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A set of estimation algorithm is presented for various robotics platforms.

Among many different types of platforms, this work focuses on two types; large,

dynamically complex systems with rich set of sensors and high computation

power, and self-reconfigurable modular robots with limited computational re-

sources and sensing capability. Three distinct types of estimation algorithm are

presented; 1) adaptive Gaussian mixture smoother for highly complex nonlin-

ear dynamics and measurement models with multi-modal noises, 2) a scalable

and efficient surface normal estimation algorithms for computationally limited

platforms, and 3) a set of estimation algorithms to calibrate a set of modular

robots in order to estimate position and orientation of sensor module. Each

set of algorithms are validated with appropriate numerical studies and experi-

ments.
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CHAPTER 1

INTRODUCTION

Throughout the history of robotics, a large number of robotics platform have

been developed. With rapid development and improvement of hardware, many

platforms are equipped with high computation power, rich set of sensors, high

accuracy manipulation devices, and more. These different variants of robotics

platforms, in these days, consist of small robotics toys for children, flying and

underwater vehicles, personal robots, modular robots, research mobile plat-

forms, and more.

Different types of robotics platform exhibit different challenges to solve. In

this work, two types of robotics platforms are considered; one is typically large

in size, has rich set of highly accurate sensors, and carries out complex interac-

tion with environment or humans. Such examples consist of autonomous driv-

ing vehicles, humanoid and home assisting robots, and large scale research plat-

forms. While this type of platforms excels in sensing and interaction capabili-

ties, it often suffers from having complex dynamics and measurement models.

Given the complexity of the hardware, the dynamics and measurement mod-

els are often highly nonlinear and difficult to be modeled using single Gaussian

distribution.

The other type of the platform to focus is modular robots. They are typically

small in size, and have limited computational power and sensing capability.

However, they are often self-reconfigurable which attracts much attention re-

cently. Their ability to self-reconfigure, however, requires making connections

with other modules. This imposes several challenges to consider: connection

offsets between modules, encoder biases and nonlinear mapping of the encoder
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values, bending and torsion due to material compliance, and external forces.

In this work, a few estimation methods are presented. Chapter 2 presents an

estimation method for platforms that have highly nonlinear dynamics and mea-

surement models, while the noises are multi-modal. Utilizing adaptive Gaus-

sian mixture model, a smoothing estimation method is presented which signif-

icantly improves the estimates of highly nonlinear and complex model. Chap-

ter 3 presents a novel surface normal estimation method for small platforms

with limited computational resources. This surface normal estimation method

serves as a base for high-level object recognition, classification, and segmen-

tation work, and is suited for modular robots for its computational efficiency.

Chapter 4 presents estimation methods for estimating sensor positions for var-

ious configurations using modular robots. This chapter presents solutions for

each challenge that were mentioned before.
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CHAPTER 2

A SMOOTHING ALGORITHM FOR NONLINEAR SYSTEMS USING

GAUSSIAN MIXTURE MODELS

Nomenclature

x State vector

z Measurement vector

f Propagation function

g Measurement function

Q Process noise covariance matrix

R Measurement noise covariance matrix

Nt The number of mixands of a Gaussian mixture at time t

N(x; m, P) Normal distribution of x with mean vector m and covariance matrix P

ω Weight of a mixand of a Gaussian mixture

B Backward corrector (discussed in Section 2.3)

D Backward corrector’s noise covariance matrix

C Backward corrector’s stacked Jacobian matrix parameter

required to evaluate D

ζ(x) Predicted measurement vector given the state variable x

F Jacobian matrix of nonlinear propagation function f

H Jacobian matrix of nonlinear measurement function h

K Gain matrix to compute the smoothed mean vector and covariance matrix

q Multiplication factor to compute the smoothed weight

3



ζ̂ Least squares estimate of the measurement vector

D̂ Least squares estimate of the backward corrector’s noise covariance matrix

Ĉ Least squares estimate of the backward corrector’s Jacobian matrix

required to evaluate D̂

θ Association variable of the mixands of a Gaussian mixture

Subscript

t Time of the estimation

T The last time index of the smoothing window

t1 : t2 Time interval from t1 to t2 inclusive

Superscript

i Indicates i-th mixand of a Gaussian mixture

* Indicates smoothed variable

T Transpose of the vector/matrix variable

Symbols

|(·) Evaluation/linearization point (·)

2.1 Introduction

Estimation theory has been rigorously developed to optimally/sub-optimally

produce estimates of systems and processes in real time, even in the presence

of disturbances and noises from various sources. Many optimal filtering al-

gorithms exist to solve certain classes of problems. For example, the Kalman

filter [3], and its many variants are used extensively in the community for lin-

ear systems [72]. Extensions to the linear Kalman filter have been developed to

handle nonlinear systems through linearization and the sigma-point transfor-

4



mation [6, 9, 77, 31]. Such filters typically operate on the first two moments, and

have successfully solved many problems where accurate and precise estimates

are required. However, classes of more complex problems which cannot be ac-

curately solved with these algorithms exist, including applications with highly

nonlinear dynamics, and non-Gaussian or multi-modal disturbances. Such ex-

amples include camera vision measurements, GPS signal drop-out and multi-

path problems, wheel slips, and more. Many of these problems become more

pronounced in sparse measurement conditions where there is a higher reliance

on models.

To address highly nonlinear systems and/or non-Gaussian noise models,

filters using sampling methods [16] or Gaussian mixture models have been de-

veloped [1]. Sampling methods, such as particle filters, consider both highly

nonlinear dynamics and non-Gaussian noise models. While good performance

has been shown in a variety of applications [47, 48], sampling methods are com-

putationally demanding and rely on accurate system and likelihood models [4].

Gaussian mixture on the other hand needs much lower computation; for exam-

ple, Gaussian mixture using sigma-points use (2N +1)∗M points (for M mixands

and N-dimensional state) which is typically much lower than the number re-

quired by a particle filter. In the baseline Gaussian mixture filter [1], the number

of mixands of the underlying Gaussian mixture model grows only with multi-

modal/non-Gaussian noises, not nonlinearities. Researchers have tackled this

limitation using splitting and condensation techniques [18, 17, 19, 25, 26]. This

adaptive splitting enables the filter to maintain a reasonable number of mixands

while capturing the non-Gaussian distribution effectively.

In addition to filtering (estimating current states based on the measurement

5



data and models), smoothing techniques have been developed which enable

multiple passes of the measurement data. Smoothing algorithms utilize the

measurements available in future time (relative to the time of interest) to im-

prove the past estimates by reasoning about the system and measurement mod-

els. Thus, for challenging estimation problems (such as with sparse measure-

ments) where the real-time estimate is inconsistent and/or inaccurate, smooth-

ing algorithms provide an opportunity to greatly improve the estimates of in-

terest using information over the past history as well as the future. Smoothing

techniques have been used in the field for a wide range of applications includ-

ing navigation of a land vehicle [81], underwater vehicle [79]; target tracking

[64, 51]; and image restorations [5].

The literature includes smoothing techniques based on the Kalman filter

family for linear and nonlinear systems [3, 60, 57, 58], and numerical solu-

tions implementing the forward-backward algorithm are available including

sampling techniques [16]. Kitagawa presented a two-filter implementation of

a smoother based on Gaussian mixture models [34], but with a limitation on the

number of measurements required to invert the measurement model. Recently,

Vo et al. presented a closed-form solution for forward-backward algorithm im-

plementation of Gaussian mixture models [76]; this approach was limited to

linear systems, which enables the simplification of the smoothing steps.

This paper presents a novel smoothing method using a Gaussian mixture

representation for nonlinear systems. This method is particularly well suited

for applications with highly nonlinear dynamics and/or measurement models,

as well as for applications with sparse measurements where the effect of model

nonlinearities becomes more pronounced. When measurements are not avail-

6



able, filtering algorithms only temporarily predict the evolution of the state dis-

tribution using models; this prediction can be greatly affected by the inherent

nonlinearity of the system. When a measurement becomes available at a later

time, however, utilizing the proposed smoothing algorithm enables these hard-

to-observe errors in filtering process to be improved. A closed-form estimate

of the backward corrector is derived which enables a computationally scalable

implementation.

This paper is outlined as follows: Section 2.2 presents an overview of the

problem, and challenges of Gaussian mixture smoothing. Section 2.3 presents

a closed-form solution for a forward-backward algorithm with a Gaussian mix-

ture prior, where the propagation and measurement models are nonlinear and

the noises are modeled using single Gaussian distributions. Section 2.4 presents

an adaptive Gaussian mixture model smoother for nonlinear systems with

Gaussian mixture model priors. Section 2.5 presents simulation results for a

highly nonlinear system to gain insight into its implementation, and experi-

mental results for an indoor robot navigation experiment in presence of sparse

measurements to demonstrate scalability and robustness. Results are compared

to baseline algorithms to demonstrate the accuracy and the consistency of the

proposed Gaussian mixture smoothers.

2.2 Overview of the Gaussian Mixture Smoothing Problem

As a motivating example, consider Fig. 2.1, which shows the simulation result

of robot motion using a unicycle model with a small bias error in the wheel

radius. The initial state is estimated as a Gaussian distribution with a mean

7
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(b) Gaussian mixture model
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(c) Sigma-points

Figure 2.1: Contour plot of robot’s location estimate pdfs, p(x, y), of three
prediction time steps shown for three estimators: (a) 30,000
particles, (b) Gaussian mixture with 10 mixands, (c) sigma-
points. Dotted line shows the true trajectory robot has taken.

vector, [x0, y0, θ0,R0]T, and associated covariance matrix; x, y, θ, and R represent

the two-dimensional location, heading of the robot, and the radius of the wheel,

respectively. There is no measurement in the simulation, so that Fig. 2.1 only

shows temporal prediction of an initial Gaussian state distribution through non-

linear dynamics. The marginal probability density functions (pdf) of robot’s

8



two dimensional location estimates, p(x, y), are shown using contour plots for

three time steps: t ∈ {1, 5, 10} seconds, along with the true trajectory taken. Fig-

ure 2.1(a) shows the true pdf defined using 30,000 particles; to calculate the

marginal distribution, p(x, y), each particle is treated as a Gaussian distribution

with an infinitesimal covariance. Figures 2.1(b) and 2.1(c) are generated using

a Gaussian mixture with maximum of 10 mixands [1], and sigma-points [77],

respectively. Each simulation is initialized with the true state as the estimate,

but with a small wheel radius bias.

The particles are initially sampled (t = 0) from a Gaussian distribution, and

then evolve into larger crescent shape distributions over subsequent time steps.

This is a result of the propagation of the small constant wheel radius error

through the nonlinear system dynamics. In the case of the sigma-point pre-

dictor (Fig. 2.1(c)), the mean estimate is accurately captured (compared to the

average of the particles), but the shape of the true distribution is not, because

the uncertainty/error prediction is not well modeled with a single Gaussian dis-

tribution. On the other hand, however, a Gaussian mixture (Fig. 2.1(b)) captures

the non-Gaussian shape of the true distribution well with ten mixands.

Figure 2.1 only considers the case of ‘prediction’; consider now the problem

of a Gaussian mixture smoother. A smoothing algorithm produces a smoothed

estimate, p(xt|z1:T ), utilizing measurements at past and future times; T > t, and

x and z represent the state and the measurement, respectively. Because more

measurements are used to produce the smoothed estimate, p(xt|z1:T ), than to

produce the posterior estimate, p(xt|z1:t), the smoothed estimates are expected to

be more accurate; generally a smoother performs better than a filter, albeit with

some delay of estimates and increased complexity and computation [3].

9



The forward-backward smoothing algorithm is described with following

equation [8, 16],

p(xt|z1:T ) = p(xt|z1:t)
∫

p(xt+1|z1:T )
p(xt+1|z1:t)

p(xt+1|xt) dxt+1, (2.1)

and smoothing occurs backward in time from the end time T to the current

time t. Consider an underlying Gaussian mixture model representation for the

predicted state for time t + 1 given measurements up to time t as:

p(xt+1|z1:t) =

Nt+1∑
i=1

ωi
t+1 · N(xt+1; m̄i

t+1, P̄
i
t+1) (2.2)

where m̄i
t+1 and P̄i

t+1 represent the predicted mean vector and covariance matrix,

respectively, for time t + 1. Equation (2.1) contains a division by a Gaussian

mixture (Eq. (2.2)), which does not necessarily give a Gaussian mixture [34,

76]. Vo et al. developed a recursive closed-form solution to bypass this division

for linear state propagation and measurement functions. The approach scales

computationally with smoothing window T − t, as measurement vectors and

covariance matrices are stacked over time [76].

Two smoothing methods for Gaussian mixture models with nonlinear sys-

tem dynamics and measurement models are developed here. The first uses the

forward-backward algorithm to find a closed-form solution (Section 2.3); this is

a linearized version of that proposed by Vo et al [76]. In addition, a novel least

squares fit to the integral of the Eq. (2.1) is proposed which reduces scaling from

O(T ) to O(1). A second approach is developed which adaptively splits Gaussian

mixtures during the propagation step, and condenses the mixtures during the

smoothing step (Section 2.4). This method, termed the adaptive Gaussian mix-

ture model smoother, is designed to more accurately capture the propagation of

the Gaussian mixture model through nonlinear dynamics and/or sparse mea-

surements.

10



2.3 Nonlinear Forward-backward Smoothing with a Gaussian

Mixture Prior

Consider the following system, with nonlinear propagation and measurement

functions and additive Gaussian noise,

p(xt|xt−1) = N(xt; f (xt−1),Qt) (2.3)

p(zt|xt) = N(zt; h(xt),Rt) (2.4)

where the propagation and measurement functions are described as xt+1 =

f (xt) + wt and zt = h(xt) + vt. These functions have additive white noise, with

noise covariance matrices Qt = E[wtwT
t ] and Rt = E[vtvT

t ]. The general smoothing

algorithm given in Eq. (2.1) includes the ‘forward’ filtering step, composed of

both propagation and measurement update,

p(xt|z1:t) =
p(zt|xt)p(xt|z1:t−1)∫
p(zt|xt)p(xt|z1:t−1)dxt

. (2.5)

The forward filtering step can be factored in the following manner:

p(xt|z1:t) = Lt(zt; xt)p(xt|z1:t−1) (2.6)

where

Lt(zt; xt) =
p(zt|xt)∫

p(zt|xt)p(xt|z1:t−1)dxt
. (2.7)

The ‘backward’ smoothing step is then defined using the backward corrector,

Bt,

Bt(xt|z1:T ) =

∫
p(xt+1|z1:T )
p(xt+1|z1:t)

p(xt+1|xt)dxt+1. (2.8)
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Then, the forward-backward smoothing method in Eq. (2.1) from time T to t can

be factored as:

p(xt|z1:T ) = p(xt|z1:t)Bt(xt|z1:T ) (2.9)

= p(xt|z1:t−1)Lt(zt; xt)Bt(xt|z1:T ).

Note that for end time t = T , p(xT |z1:T ) = p(xT |z1:T )·BT (xT |z1:T ); thus BT (xT |z1:T ) = 1.

Importantly, for nonlinear propagation and measurement models with additive

Gaussian noise as defined in Eqs. (2.3) and (2.4), both Lt and Bt (in Eqs. (2.7) and

(2.8), respectively) can be shown to be an (unnormalized) Gaussian also [76].

The backward corrector for next time step, Bt−1, can be computed recursively

using Bt [76],

Bt−1(xt−1|z1:T ) =

∫
Bt(xt|z1:T )Lt(zt; xt)p(xt|xt−1)dxt. (2.10)

The key requirement for a scalable and accurate Gaussian mixture model

smoother is a closed-form expression for the backward corrector, Bt, in Eq.

(2.10). This is developed in the next section.

2.3.1 Calculation of a Linearized Backward Corrector

The backward corrector always takes the form of a Gaussian distribution, given

that BT = 1 and the propagation and measurement models assume additive

Gaussian noise (Eqs. (2.3) and (2.4)); note that Lt(zt; xt) and p(xt|xt−1) are both

Gaussian in Eq. (2.10). Therefore, the backward corrector at general time t

(propagating back from end time T ) can be written as:

Bt(xt|z1:T ) =
N(zt+1:T ; ζt+1:T (xt),Dt+1:T (xt))

rt
(2.11)
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where rt is a normalization constant, zt+1:T is a stacked measurement vector

growing with available measurements as smoothing time moves backward

from time T , ζt+1:T (xt) represents predicted measurements from the state xt for

the specified time span as described below:

zt+1:T =

[
zT

T , z
T
T−1, · · · z

T
t+1

]T

(2.12)

ζt+1:T (xt) ,
[
h( f T−t−1(xt))T, h( f T−t−2(xt))T, · · · , h( f (xt))T

]T

(2.13)

where

f N(xt) , f ( f ( f (· · · f (xt)) · · · )︸                   ︷︷                   ︸
N

. (2.14)

Equation (2.14) defines a superscript notation indicating propagation of a point

xt through a function f a total of N times.

The calculation of matrix Dt+1:T in Eq. (2.11) involves stacking the history of

the Jacobian matrices for time interval [t + 1, T ], where each subset of the ma-

trix represents the predicted measurement noise covariance for a specific time in

the interval. Because constructing this matrix involves a complex series of ma-

trix calculations, a few examples starting from time T are shown here to more

fully understand the final closed-form recursive solution. The initial DT :T (xT−1)

is calculated as:

zT :T = zT

ζT :T (xT−1) = h( f (xT−1))

DT :T (xT−1) = RT + HT |xT−1 QT HT
T |xT−1

where HT |xT−1 is a Jacobian matrix of the measurement function h(xT ) in Eq. (2.4),

which can be computed analytically [3] and numerically [31]. Note that because

HT |xT−1 is the Jacobian matrix for h(xT ) at time T , the linearization point is xT =

f (xT−1).
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The parameters of the backward corrector BT−2 for time step T − 2 are:

zT−1:T =

[
zT

T , zT
T−1

]T

ζT−1:T (xT−2) =

[
h( f ( f (xT−2)))T, h( f (xT−2))T

]T

DT−1:T (xT−2) =

RT + HT |xT−2 QT HT
T |xT−2 0

0 RT−1

 +

HT |xT−2 FT−1:T |xT−2

HT−1|xT−2

 QT−1

HT |xT−2 FT−1:T |xT−2

HT−1|xT−2


T

where FT−1:T |xT−2 represents a Jacobian matrix of the propagation function f (xT−1)

for time interval [T − 1, T ] computed about the point xT−2. Similarly, for time

step T − 3, the parameters of BT−3 are:

zT−2:T =

[
zT

T , zT
T−1, zT

T−2

]T

ζT−2:T (xT−3) =

[
h( f ( f ( f (xT−3)))T, h( f ( f (xT−3)))T, h( f (xT−3))T

]T

DT−2:T (xT−3) =

RT + HT |xT−3 QT HT
T |xT−3 0

0 RT−1

 +

HT |xT−3 FT−1:T |xT−3

HT−1|xT−3

 QT−1

HT |xT−3 FT−1:T |xT−3

HT−1|xT−3


T

0

0 RT−2



+


HT |xT−3 FT−1:T |xT−3 FT−2:T−1|xT−3

HT−1|xT−3 FT−2:T−1|xT−3

HT−2|xT−3

 QT−2


HT |xT−3 FT−1:T |xT−3 FT−2:T−1|xT−3

HT−1|xT−3 FT−2:T−1|xT−3

HT−2|xT−3



T

.

As shown, the dimension of Dt+1:T (xt) matrix increases as the smoothing window

T−(t+1) increases. The formulation of this matrix can be described in a recursive

form at a general time t, from the end time T , as:

Dt:T (xt−1) =

Dt+1:T (xt−1) 0

0 Rt

 +

Ct+1:T (xt−1)

Ht|xt−1

 Qt

[
CT

t+1:T (xt−1) HT
t |xt−1

]T

(2.15)
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where the Ct+1:T (xt−1) is a collection of Jacobian matrices for all predicted mea-

surements from time t + 1 to T , and defined by the recursion,

Ct:T (xt−1) =

Ct+1:T (xt−1)

Ht|xt−1

 Ft−1:t|xt−1 . (2.16)

These Jacobian matrices in Dt:T (xt−1) and Ct:T (xt−1) are evaluated about a point

xt−1, but over the entire smoothing time window [t, T ].

Given the backward corrector for time t, it can be shown that the backward

corrector at time t − 1 is defined as:

Bt−1(xt−1|z1:T ) =
N([zT

t+1:T , z
T
t ]T; ζt:T (xt−1),Dt:T (xt−1))

rtνt(zt)
(2.17)

where the parameters are computed using Eqs. (2.15) and (2.16). The deriva-

tion of this closed-form recursive backward corrector calculation is shown in

Appendix A.

If the models in Eqs. (2.3) and (2.4) are linear and Gaussian, the backward

corrector in Eq. (2.17) reduces Eqs. (2.12)–(2.14) and Eqs. (2.15)–(2.16) into that

of Vo et al. [76]. This form is complete in that all matrices are stacked con-

stants, which makes the calculation of backward corrector recursive in closed-

form without a need of re-computing Jacobians.

The backward corrector, Bt, represents the likelihood of the predicted mea-

surements (ζ) against the true measurements (z) available at future times (up to

time T ). Substituting the backward corrector Eq. (2.11) and the posterior dis-

tribution, p(xt|z1:t) =
∑Nt

i=1 ω
i · N(xt; mi

t, P
i
t), which is a Gaussian mixture, into the

smoothing equation Eq. (2.9), the smoothed estimate at time t is then written as

15



a Gaussian mixture

p(xt|z1:T ) = p(xt|zt)Bt(xt|z1:T ) (2.18)

=

Nt∑
i=1

ωi · N(xt; mi
t, P

i
t) · N(zt+1:T ; ζt+1:T (xt),Dt+1:T (xt))

rt
(2.19)

=

N∗t∑
i=1

qi · ωi

rt
· N(xt; m∗

i

t , P
∗i

t )

=

N∗t∑
i=1

ω∗
i
N(xt; m∗

i

t , P
∗i

t ) (2.20)

where

m∗
i

t = mi
t + Ki

t(zt+1:T − ζ
i
t+1:T (mi

t)) (2.21)

Ki
t = Pi

t(C
i
t+1:T (mi

t))
T(Ci

t+1:T (mi
t)P

i
t(C

i
t+1:T (mi

t))
T + Di

t+1:T (mi
t))
−1 (2.22)

P∗
i

t = (I − KiCi
t+1:T (mi

t))P
i
t (2.23)

qi = N(zt+1:T ; ζ i
t+1:T (mi

t),D
i
t(m

i
t) + Ci

t+1:T (mi
t)P

i
t(C

i
t+1:T (mi

t))
T) (2.24)

=
exp(−1

2 (zt+1:T − ζ
i
t+1:T (mi

t))
T(Di

t(m
i
t) + Ci

t+1:T (mi
t)P

i
t(C

i
t+1:T (mi

t))
T)−1(zt+1:T − ζ

i
t+1:T (mi

t))√
(2π)d|Di

t(mi
t) + Ci

t+1:T (mi
t)Pi

t(Ci
t+1:T (mi

t))T|

.

(2.25)

The scalar qi is a pdf value computed from the Gaussian distribution (as shown

in Eq. (2.25)), since all parameters are known. Note that the superscript ()∗ indi-

cates the parameters for smoothed estimates, and d in Eq. (2.25) represents the

dimension of the vector mi
t. Due to the required use of different linearization

points mi
t, each mixand of p(xt|z1:t) in Eq. (2.18) has a different value for the back-

ward corrector. This also changes the values of ζt+1:T (xt) and Dt+1:T (xt) for each

i-th mixand ωi · N(xt; mi
t, P

i
t) in Eq. (2.19), resulting in Ci

t+1:T (mi
t), Di

t+1:T (mi
t), and

ζ i
t+1:T (mi

t), along with the backward corrector for each mixand, Bi
t(xt|z1:T ),

Bi
t(xt|z1:T ) =

N(zt+1:T ; ζ i
t+1:T (mi

t),D
i
t+1:T (mi

t))
rt

(2.26)
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where i denotes the index of the mixand. It is unnecessary to explicitly compute

the normalization constant rt in Eq. (2.19), as the smoothed weights, ωi∗
t , are

normalized each time (ω∗i ∝ qiωi). Note that the update equations Eqs. (2.21)–

(2.24) resemble those of the Kalman filter update, and now give a closed-form

solution for the desired nonlinear Gaussian mixture smoother.

2.3.2 Least Squares Estimate of the Backward Corrector

While Eqs. (2.21)–(2.24) give a closed-form solution of Gaussian mixture

smoothing for nonlinear systems, there exist computational challenges for com-

puting the backward corrector as the smoothing window T − t increases. As the

time of smoothing, t, moves backward, the linearization point, mi
t, changes for

each time (t) and each mixand (i). Because the Jacobian matrices for the pre-

dicted measurements from time t + 1 to time T are computed based on these

linearization points, the stacked matrices Ci
t+1:T (mi

t) and Di
t+1:T (mi

t) must be re-

computed for each mi
t. The computation time increases linearly with the increas-

ing time difference T − t for each measurement. Thus, the backward corrector at

time t (Eq. (2.11)) requires
∑Mm

k=1(tk
meas − t) · δt/δtsampling seconds to calculate, where

Mm represents total number of measurements available in time interval, [t, T ],

tk
meas represents the time of k-th measurement occurred, and δt and δtsampling rep-

resent the Jacobian evaluation time and sampling time.

Consider now the form of the backward corrector; from Eq. (2.9), the back-

ward corrector can be calculated by dividing the smoothed estimate by the pos-
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terior distribution as shown in Eq. (2.27),

Bt(xt|z1:T ) =
p(xt|z1:T )
p(xt|z1:t)

(2.27)

=
N(zt+1:T ; ζt+1:T (xt),Dt+1:T (xt))

rt
. (2.28)

The posterior distribution, p(xt|z1:t), is a Gaussian mixture; therefore the division
p(xt |z1:T )
p(xt |z1:t)

in Eq. (2.27) cannot be computed analytically.

In order to decrease the computation time and enable real-time recursion

while maintaining accuracy, an estimate of the backward corrector is proposed

using least squares fit. Instead of propagating the state for the linearized back-

ward corrector all the way to time T (Eqs. (2.12)–(2.14) and (2.15)–(2.16)), an

estimate of the measurement, ẑt+1:t+1 (called pseudo-measurement) and its asso-

ciated measurement noise are used.

More formally, an estimate of the backward corrector, B̂t(xt|z1:T ),

B̂t(xt|z1:T ) =
N(ẑt+1:t+1; ζ̂t+1:t+1(xt), D̂t+1:t+1(xt))

rt
, (2.29)

requires three variables to be estimated: the measurement ẑt+1:t+1, the predicted

measurement ζ̂t+1:t+1(xt), and the predicted measurement noise D̂t+1:t+1(xt). Note

that the estimated measurement ẑt+1:t+1 is not written as an explicit function of

xt because it is same for all mixands. Also, while the predicted measurement

ζ̂t+1:t+1(xt) and noise covariance D̂t+1:t+1(xt) are functions of the state, due to the

linearization, the backward corrector must be estimated for each mixand, result-

ing in B̂i
t(xt|z1:T ),

B̂i
t(xt|z1:T ) =

N(ẑt+1:t+1; ζ̂ i
t+1:t+1(mi

t), D̂
i
t+1:t+1(mi

t))
rt

(2.30)

where the predicted measurement (ζ̂ i
t+1:t+1(xt)) and associated Jacobian matrix
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(Ĉi
t+1:t+1(xt))to evaluate D̂t+1:t+1(xt) for each mixand are set as:

ζ̂ i
t+1:t+1(mi

t) = h( f (mi
t)) (2.31)

Ĉi
t+1:t+1(mi

t) = Ht+1|mi
t
· Ft:t+1|mi

t
. (2.32)

The dimension of ζ̂ i
t+1:t+1 is the same as a single measurement, zt+1; simi-

larly, ζ̂ i
t+1:t+1 and D̂i

t+1:t+1 have the same dimension (i.e. zt+1 = <d×1, ζ̂ i
t+1:t+1 ∈

<d×1, D̂i
t+1:t+1 ∈ <

d×d). Given the predicted measurement, ζ̂ i
t+1:t+1(mi

t), estimated

from the mean of the posterior distribution at time t, the gain matrix Ki
t in Eq.

(2.22) for each mixand is estimated using Eq. (2.23) as follows:

∆Pi
t = P∗

i

t − Pi
t

= −Ki
tĈ

i
t+1:t+1(mi

t)P
i
t (2.33)

−∆Pi
t(P

i
t)
−1 = Ki

tĈ
i
t+1:t+1(mi

t) (2.34)

−∆Pi
t(P

i
t)
−1(Ĉi

t+1:t+1(mi
t))

T(Ĉi
t+1:t+1(mi

t)(Ĉ
i
t+1:t+1(mi

t))
T)−1 = Ki

t . (2.35)

From Eq. (2.22), the noise covariance is obtained for each mixand using pseudo-

inverse as shown below:

D̂i
t+1:t+1 = ((Ĉi

t+1:t+1(mi
t)(Ĉ

i
t+1:t+1(mi

t))
T)−1Ĉi

t+1:t+1(mi
t)(P

i
t)
−1Ki

t)
−1 − Ĉi

t+1:t+1(mi
t)P

i
t(Ĉ

i
t+1:t+1(mi

t))
T.

(2.36)

Finally, an estimate of the measurement, ẑt+1:t+1, is then obtained using a least

squares fit over all mixands. The mixand mean difference is written as:

∆mi
t = m∗

i

t − mi
t = Ki

t(ẑt+1:t+1 − ζ̂
i
t+1:t+1(mi

t)) = Ki
t(ẑt+1:t+1 − h( f (mi

t))). (2.37)

Rearranging to separate out the estimated measurement ẑt+1:t+1, and stacking for

all mixands results in
∆m1

t + K1
t h( f (m1

t ))
...

∆mNt
t + KNt

t h( f (mNt
t ))

 =


K1

t

...

KNt
t

 ẑt+1:t+1, ∀i ∈ {1, · · · ,Nt}. (2.38)
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The estimated measurement ẑt+1:t+1 can be found via pseudo-inverse on Eq.

(2.38).

The process of computing the fast, recursive smoothed estimates is as fol-

lows. First, the smoothed estimate for time t, p(xt|z1:T ), is computed using the

available backward corrector from previous step. Then, an estimate of the back-

ward corrector, B̂i
t(xt|z1:T ), is computed using Eqs. (2.31)–(2.38) for each mixand;

this step essentially reduces the dimension of the backward corrector to the

size of one measurement. Then, B̂i
t−1(xt−1|z1:T ) at time t − 1 is obtained from

B̂i
t(xt|z1:T ) by Eq. (2.10), using Eqs. (2.15)–(2.17) for all i ∈ [1, . . . ,Nt−1]. Finally,

the smoothed estimates at time t − 1, p(xt−1|z1:T ), is obtained using B̂i
t−1(xt−1|z1:T )

and Eq. (2.18). Note that the backward corrector B̂t(xt|z1:T ) is only complete if

given a full set of all Nt−1 mixands.

By estimating the backward corrector, B̂i
t(xt|z1:T ), directly from the smoothed

and posterior estimates at each time step, the computation time to estimate the

backward corrector is constant for a constant number of mixands. The time to

compute Bi
t−1(xt−1|z1:T ) therefore is also constant by Eq. (2.10). Note that in order

to avoid numerical instability, an information form of the measurement update

step can be utilized to avoid the subtraction in Eq. (2.36).

2.4 Adaptive Gaussian Mixture Model Smoother for Nonlinear

Systems

Section 2.3 describes closed-form smoothing solutions for nonlinear systems

with Gaussian mixture prior. The propagation and measurement models are
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described as a single Gaussian, which implies that the number of mixands in the

posterior distribution does not change over time. However, for highly nonlin-

ear systems, a fixed number of mixands cannot sufficiently capture the varying

degree of nonlinearity and non-Gaussianity, and thus can lead to inconsistent

and inaccurate estimates over time. Previous researchers have demonstrated

successful filtering performance using adaptive Gaussian splitting algorithms

[26, 41, 75, 13, 70] which nicely capture the effects from these severe nonlinear-

ities over long periods of time. An analogous Gaussian mixture smoother is

proposed here, which adapts the number of Gaussian mixands over time, as the

nonlinearity effects change; the newly proposed adaptive Gaussian smoother

will address a wider variety of complex estimation and smoothing problems.

The key challenge in the proposed adaptive Gaussian mixture smoother is to

develop an approach to smooth back and forth over time, as the number of

mixands varies.

2.4.1 Overview of Gaussian Mixture Model Smoother

In the general adaptive Gaussian mixture model smoother, unlike the static

Gaussian mixture model smoother derived in Section 2.3, the number of

mixands vary over time in order to capture the evolution of complex pdfs

through the nonlinear dynamics. A combination of Gaussian splitting and

condensation methods are used to address smoothing across time steps, while

maintaining consistent associations across time steps.

Association variables θt are first introduced to capture the assignments of

mixands across time steps. The smoothed distribution, p(xt|z1:T ), in Eq. (2.1) is
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then rewritten as:

p(xt|z1:T ) =
∑
θt

p(xt, θt|z1:T ) (2.39)

where

θt =

[
0 · · · 1 · · · 0

]T

. (2.40)

The association variable θt is a binary column vector, such that the k-th element

θt(k) satisfies: θt(k) ∈ {0, 1} and
∑

k θt(k) = 1; θt(k) = 1 indicates that the k-th mixand

at time t + 1 was propagated from the k-th mixand at time t. This requires the

number of mixands at t and t + 1 are the same during the smoothing process.

The smoothed distribution can then be factored as follows:

p(xt|z1:T ) =
∑
θt

p(xt|θt, z1:T )︸        ︷︷        ︸
smoothing

· p(θt|z1:T )︸    ︷︷    ︸
association update

. (2.41)

Equation (2.41) shows a factorization of the smoothed estimate with associ-

ation variables. The second factor, p(θt|z1:T ), represents the associations of

the smoothed mixands, whereas the first factor, p(xt|θt, z1:T ), represents the

smoothed distribution of the state variables, given that the associations are

known. Intuitively, given the measurements and associations, the first factor,

p(xt|θt, z1:T ), is equivalent to a Kalman smoother, where the smoothed mean vec-

tor and covariance matrix are estimated.

Splitting is required when the propagation of a Gaussian through the non-

linear dynamics does not produce another Gaussian. Following Ref. [25], the

splitting process for the proposed adaptive Gaussian mixture smoother can be

accomplished as follows: 1) measure the non-Gaussianity of the propagated

distribution, 2) if the non-Gaussianity is greater than a threshold, then split the

initial Gaussian and propagate all mixands again. Many metrics exist to com-

pute the non-Gaussianity vector as presented in Refs. [18, 17, 26, 25, 75, 32]; if
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the nonlinearity measure exceeds a threshold or one of these metrics, the Gaus-

sian distribution splits into a Gaussian mixture for the next time step. It is noted

that a Gaussianity metric in most of these splitting routines could be used in the

proposed adaptive Gaussian mixture smoother without loss of generality.

The Gaussian splitting is described more specifically by considering the

propagation step,

p(xt+1|z1:t) =

∫
N(xt+1; f (xt),Qt) · N(xt; mt, Pt)︸         ︷︷         ︸

split

dxt. (2.42)

The propagated distribution p(xt+1|z1:t) in Eq. (2.42) is evaluated for Gaussianity.

In this work, the residual vector of sigma-points after fitting a linear transfor-

mation to the nonlinear function f (xt) is used because of its simplicity in im-

plementation and accuracy, as described in Ref. [25]. If the output distribution

is considered to be too far from a Gaussian, the original distribution is split,

creating a new, larger Gaussian mixture, shown here with M mixands,

p(xt+1|z1:t) u
∫
N(xt+1; f (xt),Qt) ·

M∑
i=1

ωi · N(xt; mi
t, P

i
t)dxt (2.43)

=

M∑
i=1

∫
N(xt+1; f (xt),Qt) · ωi · N(xt; mi

t, P
i
t)dxt (2.44)

=

M∑
i=1

ωi · N(xt+1; f (mi
t), P

i
t+1). (2.45)

The number of Gaussians in the mixture representing p(xt+1|z1:t) has increased

from one to M in Eq. (2.45). The above equations can be easily adapted for the

general case of Nt mixands to Nt+1 mixands.

In the closed-form Gaussian mixture smoother presented in Section 2.3, Nt =

Nt+1 and the association across the time steps is clear. However, when splitting

occurs, as in the adaptive Gaussian mixture smoother, the association variable θt

must map the Nt mixands at time t to the Nt+1 mixands at time t + 1. The growth
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and shrinkage of mixands over time is most easily described by introducing a

tree structure for the mixtures over time.

2.4.2 Tree Construction

Figure 2.2: An example of forward tree undergoing splitting for initial four
time steps starting at t.

A graph denoted as the forward tree is constructed as the Gaussian mix-

ture propagates forward in time. Each node of the tree represents a mixand

of a Gaussian mixture, and each depth represents a time step. For terminol-

ogy, a parent node splits into multiple nodes (mixands) which are called chil-

dren. Figure 2.2 shows an example of forward tree constructed. The vertical

axis represents the time flow from time t to T , and circles denote mixands of

the Gaussian mixture for each time step. Note that the specific parameters of

each node/Gaussian distribution are omitted for notational simplicity, and only

the weights, ωi
t, are shown in order to demonstrate how the Gaussian mixture

grows in a tree structure during propagation; the subscript t indicates the time
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step, and the superscript i indicates the index of mixands. In Fig. 2.2, no split

occurs from time t to time t + 1. At time t + 1, the non-Gaussianity threshold is

reached and splitting is required, spawning three children nodes at time t+2. At

time t + 2, the first and third nodes split into two children nodes each, resulting

in total of five mixands at t + 3. Because no condensation or reduction of mix-

tures occurs during the forward propagation phase, the number of child nodes

is the same (no splitting) or greater than the parents (splitting).

2.4.3 Methods to Obtain Smoothed Estimate, p(xt|θt, z1:T )

Given the forward tree representing Gaussian mixtures over the time window

t → T , backward smoothing methods are then developed. These methods use

a nonlinear Kalman smoother as a baseline, which can be implemented via lin-

earization or sigma-point/unscented transformation [58, 57, 56]. In the current

literature, all variants of Kalman smoothers require one-to-one relationship be-

tween the parents and children; this is consistent with the proposed requirement

of the association variable, θt. When splitting occurs, the number of children

nodes is greater than the number of parent nodes, leading to a one-to-many re-

lationship. In order to compensate for this association problem, two smoothing

methods are developed: children collapsing and parent splitting.

The children collapsing (CC) method condenses children nodes with the same

parent into a single node, such that a one-to-one relationship with the parent

is created. This relationship, in turn, allows the nonlinear Kalman smoother

to be applied. Given the tree structure described in Section 2.4.2, the assign-

ments between the condensed child nodes and the parents are guaranteed; a
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parent node in a tree only has children nodes if they originate from the parent

node. Figure 2.3 shows an example of the children collapsing method. Three

stages are shown for clarity. In 2.3(a), a forward tree with four time steps are

shown, which is identical to that in Fig. 2.2. At time t + 3, the five nodes are

assumed to be already smoothed (shown in gray). In order to obtain smoothed

estimates for time t + 2, the two sets of children (denoted with boxes in 2.3(a))

are condensed in order to create the required one-to-one relationship, as shown

in 2.3(b). Given the one-to-one relationships between parents (t+2) and children

(t + 3), a nonlinear Kalman smoother is used to produce the smoothed estimates

for time t + 2, as shown in 2.3(c). Note that the collapsing/condensation step is

accomplished by matching the moments. More specifically, for condensing M

Gaussians, following formulas are used [6].

mcond
t =

M∑
i=1

ωi
t

ωcond
t
· mi

t (2.46)

Pcond
t =

M∑
i=1

(
ωi

t

ωcond
t
· (Pi

t + mi
t(m

i
t)

T)
)
− mcond

t · (mcond
t )T (2.47)

wcond
t =

M∑
i=1

ωi
t. (2.48)

Unlike the children collapsing method, the parent splitting (PS) method splits

the parent into the same number of mixands as the children, using the same

splitting parameters that were used during the forward tree construction. More

specifically, during the forward filtering, the axis to split each Gaussian is evalu-

ated based on the non-Gaussianity calculation and stored. The same axis is used

again to split the parent so that one-to-one relationships between the split par-

ents and children are made. Utilizing the tree structure and the splitting order,

the assignments between split parents and the children are guaranteed. Figure

2.4 shows an example of the parent splitting method. Figure 2.4(a) shows the
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Figure 2.3: An example schematic of children collapsing method. ˜(·) indi-
cates the parameters of combined/collapsed nodes.

Figure 2.4: An example schematic of parent splitting method. ¯(·) indicates
the parameters of split nodes.

forward tree with five smoothed nodes (in gray) at time t + 3, where two boxes

indicate the parent nodes with multiple children. In 2.4(b), these parents are

split into the same number of the nodes as the children using the stored non-

Gaussianity vector. Then a nonlinear Kalman smoother is used to obtain the

smoothed estimates for time t + 2. In 2.4(c), the smoothed nodes are condensed

back to keep the original tree structure.
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2.4.4 Update of the Association Factor, p(θt|z1:T )

While obtaining the smoothed estimates given the association variable,

p(xt|θt, z1:T ), is solved using a nonlinear Kalman smoother in these proposed

algorithms, the association factor, p(θt|z1:T ), must be explicitly computed. The

smoothed/updated associations of each Gaussian mixand are computed using

the update step for the linearized forward-backward algorithm, as shown in Eq.

(2.24); the smoothed weight update requires a backward corrector. For short

time windows, the linearized closed-form solution in Section 2.3.1 (Eqs. (2.21)–

(2.24)) works well. However, for longer smoothing windows, the backward cor-

rector estimation method, as proposed in Section 2.3.2 (Eqs. (2.31)–(2.38)), may

allow better computation versus performance trade-offs.

2.5 Simulation and Experiment Result

2.5.1 Simulation

A simulation of a nonlinear system is used to demonstrate and understand the

performance of the proposed smoothing methods. The univariate non-stationary

growth model (UNGM) is used because of its wide acceptance for nonlinear filter

evaluations [15, 23]. The UNGM is described with following equations:

xk = αxk−1 + β
xk−1

1 + x2
k−1

+ γ cos(1.2(k − 1)) + qk (2.49)

zk =
x2

k

20
+ rk (2.50)

where k represents the time index. For this simulation, α = 1, β = 1, γ = 1 are

used, and qk ∼ N(qk; 0, 0.12), rk ∼ N(rk; 0, 202). Note that α = 1 to prevent the
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model from converging over time.

Five different implementations of the adaptive Gaussian mixture model

smother are compared, along with a sigma-point smoother (SPS, also known

as unscented Kalman smoother) as a benchmark. The five Gaussian mixture

model smoothers are: 1) CC method with full weight update, 2) PS method with

full weight update, 3) CC method with least squares (LS) backward corrector

(BC) estimator, 4) PS method with LS BC estimator, and 5) linearized forward-

backward (FB) algorithm as described in Section 2.3. The full weight update

uses Eq. (2.24) for the weight update; the full backward corrector is computed

as in Section 2.3.1, but is only used for the weight update in 1) and 2).

The simulation is run 1000 times, each with 50 time steps. Only one mea-

surement is available, at the last time step (k = 50) and smoothing is done once

for each of the five smoother implementations; thus, all smoothed estimates in

previous time steps are affected by this only measurement. This long time win-

dow with no measurement is purposely used to demonstrate the effectiveness

of the smoothing methods in a challenging case of sparse measurements. For

each smoother, the Kullback-Leibler divergence (KLD) is computed to evaluate

performance [39],

DKL(P||Q) =

∫
ln

(
p(x)
q(x)

)
p(x)dx. (2.51)

The KLD computes the expectation of log difference between two distributions,

and is not a symmetric measure (i.e. generally DKL(P||Q) , DKL(Q||P)). Typically,

p(x) is often a ‘true’ distribution that is precisely calculated, whereas q(x) is a

distribution that approximates p(x). Among other divergences, KLD is chosen

because it measures how well the smoothed estimates represent the true distri-

bution. The true forward predicted and backward smoothed distributions are
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numerically computed with a 0.05 resolution grid using Eq. (2.5) and Eq. (2.1),

respectively; integrals are replaced with summations to use in discretized grid

space.

KLD values are first computed between the true predicted distribution (nu-

merically computed), and the predicted distributions from a sigma-point pre-

dictor and an adaptive Gaussian mixture model predictor with splitting. The

average KLD values over 1000 trials for the sigma-point predictor over 50 time

steps is 0.7068, while that of adaptive Gaussian mixture model predictor is

0.4120. The KLD values for sigma-point predictor are, in fact, always higher

than those of adaptive Gaussian mixture model predictor at all time steps. These

results indicate that adaptively splitting the Gaussian mixture enables the true

distribution shape to be better predicted than using a single Gaussian.

Figure 2.5 compares the mean KLD values of the five smoothers, and the

sigma-point smoother (SPS) over time. The SPS has higher KLD values com-

pared to all other smoothers for most of the time (46 out of 50). Between the

time k = 10 and k = 50, the KLD values of CC and PS with LS BC estimator are

higher than those of using full weight update most of the time. This indicates

the LS BC estimator slowly loses information over time, which is expected be-

cause only two consecutive time steps are used for the LS BC estimate (Section

2.3.2). With recurring BC estimates over time, the KLD values become higher

than that of SPS for k > 4. The CC and PS with full weight update, however,

have KLD values that are very close to the linearized FB algorithm for all time,

which best represents the true distribution. The KLD analysis clearly indicates

that a full backward corrector is the best choice if the computation is affordable.

Figure 2.6 shows the evolution of the smoothed distribution for one trial and
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Figure 2.5: KLD computed for distributions of five adaptive Gaussian mix-
ture smoothers, and sigma-point smoother.

four different time steps, k ∈ {50, 25, 10, 5}. At the beginning of the smoothing

process, as shown in Fig. 2.6(a), all adaptive Gaussian mixture smoothers show

the same distribution, including capturing the peaks of the true distribution.

The SPS, however, does not capture the multi-modal distribution. This trend

continues as the smoother runs back to k = 25 (Fig. 2.6(b)). Figure 2.6(c) shows

the smoothed distributions at k = 10. All adaptive Gaussian mixture smoothers

show slightly wider peaks compared to the truth. While the SPS still could not

capture the multi-modal distribution, the Gaussian mixture smoothers and lin-

earized FB algorithm qualitatively captures the true distribution well. The CC

and PS with full weight update (shown with + and � markers) nearly match

the linearized FB algorithm; this is also shown in the previous time steps (e.g.

k = 25). Figure 2.6(d) shows the distributions at k = 5. While the same trends are

clear, all five Gaussian mixture smoothers show distributions that are slightly

different from one another. With recurring backward corrector estimates, the

CC and PS curves capture the primary characteristics of the true shape includ-
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(d) Time index k = 5

Figure 2.6: Evolution of smoothed distributions over time. Linearized FB
algorithm and CC and PS methods with full weight update
overlap for (a), (b), and (c).

ing two peaks. As the smoothing time is close to the start of the window, and

the true smoothed distribution (e.g. p(x5|z1:50)) is smaller and tighter, the single

Gaussian distribution of the SPS covers the true multi-modal distribution bet-

ter compared to that of later time steps, as the decreasing KLD values indicates

(Fig. 2.5).

The average time to compute the BC for the linearized FB smoother along

with the PS and CC methods with LS BC estimator is shown in Table 2.1. The
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Absolute Time (s) Relative Scale Factor (-)
Linearized FB 0.02957 4.6937

CC w/ LS BC Estimator 0.00633 1.0048
PS w/ LS BC Estimator 0.00630 1.0

Table 2.1: Average absolute and relative time to compute the backward
corrector (BC) for three versions of the smother implementations
in the simulation.

absolute execution time is measured in MATLAB on a Core i7-950 desktop com-

puter; scale factors of relative execution time are shown as well to remove hard-

ware specific dependencies. The average computation time for linearized FB

smoother is more than four times larger compared to the LS BC estimator. Note

that the computation time for the linearized FB smoother grows as T − t win-

dow increases because the number of propagation steps increases; the CC and

PS with LS BC estimator approaches maintain constant computation time as

T − t increases. Thus, for simulations and experiments with large smoothing

windows, the computation time savings of the backward corrector calculation

become more significant.

2.5.2 Experiment

Experimental Setup

An indoor navigation problem using vision sensing in sparse-featured environ-

ment is presented to demonstrate and analyze the performance of the proposed

smoothing methods. This application is particularly good at elucidating the key

elements of the problem space – highly nonlinear dynamics and sparse mea-

surements.
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The mobile robot used in this experiment is based on Segway RMP50XL plat-

form with a custom frame and sensor mountings. The robot has two primary

wheels and a third caster wheel that has no actuation. For this work, the sensors

used include a MEMS inertial measurement unit (IMU), two wheel encoders, a

set of three cameras for panoramic view, and a SICK laser range finder. The

three cameras together cover approximately 150 degrees of field of view, and

provide measurement of features of the environment for the smoothing algo-

rithms.

The robot motion is modeled using 15 states: inertial x, y, z positions, local

x, y, z velocities, three inertial Euler angles, three accelerometer and three gyro-

scope biases. The forward filter is initialized with a single Gaussian with pre-

defined noise covariances. The six IMU biases are initialized after collecting 500

data packets while the robot remains motionless. The robot model is driven

using accelerometer and gyroscope readings of the IMU. Wheel odometry and

vision inputs are used as measurements in the localization algorithm.

An environment is set up in Rhodes Hall at Cornell University, with Aug-

mented Reality Tags (ARTags) used as environmental measurements [20]. Vi-

sion based measurements of the ARTag give unique identification numbers, and

position (xAR, yAR, zAR) with respect to the camera. Each ARTag is a known fea-

ture in a priori map. Figure 2.7(a) shows the 2D map of the environment along

with the ARTag locations (circles). Figure 2.7(a) also shows the output of grid-

based FastSLAM [24] using laser range finder to create the occupancy grid map

with 10 centimeter resolution; the grid lines shown in the figure are five meters

apart for ease of reading. The FastSLAM output trajectory is treated as truth for

these experiments.
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(a) ARTag (O) map arrangement in the indoor
experiment environment is shown along with
the grid-based FastSLAM trajectory output.
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(b) Robot trajectory (from FastSLAM) with
time steps in seconds. Circles represent the
ARTag locations used.

Figure 2.7: (a) Occupancy grid map and ARTag location for the experiment
environment. (b) Robot trajectory is shown along with time of
the path at key points.

Figure 2.7(b) shows the trajectory along with time steps in order to help un-

derstand how the robot navigated the environment. The robot started at the

middle of the map (near the four-way intersection) facing right. The robot com-

pleted a total of four loops around the right half side and one and a half loops

in the left half side of the map. The repeated loops enabled the FastSLAM al-

gorithm to create an accurate and consistent map of the environment, which

was then used as truth. Examining Fig. 2.7(a), the right half side of the map

is very consistent and represents the environment well because of the four re-

peated loops. However, the left side of the map, especially the vertical hallway,

is slightly skewed because the path does not include as many loops.

35



Results

In order to analyze the performance of the smoothing algorithms as a number

of key parameters are varied, a single data log was collected with 21 ARTags

in the environment. Then, the smoothing algorithms are run over the data log

while varying 1) the number of observed ARTags and 2) the maximum number

of mixands used after splitting in each of the smoothers. Note that changing

the number of ARTags changes the sparseness of measurements in the environ-

ment. Changing the maximum number of mixands changes the complexity of

the model representation and the computation. In general, using more mixands

leads to better estimation/smoothing performance, but at the expense of more

computation.

The number of tags are chosen to be one of {3, 5, 10, 15, 21} tags, and the max-

imum number of mixands to use is chosen as one of {1, 5, 7}mixands. The split-

ting threshold is tuned to control the maximum number of mixands. A total

of 20 trials are run for each set of ARTags and maximum number of mixands.

The CC and PS with LS BC estimator are both used equally. A key goal of the

experiment is to show that the LS estimator works well in practical and larger

problems while trading accuracy and computation.

Figure 2.8 shows the occupancy grid maps created from both forward (a) and

smoothed (b) estimates using five ARTags and a maximum of seven mixands;

the smoothed estimates are obtained using CC method. Each figure shows the

ARTag locations (circles); the grey, black, and white colors indicate unknown,

occupied, and free space, respectively.

The map created from the smoothed estimates is qualitatively similar to
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those from the forward estimates, but more consistent. To see this, consider

the right hallway (from x ∈ [0m, 15m]) in Figure 2.8(a), where the forward esti-

mates create multiple hallways. Similarly, the vertical hallways located on the

left (x ≈ −14m, y ∈ [−15m, 15m]) show multiple hallways as well. The smoothed

estimates, however, do not show multiple hallways. The right bottom region

(x ∈ [13m, 24m], y ∈ [−8m, −20m]) is the building entrance with three eleva-

tors, two glass doors, and a rotating door (as shown in Fig. 2.7(a)). The for-

ward estimates in Fig. 2.8(a) show a spurious hallway extended in this region

(x ≈ 16m, y ≈ −9m); the forward estimates are shifted due to the measurement

from the ARTag at (x ≈ 9m, y ≈ −15m). This spurious hallway does not appear

in the maps using the smoothed estimates in Fig. 2.8(b).

(a) Forward estimate (b) Smoothed estimate

Figure 2.8: Occupancy grid map created from both forward and smoothed
estimates using the adaptive Gaussian mixture smoothing
method with a maximum of seven mixands.

Figure 2.9 shows the 2D position error graphs of using CC and PS Gaus-

sian mixture smoothing methods compared to the grid-based FastSLAM out-

put, along with the number of ARTags in view (top of the figure). The output

of FastSLAM is interpolated to match that of smoothed estimates to create the
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(a) 2D smoothed error for 5 ARTags with CC
method.
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(b) 2D smoothed error for 5 ARTags with PS
method.

Figure 2.9: 2D error (bottom) of the CC and PS smoothers with LS BC up-
date, as compared to the grid-based FastSLAM output. The
figure shows the result of using a total of five ARTags.

plots. Each figure shows the error graphs of using three different maximum

mixands: {1, 5, 7}. All curves show error oscillations due to ARTags moving in

and out of sensor view, as shown in the top of the Fig. 2.9. All three curves are

nearly identical after ≈2300 seconds; this time corresponds to the robot having

completed one and half loops on the right side, and having observed the same

ARTags twice (two at the start position and one at the bottom hallway). By ob-

serving the ARTags multiple times, the pose uncertainty becomes small enough

to be a single Gaussian and there is no benefit to the extra number of mixands.

The largest error occurs near the start of the run t ∈ [2086s, 2180s]; this interval is

between the start (two ARTags in view) and the next available measurement (at

x ≈ 9m, y ≈ −15m). Because no measurement is available during this period, the

error in the forward estimates rapidly increases because of propagation of un-

certainty through the nonlinear dynamics; this growth mostly originates from

errors in the IMU biases. These errors are improved once the measurements in

later times are used with the proposed smoothing algorithm. In general, the

maximum number of mixands increases, the smoother is better able to capture

the evolving non-Gaussian distribution over time, and the error is smaller. Be-
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cause a more accurate filtered posterior distribution, p(xt|z1:t), can be obtained

using more mixands, the accuracy and consistency of the smoothed estimates

are improved.

Comparing the performance of the CC and PS methods with LS BC update

(Figs. 2.9(a) and 2.9(b)), the error plots are qualitatively similar. The difference

between CC and PS methods are: −7.525e−6 ± 0.0009 m using five mixands, and

−7.227e−7 ± 0.0015 m using seven mixands, indicating both methods perform

similarly.

The smoothing performance (i.e. accuracy of the smoothed trajectory com-

pared to the truth) is greatly affected by the location and sparseness of the mea-

surements. For example, if no ARTag and associated measurement are avail-

able on the right side of the environment, the robot navigates the environment

for about 4 minutes before problems arise. With no measurements, the initial

prediction of the forward filter quickly becomes inconsistent and inaccurate;

this is primarily a result of IMU biases, which are not updated without iner-

tial measurements. Therefore, the performance of the smoothing with different

ARTag locations are studied. The number of ARTags is chosen to be one of

{3, 5, 10, 15, 21} tags. For each number of ARTags and each number of maximum

mixands, a total of 20 trials are run using the same robot path, with random

selections of ARTags for each trial. For the case of 21 tags, only one trial is com-

pleted because all 21 tags are used. Figure 2.10 shows the statistics of the 2D

location errors over the full time of each run, for both forward and smoothed

estimates as a function of the number of ARTags in the environment. For ref-

erence, the line in the box represents the median, and the edges (of the boxes)

represent 25% and 75% percentiles. The whiskers extend to the most extreme
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data which are not considered to be outliers. Outliers are individually plotted.

For each number of ARTags used, three boxes indicate no splitting, maximum

of five mixands, and maximum of seven mixands cases, respectively from the

left.

The backward smoother estimates (Fig. 2.10 right) have lower errors on av-

erage and tighter distributions (small distance between edges), compared to the

forward estimate errors (Fig. 2.10 left). Also, the forward estimates include a

large number of outliers even when the splitting technique is used. On the other

hand, the distances between the edges of the boxes of the smoothed estimates

are much smaller than those of the forward estimates, indicating significant re-

duction of the variance of the errors. The number and range of outliers are sig-

nificantly smaller as well, especially as the number of ARTags used increases. As

the number of mixands increases, the variance of the error also decreases, indi-

cating that smoothing using Gaussian mixtures performs better than the single

Gaussian smoothing (a Kalman smoother) by capturing non-Gaussian densities

at key times of the run. Note that the number of outliers and the variance are

the highest for each case when no splitting occurs. This is because the single

Gaussian representation cannot sufficiently capture the propagation of the dis-

tribution through the nonlinearity.

As the number of ARTags used increases, the performance becomes better;

this intuitively makes sense given the reliance on additional sensor data. In

general, using a larger number of ARTags and mixands yields improved perfor-

mance, typically at the expense of increased computation. In this experiment,

the performance of smoothing using five or seven mixands becomes indifferent

when at least 10 ARTags are used; increasing the number of ARTags yields only
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slightly better performance as shown in Fig. 2.10.
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Figure 2.10: Statistics of 2D location errors for 20 trial runs (10 each for
the CC and PS methods with LS BC update) represented by
boxplots.

2.6 Conclusion

In this paper, novel smoothing methods using adaptive Gaussian mixture mod-

els for nonlinear systems are presented. A fully linearized version of the

forward-backward smoothing algorithm is developed which is the theoretical

optimal, but is computationally challenging due to the recursive steps that re-

quire continuous re-linearization. A batch least squares form of the backward

corrector estimation is proposed to overcome these computational challenges,

yet achieve similar performance. In addition, using Gaussian splitting and
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condensation methods, along with an association tree, an adaptive version of

the Gaussian mixture smoother is developed which addresses a wider range

of problems where the non-Gaussianity of the distribution growth can be ad-

dressed. Simulation results on a highly nonlinear system and one measurement

show that the least squares backward corrector update works well for shorter

time smoothing windows, with a very large savings in computation. Experi-

mental results for an indoor navigation problem and varying numbers of local-

ization features show that performance is very high when the maximum num-

bers of mixands is greater, and the evolution of the distribution through the

nonlinear dynamics is well captured during the smoothing process.
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CHAPTER 3

SCALABLE PROBABILISTIC MULTI-RESOLUTION SURFACE NORMAL

ESTIMATION

3.1 Introduction

In modern field robotics, perception tasks range from low-level processing of

data into consistent and accurate estimates of information (robot’s states, terrain

height) to high-level tasks such as understanding the environments (e.g. object

recognition). The recent availability of inexpensive high-resolution 3D scanning

devices (e.g. Microsoft Kinect, Intel RealSense) enable not only the easy collec-

tion of a large amount of high-quality 3D data about the environment, but also

the active manipulation and interaction with the environment. Given the large

quantity of data, typically, one of the key low-level algorithms in robotics is

processing the raw data into a form for which it can be used for higher level

algorithms such as shape estimation, object recognition, or classification.

Consider the task of object recognition using a shape; many recent algo-

rithms have been developed using descriptors such as 3D points. Johnson

and Hebert present the Spin Image descriptor which computes the histogram

of points representing radial distance between the keypoint and the neighbor-

hood [29]. Variants of Spin Image have evolved, such as the face-based spin

image [10], multi-resolution spin image [14], scale invariant spin image [11],

and color spin image [54]. Similarly, a large number of descriptors have been

developed that encode the relationship between neighboring points and the tan-

gential plane’s normal vector [67, 68, 42, 44, 65, 66]. Many of these descriptors

used in the detection/recognition tasks, require the surface normal information
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to characterize a feature.

The most popular surface normal estimation algorithms use 3D point clouds.

Klasing et al. [35] remark and study several optimization and averaging meth-

ods to compute normal vectors, including PlanePCA, PlaneSVD, QuadSVD. Jor-

dan and Mordohai extend these methods by updating the anchoring reference

points, normalizing the normal vectors, and weighing neighboring points dif-

ferently [30]. Liu et al. present a surface normal estimation method using sparse

tensor voting [43], which allows tuning of voting kernel size for flexible struc-

ture extraction. Holzer et al. present an estimation method using integral im-

ages [74] and corresponding covariance matrices; an adaptive neighborhood

size using integral images for more efficient and robust covariance estimation is

presented in [27].

While these algorithms show robustness and good performance in surface

normal estimation, most use point clouds as their base representation of 3D

space. Point clouds, however, scale with the number of measurements, not

the environment or object size. The number of points can increase over time

due to the ease of collecting sensor data leading to computational challenges.

The memory required to store the points increases, as well as the computa-

tion/processing for subsequent tasks, such as object recognition. Thus, scaling

becomes a limiting factor, especially for small robotics platform with limited

computational resources.

In a related area, multi-resolution mapping algorithms have been developed,

as well as companion planning algorithms that utilize the map. Unlike uni-

formly distributed discretized space, multi-resolution representation combine

nearby space with similar information. Importantly, the maps and associated
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planning space scale well with the environment, not the sensor data, leading

to computationally efficient algorithms for real time implementation on robots.

Montemerlo and Thrun solve a robot navigability problem with limited resolu-

tion of terrain grids and sensor measurements [49] by using multiple maps in

different resolutions with updates based on measurement ranges. Kraetzschmar

et al. present a probabilistic quad-tree for efficient storage and mapping of large

environment [37]. Furuyama and Niisuma utilize a quad-tree structure that

adaptively changes the resolution based on human motion frequency for robot

path planning [22]. Ryde and Hu present multi-resolution occupied voxel lists

that are used for map alignment, and successfully create 3D maps in large scale

[63]. Khan et al. relax the cubic grid cell assumptions and present an adaptive

rectangular cuboid which utilizes an incremental fusion process that adapts the

grid size based on the occupancy probabilities [33].

In this paper, an efficient scalable probabilistic multi-resolution surface nor-

mal estimation framework is presented, capable of running for long periods

of time using a variety of sensors, on small robotics platforms. The proposed

method discretizes 3D space into a 3D occupancy grid, and utilizes occupancy

information of surrounding cells to probabilistically infer the surface normal

vectors. As the space is discretized, the computational need for storage is signif-

icantly reduced compared to those of using point clouds, as shown in other re-

lated works; surface normals are computed much faster given the same amount

of sensor data. Both recursive and batch formulations are derived to solve the

surface normal estimation problem. In addition, the capability to represent the

space in multi-resolution enables users to choose the necessary amount of infor-

mation to use for a given task, or adapt areas of the scene that do not require

the complex representation (e.g. a flat wall or floor). Another advantage of the
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proposed algorithm is that many other estimation and planning algorithms typ-

ically use occupancy grids, and thus the approach is both complementary and

potentially computationally free.

This paper builds on the authors’ previous work which provides the ini-

tial development of the surface normal estimation framework [40]. Extensions

include: 1) capability to estimate surface normal vectors in multiple different

resolutions, 2) improvement on the computational efficiency while maintaining

the accuracy and consistency of the estimates for multi-resolution, 3) extensive

numerical comparison study between the theoretical model and efficient imple-

mentations, 4) extended experiments and analysis to study the multi-resolution

estimation performance.

This paper is organized as follows: Section 3.2 presents the problem setup

and formulation, followed by the proposed the surface normal estimation meth-

ods in Section 3.3. The multi-resolution surface normal estimation is presented

in Section 3.4. Section 3.5 presents a likelihood model to capture both the oc-

cupancy and surface in the grid representation. Section 3.6 studies real-time

the performance of the surface normal estimation algorithm. Simulation and

experimental results are shown in Section 3.7.

3.2 Problem Statement

The surface normal estimation problem is captured in the probabilistic graphical

model shown in Fig. 3.1. The x variable represents the surface normal state of

a single cell, while oi and zi
j represent i-th neighboring cell’s occupancy and a

measurement for i-th cell at time j, respectively. The proposed framework is
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Figure 3.1: Probabilistic graphical model for the surface normal estimation
problem. Variable x represents the surface normal state of the
cell of interest, oi represents the occupancy state of i-th neigh-
boring cell, and zi

j represents a measurement for i-th neighbor-
ing cell at time j. Variables N represents the number of neigh-
boring grid cells, and Nfull represents the number of grid cells
in the full space.

general to both 2D and 3D space.

Given K possible surface normals, the surface normal state x uses 1-of-K

representation,

x = [0, · · · , 1, · · · , 0]T (3.1)

where each element is a binary variable, x(i) ∈ {0, 1}, and
∑K

i x(i) = 1. The oc-

cupancy of each cell o() is a binary variable, o() ∈ {0, 1}, where 0 and 1 represent

the cell being empty or occupied, respectively. The K discrete options for sur-

face normals can be defined in many ways, without loss of generality. Here,

surface normals are selected based on the index of grid cells, drawn through the

center of each. Fig. 3.2 visually shows all possible states for both 2D and 3D

cases. The measurementsZt = {z1
t , · · · , z

N
t } are binary variables, z()

t ∈ {0, 1}, where

1 indicates that the measurement falls within the cell, and 0 indicates that the

measurement provides information that the cell is empty at time t. The variable

N represents the number of neighboring cells. The environment is assumed to
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Figure 3.2: Surface normal vector directions corresponding to x value.
Each side of cell/voxel is in equal length.

be static, and thus the surface normal state x and occupancy, O = {o1, · · · oN}, do

not have the time subscript whereas the measurements Z() do. Note that the

model in Fig. 3.1 is defined for one cell, and thus is repeated for each cell in

the full space, where Nfull cells reside. The surface normal vector in 2D and 3D

Cartesian space, −→n , is obtained using the unit vectors for each state element, −→ni ,

as shown in Fig. 3.2.

−→n =

K∑
i=1

p(x(i) = 1) · −→ni (3.2)

The goal of the surface estimation problem is to obtain the posterior distribu-

tion of the surface normal state x given all available measurements. Ideally, the

full joint distribution of all normal vectors for all Nfull grid cells in the full space

are estimated simultaneously. Intuitively, this makes sense because neighboring

cells’ surface normal information is coupled. A Markov Random Field model

would allow this type of problem to be cast [73]. However, this problem does

not scale well and is computationally intractable. The traditional occupancy

grid formulation assumes each cell to be independent [71]; this enables a fast,
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real-time implementation to be realized, at the cost of a slightly conservative

estimate. The approach to the surface normal estimation developed here takes

a similar approach. Thus, the key problem to solve is the posterior distribution,

p(x|Z1:t) = p(x|Z1, · · · ,Zt).

3.3 Surface Normal Estimation

The posterior distribution of surface normal state, p(x|Z1:t), can be computed in

two different ways: 1) recursively, and 2) in batch. Both methods are derived

here, and shown to yield identical results theoretically. Subsequent sections then

describe advantages/disadvantages and uses for each formulation.

3.3.1 Recursive Formulation

Since both x and O are latent variables (see Fig. 3.1), obtaining the posterior

distribution of the state, p(x|Z1:t), requires marginalization over the occupancy

O variables, written as:

p(x|Z1:t) =
∑
O

p(x,O|Z1:t) (3.3)

=
∑
O

p(x)
∏N

i=1 p(oi|x)
∏t

j=1 p(zi
j|o

i)

p(Z1:t)
(3.4)

where

p(Z1:t) =
∑

x

∑
O

p(x)
N∏

i=1

p(oi|x)
t∏

j=1

p(zi
j|o

i)

Solving (3.4) is challenging, as the computation scales with time t. Therefore, a

recursive solution is developed.
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The posterior distribution at the next time step t + 1, p(x|Z1:t+1), is computed

by marginalizing over the occupancy cells, O:

p(x|Z1:t+1) =
∑
O

p(x,O|Z1:t+1) (3.5)

The joint distribution for time t +1, p(x,O|Z1:t+1), can be simplified using the fact

that all measurements Z() and the state x are conditionally independent given

O (see Fig. 3.1).

p(x,O|Z1:t+1) = p(x,O|Z1:t,Zt+1) (3.6)

=
p(x,O,Zt+1|Z1:t)

p(Zt+1|Z1:t)
(3.7)

=
p(Zt+1|x,O,Z1:t) · p(x,O|Z1:t)

p(Zt+1|Z1:t)
(3.8)

∝ p(Zt+1|O) · p(x,O|Z1:t) (3.9)

Equation (3.9) shows the recursive solution for the joint distribution

p(x,O|Z1:t+1) at time t + 1 based on the previous estimate at time t, p(x,O|Z1:t).

Substituting (3.9) into (3.5) then yields the posterior distribution,

p(x|Z1:t+1) ∝
∑
O

p(Zt+1|O) · p(x,O|Z1:t) (3.10)

3.3.2 Batch Formulation using Occupancy Grid

Consider now the specific case where O is a set of N grid cells. Noting that x

andZ() are conditionally independent given O, the posterior distribution can be
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simplified as following:

p(x|Z1:t) =
∑
O

p(x,O|Z1:t) (3.11)

=
∑
O

p(O|x) · p(x)
p(O)

· p(O|Z1:t) (3.12)

= p(x) ·
∑

o1

· · ·
∑
oN

p(o1, · · · , oN |x)
p(o1, · · · , oN)

· p(o1, · · · , oN |z1
1:t, · · · , z

N
1:t) (3.13)

where zi
1:t = {zi

1, · · · , z
i
t} represents all measurements up to time t for i-th neigh-

boring cell. Equation (3.12) and (3.13) show that the posterior distribution

p(x|Z1:t) can be obtained at any time needed, t, so long as the posterior dis-

tribution of neighboring cells’ occupancy, p(O|Z1:t), are maintained. And, as

previously discussed, maintaining an occupancy grid online is very common

for robots.

While (3.13) gives a full solution for estimating the surface normal

vectors using an occupancy grid, the posterior distribution of occupancy,

p(o1, · · · , oN |z1
1:t, · · · , z

N
1:t) is unfortunately computationally expensive to compute.

This posterior can be expanded as:

p(o1, · · · , oN |z1
1:t, · · · , z

N
1:t) =

p(o1, · · · , oN)
t∏

j=1

N∏
i=1

p(zi
j|o

i)

p(z1
1:t, · · · , z

N
1:t)

(3.14)

where

p(o1, · · · , oN) =
∑

x

p(x)
N∏

i=1

p(oi|x) (3.15)

Substituting (3.14) into (3.13) yields:

p(x|Z1:t) = p(x) ·
∑

o1

· · ·
∑
oN

p(o1, · · · , oN |x)
t∏

j=1

N∏
i=1

p(zi
j|o

i)

p(z1
1:t, · · · , z

N
1:t)

(3.16)
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Since p(zi
1:t, · · · , z

N
1:t) is a normalization constant, and the occupancy grid cells are

also conditionally independent given the surface normal x, or p(o1, · · · , oN |x) =∏N
i=1 p(oi|x) (see Fig. 3.1), the posterior distribution of the surface normal state

can be simplified to be:

p(x|Z1:t) ∝ p(x)
∑

o1

· · ·
∑
oN

N∏
i=1

p(oi|x) ·
t∏

j=1

p(zi
j|o

i) (3.17)

Note that (3.17) is theoretically equivalent to (3.10).

3.3.3 Sufficient Measurements

Consider now the posterior distribution of occupancy of i-th neighboring cell:

p(oi|zi
1:t) =

p(oi)
∏t

j=1 p(zi
j|o

i)

p(zi
1:t)

∝ p(oi)
t∏

j=1

p(zi
j|o

i) (3.18)

Dividing by p(oi) then yields
∏t

j=1 p(zi
j|o

i) ∝ p(oi |zi
1:t)

p(oi) , which can be substituted into

(3.17) to yield the posterior distribution of the surface normal state x as:

p(x|Z1:t) ∝ p(x)
∑

o1

· · ·
∑
oN

N∏
i=1

p(oi|x)
p(oi|zi

1:t)
p(oi)

(3.19)

The posterior in (3.19) now uses the posterior distribution of occupancy di-

rectly, p(oi|zi
1:t), along with the prior p(oi). Using the model presented in Fig.

3.1, the prior p(oi) is expressed as p(oi) =
∑

x p(x) · p(oi|x). In the traditional

occupancy grid formulation, p(oi) is uniform for all cells [71]. If a traditional

occupancy grid algorithm is used to estimate the posterior occupancy, p(oi|zi
1:t),

the prior distribution, p(oi), could differ from the model presented in Fig. 3.1.

Equation (3.18) suggests, however, that the posterior distribution of an occu-

pancy grid algorithm converges if sufficient measurements are available such
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that
∏t

j=1 p(zi
j|o

i)/p(zi
1:t) � p(oi)/p(zi

1:t); or p(oi|zi
1:t) ≈

∏t
j=1 p(zi

j|o
i) for a large time

t. Therefore, if sufficient number of measurements are given, the posterior dis-

tribution of the surface normal state x can be simplified to be:

p(x|Z1:t) ∝ p(x)
∑

o1

· · ·
∑
oN

N∏
i=1

p(oi|x) · p(oi|zi
1:t) (3.20)

= p(x) ·
N∏

i=1

∑
oi∈{0,1}

p(oi|x) · p(oi|zi
1:t) (3.21)

A numerical study to validate this condition is presented in Section 3.6.

Equation (3.21) presents a scalable solution to estimate the surface normal

by significantly reducing the amount of memory required. The memory re-

quired to estimate the joint distribution of all neighboring cells’ occupancy,

p(o1, · · · , oN), in (3.15) increases exponentially with N. For example, 29 = 512

floating-point numbers are required for 9 cells in 2D, and 227 = 134, 217, 728

numbers with 27 cells in 3D. In addition, the marginalization over all cells

O = {o1, · · · , oN} is also computationally challenging (see (3.13)) as the number of

iteration exponentially scales with N as well. However, using (3.21) with a suffi-

cient number of measurements produces a posterior distribution very efficiently

and quickly, with the required memory reduced from 2N to 2N.

The problem of surface normal estimation can now be defined with two com-

ponents: 1) maintaining the posterior distribution of neighboring cells’ occu-

pancy over time, which can be solved using one of any number of open source

libraries (see Ref. [71], [28], [59], for example) and 2) estimating surface normal

vectors when needed using (3.21). The latter requires a measurement model be-

tween the occupancy grid and the surface normals which is shown in Section

3.5.
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3.4 Multi-resolution Surface Normal Estimation

Tasks performed by robots typically vary in the level of environmental infor-

mation required. For example, for a robot to navigate a relatively uncluttered

and non-complex environment, coarse spatial information is sufficient. More

complex tasks, however, such as picking up a bottle of water or an egg out

of a refrigerator requires higher resolution spatial information in order to plan

an accurate motion to avoid objects and grasp the object. Therefore, a multi-

resolution estimation of the spatial information enables a robot to adaptively

adjust the estimate and subsequent computational resources to meet the task

requirements successfully.

Octomap [28] is used in this framework to provide the requisite multi-

resolution occupancy grid, although any tree-structure-based occupancy grid

mapping algorithm can be employed without loss of generality. Octomap uti-

lizes octree [46] which divides a 3D cubic space into 8 equally sized sub-spaces

and registers them as children nodes. Each node in Octomap represents the pos-

terior estimate of occupancy. Therefore, each depth of the tree represents the 3D

occupancy grid in a different resolution. As the depth increases, the resolution

increases and the number of grid cells increases as well. Figure 3.3 shows an

example of 3D space represented using Octomap. Each cube in the 3D space

(Fig. 3.3(a)) can be divided into eight cubes (shown in a darker color); each

child cube can be further divided (shown in the darkest color) to increase reso-

lution. In this paper, ‘higher depth’ level or deeper into the hierarchical octree

indicates higher resolution, and higher resolution indicates smaller grid cell.

Two methods to estimate the surface normal vectors for different resolutions

54



(a) Octomap spatial representation (b) Octree structure

Figure 3.3: Example of a 3D space represented using Octomap, with shad-
ing between (a) and (b) implying correlation. Lower right cube
in (a) is shown for multiple depths of the tree. (b) shows the oc-
tree structure for corresponding space where each node/circle
denotes an occupancy state. Each node can be decomposed
into eight children nodes to increase resolution.

are proposed. Figure 3.4 shows the probabilistic graphical models for MR1 and

MR2 algorithms. The first method (MR1) estimates the surface normal state

for each parent node in the model, p(xk−1,()
() |Z1:t), by marginalizing over the sur-

face normal state of M children nodes, p(xk,()
() |Z1:t). The first superscript of x(),()

()

and o(),()
() indicates the tree depth level, and the second indicates the index of

the parent node (at one lower depth level). The subscript indicates the index

of the current node. The second method (MR2) uses a multi-resolution occu-

pancy grid, p(o(),()
() |Z1:t), such as Octomap, and estimates the surface normal

state, p(x(),()
() |Z1:t), for each individual resolution. For MR2, the posterior esti-

mate of the occupancy at depth k − 1 can be recursively computed using the
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posterior estimate of the children nodes at depth k.

p(ok−1,()
α |Z1:t) =

∑
ok,α

1

· · ·
∑
ok,α

M

p(ok−1,()
α , ok,α

1 , · · · , ok,α
M |Z1:t) (3.22)

=
∑
ok,α

1

· · ·
∑
ok,α

M

p(ok−1,()
α |ok,α

1 , · · · , ok,α
M ) · p(ok,α

1 , · · · , ok,α
M |Z1:t) (3.23)

=
∑
ok,α

1

· · ·
∑
ok,α

M

p(ok−1,()
α |ok,α

1 , · · · , ok,α
M ) ·

M∏
i=1

p(ok,α
i |z

i
1:t) (3.24)

where

p(ok−1,()
α |ok,α

1 , · · · , ok,α
M ) =

∑M
i=1 δ(o

k,α
i )

M
(3.25)

δ(ok,α
i ) ,


0 ok,α

i = 0

1 ok,α
i = 1

(3.26)

where δ() is Kronecker delta function. Note that given the occupancy states

at depth k, {ok,α
1 , · · · , ok,α

M }, the occupancy state at depth k − 1 and the measure-

mentsZ1:t are conditionally independent. Equation (3.25) and (3.26) enable pos-

terior occupancy state estimation via computing average. If more conservative

method is desired, (3.27) can be used.

p(ok−1,()
α |ok,α

1 , · · · , ok,α
M ) =


0 ok,α

i , max(ok,α
1 , · · · , ok,α

M )

1 ok,α
i = max(ok,α

1 , · · · , ok,α
M )

(3.27)

The estimation of posterior surface normal state, p(xk−1,()
α |Z1:t), is similarly

obtained using (3.21) as following:

p(xk−1,()
α |Z1:t) ∝ p(xk−1,()

α )
N∏

i=1

∑
ok−1,α

i ∈{0,1}

p(ok−1,α
i |x) · p(ok−1,α

i |zi
1:t) (3.28)

Similarly, for MR1, the posterior surface normal state can be recursively es-
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timated (see Fig. 3.4(a)).

p(xk−1,()
α |Z1:t) =

∑
xk,α

1

· · ·
∑
xk,α

M

p(xk−1,()
α , xk,α

1 , · · · , xk,α
M |Z1:t) (3.29)

=
∑
xk,α

1

· · ·
∑
xk,α

M

p(xk−1,()
α |xk,α

1 , · · · , xk,α
M ) · p(xk,α

1 , · · · , xk,α
M |Z1:t) (3.30)

=
∑
xk,α

1

· · ·
∑
xk,α

M

p(xk−1,()
α |xk,α

1 , · · · , xk,α
M )

M∏
i=1

p(xk,α
i |z

i
1:t) (3.31)

where,

p(xk−1,()
α ( j) = 1|xk,α

1 , · · · , xk,α
M ) =

∑M
i=1 δ(xk,α

i ( j))
M

(3.32)

δ(xk,α
i ( j)) ,


0 xk,α

i ( j) = 0

1 xk,α
i ( j) = 1

(3.33)

Note that given the surface normal states at depth k, {xk,α
1 , · · · , xk,α

M }, the surface

normal state at depth k − 1 and the measurements Z1:t are conditionally inde-

pendent.

The two methods, MR1 and MR2, operate on different information of course:

MR1 on surface normals, and MR2 on occupancy grid. Both methods also per-

form on averaging operation – MR1 averages in the surface normals and MR2

averages in the octree. These averaging operations tend to lose information,

which intuitively makes sense; lower resolution models have less information

than higher resolution models. The results section compares and discusses both

multi-resolution surface normal estimation approaches.
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Depth k
Depth k-1

(a) MR1

Depth k
Depth k-1

(b) MR2

Figure 3.4: Probabilistic graphical models for hierarchical multi-resolution
surface normal estimation; few depth levels are shown. Vari-
able k and k − 1 denote the depth levels,Zi represents all avail-
able measurements for ok, j

i cell, and N represents the number
of neighboring cells. x(),()

() variable represents the surface nor-
mal estimate. Subscript denotes the index of the cell at current
depth. Superscripts denote the related (parent) cell in the lower
depth; first superscript denotes the depth level, while the sec-
ond one denotes the index of the parent node.
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3.5 Occupancy Grid Likelihood Model

The likelihood model, p(O|x) = p(o1, · · · , oN |x), plays an important role in the

proposed estimation framework as it provides a model for connecting the neigh-

boring cells’ occupancy to the direction of the normal vector. Intuitively, the

likelihood model represents the likelihood of each neighboring cells being oc-

cupied given a normal vector direction. Figure 3.5 shows four examples of the

likelihood model for 2D and 3D cases. Color (in grayscale) in each cell rep-

resents the likelihood of the cell being occupied; darker color indicates higher

likelihood. The index of x in each example follows the indexing convention

shown in Fig. 3.2.

The likelihood models are defined by considering both positive (being oc-

cupied) and negative (being empty) cells, which enables both a surface normal

vector and the correct direction to be considered simultaneously. This is an ad-

vantage over point clouds where viewpoint ambiguity is a challenge to solve

without heuristics. As shown in the examples, the surface normal vector of the

likelihood models originates in the center, and points out of cells with low oc-

cupancy.

3.6 Numerical study of the Effect of Sufficient Measurements

This section presents numerical results to study the effects of assuming a suf-

ficient number of measurements (eq. (3.21)) on the surface normal estimation

performance, as compared to the full solution. A variety of environments are

compared to understand the performance and computation trade between the
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Likelihood Grid: p(O|x = 3)

(a) Likelihood p(O|x(3) = 1). Surface normal
towards right.

Likelihood Grid: p(O|x = 8)

(b) Likelihood p(O|x(8) = 1). Surface normal
towards left top.
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(c) Likelihood p(O|x(1) = 1). Surface normal
towards (-1, -1, 1)
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(d) Likelihood p(O|x(10) = 1). Surface normal
towards (-1, -1, 0)

Figure 3.5: Examples of surface normal likelihood model for 2D and 3D
case. Arrows are drawn to show the surface normal direction
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full and scalable solutions.

3.6.1 State Estimation Comparison

Fig. 3.6 shows seven different surfaces varying over 3×3 2D grid with 0.1m res-

olution. Total of 24 sensor locations were surveyed each in a circle with radius

of 0.3m about the center of the middle cell. Each measurement consists of seven

laser rays in a 60 degree of field of view with 10 degree of angular resolution.

The measurement likelihood, p(z() = 1|o() = 1) = 0.7.

In this study, two variants of the surface estimation methods are com-

pared: 1) the full solution (F) using (3.13) where p(o1, · · · , oN) is computed using

(3.15); and 2) the scalable solution (S) using (3.21), where the prior distribution

p(o1, · · · , oN) is uniform. The posterior estimates of occupancy are computed

using a Bayes filter [71] as other occupancy grid mapping algorithms use.

Both performance and computation are compared for each of the variants of

the surface normal estimation algorithm. Given that the full solution is avail-

able, performance is defined as the Kullback-Leibler Divergence (KLD) between

the full distribution (F) and the scalable solutions (S). The KLD is the relative en-

tropy between two probability distributions defined as:

DKL =

K∑
i=1

pF(x(i) = 1) log
pF(x(i) = 1)
pS (x(i) = 1)

where pF and pS represent the posterior probability distribution of the full so-

lution (F) and the scalable solution (S), respectively. Therefore, a smaller value

of KLD indicates pS is more consistent with pF . A total of 1000 trials are run for

each surface model, each with Gaussian white noise added on both range and
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Figure 3.6: Seven different surfaces for numerical study
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Figure 3.7: KLD mean as a function the average number of LIDAR hits
over the 3 × 3 grid. The sensor noise is σr = 0.05m, σθ = 5 deg.

bearing sensor readings: σr = 0.05m, σθ = 5 deg.

Figure 3.7 shows the mean KLD over 1000 runs for scalable solution S with

the sensor noise; each line corresponds to different surface shape. The KLD val-

ues are presented as a function of the average number of LIDAR hits over the

3 × 3 grid. This plot provides intuition of how much information (number of
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measurements in this case) is required in order to obtain consistent estimates.

The KLD values drop and converge when 25 LIDAR hits/misses are collected.

Therefore, for surface normal estimation problem in 2D space, approximately

25 LIDAR measurements are required to have consistent estimates of the occu-

pancy grid, and to obtain consistent and accurate normal estimates, compared

to the full solution (F).

These results indicate that the posterior distributions of the occupancy grid

of the full solution F and the scalable solution S become nearly identical after

gathering sufficient measurements. This makes intuitive sense because, theo-

retically, as more measurements are taken, the occupancy grid converges to the

true state. Therefore, the posterior distributions of the surface normal, p(x|Z1:t),

can be accurately and consistently estimated with sufficient measurements.

3.6.2 Occupancy Estimate of Single Cell

As shown in (3.21), the posterior surface normal state depends on the poste-

rior occupancy estimates; and only depends on them if p(oi|x) and p(x) are con-

stant. Therefore, in order to show that the sufficient measurement assumption

is valid in both 2D and 3D, the posterior occupancy estimates of occupancy grid

cells, p(oi|zi
1:t), with different priors are compared. Figure 3.8 shows the KLD

computed between the two posterior occupancy estimates of two separate grid

cells as a function of consistent measurement counts (i.e. no false positives)

and varying values of measurement likelihood, p(zi|oi). One grid cell is initial-

ized with the ‘true’ prior, p(oi) =
∑

x p(x) · p(oi|x) = 0.5923 (Fig. 3.8 left) and

p(oi) = 0.9 (Fig. 3.8 right). The other cell is initialized with ‘uniform’ prior
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p(oi) = 0.5 as often used in occupancy grid mapping algorithms. The ‘true’

values of 0.5923 and 0.9 are the minimum and maximum possible prior based

on the likelihood model p(oi|x) implemented, respectively. As the measurement

likelihood value, p(zi = 1|oi = 1), increases, fewer consistent measurements are

required to reduce the KLD values. For p(zi = 1|oi = 1) ≥ 0.6, it generally takes

13–15 measurements to converge (KLD within 1% variation). The likelihood

value of p(zi = 1|oi = 1) = 0.55 requires more measurements to converge, as the

measurement confidence is very low (close to 50/50). These results generally

show that 15 measurements per cell are sufficient in order to confidently attain

accurate and consistent posterior occupancy estimate; five measurements may

be sufficient for most sensors that are reasonably accurate.

3.7 Experimental Results

The multi-level surface normal estimation algorithm is validated against theo-

retical truth (a few objects) and a benchmark point cloud approach using sim-

ulation and experimental data. The results of using only the highest resolution

(leaf nodes of octree) are presented first, followed by the multi-level surface nor-

mal estimation results. Performance is evaluated in terms of 1) accuracy of the

estimated surface normal vectors, 2) computation time and storage required,

and 3) segmentation performance using estimated normal vectors. Compar-

isons between the outputs of the developed algorithm, the truth (a few objects),

and the Point Cloud Library (PCL) [62] are presented.

Octomap is implemented to generate 3D occupancy grids, p(oi|zi
1:t). Octomap

is an open-source library which enables memory efficient and fast occupancy
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Figure 3.8: KLD computed between two occupancy grid cells with differ-
ent priors (one initialized with the prior used in this work, one
with uniform prior) as a function of number of consistent (i.e.
no false positive) measurements. KLD changes are shown with
the minimum possible prior (p(oi) = 0.5923, left), and maxi-
mum prior (p(oi) = 0.9, right).

grid mapping (including 3D ray tracing), while also providing occupancy grids

in different resolutions. The smallest grid resolution is set to be 0.01m. Based on

the occupancy grid, the scalable (S) surface normal estimation algorithm given

in (3.21) is implemented.

The surface normal algorithm is used for all occupancy cells on the surface of

the environment. The algorithm assumes that the cells being evaluated are on a

surface of an object or area, with at least one empty adjacent cell; adjacent cells

do not consist of ones in diagonal directions (both in 2D and 3D). Those cells

not on the surface are not considered for accuracy evaluation.
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PCL estimates of the surface normal vectors are generated using the eigen-

vectors of covariance matrix computed over neighboring points. The neighbor

points are chosen to be within a circle with radius of 1.5 times the grid resolu-

tion in order to match the extent of neighboring cells used in S. The neighboring

points are found using kdtree for fast search.

3.7.1 Simulation Results

Surface normal estimates are studied for seven objects in simulation: three syn-

thetic objects: {cube, cylinder, sphere} and four man-made objects: {bookshelf,

dumpster, barrel, cone}. Given the simplicity of the synthetic objects, the true

(T) surface normals can be generated via geometry. The Gazebo 3D simulator

[36] is used to generate the objects and sensor measurements. The top row of

Fig. 3.10 shows all seven objects, with photos taken from same position to show

scale. The cube has side length of 1.125m, while cylinder and sphere are 1.125m

in diameter; the cylinder’s height is 1m. For each object, a Kinect sensor is placed

at 16 different locations around a circle with 2m radius. The Kinect sensor mea-

surements are simulated to provide range data over a 640×480 resolution, with

a 60 degree of field of view. Gazebo currently does not add sensor noise to the

Kinect measurements. Thus, each 3D point is perturbed with 3D Gaussian white

noise with standard deviation: σx = σy = σz = {0.000, 0.001, 0.0025, 0.005}m.

Accuracy Metric

The estimated surface normal vectors using the occupancy grid are compared

to those of using the truth (synthetic objects) and PCL (all objects). Intuitively,
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Figure 3.9: Angle difference histogram for synthetic objects (cube, cylin-
der, sphere) between the proposed S algorithm and the true
normal direction.

PCL’s normal vectors converge to the true state as the number of measurement

points increases. The angle difference between two normal vectors using the

scalable algorithm S and either the truth (T) or PCL is computed and used to

evaluate accuracy. The closest point to the center of each occupancy grid cell

is chosen for comparison. The angle between two normals are computed using

dot product as:

θ = arccos
−→n PCL/T ·

−→n S

||
−→n PCL/T|| ||

−→n S||

where −→n PCL/T and −→n S represent normal vectors computed using PCL or T and S,

respectively. The vector −→n S is computed using (3.2).

Figure 3.9 shows binned histograms of the frequency of angle difference, θ,

between S and T, for all grid cells for three synthetic objects. The true normal

directions are analytically computed. For cube object, the estimated normal vec-

tors match the truth very well with 99% of difference less than 5 degree; those

few points with higher angle difference correspond to the edges of cube. The

cylinder object has wider range of difference with 63.7%, and 93.5% of the dif-

ference less than 10 and 20 degree, respectively. The sphere object has a wider
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Figure 3.10: Simulation results comparing the scalable surface normal es-
timation algorithm with PCL for seven objects in simulation.
(top) Objects used in simulation: {cube, cylinder, sphere,
bookshelf, dumpster, barrel, cone} (bottom) Histograms of
angle difference compared to those of PCL. The horizontal
axis represents the angle difference in degree, while the verti-
cal axis shows frequency. Each column corresponds to an ob-
ject. Each row shows the results of using different magnitude
of perturbation {σx = σy = σz} ∈ {0.000, 0.001, 0.0025, 0.005}m
from top to bottom.

distribution of angle differences with 61.7% and 91.6% less than 10 and 20 de-

gree, respectively. These results indicate that the continuously varying surfaces

of the cylinder and sphere are more difficult to estimate than the regular cube.

This phenomenon is primarily due to the discretization/resolution associated

with curved surfaces. The discretized grid space has limited capability to de-
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scribe curved surfaces, especially when considering only three neighboring cells

in each dimension. As the amount of curved surface increases (sphere), perfor-

mance declines. In addition, the number of possible surface normal directions

is also limited using a constant measurement likelihood value, p(z()
t = 1|o() = 1).

This implies that the performance of the surface normal estimation algorithm

is a function of the environment and the user chosen model parameters. This

is due to the discretization of the occupancy grid as well as the discretization

of the surface normal space. However, given that more than 60% and 90% of

all angle differences are less than 10 and 20 degree, respectively, the proposed

algorithm is sufficiently accurate for even challenging objects.

Figure 3.10 presents results for all seven objects comparing the scalable (S)

algorithm with PCL. The bottom four rows of Fig. 3.10 show binned histograms

of the frequency of angle difference between the S algorithm and the PCL esti-

mates; four rows with different noise levels; the top row is for noiseless (best)

case. The histograms of cube, bookshelf, and dumpster show better accuracy

compared to the other objects with curved surfaces – cylinder, sphere, barrel,

and cone; this is consistent with the prior comparisons with the truth (Fig. 3.9).

As the magnitude of sensor noise increases (from top to bottom in Fig.

3.10), the angle difference distribution becomes smoother and wider for all ob-

ject types. This is more prevalent for objects with curved surfaces; the fre-

quency of larger angle difference (beyond 30 degree) increases more quickly

compared to the flat surfaces. As the noise increases, the surfaces of the objects

become less smooth since the sensor readings are less consistent; sensor noise

of σx = σy = σz = 0.005m is half of the grid cell size. Therefore, occupancy esti-

mates of the grid cells are less consistent and accurate, resulting in larger angle
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Figure 3.11: Segmentation results using surface normals of PCL (top) and
S (bottom) for seven objects. The segmentation algorithm ex-
tracts plane, cylinder, or sphere shapes. Colors are selected
randomly for each segment to simply show different seg-
ments. The baseline shape evaluated for each object from left
to right: {plane, cylinder, sphere, plane, plane, cylinder, cylin-
der}

differences. Given the number of neighboring cells to consider, this inaccuracy

is more prevalent for curved surfaces.

Computational Cost

The computational cost is also compared between the S and PCL methods in

terms of memory (pts/cells) and time. Table 3.1 shows that the number of points

in the point cloud (for PCL) is 15–41 times more than the number of cells, depen-

dent on the object type. It is also noted that as more data is collected, the number

of cells in S converges to a constant, whereas the number of points in the PCL

model increases proportionally with the number of measurements. Computa-

tion time is measured using a timer of the Boost library, which measures CPU

time based on Intel i7-3770 CPU (3.4 GHz) desktop computer. Table 3.1 shows

the results using noisiest (σx = σy = σz = 0.005m) data, where tn
PCL and tn

S repre-
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Surface Normal Estimation Segmentation
# points # cells tn

PCL tn
S tocto ts

PCL ts
S

Cube 3176720 186008 25249.81 324.10 448.07 36.62 0.32
Cylinder 3076042 142115 37515.29 248.31 299.84 28.96 0.07
Sphere 2929328 143659 40509.98 258.27 228.69 2.80 0.02

Bookshelf 2968248 142719 38716.03 260.47 297.64 11.32 0.35
Dumpster 3052729 196255 21138.72 348.75 428.10 26.45 0.38

Barrel 2961883 117171 48308.70 201.69 211.60 27.15 0.14
Cone 2859320 68858 62164.26 112.41 76.51 N/A 0.05

Table 3.1: Comparison of computational resources: memory consump-
tion (points & cells) and time (in second) between PCL and S.
Both surface normal estimation and segmentation tasks are com-
pared.

sent the surface normal computation time for each method in seconds. The time

to estimate the posterior occupancy using Octomap, tocto, is presented as well.

Computation times for surface normals based on PCL are 60–553 times larger

than the scaled S algorithm using the grid cells. Combined with Octomap com-

putation time, the scaled S algorithm performs 27–329 times faster than PCL.

The computation time for PCL increases with the number of points. Thus, us-

ing an occupancy grid reduces the number of points to keep significantly, which

results into much lower computation time and memory required.

Segmentation Performance

Surface normal vectors are often used in segmentation algorithms. In order to

demonstrate the subsequent usefulness of the estimated normal vectors, a seg-

mentation algorithm is tested on the outputs of S and PCL. Simple segmentation

algorithms finding plane, cylinder, and sphere baseline shapes are implemented

using RANSAC [21]; the surface normal vectors estimated using S and PCL’s
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PCA analysis are used. Figure 3.11 shows segmentation results for seven ob-

jects using the output of both algorithms; top row for using PCL, and bottom

for using S. In order to show the robustness of the developed algorithm, the

largest sensor noise, σx = σy = σz = 0.005m, are used. Each segmented shape

is rendered in random color; thus colors do not represent correspondences be-

tween results of S and PCL. For synthetic objects, both S and PCL perform well

except PCL created a ring-shaped near the center for sphere model. For the

bookshelf model, S yields better plane segments than PCL. PCL does not find

the roof and the base, nor the shelves (top shelf has only few points), while S

successfully finds them all. The bottom ring of the barrel is not found using

PCL. And, while the cylinder shape is not found using PCL, several segments

of the cone are found using S. These results generally show that the S method

providing the same or better results for segmentation than PCL.

Table 3.1 also shows the computation time for segmentation; ts
PCL and ts

S rep-

resent the computation time in seconds using the normal estimated from PCL

and S, respectively. Using an identical segmentation algorithm, S takes a frac-

tion of second to yield good segmentation performance while PCL takes much

longer. S performed the segmentation at least 95 times faster (dumpster), and

866 times faster at most (cone). This is due to the fact that PCL’s performance

scales with the number of measurements, while S does not.

3.7.2 Multi-resolution Surface Normal Estimation Results

Multi-resolution surface normal estimation results are presented for several dif-

ferent resolutions using MR1 and MR2 algorithms as presented in Section 3.4.
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Number of Valid Cells (-)
MR1 MR2

Depth 16
(0.01m)

Depth 15
(0.02m)

Depth 14
(0.04m)

Depth 13
(0.08m)

Depth 16
(0.01m)

Depth 15
(0.02m)

Depth 14
(0.04m)

Depth 13
(0.08m)

Cube 73685 19212 6367 1938 73685 12963 2860 605
Cylinder 46159 18652 6022 1986 46159 8601 2124 352
Sphere 47265 20859 7441 2204 47265 7255 1472 150

Bookshelf 63255 23079 6865 2008 63255 12435 2569 517
Dumpster 73998 24871 8471 2313 73998 13515 2840 471

Barrel 42271 17855 6109 1821 42271 7049 1703 36
Cone 23536 12406 4992 1571 23536 2788 377 0

Surface Normal Estimation Computation Time (s)
MR1 MR2

Cube 219.62 112.83 88.33 83.49 219.62 34.88 9.64 2.19
Cylinder 131.67 82.13 61.83 54.01 131.67 30.26 8.79 1.89
Sphere 136.35 86.66 63.53 54.39 136.35 29.81 8.44 1.97

Bookshelf 181.35 103.64 74.16 69.13 181.35 38.83 8.61 2.06
Dumpster 211.34 120.90 92.71 83.97 211.34 42.56 11.11 2.23

Barrel 120.15 74.64 55.32 48.67 120.15 29.71 8.30 1.64
Cone 63.01 43.77 30.87 25.04 63.01 16.42 5.52 1.31

Table 3.2: Number of Valid Cells and Computation Time Comparison be-
tween MR1 and MR2

The Octomap used has total of 16 depth levels; the bottom (level 16) depth has

resolution of 0.01m, and top (level 1) depth has resolution of 655.36m.

The seven objects presented previously are used for comparison. Among

the multiple noise levels, the largest noise ({σx = σy = σz} = 0.005m) is chosen

to demonstrate the robustness of the algorithm as 2σ equals to the cell width.

Given the size of the objects, resolution lower than level 13 (resolution of 0.08m)

is too large to yield meaningful results; thus, only depth levels of 13–16 are pre-

sented. Angle difference histograms are computed for both MR1 and MR2 algo-

rithms in comparison with PCL. The angle difference is computed compared to

the nearest normal estimate of PCL using the full dense point clouds (without

discretization).

Figure 3.12 shows the binned histograms of angle difference for each object

for depth levels 16–13, using MR1 and MR2. As the depth level decreases, the
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(a) Angle difference histogram of using MR1
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(b) Angle difference histogram of using MR2

Figure 3.12: Angle difference histograms (compared to PCL) for two
multi-resolution surface normal estimation algorithms (MR1
in (a) and MR2 in (b)) computed for seven objects for octree
depths from 16 (top) to 13 (bottom). Angle difference is com-
puted for the simulation data perturbed noise magnitude of
(σx = σy = σz = 0.005m), which is large compared to the cell
size (2σ equals to cell width).
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number of occupied cells decreases substantially for both algorithms. This is

primarily due to the size of the voxel doubling in each dimension (see Table

3.2 top). It is clear that the decrease in the number of valid cells in MR2 is

substantially faster than those of MR1 as the resolution increases.

For MR1 (Fig. 3.12(a)), as the size of grid cells increases, the frequency of

larger angle difference increases, as shown in depth 13 and 14; the tails of the

distribution for large angle differences become bigger. Intuitively, the angle dif-

ferences increase as the resolution increases partly because the larger cells can

contain vastly different surface shapes. Also, the histogram becomes more var-

ied due to the discretization. The histograms using MR2 (Fig. 3.12(b)), however,

create more consistent angle difference distributions among depths 16, 15, and

14, despite the small number of valid cells. Comparing MR1 and MR2 at depth

15 and 14, MR2 has smaller mean angle differences, except the cone object at

depth 14. The cone is small compared to other objects; the number of valid cells

is 377 for MR2 compared to 4992 for MR1. While MR1 and MR2 are comparable

in terms of accuracy, with significantly lower number of valid cells, MR2 is more

desirable especially when computational resource is limited. The non-circular

objects (cube, bookshelf, dumpster) show similar degradation in accuracy com-

pared to the circular objects as the resolution decreases.

Table 3.2 shows the computation time required to estimate surface normals

using the MR1 and MR2 algorithms. More specifically, the time required to

compute the average vectors using all children at a given resolution (see (3.31)

and (3.32)) ; MR2 is the time required to infer the surface normals using (3.21).

Overall, the computation time required by MR2 is significantly smaller than

that of MR1. For depth 15 (resolution of 0.02m), MR2 requires half the compu-
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tation time compared to MR1, and at least 5.6 times less for depth 14 (resolution

of 0.04m). Considering that MR2 shows comparable performance to MR1 as

shown in Fig. 3.12, the amount of reduction in computation is substantial. At

depth 13 (resolution of 0.06m), the number of valid cells becomes too small for

barrel and cone.

Figure 3.13 shows the segmentation results of MR1 and MR2 using three dif-

ferent depth levels for all objects. Each row corresponds to depth 16, 15, and

14 from top to bottom, respectively. Segmentation is performed again using

RANSAC. Each segmented shape is colored randomly to enable easy visual-

ization. Segmentation performance using lower resolutions (depths 15 and 14)

demonstrates nearly identical results compared to those of using the highest

resolution (depth 16). These lower resolution models have significantly lower

number of grid cells, yet are able to successfully estimate and classify the shapes.

Comparing MR1 and MR2, all synthetic objects are well segmented for MR2 for

all depth levels despite the smaller number of valid cells. For the bookshelf, the

base is not correctly segmented using MR1 (depth 14), while MR2 is successful.

The middle shelf of the bookshelf (depth 15) using MR1 is also missing, while

MR2 successfully finds the shelf. Cylindrical shapes are segmented for both the

barrel and cone. The body of the barrel is segmented successfully for both MR1

and MR2 over all depth levels, but the bottom support segmented by MR2 is

not as clear as MR1. For the cone (depth 14), only small portions of the cone

shape are segmented due to very small number of valid cells. Using multiple

resolutions, various shapes are successfully segmented, especially when using

small number of valid cells and lower resolution.
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(a) Segmentation results using MR1

(b) Segmentation results using MR2

Figure 3.13: Segmentation results using different resolutions and different
estimation method for each object. Each row in each figure
corresponds to the each tree depth: {16, 15, 14} from top to
bottom. Level 16, 15, and 14 have grid resolution of 0.01m,
0.02m, 0.04m, respectively. Colors are randomly chosen to
better visualize segmented surfaces. Points are enlarged for
better visualization as needed.
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3.7.3 Experimental Data Results

The multi-resolution surface normal estimation algorithm is tested on Office

2A13 dataset of Univ. of Zurich [45]. This dataset contains 3D LIDAR scans of

an office environment. The original dataset has very dense 3D LIDAR readings

covering the entire office space, and is therefore trimmed to the more complex

portion as shown in Fig. 3.14. The total number of 3D points stored and used for

PCL is 8921120, whereas 181995 grid cells are stored for the smallest resolution.

The angle difference histograms compared to PCL are shown in Fig. 3.15 for

four different resolutions. At depth 16, the largest two peaks lie at 1.7 degree

and 16 degree, while there are small number of outliers with larger than 20

degree difference. The computation time for surface normal estimation by PCL

is 2190.17 seconds, whereas S took only 235.76 seconds in CPU time for the

highest resolution.

The multi-resolution MR2 method is used as a comparison. The number of

valid cells for depth level {16 (resolution of 0.01m), 15 (0.02m), 14 (0.04m), 13

(0.08m)} are {181995, 37707, 10830, 2896}, respectively. The computation time

for depth level {16, 15, 14, 13} are {235.76, 187.68, 140.65, 125.86} seconds, re-

spectively. As shown in Fig. 3.15, the angle difference distribution is maintained

as the depth decreases from 16 to 14. At depth 13, however, the frequency of

larger angle difference increases and becomes more noisy.

Figure 3.16 shows the segmentation results for segmenting plane shapes, for

four different resolutions. The wall, desk, monitor, and floor are segmented suc-

cessfully across all resolutions. Objects on the desk have small height, and are

mostly flat; with most of the normal vectors aligned, the objects are considered
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Figure 3.14: Environment used in the experiment from Office 2A13
dataset. Multiple office objects are shown along with a chair
and walls.

to be part of the desk. Other objects, such as drawer, and seat and back of chair,

are successfully segmented as planes for the highest resolution (depth 16). As

the resolution decreases, however, objects with curved surfaces, such as seat

and back of chair, are segmented into multiple pieces. The flat surfaces, such as

wall, desk, monitor, and drawer are successfully segmented even at the coarest

resolution.

3.8 Conclusion

A scalable, efficient probabilistic multi-resolution surface normal estimation

method is developed. Probabilistic occupancy grid information at multiple res-

olutions is used as a basis for the approach. The estimated surface normals can

be used to describe spatial features, and thus are an important foundation for

high-level segmentation, object detection, and classification tasks. The strengths
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Figure 3.15: Angle difference histograms for 2A13 dataset for four differ-
ent resolutions

of the proposed algorithm are: 1) a probabilistic algorithm that scales with the

number of grid cells, not the number of measurements; 2) reduced compu-

tational demands (time and storage) compared to benchmark methods using

point clouds; 3) multi-resolution estimates are available using multi-resolution

occupancy grid such as Octomap; 4) both occupied (positive information) and

empty (negative information) grid cells are used enabling viewpoint ambiguity

to be naturally considered; point cloud methods cannot estimate the viewpoint

directly; and 5) either raw data, or an already running occupancy grid algorithm

can be used, thus further reducing the effort in processing the same data into an-

other representation. While reducing the computation to real-time performance,
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(a) Level 16 (0.01m) (b) Level 15 (0.02m)

(c) Level 14 (0.04m) (d) Level 13 (0.08m)

Figure 3.16: Segmentation results using multiple resolutions
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the algorithm is shown to converge to the full algorithm estimates over time as

sufficient number of measurements become available. Results in simulation and

using experimental data show that the performance of the scalable surface nor-

mal estimation methods are comparable to that of PCL and the truth (mostly

under 20 degree of angle difference), with significantly less computation (15–41

times less storage and 96–866 times faster). Two methods developed for sur-

face normal estimation in multiple resolutions show substantial reduction of

memory and computation time, thus enhancing real-time performance. Despite

much smaller number of grid cells used in lower resolutions, the accuracy of

the surface normal vectors are well maintained. The developed surface normal

estimation algorithm also enables accurate and fast segmentation throughout

various different resolution settings.
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CHAPTER 4

BIAS AND UNCERTAINTY ESTIMATION OF MODULAR ROBOTS

WITH SENSORS

4.1 Introduction

Modular robots have been developed over last decade. Modular robots are often

aimed to be self-reconfigurable which enables adaptive reconfiguration based

on the environment or task complexity. Such robustness, along with relatively

low cost to manufacture through modern methods such as 3D printing, has led

to a very active research over the last decade.

Many modular self-reconfigurable robotics platforms have been developed.

A cube-shaped modular robot in a lattice structure that travels and slides on a

surface using magnets was developed by An [2]. A distributed flight array was

developed where multiple flying platforms (up to six) with single propeller as-

semble together into a lattice structure [53]. Yim et al. developed CKBot whose

connections are in a chain-structure [80]. Sambot was developed whose mod-

ule can individually act as an independent module as well as combine with

other modules to reconfigure [78]. UBot was developed using universal joints

such that it can achieve two degrees-of-freedom in a unit of one cubic space

[82]. SMORES robots were developed to enable 4 degrees-of-freedom and easy

reconfiguration [12]. Some modular robots are also commercially available [61].

Given their adaptability, all modular robotics systems are attempt to achieve

multiple high-level tasks. In addition to hardware, the ability to achieve these

tasks requires accurate and consistent knowledge of itself and the environment.
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Figure 4.1: A set of SMORES modules used for experiments. Circles de-
note potential imperfect connections made between modules.
Intel RealSense R200 sensor is used for image and depth infor-
mation acquisition.
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Figure 4.2: Encoder values and measured pan and tilt angles using a visual
fiducial system (AprilTag) for Modules 1 and 16, respectively.
Data points and a linear fit are shown.
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Typically, one or multiple modules will have sensors for measuring the envi-

ronment. The accuracy and consistency of the sensing and perception the en-

vironment, therefore, requires an accurate sensor position estimate to measure

the environment.

In order to obtain accurate sensor position estimates, a number of challenges

arise – encoder measurement biases, manufacturing errors, imperfect mechan-

ical connections between modules, and material bending and twisting due to

gravity. Figure 4.1 shows a set of SMORES [12] modules. Each connection be-

tween modules is imperfect, where there are 2D position and orientation errors.

Figure 4.2 shows the results of a simple experiment. Each module was con-

nected with a cube whose each face has a visual fiducial tag (AprilTag) [52]

attached. One camera was mounted on the ceiling looking downward, and

another camera was placed on the side. Each camera provides relative posi-

tion and orientation of the tags with respect to the camera that are seen in the

view. The experiment studied the accuracy of reported encoder measurements

compared to the true angle measured using AprilTag measurements. Module

1 shows about 45 degree encoder bias for pan angle; zero degree encoder mea-

surement maps to about 45 degree orientation (Fig. 4.2(a)). Module 1 also shows

the rate of change (shown with the slope of linear fit line) between encoder val-

ues to the measured angle is higher than one. Module 16 shows the similar

behavior as well for tilt angle (Fig. 4.2(b)).

Errors such as those in Fig. 4.2 introduce significant estimation error for the

sensor position on a specific module. The encoder biases and connection offsets

can be constant and not changing throughout an experiment after connections

between modules are made, such as manufacturing errors. Depending on the

85



quality of encoder sensor, however, the error of the encoder measurements to

the actual orientation angle can be nonlinear, scaled as shown in Fig. 4.2, or

even time varying. In addition, bending and twisting due to gravity can be

highly complex depending on configurations, thus difficult to model.

In this work, a set of solutions are presented to create custom error and cal-

ibration models for modular robots, with the ultimate goal of improving the

performance of a sensor module. Section 4.2 describes the problems of interest

and their formulations. Section 4.3 presents the proposed approaches and al-

gorithms in detail. Section 4.4 present the performance of proposed algorithms

in both simulation and experiment run with SMORES modules, followed by a

conclusion.

4.2 Problem Statement

The problem of estimating sensor position can use an error/uncertainty model

in three different ways: 1) a constant bias in the encoder; 2) a constant bias in

the encoder, and connections between modules have translation and rotation

offsets; 3) nonlinearities between the measured encoder and true angle, to also

include bending and twisting due to external forces.

All three approaches/representations seek to solve for the ideal sensor posi-

tion, which can be written as:

ps = f (ue) (4.1)

where f (ue) is a function that maps the encoder measurements, ue, to the true

relative sensor position, ps,(·), given a module configuration. The relative sensor
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position, ps,(·), can be estimated in three different formulations such as:

ps,alg1 ≈ fb(xb, ue) + ωb (4.2)

ps,alg2 ≈ fb,o(xb,o, ue) + ωb,o (4.3)

ps,alg3 ≈ f̂ (ue) + ω f (4.4)

where each equation represents each of the three different formulations. Each

formulation is discussed in Section 4.2 in detail. The function fb(xb, ue) maps

the encoder values, ue, along with the encoder biases, xb, to a sensor position,

fb,o(xb,o, ue) is a function that maps the encoder values along with the encoder

biases and connection offsets in translation and orientation, xb,o. Variable f̂ (ue)

represents an estimated function that maps the encoder values to a sensor po-

sition. Each ωb, ωb,o, and ω f represents noises, where each is distributed with

a zero-mean Gaussian distribution. A measurement, y, from the sensor posi-

tion, ps, can be described using a function h(·) with a zero-mean Gaussian noise,

ωy ∼ N(0, σ2
y).

y = h(ps,(·)) + ωy (4.5)

The measurement, y ∈ Rny , can be any arbitrary measurement that uses the sen-

sor position, ps,(·). Such examples consist of direct measurements of the sensor

position, relative position and orientation measurements to a visual feature, or

a visual tag such as AprilTag in the environment from the sensor, or a transfor-

mation between two 3D point clouds from two different time steps.

Modules with two actuators are considered in this work. One actuator pro-

vides body tilt angle, and the other provides pan angle. Figure 4.3 shows the

four degrees-of-freedom of a SMORES module [12] as a reference. The pan an-

gle refers to #3 DoF and body tilt angle refers to #4 in the figure.
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Figure 4.3: Four degrees-of-freedom of SMORES module [12]. This work
considers a module with two degrees-of-freedom regarding
DoF #3 and #4 shown here.

The goal of this work is to estimate the biases and uncertainty of a modular

robot once a set of modules are organized into a specific configuration. The ulti-

mate performance is that of the sensor, and the estimates of the scene is used to

help evaluation. The uncertainty model can then be used by the robot as it op-

erates in that configuration. The proposed auto-calibration procedure operates

as follows. First, the modules execute a number of carefully predefined motions

while taking encoder measurements as well as the sensor module measuring a

stationary object location. The data is then used to estimate the sensor position

mapping, (4.2) – (4.4). Once the biases and uncertainty are estimated, the sensor

position of a given configuration is estimated accurately, and can then operate

and perform high-level sensing tasks.

88



4.3 Auto-Calibration: Bias and Offset Uncertainty Estimation

4.3.1 Observability Analysis

In order to estimate the encoder biases and connection offsets of each module,

a set of motions must be carefully chosen to provide the maximum observ-

able information. The degree of observability is computed using observability

Gramian [7]. Given a complex configuration of a set of modules, however, it is

non-trivial to compute the observability Gramian analytically, especially when

the sensor position prediction function, f(·)(·), is highly nonlinear. As an alterna-

tive, the observability Gramian for a given time interval t ∈ [0,T ] at a state x0, is

computed numerically [55, 38] as follows:

1
4ε2

∫ T

0
(y+i(t) − y−i(t))T(y+ j(t) − y− j(t))dt (4.6)

where y±i ∈ Rn is defined to be y±i = y(x0 ± εei) where ei is the i-th unit vector in

Rn, and ε > 0 is a small displacement.

The degree of unobservability is measured using the ratio between the

largest and the smallest singular values computed on the Gramian. The larger

the ratio becomes, the larger the effect on the output caused by a small change of

the initial condition becomes. This ratio is called local estimation condition number

[38].

As the configuration becomes complex, determining the motions to provide

maximum observability information is difficult, especially in a closed form.

Therefore, a Monte Carlo approach is used, where a large number of encoder

inputs to command, ue, are sampled. Using these encoder input commands, the

measurements, y, are simulated, and observability Gramians are computed for
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each sample. A set of encoder values with minimum local estimation condition

number are selected to be used to obtain the most state observable data.

4.3.2 Encoder Biases (Algorithm 1)

Consider the encoder biases only model (4.2), where only encoder biases are

present. The encoder biases state, xb, given Nm number of modules, can be de-

fined as a 2Nm × 1 vector:

xb =
[
φ1, θ1, · · · , φNm , θNm

]T (4.7)

where φi and θi indicate body tilt angle (#4 in Fig. 4.3) and pan angle (#3 in Fig.

4.3) of i-th module, respectively.

Collecting M set of a sensor module measurements, y(·), and encoder values,

u(·)
e , eqn. (4.7) can be stacked, and a nonlinear least-squares problem can be

formulated as: 
y1

...

yM

 =


h( fb(xb, u1

e)) + ω1

...

h( fb(xb, uM
e )) + ωM

 (4.8)

u


h( fb(x̂b, u1

e)) + J1(xb − x̂b) + ω1

...

h( fb(x̂b, uM
e )) + JM(xb − x̂b) + ωM

 (4.9)

where x̂b and Ji represent the encoder biases estimate and Jacobian matrix of the

measurement function, h( f (·)), evaluated around an estimate x̂b, respectively.

An iterative nonlinear least-squares method is used to solve for the biases
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estimate at (i + 1)-th iteration as follows [7]:

x̂b,i+1 = x̂b,i +
(
JiR−1Ji

)−1
JT

i R−1 [
y − h(f(x̂b,i,ue,i))

]
(4.10)

where Ji and Ri represent a diagonally stacked matrix of Jacobian and a

diagonally stacked measurement noise covariance matrix at i-th iteration,

respectively. The stacked measurement vector,y, is formulated as y =

[(y1)T, · · · , (yM)T]T. Similarly, h(f(·,ue,i)) represents the stacked vector of predicted

measurements using all encoder values, ue,i at i-th iteration. The covariance ma-

trix of the estimated biases is computed as:

E
[
(x̂b,i+1 − xb)(x̂b,i+1 − xb)T

]
= (Ji+1R−1Ji+1)−1 (4.11)

This least-squares formulation minimizes the quadratic error equation as

shown:

C =

M∑
n=1

[
yn − h( fb(xb, un

e))
]T R−1 [

yn − h( fb(xb, un
e))

]
(4.12)

The iteration can stop once the change in quadratic error, C, converges to a suf-

ficiently small value.

4.3.3 Encoder Biases and Imperfect Connection (Algorithm 2)

Modular robots can suffer from imperfect alignments, especially when a non-

rigid connection mechanism is used. For example, connecting modules using

magnets introduces translation and orientation offsets. A richer representation

(4.3) is considered, where position and rotation offset errors on a connecting

surface are assumed to be constant once the connections are made. The rotation

offset, however, can be embedded in the encoder’s pan angle bias, θ(), since the
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xi+1

Yi+1

Figure 4.4: Diagram of translation and orientation offsets on a connecting
surface between two modules. ∆x and ∆y represent translation
offset, and ∆θ′ represent the orientation offset.

offset is constant (see Fig. 4.4). Therefore, xb,o represents the encoder biases and

connection offsets as:

xb,o =
[
φ1, θ1,∆x1,∆y1, · · · , φNm , θNm ,∆xNm ,∆yNm

]T (4.13)

which is a 4Nm × 1 vector.

Given a sufficient number of accurate measurements, the encoder biases and

the position and orientation offsets can be estimated using iterative nonlinear

least-squares method similar to (4.10). Note that this formulation includes the

model of Algorithm 1, and more parameters to estimate. Because of the increase

of the number of parameters to estimate, obtaining enough data is important,

and observability could become more of an issue.
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4.3.4 Nonlinear Encoder Mapping and Material Compliance

(Algorithm 3)

While the encoder biases and connection offset errors can be estimated via a

set of measurements and a nonlinear iterative least-squares method because

they are assumed to be constant, if the uncertainties are nonlinear from encoder

measurements to the physical position of each module, the approach cannot be

used. An alternative approach is to model each module’s biases and uncertainty.

However, if given a large number of modules, and a large number of complex

configurations, this is undesirable.

A Gaussian process (GP) uncertainty model is proposed to capture the non-

linear function that maps the encoder measurements to a relative sensor posi-

tion. A GP is implemented for each measurement state, resulting in ny GPs. For

each n-th measurement state element, the GP is modeled as:

yn(ue) ∼ GP(m(ue), κ(ue, u′e)) (4.14)

where m(ue) is the mean function and κ(ue, u′e) is the covariance function.

m(ue) = E[yn(ue)] (4.15)

κ(ue, u′e) = E[(yn(ue) − m(ue))(yn(u′e) − m(u′e))
T] (4.16)

Choosing the suitable parameters,Θ, for the covariance function plays a ma-

jor role in GP performance. For squared exponential kernel that is used in this

work, for an example,

κ(ue, u′e) = σ2
f exp(−

1
2

(ue − u′e)
T M(ue − u′e)) + σ2

yδue,u′e (4.17)
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consists of three parameters, Θ = σ f , l, σy, where M = l−2I. The optimal pa-

rameters given a set of training data can be found by maximizing the marginal

likelihood of the data, p(y|X):

log p(y|X) = logN(y|0,K) (4.18)

= −
1
2

yTK−1y −
1
2

log |K| −
Nt

2
log(2π) (4.19)

where y represents a stacked vector of measurements, X = [x1, · · · , xN] repre-

sents N training input data, and K is a matrix where (i, j)-th element is computed

using covariance function, Ki, j = κ(ui
e, u

j
e). The partial derivative of the log like-

lihood with respect to the covariance function parameters, Θ, can be computed

[50]:

∂

∂Θ
log p(y|X) =

1
2

tr
((
ααT −K−1

) ∂K
∂Θ

)
(4.20)

where α = K−1y. The maximum likelihood estimate ofΘ is found using gradient

descent algorithm.

Once the optimal parameters, Θ, are found, the sensor position, y∗, for a

single encoder input, ue,∗, given the training data X and y, can be estimated as a

Gaussian distribution:

p(y∗|ue,∗,X, y) = N(y∗|µ∗, σ∗) (4.21)

µ∗ = kT
∗K
−1
y y (4.22)

σ∗ = k∗∗ − kT
∗K
−1
y k∗ (4.23)

where k∗ = [κ(ue,∗, x1), · · · , κ(ue,∗, xN)], and k∗∗ = κ(ue,∗, ue,∗).
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Figure 4.5: Unity simulation environment with object annotations

4.4 Simulation and Experiment

The performance of proposed bias and uncertainty models is evaluated in both

simulation and experiment.

4.4.1 Simulation Results

Unity [69] is used to simulate modular robotics behavior along with sensor mea-

surements. Modular robots are simulated based on SMORES robots [12]. Grav-

ity, and bending and torsion due to material compliance are simulated as well

using Unity’s built-in physics engine.

Figure 4.5 shows the simulation environment as well as the set of modules

used. Total of 39 modules are used, where 32 are used to construct a stable base

in order to enable an arm configuration. The arm consists of seven modules

connected in a serial fashion; a back plate is connected with a front wheel of

the other module (see Fig. 4.3). The module at the top of the arm is set to be a
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Figure 4.6: Module configurations used for algorithm evaluations

sensor module, and its actuators are not used; therefore six moving modules are

present. A 3D depth sensor is simulated from the sensor module with 640 ×

480 resolution. Captured 3D depth measurements are used to reconstruct the

environment for qualitative evaluation.

The algorithms are evaluated using eight arbitrarily chosen sets of configura-

tions (see Fig. 4.6). Note that these eight sets of configurations are for evaluation

only, and not used for encoder biases estimation, encoder biases and connection

offset estimation, or Gaussian process model. The 3D depth measurements and

each module’s noisy encoder measurements are stored along with the true po-

sition of all modules. An estimate of the sensor position, ps,(·), is computed for

each set of encoder measurements using each of the three proposed algorithms

((4.2) – (4.4)), and is used to project the 3D depth measurements in a global

frame. Quantitative and qualitative results are studied to show the effective-
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Figure 4.7: Configuration used for perfect connection (left) and imperfect
alignment (right). Imperfect connections have position and ori-
entation offsets in 2D plane.

ness of the proposed algorithms. Qualitative results compare the consistency of

the reconstructed environment using the 3D depth measurements and the es-

timated positions from the three algorithms. Each 3D depth measurement has

partial view of the environment. Therefore, the alignment of these depth mea-

surements demonstrate the consistency and accuracy of the estimated sensor

position. Estimated sensor position is directly compared to the true position for

qualitative evaluation.

Encoder Bias with Perfect Connection

The goal of the first set of simulations is to estimate encoder biases, when the

modules are perfectly aligned. Intuitively, all three algorithms should perform

well because the encoder biases are observable and constant. The seven mod-

ules for the arm configuration are connected with no position and rotation offset
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Figure 4.8: Encoder bias comparison for perfect connection. Each module
shows two encoder values: body tilt angle φ (left) and pan an-
gle, θ (right).
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Figure 4.9: [Biases only case] Histogram of norm position estimation er-
rors (left) and orientation estimation errors (right) of estimated
sensor positions over 100 configurations using Algorithm 1.
Norm of quaternion vector difference is used for orientation
error comparison. The position estimation error is in module
unit size.
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in 2D plane (Fig. 4.7 left). The modules have made total of 100 configurations

that are obtained by Monte Carlo observability analysis described in Section

4.3.1. Total of 100 sets of encoder measurements and noisy relative sensor po-

sition to the base of the configuration are collected, which are used to estimate

the encoder biases. The simulated encoder biases are chosen within [−20, 12]

degree range, and added to the encoder measurements with noise.

Figure 4.8 shows the estimated biases of each module compared to the true

bias values simulated. The body tilt angle φ (left) and pan angle θ (right) are

shown for each module. Estimating the encoder biases using the collected mea-

surements from the 100 configurations using (4.10), the encoder biases are accu-

rately estimated. Algorithm 3 does not estimate the encoder biases directly.

Figure 4.9 shows a histogram of the predicted sensor position differences

over the 100 configurations that were used for encoder biases estimation. The

sensor positions are predicted using the encoder measurements with the esti-

mated encoder biases using Algorithm 1, and the prediction error from the true

positions are shown using a histogram. The norm 3D position and orientation

estimation errors are presented. All position errors are lower than 0.2 module

size. The norm of orientation estimation errors, which are computed as norm

difference between the estimated and true orientation quaternion vector, are all

within 0.03, which indicates within 3% orientation error.

The first row of Fig. 4.13 shows the environment reconstructed using the

eight estimated sensor positions using Algorithm 1 (first row, third column)

and 3 (first row, fourth column). Algorithm 2 is not used here because the con-

nection offsets are not introduced here; however, Algorithm 2 will perform the

same as Algorithm 1. With biases estimated, the sensor position is accurately
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estimated (first row, third column), and the environment is very consistent with

the truth (first row, first column). Using Gaussian process (Algorithm 3) (first

row, fourth column), however, does not show as consistent alignments of the

depth measurements as using encoder biases estimation (Algorithm 1). This

result suggests that a parametric model performs better than a non-parametric

model, when the parametric model accurately represents the system (such as,

when there are primarily encoder biases errors).

Encoder Bias with Imperfect Connection

The goal of the second simulation study is to estimate both encoder biases and

offsets (imperfect alignment). Intuitively, Algorithm 1 should perform poorly

because the prediction function, fb, does not consider connection offsets. How-

ever, Algorithm 2 and 3 should perform well. The connections between all seven

modules are disturbed with position and rotation offsets, as shown in Fig. 4.7

right. Total of 200 different configurations were created, and encoder measure-

ments and noisy relative sensor positions are collected for each configuration.

The connection offsets are constant, and thus are estimated using iterative

nonlinear least-squares, as shown in Algorithm 2. All encoder biases and 2D

position offsets are estimated (as shown in (4.13)) using the collected measure-

ments. These results are computed using the sensor position prediction func-

tion, fb,o, incorporating the estimated encoder biases and 2D connection offsets,

xb,o.

Figure 4.10 and 4.11 show the estimated encoder biases and connection off-

sets using Algorithm 2. Note that the encoder biases shown in Fig. 4.10 include
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Figure 4.10: Encoder biases comparison for imperfect connection. Each
module shows two encoder biases values: body tilt angle φ
(left) and pan angle, θ (right). The pan angle biases shown
include the orientation offsets.
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Figure 4.11: Connection offsets comparison for imperfect connection.
Each module shows two connection offsets: ∆x (left) and ∆y
(right).

the orientation offsets caused from imperfect connections. All encoder biases

are accurately estimated using 200 configurations with about 5 degree maxi-

mum estimation error. The connection offsets are less accurately estimated with

maximum approximately 0.25 module length errors. Algorithm 3 does not esti-

mate the encoder biases connection offsets directly.

Figure 4.12 shows a histogram of the predicted sensor position differences

over the 200 configurations that were used for encoder biases and connection

offsets estimation. The sensor positions are predicted using the encoder mea-
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surements with the estimated encoder biases and estimated connection offsets

using Algorithm 2, and the prediction error from the true positions are shown

using a histogram. All position errors are lower than 0.2 module size. The norm

of orientation estimation errors are all within 0.04, which indicates within 4%

orientation error.

The second row of Fig. 4.13 shows the environment reconstructed using es-

timated sensor positions for the eight different input configurations. The envi-

ronment created with measured encoder data (with biases) (second row, second

column) shows inconsistent left and right wall segments, and inconsistent seg-

ments of bench object (see Fig. 4.5 for reference). Once the estimated biases and

offsets (Algorithm 2) are applied (second row, third column), the constructed

scene matches well with the truth (second row, first column) and all segments

are consistent to one another. The environment reconstructed using Gaussian

process (Algorithm 3) (second row, fourth column) is also presented. However,

left and right walls are not aligned as well as using Algorithm 2, and bench

object also shows a misalignment. Similar to Algorithm 1, the sensor position

prediction function fb,o represents the true system accurately given correct en-

coder biases and connection offsets. In such cases, a parametric model shows

better estimation performance than using non-parametric model.

Encoder Bias, Imperfect Connection, and Scaled Encoder Measurements

The third set of simulations increases complexity by using encoder biases, po-

sition and rotation offsets for imperfect alignment. In addition, nonlinearities

are simulated by scaling each module’s encoder measurement with unknown

factors. Although more complex nonlinear functions can be implemented, a
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Figure 4.12: [Biases and imperfect connection case]Histogram of norm po-
sition estimation errors (left) and orientation estimation errors
(right) computed for 200 sensor positions using Algorithm 2.
Norm of quaternion vector difference is used for orientation
error comparison. Note that the position estimation error is in
module unit size.

simple scaled data already disturbs the encoder measurement enough that the

output of the sensor position prediction function, f(·), is highly inaccurate. The

last row of Fig. 4.13 shows the reconstructed scene of the environment using

Algorithm 2 (third row, third column), where encoder biases and connection

offsets are estimated, and Algorithm 3 (fourth column), where a Gaussian pro-

cess is used. The encoder measurements no longer possess significant mean-

ing because the function f(·) does not consider a scaling factor, and thus create

poor environment representation (third row, second column). Consequently, es-

timating encoder biases and connection offsets does not show much significant
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Figure 4.13: Environment reconstructed using sensor position estimates
with different algorithms for comparison: {true, using only
encoder measurements, using encoder biases (and offsets if
applicable) estimation, Gaussian processes} from left to right.

improvement (third row, third column). Lastly, however, using Gaussian pro-

cesses (third row, fourth column) shows significant improvement over the other

two algorithms. Left and right wall segments show some imperfect alignments,

but other objects such as spheres, a cube, and a bench show good alignments,

compared to using Algorithm 2.

Figure 4.14 and 4.15 show the estimated encoder biases and connection off-

sets using Algorithm 2. Note that the encoder biases shown in Fig. 4.14 include

the orientation offsets caused from imperfect connections. All encoder biases

are poorly estimated using 200 configurations with about 45 degree maximum

estimation error. The connection offsets are also poorly estimated with max-

imum approximately 1.2 module length errors. This is expected because the

sensor position prediction function does not take account that the encoder mea-

surements are scaled. Therefore, using an incorrect and inaccurate parametric

model causes severe estimation errors.
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Figure 4.14: Encoder biases comparison for encoder biases, imperfect con-
nection, and scaled encoder simulation. Each module shows
two encoder biases values: body tilt angle φ (left) and pan
angle, θ (right). The pan angle biases shown include the ori-
entation offsets.
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Figure 4.15: Connection offsets comparison for encoder biases, imperfect
connection, and scaled encoder simulation. Each module
shows two connection offsets: ∆x (left) and ∆y (right).

105



Figure 4.16 shows a histogram of the predicted sensor position differences

over the 200 configurations that were used for Gaussian process model. The

sensor positions are predicted using the encoder measurements with the esti-

mated encoder biases and estimated connection offsets using Algorithm 2, and

the prediction error from the true positions are shown using a histogram. Note

that both position and orientation error are large; norm position estimation er-

ror spans over 2 module size, and norm orientation error spans over 0.35, which

indicates 35% error. Algorithm 2 uses the sensor position prediction function fb,o

to predict the sensor positions without realizing that the encoder measurements

are scaled. Therefore, the sensor positions predicted using Algorithm 2 are in-

correct with rather large amount of error. Unlike the two previous cases where

the sensor position prediction functions, fb and fb,o accurately describes the true

system, these parametric models fb and fb,o no longer represent the true system

accurately. Even with the best estimates of encoder biases and/or connection

offsets, the underlying parametric model hasn’t changed and thus the estimated

sensor positions are not accurate. In such case, using a non-parametric model –

Gaussian process here – performs better because it depends on the data rather

than a parametric model.

4.4.2 Experimental Results

An experiment was conducted using a set of ten SMORES modules to demon-

strate the performance of the proposed algorithms. Figure 4.1 shows the four-

legged configuration of the SMORES robot. Each leg consists of two SMORES

modules and is connected to a passive module in the center which can be con-

nected using all six faces; SMORES has five surfaces that can be connected. Two
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Figure 4.16: [Bias, Imperfect connection, and scaled case] Histogram of
norm position estimation errors (left) and orientation estima-
tion errors (right) computed for 200 sensor positions using Al-
gorithm 2 (biases and offset estimation). Norm of quaternion
vector difference is used for orientation error comparison. The
position estimation error is in module unit size.

additional modules are connected to the top of the passive module to act as

an arm. The Intel RealSense R200 sensor is attached at the top module’s face

and is used as a main external sensor of the robot. The R200 is a RGB-D sensor

which provides depth images using stereo IR vision (640 × 480 resolution with

70×59×46 degree of field of view), and high-resolution color images (1920×1024

resolution).

Figure 4.17 shows the experiment setup. A box with one AprilTag [52] at-

tached on each side is used as an environmental object to estimate the shape,

and also provides external environmental measurements. An AprilTag mea-

surement provides relative position and orientation measurements of the tag
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Figure 4.17: Experiment setup

with respect to the camera.

The modular robot’s arm portion was moved in a pre-defined way, creating

measurements to the external box object in different viewpoints. The arm por-

tion moved to {−20, 0, 20} degree horizontally by commanding Module 1’s pan

angle, while commanding Module 6’s tilt angle to {−20, 0, 20} degree at the same

time; the arm portion moved to all possible nine positions. These movements

were repeated four times resulting 36 attempts. However, 18 of the positions

did not have valid AprilTag measurements because the tag was out of R200’s

camera view; only valid ones are selected (22 of them). The AprilTags on the

robot (Fig. 4.17) are not used.

All three algorithms (Algorithm 1, 2, and 3) are evaluated within this ex-

periment. The encoder biases, and encoder biases and connection offsets of the

arm portion are estimated using Algorithm 1 and 2, respectively, with the 22
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Figure 4.18: Qualitative comparison of the estimates of an environment
using different methods of predicting the sensor position. The
experiment environment is constructed using the sensor posi-
tion estimated using {AprilTag measurements, only encoder
measurements, with encoder biases correction (Algorithm 1),
with encoder biases and offset correction (Algorithm 2), Gaus-
sian process (Algorithm 3)}.
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measurements. The estimated encoder biases and connection offsets are used to

predict the relative sensor position of the robot again using Algorithm 1 and 2.

The same measurements are used for Gaussian process (Algorithm 3).

Figure 4.18 shows the environment reconstructed using 11 testing module

configurations with R200 measurements (colored point clouds) and the esti-

mated sensor positions using different algorithms. Figure 4.18 (a) shows the

best possible scene created using AprilTag measurements, which provide the

R200’s positions and orientations for each testing configuration. All 11 point

clouds are aligned well to create one consistent box object and the surround-

ing environment. The scenes reconstructed using only encoder measurements

(no biases estimation) (Fig. 4.18 (b)) shows fairly inconsistent alignment, where

multiple parts of the box object and the surrounding environments are scattered.

Similarly, however, the scene reconstructed using the sensor positions using cor-

rections via encoder biases estimation (Algorithm 1) (Fig. 4.18 (c)), and the sen-

sor positions using corrections via encoder biases and connection offset estima-

tion (Algorithm 2), do not show consistent alignments of R200 measurements as

well. Most of 11 color point clouds are rotated with incorrect orientations, and

thus the point clouds showing the box object and surrounding environment are

poorly aligned. Figure 4.18 (e) shows the environment reconstructed using the

sensor positions estimated with Gaussian process (Algorithm 3). The scene cre-

ated using the estimated function, f̂ (ue), via Gaussian process shows relatively

good alignments between the scenes, and look similar to the best possible scene

as shown in Fig. 4.18 (a).

In order to quantify the accuracy of the estimated sensor positions, relative

position differences of the estimated sensor positions are compared with that
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Position (m) Orientation (-)
Using Only Encoder Measurements 0.3594 ± 0.1348 0.4149 ± 0.1534

Encoder Biases Correction (Algorithm 1) 0.4451 ± 0.1594 0.3795 ± 0.1387
Encoder Biases & Offset Correction (Algorithm 2) 0.4007 ± 0.1138 0.3977 ± 0.1485

Gaussian process (Algorithm 3) 0.1213 ± 0.0625 0.0866 ± 0.0440

Table 4.1: Relative position and orientation error

of using AprilTag measurements, which serve as the truth. The norm 3D po-

sition difference and the norm orientation difference in quaternion are used to

represent the accuracy. Table 4.1 shows the mean and standard deviation of the

relative camera position difference for using all three different estimation algo-

rithms. The positions estimated using Gaussian process (Algorithm 3) are three

times more accurate than using only encoder measurements, whereas the orien-

tation is about five times more accurate than using only encoder measurements.

The differences in orientation especially play a significant role in aligning the

point clouds, and thus the impact on the key task of environment estimation is

high. Using Algorithm 1 and 2 do not show position improvement over using

only encoder measurements. There exist little improvement of using Algorithm

1 and 2 for orientation estimation. The orientation differences using Algorithm

1 and 2 show rather a large magnitude of the orientation error, while the results

using Gaussian process (Algorithm 3) show significantly better accuracy; the

mean of the orientation difference is four times more accurate, and the standard

deviation is three times smaller.

If given a complex modular robot shape, which becomes very difficult to an-

alytically model the system accurately, using parametric models such as fb and

fb,o in Algorithm 1 and 2 suffer due to the models’ incapability to accurately

and correctly represent the system. In addition, physical hardware, especially

when manufacturing processes are inconsistent, cause difficulty in modeling;
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each module can have different encoder scaling factor (as shown in Fig. 4.2), or

different degree of nonlinearities. In this experiment, both Algorithm 1 and 2

do not show improvement over using only encoder measurements, while Algo-

rithm 3 shows improvement over using only encoder measurements. This sug-

gests that the parametric model that was built to express the modular robot’s

shape may be inaccurate, but the non-parametric model based on the observed

data performs well.

4.4.3 Without Using Visual Fiducial System

A visual fiducial system is not always available. In such cases, estimating rela-

tive movement of modules (and thus biases) must be done using the measure-

ments of external objects assuming they are stationary. To consider this problem,

a 3D point cloud (depth measurements) registration algorithm from Point Cloud

Library [62] is used; this registration algorithm estimates the relative transfor-

mation between two point clouds using RANSAC [21].

Total of 15 sets of point clouds along with the encoder measurements were

collected for estimating encoder biases and Gaussian process model without us-

ing AprilTags. Figure 4.19 shows the environment reconstructed using 11 R200

measurements (colored point clouds) and the estimated sensor positions with-

out using AprilTags. Figure 4.19 (a) shows the best possible scene using April-

Tag measurements of the module positions and orientations (labeled truth). The

scene created using only encoder measurements (Fig. 4.19 (b)) shows inconsis-

tent alignments; multiple parts of the box object and the surrounding environ-

ments are scattered. The scene reconstructed using the sensor position estimates
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using the encoder measurements with correction via encoder biases estimation

(Fig. 4.19 (c)) shows improved alignments of the R200 measurements compared

to that of using only encoder measurements. Similarly, Fig. 4.19 (d) shows the

R200 measurements using Algorithm 2. Although the R200 measurements look

consistent, the one of top module’s offsets are estimated to about 25m on the

connection surface. Figure 4.19 (e) shows the scene reconstructed using the sen-

sor positions estimated using Gaussian process, which shows good alignments.

Qualitatively, the environments reconstructed using Algorithm 1 and 2 show

reasonable consistencies in terms of the R200 depth measurement alignments.

The environment, however, such as table and yellow cabinet boxes, shows mul-

tiple segments. The results using Gaussian process (Algorithm 3) show the most

consistent alignment performance; the table and yellow cabinet left to the box

object are aligned well. The alignment of 11 R200 depth measurements using

Gaussian process is not perfect as compared to the true alignment (Fig. 4.19

(a)), but shows the closest scene reconstructed to the true environment.

Table 4.2 shows the mean and standard deviation of relative sensor position

differences compared to the true sensor positions (using AprilTags). The mean

and standard deviation of 3D position and orientation norms are computed for

all 11 testing sensor positions. Using Gaussian process (Algorithm 3), the posi-

tion difference is about two times smaller than those of using Algorithm 1 or 2.

In terms of the orientation estimates, the Algorithm 3 also shows better estima-

tion errors over the other two algorithms, but not significantly. This could be

due to the challenges of measuring the environmental elements.

The quality of external measurements (to the stationary box object in this

case) determines the performance of estimator, especially when the number of
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Position (m) Rotation (-)
Using Only Encoder Measurements 0.3594 ± 0.1348 0.4149 ± 0.1534

Encoder Biases Correction (Algorithm 1) 0.2694 ± 0.1157 0.4144 ± 0.1564
Encoder Biases & Offset Correction (Algorithm 2) 0.2382 ± 0.1124 0.4252 ± 0.1613

Gaussian process (Algorithm 3) 0.1357 ± 0.0607 0.3766 ± 0.1321

Table 4.2: Relative position and rotation error without using a visual fidu-
cial system

measurement is relatively low; 100 or 200 sets of measurements in simulation,

while 22 or 11 sets in experiment. Using a visual fiducial system, AprilTags, pro-

vides highly accurate measurements. Using a registration method with point

clouds, however, provides less accurate and noisy data. Registration perfor-

mance depends on the tidiness of the environment, possible occlusion, sensor

noise, and environmental changes. Comparing Table 4.1 and 4.2, it is evident

that the performance of Gaussian process using a visual fiducial system is su-

perior. The position estimate differences are about the same. However, the

orientation estimates using a visual fiducial system perform at least four times

better. This could be potentially caused by the smaller number of measurements

as well when not using a visual fiducial system.

Considering the quality of external measurements using registration is not

as good as using a fiducial system, the performance of using Gaussian process

is reasonably good, especially compared to using only encoder measurements.

The consistency and accuracy of the sensor position estimates using the Gaus-

sian process model (or Gaussian Process algorithm) is better than encoder biases

correction method, and encoder biases and connection offset correction method.

Improved performance is expected once the measurements can be refined to

provide less noisy data, and a large number of measurement sets become avail-

able.
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Figure 4.19: Qualitative comparison of using different methods of predict-
ing the sensor position. The experiment environment is recre-
ated using the sensor position estimated using {true, raw en-
coder data, prediction using bias correction, Gaussian pro-
cess}without using a visual fudicial system.
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These experiments using SMORES modules possess all of the suggested

challenges using modular robots; the true sensor position prediction function is

not easy to model, connections are not perfect, and mapping of the encoder val-

ues is nonlinear and has biases (Fig. 4.2). The use of a Gaussian process model

could overcome these challenges better than parametric models using encoder

biases estimation, when encoders with nonlinearities or other nonlinearities are

present.

The Gaussian process model is recently developed, and very active research

is ongoing. The inability to estimate for multiple outputs currently is a limi-

tation and tends to make the estimates conservative, because it does not take

account of the correlations between the multiple outputs for training. This is

rather critical because 3D position and orientation are usually highly corre-

lated. The estimation performance using Gaussian process for the challenges

presented here is expected to improve significantly once multiple outputs are

considered.

4.5 Conclusion

A set of bias and uncertainty estimation methods for modular robots using in-

ternal and external sensor measurements is presented. Estimation of bias and

uncertainties is important in order to perform high-level perception tasks with

confidence and consistency. Modular robots can suffer from manufacturing in-

consistencies, potential encoder biases, nonlinearities in the encoder, imperfect

connections between modules, and other external forces such as bending and

twisting from gravity. Three estimation algorithms/formulations are presented;
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a nonlinear iterative least-squares approach for encoder biases estimation, a

nonlinear iterative least-squares approach for encoder biases and connection

offsets, and Gaussian process are presented. These algorithms are validated in

both simulation and an experiment using SMORES modular robots. In simula-

tion, a long-arm configuration is studied. Constant encoder biases and offsets

are accurately estimated using sensor position prediction model and 100 sets

of encoder measurements and measured sensor position information. When

nonlinearities and external forces are present, the errors could not be captured

by least-squares approaches because the underlying parametric model to repre-

sent the system no longer captures the errors; however, the results using the GP

model are better. Experimental results on the SMORES robots show the encoder

biases estimation does not improve the performance of sensor position estima-

tion. Using Gaussian processes, on the other hand, provide consistent sensor

position estimates that reconstruct the environment well.

Modeling a module configuration well is critical to estimate encoder biases

and connection offsets. From these simulation and experiment studies, it is

shown that having a good parametric model that describes the system’s dy-

namic correctly and accurately can handle the encoder biases and connection

offset problems well. A non-parametric model, which does not consider the un-

derlying physics model and solely estimates based on available data, may not

perform as well as the parametric model. However, expressing a module config-

uration’s dynamics as a parametric model can become difficult if the configura-

tion consists of many complex connections. In addition, if unknown nonlinear

mapping and varying external forces exist, modeling the true system with an

accurate parametric model can become very challenging.
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CHAPTER 5

CONCLUSION AND CONTRIBUTIONS

A few estimation methods are presented for two different types of robotics plat-

forms. Large and complex platforms suffer from highly nonlinear dynamics

and measurement models with non-Gaussian multi-modal noises. Chapter 2

presents an adaptive Gaussian mixture smoothing algorithm, which adaptively

changes the number of mixands as the degree of nonlinearity changes. Exper-

imental results successfully demonstrate that the smoothed estimates of using

the adaptive Gaussian mixture smoother show significant improvement over

the forward filtered estimates. Also, as the number of maximum number of

mixands to use for Gaussian mixture increases, the accuracy and consistency of

smoothed estimates improve as well.

List of contributions:

• Development of nonlinear Gaussian mixture model smoothing algorithm

via linearization; a method to estimate the linearized backward corrector

between two time steps is developed to reduce computational complexity

while maintaining performance.

• Development of an adaptive Gaussian mixture model smoother using a

tree structure; Children collapsing and parent splitting methods are de-

veloped to handle varying number of nodes and updating the weights of

mixands properly

• Numerical study of estimated backward corrector’s accuracy and consis-

tency in simulation using univariate nonstationary growth model. The es-

timated backward corrector’s probability distribution is compared to the
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true backward corrector.

• Large scale experiment in application of robot navigation where measure-

ments are sparse; both quantitative and qualitative mapping and local-

ization performance of two proposed methods are compared to the true

estimates of the environment and robot position. The effect of the num-

ber of maximum mixands for the adaptive Gaussian mixture smoother is

evaluated in mapping and localization performance.

A multi-resolution scalable and efficient surface normal estimation method

is presented in Chapter 3 for computationally limited platforms. The capability

of estimating surface normal vectors efficiently in multiple resolutions enables

robust and fast high-level object recognition, classification, and segmentation.

Utilizing Octree representation, two multi-resolution surface normal estima-

tion methods show comparable results to that of using dense 3D point clouds

in terms of accuracy and segmentation performance, while reducing computa-

tional needs significantly. Simulation and experimental results demonstrate the

scenes and objects being accurately segmented using the proposed algorithms,

with multiple order of magnitude reduction in computation time compared to

that of using point clouds.

List of contributions:

• Development of probabilistic framework to estimate surface normal vec-

tors which uses a discrete representation instead of point clouds to enable

scalable and computationally tractable implementation

• Incorporation of occupancy grid representation which enables easy im-

plementation and ease of sharing information among other algorithms be-
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cause of its common use

• Development of two surface normal estimation formulations: recursive

and batch formulations

• Development and validation via a numerical study of sufficient measure-

ment assumption which reduces the computational need by orders of

magnitude

• Development of two probabilistic frameworks to infer surface normal vec-

tors in multiple resolutions while leveraging the Octree structure

• Study of estimated surface normal vectors’ accuracy and consistency com-

pared to the truth (when available) and using dense point clouds in

Gazebo 3D simulation; the surface normal vectors’ accuracy and com-

putational cost between using proposed estimation algorithms and using

principal component analysis of dense point clouds are studied in multi-

ple noise levels and resolutions. A high-level object segmentation task in

multiple noise levels and resolutions for the proposed methods are suc-

cessfully demonstrated.

• Study of proposed algorithms’ performance in multiple resolutions using

experimental data

Lastly, estimation methods to tackle modular robots’ inherent challenges

from making connections are presented in Chapter 4. For their capability to self-

reconfigure, modular robots suffer from encoder biases and nonlinear mapping,

imperfect connections between modules, material compliance and other exter-

nal forces. These challenges are solved using iterative nonlinear least-squares

and using Gaussian process. The simulation and experimental results show that

the parametric models for a given configuration can estimate the position and
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orientation of sensor modules if biases are correctly captured, and the prediction

model represents the true system accurately. However, if given nonlinear map-

ping of encoder data and other external forces, these parametric models cannot

estimate the sensor positions well. Using Gaussian process given enough sets

of measurements, however, the sensor positions and orientations are accurately

and consistently estimated. Gaussian process also provides a benefit that a para-

metric model is unnecessary because the correlations among training set of mea-

surements can provide good estimates for an arbitrarily given input. Therefore,

Gaussian process is recommended to be used for complex configurations where

accurate parametric models are difficult to obtain.

List of contributions:

• Identify and solve the inherent estimation challenges in using modular

robots

• Formulate and solve encoder biases estimation problem using iterative

nonlinear least-squares method

• Formulate and solve problems of nonlinear encoder mapping and other

external forces using Gaussian process

• Development of an automatic calibration procedure for modular robots so

that the sensor positions are accurately estimated

• Study the encoder biases, connection offset, and nonlinear mapping prob-

lems in both simulation and experiment using SMORES modular robots

• Demonstrate that the automatic calibration procedure can provide accu-

rate and consistent sensor position estimates using a visual fiducial sys-

tem
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• Study the performance of automatic calibration procedure without using

a visual fiducial system; uses raw point cloud data from sensors

All estimation methods presented cover wide variety of topics – state estima-

tion for highly complex nonlinear systems using smoothing algorithm, accurate

and scalable multi-resolution surface normal estimations for computationally

limited platforms, and a non-parametric and data-driven model for platforms

that are difficult to model. While these methods are motivated by two different

types of robotics platforms, but can be applied to any other platforms.
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