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This thesis focuses on 4 topics in the dynamics of translation surfaces. Firstly, we

discusse the Deloné property of the set of the holonomy vectors of saddle connec-

tions on a translation surface. Next, we calculate the area of the smallest triangle

and the area of the smallest virtual triangle for many classes of lattice surfaces.

We describe all lattice surfaces for which the area of the smallest virtual triangle

is greater than an explicit constant. Thirdly, many interesting examples of trans-

lation surfaces have been obtained through abelian covers of the pillowcase. We

calculate the action of affine diffeomorphism group on the relative cohomology

of an abelian cover of the pillowcase, extending the calculation of Alex Wright.

Lastly, we determine which abelian covers of the flat pillowcase can be deformed

into lattice surfaces. This gives a new context for understanding the Bouw-Möller

construction.
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6.5 The (∞,m, n) case, Bouw-Möller surfaces . . . . . . . . . . . . . . . . 95

Bibliography 101

vi



LIST OF TABLES

4.1 Lattice surfaces with AreaVT > 0.5 . . . . . . . . . . . . . . . . . . . 21

5.1 Representation ρ that make Aff action on H1(ρ) finite . . . . . . . . 74

vii



LIST OF FIGURES

1.1 Holonomy vectors of saddle connections on a lattice surface in
H(2) corresponding to the quadratic order of discriminant 13 . . . 6

3.1 The figure on the left shows C1, a saddle connection α0 that crosses
C1, and its image α1 under a Dehn twist. Let h be the holonomy of
α0, and let l be the circumference of C1, then the holonomy of α1 is
h + l. Similarly, the image of α0 under the k-th power of the Dehn
twist, which is denoted by αk, has holonomy h+kl. These holonomy
vectors are shown below the corresponding cylinders. The figure
on the right shows the the same for C2, whose circumference l′ is
irrationally related to l. . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.2 Some h + kl and h′ + kl′ in Figure 1.1. . . . . . . . . . . . . . . . . . . 13

4.1 Red, green, blue and black points correspond to non-square-tiled
lattice surfaces described in Theorem 4.1.2, 4.1.3, 4.1.4 and 4.1.5
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4.2 The pattern is related to the fractional part of the sequence
√

n. . . . 23
4.3 A splitting into two cylinders . . . . . . . . . . . . . . . . . . . . . . 27
4.4 The possible triangles. . . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.5 Prototypes inH(2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.6 Prototypes inH(4). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.7 Permutations: (in cycle notation) (0, 1, 2, 3, 4, 5, 6)(7, 8), (0, 4, 6, 3, 5, 2, 8)(1, 7);

Dehn twist vectors: (1, 4), (1, 4). Dots are cone points. The
holonomies of the two red saddle connections depicted have a
cross product less than 1/10 of the surface area. . . . . . . . . . . . 42

5.1 A flat pillowcase. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
5.2 A leaf in the branched cover. . . . . . . . . . . . . . . . . . . . . . . 54
5.3 Wollmilchsau as a branched cover of the flat pillowcase. Its affine

orbit has 0 lyapunov exponent. This is also used in [9]. . . . . . . . 54
5.4 M(Z/3, (0, 1, 1, 1)). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
5.5 Connected component of the graph D for the Ornithorynque, with

r arrows removed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
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CHAPTER 1

INTRODUCTION

The study of the flat torus is a classical subject, going back to at least the 1880s;

however, the extensive study of the geometry and dynamics on general transla-

tion surfaces is more recent. An early work in this field is the paper of Fox and

Kershner [24]. Since the 80’s, the dynamics of translation surfaces and their strata

has been studied by Earle, Gardiner, Kerckhoff, Masur, Smillie, Veech, Thurston,

Vorobets, Eskin, Mirzakhani, Wright, and many more. Some recommended ex-

pository papers on this subject are [60] by Zorich and [58] by Wright.

The dynamics of geodesics on translation surfaces is related to interval ex-

change transformation (IET) [34] as well as the dynamics of rational billiards [53].

It also has interesting connections with algebraic geometry and number theory.

Many important dynamical properties of the geodesic flow on a translation sur-

face are related to the GL(2,R) orbit closure in the moduli spaces of translation sur-

faces. The stratum consisting of translation surfaces of a given combinatorial type

has the structure of an affine manifold with respect to charts given by the period

coordinates. This affine structure is compatible with a natural measure invariant

under the S L(2,R)-action. Furthermore, the S L(2,R)-action is ergodic under this

invariant measure when restricting to the part of unit area [34], which has a vari-

ety of applications. For example, this ergodicity provides a way of estimating the

growth rate of the finite geodesics (saddle connections) on a generic translation
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surface, through the volume of this invariant measure on strata restricting to the

hypersurface of translation surfaces of unit area [17, 19]. Furthermore, the under-

standing of this growth rate in general requires the understanding of ergodic in-

variant measures under the action of the horocycle subgroup. This S L(2,R)-action

also has other invariant ergodic measures supported on certain proper affine sub-

manifolds of the strata [20]. For example, there are those supported on a single

closed orbit, whose elements are called lattice surfaces. Below is a more detailed

overview of a few topics in the dynamics of translation surfaces.

• Lattice Surfaces: Lattice surfaces are translation surfaces so that the deriva-

tives of their affine diffeomorphisms generate a lattice in S L(2,R).

The flat torus is an example of a lattice surface. One technique of construct-

ing lattice surfaces is through a finite cover or branched cover of another

lattice surface. Lattice surfaces arising out of a covering construction on the

flat torus are called square-tiled, or arithmetic, lattice surfaces. These sur-

faces have been studied by Schmithüsen, Hubert, Forni, Matheus, Yoccoz,

Zorich, Wright and many others, and are useful for the calculation of the

volume and Siegel-Veech constants of the strata.

The first class of non-squared tiled lattice surfaces was discovered by Veech

[53]. Other interesting families of non-square-tiled lattice surfaces that have
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been discovered since then include: eigenforms inH(2), found by McMullen

[39] and Calta [8]; lattice surfaces in the Prym eigenform loci of genus 3 and

4 found by McMullen [40]; the family found by Ward [55], and more gener-

ally, the Bouw-Möller family [6]; isolated examples found by Vorobets [54],

Kenyon-Smillie [30]. Furthermore, there are two new infinite families of lat-

tice surfaces in the forthcoming works of McMullen-Mukamel-Wright and

Eskin-McMullen-Mukamel-Wright.

Smillie showed that lattice surfaces are the translation surfaces whose

GL(2,R) orbits in their strata are closed, cf. [49]. These closed GL(2,R)-orbits

are called Teichmüller curves. According to [20], all GL(2,R)-orbit closures

in the strata are affine submanifolds, hence Teichmüller curves are the orbit

closures of the lowest possible dimension. Kenyon-Smillie [30], Bainbridge-

Möller [4], Bainbridge-Habegger-Möller [3], Matheus-Wright [37], Lanneau-

Nguyen-Wright [32] and others established finiteness results of Teichmüller

curves in many different settings. The forthcoming work of Eskin-Filip-

Wright establishes a finiteness result that is very powerful.

• Higher-dimensional Orbit Closures: It is interesting for many reasons to

understand higher dimensional orbit closures and invariant measures of the

S L(2,R)-action. The connected components of the strata are orbit closures,

and higher-dimensional orbit closures can also be obtained from a cover-

ing construction, which has been studied in e.g. [18, 16]. The seminal work
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of Eskin-Mirzakhani-Mohammadi [20] showed that all orbit closures of the

GL(2,R)-action are affine submanifolds.

Some of the first higher-dimensional orbit closures that are neither con-

nected components of the strata, nor arise from a covering construction,

were found by McMullen [41, 40] and Calta [8]. More have been found by

Eskin, McMullen, Mukamel and Wright.

• Horocycle Orbit Closures and Ergodic invariant measures: The study of

ergodic invariant measures of the horocycle flow is related to the question

of the growth rate of saddle connections on an arbitrary translation sur-

face. Smillie-Weiss [49] characterized all minimal sets of this flow, and more

complicated orbit closures and invariant measures of this flow have been

found and studied by Bainbridge, Smillie, Weiss, Clavier etc. In particular,

Bainbridge-Smillie-Weiss [5] classified all horocycle orbit closures and er-

godic invariant measures in the eigenform loci in H(1, 1). This is closely re-

lated to the study of the real rel foliation, which has been studied by Minsky-

Weiss[44], McMullen [43] and others.

• Saddle Connections: Another topic that has been extensively studied is the

holonomies of the saddle connections on a translation surface. It is known

that the growth rate of this set does satisfy such upper and lower bounds

by [35] and [36]. For some translation surfaces the asymptotic upper and
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lower bounds agree. Veech [53], Eskin and Masur [17] showed that this is the

case for Veech surfaces and generic translation surfaces respectively. Also,

whether or not the translation surface is a lattice surface is determined by

properties of the growth rate of the holonomies of the saddle connections as

shown in Smillie and Weiss [50]. Furthermore, additional properties that the

set of holonomies of the saddle connections has to satisfy are contained in

the works of Athreya and Chaika [1, 2] on the distribution of angles between

successive saddle connections of bounded length.

Figure 1.1 is a plot of the set of holonomy vectors of saddle connections on a

lattice surface in H(2) corresponding to the quadratic order of discriminant

13, as defined in [41].
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Figure 1.1: Holonomy vectors of saddle connections on a lattice surface in H(2)
corresponding to the quadratic order of discriminant 13

In this thesis, we will answer a few specific questions on the dynamics of flat

surfaces.
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• In Chapter 2, we will review some concepts and properties of translation

surfaces.

• In Chapter 3, we answer a question of Barak Weiss on the uniform discrete-

ness of the holonomies of saddle connections by constructing translation

surfaces where the set of holonomies of the saddle connections is not uni-

formly discrete. See Theorem 3.0.2.

• In Chapter 4, we use the area of smallest triangle and virtual triangle, de-

fined by Smillie-Weiss [50], to study lattice surfaces. We calculate these areas

for some classes of known lattice surface (Theorems 4.1.2-4.1.5), and carry

out the algorithm that enumerate lattice surfaces described in [50] in the

case where the area of smallest virtual triangle is larger than .05 (Theorem

4.1.1).

• In Chapter 5, we calculate the action of the affine diffeomorphism groups on

a class of square-tiled lattice surfaces (Theorems 5.1.1, 5.1.3), which has an

application in the construction of horocycle orbit closures.

• In Chapter 6, we use the idea from Chapter 5 to give a more geometric de-

scription of the Bouw-Möller surfaces (Theorem 6.1.1), following the works

of Bouw-Möller [6], Hooper [28] and Wright [57].
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CHAPTER 2

BACKGROUND

A translation surface (of finite area and genus) M is a compact connected surface

with a translation structure, i.e. an atlas that covers M except for finitely many

points for which the transition functions are translations. In other words, it is a

compact Riemann surface with a holomorphic differential. The zeros of this holo-

morphic differential are called cone points, and the degree of a zero is called its

degree. A line segment that ends in cone point(s) is called a saddle connection.

Sometimes we will also consider translation surfaces with finitely many marked

points, which can be seen as a cone point of order 0. All translation surfaces we

deal with in this thesis are assumed to be of finite genus and area.

Given a n-tuple of non-negative integers
⇀

k = (k1, . . . kn), H(
⇀

k ) is the set of all

translation surfaces with n cone points or marked points, with orders k1, . . . kn. We

denote by Σ the set consisting of these points. H(
⇀

k ) has a topology induced by

being a subspace of the cotangent bundle of the moduli space Mg of Riemann

surface of genus g, here g = 1
2

∑
i ki + 1. It has an atlas called the period coordinate,

which consists of coordinate charts that send a translation surface M to an element

in H1(M,Σ;C) = Hom(H1(M,Σ;Z),C), which sends each element in H1(M,Σ;Z), rep-

resented by a path γ, to its holonomy under the translation structure. This atlas

givesH(
⇀

k ) the structure of an affine manifold.
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The group GL(2,R) acts onH(
⇀

k ) by post-composing with the charts that define

the translation structure. The orbit closures of this action is an affine submanifold,

which is proved in [20]. When the closure consists of a single orbit, it is called a Te-

ichmüller curve, and its elements are Lattice surfaces because their Veech groups are

lattices. Here the Veech group of a translation surface is the discrete subgroup of

S L(2,R) consisting of the derivatives of its affine automorphisms. These surfaces

can be seen as the generalization of the flat torus, and their geometric and dynam-

ical properties have been extensively studied. For example, Veech [53] showed

that the growth rate of the holonomies of saddle connections in any Veech surface

must be asymptotically quadratic. He also proved the Veech dichotomy, which

says that the translation flow in any given Veech surface must be either uniquely

ergodic or completely periodic.

9



CHAPTER 3

THE DELONÉ PROPERTY OF HOLONOMIES OF SADDLE CONNECTIONS

For a translation surface M, let S M ⊂ R
2 be the set of holonomy vectors of all

saddle connections of M. The set S M is discrete, the directions of vectors in S M

are dense, and the growth rate of S M (the number of points within radius R of the

origin) admits quadratic upper and lower bounds [35, 36].

Another way of capturing the concept of uniformity of a subset of a metric

space is the concept of a Deloné set.

Definition 3.0.1. [46] A subset A of a metric space X is a Deloné set if:

1. A is relatively dense, i.e. there is R > 0 such that any ball of radius R in X

contains at least one point in A.

2. A is uniformly discrete, i.e. there is r > 0 such that for any two distinct points

x, y ∈ A, d(x, y) > r.

The Deloné property is stronger than the existence of a quadratic upper and

lower bound on the growth rate. For example, in the case of the flat torus, it is a

classical result that S M is not relatively dense, hence not Deloné, due to the Chi-

nese remainder theorem, c.f. [27] or Theorem 3.0.5 below.
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Barak Weiss asked for which translation surfaces M, is S M a Deloné set. Here,

we will show that:

Theorem 3.0.1. If M is a lattice surface then S M is never a Deloné set. On the other hand,

there exists a non-lattice translation surface M for which S M is a Deloné set.

A square-tiled surface is a lattice surface because it is a finite branched cover of

the flat torus branched at one point. We will show that if lattice surface M is a not

square-tiled, i.e. non-arithmetic, then S M cannot be uniformly discrete. We will

also show that if M is square-tiled then S M cannot be relatively dense. Combining

these two results, we can conclude that when M is a lattice surface, S M cannot be

a Deloné set.

Theorem 3.0.2. If M is a non-arithmetic lattice surface, then S M is not uniformly dis-

crete.

Proof. Let M is a non-arithmetic lattice surface and let r > 0 be given. By [53] we

can choose a periodic direction γ of M such that in this direction M is decomposed

into cylinders C1, . . . ,Cn in the direction of γ, and the width of all these cylinders

are no larger than r/4. Because M is a lattice surface, the holonomy field [30] is

generated by the ratios of the circumferences. Because M is not square-tiled, the

holonomy field can not be Q. Hence, there exist two numbers i and j such that

the quotient of the circumferences of Ci and C j is not in Q. Denote the holonomy

vectors of periodic geodesics corresponding to Ci and C j by l and l′. Let h and h′
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C1

l

α0
α1

α1

h h + l
h + 2l

C2

l′

β0 β1
β1

h′
h′ + l′

h′ + 2l′

Figure 3.1: The figure on the left shows C1, a saddle connection α0 that crosses
C1, and its image α1 under a Dehn twist. Let h be the holonomy of α0, and let l be
the circumference of C1, then the holonomy of α1 is h + l. Similarly, the image of
α0 under the k-th power of the Dehn twist, which is denoted by αk, has holonomy
h+kl. These holonomy vectors are shown below the corresponding cylinders. The
figure on the right shows the the same for C2, whose circumference l′ is irrationally
related to l.

be the holonomy vectors of two saddle connections α0 and β0 crossing Ci and C j

respectively. Let αn be the images of α0 under n-Dehn twists in cylinders Ci, βn be

the image of β0 under n-Dehn twists in cylinder C j. Given n ∈ Z, both αn and βn are

still saddle connections of M. Thus, for any integer n, the vectors h + nl and h′ + nl′

are in S M, as in Figure 3.1.

Let us write h as h = h1 + h2 and h′ as h′ = h′1 + h′2, where h1 and h′1 are vectors

in direction γ, and h2 and h′2 are vectors in direction γ⊥. Because the widths of Ci

and C j are no larger than r/4 by assumption, ||h2 − h′2|| < r/2. Because h1, h′1, l and

l′ are vectors pointing in the same direction, we can write h1 = al, h′1 = bl, l′ = λl.

Let l′ = λl. Because λ is irrational, the set {m + m′λ : m,m′ ∈ Z} is dense in R, so

there exists a pair of integers n0 and n′0 such that |a − b + n0 − n′0λ| <
r

2||l|| . Thus
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h

h + l

h + 2l

h′

h′ + l′

h′ + 2l′

Figure 3.2: Some h + kl and h′ + kl′ in Figure 1.1.

||(h1 + n0l)− (h′1 + n′0l′)|| < r/2, and ||(h + n0l)− (h′ + n′0l′)|| < r/2 + r/2 = r. We conclude

that S M contains two points for which the distance between them is less than any

r > 0, thus S M is not uniformly discrete. �

The above argument also works on those completely periodic surfaces such

that in any given periodic direction, there are at least two closed geodesics whose

length are not related by a rational multiple. Furthermore, Barak Weiss pointed

out that the proof above can be generalized into the following:

Theorem 3.0.3. (Weiss) The orbit of any point p ∈ R2 − (0, 0) under a non-arithmetic

lattice Γ in S L(2,R) is not uniformly discrete.

Proof. If Γ is cocompact then the Γ orbit is dense. This result is standard, see e.g.

[11]. If Γ is non-uniform then Γ must contain two non-commuting parabolic el-

ements. By conjugating Γ, we can assume that these elements are γ1 : (x, y) 7→
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(x, y + x) and γ2 : (x, y) 7→ (x + y, y). Because Γ is not arithmetic, Γp is not con-

tained in a lattice in R2, hence its projection on to the x or y axis is not in Zε for

any ε. It follows that there are points (x1, y1), (x2, y2) ∈ Γp such that x1/x2 < Q or

y1/y2 < Q. Suppose x1/x2 < Q, then given any r > 0, there is a pair of integers

m, n ∈ Z such that 0 < |(y1 + mx1) − (y2 + nx2)| < r/2. Let M be an integer such that

0 < |x2 − x1 − M((y1 + mx1) − (y2 + nx2))| ≤ r/2, then the distance between distinct

points γM
2 γ

m
1 (x1, y1) and γM

2 γ
n
1(x2, y2) in Γp is smaller than r. The same argument

works for the case when y1/y2 < Q. �

Remark 3.0.1. The proof above shows that as long as Γ contain two non-commuting

unipotent elements, any Γ-orbit is either contained in a lattice or not uniformly

discrete. Theorem 3.0.3 implies Theorem 3.0.2 if we choose p to be the holonomy

of a saddle connection and Γ as the Veech group.

Now we deal with the square-tiled case. This case is closely related to the clas-

sical case of the torus discussed in [27]. In this case, S M = {(p, q) : gcd(p, q) = 1}

Lemma 3.0.4. For any positive integer N, the set {(p, q) ∈ Z2 : gcd(p, q) ≤ N} is not

relatively dense in R2.

Proof. ([27]) Given R > 0, choose an integer n > 2R, and n2 distinct prime numbers

pi, j, 1 < i, j < n larger than N. Let qi =
∏

j pi, j and q′j =
∏

i pi, j. By the Chinese

remainder theorem there is an integer x such that for all i, x ≡ −i mod qi, and an

integer y such that for all j, y ≡ − j mod q′j. Hence for any two positive integers
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i, j ≤ n, (x + i, y + j) ∈ {(p, q) ∈ Z2 : gcd(p, q) > N}. In particular, there is a ball in R2

of radius R that does not contain points in the set {(p, q) ∈ Z2 : gcd(p, q) ≤ N}. �

Now we use the above lemma to show that if the surface M is square-tiled, S M

cannot be relatively dense.

Theorem 3.0.5. If M is a square-tiled lattice surface then S M is not relatively dense in

R2.

Proof. If M is square-tiled, we can assume that M is tiled be 1 × 1 squares. Let

N be the number of squares that tiled M, then M is an n-fold branched cover of

T = R2/Z2 branched at (0, 0). Therefore, the holonomy of any saddle connection

is in Z × Z. For any pair of coprime integers (p, q), let γ be the closed geodesic

in T starting at (0, 0) whose holonomy is (p, q). The length of γ is
√

p2 + q2. The

preimage of γ in M is a graph Γ. The vertices of Γ are the preimages of (0, 0),

while edges are the preimages of γ. The sum of the lengths of the edges of Γ is

N
√

p2 + q2. Any saddle connection of M in (p, q)-direction is a path on Γ without

self intersection, hence The length of such a saddle connection can not be greater

than N
√

p2 + q2. Hence, the holonomy of such a saddle connection is of the form

(sp, sq), s ∈ Z with |s| ≤ N. Thus, S M ⊂ {(p, q) ∈ Z2 : gcd(p, q) ≤ N}, so by Lemma

3.0.4 S M is not relatively dense in R2. �

Remark 3.0.2. It has been pointed out to the author that Lemma 3.0.4 implies that

the S L(2,Z) orbit of a finite set of points X ⊂ Z2 is not uniformly dense.
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Finally, when M is not a lattice surface, S M can be a Deloné set, which we will

show in Example below. This construction finishes the proof of Theorem 3.0.1.

Example. Let M1 be the branched double cover of R2/Z2 branched at points (0, 0)

and (
√

2 − 1,
√

3 − 1). Let M̃ be a Z2-cover which is a branched double cover of R2

branched at U = Z2 and at V = Z2 + (
√

2 − 1,
√

3 − 1), where the deck group action

is by translation. Then saddle connections on M1 lift to saddle connections on M̃,

and any two lifts have the same holonomy, hence S M1 is the same as S M̃, which

is the set of holonomies of line segments linking two points in W = U ∪ V which

do not pass through any other point in W. If a line segment links two points in

U, its slope must be rational or ∞, hence it would not pass through any point in

V . Furthermore, it does not pass through any other point in U if and only if its

holonomy is a pair of coprime integers. The same is true for line segments linking

two points in V . On the other hand, given any point p ∈ U and any point q ∈ V ,

a line segment from p to q has irrational slope hence cannot pass through any

other point in U or V , therefore the holonomy of such line segment can be any

vector in Z2 + (
√

2 − 1,
√

3 − 1). Similarly the holonomies of saddle connections

from V to U are Z2 − (
√

2 − 1,
√

3 − 1). Hence S M1 = {(a, b) ∈ Z2 : gcd(a, b) =

1} ∪ (Z2 + (
√

2 − 1,
√

3 − 1)) ∪ (Z2 − (
√

2 − 1,
√

3 − 1)), this set is uniformly discrete,

and the last two pieces are relatively dense.

�

The set S M is still far from being fully understood. For example, it would be
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interesting to know the answer to these questions:

1. Can the set of holonomy vectors of all saddle connections of a non-arithmetic

lattice surface be relatively dense?

2. Is there any characterization of the set of flat surfaces M such that S M are

Deloné, relatively dense or uniformly discrete?

3. Is there a surface M which is not a branched cover of the torus for which S M

is Deloné?
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CHAPTER 4

MINIMAL AREA OF TRIANGLES AND VIRTUAL TRIANGLES

4.1 Introduction

A natural way to characterize the complexity of a square-tiled surface is by con-

sidering the minimal number of squares needed to construct this surface. Anal-

ogously, for more general lattice surfaces, Vorobets [54], Smillie and Weiss [50]

established the existence of a lower bound of the area of an embedded triangle

formed by saddle connections. This minimal area also characterizes the complex-

ity of the surface in an analogous sense. In particular, if a surface M is tiled by N

squares, the minimal area of an embedded triangle formed by saddle connections

must be at least 1
2N of the total area. Hence, for a lattice surface M, we define the

minimal area of triangle AreaT (M) = inf{Area∆}/Area(M), where inf{Area∆} is the

minimal area of embedded triangles formed by saddle connections, and Area(M)

is the total area of the surface.

Furthermore, Smillie and Weiss [50] showed that given ε > 0, any flat surface

with AreaT > ε lies on one of finitely many Teichmüller curves. From this, they

developed an algorithm to find all lattice surfaces and list them in order of com-

plexity.
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A related notion introduced in [50] is the minimal area of a virtual triangle,

defined as AreaVT (M) = 1
2 infl,l′ ||l × l′||/Area(M), where l and l′ are holonomies of

non-parallel saddle connections, and Area(M) is the total area of the surface. Smil-

lie and Weiss [50] gave the first six lattice surfaces obtained by their algorithm.

Samuel Leliévre found further examples and showed that it is interesting to plot

AreaT against AreaVT . Yumin Zhong [59] showed that the double regular pentagon

has the smallest AreaT among non-arithmetic lattice surfaces.

In this chapter, we calculate the quantities AreaT and AreaVT of all published

primitive lattice surfaces except those in the Prym eigenform loci ofH(6). We also

provide a list of the Veech surfaces with AreaVT > 0.05.

In section 4.3, we calculate all the lattice surfaces with AreaVT > 0.05 using

the method outlined in [50] with some improvements which we describe there.

This method will eventually produce all lattice surfaces in theory, but the amount

of computation may grow very fast as the bound on AreaVT decreases. We show

that the published list of lattice surfaces is complete up to AreaVT > 0.05. More

specifically, we show the following:

Theorem 4.1.1. The following is a complete list of lattice surfaces for which AreaVT (M) >

0.05:

(1) Square-tiled surfaces having less than 10 squares. These are included in the “origami
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database” in [12] by Delecroix, there are of 315 of them up to affine transformation.

(2) Lattice surfaces inH(2) with discriminant 5, 8 or 17. There are 4 of them up to affine

transformation.

(3) Lattice surfaces in the Prym eigenform loci in H(4) with discriminant 8. There is

only 1 lattice surface of this type up to affine transformation.

There are two Teichmüller curves in H(2) that have discriminant 17, so there

are five different non-arithmetic lattice surfaces up to affine action that have

AreaVT > 0.05.

Together with the calculation on square-tiled surfaces done by Delecroix [12],

the numbers of surfaces for each given AreaVT > 0.05, up to affine transformation,

are calculated and summarized in Table 4.1.
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Table 4.1: Lattice surfaces with AreaVT > 0.5

AreaVT num. of surfaces

1/2 1 flat torus
1/6 1 square tiled
1/8 3 square tiled

1/10 7 square tiled
0.0854102 1 double regular pentagon

1/12 25 square tiled
0.0732233 1 regular octagon

1/14 40 square tiled
1/16 113 square tiled
1/18 125 square tiled

0.0531695 2 genus 2 lattice surface with discriminant 17
0.0517767 1 Prym surface in genus 3 with discriminant 8,

which is also the Bouw-Möller surface BM(3, 4)

In Section 4.2, we calculate the AreaT and AreaVT of lattice surfaces in H(2),

in the Prym loci of H(4), in the Bouw-Möller family, as well as in the isolated

Teichmüller curves discovered by Vorobets [54] and Kenyon-Smillie [30]. Fig-

ures 4.1-4.2 show the AreaT and AreaVT of these lattice surfaces.

These results are summarized in the following theorems:

Theorem 4.1.2. Let M be a lattice surface inH(2) with discriminant D. Then it holds:

• If D is a square,

AreaT (M) = AreaVT (M) =
1

2
√

D
.

21



0.02 0.04 0.06 0.08 0.1 0.12

1

2

3

4

5

6

7

8

·10−2

AreaT

AreaVT

Figure 4.1: Red, green, blue and black points correspond to non-square-tiled lat-
tice surfaces described in Theorem 4.1.2, 4.1.3, 4.1.4 and 4.1.5 respectively.

• If D is not a square, let eD be the largest integer satisfying eD ≡ D mod 2 and

eD <
√

D, then

AreaT (M) =

√
D − eD

4
√

D
, AreaVT (M) = min

 √D − eD

4
√

D
,

2 + eD −
√

D

4
√

D

 .
Theorem 4.1.3. Let M be a lattice surface in the Prym locus in H(4) with discriminant

D. Then:

• If D is a square,
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(a) Minimal area of triangle
and virtual triangle of lattice
surfaces in H(2) and their dis-
criminant. Red is AreaT , blue is
AreaVT .

100 200 300 400

5 · 10−2

0.1

D

AreaT and AreaVT

(b) Minimal area of triangle
and virtual triangle of lattice
surfaces in the Prym eigenform
loci in H(4) and their discrim-
inant. Red is AreaT , blue is
AreaVT .

Figure 4.2: The pattern is related to the fractional part of the sequence
√

n.

– If D is even,

AreaT (M) = AreaVT (M) =
1

2
√

D
.

– If D is odd,

AreaT (M) = AreaVT (M) =
1

4
√

D
.

• If D is not a square, denote by e′D the largest integer satisfying e′D
2
≡ D mod 8 and

e′D <
√

D, then:

– If
√

D − e′D < 4/3,

AreaT (M) = AreaVT (M) =

√
D − e′D
8
√

D
.

– If 4/3 <
√

D − e′D < 2,

AreaT (M) =

√
D − e′D
8
√

D
, AreaVT (M) =

2 + e′D −
√

D

4
√

D
.
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– If 2 <
√

D − e′D < 8/3,

AreaT (M) = AreaVT (M) =

√
D − e′D − 2

4
√

D
.

– If
√

D − e′D > 8/3,

AreaT (M) = AreaVT (M) =
4 −
√

D + e′D
8
√

D
.

Theorem 4.1.4. The values AreaT and AreaVT of lattice surfaces in the Bouw-Möller

family are as follows:

• If M is a regular n-gon where n is even,

AreaT (M) = AreaVT (M) =
4 sin

(
π
n

)2

n
.

• If M is a double n-gon where n is odd,

AreaT (M) =
2 sin

(
π
n

)2

n
, AreaVT (M) =

tan
(
π
n

)
sin

(
π
n

)
n

.

• If M is the Bouw-Möller surfaces S m,n, min(m, n) > 2:

Let

A =

n−1∑
k=1

sin
(
kπ
n

)2

·

m−2∑
k=1

sin
(
kπ
m

)
sin

(
(k + 1)π

m

)

+

m−1∑
k=1

sin
(
kπ
m

)2

·

n−2∑
k=1

sin
(
kπ
n

)
sin

(
(k + 1)π

n

)
.

– When m and n are both odd,

AreaT (M) = AreaVT (M) =
sin

(
π
m

)2
sin

(
π
n

)2
cos

(
π

min(m,n)

)
A

.
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– When m is odd, n is even, or n is odd, m is even,

AreaT (M) =
sin

(
π
m

)2
sin

(
π
n

)2
cos

(
π

min(m,n)

)
A

, AreaVT (M) =
sin

(
π
m

)2
sin

(
π
n

)2

2A
.

– When m and n both even,

AreaT (M) = AreaVT =
2 sin

(
π
m

)2
sin

(
π
n

)2
cos

(
π

min(m,n)

)
A

.

The formulas in Theorem 4.1.4 are derived by the eigenfunctions of grid graphs

in [28].

Theorem 4.1.5. The three lattice surfaces in [54] and [30] have the following AreaT and

AreaVT :

• The lattice surface obtained from the triangle with angles (π/4, π/3, 5π/12) has

AreaT = 1/8 −
√

3/24 ≈ 0.0528312, AreaVT =
√

3/6 − 1/4 ≈ 0.0386751.

• The lattice surface obtained from the triangle with angles (2π/9, π/3, 4π/9) has

AreaT ≈ 0.0259951, AreaVT ≈ 0.0169671.

• The lattice surface obtained from the triangle with angles (π/5, π/3, 7π/15) has

AreaT = AreaVT ≈ 0.014189.

The values of AreaT and AreaVT in Theorem 4.1.5 are calculated from the eigen-

vectors corresponding to the leading eigenvalues of graphs E6, E7 and E8.
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4.2 The Calculation of AreaT and AreaVT

We begin by proving Theorem 4.1.2.

Proof of Theorem 4.1.2. Veech surfaces in the stratum H(2) have been described

completely by Calta [8] and McMullen [39]. Each of them is associated with an

order with a discriminant D ∈ Z, D > 4, D ≡ 0 or 1 mod 4. There are two Te-

ichmüller curves in H(2) with discriminant D when D ≡ 1 mod 8. There is only

one Teichmüller curve inH(2) with discriminant D otherwise.

When D is a square, the lattice surfaces inH(2) with discriminant D are square-

tiled surfaces, so AreaT ≥
1

2
√

D
, and AreaVT ≥

1
2
√

D
. On the other hand, Corollary

A2 in [39], which gives a description of a pair of cylinder decompositions of such

surfaces, shows that AreaT ≤
1

2
√

D
, and AreaVT ≤

1
2
√

D
. Hence, when D is a square,

AreaT = AreaVT = 1
2
√

D
.

Now we consider the case when D is not a square. Consider an embedded tri-

angle on this lattice surface formed by saddle connections. The Veech Dichotomy

[53] says that the geodesic flow on a lattice surface is either minimal or completely

periodic. Hence, any edge of this triangle must lie on a direction where M can be

decomposed into 2 cylinders M = E1 ∪ E2, as shown in Figure 4.3, where the peri-
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E1

E2

c1

c2

h1

h2

Figure 4.3: A splitting into two cylinders

odic direction is drawn to be the horizontal direction.

Proposition 4.2.1. Given a 2-cylinder splitting, let as c1, c2 and h1, h2 be the circum-

ferences and heights of the two cylinders, choose the labels such that c1 < c2. Then,

AreaT = min
{

c1h1
2 , c1h2

2

}
, where the minimum is over all possible splittings.

Proof. For each splitting shown in Figure 4.4, c1h1
2 , c1h2

2 are the areas of triangle I

and triangle II respectively.

Given any embedded triangle formed by saddle connections, split the surface

in the direction of one of the sides of this triangle, denoted by a. Choose a as

the base, then the height of the triangle with regard to a can not be smaller than

the height of the cylinder(s) bordering a. Hence, if the splitting is as shown in

Figure 4.4, the area of this triangle can not be smaller than the minimum of the

27



c1

c2

h1

h2

I

II III
IV

Figure 4.4: The possible triangles.

areas of triangles I, II, III and IV. The area of triangle IV is strictly larger than

triangle II because it has the same height and a longer base. Furthermore, after a

re-splitting of the surface along the dotted line, the part to the right of the dotted

line and the part to the left of the dotted line form two cylinders E′1 and E′2. We

can see that the area of triangle III would be half of the area of E′2, in other words,

triangle III has area c′1h′1
2 , where c′i and h′i are the circumferences and heights of the

cylinders in the new splitting. �

According to Theorem 3.3 of [39], after a GL(2,R) action, we can make any

splitting into one of the finitely many prototypes. Each of these prototypes cor-

responds to an integer tuple (a, b, c, e), and is illustrated in Figure 4.5. Here

λ2 = eλ + d, bc = d, a, b, c ∈ Z, D = 4d + e2.

Define the number eD as the greatest integer that is both smaller than
√

D and
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λ

λ

a b

c

Figure 4.5: Prototypes inH(2).

congruent to D mod 2. Hence
√

D − eD ≤ 2. So,

min
M∈ED∩H(2)

AreaT (M) = inf
λ

(
λ2

2(d + λ2)
,

λ

2(d + λ2)

)
= min

 1

2
√

D
,

√
D − eD

4
√

D

 =

√
D − eD

4
√

D
.

Furthermore, when D ≡ 1 mod 8, (a, b, c, e) =

(
0, D−e2

D
4 , 1,−eD

)
and (a, b, c, e) =(

0, 1, D−e2
D

4 ,−eD

)
are prototypes of lattice surfaces that are not affinely equivalent,

according to Theorem 5.3 in [39]. The areas of red triangles corresponding to these

two prototypes dividing by the total area of these surfaces are both
√

D−eD

4
√

D
, hence

surfaces belonging to both components in ED ∩H(2) have the same AreaT . Hence,

AreaT (M) =
√

D−eD

4
√

D
for all non-square D and all M ∈ ED ∩H(2).

Now consider AreaVT . Split the surface in the direction of one of the saddle

connections as in Figure 4.3, then the other saddle connection has to cross through

either E1 or E2. So, the length of their cross product has to be larger than min{c1, c2−
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c1}min{h1, h2} = min{c1h2, h2(c2−c1), c1h1, h1(c2−c1)}. On the other hand, c1h2, h2(c2−

c2), and a1b1 are twice the areas of the blue, green, and red triangles respectively,

so

AreaVT = min
(
AreaT ,min

{
a2(b1 − b2)
2Area(M)

})
.

The second minimum goes through all 2-cylinder splittings, or equivalently, all

splitting prototypes. Hence,

min
{

a2(b1 − b2)
2Area(M)

}
= min

prototype

(b − λ)λ
2(d + λ2)

= min
prototype

2b − e −
√

D

4
√

D
.

Because 2b − e ≡ D mod 2,

2b − e −
√

D

4
√

D
≥

2 + eD −
√

D

4
√

D
.

On the other hand, the prototype (a, b, c, e) =

(
0, 1, D−e2

D
4 ,−eD

)
satisfies

2b − e −
√

D

2
√

D
=

2 + eD −
√

D

2
√

D
.

So,

min
M∈ED∩H(2)

AreaVT (M) = min
S V(M),

2 + eD −
√

D

4
√

D

 .
Therefore, when D . 1 mod 8, AreaVT (M) = min

( √
D−eD

4
√

D
, 2+eD−

√
D

4
√

D

)
.

When D ≡ 1 mod 8, the prototypes (a, b, c, e) =

(
0, eD + 1 − D−e2

D
4 ,

D−e2
D

4 , eD −
D−e2

D
2

)
and (a, b, c, e) =

(
1, eD + 1 − D−e2

D
4 ,

D−e2
D

4 , eD −
D−e2

D
2

)
lie on different Teichmüller

curves, and both of them satisfy 2b−e−
√

D
2
√

D
= 2+eD−

√
D

2
√

D
. Hence, both components

have the same AreaVT . In conclusion, AreaVT (M) = min
( √

D−eD

4
√

D
, 2+eD−

√
D

4
√

D

)
for all

M ∈ ED ∩H(2). �
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The proofs of Theorem 4.1.3-4.1.5 are similar. Suppose a triangle in a lattice

surface has the smallest area. By Veech dichotomy we can decompose the sur-

face into cylinders in the direction of an edge e, then the other edge e′ can not

cross more than one of such cylinders. Up to Dehn twists along those cylinders

(which would not change the cross product e × e′) there are only finitely pairs

for each cylinder decomposition. Enumerating all possible types (“prototypes”

in the proof of Theorem 4.1.2) of cylinder decompositions up to affine diffeomor-

phism; then for each of these prototype, enumerate all pairs of saddle connections

such that one is in the direction of the circumference, the other crosses one of the

cylinders, and that they are two edges of an embedded triangle, then AreaT is the

minimal of the areas of those embedded triangles. To simplify the result, we use

various geometric and arithmetic considerations as in the proof of Theorem 1.2 to

eliminate all but a few cases.

To calculate AreaVT , do as above while do not require the pair of saddle con-

nections to be two edges of a triangle.

For Theorem 4.1.3 the necessary prototypes of cylinder decompositions are de-

scribed in section 4 of [31]. They are parametrized by a 5-tuple (w, h, t, e, ε) ∈ Z5.

Here ε = ±1 is used to distinguish different types of cylinder configurations. For

example, when ε = 1, h > 0, 0 ≤ t < gcd(w, h), gcd(w, h, t, e) = 1, D = e2 + 8wh,

w > e+
√

D
2 > 0, let λ = e+

√
D

2 , then the prototype is as shown in Figure 4.6.
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(w, 0)
(t, h)

λ

λ

Figure 4.6: Prototypes inH(4).

For Theorem 4.1.4, the case of regular n-gon can be reduced to a spacial case of

the Bouw-Möller surfaces. For Bouw-Möller surfaces, by [56] their S L(2,R) orbits

have only two cusps when both m and n are even and only one cusp when other-

wise. The (m − 1) × (n − 1) grid graphs in [28] gives a Thurston-Veech structure of

Bouw-Möller surfaces, whose horizontal and vertical saddle connections are the

different when both m and n are even and the same when otherwise. Hence, they

provide all the possible cylinder decompositions up to affine action.

The (m−1)×(n−1) grid graph [28] Gm−1,n−1 is a ribbon graph that has (m−1)×(n−1)

vertices arranged in m − 1 rows and n − 1 columns, each representing a horizontal

or vertical cylinder. Up to an affine action, we can make the width of the i, j-th

cylinder to be sin(iπ/m) sin( jπ/n). Then A in the statement of Theorem 4.1.4 is the

total area of this surface, AreaT is obtained by finding the smallest rectangle ob-

tained by the intersection of those cylinders, and AreaVT is obtained by calculating
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the product of the shortest saddle connection in either horizontal or vertical direc-

tion and the minimal width of a cylinder in this direction. In the case when both

m and n are even, the surface constructed by the grid graph is a double cover of

the Bouw-Möller surface, hence the factor of 2 in this case.

For Theorem 4.1.5, in either of the 3 cases, a pair of cylinder decompositions

has been described in [33] by one of the three graphs E6, E7 or E8. The horizontal

and vertical cylinder decompositions are different, and since the Veech group is a

triangle group and the S L(2,R) orbit has only 2 cusps, these two cylinder decom-

position types are the only possible ones.

4.3 An enumeration of lattice surfaces with AreaVT > 0.05

Now we prove Theorem 4.1.1 using the algorithm in [50], which provides a way

to list all lattice surfaces and calculate their Veech groups. The algorithm is based

on analyzing all Thurston-Veech structures consisting of less than a given number

of rectangles.

Let M be a lattice surface. After an affine transformation, we can let the two

saddle connections that form the smallest virtual triangle be in the horizontal and
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the vertical directions without loss of generality. The Thurston-Veech construc-

tion [51] gives a decomposition of M into rectangles using horizontal and vertical

saddle connections. The surface M is, up to scaling, completely determined by

the configuration of those rectangles as well as the ratios of moduli of horizontal

and vertical cylinders. Hence, we can find all lattice surfaces with given AreaVT

by analyzing all possible Thurston-Veech structures.

Smillie and Weiss presented their algorithm in the following way:

1. Fix ε > 0, find all possible pairs of cylinder decompositions with less than⌊
1
2ε

⌋
rectangles (there are finitely many such pairs), calculate their intersec-

tion matrices and decide the position of cone points.

2. For any number k, find all possible Dehn twist vectors for a k-cylinder de-

composition.

3. Use the result from Step (1) and (2) to determine the shape of all possible flat

surfaces, and rule out most of them with criteria based on [50], which we

will state explicitly later.

4. Rule out the remaining surfaces by explicitly finding pairs of saddle connec-

tions with holonomy vectors l, l′ such that ||l×l′ ||
2Area(M) < ε.

In step (2) and (3), we made some modification to improve the efficiency, which
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we will describe below.

Now we describe these steps in greater detail.

Step 1: Choose ε = 0.05, find all possible pairs of cylinder decompositions with

less than
⌊

1
2ε

⌋
= 10 rectangles. Calculate their intersection matrices and decide the

position of cone points.

A pair of cylinder decompositions partition the surface into finitely many rect-

angles. Let r be the permutation of those rectangles that send each rectangle to

the one to its right, and r′ be the permutation that send each rectangle to the one

below, then the cylinder intersection pattern can be described by these two per-

mutations. According to [50], if M is a lattice surface with AreaVT = ε, the pair

of cylinder decomposition described as above have to decompose the surface into

fewer than 1
2ε rectangles. Therefore, in this step, we only need to find all transitive

pairs of permutations of 9 or less elements up to conjugacy. Furthermore, we do

not need to consider those pairs that correspond to a surface of genus 2 or lower,

because lattice surfaces of genus 2 or lower have already been fully classified. We

also disregard those with one-cylinder decomposition in either the horizontal or

vertical direction, because in either case the surface is square-tiled. In order to

speed up the conjugacy check of pairs of permutations, we firstly computed the

conjugacy classes of all permutations of less than 10 elements and put them in a
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look-up table. Then, whenever we need to check if r1, r′1 and r2, r′2 are conjugate,

we can first check if r1 and r′1, as well as r2 and r′2, belong to the same conjugacy

classes.

Next, we calculate the following data for these cylinder decomposition: (1) the

intersection matrix A; (2) three matrices V,H,D, with entries either 0 or 1, defined

as follows:

• V(i, j) = 1 iff the i-th horizontal cylinder intersects with the j-th vertical

cylinder, and in their intersection there is at least one rectangle such that

its upper-left and lower-left corners, or upper-right and lower-right corners

are cone points;

• H(i, j) = 1 iff the i-th horizontal cylinder intersects with the j-th vertical

cylinder, and in their intersection there is at least one rectangle such that its

upper-left and upper-right corners, or lower-left and lower-right corners are

both cone points;

• D(i, j) = 1 iff the i-th horizontal cylinder intersects with the j-th vertical

cylinder, and in their intersection there is at least one rectangle such that

its lower-right one and the upper-left corners are both cone points.

The matrices V,H,D will be used in the criteria in step 3. To decide whether or not

the lower-right corner of the i-th rectangle is a cone point, we calculate r′r(i) and

36



rr′(i) and check if they are different.

Step 2: For any number k, find all possible Dehn twist vectors for a k-cylinder

decomposition.

Equation (9) in the proof of Proposition 3.6 of [50] shows that, if the ratio be-

tween the i-th and the j-th entries of a Dehn twist vector is p/q, where p, q are

natural numbers and gcd(p, q) = 1, then pq ≤ AiA j/β
2, where β is a lower bound

of AreaVT , and Ai is the area of the i-th cylinder divided by the total area. On the

other hand, by Cauchy-Schwarz inequality,

∑
i, j

AiA j =
1
2


∑

i

Ai

2

−
∑

i

A2
i


=

1
2

1 −∑
i

A2
i

 ≤ 1
2

1 − 1
k

∑
i

Ai

2
=

k − 1
2k

.

Hence, we have:

Proposition 4.3.1. The vector (n1, . . . , nk) cannot be a Dehn twist vector for a surface

with AreaVT < β if
∑

1≤i< j≤k si j ≤
k−1
2kβ2 , where si j = nin j/ gcd(ni, n j)2.

�

Step 3: Determine the shape of possible surfaces, rule out most of those with
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area of virtual triangle smaller than ε = 0.05.

For each tuple (A,V,H,D) obtained in step 1, and each Dehn twist vector ob-

tained in step 2, we can calculate the widths and circumferences of cylinders by

finding Peron-Frobenious eigenvector as in [51]. Then, we normalize the total area

to 1 and check them against the following criteria:

1. Let wi and w′j be the widths of the i-th and j-th cylinder in the horizontal

and the vertical directions, then wiw′j > 1/10. This follows from the proof of

Proposition 5.1 in [50].

2. Let ci and c′j be the circumference of the i-th and j-th cylinder in the hor-

izontal and vertical direction respectively. If the ratio between the moduli

of the i-th horizontal cylinder and the i′-th horizontal cylinder is p/q, where

p, q are coprime integers, then ciwi′/q > 1/10. This follows from the proof of

Proposition 3.5.

3. With the same notation as above, if there are two cone points on the bound-

ary of i-th horizontal cylinder with distance w′j, and w′j is not k0ci/q for some

integer k0, then for any integer k, max(|w′j − kc j/q|, (ci/q − |w′j − kci/q|)/2)wi′ >

1/10. This is due to an argument similar to the proof of Proposition 3.5 as

follows: after a suitable parabolic affine action we can assume that there is a

vertical saddle connection crossing the i′-th cylinder. Let the holonomy vec-

tors of two saddle connections crossing the i-th cylinder from a same cone
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point to those two cone points be (x + nci,wi) and (x + w′j + n′ci,wi), where

n, n′ ∈ Z. Do a parabolic affine action on the surface that is a Dehn twist on

the i′-th cylinder, then their holonomy vectors will become (x + rci/q + nci,wi)

and (x+w′j +rci/q+n′c j,wi), where gcd(r, q) = 1. Repeatedly doing such affine

actions, we can see that the absolute value of horizontal coordinate of the

holonomy vector of at least one saddle connection we get is nonzero and no

larger than max(|w′j − kc j/q|, (ci/q − |w′j − kci/q|)/2).

4. Criteria (2) and Criteria (3) apply to vertical, instead of horizontal cylinders.

5. The cross product of the holonomy vectors of diagonal saddle connections

from the upper-left corner to the lower-right corner must be either 0 or larger

than 1/10.

In our calculation, we used an optimization which rules out some Dehn twist

vectors before the calculation of Peron-Frobenious eigenvector. Firstly, in Step 1,

we label the cylinders by the number of rectangles they contain in decreasing or-

der. Then, when we generate Dehn twist vectors, we calculate the product of the

last two entries. Now the last two horizontal or vertical cylinders always have the

least number of rectangles, and the sum of their areas is less than (1 − c/10) of the

total area, where c is the number of rectangles not in these two cylinders. Hence,

we can bound the product of their areas which in turn gives an upper bound on

the product of the last two elements of the Dehn twist vector. We used the C++

linear algebra library Eigen, and the first 3 steps were done in a few hours.
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If a 4-tuple (A,V,H,D) and a pair of Dehn twist vectors pass through all the

above-mentioned tests, they are printed out together with the eigenvector (wi).

Below is a sample of the output of this step:

A =

 3 1 1

1 0 0

 ,V =

 1 1 1

1 0 0

 ,H =

 1 0 1

1 0 0

 ,D =

 1 0 1

1 0 0


n = (2, 7), n′ = (2, 5, 5),w = (1, 1)

A =

 6 1

1 1

 ,V =

 0 0

0 0

 ,H =

 0 0

0 0

 ,D =

 0 0

0 1


n = (1, 4), n′ = (1, 4),w = (1, 1.23607)

n = (2, 7), n′ = (2, 7),w = (1, 1)

A =

 5 2

1 1

 ,V =

 0 0

0 0

 ,H =

 1 0

0 0

 ,D =

 1 0

0 1


n = (2, 7), n′ = (1, 2),w = (1, 1)

A =

 6 1

2 0

 ,V =

 1 1

0 0

 ,H =

 1 1

1 0

 ,D =

 0 1

0 0


n = (1, 4), n′ = (1, 16),w = (1, 1)

n = (2, 7), n′ = (1, 8),w = (1, 1)
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A =

 5 1 1

1 1 0

 ,V =

 1 0 1

0 0 0

 ,H =

 1 0 1

0 0 0

 ,D =

 1 0 1

0 1 0


n = (1, 4), n′ = (1, 3, 12),w = (1, 1)

n = (2, 7), n′ = (1, 3, 6),w = (1, 1)

Each 4-tuple (A,V,H,D) is followed by pairs of Dehn twist vectors n, n′ in the

horizontal and vertical directions respectively, and a vector of widths w. This

section of the output described 8 combinations of (A,V,H,D) and Dehn twist vec-

tors, only the second one will result in a non-arithmetic surface, while other line

all correspond to square-tiled cases, which we verified through integer arithmetic.

After collecting all tuples (A,V,H,D) that may generate non-arithmetic surfaces

that pass the test in this step, we can use the same algorithm in step 1 to find all

pairs of permutations corresponding to these tuples, hence completely decide the

shape of surfaces we need to check in the next step.

Step 4: After the previous 3 steps, we can show that any non square-tiled lat-

tice surface with area of the smallest virtual triangle larger than 1/20 is either of

genus 2, or GL(2,R)-equivalent to one of the 50 remaining cases. Two of them are

the Prym eigenform of discriminant 8 in genus 3. By finding saddle connections

on the remaining 48 surfaces by hand, we showed that none of them has AreaVT

greater than 1/20.
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0 1 2 3 4 5 6

7 8

Figure 4.7: Permutations: (in cycle notation) (0, 1, 2, 3, 4, 5, 6)(7, 8),
(0, 4, 6, 3, 5, 2, 8)(1, 7); Dehn twist vectors: (1, 4), (1, 4). Dots are cone points.
The holonomies of the two red saddle connections depicted have a cross product
less than 1/10 of the surface area.

An example of one of the 48 surfaces is shown in Figure 4.7.

Below is the list of all the 48 surfaces we checked by hand, none has AreaVT >

1/20. All surfaces are represented by a pair of permutations (written in cycle nota-

tion, the i-th cycle is the i-th (horizontal or vertical) cylinder) and two Dehn twist

vectors.

1. Dehn twist vectors: (3,4), (1,2);

pair of permutations:

(0,1,2,3,4)(5,6,7,8), (0,3,1,6,5,8)(4,2,7)

2. Dehn twist vectors: (1,4), (1,4);

pairs of permutations:

(0,1,2,3,4,5,6)(7,8), (0,3,4,5,6,2,8)(1,7)
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(0,1,2,3,4,5,6)(7,8), (0,4,3,5,6,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,5,3,4,6,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,4,5,3,6,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,3,5,4,6,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,5,4,3,6,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,6,3,4,5,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,4,6,3,5,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,5,6,3,4,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,4,5,6,3,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,6,3,5,4,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,5,4,6,3,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,3,6,4,5,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,6,4,3,5,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,5,3,6,4,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,6,4,5,3,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,3,5,6,4,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,5,6,4,3,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,3,5,6,4,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,3,4,6,5,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,4,3,6,5,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,6,5,3,4,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,4,6,5,3,2,8)(1,7)

(0,1,2,3,4,5,6)(7,8), (0,3,6,5,4,2,8)(1,7)
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3. Dehn twist vectors: (1,2), (1,3);

pairs of permutations:

(0,1,2,3,4)(5,6,7), (0,5,1,6,2,7)(3,4)

(0,1,2,3,4)(5,6,7), (1,4,6,2,3,5)(0,7)

4. Dehn twist vectors: (1,2), (1,2);

pairs of permutations:

(0,1,2,3,4)(5,6,7), (0,2,4,6,7)(1,3,5)

(0,1,2,3,4)(5,6,7), (0,4,3,6,7)(1,2,5)

(0,1,2,3,4)(5,6,7), (0,5,2,3,7)(1,3,6)

(0,1,2,3,4)(5,6,7), (1,3,6,2,5)(0,4,7)

(0,1,2,3,4)(5,6,7), (0,5,1,4,7)(2,3,6)

(0,1,2,3,4)(5,6,7), (0,6,2,3,7)(1,4,5)

(0,1,2,3,4)(5,6,7), (0,5,1,3,7)(2,4,6)

(0,1,2,3,4)(5,6,7), (0,4,6,2,7)(1,3,5)

(0,1,2,3,5)(5,6,7), (0,6,3,2,7)(1,4,5)

5. Dehn twist vectors: (1,2), (1,1);

pair of permutations:

(0,1,2,3,4)(5,6,7), (0,3,6,7)(1,4,2,5)

6. Dehn twist vectors: (2,7), (2,7);

pair of permutations:

(0,1,2,3,4,5)(6,7), (0,3,4,5,2,7),(1,6)

7. Dehn twist vectors: (1,1), (1,1);

pair of permutations:
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(0,1,2,3)(4,5,6), (0,3,5,6)(1,2,4)

8. Dehn twist vectors: (1,2), (1,2);

pairs of permutations:

(0,1,2,3)(4,5,6), (0,3,5,6)(1,2,4)

(0,1,2,3)(4,5,6), (0,2,4,6)(1,3,5)

(0,1,2,3)(4,5,6), (1,4,2,5)(0,3,6)

(0,1,2,3)(4,5,6), (1,5,2,4)(0,3,6)

(0,1,2,3)(4,5,6), (0,2,4,6)(1,5,3)

(0,1,2,3)(4,5,6), (0,1,4,6)(2,5,3)

9. Dehn twist vectors: (1,3), (1,3);

pairs of permutations:

(0,1,2,3,4)(5,6), (0,3,4,2,6)(1,5)

10. Dehn twist vectors: (1,3), (1,3);

pairs of permutations:

(0,1,2,3)(4,5), (0,2,3,5)(1,4)

(0,1,2,3)(4,5), (0,1,3,5)(2,4)

And the two lattice surfaces that are Prym eigenforms in genus 3 are as follows:

• Dehn twist vectors (1,1,1), (1,1,1);

pairs of permutations:

(0,1,2)(3,4)(5,6), (0,4,6)(1,5)(2,3)

(0,1,2)(3,4)(5,6), (1,4,5)(0,6)(2,3).
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CHAPTER 5

ABELIAN COVERS OF THE FLAT PILLOWCASE

5.1 Introduction

The flat pillowcase has a half translation structure, which induces a half-

translation structure on its branched covers. The abelian branched covers of a

flat pillowcase is an important class of translation surface. They have been used

in the Bouw-Möller construction, which we will deal with in the next chapter.

Furthermore, their Lyapunov exponents have been calculated, and some of them

have been used to construct interesting examples, for example in Lucien Clavier’s

PhD thesis [9].

In this chapter, we give a comprehensive treatment of the relative cohomol-

ogy of branched abelian normal covers of the flat pillowcase, the action of the

affine diffeomorphism group of these branched cover on their relative cohomol-

ogy, as well as invariant subspaces under this group action. These subspaces are

orthogonal under an invariant Hermitian norm. The corresponding question for

absolute cohomology is a classical one related to the monodromy of the hyperge-

ometric functions which dates back to Euler and is outlined in [13] (see also [56]).

Most previous work on this topic focuses on the case of absolute cohomology,

and uses holomorphic methods. Due to the recent interest in translation surfaces
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and S L(2,R)-orbit closures in them, there is also interest in the relative cohomol-

ogy H1(M,Σ;C) because the relative cohomology is the tangent space of strata,

and because these branched covers are in S L(2,R) closed orbits. For example,

Matheus and Yoccoz [38] calculate the action of the full affine group on the rel-

ative cohomology of two well-known translation surfaces, the Wollmilchsau and

the Ornithorynque, both of which are examples of abelian branched covers of the

flat pillowcase. In this chapter, we will give a complete description of the action

of the full affine group on relative cohomology of all abelian branched covers of

the pillowcase.

We will begin by showing that there is a direct sum decomposition of the rela-

tive cohomology, and calculate the dimension of the summands.

Theorem 5.1.1. Let M be a branched cover of the pillowcase with deck group G. Let

Σ ⊂ M be the preimage of the four cone points of the pillowcase. Let ∆ be the set of

irreducible representations of the finite abelian group G. These are all one dimensional,

hence are homomorphisms from G to C∗. Deck transformations give an action of G on

H1(M,Σ;C). Let H1(ρ) be the sum of G-submodules of H1(M,Σ;C) isomorphic to ρ.

1.

H1(M,Σ;C) =
⊕
ρ∈∆

H1(ρ)

this decomposition is preserved by the action of the affine group Aff, while the factors

may be permuted.
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2. The dimension of H1(ρ) is 3 if ρ is the trivial representation and 2 otherwise.

The space H1(ρ) can also be described as cohomology of the pillowcase with

twisted coefficients as in [13], [52]. Let H1
abs(ρ) be the sum of G-submodules of

H1(M;C) isomorphic to ρ, then there is also a splitting H1(M) =
⊕

ρ
H1

abs(ρ) which

was described in [56].

There is a natural projection r : H1(M,Σ;C) → H1(M;C) induced by the in-

clusion (M, ∅) → (M,Σ), which is also equivariant under the deck group G. The

kernel of r is called the rel-space. It is interesting to know when this projection

splits equivariantly, in other words, when rel has an Aff-invariant complement.

Because r is G-equivariant and surjective, it sends H1(ρ) surjectively to H1
abs(ρ).

For abelian branched covers of the pillowcase, we can describe r by describing its

restriction to each H1(ρ). The result can be summarized as follows:

Theorem 5.1.2. Let M, Σ, r be as above, let gi, i = 1, 2, 3, 4 be the elements in deck group

G that correspond to the counterclockwise loops around the 4 cone points of the pillowcase,

then:

1. If two or four of the four ρ(g j) are equal to 1 then r|H1(ρ) = 0, hence H1
abs(ρ) = 0.

2. If only one of the four ρ(g j) is 1 then ker(r|H1(ρ))→ H1(ρ)→ r(H1(ρ)) does not split

as a Γ-module. In this case H1
abs(ρ) has dimension 1.
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3. In all other cases, r|H1(ρ) is bijective hence splits. In this case H1
abs(ρ) has dimension

2.

In summary, r : H1(M,Σ;C) → H1(M;C) splits if and only if case (2) does not appears,

i.e. if and only if for any i ∈ {1, 2, 3, 4}, either the subgroup generated by gi, (gi), contains

g j for some j , i, or G/(gi) = (Z/2)2.

For example, when M is the Wollmilchsau, r splits, because (g1) = (g2) = (g3) =

(g4) = G [38].

The dimension of H1
abs(ρ) was calculated in [56].

There is a natural invariant Hermitian form on H1(M,Σ;C) (see [13], [52] or

Section 5.4). In case (1) this form is trivial, in case (2) this form induces an Eu-

clidean structure on its complex projectivization P(H1(ρ)), and in case (3) it may

be positive definite, negative definite or indefinite, depending on the arguments

of ρ(gi), hence induces either a spherical or hyperbolic structure on P(H1(ρ)). The

relation between the signature of this Hermitian form on H1(ρ) and the arguments

of ρ(gi) was given in [13] as a consequence of Riemann-Roch, and a more elemen-

tary proof is included here as Theorem 5.4.1.

In section 5.5 we will describe a subgroup of finite index Γ1 of the affine diffeo-
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morphism group. The subspaces H1(ρ) are invariant under Γ1 and the action of Γ1

can be described as follows:

Theorem 5.1.3. If ρ satisfies the conditions in case (2) and (3) of Theorem 5.1.2, the

action of Γ1 ⊂ Aff on PH1(ρ) = CP1 factors through an index-2 subgroup of a (Euclidean,

hyperbolic or spherical) triangle group.

By considering the angles of the corresponding triangle, we can easily deter-

mine when Γ1, hence the Aff, acts discretely on H1(ρ).

As an application of these results, we will construct examples of translation

surfaces, which answer a question of Smillie and Weiss. In [48], they use these

examples to show that horocycle orbit closures in strata may be non-affine. For

their examples, Smillie and Weiss require that there is an invariant subspace of

H1(M,Σ;C) defined over R. Define complex conjugation in H1(M,Σ;C) by the

complex conjugate in coefficient field C. For any subspace N ⊂ H1(M,Σ;C), let

N be the complex conjugate of N. A complex subspace N is defined over R i.e.

N = Re(N) ⊗ C, if and only if N = N.

Proposition 5.1.4. There is a square-tiled surface M on which all points in Σ are singular,

constructed as a normal abelian branched cover of the flat pillowcase such that:

1. there is a direct sum decomposition H1(M,Σ;C) = N ⊕ N ⊕ H preserved by the

action of the group of orientation preserving affine diffeomorphisms. Furthermore,

50



H is defined over R.

2. there is a positive or negative definite Hermitian norm on N invariant under the

affine diffeomorphism group action

3. the affine diffeomorphism group action on N does not factor through a discrete group.

Remark 5.1.1. The decomposition H1(M,Σ;C) = N⊕N⊕H implies that H1(M,Σ;R) =

Re(N)⊕Re(H). Furthermore, N, N and H are orthogonal to each other with respect

to the invariant Hermitian form, and the tangent space of the GL(2,R) orbit of M

lies in H

Hubert-Schmithüsen [29] gave a proof of the non-discreteness of the action of

the affine group in some cases using Lyapunov exponents and Galois conjugation.

Forni-Matheus-Zorich [23], Bouw-Möller [6], Deligne-Mostow [13], Thurston [52],

Alex Wright [56], McMullen [42] and Eskin-Kontsevich-Zorich [15] calculated the

action on cohomology and provided discreteness criteria under different contexts.

We will give a description of the affine diffeomorphism group of these sur-

faces in Section 5.2, and define the group Γ. In Section 5.3, we will prove Theorem

5.1.1. In Section 5.4, we define and calculated the signature of an invariant Her-

mitian form. In Section 5.5 we will define Γ1 and prove Theorem 5.1.2 and 5.1.3.

In Section 5.6 we will discuss the discreteness criteria and construct examples that

establish Proposition 5.1.4. As pointed out by Alex Wright, the existence of ex-

amples answering the question of Smillie and Weiss follows from the following

ingredients: firstly, Theorem 5.1.1, secondly, a signature calculation of the Hodge
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form on each component, and thirdly, a discreteness criteria. The discreteness cri-

teria and signature calculation in [13], together with Theorem 5.1.1, are already

enough for the construction of many such examples.

We will now set up some notation to describe normal branched covers of the

pillowcase. Let P be the unit flat pillowcase with four cone points z1, z2, z3 and z4

of cone angle π. We build P by identifying edges with the same label as in Figure

5.1:

e2

z3
e3

z4

e4

z1
e1

z2

e2

z3
e3

z4

e4

B2

B1

Figure 5.1: A flat pillowcase.

Let G be a finite group and g = (g1, . . . , g4) ∈ G4 a 4-tuple of elements in G such

that g1g2g3g4 = 1. Let M = M(G, g) be the connected normal branched cover of P

branching at z1, . . . z4, with deck transformation group G acting on the left. Let l j

be a simple loop around z j that travels in counter-clockwise direction on P based

in B1. It lifts to a path from the preimage of B1 in the g-th sheet of the cover to the

preimage of B1 in the gg j-th sheet. In other words, g gives a group homomorphism
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from

π1(P − {z1, z2, z3, z4}) = 〈l1, l2, l3, l4|l1l2l3l4 = 1〉

to G. Here the homomorphism defined by g sends the element in π1(P −

{z1, z2, z3, z4}) represented by l j to g j ∈ G. The connectedness of M is equivalent

to the condition that {g1, . . . , g4} generate G. Let Σ denote the set of preimages of

all points z j, j = 1, . . . , 4. The surface M has a half translation structure induced by

the half translation structure on P.

When the orders of g j are all even, all the holonomies are translations and M is

a translation surface. When the order of g j is 2, the corresponding vertex has cone

angle 2π. When none of the orders of g j is 2, Σ consists of actual cone points of M,

in which case Aff is the affine diffeomorphism group.

The decomposition of P into two squares in figure 5.1 induces a cell decompo-

sition on M(G, g), which can be described as |G|-copies of pairs of squares labeled

by elements in G as B1
g, B2

g, that are glued together by identifying edges e j
g and e j′

g′

when j = j′ and g = g′, so that the directions indicated by the arrows match:
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e2
gg2

z3

e3
gg2g3 z4

e4
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z1

e1
g

z2

e2
g

z3
e3

g

z4

e4
g

B2
g

B1
g

Figure 5.2: A leaf in the branched cover.

For example, in our notation the Wollmilchsau [21, 26] is M(Z/4, (1, 1, 1, 1)), can

be presented as the union of the following squares with indicated gluings :

e2
1

z3
e3

2 z4

e4
3

z1z2

e2
0

z3
e3

0

z4

e4
0

B2
0

B1
0

e2
2

z3
e3

3 z4

e4
0

z1z2

e2
1

z3
e3

1

z4

e4
1

B2
1

B1
1

e2
3

z3
e3

0 z4

e4
1

z1z2

e2
2

z3
e3

2

z4

e4
2

B2
2

B1
2

e2
0

z3
e3

1 z4

e4
2

z1z2

e2
3

z3
e3

3

z4

e4
3

B2
3

B1
3

Figure 5.3: Wollmilchsau as a branched cover of the flat pillowcase. Its affine orbit
has 0 lyapunov exponent. This is also used in [9].

As another example, let G = Z/3 and g = (0, 1, 1, 1). In this case M = M(G, g) is

a half translation surface and the gluing is as follows:
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2

Figure 5.4: M(Z/3, (0, 1, 1, 1)).

Our notation is closely related to but not identical with that used in [56].

In [56], an abelian branched cover of P is described by a positive integer N

and a n-by-4 matrix A, and is denoted by MN(A). In our notation, it becomes

M(span(q1,q2,q3,q4),

(q1,q2,q3,q4)), where q j ∈ (Z/N)n are the column vectors of A.

Now we describe the action of the deck group G on M(G, g). An element h ∈ G

sends Bk
g to Bk

hg and ek
g, to ek

hg. The deck group action induces a right G-action on

H1(M,Σ;C) that makes it a right G-module.

55



5.2 Affine diffeomorphisms

From now on we assume that G is abelian, though many of our arguments work

for any finite group. At the end of this section we will point out the modifications

required in the non-Abelian case.

In this section we will calculate Aff = Aff(M(G, g)), as well as the Veech group.

Our method is inspired by the coset graph description used in [45]. One dis-

tinction between the two approaches is that we consider the whole affine diffeo-

morphism group while [45] considers the Veech group. Fixing G, let V be the set

of all 4-tuples of elements in G: h = (h1, h2, h3, h4) such that {h1, h2, h3, h4} generates

G and h1h2h3h4 = 1. Each 4-tuple in V is associated with a square-tiled surface

M(G,h) which is equipped with a cell decomposition labeled as in figure 5.2. An

element F in Aff induces an automorphism of the deck group G by g 7→ FgF−1,

i.e. there is a group homomorphism Aff → Aut(G). We denote by Γ the kernel of

this homomorphism. Because Aut(G) is a finite group, Γ is a subgroup of Aff with

finite index.

We will show that all orientation preserving affine diffeomorphisms between

various surfaces M(G,h) with G fixed and h varying in V , that preserves Σ are com-

positions of a finite set of affine diffeomorphisms. We call this set the set of basic

affine diffeomorphisms, and we will describe them below. In our discussion we
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will be dealing with both translation surfaces and half translation surfaces. It will

be convenient to view the derivative of an affine diffeomorphism as an element of

PGL(2,R) = GL(2,R)/{±I}. We will call an affine translation diffeomorphism a half

translation equivalence when its derivative is 1 in PGL(2,R).

Now we define four of the five classes of the basic affine diffeomorphisms:

(i) Rotation: For any (h1, h2, h3, h4) ∈ V , let t(h1,h2,h3,h4) be the map from

M(G, (h2, h3, h4, h1)) to M(G, (h1, h2, h3, h4)) that sends B1
e of M(G, (h2, h3, h4, h1))

to B1
e of M(G, (h1, h2, h3, h4)) by rotating counterclockwise by π/2.

(ii) Deck transformation: For any (h1, h2, h3, h4) ∈ V , g ∈ G, let rg,h be the deck

transformation g in M(G,h). Its derivative is the identity.

(iii) Interchange of B1 and B2: For any (h1, h2, h3, h4) ∈ V , let f(h1,h2,h3,h4) be the map

from M(G, (h2, h1, h−1
1 h4h1, h2h3h−1

2 )) to M(G, (h1, h2, h3, h4)) which interchanges

B1
g and B2

g by a rotation of π.

(iv) Relabeling: For any (h1, h2, h3, h4) ∈ V , ψ ∈ Aut(G), let mψ be the map from

M(G,h) to M(G, ψ(h)) that sends B j
g to B j

ψ(g). Its derivative is the identity.

We claim that:

Lemma 5.2.1. Any half translation equivalence from M(G,h) to M(G,h′) can be written

as composition of basic affine diffeomorphisms t2, r, f and m.
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Proof. Let F0 be such a half translation equivalence. Denote the unit element of G

as e. By our assumption, F0 preserves Σ, hence it is a permutation of unit squares

that tiled M and M′. More precisely, F0 is completely determined by the following

data: i) the induced automorphism ψ of deck group, ii) a number j = 1 or 2, which

is 1 when B1 and B2 are taken to themselves and 2 when they are interchanged, an

element g ∈ G, such that F0(B1
e) = B j

g, and iii) a number s, which is 0 if F−1
0 (e1

g) is e1
e ,

1 if F−1
0 (e1

g) is e3
e . Hence, F0 = mψt2s f j−1rg. �

For general orientation preserving affine diffeomorphism F, its derivative DF

will be in PS L(2,Z). We add another class of basic affine diffeomorphisms:

(v) Shearing: For any (h1, h2, h3, h4) ∈ V , let s(h1,h2,h3,h4) be a map from

M(G, (h1h2h−1
1 , h1, h3, h4)) to M(G, (h1, h2, h3, h4)) that sends e3

1 to e3
1 and has

derivative

 1 −1

0 1

.
Because the derivative of s and t generate PS L(2,Z), by successively compos-

ing with s and t we can reduce to the case when the derivative is the identity.

Hence given any h,h′ ∈ V , any affine diffeomorphism from M(G,h) to M(G,h′)

that sends Σ to Σ, or more specifically, any element in Aff, is a composition of the

five classes of maps described above. Because m commutes with other 4 classes of

diffeomorphisms, i.e.

mψth = tψ(h)mψ
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mψrg,h = rψ(g),ψ(h)mψ

mψ fh = fψ(h)mψ

mψsh = sψ(h)mψ

any F ∈ Aff can be written as F = F1mψ where F1 is a composition of t, s, r and f ,

while ψ is the automorphism of deck group induced by F. Hence, elements in Γ

can be written as successive compositions of t, r, f and s.

As in [45], we will define a directed graph D with vertex set V . Each element

h ∈ V corresponds to a surface M(G,h). An edge in the graph corresponds to a

basic affine diffeomorphism between two M(G,h). Paths starting and ending at

M(G, g) correspond to elements in Aff. Now the fact that any affine diffeomor-

phism is a successive composition of t, s, r, f , and m means that the map from the

set of such paths to Aff is surjective. Similarly, let D0 be graph D with those edges

corresponding to m removed, then the set of paths starting and ending at g in D0

maps surjectively to Γ.

Consider the example for which G = Z/6 and g = (1, 1, 1, 3). This example is the

Ornithorynque (c.f.[22]). In the following figure we give the connected component

of D that contains g, with loops corresponding to deck transformation (i.e. all the

r arrows) omitted:

59



(1, 1, 1, 3) (1, 1, 3, 1) (1, 3, 1, 1) (3, 1, 1, 1)

(5, 5, 5, 3) (5, 5, 3, 5) (5, 3, 5, 5) (3, 5, 5, 5)
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t t t

t

t t t

t
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s

s

s
ss s

f

f

f

f

f

f

f

f

Figure 5.5: Connected component of the graph D for the Ornithorynque, with r
arrows removed.

Aff of the Ornithorynque can be calculated by finding loops in D that start and

end at g = (1, 1, 1, 3). In this case, Aff is generated by t f , s, and r2,(1,1,1,3).

The Veech group is the subgroup of S L(2,R) generated by the derivative of

these generators.

We will show in the next section that the subspaces H1(ρ) in Theorem 5.1.1 are

invariant under Γ.
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This method of calculating Aff does not use the fact that G is abelian in any

way.

5.3 An invariant decomposition of relative cohomology

We will now prove Theorem 5.1.1. Furthermore, we will show that H1(ρ) are in-

variant under Γ described in the previous section. The proof below can also be

viewed as calculation of cohomology with twisted coefficients of P, c.f. [25]

Proof of Theorem 5.1.1. Let M = M(G, g), Σ ⊂ M as in Section 5.1, consider the rela-

tive cellular cochain complex

0→ C1(M,Σ;C)→ C2(M,Σ;C).

We can identify C1(M,Σ;C) with (C[G])4 as a right-G module by writing m ∈

C1(M,Σ;C) as

(
∑

g

m(e1
g)g−1,

∑
g

m(e2
g)g−1,

∑
g

m(e3
g)g−1,

∑
g

m(e4
g)g−1) ∈ (C[G])4.

We can also identify C2(M,Σ;C) with (C[G])2 as a right-G module by writing n ∈

C2(M,Σ;C) as

(
∑

g

n(B1
g)g−1,

∑
g

n(B2
g)g−1) ∈ (C[G])2.
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Then, the coboundary map from C1 to C2 becomes

d1(a, b, c, d) = (a + b + c + d, a + g2b + g2g3c + g2g3g4d). (5.1)

Hence:

H1(M,Σ;C) = {(a, b, c, d) ∈ (C[G])4 : a+b+c+d = a+g2b+g2g3c+g2g3g4d = 0}. (5.2)

Because C[G] is semisimple [47], it splits into simple algebras C[G] =
⊕

ρ∈∆
Dρ,

where Dρ is the simple subalgebras of C[G] corresponding to irreducible represen-

tation ρ. The splitting of the algebra gives a splitting of the cochain complex of

C[G]-modules 0→ C1 → C2, hence a splitting of the cohomology:

H1(M,Σ;C) =
⊕
ρ∈∆

H1(ρ), H1(ρ) = {(a, b, c, d) ∈ D4
ρ : d1(a, b, c, d) = 0}. (5.3)

Let L be the right ideal generated by {g2 − 1, g2g3 − 1, g2g3g4 − 1}. The image of

d1 in C2(M,Σ;C) is

(1, 1)C[G] ⊕ (0, 1)L ⊂ (C[G])2 = C2(M,Σ;C).

This is because

d1(a, b, c, d) = (a + b + c + d, a + g2b + g2g3c + g2g3g4d)

= (a + b + c + d, a + b + c + d) + (0, (g2 − 1)b) + (0, (g2g3 − 1)c) + (0, (g2g3g4 − 1)d)

= (a + b + c + d)(1, 1) + ((g2 − 1)b + (g2g3 − 1)c + (g2g3g4 − 1)d)(0, 1)

Now we show that C[G] = C ⊕ L. Because (1 − a) + (1 − b)a = 1 − ba, if g is a

product of elements in {g2, g2g3, g2g3g4} then 1−g ∈ L. Also, because M is connected,
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{g2, g2g3, g2g3g4} generates G, hence L is generated by all elements of the form 1− g

for any g ∈ G, therefore C[G] = C ⊕ L, where C is the trivial sub-algebra generated

by
∑

g∈G g [47]. Because C[G] is semisimple,

H1(M,Σ;C) = ker(d1)→ C1(M,Σ;C)→ im(d1)

splits, hence we have

H1(M,Σ;C) = (C[G])4/(C[G] ⊕ L) = (C[G])2 ⊕ C. (5.4)

Therefore, as G-module H1(ρ) � C3 when ρ is the trivial representation, H1(ρ) � D2
ρ

if otherwise. Because G is abelian, dimC Dρ = 1, so dimC H1(ρ) = 3, if ρ is trivial,

dimC H1(ρ) = 2, otherwise.

In the previous section we described elements in Aff as compositions of ele-

mentary affine diffeomorphisms th, sh, rg,h, fh and mψ, and elements in Γ as compo-

sitions of elementary affine diffeomorphisms th, sh, rg,h and fh. We will show the

invariance of H1(ρ) under Γ by explicitly describing the action of elementary affine

diffeomorphisms. The maps from H1(M(G,h),Σ;C) to some H1(M(G,h′),Σ;C) in-

duced by th, sh, rg,h, fh are as follows:

t∗h([a, b, c, d]) = [b, c, d, a] (5.5)

s∗h([a, b, c, d]) = [−h1a, a + b, c, d + h1a] (5.6)

r∗g,h([a, b, c, d]) = [ag, bg, cg, dg] (5.7)

f ∗h ([a, b, c, d]) = [−a,−h2h3h4d,−h2h3c,−h2b]. (5.8)
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From equation (5.3) we know that they all preserve decomposition H1(∗,Σ;C) =⊕
ρ

H1(ρ), hence all summands H1(ρ) are invariant under Γ.

Furthermore, mψ is a diffeomorphism from M(G, ψ−1h) to M(G,h), and the map

it induced from H1(M(G,h),Σ;C) to H1(M(G, ψ(h)),Σ;C) is

m∗ψ([
∑
g∈G

agg,
∑
g∈G

bgg,
∑
g∈G

cgg,
∑
g∈G

dgg])

= [
∑
g∈G

agψ
−1(g),

∑
g∈G

bgψ
−1(g),

∑
g∈G

cgψ
−1(g),

∑
g∈G

dgψ
−1(g)]

which, according to equation (5.3), would send H1(ρ) to H1(ψ−1ρ). In other words,

elements in Aff permute H1(ρ).

�

Remark 5.3.1. In certain situations Γ = Aff. This happens when the g j are all of

different order, or when G is Z/n, n ≥ 4 and g = (1, 1, 1, n − 3). In these cases H1(ρ)

are all invariant under Aff. Our argument here is similar to, but not completely

the same as those used in [38].

When G is non-abelian, we can define Γ′ as the set of elements in Aff(M) that

induce an inner automorphism on G, i.e. the set of elements in Aff(M) that can

be written as compositions of t, s, r, f as well as mψ where ψ is an element of an

inner automorphism of G. The argument above will show that H1(ρ) are invariant

under Γ′ and has dimension 2 dim(ρ)2 when ρ is non-trivial and dimension 3 when

ρ is trivial.
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5.4 The signature of the Hodge form

Now we define and calculate the signature of an invariant Hermitian form on

H1(ρ) as in [52] and [13].

The Hodge form AG on H1(M,Σ;C) is defined as the cup product [7] on (M,Σ)

composed with coefficient pairing C ⊗C→ C : z ⊗ z′ 7→ zz′, then normalized into a

Hermitian form by multiplying 1
2i .

H1(M,Σ;C) × H1(M,Σ;C)
^
−→ H2(M,Σ;C ⊗ C)→ H2(M,Σ;C) = C.

More explicitly, let (·, ·)G is the positive definite Hermitian norm on C[G] defined

as

(
∑

g

agg−1,
∑

g

bgg−1)G =
∑

g

agbg

then

AG([a, b, c, d], [a′, b′, c′, d′]) =
1
4i

((b, a′)G − (a, b′)G + (d, c′)G − (c, d′)G

−(h2b, a′)G + (a, h2b′)G − (h2h3h4d, h2h3c′)G + (h2h3c, h2h3h4d′)G).
(5.9)

Alternatively, if elements in H1(M,Σ;C) are represented by closed differential

forms, AG can be written as AG(α, β) = 1
2i

∫
M
α ∧ β.

AG is called the area form in [52], because when ω defines a flat structure on M,

the signed area of this flat structure is AG(ω,ω). Unlike the Hodge norm defined
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by Eskin-Mirzakhani-Mohammadi, AG vanishes on the rel subspace.

By definition AG is invariant under the Γ-action. Furthermore, from (5.9) and

the fact that different Dρ are orthogonal under (·, ·)G, we know that H1(ρ) for differ-

ent representation ρ are orthogonal to each other under AG. When ρ is the trivial

representation, AG = 0 on H1(ρ).

Now we assume ρ to be a non-trivial representation. Because we will deal with

Hermitian forms that may be degenerate, we denote by (n0, n+, n−) the signature

of a Hermitian form. Here n0, n+, n− are the number of 0, positive and negative

eigenvalues respectively.

We will prove the following theorem:

Theorem 5.4.1. When ρ , 1, the signature of the area form AG on H1(ρ), is (n0,
θ2
2π −

1, θ1
2π − 1) = (4 − θ1+θ2

2π , θ2
2π − 1, θ1

2π − 1), where θ1 =
∑4

j=1 arg(ρ(g j)), θ2 =
∑4

j=1 arg(ρ(g j)−1).

The number n0 is also the number of indices j such that ρ(g j) = 1.

Proof. In the case when ρ(g1g2) = ρ(g2g3) = 1 then a = c, b = d, and AG

is 2|G| times the area of parallelogram with side a and b, i.e. proportional to

the cross product of two vectors on the complex plane, which has signature

(0, 1, 1) = (4 − θ1+θ2
2π , θ2

2π − 1, θ1
2π − 1).
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Now we consider the case when ρ(g1g2) , 1 or ρ(g2g3) , 1. Without losing

generality we assume ρ(g1g2) , 1. From equations (5.1), (5.3) we know that any

(a, b, c, d) ∈ H1(ρ) satisfies

a + b + c + d = 0 (5.10)

a + ρ(g2)b + ρ(g2g3)c + ρ(g2g3g4)d = 0 (5.11)

. Because ρ(g3g4) = ρ(g1g2)−1 , 1, we can solve (b, d) from these two equa-

tions as linear functions of (a, c), i.e. rewrite these equations can be written as

(b, d) = (a, c)A where A is a 2-by-2 matrix.

Consider subspaces H1
a = {(a, b, 0, d) ∈ H1(ρ)}, H1

a′ = {(0, b, c, d) ∈ H1(ρ)}, then

by the previous arguments dim(H1
a) = dim(H1

a′) = 1 and H1(ρ) = H1
a ⊕ H1

a′ . We

will show that they are orthogonal subspaces under AG. For any (a, b, 0, d) ∈

H1
a(ρ), (0, b′, c′, d′) ∈ H1

a′(ρ), because (∗, ∗)G is G-invariant and d1(a, b, 0, d) =

d1(0, b′, c′, d′) = 0, we have

AG([a, b, 0, d], [0, b′, c′, d′]) =
1
2i

(−(a, b′)G + (d, c′)G + (a, h2b′)G − (h2h3h4d, h2h3c′)G)

=
1
2i

((b, b′)G + (d, b′)G − (d, b′)G − (d, d′)G − (h2b, h2b′)G

−(h2h3h4d, h2b′)G + (h2h3h4d, h2h3h4d′)G + (h2h3h4d, h2b′)G)

= 0

In other words, AG is diagonalized under H1(ρ) = H1
a ⊕ H1

a′ .

Now we show that the signature of AG on H1
a is (3 − θ1a+θ2a

2π , θ2a
2π − 1, θ1a

2π − 1),
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where θ1a = arg(ρ(g1)) + arg(ρ(g2)) + arg(ρ(g3g4)), θ2a = arg(ρ(g1)−1) + arg(ρ(g2)−1) +

arg(ρ(g3g4)−1). From (5.10) and (5.11) we know that

H1
a = {t(ρ(g2) − ρ(g−1

1 ), ρ(g−1
1 ) − 1, 0, ρ(g2) − 1) : t ∈ Dρ} . (5.12)

If ρ(g2) = 0, equation (5.12) becomes H1
a = {(t,−t, 0, 0) : t ∈ Dρ}. If ρ(g1) = 0,

(5.12) becomes H1
a = {(t, 0, 0,−t) : t ∈ Dρ}. In both cases the signature is

(1, 0, 0) = (3 − θ1a+θ2a
2π , θ2a

2π − 1, θ1a
2π − 1). If neither ρ(g1) nor ρ(g2) is 1, θ1a + θ2a = 6π,

and θ1a is either 2π or 4π. From (5.9) and (5.12) we know that AG is positive on H1
a

definite when θ1a = 2π and negative definite on H1
a when θ1a = 4π, i.e. the signature

of AG on H1
a is (3 − θ1a+θ2a

2π , θ2a
2π − 1, θ1a

2π − 1).

We can calculate the signature of AG on H1
a′ similarly. Because AG is diagonal-

ized under H1(ρ) = H1
a ⊕ H1

a′ , the n0, n+ and n− of AG on H1(ρ) can be obtained by

adding the n0, n+ and n− of AG on H1
a and H1

a′ . �

5.5 The subgroup Γ1 and triangle groups

In this section we introduce a subgroup Γ1 of Γ of finite index, which is easier to

work with than Γ. In Section 5.6, we will give a criteria for non-discreteness of the

action of Γ by analyzing the action of this subgroup of finite index.

There is a homomorphism D : Aff → S L(2,Z) that sends an affine diffeomor-
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phism to its derivative. Because elements of Aff preserves Σ, ker(D) is finite. Con-

sider two elements in Γ which are liftings of the horizontal and vertical Dehn

twists of the pillowcase

γ1 = s(g1,g2,g3,g4)s(g2,g1,g3,g4)

γ2 = t(g1,g2,g3,g4)s(g2,g3,g4,g1)s(g3,g2,g4,g1)t−1
(g1,g2,g3,g4).

Dγ1 and Dγ2 generates the level 2 congruence subgroup of S L(2,Z), hence the

group generated by them is a subgroup of Aff of finite order. From (5.5), (5.6) we

have:

γ∗1(a, b, c, d) = (g1g2a, b + a − g1a, c, d + g1a − g1g2a) (5.13)

γ∗2(a, b, c, d) = (a + g2b − g2g3b, g2g3b, c + b − g2b, d) (5.14)

Denote the group generated by γ1 and γ2 as Γ1. When restricted to H1(ρ),

γ∗1(a, b, c, d) = (ρ(g1g2)a, b + a − ρ(g1)a, c, d + ρ(g1)a − ρ(g1g2)a) (5.15)

γ∗2(a, b, c, d) = (a + ρ(g2)b − ρ(g2g3)b, ρ(g2g3)b, c + b − ρ(g2)b, d) (5.16)

. When ρ = 1 is the trivial representation, the Γ1 action on H1(ρ) is trivial. When

ρ is non-trivial, the Γ action on H1(ρ) = C2 induces an action on CP1 under projec-

tivization. The map on CP1 induced by γ1 is parabolic if and only if ρ(g1g2) = 1.

Similarly, γ2 is parabolic if and only if ρ(g2g3) = 1. If they are not parabolic they

are elliptic.

Remark 5.5.1. Furthermore, when ρ(g2) = 1 and all other ρ(g j) , 1, the Γ1 action

H1(ρ) is not semisimple. We can see this as follows: by equations (5.15) and (5.16),
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(1,−1, 0, 0) is the only common eigenvector of γ∗1 and γ∗2 in H1(ρ), hence H1
a(ρ) =

{(t,−t, 0, 0)} is the only 1-dimensional subspace of H1(ρ) invariant under Γ1, i.e. in

this case the Γ1 action on H1(ρ) is not semisimple. H1
a(ρ) is also the kernel of the

projection H1(M,Σ;C)→ H1(M;C) restricted to H1(ρ).

Hence, we have:

Proof of Theorem 5.1.2. (1),(3) follows from Theorem 5.4.1. (2) follows from Remark

5.5.1. �

The Hodge norm AG on H1(ρ) induces a metric, hence a geometric structure

on the projectivization P(H1(ρ)) = CP1 invariant under the Γ-action. When AG

is positive definite or negative definite, it induces a spherical structure on CP1.

When AG has signature (1, 0, 1), it induces a Euclidean structure on CP1
− [0 : 1].

When AG has signature (1, 1, 0), it induces a Euclidean structure on CP1
− [1 : 0].

Finally, when the signature of AG is (0, 1, 1), it induces a hyperbolic structure on a

disc D in PH1(ρ), which consists of the image {α ∈ H1(ρ) : A(α, α) > 0}. The case (3)

of Theorem 5.1.2 corresponds to the elliptic and parabolic cases, while case (2) of

Theorem 5.1.2 corresponds to the Euclidean case. In all these cases, we will show

that the action of Γ1 is through an index-2 subgroup of the triangle group, which

proves Theorem 5.1.3.

Proof of Theorem 5.1.3. In the spherical case, all the elements in Γ1 are rotations

hence has a pair of fixed points. Let P1 be a fixed point of γ1, P2 be a fixed point of
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γ2, P3 be a fixed point of γ−1
2 γ1, let ∆P1P2P3 and ∆P1P2γ1(P3) be spherical triangles

formed by the shortest geodesics between these points, then they are related by

reflection along P1P2, and γ1 can be presented as reflection along first P1P3 then

P1P2, while γ2 is reflection along P2P3 followed by reflection along P1P2, hence

Γ1 acts through a subgroup of the triangle reflection group T corresponding to

∆P1P2P3. Because Γ1 action preserves orientation, its image under the action is

contained in the index-2 subgroup consisting of compositions of even number of

reflections along the three sides of the triangle.

On the other hand, a reflection along P1P2 then P1P3 is the same as the action

of γ−1
1 , a reflection along P1P2 then P2P3 is the same as the action γ−1

2 , a reflection

along P1P3 then P2P3 is the same as the action γ−1
2 γ1, and a reflection along P2P3

then P1P3 is the same as the action γ−1
1 γ2, the composition of any sequence of even

number of reflections along P1P2, P2P3 and P1P3 can be written as the action of a

composition of γ1, γ2 and their inverses, hence Γ1 acts through the index-2 sub-

group of T consisting of compositions of even number of reflections.

In the euclidean case the argument is the same. In the hyperbolic case, when

γ1, γ2 and γ−1
2 γ1 are all elliptic elements, we choose fixed points P1, P2 and P3 all in

the disc D described above, then the same argument would work.

Finally, in the hyperbolic case, in which γ1, γ2 or γ−1
2 γ1 is parabolic, choose the
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corresponding Pi to be the unique fixed point on ∂D, then the sides ending at Pi

become geodesic rays in D that approaches Pi on the ideal boundary. The same

argument will show that the Γ1-action is through an index-2 subgroup of a triangle

reflection group with certain angles being 0.

�

Suppose elliptic element γ ∈ PGL(2,C) has a fixed point P ∈ CP1, then by

conjugating with an element in PGL(2,C) we can make P = [1, 0] and γ = e
√
−1θ1 0

0 e
√
−1θ2

, which in the tangent space TPCP
1 induces a rotation of angle

θ2 − θ1. Hence, an elliptic element in Γ1 induces a rotation and the rotation angle

is the argument of the quotient of the 2 eigenvalues, hence can be calculated with

(5.15) and (5.16). The angles of the triangle at P1, P2 and P3 are half of the rotation

angles of γ1, γ−1
2 and γ−1

2 γ1 respectively. We will describe these triangle groups and

their applications in the next two sections.

5.6 The spherical case and polyhedral groups

In this section we will describe the spherical case, and in the next section we will

describe the remaining cases.

When AG is positive definite or negative definite, the generators of Γ1, γ1 and
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γ2, act as finite order rotations with different fixed points, and their orders are the

orders of ρ(g1g2) and ρ(g2g3) in C∗ respectively, hence by the ADE classification [14]

of finite subgroups of S O(3) we know that if both the orders of ρ(g1g2) and ρ(g2g3)

are greater than 5 the action of Γ on H1(ρ) can not factor through a discrete group.

Proof of Proposition 5.1.4 and Remark 5.1.1. : Let G be the subgroup of (Z/120)3

spanned by g1 = (20, 0, 0), g2 = (0, 15, 0), g3 = (0, 0, 12), g4 = (100, 105, 108),

g = (g1, g2, g3, g4), M = M(G, g), ρ(g1) = eπi/3, ρ(g2) = eπi/4, ρ(g3) = eπi/5, ρ(g4) = e73iπ/60.

Then by Theorem 5.1.1 and Remark 5.3.1 H1(ρ) is invariant under Aff with an in-

variant complement, by Section 5.4 the Hodge form is positive definite on H1(ρ),

and by the argument above the Aff action on H1(ρ) is not discrete. In other words,

M and the decomposition H1(M,Σ;C) = H1(ρ) ⊕ H1(ρ) ⊕ (
⊕

ρ′,ρ,ρ
H1(ρ′)) satisfy all

the conditions mentioned in Proposition 5.1.4. Furthermore, the tangent space of

the GL(2,R) orbit is H1(ρt) where ρt(g j) = −1 for j = 1, 2, 3, 4. Because ρt , ρ, ρt , ρ,

the decomposition also satisfy conditions in Remark 5.1.1. �

Furthermore, by Theorem 5.1.3 and [10], we can list all possible 4-tuples

(ρ(g1), ρ(g2), ρ(g3), ρ(g4)) such that the Γ1 action on P(H1(ρ)) = CP1 factors through a

finite group. Denote the arguments of ρ(g j) as 2t jπ, j = 1, . . . 4, then the Γ1 action

is finite if and only if t1, t2, t3, t4 is a permutation of one of the 4-tuples in the table

below:
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Table 5.1: Representation ρ that make Aff action on H1(ρ) finite

t1 t2 t3 t4 Group
d/2n d/2n (n-d)/2n (n-d)/2n Dihedral group
1/12 1/4 1/4 5/12 Tetrahedral group
1/24 5/24 7/24 11/24 Octahedral group
1/60 11/60 19/60 29/60 Icosahedral group
1/6 1/6 1/6 1/2 Tetrahedral group

1/12 1/6 1/6 7/12 Octahedral group
1/30 19/30 1/6 1/6 Icosahedral group
1/30 3/10 3/10 11/30 Icosahedral group
1/20 3/20 7/20 9/20 Icosahedral group
1/15 2/15 4/15 8/15 Icosahedral group
1/10 3/10 3/10 3/10 Icosahedral group
1/10 1/10 7/30 17/30 Icosahedral group
1/10 1/10 1/10 7/10 Icosahedral group
7/60 13/60 17/60 23/60 Icosahedral group
1/6 1/6 7/30 13/30 Icosahedral group

(2n-d)/2n (2n-d)/2n (n+d)/2n (n+d)/2n Dihedral group
7/12 3/4 3/4 11/12 Tetrahedral group
13/24 19/24 17/24 23/24 Octahedral group
31/60 41/60 49/60 59/60 Icosahedral group
1/2 5/6 5/6 5/6 Tetrahedral group

5/12 5/6 5/6 11/12 Octahedral group
5/6 5/6 11/30 29/30 Icosahedral group

19/30 7/10 7/10 29/30 Icosahedral group
11/20 13/20 17/20 19/20 Icosahedral group
7/15 11/15 13/15 14/15 Icosahedral group
7/10 7/10 7/10 9/10 Icosahedral group
13/30 23/30 9/10 9/10 Icosahedral group
3/10 9/10 9/10 9/10 Icosahedral group
37/60 43/60 47/60 53/60 Icosahedral group
17/30 23/30 5/6 5/6 Icosahedral group

Here d and n are positive integers, and the last column shows the discrete sub-

group of S O(3) it corresponds to.
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Examples of M and ρ that satisfies the conditions needed for Proposition 5.1.4

and Remark 5.1.1 can therefore be built from any 4-tuple of positive rational num-

bers not on the above list that sum up to 1 or 3. For example, (1/8, 1/8, 1/8, 5/8) is

not on the list, so let G = Z/8, g1 = g2 = g3 = 1, g4 = 5, ρ(g1) = ρ(g2) = ρ(g3) = eπi/4,

ρ(g4) = e5πi/4 satisfies those conditions. This is an abelian cover of flat pillowcase

that satisfy those conditions with the smallest number of squares. It has 16 squares

in total and is in the stratum H(3, 3, 3, 3).

Explicit elements of N = H1(ρ) and Re(N) = Re(H1(ρ)) can also be calculated

by solving (5.10) and (5.11). For example, in the abovementioned G = Z/8,

g1 = g2 = g3 = 1, g4 = 5, ρ(g1) = ρ(g2) = ρ(g3) = eπi/4, ρ(g4) = e5πi/4 case,

α ∈ H1(M,Σ,R), α(e1
k) = −2 cos(π/8) cos(kπ/4), α(e2

k) = cos(π/8 + kπ/4), α(e3
k) = 0,

α(e4
k) = cos(π/8 − kπ/4) is an element in Re(H1(ρ)).

5.7 The hyperbolic and Euclidean cases and triangle groups

In this section we complete the description of Γ1-action by describing the sig-

nature (0, 1, 1), (1, 0, 1), (1, 1, 0) cases as triangle groups. In the (0, 1, 1) case,∑
j arg(ρ(g j)) = 4π. Without losing generality we assume arg(ρ(g1))+arg(ρ(g2)) ≥ 2π,
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arg(ρ(g2)) + arg(ρ(g3)) ≥ 2π.

By calculation based on the observations in Section 5.5, γ1 acts on D as a ro-

tation by arg(ρ(g1g2)) when ρ(g1g2) , 1 and as a parabolic transformation when

ρ(g1g2) = 1, γ2 acts on D as a rotation by arg(ρ(g2g3)) when ρ(g2g3) , 1 and as a

parabolic transform when ρ(g2g3) = 1. Furthermore, γ1 and γ2 generate an index

2 subgroup of a triangle group, and the angles of the triangle are |π − (arg(ρ(g1)) +

arg(ρ(g2)))/2|, |π− (arg(ρ(g2)) + arg(ρ(g3)))/2| and |π− (arg(ρ(g1)) + arg(ρ(g3)))/2|. [56]

has done the same calculation and based on it has calculated the Lyapunov expo-

nents from the area of this triangle.

When the signature of AG is (1, 1, 0) or (1, 0, 1), only one ρ(g j) is equal to 1.

Without losing generality assume ρ(g2) = 1, then (a, b, c, d) 7→ b/a sends H1(ρ)

to C, and under this map Γ1 acts on C = C − {∞} as an index-2 subgroup of a

Euclidean triangle group. The angles of the triangle are arg(ρ(g1))/2, arg(ρ(g3))/2

and arg(ρ(g4))/2 when

arg(ρ(g1)) + arg(ρ(g3)) + arg(ρ(g4)) = 2π

i.e. when the signature of AG is (1, 1, 0). The angles of the triangles are π −

arg(ρ(g1))/2, π − arg(ρ(g3))/2 and π − arg(ρ(g4))/2 when

arg(ρ(g1)) + arg(ρ(g3)) + arg(ρ(g4)) = 4π

i.e. when the signature of AG is (1, 0, 1).
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When two of the four ρ(g j) are equal to 1, then the Γ1 action on H1(ρ) factors

through a finite abelian group. Finally, when ρ = 1, the Γ1 action on H1(ρ) is trivial,

and the Γ-action is through a finite permutation group.
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CHAPTER 6

NON-ARITHMETIC LATTICES AND THE BOUW-MÖLLER

CONSTRUCTION

6.1 Introduction

Square-tiled translation surfaces are lattice surfaces because they are branched

covers of the flat torus with a single branched point. Many non-square-tiled exam-

ples of lattice surfaces arise from “deforming” certain square-tiled surfaces. These

include Veech’s regular n-gon [53], Ward’s surfaces [55], and, more generally, the

Bouw-Möller surfaces, which were discovered by Bouw-Möller [6]. All of them

arise from deforming abelian normal covers of the flat pillowcase. Hooper [28]

gave a translation-surface-theoretic description of these examples by introducing

a class of Thurston-Veech diagrams which he called “grid graphs”, and Wright

[57] proved the equivalence of the construction in [28] and [6]. Here we formal-

ize a “geometric” Bouw-Möller construction by studying a class of lattice surfaces

that arise from deforming certain marked square-tiled surfaces, and the possible

geometric obstacles for such deformation. Our approach leads to a new class of

Thurston-Veech diagrams similar to Hooper’s but it does not result in new lattice

surfaces. We hope that it will provide some insights on the reasons that makes

Bouw-Möller’s construction possible.
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We will show that:

Theorem 6.1.1. If a lattice surface arises from deforming an abelian branched cover of

flat pillowcase M using a relative cohomology class α, its affine diffeomorphism group

is commensurable with the affine diffeomorphism group of M, and the deformation also

preserves the Thurston-Veech structure in the two diagonal directions, then this surface

must have one of the 3 types of Thurston-Veech structures which will be described in

Section 6.4 and 6.5. As a consequence, the surface must be one of the followings cases:

1. a branched cover of the regular 2n-gon branched at the cone point.

2. a branched cover of a Bouw-Möller surface.

3. a branched cover of the regular n-gon branched at the mid-point of edges.

Given a translation surface (M,Σ) with a polygonal decomposition, and a 1-

form α ∈ H1(M,Σ;C), we now define the “deformation” of (M,Σ) using α. We have:

Lemma 6.1.2. Let (M,Σ) be a square-tiled translation surface. If a cohomology class

α ∈ H1(M,Σ;C) evaluated on the four sides of any square in M are the coordinates of the

four sides of a convex quadrilateral with a non-negative area, then there is a translation

surface X with certain points identified, and a degree 1 map from M to X, such that the

pull back of the translation structure of X is defined by α.

Proof. We construct X and the map M → X as follows: every 2-cell B in M is
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mapped to a convex, possibly degenerate, quadrilateral on C with non-negative

area, the coordinate of its four sides are given by α evaluated on the four sides

of B. Each of the four sides of B is sent to the respective side of the quadrilateral

linearly. The sides of those quadrilaterals are then glued to each other by isometry

to form the space X. �

Definition 6.1.1. We call X and the degree 1 map i : M → X in the previous lemma

a deformation of M using α.

For example, if we let M = M(Z/30, (1, 11, 29, 19)), α be a 1-form corresponding

to (5, 3) Bouw-Möller surface (which we will describe in Section 6.5), then the de-

formation consists of four translation surfaces glued together at their cone points

as in Figure 6.1.

Labels a . . . h show the gluing of edges, and numbers show the image of 2-cells

in M. Some of these images are convex quadrilaterals, some are triangles, and

some (1,5,11,15 in Figure 6.1) are collapsed into line segments.

The metric completion of X − i(Σ) may have multiple connected components.

Also, the deformation depends not only on α but also on the choice of cell struc-

ture on (M,Σ). We denote by M → X(α) the deformation of M using α.

Definition 6.1.2. Let i : (M,Σ) → (X,Σ′) be a deformation of (M,Σ). We say a
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Figure 6.1: The (5, 3) Bouw-Möller surface.

homeomorphism g : (M,Σ) → (M,Σ) acts on X through an affine diffeomorphism

f : X → X, if the translation structure of X pulled back by i ◦ g and f ◦ i determine

the same cohomology class in H1(M,Σ;C).

Remark 6.1.1. In the situation we will consider, we assume that a finite-index

subgroup Γ′ of the affine diffeomorphism group Aut(M) acts on lattice surface X

through a finite index subgroup of Aut(X). Hence by Definition 6.1.2, Γ′ preserves

N(α) = spanC(α, α), and the action is through a lattice in U(1, 1).

The decomposition H1(M,Σ) =
⊕

ρ
H1(ρ) is Γ-invariant. By replacing Γ′ with

81



Γ′∩Γ, we will, from now on, always assume that Γ′ is a subgroup with finite index

of Γ without loss of generality. As a consequence, the projection from H1(M,Σ) to

each H1(ρ) is Γ′-equivariant. If we also take Schur’s Lemma into account, we get:

Proposition 6.1.3. Under the assumption of Remark 6.1.1, the projection from N(α) =

spanC(α, α) to H1(ρ) is either 0, or a Γ′-isomorphism. In the latter case Γ′ acts on H1(ρ)

through a lattice in U(1, 1).

�

From this we know:

Corollary 6.1.1. Under the assumption of Remark 6.1.1,

N(α) ⊆
⊕

H1(ρ) is isomorphic to N(α) as Γ′-module

H1(ρ)

�

In section 6.2 we review the concept of a Thurston-Veech structure. In section

6.3 we review the discrete Fourier transform which is needed for the proof of

Theorem 1.1, and in section 6.4 and 6.5 we prove Theorem 6.1.1.

6.2 Thurston-Veech diagrams

Recall that a Thurston-Veech structure [51] on a translation surface consists of

two tuples of positive integers {ri} and {r′j}, and a pair of transverse cylinder
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decompositions {Ci} and {C′j}, with moduli {Mi} and {M′
j} respectively, such that

Mi1/Mi2 = ri1/ri2 and M′
j1/M

′
j2 = r′j1/r

′
j2 . A Thurston-Veech structure on a transla-

tion surface induces two parabolic affine diffeomorphisms γ and γ′ given by two

multitwists on {Ci} and {C′j} respectively. The intersection configuration of the two

cylinder decompositions can be represented by a Thurston-Veech diagram, which

is a ribbon graph constructed as follows: each vertex represents a cylinder, an

edge between two vertices stands for an intersection of two cylinders, and the

cyclic order among all edges associating with each vertex encodes the order of

these intersections on the cylinder represented by this vertex.

On a square-tiled surface M, the two diagonal directions are periodic, and

cylinder decompositions on these two directions form a Thurston-Veech structure.

We call the cylinders from the bottom-left to top-right {Ci}, and the cylinders from

the bottom-right to top-left {C′j}. The Thurston-Veech diagram that arises from

this Thurston-Veech structure can be constructed explicitly as follows: we get a

square-tiled coned flat surface by gluing the squares with the same edge pairing

as in M but with all the gluing directions flipped, which we denote by FM. Now

each vertex in the square tiling of FM corresponds to a cylinder in M formed by

triangles, as illustrated in Figure 6.2.

Here the 4 triangles I, II, III and IV that form a cylinder in the bottom-left to

top-right direction become the 4 triangles around P after the re-gluing, just as tri-
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Figure 6.2: Constructing Thurston-Veech diagram by flipping.

angles that form the cylinder between the two red arrows become the 4 triangles

around Q after the re-gluing. Furthermore, the intersection of these two cylinders

is represented by the edge PQ. The cyclic orders among the edges can be seen from

the blue and red arrows. Hence, the Thurston-Veech diagram is the 1-skeleton of

FM, with the cyclic orders in clockwise and counterclockwise direction alterna-

tively by columns as illustrated in Figure 6.3.
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P Q

Figure 6.3: The resulting Thurston-Veech diagram.

In our case when M is a cover of the pillowcase, FM is always orientable. Be-

cause in the gluing process described above, any two adjacent squares are always

glued with orientation reversed, we can define an orientation on FM as either the

orientation of all the B1
g after the regluing, or the opposite of the orientation of all

B2
g after regluing. Also, because M is a normal cover, all cylinders in the same di-

agonal direction have the same circumference and width. Hence, they must have

the same moduli, i.e. ri = r′j = 1 for all i, j.

Definition 6.2.1. We say that a 1-form α ∈ H1(M,Σ) preserves a cylinder decompo-

sition {Ci} on M, if α evaluated on all paths contained in all the boundary curves

of these cylinders are parallel. We say α preserves a Thurston-Veech structure, if

it preserves both cylinder decompositions, and the multitwists γ, γ′, which are

induced by to the Thurston-Veech structure, preserve spanC(α, α).

A cohomology class α that satisfies the assumption of Remark 6.1.1 must pre-
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serve at least two parabolic elements, and, thereby, two cylinder decompositions.

Here, we assume that it preserves the two cylinder in the two diagonal directions

of M. We denote by L(M,Σ) the set of elements of H1(M,Σ;C) that preserves the

two cylinder decomposition in the diagonal directions, and by N(M,Σ) the set of

those elements in L that further preserve the Thurston-Veech structure in the di-

agonal directions. Furthermore, we denote by L′ andN ′ the set of those elements

inL andN whose value on bottom-left-to-top-right diagonals are in R, and whose

value on bottom-right-to-top-left diagonals are in
√
−1R. Any element in L or N

can be made into an element in L′ or N ′ after an affine transformation.

The circumference, width and moduli of Ci under α is defined as the base,

height and moduli of the parallelogram formed by α evaluated on the boundary

circle and α evaluated on a path that crosses the cylinder once from right to left.

Let V = V(FM) be the space of real valued functions on the vertices of FM. Let

Ψ : L′ → V be the map defined as follows: given any element α ∈ L′, Ψ(α) sends

a vertex to the width under α of the cylinder it represents. It is a bijective map.

Because ri = r′j = 1, the fact that multitwists γ and γ′ preserve spanC(α, α) implies

that any Ci with non-zero width have the same moduli, and those with width 0

also have 0 circumference. By [51], we can make all the cylinders to have either

identical moduli λ > 0 or zero width and zero circumference after an affine action,

and get:
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Lemma 6.2.1. [51] Let A be the adjacency matrix of the Thurston-Veech diagram, then

up to an affine action, α satisfies A(Ψ(α)) = λΨ(α).

�

When α ∈ L′, the assumption of Lemma 6.1.2 can be further rewritten as a

condition on the image of Ψ:

Lemma 6.2.2. Assuming α ∈ L′, the assumption of Lemma 6.1.2 is equivalent to the fact

that no pair of adjacent vertices of FM can be assigned values of opposite signs by Ψ(α),

and there is an edge such that neither of its end points are assigned 0.

Proof. If assumption of Lemma 6.1.2 holds, any square Bk
j will be sent to a convex

quadrilateral with non-negative area under the flat structure defined by α. The

two diagonals of this quadrilateral cut it into 4 small triangles of non-negative

area. If two non-degenerate cylinders in the cylinder decompositions described

above intersect, its intersection must be a rectangle formed by two of those small

triangles hence must have non-negative signed area, i.e. Ψ(α) can not assign val-

ues of opposite signs for any pair of adjacent vertices. At least one of these rect-

angles must have positive area, hence there is at least one pair of adjacent vertices

such that Ψ(α) is non-zero on both.

On the other hand, if Ψ(α) does not assign values of opposite signs for any

pair of adjacent vertices, we can build a translation surface X as follows: each
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parallelogram formed by the intersection of some Ci and C′j are sent to a Ψ(α)(vi)-

by-Ψ(α)(v j) rectangle, where vi and v j are vertices in FM that represent Ci and C′j

respectively. As illustrated in Figure 6.4, the sides of these rectangles are glued

in the same order as the gluing of the parallelograms on M, which means that α

satisfies the assumption of Lemma 6.1.2.

Figure 6.4: Condition for the convexity of the quadrilateral.

�

Remark 6.2.1. When α satisfies the assumption of Lemma 6.1.2, we can decompose

X(α) into a union of (possibly degenerated) cylinders in two ways, and choose the

map i : M → X(α) such that these two cylinder decompositions are the images of

{Ci} and {C′j}.

Let S be the category of square-tiled surfaces with morphisms being continuos

maps that send squares isometrically to squares. Our construction of FM, L(M),

N(M) and V(FM) from M are functorial. More precisely,

Lemma 6.2.3. A S-morphism ξ : M → M′ induces canonically a S-morphism F ξ :
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FM → FM′, ξ∗ : L′(M′) → L′(M), and (F ξ)∗ : V(FM′) → V(FM) and the following

diagram commute:

L′(M′) → L′(M)

↓ Ψ ↓ Ψ

V(FM′) → V(FM)

Furthermore, ξ∗ sends N ′ to N ′.

�

Remark 6.2.2. (F ξ)∗ can be described more concretely as follows: for any f ∈

V(FM′), any vertex in FM, (F ξ)∗ f (v) = f (F ξ(v)) if F ξ preserves the cyclic or-

der among the edges associated to v, and (F ξ)∗ f (v) = − f (F ξ(v)) if it reverses the

cyclic order.

Remark 6.2.3. F 2 is the same as the identity functor 1S. Hence F : S → S is an

isomorphism.

Now we consider the question of finding α ∈ N ′ that satisfies the assumption

of Lemma 6.1.2 and that a subgroup of Aff(M) of finite index acts on N(α) as a

lattice. We say such α satisfies property (L). Now we analyze all possible 1-forms

with property (L).

Let e be the identity element in G. Let γ1 be the element in Γ that preserve

the button-right corner of B1
e and has derivative

 1 −2

0 1

; let γ2 be the element in
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Γ that preserve the button-right corner of B1
e and has derivative

 1 0

−2 1

; let γ3

be the element in Γ that preserve the button-right corner of B1
e and has derivative 3 −2

2 −1

, and let γ4 be the element in Γ that preserve the button-right corner of

B1
e and has derivative

 3 2

−2 −1

. These elements are liftings of the Dehn twists

in the horizontal, vertical and the two diagonal directions on P.

Let α ∈ N ′. By Definition 6.2.1, some power of γ3 and γ4 acts on X(α) as

parabolic affine automorphisms, hence their action on N(α) are parabolic. Be-

cause a power of γ3 acts on H1(ρ) as parabolic map if and only if ρ(g1g3) = 1, by

Corollary 6.1.1, N(α) ⊂ ⊕ρ∈{ρ:ρ(g1)ρ(g3)=1}H1(ρ). Hence, α is the pull back of some α′ ∈

N ′(M(G/(g1g3), g)) by a ordG(g1g3)-fold branched cover M → M1 = M(G/(g1g3), g).

Hence X(α) is a branched cover of X(α′) branching at i(Σ) ⊂ Σ′.

Because the deck group of M1 is G1 = G/(g1g3), g1g3 = g2g4 = e in G1. As

a consequence, FM1 is a compact orientable flat surface with no cone points,

hence it must be a square-tiled torus R2/L where L ⊂ Z2. Furthermore, from

the construction of FM we know that each horizontal cylinder in M corresponds

to a horizontal cylinder of the same width and circumference in FM. Hence

(2ordG(g1g2), 0) ∈ L. Similarly, (0, 2ordG(g1g4)) ∈ L. Let M2 be a (not necessar-

ily connected) square tiled surface such that FM2 is a 2ordG(g1g2)-by-2ordG(g1g4)
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torus, then M2 is a branched cover of M1. By the construction of F , M2 is also a

branched abelian cover. Furthermore, the pull back of any α′ ∈ N(M,Σ) satisfying

property (L) would also satisfy property (L). Hence, we have:

Proposition 6.2.4. Any α satisfying property (L) is related to an α0 ∈ N
′(M2) satisfying

property (L) by finite branched covers, where FM2 is a 2ordG(g1g2)-by-2ordG(g1g4) torus

R2/2ordG(g1g2)Z × 2ordG(g1g4)Z

�

Hence, from now on, we always let FM be a 2s-by-2t rectangular torus.

6.3 The discrete Fourier Transform

To apply Corollary 6.1.1, we need to find a decomposition of V that is compatible

with the decomposition H1(M,Σ;C) =
⊕

ρ
H1(ρ). We can obtain such a decompo-

sition by Discrete Fourier Transform.

Let V(FM) = V(Ts,t) be the space of real-valued functions on Z2/(2sZ× 2tZ). By

discrete Fourier transform, V has the following direct-sum decomposition: Vs,t =⊕
λ,µ

Vλ,µ
s,t , where λ, µ are integers, such that 0 ≤ λ < s/2, 0 ≤ µ < t if s is even,

0 ≤ λ < s/2, 0 ≤ µ < t, or λ = (s − 1)/2 and µ < t/2 if s is odd, and Vλ,µ
s,t =
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spanR( f0,0, f0,1, f1,0, f1,1, g0,0, g0,1, g1,0, g1,1), where:

f0,0(x, y) =


sin(2xπλ/2s) sin(2yπµ/2t), if x + y is even

0, otherwise

f0,1(x, y) =


sin(2xπλ/2s) cos(2yπµ/2t), if x + y is even

0, otherwise

f1,0(x, y) =


cos(2xπλ/2s) sin(2yπµ/2t), if x + y is even

0, otherwise

f1,1(x, y) =


cos(2xπλ/2s) cos(2yπµ/2t), if x + y is even

0, otherwise

g0,0(x, y) =


sin(2xπλ/2s) sin(2yπµ/2t), if x + y is odd

0, otherwise

g0,1(x, y) =


sin(2xπλ/2s) cos(2yπµ/2t), if x + y is odd

0, otherwise

g1,0(x, y) =


cos(2xπλ/2s) sin(2yπµ/2t), if x + y is odd

0, otherwise

g1,1(x, y) =


cos(2xπλ/2s) cos(2yπµ/2t), if x + y is odd

0. otherwise
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This decomposition is related to, but not the same as the eigenspace decompo-

sition of discrete Laplacian.

By the functorial property, the G-action on M induces an action on FM which

in turn induces actions on various Vλ,µ. More precisely, the actions of gi on FM, i =

1, 2, 3, 4, are translations in the four diagonal directions. By calculation, we know

that Ψ−1(Vλ,µ) ⊂ H1(ρλ,µ++) + H1(ρλ,µ−+) + H1(ρλ,µ+−) + H1(ρλ,µ−−), where the representations

ρ
λ,µ
±± are as follows:

ρ
λ,µ
++(g1) = eiπ(1+λ/s+ν/t) ρ

λ,µ
++(g2) = eiπ(1−λ/s+ν/t)

ρ
λ,µ
++(g3) = eiπ(1−λ/s−ν/t) ρ

λ,µ
++(g4) = eiπ(1+λ/s−ν/t)

ρ
λ,µ
−+(g1) = eiπ(1−λ/s+ν/t) ρ

λ,µ
−+(g2) = eiπ(1+λ/s+ν/t)

ρ
λ,µ
−+(g3) = eiπ(1+λ/s−ν/t) ρ

λ,µ
−+(g4) = eiπ(1−λ/s−ν/t)

ρ
λ,µ
+−(g1) = eiπ(1+λ/s−ν/t) ρ

λ,µ
+−(g2) = eiπ(1−λ/s−ν/t)

ρ
λ,µ
+−(g3) = eiπ(1−λ/s+ν/t) ρ

λ,µ
+−(g4) = eiπ(1+λ/s+ν/t)

ρ
λ,µ
−−(g1) = eiπ(1−λ/s−ν/t) ρ

λ,µ
−−(g2) = eiπ(1+λ/s−ν/t)

ρ
λ,µ
−−(g3) = eiπ(1+λ/s+ν/t) ρ

λ,µ
−−(g4) = eiπ(1−λ/s+ν/t)

We know that if the action of Γ on PH1(ρ) for any of the space H1(ρλ,µ±±) above

is commensurable to a hyperbolic triangle group with parabolic element, then (a)

λ = 0 and ν|t, (b) ν = 0 and λ|s, or (c) λ|s and ν|t, from the calculation in [6], [57]

or Section 5.7. In the first two cases it is commensurable to the (∞,∞, n)-triangle
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group, while in case (c) it is commensurable to a (∞,m, n)-triangle group. By Corol-

lary 6.1.1, if α satisfies property (L) then Ψ(α) must be in one of these two types of

Vλ,µ.

6.4 The (∞,∞, n) case

In this case, without loss of generality, we can assume λ = s/n and ν = 0. Figure 6.5

shows the sign of the function f0 = f0,0 + g0,0 for n = 5 on vertices of FM.

− 0 + + + + 0 − − − − 0

− 0 + + + + 0 − − − − 0

− 0 + + + + 0 − − − − 0
(0, 0)

Figure 6.5: The signs on FM in the (∞,∞, 5) case.

Points where f0 = f0,0 + g0,0 is positive or negative form vertical stripes, which

are separated by columns of zeros, hence Ψ−1( f0) defines a singular translation

structure on M by Lemma 6.2.2. By computation, this translation structure is tiled

by regular 2n-gons, and γ1r−1
g2

f acts on it as a finite order rotation. These lattice

surfaces were first discovered by Veech.
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Now we have:

Proposition 6.4.1. If α ∈ N ′ that satisfies condition (L) such that Ψ(α) ∈ V s/n,0, then up

to an affine action and an automorphism of the square-tiled surface M, Ψ(α) = f0. Hence,

X(α) is tiled by regular 2n-gons up to a S L(2,R)-action.

Proof. Firstly, because the sum of the values of Ψ(α) is 0, by Lemma 6.2.2, the set

of vertices where Ψ(α) is positive and the set of vertices where Ψ(α) is negative

have to be separated by vertices where Ψ(α) is 0. Hence, Ψ(α) must reach 0 at a

certain vertex. After relabeling the vertices if necessary, we can assume Ψ(α) is 0

at (0, 0) without loss of generality. Hence Ψ(α)(−1, 1)Ψ(α)(1, 1) < 0 or Ψ(α)(x, y) = 0

for all x + y even. If Ψ(α)(−1, 1)Ψ(α)(1, 1) < 0, by Lemma 6.2.2, Ψ(α)(0, 1) = 0, hence

Ψ(α)(x, y) ∈ f0,0R + g0,0R, thus α is affine equivalent to α0.

The other case, Ψ(α)(x, y) = 0 for all x+y even, contradicts with our assumption

according to Lemma 6.2.2. �

6.5 The (∞,m, n) case, Bouw-Möller surfaces

Now we deal with the (∞,m, n) case. Let f1 = f0,0 + g0,0. Points where f1 is positive

or negative form rectangles, which are separated by columns and rows of zeros,

hence Ψ−1( f1) defines a singular translation structure on M by Lemma 6.2.2. Fig-

ure 6.6 shows the sign of f1 when m = 5, n = 3.
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− 0 + + + + 0 − − − − 0

− 0 + + + + 0 − − − − 0

− 0 + + + + 0 − − − − 0

+ 0 − − − − 0 + + + + 0

+ 0 − − − − 0 + + + + 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

(0, 0)

Figure 6.6: The signes on F (M) in the (∞, 5, 3) case.

By deleting vertices that are assigned 0 width in the 1-skeleton on Ts,t we can

get the grid graph described in [28], hence due to Lemma 6.2.1, the metric com-

pletion of each component of (X(Ψ−1( f1)) − Σ′)∗ is the (m, n) Bouw-Möller surface.

Affine maps γ1r−1
g2

f and γ2t2rg4g1 f act on it as finite order rotations.

For example, if we label the squares of FM in the Figure 6.6 above as in Fig-

ure 6.7, then one component of X(Ψ−1( f1)) becomes Figure 6.8, and X(Ψ−1( f1)) is a

union of copies of such translation surfaces glued together at the cone point.

Also, when m = n, f2 = f0,0 + f1,1 + g0,0 + g1,1 and f3 = f0,1 + f0,1 + g1,0 + g1,0
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0 + + + + 0

0 + + + + 0

0 0 0 0 0 0

0 0 0 0 0 0
1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

Figure 6.7: Squares in F (M).

also define lattice surfaces. They are affine equivalent to branched covers of the

regular n-gon branched at the midpoints of its sides. Figure 6.9 shows the sign of

f2 for m = n = 5, and Figure 6.10 shows the corresponding translation surface.

Similar to the previous section, we have:

Proposition 6.5.1. If α ∈ N ′ that satisfies condition (L) such that Ψ(α) ∈ V s/n,t/m, then

up to affine action and the automorphism of M, Ψ(α) is either f1 or f2.

Proof. Due to Lemma 6.2.1, we can further assume that AΨ(α) = λΨ(α) for some

constant λ. From this and the Peron-Frobenious theorem we know that the sign of

Ψ(α) completely determines Ψ(α) up to scaling.

By the formula for fi, j and gi, j, i, j = 0, 1 in Section 6.3 and the fact that

AΨ(α) = λΨ(α), Ψ(α) = C1 sin(πx/n + A) cos(πy/m) + C2 sin(πx/n + B) sin(πy/m) for

some constants C1, C2, A and B. Hence, Ψ(α) when restricted to any row is a
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1 2

3
4
5

6

7

8

9

10

11
12

13

14 15

Figure 6.8: Squares in Figure 6.7 after flipping and deformation.

− 0 + + + + 0 − − − − 0

− − 0 + + + + 0 − − − −

− − − 0 + + + + 0 − − −

(0, 0)

Figure 6.9: Another width function.

function of the form ψ(x) = C sin(πx/n + a) for some constants C and a, and when

restricted to any column it is a function of the form ψ′(x) = C′ sin(πy/m + a′) for

some constants C′ and a′. Furthermore, by Lemma 6.2.2, the set of vertices where

Ψ(α) is positive and the set of vertices where Ψ(α) is negative have to be separated
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Figure 6.10: The surface obtained from Figure 6.9.

by vertices where Ψ(α) is 0. Hence, Ψ(α) restricted to any row of vertices must be

one of the following cases:

(a) 0.

(b) C sin(π(x − k)/n), k ∈ Z. It reaches 0 2s
n times.

Similarly, Ψ(α) restricted to any column of vertices must be one of the following

cases:

(a) 0.

(b) C′ sin(π(x − k′)/m), k′ ∈ Z. It reaches 0 2t
m times.

Because of Lemma 6.2.2, at least one row or column must be in case (b). Fur-

thermore, we have:
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Lemma 6.5.2. If a row (or column) of type (a) is next to a row (or column) of type (b), the

subgraph spanned by vertices where Ψ(α) is non-zero is a union of grid graphs as defined

in [28]. Hence, it must be a cover of a Bouw-Möller surface.

Proof. If a row of type (a) is next to a row of type (b), without loss of generality, we

let the row of type (a) be the 0-th row, and the row of type (b) be the 1st. Because

Ψ(α) = C1 sin(πx/n + A) cos(πy/m) + C2 sin(πx/n + B) sin(πy/m) and Ψ(α)(x, y) = 0,

C1 = 0. Furthermore, because the 1st row is of type (b), nB/π ∈ Z. Hence the

subgraph spanned by vertices where Ψ(α) is non-zero is a union of grid graphs as

defined in [28]. The argument for columns is the same. �

Now we only need to deal with the case when Ψ(α) restricted to all rows and

columns of vertices are of type (b). Because all columns are of type (b) there must

be 4st
m zeros, and because all rows are of type (b) there must be 4st

n zeros. Hence,

m = n. Now, the only way these zero vertices can separate the other vertices of Ts,t

into positive and negative regions is by aligning in the diagonal direction.

In conclusion, after scaling and relabeling, Ψ(α) must be either f0,0 + f1,1 + g0,0 +

g1,1 or f0,1 + f0,1 + g1,0 + g1,0. �

Proof of Theorem 6.1.1. Theorem 6.1.1 is a corollary of Proposition 6.4.1 and Propo-

sition 6.5.1. �
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[45] G. Schmithüsen. An algorithm for finding the Veech group of an origami.
Experimental Mathematics, 13(4):459–472, 2004.

[46] M. Senechal. What is a quasicrystal. Notice of the AMS, 53:886–887, 2006.

104



[47] J-P Serre. Linear representations of finite groups. 1977.

[48] J. Smillie and B. Weiss. Examples of horocycle-invariant measures on the
moduli space of translation surfaces.

[49] J. Smillie and B. Weiss. Minimal sets for flows on moduli space. Israel Journal
of Mathematics, 142(1):249–260, 2004.

[50] J. Smillie and B. Weiss. Characterizations of lattice surfaces. Inventiones math-
ematicae, 180(3):535–557, 2010.

[51] W. P. Thurston. On the geometry and dynamics of diffeomorphisms of sur-
faces. Bulletin (new series) of the American Mathematical Society, 19(2):417–431,
1988.

[52] W. P. Thurston. Shapes of polyhedra and triangulations of the sphere. Geom-
etry and Topology Monographs, 1:511–549, 1998.

[53] W. A. Veech. Teichmüller curves in moduli space, Eisenstein series and an
application to triangular billiards. Inventiones mathematicae, 97(3):553–583,
1989.

[54] Y. B. Vorobets. Planar structures and billiards in rational polygons: the Veech
alternative. Russian Mathematical Surveys, 51(5):779–817, 1996.

[55] C. C. Ward. Calculation of fuchsian groups associated to billiards in a rational
triangle. Ergodic Theory and Dynamical Systems, 18(04):1019–1042, 1998.

[56] A. Wright. Schwarz triangle mappings and Teichmüller curves: abelian
square-tiled surfaces. J. Mod. Dyn., 6(3):405–426, 2012.

[57] A. Wright. Schwarz triangle mappings and Teichmüller curves: the Veech-
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