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ABSTRACT 

Sedimentary basin geothermal resources are attractive sustainable heat sources because of the 

potential to displace fossil fuels, particularly in cold climate regions. A geothermal resource 

reconnaissance is presented for the Appalachian Basin surface heat flow, which is calculated at 

individual wells using temperature-depth data and generalized stratigraphy in a one-dimensional, 

steady-state, N-layer heat conduction model with two layers of radiogenic heat generation. Basin 

scale ordinary kriging, a common geostatistical method for geologic field assessment, is 

juxtaposed to spatially stratified ordinary kriging. The latter employs Poisson wavelet potential 

field edges to define prospective heat flow sub-provinces. The average structure of the surface 

heat flow spatial autocorrelation (the semi-variogram) within most sub-provinces is significantly 

different than the basin scale average structure. Thus, in the Appalachian Basin, for an accurate 

site-specific assessment of the mean surface heat flow and spatial prediction uncertainty, one 

should examine spatial autocorrelation at the scale of geologic subregions. 
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CHAPTER 1  

INTRODUCTION AND MOTIVATION 

1.1 Background 

Geothermal resources are appealing sustainable energy sources because of the potential to offset 

fossil fuels that are used for heating in a variety of low temperature (< 150 °C) applications (Fox, 

Sutter, and Tester, 2011; Lindal, 1973). Sedimentary basins are of interest for deep (1 km – 

10 km) geothermal exploration because of the blanketing effect provided by low thermal 

conductivity sedimentary rocks (e.g. shales) that trap heat within the basin. Sedimentary rocks 

also tend to contain radiogenic heat producing elements that, when spatially concentrated, 

contribute to thermal energy hot spots (e.g. Waples, 2002). Hot spots may also result from 

advection or convection of heat via groundwater migration through the basin rocks (e.g. 

Majorowicz and Jessop, 1981; Lewis and Beck, 1977). No matter the source of the thermal 

energy, locating these hot spots and quantifying the uncertainty in their temperatures at depth 

based on available measurements of the thermal field is of great importance at the exploration 

phase of geothermal resource reconnaissance because of the large cost of drilling a well (e.g. 

Lukawski et al., 2014). Avoiding cold spots is of similar economic importance for planning 

geothermal projects. 

Knowledge about the locations and temperatures of hot and cold spots may be useful for 

many fields of research in the geosciences. In sedimentary basins, present-day formation 

temperatures are used to constrain predictions of thermal maturation of hydrocarbons using 

thermochronology (e.g. Tissot, Pelet, and Ungerer, 1987), and are also used to constrain models 

that aim to reconstruct the thermo-tectonic basin history over geologic timescales (e.g. Rüpke et 

al., 2008). Hydrogeologists may be interested in hot and cold spots to examine whether or not 



 

2 

 

groundwater discharge or recharge zones exist, respectively (e.g. Blasch, Constantz, and 

Stonestrom, 2007), and the influence of groundwater advection with depth (e.g. regional heat 

flow variations resulting from orogenic recharge zones in Rao and Rao [1980]). Therefore, the 

methods and results presented in this thesis for sedimentary basin geothermal resources may 

benefit the fields in the geosciences that rely on temperature at depth and surface heat flow data. 

This thesis focuses on the Appalachian Basin as a case study for geothermal resource 

reconnaissance in sedimentary basins. The Appalachian Basin is a foreland basin that is bounded 

by the Appalachian Mountains in the east, and spans an area of about 480 000 km2 from Ontario, 

Canada to Alabama, USA (Ryder, 1995). The basin strata are as much as 9.8 km thick proximal 

to the Appalachian Mountains (WVGES, 2006), and thin westward to the Cincinnati Arch in 

Kentucky, the Findlay Arch in Ohio, and the Algonquin Arch in Ontario (Ettensohn, 2008). The 

sedimentary rocks overlie Precambrian Grenville basement rock (e.g. McLelland, Sellick, and 

Bickford, 2010) and span time periods from the Cambrian to the Permian. The preservation of 

strata from the Carboniferous Period through the Permian Period is less than older time periods 

as a result of approximately 260 million years (Ma) of erosion since the last major tectonic event, 

the Alleghanian Orogeny (Faill, 1998; also known as the Appalachian Orogeny). Relative to 

other continental settings, the Appalachian Basin thermal field is classified as a low temperature 

regime, with a surface heat flow that is representative of the Eastern United States stable 

continent heat flow province (Blackwell, 1971). 

 

1.2 Objectives 

The northern Appalachian Basin is located within a cold climate, and thus may be able to reap 

the benefits of geothermal energy, if it is competitive with other heating fuels in terms of 

economic, environmental, and other objectives, such as those considered in Jordan et al. (2015) 
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and Gemelli, Mancini, and Longhi (2011). In order to assess these interconnected objectives of 

geothermal energy development, the thermal field must be understood. The main objective of 

this thesis is to provide a methodology for geothermal resource reconnaissance, specifically 

coupling the output of well-specific numerical or analytical heat flow models with geostatistical 

techniques implemented at the basin scale. A major component of this study is the juxtaposition 

of two geostatistical methods, ordinary kriging (e.g. Aguirre [2014]; Delhomme [1978]) and 

stratified ordinary kriging (e.g. Chopra and Holgate [2005]; Boucneau et al. [1996]), in terms of 

accuracy and uncertainty in the predicted mean surface heat flow. Geostatistical stratification in 

this thesis is according to lateral boundaries, as opposed to the sub-horizontal boundaries that 

separate geological strata in a vertical column. These geostatistical methods may be applied to 

other properties of the thermal field, such as isotherm or isopach surfaces of depth to temperature 

and temperature at depth, respectively, but these results are not presented in this thesis. An 

example of the depth to 80 °C in the Appalachian Basin is provided in Jordan et al. (2015).  

 

1.3 Methods 

This section presents a summary of the major methodologies used for geothermal resource 

reconnaissance within this thesis. Further details may be found within the following chapters. 

A primary necessity for the careful evaluation of any geothermal field is an understanding of 

the native geology. Specific to sedimentary basin geothermal fields, the thickness of sedimentary 

rocks, the formations and their lithology must be understood for the purpose of constructing a 

volumetric representation of the basin strata. Further, the thermal conductivity of formations 

and/or lithologies must be assigned to the strata for the purpose of calculating heat transfer. The 

representation of the basin strata as thermal conductivity layers is referred to as the thermal 

conductivity stratigraphy throughout this thesis. Chapter 2 discusses and expands upon methods 
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used by others (e.g. Stutz et al., 2015, Blackwell et al., 2010) for efficiently assigning thermal 

conductivity stratigraphy to generalized stratigraphic columns developed by the American 

Association of Petroleum Geologists (AAPG, 1985a; 1985b) as part of the Correlation of 

Stratigraphic Units of North America (COSUNA) project. Chapter 2 also adopts and builds upon 

the methodology developed by Shope (2012) for filling in missing sedimentary rock information 

on COSUNA columns, particularly for the Rome Trough failed rift (Harris et al., 2002).  

A necessity for any geothermal field evaluation is temperature data. As a result of oil and gas 

drilling, the Appalachian Basin has abundant bottom-hole temperature (BHT1) measurements 

from wells; albeit they are of low quality because many were likely taken too soon after drilling 

activities to accurately reflect thermal equilibrium conditions. Recent work by Whealton (2015) 

and Whealton, Stedinger, and Horowitz (2015) used more reliable temperature data (drill stem 

tests and equilibrium temperature logs) to develop a set of BHT adjustment equations 

specifically for the Appalachian Basin of New York, Pennsylvania, and West Virginia. The 

equations presented in Whealton, Stedinger, and Horowitz (2015) are used to adjust BHTs in this 

thesis to approximations of thermal equilibrium conditions. 

BHTs in the Appalachian Basin were taken at a variety of depths corresponding to the depth 

of the resource that was targeted (e.g. oil and gas). If enough BHT points were spatially 

distributed in the volume of the basin, a three-dimensional representation of the thermal field 

could be constructed probabilistically using geostatistical techniques with these points (e.g. 

indicator kriging [Journel, 1983] in Marinoni, 2002); however the vertical dimension has an 

expected trend (e.g. the thermal gradient) that can be modeled by conduction heat transfer. 

Capturing the vertical trend with a heat conduction model can simplify geostatistical analysis of 

                                                 
1 Although some temperature measurements do not correspond to the bottom of the well, BHT is used as 

an abbreviation, per traditional use. 
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the three-dimensional thermal field to the derivation of two-dimensional surfaces (e.g. the 

surface heat flow or temperature at depth in Lee et al. [2010]). For evaluation of the geothermal 

field as a surface rather than a volume, the BHTs must be translated into a common thermal 

metric, such as the heat flow at the ground surface or a temperature at a depth of interest. 

Importantly, this translation comes with associated uncertainty, which is the result of 

uncertainties in the physical heat conduction model variables and parameters. The effects of 

these uncertainties are not propagated through to the overall uncertainty in the surface heat flow 

predictions in this thesis because the focus here is on spatial interpolation error. Including 

physical model uncertainty into the overall uncertainty of the predicted surface heat flow is left 

to future work, as discussed in Chapter 5. 

In this study, the thermal conductivity stratigraphy and the BHTs are used as inputs in a heat 

conduction model with N layers of thermal conductivity and two layers of radiogenic heat 

generation. A constant heat generation layer is used for sedimentary rocks, and an exponential 

decrease in heat generation with increasing depth is used for basement rocks (Lachenbruch, 

1968; 1970). The N layers correspond to N - 1 sedimentary rocks of different thermal 

conductivity, plus 1 layer of crystalline basement rock with uniform thermal conductivity. This 

heat conduction model calculates the geotherm profile and the surface heat flow at the location 

of individual wells. The geotherm in this thesis is defined as the temperature profile with depth 

for individual spatial locations. Chapter 3 presents the assumptions, parameters, and equations 

used in the heat conduction model. Appendix A provides derivations of analytical equations for 

the temperature at depth and the surface heat flow through up to N layers of thermal conductivity 

and heat generation. Appendix B provides a derivation of the one-dimensional vertical heat 

balance through the sedimentary and basement rocks. These derivations in Appendix A and 
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Appendix B update previously published equations by Blackwell, Negraru, and Richards (2007), 

and Stutz et al. (2012; 2015) for the 1) surface heat flow (includes heat generation), 2) 

conduction heat balance through two heat generation layers (includes a more conservative 

assumption about the decrease in heat generation with increasing depth), and 3) temperature at 

depth (reflects the assumptions of heat generation). Appendix C provides a discussion about 

potential uncertainties in the use of shallow groundwater temperature measurements taken by 

Gass (1982) as the representative annual average surface temperature throughout the 

Appalachian Basin.  

The properties of the thermal field calculated with the heat conduction model have a host of 

data quality issues. Classical geostatistical methods (Zimmerman and Stein, 2010) are generally 

not robust to outliers (Barnett and Lewis, 1978; Armstrong and Boufassa, 1988), which can 

affect the accuracy and perceived uncertainty of spatial regressions. Therefore, an exploratory 

spatial data analysis (ESDA; Anselin, 1999) of the calculated surface heat flow at well locations 

was used to detect potentially rogue data points and remove them prior to interpolation. Rogue 

data points are defined as those points that are unrepresentative of the local surface heat flow. 

These points may be a result of measurement errors, which are unrelated to the actual variations 

in the surface heat flow. Rogue points may also be a result of anomalies in the thermal field at 

very fine spatial scales due to geologic heterogeneities, or a result of localized physical processes 

that are not being accounted for, such as groundwater advection. Rogue points were censored 

from the dataset to arrive at a more reliable description of the surface heat flow for the 

Appalachian Basin on length scales that are of greater interest for geothermal projects. Further 

details about rogue data points are provided in Chapter 4.  
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In order to censor these rogue points from the data, the ESDA examined common data 

quality issues related to the use of BHT datasets (e.g. Demming, 1989). Then, a local spatial 

outlier detection was performed, followed by a spatial autocorrelation analysis via semi-

variograms. The spatial autocorrelation was examined at the basin scale, and at the scale of heat 

flow sub-provinces (e.g. Roy, Blackwell, and Birch, 1968; Rao, Rao, and Narain, 1976) that may 

exist within the Appalachian Basin. The sub-provinces were defined by interpreting Poisson 

wavelet gravity and magnetic potential field edges at depth, which were calculated by Horowitz 

(2015) for the Appalachian Basin. A description of how these potential sub-province boundaries 

were interpreted from the potential field edges is provided in Appendix D. The ESDA is 

presented in Chapter 4.  

Chapter 4 also presents a comparison of the mean and spatial prediction uncertainty of the 

surface heat flow for ordinary kriging using the basin scale semi-variogram, and stratified 

ordinary kriging using the semi-variograms for each sub-province. Using the methods presented 

in Shafer and Varljen (1990), jackknife 95% confidence intervals are provided for the semi-

variance structure in each sub-province and for the basin scale. The confidence intervals are used 

to evaluate the statistical significance of the sub-province semi-variance structure as compared to 

the basin scale semi-variance structure. The semi-variance structures for adjacent sub-provinces 

are also compared. A leave-one-out cross validation (e.g. for semi-variograms, Davis [1987]; for 

predictions, Voltz and Webster [1990]) was used to compare the basin scale ordinary kriging and 

the sub-province stratified ordinary kriging results. Semi-variograms of the cross validation 

residuals were used to evaluate how well spatial correlation of the surface heat flow was 

captured by each semi-variogram model. 
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1.4 Summary of Thesis Chapters 

This chapter presents background information on geothermal resource reconnaissance, specific 

to sedimentary basins, and provides an overview of the methods used in the following chapters. 

Chapter 2 presents a methodology for constructing the thermal conductivity stratigraphy for 

wells with BHT measurements. Chapter 3 presents a one-dimensional heat conduction model 

with two layers of radiogenic heat generation that analytically calculates the surface heat flow 

and the geotherm profile to a specified depth at each well location. Chapter 4 presents a 

methodology for estimating properties of the geothermal field via exploratory spatial data 

analysis and geostatistical interpolation. Two methods of interpolation are compared for the 

Appalachian Basin surface heat flow: 1) the commonly used ordinary kriging on a basin scale, 

and 2) stratified ordinary kriging within potential heat flow sub-provinces. Finally, Chapter 5 

provides a summary of the major findings presented in this thesis, and an outlook on future work 

that may be accomplished in these subject areas.
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CHAPTER 2  

ASSIGNMENT OF THERMAL CONDUCTIVITY STRATIGRAPHY TO INDIVIDUAL 

WELLS USING COSUNA COLUMNS 

2.1 Abstract 

In order to model heat transfer within a sedimentary basin, the thickness and the thermal 

conductivity of each formation need to be estimated from available stratigraphic information. 

The representation of the basin strata as thermal conductivity layers is referred to as the thermal 

conductivity stratigraphy. Lithologic and thickness information for the Appalachian Basin are 

available from the Correlation of Stratigraphic Units of North America (COSUNA) charts. 

However, these generalized charts contain limited information about structural features that 

affect the basin stratigraphy, and also do not contain thermal conductivities. Therefore, missing 

strata specific to a major structural feature, the Rome Trough, and some Lower Paleozoic strata 

were added to the COSUNA charts from published cross sections and theses. To assign thermal 

conductivities to lithologies, values from the better-sampled and historically similarly buried 

Anadarko Basin were used when Appalachian Basin values were not available. These lithology-

specific thermal conductivities were assigned to the primary, secondary, and subsequent 

lithologies that compose each formation on the COSUNA charts. To arrive at a mean thermal 

conductivity for each formation, a Monte Carlo analysis was used to account for uncertainties in 

formation lithologic composition. The methods presented in this chapter may be used to 

efficiently assign thermal conductivity stratigraphy in any sedimentary basin for which 

COSUNA or other generalized stratigraphy columns are available. In this thesis, the methods 

presented in this chapter are used to compute the thermal conductivity stratigraphy at the location 

of wells with a bottom-hole temperature measurement. 
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2.2 Definitions 

COSUNA column  A generalized representation of a vertical sequence of units in the 

subsurface, identified by lithology and ordered by geologic age. 

COSUNA section  Geographic area in which the COSUNA column was defined by AAPG 

(1985a; 1985b). 

Thermal The representation of the basin strata as thermal conductivity layers. 

Conductivity  

Stratigraphy 

Unit  A member, formation, or group. These are nested ranks. In general, the 

uniformity of lithology is greatest at the rank of member and decreases 

progressively through formation and group. 

   Group (Gp.)      A sequence of formations and/or members within a single named unit. 

   Formation (Fm.)       A sequence of members in a single named unit. 

   Member (Mbr.)      A layer, named or unnamed, in a group or formation. 

   Cohort An aggregation of units over multiple time horizons. These aggregate    

units have roughly equal thickness over the time horizons considered. 
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2.3 Introduction 

An important component of the calculation of the surface heat flow and the geotherm 

temperature profile with depth is the assignment of lithologic unit thicknesses and corresponding 

thermal conductivities to locations of wells that have bottom-hole temperature (BHT) 

measurements. The representation of a stratigraphic column as layers of thermal conductivity is 

referred to as the thermal conductivity stratigraphy. If detailed stratigraphy was available from 

spatially well distributed boreholes, and was also accessible in a format that allowed for 

systematic extraction of formation tops, the Appalachian Basin stratigraphy could be 1) inferred 

using these columns directly, as in Gianoutsos et al. (2014), 2) created as a set of polynomial 

surfaces that define the formation tops using trend surface analysis, as in Merriam and Lippert 

(1966), Chapman et al. (1984), and Mei (2009), or 3) constructed probabilistically using 

techniques such as indicator kriging (e.g. Journel, 1983), as in Marinoni (2002). For all of these 

methods of estimating the thickness of the basin strata, the thermal conductivity is also needed. 

In all of the above studies that required thermal conductivity, a single value was used for each 

formation. In all studies, the thermal conductivity values were taken from published values for 

the region of interest. If the composition of any layer is known to vary with spatial position, few 

studies have defined thermal conductivity functions to model the variability, as in Hodge and 

Fromm (1984). 

Detailed information about the basin strata are not readily available for the Appalachian 

Basin. As a result, previous regional studies (Stutz et al., 2015; Aguirre, 2014; Shope, 2012; 

Stutz, 2012; Frone and Blackwell, 2010) have relied upon the American Association of 

Petroleum Geologists (AAPG 1985a; 1985b) Correlation of Stratigraphic Units of North 

America (COSUNA) column charts. These charts provide representative lithology and 
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thicknesses assigned to broad sub-regions of the basin, within which the geology is fairly 

consistent (Figure 2.1).  

 

Figure 2.1: Map of the regions, referred to as COSUNA sections, whose generalized 

sedimentary rocks are described by single COSUNA columns. The sections used in this study are 

labeled by state, followed by the number of the column and, where needed, the cardinal direction 

in parenthesis. For Virginia, cardinal directions indicate separate columns for the eastern and 

western side of the North Mountain Fault or the Pulaski Fault. For Ohio, the cardinal direction 

indicates on which COSUNA sheet (North [N] or South [S] Appalachian Basin) the column can 

be found. The thickness of sedimentary rocks derived from the Trenton-Black River Project 

(WVGES, 2006; see Section 2.7) contours of Precambrian basement is shown for reference. 

COSUNA sections that intersect the Rome Trough (digitized from Repetski et al., 2008) require 

adjustment and addition of some units (discussed below).  
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The areas of the COSUNA sections vary greatly throughout the basin. The 21 smallest 

sections (minimum ~1000 km2, mean ~ 2000 km2, maximum ~3300 km2) are concentrated in the 

eastern margin of the basin along the Appalachian Mountains, where layering is more likely to 

be folded. The largest 25 sections (minimum ~4400 km2, mean ~ 13 900 km2, maximum ~29 300 

km2) are dispersed in the remaining portion of the basin where layers are more likely horizontal 

(Figure 2.1). 

Because a single COSUNA column applies to a broad area, yet the total thickness of the 

sedimentary rocks varies across each of those areas, it is necessary to scale the general COSUNA 

column unit thicknesses to the specific location of the well whose thermal conductivity 

stratigraphy is sought. A linear scaling of each unit was used to match the total COSUNA 

column thickness to the thickness of sedimentary rocks (WVGES, 2006) at the location of each 

well. With linear scaling of all units, any folding of individual units or a group of units across the 

spatial extent a COSUNA section is not necessarily captured. Instead, folding of individual units 

is implicitly distributed over all units in the column. Detailed information about folded units 

could be implemented, as described in Section 2.4, but such information was not readily 

available for this study. 

Scaling generalized stratigraphy to the thickness of sedimentary rocks at well locations 

allows for a rapid assignment of well stratigraphy, whereas a well-specific geological analysis 

would be implausible to complete in a timely manner. This approach is also amenable to Monte 

Carlo analysis of uncertain formation properties, which is presented in Section 2.5 for the 

assignment of thermal conductivity. 
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COSUNA Column Data 

Each COUSNA column provides a vertical sequence of named units, unit age 

(Ma), unit thicknesses (m), and by color indicates the dominant lithology (e.g. 

Figure 2.2). Additional, often more detailed, lithologic information from the 

United States Geological Survey (USGS) mineral resources website was 

added to the COSUNA units on a state-specific basis (e.g. for West Virginia, 

USGS, 2014). 

 

Figure 2.2: At right, West Virginia 9 COSUNA column from AAPG (1985a), 

reproduced and generalized without unit names and thicknesses. Time 

progresses upward from the bottom. Colors: Blue – carbonate; Pink – 

evaporite; Gray – Shale, mudstone, siltstone; Tan – Interbedded sandstone, 

siltstone, shale; Teal – Chert; Yellow – Sandstone, White – No rocks dated for 

this time range. Column shows examples of units occupying only portions of 

the column, and of multiple units in the same time period (Shale\Chert units in 

the middle of the column). 

 

A thickness range is reported for most units, and a single “normal” 

thickness is reported otherwise (Childs, 1985). The normal thickness is 

interpreted as being an average thickness for the COSUNA section, but this 

may not be the case. Additional uncertainties include some incomplete 

columns (some Lower Paleozoic units are missing) and some units that do not 

have reported thicknesses. For these columns and units, if cross sections 

within the COSUNA section were available, the units and approximate 

thicknesses were added from the cross sections (Table 2.1). If cross sections 

were not available, the missing information was documented (Table 2.2) and 

the columns were used as provided by AAPG (1985a; 1985b). 
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Summary of Desired Products 

The goal of this analysis is to efficiently assign a thermal conductivity stratigraphy to each well 

in the dataset. To arrive at this product, the time-based COSUNA columns had to be transformed 

into thickness-based columns with lithologically distinct rock units for the assignment of thermal 

conductivities. Therefore, unit lithology and thickness are the primary information to extract 

from COSUNA columns and organize into a useful format. A methodology for extracting this 

information is presented in the following sections of this chapter. 

 

Portions of this chapter were originally released with coauthors Dr. Teresa Jordan and Dr. 

Zachary Frone as a technical memo in a Department of Energy funded Low Temperature 

Geothermal Play Fairway Analysis for the Appalachian Basin project under award number DE - 

EE0006726 (Smith, Jordan, and Frone, 2015). Minor revisions have been made to the text, 

including the elimination of terminology specific to the DOE project, an extended introduction 

and conclusion, and additional references. The COSUNA columns and thermal conductivity data 

associated with this work may be downloaded from the Geothermal Data Repository (Cornell 

University, 2015). 

 

2.4 Method for Extracting Unit Thicknesses from COSUNA Columns 

The pictorial COSUNA column information was transferred into a spreadsheet that records as 

rows the individual named units of the COSUNA columns. Spreadsheet columns were assigned 

subsidiary information about each rock unit, including lithology and thickness. An effort was 

made to preserve as much detail as possible from the COSUNA columns. Groups and formations 

were split into the individual formations/members that comprised them, when possible. If a 

group/formation was all the same rock type (e.g. all limestone) then a single row in the 



 

20 

 

spreadsheet was used to represent the group/formation, and all formations/members composing 

the group/formation were listed in the row, ordered from the geological top downward. 

Occasionally, the minimum and maximum thickness of the formations/members did not sum up 

to the group/formation minimum and maximum thickness. In this case, each unit was listed in a 

separate row. A spreadsheet containing the processed COSUNA columns is available in the 

Geothermal Data Repository (Cornell University, 2015). Further information about this 

spreadsheet is provided in Section 2.7. 

 
Rome Trough Units 

The COSUNA columns reported knowledge that existed up to the date of publication in 1985, 

and they are spatially simplified such that lateral variability, which likely occurs across 

individual faults or folds, is not necessarily represented (Childs, 1985). In some cases, 

knowledge of structural features today known to be important, such as the Rome Trough failed 

rift system (Harris et al., 2002), were not integrated into the early 1980’s COSUNA data 

compilation. For the case of the Rome Trough (Figure 2.3), knowledge of the thicknesses of the 

deeply buried Appalachian Basin sedimentary units evolved significantly as the spatial extent of 

very deep drilling increased, and as deep penetration reflection seismic data progressively moved 

into the public domain. Thus, the COSUNA columns characterize well the Lower Paleozoic units 

of the Kentucky sector of the Rome Trough, but lack this information for parts of West Virginia 

and Pennsylvania. Therefore, adjustment of several COSUNA columns was completed to 

account for the Rome Trough units and associated thicknesses (Table 2.1). The Rome Trough 

was located within portions of each of the COSUNA sections listed in Table 2.1, so the addition 

of these units only applies to the portions of the COSUNA column located within the Rome 
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Tough (Figure 2.1). The thickness change represents the additional thickness of Lower Paleozoic 

strata for the Rome Trough portion of the COSUNA section. 

 

 

Figure 2.3: Map illustrating the location of the Rome Trough (light brown shading) from 

Repetski et al. (2008). There is little disagreement among researchers about the location of the 

southwestern half of the Rome Trough (southern Pennsylvania, West Virginia, and Kentucky). 

However, there is a high degree of uncertainty about location and magnitude of this deeply 

buried feature in central and northern Pennsylvania, as well as in southernmost New York (e.g., 

Harper, 2004).  
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Table 2.1: Rome Trough units and sources of information. Details for each unit are provided in a 

spreadsheet (COSUNA_Columns_NY-PA-WV-VA-OH-KY-MD.xlsm). Units on the left of 

forward slashes overlie units on the right of forward slashes. Units listed have been added to the 

bottom of the COSUNA columns, unless otherwise stated. The average thickness change is 

relative to the COSUNA columns without Rome Trough adjustment, unless otherwise stated. 

 

COSUNA 

Section 

Units Added to the Bottom of the 

Original COSUNA column 

Average 

Thickness 

Change (m) 

Sources 

PA17 
Pleasant Hill Fm. / Waynesboro Fm. / 

Tomstown Dolomite / Basal Sandstone 
+ 1635 Shope (2012) MS Thesis 

PA18 Waynesboro Fm. / Tomstown Dolomite + 404 
USGS Cross Section B-B' 

(Ryder, 1992) 

PA21 

Unnamed shale added between Gatesburg 

Fm. and Warrior Fm.  

Beekmantown Fm. thickness increased 

within the Rome Trough. 

+ 577 
USGS Cross Section B-B' 

(Ryder, 1992) 

PA22 

None added.  

Lacking further information, maximum 

thickness was used as the “assumed” 

thickness for Rome Trough units only. 

This had minimal impact on the total 

column thickness. 

+ 46.5 

No cross sections were found 

that pass through the Rome 

Trough portion of this 

COSUNA section. 

WV1 

Tomstown Dolomite (i.e. Shady 

Dolomite) added between the Rome Fm. 

and basal sandstone. 

Adjusted thicknesses of the Conasauga 

Fm. and Rome Fm. 

+ 1309 

Plate 10A, Rome Trough 

Consortium Final Report (Harris 

et al., 2002) 

WV2 

Rome Fm. added between Conasauga Fm. 

and Tomstown Dolomite.  

Adjusted thicknesses of Conasauga Fm. 

and Tomstown Dolomite. 

+ 976 

Plate 12A, Rome Trough 

Consortium Final Report (Harris 

et al., 2002) 

WV8 

Added Waynesboro Fm. and basal 

sandstone.  

Adjusted the Conasauga Fm. thickness 

Increased Dunkard Gp. thickness in the 

Rome Trough.  

+ 1775 

USGS Cross Section E-E' 

(Ryder et al., 2008) and Plate 

14A, Rome Trough Consortium 

Final Report (Harris et al., 

2002) 

WV9 

Rose Run Sandstone / Copper Ridge 

Dolomite / Nollchucky Shale / Maryville 

Limestone / Rogersville Shale / Pumpkin 

Valley Shale / Waynesboro Fm. / 

Tomstown Dolomite / Chilhowee Gp.  

None of these units were on COSUNA. 

Few are exclusive to the Rome Trough. 

+ 1700 to 

original 

column.  

 

+ 1828 in 

the Rome 

Trough  

USGS Cross Section E-E' 

(Ryder et al., 2008) and Plate 

15A, Rome Trough Consortium 

Final Report (Harris et al., 

2002) 

KY18 None added. See Equation 2.1. + 1449 

COSUNA column contains 

thickness ranges for each unit in 

the Rome Trough. 
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The COSUNA columns are as much as 1775 m thicker on average in the Rome Trough than 

outside of the Rome Trough (Table 2.1). This thickness change might occur: 1) over a horizontal 

distance of a kilometer if the trough at this location is bounded by a single major fault, 2) across 

a series of hundred-meter-scale steps spanning a width of 10 km to 30 km via a series of minor 

faults, or 3) progressively across a wide ramp (Figure 2.4). Ideally, the style of the structural 

border zone would be known and dictate the thickness of strata assigned to each well. But that 

information is not known or not available, and a simplified strategy is needed for the assignment 

of the total sedimentary rock thicknesses across the borders of the Rome Trough.  

The map of sedimentary rock thickness (WVGES, 2006; Figure 2.1) governs the thickness 

transition across the Rome Trough boundary via scaling of the COSUNA columns (described 

below). Therefore, it is more important to capture the lithologic differences in and out of the 

Rome Trough with the COSUNA columns than it is to have a thickness scaling factor for 

columns containing the Rome Trough based on, for example, distance to the Rome Trough 

boundary. As a result, the method adopted here is to use a sharp division of column thickness 

across the Rome Trough boundaries, and allow the scaling to the sedimentary rock thickness to 

account for the “true” thickness change across the various boundaries of the Rome Trough. 



 

24 

 

 

Figure 2.4: Depth sections of the Rome Trough in southwestern West Virginia (top) and 

northernmost West Virginia (bottom) that were constructed by Wilson (2000) based on seismic 

reflection data. Named units refer to ones that are readily recognized on seismic profiles; 

numerous intervening layers exist but are not labeled. Units deeper than roughly 4000 m are 

thicker within the Rome Trough than outside of it. The east side of the Rome Trough displays a 

change in thickness over a very short distance, from thin outside of the trough to thick within the 

trough, due to crossing the existence of a single fault zone. In contrast, the western margin 

displays changes across a gradual ramp (top) and a complex set of faults (bottom).  

 



 

25 

 

Addition of Rome Trough Units to COSUNA Columns 

The units added to each column are provided in Table 2.1. Most columns simply required the 

addition of Lower Paleozoic strata. Column KY18 was unique in that it contained thicknesses of 

Rome Trough units on the COSUNA charts, but a spatial division for units in and out of the 

Rome Trough was not provided. For example, the thicknesses of units at the bottom of the 

column ranged from about 1700 m to 4700 m, which suggests that the KY18 section straddles 

one or more faults that comprise the borders of the Rome Trough (Figure 2.1). Lacking spatial 

information about the transition between these thicknesses, Equation 2.1 was used to assign the 

unit thicknesses in and out of the Rome Trough from the Brassfield Dolomite to the basal 

sandstone 

𝑇ℎ𝑖𝑐𝑘 = {
𝑇ℎ𝑖𝑐𝑘𝑎 +

[𝑇ℎ𝑖𝑐𝑘𝑚𝑥  −  𝑇ℎ𝑖𝑐𝑘𝑎]

2
    , In Rome Trough

𝑇ℎ𝑖𝑐𝑘𝑎 − 
[𝑇ℎ𝑖𝑐𝑘𝑎  −  𝑇ℎ𝑖𝑐𝑘𝑚𝑛]

2
          , Not in Rome Trough

 

  [2.1] 

where Thick is the assumed thickness of the unit, Thicka is the COSUNA based average thickness 

of the unit, Thickmx is the COSUNA based maximum thickness of the unit, and Thickmn is the 

COSUNA based minimum thickness of the unit. Equation 2.1 was only used for Rome Trough 

units in column KY18. 

 
Unit Thickness Determination 

Sorting information from COSUNA columns into useful unit thicknesses is not a trivial task 

because the primary organization scheme for COSUNA columns is geologic age, not 

stratigraphic unit. The simplest units to assign thicknesses to are those that are found uniformly 

throughout a given COSUNA section. However, it is common for a geological unit to be found 
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in only a portion of the section, and for another age-equivalent unit (or units) to occur elsewhere 

in the section. Physically, this means that for the same time of deposition more than one unit 

formed within the COSUNA section; however there is no guarantee that the thickness or 

lithology of these units were equivalent during that time period. 

 
Multiple Units for the Same Time of Deposition 

Unequal unit thickness within a section at a time of deposition may result from variations in 

sediment supply, subsidence, or post-depositional erosion. The width of the unit on the 

COSUNA column chart (e.g., Figure 2.2) represents the approximate proportion of area within 

the corresponding COSUNA section occupied by that unit. In the case of equal or roughly equal 

thicknesses for each unit during a time of deposition, a weighted average of the unit thicknesses 

was taken according to the proportion of the column width occupied by each unit. The weighted 

thickness of each unit is calculated using Equation 2.2 

𝑇ℎ𝑖𝑐𝑘𝑤 =∑𝑇ℎ𝑖𝑐𝑘i ∗ 𝑤i

N

i=1

,   0 < 𝑤i ≤ 1 

    [2.2] 

where wi are the weights that are determined from the proportion of the column width for unit i, 

Thicki is the thickness of unit i, and Thickw is the weighted thickness of the units. The weights in 

Equation 2.2 must sum to the total extent of the unit(s) within the COSUNA section. For 

instance, for a single time period, if Gp. 1 was in 10% of the column, Gp. 2 was in 20% of the 

column, and Gp. 3 was in 50% of the column, the sum of the weights would be 0.8, indicating 

that for this time period, units were only present in 80% of the COSUNA section. If the lithology 

associated with these units was different, a note was made regarding the percentage of each rock 

type for this time period. 
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Unequal Unit Thicknesses for the Same Time of Deposition 

In the case of unequal unit thicknesses or complexities in the arrangement of units for a time 

period of deposition (e.g. Figure 2.5), the best effort was made to aggregate a time sequence of 

formations/units into cohorts of roughly equal thickness. Finding cohorts of equal thickness 

alleviates the problem of having thicknesses specified for a portion of the section and not in 

others (e.g. Hampshire compared to Ohio and Chemung in Figure 2.5). Equation 2.2 was applied 

to determine the weighted thickness when suitable cohorts were found. Then, the percentage of 

each rock type within the cohort was determined according to the thickness of the units within 

the column. For example, in Figure 2.5, because each rock unit occupies a different portion of 

the section and a different amount of time, 4 cohorts were established that each occupy 

approximately 25% of the section. The average thickness is determined from the average of the 

cohort thicknesses: 1) 817.5 m Ohio/Java in 25% of the column, 780 m Chemung/lower 

Huron/Java in 25% of the column, 767.5 m Hampshire/Chemung/Java in 25% of the column, 

and 700 m Hampshire/Chemung in 25% of the column. The average thickness is 766.25 m, and 

the average lithology is 59% interbedded sandstone, siltstone, and shale, 35% shale/shale, 

mudstone, siltstone, and 6% sandstone. 
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Figure 2.5: Example of sedimentary rock cohorts, reconstructed from the West Virginia 3 

COSUNA column (AAPG, 1985a). The colors correspond to the scheme in Figure 2.2. Four 

cohorts were made from this section of the column: 1) Ohio / Java, 2) Chemung / lower Huron / 

Java, 3) Hampshire / Chemung / Java, and 4) Hampshire / Chemung.  

 

Incomplete COSUNA Columns 

Some of the COSUNA columns state that older rocks are unknown, or it is clear that the columns 

do not include sedimentary rock information down to the basement rocks. These COSUNA 

columns are listed in Table 2.2. Finding the thicknesses of the units that comprise the oldest 

sedimentary rocks in these COSUNA sections would be helpful to improve the accuracy of the 

COSUNA column approach. These missing units are especially important when 1) the thermal 

conductivity of the missing units differs greatly from the units listed at the bottom of the column 
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that would be stretched to occupy that space, and 2) the known units are stretched so much that 

their position or thickness in space is exaggerated. 

Table 2.2: COSUNA columns with unknown or missing sedimentary rock information. 

 

Column Missing Sedimentary Rock Information 

PA22 
Column does not reach basement rocks, but does have some Lower Paleozoic 

units present (e.g. Beekmantown Fm.). 

PA23 

Column goes to the Beekmantown Fm., undifferentiated, but states that older 

rocks are unknown. Even so, the minimum and maximum COSUNA 

thicknesses coincide well with the WVGES (2006) map of sedimentary rock 

thickness (Figure 2.1). 

PA24 

There is a split in the column, with one side having thousands of meters thicker 

sedimentary rocks than the other. Knowing where geographically this split 

occurs would allow for splitting the column into two columns for this section. 

The COSUNA thickness that is assumed for this section is near the maximum 

thickness of sedimentary rocks on the map by WVGES (2006). 

WV3 

Cambrian and older rocks are unknown in the column. Beekmantown Fm. is the 

oldest formation. It is possible that no information is missing because the 

maximum thickness of sedimentary rocks according to WVGES (2006) is 

contained within the COSUNA column thickness range. 

MD12 and 

MD13 

Juniata Fm. is the oldest unit recorded. These columns have the most time 

missing of all the columns. In terms of thickness, as much as 3 km are missing 

based on the WVGES (2006) map. 

VA4 
Possible formations missing based on the map of sedimentary rock thickness, 

which ranges from 4.5 km - 7 km thickness in this section (WVGES, 2006) 

VA24 
Possible formations missing based on the map of sedimentary rock thickness, 

which ranges from 4.5 km – 5.5 km thickness in this section (WVGES, 2006) 

 

COSUNA Column Scaling to Basement 

The COSUNA column thickness is at best an average of the sedimentary rock thickness within a 

section; however the actual thickness of sedimentary rocks within a section may vary greatly 

from the COSUNA derived thickness. Variations may occur due to missing units (Table 2.2), 

and due to variability in the thickness of sedimentary rocks throughout the COSUNA section 

(Figure 2.1). To capture variations in the thickness of sedimentary rocks within a COSUNA 

section, the COSUNA column unit thicknesses were scaled to match the sedimentary rock 

thickness map derived from the Trenton-Black River Project (WVGES, 2006) according to 

Equation 2.3. Scaling is performed such that all units are adjusted linearly by the fractional 
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thickness between the assumed true thickness of sedimentary rocks (WVGES, 2006) and the 

COSUNA column sedimentary rock thickness. For example, when the “true” depth to basement, 

𝑍𝑠𝑇𝑟𝑢𝑒 , is less than the assumed COSUNA column depth to basement, 𝑍𝑠𝐶𝑂𝑆𝑈𝑁𝐴 , the scaled unit 

thickness, Thickscale, is less than the unscaled unit thickness, Thickunscale, and vice versa. 

𝑇ℎ𝑖𝑐𝑘𝑠𝑐𝑎𝑙𝑒 = 𝑇ℎ𝑖𝑐𝑘𝑢𝑛𝑠𝑐𝑎𝑙𝑒 ∗ (
𝑍𝑠𝑇𝑟𝑢𝑒
𝑍𝑠𝐶𝑂𝑆𝑈𝑁𝐴

) 

               [2.3] 

One problem with this approach is that, lacking further information about the missing units, 

the COSUNA column is (incorrectly) assumed to contain only those units reported by AAPG 

(1985a; 1985b). This is most troublesome when the thermal conductivity of the missing units 

differs greatly from the units that would be stretched to occupy that space. Another problem is 

that the scaled unit thickness can be less than the COSUNA-stated minimum possible unit 

thickness or greater than the COSUNA-stated maximum possible unit thickness. Correcting this 

problem would require a preferential scaling of units, such that some units would be adjusted 

first, and the remaining units scaled iteratively to match the “true” depth to basement. To avoid 

this complication, Equation 2.3 is used as written, and all units are equally scaled. 

If a particular unit or group of units were known to vary in thickness across any section, the 

variation could be modeled as a function of spatial position. Those modeled units could be 

excluded from scaling because their thickness is taken to be a known value. No units in this 

study were modeled in this manner.  
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2.5 Method for Assigning Thermal Conductivities to COSUNA Stratigraphy 

Accurate assignment of thermal conductivities to basin units is important for an accurate model 

of the geotherm temperature profile for each well. The best case scenario would be to have 

multiple studies of in-basin thermal conductivity measurements for each unit. This is unrealistic 

for most basins, and the Appalachian Basin is no exception. When available, studies from the 

Appalachian Basin were used. In the absence of conductivity measurements for the basin, values 

from basins that have experienced similarly deep burial provide insight into conductivities that 

may be appropriate because of an expected decrease in rock porosity (which increases thermal 

conductivity [Ouali, 2009; Walsh and Decker, 1966]) as a result of prolonged burial. Water is 

assumed to fill the pore spaces of the rocks in the Appalachian Basin, which will cause the 

thermal conductivities to be greater than their dry, air-saturated state (Clauser and Huenges, 

1995). 

 
Selected Published Thermal Conductivity Values by Lithology 

Carter et al. (1998) was the primary source used for thermal conductivity values when basin-

specific information was not available. Their samples were taken from the Anadarko Basin, 

which has a similarly deep burial history as the Appalachian Basin. Relative to present depths, 

multiple studies suggest that the eastern margin of the Appalachian Basin was buried an 

additional 3 km to 4 km (e.g. Rowan, 2006; Reed et al., 2005; Johnsson, 1986), and the western 

margin in the New York-Pennsylvania-West Virginia region of interest was buried up to an 

additional 2 km (e.g. Rowan, 2006; Johnsson, 1986); whereas the Anadarko basin was buried up 

to 1.5 km deeper (Carter et al., 1998). Carter et al. (1998) measured water-saturated thermal 

conductivity values on cores from the Anadarko Basin, and presented average values for the 

major lithologies. The average thermal conductivities from Carter et al. (1998) and the associated 
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uncertainty about the average values are listed in Table 2.3. Thermal conductivity values for 

other lithologies are also provided. The thermal conductivities have not been adjusted for 

formation depth or temperature (e.g. Birch and Clark, 1940; Clauser and Huenges, 1995); 

however these affects may be captured by the use of conductivities from a similarly deeply 

buried basin. 

Table 2.3: Thermal conductivities, uncertainty, and sample size. The uncertainty is the standard 

deviation about the mean. 

 

Lithology 

Average 

Thermal 

Conductivity 

(W/[m °C]) 

Uncertainty, 

1 standard 

deviation 

(W/[m °C]) 

Number of 

Samples 
Reference and Notes 

Sandstone 4.27 1.19 118 Carter et al. (1998) 

Siltstone 2.34 0.768 31 Carter et al. (1998) 

Shale / Mudstone 1.5 0.466 57 Carter et al. (1998) 

Black Shale 0.9 0.06 
 

From Cercone, Demming, and 

Pollock (1996)  

Conglomerate 4.13 0.396 5 
Used Granite Wash from Carter 

et al. (1998) 

Chert 4.12 0.41 
 

Average of Chert and Flint 

from Horai (1971) 

Hematite in 

Clinton Group 
5.92 0.43 

 

Conductivity is an average of 

temperature dependent values 

for the mineral Hematite from 

0-200°C from Mølgaard and 

Smeltzer (1971) 

Limestone 2.91 0.371 56 Carter et al. (1998) 

Dolomite 4.5 0.412 5 Carter et al. (1998) 

Anhydrite 6.68 0.319 3 Carter et al. (1998) 

Salt / Evaporite 6 1 
 

Value for Halite at ~25°C, 

Thermal conductivity of Halite 

is highly temperature 

dependent. From Birch & Clark 

(1940) 

Gneiss 2.5 0.5 
 

Clauser, 2011 

Marble 3.0 0.5 
 

Clauser, 2011 

Quartzite 5.0 0.5 
 

Clauser, 2011 
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Formation-Specific Thermal Conductivity 

Each formation was assigned a thermal conductivity based on the harmonic average of the 

thermal conductivities listed in Table 2.3 for the lithologies present within the formation. The 

approximate composition rank of lithologies (e.g. primary, secondary, etc.) within each 

formation was determined from the USGS as listed on the USGS Mineral Resources website, 

specific to each state (e.g. for West Virginia, USGS, 2014). Final thermal conductivity values for 

the formations were determined using a Monte Carlo analysis with 106 iterations, for which 

percentages corresponding to ranks of the lithologies were varied as follows. 

For each lithology in a given formation, a truncated normal distribution of conductivity 

values and a random percentage were assigned. The normal distribution was truncated at two 

standard deviations from the mean thermal conductivity for the lithologies in Table 2.3 in order 

to prevent 1) egregiously large or small values of thermal conductivity for any lithology, and 2) 

negative values for lithologies with large uncertainty. The random percentage assigned to each 

lithology for each Monte Carlo replicate represents the percent of the formation composed of 

each lithology. The sum of the percentages is 100 for each replicate. The highest percentage is 

assigned to the major (primary) lithology as determined from the USGS, the next highest 

percentage was assigned to the secondary lithology, and so on. All lithologies had to be assigned 

a percentage of at least 5% in each Monte Carlo iteration. The distribution of conductivity values 

and the random percentage for each lithology were used to calculate the harmonic average 

thermal conductivity for each replicate, which assumes that the different lithologies are 

horizontal layers within each formation. The reported value of thermal conductivity for each 

formation is the mean of the formation thermal conductivity for the 106 replicates. The reported 

uncertainty is the standard deviation of the 106 values of the formation thermal conductivity. 
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These results are available in three files on the Geothermal Data Repository 

(NY_Conductivity_final.xlsx, PA_Conductivity_final.xlsx, and WV_Conductivity_final.xlsx). 

Section 2.7 contains further details about these files. 

 
COSUNA Unit-Specific Conductivity 

The thermal conductivity for each unit in the COSUNA column was assigned based on the 

output of the Monte Carlo analysis if the formations/members composing the unit were available 

on the USGS website. If a formation was not listed on the USGS website, it was not subject to 

the Monte Carlo analysis and the COSUNA listed lithology was used instead, with the 

percentage of each rock type in the unit resulting from the COSUNA formation thicknesses (see 

Section 2.4). In this case, thermal conductivities in Table 2.3 were used directly for each 

lithology. If only a group name was listed for the COSUNA unit, then the undifferentiated 

conductivity for the group was used, if available from the Monte Carlo analysis. If it was not 

available, then a simple average of thermal conductivity for the COSUNA lithologies was used. 

There is room for improvement with this method of assigning thermal conductivities to units. 

For example, a literature review for published values of thermal conductivity for each formation 

on a state-by-state basis could be conducted for more accurate values. Additionally, the data 

from the ongoing West Virginia University thermal conductivity study (B. Anderson, personal 

communication, 2015) can be used to inform values to use for the Appalachian Basin. 
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2.6 Conclusions 

This chapter presents a methodology for efficiently constructing the thermal conductivity 

stratigraphy for many wells using the generalized COSUNA stratigraphic column thicknesses 

and lithologies. This method serves as an alternative to the time demanding extraction of detailed 

stratigraphy from many wells. It may also be useful when spatially limited formation top 

information is available for a region. This chapter discusses methods for including structural 

features of interest that impact the sedimentary rock thickness, such as the Rome Trough. Similar 

methods may be adopted in other basins that have variable and unknown sedimentary rock 

thicknesses and formations across a large extent of the basin. A Monte Carlo analysis of 

lithologic composition is used to compute the harmonic average thermal conductivity for each 

formation, along with the associated uncertainty, in order to arrive at the thermal conductivity 

stratigraphy columns for the basin. The thermal conductivity stratigraphy is a necessary 

component for the calculation of the geotherm profile and the surface heat flow in any heat 

transfer model, such as the one presented in Chapter 3.  
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2.7 Related Data 

The files referenced in this chapter are available in the Geothermal Data Repository (Cornell 

University, 2015). This section provides a brief description of their attributes. 

1.     COSUNA_Columns_NY-PA-WV-VA-OH-KY-MD.xlsm 

Fields: 

Unit  The group, formation, member, or cohort names. 

ColumnMin  The minimum thickness of the group, formation, member, or cohort based 

on the spatial extent of the unit in the COSUNA section (m). 

Unit Min  The minimum thickness of the unit(s), as listed (m). 

Unit Max  The maximum thickness of the unit(s) as listed (m). 

Min(avg) The weighted average minimum thickness of the group, formation, 

member, or cohort from Equation 2.2 (m). 

Max(avg) The weighted average maximum thickness of the group, formation, 

member, or cohort from Equation 2.2 (m). 

Assumed The assumed thickness of the unit. This is the average of the “Min(avg)” 

and “Max(avg)” (m). 

Rock Type The COSUNA listed rock type for the group, formation, or unit. 

Shope Conductivity  The conductivity assigned by Shope (2012). Only applies to NY and PA 

columns. (W/[m °C]).  

Carter Conductivity  The calculated mean thermal conductivity from the Monte Carlo analysis 

of the State Specific Thermal Conductivities (primary; see 3 below) or the 

values in Carter (1998) for each lithology (W/[m °C]). 
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USGS Lithology  The lithology of the unit as listed on the USGS Mineral Resources 

website, specific to each state (e.g. USGS, 2014). 

Example: 

The assumed thickness accounts for the presence of multiple units during the same time period, 

units located in a portion of the section, and the minimum and maximum possible thickness of 

the unit in the section. For example, if a unit was listed as 5 m to 10 m thick, but was present in 

only 50% of the column, then the “Column Min” would be 0 m, the “Unit Min” would be 5 m, 

the “Unit Max” would be 10 m, the “Min(avg)” would be 2.5 m, and the “Max(avg)” would be 5 

m, and the “assumed” thickness would be 3.75 m. 

Color Scheme: 

The rock types are color coded according to a key in the far right of each COSUNA column 

(Table 2.4). The color red is reserved as meaning “questionable”. For instance, columns that do 

not have Lower Paleozoic rocks (Table 2.2) are highlighted in red at the bottom of the column. 

Table 2.4: Color key for COSUNA column lithology in the spreadsheet. 

 

Rock Types Color 

Sandstone Yellow 

Shale, Mudstone, Siltstone Light Gray 

Interbedded Sandstone, 

Siltstone, Shale 

Light Brown 

Carbonate Light Blue 

Conglomerate Orange 

Evaporite Pink 

Metamorphic Dark Brown 

Volcanic Light Green 

 



 

38 

 

2.   CarterConductivities.xls 

Fields: See Table 2.3. 

 

3. State Specific Thermal Conductivities: NY_Conductivity_final.xlsx, 

PA_Conductivity_final.xlsx, and WV_Conductivity_final.xlsx 

Fields: 

Group The group name. 

Unit   The unit name. 

Lithology  The COSUNA listed lithology. 

USGS Lithology The USGS listed lithology. 

Lithologic   The major and minor lithologies for the unit. 

Constituents 

Thermal   The thermal conductivities corresponding to the constituents (W/[m °C]). 

Conductivity 

Standard   One standard deviation for the constituent thermal conductivities 

Deviation  (W/[m °C]). 

Thermal   The mean thermal conductivity after the Monte Carlo simulation  

Conductivity  (W/[m °C]). 

1- One standard deviation from the mean thermal conductivity in the Monte 

Carlo simulation (W/[m °C]). 
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4.  AllCosunaSections.shp 

Attribute Metadata: 

Name  The COSUNA Section name. 

COSUNA_ID A unique 6-digit ID code has been assigned to each COSUNA section 

within the shapefile. The first two digits are the column number, the 

second two digits (01 or 02) indicate whether the COSUNA column may 

be found in the Northern Appalachian Region (AAPG, 1985a) (01) or in 

the Southern Appalachian Region (AAPG, 1985b) (02), and the final two 

digits (00, 01, or 02) indicate whether the column is for the East column 

(01), West column (02), or not listed (00). Only Virginia COSUNA 

columns stated East and West because a geographic split in the geology 

occurred as a result of major faults. 

 

5.  TBRSedimentThickness 

Description: 

The map of sedimentary rock thickness in Figure 2.1 was created from the Trenton-Black River 

(TBR) project structural contours of the Precambrian basement, relative to mean sea level 

(WVGES, 2006). These structural contours were converted to a raster file in ArcMap 10.2 

(ESRI, 2015; Contour to Raster tool). The raster represents the depth to the Precambrian 

basement from mean sea level. The raster was processed to represent the sedimentary rock 

thickness by adding the elevation using 30 m resolution DEMs from the USGS National Map 

(2015) that were mosaicked together into a single DEM for the region using ArcGIS (Mosaic 

tool). Finally, the resulting TBR raster was manually clipped to an approximate 10 km distance 
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from the extent of the Precambrian contour lines to avoid extrapolation of the sedimentary rock 

thickness beyond the data support. This clip did not greatly impact the number of wells capable 

of being used in the assessment of the thermal field for the basin. 

The accuracy of this map of sedimentary rock thickness was in question for West Virginia 

because of thickness differences on the order of kilometers compared to the more recent map of 

sedimentary rock thickness by Mooney (2011). Upon inspection, the map created by Mooney 

(2011) was derived from 1985 data, which is before detailed knowledge of structural features of 

importance, such as the Rome Trough in West Virginia, were established in portions of the 

Appalachian Basin. To check the accuracy of the TBR derived sedimentary rock thickness map, 

a set of wells, with detailed stratigraphic information that were drilled into the Martinsburg 

formation or deeper in West Virginia, were used. First, the well-reported depth to the touchdown 

formation top was compared to the depth to the formation top in the COSUNA columns. If the 

well depth-to-formation was within the minimum and maximum depth-to-formation as listed on 

the COSUNA column, the true thickness of sedimentary rocks at the well location was assumed 

to be within the minimum and maximum sedimentary rock thickness as listed on the COSUNA 

column. Using this extrapolation, the TBR sedimentary rock thicknesses were all within the 

COSUNA sedimentary rock thickness ranges. Therefore, the TBR sedimentary rock thickness 

map is reasonably accurate within West Virginia. As another check for West Virginia, the depth 

to basement for Ryder et al. (2008) cross section E-E’ is ~7.5 km in the southeast region of WV; 

whereas the TBR map is 7 km and the Mooney (2011) map is nearly 12 km.  

A simple comparison of the TBR sedimentary rock thickness map to the actual sedimentary 

rock thickness in a set of wells that reached the basement is provided in Figure 2.6. The choice of 

the TBR sedimentary rock thickness map seems appropriate for the region. 
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Figure 2.6: Comparison of the sedimentary rock thickness derived from the Trenton-Black River 

Project (Map Depth) to the actual sedimentary rock thickness from a subset of wells that reached 

basement rock. A 1:1 line is shown for reference. Depth to basement is the same as sedimentary 

rock thickness. 
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CHAPTER 3  

ONE-DIMENSIONAL HEAT CONDUCTION MODEL FOR CALCULATING THE 

SURFACE HEAT FLOW AND GEOTHERMS AT WELL LOCATIONS 

3.1 Abstract 

A one-dimensional, steady state, N-layer heat conduction model with two layers of radiogenic 

heat generation is presented to calculate the geotherm temperature profile and the surface heat 

flow at individual well locations. Here, N is the number of sedimentary rock units in the 

COSUNA columns presented in Chapter 2, plus one layer for the crystalline basement rocks. 

Heat generation is assumed to be constant and uniformly distributed in sedimentary rocks, and 

follow an exponential decrease with increasing depth to three e-folding lengths in basement 

rocks, per Lachenbruch (1968; 1970). Analytical solutions for the temperature at depth and the 

surface heat flow at well locations with bottom-hole temperature (BHT) measurements have 

been derived using conservation of heat flow through the two heat generation layers, and the N 

layers of thermal conductivity. Appendix A and Appendix B to this thesis provide the derivation 

of the temperature at depth equations, the heat balance equations, and the surface heat flow 

equations through up to N layers of radiogenic heat generation and thermal conductivity. These 

equations are valid for any conduction dominated sedimentary basin; however properties of heat 

generation in basement rocks may vary spatially such that the assumed Lachenbruch exponential 

decay is not universally valid. Assumptions for parameter values needed in the heat conduction 

model are gathered from relevant published studies. This chapter also describes the addition of 

data fields to the American Association of State Geologists state temperature well databases, for 

the purpose of using this dataset in the heat conduction model.  
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3.2 Nomenclature 

A Vector of radiogenic heat generation (W/m3) 

AB  Radiogenic heat generation within the rocks at the top of the basement (W/m3) 

AB,C Radiogenic heat generation throughout the thickness of the crust (W/m3) 

As  Radiogenic heat generation within sedimentary rocks (W/m3) 

aT  Amplitude of the annual surface temperature fluctuation (°C) 

B  Thickness corresponding to one log decrement (i.e. e-folding thickness) in 

radiogenic heat generation in basement rocks (m) 

BHTcorr  Corrected BHT (°C)  

G(x, y, z)  Straight line geothermal gradient at surface location (x, y) to depth z. z may also 

be specified as an interval (z = Z2 – Z1). (°C/km) 

k Vector of harmonic average thermal conductivity (W/[m °C]) 

�̅�  Harmonic average thermal conductivity for rocks (W/[m °C]) 

𝑘𝐵  Thermal conductivity of basement rocks (W/[m °C]) 

�̅�𝑤  Harmonic average thermal conductivity for rocks from the ground surface to the 

depth of the well (W/[m °C]) 

�̅�𝑠  Harmonic average thermal conductivity for rocks from the ground surface to the 

top of the basement (W/[m °C]) 

�̅�𝑧2−z1  Harmonic average thermal conductivity for rocks between depth Z1 and depth Z2 

(W/[m °C]) 

N  Reserved as the total number of items referred to in the text 

P  Period of the annual surface temperature fluctuation (s) 

Q(z)  Heat flow upwards through depth, z (W/m2) 
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QB  Heat flow contributed to Qs from basement rocks (W/m2) 

Qm  Mantle heat flow (W/m2) 

Qs  Surface heat flow (W/m2) 

Qsb  Heat flow through the top of the basement rocks (W/m2) 

Qsed  Heat flow contributed to Qs from sedimentary rocks (W/m2) 

TB  Temperature in basement rocks (°C) 

TSed  Temperature in sedimentary rocks (°C) 

Ts  Average annual surface temperature (°C) 

𝑇𝑧   Temperature at depth z (°C) 

t  Time (s) 

ta  Time elapsed since the mean annual surface temperature (s) 

ZC Thickness of the basement crust (m) 

ZDiff Vector of rock layer thicknesses (m) 

Zs  Thickness of the sedimentary rock column (i.e. depth to basement) (m) 

Zw  Depth of the well (m) 

z  Depth below the surface (m) 

zbottom  Depth from the surface to the bottom of a rock formation (m) 

zcalc  Calculation depth (m) 

ztop  Depth from the surface to the top of a rock formation (m)  

α  Thermal diffusivity (m2/s) 

(x, y, z)  Geothermal gradient with heat generation included at surface location (x, y) and 

depth z (°C/km) 
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3.3 Introduction 

To model heat transfer within a sedimentary basin, it is essential to understand the history of the 

basement crust and the basin formation that may influence the temperatures at depth, and the 

surface heat flow spatial patterns. Sources of geologic thermal field disturbances are discussed 

below from the deepest to the shallowest, and then related to the Appalachian Basin. From deep 

to shallow within any sedimentary basin, data availability generally increases, and uncertainty 

generally decreases. Specific values assumed for each source in the Appalachian Basin are 

provided in Section 3.5. 

The deepest thermal source of interest for heat conduction modeling in the upper crust is the 

thermal contribution from the convective asthenosphere (and deeper layers of the Earth) into the 

essentially stationary, conduction-dominated mantle lithosphere (e.g. Allen and Allen, 2013). 

The heat flowing upwards through the asthenosphere into the mantle lithosphere is commonly 

referred to as the mantle heat flow in thermal modeling of the Earth. Mantle heat flow patterns 

may be gathered from studies of the tectonic history of the continents to inform whether or not 

heat flow provinces exist over the spatial extent of the basin (e.g. Roy, Blackwell, and Birch, 

1968). For example, there are several transition zones in mantle heat flow from the Pacific Shelf 

to the Basin and Range to the Great Plains in the western United States (Roy, Blackwell, and 

Decker, 1972). However, for tectonically stable regions of the continents, like the Appalachian 

Basin (Blackwell, 1971), large variations in mantle heat flow are not expected.  

The next thermal source of interest is the heat generation and thermal conductivity of 

basement (upper crust) rocks. Basement rocks may have varying compositions, or terranes, on 

the scale of sedimentary basins, such as the Canadian Grenville basement province (e.g. 

McLelland, Sellick, and Bickford, 2010). Grenville rocks underlie the Appalachian Basin, but 
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the southern extent of the several Grenville terranes is largely unknown, with the exception of 

few places in New York (e.g. Dickin and McNutt, 2007), although several authors have 

published evidence-based (but still uncertain) expected trends, some of which are summarized in 

Lidiak and Hinze (1993). Terranes are defined by their various compositions, and thus likely 

have different thermal conductivities and heat generation patterns. Studying heat generation in 

the exposed Canadian Grenville rocks, and basement rocks in the Appalachian massifs (e.g. 

Powell et al., 1988a) and Adirondack Mountains (e.g. Narten and McKeown, 1952) in the United 

States can inform the functional form of heat generation with increasing depth (e.g. exponential 

in Lachenbruch [1968] vs. power-law in Vendanti et al. [2011]). The functional form for each 

terrane underlying the basin does not need to be the same, as shown by Rao, Rao and Narain 

(1976) who identify two heat flow sub-provinces in the Indian Shield heat flow province 

according to differences in the heat flow - heat generation relationship. The locations of terranes 

beneath the Appalachian Basin would need to be known to incorporate such spatially variable 

basement rock information into basin scale thermal models. Spatially variable thermal properties 

in sedimentary rocks are generally more readily available, and are the final thermal sources of 

interest for conduction heat flow modeling in sedimentary basins. 

The development history of sedimentary basins informs the equations of any thermal model, 

and may explain the observed spatial variations in heat flow. Sedimentary basins form most 

commonly as a result of tectonic processes at convergent or divergent plate margins. At 

convergent margins there may be continent-continent crust collisions (e.g. the Indian Plate), 

which result in major orogenic events, or continent-oceanic crust collisions (e.g. the Nazca 

Plate), which result in subduction of the denser oceanic crust beneath the lighter continental 
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crust. Oceanic-oceanic crust collisions are also possible, but are of less interest for the 

Appalachian foreland basin.  

Orogenic uplift creates a spatially distributed load (mountains), which causes flexural 

adjustment of the lithosphere in order to compensate for the load (e.g. Flemings and Jordan, 

1989). Lithospheric flexure is spread over a large area, which creates a basin within which 

sediments may accumulate. Where the crust has been thickened by the orogeny, the more fluid 

asthenosphere is likely initially thinner to compensate for the extreme load, but it would thicken 

over time as the mountains erode and the load is decreased. The asthenosphere is likely initially 

thicker beneath the basin, but it would thin over time as sediments fill the basin. The overall 

thickness of the crust is likely to remain thicker where mountains exist, and thinner (30 km to 40 

km on average, e.g. Allen and Allen, 2013; about 30 km to 45 km thick regionally [Shen and 

Ritzwoller, 2016; Li et al., 2002]) where orogenic events have not disrupted the continent. 

On the other hand, plate subduction causes the cooler oceanic crust to invade the hotter 

continental mantle, which commonly results in volcanic arcs (e.g. the Ring of Fire) as the 

oceanic crust melts to produce magma. The presence of subducted oceanic crust below 

continental crust may result in “old slabs” of crust that have a lasting influence on the heat flow 

and subsurface temperature patterns (e.g. Wada et al., 2008). 

At divergent, extensional margins the asthenosphere rises to the surface at the axis of rifting. 

For a successful rift, like the Mid-ocean Ridge, the asthenosphere remains close to the surface, 

and the crust thickens away from the axis of rifting. For failed rifts, the asthenosphere rises 

beneath the thinned crust, but it never reaches the surface. Subsidence of the crust will occur 

while the asthenosphere cools, which allows for a basin to develop over the thinned crust and 

thickened asthenosphere (e.g. Allen and Allen, 2013). Where the crust is relatively thin 
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surrounding the axis of the failed rift, higher temperatures and heat flows may exist as a result of 

the asthenosphere being closer to the surface for prolonged periods of time (e.g. the Benue 

Trough in Nigeria [Benkhelil, 1989]). 

The Appalachian Basin exhibits evidence of all of the above tectonic processes over portions 

of its formation history. The oldest basement deformation known within the present-day extent 

of the Appalachian Basin is a result of failed intracontinental rifting (passive margin Iapetan 

rifts, e.g. Shumaker and Wilson, 1996) during the Cambrian period, which created the Rome 

Trough (e.g. Harris et al., 2002; Figure 2.3). As described above, one may expect that the crust is 

thinner in the vicinity of the Rome Trough, and that the heat flows and temperatures at depth are 

above average for the region. These extensional effects are considered in the thermal model, 

described in Section 3.5. The passive margin phase of the Appalachian Basin continued until the 

Early Ordovician, when much of what is now North America was covered by the Iapetus Ocean, 

and the rocks that deposited were primarily carbonates known as The Great American Bank (e.g. 

Derby et al., 2012). Following the passive margin phase, there were three major and several 

minor orogenies spanning about 200 Ma that contributed to foreland basin development in the 

manner described above (Ettensohn, 2008). One may expect that the thickness of the crust 

increases toward the Appalachian Mountains as a result of the orogenies. Of particular interest 

for thermal modeling are a few of the minor orogenies that involved collision and subduction of 

island chains, and may have resulted in volcanism as evidenced by bentonite deposits 

(Ettensohn, 2008). Those areas that were subject to subduction of islands may have old slabs that 

influence the thermal field. 
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Thermal Modeling for Regional Geothermal Resource Assessments 

Geothermal resource quality for a region can be defined in multiple ways, depending upon the 

interest of the study. A commonly used measure of geothermal quality in regional 

reconnaissance is the surface heat flow, from which more detailed evaluations of resource quality 

may be derived (Gosnold and Eversoll, 1981). These include the geotherm temperature profile, 

or the temperature within a certain formation, say in the strata of the Trenton-Black River 

reservoirs of the Appalachian Basin. From these temperatures at depth, the geothermal gradient 

may be calculated using surface-to-depth (e.g. gradient from 0 km to 3 km) or interval (e.g. 

formation top to formation bottom) methods. Although it is more common for the geothermal 

gradient to be calculated from the surface to the bottom-hole temperature (BHT) depth of 

measurement, this gradient calculation is only physically correct for regional evaluation of the 

thermal field when 1) the thermal conductivity is constant and no heat is generated between the 

surface and the well depth (i.e. the geotherm profile is a straight line), or 2) all BHTs within a 

region are taken at the same or similar depths (i.e. surface-to-depth gradient method). Otherwise, 

using the surface-to-BHT-depth geothermal gradient provides a misleading spatial representation 

of regional resource quality. Section 3.5 presents a heat conduction model for individual wells 

that may be used to compute the surface heat flow, geothermal gradient(s), and the geotherm 

temperature profile using the thermal conductivity stratigraphy described in Chapter 2, and 

temperature-depth measurements in the basin. 

In the Appalachian Basin, the most abundant temperature-depth data are BHT measurements. 

BHTs are known to be of low quality as a result of potential thermal field disturbance following 

drilling of a well with relatively cool fluids, such as water, mud, and compressed air. BHTs in 

this study were adjusted to better represent equilibrium thermal field conditions using the 
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Whealton, Stedinger, and Horowitz (2015) set of correction equations that were developed for 

three geologic regions in the Appalachian Basin. 

The heat conduction model assumes one-dimensional (vertical), steady-state, heat conduction 

for N layers of sedimentary rocks with different thermal conductivities, and two layers of 

radiogenic heat generation for the sedimentary and basement rocks, respectively. A one-

dimensional model is used rather than a three-dimensional model because 1) published cross 

sections for the basin are sparse in New York and Pennsylvania, 2) constructing an accurate 

volume of basin stratigraphy based on individual wells would be infeasible with the data 

available (see Chapter 2, Section 2.3), and 3) defining the boundary conditions for a three-

dimensional heat transfer model would require assumptions that are not well supported by the 

data available. Steady state conditions are assumed so that the thermal field in the basin can be 

modeled without regard to surface temperature fluctuations (see Section 3.7). Other transient 

variables, such the mantle heat flow, would not affect calculations because the time scale of 

impact for these variables (107 – 108 years for Appalachian Basin stable continent mantle heat 

flow [Roy, Blackwell, and Birch, 1968]) is much greater than the time scale over which the wells 

were sampled (102 years). Additionally, exothermic reactions that result from short time scale 

petrologic processes are assumed to have run to completion, and hence do not contribute to 

present-day heat generation (e.g. Rybach, 1986). Advection and convection of heat are not 

considered because the rocks are essentially stationary, and information about groundwater 

transport or hydraulic heads are not readily available for the entire basin volume. Additionally, 

Frone et al. (2015) showed via a two-dimensional heat conduction model along a cross section in 

West Virginia that neglecting convection was sufficient for reproducing BHTs at depth, within 

reasonable error. Therefore, it is likely that neglecting advection in this analysis provides an 
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adequate approximation of the thermal field. Further details about the heat conduction model are 

provided in Section 3.5. 

A primary necessity for any mathematical model is preparation of the input data. The 

American Association of State Geologists (AASG) well database described in Section 3.4 and 

the generalized stratigraphic columns from the American Association of Petroleum Geologists 

(AAPG) (1985a; 1985b) Correlation of Stratigraphic Units in North America (COSUNA) project 

described in Chapter 2 are the inputs to the heat conduction model.  

Another necessity for any mathematical model is careful selection of parameters. The 

parameters in the heat conduction model are the mantle heat flow, the radiogenic heat generation 

in sedimentary rocks, the thermal conductivities of rocks, and the functional form of radiogenic 

heat generation in basement rocks. These parameters are selected from published studies, which 

are provided in Section 3.5. 

Following the sections that treat the data, this chapter describes the methods, assumptions, 

and equations used for calculating properties of the thermal field at each well using the heat 

conduction model. Appendix A and Appendix B of this thesis provide derivations of equations. 

Section 3.7 provides a detailed description of data used in the analysis.  

 

Portions of this chapter were originally released with coauthor Dr. Franklin Horowitz as a 

technical memo in a Department of Energy (DOE) funded Low Temperature Geothermal Play 

Fairway Analysis for the Appalachian Basin project under award number DE-EE0006726 (Smith 

and Horowitz, 2015). Revisions have been made to the text that follows, including the 

elimination of terminology specific to the DOE project, a discussion of geothermal gradient 

calculations, a discussion of thermal model limitations, extended conclusions, and additional 
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references.  Equations for temperature at depth and the surface heat flow in basement rocks have 

been updated to account for the boundary condition at 3 e-folding lengths in the basement rocks. 

The well database associated with this work may be downloaded from the Geothermal Data 

Repository (Cornell University, 2015). The heat conduction model code is written for Python 

2.7.9, and is available in a Bitbucket git repository (Horowitz, Smith, and Whealton, 2015), and 

the R code containing the bottom-hole temperature correction functions, and the function for 

probabilistic assignment of drilling fluid to wells based on spatial location is available in a 

Github git repository (Whealton and Smith, 2015). 

 

3.4 Selecting and Processing Wells for Analysis 

Wells were gathered from the AASG Geothermal Data Repository for the states of New York 

(Slater, 2012), Pennsylvania (Shank et al., 2012), West Virginia (WVGES, 2011), Kentucky 

(Curl, 2011), Maryland (Brezinski, 2011), Ohio (Leftwich, 2011), and Virginia (VDGMR, 

2011). All of the available wells were combined into a single spreadsheet with common field 

headers (Section 3.7, AASG_Combined.xlsx). There were a total of 41 099 records from 

approximately2 39 000 wells in this database. Some processing and additional data fields were 

needed to use this dataset in the heat conduction model. Additional data fields are listed in Table 

3.1, along with their respective sources. All information was joined to the well data based on 

spatial location (ArcGIS Spatial Join tool) or added from the output of an R function (Table 3.1). 

Only those wells within New York, Pennsylvania, West Virginia, and a 50 km buffer zone 

into surrounding states were retained in the database for analysis (32 385 records remained). The 

buffer was used to limit edge effects that would occur from using spatial interpolations (Chapter 

                                                 
2 This number is approximate because the number of unique American Petroleum Institute (API) numbers 

was used as a surrogate for the number of unique wells. Some wells do not have an API number, so the 

well name was used to uniquely identify these records. Other wells do not have either, so these 1500 

records were not counted. Therefore, the actual number of unique wells is likely greater than reported. 



 

56 

4) near data boundaries that are coincident with state lines. Only those wells with a depth of BHT 

measurement specified were retained for quality purposes, as opposed to a total/true vertical 

depth below surface or driller/log depth (arc length) that may or may not correspond to the depth 

of the BHT measurement (21 104 records remained). Then, records lacking any of the 

information in Table 3.1 as a result of spatial coverage of the map layer were removed (29 

records were not in a COSUNA section, and an additional 324 records did not have a basement 

depth, so 20 751 records remained). One record was removed because the depth of measurement 

was less than 10 m, so the final record count was 20 750 (Section 3.7, AASG_Processed.xlsx). 

These records were sent to the heat conduction model for calculation of the surface heat flow and 

the geotherm temperature profile. 
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Table 3.1: Information added to the AASG combined well database. Section 3.7 

(AASG_Processed.xlsx) contains field names for these data types. 

 

Data Type Source 

COSUNA section 

All_COSUNA_Sections_Final.shp (Figure 2.1), created 

from the AAPG (1985a; 1985b) COSUNA charts. See 

Section 3.7 for a file description. 

Sedimentary rock thickness 

Derived from the Trenton-Black River (TBR) Project 

(WVGES, 2006) Precambrian basement contours, as 

described in Chapter 2, Section 2.7. 

Rome Trough identifier 
Traced from a georeferenced figure in Repetski et al. 

(2008) (Figure 2.1). Result is “Rome trough final.shp”. 

Average annual ground 

surface temperature 

Derived from Gass (1982) shallow (15 m to 46 m) 

groundwater temperature measurements (SMU 

Geothermal Lab, 2016). These measurement depths are 

considered resistant to annual surface temperature 

fluctuations, as shown by Lovering and Goode (1963). 

Further details are provided in Appendix C.  

BHT correction section 
BHTCorrectionSections.shp. See Whealton, Stedinger, 

and Horowitz (2015) for details. Mapped in Figure 4.1. 

Corrected BHT 

Output from BHT correction code. See Whealton, 

Stedinger, and Horowitz (2015) for details. Code 

Repository: Whealton and Smith (2015). 

Drilling Fluid 

Whealton (2015) well database for NY and PA (1755 

records), modified with generalized drilling fluid groups 

(air and mud, Whealton, Stedinger, and Horowitz, 2015). 

A PostgreSQL query in PgAdmin III was used to select 

all wells in this database that matched with wells in the 

AASG database. 687 records (245 wells) matched. 

Section 3.7 contains the query used and a description. 

Proportion Air or Mud 

Drilled Neighbor Wells 

Proportion of nearest neighbor wells that are air or mud 

drilled. Nearest neighbor wells are from the Whealton 

(2015) database. Section 3.7 describes how this 

proportion was calculated. (Code Repository: Whealton 

and Smith, 2015) 

Mantle Heat Flow 
Parameter in the heat conduction model. See Section 3.5 

for assumptions. 

Sediment Heat Generation 
Parameter in the heat conduction model. See Section 3.5 

for assumptions. 
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3.5 One Dimensional Heat Conduction Model Assumptions and Equations 

A schematic of the steady state, one-dimensional heat conduction model with two heat 

generation layers is provided in Figure 3.1. The traditional approach to subsurface one-

dimensional heat conduction modeling (Jaeger, 1965) has been adopted. This approach assumes 

that at some depth, which may be spatially variable throughout the basin, there is a constant 

mantle heat flow, Qm, and all spatial variations in the surface heat flow, Qs, are a result of 

differences in the radiogenic heat generation, As or AB, in the sedimentary and basement rocks, 

respectively. Frone et al. (2015) showed that this assumption of radiogenic heat contribution to 

the surface heat flow was adequate to reproduce BHTs at depth, within reasonable error, using a 

two-dimensional heat conduction model along a cross section in West Virginia.  

Also assumed in this heat conduction model is that the decrease in heat generation with 

increasing depth stops at a depth of three e-folding lengths (3B) within basement rocks. This 

cutoff depth assumption is a mathematical restriction (that may represent physical reality) which 

ensures that the assumption of steady-state heat flow and a constant mantle heat flow at some 

depth is not violated, as shown by Lachenbruch (1970). Because the decrease in heat generation 

could continue to the boundary associated with Qm (the asthenosphere [about 90 km to 100 km 

regionally (Rychert, Rondenay, and Fischer, 2007)], or at the Moho [about 30 km to 45 km 

regionally (Shen and Ritzwoller, 2016; Li et al., 2002)] for a non-radiogenic mantle lithosphere, 

as in Sandiford and Mclaren [2002]), the use of 3B in these derivations provides a conservative 

(low) estimate of the total heat generation in the basement, and hence a conservative estimate of 

the geotherm temperature profile, and the surface heat flow. 
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Figure 3.1: Schematic of the one-dimensional conduction heat balance. There is a sediment heat 

generation layer and a basement heat generation layer, which follows an exponential decrease 

with increasing depth. 

 

An alternative approach to one-dimensional heat conduction modeling is described by 

Lachenbruch (1980), who shows that the radiogenic contribution could be constant, such that all 

variations in Qs are a result of spatial variations in Qm. This approach is more relevant for 

locations that have recently experienced rifting, where the asthenosphere is still close to the 

surface, rather than for stable continent settings like the Appalachian Basin. 

A one-dimensional model is an appropriate first-order estimation of heat flow and 

temperatures at depth (Lachenbruch, 1970; Jaupart, 1986). Additionally, Lachenbruch (1970) 

states that the consistency in the heat flow-heat production relationship in basement crust across 

a variety of basement rock compositions and geologic settings indicates that lateral heat flow 

must be much less important than vertical heat flow (e.g.  
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transfer may be assessed to provide greater detail in regions of interest, and in regions where 

these effects are thought to persist, but that is not the intent of this model. 

In a one-dimensional model there is an implicit assumption that strata are horizontal, or that 

the input formation thicknesses have been adjusted for folding, because heat preferentially flows 

normal to the bedding plane in a conductive regime (Section 10.2 in Jaeger [1965]). The effect of 

folds on heat transfer will persist when scaling the COSUNA columns to the folded strata. For 

example, a BHT in folded strata receives heat primarily from rocks that lie normal to the layer 

contacts. Propagating the heat properly along the folded layers may result in a surface location 

that is potentially far from the location of the well, depending on the severity of the fold 

curvature (e.g. Section 5.4 of Powell et al. [1988b]). These effects cannot be captured in one-

dimensional heat conduction modeling, but are important when prospecting for deep resources 

because the BHT at the well location may actually be representative of heat that is transferred to 

and from locations that are far from the well surface location. Extrapolating to deeper 

temperatures at depth when layers are folded presents similar issues. 

Reliable information about folds is available on published cross sections, but cross sections 

are not available throughout the extent of the basin (Ryder, 1992; Ryder et al., 2008; Ryder et al., 

2009; Ryder et al., 2012; Harris et al., 2002). Based on available cross sections, areas west of the 

eastern margin of the Rome Trough (Figure 2.1) have minimal folds (e.g. the Allegheny Plateau 

physiographic province), and areas east of the eastern margin of the Rome Trough (e.g. the 

Valley and Ridge physiographic province) have folds that violate the assumption of horizontal 

strata. Even so, based on the locations of available wells, few in West Virginia and Pennsylvania 

are located in the areas of concern. The expected effects of folds are higher BHTs on anticlinal 

crests, and lower BHTs on synclinal troughs as compared to horizontal strata (Frone et al., 2015). 
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However, Frone et al. (2015) do not explicitly address the effects of high thermal conductivity 

layers overlying low conductivity layers, and vice versa, which can impact this conclusion. 

Additionally, heat refraction may occur where abrupt changes in lithology or thermal 

conductivity occur laterally (e.g. the eastern margin of the Rome Trough), although this effect 

cannot be modeled in one-dimensional heat transfer. Contact resistance (e.g. Ashworth, 

Ashworth, and Ashworth, 1989) was also not considered because knowledge of intergranular 

compaction at formation contacts is not well known. Contact resistance can only increase the 

heat flow and temperatures at depth, so it is conservative to omit these forces. 

 
Input Variables 

The inputs to the heat conduction model are the processed AASG well database described in 

Section 3.4, and the COSUNA-based thermal conductivity stratigraphy for each COSUNA 

section, described in Chapter 2. 

 
Parameter Selection 

Radiogenic Heat Generation in Sedimentary Rocks 

The assumption that radiogenic heat producing elements are uniformly distributed in 

sedimentary rocks such that heat generation is constant throughout the basin is not strictly 

accurate. However, the range of radiogenic heat generation in sedimentary rocks is small, with 

typical values of 0.5 W/m3 for non-clastic rocks (ranging from 0.01 W/m3 for salts to 1 

W/m3 for radiogenic carbonates) and 2.0 W/m3 for radiogenic clastic rocks (Rybach, 1986; 

Waples, 2002). One exception for clastic rocks is organic rich black shale, which tends to have 

higher concentrations of uranium. Black shales have had measured radiogenic heat generation 

values as great as 5.5 W/m3 (Rybach, 1986). Even so, a greater value was not assigned to black 
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shales because so few formations in the basin are pure black shale, and those that are black shale 

are not a great enough thickness to significantly deviate from heat conduction model calculations 

assuming 1 W/m3 (e.g. difference in heat flow of 0.45 mW/m2 per 100 m thickness). Therefore, 

for this model, a value of 1 W/m3 was assigned to all sedimentary rocks within the basin. 

As an alternative to assuming a constant heat generation value for sedimentary rocks, values 

specific to each formation may be assumed from the literature (e.g. Waples, 2002), or calculated 

from ordinary (Bücker and Rybach, 1996) or spectral (Rybach, 1973) gamma ray logs. Gamma 

ray logs are available within the basin, but they are not spatially well distributed, and many of 

these logs have not been interpreted by geologists for formation tops or lithology at depth. 

Therefore, these logs are difficult to use for estimation of formation average heat generation. 

Studies that require more accurate assessments of temperature at depth can include formation-

specific values, along with appropriate uncertainty, if the necessary data are readily available. 

Equations for temperature at depth and surface heat flow through what would be N layers of heat 

generation are provided in Appendix A. 

 
Radiogenic Heat Generation in Basement Rocks 

The lower layer of heat generation in Figure 3.1 represents crystalline basement (i.e. igneous and 

metamorphic rocks). Heat generation in the basement is mainly a result of potassium-bearing 

felsic rocks. These rocks may exist as plutons (thick mass of intrusive igneous rock). As 

described above, the basement rocks of the Appalachian Basin are Grenville age, consisting from 

east to west of a granulite terrane, a metasedimentary belt, and a gneiss belt, all separated by 

shear zones (DeWolf and Mezger, 1994). The Grenville basement is exposed nearest the 

Appalachian Basin in the Canadian Shield, the Adirondack Highlands in New York, New York 

City, and the Blue Ridge massifs of Maryland, Virginia, and further south. Based on the 
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lithology of these rocks surrounding the basin, it is likely that the Appalachian Basin basement 

does contain plutons (charnockitic suites and other granitoids [Bartholomew and Lewis, 1984; 

Hodge et al., 1981]; essentially nonradioactive anorthosite [Narten and McKeown, 1952]). 

However the plutons are likely not the same thickness or composition throughout the basin (e.g. 

Seifert et al. [2010] describe the heterogeneous crystalline basement of the Adirondack 

Mountains), and therefore likely have different contributions to the thermal field. Without 

detailed knowledge of the composition and thickness of plutons, the basement rocks are assumed 

to be similar composition (e.g. granitic gneisses and schists, [Saylor, 1999]). 

It is possible that recent work by Horowitz (2015) that used Poisson wavelet analysis 

(Hornby, Boschetti, and Horowitz [1999]; independently developed by Moreau et al. [1997], see 

Chapter 4) to delineate gravity and magnetic potential field edges identifies locations of plutons 

and/or locations where the composition of the crust is different on either side of the edge (e.g. 

more mafic vs. more felsic rock). Therefore, revisions to the assumption of similar basement 

rocks throughout the basin may be made by comparing the strength of the potential fields in the 

basin to the strength of the potential fields in areas where the basement outcrops and its 

composition is better understood. 

From a geochemical perspective, radiogenic heat generation is expected to decrease with 

increasing depth in basement rocks as a result of a decrease in felsic rocks with increasing depth 

in the crust. Felsic rocks are silicon rich, which is usually related to a particular feldspar 

composition, potassium feldspar. Potassium has a radioactive isotope, so potassium feldspar is 

more radioactive than plagioclase feldspars that have sodium or calcium in place of potassium. 

In addition to potassium, uranium substitution is more common in felsic rocks than in silicon-

poor mafic rocks. This is because, relative to mafic rocks, felsic rocks and uranium have low 
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melting points, which allows for uranium to remain in the fluid phase until the felsic rocks cool 

and solidify. Potassium and uranium are two of the three major elements with radioactive 

isotopes that contribute to heat generation in rocks, both of which are more likely to be 

concentrated in the upper crystalline basement. 

An exponential decay modeling a decrease in radiogenic heat generation with increasing 

depth has been the traditional assumption since the relationship was first discovered (e.g. Birch, 

Roy, and Decker, 1968; Lachenbruch, 1968; 1970). More recent studies (Sandiford and 

McLaren, 2002; Vendanti et al., 2011) have shown that the exponential heat generation model 

does not provide the best fit for all basement rocks. For example, Vendanti et al. (2011) 

demonstrate that power law decay heat generation models fit well for six deep boreholes around 

the world; however the power decay models selected for most of these boreholes do not deviate 

far from the exponential fit. The exponential heat generation model is likely a low-end estimate 

of the heat generated in the crust because it decays faster than the power law fits of Vendanti et 

al. (2011). Therefore, the exponential model is assumed for this project as a conservative model 

of heat generation in the basement rocks. 

For the exponential heat generation model, the scale parameter is B, the e-folding length for 

the decrease in heat generation with increasing depth. Previous studies that have assessed 

Grenville basement found a variety of estimates for B. Spatial variation in B is generally thought 

to represent differences in the geochemical composition of the continental crust (Lachenbruch, 

1970). Jaupart (1986) reports 10 km, Jaupart and Mareschal (1999) suggest 9 km for Grenville 

crust and 8 km for the Appalachians, Frone et al. (2015) use 7.5 km for West Virginia using data 

from Birch, Roy, and Decker (1968) for the Adirondacks and New England, and Artemieva and 

Mooney (2001) report a range of 4.6 km to 13.6 km for North American cratons.  
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Because the Rome Trough formed from extensional tectonics, and the crust is likely thinner 

near the Rome Trough (Shen et al. [2016] predict this in their map of mean crustal thickness for 

the United States), a spatially varying value of B may be assigned to account for the thinned 

crust, as in Blackwell, Negraru, and Richards (2007). A spatially varying value of B represents 

that thinned crust from extension at the base of the crust would have a reduced radioactive 

contribution, while the surface heat generation, AB, would likely remain the same. In the vicinity 

of thinned crust, the sedimentary cover could be thick. The crust thickens with distance from the 

axis of rifting, and hence the sedimentary cover would thin. This relationship is reflected in the 

calculation of B using Equation 3.1 (Blackwell, Negraru, and Richards, 2007) 

𝐵 = {
10 km    , 𝑍𝑠 ≤ 3 km

13 km − 𝑍𝑠, 𝑍𝑠 > 3 km
 

       [3.1] 

where B is a function of the sedimentary rock thickness, Zs. The value of B for non-thinned crust 

is taken to be 10 km for Grenville basement, and areas that have more than 3 km of sedimentary 

rocks have a reduced B value to account for potential thinned crust from extensional tectonics. A 

sedimentary rock thickness of 3 km is about the expected value in New York (Figure 2.1), where 

the Rome Trough likely has minimal influence. As noted in Section 3.3, rifting only occurred 

from the Cambrian to the Early Ordovician, and, within the basin, only in the vicinity of the 

Rome Trough.  

One method to overcome the temporal complication in the assignment of B is to compute the 

decompacted thickness of sedimentary rocks overlying the Rome Trough in the Early Ordovician 

to determine the value of B proximal to the Rome Trough, assuming that B = 10 km is 

appropriate for areas that did not experience extensional tectonics. This method was not adopted 
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because the spatial variation and location of basement terranes are uncertain, and thus the value 

of B for non-thinned crust is spatially uncertain as well.  

One method to overcome the spatial complication is to add a variable for the thickness of the 

crust into the thermal model, and assume that the exponential decay is spatially variable 

according to the crustal thickness. Then, the value of B could remain a constant while only the 

crust thins. This method was not adopted because at the onset of this work, reliable detailed 

information about the thickness of the crust did not exist in the spatial extent of the Rome 

Trough. Since then, Shen et al. (2016) have published a map of the crustal thickness for the 

United States based on interpreted EarthScope Transportable Array data. Figure 13 of Shen et al. 

(2016) shows that the thickness of the crust is thinner in the vicinity of the West Virginia and 

Pennsylvania portions of the Rome Trough, and it thickens away from the trough. Sandiford and 

McLaren (2002, Appendix A, Equation A.14) present the necessary modification to the 

exponential decay term in the temperature-at-depth equation in basement rocks for this method. 

The spatial distribution of the calculated values of B using Equation 3.1 is provided in Figure 

3.2. The spatial distribution is only dependent on Zs. For the most part, values of B less than 9 

km only appear surrounding the Rome Trough, which seems to respect the assumptions 

governing Equation 3.1. However, some wells in eastern and southern West Virginia likely have 

thicker sediment cover as a result of lithospheric flexure, rather than thinned crust from 

extension of the Rome Trough.  

Importantly, the value of B only matters for thermal modeling when a well BHT is located in 

the basement rocks, or temperatures at depth in the basement are calculated. For temperature at 

depth calculations in sedimentary rocks, the value of B does not matter, so long as the BHT for 
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that well is located in sedimentary rocks. For the surface heat flow calculations, only those wells 

with BHTs in the basement will be affected by the choice of B.  

 
 

Figure 3.2: Spatial distribution of the log decrement (e-folding length) of radiogenic heat 

generation in the basement rocks, B. Wells drilled into the basement are shown as larger circles 

with lighter colors. 

 

Figure 3.3 provides a comparison of temperatures at depth for various values of B and AB. As 

expected for thinned crust, smaller values of B result in smaller temperatures at depth. 

Considering that the maximum AB value for basement wells is about 6 W/m3 (Figure 3.5), the 
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maximum difference in temperatures at depth for B values of 7 km versus 10 km is about 6 

°C/km (Figure 3.3). Therefore, although B is an important parameter, values of B within the 

range expected for the Appalachian Basin will provide reasonably similar results. 

 

Figure 3.3: Depth versus temperature in the basement for rocks with different B (color) and AB 

(texture) values. The temperature at the top of the basement is taken as 0 °C for this example. 
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Thermal Conductivity of Basement Rocks 

A value of 2.7 W/(m °C) was selected as the thermal conductivity for basement rocks. This is the 

mean value of the basement rocks in the regional heat flow database for the United States 

(Blackwell, Negraru, and Richards, 2007) and is close to the Monte Carlo mean of 2.67 

W/[m °C] for the basement rocks in Table 2.3. The values in the regional heat flow database 

range from 0.5 W/(m °C) to 6.0 W/(m °C), which stresses the importance of basin/terrane-

specific values, when available. 

 
Mantle Heat Flow 

A mantle heat flow of 30 mW/m2 is assumed for the Appalachian Basin region of interest. 

Specific to areas near the Appalachian Basin, 30 mW/m2 is slightly lower than the average value 

of the mantle heat flow for the eastern United States (which included the Adirondacks) Central 

Stable Region of the continents of 33 mW/m2, as reported by Roy, Blackwell, and Birch (1968) 

and Jaupart and Mareschal (1999) for the U.S. Appalachians; a higher than average value of 25 

mW/m2 for stable continents as reported by Sclater, Jaupart, and Galson (1980); and about 

average (31 mW/m2) as reported by Artemieva and Mooney (2001). Like other parameters 

selected for modeling the Appalachian Basin, the choice of 30 mW/m2 is a conservative value. 

Much like the value of B, the value of Qm only matters for calculations within basement 

rocks, or when a BHT measurement is located in basement rocks. The value does not matter for 

temperature at depth calculations in sedimentary rocks, so long as the BHT is also located in 

sedimentary rocks.  
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Model Output 

The properties of the thermal field that may be calculated using this heat conduction model 

include the thermal gradient, the surface heat flow, temperatures at depths of interest, depths to 

temperatures of interest, the radiogenic heat generation within the rocks at the top of the 

basement, the harmonic average thermal conductivity from the surface to the depth of the BHT 

measurement, and the harmonic average thermal conductivity for the entire sedimentary rock 

column at the location of the well. The scaled thickness of the sedimentary rock column at each 

well location is also provided. The output values are stored in a spreadsheet (Section 3.7, 

AASG_Thermed.xlsx). 

 
Heat Conduction Equations 

The general equations used in the heat conduction model and their assumptions are discussed in 

this section. These equations update three equations previously published by Blackwell, Negraru, 

and Richards (2007), Stutz et al. (2012), and Stutz et al. (2015). These equations are 1) the heat 

balance used to estimate AB (Appendix B), 2) the calculation of the surface heat flow through the 

two layers of radiogenic heat generation (Appendix A), and 3) a sediment radiogenic heat 

generation term in the calculation for the temperature-at-depth for depths deeper than the well 

(Appendix A). These equations provide an analytical solution to the ordinary differential 

equation that results from a two-layer model of heat generation. This solution improves on prior 

methods by eliminating the need for numerical approximations for the surface heat flow, which 

results in a replication of the BHT value at the well depth. Solutions for up to N layers of heat 

generation are provided in Appendix A. 
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Geothermal Gradient 

The traditionally reported geothermal gradient at the surface is computed from the surface to the 

BHT depth (Zw) using Equation 3.2 

𝐺(𝑥, 𝑦, 𝑍𝑤) =  
∂𝑇

∂𝑧
=
𝐵𝐻𝑇𝑐𝑜𝑟𝑟  −  𝑇𝑠

𝑍𝑤
 

         [3.2] 

where G(x, y, Zw) is the geothermal gradient at spatial location (x, y) between the surface and Zw, 

BHTcorr is the corrected BHT taken at Zw, and Ts is the average annual surface temperature. This 

is a linear approximation of the geothermal gradient at location (x, y) from the surface to Zw. The 

geothermal gradient would be different for each lithology as a result of differences in the thermal 

conductivity. Additionally, if heat generation is constant at all depths and the average thermal 

conductivity is constant over the depth range considered, Equation 3.2 provides an underestimate 

of the geotherm temperature profile above the well, and an overestimate below the well. These 

consequences may not be desirable. To limit these effects in a depth range of interest, the interval 

geothermal gradient may be computed, also without accounting for heat generation. The interval 

geothermal gradient is calculated using Equation 3.3 

𝐺(𝑥, 𝑦, 𝑧2 − 𝑧1) =
𝑇𝑧2  −  𝑇𝑧1
𝑧2 − 𝑧1

 

                 [3.3] 

where z1 is the shallower depth, z2 is the deeper depth, and Tz is the temperature at depth z. The Tz 

values may be calculated from Equation 3.9 below. 

Under the assumption of heat generation, the geotherm profile is curved with depth. As a 

result, the true gradient is a line tangent to the curved geotherm profile, which is only 

representative of the temperatures along the geotherm profile for small distances from the point 
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at which it is calculated. The geothermal gradient at any depth in sedimentary rocks, accounting 

for heat generation, could be calculated using Equation 3.4 (derivation in Appendix A) 

𝛤(𝑥, 𝑦, 𝑧) =  
∂𝑇

∂𝑧
=

𝑄𝑠

�̅�𝑧−0
−
𝐴𝑠𝑧

�̅�𝑧−0
= 𝐺(𝑥, 𝑦, 𝑍𝑤) ∗

�̅�𝑤

�̅�𝑧−0
+
𝐴𝑠𝑍𝑤

2�̅�𝑧−0
−
𝐴𝑠𝑧

�̅�𝑧−0
 

       [3.4] 

where 𝛤(𝑥, 𝑦, 𝑧) is the geothermal gradient at location (x, y) at any depth z, �̅�𝑧−0 is the harmonic 

average thermal conductivity from the surface to z, and �̅�𝑤 is the harmonic average thermal 

conductivity from the surface to Zw. This equation is less appealing than Equation 3.2 or 

Equation 3.3 because one cannot accurately extrapolate downward for high values of the heat 

generation, or low values of the thermal conductivity. For example, consider a BHT of 50 °C at 

1000 m with a surface temperature of 10 °C, a constant thermal conductivity of 2.5 W/(m °C), 

and heat generation of 1 W/m3. The geothermal gradient at the surface using Equation 3.4 is 

40.2 °C/km, which would be an overestimate of the BHT by only 0.2 °C if extrapolated by 1000 

m. Changing the heat generation to 5 W/m3, the BHT would be overestimated by 1 °C. 

Changing the thermal conductivity to 1 W/(m °C), the BHT would be overestimated by 0.5 °C.  

 
Harmonic Average Thermal Conductivity 

The harmonic average thermal conductivity for a column of rock with horizontal strata is 

calculated using Equation 3.5 

�̅� =
𝑧𝑐𝑎𝑙𝑐

(∑  
𝑧𝑏𝑜𝑡𝑡𝑜𝑚,i  −  𝑧𝑡𝑜𝑝,i

𝑘i
N−1
i=1 )  + 

𝑧𝑐𝑎𝑙𝑐 − 𝑧𝑡𝑜𝑝,N
𝑘N

 
 

            [3.5] 

where �̅� is the harmonic average thermal conductivity to calculation depth zcalc, ki is the thermal 

conductivity for lithologic unit i, zbottom,i is the distance from the ground surface to the bottom of 
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unit i, ztop,i is the distance from the ground surface to the top of unit i, and N is the number of 

lithologic units to zcalc. The denominator is a summation of thermal resistance in the vertical 

column. All thicknesses of units would have been scaled to the sedimentary rock thickness at the 

location of the well prior to this calculation, as described in Equation 2.3. 

 
Surface Heat Flow 

The surface heat flow may be calculated by solving the temperature at depth equations presented 

in Equation 3.9 for Qs, with a solution depth of Zw, and a solution temperature of the BHT. 

Because this is a two-layer model of heat generation, wells drilled into basement rocks require a 

different equation than wells drilled into sedimentary rocks. Equation 3.6 presents these 

conditions (derivation in Appendix A) 

𝑄𝑠 =

{
 
 
 
 

 
 
 
                            𝐺(𝑥, 𝑦, 𝑍𝑤) ∗ �̅�𝑤 +

𝐴𝑠𝑍𝑤
2

                         , 𝑍𝑤 ≤ 𝑍𝑠

[
 
 
 (𝐵𝐻𝑇𝑐𝑜𝑟𝑟 − 𝑇𝑠)  +

𝐴𝑠𝑍𝑠
2

2�̅�𝑠
+
𝐴𝑠𝑍𝑠(𝑍𝑤 − 𝑍𝑠)

𝑘𝐵

       +
(𝑄𝑚 + 𝐴𝑠𝑍𝑠)
𝑘𝐵(1 − e

−3)
[𝐵 (1 − e−

𝑍𝑤−𝑍𝑠
𝐵 ) − (𝑍𝑤 − 𝑍𝑠)]]

 
 
 

𝑍𝑤
�̅�𝑤

+
𝐵 (1 − e−

𝑍𝑤−𝑍𝑠
𝐵 ) − (𝑍𝑤 − 𝑍𝑠)

𝑘𝐵(1 − e
−3)

, 𝑍𝑤 > 𝑍𝑠

 

[3.6] 

where �̅�𝑠 is the harmonic average thermal conductivity of the sedimentary rock column, kB is the 

thermal conductivity in basement rocks, As is the radiogenic heat generation in sedimentary 

rocks, and Zs is the thickness of the sedimentary rocks. This equation is an analytical solution to 

the heat flow present under the assumptions of two-layer heat generation in this heat conduction 

model from the depth of the BHT to the surface. Solutions for Qs through up to N-layers of 

radiogenic heat generation are provided in Appendix A. 
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Heat Generation in Basement Rocks 

The heat generation in the volume of rock at the top of the basement is determined from the one-

dimensional heat balance (Appendix B), which leads to Equation 3.7 

𝐴𝐵 =
𝑄𝑠  −  𝑄𝑚  −  𝐴𝑠𝑍𝑠
𝐵 ∗ (1 − e−3)

 

       [3.7] 

where AB is the value of radiogenic heat generation in the volume of rocks at the top of the 

basement, and all other terms are described above. An equation for up to N layers of heat 

generation is provided in Appendix B. 

For wells drilled into basement rocks, Equation 3.6 is derived using Equation 3.7 as the 

second equation (along with Equation 3.9) needed to solve for the two unknowns of Qs and AB. 

Therefore, the most reasonable estimates of the value for AB within the basin come from wells 

that are drilled into the basement. However, Equation 3.7 relies on the assumptions of mantle 

heat flow, the BHT adjustment equations, accurate well log information, and the exponential 

decay model of radiogenic heat generation in the basement. Even so, the values obtained for 

basement wells can inform what reasonable values of AB for the region would be under these 

assumptions. Values of AB calculated in the heat conduction model are provided in Figure 3.4, 

and a spatial distribution is provided in Figure 3.5. 
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Figure 3.4: Histogram of the 20 750 AB values calculated using the heat conduction model. 

Values of AB that were negative (set to 0) are shown as a blue bar. The basement wells are darker 

colors than the wells that did not reach basement. Because there are relatively few basement 

wells, and few wells with AB values greater than 10 W/m3, their density value was multiplied by 

100 for plotting. The total density (basement + other) sums to 1.0. The color scheme matches 

Figure 3.5. 

 

Several studies have evaluated basement rock heat generation and found average values 

ranging from as low as 0.002 W/m3 for ultramafic crust to 2.5 W/m3 for granitic crust 

(Rybach, 1976). The average value of radiogenic heat generation throughout the entire thickness 

of the crust for Grenville basement is reported as ranging between 0.39 W/m3 and 0.95 W/m3 

(Artemieva and Mooney, 2001). These values may be simply adjusted to AB for the exponential 

decay model using Equation 3.8 

𝐴𝐵 =
𝐴𝐵,𝐶  𝑍𝐶

𝐵(1 − e−3)
 

[3.8] 
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where AB is for the exponential model, AB,C is the value of heat generation for the constant heat 

generation model, and ZC is the thickness of the crust. To adjust the AB,C values of Artemieva and 

Mooney (2001) to an equivalent AB value, the lower range value assumed that the crust is 30 km 

thick, and B is 10,000 km. The higher range value assumed that the crust is 40 km thick, and B is 

8,000 km. These assumptions correspond to equivalent AB values between 1.2 W/m3 and 5.0 

W/m3. Approximately 95% of the thermal-model-calculated AB values are less than 5.0 W/m3 

(Figure 3.4). In New York and Pennsylvania the heat generation is generally between 0 W/m3 

and 5 W/m3. In West Virginia and the surrounding buffer region, it is more likely for values to 

be greater than 5 W/m3. All but 1 well deeper than the basement have thermal-model-calculated 

AB values less than 5 W/m3 (Figure 3.5). Those wells with AB values greater than 10 W/m3 all 

have very high heat flow values (> 100 mW/m2). Some of these wells may be identified as 

outliers (see exploratory spatial data analysis in Chapter 4) although clusters of high values may 

represent real variation in radiogenic content (e.g. commercial grade uranium ore is up to 600 

W/m3 [McKenna and Sharp, 1998]), or the influence of warming via groundwater advection. 

Similarly, clusters of very small or zero values of AB may reflect local groundwater cooling. 

Clusters of either high or low values can represent bad BHT-depth records. 
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Figure 3.5: Spatial distribution of calculated values of radiogenic heat generation in the volume 

of rock at the top of the basement (Equation 3.7). Wells drilled into the basement are shown in 

larger circles and lighter colors. Colors are plotted such that smaller values (blue points) appear 

on the bottom and larger values (red points) appear on the top. 

 

Negative values of AB and very high values of AB may result from this method. 

Approximately 10% of the dataset had negative values, and less than 1% had values greater than 

10 W/m3 (Figure 3.4). For high and low values, any variable related to the heat generation (i.e. 

Equation 3.7 Qm, As, B, Zs, and the functional form of heat generation) may be incorrect for 
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specific locations. Assuming a purely conductive regime, negative values of AB likely indicate 

that the mantle heat flow or sedimentary rock heat generation is too high, and vice versa for very 

high values (Equation 3.7). Because few input variables are well constrained, it is not possible to 

adjust one parameter to make AB a reasonable value. Jaupart (1986) observes this restriction 

specifically for the lack of independence between Qm and AB (i.e. Equation 3.7). When 

sedimentary rocks overlie basement rocks, Jaupart’s logic may be extended to include the 

variables As and Zs in addition to AB and Qm. Even so, AB is treated as independent of these 

variables in this heat conduction model, such that when AB is negative, an improbable physical 

condition, the value of AB is set to 0 without decreasing Qm or the sedimentary rock heat 

generation term in Equation 3.7. As a result, for these wells, estimates of temperature at depth in 

the basement rocks are slightly greater than they should be. Similarly, for all wells with a BHT 

measurement in the basement, the surface heat flow value is slightly greater, and hence all values 

of temperature at depth for these basement wells with 0 AB values are greater than they should 

be, even in the sedimentary rock column. Only 1 basement well in this dataset had a value of AB 

set to 0. A simple alternative to setting AB to 0 when it is negative is to throw out the data point 

because it may not reflect conduction heat transfer locally. 

If the region is not entirely conductive, negative values of AB may point to groundwater 

recharge areas, or areas where groundwater transports heat out of the local rock. Very high 

values of AB may be where groundwater was transported upward from deeper formations 

following drilling within the well, or as a result of a pressure field disturbance from surrounding 

wells (e.g. Lewis and Beck, 1977). Groundwater can also heat formations above and below the 

formation in which it is flowing, causing a local increase in heat flow, which would 

mathematically result in a locally higher value of AB (e.g. Eq. 3.7). A hydrogeological analysis of 
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the basin would be needed to examine areas where groundwater may influence the thermal field. 

A spatial distribution of wells with negative values of AB, and wells with values of AB greater 

than 10 W/m3 is provided in Figure 3.6. Generally, high values of AB are not very clustered. 

Nearly all areas with clustered negative values have other wells with values greater than 0 

W/m3 (Figure 3.5). 

 

Figure 3.6: Distribution of wells with negative values of AB and values of AB greater than 10 

W/m3 calculated in the thermal model. The basement well is a lighter color and larger than the 

wells that were not located in the basement.  
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Temperature at Depth 

The general equations used for calculating temperature at depth are provided in Equation 3.9 

(e.g. Eq. 10 in Jaeger, 1965; see Appendix A for a derivation). The thermal conductivity 

subscripts indicate over what depth range the thermal conductivity ought to be calculated. 

𝑇𝑍𝑐𝑎𝑙𝑐 = 

{
 
 
 

 
 
                                      𝑇𝑠 +

𝑄𝑠𝑍𝑐𝑎𝑙𝑐

�̅�𝑍𝑐𝑎𝑙𝑐−0
−

𝐴𝑠𝑍𝑐𝑎𝑙𝑐
2

2�̅�𝑍𝑐𝑎𝑙𝑐−0
                               ,    𝑍𝑐𝑎𝑙𝑐 ≤ 𝑍𝑤 < 𝑍𝑠

           𝑇𝑍𝑤 +
(𝑄𝑠 − 𝐴𝑠𝑍𝑤)(𝑍𝑐𝑎𝑙𝑐 − 𝑍𝑤)

�̅�𝑍𝑐𝑎𝑙𝑐−𝑍𝑤
−
𝐴𝑠(𝑍𝑐𝑎𝑙𝑐 − 𝑍𝑤)

2

2�̅�𝑍𝑐𝑎𝑙𝑐−𝑍𝑤
         ,     𝑍𝑤 < 𝑍𝑐𝑎𝑙𝑐 ≤ 𝑍𝑠

𝑇𝑍𝑠 +
(𝑄𝑚 − 𝐴𝐵𝐵e

−3)(𝑍𝑐𝑎𝑙𝑐 − 𝑍𝑠)

𝑘𝐵
+
𝐴𝐵𝐵

2 (1 − e−(
𝑍𝑐𝑎𝑙𝑐 − 𝑍𝑠

𝐵
))

𝑘𝐵
, 𝑍𝑐𝑎𝑙𝑐 > 𝑍𝑠

 

[3.9] 

Because the surface heat flow is calculated analytically by back-solving this equation, Equation 

3.9 recovers the BHT values exactly for all wells except the 1 basement well that had a negative 

value of AB set to 0. The BHTs are not recovered for this well because setting AB to 0 results in a 

greater value than it should be (i.e. Equation 3.9 for basement calculations). Even so, the 

temperature difference between the calculated and measured BHT in this well is only 0.004 °C. 

The magnitude of the difference depends on how negative AB is. 

 

3.6 Conclusions and Future Work 

A one-dimensional, steady-state, N-layer heat conduction model has been presented for 

calculating the geothermal gradient, the geotherm temperature profile, and the surface heat flow 

through two-layers of radiogenic heat generation. The set of equations provide an analytical 

solution to the ordinary differential equation that results from a two-layer model of heat 

generation, which results in an exact replication of the BHT value at the measurement depth in 

nearly all cases. 
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The accuracy of the heat conduction model may be improved by using thermal conductivities 

and heat generation values specific to the basin of interest. For the Appalachian Basin, studying 

the basement rocks would be informative for constraining many of the uncertain basement rock 

variables, including B, AB, and even Qm through the relation with AB. Additional sources of 

uncertainty regarding conductive vs. convective heat transfer in the Appalachian Basin may be 

evaluated via hydrogeological analysis of aquifers. 

If one were interested in applying this heat conduction model to a detailed economic 

analysis, including formation-specific radiogenic heat generation may become important for 

estimating the lifetime of the reservoir, and the necessary operating conditions and expenses. 

From a mathematical perspective, using a different value of radiogenic heat generation in each 

formation would result in an N-layer model of heat generation, as opposed to the 2-layer 

sediment-basement model used in this analysis. Appendix A provides the necessary equations for 

the surface heat flow and the temperatures at depth through this N layer model. 

The equations presented in the chapter are suitable for modeling any heat conduction 

dominated sedimentary basin; however there are limitations, many of which relate to the 

equations presented for basement rocks. Significant folding of sedimentary layers will cause heat 

refraction, and therefore lead to uncertainty in the value of the surface heat flow and 

temperatures at depth at the well location. Basement rocks are known to have composition-

dependent thermal conductivities, variable thicknesses of heat generation, and many potential 

functional forms of heat generation decrease with increasing depth. As a result, the equations for 

temperature at depth within the basement, and hence equations for the heat flow calculated from 

wells in basement rocks, should be examined on a basin-specific setting before using these 

equations directly. Modifications to the analytical temperature at depth and heat flow equations 
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for basement rocks may be derived for any functional form of heat generation decay by replacing 

exponential decay with f(z), as suggested by Jaupart (1986). 

 

3.7 Related Data 

The files referenced in this chapter are available from the Geothermal Data Repository (Cornell 

University, 2015). Note that the project is ongoing, so files on the repository may be updated. A 

brief description of the attributes of each file is presented here. 

1. Well Database Files 

File 1: All_States_BHT_HeatFlow_Raw_Combined.xlsx 

Description: 

This file contains all of the raw well data gathered for this project. These state databases do not 

necessarily have BHT measurements for all wells, and may contain duplicate records within-

database and between databases.  

For quality purposes, only those records that were submitted to the American Association of 

State Geologists (AASG) State Geothermal Data Repository were selected for use because all of 

these records had BHT data. Additional data sources collected include 1) Pennsylvania records 

from American Association of Petroleum Geologists (AAPG), 2) New York records from 

Empire State Oil and Gas Information System (ESOGIS) 4) West Virginia records from NGDS 

(had 1000 less records than AASG), and 5) Ohio heat flow wells. Many of the wells with BHT 

measurements available in these databases are likely recorded within AASG wells, though this 

was not checked for all databases. 
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File 2: AASG_Combined.xlsx 

Description: 

The data contained within this database are taken from the Association of American State 

Geologists (AASG) Geothermal Data Repository (all references in body of text for each state). 

This database has 41 099 records. Duplicate records have not been removed. The spreadsheets 

for each state did not have the same field names, or the same fields. When combining the data, 

only those fields needed for analysis (listed below) were placed into the AASG_Combined file. 

All of the original data may be joined to this database using the StateID field if further 

information is desired*. 

This database was screened for obvious data entry errors in fields important to the project. 

These fields included the latitude, longitude, depth of measurement, and the BHT. Latitude and 

longitude were checked by ensuring that all wells were located in the county specified. All but 

one well (RowID 11604) passed this test. Depth of measurement and BHT were screened for 

abnormally high or low values. Several obvious instances were found and corrected as described 

below. As part of this screening, an additional record was found and added for API number 

31003042480000 at 7560 ft and 140 °F based on the log data for the well. 

 

* StateID is used as a unique identifier because some wells do not have an APINo. A StateID 

field was added into the original state databases for joining purposes. 

 
Corrections to Records: 

RowID numbers 19375 and 35927 had a very high depth of measurement. RowID 19375 had 2 

leading 3s but one 3 was deleted to match the driller depth. RowID 35927 had a depth of 

measurement of 36 885, but it seemed like the 6 was a typo because by deleting the 6 the depth 
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was the same as the TVD. RowID 35939 depth of measurement was about 10 times deeper than 

the TVD and driller depth with no apparent typo, so the depth of measurement for this well was 

deleted. RowID 37534 has a depth of measurement that is about 10 000 ft more than the TVD, 

with a BHT that did not match that depth, so the depth of measurement was deleted. RowID 

22772 had a -9999 as the depth of measurement, so this value was deleted. 

 
Database Fields 

RowID   Unique identifier for the wells, starting at 1. 

StateID Unique identifier that matches the original state database. Labels have the 

state postal code followed by a number, starting at 1. 

WellName  Name of the well as listed by the state datasets (blank if not available). 

APINo   API number for the well, if one exists (blank if not available). 

County  County where the well is located. 

State   State where the well is located. 

LatDegree  Decimal degree latitude for the well. 

LongDegree  Decimal degree longitude for the well. 

SRS   Coordinate reference system as listed by the state database. 

DrillerTotalDepth Total depth as logged by the driller. This may include any horizontal, non-

vertical component of the drilling (m or ft). 

TrueVerticalDepth The vertical depth of the well (m or ft). 

DepthOfMeasurement The depth of temperature measurement as listed by the state database (m 

or ft). 

ElevationGL  Ground level elevation (m or ft) 

LengthUnits  Units used for the depth fields (m or ft).  
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MeasuredTemperature Temperature measured at the depth of measurement (°C or °F). 

TemperatureUnits Unit of the temperature measurement (°C or °F). 

DrillingFluid  Fluid used to drill the well, if provided. Blank otherwise. 

 

File 3: AASG_Processed.xlsx 

Description: 

This file has all of the above fields, and the following additional fields. Before running through 

the heat conduction model, all wells were checked for depth of measurement being greater than 

the first increment of calculation in the heat conduction model (10 m). It was found that RowID 

35925 had a depth of measurement shallower than 10 m, so this record was removed from the 

database before using the heat conduction model. 

 
Additional Fields Added Before Heat Conduction Model Calculations 

BHT_C The MeasuredTemperature in Celsius. 

CalcDepth_m The well depth corresponding to temperature measurement based on 

quality hierarchy of 1) DepthOfMeasurement, 2) TrueVerticalDepth, and 

3) DrillerTotalDepth. If no depth is available, NA is listed. (This field was 

not used for this project, but it is provided for reference). 

MeasureDepth_m The DepthOfMeasurement in meters. If no depth is available, NA is listed. 

ReportedElevation_m  The ElevationGL in meters. 

CRS Coordinate reference system rewritten as WGS84 and NAD83 for 

database consistency. 
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API_14Dig 14 digit API number for each state, when available. If no API number 

exists, NA is listed. This is intended to be a well identifier, but values may 

be truncated in some programs. 

Fluid_Type Generalized fluid type based on Whealton (2015). (all_agfs, all_mgpw for 

air and mud, respectively; blank if not available). 

Pct_Air Proportion of nearest neighbor wells that are air drilled. 1 if the well is 

known to be air drilled, 0 if the well is known to be mud drilled. All values 

are between 0 and 1, inclusive. 

Pct_Mud Proportion of nearest neighbor wells that are mud drilled. 1 if the well is 

known to be mud drilled, 0 if the well is known to be air drilled. All values 

are between 0 and 1, inclusive. 

BHTReg BHT correction region. 

CorrBHT Corrected BHT. (°C) 

Corr_error Error code for corrected BHT. 0 if there’s not an error. 

UTM_Long Universal Transverse Mercator (UTM) Zone 17N longitude. (m) 

UTM_Lat Universal Transverse Mercator (UTM) Zone 17N latitude. (m) 

BasementDepth Depth to the basement (i.e. sedimentary rock thickness). (m) 

SurfTemp Average annual surface temperature derived from Gass (1982). 

COSUNA_ID The ID number assigned to the COSUNA section for the well. 

COSUNA_NAME COSUNA column name corresponding to the COSUNA_ID. 

ROME_ID Binary. 1 if a well is in the Rome Trough, 0 if it is not. 

SedRadHeat Radiogenic heat generation in sedimentary rocks (W/m3) 

QMantle  Mantle heat flow (mW/m2) 
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File 4: AASG_Thermed.xlsx 

Description: 

This is the data after processing in the heat conduction model. This file has all of the above fields 

and the following additional fields calculated by the model. Enough information is reported in 

this database such that calculations may be made using the heat flow equations in the text. The 

temperature at depth equations (Eq. 3.8) require knowledge of the thermal conductivity and 

thickness of each rock layer, scaled to the sedimentary rock thickness. This information is not 

provided here, but is provided in the Cornell University (2015) data submission. 

 
Additional Fields Added After Heat Conduction Model Calculations 

BaseRadHeat Calculated radiogenic heat generation in the volume of rock at the top of 

the basement (W/m3)  

Gradient The geothermal gradient calculated from CorrBHT at the 

MeasureDepth_m (°C/km) 

HeatFlow  Heat Flow calculated using the thermal model (mW/m2) 

Depth50C  Depth to 50 °C calculated using the thermal model (m) 

Depth80C  Depth to 80 °C calculated using the thermal model (m) 

Depth100C  Depth to 100 °C calculated using the thermal model (m) 

Temp2km  Temperature at 2 km calculated using the thermal model (°C) 

Temp3km  Temperature at 3 km calculated using the thermal model (°C)  

Temp4km  Temperature at 4 km calculated using the thermal model (°C)  

Temp5km  Temperature at 5 km calculated using the thermal model (°C)  

Temp6km  Temperature at 6 km calculated using the thermal model (°C) 
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Kw Harmonic average thermal conductivity to the MeasureDepth_m         

(W/[m °C]) 

Kc   Harmonic average thermal conductivity to the BasementDepth (W/[m °C]) 

BHT_diff Difference between the calculated BHT at the MeasureDepth_m and the 

CorrBHT. (°C) 
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2.  DrillingFluidQuery_ALL.SQL 

Query: 

 

Description:  

Because the API number is not a unique identifier (e.g. a well with 2 BHT measurements creates 

2 records with the same API number) a method for joining many wells with the same API 

numbers in the Whealton (2015) database to many wells with the same API numbers in the 

AASG database was needed. This is called a many-to-many join.  

First, a link table called [aasg_whealton] was created by combining the 

[AASG_Wells_GDB] and [Whealton_Wells_GDB]. This table consists of five fields: 1) a 

primary key (unique identifier) for the Whealton database [whealton_pk] 2) primary key for the 

AASG database [aasg_pk], 3) API number for AASG database [aasg_api], 4) API number for the 

Whealton (2015) database, and 5) spatial geometry of the data. 

This code selects all [*] information from the wells in the Whealton (2015) database for 

which the API number [id] equals the Whealton primary key in [aasg_whealton]. Then, the 

AASG wells for which the API number [id] equals the AASG primary key in [aasg_whealton] 

are joined to the previous table. This resulted in 687 matching records for 245 unique wells in 

NY and PA before processing of the data, as described in Selecting and Processing Wells for 

Analysis. Post processing, only 137 records matched. 

 

  



 

90 

3.  Drilling Fluid Nearest Neighbors [WhealtonWells_NAD_FinalProcessing.xlsx and 

whealtonAir&Mud_NAD3_RemovedNoLongLatPts_Reg_Unique.shp] 

Description:  

All wells in the Allegheny Plateau BHT section in New York and Pennsylvania needed to have 

drilling fluid information in order to use the BHT adjustment equation, as defined in Whealton, 

Stedinger, and Horowitz (2015). For the 137 records in the processed AASG database that 

matched the Whealton (2015) drilling fluid database, the use of the BHT equation for air or mud 

drilled wells is not a problem. For all other wells, no drilling fluid information is available.  

When a well did not have drilling fluid information, a weighted average of the BHT 

corrections for air and mud drilled wells was used based on the drilling fluid used to drill nearest 

neighbor wells. The nearest neighbor wells were the Whealton (2015) wells. The logic behind 

using a probabilistic assignment of nearest neighbors is that the wells close to each other are 

more likely to be drilling for the same resource and drilled by the same company, and therefore 

use a similar drilling fluid. 

An important step prior to running the nearest neighbor function was to check the Whealton 

(2015) database for wells with the same API number. Multiple records for the same well would 

count that well’s drilling fluid multiple times, thus assigning an inappropriate proportion of air 

and mud to a well with unknown drilling fluid. Of the 2233 records in the Whealton (2015) 

database, there were 1755 unique wells. 

A function was written to determine the proportion of air and mud drilled wells (see 

Whealton and Smith (2015) code repository). This function uses the nearest 25 points within 50 

km to compute the proportion of air and mud for an unknown well. The algorithm is defined 

such that the distance to the 25th nearest neighbor is the distance cutoff for the inclusion of wells 
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in the calculation of the proportion. If the 25th nearest point happens to have another point the 

same distance away (same location or different location), then there may be more than 25 points 

used to compute the proportion of air and mud. If 25 points did not exist within 50 km, then that 

well was assigned the regional average proportion of air and mud drilled wells of 0.194 air 

drilled and 0.806 mud drilled. 
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CHAPTER 4  

GEOSTATISTICAL ANALYSIS OF THE APPALACHIAN BASIN SURFACE HEAT FLOW 

4.1 Abstract 

An accurate spatial prediction of the surface heat flow in the Appalachian Basin and knowledge 

of the prediction uncertainty is essential for drawing conclusions about regional geothermal 

resource quality. Geothermal fields are commonly assessed using regional spatial regressions and 

geostatistical interpolations, which examine medium- and long-range variations and regional 

average spatial correlation. In this chapter, ordinary kriging (OK) at the basin scale is compared 

to laterally stratified ordinary kriging (SK) within heat flow sub-provinces of the Appalachian 

Basin. The heat flow sub-provinces are defined by Poisson wavelet multiscale gravity and 

magnetic potential field edges (Horowitz, 2015), which are interpreted as lateral contrasts in 

basement rock composition (Appendix D).  

An exploratory spatial data analysis (ESDA) is used to filter the database described in 

Chapter 3 for those points with surface heat flow values that are deemed reliable, as defined 

primarily by a local spatial outlier analysis. The reliable points are used to construct semi-

variograms that model the average spatial correlation within each sub-province for the SK, and 

for the basin scale OK. Jackknife 95% confidence intervals for the mean semi-variance at 

separation distance lags reveal that the average spatial correlation structure for many of the sub-

provinces is significantly different than the basin scale average spatial correlation structure. 

Adjacent sub-provinces also exhibit statistically significant differences in the average spatial 

correlation structure. Thus, the assumption of stationarity of the surface heat flow stochastic field 

is violated for the basin scale OK. Even so, a leave-one-out cross validation of the predicted 

mean surface heat flow reveals that the SK and the basin scale OK are similar in terms of 
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prediction accuracy. However, the SK sub-province interpolations reflect more of the local 

spatial correlation structure, and therefore provide a more site-specific assessment of the spatial 

prediction uncertainty in the mean surface heat flow. The greatest differences in spatial 

prediction uncertainty are for those sub-provinces for which the nugget semi-variance, the sill 

semi-variance, and the shape parameters of the semi-variogram differ most from the basin scale 

semi-variogram parameters. Overall, for the Appalachian Basin, a basin scale OK results in a 

misleading interpretation of the surface heat flow spatial prediction uncertainty for many 

locations in the basin.  

SK is recommended to capture differences in the average spatial correlation structure 

throughout the Appalachian Basin, and to represent those differences in kriging of the surface 

heat flow. Because of the significant differences in the semi-variograms for the sub-provinces, 

the identified length scales and anisotropies of spatial correlation within each sub-province may 

be useful for deducing geological causes, such as lithological features, that influence spatial 

variations in the Appalachian Basin surface heat flow. 

 

4.2 Introduction 

The goal of this thesis is a prediction of the mean surface heat flow and a measure of the 

prediction uncertainty for the Appalachian Basin in New York, Pennsylvania, and West Virginia. 

The previous chapters describe the data processing steps, and how the surface heat flow was 

calculated for individual wells. A brief summary of the thermal data processing, and the spatial 

distribution of the data, is provided below. This chapter presents further data processing steps, 

followed by a geostatistical methodology for using the surface heat flow values computed for 

well locations (called control points) in a basin scale spatial prediction of the mean surface heat 

flow in the Appalachian Basin, and the uncertainty in the predicted mean surface heat flow.  
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This study used a compilation of bottom-hole temperature (BHT) data from oil and gas wells 

in New York (NY), Pennsylvania (PA), West Virginia (WV) and a 50 km buffer into 

surrounding states (AASG, 2015; Figure 4.1). As a result of expected drilling-related thermal 

disturbances (e.g. Demming, 1989), these BHTs were adjusted to approximate thermal 

equilibrium using the Whealton, Stedinger, and Horowitz (2015) correction equations. The 

Whealton, Stedinger, and Horowitz (2015) equations are defined for the regions shown in Figure 

4.1. As shown in Figure 4.1, these BHT point measurements in the Appalachian Basin are 

spatially non-uniform in the basin volume, and cluster where oil and gas resources were targeted. 

The transformation of the BHT data to a common surface (ground surface for the surface heat 

flow) allows for two-dimensional (easting, northing) spatial predictions, which are theoretically 

valid if the assumption of heat conduction is appropriate for the basin. The corrected BHTs and 

the thermal conductivity stratigraphy for the Appalachian Basin described in Chapter 2 were 

used to compute the surface heat flow at the spatial location of each well using the heat 

conduction model described in Chapter 3. Other thermal properties, such as the temperature at a 

depth of interest or the depth to a temperature of interest, may also be spatially predicted using 

the geostatistical methods presented in this chapter. 
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Figure 4.1: Locations of wells with bottom-hole temperature measurements, colored by the 

measurement depth. The BHT correction sections of Whealton, Stedinger, and Horowitz (2015) 

are shown. Only data that survived the exploratory spatial data analysis in Section 4.4 are 

plotted. 

 

For basin scale geothermal resource assessments, it is common to predict the geothermal 

properties of interest using regional spatial smoothing methods. The simplest methods include 

contouring (e.g. Chapman et al., 1984) and inverse distance weighting (e.g. Basel, Satman, and 

Serpen, 2010), which do not explicitly account for spatially correlated data, and do not provide 
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prediction uncertainties. However, inverse distance weighting schemes implicitly assume that 

there is spatial correlation among the data points, but the structure of correlation is not calculated 

from the data. Minimum curvature methods (e.g. smoothing splines) and local polynomial 

regressions (e.g. Cleveland and Delvin, 1988), for which the tension of the curve may be 

adjusted to provide more local (exact) or global (smoothed) interpolations, have also been used 

in geothermal resource assessments (Aguirre, 2014). These methods do not explicitly account for 

spatially correlated data, and they do not estimate the uncertainty of the prediction. 

Spatial prediction methods that address spatially correlated data and estimate the uncertainty 

in the predictions include kriging geostatistical interpolation (e.g. Cressie, 1988), and simulated 

annealing with a spatial correlation objective (Fabbri and Trevisani, 2005). Many studies in the 

geothermal literature have used kriging to predict properties of geothermal fields. For example, 

Bonté et al. (2010) present a detailed three-dimensional ordinary kriging (OK) of basin 

subsurface temperatures in France. Rühaak, Bär and Sass (2014) use OK with an external drift to 

better constrain their conduction-based finite-element predicted temperatures at 500 m depth 

(external drift) with their OK predictions of temperature at 500 m depth. Kriging methods that 

address spatial trends in the mean include regression kriging (e.g. Hengl, Heuvelink, and 

Rossiter, 2007) and universal kriging (e.g. Journel and Rossi, 1989).  

Simulated annealing is less common in the geothermal literature, so a brief review of the 

methods (Kirkpatrick, Gelatt, and Vecchi, 1983) is presented here, with a focus on geothermal 

problems. Simulated annealing for a two-dimensional spatial domain would begin with many 

(e.g. 500 in Fabbri and Trevisani, 2005) spatially random subsurface temperature or surface heat 

flow values, on a defined on a grid that covers the spatial domain. The random value at each grid 

cell is then perturbed using the selected annealing method, a type of random walk, until the 
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resulting spatial distribution minimizes a defined objective function within a prescribed tolerance 

level. For Fabbri and Trevisani (2005), the objective function reflected matching the summary 

statistics of the observed data, and theoretical semi-variograms for the observed data to account 

for spatial correlation in the simulations. For each grid cell, the mean and variance of the 

temperature (or heat flow) are determined from the many simulated maps (e.g. 500), which are 

equally probable realizations of the geothermal field. Simulated annealing can be used to provide 

estimates for the probability that the temperature at depth will be at least 80 °C, as in Fabbri and 

Trevisani (2005). Simulated annealing with a spatial correlation objective is great for assigning 

probabilities of encountering a resource above or below a set threshold, but these results may be 

less informative for regional resource assessments that aim to inform more generally where hot 

and cold spots are located. 

In this chapter the OK method of spatial prediction is used to evaluate the Appalachian Basin  

mean surface heat flow and the spatial prediction uncertainty. The OK method is selected as 

opposed to regression kriging or universal kriging because trends in the surface heat flow with 

spatial position are not discernible based on previous studies of the basin (Stutz et al., 2015; 

Frone and Blackwell, 2010).  

Kriging is a method that relies on geostatistical stochastic regionalized variable theory, as 

presented in Equation 4.1 (e.g. Cressie, 1988) 

𝑄𝑠(𝐱) = μ(𝐱) + 𝜀𝑠(𝐱) + 𝜀𝑛(𝐱) 

[4.1] 

where Qs(x) is the true (unknown) value of the surface heat flow at spatial location x = (easting, 

northing), μ(𝐱) is the deterministic component (mean) of the surface heat flow at x, 𝜀𝑠(𝐱) is the 

spatially correlated stochastic component of the surface heat flow at x, and 𝜀𝑛(𝐱) is uncorrelated 
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random noise at x with 𝔼[𝜀𝑛(𝐱)] = 0. In ordinary kriging, μ(𝐱) spatially represents larger scale 

variation, 𝜀𝑠(𝐱) is smaller scale local variation, and 𝜀𝑛(𝐱) represents microscale variation and 

measurement errors (Cressie, 1988; see Section 4.4) with Var[𝜀𝑛(𝐱)] = 𝜎𝑛
2, the nugget semi-

variance (described below). An assumption of kriging is that the correlation structure of the 

spatial errors, 𝜀𝑠(𝐱), is stationary within the region for which it is defined. The structure of 

spatial correlation is defined by the semi-variogram (see Section 4.4.5) for kriging interpolations. 

Section 4.5 provides more details about the kriging interpolation used in this thesis, including 

system of equations and the selected interpolation parameters. 

As mentioned in Chapter 3, the Appalachian Basin likely has a heterogeneous basement rock 

composition, which may result in heat flow sub-provinces. A discussion of these potential heat 

flow sub-provinces in the Appalachian Basin is presented in Section 4.3. Heat flow sub-

provinces could result in different heat generating processes spatially, thereby violating the 

assumption of a stationary stochastic field on the basin scale. Therefore, for each of the potential 

sub-province interpolation regions outlined in Section 4.3, OK is used to predict the surface heat 

flow using only the data within the sub-province. This is known as stratified ordinary kriging 

(SK). In this thesis, stratification is defined by the lateral boundaries presented in Section 4.3, 

rather than with depth. The results presented in this chapter are compared for SK and the more 

commonly employed basin scale OK. 

Section 4.4 presents an exploratory spatial data analysis (ESDA) for the surface heat flow at 

individual well locations. The ESDA included an evaluation of potentially bad data points, a 

spatial outlier analysis, and a spatial autocorrelation analysis using semi-variograms. Section 4.5 

presents further details on the OK and SK interpolation methods. Section 4.6 presents the results 

of the SK and the basin scale OK interpolations, and highlights potentially favorable locations of 
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the Appalachian Basin in terms of the predicted mean surface heat flow, and the uncertainty of 

the spatial prediction. 

 
Portions of this chapter were originally published as a technical memo in a Department of 

Energy (DOE) funded Low Temperature Geothermal Play Fairway Analysis for the Appalachian 

Basin project under award number DE-EE0006726 (Smith, 2015). The focus of that memo was 

the depth to 80 °C; whereas the surface heat flow is presented in this chapter. The well database 

associated with this work may be downloaded from the Geothermal Data Repository (Cornell 

University, 2015). The R functions for spatial outlier analysis and BHT corrections are available 

in a Github git repository (Whealton and Smith, 2015). 

 

4.3 Potential Heat Flow Sub-Provinces and Spatial Interpolation Boundaries 

A heat flow province is an area within which the mantle heat flow value (Qm) is spatially similar 

(Roy, Blackwell, and Birch, 1968). Heat flow provinces are typically separated by a transition 

zone defined by a major continental structural divide on the order of about 102 km width (Roy, 

Blackwell, and Birch, 1968). The Appalachian Basin is expected to be within a single heat flow 

province (e.g. Chapter 3 assumption of spatially uniform Qm = 30 mW/m2) because it is located 

far from major continental boundaries, and it is considered to be within a stable continent interior 

(Blackwell, 1971). However, the spatial distribution of radiogenic heat producing elements 

within the crust may cause spatially variable surface heat flow patterns. Based on expected 

heterogeneities in the Appalachian Basin basement rocks, as described in Chapter 3, there is not 

a reason to reject the hypothesis that the Appalachian Basin has heat flow sub-provinces.  

Following Roy, Blackwell, and Decker (1972), heat flow sub-provinces are defined as areas 

within the larger Appalachian Basin heat flow province that have different radiogenic heat 
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generation values in basement rocks as a result of heterogeneities in basement rock composition. 

In Roy, Blackwell, and Decker (1972) the differences in heat generation between sub-provinces 

are defined by different values of the e-folding length in basement rocks, B, that are unique to 

each sub-province. In this thesis, the value of B may be spatially variable in any sub-province 

(Section 3.5). However, for the surface heat flow calculations, only wells with BHT 

measurements that are located within the basement rocks are affected by the assumption of B 

(Section 3.5). Nearly all of the basement wells in the collected dataset are located in New York, 

where the value of B is similar throughout the state (Figure 3.2). Therefore, for a spatial 

interpolation of the surface heat flow, the assumption of heat flow sub-provinces in the manner 

defined by Roy, Blackwell, and Decker (1972) is still valid because the value of B will be similar 

for those wells with BHT measurements in the basement rocks. 

Several heat flow studies in other sedimentary basins have identified potential heat flow sub-

provinces based on differences in radiogenic heat generation among tectonic divisions in the 

basement rocks. For example, Rao, Rao, and Narain (1976) state that there are potentially 2 heat 

flow provinces with several sub-provinces in the Indian Shield. Bachu and Burwash (1991) show 

that tectonic variation in heat generation at the top of the Precambrian basement is sufficient to 

explain the variations in the geothermal gradient for much of the Western Canada Sedimentary 

basin. Kutas (1977) highlights the impact of the tectonic setting on the heat flow patterns in The 

Ukraine. Finally, Chopra and Holgate (2005) state that the Australian basement is divided into at 

least 334 sections, which may contribute differently to the surface heat flow. Therefore, potential 

heat flow sub-provinces in the Appalachian Basin are worth evaluating. 

As discussed in Chapter 3, the composition of basement rocks underlying the Appalachian 

Basin region of interest is not well known. However, the recent geophysical analyses by 
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Horowitz (2015) provide insight into the heterogeneity of the Appalachian Basin basement rocks 

in this region. Horowitz (2015) used Poisson wavelet multiscale potential field analyses (Hornby, 

Boschetti, and Horowitz [1999]; independently developed by Moreau et al. [1997]) of gravity 

and magnetic measurements to define edges in these potential fields in the spatial domain of the 

Appalachian Basin. The edges are interpreted as lateral contrasts in rocks at depths ranging from 

7 km to 15 km. These depths are great enough to reflect differences in basement rock 

composition over the spatial domain of the Appalachian Basin (Figure 2.1). For the gravity field 

the lateral contrast is related to subsurface density. For the magnetic field the lateral contrast is 

related to the concentration of the mineral magnetite, which is more prevalent in basement rocks. 

Each of these potential field measurements reflects subsurface rock composition. 

The gravity edges of Horowitz (2015) were the primary source used to delineate the heat 

flow sub-province interpolation regions for the SK analysis. The magnetic edges were used to 

refine the interpolation regions where large magnetic anomalies appeared within any 

interpolation region. Therefore, this method assumes spatial homogeneity in basement rock 

density within each of the sub-provinces, but the magnetic signature may be variable. The 

gravity edges were used as the primary source because many of the gravity edges were 

seemingly related to structural features, and some likely reflect basement terrane boundaries of 

granites in New York, as discussed by Hodge et al. (1981). Figure 4.2 displays the gravity edges 

from Horowitz (2015) and the interpreted heat flow sub-province interpolation regions. 

Appendix D provides more details regarding the interpretation of the potential field edges of 

Horowitz (2015) as interpolation boundaries.  
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Figure 4.2: Potential heat flow sub-provinces that serve as interpolation regions in this thesis. 

The sub-provinces are colored in rainbow colors starting in the top left, proceeding clockwise. 

The CWV and WWV interpolation regions extend 50 km into surrounding states, but only those 

data points located within the gravity edge outlines of Horowitz (2015) were used. The gravity 

edges of Horowitz (2015) are displayed because the interpolation boundaries were primarily 

defined by the gravity edges, with the exception being the SWPA boundaries that were defined 

by the magnetic edges. 

 

Tectonic-based interpolation regions defined by similar magnetic and gravity signatures have 

been used in other heat flow studies, such as Chopra and Holgate (2005) for the Australian crust. 

Potential heterogeneity in basement rocks, as outlined by the potential field edges, encourages a 
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comparison of spatial interpolation methods that assume the Appalachian Basin is a heat flow 

province 1) with and 2) without heat generation sub-provinces. If there are heat flow sub-

provinces, the data (heat) generating process for the surface heat flow in each sub-province may 

be different, which would violate the assumption of a stationary stochastic field on the basin 

scale – a requirement for kriging interpolation. The motivation behind this research is to test 

whether or not a laterally stratified analysis of the Appalachian Basin surface heat flow, here 

based on the concept of heat flow sub-provinces, is required for a site specific characterization of 

the surface heat flow and the prediction uncertainty. In this chapter, stratification refers to the 

lateral boundaries defined by the potential field edges, rather than the sub-horizontal boundaries 

that separate geological strata in a vertical column. If distinct heat flow sub-provinces with 

different geologic compositions do exist, and they have different heat generating processes, then 

developing a spatially correlated stochastic field that is unique to each sub-province should 

provide geothermal field prediction and uncertainty results that are more accurate than basin 

scale regional results. 

 

4.4 Exploratory Spatial Data Analysis 

A valuable precursor to any regression is an exploratory data analysis (EDA) or an exploratory 

spatial data analysis (ESDA; e.g. Anselin, 1999). EDA and ESDA are used to scan for 

potentially rogue or anomalous observations, and retain only those points that appear to be 

reliable. A rogue data point is defined as one that is unrepresentative of the processes being 

modeled, or simply one that is dominated by measurement error. For example, a bottom-hole 

temperature (BHT) measurement that is affected by groundwater advection should not be used in 

the heat conduction model assumed for the basin because it does not reflect the physical process 

of heat conduction. A rouge data point may also be representative of “microscale” spatial 
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variation (e.g. Nugget Effect section in Cressie [1988, p. 410]), defined as spatial artefacts with 

length scales that are either 1) smaller than the spacing of data points, or 2) smaller than the 

length scales that may be used to reliably assess spatial correlation (i.e. semi-variance lags, see 

Section 4.4.5). For example, a small area of anomalously high or low concentrations of 

radiogenic heat producing elements may result in an estimate of the surface heat flow that is 

uncharacteristic of the local or regional heat flow pattern. Wells located in these anomalies 

would likely be rogue measurements, which would interfere with spatial models that aim to 

capture trends and stochastic behavior on larger spatial scales.  

Other rogue points may be caused by measurement errors (e.g. spatial positioning or bad 

BHT-depth records) that do not have any physical geologic causes. In geostatistics, the 

microscale variation (physical spatial “errors”) and the measurement errors (which are not 

caused by geophysical phenomena) are included in the nugget semi-variance, which represents 

noise in the data (e.g. Cressie, 1988; see Section 4.4.5). Regardless of the cause for these rogue 

measurements, they could inflict high squared residual errors in regression analyses, which 

would limit the estimated accuracy of the regression, and can be highly influential in prediction 

(e.g. for linear regression, Chatterjee and Hadi, 1986). If these rogue measurements are also 

spatially anomalous, then they will impact the estimation of the average spatial correlation 

structure (i.e. the semi-variogram) across potentially many length scales (e.g. Kerry and Oliver, 

2007). 

The ESDA aimed to identify these rogue data points so they could be removed. Because 

BHTs and associated well log data are known to have quality issues (e.g. Demming, 1989), EDA 

methods are first applied to these spatial data on regional or sub-province spatial scales, followed 

by an ESDA method to identify and remove values that were outliers within their local region. 
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The spatial outlier analysis attempts to identify locally anomalous points, which should address 

some of the rogue points that are a result of extreme microscale variations and measurement 

errors. However, those spatial variations and measurement errors that are similar enough to 

nearby data will remain in the dataset and represent the nugget semi-variance. Identifying rogue 

points that are affected by convection or advection of heat is more challenging, especially when 

detailed information for groundwater hydrology in formations of the basin is not readily 

available. As a result, identifying regions (laterally and with depth) that are affected by 

convection and advection was considered as a post-processing exercise.  

After the EDA and ESDA methods have removed potentially rogue data points from the 

analysis (Section 4.4.1 through Section 4.4.4), spatial autocorrelation of the surface heat flow is 

calculated using semi-variograms within each of the sub-provinces, and at the basin scale 

(Section 4.4.5). The semi-variogram defines the average structure of the spatially correlated 

stochastic field that is used for prediction and uncertainty assessment of the mean surface heat 

flow in kriging interpolation (see Section 4.5). 

 

4.4.1 Negative Surface Heat Flow Values 

Special consideration of improbable values in a dataset is a simple EDA idea. A total of 38 wells 

in the database described in Chapter 3 have negative surface heat flow values. Calculated values 

of the surface heat flow are negative when the assumed annual average surface temperature is 

greater than the BHT measurement for the well (i.e. negative surface-to-BHT depth geothermal 

gradient) and the well is not deep enough for the heat generation term to offset the negative 

gradient term (see Equation 3.6). A negative heat flow is not reasonable, and may indicate that  

1) the annual average surface temperature is too high, 

2) the BHT is reduced as a result of groundwater advection,  



 

112 

3) the BHT or depth of measurement was not properly recorded, or  

4) the assumed value of the heat generation in the sedimentary rocks is too low.  

Case 4 is probably less important physically (i.e. a negative geothermal gradient is more 

problematic) but it is included for completeness. The following analysis focuses only on cases 1, 

2, and 3 for those wells with negative geothermal gradients, which occurs for 39 wells out of 

20 750. Case 1 would affect shallower wells more than deeper wells, whereas cases 2 and 3 

could affect any well.  

Figure 4.3 displays the spatial locations of wells with negative geothermal gradients. There 

are some clusters of wells with negative geothermal gradients, which may point to local 

groundwater disturbances. Clustering could also be a result of improper recording of data from 

the drilling company that operated in that region. Given that many wells near the wells with 

negative gradients have positive geothermal gradients, and further information is not available 

related to quality control for these wells, the 39 wells with negative geothermal gradients were 

assumed to be rogue data points and were removed. 
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Figure 4.3: Locations of all wells (black) and the 39 wells with negative geothermal gradients 

(red).  
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4.4.2 A Minimum BHT Depth to Avoid Near-surface Thermal Disturbances 

It is common in studies of conduction-dominated geothermal regions to discard BHTs that are 

taken at shallow depths as a result of several potential near-surface thermal disturbances. Surface 

temperature fluctuations on millennial time scales have been shown to affect near-surface 

temperatures at depths up to 600 m (e.g. Beltrami, Matheroo, and Smerdon, 2015). In this study, 

600 m is considered as the smallest minimum BHT depth threshold to limit the impact of solar 

radiation disturbances to the BHTs taken in the shallow subsurface. Several studies conducted by 

the Southern Methodist University Geothermal Laboratory use 600 m as the minimum BHT 

depth. Their goal was to limit these climactic disturbances and minimize shallow groundwater 

effects. Moreover, one of their assumed BHT correction equations was not calibrated for 

shallower depths (e.g. Blackwell et al., 2011; Frone et al., 2015).  

Shallow BHT measurements may also be too high as a result of the historical use of 

maximum recording thermometers that systematically biased temperatures high at shallow 

depths. The bias is high because the true temperature at the shallow depth may not be greater 

than the surface air temperature (Gray, Majorowicz, and Unsworth, 2012). Gray, Majorowicz, 

and Unsworth (2012) present an extreme example of bias reduction for shallow BHTs with each 

decade post-1990, which coincides with a phase-out of maximum recording thermometers. 

Because of the use of maximum recording thermometers, Gray, Majorowicz, and Unsworth 

(2012) resorted to a minimum BHT depth that corresponds to the maximum summer surface air 

temperature of 30 °C. This depth is 1200 m for their study. In the Appalachian Basin region of 

interest, the regional average maximum summer surface air temperature is closer to 35 °C, which 

would result in a minimum BHT depth around 1050 m on average across the basin. This depth 

would vary spatially as a result of differences in geothermal resource quality. 
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Shallow groundwater systems may also impact shallow BHT measurements. For the state of 

Wyoming, Davis (2012) presents evidence that upwelling groundwater inflated shallow BHT 

measurements. Davis (2012) resorted to a minimum BHT depth of 1700 m to limit these effects. 

Upwelling of groundwater could result from a well drilled into a confined aquifer or a fracture 

that contains warmer water than the overlying rocks. Downwelling of groundwater can depress 

BHT measurements (Rao and Rao, 1980); however the effect of cooling is addressed by BHT 

corrections. On larger spatial scales, such as regional or local groundwater recharge, shallow 

temperatures at depth may truly be depressed relative to areas that do not experience 

groundwater infiltration (Majorowicz and Jessop, 1981). Lateral groundwater flow within the 

formation of measurement may also affect BHT measurements (Lewis and Beck, 1984).  

As a result of these potential disturbances, the heat flow values were compared by their BHT 

measurement depth to search for trends that necessitate a minimum BHT depth threshold. As 

stated above, 600 m is considered to be the smallest minimum depth threshold because of 

climactic effects that can reach those depths. Because heat flow is conserved under the 

assumption of heat conduction in the basin, the value of the surface heat flow should be roughly 

the same locally, regardless of the BHT measurement depth.  

The surface heat flow for wells in each state is plotted against the BHT measurement depth in 

Figure 4.4, for all wells in Figure 4.3 except the 39 with negative geothermal gradients. Davis 

(2012) shows a similar upward biased spread for shallow measurements, which is attributed to 

upwelling of groundwater. Based on Figure 4.4, a 600 m minimum depth eliminates some of the 

unusually high values of the surface heat flow in most states. A 1000 m minimum depth can be 

considered an approximate maximum surface temperature depth threshold for the Appalachian 

Basin. A 1000 m minimum depth eliminates additional high values in Virginia and West 
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Virginia. Deeper than 1000 m the surface heat flow values are mostly less than 100 mW/m2. 

However, there is still considerable scatter in the surface heat flow at these depths for all states 

except Maryland. Based on previously published heat flow maps for the Appalachian Basin 

(Stutz et al., 2015; Frone and Blackwell, 2010), values of the surface heat flow greater than 100 

mW/m2 are probably too high, but they may be realistic if the data are spatially clustered. For 

example, spatially clustered data that all have high values of the surface heat flow may be 

located on a local hot spot. 
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Figure 4.4: Surface heat flow versus the depth of the BHT measurement for all wells. Vertical 

lines indicate the 600 m (dashed) and 1000 m (solid) depth thresholds. 

 

The scatter in surface heat flow values calculated from BHTs deeper than 1000 m seems to 

narrow with increasing depth. This apparent consistency with increasing depth could be a result 

of fewer wells at deeper depths, or a result of spatial clustering of the deeper wells (Figure 4.1). 

However, if the data are more consistent with depth, a 1000 m depth cutoff would be preferred 
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over the 600 m depth cutoff, so long as the spatial coverage of the data is sufficient for further 

analyses. Figure 4.5 provides the spatial distribution of points based on the 600 m depth cutoff 

(light colors) and the 1000 m depth cutoff (dark colors). Using a 600 m minimum BHT depth 

would remove 2093 wells from the dataset, or approximately 10% of the available data. 

Removing these wells would only limit spatial data coverage in northern New York (lighter 

colors in Figure 4.5). Other locations where data would be removed have other deeper wells 

(darker colors and black points in Figure 4.5).  

Using a 1000 m minimum BHT depth would remove 6963 wells, or approximately a third of 

the 20 711 available points. Even so, for the majority of the region the 1000 m depth cutoff does 

not greatly limit the spatial coverage of the remaining data (black points in Figure 4.5). Notable 

data gaps are located in northern New York, northeastern Kentucky, and northwestern 

Pennsylvania. The data gaps in New York and Kentucky are not of great concern because some 

deeper data points remain, and the removed wells are located on the exterior of the data extent. 

Removing exterior points will not create data coverage “holes” on the interior of the resulting 

prediction and uncertainty maps. 

On the other hand, data gaps caused by the 1000 m depth cutoff in northwestern 

Pennsylvania will create holes on the resulting maps (purple circle in Figure 4.5). Therefore, the 

BHT data between 600 m and 1000 m in this region were examined for consistency in the 

surface heat flow value. A plot of the surface heat flow versus BHT depth for this region of 

Pennsylvania is provided in Figure 4.6. Elk, Jefferson, and Clarion counties have surface heat 

flow values that are fairly consistent deeper than 600 m. Warren and McKean counties have 

some high surface heat flow values between 600 m and 750 m. Forest County has a great spread 

in the surface heat flow between 600 m and 750 m, but seems to be more consistent with 
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neighboring Elk County deeper than 750 m. As a result, the minimum BHT depth for points in 

the encircled region of Figure 4.5 was set to 750 m. Some of the remaining high and low values 

may be screened in the spatial outlier analysis. Reducing the minimum BHT depth in this region 

added 70 points back to the dataset. After these processing steps, 13 818 BHT measurements 

remained. 

 
 

Figure 4.5: Wells remaining (black) and wells that were removed based on the 600 m (light 

colors) and 1000 m (dark colors) minimum BHT depth. The color scheme for each state matches 

Figure 4.4. Deeper BHTs are displayed on top of shallower BHTs. 
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Figure 4.6: Surface heat flow values sorted by the BHT depth of measurement for wells 

encircled in Figure 4.5 in northwestern Pennsylvania. The colors of points match the counties on 

the inset map. The vertical dashed line is the 600 m cutoff, and the solid line is the 750 m 

proposed minimum BHT depth for this region.  
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4.4.3 Wells in the Same Spatial Location 

The well database described in Chapter 3 has 697 records that share exactly the same spatial 

coordinates with another record. Records that have the same coordinates may be a result of  

1) a well having more than one temperature measurement at different vertical depths,  

2) a well with offshoots that has a temperature measurement for each offshoot (e.g. after 

a failed “fishing” attempt for a drill string, an offshoot may be created [e.g. 

Friðleifsson et al., 2005]),  

3) a well with a lateral component (e.g. a hydraulic fracturing well) that has temperature 

measurements in the lateral and the vertical portions of the well,  

4) wells located on the same drill pad that have been assigned the average coordinates of 

the pad, or  

5) from a duplicate record in the database.  

These points would interfere with spatial EDAs and ESDAs. For example, in a spatial outlier 

analysis a location should only be counted once, assuming that points in the same location 

provide the same information about the thermal field. Points in the same location will differ in 

value as a result of measurement errors and transient thermal field disturbances (e.g. returning to 

thermal equilibrium after drilling). Therefore, these points in the same location provide estimates 

of the nugget semi-variance in these locations. The sample nugget semi-variance is calculated 

using Equation 4.2 (e.g. Cressie, 1988, see Equation 4.5 for h = 0) 

𝑠𝑛
2 =

(𝑄𝑠,𝑖 − 𝑄𝑠,𝑗)
2

2
 

[4.2] 

where 𝑠𝑛
2 is the sample nugget semi-variance, Qs is the surface heat flow, and i and j are each a 

surface heat flow value for a single spatial location. Some locations had more than 2 BHT 
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measurements, which resulted in (N·[N-1])/2 sample nugget semi-variances, where N is the 

number of multiple measurements in the spatial location. For these locations, the average of the 

sample nugget semi-variances that were calculated using Equation 4.2 was reported for that 

location. This is referred to as the average sample nugget semi-variance.  

For calculations of the sample nugget semi-variance using Equation 4.2, it would be 

desirable to exclude those records in the same location that are different as a result of transient 

thermal disturbances. Then the calculated average sample nugget semi-variance for the spatial 

location would be representative of measurement errors and, when temperatures are measured at 

different depths, errors in the assumptions in the heat conduction model in Chapter 3 and the 

thermal conductivity stratigraphy in Chapter 2. However, information about BHT measurement 

date and time after drilling is not provided. As a result, the calculated nugget for each location is 

potentially calculated with some rogue data.  

The 208 locations with multiple BHT measurements are plotted in Figure 4.7. Nearly all of 

the locations with multiple BHT measurements are in New York. This may indicate that data 

recording protocol in New York is different than the other states (e.g. New York State required 

that all temperature measurements were retained in the AASG (2015) database, and other states 

used only the deepest temperature measurement).  

The distribution of the average sample nugget semi-variance for each spatial location is 

summarized using boxplots for each interpolation region in Figure 4.8. The spread in the average 

sample nugget semi-variance is considerable in some regions, ranging from essentially 0 

(mW/m2)2 (i.e. the BHTs in the same spatial location provide the same estimate of the surface 

heat flow) to greater than 1000 (mW/m2)2. The average sample nugget semi-variances that are 



 

123 

large might indicate that at least one of the BHTs is a rogue measurement for that spatial 

location.  

Ordinarily, the spatial average of the average sample nugget semi-variance would be used as 

an estimate of the true average nugget semi-variance for each interpolation region. Because some 

of the BHTs used to calculate the average sample nugget semi-variance may be rogue 

measurements, the spatial median of the sample average nugget semi-variance shown on the 

boxplots in Figure 4.8 is recommended as an estimate of the true nugget semi-variance for each 

interpolation region. The spatial median is more robust to potential outliers than the spatial 

average. The spatial median nugget semi-variances for the interpolation regions of Chautauqua, 

NY (CT), western Pennsylvania (WPA), northwestern Pennsylvania and New York (NWPANY), 

and the Valley and Ridge (VR, not used in spatial interpolation, see Appendix D) are all less than 

10 (mW/m2)2. In Section 4.4.5 the spatial median nugget semi-variance for each interpolation 

region is compared with the estimated nugget semi-variogram parameters. 
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Figure 4.7: Locations of wells with multiple BHT measurements deeper than 1000 m (colors) 

relative to all wells deeper than 1000 m (black). The wells with multiple BHT measurements 

were used to compute the average sample nugget semi-variance. The colors for each 

interpolation region match Figure 4.8. 
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Figure 4.8: Boxplots of the average sample nugget semi-variance for locations with multiple 

BHT measurements. Whiskers extend to the lower or upper quartile ± 1.5 times the interquartile 

range. The colors of the boxes match the interpolation regions in Figure 4.2. The width of the 

boxplots is proportional to the square root of the number of points in the boxplots. ENY has the 

most points (N = 60) and CWV has the least points (N = 2). No locations in the WWV region 

had multiple BHT measurements. 

 

For all of the records in the same spatial location, only the deepest temperature measurement 

was retained for further analysis. The deepest measurement was used as a method of rapid 

quality control, because deeper data are believed to be more reliable (e.g. Figure 4.4). In a few 

locations the deepest depth had two or more different BHT measurements. The measurement 

date and time were not available for these records, so it was not possible to tell if these 

temperature differences were indicative of transient thermal disturbances. Blackwell, Richards, 

and Stepp (2012) also encounter multiple BHTs at the same depth. Blackwell, Richards, and 

Stepp (2012) seem to use the BHT value that is most similar to BHTs in nearby wells, and are 

more likely to use the data at all if the multiple BHTs are similar; however further detail is not 

provided. A non-spatial adaptation of the Blackwell, Richards, and Stepp (2012) reasoning was 

used for quality control on the 31 records from 14 locations with different BHTs at the same 
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depth. Because it was not possible to diagnose which BHT better represented thermal 

equilibrium, and either BHT could have been assigned an incorrect depth, an arbitrary quality 

threshold of ± 2 °C was used to diagnose whether or not the set of BHTs at the same depth were 

reliable. Only the locations with BHTs at the same depth for which the BHTs were within 2 °C 

of each other were retained – the remainder were dropped from the dataset for quality concerns. 

Only 6 locations were dropped as a result of the censoring of temperatures. The largest 

difference in BHTs for the same depth was about 14 °C. Perhaps one of the measurements for 

these locations represents thermal disequilibrium, and one represents thermal equilibrium. 

The locations with BHTs within 2 °C of each other were checked for potential errors in the 

depth of measurement that could explain the difference in BHTs taken at the same depth. Each 

record in the database has up to three depth fields: a driller depth, a true vertical depth, and a 

depth of temperature measurement. For quality control, under the assumption of heat conduction, 

the smallest BHT should correspond to the shallower of the depth of measurement and the true 

vertical depth or the driller depth. For records that had a depth of measurement and one of either 

the driller depth or the true vertical depth, the BHT that most likely corresponded to the depth of 

measurement using this depth criteria was retained. For all other locations, the average of the 

multiple BHTs at the same depth were taken, and the geotherm temperature profile was 

recomputed to reflect the average BHT. Only 1 location needed to be rerun, so an adjustment of 

uncertainty in the BHT measurement was not made to reflect that 2 BHT measurements were 

taken at the same depth in this location, rather than 1. 

In summary, after taking only the deepest of the 13 818 available well records, the number of 

data points for spatial outlier analysis was reduced to 13 381 unique locations. 
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4.4.4 Spatial Outlier Analysis 

The surface heat flow calculated at each well was subject to a spatial outlier analysis to scan for 

and remove rogue observations, as described above. Some spatial outlier detection algorithms are 

reviewed in Lu, Chen, and Ku (2003). Most rely on a local neighborhood of points to test for 

outliers. To highlight the need for a local neighborhood, consider again the above example of 

high or low concentrations of radiogenic heat producing elements located within a small area. If 

many wells are located in this small area, their values will likely not appear anomalous with 

respect to their local neighborhood. However if few data points are located in this area, these few 

points may appear to be outliers with respect to their neighborhood. A challenge arises when 

there are too few points within a local area to define a reliable neighborhood of points with 

which to test for outliers. In this thesis, those points that were unable to be tested for outliers 

were evaluated by other means, as described below. 

A local asymmetric boxplot outlier identification method presented in Aguirre (2014) and 

further developed by Whealton and Stedinger (2015) is adopted. This method is robust to the 

data being drawn from asymmetric distributions. Using this algorithm and a similar geothermal 

dataset, Whealton and Stedinger (2015) determined an optimal searching distance for the 

identification of outliers in a subset of the Appalachian Basin. The selected local outlier 

identification algorithm uses the nearest 25 points within a 32 km radius from the point being 

tested to determine if the point is an outlier. The upper and lower thresholds of the asymmetric 

boxplot outlier test are provided in Equation 4.3 

  𝑊𝑙𝑜𝑤 = 𝑞0.25 − 3(𝑞0.5 − 𝑞0.25) 

  𝑊𝑢𝑝 = 𝑞0.75 + 3(𝑞0.75 − 𝑞0.5) 

[4.3] 
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where Wlow is the lower threshold, Wup is the upper threshold, and qp is the pth quantile. If the 

value of the surface heat flow for the point being tested was greater than Wup or less than Wlow, 

the point was considered to be unrepresentative of the local 32 km region – a rogue 

measurement. These points were removed in an effort to better reflect the local heat flow values.  

The outlier analysis was performed on the entire well dataset, without regard to the sub-

province boundaries. The search for nearest neighbors was not restricted by the sub-province 

boundaries. The resulting dataset that was “cleaned” of Equation 4.3 defined local outliers was 

used for interpolation at the basin scale and at the sub-province scale. Approximately 8% of the 

data were identified as local outliers. Based on the table of outlier identification rates in 

Appendix 3 of Whealton and Stedinger (2015), identifying 8% of the data as outliers resembles 

the outlier identification rate for a Student t distribution with three degrees of freedom that is 

tested for outliers using Equation 4.3. 

The spatial distribution of the local outliers is provided in Figure 4.9. There are about 100 

more low outliers than high outliers. The locations of high and low outliers do not appear to be 

clustered. Generally, the high outliers greater than 90 mW/m2 are located in West Virginia, and 

high outliers between 50 mW/m2 and 70 mW/m2 are located in Pennsylvania and New York. 

Low outliers less than 50 mW/m2 are found throughout the basin.  

This local outlier identification algorithm worked well for testing points within the interior of 

the region, but points along the exterior or in data sparse locations were not tested when they had 

fewer than 25 points within 32 km (purple triangles in Figure 4.9). For the 191 points that were 

not tested, the values were compared with available nearest neighbor points, and using normal 

quantile-quantile (q-q) plots within their respective sub-provinces (Figure 4.10). 
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Figure 4.9: Identified local outliers based on Equation 4.3. High outliers (circles) and low 

outliers (squares) share the same color scheme for the surface heat flow. Wells that were not 

tested for outliers as a result of too few nearby points are shown as purple triangles. All wells 

that were not identified as outliers are shown as small black circles. 
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Figure 4.10: Normal q-q plots of the surface heat flow within each of the interpolation regions. 

The color scheme matches Figure 4.2. Only the wells within the interpolation regions (with 50 

km buffers for CWV and WWV) in Figure 4.9 are used. 

 

Normal q-q plots were examined at the sub-province scale because very high and very low 

value heat flow points within the sub-provinces may affect the estimation of spatial correlation 

(i.e. semi-variogram parameters) within each sub-province. The western Pennsylvania (WPA) 

interpolation region seems to have a low anomalous point, but it was not identified as a spatial 

outlier, so it was retained in the dataset. Further evaluation of the semi-variance structure in 
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WPA with and without this point revealed trivial differences. The northwestern New York and 

Pennsylvania (NWPANY) interpolation region also seems to have a low anomalous point (Row 

ID 29908). This point was not tested in the outlier analysis, so it was removed from the 

NWPANY dataset and the full region dataset. No points appear anomalous in the eastern New 

York (ENY) interpolation region based on the q-q plot; however one point (Row ID 12690) that 

was not tested in the outlier analysis had a surface heat flow value that was more than 20 mW/m2 

greater than the untested wells in the immediate vicinity. As a result, this well was removed from 

the ENY dataset and full region dataset. The eastern New York and Pennsylvania (ENYPA) 

interpolation region has a clear high outlier on the q-q plot with a heat flow greater than 100 

mW/m2. This point (Row ID 19770) was not tested in the spatial outlier analysis, and is located 

on the eastern border of ENYPA in northeastern Pennsylvania. This point was removed from 

ENYPA dataset and the full region dataset. The southwestern Pennsylvania (SWPA) 

interpolation region has a few high and low heat flow points, but these did not appear to be 

spatially anomalous. The central West Virginia (CWV) interpolation region appears to have a 

high anomalous point, but it was not identified as a spatial outlier because data in the 

neighboring western West Virginia (WWV) interpolation region had similarly high heat flow 

values. Because the potential field edges used to create the interpolation regions have an 

uncertainty of ± 1 km (Horowitz, 2015) and this point was within 300 m of the border with the 

WWV interpolation region, this point was dropped from the CWV region, and added to the 

WWV region for the purposes of kriging interpolation and semi-variogram estimation. 

Importantly, no other points were located in the immediate vicinity of this point, so no other 

points needed to be switched from the CWV to the WWV interpolation region.  
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In summary, three points were removed from the dataset, and one point was switched to a 

different interpolation region. The q-q plots in Figure 4.10 do not reflect these changes to the 

dataset. Removing 3 points has a minimal effect on the dataset compared to the 1014 points 

removed using the spatial outlier analysis. After selecting only the points within the interpolation 

regions (and 50 km exterior buffer for the WWV and CWV interpolation regions) the total 

number of points for the analysis of spatial correlation was 12 136. 

 

4.4.5 Analysis of Spatial Autocorrelation: Semi-variogram Parameter Estimation 

In expectation, the difference in the surface heat flow for observations that are spatially closer to 

one another is smaller than the difference in the surface heat flow for observations that are more 

distant from each other. A metric that describes this relationship is the semi-variogram, which is 

the semi-variance as a function of the distance between two locations (and perhaps the direction 

from one location to another). A theoretical semi-variogram model, which describes the average 

spatial correlation for a region, can be estimated from the sample semi-variance for all       

(N·[N-1])/2 point pairs in a dataset. The definition of the semi-variance and an unbiased method 

of moments sample estimator are provided in Equation 4.4 and Equation 4.5, respectively (e.g. 

Cressie, 1988; Isaaks and Srivastava, 1989) 

γ(‖𝐡‖, 𝜽) =
1

2
𝔼([Qs(𝐱 + 𝐡, 𝜽) − Qs(𝐱)]

2) 

[4.4] 

γ̂(‖𝐡‖, 𝜽) =
1

2N(‖𝐡‖, 𝜽)
∑ [𝑄𝑠(𝐱i) − 𝑄𝑠(𝐱i + 𝐡, 𝜽)]

2

N(‖𝐡‖,𝜽)

i = 1

 

[4.5] 
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where γ is the population semi-variance, γ̂ is the sample estimator of the semi-variance, Qs is the 

surface heat flow, x (and xi) are vectors of the spatial position (easting, northing) of the surface 

heat flow values (for the ith point), h is a vector of values that describe the displacement from x, 

‖∙‖ is the Euclidian norm, 𝜽 is the direction of ‖𝐡‖ from x, N(‖𝐡‖, 𝜽) is the number of points 

located at spatial lag distance ‖𝐡‖ and angle 𝜽 from x, and 𝔼 is the mathematical expectation. 

Equation 4.4 describes how the likely difference between the values of Qs(x) at two locations 

changes as the distance between them, ‖𝐡‖, increases. The semi-variance for each lag, ‖𝐡‖, may 

be estimated from a spatial dataset using Equation 4.5.  

A set of Euclidian distances (i.e. a set of lags, ||h||) and directions, 𝜽, are selected at which to 

calculate γ̂. Because it is unlikely that many point pairs will be separated exactly by lag distance 

||h||, and even less likely by lag distance ||h|| in direction 𝜽, it is common to set a tolerance 

window on ||h|| and 𝜽 to calculate γ̂. The calculation of γ̂ at each distance-direction pair results in 

a set of spatial lags that are used to estimate the parameters of the theoretical semi-variogram for 

each direction considered. In this thesis, a tolerance window of half the distance between 

adjacent lags is used to search for point-pairs: hi ± 
ℎ𝑖+1−ℎ𝑖−1

2
, where hi is the current lag for which 

a tolerance window is to be constructed. For semi-variograms in two directions, a tolerance angle 

of ± 45° is used. These are the default parameters for the gstat package in R (Pebesma and 

Wesseling, 1998). These tolerance windows ensure that all available data are used to estimate the 

mean sample semi-variance for each lag. 

Typically, five parameters are estimated to define a theoretical semi-variogram model using 

the sample lag estimates. These are the nugget, sill, range, spatial anisotropy, and shape of the 

semi-variogram with increasing separation distance (e.g. Cressie, 1988). The shape parameter of 

the semi-variogram refers to the monotonic increase in the semi-variance with increasing 
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separation distance. At infinitesimal separation distances the semi-variance is equal to the nugget 

parameter. At the correlation range the semi-variance is equal to the value of the nugget 

parameter plus the sill parameter. Note that the correlation range, at which the sill + nugget semi-

variance is reached, is not necessarily equal to the range parameter of the semi-variogram. 

Equality of the range parameter and the correlation range depends on the shape of the theoretical 

semi-variogram (discussed below).  

The shape of the semi-variogram may be selected from a collection of at least 20 classically 

permissible functional forms that provide positive definite and non-singular matrices for fitting 

the semi-variogram to the sample lag estimates using least squares methods (Pebesma and 

Benedikt, 2016; Pebesma, 2004; Pebesma and Wesseling, 1998). Other permissible semi-

variogram functions may be derived, if desired, using methods such as those presented in 

Christakos (1984). Of these permissible options, the Gaussian, Exponential, and Linear shapes 

represented well the structure of the sample semi-variance of the surface heat flow in the 

Appalachian Basin. For some interpolation regions, more complex “nested” models of 

permissible theoretical semi-variogram models were needed to capture anisotropy in the semi-

variance structure, as described below. Conveniently, the sum of two permissible semi-

variograms is also a permissible semi-variogram (Christakos, 1984). The Gaussian, Exponential, 

Linear, and nested theoretical semi-variogram models used in this thesis, with a nugget effect 

included, are presented in Equation 4.6 (e.g. Pebesma, 2014)  
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γExp(ℎ)  = {
                   0             , ℎ = 0

𝑐0 + 𝑐 (1 − e
−[
ℎ
𝑎
]) , ℎ > 0

 

γGau(ℎ)  = {

                   0               , ℎ = 0

𝑐0 + 𝑐 (1 − e
−[
ℎ
𝑎
]
2

) , ℎ > 0
 

γLin(ℎ)  = {
    0              , ℎ = 0

       𝑐0 + 𝑏ℎ        , 0 < ℎ < 𝑎
𝑐0 + 𝑐         , ℎ ≥ 𝑎

 

γExp+Gau(ℎ)  = {

                                   0                                     , ℎ = 0

𝑐0 + 𝑐1 (1 − e
−[
ℎ
𝑎1
]
) + 𝑐2 (1 − e

−[
ℎ
𝑎2
]
2

) , ℎ > 0
 

γExp+Exp(ℎ)  = {

                                   0                                    , ℎ = 0

𝑐0 + 𝑐1 (1 − e
−[
ℎ
𝑎1
]
) + 𝑐2 (1 − e

−[
ℎ
𝑎2
]
) , ℎ > 0

 

[4.6] 

where γExp(ℎ) is the Exponential theoretical semi-variogram as a function of lag distance h, 

γGau(ℎ) is the Gaussian theoretical semi-variogram, γLin(ℎ) is the linear theoretical semi-

variogram, γExp+Gau(ℎ) is the nested Exponential-Gaussian theoretical semi-variogram, 

γExp+Exp(ℎ) is the nested Exponential-Exponential theoretical semi-variogram, c0 is the nugget 

parameter, a is the range parameter, c is the sill parameter, c1 is the sill parameter of the first 

nested semi-variogram model, c2 is the sill parameter of the second nested semi-variogram 

model, a1 is the range parameter of the first nested semi-variogram model, a2 is the range 

parameter of the second nested semi-variogram model, and b is the slope of the line, which is 

calculated from a, c, and c0. Figure 4.11 shows an example of the semi-variogram shapes in 

Equation 4.6. These are isotropic models. Spatial anisotropy is addressed in later figures.  
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Figure 4.11: Theoretical semi-variogram shapes with a nugget of 1, a total sill of 8, and a 

correlation range of about 25. The range parameter for each shape is selected such that the total 

sill is reached at a separation distance of 25. The Exponential + Gaussian shape is a nested model 

for which c1 = c2 = c/2 and a1 = a for the Exponential shape, and a2 = a for the Gaussian shape. 

The Exponential + Gaussian is an average of the corresponding Exponential and Gaussian shapes 

for all distances. The Exponential + Exponential shape is a nested model for which c1 > c and a1 

< a, and c2 < c and a2 > a, where a and c refer to the Exponential shape. 

 

The Gaussian and Exponential shapes approach the nugget + sill semi-variance 

asymptotically, whereas the Linear shape achieves the nugget + sill semi-variance at its range 

parameter. Therefore, the range parameter for the Gaussian and Exponential models is not the 

same as the range parameter for the Linear model, even though all shapes in Figure 4.11 appear 

to reach a semi-variance of 9 at a separation distance of 25. For example, in Figure 4.11, the 
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range parameter for the Exponential model is 3, for the Gaussian model the range is 8, and for 

the linear model the range is 25. The nugget for all shapes is 1, and the sill parameters sum to 8 

(i.e. for nested models, c1 + c2 = 8). These shapes in order of increasing local similarity of the 

surface heat flow are the 1) Exponential-Exponential, 2) Exponential, 3) Exponential-Gaussian, 

4) Linear, and 5) Gaussian (Figure 4.11). The Gaussian shape implies that points near each other 

all provide essentially the same estimate of the surface heat flow. A Gaussian shape could be 

indicative of a physical process that acts over the size of the nearby neighborhood, which results 

in highly correlated data on length scales smaller than the neighborhood size. The exponential 

shape indicates that the size of a neighborhood with similar values of the surface heat flow is 

small, and points become dissimilar rapidly with increasing separation distance. 

The nugget parameter refers to the apparent discontinuity in semi-variance at infinitesimal 

distances between two points. As explained in Section 4.4, the nugget effect is a result of rogue 

data (microscale variation and measurement error). If the BHTs were measured with perfect 

devices, the properties of the thermal field remained constant over the time scale of sampling, 

and the assumptions used to calculate the surface heat flow in Chapter 3 were perfectly accurate, 

the nugget would be essentially zero. The nugget could still be non-zero as a result of microscale 

variations in the surface heat flow that are not captured by the sampling scheme. Therefore, a 

non-zero nugget represents the measurement, positioning, and modeling errors present within the 

dataset, as well as any microscale variations in the thermal field.  

The range parameter of the theoretical semi-variogram is related to the distance to which 

spatial correlation is modeled. At distances beyond the range parameter for the Linear model, 

points are assumed to be spatially uncorrelated with a variance equal to the sill. The range 

parameter and the correlation range are the same for the Linear model. For the Exponential and 
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Gaussian models, the correlation range theoretically is infinite, so the range parameter is smaller 

than the correlation range. For real datasets, there is usually scatter about the modeled sill semi-

variance, which is indicative of noise in the data, or variation (e.g. a trend in the spatial mean) 

that is not being accounted for in the semi-variogram model (Cressie, 1988). 

The theoretical semi-variogram models presented in Equation 4.6 were fit to the sample 

semi-variograms using a weighted least squares non-linear regression (e.g. Cressie, 1985). The 

parameters are estimated by minimizing Equation 4.7 (Cressie, 1985; Pebesma, 2014)  

∑𝑤𝑣𝑖

N

𝑖=1

(γ̂[ℎ𝑖, 𝜽𝑖] − γMod[ℎ𝑖, 𝜽𝑖  ; 𝛌 ])
2 

[4.7] 

where 𝑤𝑣𝑖 are the weights (from Equation 4.8 below) on the ith semi-variance lag, γ̂[ℎ𝑖 , 𝜽𝑖] is the 

sample semi-variance for the ith distance-direction lag, and γMod[ℎ𝑖, 𝜽𝑖 ; 𝛌 ] is the theoretical 

semi-variogram model with vector of parameters 𝛌. The parameters include the nugget, ranges, 

and sills of the theoretical semi-variogram models, as shown in Equation 4.6. For anisotropic 

semi-variograms, the sills and ranges are a function of direction, which introduces additional 

parameters to estimate, or prescribe, to the estimation. In this thesis, a maximum of 2 directions 

are modeled. All nested semi-variogram shapes used in this thesis were fit iteratively using the 

method described in Pebesma and Wesseling (1998). 

The selected weighting scheme for each lag ensures that more weight is given to the sample 

semi-variogram lags that are located at the smallest h. The weights assigned to each lag are 

determined by the number of points used to estimate the semi-variance for the ith lag, 

N(‖𝐡i‖, 𝜽i), divided by the squared lag distance ‖𝐡i‖, as shown in Equation 4.8 (Pebesma and 

Wesseling, 1998; Pebesma, 2014) 
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𝑤𝑣𝑖 =
N(‖𝐡i‖, 𝜽i)

‖𝐡i‖2
 

[4.8] 

where 𝑤𝑣𝑖 are the weights assigned to the ith distance lag, hi. The weighting scheme in Equation 

4.8 is recommended in practice over the theoretical recommendation of Cressie (1985), which 

requires changing the weights assigned to each lag in each iteration (Pebesma and Wesseling, 

1998). Assigning more weight to the smaller lag distances reflects the importance of the semi-

variogram in predictive modeling. The semi-variogram value is used to define how much weight 

in the interpolation is assigned to each point. Because the semi-variogram increases from a 

minimum when h = 0 to a sill + nugget at greater distances, the largest interpolation weights in 

kriging prediction are assigned to those wells that are nearest the estimation location, and wells 

that are far away will receive comparatively smaller weight. 

 
Confidence Intervals for Semi-variogram Lags 

Because the sample semi-variance estimates at each lag distance are uncertain, it is useful to 

evaluate the confidence intervals for each lag in order to examine the significance in the semi-

variance structure among the interpolation regions. A simple approach to approximate 

confidence interval estimation for sample semi-variance lags is presented in Cressie (1985), 

which assumes that the variance of the semi-variance for each lag is normally distributed, and 

each lag is independent of all other lags. This approximation for the variance of the semi-

variance of each lag, modified from Cressie (1985) to show the approximation for the sample 

semi-variance, is provided in Equation 4.9 

Var[γ̂(ℎ)] ≈
2[γ̂(ℎ)]2

N(ℎ)
 

[4.9] 
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where Var[γ̂(ℎ)] is the variance of the sample semi-variance at lag h, which is calculated from 

N(h) point pairs. This is an approximation of the variance because independence is clearly 

violated for correlated spatial data. More recent approaches to confidence intervals for semi-

variance lags have suggested using an N-lag-dimensional Mahalanobis distance (i.e. variance-

covariance matrix method) to calculate true confidence intervals for the semi-variance lags that 

account for correlated data within the lag, and usage of each data point in multiple lags as a 

result of point-pairs located at various spatial distances from each other (Pardo-Igúzquiza and 

Dowd, 2001). This approach is computationally expensive for large datasets.  

An approximate confidence interval methodology that performs well for larger datasets is the 

jackknife resampling approach presented in Shafer and Varljen (1990), for which the semi-

variance for each lag is estimated by a leave-one-out approach. The jackknife confidence 

intervals asymptotically ensure normally distributed data for each lag (i.e. large N for each lag). 

The equation for the jackknife variance of the semi-variance lags is presented in Equation 4.10 

(Shafer and Varljen, 1990) 

𝜎𝐽
2(ℎ) =

1

N(N − 1)
∑(𝐽𝑖[𝛾(ℎ)] − 𝐽[𝛾(ℎ)])

2

N

𝑖=1

 

[4.10]  

where 𝜎𝐽
2(ℎ) is the jackknife variance (i.e. the mean square error) of the mean semi-variance for 

lag h, N is the number of points within the interpolation region, Ji[𝛾(ℎ)] is the sample semi-

variance for lag h when the ith point is left out, and J[𝛾(ℎ)] is the jackknife mean of the Ji[𝛾(ℎ)] 

for lag h. J provides an estimate of the mean semi-variance for lag h when no points are left out. 

J and Ji are computed using Equation 4.11 
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𝐽[𝛾(ℎ)] =
1

N
∑𝐽𝑖[𝛾(ℎ)]

N

𝑖=1

 , 𝐽𝑖[𝛾(ℎ)] = N[𝛾(ℎ)]𝑎𝑙𝑙 − (N − 1)[𝛾(ℎ)]𝑖 

[4.11] 

where [𝛾(ℎ)]𝑎𝑙𝑙 is the sample semi-variance for lag h calculated using all of the data points, and 

[𝛾(ℎ)]𝑖 is the sample semi-variance for lag h when the ith point is left out. The approximate 95% 

confidence interval for the semi-variance of each lag using the jackknife approach is         

𝐽[𝛾(ℎ)] ± 2𝜎𝐽(ℎ). Jackknife confidence intervals are placed on all relevant figures that follow. 

For nearly all lags, the jackknife mean semi-variance, 𝐽[𝛾(ℎ)], was equal to the sample semi-

variance for the lag calculated using Equation 4.5. This result indicates that the jackknife method 

is likely a good approximation of the actual confidence intervals for the semi-variance lags 

(Shafer and Varljen, 1990). The jackknife mean semi-variance is different than the sample semi-

variance for only a few lags in sub-provinces where there are few point-pairs to support the lag 

estimate at long separation distances (e.g. lags > 25 km in ENYPA for the N70W direction on 

Figure 4.14).  

 
Anisotropy in the Sample Semi-variance Structure 

When differences in the sample semi-variance appear with direction, there is anisotropic spatial 

correlation. A directionally dependent spatial correlation structure can be captured when fitting 

the semi-variogram. Spatial anisotropy may be modeled by estimating the major (longer range) 

and minor (shorter range) axes of spatial dependence, along with the ratio of the minor range to 

the major range (e.g. Chapter 7 in Isaaks and Srivastava, 1989). Ideally, the value of the sill will 

be the same value in all directions, but this is not guaranteed. Geometric anisotropy is when a 

semi-variogram has a different range in different directions to reach the same sill. Zonal 
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anisotropy is when the sill semi-variance differs with direction. As mentioned above, anisotropy 

can be modeled using the nested theoretical semi-variogram models in Equation 4.6.  

Anisotropy may be visualized as a directional plot (or a contour plot) of the sample semi-

variance. Figure 4.12 and Figure 4.13 show the directional plots of the sample semi-variance for 

the heat flow sub-provinces and for the basin scale, respectively. Each directional plot of the 

sample semi-variance is calculated to a distance of 60 km to visualize small- and medium-range 

spatial correlation. However, none of these regions are interpolated using a 60 km searching 

distance for a neighborhood of points (see Section 4.5; an interpolation distance of 30 km is 

used). Across the sub-provinces, anisotropy is neither spatially uniform in direction nor in 

magnitude of the semi-variance. These differences in semi-variance structure must be captured 

for accurate predictions, and computations of uncertainty in predictions, using kriging analysis. 

In order to capture the spatial anisotropy, the semi-variogram is fit to the major and minor 

axes of the anisotropy observed in Figure 4.12 and Figure 4.13. First, a single theoretical model 

is fit to all directions (termed an omnidirectional semi-variogram), and then nested models are 

successively added in different directions to account for anisotropy. Table 4.1 provides examples 

of nested anisotropic models. The fitted semi-variograms are provided in Figure 4.14 and Figure 

4.15 for the sub-provinces and the basin (full region), respectively. The number of distance lags, 

h, in each semi-variogram plot was selected based on the minimum number of lags that captured 

the major correlation structure, determined visually. For each lag, a 95% confidence interval is 

provided, as determined by the jackknife approach described above. The values of the fitted 

semi-variogram parameters are provided in Table 4.1. Note that the fitted values are those that 

provide the best fit to the semi-variogram lags in Figure 4.14 and Figure 4.15. The fitted values 

do not necessarily reflect physical reality for those sub-provinces for which no clear sill or range 
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is reached within 60 km of point-pair separation. For example, the ENY sub-province fits the 

lags, but the range (960 km) and the sill (9716 [mW/m2]2) parameters are very high relative to 

the other sub-provinces.  

 

Figure 4.12: Directional plots of the surface heat flow sample semi-variance for each of the sub-

provinces. All plots extend 60 km from the center, and share the same semi-variance color bar. 

White areas are where insufficient data exist to calculate a value of the sample semi-variance. 

Where there is anisotropy in the spatial correlation (e.g. in ENYPA) the plots appear elliptical. 
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Figure 4.13: Directional plot of the surface heat flow sample semi-variance for the basin scale 

interpolation. The plot extends 60 km from the center, and shares the same semi-variance color 

bar as Figure 4.12. White areas are where insufficient data exist to calculate a value of the 

sample semi-variance. The SW-NE elliptical shape in the center implies anisotropy in the 

structure of spatial correlation. Contours are provided in 20 (mW/m2)2 intervals for guidance. 
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Figure 4.14: Fitted semi-variograms for the sub-province interpolation regions. The selected 

interpolation distance of 30 km is shown as a red line, which extends to the value of the semi-

variance at 30 km. Major and minor axes of anisotropy are shown side-by-side, when applicable. 

Jackknife 95% confidence intervals (black) for the jackknife mean semi-variance (dark blue) are 

provided for each lag. For most lags, the semi-variance estimate from Equation 4.5 (light blue) is 

the same as the jackknife mean semi-variance. 
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Figure 4.15: Fitted semi-variogram for the basin scale interpolation region. The selected 

interpolation range of 30 km is shown as a red line, which extends to the value of the semi-

variance at 30 km. Major and minor axes of anisotropy are shown side-by-side. Jackknife 95% 

confidence intervals (black) for the jackknife mean semi-variance (dark blue) are provided for 

each lag. For most lags, the semi-variance estimate from Equation 4.5 (light blue) is the same as 

the jackknife mean semi-variance. 
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Table 4.1: Fitted semi-variogram parameters for each interpolation region. Shapes of the semi-variogram models are abbreviated 

according to Gau. – Gaussian, Exp. – Exponential, Lin. – Linear. For anisotropic models, the range parameter is defined along the 

major axis of anisotropy, as given by the anisotropy angle (clockwise from North = 0°). The range parameter along the minor axis of 

anisotropy is the range times the range ratio. Note that the anisotropy angle and the range ratio are not fitted parameters, and are rather 

estimated visually from the semi-variogram contour plots (Figure 4.12 and Figure 4.13) and directional semi-variograms (Figure 4.14 

and Figure 4.15). The nested semi-variogram models are defined in Equation 4.6. Nested models were fit one at a time in the direction 

listed under Angle. For these nested models, c2 and a2 are vectors for the directions listed under Angle. 

 

Province 

Fitted Semi-Variogram Parameters 

Shape 
Nugget 

c0 

(mW/m2)2 

Sill 

c or c1 

(mW/m2)2 

Range 

a or a1 

(km) 

Anisotropy      

Angle  

  (°) 

Minor/Major 

Range Ratio 

(1) 

Nested Semi-Variogram Parameters 

Shape: Angle (°), Sill (mW/m2)2, Range (km) 

               c2                     a2 

CT Exp. 5.00 1.70 2.24 10.0 0.50 
Gau:     100,              12.0,              573 202 

Gau:       10,                3.0,              250 000 

WPA Lin. 6.95 4.33 9.58 NA NA NA 

NWPANY Gau. 21.60 55.35 44.46 NA NA NA 

CNY Gau. 18.58 10.23 12.80 NA NA NA 

ENY Gau. 19.44 9716.03 960.35 160.0 0.70 NA 

ENYPA Exp. 22.12 18.36 2.00 20.0 0.40 
Gau:       20,            117.24,           212 393 

Gau:     110,            219.65,           584 412 

SWPA Exp. 0.79 33.36 0.39 40.0 1.00 
Exp:       40,              28.60,           780 948 

Exp:     130,                5.00,           200 000 

CWV Exp. 48.49 60.58 0.47 20.0 0.75 
Gau:     110,              18.97,           523 939  

Gau:       20,              41.92,           190 986 

WWV Exp. 72.43 181.95 0.74 NA NA NA 

Basin 

Scale 
Exp. 33.77 28.93 1.48 40.00 0.50 

Gau:       40,              38.25,           278 619 

Gau:     130,              15.00,             30 000 
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Differences in the semi-variograms for each interpolation region are evaluated in terms of 

differences in each of the estimated semi-variogram parameters in Table 4.1. A high value of the 

nugget semi-variance for any interpolation region indicates that data are in disagreement at very 

fine spatial scales. Several geostatistical studies of the surface heat flow in other sedimentary 

basins have reported values for the nugget effect. These studies report similar data quality issues 

from the use of BHT data. Chapman et al. (1984) for the Uinta Basin claim that small scale 

variations of 5 mW/m2 in the surface heat flow are not interpreted as meaningful, which is 

similar to a nugget semi-variance of 25 (mW/m2)2. A study of regional heat flow in France by 

Lucazeau and Vasseur (1989) reported a nugget of 169 (mW/m2)2. Edwards and Chapman 

(2013) for the Basin and Range in Utah found an exponential semi-variogram shape with the 

nugget contributing 15% of the total variance (i.e. nugget / [nugget + sill] = 0.15). In the context 

of these studies, the values of the fitted nugget parameter in the Appalachian Basin sub-

provinces appear reasonable. Most of the values are less than 25 (mW/m2)2. Only CWV (48.49 

[mW/m2]2), WWV (72.43 [mW/m2]2), and the basin scale (33.77 [mW/m2]2) semi-variograms 

have nugget parameters that are greater, but these are still less than the 169 (mW/m2)2 reported 

by Lucazeau and Vasseur (1989). 

A comparison of the spatial median nugget semi-variance calculated from the locations with 

multiple BHT measurements (Figure 4.8) and the semi-variogram parameter values for each sub-

province (Table 4.1) is provided in Table 4.2. For CNY and ENYPA the median of the BHT 

based nugget and the parameter estimate are similar in value. For CT, WPA and ENY the 

parameter estimated nugget is within the interquartile range of the BHT based nugget. For the 

other three sub-provinces, the two values are in disagreement with one another. The CWV and 

SWPA sub-provinces only have two and four locations with multiple BHT measurements, 
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respectively. So, the difference in the nugget parameter and the BHT based nugget in these sub-

provinces may be a result of too few samples. Of course, potential rogue data that were used to 

compute the BHT based nugget estimates can also be a cause of the difference in these sub-

provinces. Rouge points would have likely been removed in the ESDA, and therefore would not 

have affected the nugget parameter estimates. 

Table 4.2: Comparison of the spatial median nugget semi-variance from wells with multiple 

BHT measurements, and the estimated nugget semi-variance parameter for the semi-variograms. 

The sub-provinces that are marked with an asterisk have fewer than 25 points with multiple BHT 

measurements. The minimum, average, and maximum are reported for CWV because only 2 

points with multiple BHTs are available in this sub-province. 

 

Sub-Province 

Name 

Spatial Median and Interquartile 

Range for Nuggets from BHTs 

(mW/m2)2 

Estimated Nugget  

Semi-variogram Parameter 

(mW/m2)2 

CT  0.58,       1.82,       8.19 5.00 

WPA*   0.08,       2.75,      36.74 6.95 

NWPANY   1.11,       4.11,      19.69 21.60 

CNY   3.08,      15.90,      44.15 18.58 

ENY   1.90,        8.91,      20.62 19.44 

ENYPA*   1.32,     23.13,     49.20 22.12 

SWPA* 11.66,     33.38,     52.50 0.79 

CWV* Min: 0.10, Avg: 138.51, Max: 276.91 48.49 

 

The sill parameter (or the sum of the sill parameters for nested semi-variogram models) 

provides an indication for data variability within the interpolation region. Smaller sill parameters 

indicate that there is little spatial variation in the data values for that interpolation region. Note 

that the value of the estimated sill parameter is the value that provides the best fit to the sample 

semi-variogram lags, rather than the actual value of the sill for the region. Therefore, the large 

sill parameter for the ENY sub-province is likely not representative of the actual sill. Similarly, 

the nested models for ENYPA have large sill parameters that may not reflect reality. However, 

the estimated sill parameters are still useful for modeling the average semi-variance structure. 



 

150 

The values of the nugget and the sill are useful for informing decisions about where to locate 

a well. In sub-provinces where the nugget parameter is high, geological and geophysical studies 

should be undertaken locally to determine if there is small-scale variability in the surface heat 

flow, or if it is more likely that the nugget is a result of poor data quality. If a region with a small 

sill parameter has entirely favorable prediction values, then the region is likely a good candidate 

for locating a well because spatial variability in the surface heat flow is small. Where the nugget 

parameter and the sill parameter are both small, one can be fairly certain of the predicted value of 

the surface heat flow in that region, as there is not much spatial variation in the data. 

The semi-variogram range and anisotropy (Table 4.1) may be interpreted in the context of 

geologic length scales and directions that impact the surface heat flow, as summarized by 

Chapman and Rybach (1985). For example, local topography, sediment thickness variations, and 

pluton radiogenic heat generation variations can influence the surface heat flow on length scales 

of 101 km. Generally, tectonic processes (e.g. mantle heat flow transition zones) influence the 

surface heat flow on length scales of 102 km. In other sedimentary basins, Lucazeau and Vasseur 

(1989) find about 30 km short-range spatial correlation, and Edwards and Chapman (2013) find a 

short range correlation of about 50 km for the surface heat flow. Several geothermal studies have 

evaluated anisotropic spatial correlation in terms of fault orientation. Bodner and Sharp (1988) 

found spatial variations in the thermal gradient to be a result of growth faults, with higher 

temperatures following the trend of the faults. Sepúlveda et al. (2012) use rose diagrams of 

faults, veins, and lineaments within a region to determine if the anisotropy in the thermal field 

may be caused by the faults, although their analysis reveals this is likely not the case. Fabbri 

(1997) presents a geostatistical analysis of transmissivity in an aquifer and finds that the 

correlation structure is anisotropic in the trend of the faults. As a result of faults and regional 
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geologic structures of multiple length scales, Fabbri (1997) reports a nested model of anisotropy 

for the transmissivity stochastic field. Therefore, semi-variograms are useful beyond the purpose 

of spatial predictive modeling, and may be used to inform the length scales of geological 

processes and features that impact the geothermal field. A formal assessment of geologic length 

scales within each sub-province is not presented here, but may be valuable for understanding the 

spatial variations in the surface heat flow in the Appalachian Basin. This is left to future work.   

 
Significance of the Semi-variance Structure among the Interpolation Regions 

The basin scale semi-variogram represents the average spatial correlation structure of the surface 

heat flow at the scale of the basin. The sub-province semi-variograms represent the average 

spatial correlation structure of the surface heat flow within each of the sub-provinces. For those 

sub-provinces in which there are significant differences in the semi-variance lags as compared to 

the basin scale semi-variance lags, one may claim that the mean semi-variance structure is 

different. For these sub-provinces, medium to short range variations in the surface heat flow, 

which are blurred when averaged in the basin scale estimation, appear important locally within a 

sub-province.  

Confidence intervals are used in this section to draw conclusions about whether or not the 

fitted semi-variograms in each of the sub-provinces are significantly different from the basin 

scale semi-variogram, and significantly different from one another. A formal evaluation of the 

significance of the fitted parameters for each semi-variogram may be evaluated using spatially 

correlated bootstrapping methods (Olea, Pardo-Igúzquiza, and Dowd, 2015), but such an 

evaluation is not presented in this thesis. 

Here, the jackknife estimates of the semi-variance lag means and the jackknife 95% 

confidence intervals on the lag means are used to evaluate the difference between the basin scale 
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semi-variance structure and the semi-variance structure in each of the sub-provinces. If the 

confidence intervals do not overlap for a lag, then the mean semi-variance for that lag is 

considered to be statistically significantly different. If all lags, or at least many lags within the 30 

km interpolation distance are significantly different, then one may claim that the semi-

variograms, which are fit to the lag means, are likely also significantly different. Formally, a 

two-sample test that includes correlation among the lags should be employed to claim 

significance; however that level of sophistication is not necessary given the differences observed 

in Figure 4.16 and Figure 4.17. 

In Figure 4.16, each of the sub-province semi-variance structures (lags) are compared to the 

basin scale semi-variance structure. The color of the jackknife mean semi-variance for the sub-

provinces is shown in dark blue with black confidence intervals, and the color of the jackknife 

mean semi-variance for the full region is shown in green with gray confidence intervals. For 

most lags, the jackknife mean semi-variance is the same as the sample mean semi-variance 

calculated from Equation 4.5, which is shown in light blue. In order to compare the sub-province 

semi-variance lags to the full region lags, all semi-variance lags for the sub-provinces were 

computed in the direction of anisotropy for the full region (N40E and N50W). 

From Figure 4.16 it is clear that the semi-variance lags for each sub-province are 

significantly different from the semi-variance lags for the full region. Additionally, the fitted 

semi-variograms for all sub-provinces and the full region fit reasonably well within their 

respective confidence intervals, at least within 30 km of separation distance. Therefore, one 

could claim that the fitted semi-variograms for the sub-provinces are statistically different than 

the fitted basin scale semi-variogram. The SWPA and CWV sub-provinces appear most similar 

in shape to the full region; however neither match the full region nugget or sill semi-variance. 
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About 55% of the data points are located within the SWPA and CWV interpolation regions, so it 

makes sense that the full region semi-variogram would resemble the shape of the semi-

variograms in these sub-provinces. For this reason, it is critical to decide whether or not the other 

sub-provinces, which have fewer observations, should be modeled using the full region semi-

variogram model that is dominated by data in the SWPA and CWV regions. Based on Figure 

4.16, for the Appalachian Basin, it is better to use separate models for each sub-province. 
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Figure 4.16: Comparison of the mean semi-variance lags for each sub-province (blue) compared 

to the full-region (green) using jackknife 95% confidence intervals for each lag (black and gray, 

respectively). The left panel of each plot is in the direction N40E, and the right panel is in the 

direction N50W. The vertical red line marks the interpolation distance of 30 km. 

  

The sub-province semi-variance structures may also be compared with one another for 

statistical significance. If the semi-variance structure for two sub-provinces are not significantly 

different, one may desire to pool the data for these sub-provinces together to estimate a semi-



 

155 

variogram using more data. When similar sub-provinces are located adjacent to each other this is 

a simple spatial data pooling. However, if similar semi-variograms are not located in adjacent 

regions, pooling the data to estimate the semi-variogram may become challenging because of 

long point-pair separations that are caused by a gap in spatial data coverage.  

To use this pooled data to estimate a semi-variogram, one would have to select a cutoff lag 

distance for point-pairs such that interference with the long-range is limited. This approach 

would ensure that semi-variance lags only include those spatial distances that are short enough to 

keep all point pairs within each sub-province. Bonté et al. (2010) encounter such a problem for 

three sedimentary basins within a regional semi-variogram computation for France; however 

they do not limit their semi-variogram estimation to include only within-basin point-pairs. 

Statistical similarity of the semi-variogram for non-adjacent sub-provinces may indicate that 

there is an intrusion of rock separating the two sub-provinces, among other possibilities. Reasons 

for similarity in spatial correlation structure among sub-provinces would need to be examined 

geologically.  

The semi-variograms for all adjacent sub-provinces are compared in Figure 4.17. As 

mentioned above, these confidence intervals have been constructed for a single set of directions 

(N40E and N50W) for each sub-province, but anisotropy in each of the sub-provinces is not the 

same. Therefore, even if there are not significant differences in the displayed directions, 

differences in anisotropy between adjacent sub-provinces may require modeling with separate 

semi-variograms.
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Figure 4.17: Comparison of the mean semi-variance lags for adjacent sub-provinces. The first named sub-province is assigned black 

confidence intervals, and the second named sub-province is assigned gray confidence intervals. The angle of anisotropy for each plot 

is N40E (left panels) and N50W (right panels). The sub-province colors match Figure 4.2. 
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Visually, the most similar sets of adjacent sub-provinces are 1) CT and WPA, 2) CNY and 

NWPANY, 3) CNY and ENY, and 4) SWPA and ENYPA. Set 2 and set 3 may appear similar 

because there are few points in these sub-provinces, which results in large confidence intervals. 

SWPA and ENYPA may be worth pooling together because of similarities at short distances of 

separation. CT and WPA each have many points, and they appear similar enough to pool 

together into a single province. 

The jackknife standard error for each semi-variance lag in each of the interpolation regions in 

Figure 4.14 and Figure 4.15 is provided in Figure 4.18. One would expect that the standard error 

would increase with increasing separation distance as a result of fewer point pairs and greater 

dissimilarity with longer separation distances. Generally, this trend is observed for these 

interpolation regions. An exception is the WWV region, for which the error is essentially 

constant with increasing separation. Other exceptions are the CWV, SWPA, and full region, for 

which the error is initially high for short separation distances, then becomes smaller, and finally 

increases. As mentioned above, the CWV and SWPA regions have the most data points, and this 

trend suggests that the data close to one another in the SWPA and CWV regions are not in great 

agreement with one another. 
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Figure 4.18: Jackknife standard error of the mean semi-variance for each sub-province and the 

full region. The semi-variance in the direction of the major axis of anisotropy (Table 4.1) are 

plotted as triangles, and the minor axis are plotted as squares. The color scheme matches Figure 

4.2. 
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4.5 Kriging Equations and Parameter Selection for Interpolation 

The ordinary kriging (OK) system of equations are readily available in many textbooks and 

journal publications (e.g. Chapter 12 in Isaaks and Srivastava, 1989). As a result, full derivations 

are not provided here. For kriging, it is simplest to write the equations in terms of the covariance, 

rather than the semi-variance. The relationship between the semi-variance and the covariance is 

provided in Equation 4.12 

𝐶(ℎ) = (𝑐0 + 𝑐) − γMod(ℎ, 𝛌) = 𝐶(0) − γMod(ℎ, 𝛌)  

[4.12] 

where C(h) is the covariance at lag h, 𝑐0 is the fitted nugget parameter, and c is the fitted sill 

parameter for theoretical semi-variogram γMod(ℎ, 𝛌). For nested semi-variogram models, c is the 

sum of the sill parameters. For anisotropic models, c is the sum of the sill parameters in the 

direction of interest. The mean at each location is estimated as a weighted sum of the observed 

values at nearby locations, as shown in Equation 4.13 

�̂�𝑠(𝐱u) =  ∑𝑤𝑖𝑄𝑠(𝐱𝑖)

𝐍

𝒊=𝟏

= 𝐰T𝐐𝐬 

[4.13] 

where �̂�𝑠(𝐱u) is the estimated value of the surface heat flow at location xu, wi and column vector 

w are the weights, and 𝑄𝑠(𝐱𝑖) and column vector Qs are the ith nearest observed values of the 

surface heat flow to 𝐱u. The superscript ‘T’ indicates the vector transpose. The weights must 

sum to 1 to ensure that the predictions are unbiased. The weights on each observed value are 

determined by solving Equation 4.14 
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𝐰 = 𝐂−1𝐝, 𝐂 =

[
 
 
 
 
C11 C12 …
C21 C22 …
⋮ ⋮ ⋱

     
C1N
C2N
⋮
     
1
⋮
⋮

CN1 CN2 …    CNN 1

    1     …     …        1      0   ]
 
 
 
 

, 𝐝 = [

C1u
⋮
CNu
1

] 

[4.14] 

where C is a square variance-covariance matrix for the point pairs, Cij is the covariance between 

point i and point j with Cii being the variance for point i (which is equal to the nugget + sill semi-

variance), d is the vector for the covariance between the estimation location, 𝐱u, and the i = 

1…N nearest observations that are being used to estimate a value at 𝐱u. The superscript ‘-1’ 

indicates the matrix inverse. C accounts for correlation between the observed data, and d 

accounts for correlation between the data points and the location 𝐱u. The last row and column in 

C and the last entry in d are used to ensure that the weights sum to 1.  

The variance of the kriging prediction (mean square error) at each location is provided in 

Equation 4.15 

𝜎𝑝
2 = 𝔼 [(𝑄𝑠[𝐱] − �̂�𝑠[𝐱])

2
]                                                                                                               

= 𝔼 [((�̂�𝑠[𝐱] − [μ(𝐱) + 𝜀𝑠(𝐱)]) − 𝜀𝑛(𝐱))
2

]                                                                    

= 𝔼 [((�̂�𝑠[𝐱] − [μ(𝐱) + 𝜀𝑠(𝐱)])
2
− 2𝜀𝑛(𝐱)(�̂�𝑠[𝐱] − [μ(𝐱) + 𝜀𝑠(𝐱)]) + 𝜀𝑛

2(𝐱))]  

= 𝔼 [((�̂�𝑠[𝐱] − [μ(𝐱) + 𝜀𝑠(𝐱)])
2
+ 𝜀𝑛

2(𝐱))]                                                                   

𝜎𝑝
2 = 𝜎𝜇

2 + 𝜎𝑛
2 

[4.15] 

where 𝜎𝑝
2 is the kriging variance of prediction, 𝜎𝜇

2 is the variance of the predicted mean, 𝜎𝑛
2 is the 

nugget variance, and all other terms have been previously defined (see Equation 4.1). This 

relationship holds because 𝔼[𝜀𝑛(𝐱)] = 0 and Var[𝜀𝑛(𝐱)] = 𝜎𝑛
2, so 𝔼[𝜀𝑛

2(𝐱)] = 𝜎𝑛
2. The variance 
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of the prediction reflects the precision with which a future observation can be predicted, which 

includes the nugget effect. If the nugget is assumed to be a result of purely measurement errors, 

then removing the nugget from the calculation of the kriging prediction uncertainty is valid to 

reflect the precision of the predicted mean surface heat flow at that location. However, if the 

nugget corresponds to microscale physical phenomena within the interpolation region, then the 

nugget provides a physically meaningful contribution to the kriging prediction uncertainty. In 

either case, the nugget represents noise in the data that cannot be explained by two-point 

statistical correlation, which is used to construct the semi-variogram. For this analysis, the likely 

measurement errors associated with the BHT-depth data are assumed to dominate the nugget 

because of their known low quality, even after correction equations have been applied to 

approximate thermal equilibrium (e.g. Demming, 1989; Whealton, Stedinger, and Horowitz, 

2015). Therefore the uncertainty of interest is the variance of the predicted mean, 𝜎μ
2. The 

variance of the predicted mean in terms of the kriging system of equations is provided by 

Equation 4.16 

𝜎μ
2 = 𝐶(0) − 𝐰𝑇𝐝 − 𝜎n

2 

[4.16] 

where C(0) is the covariance at zero distance (the nugget + sill semi-variance). Removing the 

nugget semi-variance from the kriging prediction uncertainty does not remove the short-scale 

variations in the surface heat flow data points that cause the nugget effect. These short-scale 

variations will still be used to predict the mean value. Therefore, the predicted mean is based on 

data that are in disagreement on small spatial scales where the nugget semi-variance is high. 
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Kriging Interpolation Parameters 

Kriging interpolation may be performed as a regional interpolation or a local interpolation. 

Regional interpolation uses all of the data points in the interpolation region to estimate a value at 

every location (grid cell). Local interpolation only uses a subset of the points closest to each grid 

cell to estimate the expected value for that cell. For both regional and local interpolation the 

semi-variograms presented in Section 4.4.5 are used to determine the weights placed on the 

nearby points in the interpolation, and to determine the uncertainty of the prediction using 

Equation 4.16. The semi-variogram is assumed to be representative of a stationary stochastic 

field for each sub-province and the full region. Local interpolation was selected for use in this 

analysis. The maximum distance to search for local points was 30 km, which was selected based 

on the correlation ranges of the sample semi-variance lags. Selection of a maximum searching 

distance is advantageous to control computational demands. A maximum searching distance also 

limits the effect of possible regional trends in the mean across an interpolation region. 

Local interpolation can be governed by a specification of a minimum number of points, a 

maximum number of points, and/or a maximum distance to search for points. Each of these 

parameters influence the resulting kriging estimators. Selection of a minimum number of points 

restricts the interpolation to only those areas where data are available, which is advantageous for 

displaying a map for which the predicted mean is well supported by data. However, specifying a 

minimum number of points that is too high will result in prediction holes in data sparse regions. 

Selecting a maximum number of points is advantageous for limiting the computational demand. 

However, specifying a maximum number of points that is too high might result in over 

smoothing in areas with few points because observations further away have been given too much 

weight. Additionally, specifying a maximum number of points will restrict the minimum spatial 
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prediction error variance that can be achieved by the interpolation (see Section 4.6). One could 

select the maximum number of points based on the desired minimum uncertainty resolution in 

the predicted mean. Hence, it is important to note that the interpretation of uncertainty in kriging 

interpolation is governed by the accuracy of the fitted semi-variogram. The precision of a 

prediction based on ordinary kriging is not conditional on the data values; rather it is governed 

by spatial positioning of the prediction location relative to the points used to predict a value, and 

the positions of points relative to one another. 

For this thesis, when the fitted semi-variogram model for lags less than 30 km fell within the 

95% confidence interval for the lag means computed using Equation 4.5, the fitted model was 

considered reasonable for determining the prediction uncertainty for the mean. Only the ENY 

and ENYPA sub-provinces may provide unreasonable estimates of the uncertainty in the 

predicted mean.  

For local interpolation, a minimum of 5 points and a maximum of 50 points within 30 km 

were selected. Restricting the analysis to 5 data points mostly impacted the spatial extent of the 

predictions to those nearer the interior of the data distribution where the local outlier analysis 

was performed.  

For this project, local OK is applied using all of the data points as control points, and the 

basin scale semi-variogram to assign the weights on each point. The local stratified ordinary 

kriging (SK) is applied using only the data points within each sub-province as control points, and 

the respective sub-province semi-variograms to assign the weights on each point. For the SK, the 

search for nearest neighbor points did not pass through the interpolation boundaries. In OK and 

SK, first order stationarity is assumed within an estimation neighborhood (i.e. constant mean 
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within the 30 km searching radius), and second order stationarity is assumed for each sub-

province (i.e. the semi-variogram applies to the entire region for which it is defined). 

 

4.6 Results and Discussion 

Local ordinary kriging (OK) and stratified ordinary kriging (SK), as described above, provides 

the predicted mean surface heat flow and the standard error of the predicted mean surface heat 

flow. Maps of the mean surface heat flow are provided in Figure 4.19 for the SK, and in Figure 

4.20 for the basin scale OK. A map of the difference between the SK mean surface heat flow and 

the basin scale OK mean surface heat flow is provided in Figure 4.21. Maps of the standard error 

of the mean surface heat flow are provided in Figure 4.22 for SK, and in Figure 4.23 for the 

basin scale OK. The reported standard errors in Figure 4.22 and Figure 4.23 are those that result 

from the spatial prediction only. The errors associated with the calculation of the surface heat 

flow at individual wells using the thermal model in Chapter 3 may also be important to include 

in an uncertainty analysis. However, these errors have not been quantified as part of this thesis. 

A discussion of how one may include these errors is provided in Chapter 5. 

Based on the predicted mean maps in Figure 4.19 and Figure 4.20, artifacts of using a 

spatially different BHT correction scheme shown in Figure 4.1 are generally not noticeable. The 

most favorable areas in the Appalachian Basin according to the mean are located on the border 

between north-central Pennsylvania and New York, and in several locations in West Virginia. 

Overall, the maps of the mean surface heat flow for both OK and SK are similar, although the 

difference map in Figure 4.21 reveals some differences along interpolation boundaries. For 

example, using the SK approach, a hot spot in the northeastern portion of the central West 

Virginia (CWV) interpolation region ends at the interpolation boundary with the southwestern 

Pennsylvania (SWPA) interpolation region. Using the basin scale interpolation this area has 
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similar values of the surface heat flow in CWV and SWPA. However, in this region there are no 

data points located in the SWPA interpolation region. Therefore, using the SK, the predicted 

mean value in this area of the SWPA interpolation region is based on points that are far from the 

boundary with CWV. For the basin scale OK, the predicted mean in this region is based on 

points closer to the area, but within the CWV interpolation region. Therefore, the contrast in 

surface heat flow across the CWV / SWPA boundary may be a result of data availability, rather 

than a real geologic boundary in the surface heat flow. This result highlights the importance of 

spatial coverage of the data in interpreting the SK versus basin scale OK results. Data points are 

shown on Figure 4.21 to aid with the interpretation. 

As described in Appendix D, portions of the western West Virginia (WWV) interpolation 

region are thought to represent the Rome Trough (Harris et al., 2002) – a feature of known 

structural importance in the basin (see Chapter 2). There is a stretch of about 100 km length 

within the WWV interpolation region for which the stratified predicted mean is greater than the 

basin scale mean by about 5 mW/m2. This could be a result of differences in the sediment 

thickness along the boundary of the Rome Trough. At this time, it is not clear if all interpolation 

boundaries coincide with features of similar importance to the basin, and further influence the 

thermal field. Even so, the gravity and magnetic potential field edges were used to define 

prediction boundaries in an attempt to capture differences in the subsurface that correspond to 

variations in the thermal field. Having one difference appear along a feature of importance is 

encouraging support of this assumption. 

 An interesting feature that appears in both the SK and the basin scale OK is a localized low 

in the mean surface heat flow within the southern portion of the eastern New York and 

Pennsylvania (ENYPA) interpolation region. Values of the surface heat flow in this region are in 
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agreement with one another, and they are abnormally low for the basin. Some heat flow values 

are even lower than the assumed mantle heat flow of 30 mW/m2. There are several potential 

causes for this local low related to poor data quality, as discussed in Section 4.4.2. One potential 

physical explanation for this local low is direct or indirect groundwater flow (Lewis and Beck, 

1977), potentially from groundwater recharge from the Appalachian Mountains. These wells 

may all be drilled into similar formations that are affected by groundwater advection. 

Whether any of the differences across interpolation boundaries are a result of sparse data near 

the boundaries or if they are real variations in the geothermal field at physiographic divides 

remains to be discovered. One way of examining the statistical significance of differences in the 

surface heat flow along the interpolation boundaries is through the use of thermal cross sections, 

as presented in Figure 4.24 along cross section A-A’ in Figure 4.19 and Figure 4.20. The 

predicted mean heat flows are significantly different where the error bars do not overlap on these 

cross sections. The uncertainty bars on the cross sections highlight the impact of using a basin 

scale model of the stochastic field versus a spatially stratified model. The error bars on the SK 

cross section have clear differences within each sub-province, whereas the basin scale OK 

provides a nearly constant uncertainty. Using the SK, many of the locations in West Virginia that 

appear favorable in terms of the mean have very high prediction uncertainties compared with the 

favorable locations in New York and Pennsylvania. In the basin scale OK, these locations seem 

equally favorable in terms of spatial prediction uncertainty. 

The uncertainty in the predicted mean is of great interest in geothermal exploration. One 

would desire to have a favorable location with low uncertainty. Quantifying the uncertainty in 

the surface heat flow prediction can greatly aid decision makers who aim to target the most 

certain hot spots in an area of interest for more detailed location-specific analyses. Examining 
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Figure 4.22 and Figure 4.23 reveals that the uncertainty of predicted mean in many of the sub-

provinces is misrepresented using the basin scale interpolation. Visually, those sub-provinces in 

New York and northwestern Pennsylvania (CT, WPA, NWPANY, CNY, and ENY) all have 

kriging predicted mean values that are more certain using their respective sub-province semi-

variogram models. The western West Virginia (WWV) sub-province has predicted mean values 

that are more uncertain using the sub-province semi-variogram model. These differences in 

prediction uncertainty are largely a result of differences in the nugget semi-variance for each 

sub-province. This result highlights the importance of the semi-variogram to arrive at an 

appropriate interpretation of the geothermal field interpolation uncertainty. The following 

section, in particular Figure 4.25, provides theoretical insight in support of this observation. 
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Figure 4.19: Predicted mean surface heat flow for the stratified kriging. Interpolation region 

boundaries are shown in light gray lines. The thermal resource cross section is provided in Figure 

4.24 White areas are where predictions were not made because of insufficient data within 30 km. 
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Figure 4.20: Predicted mean surface heat flow for the basin scale ordinary kriging. The stratified 

kriging interpolation region boundaries, which were not used in the creation of this map, are 

shown in light gray lines for reference. The thermal resource cross section is provided in Figure 

4.24 White areas are where predictions were not made because of insufficient data within 30 km. 
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Figure 4.21: Difference between the stratified kriging predicted mean surface heat flow and the 

basin scale predicted mean surface heat flow. Warm colors are where the stratified kriging 

predicted a greater mean than the basin scale kriging. Cool colors are where the basin scale 

kriging predicted a greater mean than the stratified kriging. Only locations that had predictions 

on both maps are shown on this map. 
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Figure 4.22: Standard error of the predicted mean surface heat flow for the stratified kriging. 

Interpolation region boundaries are shown in light gray lines. Dark blue indicates more 

uncertainty than light blue. White areas are where predictions were not made because of 

insufficient data within 30 km. 
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Figure 4.23: Standard error of the predicted mean surface heat flow for the basin scale kriging. 

The stratified kriging interpolation region boundaries are shown in light gray lines for reference. 

Dark blue indicates more uncertainty than light blue. White areas are where predictions were not 

made because of insufficient data within 30 km. 
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Figure 4.24: Surface heat flow along Cross Section A-A’ in Figure 4.19 and Figure 4.20 for the 

stratified kriging (top) and for the basin scale ordinary kriging (bottom). The predicted mean 

surface heat flow is shown in black, and the error bars, taken as 2 times the standard error of the 

predicted mean, are shown in red. The mean values are statistically significant where error bars 

do not overlap from one province to the next, or one location to another. 
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Theoretical Minimum and Maximum Possible Standard Error of the Predicted Mean 

It is useful to examine the uncertainty in the predicted mean in the context of the theoretical 

limits on the minimum and maximum standard error that would be possible based on the fitted 

semi-variograms in each of the sub-provinces. The following calculations use the local kriging 

parameters described above: the maximum number of points used to make a prediction is 50, the 

minimum number of points used is 5, and the maximum searching distance for points is 30 km. 

For those regions where the spatial correlation was modeled using an anisotropic semi-

variogram, the theoretical maximum standard error was calculated using the direction that 

reached the greatest semi-variance at 30 km. The theoretical minimum was calculated from the 

nugget semi-variance, which is the same in all directions. 

Under this framework, the theoretical minimum standard error occurs when 50 points are 

tightly clustered and located at an infinitesimally small distance from the prediction location, 

such that the variance of the predicted mean would be the nugget variance divided by the number 

of points (50). The theoretical maximum standard error occurs when 5 points are located in a 

tight cluster that is 30 km from the estimation location. Having a tight cluster of points implies 

that the points are highly correlated among themselves, and thus provide less information than if 

they were spread out. A tight cluster in this case is defined as 1 m separation, although 10 m 

would provide similar results. This reasoning is represented in the modified ordinary kriging 

system of equations presented in Equation 4.17 
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𝐂 =

[
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⋮ ⋱ ⋱

     
C1
⋮
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1
⋮
⋮

C1  … C1    C0 1

     1   …  …     1      0   ]
 
 
 
 

 

𝐝min = [

C1
⋮
C1
1

] , 𝐝max = [

C30000
⋮

C30000
1

]  

𝐰 = 𝐂−1𝐝, 𝜎μ
2 = C0 −𝐰

𝑇𝐝 − 𝜎n
2 

[4.17] 

where C is the square variance-covariance matrix for the point pairs, C0 is shorthand for C(0) 

which is the covariance at h = 0 m distance, C1 is the covariance at h = 1 m, C30000 is the 

covariance at h = 30 km, d is the vector for the covariance between the estimation location and 

the points being used to estimate a value at the estimation location, w is the vector of kriging 

weights assigned to each point, 𝜎μ
2 is the variance of the predicted mean, and 𝜎n

2 is the nugget 

variance. The theoretical minimum variance is calculated using dmin with 51 elements and C with 

51 rows and 51 columns. The theoretical maximum variance is calculated using dmax with 6 

elements and C with 6 rows and 6 columns. The final row and column of C is for the ordinary 

kriging system of equations to calculate the local mean, and to ensure unbiasedness, such that the 

weights sum to 1. The final element of d is to ensure that the weights sum to 1 and that the 

prediction is unbiased. The variance of the predicted mean is the variance of prediction minus the 

nugget variance (Equation 4.16). The square root of the variance of the predicted mean is the 

standard error of the predicted mean. 

The actual standard error of the predicted mean surface heat flow in each interpolation region 

based on the OK and SK interpolations, and the theoretical minimum and maximum possible 

standard error of the predicted mean surface heat flow for each of the interpolation regions is 



 

176 

provided in Figure 4.25. This figure is useful for diagnosing how tightly clustered the points are 

within each of the provinces, relative to the theoretical minimum and maximum possible 

standard error. 

Those provinces on the left side of Figure 4.25 come close to achieving the theoretical 

minimum possible standard error, indicating that there are some points that are tightly clustered 

within the region. Those provinces for which the distribution is skewed right have few locations 

that are data sparse, so the uncertainty in the prediction comes close to achieving the theoretical 

maximum possible value in a few locations. NWPANY, ENY, and ENYPA are good examples 

of regions that have a few data sparse locations within the interpolation regions. Distributions 

that are skewed left are generally for those regions where points are not close enough to achieve 

the theoretical minimum possible standard error. For all regions that do not achieve the 

theoretical minimum possible standard error, which is governed by the nugget parameter, the 

nugget semi-variance parameter may be a result of a few locations within the interpolation region 

that have tightly clustered points that are similar in value. SWPA, WWV, and the full region are 

good examples. Generally, those sub-provinces for which the actual computed standard errors 

are close to the theoretical minimum possible value have more tightly clustered points than those 

sub-provinces for which the standard errors are located closer to the theoretical maximum 

possible value.  

Based on Figure 4.25, the full region semi-variogram must have a nugget semi-variance that 

is too high for the CT, WPA, NWPANY, CNY, and ENY sub-provinces. For most of these sub-

provinces, the majority of the standard errors of prediction throughout the entire sub-province are 

smaller than the smallest standard error of prediction that is achieved in the basin scale 

interpolation. Therefore, the basin scale interpolation assigns an improper standard error of the 
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prediction for these regions. This result highlights the importance of ensuring that a semi-

variogram is representative for the entire interpolation region. 

 

Figure 4.25: Actual (violin plots) and theoretical (black points) values for the standard error of 

the predicted mean surface heat flow. The violins represent the density of the actual values 

within the named province. Boxplots for the actual values are displayed with the mean (red 

point) and the median (blue point). Whiskers extend to the lower or upper quartile ± 1.5 times 

the interquartile range, or take the minimum or maximum value observed within the region. 

Theoretical values have been calculated using Equation 4.17. 

 

Leave One Out Cross Validation 

The prediction accuracy of the basin scale ordinary kriging was compared to the stratified 

ordinary kriging using a leave-one-out cross validation (LOOCV). The LOOCV residual is the 

result of interest for comparison of the SK and basin scale OK performance. The LOOCV 

residual is the observed (calculated) surface heat flow at the location of each well, minus the 

value predicted by the kriging interpolation when the point was left out of the analysis. The 

target is a residual mean of 0, indicating that the predictions are unbiased, and a median close to 

the mean, indicating that the distribution of the residuals is symmetric. These residuals are an 

indication of how well the OK and SK models predict in locations where data are not available.  
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The semi-variance structure of the LOOCV residuals may be used to evaluate whether or not 

any spatial correlation persists in any of the interpolation regions. Ideally, if the semi-variogram 

were fit perfectly to the mean semi-variance lags, the LOOCV residuals would appear as a pure 

nugget semi-variogram, for which at all lag distances the semi-variance is equal to the nugget 

variance. The LOOCV residual semi-variance structures are provided in Figure 4.26 for the basin 

scale LOOCV, and in Figure 4.27 for the sub-province LOOCV. Some of the sub-province semi-

variance structures achieved a nearly pure nugget shape (flat line) out to the interpolation 

distance of 30 km. An exception is the western West Virginia (WWV) interpolation region, 

which has a high short-range semi-variance that decreases to more of a pure nugget shape with 

increasing separation distance. This exception is largely a result of the fitted semi-variogram for 

WWV not capturing the shorter scale variations well, so they persist in the residuals. Because 

some spatial correlation persists within these interpolation regions, it is possible that other 

models of spatial correlation may be able to perform better than the selected semi-variogram 

models used in this work.  
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Figure 4.26: Semi-variance structure of the leave-one-out cross validation residuals for the basin 

scale ordinary kriging.  
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Figure 4.27: Semi-variance structure of the leave-one-out cross validation residuals for the 

stratified ordinary kriging in each sub-province. 

 

The LOOCV residuals may also be visualized as boxplots that reveal the performance of 

each kriging interpolation in predicting values of the left-out points. The cross validation 

residuals for the heat flow sub-provinces are presented as boxplots in Figure 4.28. As mentioned 

above, for a perfect model of the mean spatial correlation in a sub-province, the minimum 
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variance of the LOOCV residual spread is the nugget semi-variance. Therefore, the spread of the 

LOOCV residuals in each of the sub-provinces should be governed by the nugget semi-variance 

in each of the sub-provinces. Visualizing the LOOCV residuals in this manner highlights that the 

full region semi-variogram is an amalgamation of the spatial correlation structures within each of 

the sub-provinces because the spread of the data for the basin scale interpolation and the 

stratified interpolation overall are virtually identical (Full Region comparison in Figure 4.28). 

This perceived similarity in the mean prediction performance of the OK and SK methods is a 

result of the nugget semi-variance being so high. However, Figure 4.28 does again reveal that the 

nugget semi-variance varies from sub-province to sub-province. The sub-provinces CT, CNY, 

ENY, ENYPA, WPA, and NWPANY have smaller nugget variances than CWV, WWV, SWPA, 

and the Full Region. Hence, using the basin scale semi-variogram can greatly overestimate the 

appropriate value of the nugget for several of the sub-provinces, which affects the prediction 

standard error that is assigned to the predicted mean at a site, as discussed above in Figure 4.25. 
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Figure 4.28: Comparison of leave-one-out cross validation residuals in each sub-province and 

for the basin scale (Full Region) using the stratified semi-variogram models (red) and the basin 

scale semi-variogram model (blue). The number of data points in each province is provided at 

the bottom (N). Note that the total number of data points evaluated within each sub-province is 

less than the total number of data points evaluated in the Full Region because of the restrictions 

placed on the sub-province interpolations near the boundaries of the sub-provinces, which did 

not allow for a residual to be calculated for all data points. 
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4.7 Conclusions 

This chapter addresses the estimation of the surface heat flow in the Appalachian Basin using 

basin scale ordinary kriging, and stratified ordinary kriging within potential heat flow sub-

provinces. An exploratory spatial data analysis and other tests were used to identify and remove 

data points that appeared to misrepresent heat conduction, and also points that were local spatial 

outliers. Models of the average spatial autocorrelation of the surface heat flow were constructed 

using semi-variograms. Jackknife 95% confidence intervals of the mean semi-variance for each 

spatial lag revealed statistically significant differences in the mean semi-variance structure for 

the sub-provinces as compared to the basin scale mean semi-variance structure. Statistically 

significant differences in the semi-variance structure among the sub-provinces were also 

observed. Thus, the assumption of a single basin scale spatially stationary stochastic field for the 

surface heat flow is violated for the Appalachian Basin. Even so, the predicted mean surface heat 

flows using the basin scale ordinary kriging and the stratified ordinary kriging are very similar. 

This result is not surprising because the mean surface heat flow is being predicted using the same 

set of observations. Differences between the basin scale ordinary kriging and the sub-province 

stratified kriging only appear near sub-province boundaries, and in data sparse areas.   

However, the choice of semi-variogram model (sub-province models vs. the basin scale 

model) greatly affected the quantification of spatial prediction uncertainty in the mean surface 

heat flow. The greatest differences in spatial prediction uncertainty are for those sub-provinces 

for which the nugget semi-variance parameter and/or the semi-variogram shape deviated the 

most from the basin scale average semi-variogram parameters. This result highlights the 

importance of ensuring that selected semi-variogram models are representative of the entire 

region that it is used to describe. 
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Even though there were differences among the semi-variograms for many adjacent heat flow 

sub-provinces, further improvements in the selected semi-variogram models for the Appalachian 

Basin are likely possible. A more detailed evaluation of the stationarity of the stochastic field 

within each sub-province might allow further refinements. If the stochastic field is found to be 

non-stationary over large portions of the sub-provinces, a moving window semi-variogram 

estimation (Haas, 1990; Walter et al., 2001) may be employed to relax the assumption of second-

order stationarity adopted in this thesis. If there is sufficient data support, a moving window 

semi-variogram approach may provide improvements in prediction accuracy and uncertainty 

assessment for the Appalachian Basin surface heat flow. The greatest improvement in the 

accuracy with which the mean surface heat flow can be predicted would be additional accurate 

measurements, especially in data sparse areas. 

There is value in having a more accurate assessment of spatial uncertainty to include in 

models of the temperature at depth that rely on error propagation. To predict temperatures at 

depth, one could proceed with the geostatistical methods presented in this chapter for depth 

slices (e.g. temperature at 3.5 km) within the basin (e.g. Jordan et al. [2015]). An alternative 

method is to use the interpolated surface heat flow as the known thermal variable in the heat 

conduction model presented in Chapter 3 to predict temperatures at depth for the basin. The 

uncertainty in the predicted values of the temperature at depth would be a combination of the 

surface heat flow spatial prediction uncertainty, the uncertainty in the Chapter 3 heat conduction 

model, and the uncertainty in the Chapter 2 thermal conductivity stratigraphy. These errors 

include uncertainties in the thermal conductivity, formation thicknesses, radiogenic heat 

generation, and the BHTs at depth. These additional errors were not included in the surface heat 

flow prediction uncertainty in this thesis because the focus was on spatial prediction 
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uncertainties. However, these other uncertainties are also important to consider when the kriging 

results are to be used to predict temperatures at depth. Methods for accounting for the uncertainty 

in the thermal data are provided in Chapter 5.  

Potential field analysis appears to be a useful tool for delineating geological structures that 

may represent heat flow sub-provinces within a stable continent setting. The semi-variograms in 

the potential heat flow sub-provinces have different spatial correlation ranges, which may point 

to different scales of processes that influence the surface heat flow within each sub-province. 

Geological factors that may influence the thermal field on the length scales identified by the 

semi-variograms should be studied locally to understand their contributions to the thermal field. 

Locations that appear favorable in geothermal resource quality and have relatively low spatial 

prediction uncertainty, such as north-central Pennsylvania and south-central New York, should 

be targets for more detailed local analyses. Low prediction uncertainty requires sufficient data 

density. In regions with low prediction uncertainty, wells may be available from which to draw 

additional temperature measurements, thermal conductivity samples, and stratigraphy for regions 

of interest. Once these geologic properties are understood in more detail, they may be integrated 

into models of spatial prediction. 

 

4.8 Related Data 

The data, code, and ArcGIS models associated with this chapter are presented in this section. 

R version 3.2.5 “Very, Very Secure Dishes” (R Core Team, 2016) was used for the exploratory 

spatial data analysis and the kriging interpolations, along with the packages sp (Pebesma and 

Bivand, 2005; Bivand, Pebesma, and Gomez-Rubio, 2013) for spatial data visualization in R, 

rgdal (Bivand, Keitt, and Rowlingson, 2016) for reading and writing spatial data in R, gstat 

(Pebesma, 2004) for geostatistical analysis, lattice (Sarkar, 2008) for panel plots, vioplot 
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(Alder, 2005) for violin plots, and raster (Hijmans, 2016) for reading raster files. ArcGIS for 

Desktop version 10.3 (ESRI, 2015) was used for spatial data processing and map publication. In 

addition to the ArcGIS built-in toolboxes, several ArcGIS models were built for the purposes of 

this project. These models and their full descriptions are available in two toolboxes on the 

Geothermal Data Repository (Cornell University, 2015). In particular, the models used are listed 

below. 

1) FullRegionGrid was used to create the 1 km2 resolution raster grid for the surface heat 

flow interpolation. 

2) CrossSectionExtraction, ExtractThermalPropertiesToCrossSection, and 

AddExtraInfoToCrossSection were used to gather the necessary data for making the cross 

sections in Figure 4.24. 

3) WellClipsToWormSections was used to clip data to their respective interpolation regions. 

4) MergeCrossValidationResults was used to merge the sub-province data into a single 

shapefile at the basin scale. 

5) BoundaryCreationUsingWorms was used to create the buffered interpolation regions 

based on the unbuffered interpolation regions. Many regions needed to be manually 

adjusted after using this model in order to conform to the gravity and magnetic potential 

field edges in the 50 km exterior buffer. 

6)  BoundedRasterToClippedRaster was used to clip the buffered interpolation rasters to 

their respective interpolation regions. 

 

The R code and data associated with this chapter are available from the author upon request. 
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CHAPTER 5  

CONCLUDING REMARKS 

This thesis presents a methodology for geothermal resource reconnaissance. First, the 

sedimentary basin thermal conductivity stratigraphy is constructed. Then, a physical heat 

conduction model is used to calculate the surface heat flow at well locations. Finally, exploratory 

spatial data analysis is used to treat the data, and geostatistical interpolation is employed to 

predict the mean surface heat flow and the spatial prediction uncertainty in the mean surface heat 

flow for the Appalachian Basin using these well locations as control points. The following 

sections of this chapter summarize the major findings of this work, and review opportunities for 

future research in these subject areas. 

 

5.1 Summary of Thesis Accomplishments 

Chapter 2 presents a methodology for the efficient assignment of lithologies, thicknesses, and 

thermal conductivities to stratigraphic columns that are representative of the basin. Chapter 2 

also presents methods for modifying generalized stratigraphic columns to include structural 

features of importance. This thesis uses the Correlation of Stratigraphic Units of North America 

(COSUNA) generalized stratigraphic column lithologies and thicknesses for the Northern and 

Southern Appalachian Basin (AAPG, 1985a; 1985b) regions. Some COSUNA columns are 

adjusted using information about the Rome Trough (e.g. Harris et al., 2002) that became 

available since the initial publication of the COSUNA columns. A Monte Carlo analysis of 

formation lithologies is used to assign an expected thermal conductivity to each formation. These 

methods may be useful in other sedimentary basins for which only generalized stratigraphic 

columns are available, or the time to process stratigraphic columns for each well in a region 

would be too great. 
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The COSUNA columns for this region of the Appalachian Basin have been structured into an 

Excel workbook, and made publicly available on the Geothermal Data Repository (Cornell 

University, 2015). The COSUNA columns in the workbook are modified, where appropriate, to 

account for the Rome Trough and other missing Lower Paleozoic strata. This workbook may be 

useful for other researchers in the Appalachian Basin. This workbook may also be useful as a 

template for the storage of generalized stratigraphic information, specifically for the purposes of 

geothermal resource assessment. 

Chapter 3 presents a steady state, one-dimensional (vertical), N-layer heat conduction model 

with two layers of radiogenic heat generation. The first heat generation layer is a constant value 

within sedimentary rocks, and the second heat generation layer has exponentially decreasing 

values with increasing depth within basement rocks, per Lachenbruch (1968; 1970). This heat 

conduction model should be particularly useful for calculating the surface heat flow and the 

geotherm temperature profile in conduction dominated sedimentary basins, for which the two-

layer heat generation model is more likely appropriate. However, heterogeneities in basement 

rocks may justify the use of a different set of assumptions for heat generation in basement rocks 

than those that have been assumed in this thesis for the Appalachian Basin. An advance provided 

in this thesis is the analytical solution for the surface heat flow through the two layers of heat 

generation (derivation presented in Appendix A for up to N layers of heat generation). The 

analytical solution for the surface heat flow results in a reproduction of the bottom-hole 

temperature (BHT) at its measurement depth, thus eliminating the need for numerical 

approximations. The heat conduction model used in this thesis is publicly available on a 

Bitbucket repository (Horowitz, Smith, and Whealton, 2015). This repository may be useful to 

other researchers who wish to model conduction-dominated geothermal systems. 

Chapter 4 presents an exploratory spatial data analysis (ESDA), and a comparison of kriging 

geostatistical interpolations for the surface heat flow in the Appalachian Basin. A basin scale 

ordinary kriging is compared to stratified ordinary kriging, with lateral stratification boundaries 

defined by the locations of potential heat flow sub-provinces (e.g. Roy, Blackwell, and Decker, 
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1972) that are interpreted from Horowitz (2015). The ESDA primarily includes a local spatial 

outlier analysis, and an analysis of the surface heat flow average spatial autocorrelation via semi-

variograms. The ESDA identifies points that are likely unrepresentative of the local or regional 

heat flow patterns (e.g. very small scale variations in the thermal field, or measurement errors 

that result from lower quality BHT data [e.g. Demming, 1989] that increase the “nugget effect” 

[Cressie, 1988]). The ESDA sub-province analysis of the surface heat flow average stochastic 

field reveals nontrivial differences in most semi-variograms for the sub-provinces as compared to 

the basin scale semi-variogram. For most of the sub-provinces, jackknife 95% confidence 

intervals on the mean semi-variance for all distance lags reveal significant differences relative to 

the basin scale semi-variance lags. The sub-province semi-variance structures that are most 

similar to the basin scale semi-variance structure are those with the majority of the data. This 

implies that the Appalachian Basin surface heat flow has a non-stationary stochastic field at the 

basin scale. 

The differences in the semi-variogram parameters, particularly the shape, nugget, and sill, 

most notably affect the spatial prediction uncertainty in the mean surface heat flow. Therefore, it 

is important to use the sub-province semi-variograms for a more accurate evaluation of the 

spatial prediction uncertainty. As shown on a thermal resource cross section in Chapter 4, the 

basin scale semi-variogram provides a nearly constant spatial prediction uncertainty for the mean 

surface heat flow; whereas the prediction uncertainty for the sub-province semi-variograms is 

variable. As a result of these findings, it is recommended that, prior to geostatistical interpolation 

or spatial regression, consideration be given to geologic properties and tectonic structures that 

may affect the thermal field on local and regional scales. If there are significant differences in the 

structure of spatial autocorrelation with spatial position, as observed for the Appalachian Basin 

surface heat flow, then lateral stratification of the interpolation may be useful for a more accurate 

evaluation of the thermal field and the spatial prediction uncertainty. 

Linking the observed heat flow patterns in the Appalachian Basin to physical processes, such 

as groundwater flow, and structural features, such as faults, would be useful for fine tuning these 
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regional results to site specific analyses. Additional data would need to be collected to validate 

the temperatures observed in areas of interest, and to more accurately construct the geotherm 

temperature profile with depth according to local thermal conductivity stratigraphy. Section 5.2 

addresses some areas of research that may further the work addressed in this thesis. 

 

5.2 Future Work 

In Chapter 2, Chapter 3, and Chapter 4 of this thesis, several assumptions were made about the 

Appalachian Basin geothermal field. These assumptions may impact the accuracy of both the 

predicted mean surface heat flow and the uncertainty in the predicted mean. Further research that 

could improve the quality of future geothermal resource reconnaissance efforts for the 

Appalachian Basin are presented in this section for each chapter. 

In Chapter 2, the Appalachian Basin thermal conductivity stratigraphy was constructed using 

generalized lithology and lithologic average thermal conductivities that were thought to be 

representative of the Appalachian Basin. These properties were subject to a Monte Carlo analysis 

to capture the uncertainty in their use; however this technique does not supplant the need for in-

basin thermal conductivity measurements. The importance of collecting and using in-basin 

thermal conductivities is addressed by Correia and Jones (1996) who observe that the error 

estimates in the surface heat flow at an individual well are only representative of the true error if 

the thermal conductivities of the formations are from accurate in-basin measurements; using 

other values published in the literature led to entirely different conclusions about the surface heat 

flow. Correia and Jones (1996) also note that of particular importance are those layers that are 

likely to have lower thermal conductivities, such as shales and siltstones. For a similar reason, 

Waples (2002) argues for in-basin radiogenic heat generation estimates. From a mathematical 

perspective, using a different value of the radiogenic heat generation in each formation would 
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result in an N-layer model of heat generation (see Appendix A), as opposed to the 2-layer 

sediment-basement model presented in Chapter 3. Even if in-basin measurements of thermal 

conductivity and radiogenic heat generation were available, a Monte Carlo analysis of the 

formation thermal conductivities and radiogenic heat generation values may still be needed to 

account for lithologic heterogeneities, as presented in Chapter 2. 

Chapter 2 relies on generalized thermal conductivity stratigraphy largely because the time to 

extract reliable formation top information would have been too great for the purpose of this 

work. If time were available to extract formation top data from the many thousands of wells 

within the Appalachian Basin, or at least from a spatially representative sample of wells, 

probabilistic construction of the basin volume may be attempted using geostatistical techniques, 

such as indicator kriging (e.g. Journel, 1983; Marinoni, 2002). However, as shown by Whealton 

(2016, Chapter 3), accurate stratigraphy is not as important as accurate thermal conductivity for 

the purpose of heat conduction modeling. 

In Chapter 3, assumptions based on previous studies were made about several parameters in 

the heat conduction model because detailed information was not readily available for the 

Appalachian Basin. Many of these assumptions may be mitigated or verified by studying the 

properties of Appalachian Grenville basement rock, especially pertaining to the potential heat 

flow sub-provinces that were interpreted from the potential field edges presented in Horowitz 

(2015). Studies of the basement rocks could inform their thermal conductivities, their functional 

form of the decrease in radiogenic heat generation with depth, and the amount of heat generation 

in the volume of rock at the top of the basement. These measurements may be used to construct 

the heat flow-heat generation relationship for the basement, potentially specific to each of the 

sub-provinces. A heat flow-heat generation relationship would allow for sub-province specific 
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values of the e-folding length, B, of heat generation in the basement rocks. With such 

information, the heat conduction model could at best become more accurate to the Appalachian 

Basin geology, and at worst become better constrained. 

An extension of the work presented in this thesis is the possibility to calculate the geotherm 

temperature profile for all locations in the basin using the predicted mean surface heat flow as 

the input variable to the heat conduction model presented in Chapter 3. Williams and DeAngelo 

(2011) present some considerations for using the surface heat flow from ordinary kriging to 

predict temperatures at depth for a region. The temperatures at depth using approach may be 

compared to kriged maps of temperatures at depth using the methods presented in Chapter 4. It 

would be useful to know which is more in agreement with the data, and if the results are 

significantly different. If the results are different, it may indicate that the physical heat 

conduction model is picking up vertical trends that kriging is not modeling, or that the 

assumption of heat conduction is violated in some portions of the Appalachian Basin. Numerical 

and geostatistical methods may be combined using kriging with external drift, as presented in 

Rühaak, Bär, and Sass (2014). 

In Chapter 4 the Appalachian Basin surface heat flow is shown to have a non-stationary 

stochastic field; however stationarity within each sub-province is not evaluated. It would be 

meaningful to compare the results of the stratified kriging method used in this thesis to the more 

computationally demanding local moving window kriging presented in Haas (1990). Moving 

window kriging, like ordinary kriging, relaxes first order stationarity of the mean, but unlike 

ordinary kriging also relaxes second order stationarity of the covariance (Haas, 1990). One 

drawback of a moving window analysis is that a sufficient spatial data distribution must be 

available to estimate reliable semi-variograms within the locally defined neighborhood window. 
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Typically more than 100 points are needed for isotropic spatial dependence, and more points are 

needed for anisotropic spatial dependence. 

 
Convection and Advection of Heat 

It is notable that the effects of groundwater circulation within the Appalachian Basin have been 

neglected throughout this thesis. Including hydrothermal effects of groundwater convection or 

advection may contribute to a better understanding of the Appalachian Basin surface heat flow 

patterns, and may also explain some of the small scale variations that are attributed to the nugget 

variance in this thesis. For example, if groundwater flow is present in a formation but not in a 

formation directly above and below, BHTs taken in these three formations would reflect entirely 

different thermal processes, despite being located in essentially the same surface position. The 

effects of convection should be studied for hydrostratigraphic units, within which transmissivity 

of the strata to groundwater is similar (e.g. Bachu, [1985]). For each hydrostratigraphic unit, the 

regional variation in the surface heat flow computed from wells in the stratigraphic unit may be 

compared to potential convective effects using the hydraulic head, such as in Rao and Rao 

(1980) for topographical and formation-specific anticlines and synclines. A hydraulic head 

analysis for stratigraphic units may reveal that some formations in which BHTs were taken 

experience upwelling of groundwater (appear warmer than surrounding rocks) or down welling 

of groundwater (cooler than surrounding rocks) (e.g. for stratigraphic unit analysis, see 

Majorowicz and Jessop, 1981). As a result, some of the locally extreme high and low values in 

close proximity to one another may be revealed as the cause for a high nugget variance. 

Correlations of hydraulic head with surface heat flow may also be tested at the basin or sub-

province scale, using methods presented in Majorowicz et al. (1984). If a relationship is found 

for any sub-province, or at the basin scale, regression kriging (e.g. Hengl, Heuvelink, and 
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Rossiter, 2007) may be used to capture this relationship in models of spatial prediction. A large 

body of literature from the sources cited in this section is available for the western Canada 

sedimentary basin that addresses the influence of groundwater flow on the observed heat flow 

patterns within the basin. Additionally, a great review of heat flow spatial variations at many 

length scales is provided by Chapman and Rybach (1985). 

 
Including Heat Conduction Model Uncertainty in the Spatial Prediction 

The uncertainty maps presented in Chapter 4 only reflect spatial uncertainty, and do not reflect 

uncertainties related to the thermal conductivity stratigraphy and the heat conduction model 

calculations presented in Chapter 2 and Chapter 3. Recent work by Whealton (2016, Chapter 3) 

used Sobol' sensitivity analysis on this heat conduction model to evaluate the impact of an 

uncertain BHT and uncertain groups of thermal conductivities and thicknesses on the calculation 

of the surface heat flow and temperatures at depth. An extension of this work may be used to 

compute the uncertainty in the geotherm temperature profile, or the surface heat flow, for all 

wells based on the uncertainty in the parameters and variables in the thermal model, and the 

thermal conductivity stratigraphy. An example of the uncertainty in a single geotherm profile is 

provided in Figure 5.1 using 10 000 Monte Carlo realizations.  
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Figure 5.1: Uncertainty in a single geotherm temperature profile computed from 10 000 Monte 

Carlo realizations of the uncertain parameters in the heat conduction model. The red line 

indicates the spread of the BHT measurement and correction uncertainty, and the blue line 

indicates the spread in predicted temperatures at the basement.  

 

In order to quantify the overall uncertainty in the predicted mean surface heat flow in the 

Appalachian Basin, the uncertainties in the heat conduction model and the thermal conductivity 

stratigraphy may be integrated into the spatial prediction. Delhomme (1978) shows that if the 

data used for kriging have a known uncertainty variance (e.g. from a Monte Carlo analysis), then 

this uncertainty may be included into the model of kriging prediction. Unfortunately, it is likely 
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that points close to one another spatially would result in correlated uncertainty variances, which 

would require other approaches than the modified kriging equations presented in Delhomme 

(1978). The simulated annealing methodology of Fabbri and Trevisani (2005), outlined in 

Chapter 4, is amenable to including data point uncertainty within the spatial prediction. Two 

additional methods of including thermal model uncertainty in the model of spatial prediction are 

presented below. Method 1 is an approximation, and Method 2 is a more exact approach. It 

would be useful to evaluate how well the approximate uncertainty (Method 1) agrees with the 

more exact uncertainty (Method 2), especially for concerns of computational efficiency.  

 
Method 1: Approximate Uncertainty 

Step 1) Monte Carlo the uncertain parameters and variables in the heat conduction model, and the 

thermal conductivity stratigraphy. For each well, this will provide a mean surface heat 

flow, and an uncertainty about the mean. The Monte Carlo analysis should be constructed 

to account for the spatial correlation of geologic properties for nearby points in each 

Monte Carlo iteration. However, the importance of including spatially correlated geologic 

properties decreases as the number of Monte Carlo iterations increases. 

Step 2) Use the stratified ordinary kriging methods presented in Chapter 4 on the mean values of 

the surface heat flow computed for each well. This results in a map of the predicted mean 

surface heat flow, and a map of the spatial prediction uncertainty for the mean values at 

the well locations. 

Step 3) Use the matrix of kriging weights, which is available for each prediction location on the 

raster grid, to estimate the Step 1 uncertainty at each prediction location. This weighted 

uncertainty may be added to the spatial prediction uncertainty to arrive at an estimate of 

the overall uncertainty in the predicted mean surface heat flow. 
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Method 2: Exact Uncertainty 

Step 1) For each Monte Carlo realization in Step 1) above, compute the semi-variogram for each 

sub-province. Then use stratified ordinary kriging to arrive at a map of the predicted 

mean surface heat flow and a map of the uncertainty in the predicted mean surface heat 

flow for each Monte Carlo iteration. 

Step 2) The uncertainty in the mean surface heat flow at each location is the average of the 

uncertainty distributions from the different, but equally probable, realizations of the 

spatial correlation structure. 

 
Revisiting the Heat Flow Sub-Provinces  

The stratified kriging analysis in Chapter 4 relies on the potential field analysis of Horowitz 

(2015) for identifying sub-provinces of potentially different heat generation, within which the 

stochastic field is assumed to be stationary. If potential field analysis is not available or too time 

intensive to complete for a region, it would be valuable to know if using multivariate cluster 

analysis (e.g. Parks, 1966) on the well data would be sufficient for defining interpolation regions 

that capture non-stationarity in the stochastic field.  

In this thesis the sub-provinces have been treated as sharp boundaries, which may result from 

faults. However, some provinces may actually have more of a gradual transition in rock 

properties (e.g., for soils, Boucneau et al. [1996], and for the Rome Trough, Figure 2.4). As a 

result, one may wish to blend the interpolations across boundaries to reflect a smoother transition 

of the stochastic field. This is possible by assigning appropriate weights to points within a 

suspected transition zone, using methods such as those in Boucneau et al. (1996). 

If the heat flow sub-provinces used in this thesis hold up to more rigorous analysis of the 

physical assumptions (basement rock composition and heat generation) and/or statistical 
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assumptions (stationarity holds for the sub-province as tested by a moving window semi-

variogram) then the sub-province may be a real tectonic or lithologic feature. For those sub-

provinces that hold up to these analyses, the value of knowing that a well belongs to a particular 

sub-province may be quantified. To accomplish this valuation, wells within some distance of a 

sub-province boundary may be weighted according to the semi-variogram of a neighboring 

province. Those locations with newly weighted points may be interpolated using the neighboring 

semi-variogram. Then, the value of the predicted mean surface heat flow may be compared using 

a hypothesis test for the difference in two means to see if the results are statistically different. 
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APPENDIX A 

DERIVATIONS OF TEMPERATURE AT DEPTH  

AND SURFACE HEAT FLOW EQUATIONS 

 

This appendix provides derivations of analytical solutions for the temperature at depth and the 

surface heat flow to supplement the discussion in Chapter 3. This appendix has several sections 

that first state the assumptions of the analysis, then define the variables that will be used in the 

analysis, and finally provide the derivations. The equations are provided for a two-layer model of 

heat generation, as described in Chapter 3, and an N-layer model of heat generation. The final 

section of this appendix provides suggestions for vector and matrix structuring of the N-layer 

heat generation model equations for the temperature at depth and the surface heat flow. 

 

Assumptions 

Steady state, one dimensional (vertical) heat conduction is assumed. There are two layers of 

radiogenic heat generation: 1) a constant value of heat generation in sedimentary rocks, and 2) an 

exponential decrease in heat generation with increasing depth in the basement rocks. Deeper than 

3 e-folding lengths in the basement (3B) there is no longer any heat generation (e.g. 

Lachenbruch, 1968; 1970). Thermal convection and advection are not considered. The thermal 

conductivity stratigraphy (derived from the COSUNA rock columns, Chapter 2) consists of N-1 

layers of sedimentary rock, and 1 layer of basement rock. The thermal conductivity remains 

constant within each layer. 

 
Nomenclature 

The nomenclature presented in Chapter 3 is used here. 
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Temperature at Depth Scenario 

A well is drilled into sedimentary rocks, and has a known bottom-hole temperature (BHT). The 

temperatures at depths shallower than the well, deeper than the well in the sedimentary rocks, 

and in the basement rocks are desired. Derivations are provided starting from the basement, 

progressing upwards toward the surface. 

 
Temperature at Depth in Basement Rocks 

Let Z = Zcalc – Zs. 

Assuming an exponential decay of heat generation with increasing depth in basement rocks, the 

one dimensional heat conduction equation is: 

∂2𝑇𝐵
∂𝑍2

+
𝐴𝐵e

(−
𝑍
𝐵
)

𝑘𝐵
=
1

𝛼

∂𝑇𝐵
∂𝑡
  

[A.1] 

 

Under steady state conditions: 

∂2𝑇𝐵
∂𝑍

= −
𝐴𝐵  e

(−
𝑍
𝐵
)

𝑘𝐵
 

[A.2] 

 

Integrating Equation A.2 with respect to Z provides the geothermal gradient: 

 

∂𝑇𝐵
∂𝑍

=
𝐴𝐵𝐵 e

(−
𝑍
𝐵
)

𝑘𝐵
+ C1 

where C1 is a constant. Using a Neumann boundary condition such that lim
𝑍→3𝐵

  
∂𝑇𝐵

∂𝑍
=

𝑄𝑚

𝑘𝐵
  yields 

C1 =
𝑄𝑚 − 𝐴𝐵𝐵e

−3

𝑘𝐵
 

and 

∂𝑇𝐵
∂𝑍

=
𝐴𝐵𝐵 e

(−
𝑍
𝐵
)

𝑘𝐵
+
𝑄𝑚 − 𝐴𝐵𝐵e

−3

𝑘𝐵
 

[A.3] 
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Integrating Equation A.3 with respect to Z provides the temperature as a function of depth in the 

basement:  

𝑇𝐵(𝑍) =  −
𝐴𝐵𝐵

2 e(−
𝑍
𝐵
)

𝑘𝐵
+
(𝑄𝑚 − 𝐴𝐵𝐵e

−3)𝑍

𝑘𝐵
+ C2  , 𝑍𝑐𝑎𝑙𝑐 > 𝑍𝑠 

where C2 is a constant. Using a Dirichlet boundary condition such that at Z = 0, TB(Z) = TZs 

yields the relationships 

 

𝑇𝐵(0) =  −
𝐴𝐵𝐵

2

𝑘𝐵
+ C2 = 𝑇𝑍𝑠 

 

C2 = 𝑇𝑍𝑠 +
𝐴𝐵𝐵

2

𝑘𝐵
 

 

and 

 

𝑇𝐵(𝑍) =  
𝐴𝐵𝐵

2 (1 − e(−
𝑍
𝐵
))

𝑘𝐵
+
(𝑄𝑚 − 𝐴𝐵𝐵e

−3)𝑍

𝑘𝐵
+ 𝑇𝑍𝑠   ,     𝑍𝑐𝑎𝑙𝑐 > 𝑍𝑠 

                       [A.4] 

 

Temperature at Depth in Sedimentary Rocks deeper than the Well 

Let Z = Zcalc – Zw.  

Assuming constant heat generation in sedimentary rocks, the one dimensional heat conduction 

equation is: 

∂2𝑇𝑆𝑒𝑑
∂𝑍2

+
𝐴𝑆

�̅�𝑍
=
1

𝛼

∂𝑇𝑆𝑒𝑑
∂𝑡

  

[A.5] 

 

Under steady state conditions: 

 

∂2𝑇𝑆𝑒𝑑
∂𝑍2

= −
𝐴𝑆

�̅�𝑍
 

[A.6] 
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Integrating Equation A.6 with respect to Z provides the geothermal gradient: 

 
∂𝑇𝑆𝑒𝑑
∂𝑍

= −
𝐴𝑆𝑍

�̅�𝑍
+ C3 

 

where C3 is a constant. Using a Neumann boundary condition for Z = 0,  
∂𝑇𝑆𝑒𝑑

∂𝑍
 is the surface heat 

flow minus the radiogenic heat contribution from the sedimentary rocks above the well. This 

ensures that the heat balance is obeyed when Zw is taken as the top surface, and Zs as the lower 

surface of the calculation. This yields 

C3 =
(𝑄𝑠 − 𝐴𝑠𝑍𝑤)

�̅�𝑍
 

and 
∂𝑇𝑆𝑒𝑑
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= −
𝐴𝑆𝑍

�̅�𝑍
+
(𝑄𝑠 − 𝐴𝑠𝑍𝑤)

�̅�𝑍
 

 

[A.7] 

 

Integrating Equation A.7 with respect to Z provides the temperature as a function of depth: 

 

 

𝑇𝑆𝑒𝑑(𝑍) =  −
𝐴𝑆𝑍

2

2�̅�𝑍
+
(𝑄𝑠 − 𝐴𝑠𝑍𝑤)𝑍

�̅�𝑍
+ C4 

 

 

where C4 is a constant. Using a Dirichlet boundary condition such that at Z = 0, Tsed(Z) = TZw 

yields 

C4 = 𝑇𝑍𝑤  

 

and 

 

𝑇𝑆𝑒𝑑(𝑍) =  −
𝐴𝑆𝑍

2

2�̅�𝑍
+
(𝑄𝑠 − 𝐴𝑠𝑍𝑤)𝑍

�̅�𝑍
+ 𝑇𝑍𝑤   ,    𝑍𝑤 < 𝑍𝑐𝑎𝑙𝑐 ≤ 𝑍𝑠 

              [A.8] 
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Temperature at Depth in Sedimentary Rocks shallower than the Well 

Let Z = Zcalc – 0.  

Assuming constant heat generation in sedimentary rocks, the one dimensional heat conduction 

equation is: 

∂2𝑇𝑠𝑒𝑑
∂𝑍

+
𝐴𝑠

�̅�𝑍
=
1

𝛼

∂𝑇𝑤
∂𝑡
  

[A.9] 

 

Under steady state conditions: 

 

∂2𝑇𝑠𝑒𝑑
∂𝑍2

= −
𝐴𝑠

�̅�𝑍
 

[A.10] 

 

Integrating Equation A.10 with respect to Z provides the geothermal gradient: 

 
∂𝑇𝑠𝑒𝑑
∂𝑍

= −
𝐴𝑠𝑍

�̅�𝑍
+ C5 

 

where C5 is a constant. Using a Neumann boundary condition such that at Z = 0 (the ground 

surface), the geothermal gradient is equal to the surface heat flow over the harmonic average 

thermal conductivity to some depth Z from the surface to the well depth yields 

C5 =
𝑄𝑠

�̅�𝑍
 

 

and 

 
∂𝑇𝑠𝑒𝑑
∂𝑍
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𝐴𝑠𝑍
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+
𝑄𝑠
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[A.11] 

 

Integrating Equation A.11 with respect to Z provides the temperature as a function of depth: 

 

𝑇𝑠𝑒𝑑(𝑍) =  −
𝐴𝑠𝑍

2

2�̅�𝑍
+
𝑄𝑠𝑍
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where C6 is a constant. Using the Dirichlet boundary condition such that at Z = 0, Tsed(Z) = Ts 

yields 

 

C6 = 𝑇𝑠 
and 

 

𝑇𝑠𝑒𝑑(𝑍) =  −
𝐴𝑠𝑍

2

2�̅�𝑍
+
𝑄𝑠𝑍

�̅�𝑍
+ 𝑇𝑠,     0 < 𝑍𝑐𝑎𝑙𝑐 ≤ 𝑍𝑤 

    [A.12] 

 

Summary of Temperatures at Depth 

Let Z1 = Zcalc – 0, Z2 = Zcalc – Zw, and Z3 = Zcalc – Zs. Zcalc is unique to each depth interval. 

Summing Equation A.4, Equation A.8, and Equation A.12 provides Equation A.13 as the general 

equations used to calculate the temperature-at-depth. Equation A.13 is the same as Equation 3.9. 

Note that if a well is drilled into basement rocks, the top equation may be used to calculate 𝑇𝑍𝑠, 

and then the bottom equation may be used to calculate temperatures in the basement rocks. 
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  [A.13] 
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Calculating the Surface Heat Flow 

With a known temperature at depth, it is possible to rearrange the set of equations in Equation 

A.13 to calculate the surface heat flow. Because the value of AB is assumed to be unknown, the 

heat balance in Equation B.8 is used to place Equation A.14 in terms of known values. Equation 

A.14 is valid when the sedimentary rocks are assumed to have a constant value of radiogenic 

heat generation, and the basement rocks are assumed to have an exponential decay in radiogenic 

heat generation with increasing depth to a depth of 3B. 

  

𝑄𝑠 =

{
 
 
 
 

 
 
 
                              𝐺(𝑥, 𝑦, 𝑍𝑤)�̅�𝑤 +
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[𝐵 (1 − e−
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[A.14] 
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Surface Heat Flow through N Layers of Heat Generation 

When the sedimentary rocks are instead assumed to have different contributions from radiogenic 

heat production in each formation, Equation A.14 may be generalized to be suitable for an N-

layer model of radiogenic heat generation. The solution for the surface heat flow for a well with 

a BHT measurement located beneath N layers of sedimentary rocks is presented in Equation 

A.15. The solution for N = 1 reduces to the solution in Equation A.14 for 𝑍𝑤 ≤ 𝑍𝑠.  

The first term in each of the Equation A.15 equations represents the straight-line geothermal 

gradient from the surface to Zw. The second term in each equation is the heat generation in the 

first sedimentary layer. The third term in the second and third equations is the heat generation in 

subsequent sedimentary layers. The fourth term in the second and third equations is the 

propagation of heat generation in the first sedimentary layer down through each subsequent layer 

to the well depth in layer N. The fifth term in the third equation is the propagation of generated 

heat in all sedimentary layers between the first layer and the basement. In Equation A.15, ZN = 

Zw, and numerical subscripts on the thermal conductivities indicate which layer’s thermal 

conductivity should be used. For example, �̅�2 is the thermal conductivity for sedimentary layer 2, 

which occupies the depth range between Z2 and Z1. In this thesis, each layer is assumed to have a 

constant thermal conductivity throughout. If the thermal conductivity were to change between Z2 

and Z1 while the heat generation remained constant, then the harmonic average thermal 

conductivity between Z2 and Z1 is needed, as written in the set of equations in Equation A.15. 
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𝑄𝑠 =

{
 
 
 
 
 

 
 
 
 
                   [(𝐵𝐻𝑇𝑐𝑜𝑟𝑟 − 𝑇𝑠) +

𝐴1𝑍1
2

2�̅�1
] ∗ [

�̅�1
𝑍1
] =   𝐺(𝑥, 𝑦, 𝑍𝑤)�̅�𝑤 +

𝐴𝑠𝑍𝑤
2

                ,  N = 1,  𝑍𝑤 ≤ 𝑍𝑠 

    [(𝐵𝐻𝑇𝑐𝑜𝑟𝑟 − 𝑇𝑠) +
𝐴1𝑍1

2

2�̅�1
+ (

𝐴2(𝑍w − 𝑍1)
2

2�̅�2
+
𝐴1𝑍1(𝑍𝑤 − 𝑍1)

�̅�2
)] ∗ [

�̅�𝑤
𝑍𝑤
]      ,  N = 2,  𝑍𝑤 ≤ 𝑍𝑠

[
 
 
 
 
 
(𝐵𝐻𝑇𝑐𝑜𝑟𝑟 − 𝑇𝑠) +

𝐴1𝑍1
2

2�̅�1
+∑(

𝐴i(𝑍i − 𝑍i−1)
2

2�̅�i
+
𝐴1𝑍1(𝑍𝑖 − 𝑍𝑖−1)

�̅�i
)

N

i=2

+∑ ∑
𝐴i(𝑍i − 𝑍i−1)(𝑍m − 𝑍m−1)

�̅�m
 

N

m=i+1

N−1

i=2 ]
 
 
 
 
 

∗ [
�̅�𝑤
𝑍𝑤
]  ,  N ≥ 3,  𝑍𝑤 ≤ 𝑍𝑠

 

[A.15] 

 

Surface Heat Flow for a Well in the Basement Rocks 

If a well is drilled into the basement rocks (𝑍𝑤 > 𝑍𝑠), the N layers of heat generation above the 

well are from N-1 layers of sedimentary rocks, plus one layer of basement rock. If the basement 

is assumed to have a constant value for heat generation, Equation A.15 can be used directly to 

calculate the surface heat flow, where N is now the number of heat generation units. If instead 

the basement is assumed to have an exponential decrease in heat generation with increasing 

depth to 3B, as in this thesis, Equation A.16 should be used. Equation A.16 reduces to Equation 

A.14 for 𝑍𝑤 > 𝑍𝑠 when N = 2 (i.e. 1 sedimentary layer and 1 basement layer). 
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𝑄𝑠 =

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

                    
[
 
 
 (𝐵𝐻𝑇𝑐𝑜𝑟𝑟 − 𝑇𝑠)  +

𝐴𝑠𝑍𝑠
2

2�̅�𝑠
+
𝐴𝑠𝑍𝑠(𝑍𝑤 − 𝑍𝑠)

𝑘𝐵

       + 
(𝑄𝑚 + 𝐴𝑠𝑍𝑠)
𝑘𝐵(1 − e

−3)
[𝐵 (1 − e

−
𝑍𝑤−𝑍𝑠
𝐵 ) − (𝑍𝑤 − 𝑍𝑠)]    ]

 
 
 

𝑍𝑤
�̅�𝑤

+
𝐵 (1 − e−

𝑍𝑤−𝑍𝑠
𝐵 ) − (𝑍𝑤 − 𝑍𝑠)

𝑘𝐵(1 − e
−3)

                   ,  N = 2,  𝑍𝑤 ≤ 𝑍𝑠

[
 
 
 
 
 
 
 
 (𝐵𝐻𝑇𝑐𝑜𝑟𝑟 − 𝑇𝑠) +

𝐴1𝑍1
2

2�̅�1
+ ∑ (

𝐴1𝑍1(𝑍𝑖 − 𝑍𝑖−1)

�̅�i
)N

i=2

+
𝐴1𝑍1 + 𝑄𝑚
𝑘𝐵(1 − e

−3)
[𝐵 (1 − e−

𝑍𝑤−𝑍𝑠
𝐵 ) − (𝑍𝑤 − 𝑍𝑠)]

+∑ (
𝐴i(𝑍i − 𝑍i−1)

2

2�̅�i
+
𝐴𝑖(𝑍𝑖 − 𝑍𝑖−1)
𝑘𝐵(1 − e

−3)
[𝐵 (1 − e

−
𝑍𝑤−𝑍𝑠
𝐵 ) − (𝑍𝑤 − 𝑍𝑠)])

N−1
i=2

+∑ ∑
𝐴i(𝑍i − 𝑍i−1)(𝑍𝑗 − 𝑍𝑗−1)

�̅�j
 N

j=i+1
N−1
i=2

]
 
 
 
 
 
 
 
 

𝑍𝑤
�̅�𝑤

+
𝐵 (1 − e−

𝑍𝑤−𝑍𝑠
𝐵 ) − (𝑍𝑤 − 𝑍𝑠)

𝑘𝐵(1 − e
−3)

 ,  N ≥ 3,  𝑍𝑤 > 𝑍𝑠

 

[A.16] 

In Equation A.16, the first, second, and third term serve the same purpose as described for 

Equation A.15. The fourth term is the propagation of the first layer’s heat generation into the 

basement rocks, and a correction of the mantle heat flow that adds on the exponential decay 

component of the heat generation in the basement. The fifth term in the second equation is the 

generation of heat within all sedimentary layers except the first layer, and the sixth term is the 

propagation of that heat into the basement rocks. The seventh term in the second equation is the 

propagation of the heat from all sedimentary layers except the first through all sedimentary 

layers below the ith layer. 

If the value of AB was known from measurements of the heat generation within the basement 

rocks at the top of the basement, then Equation A.17 may be used instead of Equation A.16. 

With Qs, AB, and As in all sedimentary layers known, the heat balance in Equation B.8 should be 

used to check for consistency with regionally-specific acceptable values of the mantle heat flow. 
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𝑄𝑠 =

{
 
 
 
 
 
 

 
 
 
 
 
 

               

[
 
 
 
 (𝐵𝐻𝑇𝑐𝑜𝑟𝑟 − 𝑇𝑠)  +

𝐴𝑠𝑍𝑠
2

2�̅�𝑠
+
𝐴𝑠𝑍𝑠(𝑍𝑤 − 𝑍𝑠)

𝑘𝐵

       + 
𝐴𝐵𝐵

𝑘𝐵
[(𝑍𝑤 − 𝑍𝑠) − 𝐵 (1 − e

−
𝑍𝑤−𝑍𝑠
𝐵 )]    

]
 
 
 
 

∗ [
�̅�𝑤
𝑍𝑤
]                ,  N = 2,  𝑍𝑤 ≤ 𝑍𝑠

[
 
 
 
 
 
 
 
 

(𝐵𝐻𝑇𝑐𝑜𝑟𝑟 − 𝑇𝑠) +
𝐴1𝑍1

2

2�̅�1
+∑(

𝐴1𝑍1(𝑍𝑖 − 𝑍𝑖−1)

�̅�i
)

N

i=2

+∑ (
𝐴i(𝑍i − 𝑍i−1)

2

2�̅�i
)

N−1

i=2

+∑ ∑
𝐴i(𝑍i − 𝑍i−1)(𝑍𝑗 − 𝑍𝑗−1)

�̅�j
 

N

j=i+1

N−1

i=2

+
𝐴𝐵𝐵

𝑘𝐵
[(𝑍𝑤 − 𝑍𝑠) − 𝐵 (1 − e

−
𝑍𝑤−𝑍𝑠
𝐵 )]

]
 
 
 
 
 
 
 
 

∗ [
�̅�𝑤
𝑍𝑤
]  ,  N ≥ 3,  𝑍𝑤 > 𝑍𝑠

 

[A.17] 
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Temperature at Depth through N Layers of Heat Generation 

To calculate the temperature at depth through N layers of heat generation, Equation A.15, 

Equation A.16, or Equation A.17 should be used first to calculate the surface heat flow, and then 

the heat balance in Equation B.8 can be used to calculate AB, if needed. Then the temperature at 

depth in the Nth layer from the surface may be calculated using Equation A.18. In Equation A.18, 

ZN = Zcalc. Equation A.18 is Equation A.17 solved for BHTcorr. For calculating the temperature in 

sedimentary rocks when N=1, and for calculating the temperature in the basement when N=2, 

see Equation A.13. 

𝑇𝑍𝑐𝑎𝑙𝑐 =

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 

[
 
 
 
 
 
𝑇𝑠 +

𝑄𝑠𝑍𝑐𝑎𝑙𝑐

�̅�𝑍𝑐𝑎𝑙𝑐−0
−
𝐴1𝑍1

2

2�̅�1
−∑(

𝐴i(𝑍i − 𝑍i−1)
2

2�̅�i
+
𝐴1𝑍1(𝑍𝑖 − 𝑍𝑖−1)

�̅�i
)

N

i=2

−∑ ∑
𝐴i(𝑍i − 𝑍i−1)(𝑍𝑗 − 𝑍𝑗−1)

�̅�j
 

N

j=i+1

N−1

i=2 ]
 
 
 
 
 

 ,  𝑍𝑁 ≤ 𝑍𝑠

[
 
 
 
 
 
 
 
 
 

𝑇𝑠 +
𝑄𝑠𝑍𝑐𝑎𝑙𝑐

�̅�𝑍𝑐𝑎𝑙𝑐−0
−
𝐴1𝑍1

2

2�̅�1
−∑(

𝐴1𝑍1(𝑍𝑖 − 𝑍𝑖−1)

�̅�i
)

N

i=2

−∑ (
𝐴i(𝑍i − 𝑍i−1)

2

2�̅�i
)

N−1

i=2

−∑ ∑ (
𝐴i(𝑍i − 𝑍i−1)(𝑍𝑗 − 𝑍𝑗−1)

�̅�j
)

N

j=i+1

N−1

i=2

−
𝐴𝑏𝐵(𝑍𝑐𝑎𝑙𝑐 − 𝑍𝑠)

𝑘𝐵
+
𝐴𝑏𝐵

2 (1 − 𝑒−
(𝑍𝑐𝑎𝑙𝑐−𝑍𝑠)

𝐵 )

𝑘𝐵 ]
 
 
 
 
 
 
 
 
 

 ,  𝑍𝑁 > 𝑍𝑠

 

[A.18] 
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A Note on Computational Demand: Vector and Matrix Suggestions 

The large summation operations in Equations A.15 to Equation A.18 are conducive to vector and 

matrix execution, which would greatly reduce computational time. These equations are written 

using summation operators above for ease of understanding. If one were to use these equations in 

large computations, then it is recommended to use the following vector and matrix structure.  

𝐀T = {
[𝐴1, 𝐴2, … , 𝐴𝑁−1, 𝐴𝐵], 𝑍𝑤 > 𝑍𝑠
     [𝐴1, 𝐴2, … , 𝐴𝑁]      , 𝑍𝑤 ≤ 𝑍𝑠

 

𝐤T = {
[�̅�1, �̅�2, … , �̅�𝑁−1, 𝑘𝐵], 𝑍𝑤 > 𝑍𝑠

     [�̅�1, �̅�2, … , �̅�𝑁]      , 𝑍𝑤 ≤ 𝑍𝑠
 

ZT = [𝑍1, 𝑍2, … , 𝑍𝑁] 

𝐙𝐷𝑖𝑓𝑓
T = [𝑍1 − 0, 𝑍2 − 𝑍1, … , 𝑍𝑁 − 𝑍𝑁−1] 

The ‘T’ is used to indicate the vector transpose. Indices of vectors are denoted using square 

brackets. Use of the minus sign inside of the square brackets indicates that index should not be 

included in the vector. For example, ZDiff[-1] means that all but the first element are used. Using 

this notation, the large summation operations may be written as: 

∑(
𝐴1𝑍1(𝑍𝑖 − 𝑍𝑖−1)

�̅�i
) +∑ ∑ (

𝐴i(𝑍i − 𝑍i−1)(𝑍𝑗 − 𝑍𝑗−1)

�̅�j
)

N

j=i+1

N−1

i=2

N

i=2

=

[
 
 
 

𝑨[1]𝐙𝐷𝑖𝑓𝑓[1] 𝑨[1]𝐙𝐷𝑖𝑓𝑓[1] …

0 𝑨[2]𝐙𝐷𝑖𝑓𝑓[2] …
⋮ ⋱ ⋱

    

𝑨[1]𝐙𝐷𝑖𝑓𝑓[1]

𝑨[2]𝐙𝐷𝑖𝑓𝑓[2]

⋮
                   0              …             0 𝑨[𝑁 − 1]𝐙𝐷𝑖𝑓𝑓[𝑁 − 1]]

 
 
 

[
𝐙𝐷𝑖𝑓𝑓
T [−1]

𝐤T[−1]
]

T

  

 

𝐴1𝑍1
2

2�̅�1
+∑ (

𝐴i(𝑍i − 𝑍i−1)
2

2�̅�i
)

N−1

i=2

= [
(𝐙𝐷𝑖𝑓𝑓

T [−𝑁])
2

2 ∗ 𝐤T[−𝑁]
]

T

𝐀   , 𝑍w > 𝑍s  

     
𝐴1𝑍1

2

2�̅�1
+∑(

𝐴i(𝑍i − 𝑍i−1)
2

2�̅�i
)

N

i=2

= [
(𝐙𝐷𝑖𝑓𝑓

T )
2

2 ∗ 𝐤T
]

T

𝐀        , 𝑍w ≤ 𝑍s  
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APPENDIX B 

DERIVATION OF THE ONE-DIMENSIONAL CONDUCTION HEAT BALANCE 

 

Assumptions 

The assumptions used are the same as those listed in Appendix A. This derivation proceeds from 

the bottom to the top of the column in Figure 3.1. A constant value of heat generation is assumed 

for sedimentary rocks. 

 

Nomenclature 

The nomenclature presented in Chapter 3 is used here. 

 

Heat Flow deeper than 3B  

At depths deeper than 3B it is assumed that there are no longer any radiogenic elements in the 

crust that contribute to the heat flow. In effect, a depth of 3B in the basement rocks is the depth 

to the mantle heat flow value, even if the depth does not correspond to the boundary associated 

with Qm (e.g. the crustal thickness, or the asthenosphere). Therefore, the heat flow, Q(z), at 

depths greater than or equal to 3B is the mantle heat flow, Qm. 

 

𝑄(𝑧) = 𝑄𝑚,         z ≥ 3𝐵 

            [B.1] 

Heat Flow through the Top of the Basement  

Let Z = Zcalc – Zs.  

At depths from Z = 0 (the surface of the basement) to 3B, AB decays exponentially according to 

Equation B.2. 

 

𝑄𝐵 = 𝐴𝐵∫ e(−
𝑧
𝐵
)

3𝐵

0

d𝑧 
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𝑄𝐵 = −𝐴𝐵𝐵 [e
(−
𝑧
𝐵
)
]
0

3𝐵

 

 

𝑄𝐵 = −𝐴𝐵𝐵 ∗ [e
(−
3𝐵
𝐵
) −  1] = 𝐴𝐵𝐵[1 − e

−3] 

               [B.2] 

Generally, the heat flow at any location within the basement rocks is the sum of the mantle heat 

flow and the generated heat from 3B to a location z in the basement. 

 

𝑄(𝑧) = 𝑄𝑚 + 𝐴𝐵𝐵 [e
(−
𝑧−𝑍𝑠
𝐵

) − e−3]     ,     𝑍𝑠 ≤ 𝑧 ≤ 3𝐵 + 𝑍𝑠 

             [B.3] 

Note that when z = 3B + Zs the radiogenic heat generation term goes to 0, and Q(Zs+3B) = Qm. 

When z = Zs, the heat flow through the top of the basement rocks is: 

 

𝑄𝑠𝑏 = 𝑄𝑚 + 𝑄𝐵 

     [B.4] 

Surface Heat Flow 

Radiogenic heat generation in sedimentary rocks is assumed to be constant. Under this 

assumption, the total heat produced in the sedimentary rocks from decaying radioactive material 

is given by Equation B.5. 

𝑄𝑠𝑒𝑑 = 𝐴𝑠𝑍𝑠 

             [B.5] 

The heat flow at any depth, z, within the sedimentary rocks is the summation of the heat from the 

mantle, basement rocks, and sedimentary rocks below z, as shown in Equation B.6. 

 

𝑄(𝑧) = 𝑄𝑚 + 𝑄𝐵 + 𝐴𝑠(𝑍𝑠 − 𝑧),     0 ≤ 𝑧 ≤ 𝑍𝑠 

   [B.6] 
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At z = Zs, Q(Zs) = Qsb. The heat flow at the ground surface (z = 0) is provided in Equation B.7. 

 

𝑄𝑠 = 𝑄𝑚 + 𝑄𝐵 + 𝑄𝑠𝑒𝑑 

       [B.7] 

In this heat conduction model, the value of radiogenic heat generation in the volume of rock at 

the top of the basement is unknown. The heat balance in Equation B.7 may be rearranged to 

solve for this variable for each well based on the known or assumed variables and parameters. 

 

𝐴𝐵 =
𝑄𝑠 − 𝑄𝑚 − 𝐴𝑠𝑍𝑠

𝐵 ∗ [1− e−3]
 

     [B.8] 

If there are N-1 layers of heat generation from sedimentary rocks, AsZs in Equation B.8 should be 

replaced with a summation: 𝐴1𝑍1 + ∑ 𝐴𝑖(𝑍𝑖 − 𝑍𝑖−1)
𝑁−1
𝑖=2 . 
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APPENDIX C 

INFLUENCE OF THE ANNUAL TEMPERATURE FLUCTUATION ON NEAR-SURFACE, 

SHALLOW GROUNDWATER TEMPERATURE MEASUREMENTS 

 

Surface temperature fluctuations on time scales ranging from annual to millennial have been 

shown to affect near-surface temperatures at depths from 15 m to 600 m (e.g. Beltrami, 

Matheroo, and Smerdon, 2015). Millennial and centennial scale variations are not of concern in 

this project because the BHT data used for calculations are deeper than 1000 m, which is deeper 

than the 600 m potential penetration depth for these time scales. However, it is worthwhile to 

assess the potential impact of the annual temperature fluctuation on the shallow groundwater 

temperatures taken by Gass (1982) at depths between 15 m and 46 m. This assessment only 

considers heat conduction. Advection of heat via groundwater could also impact the 

measurements taken by Gass (1982). Additionally, disturbances to the thermal field as a result of 

surface landscape alteration (Roy, Blackwell, and Decker, 1972) are not considered here, but 

may have had an effect on the temperature measurements taken by Gass (1982).  

Under these assumptions, the depth of disturbance in the thermal field as a result of the 

annual surface temperature fluctuation varies according to the thermal diffusivity of the 

subsurface medium; the more thermally diffuse, the deeper the propagation. Sandstone has the 

greatest thermal diffusivity of the rocks located at the surface of the Appalachian Basin. A high-

end thermal diffusivity of sandstone (0.014 cm2/s) was used to approximate a worst-case impact 

on Gass’ (1982) measurements. The dampening of the annual surface temperature fluctuation 

with depth follows an exponentially decaying sine curve given in Equation C.1 (Ingersoll, Zobol, 

and Ingersoll, 1946) 

𝑇(𝑧) = 𝑎𝑇 ((e
−𝑧√

π
𝛼𝑃) ∗ sin (

2π𝑡𝑎
𝑃

− 𝑧√
π

𝛼𝑃
)) 

   [C.1] 
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where aT is the amplitude of the surface temperature fluctuation (°C), α is the thermal diffusivity 

(cm2/s), z is the depth below the surface (cm), P is the period of the annual temperature 

fluctuation (1 year, in seconds), and ta is time since the annual average surface temperature (s). 

The bounds of the annual near-surface temperature with depth are provided by Equation C.2. 

 

𝑇(𝑧) = 𝑎 (e
−𝑧√

π
𝛼𝑃) 

[C.2] 

 

From Figure C.1 it is clear that the shallow groundwater temperature measurements taken by 

Gass (1982) would have been relatively stable with regard to the annual temperature fluctuation, 

which is less than ± 0.5 °C at the depths measured. Because the depths of measurement were 

taken between 15 m and 46 m, the heat conduction model calculations implicitly assume that the 

map of surface temperature that was created by the Gass (1982) measurements is also the 

average annual temperature at the surface (0 m). This is a reasonable assumption based on this 

analysis. The uncertainty in the value of Gass (1982) measurements may be assumed to be 0.5 

°C based on the temperature fluctuation with depth. Additional uncertainty in the derived map 

results from creation of the contour map, and interpolating between the contours; however this 

uncertainty is not provided by Gass (1982) or the map provider, Southern Methodist University 

(2016). 
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Figure C.1: Annual temperature fluctuation with depth for a sandstone with higher than average 

thermal diffusivity (0.014 cm2/s). The surface temperature is assumed to fluctuate ± 28 °C from 

the annual average surface temperature. Hottest day, coldest day, and average days refer to the 

surface temperature. Figure modified from Ingersol, Zobol, and Ingersol (1946). 

 

  



 

225 

 

APPENDIX D 

INTERPRETATION OF POTENTIAL FIELD EDGES AS INTERPOLATION BOUNDARIES 

 

The key geological assumption governing the stratified ordinary kriging (SK) method is that 

there are several terranes in the Grenville crystalline basement beneath the Appalachian Basin. 

These terranes likely have different chemical compositions, which may result in different 1) 

thermal conductivities, 2) concentrations of radiogenic heat producing elements, or 3) functional 

forms of heat generation with increasing depth. Contrasts in heat generation among the terranes 

would result in different data (heat) generating processes spatially (e.g. heat flow sub-provinces 

in Roy, Blackwell and Decker [1972] and Rao, Rao, and Narain [1976]), which requires spatial 

interpolation methods, like SK, that account for multiple populations of data. Although the semi-

variogram confidence intervals in Chapter 4 indicate that many of the interpolation regions that 

were interpreted from the potential field edges of Horowitz (2015) have significantly different 

average stochastic fields, it is worthwhile to examine if those edges have geological or 

geothermal significance as heat flow sub-provinces. 

Several published maps were used to cross-check the potential field edges of Horowitz 

(2015) with gravity anomalies, magnetic anomalies, and structural features. Bouguer gravity 

anomaly, isostatic gravity anomaly, and magnetic anomaly maps for the United States are 

available from the USGS Mineral Resources online spatial dataset (USGS, 2016a; 2016b). 

Basement domains (i.e. major crust divisions) in the United States, as reported by Lund et al. 

(2015), are also available from the USGS Mineral Resources online spatial dataset (USGS, 

2016b). The discussion that follows presents the gravity and magnetic potential field edges of 

Horowitz (2015), and relates them to these published anomalies and other structural features in 

the spatial domain of the Appalachian Basin, where applicable. 
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Gravity Potential Field Edges 

Bouguer gravity is primarily an indicator of subsurface rock density. High Bouguer gravity 

anomalies indicate more dense material and vice versa for low anomalies. The gravity edges 

from Horowitz (2015) are interpreted as lateral contrasts in rock density, which is an indicator of 

rock composition. Where the basement is closer to the surface, like in New York, gravity edges 

are more likely to show greater detail specific to basement rock heterogeneity than where the 

sedimentary cover is thick and introduces sedimentary rock signal (i.e. noise for the purpose of 

this study) into the gravity measurements.  

Several studies have evaluated the potential spatial extent of terrane boundaries beneath the 

northern Appalachian Basin in New York, and few have speculated about the spatial extent of 

these terrane boundaries in more central and southern portions of the basin (discussed in Section 

3.3). Figure 9 in Lidiak and Hinze (1993) provides an expected southward extension of 3 

Grenville terrane blocks into the United States. The gravity edges calculated by Horowitz (2015) 

may delineate some of these terrane boundaries in New York; although they are located in 

slightly different spatial locations. The eastern boundary of the northwestern Pennsylvania and 

New York (NWPANY) interpolation region (Figure D.2) could represent the boundary between 

the Elzevir Block and the Frontenac Block in Lidiak and Hinze (1993). Some of the north-south 

trending boundaries of the eastern New York (ENY) and central New York (CNY) interpolation 

regions may represent the boundary between the Frontenac Block and the central granulite block 

in Lidiak and Hinze (1993). Determining which, if any, of these edges correspond with terrane 

boundaries would require analysis of basement rock samples in these regions. The Chautauqua 

New York (CT) interpolation region is unique in that both gravity and magnetic edges outline 

this area, which may indicate that it has a unique rock composition for the region. 
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Many of the gravity potential field edges calculated by Horowitz (2015) coincide well with 

structural features within the Appalachian Basin, as shown in Figure D.1. The easternmost 

gravity edge near 40.5 °N latitude corresponds closely with the distribution of Grenville massifs 

known as the Piedmont Mountains (PM), as outlined in Powell et al. (1988). The Blue Ridge 

Mountains (BR) and the Valley and Ridge Mountains (VR) are located west of the PM. A few 

edges in West Virginia and Pennsylvania likely correspond with these mountain belts (Figure 

D.1). The northeastern-most gravity edge outlines the southeastern boundary of the Adirondack 

Mountains (Lidiak and Hinze, 1993; shown as the Adirondack Park boundary in Figure D.3). 

The Clarendon-Linden (CL) fault system (e.g. Jacobi, 2002) in New York near Lake Ontario 

may also be captured. The large elliptical edge in northeastern Pennsylvania extending into New 

York, known as the Scranton gravity high (Jacobi, 2002) or Scranton Arch (Benoit, Ebinger, and 

Crampton, 2014), is located near the Pocono Mountains and the Catskill Mountains.  

Switching to West Virginia, the eastern boundary of the western West Virginia (WWV) 

interpolation region is coincident with the eastern boundary of the Rome Trough (e.g. Harris et 

al., 2002). The central West Virginia (CWV) interpolation region contains the Cumberland 

Mountains (CM) in the south, and the Allegheny Mountains (ALM) in the north. The ALM 

extend into south-central Pennsylvania, where a two-pronged gravity edge is located; however 

this edge was not used to delineate an interpolation region because of a stronger magnetic high in 

this area of the basin (Figure D.3). Finally, the Valley and Ridge physiographic province is well 

outlined in West Virginia, but it is not outlined well along the eastern prong of the ALM in 

Pennsylvania. Even so, the Valley and Ridge is a major physiographic province that was 

assigned its own interpolation region. All other interpolation regions are located in the Allegheny 
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Plateau physiographic province. The gravity potential field edges from Horowitz (2015) are 

overlain on the interpolation regions in Figure D.2. 

 

 
 

Figure D.1: Gravity potential field edges at depths from 7 km to 15 km from Horowitz (2015). 

Locations of major physiographic and structural features in the Appalachian Basin are overlain. 

AM – Adirondack Mountains (Barge, 2016), ALM – Allegheny Mountains, VR – Valley and 

Ridge, BR – Blue Ridge Mountains, PM – Piedmont Mountains, RT – Rome Trough (Repetski et 

al., 2008), CL – Clarendon-Linden Fault System (Jacobi, 2002). Potential field edges are colored 

using a continuous color scheme with 100 quantile breaks. General numerical ranges are 

provided in the legend for each color. 
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Figure D.2: Gravity potential field edges at depths from 7 km to 15 km from Horowitz (2015) 

overlain on the interpolation boundaries used in this thesis. 
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Magnetic Potential Field Edges 

Magnetic anomalies are primarily a result of magnetite, which is not necessarily prevalent in 

sedimentary rocks. Therefore, magnetic anomalies and edges are interpreted as contrasts in 

basement rock composition. The magnetic edges have been transformed by Horowitz (2015) 

from more traditional magnetic gradient units, nanotesla per meter (nT/m), to quantities 

proportional to pseudogravity gradient units, milligals per meter as log10(mGal/m). The 

proportionality constant was selected for ease of numerical calculation, not correct physical unit 

preservation. The constant is additive in log space, so the relative magnitudes are preserved. The 

magnetic edges developed by Horowitz (2015) are provided in Figure D.3, along with a magnetic 

anomaly map from Ravat et al. (2009), transformed to pseudogravity units by Horowitz (2015). 

Visually, there is good agreement with the potential field edges and the boundaries of the major 

anomalies. The magnetic edges of Horowitz (2015) are overlain on the interpolation regions used 

in this thesis in Figure D.4. 

The only interpolation region that was defined by magnetic edges was the southwestern 

Pennsylvania (SWPA) region. In this region of Pennsylvania and West Virginia there is a 

magnetic high that is well outlined by the magnetic edges (Figure D.3). This magnetic high was 

used to define the southern boundary of the SWPA interpolation region, which extends into 

Maryland. The northern boundary of the SWPA interpolation region was defined by gravity 

edges between the WPA and NWPANY regions. The eastern boundary of the SWPA region was 

defined by the Valley and Ridge physiographic province and a data gap (described below).  

There is relatively good agreement with other magnetic edges and some interpolation 

boundaries. The magnetic low anomaly in the Finger Lakes region of New York lies almost 

entirely in the ENY interpolation region. There is another magnetic low anomaly in western New 
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York and northern Pennsylvania that lies mostly within the NWPANY interpolation region. 

There is a northeast trending magnetic high anomaly that is coincident with the ENYPA 

interpolation region.  

A significant magnetic signature that underlies the Appalachian Basin system is the New 

York-Alabama lineament (NY-AL; King and Zietz, 1978; Figure D.3). Since the discovery of the 

NY-AL lineament, there is a general consensus that it has tectonic origins; however there are 

several interpretations. Thomas (2006) suggests that it is a suture in the Grenville crust, and 

Steltenpohl et al. (2010) present seismic evidence of King and Zietz’s (1978) suggestion that it is 

a large-scale strike-slip fault (~220 km displacement). For either of these suggestions, regardless 

of the true cause for the lineament, it is reasonable to assume that the crust on either side of the 

lineament is not the same composition. For the most part, the interpolation regions do not cross 

this lineament (Figure D.3, Figure D.4). Only portions of the CWV and the Maryland portion of 

the SWPA interpolation regions are located on both sides of the lineament. If an important crust 

boundary is present it would affect data in the CWV region more than SWPA (Figure D.5). 
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Figure D.3: Magnetic potential field edges at depths from 7 km to 15 km from Horowitz (2015) 

overlain on a magnetic anomaly map in Ravat et al. (2009). The New York-Alabama lineament 

(NY-AL) is shown as a light gray line.  
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Figure D.4: Magnetic potential field edges at depths from 7 km to 15 km from Horowitz (2015) 

overlain on the interpolation boundaries used in this thesis. 

 

Data Inclusion in Interpolation Regions 

As a result of uncertainties in the location of potential field edges of Horowitz (2015) (about 

± 1 km for gravity and about ± 0.5 km for magnetic), points close to the interpolation boundaries 

should be evaluated for similarity. One indicator of similarity is the depth of the well. Similar 

depths in close proximity likely indicate that the wells were targeting the same resource. When 
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the boundaries were digitized, wells within close proximity of interpolation boundaries were 

placed on the side of the boundary that seemed to best reflect their depth and heat flow values. 

Only one interpolation boundary was defined by data deficiency between the ENYPA and the 

SWPA regions. The data gap between these regions is visible in Figure D.5. 

 

 
 

Figure D.5: Interpolation boundaries with well data points overlain. Wells are colored by their 

depth of measurement because wells at similar depths are more likely targeting the same 

resource. Data within the VR interpolation region are not shown. 
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A 50 km buffer was used to gather well points for those interpolation regions that had 

potential field edges that extended beyond the state borders. These regions were WWV, CWV, 

SWPA, and VR. The searching direction was primarily southwest or west along the gravity and 

magnetic edges that defined these regions. Data points located within 50 km of other 

interpolation regions, like ENY and ENYPA, were not used in the kriging analysis. Additionally, 

the VR interpolation region was not used in the kriging analysis because the few data points 

within this region were spread too far apart. 
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