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The growing ability to synthesize polyhedral particles has fueled the interest in 

understanding their assembly into ordered structures. The assembly of these particles 

can be performed with (directed) or without the influence of an external field. A 

relevant example of directed assembly involves the use of fluid-fluid interfaces.  

 

Since the disorder-to-order transitions observed in the bulk self-assembly of 

polyhedral particles are rare events, they cannot be studied using conventional brute 

force simulations. We use the combination of advanced sampling methods, namely, 

Forward Flux Sampling (FFS) and Umbrella Sampling to study the nucleation kinetics 

of structural order in polyhedral particle suspensions at different degrees of 

supersaturation (DoSS) in Chapter 1. The estimation of DoSS depends on the precise 

estimation of thermodynamic quantities at coexistence, which can be obtained by 

interfacial pinning method described in Chapter 2.  We focused first on polyhedral 

shapes, namely, cuboctahedra, truncated octahedra, and rhombic dodecahedra. They 

all form a translationally ordered, orientationally disordered phase called a “rotator” or 

“plastic” solid. While one would have expected these polyhedra to exhibit similar 

	



	

	

ii		

nucleation kinetics as hard spheres, we find that the kinetics is orders of magnitude 

faster. Counterintuitively, it is the coupling between localized orientational and 

translational order that facilitates the growth of translationally ordered nuclei. We 

have further extended our analysis to octahedron-like particles in Chapter 5 for which 

we observe again small transition free-energy barriers for the nucleation of rotator 

phases. In contrast, for perfect octahedra (which do not form a rotator phase), we find 

that its crystal nucleation has a larger free energy barrier than that for hard spheres; 

this is due to the entropic cost of opposing complete face-to-face contacts to allow 

packing in the (Minkowski) lattice. 

 

We also used Monte Carlo simulations to study the thermodynamics of directed self-

assembly of polyhedral particles confined to a fluid-fluid interface in Chapter 3. We 

considered the case of freely rotating hard particles whose centers of mass are pinned 

to a flat interface. Our results show diversity in the type of mesophases and crystalline 

phases that different shapes form. As an initial extension to more realistic fluid-fluid 

interfaces, we studied the role of particle-surface enthalpic interactions in determining 

the particle orientation behavior. 

 

We also describe our efforts to use the FFS framework to simultaneously obtain free 

energy barriers and rates, and to use alternative rare-event methods to identify 

optimized reaction coordinates in Chapter 4. Such methods are expected to be 

especially useful to resolve the transition kinetics of high-asphericity particle shapes 

(like cubes), binary particle mixtures in the bulk. 
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Chapter 1  
LOCALIZED ORIENTATIONAL ORDER CHAPERONS THE NUCLEATION OF 

ROTATOR PHASES IN HARD POLYHEDRAL PARTICLES* 

	

1.0 Abstract 

The nucleation kinetics of the rotator phase in hard cuboctahedra, truncated octahedra, 

and rhombic dodecahedra is simulated via a combination of Forward Flux Sampling 

and Umbrella Sampling. For comparable degree of supersaturation, the polyhedra are 

found to have significantly lower free-energy barriers and faster nucleation rates than 

hard spheres. This difference primarily stems from localized orientational ordering, 

which steers polyhedral particles to pack more efficiently. Orientational order hence 

fosters here the growth of orientationally disordered nuclei.	

Homogeneous nucleation is the key step in spontaneous crystallization in which an 

embryo of a stable solid-phase is created within a metastable liquid. Understanding 

nucleation remains a challenge, as it is an activated process that involves overcoming 

a free-energy barrier by a rare fluctuation in the metastable phase. Conceptually, 

classical nucleation theory (CNT)1 is widely used to provide a framework to study 

nucleation kinetics. CNT assumes that each nucleus is spherical and formed by the 

single most thermodynamically stable solid; the size of the largest nucleus serves as 

the only relevant order parameter to monitor the kinetics of the process whose 

transition state defines the critical nucleus size. Although useful, this simplified 

																																																								
*	Reprinted with permission from Thapar, V.; Escobedo, F. A. Physical Review Letters 2014, 
112, 048301. Copyright 2014 American Physical Society. 
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picture has also proven to be incomplete. For Lennard-Jones spheres, e.g., the shape 

and structure of the critical nuclei are important to describe the nucleation 

mechanism.2  

  

Molecular simulations provide a more rigorous tool to probe the mechanism of 

nucleation. However, conventional brute force simulations are impractical as 

nucleation is a rare event, which makes it difficult to collect enough statistics with 

computing resources typically available. To overcome this limitation, many 

sophisticated methodologies have been developed.3-12 Amongst them, Forward Flux 

Sampling (FFS)11, 12 is particularly appealing given its ability to simultaneously and 

efficiently resolve the transition path ensemble (TPE), the committor probabilities, the 

transition state ensemble (TSE) and the transition rates. FFS generates the TPE by 

“ratcheting” partial trajectories forward (and over large free-energy barriers) by the 

use of interfaces placed along an order parameter that tracks the phase space between 

the two basins of interest.  

 

Despite the multiple simulation studies and different techniques that have been used to 

examine nucleation processes, most of them have been concerned with spherical 

particles given their simplicity and relevance to some atomic and colloidal systems. At 

present, however, a major focus in material science is the self-assembly of anisotropic 

particles due to its potential to help engineer novel materials from colloidal 

nanoparticles.13, 14 Assemblies of anisotropic particles undergo order-disorder phase 
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transitions involving changes in both translational and orientational degrees of 

freedom and can lead to phases with partial structural order or “mesophases”.15  

Recent studies16-19 have provided a partial roadmap of the mesophases that can be 

expected for different types of polyhedral particles. Along with the phase behavior, 

understanding the kinetics of the phase transition of anisotropic particles is also of 

practical importance (e.g., kinetic traps may preclude the timely formation of a 

desirable phase) and yet this has been either scantly explored (for rod-like particles) 20-

23 or completely unexplored (for polyhedral particles). 

  

In this work, we focus on the rotator-phase nucleation in hard cuboctahedra (CO), 

truncated octahedra (TO), and rhombic dodecahedra (RD). They are representative of 

a class of polyhedral particles that form crystals with well-defined translational and 

orientational order at high concentrations.16, 18, 19 At the order-disorder transition 

pressure, the isotropic phase of suspensions of these polyhedra transitions into a 

rotator or plastic mesophase wherein particles are translational ordered but essentially 

orientationally disordered. Given that primarily translational order is nucleated, one 

could conjecture that the kinetics of the rotator-phase nucleation of COs, TOs, and 

RDs is comparable to that for the nucleation of translational order in suspensions of 

hard-spheres (HSs). This is particularly relevant in comparing COs and HSs since, as 

it is shown in the Supplemental Material24, the rotator phase in COs has (unlike those 

for TOs and RDs) minimal long-range orientational order at all pressures where it is 

stable. We show here that the above conjecture of kinetics similarity is incorrect. We 

find that while the size and shape of the sub-critical and critical solid nuclei do bear 
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similarities to those seen in HSs, for COs, TOs, and RDs the free-energy barrier is 

significantly lower, and the nucleation rate is significantly faster than those in HSs for 

comparable degrees of supersaturation. We identify small regions of spatially 

correlated orientationally ordered and translationally ordered particles likely acting as 

catalyst for the rotator-phase nucleation in the polyhedra (such regions are local 

fluctuations that foreshadow the establishment of long-range orientational order to 

ensue at higher pressures).  

 

FFS has been used to study the crystal-nucleation in various systems.25-27 From the 

FFS variants available, we apply here the constrained branched growth algorithm28-31, 

as it has been shown to be efficient and to allow a cost-free estimation of committor 

probabilities (pB).31 To estimate the nucleation free-energies, we have used a multiple-

window Umbrella Sampling (US) method.29,30 We use the number of particles in the 

largest (translationally ordered) solid-cluster, ntr, as a reaction coordinate. To estimate 

ntr, we adopted the order parameter introduced by ten Wolde et al.5 to distinguish 

between liquid-like and solid-like particles as pertaining to the mesophases that the 

polyhedra form. Details on the calculation of ntr and transition rates are provided in 

Ref. 24. 

 

The simulations were conducted in a cubic cell with periodic boundary conditions, 

with fixed number of particles, N (=3375 for COs, 2500 for TOs, and 2916 for RDs), 

and constant reduced pressure P* = βPσ3/8, where σ is the diameter of the 

circumscribing sphere (specific to each particle geometry) and β=1/kBT. P* values are 
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chosen such that the degree of supersaturation (DoSS) approaches the range of values 

for which nucleation studies for HSs have been performed. The DoSS is calculated 

via32: 

  DoSS = β |Δµ |     (1.1) 

where |Δµ| is the chemical potential difference between the metastable fluid and the 

stable solid at the simulated P*, obtained using thermodynamic integration (see Ref. 

24). |Δµ| embodies the true thermodynamic force driving the nucleation of the new 

phase. The values of P* and DoSS are given in Table 1.1. DoSS values > 0.55 were 

not explored since the liquid phase would become unstable. We performed FFS 

calculations at DoSS values of: 1) 0.3 and 0.38 for COs, 2) 0.3 and 0.42 for TOs, and 

3) 0.27 and 0.36 for RDs, while we used a brute force approach similar to that used in 

Ref. 33 for the largest DoSS for all shapes. We used kinetic MC (KMC) simulations to 

evolve trajectories from liquid to solid as in Refs. 34-35; further simulation details are 

given in Ref. 24.	
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Table 1.1: Simulation data for the rotator-phase nucleation in COs, TOs and RDs.	
ηliquid is the liquid phase packing fraction at pressure	P*.	ΔG*/kBT	is the free-energy 

barrier height and *
trn  is the critical cluster size.	

Shape P* hliquid DoSS Iσ5/D0 ΔG*/kBT *
trn  

CO 4.1 0.513 0.30 (1.9 ± 0.5)×10-14 19.8 ± 0.8 177 

CO 4.6 0.529 0.38 (2.0 ± 0.6)×10-08 3.4 ± 0.2 55 

CO 4.8 0.532 0.44 (1.0 ± 0.5)×10-6 2.5 ± 0.3 31 

TO 2.8 0.496 0.30 (1.0 ± 0.5)×10-12 18.5 ± 0.7 165 

TO 3.0 0.504 0.42 (5.8 ± 0.8)×10-07 4.9 ± 0.2 59 

TO 3.15 0.5085 0.52 (1.8 ± 0.7)×10-05 1.7 ± 0.1 29 

RD 4.32 0.5008 0.34 (3.2 ± 1.3)×10-09 10.9 ± 0.6 117 

RD 4.56 0.5072 0.44 (3.0 ± 0.5)×10-06 3.2 ± 0.1 40 

RD 4.64 0.511 0.51 (1.6 ± 0.5)×10-05 1.9 ± 0.1 25 

 

 

 

	

Figure 1.1: a) Free-energy profile G(ntr)/kBT as a function of ntr, and b) Free-energy 
barrier height ΔG*/kBT and Nucleation Rate, I* vs. DoSS =	β|Δµ|	for COs, TOs, and 

RDs. HS data from Ref. 36. 
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Table 1.1 shows the calculated nucleation rates for COs, TOs, and RDs. The 

nucleation rate, I is given by I = (TABV)-1, where V is the volume of the system and TAB 

is mean first passage time from the liquid basin to the rotator basin. Rates are given in 

dimensionless form I*= Iσ5/D0, where D0 is the free-particle diffusion constant (see 

Refs. 34, 35 for details) and is assumed to be comparable for all four shapes.  

In Fig. 1.1(a), we show the free-energy profile over ntr obtained from US.  

In Table 1.1 and Fig. 1.1(b) we compare the nucleation rate and free-energy barrier 

height ΔG* among HSs, COs, TOs, and RDs. As expected, I* increases and ΔG* 

decreases with DoSS for all shapes. Our results also show that for all three polyhedra 

ΔG* is significantly smaller and I* significantly larger than those for HSs. This is 

intriguing considering that all these hard-particle systems (HSs and COs in particular) 

could be thought of as cases where a similar translationally-ordered, rotationally-

disordered phase is being nucleated. To find some clues to explain such disparity, we 

proceed to examine the microstructure of the nuclei using the configurations collected 

at different FFS interfaces.  

 

First we note that, like in HSs, the growing nucleus in the polyhedra tends to have a 

spherical shape (see Ref. 24). To characterize translational order, we calculate fα, the 

fraction of crystal structure type α in such a nucleus (see also Ref. 24 for details). 

Figure 1.2(a) shows the results of fα as a function of ntr for COs, TOs, and RDs. 

Similar to HSs30, 32, the small clusters for the polyhedra have some bcc- and liquid-like 

signatures but unlike HSs36, the most dominant structure is hcp with very small 

contribution of fcc. The dominance of hcp-like motifs for COs and TOs is likely a 
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reflection of the stable structure of their plastic solids: hcp for COs and bct for TOs.18 

The prevalence of hcp motifs in the critical nucleus for RDs rather than the bulk-solid 

fcc structure can be seen as a manifestation of Ostwald ‘step rule’. A lower free-

energy barrier may be the result of nucleating hcp-like clusters in the polyhedra rather 

than fcc-like clusters in HSs.  However, it seems unlikely that the small structural 

dissimilarity between hcp and fcc lattices is the sole reason for the much lower 

nucleation free energy barriers in the polyhedra.  

 

	

Figure 1.2: Translational and orientational order in solid nuclei of COs, TOs, and 
RDs.  a) Relative weight of the structural signatures for bcc, fcc, hcp and liquid-like 

ordering. b) Variation of   P4
Cl  with ntr; values for ntr = N correspond to the bulk rotator 

phases, and   P4 for the liquid phase is shown as a horizontal line. Inset shows the 
variation of foverlap with ntr. 

	
To quantify orientational order, we use parameters P4 and I4

24, 37 which capture any 

trace of the cubic orientation symmetry that COs, TOs, and RDs will fully attain in the 

crystalline state. In accord to previous observations16, 17, particles in the bulk rotator 

phases of these polyhedra near the isotropic-rotator coexistence pressure dynamically 

rotate (with liquid-like rotational diffusivity) in all possible directions, but do have a 

small amount of long-range orientational order. This is a reflection that particles are 
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trapped in (translationally ordered) “cages” that are not perfectly spherical. We show 

in the Supplemental Material 24 that, for the COs in particular, the extent of long-range 

orientational order is small enough for the rotator phase to be considered 

orientationally disordered at any of the pressures investigated. As it turned out, 

however, this small long-range orientational order in the rotator phase of polyhedra 

does foreshadow the microscopic origin of their faster nucleation kinetics.  To 

characterize orientational order in the growing nucleus, we calculate   P4
Cl , the cubatic-

order parameter of the greatest cluster for different values of ntr  [see Fig. 1.2(b)]. In 

all cases,   P4
Cl  stays in the narrow range from 0.08 to 0.14 which is a small value but 

still an order of a magnitude larger than the value of 0.011 for the bulk liquid phase of 

all three polyhedra, indicative of incomplete orientational disorder in the solid nuclei. 

As shown in Fig. 1.2(b),   P4
Cl  is, however, smaller than the average P4 for the 

corresponding stable bulk-rotator phases (see Ref. 24). To probe whether a 

distinguishable orientationally ordered cluster exists and whether it is correlated with 

the translationally ordered nucleus, we define an order parameter, nor, as the number 

of particles in the greatest cluster based on the rotationally invariant orientational 

order parameter, I4 .37 Akin to the translational order parameter, we define a local 

orientational order parameter I4(i) for particle i (see Ref. 24) and obtain nor with a 

procedure similar to that used to calculate ntr. We define as foverlap the fraction of 

particles in nor that are present in ntr. As shown in the inset of Fig. 1.2(b), foverlap ~ 10-

20% at the pre-critical stages, increasing to ~ 40% or higher at the critical stage for all 
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cases. This shows that a significant degree of spatial coupling exists between 

orientational and translational order as the rotator-phase nucleates.  

 

	

Figure 1.3: Normalized Probability density distribution of (a) q6(i) for the isotropic 
and solid (rotator) phases of COs, TOs, RDs and HSs, and (b) I4(i)for the isotropic and 

rotator phases of COs, TOs and RDs. All configurations correspond to DoSS ∼  0.3. 
Snapsho Snapshots for isotropic configurations of (c) HSs and (d) COs. Snapshots of 
CO configurations of (e) critical-sized (ntr~ 183) nuclei (boundary marked by dashed 
black line) and (f) a fully rotator phase. The snapshots only show selected particles: 
Translationally ordered particles (with q6(i) > 0.5) are green, orientationally ordered 

particles (with I4(i) > 0.3) are red, and translationally and orientationally ordered 
particles are blue.  
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local translational order [q6(i)] and local orientational order [I4(i)] for the bulk 

isotropic and rotator phases of the polyhedra. In Fig. 1.3(a), we also show the q6(i) 

density distributions of the bulk isotropic and solid phases of HSs. All the distributions 

are plotted for a DoSS value near 0.3.  The isotropic phase q6(i) distributions of COs, 

TOs, RDs, and HSs are almost indistinguishable and exhibit significant overlap with 

those for the corresponding solid phases. This shows that, like in HSs, the isotropic 

phase of polyhedra contains small regions of high local translational order. But unlike 

HSs, which lack any degree of freedom for orientational order, the local orientational 

order in the bulk isotropic phase for the polyhedra spans a broad range of values 

between 0.1 and 0.4, around an average value of 〈I4(i)〉 ~ 0.2. Importantly, these 〈I4(i)〉 

values are much larger than the average I4 values for the whole isotropic phase 

(~0.02), indicative of spatially heterogeneous (short-range) orientational order. Note 

that COs show the highest amount of overlap between the isotropic phase and rotator 

phase I4(i), likely a reflection of their lower average orientational order of the bulk-

rotator phase. Figure 1.3(d) shows that, similar to the regions of high local 

translational order [also present in HSs as shown in Fig. 1.3(c)], the regions of high 

local orientational order are small in size (correlation length) and appear scattered 

throughout the system. Although these pervading orientationally ordered and 

translationally ordered “hot spots” do not always coincide, it is their spatial coupling 

what likely facilitates both the birth and growth [Fig. 1.3(e)] of the translationally-

ordered embryo, and eventually overtake the entire system in the rotator phase [Fig.  

1.3(f)]. 
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Figure 1.4: (a) pB vs. nboth for COs at P*=4.1, TOs at P*=2.8, and RDs at P*=4.32. 
The inset shows the correlation between the average values of  〈nboth〉 and 〈ntr〉 (pB 

values increase from the bottom-left to the top-right). (b) Snapshots of critical (I and 
II) and post-critical (III and IV) nuclei of the same trajectory for TOs at P*=2.8. Blue 
TOs are both translationally and orientationally ordered, red TOs are translationally 
ordered, and green TOs are orientationally ordered. Snapshots II and IV only show 

blue TOs with snapshot IV also showing in gray the newly added particles. 
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visual examination of the critical cluster; Fig. 1.4(b) shows one example of how the 

cluster tends to grow in regions where it previously had both local orientational and 

translational order (compare snapshots I and IV).  

 

In this first study of solid-phase nucleation kinetics of polyhedral particles, disordered 

suspensions of COs, TOs, and RDs are predicted to form solids much faster than HSs, 

despite their similar rounded shape and overall phase behavior. Specifically, the 

rotator-phase nucleation barrier heights (and rates) for these polyhedra were found to 

be significantly lower (larger) than those for HSs at comparable DoSS. Such 

differences may partially stem from differences in nuclei structure, which is hcp-like 

for the polyhedra while fcc-like for HSs. Our analysis also reveals a coupling between 

spatial fluctuations of orientational and translational order present in the isotropic 

phase of the polyhedra. This coupling can be seen as a positive feedback loop wherein 

the spontaneous local alignment of particles16, 37, 38 (wherein neighbor particles tend to 

pack their flat facets parallel to each other) help steer particles toward positions with 

translational order; conversely, regions having established translational order (i.e., at 

the interface of the nucleus) in turn make fluctuations with high orientational order 

more prevalent. In the context of CNT (see Supplementary Material24),  this coupling 

in fluctuations (absent in hard spheres) would be expected to produce two opposing 

effects on the nucleation rate: (1) Decrease the solid-liquid interfacial tension γ  and 

hence the free-energy barrier ΔG*, and (2) reduce the attempt rate (prefactor) by 

temporarily “trapping” particles approaching the nucleus in nearby regions with 

correlated order. Overall, we conjecture that a catalytic effect may occur with other 
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particle shapes forming rotator phases provided that local orientational order occurs 

and it couples synergistically with translational order (the “elongated spheres” of Ref. 

39 would provide a counter example).  Some polyhedra could even be used as 

initiators to catalyze solid-nucleation of spheres. 
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1.2 Supplementary Information 

1.2.1 Order Parameters   

The order parameter adopted to track nucleation is the size of the largest 

translationally ordered cluster in the system, ntr. It is based on first assigning a local 

bond orientational order parameter, ql,m (i)  to each particle i, by using Steinhardt et 

al.40 definition: 

  
ql ,m(i) = 1

Nb(i)
Yl ,m(θ i, j ,φi, j ),

j=1

Nb ( i)

∑
   (1.2) 

where
  
Yl ,m(θ i, j ,φi, j )  are spherical harmonics which depend on polar angle,

  
θ i, j and 

azimuthal angle,
  
φi, j  between particle i and particle j. The neighbors of particle i,
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  Nb(i)  are defined as the number of particles that are within the cutoff radius rc of 

particle i. The number of solid-like connections of particle i,   ξ(i)  are calculated from: 

  
ξ(i) = H (dl (i, j)− dc )

j=1

Nb ( i)

∑    (1.3) 

where H is Heaviside step function, dc is the dot-product cutoff and  

  

dl (i, j) =
ql ,m(i)q *l ,m ( j)

m=− l

l

∑

| ql ,m(i) |2
m=− l

l

∑⎛⎝⎜
⎞
⎠⎟

1/2

| ql ,m( j) |2
m=− l

l

∑⎛⎝⎜
⎞
⎠⎟

1/2    (1.4) 

A solid-like particle is defined as a particle with at least  ξc  number of connections. 

The number of solid-like particles in a single cluster is then given by the criterion that 

if two solid particles are neighbors of each other then they belong to the same cluster 

and the largest solid cluster is that with most number of particles in it. Concisely, 

evaluating ntr requires four input parameters: 1) the symmetry index, l, 2) the cutoff 

radius, rc, 3) dot-product cutoff, dc, and 4) the critical number of connections,  ξc . 

Given the hexagonal symmetry in the structure of CO, TO, and RD mesophases, the 

value of symmetry index l is chosen to be 6. The cutoff radius, rc is given as the 1.2 

times the first peak of radial distribution function, g(r). Following a local bond order 

analysis similar to that of ten Wolde et al.32, the values of dc  and  ξc  are chosen such 

that there is a minimum overlap in the liquid and solid probability distribution of 

  d6(i, j)  and   ξ(i)  , respectively. Specifically, we used dc  = 0.7 and  ξc = 7 for all three 

polyhedra. As in previous studies36, we found that while the shape of the free-energy 

barrier (and hence the critical cluster size) depends on the values chosen of the four 
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parameters listed above (which together determine ntr for any given configuration), the 

free-energy barrier height is insensitive to such choices. 

To characterize translational order in the greatest cluster, we use a slight modification 

of the local bond-order orientational parameters proposed be Lechner et al.41, which 

have been shown to discriminate different crystal structures more accurately than 

regular bond-order parameters by taking into account the contribution from both first 

and second shell of surrounding particles. This allows us to estimate the fraction of 

various lattice structures present in the solid nuclei at different FFS interfaces. The 

probability vectors for the distribution histograms are obtained for the crystalline 

nuclei (νnuclei ) and fractions are obtained by minimizing Δ2 : 

Δ2 = νnuclei − ( fbccνbcc + f fccν fcc + fhcpνhcp + fliqν liq )⎡⎣ ⎤⎦
2

with, fbcc + f fcc + fhcp + fliq = 1
   (1.5)

 

where, fα  is the fraction of structureα in a cluster and probability vectors, να , for 

reference structures taken from Ref. 16. 

To measure the orientational order in the greatest cluster, we used the cubatic order 

parameter defined as 

    

P4
Cl = max

n

3
14N

P4(ui ⋅
i
∑ n)

= max
n

3
14N

(35cos4θ i(n)− 30cos2θ i(n)+ 3)
i
∑

  (1.6) 

where,  ui is the unit vector along a relevant particle axis and  n  is a director unit 

vector which maximizes  P4
Cl . The recipe to obtain   P4

Cl
 is detailed in Ref. 37. Akin to 
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the translational order parameter, we define the local order parameter,  I4(i)  to measure 

orientational order for particle i as: 

  
I4(i) = 4π

9
| I4,m(i) |2

m=−4

4

∑⎛
⎝⎜

⎞
⎠⎟

1/2

   
(1.7)   

where,  
I4,m(i) is given by:

 
 

  
I4,m(i) = 1

Nb(i)
Y4,m(θ i ,φi )

j=1

Nb ( i)

∑
   

(1.8) 

where   
Y4,m(θ i ,φi )  are spherical harmonics, and the polar angle, θ i ,and azimuthal angle,

 

 φi ,  describe the orientation of particle axes i relative to an arbitrary reference 

coordinate frame. The global orientational order of the greatest cluster  I4
Cl , using the 

equation below 

  
I4

Cl = 4π
9

| I4,m
glob |2

m=−4

4

∑⎛
⎝⎜

⎞
⎠⎟

1/2

    (1.9) 

where   
I4,m

glob  is calculated in a similar way as   
I4,m(i)  but instead of averaging it over 

neighbors, it is averaged over all the particles in a cluster. Note that   P4
Cl  and   I4

Cl  

provide very similar information on orientational order in a cluster and can be used 

interchangeably in the main text. 
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1.2.2 Characterization of orientational order in the rotator mesophases 

To characterize the global orientational order present in rotator phase of COs, TOs and 

RDs at coexistence, we have calculated the values of   P4  and  I4  of the bulk rotator 

phase. At the isotropic-rotator transition, the rotator phase has (I4, P4) values of (0.17, 

0.12) for both TOs and RDs, while they are (I4, P4) = (0.08, 0.05) for COs, showing 

that the latter is more orientationally disordered. Note that, as reported in Ref. 37, the 

maximum values of   I4  and  P4  are 0.764 and 0.583, respectively. To further quantify 

the orientational order, we considered the orientational distribution functions of COs 

and TOs obtained by plotting the unit vectors for all particle axes on the unit sphere. 

Figure 1.5 and 1.6 show these functions for representative configurations (including 

those at coexistence conditions) of COs and TOs, respectively for a range of particle 

concentrations. For liquids [see Figs. 1.5(I) and 1.6(I)], the orientational distribution is 

uniform on the surface of the sphere, characteristic of complete orientational disorder. 

For the rotator systems, as the orientational order parameters I4 or P4 increase the 

orientational distribution becomes more clustered; for the crystalline phase [Figs. 

1.5(V) and 1.6(V)] these distributions exhibit 6 mostly isolated, orthogonal, small 

patches representing the directions of the underlying cubic symmetry (these patches 

would collapse into dots for perfect cubic order).  For the COs, there is a first-order 

rotator-crystal transition at which point the (I4, P4) values are (0.18, 0.14) for the 

rotator phase, and (0.58, 0.44) for the crystal phase. For the TOs, the rotator-crystal 

phase transition is continuous and so (I4, P4) values of its rotator phase keep increasing 

with pressure. While it seems questionable to try to define threshold values for (I4, P4) 
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separating rotator from crystalline character, the average values across the rotator-

crystalline transition for COs; i.e., (I4, P4) = (0.38, 0.29) provide sensible reference 

values. Indeed, for (I4, P4) near or below ~ (0.37, 0.27) in Figs. 1.6(IV) the 

orientational clustering is largely smeared out. Note that in the plots of Fig. 1.6, all 

possible orientations are accessible, but it is the degree of bias that becomes more 

marked going from frame II to V. It is clear, however, that the rotator phase of COs 

should, at any pressure at which it exists, be considered orientational disordered and is 

hence a suitable system for comparison with hard spheres, which also form a 

transitionally disordered solid.  Note also in Fig. 1.6(b) of the main text that for all the 

pressures at which nucleation of COs, TOs, and RDs are studied, the precritical, 

critical and postcritical nuclei have P4 values ranging from 0.08 to 0.11, consistent 

with insignificant rotational order [as can be directly assessed with the orientational 

order distribution for COs at P*=4.1 in Fig. 1.5(VI) and for TOs at P*=2.8 in Fig. 

1.6(VI)].  

 

We now analyze the physical origin of the “partial” long-range orientational order 

associated with small values of (I4, P4) observed in Figs. 1.5 and 1.6. Such an order is 

a reflection of the caging experienced by particles as they rattle in a restricted region 

of space within the rotator-phase lattice. Inside such translationally ordered cages, 

collisions between particles will tend to promote parallel alignment of their contacting 

facets, resulting in particles not being completely free to rotate in all possible 

orientations. In other words, the cages are not (in average) perfectly spherical and 

become more anisotropic as the cage size is reduced (at higher pressures or packing 
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fractions). To further illustrate the effect of cage size, we show in Table 1.2 how the 

global orientational and translational order parameters of rotator phase of TOs change 

as the volume fraction (and pressure) are reduced down to metastable conditions. In 

going from P*=2.2 to 1.95, Q6 decreases only by 10% while I4 decreases by 35%, 

showing that increasing cage size has a more significant effect on disturbing 

orientational order than translational order.   

	

Figure 1.5: Orientational distribution for COs with respect to all three particle axes for 
(P*, I4, P4) values of (I) (2.9, 0.01,0.02) – isotropic phase, (II) (2.9, 0.08,0.05) – 

rotator phase, (III) (4.1,0.17,0.12) –rotator phase, (IV) (5.1,0.18,0.14) – rotator phase, 
(V) (6.0,0.58,0.44) – crystal phase. Panel (VI) shows the orientational distribution of 
one of the configurations from the TSE of COs at P*=4.1. Panels (I) and  (II) are the 
distributions for isotropic and rotator phases at coexistence conditions, respectively. 
Panels (IV) and (V) are the distributions for rotator and crystal phases near rotator-

crystal coexistence conditions, respectively. Panels (IV) and (V) are the distributions 
for rotator and crystal phases near rotator-crystal coexistence conditions, respectively.         

 

I II III 

IV V VI 
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Figure 1.6: Orientational distribution for TOs with respect to all three particle axes for 
(P*, I4, P4) values of: (I) (2.2, 0.01,0.02), (II) (2.2, 0.17,0.12), (III) (2.8, 0.3,0.23), 

(IV), (3.0, 0.37,0.27), and  (V) (3.9, 0.57,0.42). Panel (I) is for an isotropic phase and 
panel (V) is for a phase decidedly crystalline; panels (II) through (IV) show the 

continuous transition of the rotator phase from high orientational disorder (panel II) to 
nearly crystalline order (panel IV). Panel (VI) shows the orientational distribution of 
one of the configurations from the TSE of TOs at P*=2.8. Panels (I) and  (II) are the 

distributions for isotropic and rotator phases at coexistence conditions.     
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Table 1.2: The values of Q6, I4 and packing fraction,  ηrot

, at reduced pressures, P* 
where rotator phase of TOs is metastable. 

 
P*  ηrot

 Q6
 I4 

2.2 0.504 0.4 0.17 

2.15 0.498 0.393 0.161 

2.1 0.494 0.387 0.148 

2.05 0.489 0.38 0.135 

2 0.484 0.371 0.123 

1.95 0.481 0.361 0.11 

 

1.2.3 Details of the FFS Method 

In CBG, M0 trajectories are launched from each configuration prepared at the first 

interface,  λ0 . The number of trajectories that successfully reach the next interface, λi , 

is Ns
(i-1) .These configurations are used to randomly select Li starting configurations 

for launching trajectories toward the next interface. A constant number of trajectories, 

Mi, are fired from each subsequent interface, with  ki
j  trajectories from each of the Li 

starting points. Li is chosen such that 

  

Li =

Mi

kmin

, Ns
( i−1) >

Mi

kmin

Ns
( i−1) , Ns

( i−1) ≤
Mi

kmin

⎧

⎨

⎪
⎪

⎩

⎪
⎪

,

 

  (1.10) 

where kmin is the minimum number of shots per point and  
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ki

j ≈
Mi

Li

.      (1.11) 

The overall probability of reaching basin B from interface 0 is then  

  
P(λn=B |λ0 ) =

Ns
( i)

Mi

.
i=0

n−1

∏    (1.12) 

The transition rate from A to B is defined as the inverse of Mean First Passage Time 

(MFPT), TAB, from basin A to basin B. To calculate TAB, we define three more MFPTs,

  
TAλ0

 
  
Tλ0 A  and 

  
Tλ0B . The average of the first passage times of the trajectories that go: 1) 

from A to  λ0  is 
  
TAλ0

, 2) from  λ0  to B without going back to A is 
  
Tλ0B , and 3) from  λ0

to A before it reaches B is 
  
Tλ0 A . The expression of TAB using appropriate conditional 

probabilities is: 

  
TAB = 1

P(λn=B |λ0 )
−1

⎛

⎝⎜
⎞

⎠⎟
TAλ0

+Tλ0 A( ) +TAλ0
+Tλ0B    (1.13) 

Adams et al.42 used a similar expression in their sampling technique named Forward 

Flux Sampling in Time (FFST). The procedure to calculate the 
  
TAλ0

 
  
Tλ0 A and 

  
Tλ0B  from 

FFS is explained in detail in Ref. 42. 

The data collected on the transition path ensemble (TPE) (i.e., the 

configurations from pathways that make it to basin B) can be used to compute the 

committor probability, pB. For each interfacial point stored in the TPE trajectories, an 

estimate for the pB is obtained by recursively calculating31 

  
pi

Bj =
1
k j

i

pi+1
Bm i = n−1,n− 2, ..., 0,

m=1

N j
i

∑    (1.14) 
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where   p
i+1
Bm  is the committor probability to reach B for each point m at   λi+1  that 

connects with state j at  λi , k
j
i is the number of trial runs fired for the point j at  λi  and 

 Ni
j is the number of points reaching   λi+1 from point j at  λi . 

 
pi

Bj =1 for each point at 

 λn  as the nth interface corresponds to the boundary enclosing basin B. pB can be used 

to identify the transition path ensemble (i.e., configurations having pB = 0.5) and 

provide insights to optimize the order parameter.  

 

1.2.4 Simulation Details 

For FFS calculations, initial configurations are prepared by gradual compression of the 

liquid state phase at η ≈ 0.2. The system is allowed to reach the target pressure and 

packing fraction, relaxed for at least 100,000 MC cycles, and then further simulated 

until ntr ≈ 0.  Each MC cycle has on average N translational, N rotational, N/10 flip 

and 1 volume move attempts. The number of initial configurations for FFS 

calculations, NIC, is selected in such a way that trajectories shot from at least 75 of 

them reach the rotator phase. In our implementation, KMC simulations are 

characterized by two input parameters: 1) the length of translational move, dl, here 

chosen such that the acceptance probability of translational moves is constant at ~ 0.4, 

and 2) the number of MC cycles (here set to 2) after which the value of ntr is 

measured. The size of perturbations for volume moves is adjusted so as to get an 

acceptance probability of 0.2. To determine the probabilities and MFPTs needed by 

FFS, the interface enclosing the liquid phase is placed at  λA = 1 and the interface λ0 is 
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placed sufficiently away from liquid phase to minimize the effects of short time 

fluctuations in the order parameter and correlated trajectories. We run trajectories 

from NIC configurations till they reach the interface λ0 . The other interfaces in FFS 

calculations are placed so that the probability of reaching the next interface is 

approximately 0.2 or higher.  

 

As mentioned in the manuscript, we used a brute force approach33 (instead of FFS) for 

the largest DoSS for all shapes. The initial configurations for the brute force approach 

are prepared in the same way as for FFS and the NIC = 100 for all cases. KMC 

simulations are run for each of the configurations till it reaches the postcritical stage of 

nucleation (ntr ≈200) as determined from Umbrella Sampling. The mean first passage 

time is then calculated as the average time taken by NIC configurations to reach the 

postcritical stage of nucleation.   
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1.2.5 Results on FFS Probabilities and Interfaces  

Table 1.3: Probabilities P(λi | λi−1)   for the interfaces used in FFS calculations for the 
CO system at P*=4.1 with step size, dl = 0.06σ  and measuring the order parameter 

every 2 MC cycles. Mi = 50 for all interfaces and λ0= 23. 

i λi  P(λi | λi−1)  

1 28 0.26 

2 32 0.32 

3 37 0.26 

4 43 0.21 

5 51 0.18 

6 59 0.24 

7 68 0.26 

8 78 0.28 

9 89 0.28 

10 101 0.31 

11 114 0.34 

12 132 0.29 

13 155 0.31 

14 183 0.37 

15 217 0.48 

16 270 0.60 

17 330 0.86 

18 400 0.98 
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Table 1.4: Probabilities P(λi | λi−1)  for the interfaces used in FFS calculations for the 
CO system at P*=4.6 with step size, dl = 0.06σ  and measuring the order parameter 

every 2 MC cycles. Mi = 50 for all interfaces and λ0= 23. 

i λi  P(λi | λi−1)  

1 29 0.24 

2 36 0.21 

3 44 0.24 

4 53 0.35 

5 64 0.41 

6 80 0.47 

7 101 0.60 

8 140 0.76 

9 190 0.95 

10 270 1.00 
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Table 1.5: ProbabilitiesP(λi | λi−1)   for the interfaces used in FFS calculations for the 
TO system at P*=2.8 with step size, dl = 0.07σ   and measuring the order parameter 

every 2 MC cycles.  Mi = 50 for all interfaces and λ0= 23. 

i λi  P(λi | λi−1)  

1 30 0.25 

2 37 0.22 

3 46 0.19 

4 56 0.22 

5 67 0.23 

6 79 0.26 

7 95 0.21 

8 110 0.32 

9 131 0.27 

10 154 0.35 

11 179 0.45 

12 234 0.44 

13 300 0.83 

14 400 0.98 
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Table 1.6: Probabilities P(λi | λi−1)  for the interfaces used in FFS calculations for the 
TO system at P*=3.0 with step size, dl = 0.07σ   and measuring the order parameter 

every 2 MC cycles. Mi = 20 for all interfaces and λ0= 30. 

 i λi  P(λi | λi−1)  

1 45 0.38 

2 65 0.39 

3 100 0.41 

4 145 0.65 

5 200 0.93 

6 250 1.0 

 

Table 1.7: Probabilities P(λi | λi−1)  for the interfaces used in FFS calculations for the 
RD system at P*=4.32 with step size, dl = 0.06σ   and measuring the order parameter 

every 2 MC cycles. Mi = 50 for all interfaces and λ0= 35. 

i λi  P(λi | λi−1)  

1 45 0.24 

2 60 0.19 

3 82 0.19 

4 110 0.27 

5 155 0.4 

6 220 0.75 

7 300 0.98 
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Table 1.8: Probabilities P(λi | λi−1) for the interfaces used in FFS calculations for the 
RD system at P*=4.56 with step size, dl = 0.06σ  and measuring the order parameter 

every 2 MC cycles. Mi = 50 for all interfaces and λ0  = 38. 

I λi  P(λi | λi−1)  

1 58 0.36 

2 90 0.46 

3 155 0.75 

4 240 0.99 

 

1.2.6 Calculation of DoSS 

As defined in the manuscript, the DoSS at pressure, P is given by  

  DoSS = β |Δµ |
  

(1.15)  

where  is the absolute chemical potential difference between the rotator phase,

 µrot
P  and liquid phase, µrot

P , where the superscript refers to the pressure at which the 

DoSS is calculated.  

  
|Δµ |= |µrot

P − µliq
P |

  
(1.16)  

where  µrot
P and  

µliq
P is given by  

  
µrot

P = µrot
Pcoex + vrot (P ')dP '

Pcoex

P

∫
  

(1.17) 
 

  
µliq

P = µliq
Pcoex + vliq (P ')dP '

Pcoex

P

∫
  

(1.18) 
 

 

 |Δµ |
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In the above equations, and 
 
µliq

Pcoex are the chemical potential of rotator and liquid 

phase at coexistence pressure,   vrot (P ')  and   
vliq (P ')  are the volume per particle of 

rotator and liquid phase at pressure   P ' . Taking the absolute difference between 

equation S16 and S17 and using the fact that 
 
µrot

Pcoex = µliq
Pcoex , we get  

  
µrot

P − µliq
P = vrot (P ')dP '

Pcoex

P

∫ − vliq (P ')dP '
Pcoex

P

∫   (1.19) 

where the above quadrature was performed numerically from simulated  equation of 

state data  obtained from Ref. 16 for both TOs and RDs, and from Ref. 19 for COs. 

These data are listed in Table 1.9 along with coexistence data. Note that the 

coexistence data for RDs originally reported in Ref. 16 was further refined by us using 

the interfacial method described in Ref. 43.  

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 µrot
Pcoex
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Table 1.9: Packing fractions for the metastable liquid and stable rotator phase at the 
reduced pressures where nucleation is studied. Coexistence conditions are marked 

with an asterisk. 

Shape 
  βPσ 3 / 8  

 
ηliq

P   ηrot
P  

  CO* 2.918 0.471 0.496 

CO 4.1 0.513 0539 

CO 4.6 0.529 0.554 

CO 4.8 0.532 0.559 

  TO* 2.1818 0.465 0.503 

TO 2.8 0.496 0.544 

TO 3.0 0.504 0.56 

TO 3.15 0.5085 0.572 

 RD* 3.4  0.47 0.51 

RD 4.32 0.5008 0.559 

RD 4.56 0.5072 0.568 

RD 4.64 0.511 0.579 
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1.2.7 Sensitivity of results to rate definition  

In our definition of the dimensionless nucleation rate, I*, we scale the rate with the 

diameter of the circumscribing sphere,σ (specific to particle geometry). An alternate 

way of defining the scaling is by using  

  
σ Alt =

6Vshape

π
⎛

⎝
⎜

⎞

⎠
⎟

1/3

  (1.20) 

where  σ Alt  is the diameter of the equivalent sphere having the same  volume as that of 

the shape,  
Vshape (for CO, TO, or RD). Figure 1.8 shows the calculated new 

dimensionless nucleation rate, IAlt*= I   σ
5
Alt /D0 for COs, TOs, RDs, and HSs for 

different DoSS values. Although the values of IAlt* are higher than I*, they are still 

smaller than that for the HSs, showing that the comparison of rates is insensitive to the 

choice of the length scale. 

	

Figure 1.7: Nucleation Rate, IAlt* vs DoSS for the HS36, CO, TO and RD systems. 
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We have expressed the nucleation rate, I in terms of the free-particle diffusion 

coefficient, D0 and it is given by following relation34; 

  
I = 1

N MCV
⎛

⎝⎜
⎞

⎠⎟
6D0

aσ 2

⎛
⎝⎜

⎞
⎠⎟

σ 2

dl2

⎛
⎝⎜

⎞
⎠⎟

  (1.21) 

 where N MC  is the average number of MC cycles from isotropic to rotator phase, a is 

the acceptance probability and dl is the length of translational move. To compare with 

experiments, a more appropriate choice would be the long-time diffusion coefficient, 

DL, as this would effectively take into account the dynamic slowing down that arises 

from the (solvent-induced) hydrodynamic interactions in dense experimental colloidal 

suspensions. However, the calculation of DL requires a set of experiments to provide 

the empirical relationship between D0 and DL. This relationship and the relevant 

experiments are available for hard spheres44 but not for the polyhedra studied in this 

work.    

 

1.2.8 Results on the evolution of nucleus shape 

To determine the shape of nucleus, we have calculated the value of asphericity 

parameter so from [S15,S16]: 

  
so =

(Ixx − I yy )2 + (Ixx − Izz )2 + (I yy − Izz )2

2(Ixx + I yy + Izz )2   (1.22) 

where  Ixx
, 
I yy , Izz are the principal components of the moment of inertia tensor, which 

has elements 
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Iij = (r 2

kδ ij − rkirkj )
k=1

ntr

∑    (1.23) 

where  rki  is the i-th component of the vector between the center of mass of the cluster 

and particle k,  rk is the overall magnitude of this vector, ntr is the cluster size and  
δ ij is 

the Kronecker delta function. The asphericity parameter, so has been widely used to 

estimate the degree of deformation from spherical symmetry for polymer chains. As 

mentioned in Ref. 46, the value of so is 0,1, and 0.25 for  a perfectly spherical globule, 

a rod without width and a circle without width, respectively. Also, the value of so is 

less than 0.1 for objects considered spherical globules, larger than 0.6 for rod-like 

objects, and between 0.15 and 0.25 for a toroid. Additional details about so can be 

found in Ref. 46. Figure 1.9 shows the values of  so
 for cluster nuclei obtained at 

different FFS interfaces for COs at P*=4.1 and 4.6, for TOs at P*=2.8 and 3.0, and for 

RDs at P*=4.32 and 4.56. We see that  so
~ 0.07 in all the cases at precritical stages, 

and decreases further with ntr. Figure 1.10 shows snapshots of nuclei at different ntr 

values from one of the FFS trajectories for COs, TOs and RDs. Both visual inspection 

of the configurations and the corresponding values of  so
 are consistent with the idea 

that the nucleus forms compact, largely spherical objects. The closeness of so at two 

different pressures suggests that for any cluster size, its shape is largely unaffected by 

the degree of supersaturation. 
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Figure 1.8: Asphericity parameter  so
vs Cluster Size, ntr for COs at P*=4.1 and 4.6, 

TOs at P*=2.8 and 3.0, and RDs at P*=4.32 and 4.56. For each cluster size, a value of 

 so
 is obtained via Eq. (1.22) for each of 75 representative nuclei; the results plotted are 

the average of those 75 values.  
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Figure 1.9: Snapshots of nuclei at different ntr values for COs at P*=4.1, TOs at 
P*=2.8, and RDs at P*=4.32. Snapshots I-IV show the nuclei of the COs with ntr 

values of 51, 101, 183 and 400, respectively, snapshots V- VIII of the TOs have ntr 
values of 56, 110, 179 and 300, respectively, and snapshots IX-XII of the RDs have ntr 

values of 45, 110, 155 and 220, respectively.  
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1.2.9 Classical Nucleation theory (CNT) 

The nucleation rate per unit volume, I is defined by the following equation 

  I =κ exp(−ΔG * /kBT )    (1.24)
 

where κ is the kinetic prefactor and   ΔG * is the free-energy barrier height. According 

to the CNT, the height of nucleation barrier for a given chemical potential difference, 

Δµ  is:  

  
ΔG*= 16π

3
γ 3 / (ρs |Δµ |)2    (1.25) 

where  ρs is the number density of the rotator phase, γ is the solid-liquid interfacial 

free energy density and Δµ is the chemical potential difference between rotator and 

liquid phase. We define reduced γ and κ properties according to: 

  
γ red = βγ / ρs

2/3 = 3|Δµ |2 ΔG *
16π

⎛
⎝⎜

⎞
⎠⎟

1/3

   (1.26) 

  
κ red =

κσ 5

D0

= I *

exp(−ΔG * /kBT )
   (1.27) 

Using equations (1.26) and (1.27), we calculate  γ red and  κ red for COs, TOs, and RDs 

from our simulation results, and for HSs from data in19. As shown in Fig. 1.11, the 

interfacial tension for all polyhedra is lower than that for HSs, at least for DoSS>0.3 

where the data can be compared (noting that errorbars associated with the simulation 

of ΔG* is larger for small DoSS). As shown in Fig. 1.12, the kinetic prefactor, which is 

product of number density of isotropic phase and the frequency of molecular transport 

at the nucleus surface, is 4 to 5 orders of magnitude smaller in polyhedral 
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than that in HSs. We suspect that the presence of localized fluctuations in orientational 

order (and their coupling with those in translational order) would play a role in 

decreasing the interfacial tension but would also in decreasing the frequency at which 

particles are attaching to the critical cluster: The numerous local ordering correlations 

throughout the isotropic bulk phase could disrupt the motion of particles en route to 

attaching to the critical cluster. These effects inferred from Eqs. (1.24) and (1.25) 

should be seen as highly speculative since it is unclear to what extent CNT would be a 

good model for the nucleation phenomena under study, and there is evidence (reported 

in the main text) that the order parameter ntr is not an ideal reaction coordinate [which 

would affect the quantitative estimation of ΔG*(ntr)].  

 

	

Figure 1.10: Reduced rotator-liquid interfacial tension,  γ red vs DoSS for HSs36, COs, 
TOs and RDs. 
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Figure 1.11: Reduced kinetic prefactor,  κ red vs DoSS for HSs36, COs, TOs and RDs. 

 

  	

Figure 1.12: Reduced kinetic prefactor,  κ red vs DoSS for HSs36, COs, TOs and RDs. 
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Chapter 2  
EXTENSIONS OF THE INTERFACIAL PINNING METHOD AND 

APPLICATION TO HARD CORE SYSTEMS* 
 

2.0 Abstract 

The precise estimation of the location of phase transitions is an essential task in the 

study of many condensed matter systems. A recently developed technique denoted 

interface pinning (IP) [Phys. Rev. B. 88, 094101(2013) and J. Chem. Phys. 139, 

104102 (2013)] can accurately estimate the location of fluid-solid transition using the 

NPzT ensemble for single-component systems by computing the free energy 

difference between a solid and a fluid. The IP method is extended here to be 

applicable to different ensembles for both single-component systems and binary 

mixtures. A more general scheme is also proposed for the extrapolation of properties 

targeting coexistence conditions. This framework is used to estimate the coexistence 

pressure for the isotropic-rotator phase transition for three single-component 

polyhedral systems and to estimate isotropic-crystal coexistence compositions for a 

binary mixture of hard cubes and spheres. In addition, by exploring various choices for 

the order parameter used to distinguish between the isotropic and ordered phases, it is 

found that volume provides a reasonable alternative to translational order parameters 

which can be either more expensive to calculate or unable to pin a two-phase 

interfacial state. 

 
 
 
																																																								
*	Reprinted with permission from Thapar, V.; Escobedo, F. A. Journal of Chemical Physics 
2014, 141, 124117. Copyright 2014 American Institute of Physics. 
	



	

	
 

44		

2.1 Introduction 

At present, a major focus in material science is the self-assembly of anisotropic 

particles due to its potential to help engineer novel materials from colloidal 

nanoparticles1,2. Assemblies of anisotropic particles often undergo order-disorder 

phase transitions involving changes in both translational and orientational degrees of 

freedom and can lead to phases with partial structural order or “mesophases” 3-7. The 

accurate location of these order-disorder phase transitions is of utmost importance to 

better understand not only the thermodynamic behavior of these systems but also the 

kinetics of these transitions. Several numerical approaches8 have been developed to 

pinpoint phase transitions and are mainly classified into 2 groups popularly known as 

direct and indirect approaches. The indirect approach involves the computation of 

free energies of pure phases separately via thermodynamic integration9-12, and  

locating coexistence lines by imposing the condition of equal free energies of both 

phases at equilibrium. Though the indirect approach has proven to be quite accurate, 

the calculation of the coexistence points typically requires numerous simulations, 

making it at times less appealing than the more straightforward direct approach. In the 

direct approach, devised by Ladd and Woodock13, simulations with explicit interfaces 

between two phases are performed to obtain the conditions at which the system is at 

coexistence. The direct approach has been found to be successful in application to a 

broad spectrum of systems including hard spheres,14-17 Lennard Jones spheres18, hard 

anisotropic particles,4 mixtures,19,20 and molecular models such as water.21-28 
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A recent variant of the direct approach is the Interface Pinning (IP) method proposed 

by Pedersen et al.29,30 The IP method is easy to implement, conceptually simple, and 

unlike other direct approach methods, it computes the free energy difference between 

two phases by performing an ad infinitum equilibrium simulation. The IP method is 

based on the NPzT simulations of coexisting phases to determine the average force 

acting on the interface. The force is estimated by applying a harmonic field coupled 

with the order parameter that biases the system towards a two-phase configuration. 

The theory and the implementation of the method are described in detail by 

Pedersen30. 

 

One key aspect of the IP method is the use of an appropriate order parameter capable 

of discriminating between the two different phases present in the simulation box. The 

IP operates by “pinning” or stabilizing the two-phase interfacial state of the system by 

introducing a biasing harmonic potential that forces the system to approach a global 

order parameter that is intermediate between those of the two single-phase states (at 

the same external conditions).  Pedersen et al.29,30 consider solid-liquid transitions and 

hence the types of order parameters adopted were such that they can detect and 

quantify the extent of translational order in the system. While translational order 

parameters would appear to be the most informative for such situations, no 

consideration was given to other “blunter” but still phase discriminating order 

parameters. In particular, the specific volume (or its reciprocal “density”) was not 

tested as order parameter, even though some versions of interfacial simulation operate 

by fixing the total specific volume of the system to a value that is intermediate 
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between those for the two single-phase states.4,6,19,20 In a sense, one could see such an 

implementation as using the IP method with specific volume as order parameter and 

pinning it to a specific value with an infinite spring constant. 

     

In this article, we first generalize the IP method to make it readily implementable for 

different ensembles including mixture systems. We also adopt a second-order scheme 

for the extrapolation of free energies to target coexistence conditions; this has the 

potential advantage of reducing the number of iterations required to pinpoint 

coexistence conditions when compared to the first-order scheme used in Pedersen et 

al.29  We then apply the IP method to four anisotropic-particle systems, 1) hard 

cuboctahedra (CO), 2) truncated octahedra (TO), 3) rhombic dodecahedra (RD), and 

4) a binary mixture of cubes and spheres. We chose these systems as their liquid-solid 

phase behavior is already known;4,6,7 the fourth system provides an illustration of a 

mixture system while the first three are examples for the formation of an interesting 

plastic solid phase called rotator phase (whose disorder-to-order  kinetics have also 

been recently studied31). For the pure-component systems, we also compare the 

performance of translational order parameters and specific volume in their ability to 

estimate coexistence conditions via IP, showing the suitability of the latter. In the 

following sections we describe the Methods used, the main results obtained, and the 

conclusions reached.  
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2.2 Method 

In section IIA, a generalized notation is first introduced to describe typical statistical 

mechanical ensembles, which is then used in Sec. IIB to outline the basis of the IP 

method to estimate coexistence conditions for an arbitrary ensemble. In Sec. IIC, an 

improved extrapolation technique is presented to estimate coexistence conditions. In 

Sec. IID, it is shown how key generalized formulas developed in the previous sections 

are specialized for the particular ensembles to be used in the forthcoming simulations. 

In Sec. IIE, several order parameters suitable for studying solid-fluid phase 

equilibrium are described; in particular, the definitions of both the conventional 

translational order parameters used in the original IP method and the specific volume 

as an alternative order parameter. Finally, the choice of the pinning input parameters is 

explained in Sec. IIF and the main steps in the IP method are summarized in Sec. IIG. 

 

2.2.1 A generalized ensemble formulation  

We follow Ref. 32 to adopt a general notation to allow application of the IP method to 

different ensembles. Consider a system where the ensemble properties M, f1 and f2 are 

fixed, where M is an extensive property and the f’s are thermodynamic fields. The 

probability of any microstate R in that system can be written as: 

p(R | f1, f2 ) = exp − f1X1 − f2X 2( ) Q( f1, f2 )   (2.1) 

where Xi is the extensive property conjugate to field fi, and Q is the partition function 

which is associated with a dimensionless free energy Φ (with φ being the intensive 

property) via:  
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Φ = φM = − lnQ( f1, f2 )   (2.2) 

The probability of observing the system with order parameter λ (R) =λi can be written 

as: 

    p(λi )∝ exp −Φc (λi )( )    (2.3) 

Where Φc(λi) is the free energy function containing only the contribution of 

microstates with order parameter λi. 

  Φc (λi ) = − ln δ[λ(R) − λi ]exp − f1X1 − f2X 2( )
R
∑⎡
⎣⎢

⎤
⎦⎥

  (2.4) 

The fundamental thermodynamic equation for this M f1 f2 ensemble is: 

dφ = x1df1 + x2df2    (2.5) 

where     xi = Xi M = ∂φ ∂fi( )
f j , j≠i

  (2.6) 

This formulation can be easily generalized to cases where more variables enter into the 

ensemble formulation. For instance, cases with more than 2 field properties can be 

treated identically as long as the value of only one field property is unknown at the 

coexistence conditions (the others being specified by the user). An example with 3 

field properties is given in Sec. IID. 

 

2.2.2 Interfacial pinning 

The IP method by Pedersen et al. was originally applied in the NPzT ensemble to 

estimate the difference in the chemical potential between a solid and a liquid present 

in an interfacial setup. In this section, we recapitulate the basis of the IP method as 

pertaining to the generalized ensemble described in Sec. IIA. For an Mf1f2 ensemble, if 
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two phases I and II (used therefrom as superscripts) are at coexistence, then it must be 

true that not only f1
I = f1

II  and f2
I = f2

II  but also that φ I = φ II . In an interfacial 

simulation at fixed M (total), f1 and f2, two phases with bulk-like quality are present in 

quantities MI and MII, but if they are not at equilibrium then φ I ≠ φ II ; the IP is 

essentially a method to estimate the difference φI−φII to hence determine if phase 

coexistence occurs, and if not, to estimate what change in one of the f fields (say f2) 

would be needed to attain coexistence. If the two bulk-like phases are separated by an 

interface present in quantity Mi, then the total free energy, Φ, for this two-phase 

system is given by 

Φ = M Iφ I +M IIφ II +φi .     (2.7) 

 where, ϕi is the interface contribution to Φ. The IP method assumes the values of ϕi 

and Mi to be constant. Using this assumption and the fact that M = MI + MII + Mi, Eq. 

(2.7) reduces to 

Φ ≈ M I (φ I −φ II ) + const.     (2.8) 

The IP method estimates φI − φII while maintaining the system as a two-phase system, 

which is enacted by pinning the interfaces by application of a harmonic field coupled 

to an order parameter λ that is capable of discriminating between two phases I and II, 

and varies linearly with the quantity MI. If phases I and II in bulk have order parameter 

values λI and λII respectively, then the order parameter of the two phase system can be 

simply written as  

λ = M
I

M
λ I + M

II

M
λ II +

Mi

M
λi =

M I

M
(λ I − λ II ) + const.    (2.9) 
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where the interfacial contribution to λ is assumed to be constant. The IP method then 

combines Eqs. (2.8) and (2.9) to yield:  

Φ ≈ Φc λ( )+ const. = M (φ
I −φ II )

λ I − λ II
λ + const. = Φ I −Φ II

λ I − λ II
λ + const.  (2.10) 

which highlights the idea that one essentially assumes that Φc(λ) can be assumed to 

depend linearly on λ. The potential energy of the system is now modified by adding a 

pinning potential: 

ΔU ' = κ
2
(λ − a)2 + const.,                      (2.11) 

where κ is a spring constant and a is the anchor value. This modifies the probability of 

microstates of Eq. (2.3) of the modified system to  

p '(λ)∝ exp −Φc (λ) − βΔU '( ) ,    (2.12) 

which, on account of Eqs. (2.10) and (2.11) can be shown to be a near-Gaussian 

distribution in λ around the average value 〈λ〉ʹ that allows one to estimate φI − φII  as: 

φ I −φ II = − βκ (λ I − λ II )
M

λ '− a⎡⎣ ⎤⎦ .  (2.13) 

where β =1/kBT (kB is the Boltzmann’s constant). All terms on the right hand side of 

Eq. (2.13) are knowable from simulations of: (i) each of the single-phases to get λI and 

λII, and (ii) the IP interfacial system to get 〈λ〉ʹ, noting that κ, a, and M values are 

preset by the user. 
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2.2.3 Extrapolation of free energies to target coexistence conditions  

Since a departure from phase coexistence is associated with a non-zero difference, φI − 

φII as obtained by applying Eq. (2.13), a strategy is now needed to leverage the 

simulation data available to find the conditions for which φI = φII. This can be achieved 

by a model for the free energy φ that locally fits the available simulation data and can 

be extrapolated to nearby conditions. A good approximation to the local behavior of 

the free-energy function φ can be provided by a 2nd order Taylor expansion around a 

point of interest B: 

φ = φB + ∂φ ∂f1( )B Δf1 + ∂φ ∂f2( )B Δf2 + 1
2 ∂2φ ∂f1

2( )
B
(Δf1)

2

+ 1
2 ∂2φ ∂f2

2( )(Δf2 )2 + ∂2φ ∂f1∂f2( )Δf1Δf2
 , (2.14) 

which by virtue of Eq. (2.6) reduces to: 

φ = φB + x1,BΔf1 + x2,BΔf2 + 1
2 ∂x1 ∂f1( )B (Δf1)

2 +

1
2 ∂x2 ∂f2( )B (Δf2 )

2 + ∂x1 ∂f2( )B Δf1Δf2.
                                  (2.15) 

where ii xx =  is the average of xi, a quantity readily obtained in the simulation at 

point B (recall that Xi = M xi denotes the extensive properties allowed to fluctuate in 

the ensemble). If it is assumed that one can also collect second moment data for these 

fluctuating properties so that we can compute the covariances of variables xi and Xj : 

cov11, cov22, and cov12. 

covij = xi X j − xi X j = Xix j − Xi x j .   (2.16) 

Note that covij = covji and from xi = xi exp − f1X1 − f2X 2( )dX1 dX 2∫ Q( f1, f2 )  it is 

straightforward to show 
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that: 

∂xi ∂f j( )
fk ,k≠ j

= −covij .   (2.17) 

it follows then that Eq. (2.15) reduces to:32 

φ = φB + x1,BΔf1 + x2,BΔf2 − 1
2 cov11,B (Δf1)

2 − 1
2 cov22,B (Δf2 )

2 − cov12,B Δf1Δf2 (2.18) 

Eq. (2.18) is applied to each of two phases I and II so that properties from each phase 

at point B ( x1,B ,x2,B , cov11,B ,cov22,B,cov12,B ) are known from bulk phase simulations in 

the ensembles M f1,B f2,B (for phase I) and M f1,B f2,B (for phase II). Then if f1 and f2 are 

to correspond to phase coexistence so that ∆f2 = f2 –f2,B and ∆f1= f1−f1,B, by setting  

φ I = φ II  we can write: 

φB
I + x1,B

I Δf1 + x2,B
I Δf2 − 1

2 cov11,B
I (Δf1)

2 − 1
2 cov22,B

I (Δf2 )
2 − cov12,B

I Δf1Δf2 =

φB
II + x1,B

II Δf1 + x2,B
II Δf2 − 1

2 cov11,B
II (Δf1)

2 − 1
2 cov22,B

II (Δf2 )
2 − cov12,B

II Δf1Δf2
(2.19) 

Note that if φB
I −φB

II is also known, then Eq. (2.19) would allow us to solve for ∆f2 if 

∆f1 is specified; i.e., to estimate the value of f2 corresponding to phase coexistence for 

any new value of f1 (away from f1,B). For the interfacial simulation, since the state is 

user-specified by the value of one of the thermodynamic fields, say property f1, then f1 

= f1,B always, and the sought-after coexistence state will be determined by a (yet 

unknown) value of f2. Equation (2.19) then simplifies and can be rearranged as: 

Δf2 =
φB
I −φB

II

−(x2,B
I − x2,B

II ) + 1
2 (cov22,B

I − cov22,B
II )Δf2

   (2.20) 

which is second order in ∆f2 and hence solvable by the quadratic formula. The 

difference φB
I −φB

II  in Eq. (2.20) is obtained from the IP simulation via Eq. (2.11), 
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while the x2,B and cov22,B  properties come from the separate single-phase runs.  If one 

were to neglect the contribution of second order terms (covariances), Eq. (2.20) 

reduces then to 

Δf2 =
φB
II −φB

I

−(x2,B
II − x2,B

I )
    (2.21) 

Equation (2.21) is a generalized version of the Newton-Raphson method for finding 

roots that Pedersen et al. suggested as iteration scheme to estimate the f2 value that 

satisfies phase equilibrium. Equation (2.20) has the potential advantage of reducing 

the number of iterations that may be needed for convergence. The 2nd order 

extrapolation framework also allows predicting the coexisting properties x1  and x2 for 

each phases if the correction Δf2 [as found in Eq. (2.20) or (2.21)] is to be applied to 

the properties measured at conditions “B”; namely [adapting Eqs. (2.18)-(2.19) from 

Ref. 32]: 

xk
J = xk ,B

J − covk 2,B Δf2 ,  (2.22) 

where k=1 or 2 and J = I or II. 

Of course, one can use more advanced methods for free-energy extrapolation which 

can use either polynomial functions32 or reweighted histograms;36-42 however, the 

large system sizes needed for the simulations would render histogram reweighting 

inefficient. Hence, the relatively small corrections in ∆f2  typically associated with the 

needed single-phase simulations that remained (meta) stable, makes Eqs. (2.20) or 

(2.21) more suitable and practical.  



	

	
 

54		

2.2.4 Examples of ensemble specialization 

In the isothermal-isobaric NPT ensemble for a single component, one would have that 

M = N (number of particles), if we choose f1 = β , then f2 = βP  (P= pressure), and 

φ = βµ  (where µ is chemical potential), so that x1 = u (molar energy), x2 = v  (molar 

volume), and cov11, cov22, and cov12 would relate to the constant-pressure heat 

capacity, isothermal compressibility, and thermal expansion coefficient, respectively. 

Equations (2.13) and (2.20) then become: 

β µB
I − µB

II( ) = − βκ (λ I − λ II )
N

λ '− a⎡⎣ ⎤⎦ .  (2.23) 

βΔP =
β (µB

I − µB
II )

−(vB
I − vB

II ) + 1
2 (covvV ,B

I − covvV ,B
II )βΔP

 (2.24) 

For the semigrand isothermal-isobaric ensemble or SGNPT ensemble for a binary 

mixture, the total number of particles N, the temperature, pressure and the chemical 

potential difference between component 1 and component 2 of the mixture, ξ =β (µ2− 

µ1) are fixed.  While in this case there are 3 specifiable f fields and we let both the 

temperature and pressure to be set (fixed) so that one would effectively considers f1 to 

be a vector f1 = (β ,βP) , a distinction that has no effect on Eqs. (2.13) and (2.20). We 

have then M=N, φ = βµ2 , x1 = v , f2 = ξ , x2 = y1 , where yi is the mole fraction of 

component i. Equations (2.13) and (2.20) then become: 

β µ2,B
I − µ2,B

II( ) = − βκ (λ I − λ II )
N

λ '− a⎡⎣ ⎤⎦     (2.25) 

Δξ =
β (µ2,B

I − µ2,B
II )

−(y1,B
I − y1,B

II ) + 1
2 (cov y1N1,B

I − cov y1N1,B
II )Δξ

  (2.26) 
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It should be noted that we could have chosen the sought-after (f2) and specified (f1) 

properties differently, e.g., to seek out the coexistence temperature for a given 

pressure in the NPT ensemble or the coexistence pressure of a given chemical 

potential difference in the SGNPT ensemble. However, for hard-core systems the 

specification of pressure is the more suitable or convenient choice. 

  

2.2.5 Order parameter 

To distinguish between isotropic and solid phases, several translational order 

parameters can be used such as the bond-orientational order parameters Q6
43 and a 

collective order parameter |ρk| derived from the structure factor, S(k), which were used 

in the original implementation of the IP method by Pedersen et al.29 The bond order 

parameter, Q6 is defined as  

Q6 =
4π
13

Q6m(
r )

2

m=−6

6

∑⎡
⎣
⎢

⎤

⎦
⎥

1
2

    (2.27) 

where Q6m(
r ) 	is given by  

 Q6m(

r ) = 1

Nb
Y6m(

r )

bonds
∑               (2.28) 

where 	Y6m(
r ) are spherical harmonics for the position vector 

r , and the summation is 

over all the bonds (total number Nb) present in the system. Two particles are 

considered to be bonded if they are separated by a distance less than 1.2 times the 

position of the first peak of radial distribution function. The value of Q6 approaches 

zero for structures lacking translational order while it attains a high value for different 
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types of lattice structures43; it is hence a good metric to detect translational order for 

different types of lattice structures. |ρk| has similar characteristics to Q6 in terms of 

generality and it is defined as  

 ρk = N
−1
2 exp(−ik ⋅ rj
j=1

N

∑    (2.29) 

where k = (2πnx/LX,2πny/LY,0). The values LX and LY are the box lengths along the X 

and Y axes, respectively. The integers nx and ny are chosen so that the wave vector, k 

corresponds to a Bragg peak and they can be readily found by trial and error using a 

sample solid phase. The value of |ρk| is of the order of 1 and N1/2 for the liquid and 

solid phase respectively.  

 

Here, we also propose the specific volume as alternative order parameter,  

υ = V
NVr

   (2.30) 

where V is the volume of the box, N is the number of particles and Vr is a reference 

volume which is taken to be  the volume of a single particle in the system (for the 

mixture case it is the volume of a single cube). Note that for our systems the order 

parameter υ satisfies the conditions that: 1) It distinguishes the isotropic and solid 

phase, and 2) it varies approximately linearly with the amount of solid particles in the 

system. In terms of computational cost, υ has the appeal that its value is known at all 

times for “free”; this is in contrast with Q6 values, for instance, whose update requires 

a special calculation after any particle translates in the system, adding to the expense 
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of the IP method. The performance of these 3 order parameters when applied with IP 

method is explained in detail in Sec. III. 

 

2.2.6 Selection of pinning potential parameters κ and a. 

In selecting the pinning potential parameters, the value of a should be such that the 

pure phase slabs have bulk properties and the value of κ should be large enough to 

keep the system in a two-phase configuration. The formulas suggested in Ref. 30 are: 

   a ≈ 1
2 λ I + λ II( )     (2.31) 

   κ ≈
Nz
2

β λ I − λ II( )2
    (2.32) 

where  Nz  is the number of ordered planes in z-direction. We used Eq. (2.31) estimate 

a and Eq. (2.32) to provide the order of magnitude of κ  for λ = Q6, |ρk| and υ in the 

pure polyhedra systems. An alternative criterion for the selection of κ can also be 

devised as follows: The variance in the pʹ(λ) distribution for the IP run (=kBT/κ) 

should be significantly smaller than that in the unconstrained p (λ) for the stable phase 

(say, sλ
2 ) or else λ fluctuations would not be sufficiently suppressed to prevent the 

disappearance of the metastable phase; hence:  

      κ > βsλ
2( )−1    (2.33) 

We used Eq. (2.33) when using υ as order parameter for the mixture system choosing 

κ to be an order of magnitude larger than 1 βsυ
2 . 
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2.2.7 IP algorithm 

For completeness and clarity we briefly summarize the main steps in the IP method as 

applied to solid-fluid equilibrium (further details can be found in Refs. 29 and 30): 

i. Build single-phase configurations for phases I and II in boxes elongated along 

the z-axis. 

ii. Perform simulations in the Mf1f2 ensemble on each single-phase system using 

the same values of the properties M, f1 and f2, where f2 is an estimate of the 

sought-after coexistence value. These conditions define the state “B” in Eq. 

(2.20) and simulations should yield the converged values for the order 

parameter λ and the properties x1,x2 ,cov11,cov22,cov12  for each of the phases. 

For the solid phase, the unstrained cross section of the box (e.g., along the X 

and Y axes) must have been identified. 

iii. Create a two-phase interfacial system with box lengths in X and Y axes same 

as the unstrained solid. 

iv. Simulate this interfacial system in the Mf1f2 ensemble with the pinning 

potential of Eq. (2.11) to evaluate 〈λ〉ʹ, and allow estimation of φI  − φII via Eq. 

(2.13). 

v. Estimate the coexistence value of f2 via extrapolations from the current state 

conditions B via Eq. (2.20) or (2.21).  

Iterate the process above until a desired level of convergence in the coexistence f2 

value is attained. 
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2.3 Simulation Details And Results 

2.3.1 Single-component polyhedral particles 

In this section, we apply the IP method to three polyhedral shapes; COs, TOs and 

RDs. They are representative of a class of polyhedral particles that form crystals with 

well-defined translational and orientational order at close packing but at the order-

disorder transition pressure, the isotropic phase coexists with a rotator or plastic 

mesophase wherein particles are translationally ordered but essentially orientationally 

disordered.4,6,7 The IP method is applied in the NPzT ensemble to estimate the 

coexistence pressure, Pcoex,  between isotropic and rotator phases. We report our 

results in terms of reduced coexistence pressure given by Pcoex
* = βPcoexσ3/8, where σ is 

the diameter of the circumscribing sphere (specific to each particle geometry). In our 

simulations, the number of particles N is chosen as 4356, 4536 and 4312 for COs, TOs 

and RDs, respectively, and correspond to 11×11×36, 9×9×28, and 7×7×22, lattice unit 

cells in their solid phases. At any given pressure P, we first perform the bulk phase 

simulations to obtain λiso and λrot for the isotropic and rotator phases, respectively. We 

then prepare the two-phase configuration using the procedure mentioned in Espinosa 

et al.44 The box lengths X and Y in the corresponding x and y directions of the two-

phase system are same as those of the unrestrained rotator phase at a pressure P. NPzT 

Monte Carlo (MC) simulations are performed to obtain the average value of 〈λ〉ʹ 

which is used to obtain Δµ(P) through Eq. (2.23). Each MC simulation consists of 2 

million MC cycles and each MC cycle consists of N translational, N rotational, N/10 

flip and 1 volume move attempts. Flip moves attempt to rotate a chosen particle to a 
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random orientation in the plane perpendicular to its present orientation. All trial moves 

are accepted according to the Metropolis criterion45 which requires ruling out overlaps 

between any two particles (via the separating axes theorem46). For all three shapes, we 

have applied the method using three different order parameters Q6,43 |ρk| and υ . All 

three order parameters can distinguish the rotator phase from the isotropic phase and 

vary linearly with the amount of translationally ordered particles. For the wave vector 

k needed for |ρk|, the integers nx and ny are chosen to maximize the contrast between 

liquid and rotator phase; in particular we used (nx,ny)= (22,0), (9,9), and (14,0) for the  

COs, TOs, and RDs, respectively. The harmonic field parameter a and κ used for Q6, 

|ρk| and υ for all three shapes are listed in Table 2.1. 

 
Table 2.1: Pinning potential parameters, a and κ used for different order parameters 

for COs, TOs and RDs. 

Shape Order  
Parameter 

a κ 

CO 
Q6 0.2 80,000 

υ 2.06 400,000 

|ρk| 15.0 10 

TO 
Q6 0.2 80,000 

υ 2.05 400,000 

|ρk| 25.5 10 

RD 
Q6 0.2 80,000 

υ 2.07 400,000 

|ρk| 25.5 10 
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Figure 2.1: Application of the IP method to the TO system at P*=2.5 using separately 
Q6, |ρk| and υ as order parameters. (a) Profile of Q6(z) versus z/σ for three equilibrated 

configurations, and (b) the probability distributions versus λred. 
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To test the performance of each order parameter, we apply the IP method for a TO 

system at a pressure value of 2.5. This pressure is chosen as it is the approximate 

coexistence value obtained by Umang et al.4 using an interfacial NVT ensemble. We 

obtain equilibrated configurations for each order parameter by performing NPzT MC 

simulations of a two-phase system. Figure 2.1(a) shows the profile of translational 

order over the distance z for an equilibrated configuration obtained at applying the IP 

method for each order parameter. We also show the near Gaussian probability 

distributions obtained for each order parameter in Fig. 2.1(b). To plot all three 

distributions in the same figure, we use reduced order parameter, λred = (λ - a)/|∆λ| 

where |∆λ| is the absolute value of the difference between the bulk phase λ values of 

the isotropic and rotator phases. The profile in Fig. 2.1(a) shows that  Q6 and υ are 

successful in keeping the system in a two-phase with an interface and the distributions 

in Fig. 2.1(b) shows that at P*=2.5 the rotator phase is the stable phase. The latter 

follows from the positions of the distributions that show the system pulling towards Q6 

values above the anchor point, and υ values below the anchor point.  The near 

Gaussian distribution centered close to a obtained with |ρk| is spurious as the system 

fails to maintain a two-phase state and completely transforms into a rotator phase. It 

appears that the rotator phase lowers its value of |ρk| by a collective rearrangement of 

particles while maintaining a high translational order. While using |ρk|, we have 

observed a similar issue for the other two shapes whenever the pressure employed was 

an overestimation of the coexistence pressure (i.e., when the liquid phase is 

metastable). Hence,  |ρk| is not a good choice for the systems under study.  
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Table 2.2: The values of P0
*  and Pcoex

*  using Q6 and υ as order parameters in the IP 
method for COs, TOs and RDs. Literature   values obtained using different methods 

are also shown. 

Shape Order 
Parameter 

P0
*  Pcoex

*  Direct Interfacial  
Method4 

Thermodynamic  
Integration6 

 

CO 

Q6 
2.7 2.94  

N/A 

 

2.9 3.2 2.94 

υ 
2.7 2.94 

3.2 2.95 

 

TO 

Q6 
2.0 2.18  

2.5 

 

2.18 2.5 2.19 

υ 
2.0 2.19 

2.5 2.18 

 

RD 

 

Q6 
3.2 3.37  

3.6 

 

N/A 3.6 3.37 

υ 
3.2 3.38 
3.6 3.38 
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Figure 2.2:	P* values obtained at different iterations of the IP method for COs, TOs 
and RDs. Results are shown for two different initial pressure values used for each of 

the two order parameters Q6 and υ. 

	
By using both Q6 and υ, Fig. 2.2 shows the results obtained by using Eqs. (2.23)-

(2.24) to iteratively obtain the converged values of Pcoex
*  starting from the different 

initial pressures P0
* . To validate the IP method, two values of initial pressures are used 

for each shape, one below and one above   Pcoex
* . We stop our simulations when the 

value of Δµ(P) is close to zero (Δµ(P) = ±0.005). In all cases, we obtain the 

coexistence pressure in fewer than 4 iterations as shown in Fig. 2.2. Table 2.2 

compares the values of Pcoex
* obtained using different P0

*  for both Q6 and υ, and shows 

that the converged values of Pcoex
*  obtained by using the proposed order parameter υ 

matches well with that based in Q6. However, a MC cycle in the IP run is 

approximately 3-4 times longer when using Q6 than when using υ as order parameter, 

due to the calculation of spherical harmonics after each MC translation move. Such a 

disparity is dependent on the type of machine used (in our case a Xeon® 5500, 

3.06GHz processor node) and implementation details (in our updates of Q6 the cost 
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was minimized by constraining any new calculation to only those particles whose 

neighbor’s positions had been affected by a translation move).  

 

We compared our results with available literature values for Pcoex
*  obtained from a 

thermodynamic integration scheme6 and a direct coexistence method applied in the 

NVT ensemble.4 We find that our results match well with those considered most 

accurate, i.e., from thermodynamic integration, thus validating our implementation. 

The interfacial NVT simulation overestimate the Pcoex
* values we now find, even though 

the former can be considered a limiting case of the IP method that uses υ as order 

parameter with an infinitely strong pinning potential. The reasons for this discrepancy 

are twofold. First, interfacial simulations, like most other simulation methods, are 

sensitive to finite size effects and in particular to the number of lattice unit cells along 

the crystal cross section; it turns out that the cross sections used in Ref. 4 were smaller 

than those adopted here. Second, the NVT simulation was not iterated to better match 

the cross section of the unstrained rotator phase for a given pressure. Hence, the 

system was not able to fully relax in the x y plane and the rotator phase might have 

been under some stress. 

 

For the systems studied in this section, we find that the Pcoex
*  value obtained using our 

2nd order extrapolation technique [Eq. (2.20) or (2.24)] are similar to the ones obtained 

using the 1st order scheme [Eq. (2.21)] embodied by the Newton Raphson’s method 

used by Pedersen et al.29. This occurs because the initial pressures chosen for three 
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shapes were close enough to the coexistence value that the variation of chemical 

potential difference with pressure was approximately linear.  

 

2.3.2 Mixture of cubes and spheres 

In implementing the SGNPT ensemble for the mixture of cubes and spheres, the total 

number of particles is fixed at N=3920 so that the solid phase would contain 7×7×20 

fcc unit cells. The temperature is fixed at a reduced value of T* = (βε)-1 = 1 (where ε is 

an arbitrary parameter). The composition of the system is not fixed but allowed to 

fluctuate in response to specified value of the chemical potential difference 

ξ ≡βΔµ  = β(µ2−µ1), letting species 1 and 2 correspond to cubes and spheres, 

respectively. The dimensionless osmotic pressure is given in reduced units as 

P* = βPσ 3 , where σ is the cube edge length. Runs for any given system and state 

involved 106 MC cycles for equilibration and 2×106 MC cycles for production. Each 

MC cycle consisted on average of N translational, N rotational (applied to cubes only), 

N/20 swap, N/10 mutation, and 2 volume move attempts. Swap moves involved 

picking randomly two particles of different species and attempting to swap their 

positions (while keeping the orientation for the cubes). Mutation moves involved 

picking a particle at random and attempting to mutate its original identity into another 

species type, keeping its old position (and for a sphere→ cube mutation, choosing a 

random orientation for the cube). In the interfacial runs only the box length along the z 

axis are allowed to fluctuate via the volume moves (i.e., effectively a SGNPzT 

ensemble). All trial moves are accepted according to the Metropolis criterion45 which 
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required ruling out overlaps between any two spheres, any cube-sphere pair (via the 

Arvo’s algorithm47) and any two cubes (via the separating axes theorem46). 

Both hard cubes and hard spheres exhibit a first-order phase transition from an 

isotropic phase at low pressures to a solid at high pressures. The pressure-composition 

phase diagram for sphere+cube mixtures has been reported for sphere diameter (d) to 

cube edge length ratios of d/σ = 119 and for d/σ = 1.2332 and in both cases an eutectic 

behavior was observed. For this study we only selected one point in the phase diagram 

for d/σ = 1.23 where an fcc sphere-rich solid phase coexists with an isotropic phase at 

P* = 8.0 (lying in between the order-disorder pressure for the pure spheres and the 

mixture eutectic pressure).  

 

For these simulations we first implemented |ρk| as order parameter but found that, like 

in the case of the pure polyhedra reported before, it was not able to stabilize two-phase 

interfacial structures at conditions when the liquid phase was metastable, thus 

rendering the IP method unworkable. Further, since in the previous section we already 

demonstrated that υ is an inexpensive order parameter that is similarly workable as Q6 

for hard-core systems, we only implemented calculations with λ =υ. 
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Table 2.3: Results for cube-sphere mixture at P*=8.0. Spring constant used was κ= 
5.9×105 and the constant a was chosen to be the average of	υ	for the liquid and solid 

phases found in the single-phase simulations.	

Input  ξ  → -2.00 -2.80 -2.33 -2.36 

y1
solid , cube fraction in solid 0.072 0.240 0.122 0.124 

y1
liquid , cube fraction in liquid 0.255 0.388 0.308 0.313 

β µ2
solid − µ2

liquid( ) , Eq. (2.25) -0.061 0.069 -0.0056 0.0038 

Constant a 1.8250 1.8602 1.8427 1.8417 

〈υʹ〉 1.8229 1.8637 1.8425 1.8419 

New ξ via Eq. (2.21) -2.333 -2.330 -2.360 -2.340 

New ξ via Eq. (2.26) -2.337 -2.365 -2.360 -2.340 

 

Table 2.3 shows the results from the IP method for different input values of ξ  (whose 

value at coexistence is the sought-after unknown) . The initial guesses of ξ = -2.0 and -

2.8 correspond to states where either the liquid phase or solid phase is strongly 

metastable, respectively, while the ξ = -2.33 and -2.36 can be seen as near-

coexistence, improved estimates from successive iterations of the IP extrapolation. It 

appears that convergence to the coexistence value of ξ  can only be achieved with at 

most 3 significant figures as the extrapolations from ξ = -2.33 and -2.36 tend to 

overshoot in opposite directions, reflecting the difficulty to precisely estimate 

differences (〈υʹ〉−a). We hence estimate the coexistence value as ξ =  −2.35 ±0.01, 
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which is the average between the last trial value (-2.36) and the last extrapolated value 

(-2.34). 

 

Note that the 2nd order extrapolation scheme for ξ  [i.e., via Eq. (2.26)] only provides a 

slight improvement over the 1st order scheme (that neglects covariances) when the 

initial guess for ξ  is far enough from the correct value that non-linear effects are non-

negligible, as shown by the extrapolated values obtained for ξ =-2.8. For the 

coexistence ξ =-2.35 value we can use Eq. (2.22) to estimate the cube mole fractions 

of y1
solid = 0.123 and y1

liquid = 0.311, which agree well with the results found from the 

Gibbs-Duhem integration scheme reported in Ref. 32 (that started at the solid-liquid 

transition point for pure spheres), namely: ξ=-2.354, y1
solid =0.123 and y1

liquid =0.310. In 

fact, Eq. (2.22) would give good estimates even if the base point were quite far away; 

e.g., taking the ξ =-2.8 data as B point would give y1
solid = 0.128 and y1

liquid = 0.306 

which constitute much improved estimates compared to the original results for those 

conditions (3rd column in Table 2.3).  
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Figure 2.3: Probability density distributions of υ obtained in the IP simulations of the 
cube-sphere mixture in the semigrand NPzT ensemble at P*=8 for 3 different choices 
of the inter-species chemical potential difference	ξ 	(values shown in the legend). The 
vertical lines correspond to the pinning value of parameter a. Note that for	ξ =	-2.0 the 

system pushes left of a to lower	υ’s (the stable solid phase) while for	ξ =	-2.8 the 
system pushes right of a to higher υ’s (the stable liquid phase). 

 

Figure 2.3 shows the histograms of the specific volume υ in the IP simulations for 

selected values of the input ξ value. The curves show that the distributions of υ are 

very narrow, almost delta-function like, indicating that the pinning spring potential 

value selected as per formula (Eq. 33) (κ=5.9×105 in our units) was very high, only 

allowing fluctuations in υ of ±1% relative to (υliquid−υsolid ). We experimented with 

different values of κ and found (results not shown) that the convergence rate (and thus 

the efficiency) of the IP method as implemented here (with λ = υ) was rather sensitive 

to the choice of κ and we conjecture that using a translational-order parameter would 

have provided a more robust convergence. Note also that in choosing κ  it is safer to 

0

10

20

30

40

1.81 1.83 1.85 1.87

p(
υ'
)

υ

-2.0
-2.33
-2.8



	

	
 

71		

err in the side of excess than in the alternative, especially at far-from-equilibrium 

conditions, since a too-soft pinning potential may in such cases allow large volume 

fluctuations that move the interfacial system toward its stable one-phase state. The 

pinning potential could be made softer as the coexistence state is approached and the 

driving force toward a one-phase state lessens. Figure 2.4 shows a sample 

configuration for the two-phase state of the system during the IP simulation with ξ =-

2.36 which clearly shows a significant concentration of cubes (~12.4%) which are 

positioned into the fcc lattice sites of the sphere-rich solid phase but with random 

orientations. 

 

	

Figure 2.4: Snapshot of the semigrand NPzT interfacial simulation for the cube-sphere 
mixture for P*=8 and x =-2.33 showing the solid phase region in the leftmost half 

and the liquid region in the rightmost half of the box. 

 

Of course, the implementation of IP with λ=υ relies on the presence of a significant 

difference in υ between the two phases, a scenario that may not always occur between 

the solid and liquid phases in a mixture. In such cases, other phase distinguishing 
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properties (besides translational order) could prove useful such as composition. In fact, 

we also conduced additional tests with alternative order parameters that could better 

resolve the two phases (results not shown); one such example was to add a second 

harmonic term to the pinning potential so that : ΔU ' =κ 2(υ − a)2 +κ ' 2(y1 − a ')
2  

where aʹ  is chosen to be the average composition (y1) of  those for the two pure 

phases. For the cube-sphere mixture, however, the simpler υ-based pinning potential 

(i.e., κʹ=0) proved to be similarly effective. 

 

2.4. Conclusions And Outlook 

We implemented a generalized version of the IP method and applied it to locate solid-

liquid coexistence conditions for hard-core single-component polyhedral particles and 

a mixture of cubes and spheres. For pure systems of COs, TOs, and RDs, we applied 

the IP method in the NPzT ensemble to estimate the coexistence pressure, Pcoex
* , 

between the isotropic and rotator phases. For this purpose we tested 3 different order 

parameters |ρk|, Q6 , and υ (specific volume). We find that when using |ρk| the system 

is unable to stay in a two-phase coexistence state whereas using Q6  (a more robust 

translational order parameter) does allow for accurate estimates of Pcoex
* . The use of υ, 

which unlike Q6 involves no computational cost to update, also allows for reliable 

estimates of Pcoex
*  that match closely those obtained using Q6 and those reported in the 

literature obtained using thermodynamic integration.  

 



	

	
 

73		

For the mixture of cubes and spheres, we applied the IP method in the semigrand NPT 

ensemble to estimate isotropic-fcc crystal phase coexistence conditions at P* = 8.0. 

Similar to single-component systems, the use of |ρk| is found to be ineffectual to 

consistently restrict the system to an interfacial coexistence state. The use of υ as 

order parameter was found to be workable and the coexistence properties converged to 

values that agree with results formerly obtained using a Gibbs-Duhem integration 

method. In this case, the convergence of the IP iterations was found to be somewhat 

sensitive to the choice of the pinning spring constant.  

 

This work expands the IP methodology in the following aspects: (1) A generalized 

framework is provided that allows its implementation for different types of ensembles 

and for systems with more than one component (the original implementation was 

restricted to a single ensemble and pure components), (2) a second order extrapolation 

scheme is presented to estimate coexistence conditions which may converge faster to 

the solution than the first order scheme originally presented, (3) an alternative criterion 

is given for choosing the pinning spring constant [Eq. 33)], and  (4) the workability of 

inexpensive order parameters like specific volume or composition is demonstrated, 

which can be used in the cases where their values change non-negligibly between the 

two coexisting phases. In those cases, these simple global properties may provide a 

convenient alternative to translational order parameters when the latter are not easy to 

implement, renders simulations very expensive, or if translation order is not captured 

by conventional parameters. On the application side, this work illustrates the use of the 

IP method to entropy-driven order-disorder transitions for non-trivial colloidal model 
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systems, a departure from the temperature-driven phase transitions of atomic systems 

studied in Refs. 29-30. 

 

The advantages and disadvantages of interfacial simulation approaches (like the IP 

method) in comparison with other methods to simulate phase coexistence have already 

been reviewed in previous papers (see for example Refs. 8, 16, and 30). Indirect 

approaches like thermodynamic integration often require more computational effort to 

simulate multiple state points along a chosen integration path (using reference points 

and coupling parameters that may be non-trivial to implement as for the pure 

polyhedral systems studied here6 and mixtures therefrom). Methods that estimate free 

energies or enact free-energy equality via insertion-deletion of molecules would be 

inapplicable to solid phases. Compared to other interfacial methods, the advantage of 

the IP approach centers on its ability to obtain the free-energy difference between the 

phases present in the system, information that can be used to iteratively target 

coexistence conditions. But as with all interfacial methods where finite bulk-like phase 

regions coexist in the same box, the IP method can experience larger finite size effects 

(e.g., associated with tail-corrections for long-range interactions) than in methods 

where the bulk phases are in separate boxes. Also, simulating solid-solid equilibria is 

troublesome via any interfacial method, as mechanical straining would necessarily 

occur for phases with incompatible cross-sections. 

 

While the IP method could be advantageously used in conjunction with a number of 

other methods that target phase coexistence, it appears to be most complementary to 
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the Gibbs-Duhem integration method (GDI) when dealing with solid-liquid 

transitions.35,48 A single GDI step only involves two single-phase simulations and it is 

hence significantly cheaper than an IP calculation (that requires a few iterations of 

both single-phase and interfacial simulations and for larger system sizes). However, 

GDI does not have a built-in method to jump start it and after tracing many points 

along a coexistence line, errors may accrue that can be difficult to diagnose or correct. 

In this context, the IP method may provide GDI with both a starting point and a 

checkpoint to correct any systematic deviation. Note also that both IP (see Sec. II C) 

and GDI32 can be seen to rely on the same extrapolation scheme of free energies.   
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Chapter 3  
ENTROPIC SELF-ASSEMBLY OF FREELY ROTATING POLYHEDRAL 

PARTICLES CONFINED TO A FLAT INTERFACE* 
 

3.0 Abstract 

The self-assembly of hard polyhedral particles confined to a flat interface is studied 

using Monte Carlo simulations. The particles are pinned to the interface by restricting 

their movement in the direction perpendicular to it while allowing their free rotations. 

The six different polyhedral shapes studied in this work are selected from a family of 

truncated cubes defined by a truncation parameter, s, which varies from cubes (s = 0) 

via cuboctahedra (s = 0.5) to octahedra (s = 1). Our results suggest that shapes with 

small values of s show square-like behavior whereas shapes with large values of s tend 

to show more disc-like behavior. At an intermediate value of s = 0.4, the phase 

behavior of the system shows both square-like and disc-like features. The results are 

also compared with the phase behavior of 3D bulk polyhedra and of 2D rounded hard 

squares. Both comparisons reveal key similarities in the number and sequence of 

mesophases and solid phases observed. These insights on 2D entropic self-assembly of 

polyhedral particles is a first step toward understanding the self-assembly of particles 

at fluid-fluid interfaces, which is driven by a complex interplay of entropic and 

enthalpic forces. A first-order analysis of the particle-surface energies associated with 

a fluid-fluid interface indicate that such enthalpic interactions will be particularly 

																																																								
*	Reprinted with permission from Thapar, V.; Hanrath, T.; Escobedo, F. A. Soft Matter 2015, 
11, 1481. Copyright 2015 Royal Society of Chemistry. 
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important in determining particle orientation behavior at low to intermediate 

concentrations. 

3.1 Introduction 

At present, a major focus in material science is the use of polyhedral colloidal 

nanoparticles as versatile building blocks to design and fabricate novel materials with 

targeted emergent properties. Remarkable strides have been made in experimental 

techniques1-6 to synthesize these building blocks with different sizes, shapes, 

compositions and patterns. Understanding the relationship between particle shape and 

structural order is crucial for materials design because of the dependence of physical 

properties on the structure. This has fueled many theoretical7,8 and simulation studies9-

21 of polyhedral particles to map out their phase behavior. These systems often 

undergo order-disorder phase transitions involving changes in both translational and 

orientational degrees of freedom and can lead to novel mesophases. A mesophase is a 

partially ordered phase whose properties are intermediate between those of disordered 

liquids and ordered crystals, such as liquid crystals, rotator plastic crystals, and 

quasicrystals. 

 

Some of the techniques to assemble polyhedral nanoparticles involve the use of fluid 

interfaces as templates. The idea of using fluid interfaces was first explored for 

micron-sized particles by Pickering22 and Ramsden23 when they investigate paraffin 

water emulsions with solid particles of various oxides, salts, and clays. They found 

that these colloids generate a resistant film at the paraffin-water interface inhibiting 

the coalescence of the emulsion drops. These so-called Pickering emulsions are 
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formed by the self-assembly of colloidal particles at fluid-fluid interfaces24. During 

these past years, several studies25-37 have focused on using this directed self-assembly 

technique to synthesize two-dimensional (2D) superstructures of anisotropic particles. 

These quasi-2D superstructures provide a valuable experimental testbed to study 

extended electronic properties and have broad technological potential in applications 

involving thin-film optical and electronic devices29,30,38,39. 

 

To establish a robust framework to control the self-assembly of nanoparticles at fluid 

interfaces, a fundamental understanding of the interplay between entropic and 

enthalpic driving forces is critical. For this purpose, it is instructive to split the study 

into various complementary steps. The first step would involve simulating a model 

that isolates entropic effects only. A subsequent step would involve studying a model 

that also incorporates enthalpic effects like interfacial particle-fluid interactions to 

assess whether or how specific interactions reinforce or oppose entropic trends. In this 

work, we focus on the first-step entropic model where nanoparticles are described as 

perfect, monodisperse, hard polyhedral shapes so that their preferential packing is only 

dictated by excluded volume interactions. In our model, the particles’ centers of mass 

are pinned to a flat interface such that they cannot translate in a direction 

perpendicular to that interface, but they are allowed to translate on the surface and 

rotate freely. The lack of translational freedom in one direction restricts the system of 

3D particles to pack in a quasi-2D space and hence we refer to this assembly as 2D 

confined self-assembly. We use this model to simulate the phase behavior of several 

shapes belonging to a family of truncated cubes as characterized in Ref. 17. 
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Specifically, the shapes studied are cubes, truncated cubes (TCs), truncated cubes with 

truncation parameter s=0.4 (TC4s), cuboctahedrons (COs), truncated octahedrons 

(TOs) and octahedrons (Octs). These choices are motivated by both their relevance to 

experimental studies2,3,29,30 and the availability of reference simulation results for the 

3D entropic self-assembly17. Our work is also related to previous simulation studies on 

the phase behavior of true 2D systems, in particular, of rounded hard squares 40, where 

some cases bear some shape-similarity with our shapes when projected in 2D. The key 

difference between this work and that of Ref. 40 is that the shapes studied here are 

fully three-dimensional (e.g., cubes rather than squares). 

 

By way of background, in Section 2 we explain the methodology used to outline the 

phase behavior of each polyhedron, along with the relevant order parameters used to 

distinguish different phases. In Section 3, we report the results for the different shapes 

studied in this work along with the comparisons with the 3D bulk phase behavior and 

the 2D phase behavior of rounded hard squares40. Finally, in Section 4 we provide 

some concluding remarks. 

 

3.2 Methodology 

To confine the self-assembly of the particles in 2D, we fix the z-coordinate of the 

center of mass of each particle and only allow translations in the x and y direction. We 

perform extensive expansion and compression Monte Carlo (MC) runs in the 

isothermal-isobaric NPT ensemble (N is number of particles) with standard periodic 

boundary conditions to map out the equation of state (EoS) for each shape. In our 
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simulations, we assume the particles interact via hard core potential, which forbids 

particles from overlapping. Each pressure step of expansion/compression involved a 

run of 3 × 106 MC cycles in total, with the first 2 × 106 MC cycles used for 

equilibration and the latter 106 MC cycles used for production. Each MC cycle consists 

of an average of N translational, N rotational, N/10 flip and 1 area change move 

attempts. Flip moves attempt to rotate a chosen particle to a random orientation in the 

plane perpendicular to its present orientation. As indicated before, translational moves 

are only allowed in x and y direction. At high densities, area moves are allowed to also 

change the angle between the box axes to relieve internal stresses and avoid the 

formation of artificial phases due to a fixed square box symmetry. All trial moves are 

accepted according to the Metropolis criterion41, which requires ruling out overlaps 

between any two particles (via the separating axes theorem42). The size of the move 

perturbations is adjusted so as to get acceptance probability values of 0.4, 0.4 and 0.2 

for the translation, rotation and volume moves, respectively. 

 

The formation of ordered phases is detected using several global order parameters. 

The bond order parameters ψ4 and ψ6 are used to detect four-fold and six-fold angular 

order, respectively. For each particle, identified by j, we define a complex number, the 

local n-fold bond orientational order φn(rj):  

ϕn (rj) =
1
n j

exp(inθ jk )
k=1

n j

∑    (3.1) 

for n = 4 and 6. In the above equation, θjk is the angle made by bond between particle j 

and its nearest neighbor k with respect to an arbitrary axis, and nj is the number of 
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nearest neighbors of particle j. For φ6(rj), nj is calculated using Voronoi tessellation, 

while for φ4(rj) the four closest neighbors of each particle are used. The magnitude of 

φn(rj), estimates the value of local n-fold bond orientational order, ϕn
j

	
for particle j. 

The global bond orientational order, ψn for N particles is the magnitude of the average 

of φn(rj) as defined below 

ψn =
1
N

ϕn (rj)
j=1

N

∑    (3.2) 

The global particle orientational order in the system is determined via the P4 cubatic 

order parameter defined as43  

P4 =maxn
1
N

P4 (ui ⋅n)
i
∑

=max
n

1
8N

(35cos4 τ i (n)−30cos
2 τ i (n)+3)

i
∑

  (3.3) 

where, ui is the unit vector along a relevant particle axis and n is a director unit vector 

which maximizes P4 (see details in  Ref. 9). The spatial range of orientational order is 

quantified using the orientational distribution function I4(r)12, defined as 

I4 (r) =
1
8N

35[uai (0) ⋅ubi (r)]
4 −30[uai (0) ⋅ubi (r)]

2 +3   (3.4) 

where the average is over all particle pairs and all nine combinations of the axes. 

Translational order is detected by analyzing the behavior of the radial distribution 

function g(r), the structure factor, S(k), defined as 

 S(k) = 1
N

cos(k ⋅ri )
i=1

N

∑
"

#
$

%

&
'

2

+ sin(k ⋅ri )
i=1

N

∑
"

#
$

%

&
'

2

 ,     (3.5) 

and the bond orientational correlation function given by  
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gk(r) = < φk(0)φk(r)>      (3.6) 

where φk(r) is the k-fold local bond orientational order at position r . 

  

The regions of phase stability for a given system are outlined by mapping out the EoS 

via compression and expansion runs. The compression runs were started using a low 

density isotropic state with negligible translational and orientational order. We 

continued the compression runs till we obtain the high-density crystalline phase. As 

discussed in Ref. 44, unlike 3D systems the crystal phase for 2D systems lacks true 

long-range translational order, which means that the translational correlations of the 

crystal phase decay algebraically to zero. However, the system sizes studied here are 

not large enough to observe this decaying behavior. The resulting phase is then used as 

a starting point for expansion runs. To detect the points where phase transitions occur, 

we looked for not only breaks and inflections points in the EoS curves, but also for 

spots where fluctuations of bond order parameters, defined as  

χn = N ψn
2 − ψn

2( )      (3.7) 

diverge or have larger peaks45. The latter has been found to be less sensitive to finite 

size effects than the former40,46.  Since the EoS and transition points found by 

compression and expansion runs exhibited little hysteresis and we are only interested 

in outlining approximate boundaries, we did not perform complementary (and costly) 

free energy calculations.  

 



	

	
 

85		

We use conventional reduced units to report our results for the phase behavior of 

different shapes. The truncation parameter,17 s for cubes, TCs, TC4s, COs, TOs, and 

Octs is 0, (2-√2)/2, 0.4, 1/2, 2/3 and 1 respectively. The reduced pressure, P* is 

defined as P* = Pa2/(kBT) where 2a is the diagonal of the (imaginary) cube from 

which the given shape is cut. kB is Boltzmann constant and T is absolute temperature. 

The reduced number density is defined as η = Na2/A, where A is the total area of the 

system. We report our results in normalized reduced number density, η*= η/ ηcrys 

where ηcrys is the reduced number density of a crystal phase for N = 1600 particles at a 

very high pressure, namely, P* = 500 (ηcrys essentially correspond to the densest 

packing state). 

 

3.3 Results 

3.3.1 Cubes (s = 0) and TCs (s = 0.293)   

For cubes, most simulations entailed a system size of N = 1600 particles. The EoS 

results are shown in Fig.3.1 including data for a smaller N = 400 particle system for 

comparison. The EoS for the small and large systems from expansion runs matches 

well for the entire range of densities. We also observed a similar trend for the 

compression runs of the same system (not shown). At low concentrations, all the order 

parameters have values close to zero, which is characteristic of the isotropic phase. 

Around η* ≈ 0.55, the values of ψ4 and P4 start increasing with pressure while the 

value of ψ6 stays close to zero. At η* ≈ 0.9, ψ4 and P4 reach their maximum values, 

which are consistent with a crystal with square order. A similar isotropic to square 
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phase transition is also observed for a larger system size with N =3600 and has also 

been observed before in hard squares47 and rounded hard squares with small corner to 

length rounding ratios40. In the phase behavior of hard squares, Ref. 47 shows that the 

system goes from isotropic to square phase via an intermediate phase referred to as 

tetratic phase. As described in Ref. 40 and Ref. 47, the tetratic phase has significant 

particle orientational and four-fold bond orientational order, but g(r) shows short-

range positional ordering (no peaks at large distances)  and the structure factor S(k) 

exhibits diffusive peaks with four-fold symmetry. These tetratic-like properties are 

observed in our case for a region intermediate between the isotropic and square 

phases. As shown in Fig. 3.1 for 0.6 < η* < 0.7, one observes that 0.4 < ψ4 < 0.8, and 

0.3 < P4 < 0.45 whiled the coupling between particle orientations and (nearest 

neighbor) bond orientations also increases rapidly as detected by the cross parameter 

ψ4P4. As shown in Fig. 3.2, at these conditions S(k) exhibits diffuse peaks with four 

fold symmetry  and g(r) shows short-range ordering consistent with tetratic-like 

behavior. For comparison, we also show in Fig. 3.2 plots of the structure factor plot 

and g(r) for the square phase. The lack of any translational degrees of freedom in z-

direction in our model renders the behavior of hard cubes similar to that of hard 

squares. We also compare this self-assembly of cubes confined in 2D to the self-

assembly of cubes in the bulk in 3D12,17. Besides the expected differences in the 

symmetry of the densest packings (square in 2D and cubic in 3D), we also find that at 

least for the system sizes studied here cubes undergo a continuous phase transition 

from isotropic to square phase which differs from the first order phase transition from 

isotropic to simple cubic phase observed in bulk 3D self-assembly. The pseudo 2D 
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phase behavior of TCs is very similar to that of cubes and is described in the 

supplementary material48. 

	

Figure 3.1: Equation of state for 1600 cubes obtained by expansion runs. (Top Panel) 
The pressure P*, bond orientational order parameters ψ4 and ψ6, and orientational 

order parameter P4 as a function of reduced number density η*. For comparison, the 
equation of state curve obtained from the system of N = 400 particles is also shown. 

(Bottom Panel) Cross order parameters ψ4P4 and ψ6P4 and susceptibilities of the bond 
order parameters χ4 and χ6 as a function of η*. The value of ηcrys is estimated as 0.745. 
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Figure 3.2: (Top Panel) Representative snapshots and corresponding structure factors 
for a system of N=3600 cubes at (left) P*= 6.6 (tetratic-like phase) and (right) P* = 

24.0 (square phase). (Bottom Panel) The radial distribution function for a system of N 
= 3600 cubes at the same two pressures. 
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3.3.2  TC4s (s = 0.4) 

As shown in Fig. 3.3, a system of N = 1600 T4Cs transitions from isotropic to square 

phase via two intermediate mesophases. Firstly, the system undergoes a transition 

from isotropic to a phase with partial six fold bond orientational order and no particle 

orientational order, which, on further increasing the pressure, loses its six fold 

symmetry and gains both four fold bond orientational order and particle orientational 

order. Further compression of the system results in a crystalline square phase. We 

observe a similar phase behavior for a larger system sizes with N = 3600 (results not 

shown). To better understand the two intermediate phases, we first look at the phase 

with ψ6 ≈ 0.45 observed for 0.65 < η* < 0.69 and find that its S(k) shows diffuse 

peaks with six-fold symmetry (see Fig. 3.4b). The corresponding correlation function 

g6(r) (Fig. 3.5) shows long-range partial hexatic order whereas g(r) shows a quick 

decay of the peak amplitudes with distance, indicative of short-range translational 

order. These properties are consistent with those of the hexatic phase observed in the 

case of hard discs. We note, however, that hexatic character could only be 

unambiguously determined with a scaling analysis involving much larger system sizes 

than those used here, a task that lies beyond the scope of this work. For the other 

intermediate phase observed in 0.71 < η* < 0.76, S(k) exhibits diffuse four-fold  

peaks,  g6(r) and I4(r) reveal long-range partial tetratic bond orientational and particle 

orientational order, and g(r) indicates a short-range translational order (see Figs. 3.4 

and 3.5). This intermediate phase has similar properties to those of the transitional 

phase observed before in cubes and TCs when the system transitions from isotropic to 

square phase. The absence of breaks in order parameters and η* vs. pressure as the 
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system transitions between phases suggests that the transitions are continuous. 

Interestingly, similar to the phases observed here for TC4s confined in 2D, the bulk 

self-assembly of TC4s in 3D also exhibits an intermediate mesophase with six-fold 

symmetry and a densest packing phase with a different symmetry.17  

 

	

Figure 3.3: Equation of state for 1600 TC4s obtained by expansion runs. Legend as in 
Fig. 3.1. The value of ηcrys is estimated as 0.745. 
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Figure 3.4: Snapshots and corresponding structure factors for N = 3600 TC4s at (a) 
P*= 6.0 (isotropic phase), (b) P* =8.4 (hexatic-like phase), (c) P* = 10.8 (tetratic-like 

phase) and (d) P* = 24.0 (square phase). 
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Figure 3.5: Correlation functions for the system of N = 3600 TC4s. (Top Panel) The 
radial distribution function g(r) at P* = 8.4 (hexatic-like phase), 10.8 (tetratic-like 

phase) and 24 (square phase) are shown. (Bottom Panel) The bond order correlation 
functions, g6(r) and g4(r), and orientational correlation function, I4(r) at P* = 8.4 and 

10.8 are shown. 
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Figure 3.6: Equation of state for 1600 COs obtained by expansion runs. Legend as in 
Fig. 3.1. The value of ηcrys is estimated as 0.745. 
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The EoS for N =1600 COs is shown in Fig. 3.6. The system undergoes a phase 
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bond orientational order and negligible particle orientational order. This transition is 

accompanied by discontinuities in the values of η* and ψ6, suggesting that the 

transition would be first order. The hexagonal rotator phase in the range of 0.67 < η* 

< 0.77 shows sharp S(k) peaks of hexagonal symmetry which is in line with the solid-

like positional ordering (peaks persisting to large distances) behavior detected in g(r) 

(see Fig. 3.7). By further increasing the density, the system transitions from a 

hexagonal rotator phase to a crystal phase having high particle orientational order and 

a distorted translational symmetry. The g(r) of the crystal phase has a solid like 
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behavior as shown in Fig. 3.7 but the S(k) plot shows that system has neither fully six-

fold nor four-fold symmetry. To better understand this crystal phase, we calculate ϕ4
j

 

and ϕ6
j

 for each particle and show in Fig. 3.10 a snapshot of the system at P*=59.4 by 

coloring the particles based on their (local) values of ϕ4
j

 and ϕ6
j 	[as per Eq. (3.1)]. 

The system has mainly hexagonal-like character which is consistent with a high global 

ψ6 ~0.85, but also has layers of four-fold symmetry, indicating some localized 

interlocking between phases with six fold and four fold symmetry. A similar 

interlocking between phases has also been observed in the simulated crystal phase of 

COs assembling in 3D17. Also, COs in 3D exhibit isotropic, hexagonal rotator phase 

and a crystal phase with a distorted lattice upon compression, a sequence of phases 

that is loosely “equivalent” to that we observed in 2D. 
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Figure 3.7: (Top Panel) Representative snapshots and corresponding structure factors 
for a system of N=3600 COs at (left) P*= 14.1(hexagonal rotator phase) and (right) P* 
= 59.4 (distorted crystal phase). (Bottom Panel) The radial distribution function for a 

system of N = 3600 COs at the same two pressures. 
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Figure 3.8: Snapshot of the distorted crystal phase for the system of N = 3600 COs at 
P*=59.4. (Top Panel) Particles are colored with respect to the local value of ϕ4

j . 

(Bottom Panel) Particles are colored with respect to the local value of ϕ6
j . 
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Figure 3.9: Equation of state for 1600 TOs obtained by expansion runs. Legend as in 
Fig. 3.1. The value of ηcrys is estimated as 1.05. 
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Figure 3.10: (Top Panel) Representative snapshots and corresponding structure 
factors for a system of N=1600 TOs at (left) P*= 21 (hexagonal rotator phase) and 

(right) P* = 72 (rhombic phase). (Bottom Panel) Probability density function of angle, 
α for a system of N = 1600 TOs at the same two pressures. 

	

3.3.4 TOs (s = 2/3) 

The phase behavior of TOs for a system of N = 1600 particles is shown in Fig. 3.9. As 

can be observed, the EoS for N=400 and N=1600 agree very well and reveal two phase 

transitions. The first one, observed at η* ≈ 0.6, is the transformation from an isotropic 

phase to hexagonal rotator phase characterized by a large increase in ψ6. The second 

transition observed at η* ≈ 0.83 is the transformation from hexagonal rotator phase to 

rhombic phase, that latter characterized by large values of ψ4, ψ6 and P4. Figure 3.10 

shows representative snapshots of both hexagonal rotator phase and rhombic phase 

including the corresponding structure factors. The difference in hexagonal rotator 

phase and rhombic phase can also be observed by plotting the distributions of angles, 

P(
)

 P* = 21
 P* = 72



	

	
 

99		

α, made by the vector joining an ith  particle and its closest neighbor with the vector 

joining an ith  particle and its next five closest neighbors (where neighbors are 

identified via Voronoi tessellation). As expected, for the hexagonal rotator phase this 

angular distribution peaks at 60, 120 and 180 degrees. In contrast, for the rhombic 

phase we see 5 peaks at around 55, 70, 110, 125 and 180 degrees. The discontinuities 

in order parameters and η* for the two phase transitions suggest that they are both first 

order.  

 

The phases observed for this case are similar to the 2D phases observed for rounded 

hard squares with high corner to length rounding ratios40. Similar to the confined case 

studied here, a transition akin to isotropic-to-rotator phase is also observed in the self-

assembly of TOs in 3D12,17, but unlike our observation of particles abruptly aligning to 

transform from rotator phase to rhombic phase, a continuous transition from 

orientationally disordered rotator phase to bcc phase is observed in 3D. 
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Figure 3.11: Equation of state for 1600 Octs obtained by expansion runs. Legend as in Fig. 
3.1. The value of ηcrys is estimated as 2.247. 
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Figure 3.12: (Top Panel) Representative snapshots and corresponding structure 
factors for a system of N=3600 Octs at (left) P*= 29.75 (mixed phase) and (right) P* = 

77.5(hexagonal crystal phase). (Bottom Panel) The radial distribution function for a 
system of N = 3600 Octs at the same two pressures. 
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Figure 3.13: Snapshot of the phase observed at P*= 29.75 for the system of N = 3600 
Octs. (Top Panel) Particles are colored with respect to the local value of ϕ4

j . (Bottom 
Panel) Particles are colored with respect to the local value of ϕ4

j . 

	

3.3.5 Octs (s = 1) 

The phase behavior of Octs for N =1600 particles is shown in Fig. 3.11. The 

discontinuity in the order parameter values of ψ4, ψ6 and P4 and η* around η* ≈ 0.67 

suggests that the system transforms into a hexagonal crystal phase via a first-order 

transition. A representative snapshot of the hexagonal crystal phase along with its 

corresponding structure factor and radial distribution function are shown in Fig. 3.12. 
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We observe sharp S(k) peaks with six-fold symmetry for the hexagonal crystal phase, 

consistent with the solid-like behavior detected in g(r). Over a short density range 

before η* ≈ 0.67 the system has no particle orientational order (low P4 values) but has 

non negligible values of ψ4 and ψ6, which we associate with a novel mesophase that 

we’ll denote as a “dimorphic” rotator. The same phase is observed in expansion and 

compression runs for N = 3600 particles. As shown in Fig.3.12 for N = 3600 particles, 

the structure factor plot of this mesophase reveals diffuse peaks with no clear 

symmetry while g(r) shows small but persistent peak at long distances. To try to 

further characterize the structure of this phase, we visually analyzed sample 

configurations by coloring the particles based on their individual values of ϕ4
j  and ϕ6

j  

[see Eq. (3.1)]. As Fig. 3.13 shows, this mesophase has a grainy character where two 

kinds of “grains” intermingle (hence the name dimorphic): some are patches of 

particles having high six-fold symmetry and low four-fold symmetry, while others are 

patches of particles having high four-fold and low six-fold symmetry. While this 

dimorphic phase bears some similarity to the so-called polycrystalline phase detected 

for a small range of concentrations and roundedness parameter in rounded squares40, it 

seems to have less translational order. 
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Table 3.1: Summary of phase behavior and comparisons to 3D bulk systems and 2D 
rounded squares. sc = simple cubic, dsc = distorted sc, MI = monointerlocking, bct = 
body-centered tetragonal, dbct = distorted bct. The comparison between our quasi-2D 

systems and 2D rounded squares are made at similar values of λshape and ζ. 

 

Shape λshape Quasi-2D 
case 

3D bulk case 
[11] 

2D rounded 
squares [40] 
ζ Phases 

Cubes 0.0 Tetratic-like 
square 

Cubic 
mesophase* 

sc 

0.0 Tetratic-
like 

Square 
TCs 0.35 Tetratic-like 

Square 
sc 

dsc (C1) 
0.33 Polycryst

alline 
Rhombic 

TC4s 0.41 Hexatic-like 
rotator 

Tetratic-like 
Square 

Plastic hcp 
dsc (C0) 
MI dsc 

0.4 Hexagon
al rotator 
Rhombic 

COs 0.43 Hexagonal 
rotator 

Distorted 
hexagonal 

Plastic bct 
dbct0 

0.45 Hexagon
al rotator 
Rhombic 

 TOs 0.60 Hexagonal 
rotator 

Rhombic 

Plastic bct** 
dbct1 

0.59 Hexagon
al rotator 
Rhombic 

Octs 0.0 Dimorphic 
rotator 

Hexagonal 
crystal 

- 
Minkowski 

crystal 

0.0 Tetratic-
like 

Square 

 
*) For a narrow range of densities near the ordering transition, the particles in the 
cubic phase have liquid-like mobilities which could be associated with mesophasic 
behavior12,13. 
**) Rotator phase behavior for TOs has been detected in Refs. 12 and 21 although it 
continuously transitions into a crystalline phase as density increases. 
  



	

	
 

105		

	
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.14: Concentration vs. truncation parameter phase diagram for different 
shapes obtained from MC expansion runs for systems with N = 1600 particles. 
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3.3.6 General trends of behavior 

Figure 3.14 summarizes the phase behavior for all the shapes studied here. As the 

value of s is increased, the range of densities at which a phase with six-fold symmetry 

is stable increases and the reverse trend ensues for a phase with four-fold symmetry. 

Based on this approximate trend, one would expect that the two-body potential of 

mean force (PMF) of the different shapes may reveal some signs for a stronger disc-

like behavior with increasing s. Hence, we estimate one-dimensional and two-

dimensional PMFs at different values of s using the procedure mentioned in Ref. 48. 

As expected, the one-dimensional PMF(r) shape (Fig. 3.18 in the supplementary 

material48) has a more compact repulsive tail and shorter range (i.e., more disc-like 

character)  for shapes with larger  s, although this trend is somewhat reversed between 

COs and Octs. The PMF(r) shape of Octs for larger values of r ( >1.15) is 

intermediate between those for COs and TCs, which would be consistent with an 

intermediate proclivity toward disk-like and square-like behavior as embodied by the 

novel dimorphic phase formed by Octs. The two-dimensional PMF(x,y) (Fig. 3.19 in 

the supplementary material48) allows visualization of the asymmetry in the effective 

two-particle interactions along their relative (in-plane) orientations. For any such 

orientation, the value of  βPMF(x,y) decays faster over distance from large repulsion 

(βPMF(x,y)  ≥  5) to no repulsion   for shapes with larger  s, which is consistent with 

the trends seen in PMF(r). Also, the TOs’ PMF(x,y) has a marked circular-like 

symmetry which is consistent with the  hexagonal rotator phase that was detected for a 

wide range of densities. 
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Besides summarizing the wide variety of phases we observe for different values of s, 

Fig. 3.14 also gives a sense for how such phases are related across shapes and provides 

some clues as to how different phase types could be interpolated (for shapes whose s 

we did not simulate).  We observe that for each phase observed in our quasi 2D 

systems, a counter part is almost always identifiable in the 3D bulk phase behavior 

from Ref. 17, in particular, the number and sequence of mesophases and solid phases 

match well for the systems simulated. Of course that lattice symmetries in the 

mesophases and crystal phases are necessarily different between the 3D and quasi-2D 

systems; further, the character of the phase transitions (first-order or continuous) either 

did not always corresponds or could not be unambiguously determined in our systems. 

Table 3.1 shows the approximate phase correspondences (ignoring the isotropic 

phase). The only mesophase that appears to have no counterpart in the 3D case is the 

dimorphic mesophase we found in Octs.  

 

The phase behavior of our systems also has some similarities with that of rounded 

squares. Arguably, the degree of truncation embodied by each shape could potentially 

be mapped to an effective degree of square roundedness, corresponding perhaps to the 

average projection of the shape onto the 2D pinning plane or to some key similarity in 

their PMFs. However, such a mapping would be flawed, since such a roundedness 

parameter would depend on concentration (unless a fixed particle orientation with 

respect to the interface could be assumed) for a given particle shape. Nonetheless we 

observe some correlation between the corner-rounding-to-length ratio, ζ (a parameter 
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used to characterize the roundness of particles in Ref. 40) and a parameter, λshape for 

our 3D shapes, defined as 

λshape =
acube − ashape
acube − asphere

     (3.8)  

where ashape, acube and asphere  is the asphericity of a given shape, cube and sphere 

respectively, which is defined as the ratio of circumdiameter σout to indiameter σin.11 

(for TC4 σout  is the largest circumscribing diameter). The asphericity values for all the 

shapes are the same as the ‘range’ of the PMF (i.e., the smallest reduced distance r/σin 

for which PMF(r) = 0, see Fig. 3.18 of supplementary material48). To compare our 

results with those for rounded hard squares, the parameter, λshape is a better metric than 

the truncation parameter, s as the degree of roundness increases with  λshape. Table 3.1 

shows the phase behavior comparison at some comparable values of λshape and ζ.  At 

larger values of λshape and ζ, both types of systems show more disc-like behavior 

whereas at smaller values of λshape and ζ, the systems exhibit square-like phase 

behavior. However, this trend does not hold true for Octs, which have the same λshape 

as cubes, but their phase behaviors are entirely different. This could be explained by 

the fact that although PMF(r) of Octs and cubes decay to zero at the same value of r, 

their shapes are significantly different. We also observe a marked similarity in the 

phase behavior for some values of λshape, like for the λshape = 0 and ζ =0 cases, where 

both systems go from isotropic to a tetratic phase and then to a square phase. Also, 

when both λshape and ζ have a value close to 0.6, the systems undergo a transition from 

isotropic to hexagonal rotator phase followed by a transition to a rhombic phase. 

 



	

	
 

109		

 
 
 
	

 

 

 

 

 

 

 

 

Figure 3.15: (Right panel) Orientational order relative to the interface, Psurf, as a 
function of η* for different shapes. The values of Psurf corresponding to the single-

particle most stable orientation at cosθ1 = cosθ2 = 0.0 are -0.41, -0.43, -0.42, -0.39, 1.0 
and 1.0 for cube, TC, TC4, CO, TO and Oct respectively. (Left Panel) A single-

particle snapshot at the top for the densest packed orientation obtained using entropic 
model and a single-particle snapshot at the bottom for the most stable orientation at 
cosθ1 = cosθ2 = 0.0 obtained using interfacial model are shown in panels (a), (b), (c), 

(d), (e) and (f) for cube, TC, TC4, CO, TO and Oct respectively. 
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3.3.7 Exploring the Contributions of Interfacial Energy 

In our simulations, particles were restricted to translation over a 2D interface while 

allowing free rotations. However, surface forces strong enough to pin the z-coordinate 

of the center of mass of a particle may also bias the system toward some preferential 

orientations.  For particles at the interface between fluids 1 and 2, the interfacial 

energy originating from the interactions between particle and fluid 1, particle and fluid 

2, and between the two fluids will have an important effect on particle rotational 

behavior. To estimate such effects, we apply a continuum model used in Refs. 30 and 

31 to obtain the interfacial energy of a single particle at fluid 1/fluid 2 interface based 

on the properties of two fluids and a particle. For a given experimentally measured 

contact angle, θi corresponding to the three-phase contact between facet of type i (i = 

1,2 for {100} and {111} facets respectively), fluid 1 and fluid 2, the model obtains the 

interfacial energy landscape based on the different polar angles (δ), azimuthal angles 

(ω), and immersion depths (z), of a particle relative to the fluid-fluid interface. The 

details for the estimation of interfacial energy F are provided in supplementary 

material48.  

 

For concreteness, we apply first the above model to a cubic particle with σout  ≈ 3 nm  

on a toluene air interface (which is commonly used for interface-mediated particle 

self-assembly.31,49,50). The effect of particle size on interfacial interactions is discussed 

later. Figure 3.20 in the supplementary material48 shows the variation of interfacial 

energy, Fmin(z), minimized with respect to polar and azimuthal angles, as a function of 
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immersion depth for different contact angles. The minimum in Fmin(z) occurs at z = 

zopt. The interfacial energy barriers required to allow “vertical” translations (along the 

z-axis) are the highest for cos(θ1) = 0, with zopt  corresponding to the particle center of 

mass being coplanar with the toluene-air interface; energy barriers for motion are 

moderate (with a value of ~ 30kBT relative to the fully immersed state but less than 5 

kBT for fluctuation of ±10% around zopt) indicating that pinning at zopt would be a 

reasonable approximation. On increasing cos(θ1), there is a decrease in the interfacial 

energy required for z-direction translations. A similar behavior is seen for other 

shapes, indicating that the assumption of fixed center-of-mass immersion length is 

most justified for values of cos(θi) close to 0. For the choice of cos(θ1) =  cos(θ2) = 0, 

we further obtain a metric denoted by ΔForient, intended to quantify how easily the 

particles can explore their orientational space. ΔForient is the difference between the 

interfacial energy of a configuration at a given polar and azimuthal angles and that of 

the minimum energy configuration, having all the same zopt found before. Figure 3.21 

in the supplementary material48 shows ΔForient as a function of polar and azimuthal 

angles for different shapes with sizes chosen to have the same surface area of 18 nm2 

as the 3nm cube. Therefrom, we obtain the scalar metric, Porient, defined as the 

percentage of angular phase space with ΔForient <= 5kBT. 48 The values of Porient  are 

46, 64, 53, 15, 73 and 13% for cube, TC, TC4, CO, TO and Oct, respectively, showing 

that the extent of orientational bias towards the most stable (minimum-Fmin) 

configuration  is higher for shapes like Oct and CO and milder for TO and TC4.. Also 

importantly, because of the particle rotational symmetry (number of rotations 

reproducing the same orientation), the most favorable orientation is always 
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degenerate, indicating that particles could also dynamically rotate to access those 

states. We also observe that the most stable orientations (marked by white portions in 

Fig. 3.21) strongly depend on particle shape. For a cube, the normal of one of the 

{110} facets parallel to the z-axis is the preferred orientation. Going from cubes to 

COs, the preferred orientation shifts to one where the normal of a {111} facet is 

parallel to the interface normal. On further increasing the truncation parameter, the 

preferred orientation for TO and Oct corresponds to that in which the normal of a 

{100} facet is parallel to the interface normal. Although both TO and Oct have the 

same most stable orientation, TO can explore orientations more freely than octahedra 

as observed in Fig. 3.21. This could be explained by the fact that TO (with ashape = 

1.291) has smaller asphericity than Oct (ashape = 1.732). 

 

The above analysis depends on the size/surface area of the particle since both ΔFmin  

and ΔForient are ~σin
2. An n-fold increase in particle surface area would increase by a 

factor of n the interfacial energy required for both rotations and vertical translations. 

For these sizes, the interplay between orientational biasing fluid particle forces and 

entropic forces will depend on the concentration of the particles. To gain some 

insights into this interplay, we revisit the purely entropic case to see how 

concentration affects the extent of particle alignment with respect to the interface by 

measuring the order parameter Psurf  defined as  

Psurf =
1
8N

(35cos4Ωi −30cos
2Ωi +3)

i
∑ 	 	 	 (3.9) 
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where, Ωi is the angle between interfacial normal and one of the three {100} particle 

axes whose dot product with the interfacial normal is maximum. Psurf  ranges from -

0.42 to 1.0 and is ~ 0 for random orientations and unity for parallel alignment with the 

interface. Figure 3.15 shows Psurf as a function  of η* for different shapes. At low η*, 

Psurf ~0 regardless of shape, indicating random alignment of particles relative to the 

interface. Small values of Psurf also correlate with the smaller values of PMF(r) for 

large inter-particle distances (associated with small η*), which signal negligible inter-

particle entropic forces. At these conditions the addition of enthalpic interfacial energy 

will strongly bias the orientations towards those of minimum interfacial energy. But at 

high η* near the densest packing phase, the absolute value of Psurf is large signifying 

that the particles adopt particular orientations relative to the interface that maximize 

packing entropy. The strength of these entropic forces is also evident from the shape 

of PMF where for small interparticle distances r,  PMF(r) becomes very large. Since 

*2 1)( ηηησ =≈ crys
inr , we can estimate from Fig. 3.18 that to have PMF>5kBT one 

would need r/σin < 1.1 and thus for η*>0.8 entropic forces should override any 

energetic orientational bias, so that the “entropic” solid phases we found would also 

correspond to the equilibrium states. Experimentally, reported instances refer to near 

closed-packed structures (η*>0.8) whose symmetries are consistent with those found 

in our model, e.g., for the PbSe nanocubes of Ref. 30, square symmetry is observed at 

high concentrations, consistent with Fig. 3.1. Finally, Fig. 3.15 also indicates that the 

single-particle lowest surface-energy orientation need not agree with that of particles 

in the densest packed solid, indicating that assuming a fixed particle orientation 

(relative to the interface) for all η* would not generally be a suitable approximation. 
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In sum, while contact angles and particle sizes can be selected to approach the 2D 

freely rotating scenario simulated in this paper, interfacial energies will generally 

introduce non-trivial biases which may lead to different phase behaviors, particularly 

at low to intermediate densities. It is important to note that this analysis is based on a 

simple model that ignores the effects of interface deformations, line tension, and 

interparticle enthalpic interactions (which may facilitate or restrict particle rotations 

and translations).   

3.4 Conclusions and Discussion 

In this work, we have simulated the confined 2D phase behavior of 6 different shapes, 

from cubes to octahedra, which belong to a family of truncated cubes often 

encountered in nanoparticle synthesis. The phase behavior of different shapes shows 

diversity in the type of mesophases and crystalline phases that form as concentration 

increases. Shapes with small values of s (cubes and TCs) shows a square-like 

behavior, where upon compression a tetratic-like phase is first observed, followed by a 

square phase. On the other hand, shapes with large values of s (COs, TOs and Octs) 

show phases with a disc-like character, where upon compression form a rotator phase 

followed by a crystal phase with both rotator and crystal phases exhibiting an 

increasing (decreasing) extent of hexagonal (square) symmetry as s increases. 

Interestingly, for Octs a mesophase with patches of six-fold and four-fold symmetry is 

observed for a small range of densities before it transitions to a hexagonal crystal. For 

the intermediate value of s  = 0.4 (TC4s), we observe both square-like and disc-like 

packing in the phase behavior. Indeed, TC4s undergo a transition from isotropic to 

hexatic-like phase followed by a tetratic-like phase, which finally transforms into a 
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square phase. While breaks or inflexion points in order parameters and number density 

along an equation of state are suggestive of the potential character the phase 

transitions involved, further finite-size scaling studies will be required to clarify the 

exact nature of these transitions.  

 

The present work constitutes a first step towards the goal of fundamentally 

understanding the self-assembly of polyhedral nanoparticles at fluid-fluid interfaces. 

The phase behavior obtained here for purely entropic self-assembly provides a 

baseline for later comparisons; e.g., to understand additional entropic effects like those 

related to size and shape polydispersity (ubiquitous in experimental systems) and to 

facilitate the partial decoupling of effects brought about by the addition of enthalpic 

interactions. Despite the simplicity of the entropic model, some of the phases and 

mesophases observed here have been observed in various experiments29-38 (and in our 

ongoing work), and while a direct comparison is still not possible, this concurrence 

nonetheless illustrates that mesophasic behavior is ubiquitous in experiments and it 

can occur across different types of particle interactions, potentially foretelling the 

preponderance of steric effects on structure. Furthermore, the entropic phase behavior 

found here may also prove to provide best-case scenarios for ordered assembly, which 

future experiments may aim to approach. 

 

As discussed in Sec. 3.7, the adsorption energy of a particle on a fluid-fluid interface 

is an important contributor to the particle orientational behavior. For a single particle, 

the interfacial energy landscape can be modeled by using a Pieranski potential.24 The 



	

	
 

116		

authors of Ref. 31 studied the interfacial self-assembly of hexagonal bipyramid and 

bifrustum shaped particles into 2D superstructures by performing MC simulations 

where the immersion depth and the polar angle of a particle were set according to the 

values estimated for the equilibrium adsorption configurations. Such constraints could 

be relaxed in future studies to more faithfully describe the role of metastable particle 

orientations. Furthermore, enthalpic particle-particle interactions can be incorporated 

to reflect ligand-mediated interactions present in some experimental systems, which 

could crucially affect the assembly behavior. Work along these lines is already under 

way.   
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3.6 Supplementary Information 

3.6.1 Phase Behavior of TCs 

As shown in Fig. 3.16, as number density increases the system goes from isotropic to 

square phase via an intermediate tetratic-like phase which is observed for 0.64 < η* < 

0.72 and characterized by ψ4 and P4 approximately in the range 0.4-0.8, and 0.3-0.45 

respectively. Like in cubes, the intermediate phase forms diffuse S(k) peaks and has 

liquid like long-range g(r) behavior (see Fig. 3.17). Also, similar differences ensue for 
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both cubes and TCs in comparing their confined self-assembly in 2D with the bulk 

self-assembly in 3D17. 

 

	

 

 

 

 

 

 

 

 

 

 

 

	
	

 

 

Figure 3.16: Equation of state for 1600 TCs obtained by expansion runs. Legend as in 
Fig. 3.1. The value of ηcrys is estimated as 0.745. 
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Figure 3.17: (Top Panel) Representative snapshots and corresponding structure 
factors for a system of N=3600 TCs at (left) P*= 8.1(tetratic-like phase) and (right) P* 
= 21.0 (square phase). (Bottom Panel) The radial distribution function for a system of 

N = 3600 TCs at the same two pressures. 
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3.6.2 Two-Body potentials of mean force (PMFs) 

The one-dimensional potential of mean force is defined as12 

βPMF (r) = −ln e−βU (r )( )    (3.10) 

where β =1/(kBT) and U(r) is the potential energy of interaction between two particles 

whose centers of mass are at a distance r.  The procedure of calculating PMF(r) 

involves placing a particle at random position and orientation with center to center 

distance r from another particle with random orientation. This step is followed by an 

overlap check using separating axes theorem42. The above procedure is repeated for 

104 different positions for each value of r and 104 combinations of random orientations 

of the two particles for each position. The fraction of non-overlapping configurations 

at each value of r corresponds to the average Boltzmann’s factors in Eq. (3.10). Figure 

3.18 shows obtained PMF(r) for different shapes where we set r =1 for the closest 

distance. 

 

We also obtain the two-dimensional potential of mean force defined as 

βPMF (x, y) = −ln e−βU (x ,y )( )   (3.11) 

where U(x,y) is the potential energy of interaction between two particles whose centers 

of mass are at a distance of x and y from each other. These distances are defined 

relative to a coordinate frame whose origin is the center of mass of a particle with 

fixed position and orientation, and whose axes are perpendicular to the {100} facets of 

the fixed particle. For convenience, the fixed particle is oriented in a way that one of 

the {100} facets of a particle is parallel to the flat interface. The procedure of 



	

	
 

120		

calculating this PMF(x,y) involves placing a particle at a random orientation with 

position (x,y) from the fixed particle followed by an overlap check. This step is 

repeated for 104 different orientations for each position. Similar to PMF(r), the 

fraction of non-overlapping configurations at values of (x,y) corresponds to the 

average Boltzmann’s factors in Eq. (3.11). Figure 3.19 shows the contour plots of 

PMF(x,y) where for each shape we make the x and y  distances dimensionless by 

dividing their values by the closest distance [which was obtained from PMF(r) and 

corresponds to the particle indiameter σin]. 
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Figure 3.18: One-dimensional potential of mean force, PMF(r) for different shapes 
studied in this work. 

 

 
 
 
 
 
 
 
 
 

 
 
 

10

8

6

4

2

0

βP
M
F (
r )

1.61.51.41.31.21.11.0
Reduced COM Distance

 Disc
 Cube
 TC
 TC4
 CO
 TO
 Oct



	

	
 

122		

 

	
Figure 3.19: Two-dimensional potential of mean force, PMF(x,y) for different shapes 

studied in this work. The colorbar varies from βPMF(x,y) = 0 to 5. The values of 
βPMF(x,y) > 5 are labeled as red. 
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3.6.3  Adsorption Energy 

We apply a model used in Refs. 30 and 31 to estimate the adsorption energy of a 

single particle on a fluid-fluid flat interface. The adsorption energy, F of a truncated 

cube as a function of its position and orientation is given by  

F (z,δ,ω) = γ tb(A− Stb )+γ1tS1t +γ2tS2t +γ1bS1b +γ2bS2b + const.   (3.12) 

Here, γtb is the interfacial tension between the top and bottom fluid, A is the total 

surface area of the interface and Stb is the interfacial area excluded due to the presence 

of a particle. The surface tension between particle’s facets of type i (i = 1,2 for {100} 

and {111} facets respectively) and top fluid is denoted by γit and the surface tension 

between particle facets of type i and bottom fluid is denoted by γib. The surface areas 

of facets of type i in the bottom and top medium are denoted by Sit and Sib 

respectively. The value of the arbitrary additive constant is chosen such that F = 0 

when a particle is completely immersed in the bottom fluid. The position or immersion 

depth of a particle, z, is the height of its center of mass relative to an interface, which 

is parallel to the xy plane with its normal pointing in the z-axis direction and 

positioned at z = 0. The orientation of a truncated cube is given by two angles: the 

polar angle δ and the azimuthal angle ω. As shown in Ref. 30, using the Young’s 

equation, Eq. 3 is simplified to  

F (z,δ,β) = γ tb(cosθ1S1t + cosθ2S2t − S12 )   (3.14) 

where θi is the contact angle corresponding to the three-phase contact between facet of 

type i, top fluid and bottom fluid. To obtain F for (experimentally relevant) contact 

angle values of θ1 and θ2 for any given (z, δ, ω), the surface areas Sit, Sib and Stb are 

estimated using the triangular tessellation technique described in Ref. 51. The three 
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dimensional landscape of adsorption/interfacial energy is then obtained by repeating 

the procedure for all possible orientations and positions, where we vary, z within (-

H,H) where H is a value slightly larger than the circumradius of a shape (for TC4 we 

use H as the largest circumscribing radius), δ from [0,π/2], and ω from [0,π/4] using 

100 equidistant steps for each of these three parameters. Due to the symmetry 

properties of a truncated cube, the polar angle and azimuthal angle are varied up to π/2 

and π/4 respectively. The most stable configuration is then obtained by estimating the 

global minimum of this landscape and the value of F corresponding to the global 

minimum is denoted as Fminglob. The model also provides the interfacial energy, Fmin(z) 

of a particle as a function of z minimized with respect to angles δ and ω. The 

estimation of Fmin(z) at different values of z is performed for a cube shaped particle of 

size 3 nm adsorbing on a toluene-air interface at room temperature. The value of 

interfacial tension, γtb is given by 28.52 mN/m (room temperature). The profile of 

Fmin(z) versus z is shown for different contact angles ranging from cosθ1 = 0.0 to cosθ1 

= 0.5 in Fig. 3.20. 

 

For cosθ1 = 0.0 and cosθ2 = 0.0, we show the difference ΔForient(δ, ω) = F(zopt, δ, ω) - 

Fminglob as a function δ and ω for different shapes in Fig. 3.21, where the value, zopt is 

the immersion depth of the most stable configuration. For the plots shown in Fig. 3.21, 

the cube size is 3 nm whereas the size of the other shapes is selected to have the same 

surface area as that  of the  3 nm cube. For each shape, we show snapshots of three 

different configurations whose ΔForient <= 5kBT in Fig. 3.21. We also obtain the 

percentage of angular phase space, Porient, that has ΔForient <= 5kBT; this is estimated 
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by evaluating ΔForient over a grid of  (δ, ω) pairs and finding the fraction for which 

ΔForient <= 5kBT.  

 

	

Figure 3.20: The profile of Fmin(z) versus z for a cube shaped particle for different 
contact angles ranging from cosθ1 = 0.0 to cosθ1 = 0.5. 
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Figure 3.21: The energy difference, ΔForient as a function of δ and ω for (a) cube, (b) 
TC, (c) TC4, (d) CO, (e) TO and (f) Oct at contact angle values of θ1 = 90 degrees and 
θ2 = 90 degrees. The snapshots of configurations at three different (δ, ω) values with 

ΔForient <= 5kBT are also shown for each shape. 
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Chapter 4  
SIMULTANEOUS ESTIMATION OF FREE ENERGIES AND RATES USING 

FORWARD FLUX SAMPLING AND MEAN FIRST PASSAGE TIMES* 
 

4.0 Abstract 

In this work, a method is proposed to simultaneously compute the transition rate 

constant and the free energy profile of a rare event along an order parameter 

connecting two well-defined regions of phase space. The method employs a forward 

flux sampling technique in combination with a mean first passage time approach to 

estimate the steady state probability and mean first passage times. These quantities are 

fitted to a Markovian model that allows the estimation of the free energy along the 

chosen order parameter. The proposed technique is first validated with two test 

systems (an Ising model and a model potential energy surface) and then used to study 

the solid-phase homogeneous nucleation of selected polyhedral particles.  

 

4.1 Introduction 

Activated processes are ubiquitous in nature. Important examples include crystal 

nucleation, earthquake formation, slow chemical reactions, protein conformational 

changes, switching in biochemical networks and translocation through pores. The 

activated/rare process from a stable/metastable region A to a stable/metastable region 

B is characterized by a long waiting time between events, which is several orders of 

magnitude longer than the transition process itself. This long waiting time typically 
																																																								
*	Reprinted with permission from Thapar, V.; Escobedo, F. A. Journal of Chemical Physics 
2015, 143, 244113. Copyright 2015 American Institute of Physics. 
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arises due to the presence of a large free energy barrier that the system has to 

overcome to make the transition from one region to another. Simulating the transition 

kinetics including rate constants and mechanistic details, and the free energy barriers 

is essential for understanding the activated processes. However, conventional brute 

force simulations are impractical as the transition is a rare event, which makes it 

difficult to collect enough statistics with computing resources typically available. To 

overcome this limitation, many sophisticated methodologies have been developed. 

Current popular techniques such as forward flux sampling1-7 (FFS) allow the 

computation of rate constants by exploiting a divide-and-conquer strategy to ratchet 

trajectories over larger or difficult barriers using a series of interfaces that partition the 

phase space, whereas techniques such as Umbrella Sampling (US)8,9 allow the 

computation of the activation free energy barrier separating the two regions A and B.  

 

Some techniques have been developed to simultaneously compute both the free 

energies and kinetics of activated processes. For example, Radhakrishnan and 

Schlick10 developed a method for free energy calculations named “BOLAS” , which 

combines a Monte Carlo (MC) ensemble of trajectories generated by a shooting 

algorithm in transition path sampling (TPS)11-15 with the US strategy. The combination 

results in the enhanced sampling of the probability density distribution, p(λ), defined 

as the probability to find the system at a certain value of order parameter λ. A variation 

of transition interface sampling (TIS)16-18, partial path transition interface sampling 

(PPTIS) developed by Moroni et al.19 introduces a bias by restricting all paths in the 

ensemble obtained by PPTIS formalism to cross the middle interface. The bias is 
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corrected by comparing neighboring interface ensembles using suitable weights 

calculated for the histograms of points visited around the outer interfaces for two 

consecutive windows. These weights are then used to scale the ensembles of states 

visited around the inner interface. The resulting histograms of the probability density 

p(λ) on each window are matched together using scaling factors calculated from the 

overlapping regions between two consecutive windows to obtain the continuous p(λ) 

distribution. Similar to PPTIS, a technique named milestoning proposed by Faradjian 

and Elber20 also employs a series of interfaces to estimate the transition rate and p(λ). 

However, it assumes a complete loss of memory at each interface. Both PPTIS and 

milestoning methods use the Markovian assumption for the rate calculations and are 

applicable to systems in thermodynamic equilibrium. Turning the table around, there 

are also methods that use the US as the basis to estimate rate constants. Boxed 

Molecular Dynamics (BXD)21,22 is one of those methods used to examine transitions 

with large energy barriers using Molecular Dynamics (MD). BXD breaks up the 

region from basin A to basin B into boxes and a long simulation is then performed in 

each box to explore the phase space until adequate statistics are obtained. By assuming 

the process to be Markovian along an order parameter, the statistics collected about 

the total time spent in a box and the number of collisions at the boundaries of each box 

are then used to calculate transition rates from A to B. A closely related method 

Markovian milestoning with Voronoi tessellations23 is closely related to BXD and can 

be used to map out free energy over a multidimensional order parameter. 

Nonequilibrium Umbrella Sampling (NEUS)24,25 also uses an US type algorithm to 

estimate the transition rates and free energy barrier heights. In NEUS, the order 
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parameter space is partitioned into regions and separate simulations (also termed as 

“walkers” in NEUS) are performed in each region to obtain the two important 

quantities: the probability of an unconstrained walker being in that region and the 

probability density/flux of trajectories entering into that region. These two quantities 

are then used to obtain the transition rate from A to B which is essentially the flux of 

trajectories that originated in A and entered B.  

 

Valeriani et al.26 and Borrero et al.27 developed techniques based on FFS to estimate 

both the transition rate constants and the free energy profile. Valeriani et al.26 

introduced a method to compute the stationary distribution, P(λ), which is either the 

equilibrium or the steady-state probability distribution (for non-equilibrium systems). 

In their work, they obtain the stationary distribution along an order parameter, λ, by 

performing two FFS calculations, one for the forward transition (from region A to 

region B) and the other for the backward transition (from region B to region A). The 

rate constants estimated by using these two FFS calculations are then used to reweigh 

contributions to P(λ) from trajectories originating from both region A and region B. 

One potential limitation of this method is its requirement to perform two FFS 

calculations, especially in the cases where only one transition is of interest and if the 

other transition is the most computationally demanding. In contrast, the FFS-US 

method by Borrero et al.27 employs a US strategy following an FFS protocol for the 

forward transition and avoid the simulation for the reverse transition. Akin to Moroni 

et al.19, the transition path ensemble obtained using FFS is reweighted and US is used 

to further sample the regions inside the windows bounded by hard wall interfaces. The 
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US strategy is employed until the partial path ensemble loses any memory from where 

it is originated. In both FFS-based methods mentioned here, the data collected from 

FFS of the forward transition is not sufficient to estimate the free-energy profile, 

needing additional calculations (i.e., the FFS for the reverse transition in case of 

Valeriani et al.26 and US for Borrero et al.27).  

 

Recent simulation studies on A-to-B rare events have used the so-called mean first 

passage time (MFPT) approach.28,29 This method uses direct simulations to collect 

both the steady state probability of trajectories originating from A, Pst(λ) (i.e., the 

probability that a trajectory originating from A visits reaction coordinate λ) and MFPT 

= τ(λ;a)  (i.e., the average time that the system, starting from boundary a of region A 

needs to reach a certain value of λ for the first time), and fits them to a model that 

allows the estimation of the rate constant and the intervening free-energy along a 

reaction coordinate. The MFPT approach makes use of the assumption that the 

dynamics of the activated processes can be described by the Fokker-Planck equation. 

This approach has the advantage over the FFS techniques described in the previous 

paragraph that the enhanced sampling of forward transition is sufficient to obtain both 

the rates and free energies. It is limited, however, to transitions whose free-energy 

barrier is small enough to be frequently surmounted by brute force simulations. 

 

In this work, we develop a strategy that combines FFS with the MFPT approach to 

estimate both the rates and free energy profile along a reaction coordinate. 

Additionally, our method also estimates the MFPT profile along a reaction coordinate. 
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The proposed FFS-MFPT method performs FFS calculations only for the forward 

transition (of interest) and the data thus collected is combined with the MFPT 

approach to obtain free energies and rates. In this way, the FFS-MFPT approach can 

be applied to systems where the use of conventional brute force simulations is 

impractical, while circumventing the need for additional simulations to obtain P(λ). 

The crux of the proposed FFS-MFPT approach lies on developing a strategy to 

estimate the key functions, Pst(λ) and τ(λ;a). Both Pst(λ) and τ(λ;a) are required to 

resolve the transitional free-energy whereas τ(λ;a) is required to obtain the kinetic 

rates of the transition. Using the data collected from transition pathways harvested in 

the FFS calculation, basic probability rules are used to estimate τ(λ;a), whereas a 

strategy similar to that proposed by Valeriani et al.26 is used to compute Pst(λ). The 

FFS-MFPT method is first applied for two test-beds: the flip-down to flip-up transition 

in a two-dimensional Ising model and the basin-to-basin transition in an empirical 

valence bond potential (EVB) model. The Ising model allows us to both assess the 

accuracy of nucleation rates with literature values, and show that the free energy 

profile obtained from FFS-MFPT method matches very well with US calculations if 

the order parameter used is a good reaction coordinate. Through the EVB potential, it 

is shown that mismatches between FFS-MFPT and US free-energy prediction can 

occur due to the use of a poor order parameter, a result that can provide a diagnostic 

tool to seek out optimization of the order parameter (e.g., by implementing least 

squares fits to committor probability data6). Finally, we apply our method to a more 

complex and challenging rare event problem involving the first-order phase transition 
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from a disordered phase into a rotator phase of several polyhedral; namely, hard 

cuboctahedra (CO), truncated octahedra (TO) and rhombic dodecahedra (RD).  

 

By way of background, in Section II we briefly review FFS-type schemes for the 

computation of rate constants, transition pathways and committor probabilities. In 

Section III we discuss how the FFS-MFPT approach is implemented by developing 

expressions for Pst(λ) (section IIIA) and τ(λ;a) (section IIIB). In sections IVA, IVB and 

IVC, we apply the FFS-MFPT method to the Ising model, the EVB potential and the 

solid-phase nucleation of polyhedral particles, respectively. In Section V, we provide 

some concluding remarks, highlighting some of the strengths and limitations of the 

approach. 

 

4.2 FFS-type Sampling Scheme 

The FFS-type algorithms generate trajectories for rare, spontaneous transitions 

between two well-defined regions A and B of a system. The regions A and B are 

defined in terms of an order parameter λ(x), where x denotes the coordinates of the 

phase space. The parameter λ(x) distinguishes the regions A and B such that the system 

has values of λ(x) ≤ λA(x) in region A and λ(x) ≥ λB(x) in region B. To estimate the rate 

constant from A to B, FFS employs a series of nonintersecting interfaces between the 

initial (A) and final (B) regions {λ0 ,…., λn} such that λ ≥ λ0 , λn=λB , and λi > λi-1  

(increases monotonically as the interfaces λ0 ,…., λn are crossed). The rare paths are 

generated such that any trajectory from A to B passes through each interface in turn. 
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The transitions between interfaces are free to follow any possible path from A to B, 

including paths crossing previous interfaces several times.  

 

The rate constant, kAB for a transition from A to B can be calculated from the total 

average flux from A to B, which can be expressed as the product of flux from A to λ0, 

  
ΦA,0 , and the probability that a trajectory reaching from A will reach B without 

returning to A, P(λn=B | λ0), 

  
kAB =

ΦA,0

hA

P(λn=B |λ0 )   (4.1) 

Here, the factor hA is a history dependent function such that  hA =1 if the system was 

more recently in A than in B, and  hA = 0 otherwise;  hA is the average fraction of the 

time that system spends in the basin of attraction of A. P(λn=B | λ0) can be expressed in 

terms of conditional probabilities: 

)|()|( 1

1

0
0 ii

n

i
Bn PP λλλλ +

−

=
= ∏=   (4.2) 

where P(λi+1 | λi) is the probability that a trajectory that visits A and crosses λi for the 

first time will subsequently reach λi+1 without returning to the initial region A. 

Alternatively, the rate constant can also be calculated as the inverse of MFPT from A 

to B. The details of this alternative technique are explained in the Method section. 

Note, that the procedure of calculating the rates from λA to λn in terms of transition 

times using FFS was implemented first by Adams et al.30 in their sampling technique 

named forward flux sampling in time (FFST). However, along with the estimation of 
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the rate from λA to λn, our technique can also estimate the rate from λA to any λA < λ ≤ 

λn.  

 

At least four FFS-type variants have been proposed to generate the transition paths 

belonging to the transition path ensemble (TPE) and to determine the rate constants. 

These schemes are direct FFS (DFFS)2, branched growth (BG) method2, constrained 

branched growth (CBG)31 and Rosenbluth (RB) method2. In this work, we use the 

CBG sampling scheme as it has been shown to be efficient and to preclude the BG’s 

exponential increase in the number of trajectories launched from latter interfaces. In 

CBG, N0 configurations are initially prepared at the first interface, λ0. For each CBG 

run “m”, a starting configuration is selected from these N0 configurations to launch M0 

trajectories from it. The number of trajectories that successfully reach the next 

interface, λi, is Ns
(i-1) .These configurations are used to randomly select Li starting 

configurations for launching trajectories toward the next interface. A constant number 

of trajectories for the mth CBG run, Mi, is fired from each subsequent interface, with 

 ki
j  trajectories launched from each of the Li starting points. Li is chosen such that 

Li =
ceil Mi

kmin

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟, Ns

(i−1) > ceil Mi

kmin

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Ns
(i−1) , Ns

(i−1) ≤ ceil Mi

kmin

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎧

⎨

⎪
⎪

⎩

⎪
⎪

,             (4.3)  

where ceil(x) is the smallest integer greater than or equal to x, kmin is the minimum 

number of shots per point and  
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ki
j = ceil Mi

Li

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟.   (4.4)   

The above procedure is then repeated for a total of N0 CBG runs. Letting Ti  be the 

total number of trajectories launched from interface λi,  and Ri the total number of 

trajectories that successfully reach interface λi  (for the combined N0 CBG runs), the 

overall probability of reaching basin B from interface λ0 is then  

∏
−

=

+
= =

1

0

1
0 )|(

n

i i

i
Bn T

R
P λλ   (4.5) 

 

We note that rather than obtaining P(λn=B|λ0) as a global average [i.e., the product of 

average jump probabilities P(λi+1|λi)] as embodied by Eq. (4.5) and originally used for 

DFFS, one could alternatively obtain it as the average of the “per run probabilities” 

(i.e., the average of products of probabilities) as embodied by Eq. B3  in Ref. 31 

derived for CBG. Both the averages would be the same if the jump probabilities 

involved were independent. Here, we will only report results based on Eq. (4.5) and 

use global averages to estimate steady state probabilities and mean first passage times. 

The data collected on the TPE (i.e., the configurations from pathways that make it to 

basin B) can be used to estimate the committor probability, pB. For each interfacial 

point stored in the TPE trajectories, its pB is obtained by recursively calculating6 

  
pi

Bj =
1
k j

i

pi+1
Bm i = n−1,n− 2, ..., 0,

m=1

N j
i

∑   (4.6)    

where   p
i+1
Bm  is the committor probability to reach B for each point m at λi+1 that 

connects with state j at λi, k
j
i is the number of trial runs fired for the point j at λi and 
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 Ni
j is the number of points reaching λi+1 from point j to λi.  p

i
Bj =1 for each point at λn 

as the nth interface corresponds to the boundary enclosing basin B. pB can be used to 

identify the transition state ensemble (TSE) (i.e., configurations having pB = 0.5) and 

provide insights to optimize the order parameter. 

 

4.3 Method 

In this section, we describe a methodology to estimate free energy profile along an 

order parameter, λ, by combining FFS with the MFPT approach. Wedekind and 

Reguera29 in their MFPT method, derived the set of equations to determine the free 

energy profile of the activated process as a function of a suitable reaction coordinate 

by assuming that the dynamics of that activated process can be described in terms of a 

Fokker Planck equation (see details in Refs. 28 and 29). However, as pointed out by 

Peters et al.32, this assumption of reducing activated processes in high dimensional 

systems to a single-dimensional Fokker-Planck equation hinges on three important 

conditions: 1) transition pathways joining two basins A and B should pass through a 

single transition tube, therefore preventing the application of this model to systems 

which has complex network of pathways between many intermediates, 2) the 

relaxation times within the region A should be much faster than the transition time, 

hence ensuring that the reaction coordinate exists for that process, and 3) the process 

should be Markovian along that reaction coordinate. Using the order parameter λ as 

the appropriate reaction coordinate, they obtain 
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βG(λ) = ln(B(λ))− dλ '

B(λ ' )
+C∫    (4.7)               

where C is the integration constant and  

  
B(λ) = 1

Pst (λ)
Pst (λ

' )dλ '

a

λ

∫ − τ (λ;a)
τ (b;a)

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

  (4.8)   

   

where, G(λ) is the free energy as a function of order parameter λ, Pst(λ) is the steady 

state probability of forward trajectories, a and b are the left (reflecting) and right 

(absorbing) boundaries of the order parameter, respectively, and τ(λ;a) and τ(b;a) are 

the mean first passage times to reach order parameters of values λ and b, respectively. 

We use λA and λn as our boundary values a and b respectively. The procedure to 

estimate the two important ingredients, Pst(λ) and τ(λ;a) by using FFS is explained in 

detail in following sub-sections IIIA and IIIB respectively. 

 

4.3.1 Estimation of Pst(λ) 

The steady state probability of forward trajectories (trajectories from A to B), Pst(λ) 

from FFS is calculated using a scheme similar to that used in Ref. 26. We denote as 

N(λ) the average time that the system spent at order parameter λ by a trajectory that 

originated from interface λA. π(λ; λi) is the average time spent at order parameter λ by a 

FFS trajectory that originates from λi and terminates at λi+1 or λA. As shown in Ref. 26, 

when λA = λ0, N(λ) is given by  
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 where the term )|( 1

1

0
jj

i

j
P λλ +

−

=
∏  is a correction factor applied to the enhanced 

sampling at interface i achieved from the collection of FFS trajectories. The function 

π(λ; λi) is evaluated by using the following equation  

                              
π (λ;λi ) =

Nλ

ΔλTi
                                          (4.10)

 

where Nλ is the number of times the system has a value between λ and λ+ Δλ during 

the set of Ti trial runs initiated from λi. Combining Eqs. 9 and 10, we obtain N(λ) and 

the normalization of N(λ) gives Pst(λ) in the region λA≤ λ <λn. 

 

The above procedure is valid when λA = λ0. But, in this work the interface λ0 is placed 

sufficiently away from λA to minimize the effects of short time fluctuations in the 

order parameter and correlated trajectories. For these systems when λA ≠ λ0, Eq. 9 is 

simply modified by adding the term, ω(λ; λA), which is the average time spent at order 

parameter λ by a trajectory that originates from λA and terminates at λ0. 

∑ ∏
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j
iA PN λλλλπλλπλλωλ   (4.11)

 

 

Similar to π(λ; λi), the term ω(λ; λA) is given by: 

ω (λ;λA ) =
Nλ

ΔλN0

  (4.12)
 

In this case, we obtain Nλ by performing N0 brute force simulations starting from 

uncorrelated configurations prepared at λA and measuring the number of times the 

system has a value between λ and λ+ Δλ (for λA≤ λ <λ0). As mentioned above, we 
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terminate these simulations when system reaches λ0. The resulting configurations at λ0 

are used as the launching points for the CBG simulations. We then obtain Pst(λ) in the 

region λA≤ λ <λn by combining Eqs. (4.10), (4.11) and (4.12).  

 

4.3.2 Estimation of MFPT 

The mean first passage time from interface λA to λ is denoted by τ(λ;λA). The 

calculation of τ(λ;λA) is divided into following three stages: 

 

4.3.2.1 Stage 1: MFPT for λA < λ ≤ λ0 

The set of N0 uncorrelated configurations are prepared at λA. We perform brute force 

simulations from each configuration till the system reaches λ0. For every simulation, 

the time at which the system has a value between λ and λ+ Δλ for the first time, 

ti(λ;λA), is stored. τ(λ;λA) is simply the average duration, ti(λ;λA), obtained for different 

configurations. Hence, for λA < λ ≤ λ0,  

τ (λ;λA ) =
ti λ;λA( )

i=1

N0

∑
N0

  (4.13)
 

 

4.3.2.2 Stage 2: MFPT for λ0 < λ ≤ λ1 

To calculate τ(λ;λA) at every λ0 < λ ≤ λ1, we define two variables X and Y where X is 

defined as the first passage time from λA to λ and variable Y is the outcome of the CBG 

trajectory fired from λ0. The value of Y is assumed to be 1 if the trajectory reaches λ 
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and 0 if the trajectory reaches λA before it reaches λ. Let the mean first passage time 

from λA to λ for Y=0 and 1 be τ0(λ;λA) and τ1(λ;λA), respectively, which can be 

evaluated as follows: 

 

i) If Y=1, τ1(λ;λA) is simply the addition of the mean first passage from λA to λ0, τ(λ0;λA) 

and the average time, τ(λ;λ0|λA), taken by a CBG trajectory fired from λ0, to hit λ for the 

first time before reaching λA. 

τ1(λ;λA ) = τ (λ0;λA )+τ (λ;λ0 λA )  (4.14) 

ii) For Y=0, a trajectory originating from λA passes λ0, returns to λA without reaching λ 

and then starts again from λA. Hence, τ0(λ;λA) is essentially the summation of the 

average first passage times obtained in these three events.	

τ 0 (λ;λA ) = τ (λ0;λA )+τ (λA;λ0 λ)+τ (λ;λA )   (4.15)	

where τ(λA;λ0|λ) is the average time taken by a CBG trajectory fired from λ0, to hit λA 

for the first time before reaching λ. 

 

As τ(λ;λA) is the average of τ1(λ;λA) and τ0(λ;λA) weighted by the probability P that Y = 

1 and 0 respectively, we get 

τ (λ;λA ) = τ1(λ;λA )P(Y = 1)+τ 0 (λ;λA )P(Y = 0)   (4.16)
 

 Using the fact that P(Y=1)+P(Y=0) = 1 and substituting Eqs. (4.14) and (4.15) in Eq. 

(4.16), we get 

τ (λ;λA ) =
τ (λ0;λA )+τ (λA;λ0 λ)

P(Y =1)
+τ (λ;λ0 λA )−τ (λA;λ0 λ)   (4.17)
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Now, we use the data collected from FFS trajectories to estimate the three unknowns 

in Eq. (4.17): τ(λA;λ0|λ), τ(λ;λ0|λA) and P(Y=1). Note, that τ(λ0;λA) was estimated in 

Stage 1. We fire a total of T0 trajectories from λ0, out of which Sλ reach successfully 

the values λ and λ+ Δλ. Consequently, T0 - Sλ trajectories will terminate at λA before 

reaching λ and hence be unsuccessful. During our simulations, we store the time when 

a successful trajectory hits λ and λ+ Δλ for the first time in a variable ti(λ;λ0|λA) and the 

total time of a unsuccessful trajectory is stored as ti(λA;λ0|λ). Using these collected 

data, the expression for the unknowns can be simply written as: 

P(Y =1) = Sλ
T0

  (4.18)
 

τ (λ;λ0 λA ) =
ti (λ;λ0 λA )

i=1

Sλ

∑
Sλ

  (4.19)
 

τ (λA;λ0 λ) =
ti (λA;λ0 λ)

i=1

M0−Sλ

∑
T0 − Sλ

  (4.20)
 

 

4.3.2.3 Stage 3: MFPT for λ1 < λ ≤ λn 

We divide this stage into n-1 sub-stages in which the ith sub-stage estimates τ(λ;λA) for 

λi < λ ≤ λi+1. The equations for the estimation of mean first passage time in the ith sub-

stage are exactly similar as those for stage 2 except that we replace λ0 by λi. Also, 

unlike stage 2, where τ(λ0;λA) is determined using brute force simulations performed in 

Stage 1, here τ(λi;λA) is taken from the calculations performed at the (i-1)th sub-stage, 

in which we estimate the τ(λ;λA) for λi-1 < λ ≤ λi.  
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Through this MFPT estimation, we have also calculated the rate constant from A to B 

which is simply the inverse of τ(λn;λA).  

  
kAB = 1

τ (λn;λA)
  (4.21)

 

 

4.4 Results 

4.4.1 Nucleation in the Ising Model 

We apply our FFS-MFPT technique to a flip-down to flip-up nucleation process in a 

two-dimensional (2D) Ising model. A variety of rare-event methods26,33-36 have used 

this model as one of their testbeds. The Ising model is described by the following 

Hamiltonian: 

H = −J sis j
<i, j>
∑ − h si

i
∑   (4.22)	

where J is the coupling constant between neighboring spins and h is the external 

magnetic field. The spin variable si at a site i can take two values, either +1 (up) or -1 

(down) and the bracketed sum over i and j denotes a restriction to first nearest 

neighbor pairs. In our simulations, the 2D model consists of 64×64 square lattice 

resulting in a total number of N = 4096 spins. We perform our simulations using the 

Metropolis Monte Carlo (MC) algorithm37 with each step attempting to flip a spin. 

Each MC cycle consists of N spin-flip steps. 
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We apply FFS-MFPT technique for different values of βJ while keeping the value of 

βh fixed at 0.06, Here, β=1/kBT where kB is the Boltzmann constant and T is the 

temperature. The values of βJ used are 0.6, 0.66 and 0.72. For all three conditions, we 

study the transition from the metastable state  (i.e. the state with si = -1 for most of the 

spins) to the stable state with predominantly up spins. We use our reaction coordinate 

as the number of spins, n4, that are parallel to external magnetization field and have 

four neighbors that are also parallel to it. As mentioned in Kuipers et al.34, n4 is a 

better reaction coordinate than the size of the largest cluster because the value of n4 

can only change by a maximum of 5, while the size of the largest cluster is susceptible 

to large changes because of the merging or splitting of clusters. Along with the 

calculation of rates, we have computed the nucleation free-energy profile along n4 by 

using our proposed FFS-MFPT and US strategy38. US calculations are performed to 

gauge the accuracy of the proposed FFS-MFPT method.  

 

We use N0 = 50, kmin = 5, λA = 0, M0 = 100 and Mi = 100 as our CBG parameters for all 

three values of βJ. We use n4  = 7, 7 and 5 as the choice of λ0 for βJ = 0.6, 0.66 and 

0.72 respectively. Table 4.1 shows the values of interfaces λi (i > 0) and the 

corresponding interfacial probabilities P(λi | λi-1). Importantly, Fig. 4.1 shows a good 

match between the free energy profiles obtained from the proposed FFS-MFPT 

method and from independent US simulations for all three cases. The values of free 

energy barrier height, ΔG* and critical number of spins,
	
n4
*  (i.e., the value of n4 

corresponding to the peak of free-energy profile) obtained using FFS-MFPT and US 

are listed in Table 4.2. The comparison shows that for all values of βJ, the difference 
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in ΔG* is less than kBT and values of n4
*  only differ by no more than 5. These results 

demonstrate that the FFS-MFPT method can accurately estimate the free-energy 

profile along the reaction coordinate, n4. Table 4.2 also compares the rates from brute 

force simulations for the case (βJ = 0.6) where it is possible to collect enough 

statistics, with the rates obtained from FFS-MFPT. The rate values obtained from both 

methods match well (within their error bars).  

Table 4.1: Interface locations and the probabilities, P(λi | λi-1), at each interface for the 
CBG sampling of the two-dimensional Ising model at βJ values of 0.6,0.66 and 0.72 

	

	
	 i	

βJ	=	0.6	 βJ	=	0.66	 βJ	=	0.72	
λi	 P(λi	|	λi-1)	 λi	 P(λi	|	λi-1)	 λi	 P(λi	|	λi-1)	

1	 12	 0.24	 12	 0.15	 7	 0.25	

2	 20	 0.24	 19	 0.16	 10	 0.19	

3	 31	 0.30	 28	 0.20	 14	 0.19	

4	 46	 0.38	 40	 0.22	 20	 0.15	

5	 75	 0.43	 55	 0.29	 27	 0.18	

6	 105	 0.75	 77	 0.31	 36	 0.19	

7	 200	 							0.90	 107	 0.40	 47	 0.20	

8	 300	 1.00	 150	 0.60	 61	 0.21	

9	 	 	 220	 0.85	 79	 0.23	

10	 	 	 300	 0.98	 103	 0.26	

11	 	 	 400	 1.00	 136	 0.30	

12	 	 	 	 	 181	 0.42	

13	 	 	 	 	 240	 0.65	
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14	 	 	 	 	 320	 0.89	

15	 	 	 	 	 400	 0.99	

16	 	 	 	 	 500	 1.00	

 
 
 
 

Table 4.2: Free-energy barrier height and critical number of spins from  FFS-MFPT 
and US at different values of βJ for the Ising model. The comparison of rates from 

FFS-MFPT and brute force (BF) simulations for βJ = 0.6 is also shown. 

	

βJ 
ΔG*/kBT n4

*  kAB (MC step-1 spin-1) 
FFS-MFPT US FFS-MFPT US FFS-MFPT BF 

0.6 8.9 8.7 63 59 (1.5 ± 
0.4)×10-5 

(1.6± 

0.2)×10-5 

0.66 16.7 16.3 106 107 (7.4 ± 

1.5)×10-9 

-- 

0.72 25.5 25.1 172 170 (1.1 ± 

0.3)×10-12 

-- 
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Figure 4.1: Ising-model free-energy profile G(n4)/kBT as a function of n4 as obtained 
from FFS-MFPT and US at βJ values of 0.6,0.66 and 0.72. 

 

4.4.2 Empirical Valence Bond (EVB) potential  

The previous example showed that if the order parameter chosen is a good reaction 

coordinate, then FFS-MFPT provides accurate estimates of rates and free-energy 

profiles. In this example, we explore a scenario where the free energy profiles are 

obtained first along a purposely suboptimal reaction coordinate from FFS-MFPT and 

US, to show how such a comparison can reveal the need for optimization of the order 

parameter. To illustrate this, we use a two-dimensional EVB potential32 constructed 

from a Morse function, m(x) and an exp-4 function, g(y)  defined in Eqs. (4.23) and 

(4.24) respectively:  

m(x) = 100(exp[−2(x −1)]− 2exp[−(x −1)])   (4.23)
 

g(y) = exp[−y4 / 256]   (4.25) 
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The following secular equation obtained by using the two functions defined above are 

used to obtain the potential energy surface, V(x,y), as an adiabatic EVB ground state. 

g(φy −1.5)m(φx + 2)−V c
c g(φy −1.5)m(φx + 2)−V

= 0   (4.24) 

 

The values of c, φ  and kBT used in our simulations are 20.0, 0.025 and 1.0 

respectively. Simulations are performed using Metropolis Monte Carlo algorithm
37

 

with the trial moves as unit step changes in the ±x and ±y direction.  
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Figure 4.2: Isolines for initial choice of order parameter and optimized order 
parameter for EVB-model V(x,y) potential shown in (a) and (b) respectively. Also 

shown are the contour plot of V(x,y) potential with blue contour lines separated by a 
energy of 5kBT  and the minimum free energy path between the two minima in black 

color. 
 

 

 

(a) 

(b) 
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Similar to Fig. 14(a) of Ref. 32, we show the free energy landscape along with the 

minimum free energy pathway, which is colored in black in Fig. 4.2. The linearity of 

the portion of the minimum free energy pathway connecting two basins and reaction 

coordinate analysis of Ref. 32 suggest that the optimal linear reaction coordinate exists 

for EVB potential. Hence, we adopt as order parameter a generalized linear form, q, 

given by  

q =α 0 +α1x +α 2y   (4.25) 

where α0, α1 and α2 are unknown coefficients. As our initial choice of q, we set α0 = 0, 

α1 = 0.75 and α2 = -0.25. The order parameter isolines shown in Fig. 4.2(a) are not 

perpendicular to minimum free energy pathway which indicates that our initial choice 

of order parameter is suboptimal. We perform CBG calculation using N0 = 50, kmin = 

10, λA = -45.0, λ0 = -22.0, M0 = 200 and Mi = 200 as our CBG parameters. Table 4.3 

shows the  interface values λi (i > 0) and the corresponding interfacial probabilities 

P(λi | λi-1). The comparison of free energies between FFS-MFPT and US  (shown in 

Fig. 4.3) indicates a mismatch near the critical value of q* (i.e., the value of q 

corresponding to the peak of the free-energy profile). Due to the mismatch, the values 

of ΔG* and q* estimated from FFS-MFPT and US differ by a value of approximately 

1.5kT and 4.0, respectively. This discrepancy is hypothesized to arise from the choice 

of a order parameter. To optimize the order parameter, we use the FFS-LSE method 

proposed by Borrero et al.6 by perusing commitor probability values (pB) at different 

interfacial configurations, which can be estimated  on-the-fly from the CBG 

simulations by using Eq. (4.6). The pB history is thus used to fit a regression model for 

the reaction coordinate in terms of x and y by least squares estimation (LSE), and the 
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significant terms in the model are determined by a variance analysis (ANOVA). The 

regression model used here is still a linear combination of x and y as described in Eq. 

(4.25).  As explained in Ref. 6, even if the committor probability, pB is nearly a linear 

function for some intermediate range of q, it will have pB ≈ 0 and pB ≈ 1 plateaus for 

stable basins A and B, respectively. Hence, for a better model fit, we disregard the 

configurations that have a probability less than ε or greater than 1-ε , where ε is a 

tolerance value which is set at 0.05 in our study. We perform the standard LSE to 

obtain the optimized reaction coordinate shown below.  

q = 0.51+ 0.064x − 0.0063y   (4.26) 

We then perform ANOVA in which we estimate partial F0 = MSSSR/MSE ; i.e., the ratio 

of the regression sum-square due to αi and the mean square of the residuals, to 

determine the significance of individual regression coefficients. The P value for the F0 

statistics for each αi’s is less than γ (here chosen to be 0.05 for a 95% confidence 

interval), which shows that there is a statistically significant correlation between the 

response variable and the collective variables x and y. 

 

We performed a second set of CBG calculations using the optimized order parameter 

λ = q given by Eq. (4.26). The values of CBG parameters N0, kmin , M0 and Mi are kept 

fixed whereas the values of λA and λ0 are -2.4 and -1.5, respectively. Tables 3 and 4 

show the resulting P(λi | λi-1) values and the transition rate, respectively. As shown in 

Table 4.4, the choice of order parameter does affect the value of rate constants but 

they are still within the same order of magnitude (differing by a factor less than 2). For 

the optimized order parameter, the free energy profile from FFS-MFPT matches very 
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well with that from US as shown in Fig. 4.4. The good match between the two 

methods is also reflected in the values of q* and ΔG*, the latter only differs by a value 

less than kBT. The relative contribution of x and y in the optimized order parameter, 

i.e. the ratio α1/α2 is same as the approximate value of 10.1 obtained in Ref. 32. 

Further, the optimized order parameter isolines shown in Fig. 4.2(b) are approximately 

perpendicular to the portion of minimum free energy pathway connecting two basins. 

These evidences show that our optimized order parameter is a good reaction 

coordinate, and the resulting close match between FFS-MFPT and US free energies 

can be explained as follows. As demonstrated in the context of Milestoning, the 

underlying Markovian assumptions are optimally met when isocommittor surfaces are 

used as milestones; namely, when the order parameter used to define the milestones 

(or interfaces) is strongly correlated with pB, which is the ideal reaction coordinate.39 

Since the free-energy estimates from FFS-MFPT hinge on the assumption of 

Markovian jumps between interfaces, estimation errors are smaller the closer the order 

parameter is to the ideal reaction coordinate.  
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Table 4.3: Interface locations and the probabilities, P(λi | λi-1) at each interface for the 
CBG sampling of the two-dimensional EVB potential using two different choices of q. 

	

  i q = 0.75x - 0.25y q = 0.51 + 0.064x -0.0063y 

λi P(λi | λi-1) λi P(λi | λi-1) 

1 -20.0 0.31 -1.38 0.28 

2 -18.0 0.21 -1.26 0.23 

3 -16.0 0.16 -1.14 0.20 

4 -14.0 0.14 -1.02 0.19 

5 -12.0 0.13 -0.9 0.18 

6 -10.0 0.12 -0.78 0.18 

7 -8.0 0.13 -0.66 0.18 

8 -6.0 0.14 -0.54 0.20 

9 -4.0 0.16 -0.42 0.20 

10 -2.0 0.20 -0.30 0.22 

11 0.0 0.29 -0.18 0.25 

12 2.0 0.39 -0.06 0.29 

13 4.0 0.54 0.06 0.35 

14 8.0 0.61 0.18 0.41 

15 14.0 0.90 0.30 0.49 

16 20.0 1.00 0.45 0.53 

17 26.0 1.00 0.66 0.60 

18   0.9 0.79 

19   1.2 0.95 
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20   1.5 1.00 

 
 
 

Table 4.4: Free-energy barrier height, ΔG* and q* from FFS-MFPT and US for two 
different choices of q for the EVB model. The rate values from FFS-MFPT are also 

shown. 

 

q ΔG*/kBT q* kAB (MC step-1) 

FFS-MFPT US FFS-MFPT US FFS-MFPT     

0.75x - 0.25y 26.0 24.6 4.0  0.0 (4.5 ± 1.8)×10-15 

0.51 + 0.064x -

0.0063y 

26.5 25.7 0.48 0.48 (6.5 ± 1.3)×10-15 
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Figure 4.3: EVB-model free-energy profile G(q)/kBT as a function of q as obtained 

from FFS-MFPT and US for q = 0.75x - 0.25y. 

 

 
 

	
Figure 4.4: EVB-model free-energy profile G(q)/kBT as a function of q as obtained 

from FFS-MFPT and US for q = 0.51 + 0.064x -0.0063y. 
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4.4.3 Nucleation of hard polyhedral particles 

At present, a major focus in material science is the self-assembly of anisotropic 

particles due to its potential to help engineer novel materials from colloidal 

nanoparticles.40,41 Assemblies of anisotropic particles undergo concentration-induced 

disorder-to-order phase transitions involving changes in both translational and 

orientational degrees of freedom and can lead to phases with partial structural order or 

“mesophases”.42 Recent studies43-46 have provided a partial roadmap of the 

mesophases that can be expected for different types of polyhedral particles. Along 

with the phase behavior, understanding the kinetics of the phase transitions of 

anisotropic particles is also of practical importance (e.g., kinetic traps may preclude 

the timely formation of a desirable phase). A recent study47 on the kinetics of these 

transitions focused on the rotator-phase homogenous nucleation in hard cuboctahedra 

(CO), truncated octahedra (TO), and rhombic dodecahedra (RD). These shapes are 

representative of a class of polyhedral particles that form crystals with well-defined 

translational and orientational order at high concentrations.43,45,46 At the order-disorder 

transition pressure, the isotropic phase of suspensions of these polyhedra transitions 

into a rotator or plastic mesophase wherein particles are translationally ordered but 

largely orientationally disordered. The nucleation kinetics of these shapes was 

simulated via a combination of FFS and US in Ref. 47; it was found that while the size 

and shape of the sub-critical and critical solid nuclei do bear similarities to those seen 

in hard spheres (HSs)48, for COs, TOs, and RDs the free-energy barrier is significantly 

lower, and the nucleation rate is significantly faster than those in HSs for comparable 

degrees of supersaturation (DSS). 
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In this work, we use our FFS-MFPT approach to calculate the rates and free-energy 

profiles along a reaction coordinate at selected reduced pressures, P* (= βPσ3/8, where 

σ is the diameter of the circumscribing sphere specific to each particle geometry); in 

particular, we used P* = 4.1 for COs, P*= 2.8 for TOs, and P*= 4.32 for RDs. For 

these P* values, the transition free-energy barrier height is ≥ 10 kBT, which renders the 

use of conventional brute force simulations impractical. We use the number of 

particles in the largest (translationally ordered) solid-cluster, ntr, as a reaction 

coordinate. Kinetic Monte Carlo (KMC) simulations49,50 are conducted in a cubic cell 

with periodic boundary conditions, with fixed number of particles, N (=3375 for COs, 

2500 for TOs, and 2916 for RDs), and constant reduced pressure P*. The details about 

the calculation of ntr, preparation of initial configurations and implementation of the 

KMC simulations are described in Ref. 47. The nucleation rate, I is given by I = 

(TABV)-1, where V is the volume of the system and TAB is mean first passage time from 

the isotropic basin to the rotator basin. Rates are given in dimensionless form I*= 

Iσ5/D0, where D0 is the free-particle diffusion constant. 

 

We apply FFS-MFPT procedure on the raw FFS data obtained in Ref. 47 for all three 

shapes. Fig. 4.5 shows the free-energy profile over ntr obtained for all three systems, 

including a comparison between the results from FFS-MFPT and from US. We find 

that for TOs and RDs, the profiles from both methods match well with only a slight 

mismatch at the higher values of ntr; this level of agreement provides a validation for 

the proposed combination of MFPT with FFS. For COs, however, we observe a 

significant difference in the free energy profile between FFS-MFPT and US. In trying 
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to understand this discrepancy, we reviewed the simulation data from Ref. 47 and 

found out that the initial few interfaces were placed too close to each other (i.e., the 

distance between successive locations for the first 3 interfaces is less than or equal to 5 

particles) in the case of COs as compared to TOs and RDs, where the distance 

between any two successive interfaces is at least 7. We conjecture that a narrow 

distance between interfaces will generally tend to exacerbate any non-Markovian 

feature of the process and hence lead to larger errors in the estimation of free energy 

barriers via the FFS-MFPT method (conversely, long interfacial distances promote 

more Markovian memory loss, which improves the validity of the method). Of course 

that whether the distance between interfaces is short or long depends on the specific 

system and the intrinsic limitations of the chosen order parameter. As mentioned in 

Ref. 48, on short times, the value of ntr has the undesirable feature that it fluctuates 

wildly because of the difficulty in distinguishing between solid-like and liquid-like 

particles at the liquid-solid interface. Hence, to minimize the effect of fluctuations on 

the transition rates and free energies, it is important to implement two strategies: 1) 

The interface λ0 should be placed far away from λA, 2) any two successive interfaces 

should not be placed too close to each other to allow the system to sample (and 

decorrelate) degrees of freedom orthogonal to the order parameter. We employ these 

two strategies in the new FFS calculation for COs, where we place the interface λ0 at 

40, which is even farther than the λ0 = 23 used in Ref. 47, and the distance between 

any two successive interfaces is at least 6. We use kmin = 5, M0 = 50 and Mi = 50 as our 

CBG parameters. The value of N0 is selected such that at least 70 trajectories launched 

therefrom reach the rotator phase. In Fig. 4.5, we show the FFS-MFPT free energy 
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profile for this new calculation which now matches much better with the US results 

than the previous case. We also show the interface locations and corresponding 

interfacial probabilities for a new set of FFS calculation in Table 4.5. For COs, the 

(more accurate) value of log10[I*]  obtained from the new optimized set of FFS runs is 

approximately -11.9. The new FFS simulations were also performed at P*=4.6 for 

COs by placing the interface λ0 (= 55) far away from λA (= 3) and the value of log10[I*]  

this obtained is approximately -5.5.  Both of these rate values are larger than those 

obtained from the old FFS runs of Ref. 47. This discrepancy, not accountable by 

errorbars, suggests that comparing the free-energy profiles from FFS-MFPT (cost-

free) and from an independent US - when the quality of the order parameter is known 

to be good – also has a diagnostic value for the FFS runs: A significant disagreement 

between the two would point out to a subsampling of the TPE in the FFS 

implementation, a problem that is best addressed by a better spacing out of the 

interfaces31 (especially of the first one) as done here. Note also that since this new rate 

value is faster than that reported in Ref. 47, the main conclusion drawn in that paper is 

strengthened (i.e., that nucleation rates for COs are much faster than those for hard 

spheres at the same degree of supersaturation). 

 

As mentioned earlier, there is a slight mismatch between FFS-MFPT and US free 

energy profiles at higher values of ntr for all shapes, which affects the values of free-

energy barrier height, ΔG* and critical cluster size,	ntr
* . It is conjectured that this 

mismatch is likely due to the fact that while the order parameter used is a good 

reaction coordinate, it is not fully optimized as the characterization of translational 
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order is not enough to completely describe the kinetics of this transition. Indeed, it was 

shown in Ref. 47 that localized fluctuations in particle orientational order (which are 

present even in the isotropic phase) play a key role in catalyzing the process. The 

analysis of Ref. 47 also revealed that the committor probabilities had a correlation to 

not only the translational ordered nucleus ntr but also to a subset of its particles that 

had orientational order; however, optimizing the order parameter via, e.g., FFS-LSE, 

is highly non-trivial and is deemed to be beyond the scope of this primarily 

methodological work.     

	

Figure 4.5: Free-energy profile G(ntr)/kBT as a function of ntr as obtained from FFS-
MFPT and US. For both methods, the data taken from Ref. 47  are labeled as “old” in 

the legend. The additional (“new”) free energy profile for COs is estimated by 
applying the FFS-MFPT technique on a new set of data generated by FFS simulations 

with an improved placement of interfaces (given in Table 4.5). 
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Table 4.5: Interface locations and probabilities, P(λi | λi-1), at each interface for the 
CBG sampling of the rotator phase nucleation of COs from the new FFS simulations 

with improved location of interfaces. 

	

  i CO 

λi P(λi | λi-1) 

1 46 0.40 

2 52 0.36 

3 59 0.32 

4 68 0.27 

5 78 0.28 

6 89 0.29 

7 101 0.33 

8 114 0.36 

9 132 0.31 

10 155 0.31 

11 183 0.39 

12 217 0.48 

13 270 0.6 

14 330 0.87 

15 400 0.98 
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4.5 Conclusion 

The transition kinetics and free energy landscape of a rare event that takes a system 

from region A to region B was studied via a combination of a FFS-type scheme and 

the MFPT approach. Our approach devises a strategy to obtain MFPT profile along a 

reaction coordinate. This MFPT profile is then further used to obtain both the rates and 

free energy profile along a reaction coordinate. Our approach is straightforward to 

implement and, unlike other methods which can also estimate rates and free energies, 

it does not involve the use of additional simulations. The statistical data collected from 

FFS runs performed for a transition of interest is sufficient to evaluate the two key 

needed quantities: The steady state probability distribution and the mean first passage 

times. The theoretical framework laid out  in the MFPT approach is used to connect 

these components with the free energy landscape. Our approach belongs to the class of 

methods that obtains approximate free-energy transitional barriers from an exact 

calculation of kinetic data28,29 and can be contrasted to the methods that do the 

opposite: compute free-energies exactly while estimating kinetic data 

approximately.19,21-23,27 While both classes of methods rely on a Markovian 

assumption to connect the “exact” to the “approximate” properties, the former class of 

methods has the advantage that it is the exact kinetic data (like rates) that are the most 

difficult to simulate and are the most relevant for direct comparisons to experimental 

data. Moreover, methods like FFS-MFPT can be perused to estimate committor 

probabilitites and hence optimize the order parameters, a task that will improve both 

the Markovian behavior of the process and the efficiency of any free-energy 

estimation method. It is pointed out, however, that the method described by Rogal et 
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al.51 has the advantage over both classes of methods mentioned above that it can give 

both rigorous free-energies and kinetic rates using a path reweighting scheme in the 

TIS framework. Also, as an alternative to calculating free-energy barrier heights which  

are sensitive to the choice of order parameter, one could  obtain activation energies 

using the scheme described by Dellago and Bolhuis52. Their scheme estimates 

activation energies directly from path averages obtained through transition path 

sampling without the need to perform reaction rate calculations. 

 

Our proposed method inherits the known limitations of FFS which have been 

reviewed  by Allen et al. 3. The rates obtained from FFS are sensitive to the choice of 

order parameter and can be inaccurate if the order parameter is poorly chosen. For 

example, Sear53 has shown that the nucleation pathways of the Ising model are 

sampled incorrectly by FFS when the chosen order parameter involves only the fast 

coordinate excluding the important coordinate with slow dynamics. Also, the 

undersampling of the ensemble of configurations at λ0 can lead to inaccurate rate 

constants.54,55 As shown in Ref. 56, this issue can be alleviated by placing the first 

interface far enough from basin A so that the ensemble of configurations collected at 

the first interface are well decorrelated (i.e., have had time to sampled other important 

degrees of freedom orthogonal to the order parameter). 

 

Our proof of principle applications demonstrate the validity of FFS-MFPT for 

computing the free energy profiles for systems simulated with a proper choice of order 

parameter. Because Markovian properties underpin the method to estimate free-
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energies, the choice of order parameter affects significantly the accuracy of the free-

energy profiles obtained via FFS-MFPT. Specifically, we observe a non-negligible 

discrepancy in the free energy profiles obtained from FFS-MFPT and from US when 

the order parameter is not a good reaction coordinate. In this context, the FFS-MFPT 

method is particularly recommended for cases when a good order parameter is already 

known since a separate calculation of free energies could be avoided altogether. In 

cases when the quality of the order parameter is unknown, the FFS-MFPT is also 

recommended, even if a separate free-energy simulation is needed, given that the free-

energy profile estimation via FFS-MFPT requires the same computational effort as 

any FFS-type simulation protocol to obtain kinetic data. Having such a free-energy 

profile “for free” would enable a comparison with the results of an accurate free-

energy method, so that the extent of agreement can be associated with the quality of 

the order parameter or with a subsampling of the TSE by the FFS protocol. The order 

parameter can be optimized using different techniques, such as the FFS-LSE 

technique, which was used here to optimize the reaction coordinate for the two-

dimensional EVB potential. The subsampling of the TSE can be best alleviated in FFS 

protocols by a judicious placement of the interfaces, as was done here to optimize the 

simulation of rotator-phase nucleation in cuboctahedra. For the study of  de novo, 

more challenging systems like in the rotator-phase nucleation of hard polyhedral 

particles, we envision that the FFS-MFPT method will be a valuable complement to 

the growing arsenal of simulation techniques that simulators have at their disposal to 

efficiently describe the kinetic behavior and free-energy landscape associated with 

processes involving  high-free-energy barriers. While extensions of FFS to allow our 
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approach to map 2D free energy profiles would be highly non-trivial, the effect of 

multiple collective variables is most conveniently accounted for in FFS if these 

variables can be regressed into a single global order parameter (e.g., via FFS-LSE6). 

Future non-trivial extensions of the FFS-MFPT approach could involve, e.g., the 

introduction of (non-Markovian) memory effects into the model (possibly following 

similar ideas as those used in Ref. 57 to include the memory of the previous 

transition), and the application of this approach to reconstructing the steady-state 

probability distribution for non-equilibrium systems. 
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Chapter 5  
COMPUTER SIMULATION STUDY OF THE NUCLEATION OF ORDERED 

PHASES IN OCTAHEDRON-LIKE PARTICLES 
 

5.0 Abstract 

The nucleation of ordered phases from the bulk isotropic phase of octahedron-like 

particles has been studied via  Monte Carlo simulations and umbrella sampling. The 

polyhedral shapes studied in this work are selected from a family of truncated cubes, 

whose phase behavior is studied in A. P. Gantapara, J. de Graaf, R. van Roij, and M. 

Dijkstra, Phys. Rev. Lett. 111, 015501 (2013),. Specifically, the shapes studied in this 

work have truncation parameter (s) values of 0.58, 0.75, 0.8 and 1 (s =1.0 defines the 

perfect octahedron). The simulated disorder-to-order nucleation free-energy barriers 

for these systems  are  those previously reported for hard spheres and truncated cubes 

with s = 0.5 (cuboctahedron) and s= 2/3 (truncated octahedron). The comparison 

shows that, for comparable degrees of supersaturation, the rotator phases of shapes 

with s = 0.58, 0.75 and 0.8 nucleate with smaller barrier heights than the hard sphere 

crystal, whereas the Minkowski crystal of octahedrons has much larger barrier height 

than hard spheres. Our analysis of near-critical translationally ordered nuclei of 

octahedrons shows a strong orientational bias towards an alignment which is 

incompatible with  the tendency of octahedra to form face to face contacts, thus 

creating an additional entropic penalty for crystallization. Our calculations also 

indicate that despite the similar nature in the phase transitions for s = 0.5, 0.58 and 

hard spheres, the nucleation barrier heights at comparable values of degrees of 
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supersaturation are the smallest for s = 0.5 and largest for hard spheres, a trend that 

correlates with  the sphericity of these shapes. 

this is due to the entropic cost of opposing face-to-face contacts between octahedra to 

allow packing in the (Minkowski) lattice 

5.1 Introduction 

Recent studies1-10 have made remarkable progress in understanding the self-assembly 

of anisotropic particles. Anisotropic particles refer to the class of particles whose 

properties are direction dependent. Examples of experimentally synthesizable 

anisotropic particles include branched particles11,12, faceted polyhedra13-19, patterned 

particles20-23, and rod and ellipsoid shaped particles24-27. Among them, polyhedral 

particles are being extensively studied as they serve as colloidal building blocks to 

engineer complex structures with targeted properties. Computer simulations have 

proven very useful in exploring the rich phase behavior of polyhedral particles based 

on different shapes and for various extents of size polydispersity.  Through the use of 

Monte Carlo simulations in the isothermal-isobaric ensemble, Ref. 4 showed that the 

assemblies of some of the hard polyhedral particles which tessellate space, undergo 

transitions from an disordered phase to fully translationally and orientationally ordered 

phase via partially ordered phases termed as “mesophases”, which are defined as 

phases intermediate of disordered liquids and ordered crystals. Examples of 

mesophases include liquid crystals that are orientationally ordered but translationally 

disordered and rotator plastic crystals that are translationally ordered but 

orientationally disordered. 
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One of the families of shapes that are readily synthesizable using a polyol process17,18 

is that of truncated cubes, defined by a truncation parameter, s, which varies from 

cubes (s = 0) via cuboctahedra (s = 0.5) to octahedra (s = 1). In this family, shapes 

with s < 0.5 are denoted as cube-like while shapes with s > 0.5 are denoted as 

octahedron-like. A recent computational study7,10 has rigorously examined the phase 

behavior of the truncated-cube family via simulation and revealed a rich diversity in 

crystal structures and plastic crystal mesophases. Along with mapping the phase 

behavior, understanding the kinetics of disorder-to-order phase transitions is also of 

significant practical importance. Thapar and Escobedo8 performed a computational 

study to explore the transition kinetics from disordered phase to rotator phase of two 

shapes of the truncated cube family, namely, truncated octahedra (TOs) (s = 2/3) and 

cuboctahedra (COs) (s = 0.5), along with rhombic dodecahedrons (RDs). By using an 

advanced path sampling method called forward flux sampling 28-30 and umbrella 

sampling,31 that study showed that all these three polyhedral shapes nucleate the solid 

phase faster than hard spheres (HSs) at comparable degrees of supercooling. 

 

The homogeneous nucleation of a solid phase from an isotropic phase is a rare event, 

which makes its quantitative characterization using conventional brute force 

simulations computationally inefficient. Hence, many sophisticated sampling 

methods28,29,31-40 have been developed to overcome this challenge. Among them, the 

umbrella sampling (US) method has been widely used to estimate the free energy 

barrier height to nucleation. The US calculations are performed along an order 

parameter, which is commonly chosen as the size of largest solid like cluster8,41-43 
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present in the system. In this work, we apply US to estimate the nucleation barriers 

during transition from a disordered phase to an ordered phase for hard octahedron-like 

(s > 0.5) particles. Specifically, the shapes studied are octahedrons (Oct) and truncated 

cubes with truncation parameter s = 0.58 (TC58), s = 0.75 (TC75) and s = 0.8 (TC80). 

As mentioned earlier, nucleation of rotator phases for shapes with s = 0.5 (CO) and 

s=2/3 (TO) were already studied before in Ref. 8. For TC58, TC75 and TC80, the 

equations of state show that the systems undergo a first-order phase transition from an 

isotropic phase to a plastic cystal phase, whereas for Oct the system undergoes a phase 

transition from isotropic phase to Minkowski crystal phase. To allow meaningful 

comparisons, we use US to simulate these transitions at comparable degrees of super 

cooling, which quantifies the thermodynamic driving force to nucleation.  

 

The rest of this paper is organized as follows. In section 5.2 we describe the model 

used to simulate the hard polyhedral particles, and in section 5.3 we discuss our choice 

of order parameter in detail. In section 5.4 we provide the simulation details, and in 

section 5.5 we show and discuss our simulation results for nucleation free-energy 

barriers. Finally, in section 5.6 we provide a summary of our work.  

 

5.2 Model 

In this work, we use a hard particle pair potential  given by: 

βUij =
0 if flag = 1
∞ if flag = 0

⎧
⎨
⎩

																												(5.1)	
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where	Uij	is	the	interaction	potential	between	particle	i	and	j,	and	β	=	1/kBT	(kB	is	

Boltzmann	constant	and	T	is	the	temperature).	The	value	of	variable	flag	is	set	to	

1	if	particle	i	and	j	do	not	overlap	with	each	other,	otherwise	flag	=	0.	The	

overlapping	of	a	particle	i	with	particle	j	is	checked	through	the	separating	axis	

theorem		(which	states	that	two	convex	shapes	do	not	overlap,	if	there	exists	an	

axis	on	which	their	projections	will	be	separate).		

	

5.3 Order Parameter 

For all the transitions studies in this work, the order parameter used is the number of 

particles in the largest translationally ordered cluster, ntr. The crux in estimating this 

order parameter is to determine whether a given particle is translationally ordered or 

not. This step is performed using the local bond order parameter analysis proposed by 

Steinhardt et al.44 and used in several nucleation studies (e.g., for hard spheres41-43, 

and for TOs and COs8).  For every particle i, the local bond order parameter, ql,m(i) is 

defined by 

ql ,m(i) =
1
Nb(i)

Yl ,m(θi , j ,φi , j )
j=1

l

∑ 																												(5.2)	

where Nb(i) is the number of neighbors of particle i and Yl,m(θ,ϕ) are the spherical 

harmonics, θi,j and ϕi,j are polar and azimuthal angles between particle i and its 

neighbor j respectively, l is the symmetry index and the value of m ranges from –l to l. 

In this work we use l = 6. The neighbors of particle i are those particles which are 

within the cutoff distance, rc of particle i, and we chose  rc ≈ 1.2 times the distance to 
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the first peak of the radial distribution function. The translational correlation between 

particle i and its neighbor j, d6(i,j) is given by 

d6 (i, j) =
q6,m(i)q6,m

* ( j)
m=−6

6

∑

q6,m(i)( )
2 1/2

q6,m( j)( )
2 1/2

m=−6

6

∑
																											(5.3)	

 where the asterisk denotes the complex conjugate. Two particles i and j are defined as 

translationally connected if  d6(i,j) > 0.7. A particle with at least 7 translational 

connections is classified as translationally ordered/solid-like. A solid-like cluster is 

identified by using a criterion that if two solid like particles are within the cutoff 

distance, rc then they belong to the same cluster. 

As a complementary metric of order, for selected cases we also evaluated the global 

orientational order parameter, P4, of the particles belonging to ntr:  

P4 =maxn
1
N

P4 (ui ⋅n)
i
∑

=max
n

1
8N

(35cos4 τ i (n)−30cos
2 τ i (n)+3)

i
∑

																										(5.4)	

where, ui is the unit vector along a relevant particle axis and n is a director unit vector 

which maximizes P4 (see details in John et al.47). The summation is performed over all 

three axes for all ntr particles in the nucleus. 

` 

5.4 Simulation Details 

Monte Carlo (MC) simulations are conducted in a cubic cell with periodic boundary 

conditions and N = 2744 particles. The simulations are performed at constant reduced 
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pressure, P* =  βPv (v is the volume of a shape) and constant temperature, T. Each MC 

cycle consists of N translational moves, N rotational moves and a volume move. All 

trial moves are accepted according to the Metropolis criterion45, which requires ruling 

out overlaps between any two particles (via the separating axes theorem46). Each value 

of pressure, P* corresponds to a given value of degree of supersaturation (DSS), which 

is estimated via    

µβ Δ=DSS 																										(5.5)	

where Δµ is difference in the chemical potential between the metastable liquid and the 

stable solid. |Δµ | represents the thermodynamic driving force for nucleating the new 

phase. The details for estimating DSS are provided in Ref. 8.  

 

Since simulations focus on DSS conditions where brute force MC simulations are 

impractical to estimate the free energy barrier height to nucleation, we employed 

Umbrella sampling (US) 31,32 to do so. US is performed by partitioning the phase space 

along the order parameter ntr into a set of windows with overlapping boundaries. For 

each window, MC simulations are performed with rigid reflexive walls at the 

boundaries and keeping the track of number of times system visits a given value of  

ntr. The histogram of visits is used to estimate free energies for each window and the 

full free-energy profile is then obtained by matching the free-energy values obtained at 

the boundaries for consecutive windows. In US, the frequency at which we measure ntr 

is used as 2 MC cycles. 
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5.5 Results and Discussion 

5.5.1 Crystal nucleation of Octahedrons (Octs) 

US calculations were performed at P* ≈ 11.33 (DSS≈ 0.49) and P* ≈ 12.0 (DSS≈ 

0.71)  to study the first order phase transition from isotropic phase to Minkowski 

crystal phase. 24 US windows are used to sample ntr values ranging from 0 to 310. 

Figure 5.1 shows the free energy G(ntr)/kBT versus ntr for DSS=0.49, showing that 

free-energy barrier height, ΔG*, is approximately 66.8 kBT. At DSS ≈ 0.71 ΔG* ≈ 41.2 

kBT.   

 

Figure 5.2 shows a comparison of the simulated ΔG*s for octahedrons with those for 

the isotropic to fcc crystal transition of HSs43. The comparison shows that the 

nucleation barriers for octahedrons are much larger than HSs for comparable DSS 

values. To understand why octahedra may have more difficulty ordering than HSs, we 

look for some clues in the microstructure of the near-critical nucleus. For this we 

collected and analyzed configurations from the US window near the top of the barrier 

(i.e., for180< ntr<200 in Fig. 5.1). The orientation distribution function of the particles 

in these near-critical nuclei was obtained by plotting the components of all particle 

axes on the surface of a unit sphere. As shown in Fig. 5.3(a), the particle orientation 

distribution clearly shows well-defined clusters at 6 different locations, indicative of 

preferential orientational alignment. This is further confirmed by the high value of 

global orientational order parameter  P4 ≈ 0.46 [see Eq. (5.4)]  for the particles in the 

nucleus. Although the order parameter ntr is solely derived from translational 
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correlations in a system, these results show that the particles in the nucleus tend to also 

pack with orientational alignment. Similar to the Minkowski crystal being nucleated, 

this orientational alignment has incomplete face to face alignment as seen in one of the 

snapshots of the portion of a ntr = 189 nucleus shown in Fig. 5.3(b). In comparison to 

HSs where the orientational order does not play any role in the transition from 

isotropic  to  crystal phase, efficient packing in Octs favors a highly orientationally 

aligned nucleus with some interpenetration of stacked layers (see Fig. 5.3(b)), thus 

restricting the system to explore other possible orientations even including the one 

with complete face to face alignment and hence making the values of ΔG* larger. 

 

	
Figure 5.1: Free-energy profile, G(ntr) versus ntr obtained using US simulations for 

Octs at P* ≈ 11.33 respectively. 
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Figure 5.2: Free-energy barrier-height ΔG*/ kBT of Octs and HSs43 at different values 
of DSS. 
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Figure 5.3: (a) Particle orientation distribution function of near-critical nuclei with 

180<ntr <200. The distribution is obtained over 20 different configurations collected at 
P* ≈ 11.33. (b) Snapshot of a portion of the nucleus from one of these configurations 

with ntr = 194. 

 
  

(a) (b) 
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5.5.2 Rotator-phase nucleation of TC58, TC75 and TC80 

US calculations are performed at approximate (P*, DSS) values of (7.60, 0.31), (9.34, 

0.32) and (10.17, 0.28) for TC58, TC75 and TC80, respectively. 17, 9 and 14 US 

windows are used to sample ntr values with range [0, 247], [0,88] and [0,187] for 

TC58, TC75 and TC80 respectively. Figure 5.4 shows the simulated free energy 

profiles as a function of ntr for all three shapes. The respective values of ΔG*/ kBT for 

TC58, TC75 and TC80 are 30.0, 10.7 and 23.9. US calculations are performed for two 

more DSS for all three shapes and the obtained barrier-height values are shown in Fig. 

5.5. 

 

As mentioned in Ref. 10, for shapes with s values in the interval [0.35,0.65], systems 

undergo a first order phase transition from isotropic to rotator phase with a very small 

extent of global orientational order (similar to that of the isotropic phase). Hence, for s 

= 0.58, the nature of this isotropic-solid phase transition is comparable to the one for 

HSs, where a similar globally translationally ordered and orientationally disordered 

phase is nucleated. This is further confirmed by plotting the particle orientation 

distribution of  nuclei for  187<ntr <217 (near the top of the barrier for P* ≈ 7.60), 

which shows no clear clusters, and by the small value of  P4 ≈ 0.04 (snapshots of a ntr 

= 209 near-critical nucleus is shown in Fig. 5.6(b)). Although the isotropic-to-solid 

phase transitions in HS and TC58 have a similar nature, the nucleation free-energy 

barrier for TC58s is smallar than that for HSs at comparable DSS as shown in Fig. 

5.5(b). Similar results are also obtained for CO (s=0.5) in Ref. 8 (note that like s=0.58, 

the rotator phase of COs has negligible global orientational order). We conjecture  
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that, just like in the case of COs, the localized fluctuations in orientational and 

translational order plays an important role in facilitating the solid-phase nucleation of 

of TC58s.  Interestingly, the estimated ΔG*/ kBT for TC58s are larger than that for 

COs at comparable DSS. The above result can be explained by considering differences 

in  shape asphericity, A, which can be quantified by 

A=1− π
1/3(6V )2/3

S
																										(5.6)	

where V is the volume and S the surface area of a the shape. The values of A for CO, 

TC58 and HS are 0.095, 0.079 and 0 respectively. These values suggest that TC58 is 

more sphere-like than CO and hence, relative to COs, the nucleation barrier heights for 

TC58s would be expected to be  larger and hence a little closer to those of HSs.  

 

The rotator phases of TC75 and TC80 are termed as high cubatic plastic crystal phases 

in Ref. 10, as they have non-negligible global orientational order. Similar orientational 

order is also observed for nuclei near top of the barrier for both TC75s and TC80s. As 

shown for TC75 at P* = 9.34 and TC80 at P* = 10.17 in Fig. 5.6, the orientation 

distribution of these nuclei show inhomogeneous distribution with weak clustering at 

different regions. These results are in line with the moderate P4 values of 0.23 and 0.24 

for TC75 and TC80 respectively. Snapshots of a portion of near-critical nucleus for 

TC75 (ntr = 62) and TC80 (ntr = 148) are also shown in Figs. 5.6(d) and 5.6(f) 

respectively. We surmise that this weak global orientational alignment in the nucleus 

of both shapes along with the spontaneous local orientational alignment of particles  

outside of the nucleus  which steer particles to pack with flat facets touching each 
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other, help to lower the entropic penalty for  nucleation (see Fig. 5.5). In contrast, for 

(perfectly rounded) HSs  no local/global orientational alignment exists to aid 

nucleation, and for Octs the local and global orientational alignments are not 

synergistic, thus creating an additional hindrance to nucleation.  

	
Figure 5.4: Free-energy profile, G(ntr) versus ntr obtained using US simulations for 

TC58, TC75 and TC80 at P* ≈ 7.60, 9.34 and 10.17 respectively. 

 

	
Figure 5.5: Free-energy barrier-height ΔG*/ kBT of TC58, TC75, TC80 and HS43 at 

different values of DSS.  
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Figure 5.6: Particle orientation distribution function of near-critical nuclei for (a) 

TC58 at P*=7.60, (c) TC75 at P*=9.34 and (e) TC80 at P*=10.17. Each distribution is 
obtained over 20 different configurations. Snapshots of a portion of the nucleus are 

shown in (b) for TC48, (d) for TC75 and (f) for TC80. 
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5.6 Summary 

In this work, we use US  MC simulations to study the nucleation of ordered phases of 

selected octahedron like shapes from the truncated cube family, namely TC58, TC75, 

TC80 and octahedrons. For TC58, TC75 and TC80, the estimated free-energy barrier 

heights for the isotropic-to-rotator phase transition are smaller than those for hard 

spheres at similar degrees of supersaturation. Our orientational order analysis of near-

critical nuclei shows that for TC75 and TC80 the nuclei have non-negligible global 

orientational order, while for TC58 the nuclei has negligible  orientational order. This 

makes the obtained comparison results with HSs resembling and equally surprising to 

the ones obtained for COs (s = 0.5) in Ref. 8. We believe that analogues to CO, the 

explanation suggesting the important role played by localized orientational order in 

nucleation kinetics, can also be used to understand the results obtained for TC58.  In 

addition to forces resulting in spontaneous local alignment of particles, we 

hypothesize that the weak global orientational alignment in TC75 and TC80 further 

aids in increasing the facet-to-facet contact between particles thus helping systems to 

crystallize easier than HSs, where orientational order does not play any significant 

role. Interestingly, TC58 has larger free-energy barriers than CO at similar DSS, a 

trend that can be explained by correlating their trends in shape asphericity: The 

smaller the asphericity the larger the nucleation free-energy barrier. For Octs, the 

simulated free-energy barriers for nucleating the Minkowski crystal  are much larger 

than those for solid-phase nucleation in HS and in all other octahedron-like shapes 

tested at comparable DSS. Like Minkowski crystal (i.e. the phase to be nucleated), the 

translational bond ordering of near-critical nuclei forces the particles to globally 
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orientationally align along a director vector which is not conducive to the matching of 

triangular facets, resulting in very high values of free energy barrier height.  
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