.

But we just found that changing the wing kinematics has its own impact on the

stability of the dragonfly, so how can we properly pull apart the effect of specific

changes to the stability of the dragonfly?

A possible course of future action would be to not think of changes to specific

wing kinematics, but rather to kinematics families which naturally would adjust

themselves to maintain hovering or whatever other state of interest. One example

of this which we examine is the combination of changing the stroke plane inclina-

tion, and the necessary pitch of the wings during up and downstroke to maintain

hovering, which is the family which both 2 and 4 winge fliers can use.
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Figure 3.8: a) The stability of the dragonfly as a function of its stroke plane
inclination. b) The mass normalized power required to flap all
four wings for the given stroke plane inclination

3.2.7 Inclination of the stroke plane

The remaining difference between fruit flies and dragonflies is the stroke plane

inclination. Four winged flight requires it from reasons of simple geometry to

prevent the collision of the front and rear wings. But that says nothing about

what possible effects the stroke plane inclination might have on stability.

We compute the stability as a function of the stoke plane inclinations varied

between 0 and 90 degrees in figure 3.8 using the dragonfly morphology found in

nature, without rotatings its wings. We find that inclining the stroke plane leads

to a more stabilized flapping flight. Interestingly, the most stable of all stroke

planes is one which is completely vertical.

The power to maintain flight is also a function of the stroke plane inclination.

From 0 to 30 degrees inclination, the power requirement is roughly constant, while

after that it begines to grow at an exponential rate. In particular, the vertical
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stoke plane which was most stable had costs almost 2.5 times more than a flat

stroke plane, while the typical inclination of 60 degrees is about 1.4 times more.

Because flapping flight is already metabolically costly, the stability gained from

large stroke plane inclinations is likely not worth the additional energy cost, and

it is not clear that more stability is better for maneuverability. This matches our

earlier observations with regards to the changes in wing kinematics, where it was

possible to be more stable, however the dragonfly does not utilize those kinematics.

Interestingly however, if energy were the only factor the dragonfly care about, there

remains a two-fold improvement if the dragonfly were to use a less inclined stroke

plane, indicating that there is another facor playing into their choice of overall

wing kinematics.

3.2.8 Stability and Power in forwards flight

We suggest that the dragonfly may not be optimized for hovering flight, instead

being optimized instead for forward flight. We calculate the stability and power

consumption as a function of forward velocity and stroke plane inclination, using

the wingbeat averaged model with a non-stable wing hinge separation. Note that

the stroke plane inclination in this form is the angle of the plane along which the

wings are flapping relative to the lab axes, thus fruit flies and other two winged

fliers can effectively attain these by pitching themselves forwards.

We first observe that the maximum forwards flight velocity is highly related to

the inclination of the insects stroke plane. This means that insects which naturally

fly with a flat stroke plane must either adjust their stroke plane, or pitch themselves

to reach large forwards velocities. The dragonfly on the other hand can naturally

reach a significant range of different forwards velocities simply by changing the
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Figure 3.9: a) The stability of the dragonfly as a function of stroke plane
inclination and forwards velocity. Black curve denotes transition
between unstable and stable flight. b) Mass normalized power as
a function of stroke plane inclination and forwards velocity.
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upstroke and downstroke wing pich.

Starting with the graph on stability, there is very little difference between

different stroke plane inclinations below 40 degrees, and in this region, the insect

will always become less stable as it gains forwards velocity. Interestingly, at a 40

degree stroke plane inclination, we start to see forward flight providing stability

to the dragonfly. If we look at the dragonflies tytpical stroke plane inclination

(60 degrees), this region of improved stability lasts until 1.5m
s

forwards velocity,

with the peak in stability occuring at 0.9m
s

. Further increases to stroke plane

inclination continues to make the dragonfly more stable, while the flight speeds

associated with increased stability remain constant. At large velocities above 3m
s

,

the observed trend reverses, and the less inclined stroke planes become more the

more stable ones.

Next looking at the power consumption, the low stroke plane inclination flights

all have very similar low power costs. As the forwards velocity increases, we find

that the optimum stroke plane inclination also increases. For example, when at a

forwards velocity of 2m
s

, the power optimized stroke plane inclination is 60 degrees.

The reason that forwards flight decreases the necessary power for an inclined stroke

plane is that it reduces the contribution of the drag forces to the overall force

production. As the lift forces which are generated do not have a significant power

requirement, the total power necessary to maintain steady state will naturally

decrease up to a point.

The information found here can be used to understand how to design various

flapping fliers. If the goal is to be the most passively stabilized, the inclination of

the stroke plane should be increased until the power limit of the flier is reached. Al-

ternatively, to design for optimal power consumption, the stroke plane inclination
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depends on the typical flights speeds which the flier will encounter. This suggests

that the optimal design would be able to change its stroke plane depending on the

current motion. If this is not possible however, then the design should be made

for the most common velocities the flier will experience. Because the dragonfly

is often in forwards flight, we speculate that the inclined stroke plane may have

evolved to optimize the power consumption of the dragonflies typical flight state.

3.2.9 Conclusions

Performing computations using our instantaneous dynamics model, we identified

a stabley hovering dragonfly. To understand what generated this flight, we used

both the instantaneous and wingbeat averaged models to explore a range of pa-

rameter spaces. The stability was generated primarily due to increases in the wing

hinge separation, which we found could be either directly altered, or effectively

generated by rotating the stroke planes. Decreasing wing hinge height provided

further stability, as it reduced the destabilizing terms which scaled linearly with

hinge height.

To validate our use of the wingbeat average model, we compared the results we

found with it to the instantaneous model. Similar to the results of Wu and Sun,

the exact eigenvalues for a given body morphology were similar, but relative errors

of up to 20% could be found between the wingbeat averaged and instantaneous

models[94]. The predicted physics from both models however were found to be

in good agreement. The best agreement between the two was in the region close

to the dragonfly’s center of mass, which is the most relevant region to consider

for both live dragonflies and for applying these results to a robotic flapping flyer.

This demonstrates that the wingbeat averaged model can be a useful tool for
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understanding the physics of various changes to flapping flight before zooming in

on the exact details using a more complete numerical simulation.

Importantly, the dragonfly was found to not be highly stabilized, instead being

very close to the stability boundary. This is advantageous for multiple reasons.

First, when the dragonfly is hovering, it can elect to be passively stabilized, leaving

it free to focus on larger scale perturbations to its flight. Second, by being only

lightly stabilized, there is little resisstance to departing from this steady state. This

also means the dragonfly can purposefully decrease its own stability to further

amplify the effect of perturbations to leave the steady state even faster. Thus

subtly changing the orientation of its stroke planes, it is possible for the dragonfly

to gain the benefits of both stable and unstable flight, without their associated

drawbacks.

We demonstrated that changes to wing kinematics are an alternative method

by which the dragonflies can stabilize themselves. In doing so, we realize that

the wing kinematics associated with a study on flapping flight stability may also

a more important role, as previous work has only focussed on morphology, not

flapping flight kinematics. There was a cost to the stability in an increase in power

consumption by roughly 33%. This suggests that the dragonfly may prioritize

minimizing its power cost, and led to the question of why they retained a more

inclined stroke plane when it was more costly.

We extended the wingbeat averaged model to forwards flight, and calculated

the stability and power associated with different forwards flights velocities. With

the inclined stroke plane, the stability of the dragonfly was increased relative to

a flat stroke plane, and was also more efficient in the high speeds forwards flight

which the draognfly commonly performs.
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CHAPTER 4

EXPERIMENTAL MEASUREMENT OF DRAGONFLY

KINEMATICS

4.1 Methods

4.1.1 Flight Arena’s used for dragonfly tracking

To get direct measurements of the mid-flight dragonfly kinematics, we formed

a collaboration with the lab of Anthony Leonardo at the HHMI Janelia farms

research campus. They built an indoor flight 5.3m x 4.6m x 4.3m flight arena,

with realistic imagery on the walls such that the dragonflies would fly naturally

indoors, figure 4.1 a). The overall environment is designed to simulate summer

conditions through control of temperature, humidity, and the day/night cycle.

Dragonflies are introduced into the arena after having molted, and are allowed to

freely forage on flies which are supplied as a food source.

To capture the dragonflies motion, two distinct camera systems were integrated

into the arena. The first consists of two photron high speed cameras placed at the

top of the arena, on perpendicular walls. The videos generated by these two cameas

provide both a visual guideline regarding the maneuvers which the dragonfly was

performing, as well as could be used to track both the body of the dragonfly and

its prey during a hunting flight. Obtaining additional detail beyond the dragonflies

centroid is difficult because of the large volume which these cameras covered. To

record this data, a second camera system consisting of an array of 18 commercial

motion capture cameras filming at 200 FPS was utilized. These cameras were
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Magnetic
Tether

Figure 4.1: a) Dragonfly arena at HHMIN Janelia Farms Research Campus in
the Leonardo Lab. b) A schematic of the small flight arena built
to study the dragonflies recovery flight c) A dragonfly which has
been prepared to fly within the large arena, with retroreflective
beads attached to both the y-frame and wings. d) A dragonfly
which has been fully prepared for flight in the small arena, with
an attached y-frame, magnet, and a set of 9 white markings on
each of its wings.
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customized to track retroreflective beads designed specifically for dragonfly flight

experiments. These beads are either 750 or 1000 microns in diamter, with the

smaller of the two weighing 1.2 mg each, which were then attached to the dragonfly

to enable tracking, figure 4.1 c). Additional details about the large scale flight arena

can be found within Mischiati et al [55].

While state of the art due to its capability of recording large flight volumes,

there are two limitations to this system. First, the frame rate of the cameras

is limited to 200 FPS, which is between 5 to 7 frames of data per wingbeat.

This makes it difficult to properly resolve the velocity and acceleration of the wing

motions. It is possible to boost the frames per second by sampling a smaller region

of flight, while simultaneously reducing the shutter speed to prevent significant

motion blur in the markers, however this is limited by a maximal frame rate of

between 300 to 400 FPS.

The second limitation to this system is that to measure the complete wing

kinematics, we require at minimum two markers on the dragonflies wings, with each

marker having nearly one third the total mass of the dragonflies wings. Furthur

compounding this problem is the fact that the dragonflies wings are known to be

flexible, such that kinematics data measured close to the body may not be an

accurate representation of the full wing rotation. To measure this, the markers

must be placed further out along the wings. Doing this can more than double the

total moment of inertia of the wings, requiring significantly larger torques from

the wing muscles driving the flapping motion. Visual observations showed that

if additional markers were added or the markers were located more than a third

of the way along the wing span, the dragonfly was unable to fly with its typical

robustness, taking off but being unable to gain appreciable vertical height.
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As a complement to the large arena, we designed a second flight arena to be

used for detailed analysis of the dragonflies wing kinematics, sketched in figure 4.1

b). This arena consists of a single cylinder 1 meter in diameter and 1.5 meters tall.

The walls are constructed of clear acrylic which gave the cameras an unobstructed

view of the flight volume from outside of the arena. Lighting was provided from

external incandescent lights ranging in wattage from 100 to 500 watts. This also

provided sufficient warmth to keep the arena above standard room temperature.

The dragonflies were filmed using an array of three high speed SA1 Photron

cameras fillming at a resolution of 1024 x 1024. Two of the camera are placed

to provide views which are roughly along the x and y directions of the lab frame

coordinate system. Because the tracking algorithm we use does not depend on the

cameras being orthogonal, we choose to place the third camera between the first

two, raised above them to provide a top down view of the arena, see figure 4.1

b). Once the camera locations were determined, thick white paper was attached

to the interior of the arena to create a solid filming background. This also con-

veniently provided the dragonflies with a place to rest between flights. The arena

had sufficient lighting to run the cameras up to 8000 FPS, however image quality

was noticeably reduced, so most flights were filmed at 4000 FPS.

4.1.2 Preparing the Dragonflies for Experimentation

Dragonflies were prepared for flight in a similar fashion for both arenas. The

dragonfly to be used for experiments is initially captured, and then knocked out

by placing it within an ice bath for up to 20 minutes. Once unresponsive, it was

removed from the ice bath to have a body frame attached to it. The body frame

consists of a pair of carbon fiber rods 8 and 10 mm in length which are attached
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together such that they formed the long edges of a 3, 4,5 triangle. Attached to

the vertices of the triangle are either retroreflective markers if the dragonfly will

be within the large flight arena, or 1 mm diameter beads which had been painted

white for the small arena.

To prepare the dragonflies wings, we took advantage of the similarity in wing

venation pattern between dragonflies to identify specific points along the dragon-

flies wings to mark. For experiments within the large arena, there were two points

identified, one about a centimenter out along the wing span, and another about 6

mm along the wing span, and 3 mm along the wing chord. The cuticle at these

points was removed, and the retroreflective marker inserted into the gap which

had been created, and secured using a UV activated glue. The final result can be

seen in figure 4.1 c). For the small arena, we identified a set of locations along the

wing, which were distributed in sets of three at roughly 1/4, 1/2, and 3/4 wing

span. At each spanwise location, white nail polish markings were placed at the

leading edge, center of wing chord, and trailing edge of the wing, see figure 4.1 d).

Markings were made on both sides of the wing to maximize the number of frames

the markers would be visible to the cameras.

4.1.3 Marker Tracking

The markers were tracked using the software DLTdv5 [38], which is based on Direct

Linear Transforms (DLT), a technique sketched out in figure 4.2. Each camera is

treated as a single point location in space, with their own orientation, which we

represented by the dashed lines and red/blue circles at the lens of the camera.

Projected in front of each camera is the image plane, which is what we see when

playing the video back after recording. On this image plane, we identify the point p
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Figure 4.2: The DLT method works by projecting lines from the camera
frame of reference, [U,V] into the lab frame of reference, [X,Y,Z].
The 3D location [xL,yL,zL] of the point observed by each cam-
era, pi, is found by determining the point closest to each of the
projected lines.

which we are interested in determining the full three dimensional location for, and

find the vector pointing from the camera location through this point within the

image plane frame of reference. Using a predetermined coordinate transformation

between the image plane frame of reference and the lab frame of reference, the

vector pointing at the desired point from the camera can be determined. Repeating

this process for each camera creates three distinct lines which in theory should all

pass through a single point. Dur to errors in calibration, marker identification,

and lens curvature effects, this is not necessarily the case, and the point closest to

each of the three lines instead is recorded as the xyz location of the point. Further

details of this method are given by Kwon [47].

To calibrate the cameras, a wand consisting of two markers with a known

distance between them is moved through the filming volume. The markers are

identified within the videos, and the transformation between image and lab frames
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of reference are computed to keep the markers the same physical distance apart

from one another during the entire wanding procedure. The resulting calibrations

are highly sensative to distubances in both camera location and orientation, so it

was necessary to calibrate them on a daily basis, sometimes twice if the arena was

heavily used.

4.1.4 Orientation Calculation

The marker data is then used to construct frames of reference associated with both

the wings and body the dragonfly. These frames of reference are stored and related

to each other using rotation matrices. A rotation matrix is a 3x3 matrix used to

transform the components of a vector between two different frames of reference.

To construct one, consider a unit vector pointed along the body x-axis. In the

body frame, this vector is simply ~v =


1

0

0

, while in the lab frame it would be

the vector x̂B, as determined from the marker data. The rotation matrix is such

that when the vector ~v is multiplied by it, we obtain x̂B. Repeating this example

for the remaining two axes of the body frame, we observe that the rotation matrix

relating the lab and body frames is constructed of the unit vectors of the body

frame in the lab coordinates 4.1. This process can also be done for the wings

relative to the lab frame, or even the wings relative to the body frame.

R = [x̂B, ŷB, ẑB] (4.1)

While convenient for transforming vectors, rotation matrices however are not
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Figure 4.3: The Z-Y-X euler angles rotating a frame between two distinct
orientations, [XA, YA, ZA], and [XB, YB, ZB]. The frames before
and after each individual rotation have open and closed arrows
respectively.

convenient for understanding the orientation of the dragonfly as a function of

time. For this, we instead turn to Z-Y-X euler angles. These angles represent a

sequence of three rotations which rotates an object between an initial and final

orientation, which is broken down in figure 4.3 [24]. Here, a frame consisting of

three perpendicular axes, X̂A, ŶA, and ẐA, is initially aligned with the lab frame.

The first rotation rotates this frame about the original Z axis, ẐA by an angle φ.

The second rotation then rotates the frame about the new Y axis, Ŷ ′B axis by an

angle θ. The last rotation is about the final x axis, X̂B, by an angle ψ. Combining

these three rotations together, we obtain the matrix in equation 4.2. The euler

angles can then be found either directly, or through simple ratios, equations 4.6

- 4.8. Note that in those equations, R(i, j) represents a particular element of the

rotation matrix relating the two frames together.

63



R = RzRyRx (4.2)

Rz =


cosφ − sinφ 0

sinφ cosφ 0

0 0 1

 (4.3)

Ry =


cos θ 0 − sin θ

0 1 0

sin θ 0 cos θ

 (4.4)

Rx =


1 0 0

0 cosψ − sinψ

0 sinψ cosψ

 (4.5)

φ = tan−1
(
R(2, 1)

R(1, 1)

)
(4.6)

θ = sin−1(R(3, 1)) (4.7)

ψ = tan−1
(
R(3, 2)

R(3, 3)

)
(4.8)

By choosing to use Euler Angles, we have to handle the constraints that come

with them, specifically that, the first and third rotations must reside between -

180 and 180 degrees, while the second rotation varies between -90 and 90 degrees.

These constraints exist such that each orientation has a unique set of euler angles

associated with it. This can create circumstances where the evolution of these

angles may no longer be smooth. For example, a small change in φ of 2ε might

adjust the angles from [φ = π − ε, θ, ψ] to [φ = −π + ε, θψ], or a small change in

θ by 2ε may move the angles from
[
φ, θ = π

2
− ε, ψ

]
to
[
φ+ π, θ = π

2
− ε, ψ − π

]
.

This phenomena is known as gimble lock.

The first of these is not difficult to handle, as it is simply identifying jumps in
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Figure 4.4: A demonstration of how the euler angle representation fails. a)
A schematic of the mid-flight maneuver known as an immelman
turn. b) A dragonfly performing a similar maneuver as part of a
prey capture attempt. c) The Euler Angles associated with this
maneuver.

the angles of nearly 2π, and adjusting the angle accordingly to retain a smooth

trajectory. The second of these cases however requires a different approach, and an

understanding of how Z-Y-X Euler angles work. In particular, there is an implicit

assumption that if the object is upside down, this orientation is generated by a

rotation about the objects x-axis, which is not always the case. One example of this

is the immelman turn, which dragonflies sometimes perform after a pray capture

event 4.4. If we plot the general euler angles associated with this motion, we find

that in the middle of this motion there is a large jump in the euler angles for the

first and thid rotations, along with a sharp change in slope in the dragonflies pitch.

Such discontinuities need to be removed before we take derivatives to determine

the bodies angular velocity.

We can construct a second set of euler angles which can be used to track the

same rigid body, where θ is instead limited to being between 90 and 270 degrees,

which we refer to as the ”mirrored” euler angles. These can be determined in a

very similar fashion to the regular euler angles, 4.9 to 4.11.
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φm = tan−1
(
−R(3, 2)

−R(3)

)
(4.9)

θm = −π − sin−1 (R(3, 1)) (4.10)

ψm = tan−1
(
−R(2, 1)

−R(1, 1)

)
(4.11)

By tracking both natural and mirrored Euler Angles, and transitioning between

the two of them we can generate a smoothly varying set of euler angles describing

the motion of the dragonfly. We start any analysis using the natural euler angles.

The rotation matrix for the next time step is then found, and both natural and

mirrored Euler Angles are calculated. The magnitude of the difference between

the current and new euler angles is calculated, and whichever of the normal and

mirrored EulerAngles has the smallest difference is selected to be the next data

point in the sequence. This process is then repeated until the entire time series

has been determined. Lastly, the matlab function unwrap is used to remove any

2π jumps in the angles, leaving smoothly varying euler angles with no limitation

as to what values they can take.

Note, this method is only necessary for handling the body kinematics of the

dragonfly, as it can reach a much wider range of orientation states. By design, the

wing kinematics relative to the body frame are more limited, and do not need the

mirrored Euler Angles to be have smoothly varying euler angles in time.

4.1.5 Body Kinematics

We can describe the general motion of the dragonflies body through the trajectories

of the markers attached to the y-frame vertices. Any frame of reference built
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Figure 4.5: a) The dragonfly while finding center of mass and mapping
anatomical body markers to the y-frame markers. b) A drag-
onfly which is in the middle of a recovery flight. The body and
wing axes are shown.

from these three markers however will not be aligned with the body axes of the

dragonfly, and thus while correctly describing the 3D motion of the dragonfly, will

be difficult to interpret. To map this to a more natural set of axes, we identified

three morphological features on the dragonfly which can be consistently identified

and marked post experiment, see figure 4.5 a), and determine a rigid mapping

between these markers and the ones on the y-frame. Two markers are towards

the front of the dragonfly, near the joints connecting the thorax and fore wings

together, while the third marker is located in a depression between the rear wings.

Using these markers to define the dragonfly body axes, the y-body axis, ŷB is

along the vector pointing from the front right marker to the front left marker. The

x-body axis, x̂B, is the line perpendicular to the y-body axis which passes through
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the rear anatomical marker, which points from the rear marker towards the front

markers. The z-body axis, ẑB is then determined from the cross produced of the

previously determined x and y axes. See figure 4.5 b) for a visual representation

of this.

When we talk about the orientation of this anatomical frame in terms of Euler

angles, we use specific terms for each rotation. The first rotation, φ, is the yaw

of the dragonfly, which represents the direction which the dragonfly is facing at a

given time. The second rotation, θ, is the pitch of the dragonfly, representing the

amount which the dragonflies body is inclined relative to the lab x-y frame. The

third rotation, ψ, is the roll angle, which represents how much the dragonfly has

rotated about its body x-axis at a given time.

In addition to the orientation of the body, we also want to know its location,

which means determining the location of the dragonflies center of mass. To find this

location, we attach a string to the dragonfly at one of the three y-frame vertices,

and hang the dragonfly within the filming volume, figure 4.5 a). Once stationary,

the center of mass of the dragonfly should be directly below the point which the

dragonfly is hanging from. The direction of this vector is aligned with gravity, and

can be found by hanging a small chain consisting of a number of small circular

beads from the top of the arena. Performing the process once for each vertex we

obtain three lines which intersect at the dragonflies center of mass, which is then

mapped relative to the y-frame.
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4.1.6 Wing Kinematics

Once the body state is specified, the wing kinematics can then be computed. To do

this, we rely on two separate assumptions about the construction of the dragonflies

wings. First, we assume that the connection between the dragonflies thorax and

wings can be modeled as a ball and socket joint. This means that a wing should

rotate about a single unique point fixed within the dragonfly body frame. Second,

we assume that the wing can be treated as a single rigid body. This is observably

incorrect, [46], but is necessary to measure the wings orientation angles at a given

location along the wing. This can be overcome by utilizing multiple markers to

track the deformation of the wing over time.

Both assumptions are used to determine the location of the hinge between

the dragonflies wings and thorax. To do this, we first find the trajectory of each

wing marker relative to the body center of mass, within the dragonflies body frame.

This removes any effect of body translation and rotation from the wing kinematics.

Thus, in the body frame of reference, each leading edge marker should therefore

trace out a sphere around the wing hinge location. To find the center of this

sphere, we use a least squares optimization process initially designed as a method

for determining the center of rotation for human joints using marker based data

[17].

Next, we define an initial frame of reference for the wing at each of the three

spanwise cuts. We first find the line passing through the 3 leading edge markers,

representing the spanwise axis of the wing. This line can be readily found using

singular value decompositions, see equation 4.12. In this, ~mi represents the location

of a specific marker within the body frame of reference of the dragonfly, while m̄x is

the average x-location of the three markers. Note that we represent each marker as
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column vectors. This process is repeated for the markers at each spanwise position,

providing us with vectors representing the chord of the dragonflies wings, pointed

from leading to trailing edge of the wing.

[ , , V ] = svd


[
~m1 ~m2 ~m3

]T
−


1

1

1

 ∗
[
m̄x m̄y m̄z

] (4.12)

With those vectors found, the wing x-axis is then aligned with the spanwise

vector, with positive pointed from wing hinge to tip of the wing. The z-axis of

the wing is defined by the cross product of the spanwise and chordwise vectors,

oriented along the axis of the wing plane. Lastly, the y-axis of the wings is found

using the cross product of the z and x axes, which results in the y-axis pointed

from the leading edge to the trailing edge of the wing.

From previous observations of dragonfly flights [71, 8], the dragonfly is known

to flap its wings along an inclined plane, unlike the flight of many other flying

insects. We represent the orientation of this stroke plane relative to the dragonfly

body using two angles, γ, the rotation of the stroke plane about the dragonfly body

z-axis, and β, the inclination of the stroke plane respectively. In looking for this

plane, we attempt to reduce the dimension of the wing kinematics from 3 distinct

rotations to 2 rotations, forcing a single axis within the wing to stay within the

stoke plane for the much of the motion. This axis we refer to as the pitching axis,

and is represented by its angle from the leading edge vector within the wing axis,

can be represented as being rotated from the leading edge vector by some angle η.

Each of these three angles, γ, β, and η, are solved for simultaneously. This

is done by introducing an error measure which is the angle between the pitching
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axis and the stroke plane. By using the time series of the wing frames, this error

angle can be found for the entire flight. Each of γ, β, and η, is then varied to

minimize the sum of the error angle squared across the entire data set. This is

done simultaneously for the left and right wings such that they have the same stroke

plane, which allows us to properly measure asymmetries in the wing kinematics.

The front and rear wings are not forced to have the same values however. This

is validated by the noticeable difference in γ of about 20 degrees which we find

between the front and rear wings.

With the pitching axis located, we re-align the wing frame of reference such

that the x-axis is along the pitching axis while the z-axis remains consistent with

the first wing frame of reference. This is the frame used to calculate the wing

orientation relative to the stroke plane frame of reference, using the Z-Y-X Euler

angle convention as described earlier. The first rotation, φw we call the stroking

angle of the wing. This angle represents the driving or flapping motion of the wing

along the stroke plane, and based on our choice of frame of reference for the wing

is positive when the wing is above the dragonflies x-y plane. The second rotation,

θw, is the deviation angle of the wing, representing how far away from the stroke

plane the wing is. This is the value which we minimized when determining the

pitching axis and stroke plane orientation, and thus is typically small compared

to the other two angles. The last rotation, ψw, is the pitching angle, which is

how much the wing has rotated about its pitching axis. We expect the pitch to

typically stay between 0 and 180 degrees, as at these two extremes, the wing is in

line with the stroke plane.
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Figure 4.6: The difference in the distance between pairs of body and wing
markers measured relative to their average distance during a sin-
gle dragonfly flight.

4.1.7 Errors in determining kinematics

There are a couple of sources by which error can enter into our measurement of

the dragonflies kinematics. The first is error within the calibration of the cameras,

where the transformation between the camera frame of reference and the lab frame

of reference does not match with the physical camera and lab setup. This can come

from a number of sources, such as inadvertantly touching the cameras, or them

slowly changing the direction they are pointed over time. These types of errors

are most obviously identified through reprojection of the 3-D data back onto the

videos using the inverse of our original transformation. By doing this, we ascertain

whether or not the data is properly tracking the markers. Data is kept so long

as the reprojection is within the image of the physical marker on the dragonfly in

each camera.

The second type of error which occurs is digitization error. This error comes

from incorrectly determining the centroid of the markers on the dragonfly in one or

multiple images. This can happen when the wings become highly rotated, or the
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light illuminating the marker is not consistent, making it appear to take a slightly

different shape. We can asses the magnitude of this error in our measurements by

tracking the distance between markers as a function of time, which we show for the

three body markers, and one pair of wing markers in figure 4.6. Comparing the

average of the absolute value of these errors, we find that the body markers and

wing markers have nearly identical errors of 0.226mm and 0.239mm, roughly 4% of

the length of the body frame, or 2% of distance between wing span markers. The

consistency of the error suggests that it is solely due to improper marker tracking,

and thus the distance between markers has no impact. Therefore the effect of this

error will be minimized by using markers which are located furthest apart from

one another.

4.1.8 Data smoothing and Derivatives

Because of the white noise due to digitization error, it is necessary to implement

a smoothing algorithm such that we can take derivatives of the data. To do

this, we utilize the Lowess curve fitting algorithm [22]. This method works by

fitting a weighted cubic function to a local region of the data series, with more

importance given to the data closest to the center of the region. The overall

strength of the smoothing is set by the size of the region the curve fit is applied

to, with a larger region corresponding to a stronger smoothing effect. Because the

dragonfly operates at multiple time scales, we need to also utilize multiple scales

when smoothing the data.

Within a typical video recording at 4000 FPS, the fastest a dragonfly flaps its

wings is about 40 Hz, which corresponds to 100 data points per wingbeat. Because

of the flapping motion, the difference between markers during a single timestep can
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be up to 1.5mm for the wings, which helps in rejecting the digitization error. This

means we can use a smaller smoothing region, which covers 2/5 of a wingbeat, or

40 data points. The markers on the body on the other hand only move about 0.3

to 0.5mm per timestep, which means that the digitization error can potentially

make up a significant portion of the change in location. Thus we use a larger

smoothing region which lasts 4/5 of a wingbeat, or 80 data points. Note that

while we could smooth the body data much more strongly, that would begin to

remove any wingbeat periodic information from that data.

Because the smoothing algorithm fits a cubic function to the data, we can

determine the derivatives of the smoothed function directly from the parameters of

the curve fit. For velocity and acceleration measurements, derivatives are always

taken within the lab frame of reference, and then rotation matrices are used to

convert them into other frames of refrence as necessary. For angle data, this is not

a concern, and the derivatives can be immediately taken.

4.1.9 Evaluation of different methods for calculating angu-

lar velocities

The last calculation we need to make is of the angular velocity and acceleration

of the dragonfly. There are a wide range of methods which could be used to

determine the angular velocity of a generic rigid body, and chose to investigate four

to determine which is the most robust and accurate method. These methods are

using the Euler angles and their derivatives, equation 4.13 [36], using the derivatives

of the rotation matrices associated with each bodies orientation, equation 4.14 [24],

the angular velocity from the quaternions representing each bodies orientation 4.15
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[74], or directly calculating the anguar velocity from the relative motion of each of

the markers on the body, 4.16.

ωx = ψ̇ + φ̇ sin(θ)

ωy = φ̇ cos(θ) sin(ψ)− θ̇ cos(ψ)

ωz = φ̇ cos(θ) cos(ψ) + θ̇ sin(ψ) (4.13)

S(ω) =
dR

dt
Ṙ (4.14)

ω = 2q̄ ◦ q̇ (4.15) S(~r1 − ~r2)

S(~r1 − ~r3)

 ~ω =

 ~̇r2 − ~̇r1

~̇r3 − ~̇r1

 (4.16)

S(~r) =


0 r1 −r2

−r1 0 r3

r2 −r3 0

 (4.17)

q =



cos( θ
2
)

sin( θ
2
)rx

sin( θ
2
)ry

sin( θ
2
)rz


(4.18)

Note that in these equations, we use the terminology S(~r) to represent the scew

symmetric matrix composed of the components of the vector r. Also, the quater-

nion can be written using an axis-angle type approach, where θ is the magnitude

of the rotation, and ~r is the vector which the rotation occurs about.

Applying each of these methods to our data produced similar angular velocity

results. To determine which of these is most accurate, we constructed a sequence

of tests to see how well each of the methods can recreate an analytically speci-
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fied motion. Five different motions were created, some which were dragonfly-like,

representing the expected body and wing motions, equations 4.19 to 4.21, while

others were general motions which a rigid body could take when rotating in three

dimensions, equations 4.22 and 4.23.


φ = π

3
sin(wπft)

θ = pi
10

sin(2πf5)

ψ = π
5

sin(2πft)

 (4.19)


φ = π

6
sin(wπft)

θ = pi
18

sin(2πf5)

ψ = π
4

cos(2πft) + π
2

 (4.20)


φ = π

6
sin(wπft)

θ = pi
18

sin(4πf5)

ψ = π
4

cos(2πft) + π
2

 (4.21)


ωx = 100 sin(2πft)

ωy = 100 cos(2πft)

ωz = 100 sin(2πft+ π
4

 (4.22)


ωx = −1

2
π2f sin(2πft)

ωy = −1
9
π2f sin(2πft)

ωz = 1
3
π2f cos(2πft)

 (4.23)

Each test was conducted as follows. First, the chosen analytical functions for

either Euler angles or angular velocity were used to generate a set of ficticious

marker data sampled at 200 hz. Then white noise is added to the marker locations

the marker locations with a magnitude of up to 10% of the distance between the

markers, thus if the markers were 10mm apart, the white noise could place the
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marker anywhere in a 2x2x2 cube centered on the actual marker location. This

marker data was then used to determine the Euler angles, rotation matrices, and

quaternions associated with the motion. Finally, angular velocity was calculated

using each method, and the error, measured as the RMS difference between ana-

lytical and numerical solutions scaled by the magnitude of the analytical solution,

was determined. This was done 500 times for data with white noise applied, with

the final results averaged across the entire dataset. The results of this test both

with and without noise are given in tables 4.2 and 4.1 respectively.

When there was no noise, the euler angles performed best for motions 4.19 and

4.20, motions which were meant to imitate the natural motion of the dragonfly.

The reason for this is because in physical space, this motion has components which

are higher frequency, and these contributions are more strongly impacted by our

smoothing and derivative taking process, therefore making the other methods less

accurate. This is demonstrated in the third motion, 4.21, when the Euler Angles

are less accurate due to undersampling as well. The best alternative is to use

quaternion methods, which are nearly as accurate as the euler angle approach

when we consider all three directions.

The last two motions, 4.22 and 4.23 demonstrate the opposite of the first two,

the quaternions trace the angular velocity quite well, while the Euler Angles are the

worst choice of all possibilities. The reason for this stems from our applied motions,

as they go very close to the singular point for the Euler Angles, but not through

it. But because the trajectory is moving so rapidly past this point, the smoothing

algorithm may inadvertantly jump to the mirrored trajectory. The result of this

is a shock in the angular velocity predicted by the Euler angle methods.

When noise was included in our calculations, we again found that the Euler
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Table 4.1: Accuracy measurements of various methods for estimating the
angular velocity of a dragonfly in flight without marker noise

Motion 1, 0% noise, f = 30 hz

Euler Angles Rotation Matrix Quaternions 4 markers 3 markers

X 0.13% 15.07% 12.61% 15.07% 15.05%

Y 0.12% 25.11% 23.43% 25.11% 33.12%

Z 0.15% 16.45% 7.25% 16.45% 16.94%

Motion 2, 0% noise, f = 30 hz

Euler Angles Rotation Matrix Quaternions 4 markers 3 markers

X 0.15% 6.29% 4.10% 6.29% 8.09%

Y 0.14% 20.03% 18.72% 20.03% 20.61%

Z 0.15% 8.39% 5.83% 8.39% 10.06%

Motion 3, 0% noise, f = 30 hz

Euler Angles Rotation Matrix Quaternions 4 markers 3 markers

X 5.62% 7.90% 5.49% 7.90% 9.21%

Y 36.14% 15.86% 15.25% 15.86% 25.92%

Z 0.13% 8.85% 9.15% 8.85% 11.01%

Motion 4, 0% noise, f = 30 hz

Euler Angles Rotation Matrix Quaternions 4 markers 3 markers

X 39.99% 4.65% 0.70% 4.65% 9.39%

Y 35.76% 4.80% 0.68% 4.79% 9.94%

Z 15.72% 5.83% 0.89% 5.83% 11.41%

Motion 5, 0% noise, f = 30 hz

Euler Angles Rotation Matrix Quaternions 4 markers 3 markers

X 11.17% 6.03% 0.91% 6.03% 9.01%

Y 93.85% 9.13% 1.29% 9.15% 35.56%

Z 10.26% 3.47% 0.49% 5.83% 11.41%
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Table 4.2: Accuracy measurements of various methods for estimating the
angular velocity of a dragonfly in flight wth marker noise

Motion 1, 10% noise, f = 30 hz

Euler Angles Rotation Matrix Quaternions 4 markers 3 markers

X 7.27% 16.55% 14.61% 16.09% 16.55%

Y 10.00% 26.8% 25.56% 26.18% 35.08%

Z 4.97% 17.11% 8.41% 16.68% 17.74%

Motion 2, 10% noise, f = 30 hz

Euler Angles Rotation Matrix Quaternions 4 markers 3 markers

X 7.00% 8.89% 7.75% 8.48% 11.19%

Y 13.32% 22.93% 22.20% 21.97% 24.09%

Z 10.59% 11.91% 10.75% 10.98% 14.03%

Motion 3, 10% noise, f = 30 hz

Euler Angles Rotation Matrix Quaternions 4 markers 3 markers

X 7.94% 9.41% 7.61% 9.05% 11.14%

Y 39.11% 20.28% 20.47% 18.90% 29.47%

Z 10.58% 12.10% 12.79% 11.44% 14.71%

Motion 4, 10% noise, f = 30 hz

Euler Angles Rotation Matrix Quaternions 4 markers 3 markers

X 34.66% 9.34% 8.73% 8.38% 13.19%

Y 30.60% 9.54% 8.76% 8.57% 13.73%

Z 17.05% 10.08% 8.72% 9.08% 14.96%

Motion 5, 10% noise, f = 30 hz

Euler Angles Rotation Matrix Quaternions 4 markers 3 markers

X 13.28% 8.15% 5.70% 7.73% 11.33%

Y 100.79% 26.89% 27.49% 22.67% 44.41%

Z 14.68% 8.92% 8.88% 8.02% 14.70%
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Angles were the best choice for the first two methods, 4.19 and 4.20, although they

were significantly worse than the no-noise case. The next best was found to be

using a quaternion method, although both rotation matrices and direct calculation

using four markers had similar accuracy properties. The added noise only decreased

the accuracy of these methods by around 3% because of the errors they were

already experiencing in the noiseless case. The third motion again told us that

it is quaternions and Euler Angles which should be compared, as they are the

most accurate in 2-directions, but we can see a noticeable error in the y- direction

for the Euler Angles. Again, the Euler Angles perform poorly for the last two

motions, while the other methods all perform similarly. Of the remaining, the

quaternions appear to be the best choice in terms of accuracy, although they even

have a difficult time with one direction in motion 5.

The overall results suggest that when the Euler Angles are working properly,

they are the best choice. When the Euler Angles fail it is very obvious, and then

we can switch to a quaternion method for our calculations. Based on this, we

decide to go with a 2-method angular velocity calculation, where it is found using

both quaternions and Euler Angles. If they are both similar, we take the Euler

Angle version, as we anticipate that it will be the more accurate of the two. If

they disagree, we then use the quaternion method as it is the next most accurate

method.

There is a second reason why we want to use Euler Angles, as they require little

to no additional smoothing to obtrain the angular acceleration data after having

found the angular velocity. Using quaternions on the other hand will require us to

take another derivative on our data to obtain the angular accelerations. Having

to both smooth and take the derivatives a second time will increase the data loss
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whenever there is a lack of data, providing a second reason why we focus on using

Euler Angles for the angular velocity calculation.

With the angular acceleration and velocities now determined, we have a com-

plete description of the dragonflies kinematics. We first apply these techniques to

flights recorded within the large arena.

4.2 Large Arena Kinematics

4.2.1 Observations from large arena flights

There are three typical types of flights we find within the large arena. The first is

escape flight, where the dragonfly is disturbed from being initially at rest and then

proceeds to perform primarily forwards flight as it attempts to get as much distance

between it and the source of the perturbation as possible. These types of flights

are most useful for understanding steady state kinematics, and the kienmatics

associated with linear acceleration.

The second type of flight is chasing flight. This is when the dragonfly has

spotted a prey, and proceeds to chase after it. These flights can be characterized

by large initial accelerations and angular velocities as the dragonfly aligns itself

with the sometimes unpredictable prey trajectories. These flights can provide

significant information on prey capture strategies and neural circuitry [55, 60].

From a kinematics perspective, the extreme turning maneuvers which the dragonfly

uses to chase the prey offer a useful limit as to how extreme of a maneuver the

dragonfly might be able to perform.
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Figure 4.7: A sample of different flight trajectories observed within the large
arena. Color indicates angular velocity magnitude, with red indi-
cating large values, and blue indicating smaller ones. Each flight
is scaled by its own maximum angular velocity

The last type of flight is cruising flight. In these flights, the dragonfly is flying

around the arena with no clear purpose, potentially looking for a new place to perch

or trying to denote its territory. These types of flight are highly unpredictable,

with a large number of changes in flight trajectory and orientation. These flights

are most useful for examining whether there is a typical turning strategy which

the dragonfly utilizes, or if there is a myriad of strategies it utilizes.

A sample of the 19 recorded flights is shown in figure 4.7. Typical cruising

velocities during these flights were around 1.5 m/s, with a maximum observed
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velocity of 2.6 m/s. Peaks in velocity were not held long, as the dragonfly would

often slow itself down for small periods of time. Comparing these troughs in linear

velocity with the curvature of its three dimensional trajectory, measured using

equation 4.24 [1], we find that the peaks in curvature and the troughs in velocity

magnitude match exceptionally well, typically within 0.01s, figure 4.8 d) and e) for

an example. Thus we see that whenever the dragonfly changes its trajectory it is

also slowing itself down noticeably. This may be due to a finite amount of force the

dragonfly can produce, and during the changes in trajectory, the dragonfly must

choose to use the force vector for turning rather than for maintaining its flight

velocity. After the turn has finished, it then accelerates back towards cruising

speed, with linear acceleration magnitudes typically between 1 and 1.5 g’s, with

peak values of 2.1 g’s.

k =
|r′ × r′′|
|r′|3

(4.24)

Turning for dragonflies is not just changing their direction of flight, but also

requires changes in body orientation. To get a better look at this, we zoom in

on one individual maneuver, figure 4.8. As might be expected, before and after

the turn, the dragonflies body is aligned with its flight trajectory. To change its

orientation, we see that the dragonfly has a motion similar to the banked turn of

the airplane. This is where the aircraft initially rolls itself, and then changes its

heading through a combination of both pitching and yawing torques. This type of

turning motion matches the observations which Alexander made on the initiation

of turning motions in the dragonfly [3]. For this to be a proper banked turn, we

also should see that the change in trajectory and change in heading of the aircraft

occur simultaneously. This we do not see in our sample trajectory, as the dragonfly
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Figure 4.8: a) Collage of the dragonfly as it performs a single turning maneu-
ver. Wings are used to aid in the representation of the dragonflies
body motion, and have no relation to actual wing kinematics. b)
Body Euler Angles for the dragonfly during the turn. Blue: yaw,
Green: pitch, red: Roll. c) Magnitude of angular velocity dur-
ing the maneuver. d) Curvature of the 3D flight trajectory. e)
Velocity magnitude of the dragonfly during turn. The circles in
each graph represent approximately 1 wingbeat, and are matched
with the dragonflies displayed in the collage

completes its change in orientation about 50ms before the change in trajectory has

been completed.

This suggests an alternative analogy, where the dragonfly instead drifts through

its turns like a car which drifts around a corner. The motion starts with a large

change in dragonfly orientation, aligning itself with its future trajectory. As this

motion is being completed, the change in orientation causes the trajectory of the
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dragonfly to begin changing as well. Maintaining a constant heading at the end of

the turn eventually causes the flight direction and heading to realign themselves.

The signal which indicates drifiting is a difference in timing between the peak

angular velocity and trajectory curvature. It is present not just in this individual

turn we have shown here, but can be seen numerous times in the flight trajectory

collection, figure 4.7. For many of the sharp turns which we can see, there is a

region of red, indicating high angular velocity before the turning maneuver itself.

As this seems rather ubiquitous, we ask is the dragonfly performing the same

turning strategy at each of the turns, or are there multiple turning methods being

employed?

4.2.2 Turning at high angular velocity

To do this, we choose to focus on turning maneuvers which have a magnitude

greater than 15 deg/wb which last longer than a single wingbeat. This does not

limit the amount of data available, as across the 19 recorded flights, there are 56

instances of turns reaching this rate. By examining the angular velocity within the

body frame during these events, we see that a large majority of the events appear

to be banking turns, figure 4.9.

This is because within the pitching and yawing angular velocity space, there

are a pair of regions which encompass over 80% of the high speed turning data,

figure 4.9 c). The motion begins with yawing, and transitions into a combination of

both pitching and yawing angular velocities, before both decrease as the maneuver

ends, as expected from a banking turn. If these are banking style turns, that

would imply two other features. First, the pitching angular velocity should always
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be positive so that the dragonfly is pitching upwards, which is clearly the case

during these events, figure 4.9 a) and c). Second, there should be a corresponding

rolling angular velocity which rotates the dragonfly such that a change in heading

within the lab frame is associated with both yawing and pitching angular velocities.

Based on our sign convention this means the rolling and yawing angular velocities

should opposite at the start of the turning motion, which we see in figure 4.9 b).

As a large percentage of the turns appear to have banking-like qualities, this

provides us with an opportunity to examine whether the dragonfly typically ex-

hibits the drifting style of turning as mentioned above, or if the flight shown earlier

was an outlier. To examine this we identify the time at which the peak angular
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velocity occurs during a turning event, and locate the corresponding peak in cur-

vature of the dragonflies trajectory. We measure the time between the two peaks,

where positive times indicate that the dragonfly has rotated in advance of its

change in flight trajectory. We plot this against the velocity of the dragonfly as

it enters the turning motion, as this may also be a factor in how the dragonfly

performs a turn.

This time difference, along with the duration of each of these recorded events

is shown in figure 4.10. In these two figures, the flights which are colored blue

correspond to the banking style rotations we have been discussing so far. We find

that they occur at a wide range of initial velocities, from 0.5 to 2 m
s

. We can

also see that there is a clear difference between the trajectory curvature and the

angular velocity of the dragonfly, which on average is 2.66 wingbeats with a single

wingbeat standard deviation (66.7± 25ms).

87



To better understand what the time difference means, we consider how long it

takes for the dragonfly to change its overall orientation, which is shown in figure

4.10 b). The vast majority of the turning motions are completed within 6 wingbeats

(150ms), with the average duration being 4.94 wingbeats (124ms). As the typical

change in orientation has an S-shaped profile, the peak in angular velocity occurs

halfway between start and finish of a single turning maneuver. This means that on

average, the turn will complete itself about 2.5 wingbeats after the peak in angular

velocity. This value is almost identical to the timing between peak trajectory

change and peak angular velocity, showing that the dragonfly has finished rotating

itself by the point where the trajectory curvature peaks. This demonstrates that

the vast majority of the turns the dragonfly makes use this drifting mechanisms,

rather than the traditional banking turn where curvature and angular velocity

would be aligned.

So we can clearly see that this is the dominant turning method, thus what

advantages does this turning style provide the dragonfly? One possibility is that

performing a turn like this reduces the flapping counter-forces, [21]. Flapping

counter-forces are a concept from flapping flight literature related to the forces

which arise from the current velocity and angular velocity of the dragonfly inter-

acting with the wing kinematics. Tests using our computer simulation indicate

that the effect of velocity in either the x or z body directions (forwards flight or

ascending flight) generates an opposing force which is around 10 times larger than

when the velocity is in the y direction (sideways flight). Thus by performing an

initial rotation, the dragonfly partially enters sideways flight, and reduces the drag

force it experiences due to its own body velocity. By temporarily reducing its drag,

the dragonfly may be able to maintain larger speeds throughout its turn, as the

reduced drag means that less of the overall force vector must go to compensating
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for the velocity based drag, allowing for more of the force vector to be used to

accelerate the dragonfly along its new trajectory direction.

A second possibility is that the dragonfly performs turns like this to minimize

motion blur, as has been suggested for fruit flies [23, 37]. This is somewhat less

likely, as the total duration of changes in both orientation and trajectory are very

similar. An alternative explanation could be that the dragonfly would rather front-

load the motion blur in its turns, such that if it needs to adjust its orientation after

the turn it is more capable of doing so. Unfortunately this is mostly speculation

at this point, as more focused experiments would need to be done to tease out if

there is a specific reason the dragonfly performs these drifting turns.

When looking at the trajectory curvature timings we also identified two addi-

tional turning mechanisms which occur at low translational velocity. The first of

these is a simple yaw turn which the dragonfly is performing as it is taking off.

This is done to align the dragonflies body with the flight trajectory of the observed

prey which likely instigated the takeoff maneuver [55]. The curvature timing met-

ric doesn’t necessarily apply during these maneuvers. In two of the three samples

these turns are fairly rapid, taking about 4 wingbeats to complete. The third one

takes much longer, but consists of the takeoff yaw turn followed by an additional

turn without going below the cutoff 10 rad/s angular velocity.

The other type of turn which was identified we label as ”immelman-like”, as it

represents a manner in which the dragonfly is able to rapidly change its heading by

around 180 degrees. To perform this turn, the dragonfly initially pitches upwards

while slowing down. At a certain point it will begin to generate both a yaw and roll

angular velocity, which when combined rotate the dragonfly to face in the opposite

direction. The relative magnitude of the pitching and rolling angular velocities
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is dependent upon how significantly the dragonfly pitches itsself at the start of

the maneuver. The more the initial pitch, the more rolling angular velocity is

generated. In each of the samples we’ve recorded, it takes the dragonfly about 6

wingbeats to complete this maneuver. The main use of these is to either recover

from a pitching event where the dragonfly has over-pitched itself, such as a prey

capture event, or if it needs to rapidly change its heading within a small spatial

volume. We provide a sample of each of these three types of turns in figure 4.11.

Previous studies on the turning of dragonflies identified the initiation of both

the drifting and yawing turns observed here through tethered flight analysis in a

wind tunnel [3]. When allowed to turn on their pivoting tether, the dragonflies

either rolled their bodies into a banked turn, or generated a yaw torque to change

its heading with negligible rolling. The analysis presented there focused on turn

initiation, and due to its tethered nature does not provide any evidence related to

the trajectories during flight. This also limited the maneuvers the dragonfly could

perform, hence why it is not suprising that it does not identify the immelman-type

turn we observed.

We also note that the drifting turn is similar to the fruit flies saccade, as both

are rapid changes in heading [57]. Comparing the two turns, there is one difference

between the two. Notably, we found that the dragonfly always decreased its speed

as it entered into its turning motion. In comparison, the fruit fly was found to not

have this drop in linear velocity, and would offten end their saccade at a faster speed

than what they had going into the turn. This makes it seem like the fruit fly may

have an overall turning motion more similar to the airplane, where linear velocity

is able to be kept constant. There have been no direct comparisons between flight

trajectory and orientation so far however, making it difficult to check if this is

90



B
od

y 
A

ng
ul

ar
 V

el
oc

ity
 (

ra
d/

s)

4 4.05 4.1 4.15
−50

0

50

100

B
od

y 
E

ul
er

 A
ng

le
s 

(d
eg

)

4 4.05 4.1 4.15
−10

−5

0

5

10

4 4.05 4.1 4.15
0

500

1000

Time (s)
1.6 1.7 1.8 1.9

−500

0

500

1000

Time (s)

1.6 1.7 1.8 1.9

−10

0

10

1.6 1.7 1.8 1.9

0

50

100

150

200

0.9 1 1.1
−500

0

500

Time (s)

0.9 0.95 1 1.05 1.1

−10

0

10

0.9 1 1.1
−100

−50

0

50

100

150

ty
 in

 B
od

y 
F

ra
m

e 
(m

m
/s

)

Li
ne

ar
 V

el
oc

ity
 in

 B
od

y 
F

ra
m

e 
(m

m
/s

)
Takeoff Drift Immelman-Like

Heading Pitch Roll

Heading Pitch Roll

X-Body Y-Body Z-Body

Figure 4.11: The three primary types of body orientation changes we observe
within the high speed angular velocity data, and their corre-
sponding body euler angles, angular velocity within the body
frame, and linear velocity in the body frame

91



150
200

250
300

350
400

450
500

0

200

400

600

800
0

100

200

300

400

500

Lab x
Lab y

La
b 

z

A) B)

Hover

Takeoff

Saccade
Saccade

Banking

Figure 4.12: a) Labeled trajectory of the dragonfly indicating the different
manners the dragonfly maneuvers during a single flight. b) Cor-
responding wing and body kinematics for the first half of the
flight. blue: left wings, red: right wings, solid: front wings,
dashed: rear wings

truely the case.

4.2.3 Wing Kinematics

Along with the body kinemaitcs which we have been examining in the previous

sections, we also simultaneously measure the wing kinematics of the dragonfly, see

figure 4.12. This shows the body and wing kinematics for the first half of the flight

trajectory shown, from takeoff until the region labeled hover. We see that our

method for reducing the dragonflies wing motion to being along a stroke plane is

a good approximation, as the typical deviation angles were quite small, up to 4

degrees at most. The inclination of the stroke plane varied between flights, ranging

between 50 and 70 degrees, while the rotation of the stroke plane was around 20
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and 0 degrees for the front and rear wings respectively.

The stroking motion of the dragonfly is nearly sinusoidal, with changes in am-

plitude and mean at various points during the flight. Wing amplitude is typically

between 60 and 80 degrees peak to peak, with the rear wings usually having around

a 10 degree larger stroking amplitude. Comparing the phase of the wings, the rear

ones typically lead the front by around 90 degrees. Flapping frequency is not con-

stant, instead ranging between 30 and 40 Hz depending on the type of flight the

dragonfly is performing. Asymmeties in wing stroke appear at the beginning of

the observed maneuvers, indicating that changes to the wing stroke are one of the

mechanisms the dragonfly uses to control itself.

The wing pitch also takes a generally sinusoidal shape, with noticeable changes

in both amplitude and average value throughout the entire flapping motion. The

pitching is phase shifted relative to the stroking motion by around 90 degrees,

aligning the minimum and maximum wing pitch with the downstoke and upstroke

of the wings. There are many noticeable asymmetries within the data which appear

in both the maneuvering segments, as well as during steady flight.

These kinematics also demonstrate some of the potential issues which we faced

when measuring them. If we look at the stroking angle for the front right wing

between times 1 and 1.1, it complete a single wingstroke while each of the other

wings completes two full wingstrokes. This could be a rather interesting effect,

if it wasn’t for the fact that the high speed videos of the dragonflies flight shows

that the wings are all flapping at about the same frequency. Events like this occur

frequently, and each has to be checked manually to identify whether or not it is

reasonable, which can be rather difficult, especially when it involves the pitching

of the wings. Additionally, in the large arena we only have 7-8 data points per
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wingbeat, which while mostly sufficient for something like determining the mean

value of a quantity, will reduce our measured amplitudes, and makes identifying

values such as phase between the wings less consistent.

4.3 Aerodynamic Forces

To calculate the aerodynamic forces, we utilized the same quasi-steady force model

as the instantaneous flapping flight simulation [63, 4]. In these, the linear and an-

gular velocities of the wings were calculated from the experimental data, rather

than the specified wing kinematics as in the simulations, otherwise they are identi-

cal. We begin with tethered flight to gain an understanding of the forces generated

as a function of where we measure the wing kinematics before checking our method

by looking at dragonflies in free flight.

4.3.1 Tethered Kinematics and Forces

To tether the dragonflies, we connected a small rod onto the back of the dragonfly

using wax, see figure 4.13. This was done so that the dragonflies legs are able to

curl under the dragonfly, which is a dragonflies typical free-flight posture. Flapping

was incited by giving the dragonfly a smooth rod to hold on to as a perch, and then

taking it away from the dragonfly to trigger a flapping response which would last

between 5 to 10 seconds. Based on the possible viewing angles of the dragonfly,

we chose to only measure the left side wing kinematics, and assumed that the

dragonfly is flapping symmetrically.

The wing kinematics based on the mid-span markers is shown in figures 4.13
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Figure 4.13: a) The tethered dragonfly during the middle of a wing kinemat-
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b) - d). The recording starts from the dragonfly at rest, and we can see from

the stroking angle that it takes roughly 1 wingbeat for both the front and rear

wings to reach their periodic ”steady state” flapping motion. Once at this state,

the amplitudes are consistent, with the front wings having a 60 degree peak to

peak amplitude, and the rear wings having an 80 degree peak to peak amplitude.

We find that the rear wings lead the front wings for the entirety of the flight by

around 100 degrees. This is close to 90 degrees which is observed in forwards flight,

indicating that the dragonfly was attempting to fly forwards off of the tether. The

other mode which we observe but is not shown in this data is when the dragonfly

flaps its wings in phase, which is used to generate more thrust and potentially

escape from the tether. [2, 89].

The wing pitch also takes roughly a wingbeat to reach its steady state motion.

Both front and rear wings have similar motions, with around 30 degrees inclination

during the downstroke and 140 degrees during the upstroke. Again we find a phase

shift between the pitching and stroking of around 90 degrees.

One of the main benefits to using the small arena for these measurements is

that we are able to also examine the pitch as a function of their spanwise location.

As can be seen in figures 4.13 c) and d), there is significant difference between the

pitch of the wing at each of the individual locations. At the 1
4

span we get the

smallest overall amplitude of the pitching, while at 3
4

span the amplitude is nearly

two-thirds larger. Most of this difference occurs during the upstroke, while the

wing appears significantly more rigid during the downstroke. This difference in

wing pitch matters because it alters the angle of attack of the wings, which then

directly influences the aerodynamic forces produced by the wings. Given that the

large arena data is associated with the inner portion of the wings, this is one of
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Figure 4.14: a) The instantnaeous force produced based on the kinematics
measured at the inner, middle, and outer marker locations. b)
The wingbeat averaged force generated as a function of spanwise
location

the reasons why we could be failing to predict the correct forces generated by the

wings.

To demonstrate this, we calculate this aerodynamic forces based on the mea-

sured wing kinematics from each wing section, and display the results in figure

4.14 a). The forces generated based on the outer and middle marker kinematics

are rather similar to one another, while the inner marker data shows some signifi-

cant differences. We find that the inner marker, tends to produce larger peaks in

the predicted force, both positive and negative. This comes from the larger angles

of attack that portion of the wing has during both upstroke and downstroke.

Given that it is the peak values which are most strongly impacted, we also look

at the averaged force generated by the wings over a single wingbeat, figure 4.14 b).
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In the horizontal direction, along the x-body axis, there is a noticeable difference

between wing segments at the start of the flight, which is decreased by the time

the dragonfly reaches steady state flapping, where there is only a 0.05 body weight

difference between each of the forces. In the vertical direction on the other hand,

we can clearly see that the outer markers are produces two times as much vertical

force on average when compared to the inner markers.

So if markers based on the innermost portion of the dragonflies wings do not

provide a good estimate of the total force produced, how far along the wing span

do we need to go before the results are reasonably accurate. We see that for

both middle and outer markers, the difference between their average values is

never more than 10% of the dragonflies total weight, and is typically less than

that. It also is difficult to state which of the instantaneous curves is more correct,

as we have no manner by which to estimate the total force generated by the

dragonfly in this experiment. Keeping in mind that markers on the wings may

have appreciable mass, and thus the further they are located out on the wings,

the larger the impact to the wings inertia will be, we choose to base our further

investigations on aerodynamic force on data from the half-wing span.

4.3.2 Free Flight aeordynamic Forces

To test whether the middle markers are an accurate representation of the wing

kinematics, we turn to free-flight data which was recorded within the small arena.

In these, the body and wing kinematics of the dragonfly are measured simulta-

neously. This allows us to directly compare the total force generated from our

quasi-steady model with the measured acceleration of the dragonfly’s center of

mass, similar to what we did in our large arena comparison.
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Figure 4.15: a) Collage demonstrating the overall motion of the dragonfly
during the flight. b) The velocity of the dragonfly within the lab
frame, with the x-axis aligned with the average body direction.
c) The measured euler angles for the dragonflies body during the
flight. d) The Euler angles measured from the middle markers
for each of the wings

The dragonfly we will focus on is one which is recovering from being dropped

while right-side up, figure 4.15. It begins flapping at slightly before time t = 0,

and transitions into forwards flight at constant height by the end of the recording,

160 ms later. We see that there is a clear oscillatory motion at wingbeat frequency

within the vertical velocity of the dragonfly, but less of one in the forwards velocity.

The dragonfly itself has fairly constant roll and yawing angles, with only the pitch

having appreciable changes. The wings kinematics are nearly symmetric, with the

exception of the shift in mean stroking angle between the front left and front right
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Figure 4.16: Comparison of the forces generated by the dragonfly with the
measured body acceleration in the lab and body frames of ref-
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generated by the interaction of the wings with the surrounding
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and inertial forces applied to the body. Measured body forces
come from the measured acceleration of the dragonfly and the
gravitational force the dragonfly always experiences.

wings. Based on the stoking angle, the rear wings lead the front wings by 70

degrees. The rear wings also have a larger stoking amplitude when compared to

the front wings, 80 and 60 degree peak to peak amplitudes respectively. There are

no significant differences in the pitching of the wings which we observe.

Using both the measured body and wing kinematics, we calculate the overall

aerodynamic force applied to the dragonfly from its wings. This value is compared

with the acceleration of the dragonfly center of mass, the results of which are shown

in figure 4.16. Comparing just these two quantities, we find very poor agreement

in the instantnaeous force, regardless of any variation to coefficients of lift and

drag, or other morphological parameters. On the other hand, when averaged over
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a wingbeat, the aerodynamic forces are within half a g of the total forces produced.

This means the first thing we need to look for is a periodic force which is on average

close to zero.

One of the basic assumptions which we’ve been making during these compar-

isons was that the wings were effectively massless. This is because each of the

dragonflies wings are roughly 1 percent of the total body mass, and past work

prior primarily uses wingbeat averaged modeling, where the inertial forces are as-

sumed to average out to zero. By removing this assumption, and including the

inertial forces due to the wing flapping along with the aerodynamic forces, we find

that our approximation is in good agreement with the measured body forces. This

was a somewhat surprising result, and only very recently have groups started to

demonstrate that inertial effects from wing flapping can have a significant role in

the overall flight dynamics [12].

We based our initial analysis of this within the lab frame of reference. An

alternative which may be a more natural choice of frame for the dragonfly would be

to look at the forces generated within the instantaneous body frame. When this is

done, only two axes show good agreement between measured and predicted forces,

the x and z body axes. In the y-direction, the predicted forces are minimal, as we

might expect from forwards flight. However the measured acceleration oscilates

heavily. We attribute this to the fact that there is no appreciable motion in the

y-direction during this flight, which means any noise due to digitization errors

becomes the dominant motion observed for the dragonfly, see figure 4.17. Thus,

when we take our derivatives, noticeable accelerations appear due to this random

motion, even with very large windows of smoothing.

This demonstrates how well our method does in estimating the total force gen-
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Figure 4.17: The location of the dragonfly in the lab frame, with the x-axis
aligned with the average direction of dragonfly travel

erated by the dragonfly. The primary error which we found was not directly related

to our force model, but instead came from the calculation of our acceleration. To

demonstrate that this does not work on just one flight, we show the same analysis

for four others. When the dragonfly is dropped right side up, figures 4.18 a) and

b), there is fairly good agreement between the predicted and measured forces. In

contrast to this, are the dragonflies which are dropped while upside down, who

spend the first three to four wingbeat of their flight rolling themselves before tran-

sitioning into forards flight figures 4.18 c) and d). Here we see good agreement

in the z-body direction, however our estimates of thrust are noticeably worse, as

we have a tendency to over-estimate the total thrust generated by the dragonflies.

This verifies that our methods for calculating the aerodynamic force are at least

physically accurate.

So far we’ve looked at the sum of the forces generated by the wings, however

one open question related to dragonfly flight is what role do each of the wing

pairs play. We can look at the contributions to total force by separating out the

horizontal thrust and vertical force and plotting them, figure 4.19, for both front

and rear wings. The rear wings are found to consistently produce between one

and two times the averagel verticlal force, but always 2 to 3 times the average

thrusting force. This suggests that the rear wings act as the driving force for the
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Figure 4.18: a) and b) Forces calculated from dragonflies which were released
while right-side up. c) and d), dragonflies which were released
upside down, and spend the initial portion of their flight rolling
until they reach steady state near the end of the flight. The
shaded region indicates a region of poor body tracking

dragonflies in mid-flight, while the front wings are there to generate the additional

necessary vertical force to remain aloft. Not much more can be said based solely

on the forces generated by the wings during steady forwards flight.

4.4 Flexibility in the dragonflies wings

The last feature we look at is the bending of the wings, which some of our previous

analysis highlighted as rather important. In particular, for the dragonfly to produce

the forces necessary to remain aloft the outer portion of the wing has to rotate

nearly 160 degrees, a significant quantity. It is further unclear as to how, when, and
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Figure 4.19: Comparison between the thrust and vertical forces produced by
the dragonflies front and rear wings, both instantaneously, a)
and c), and averaged over a wingbeat, b) and d)

if the dragonfly applies control to the pitching angle of its wings, and understanding

how the wings are being bent may provide insight into this. Previous work had

shown that the inertial and aerodynamic torques on the wings can generate a

natural rotation of the wing about its pitching axis without the direct application

of muscle torque from the dragonfly [14]. They proposed that one indicator of

this passive pitching would be a wave traveling from the tip of the wing towards

its root, due to the imbalance of aerodynamic force magnitudes along the wing

span. Active control over the wing should then be the opposite, where activity is

observed at the inner markers, with no corresponding motion from the outer ones.

We look at this flexibility to try to understand two things. First is how much

are the dragonflies wings flexing, and is it consistent across multiple wingbeats,

regardless of inner wing pitch. Second, we ask whether there is any active control

over the dragonflies wings during individual wingbeats. If so, what is the purpose

of this active control.
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The metric we use to examine the flexibility of the wings is the amount which

the wing has twisted, measured as the difference in pitching angle between two

spanwise locations along the wing. For simplicity, we will focus on the difference

between the inner and outer spanwise locations to as this will contain the largest

differences. To directly compare different flights, we broke the flapping motion

into upstrokes and downstrokes, and aligned the pitching data on a 50 point grid

using a cubic spline. This process is performed on four distinct groups of wing

kinematics data; tethered flight, normal forwards flight, flight which rolled left,

and flight which rolled right.

We start by looking at the pitching angle of the wings at the inner and outer

portions of the wing, and find that there is a significant range of pitching angles

which the wings take, with differences of up to 50 degrees between the maximum

and minimum local values, figure 4.20. We quantify this variation by taking the

average of the standard deviation of the wing pitch when the wing is not performing

stroke reversal, times t = 0.2 to t = 0.8. As might be expected, the largest

variation occurs in the rolling dragonflies, which can partially be attributed to the

data containing both rolling and forwards flight type motions. Interestingly, the

tethered dragonfly actually shows more variation than the one in forwards flight,

however this might be attributed to the tethered dragonfly employing a variety of

wing kinematics in an attempt to break free of the tether.

This large amount of pitch variation indicates that the wing orientation changes

significantly between wingbeats, and this could be caused by two different soures.

Either the wings have a large variation in the twist, or the inner marker data’s

variation is driving the variation in the outer markers. To check this, we perform

the same steps as above, except now we focus on the difference bewteen the inner
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Figure 4.20: a) The wing pitching data for the separated downstroke and
upstroke of the FLW of a dragonfly. Outer marker data is in
red, inner marker data is in blue. b) The difference between the
inner and outer marker data as a function of time during the
half-stroke for both up and down strokes. c) The variation of
each kinematic quantity across all measured data for front and
rear left wings.
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and outer markers, figure 4.20 b). We can clearly see that during the translational

portion of the wing motion, the twist is highly consistent. Looking at the variation,

in three of the four cases the variation in wing twist is over two times smaller than

the variation in wing pitch, with only the forwards flight dragonfly having wing

twist variation being similar to that of its wing pitch. This indicates that the wing

pitch is driven heavily by the changes to the inner portion of the wing, which may

come either from direct control, or external aerodynamic torques, and that there

must be some mechanism which enforces the dragonflies wings to twist by only a

certain amount during flight.

This control over the wing twist could come from a couple different sources.

The dragonfly could be regulating its inner wing pitch by requiring that its muscles

at the wing hinge only produce a certain amount of torque. In this case, the

wings would rotate until a near equilibrium state is reached due to the applied

aerodynamic load. To change the pitch of the wings, the torque applied at wing

hinge could be increased or decreased. If this were the cause, we would then

expect that when the dragonfly applies a larger torque at the base, the wing would

get a larger angle of attack. This would then cause the twist between the wings

to be different from the basic case. Taking the average of the rolling twist in

both directions, and comparing it to the normal flight twist, there is no consistent

difference between each of them, a difference in total of about 5 degrees, suggesting

that the primary effect does not come from varying the inner wing pitch to match

torques.

A second source could be related to the construction of the wings themselves.

We already see that during the downstroke, even though there are similar or larger

angles of attack, that the amount of twist in the wing is up to four times smaller
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than that in the upstroke. This indicates that there is an asymmetry in the wing

structure, potentially some natural curvature to the wings which prevents twisting

in one direction or the contstruction of the venation patterns only resist motion

in a single direction. The cause of this asymmetry may also generate some sort of

non-linear stiffening effect making it increasingly harder to twist the wing. To be

certain this is the cause, further investigations into the stucture of the wing will be

necessary, focusing on the stiffness of the wing as a function of its twisting angle.

To examine whether there is noticeable active control over the wings, phase

plots of the flapping motion are used, with the inner wing pitch, ψi on the horizontal

axis and the outer wing pitch ψo on the vertical one, figure 4.21. Within these

graphs, there is one major signal which indicates active control over the pitching

of the wing, if the inner markers change independently of the outer markers. The

general trajectory of both the front and rear wings in phase space are noticeably

different, and so they will be examined individually.

The front wings consist of two regions of constant difference between the wings,

one representing downstroke (low difference), and one representing upstroke (high

difference). The wing then transitions between these two states at a roughly con-

stant rate of 2.5 degrees outer pitch for every one degree change in the inner pitch.

The transition from small to large is very consistent, occuring at close to 60 de-

grees outer wing pitch each time, while the transition from large to small is less

consistent, but has always started by 120 degrees outer wing pitch. This would

seem to indicate a critical point in the wing motion where the applied torque on

the outer wing suddenly changes sign.

There are three torques which combined together to generate this motion. The

first is the spring-like nature of the wing, which is proportional to the difference in
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pitch between the inner and outer portions of the wing. The second is caused by

the aerodynamic forces, which when combined together with the spring-like nature

of the wing causes the difference in pitch between the inner and outer portions of

the wing. Lastly, there is an inertial torque on the wing due to its own acceleration,

and the acceleration of the fluid around the wing. As it is the aerodynamic and

inertial torques which drive the wing twisting, we calculate the power associated

with both of these effects. We find that, as expected from previous work [14], there

is a region at the end of both downstroke (≈ 0.5) and upstroke (≈ 1) where the

inertial terms dominate, and will naturally rotate the dragonflies wing, figure 4.21

d). The start of this region roughly corresponds to the point where the wings begin

their transition between large and small differences in wing pitch. This indicates

that the transition between the two constant difference regions is likely passive in

nature.

We can take this one last step by looking at the front wings when the dragonfly

is rolling, figure 4.21 c). We can see that there is a clear shift in the overall graph

as both the inner and outer marker values decrease by approximately the same

amount. This does cause a change in the angle at which the transition between

pitching differences occurs. If this point were purely a function of the wing pitch,

there should be no change in its location. Instead the transition is now at 100

degrees, indicating that the inertial forces which cause the wings rotation haven’t

built up until that point due to the stroking motion of the wings not changing

significantly during rolling. This means that everything the front wing does during

these flights is driven by a simple motion at the inner portion of the wing, and

passive dynamics to transition between the two twist states.

If we now look at the rear wings, we see that they demonstate a highly dif-
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ferent overall motion, especially during the downstroke of the wings. It starts as

expected, with the wings appearing to reach a constant difference between the

two. However, when the inner portion of the wing reach around 50 degrees, its

direction of rotation suddenly reverses, while the outer portion continues to pitch

downwards. Given that these two motions are in opposite directions, we should

expect them to come from different sources. This is near the middle of the down-

stroke, so the aerodynamic forces keeping the wing pitched are very strong, while

the inertial forces are very small due to the near constant velocity of the wings.

The same aerodynamic force should cause the inner markers to move in the same

direction as the outer ones. Therefore, there must be a different torque causing

this motion. The only possible torque remaining is one being generated from the

wing hinge of the dragonfly, an actively applied torque from the dragonfly itself.

Given the presumed active nature of this motion, what would be the benefit

for the dragonfly? Consider what this type of motion would do. By rotating away

fom the outer portion of the wing, the passive spring torque is naturally increased.

This will cause the transition from downstroke to upstroke twist to occur earlier,

as the torque fom the twist in the wings will aid the torque due to inertial effects.

We can see this from the immediate change to 2.5 degrees outer pitch per degree

inner poitch once the outer portion begins to rotate positively. The consequence of

making this rotation occur earlier is that during the upstroke the dragonfly wants

to minimize the drag forces it is producing. To do that, it can either have a slower

stoking motion, or have a smaller angle of attack, which corresponds to a large

pitching angle. We don’t see this augmented rotation during the transition to

downstroking because the dragonfly wants to take advantage of all the drag forces

it produces during that portion of the flight.
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This indicates that the rear wing of the dragonfly has a consistent active control

applied to it, to ensure that the dragonfly produces the correct forces. But if this

motion is force enhancing, does it only occur in the rear wing motion because they

are the wings which produce the larger forces? Are the front wings there as some

form of passive additional force production? We currently don’t have the answer to

these questions, and this is an avenue for future studies to understand the function

of each of the wings.

4.5 Conclusions

In collaboration with Anthony Leonardo’s group at Janelia farms, we explored

the use of two complementary experimental setups which can be used to under-

stand free flight dragonfly kinematics and dynamics. Both methods used visual

tracking of markers placed on the dragonfly to infer body and wing kinematics

simultaneously. The advantage of these methods over traditional ones came from

the overall volume of flight which the dragonflies were allowed to explore, letting

us learn about more of free flight than just takeoff or hovering, the events which

most kinematics tracking setups are used to study.

Based on the position and orientation data of the dragonfly within the large

arena, we identified three maneuvers which the dragonfly performs at large an-

gular velocity. The most prominent was the drifting turn where the dragonfly

re-orients its body in advance of changing its flight trajectory, with a typical time

delay between the two of 2.66 wingbeats. By rotating in advance of the change in

trajectory, the dragonfly aligns its body such that there is an appreciable Y-body

velocity during the change in trajectory. This minimizes the flapping counterforces
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generated which would slow the dragonfly down while the force vector it is pro-

ducing changes its flight trajectory, allowing it to retain as much speed as possible

with minimal fore production.

We validated the aerodynamic model which we were using to model the flight

of the dragonfly using the measured body and wing kinematics. To do this, it is

necessary to measure the wing kinematics from at least mid-span, as otherwise the

predicd forces will severely underpredict the vertical force that the dragonfly could

produce. We further found that to well match the instantaneous force trajectories,

it is necessary to include the inertial forces of the wings, even though each wing is

only about 1 hundredth of the total mass of the dragonfly.

Lastly we examined the twisting of the dragonflies wings during flight. Twist

amounts were relatively consistent during both upstroke and downstroke, with the

downstroke bending twisting between 3 to 4 times as much. Due to the consistency

of the wing twist, we reason that the variability we see in wing pitch is either from

small changes in the aerodynamic torques the environment applies to the wings, or

is caused by a consistent need to perform minor adjustments to the wing pitching

angle through changes in the inner wing pitch. Finally, we found that the font

wings are driven almost exclusively through passive dynamics, while the rear wings

demonstrated active control during every wingbeat. It is still an open question as

to why the two wings demonstrate such different pitching motions.
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CHAPTER 5

RECOVERY OF A DRAGONFLY IN UNUSUAL INITIAL

CONDITIONS1

One of the most notable difficulties with analyzing the manners by which the

dragonfly maneuvers is the coupling which occurs between each of the bodies states.

This is both the inertial coupling due to Euler’s equations, and the velocity coupling

between the body and its wings. In an attempt to isolate these motions sucht that

the dragonfly is only controlling a single degree of rotational freedom at a single

time, we controlled the initial conditions of the dragonflies flight, most notably

its initial pitch, and then released the dragonfly to study its response. We found

that if the dragonfly was initially upside down, the recovery it performed was a

stereotypical rolling motion which could go in either direction.

The dragonfly, unlike the falling cat which uses inertial coupling between to

reorient its body, performs this motion through use of aerodynamic forces through

an asymmetry in wing kinematics. Utilizing the small arena described earlier,

we simultaneously track the orientation and trajectory of the dragonfly as it rolls

itself at 4000 fps. Coupling dynamical analysis with statistics, we can determine

the relationships between different types of wing kinematics asymmetries and the

observed body dynamics, allowing us to identify the key wing asymmetry causing

this motion. From further examination of the body dynamics, we can also estimate

the necessary driving torque generated by the wings to overcome the effects of drag

on both the wings and body of the insect.

Having found how the dragonfly controls its rolling motion, we attempt to

1This chapter is based on a paper currently in preparation, ”The Righting Reflex of A Falling
Dragonfly” by Z. Jane Wang, the author, and Anthony Leonardo
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a) b)

Figure 5.1: a) Sketch of the small flight arena used for these experiments. b)
Close in view of the magnetic tether used to restrain the dragon-
flies before dropping them.

utilize this knowledge to create a general controller for the dragonflies rolling dy-

namics. Suprisingly, we find that the resulting motion of the dragonfly due to

this asymmetry is dramatically impacted by the change of falling wing kinematics

to steady state wing kinematics. Upon further examination, we find an alterna-

tive method for controlling roll during steady state flight, and explain why both

methods work within their respective motions. These results indicated that the

dragonfly has multiple flying gaits which it uses in various circumstances, each of

which needs a separate control scheme.

5.1 Experimental Methods

To perform this study, we utilized the miniature flight arena described in chapter

4.1, which was originally designed for this study of recovery flight, figure 5.1. To

control the dragonflies initial conditions, we attached a magnetic tether to the top
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of the arena. This tether consists of a small tube with a plastic covering at one

end, which was held out over the center of the flight arena. Resting in this tube

was a tiny magnet attached to a carbon fiber rod. By bringing the dragonfly close,

the magnet in the tube and the magnet on the dragonfly would attact, holding

the dragonfly to the end of the tube. This allowed us to rotate the dragonfly as

necessary to ensure that the flights were initiated in a constant direction. To drop

the dragonfly, the magnet within the tube is pulled away by hand, weakening the

attractive force between the two magnets such that the dragonflies weight would

cause the insect to fall. If the dragonfly struggled when attached to the tether,

we would re-align the dragonfly and then wait for 5 second of no struggling before

performing any experiment.

The initial conditions could be controlled by rotating the tube which the drag-

onfly was attached to. During all drops between -90 and 90 degrees, the magnet

was placed on the back of the dragonfly. Once beyond that, the magnet was moved

to the dragonflies stomach, so that when dropped, it would not collide with the

tube. By making this adjustment, it became possible to to drop the dragonfly from

any orientation between 0 and 360 degrees pitch, as well as -180 to 180 degrees

roll. It should be noted that while moving the magnet to the dragonflies stom-

ach solved the issue related to what possible initial conditions could be applied, it

did introduce one significant problem, that the dragonflies would sometimes grab

ahold of the tether as it started to fall, significantly changing its response to being

dropped. Data where this occured is not inclued in any of the following analysis.
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Figure 5.2: a) Dragonflies were dropped from the magnetic tether in 8 dis-
tinct initial orientations. b) Rolling recovery to being dropped at
180 degrees initial pitch. C) Pitching recovery to being droppe
at 0 degrees initial pitch.

5.2 Recovery to various Initial conditions

5.2.1 Methods of Recovery

Our initial goal in dropping the dragonflies was to identify if there were any dis-

tinct differences in how the dragonfly responded to the various initial conditions we

subjected them to. To this end, we performed an initial set of 10 drops at pitching

angles between 0 and 315 degrees in increments of 45 degrees, see figure 5.2. After

freely falling for a short time, the dragonfly would perform a recovery which de-

pended upon its initial conditions. When dropped between -150 to 135 degrees, the
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dragonfly recovered to its traditional flight mode through pitching itself. When the

dragonfly was upside down, a 180 degrees initial condition, it instead recovered by

rolling itself, with no clear bias towards a particular direction of rolling. We found

examples of this rolling motion as far away as 135 and 200 degrees respectively. At

the transition point between rolling and pitching were regions where the motion of

the dragonfly is much less consistent, as it would sometimes recover through solely

pitching, and other times it would rotate about a different axis, combining both

yawing and rolling motions.

These initial tests were done using a large filming volume such that the entire

process of the recovery flight, from freely falling to the transition to steady state

could be recorded. This was used to identify the spatial region in which the

dragonfly typically performed its recovery. This allwed us to significantly zoom

in on the region of interest to us, capturing just the transition from falling into

forwards flight, as can be seen in the collages in figure 5.2 b) and c).

5.2.2 The transition between rolling and pitching

Regarding the transition between pitching and rolling for the dragonfly, there are

a number of potential reasons why the change between techniques occurs, such

as the dragonfly might simply desire to see the trajectory it is going to take, or

minimizing the amount of time spent while performing the recovery, which are

difficult to test. We explore an alternative hypothesis that the dragonflies path is

chosen based on requiring the least amount of total energy to recover.

To do this, we compare the two different recovery trajectories, one where the

dragonfly pitches itself to recover, and another where the dragonfly performs a

118



combined rolling/yawing motion about a single axis, figure 5.3 a). The dragonfly

in this is treated as a simple rigid object as in our numerical models, thus we also

have its moment of inertia already. For simplicity, let us assume that the dragonfly

takes one wingbeat to get up to speed, and rotates at a constant speed for some

length of time, and then takes another wingbeat to return to zero angular velocity,

shown graphically in figure 5.3 b). From this profile, we can determine the total

amount the dragonfly has rotated, eqn 5.1, where T is the wingbeat period, n is

the number of wingbeat to recover, and ω is the angular velocity of the dragonfly.

Inverting this equation lets us solve for the necessary amount of angular velocity

as a function of duration of the motion, and flapping period, eqn 5.2.

ψ = ωT (n− 1) (5.1)

ω =
ψ

T (n− 1)
(5.2)

Wpitch = Iy

(
θ

T (n− 1)

)2

(5.3)

Wroll =

(
π

T (n− 1)

)2 [
cos(π−θ

2
) 0 sin(π−θ

2
)

]
· I


cos(π−θ

2
)

0

sin(π−θ
2

)

 (5.4)

Having calculated the angular velocity necessary to perform the motion, we

now can estimate the total work done by the dragonfly through the work kinematic

energy principle, resulting in equations 5.3 and 5.4. The first is the case where

the dragonfly always pitches itself, while the second is the combined rolling and

yawing motion around a single axis [70]. Here we assume that the dragonfly has

constant moment of inertia, estmated from morphological parameters, and that

it only has to expend energy to accelerate and decellerate itself, which means we
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ignore both rolling and pitching counter torques. If we compare the results from

these two methods, figure 5.3 c), we find that there is a distinct transition between

which of these methods is optimal, which occurs at 135 degrees. This matches

up with the observations as to when the dragonfly transitioned from a pitching

only response to one which included combined rolling and yawing motions. These

results suggest that the dragonfly may be choosing its trajectories such that it

exerts minimal effort to perform the overall motion, although further analysis and

experiments are necessary to fully validate this idea. Note that these methods

likely overestimate the power needed when the dragonfly is only pitching a small

amount, but because the transition is far from that point, this should not impact

our results.
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Figure 5.4: a) Reaction time as a function of initial orientation for the drag-
onfly. b) Range of response times for Inverted, 180 degree initial
condition, and Normal, 0 degree initial condition.

5.2.3 Time to initiate recovery

We also measured the time it took for the dragonfly to respond to to this falling

stimulus as a function of the initial condition. Time measurements were taken by

identifying within the high speed videos when the dragonfly was released from the

tether, and when the dragonflies wings first begin to move. Our results are collected

in figure 5.4. We find that on average the dragonfly recovers in 100± 34ms, with

the fastest response being 27ms. Interestingly, we find that when the dragonfly is

upside down, it reacts noticeably faster than when it is right side up, 74 ± 35ms

compared to 116±34ms. This suggests that whatever sensor the dragonfly is using

to detect that it is falling has some form of orientation dependence.

Further investigation identified one complicating factor related to this analysis.

When the dragonfly was upside down, if the its legs interacted with the post it was

tethered to, the recovery would occured on average 20ms faster than drops without
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this interaction. This naturally biases the upside down dragonflies to have faster

reactions on averaged, as this effect can not happen when the dragonfly is right side

up. To test whether our initial results still hold, we took a larger sampling of just

inverted drops, 180 degrees, and removed any data in which the legs observably

interacted with the tether to compare with the standard drops, figure5.4 b). With

the leg response removed, the average response time of the dragonfly increases

slightly to 80 ± 39.5ms. This demonstrates that the reaction still depends on the

orientation of the draognfly.

5.3 Rolling Recovery

Fom all of the possible responses, we will now focus on the recovery which the

dragonfly performed when dropped while upsdie down. Once the dragonfly is

released from its tether it responds to its falling stimulus by flapping its wings

asymmetrically to generate a 180 degree rolling motion. This roll takes between 2-

4 wingbeats, 50-100ms, and by the end of the motion, the dragonfly has typically

fully transitioned into forwards flight. During the recovery, the body roll angle

changes nearly linearly, implying a constant rolling angular velocity. Through the

linear nature of the recovery, we are able to deduce the torque which the dragonfly

needs to produce in order to perform this mid-air recovery.
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Figure 5.5: a) Measured body kinematics from a single rolling dragonfly ex-
periment. b) The wing kinematics associated of the same rolling
flight, with the different recovery phases highlighted.

5.3.1 Determining the key kinematics to generate rolling

from experimental data

To determine how the dragonfly generates this rolling motion, we first look at the

measured wing kinematics, figure 5.5. As can be seen, there are a wide range of

different asymemtries between the left and right side wings within these kinematics,

such as differences in front wing stroking amplitudes and differences in the average

pitch of the wings. There is also the possibility that the asymmetries are not as

obvious, such as differences between the left and right wing stroke planes, requiring

a recalculation of the stroke planes for each wing individually.

Because of this, look at all of the possible asymmetries between the left and

right sides of the dragonfly, and correlate them with the rolling angular velocity.

In this work we feature four distinct methods which were expected to cause the
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Figure 5.6: a) Correlations between rolling angular velocity and from up-
per left going clockwise; mean pitch difference, stroke amplitude
difference, phase difference between left and right side wings, dif-
ference in stroke plane inclination. b) Sketch of the average wing
motion used to generate a roll to the right. c) Average wing pitch
for dragonflies which are rolling right, not rolling, and rolling left.

dragonfly to roll. These are the inclination of the stroke plane, the phase difference

between left and right side wings, the difference in stroking amplitude, and the

mean wing pitch, figure 5.6 a). We find that the correlation between the average

angular velocity of the dragonfly and the mean pitch of the wings is strong, 0.88

for the front wings and 0.93 for the rear wings, while all the remaining correlations

observed were less than 0.4.
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We correlate the wing asymmetries with the dragonflies angular velocity be-

cause the dragonfly is expected to produce a flapping counter-torque while it is

rolling [39, 21]. This torque is generated from the coupling of the dragonflies

rolling motion with the flapping motion of its wings. In particular, rolling causes

the downstroke and upstroke velocities of the wings to change. Because the total

force generated is a function of wing velocity, this difference generates a torque

opposing the rolling motion of the dragonfly. During the rolling recovery region,

where there is no angular acceleration and the coupling terms are small, this flap-

ping counter-torque must balance with the torque driving the rolling motion. This

driving torque is expected to scale linearly with the applied asymmetry, and thus

we expect that there is a near linear relationship between the wing asymmetry and

the body roll angular velocity of the dragonfly.

When the dragonflies recover, we found that they would roll in both directions,

with no statistically significant preference for one direction. This gives us a second

manner which we can use to look at the wing asymmetry and body roll. We take

each of the dragonflies wingbeats, and associate them with either rolling left, rolling

right, or forwards flight depending on the body kinematics. Using a cubic spline,

we align the data from each wingbeat so that we can take an ensemble average of

the wing pitch for each of these three states. A sketch of what the overall averaged

kinematics looks like is shown in figure 5.6 b), and the wing pitch for a dragonfly

in forwards flight, as well as rolling to both the left and right are shown in figure

5.6 c). The solid line here represents the average value, while the colored region

around it represents one standard deviation. The standard deviation is likely so

large because the rolling data has both fast and slow rolling motions within it, with

no scaling based on average angular velocity. From this, we can see a systematic

shift of the wing pitch during the rolling motion, which is most noticeable at times
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0.25 and 0.75. which correspond to the downstroke and upstroke of the dragonfly.

This timing is important, as this is the point in the wingbeat with the largest

velocities, and thus the largest forces generated by the wings.

5.3.2 Estimating the torque necessary to roll

The kinematics which we measure do not only indicate what method the dragonfly

recovers with, but also in principle should let us determine the torques applied to

the dragonfly through the euler equations for 3D rigid body dynamics, equations

5.5 - 5.7.

I1ω̇1 = (I2 − I3)ω2ω3 + τ1

(
~ω, ~Vb, ~Vw

)
(5.5)

I2ω̇2 = (I3 − I1)ω3ω1 + τ2

(
~ω, ~Vb, ~Vw

)
(5.6)

I3ω̇3 = (I1 − I2)ω1ω2 + τ3

(
~ω, ~Vb, ~Vw

)
(5.7)

where ~ω is the body angular velocity, ~Vb is the body linear velocity, and ~Vw is

the wing linear velocity. This means that in cases of strong coupling, we would

have to directly calculated the torques to determine those which are generating

the turning motion.

For generic motions, the yaw, pitch, and roll of the body are coupled together.

To further complicate matters, the aerodynamic torque applied to the dragonflies

body is a function of both the body and wing states. Because we were able to find

a manner to instigate the dragonfly to rotate along only a single axis, we can vastly

simplify these equations down to a single equation governing the rolling motion of

the dragonfly, equation 5.8. We write this such that we separate out two distinct

126



torques; the driving torque τ , and the flapping counter torque opposing the motion

of the dragonfly, −βω.

Iω̇ = τ − βω (5.8)

During the rolling recovery, the roll angle was found to be nearly linear in time,

implying that the driving torque, which we are interested in, is balanced by the

rolling counter-torque, τ = βω. While we do know the angular velocities for each

recovery, we do not have an estimate for what the counter-torque coefficient is. To

find this value, we note that at the end of each of these rolls, the wing motions

return to their symmetric state, where they do not generate any active rolling

torque. Thus the dynamics associated with this transition from constant angular

velocity to zero angular velocity are governed by equation 5.9. This equation can

be solved for in terms of the body angular velocity, equation 5.10, with the time

constant λ = I
β
. This can be further integrated to give us the expected roll angle

as a function of time, equation 5.11.

Iω̇ = −βω (5.9)

ω(t) = ω0e
− t
λ (5.10)

ψ(t)− ψ(t0) =
ω0

λ

(
1− e−

t
λ

)
(5.11)

This gives us a single parameter, λ which needs to be fit to the experimental

data. Zooming in to the transition regions, we first determine the initial pitch and

angular velocity, then fit the data with this function to determine the typical time
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Figure 5.7: a) The analytical form of the rolling angle is fit to the experimen-
tal data to determine the counter torque coefficient β. b) The
range of angular velocities and necessary torques the dragonfly
must be able to produce based on our calculated β.

constants 5.7 a). Across all the experimental data gathered, the time constant

averaged to 12ms, which is roughly one third of a wingbeat.

To then determine the coefficient β, we need to first come up with an estimate

for the rolling inertia of the dragonfly. We treat the dragonfly as a collection of

ellipsoids of constant density, and then find the total moment of inertia about

the collections center of mass. The center of mass location is found first using

equation 5.12. The moment of inertia of the entire body then is the sum of the

moment of inertia of each body about this center of mass, and because none of

the individual centers of mass are aligned with it, we need to use the parallel axis

theorem 5.13[44]. In this, ~R = R2x̂+R2ŷ +R3ẑ is the vector between the objects

center of mass and the overall center of mass, Jij is the resultant moment of inertia,

δij is the kronecker delta, and Iij is the original moment of inetia of the ellipse,

which is a well known quantity, 5.14, where a, b, and c are the respective radii of

the ellipse. All relevant masses and sizes for the model dragonfly are given in table
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5.1.

x̄ =

∑
(x̄imi)∑
(mi)

(5.12)

Jij = Iij +m
(
|~R|2δij −RiRj

)
(5.13)

I =
m

5


b2 + c2 0 0

0 a2 + b2 0

0 0 a2 + b2

 (5.14)

Table 5.1: Body and wing parameters for determining total moment of iner-
tia of the dragonfly

m (mg) a (mm) b (mm) c (mm) ~R (mm)

Head 31 2.77 2.77 2.77 9.28̂i

Thorax 217 5.5 2.5 3.995 −2.7461̂i

Abdomen 62 11.5 2.855 2.855 −14.25̂i

Front Wings 3.5 4 16 0.16 0.4̂i− 18.5ĵ + 4k̂

Rear Wings 3.8 5.625 16.5 0.165 −8.775̂i− 19ĵ + 2k̂

Performing these calculations, we find that the total rolling inertia of the drag-

onfly at rest is around 7.3 · 103mgmm2. This is both the body inertia, 1.261 ·

103mgmm2, and the contribution of the front and rear wings, 1.43 · 103mgmm2

and 1.59 · 103mgmm2 respectively. Note that this is a maximal estimate, as when

the dragonfly has stroked its wings, the distance between the wing center of mass,

and the rolling axis of the dragonfly decreases due to the inclination of the stroke

plane.

With the rolling moment of inertia estimate, we can now determine the coun-

tertorque coefficent across our entire data set, β ≈ 0.6µNms. Figure 5.7 b) shows
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the overall torque necessary for each of our flights recorded based on this value.

To help put these torques in perspective, we consider the torque which a wing is

applying on the dragonfly during steady state, τ0 = MgL
4

. With a typical body

mass of 300mg, and the location of the largest force at L ≈ 20mm away from the

wing root, the anticipated torque from a single wing is then 14.715µNm. If the

dragonfly uses all four wings to produce the torque, then this means the largest

of our dimensionless torques is τ
τ0
≈ 2

3
. While this quantity is large, note that

the force produced by the dragonfly can reach above 2g’s during a recovery flight,

doubling the expected maximum torque the dragonfly is expected to be able to

produce.

5.3.3 Computer Simulations of the Rolling Recovery

As an alternative approach to determinine how the dragonfly generates its rolling

motion, we turn to the instantaneous dynamics model of dragonfly flight, and

simulate the recovery flight using different wing kinematics asymmetries. The base

wing kinematics used for these simulations comes from the wing kinematics used

by the dragonfly during their recovery flight, symmetrized to enforce longitudinal

base flight. Our first simulation is of the basic wing kinematics with no applied

asymmetry.

We find that with these kinematics, the motion of the dragonfly is dominated

by forwards acceleration, figure 5.8 a). This is notably different from the steady

state motion we had found earlier on where the average aerodynamic force vector

was aligned with the body z-axis, opposing gravity. It should not be entirely

suprising however, as the dragonfly has notable forwards acceleration in each of

the recorded flights. To show this, we determine the wingbeat averaged force vector

130



0 1 2 3 4 5 6 7
−60

−40

−20

0

20

40

60

80

100

120

WingBeats

A
ng

le
 o

f a
ve

ra
ge

 fo
rc

e 
ve

ct
or

 (
D

eg
)

Steady Flight
Rolling RecoveryS  Flight

xbody

zbody Force Vector

−20 0 20 40 60 80

−40

−30

−20

−10

0

10

20

X

Z

A) B)
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force’s direction as a function of the number of wingbeats flown
by the dragonfly.

for the dragonfly, and we find that while the dragonfly is recovering, the first 2-

4 wingbeats, the force is more aligned with the body x-axis, indicating forwards

acceleration, figure 5.8 b). Further, consider what would occur if the dragonfly

were to use steady state style wing kinematics during the first half of its recovery.

This would cause it to accelerate downwards at faster than 1g, meaning it would

fall further and likely take longer to stabilize itself vertically.

When simulating the recovery flight, the dragonfly’s initial conditions are set so

that it starts its flight while upside down, with the wing kinematics set such that

they include whatever asymmetry is being currently examined. The dragonfly is

allowed to fly with this asymmetry for 4.5 wingbeats without any applied control

signal. At the end of this, over the next 0.5 wingbeats the asymmetry is removed,

and the dragonfly is left to fly for one additional wingbeat. We show the results

of this for two of the possible sources of rolling torque, asymmetries in the mean
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Figure 5.9: a) Collage of recovery flight driven by a mean pitch asymmetry.
b) Corresponding body Euler angles. c) Comparison of angu-
lar velocity as a function of mean pitch asymmetry from both
experimental data and simulations. d) Collage of recovery flight
driven by a stroke amplitude asymmetry. e) Corresponding body
Euler angles. f) Comparison of angular velocity as a function of
stroke amplitude asymmetry from both experimental data and
simulations.

pitch of the wings, figure 5.9 a) - c), and asymmetries in the stroking amplitude,

figure 5.9 d) - f).

Let us first examine the results of applying an asymmetry to the mean pitch of

the wings. When simulated, the resulting motion is primarily rolling, with small

changes to yaw and pitch of the dragonfly. The maximum rolling angular velocity
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is reached in less than a wingbeat, similar to what we observed in the experimental

data. We compare the angular velocity as a function of the wing pitching asym-

metry between the simulation and experiment and find strong agreement between

the two.

If we instead consider the effect of changing the stroke amplitude, we find

a quite different overall motion generated by the dragonfly. Here the dragonfly

immediately enters into a yawing motion, with small changes to its pitching and

rolling angles, neither of which are sufficient to return the dragonfly right-side up.

It does reach a steady state yawing motion after around a wingbeat. We can

perform a comparison between the rolling angular velocity and the experimental

data, however as might be expected based on the outcome of this simulation, there

is little agreement between the two quantities.

The numerical data can also be used to estimate a damping timescale for the

dragonfly in a similar fashion as we had for the experiments. Doing this gives

us a typical timescale of 10 ms, compared to the experiments 12 ms. As both

results are similar that suggests we have found the correct timescale. The faster

timescale predicted by the simulations may indicate that we have over-estimated

the damping in some part of our simulation.

5.4 Understanding the Mean Pitch Asymmetry

Our finding that changing the mean pitch of the wings leads to a rolling motion is

not what we had initially anticipate. Based on previous work studying the dynam-

ics of the fruit fly, it was expected that an asymmetry in the stroking amplitude

of the wings would lead to rolling motion, while an asymmetry in the mean pitch
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would cause yawing [13, 10, 92]. To try to understand why this might occur, we

consider how torques are generated by both of these methods.

It is easiest to first consider how a change in stroke amplitude creates a torque.

By increasing the stroking amplitude on one side of the dragonfly, the magnitude

of the average force vector generated by that wing is also increased. This creates

a left/right imbalance in the force vectors, generating a torque within the body

x-z axis which is perpendicular to the average forces. This means that when the

dragonfly is in steady state, where the force vectors are aligned with the body

z-axis, we should expect that the resulting motion is rolling. However, when the

force vector is rotated forwards such that it is along the body x-axis, the torque

generated will cause the dragonfly to yaw instead, as observed in the simulations

shown above, figure 5.9.

Understanding the effect of a mean pitch asymmetry is somewhat more difficult.

The torque generated from this type of asymmetry has two sources, drag forces and

lift forces. The drag forces generated by the wings exist within the stroke plane, and

are proportional to the angle of attack of the wings. By creating an asymmetry in

wing pitch, these drag forces become unbalanced, ultimately generating a torque

aligned with the axis of the insects stroke plane. This torque vector is mostly

independent of the wing kinematics, with its effect depending primarily on the

inclination of the stroke plane. Thus for fruit flies, this differential in drag forces

will generate a yawing torque, while for the dragonfly with its inclined stroke plane,

this produces primarily rolling torque with some remaining yaw torque.

Similar to the drag forces, the lifting ones also depend on the wing angle of

attack. These forces are aligned with the stroke plane normal, thus the torque due

to a force asymmetry must lie within the stroke plane. The key to understanding

134



the lift torques is that the force generated is symmetric about an angle of attack

of 45 degrees. This means that the generated torque is heavily dependent upon

the underlying wing kinematics. If both up and downstroke have angles of attack

below 45 degrees, the torques they produce will partially cancel. The same occurs if

the angles of attack are above 45 degrees. Appreciable torques are generated when

one is above 45 degrees, and the other below, with the direction then dependent

upon the applied asymmetry.

We can use our simulation to confirm what we have reasoned out here. If

the dragonfly is using steady state wing kinematics, It should perform a rolling

motion when a stroke amplitude asymmetry is applied. If instead a mean pitch

asymmetry is applied, the drag torques will generate their combined yawing and

rolling torque. We can predict that the lift torques will be opposed to this, such

that the resulting motion is primarily yawing. This is because the angles of attack

for the up and downstroke are 10 and 70 degrees respectively, such that in both

up and downstroke, the wing on the side which the dragonfly would roll towards

is being pitched such that it produces larger forces. This means the lift torque

will cancel out the rolling contribution of the drag forces, resulting in a primarily

yawing motion for the dragonfly. Both of these predictions are observed in our

simulations, figure 5.10.

To estimate the torques produced by each of these asymmetries, we return

to the wingbeat averaged model, as it allows us to readily calculate the wing

kinematics associated with any given state, steady or accelerating. This is done by

slightly modifying the constraint equations related to horizontal and vertical force

production to include a specified acceleration vector, equations 5.15 and 5.16.
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Figure 5.10: a) Collage of the dragonflies response to a mean pitch asymme-
try when flying with steady state wing kinematics. b) Collage
of the dragonflies response to a stroke amplitude asymmetry
when flying with steady state wing kinematics. c) Estimate of
the rolling and yawing torques as a function of the angle of the
force vector being generated by the dragonfly. d) Roll torque
coefficient as a function of force vector angle for three different
stroke plane inclinations.
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Fx =
Ax
4

=

ρAW 2

4
(cos(β)(CD(αu)− CD(αd)) + sin(β)(CL(αd) + CL(αu))) (5.15)

Fz =
Mg

4
+
Az
4

=

ρAW 2

4
(sin(β)(CD(αd)− CD(αu)) + cos(β)(CL(αd) + CL(αu))) (5.16)

Using the wing kinematics we compute, we can then apply both our stroke

amplitude and mean pitch asymmetries. Based on the equations for how much

force is produced by the wings, we can simply write a new force generated by each

wing. The moment arm for this force will be approximately 2
3

of the wingspan, as

this is where the total aerodynamic force vector is expected to be located. This

results in the following normalized torques.

τRoll,SA
4W 2ρA2

3
S + ry

=
∆φ

φa
Cl cos(β) (sin(2αu) + sin(2αd)) +

∆φ

φa
B sin(β) (cos(2αu)− cos(2αd)) (5.17)

τY aw,SA
4W 2ρA2

3
S + ry

= −∆φ

φa
Cl sin(β) (sin(2αu) + sin(2αd)) +

∆φ

φa
B cos(β) (cos(2αu)− cos(2αd)) (5.18)

τRoll,PM
4W 2ρA2

3
S + ry

= sin(2∆ψ)Cl cos(β)
(
cos(αu)

2 − cos(αd)
2
)
−

sin(2∆ψ)
B

2
sin(β) (sin(2αu) + sin(2αd)) (5.19)

τY aw,PM
4W 2ρA2

3
S + ry

= − sin(2∆ψ)Cl sin(β)
(
cos(αu)

2 − cos(αd)
2
)
−

sin(2∆ψ)
B

2
cos(β) (sin(2αu) + sin(2αd)) (5.20)

The torques associated with stroking amplitude are fairly simple to understand.
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The torque is proportional to the total force magnitude scaled by the size of the

asymmetry, and its direction is simply perpendicullar to the specified force vector.

On the other hand, the pitch mean torques are somewhat more difficult. We can

separate it into two separate components, one related to the lifting forces, and

another related to the drag forces, with their relative strength defined by the angle

of stroke plane inclination and the underlying kinematics.

We vary the direction of the average force vector and calculate the torque gen-

erated by both types of asymmetry, figure 5.10. When the force vector is inclined

less than 60 degrees, we find that asymmetries to the mean pitch of the wings

produce a larger rolling torque, while above this, the stroke amplitude asymmetry

is a better choice. Given this information, the dragonfly must therefore know both

the forces which its wing kinematics are generating during the recovery, as well as

the correct method to control itself given those specific kinematics.

These tests also lead to a second interesting result. Earlier we had intuited that

the rolling motion for the mean pitch asymmetry was primarily due to the drag

differential between the two wings creating a torque aligned with the stroke planes

axis. If we remove the inclination of the plane, making the dragonfly similar to a

fruit fly, it should no longer produce a rolling torque. However, by performing the

same change of the average force vector test for less inclined stroke planes, we find

that the general trend doesn’t change significantly as a function of stroke plane

inclination.

What this means is that it is not the inclined stroke plane which enables the

dragonfly to perform this rolling maneuver. Rather it is the specific wing kinemat-

ics used to generate the average force vector. Therefore, in terms of the asymmetry

necessary to perform a specific maneuver, the dragonfly and fruit fly are rather
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similar. The role of the inclined stroke plane then is to indicate which torque is

driving the motion, specifically whether it is lift or drag based. The particular

stroke plane inclination may in fact inform the aerodynamic design of the wings,

maximizing either lift or drag depending on which maneuvers would benefit from

having the additional torque.

There is one last thing which we can take away from this. The dragonfly cannot

utilize a simple control scheme where it always controls its rolling motion with a

certain type of kinematics asymmetry. This is evidenced by how a change to the

mean pitch of the wings generates a rolling torque while recovering, but if it were

in steady state flight that would instead cause yawing. If we consider the wide

range of flights which have been observed in the body kinematics of the dragonfly,

it is highly likely that there are more corner cases such as this one which need to

be addressed individually.

This leads us to a potential alternative for how one might think about con-

trolling the dragonfly. Many of its wing kinematics can be associated with certain

states which the dragonfly is in. We can consider each of these states as different

gaits which the dragonfly has. By understanding what each wing asymmety does

for a given gait, we can thus contol the dragonfly when it is near this steady state,

regardless of its stability properties. This is effectively linearizing about each of

the gaits we want to handle within our controller. The difficulty with this will

likely be during the transitions between gaits, as this is when we are most likely to

have the strange circumstances which appeared in the experimental data, where

the force vectors may have significantly changed direction. This may require each

gait to adjust its control strategy based on the observed velocity of the dragonfly,

as a gait for high forwards velocity is likely to generate a large forwards force if
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transitioned to directly fom steady hovering for example.

5.5 Conclusions

We found that the dragonfly has two primary manners by which it recovers from

being dropped, either by pitching itself back to its typical orientation, or undergo-

ing a nearly 180 degree rolling rotation. The rolling recovery always occured when

the dragonfly was completely upside down, could be observed in some of the drops

performed at 135 degrees initial pitch. We suggest that one reason the dragonfly

transitions to a rolling method is that it minimizes its total energy expenditure

when compared with pitching at the same orientation. We further observed that

the dragonfly while upside down tended to react to being dropped faster than when

in a more traditional orientation. This suggests that at least one of the sensors the

dragonfly would use to notice that it was falling is orientation dependent.

Taking advantage of the repeatable nature of this rolling recovery, we measure

the combined body and wing kinematics during the recovery, and correlate the

observed asymmetries with the body angular velocity. Only one method was found

with a significant correlation, asymmetries between the mean pitch of the wings.

We were further able to use the measured body kinematics to estimate the total

aerodynamic torque which must be generated to perform the rolling maneuver,

2
3
mgL at most, as well as the typical timescale of the dragonflies recovery, 12ms.

As a secondary confirmation of these, we performed a set of numerical simula-

tions using the instantnaeous dynamics model with the basic wing kinematics as

observed in the experiments. We again found that rolling was generated through

changes in the mean wing pitch, and there was a strong match between experimen-
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tal and numerical angular velocity as a function of the wing pitching asymmetry.

The rolling time scale from the simulations was 10ms, slightly faster than the time

scale observed from the experimental data.

Further investigation using the numerical simulations showed that the current

state of the dragonfly heavily influences the necessary wing asymmetries to provide

control over the dragonflies flight. In particular, the rolling motion observed in the

dragonfly can only be caused by a mean pitch asymmetry if the average force vector

is aligned with the draognflies body. This indicated that the dragonfly must both

know what its basic wing kinematics are during a flight segment, and know the

corresponding control scheme associated with those kinematics. Unfortunately this

also demonstrates that a simple control scheme will not work. One possible option

instead is to focus on generating a set of gaits which can be used, and applying

control based on how perturbations interact with each of the individual gaits and

the transitions between them.
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CHAPTER 6

CONCLUSIONS

6.1 Stability

We found that a dragonfly could be passively stabilized in longitudinal flight

through changes to its effective hinge location. In particular, increasing the hinge

separation is always stabilizing, while for morphologically relevant insects, decreas-

ing the hinge height also improves its stability. We initially found this using our

instantaneous flight dynamics model, and then further explored and understood

the hinge location phase space utilizing a highly simplified wingbeat averaged

model. In doing this, we found that the dragonfly as found in nature is located

close to the boundary between stable and unstable flight. These results were also

used to demonstrate the validity of the wingbeat averaged models, as while there

were differences in the predicted magnitudes of the eigenvalues, the physical trends

observed between out two models were highly similar.

Expanding upon this, we found that with an alternate set of wing kinematics

the dragonfly could be stabilized without any need to change the effective wing

hinge location, at the cost of 33% increased power necessary to maintain those

kinematics. When the dragonfly was allowed to have a forwards flight velocity

we found this to be stabilizing for the dragonfly up to flight speeds of 1.5m
s

. In

addition to this, the dragonfly was also found utilize less power while in forwards

flight, with the typical stroke plane orientation being optimized for flight at 2m
s

forwards velocity. Between these two results, we speculate that the dragonfly has

chosen its wing kinematics and stroke plane inclination in such a way that it utilizes

the least amount of power during the forwards flights which it must perform to
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hunt and catch its food.

6.2 Kinematics

The simultaneous body and wing kinematics of freely flying dragonflies were

recorded through the use of multiple high speed cameras. Within these flights,

we identified three primary types of turns the dragonfly performed at large an-

gular velocities; yaw turns during takeoff, immelman-like changes in heading, and

drifting turns. The immelman-like turn was used to rapidly change the heading

of the dragonfly within a small flight volume, occuring most often at the end of

prey chasing sequences. The drifting turn represented the alternative manner the

dragonfly could change its heading, where it rotated its body in a fashion remi-

niscient of a traditional banked turn in airplane flight in advance of its change in

trajectory. We proposed that some benefits of this would be to allow the dragonfly

to utilize flapping counter forces to increase trajectory curvature, and to reduce

the motion blur the dragonfly might otherwise experience at the end of the turn.

Using the wing kinematics, we estimated the aerodynamic force which would

be measured based on markers located at 1
4
, 1

2
, and 3

4
wing span. Both average

horizontal and vertical force were underestimated by the 1
4

span markers, indicating

that proper kinematic measurements needed to be taken at 1
2

wingspan or greater.

As validation, the forces based on the 1
2

wingspan were compared with the body

acceleration of the freely-flying dragonflies, with good agreement between the two

if we included the inertial force generated by the wings.

We last examined the passive and active nature of both wings through how

the wings twisted about their pitching axis. The front wings were found to be

143



passively rotated during both up and downstroke. The rear wings on the other

hand demonstrated active control of the wings during every downstroke, which we

suggest is used to reduce the drag force contribution during the upstroke of the

rear wings. Combining these findings with the results pertaining to the stablity

generated by hinge separation suggests that the primary role for the front wings

it to stabilize the dragonfly in mid-flight.

6.3 Control

We dropped dragonflies from a range of initial conditions and recorded both the

method which they recovered by, as well as the time it took to react to the initial

stimulus. Dragonflies which were inverted, between 125 and 225 degrees, reacted

more rapidly to being dropped, 74ms compared with 116ms for those which weren’t.

We found that when fully inverted, 180 degrees, the dragonflies would perform a

stereotypical rolling maneuver, while at other inclinations it would pitch to recover.

We suggest one reason for this behavior is that the dragonfly is choosing a rotation

trajectory which would minimze the energy necessary to recover its typical flight

orientation.

During the rolling motion, the body angular velocity was correlated with vari-

ous wing asymmetries which may have driven the observed motion. Based on both

correlations and computer simulations we determine that the dragonfly generates

its rolling motion through changes in the mean pitch of its wings. Utilizing the

linear nature of the rolling motion, we were further able to determine the typical

damping timescale of the dragonflies rolling motion, and thus estimate that the

maximum torque the dragonfly needs to be able to produce is 2
3

the maximum
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torque a dragonfly at steady state flight could generate.

The observed wing kinematics asymmetry is different from what would be ex-

pected for a fruit fly based on current flight kinematics studies. The primary

reason for this is the direction of the wingbeat averaged force vector, which when

aligned with the dragonfly body x-axis causes a mean pitch asymmetry to gener-

ate a rolling motion. If it is insteady aligned with the z-body axis however, the

pitch mean asymmetry generates a yawing motion, and rolling must come from

differences in stroking amplitude. By varying the stroke plane inclination during

these studies, we identify that this is true for all stroke plane inclinations, with

the difference between dragonflies and fruit flies being whether the torques are

generated through lift or drag based mechanisms.

Based on the changing methods for controlling different rotational degrees of

freedom as a function of wing kinematics and applied forces, we conclude that

there can be no simple controller which can capture all of the beauty of the drag-

onflies flight. This is because the dragonfly must know its own body state / wing

kinematics, as well as what the correct control methods are related to that state.

Further, we find that the control strategies of the dragonfly appear to match with

how a fruit fly controls itself, although further tests are necessary to completely

validate this. We suggest that an alternative controller could be developped based

on the known gaits which the dragonfly is observed to have, where each gait has its

own specific controller to handle perturbations to states of flight which are closeby.
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CHAPTER 7

FUTURE WORK

We found that there were three types of turns which dominate the high speed

rotational turning data. What we lacked during our analysis of these turns was

quality data on the dragonflies wing kinematics, which will aid in both under-

standing how the dragonfly performs these turns, and potentially provide us hints

as to why it is drifting instead of performing the traditional banked turn. There

are two manners which we could attempt to look into this. The first is to perform

additional experimental studies, preferably using the high-speed camera setup to

gain high quality kinematics data. This will be a somewhat time intensive method

for generating data, as the dragonflies will need to perform the turning maneuver

within the flight volume, and the data will need to be analyzed. The alterna-

tive manner is to forgo experimental data, and instead attempt to use trajectory

optimization techniques with our instantaneous dragonfly flight model to create

different sets of wing kinematics which generate the same turning motions de-

pending on the allowed wing asymmetries. Combining these two techniques would

further offer insight into why the dragonfly chooses particular wing kinematics.

During this research, we focused on modeling the dragonfly using quasi-steady

aerodynamics. This meant that the aerodynamic forces generated were indepen-

dent of one another, with no interaction between the wings and the various wakes

left behind in the fluid. Based on our force comparisons, we demonstrate that

this level of modeling may be sufficient in determining the overall fluid dynamic

force produced by the wings. This does not mean however that the stability of

the dragonfly is uneffected by this interaction. By transitioning to a full compu-

tational fluid dynamics model capable of capturing these effects, and comparing
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the results with both the wingbeat averaged model and quasi-steady model could

provide further insight into the modeling heirarchy, and when each model is valid.

When we examined the stability of the dragonfly, we focused on longitudinal

flight of the dragonfly. There currently is very little work concerning itself with

the three dimensional manners in which the dragonfly could go unstable. Given

that we have now demonstrated a passively stable dragonfly in longitudinal flight,

the instability modes which were previously slower now need to be addressed.

In particular for the dragonfly it would be interesting to see how important the

directionality of the average force vectors is, as when the stroke planes are rotated

about the body z-axis, the wing average force vector gains a component within the

y-direction. Does this rotation impact the 3-dimensional eigenvalues, and are there

other mechanisms which may differentiate the dragonfly from other two-winged

insects which may provide stability in these directions.

One question which we raised while looking at the wing kinematics was what

role did each wing play. The rear wings appear to do everything, producing between

2/3 and 3/4 the total force, exhibiting asymmetries during the rolling motion, and

appears to be actively controlled during every wingbeat. We also have seen in

the large flight arena that the dragonfly is capable of flight when the front wings

become heavily damaged. What role then do the front wings actually play. Our

studies on stability suggest they may be a stabilizing feature, but is that all they

are there for? Further experimental studies of different maneuvering flight may

help to provide additional clues as to whether these wings have a role of their own.

When attempting to force the dragonflies to perform highly repeatable maneu-

vers, we were only capable of generating one type of maneuver using our control

over the initial conditions of the dragonfly. And the results from that study ap-
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pear to be unique to the wing kinematics associated with the recovery mode which

the dragonfly was going through at the time. Our simulations and logic suggest

alternative methods which the dragonflies would use if they were in steady state

flight, however we lack data regarding this. There are two methods known which

might be capable of generating such repeatable data to prove our control methods.

The first is to utilize a fake prey such that the dragonfly performs a similar flight

as it hunts the prey while forcing it to make a turning maneuver at some point

during the flight. Alternatively, we can utilize the magnets which were attached

to the dragonflies body and apply some form of magnetic torque on the dragonfly

to force the dragonfly to respond to a perturbation in a specific direction.

Lastly, we suggested that the dragonfly might be picking its recovery method

based on how energetically expensive the recovery method is. This raises the inter-

esting question of why does the dragonfly perform each of the specific maneuvers

which we observed in both the small and large arenas. Is there some underlying

metric, such as minimizing energy cost, which the dragonfly uses, and when does

it break this metric? To approach this, we could utilize optimization techniques

to identify different manners which the dragonfly could transition between two

steady state flights with different optimization criterions. Comparing the simu-

lated flights with real body kinematics data would then tell us whethere there was

a single metric which the dragonfly utilizes to choose its overall trajectory, or if

the dragonflies manner of controlling itself is noticeably more complex.
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APPENDIX A

WINGBEAT AVERAGED STABILITY COEFFICIENTS

Force coefficients for a dragonfly while hovering.

fx,Ux =
ρAW

m
[

−(cos(β)2 + 1)(Cd(αd) + Cd(αu)) + sin(β) cos(β)(CL(αd)− CL(αu)) +

sin(β) cos(β)(Cd′(αd)− Cd′(αu))− sin(β)2(CL′(αd) + CL′(αu))
]

(A.1)

fx,Uz =
ρAW

m
[

cos(β) sin(β)(Cd(αd) + Cd(αu)) + (sin(β)2 + 1)(−CL(αd) + CL(αu)) +

cos(β)2(Cd′(αd)− Cd′(αu))− sin(β) cos(β)(CL′(αd) + CL′(αu))
]

(A.2)

∂fx
∂ω

=
hm

I
fx,Ux (A.3)

∂fx
∂θ

= 0 (A.4)

∂fz
∂Ux

=
ρAW

m
[

sin(β) cos(β)(Cd(αd) + Cd(αu)) + (cos(β)2 + 1)(CL(αd)− CL(αu)) +

sin(β)2(−Cd′(αd) + Cd′(αu))− sin(β) cos(β)(CL′(αd)CL
′(αu))

]
(A.5)
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∂fz
∂Uz

=
ρAW

m
[

−(sin(β)2 + 1)(Cd(αd) + Cd(αu)) + sin(β) cos(β)(CL(αd)− CL(αu)) +

sin(β) cos(β)(−Cd′(αd) + Cd′(αu))− cos(β)2(CL′(αd) + CL′(αu))
]

(A.6)

∂fz
∂ω

=
hm

I

∂fz
∂Ux

(A.7)

∂fz
∂θ

= 0 (A.8)

∂τ

∂Ux
=
hm

I

∂fx
∂Ux

(A.9)

∂τ

∂Uz
=
hm

I

∂fx
∂Uz

(A.10)

∂τ

∂ω
=
ρAW

3I
[

−(Cd(αd) + Cd(αu))(3(sin(β)2 + 1)L2 + 3(cos(β)2 + 1)h2 + d2) +

3 cos(β) sin(β)(CL(αd)− CL(αu))(h
2 − L2) +

3 cos(β) sin(β)(−Cd′(αd) + Cd′(αu))(L
2 − h2)−

(CL′(αd) + CL′(αu))(3 cos(β)2L2 + 3 sin(β)2h2 + d2)
]

(A.11)
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∂τ

∂θ
= 0 (A.12)

Force coefficients for a dragonfly with a constant velocity.

∂fx
∂Ux

=
ρA

m
[

CD(α′d) (− sin(β) sin(γd)W − 2 cos(β) cos(γd)W ) +

CD(α′d) (sin(γd)Vz − 2 cos(γd)Vx) +

CD(α′u) (− sin(β) sin(γu)W − 2 cos(β) cos(γu)W ) +

CD(α′u) (− sin(γu)Vz + 2 cos(γu)Vx) +

CL(α′d) (− sin(β) cos(γd)W + 2 cos(β) sin(γd)W ) +

CL(α′d) (cos(γd)Vz + 2 sin(γd)Vx) +

CL(α′u) (sin(β) cos(γu)W − 2 cos(β) sin(γu)W ) +

CL(α′u) (cos(γu)Vz + 2 sin(γu)Vx) +

C ′D(α′d) (sin(β) cos(γd)W − cos(γd)Vz) +

C ′D(α′u) (− sin(β) cos(γu)W − cos(γu)Vz) +

C ′L(α′d) (− sin(β) sin(γd)W + sin(γd)Vz) +

C ′L(α′u) (− sin(β) sin(γu)W − sin(γu)Vz)] (A.13)
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∂fx
∂Uz

=
ρA

m
[

CD(α′d) (− cos(β) sin(γd)W + 2 sin(β) cos(γd)W ) +

CD(α′d) (−2 cos(γd)Vz − sin(γd)Vx) +

CD(α′u) (− cos(β) sin(γu)W + 2 sin(β) cos(γu)W ) +

CD(α′u) (2 cos(γu)Vz + sin(γu)Vx) +

CL(α′d) (−2 sin(β) sin(γd)W − cos(β) cos(γd)W ) +

CL(α′d) (2 sin(γd)Vz − cos(γd)Vx) +

CL(α′u) (2 sin(β) sin(γu)W + cos(β) cos(γu)W ) +

CL(α′u) (2 sin(γu)Vz − cos(γu)Vx) +

C ′D(α′d) (cos(β) cos(γd)W + cos(γd)Vx) +

C ′D(α′u) (− cos(β) cos(γu)W + cos(γu)Vx) +

C ′L(α′d) (− cos(β) sin(γd)W − sin(γd)Vx) +

C ′L(α′u) (− cos(β) sin(γu)W + sin(γu)Vx)] (A.14)
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∂fx
∂ω

=
hρA

m
[

CD(α′d) (− sin(β) sin(γd)W − 2 cos(β) cos(γd)W ) +

CD(α′d) (sin(γd)Vz − 2 cos(γd)Vx) +

CD(α′u) (−sin(β) sin(γu)W − 2 cos(β) cos(γu)W ) +

CD(α′u) (− sin(γu)Vz + 2 cos(γu)) +

CL(α′d) (− sin(β) cos(γd)W + 2 cos(β) sin(γd)W ) +

CL(α′d) (cos(γd)Vz + 2 sin(γd)Vx) +

CL(α′u) (sin(β) cos(γu)W − 2 cos(β) sin(γu)W ) +

CL(α′u) (cos(γu)Vz + 2 sin(γu)Vx) +

C ′D(α′d) (sin(β) cos(γd)W − cos(γd)Vz) +

C ′D(α′u) (− sin(β) cos(γu)W − cos(γu)Vz) +

C ′L(α′d) (− sin(β) sin(γd)W + sin(γd)Vz) +

C ′L(α′u) (− sin(β) sin(γu)W − sin(γu)Vz)] (A.15)
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∂fx
∂θ

=
ρA

m
[

CD(α′d)W

(
sin(γd)(sin(β)Vz − cos(β)Vx −

V 2
z + V 2

x

W
)

)
+

CD(α′d)W (2 cos(γd) cos(β)(Vz + sin(β)Vx)) +

CD(α′u)W

(
sin(γu)(sin(β)Vz − cos(β)Vx +

V 2
z + V 2

x

W
)

)
+

CD(α′u)W (2 cos(γu)(cos(β)Vz + sin(β)Vx)) +

CL(α′d)W

(
cos(γd)(sin(β)Vz − cos(β)Vx −

V 2
z + V 2

x

W
)

)
+

CL(α′d)W (−2 sin(γd)(cos(β)Vz + sin(β)Vx)) +

CL(α′u)W

(
cos(γu)(− sin(β)Vz + cos(β)Vx −

V 2
z + V 2

x

W
)

)
+

CL(α′u)W (2 sin(γu)(cos(β)Vz + sin(β)Vx) +

C ′D(α′d) cos(γd)
(
− sin(β)VzW + cos(β)VxW + V 2

z + V 2
x

)
+

C ′D(α′u) cos(γu)
(
sin(β)VzW − cos(β)VxW + V 2

z + V 2
x

)
+

C ′L(α′d) sin(γd)
(
sin(β)VzW − cos(β)VxW − V 2

z − V 2
x

)
+

C ′L(α′u) sin(γu)
(
sin(β)VzW − cos(β)VxW + V 2

z + V 2
x

)]
(A.16)
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∂fz
∂Ux

=
ρA

m
[

CD(α′d) (− sin(β) cos(γd)W + 2 cos(β) sin(γd)W ) +

CD(α′d) (cos(γd)Vz + 2 sin(γd)Vx) +

CD(α′u) (− sin(β) cos(γu)W + 2 cos(β) sin(γu)W ) +

CD(α′u) (− cos(γu)Vz − 2 sin(γu)Vx) +

CL(α′d) (sin(β) sin(γd)W + 2 cos(β) cos(γd)W ) +

CL(α′d) (− sin(γd)Vz + 2 cos(γd)Vx) +

CL(α′u) (− sin(β) sin(γu)W − 2 cos(β) cos(γu)W ) +

CL(α′u) (− sin(γu)Vz + 2 cos(γu)Vx) +

C ′D(α′d) (− sin(β) sin(γd)W + sin(γd)Vz) +

C ′d(α
′
u) (sin(β) sin(γu)W + sin(γu)Vz) +

C ′L(α′d) (− sin(β) cos(γd)W + cos(γd)Vz) +

C ′L(α′u) (− sin(β) cos(γu)W − cos(γu)Vz)] (A.17)
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∂fz
∂Uz

=
ρA

m
[

CD(α′d) (−2 sin(β) sin(γd)W − cos(β) cos(γd)W ) +

CD(α′d) (2 sin(γd)Vz − cos(γd)Vx) +

CD(α′u) (−2 sin(β) sin(γu)W − cos(β) cos(γu)W ) +

CD(α′u) (−2 sin(γu)Vz + cos(γu)Vx) +

CL(α′d) (cos(β) sin(γd)W − 2 sin(β) cos(γd)W ) +

CL(α6′d) (2 cos(γd)Vz + sin(γd)Vx) +

CL(α′u) (− cos(β) sin(γu)W + 2 sin(β) cos(γu)W ) +

CL(α′u) (2 cos(γu)Vz + sin(γu)Vx) +

C ′D(α′d) (− cos(β) sin(γd)W − sin(γd)Vx) +

C ′D(α′u) (cos(β) sin(γu)W − sin(γu)Vx) +

C ′L(α′d) (− cos(β) cos(γd)W − cos(γd)Vx) +

C ′L(α′u) (− cos(β) cos(γu)W + cos(γu)Vx)] (A.18)
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∂fz
∂ω

=
ρAh

m
[

CD(α′d) (− sin(β) cos(γd)W + 2 cos(β) sin(γd)W ) +

CD(α′d) (cos(γd)Vz + 2 sin(γd)Vx) +

CD(α′u) (− sin(β) cos(γu)W + 2 cos(β) sin(γu)W ) +

CD(α′u) (− cos(γu)Vz − 2 sin(γu)Vx) +

CL(α′d) (sin(β) sin(γd)W + 2 cos(β) cos(γd)W ) +

CL(α′d) (− sin(γd)Vz + 2 cos(γd)Vx) +

CL(α′u) (− sin(β) sin(γu)W − 2 cos(β) cos(γu)W ) +

CL(α′u) (− sin(γu)Vz + 2 cos(γu)Vx) +

C ′D(α′d) (− sin(β) sin(γd)W + sin(γd)Vz) +

C ′d(α
′
u) (sin(β) sin(γu)W + sin(γu)Vz) +

C ′L(α′d) (− sin(β) cos(γd)W + cos(γd)Vz) +

C ′L(α′u) (− sin(β) cos(γu)W − cos(γu)Vz)] (A.19)
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∂fz
∂θ

=
ρA

m
[

CD(α′d)W

(
cos(γd)(sin(β)Vz − cos(β)Vx −

V 2
z + V 2

x

W
)

)
+

CD(α′d)W (−2 sin(γd)(cos(β)Vz + sin(β)Vx)) +

CD(α′u)W

(
cos(γu)(sin(β)Vz − cos(β)Vx +

V 2
z + V 2

x

W
)

)
+

CD(α′u)W (−2 sin(γu)(cos(β)Vz − sin(β)Vx)) +

CL(α′d)W

(
sin(γd)(− sin(β)Vz + cos(β)Vx +

V 2
z + V 2

x

W
)

)
+

CL(α′d)W (−2 cos(γd)(Vz − tan(β)Vx)) +

CL(α′u)W

(
sin(γu)(sin(β)Vz − cos(β)Vx +

V 2
z + V 2

x

W
)

)
+

CL(α′u)W (2 cos(γu)(cos(β)Vz + sin(β)Vx)) +

C ′D(α′d) sin(γd)
(
sin(β)VzW − cos(β)VxW − V 2

z − V 2
x

)
+

C ′D(α′u) sin(γd)
(
− sin(β)VzW + cos(β)VxW − V 2

z − V 2
x

)
+

C ′L(α′d) cos(γd)
(
sin(β)VzW − cos(β)VxW − V 2

z − V 2
x

)
+

C ′L(α′u) cos(γd)
(
sin(β)VzW − cos(β)VxW + V 2

z + V 2
x

)]
(A.20)
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∂τ

∂Ux
=
hρA

I
[

CD(α′d) (− sin(β) sin(γd)W − 2 cos(β) cos(γd)W ) +

CD(α′d) (sin(γd)Vz − 2 cos(γd)Vx)

CD(α′u) (−sin(β) sin(γu)W − 2 cos(β) cos(γu)W ) +

CD(α′u) (− sin(γu)Vz + 2 cos(γu)) +

CL(α′d) (− sin(β) cos(γd)W + 2 cos(β) sin(γd)W ) +

CL(α′d) (cos(γd)Vz + 2 sin(γd)Vx) +

CL(α′u) (sin(β) cos(γu)W − 2 cos(β) sin(γu)W ) +

CL(α′u) (cos(γu)Vz + 2 sin(γu)Vx) +

C ′D(α′d) (sin(β) cos(γd)W − cos(γd)Vz) +

C ′D(α′u) (− sin(β) cos(γu)W − cos(γu)Vz) +

C ′L(α′d) (− sin(β) sin(γd)W + sin(γd)Vz) +

C ′L(α′u) (− sin(β) sin(γu)W − sin(γu)Vz)] (A.21)
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∂τ

∂Uz
=
ρAh

I
[

CD(α′d) (− cos(β) sin(γd)W + 2 sin(β) cos(γd)W ) +

CD(α′d) (−2 cos(γd)Vz − sin(γd)Vx) +

CD(α′u) (− cos(β) sin(γu)W + 2 sin(β) cos(γu)W ) +

CD(α′u) (2 cos(γu)Vz + sin(γu)Vx) +

CL(α′d) (−2 sin(β) sin(γd)W − cos(β) cos(γd)W ) +

CL(α′d) (2 sin(γd)Vz − cos(γd)Vx) +

CL(α′u) (2 sin(β) sin(γu)W + cos(β) cos(γu)W ) +

CL(α′u) (2 sin(γu)Vz − cos(γu)Vx) +

C ′D(α′d) (cos(β) cos(γd)W + cos(γd)Vx) +

C ′D(α′u) (− cos(β) cos(γu)W + cos(γu)Vx) +

C ′L(α′d) (− cos(β) sin(γd)W − sin(γd)Vx) +

C ′L(α′u) (− cos(β) sin(γu)W + sin(γu)Vx)] (A.22)
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∂τ

∂ω
=
ρA

3I
[

−CD(α′d)W sin(β) sin(γd)(6L
2 + 3h2 + d2) +

−CD(α′d)W cos(β) cos(γd)(3L
2 + 6h2 + d2) +

−CD(α′d)
(
−Vz sin(γd)(6L

2 + 3h2) + Vx cos(γd)(3L
2 + 6h2)

)
+

−CD(α′d)
(
Vzd

2(−(cos(β)2 + 1) sin(γd) + cos(β) sin(β) cos(γd))
)

+

−CD(α′d)
(
Vxd

2((2− cos(β)2) cos(γd)− cos(β) sin(β) sin(γd))
)

+

−CD(α′u)W sin(β) sin(γu)(6L
2 + 3h2 + d2) +

−CD(α′u)W cos(β) cos(γu)(3L
2 + 6h2 + d2) +

−CD(α′u)
(
Vz sin(γu)(6L

2 + 3h2) + Vx cos(γu)(−3L2 − 6h2)
)

+

−CD(α′u)Vzd
2((2− sin(β)2) sin(γu)− cos(β) sin(β) cos(γu)) +

−CD(α′u)Vxd
2((−1− sin(β)2) cos(γu) + cos(β) sin(β) sin(γu)) +

CL(α′d)W cos(β) sin(γd)(3L
2 + 6h2 + d2) +

−CL(α′d)W sin(β) cos(γd)(6L
2 + 3h2 + d2) +

CL(α′d)
(
Vz cos(γd)(6L

2 + 3h2) + Vx sin(γd)(3L
2 + 6h2)

)
+

CL(α′d)Vzd
2((1 + cos(β)2) cos(γd) + cos(β) sin(β) sin(γd)) +

CL(α′d)Vxd
2((2− cos(β)2) sin(γd) + cos(β) sin(β) cos(γd)) +

−CL(α′u)W cos(β) sin(γu)(3L
2 + 6h2 + d2) +

CL(α′u)W sin(β) cos(γu)(6L
2 + 3h2 + d2) +

−CL(α′u)
(
Vz cos(γu)(−6L2 − 3h2) + Vx sin(γu)(−3L2 − 6h2)

)
+

−CL(α′u)Vzd
2((−1− cos(β)2) cos(γu)− cos(β) sin(β) sin(γu)) +

−CL(α′u)Vxd
2((−2 + cos(β)2) sin(γu)− cos(β) sin(β) cos(γu)) + ...
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−C ′D(α′d)
[
W
(
cos(β) sin(γd)(3L

2 + d2)− sin(β) cos(γd)(3h
2 + d2)

)
+

Vz
(
3 cos(γd)h

2 + d2(sin(β)2 cos(γd)− cos(β) sin(β) sin(γd))
)

+

Vx
(
3 sin(γd)L

2 + d2(cos(β)2 sin(γd)− cos(β) sin(β) cos(γd))
)]

+

C ′D(α′u)
[
W
(
cos(β) sin(γu)(3L

2 + d2)− sin(β) cos(γu)(3h
2 + d2)

)
+

Vz
(
−3 cos(γu)h

2 + d2(− sin(β)2 cos(γu) + cos(β) sin(β) sin(γu))
)

+

Vx
(
−3 sin(γu)L

2 + d2(− cos(β)2 sin(γu) + cos(β) sin(β) cos(γu))
)]

+

−C ′L(α′d)
[
W
(
cos(β) cos(γd)(3L

2 + d2) + sin(β) sin(γd)(3h
2 + d2)

)
+

Vz ∗
(
−3 sin(γd)h

2 + d2(− sin(β)2 sin(γd)− cos(β) sin(β) cos(γd))
)

+

Vx
(
3 cos(γd)L

2 + d2(cos(β)2 cos(γd) + cos(β) sin(β) sin(γd))
)]

+

−C ′L(α′u)
[
W
(
cos(β) cos(γu)(3L

2 + d2) + sin(β) sin(γu)(3h
2 + d2)

)
+

Vz
(
3 sin(γu)h

2 + d2(sin(β)2 sin(γu) + cos(β) sin(β) cos(γu))
)

+

Vx
(
−3L2 cos(γu) + d2(− cos(β)2 cos(γu)− cos(β) sin(β) sin(γu))

)]]
(A.23)
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∂τ

∂θ
=
ρAh

I
[

CD(α′d)W

(
sin(γd)(sin(β)Vz − cos(β)Vx −

V 2
z + V 2

x

W
)

)
+

CD(α′d)W (2 cos(γd) cos(β)(Vz + sin(β)Vx)) +

CD(α′u)W

(
sin(γu)(sin(β)Vz − cos(β)Vx +

V 2
z + V 2

x

W
)

)
+

CD(α′u)W (2 cos(γu)(cos(β)Vz + sin(β)Vx)) +

CL(α′d)W

(
cos(γd)(sin(β)Vz − cos(β)Vx −

V 2
z + V 2

x

W
)

)
−

CL(α′d)W (2 sin(γd)(cos(β)Vz + sin(β)Vx)) +

CL(α′u)W

(
cos(γu)(− sin(β)Vz + cos(β)Vx −

V 2
z + V 2

x

W
)

)
+

CL(α′u)W (2 sin(γu)(cos(β)Vz + sin(β)Vx) +

C ′D(α′d) cos(γd)
(
− sin(β)VzW + cos(β)VxW + V 2

z + V 2
x

)
+

C ′D(α′u) cos(γd)
(
sin(β)VzW − cos(β)VxW + V 2

z + V 2
x

)
+

C ′L(α′d) sin(γd)
(
sin(β)VzW − cos(β)VxW − V 2

z − V 2
x

)
+

C ′L(α′u) sin(γd)
(
sin(β)VzW − cos(β)VxW + V 2

z + V 2
x

)]
(A.24)
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