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This dissertation is made up of several chapters, each of which is a stand-alone docu-

ment. Together, these chapters are representative of my research here at Cornell, focused

on non-linear control of bipedal walking robots. Controllers for bipedal walking often

rely on simple models. Here I present two controllers for simplified models, both of

which are designed to be robust to bounded disturbances. The first is a foot-step plan-

ner for the inverted pendulum model of walking, and the second is a trajectory tracking

controller for a double-pendulum model of walking. Next, I have a chapter that talks

about some of the interesting features of simulators that include contact mechanics,

like those used for walking robots. One topic that comes up repeatedly when studying

bipedal locomotion control is trajectory optimization. I wrote a introduction and tuto-

rial paper on the topic, which is included here as a chapter. I also developed my own

trajectory optimization algorithm, DirCol5i, which is described in a second chapter on

trajectory optimization. The final thrust of my research at Cornell was developing a

walking controller for the Cornell Ranger walking robot. Here I describe my method-

ology for controller design. This process is divided into three parts: the first is to use

simulation of the robot to develop a control architecture for the robot, which can be de-

scribed using a small number of parameters. These parameters are then selected using

optimization, first of the simulation of Ranger, and then using experiments on the phys-

ical robot. In discussing the results, we place special emphasis on the interplay between

human intuition and computer optimization for controller design.
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CHAPTER 1

INTRODUCTION

This dissertation is divided into a few categories. My primary project has been to de-

velop a reliable walking controller for Cornell Ranger (Chapters §2 and §3). Next, is a

collection of smaller projects that are related to robust control of bipedal robots (Chap-

ters §4, §6, and §5), but that were not directly used in the Ranger project. Finally, there

are two chapters relating to trajectory optimization (§7 and §8), an important technique

that is used for designing walking controllers.

The Ranger project has been a constant thread throughout my research, starting with

simple walking models and culminating with a controller on the real robot that is able

to automatically improve itself while walking. I developed my own simulation envi-

ronment for Ranger (§2.16), and then used this to develop a control architecture (§2.5).

Next, I used optimization of the simulated model of Ranger to determine the best set of

parameters for the walking controller. This controller can be transfered directly from the

simulation to the real robot. Finally, I used on-line optimization to continually improve

the controller while Ranger is walking, accounting for differences between the simula-

tion and the real robot. My preliminary work on the controller (§2) was presented in

ICRA 2016 and the full research is described in Chapter §3, which will be submitted to

a peer-reviewed journal.

While trying to come up with a control architecture for Ranger, I developed a variety

of control algorithms for simple models of walking robots. I’ve included two of these

here. The first project (published in ICRA 2015, §4) is a robust controller for a point-

mass model of walking, that is able to prevent falls despite large disturbances. This

controller is able to compute the best choice of foot-placement locations for a simple

walking model. The next project (Chapter §5) was to develop a robust controller for the
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swing leg of a walking robot, modeled as a double pendulum, which could reliably put

the robot’s foot in the correct place, as specified by the high-level controller.

Simulation of walking robots can be challenging, in part due to the intermittent

nature of the contacts, as the feet strike and leave the ground. Chapter §6 covers

some of the more interesting features found in these simulations. I developed my own

time-stepping simulator for Ranger, which is specialized for handling rolling contact of

smooth irregular shapes. It is described in Section §2.16.

Many of the smaller control projects that I worked on throughout my graduate re-

search required trajectory optimization, which is a numerical method that computes an

open-loop solution to the optimal control problem. For example, trajectory optimization

can be used to find a desirable walking gait for a robot. Over the past few years I devel-

oped a general-purpose trajectory optimization software, which I’ve since made open-

source (§1.8). I took all that I learned over the years of doing trajectory optimization

and wrote a tutorial and review paper for some of the standard trajectory optimization

methods and how they were implemented (§7). Finally, I developed my own special-

ized trajectory optimization algorithm, which is described in Chapter §8, and will be

submitted to a peer-reviewed journal.

1.1 Automatic Controller Design on Ranger

The central research project for my dissertation is my walking controller design for the

Cornell Ranger walking robot, presented in Chapter §2. There are two key ideas for this

project. First, the walking controller for Ranger should be robust: the robot should avoid

falling when subject to (reasonable) unmodeled disturbances. The second idea is that

the controller design process should be as automatic as possible, using computer opti-
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mization rather than human intuition. This chapter will be submitted to a peer reviewed

journal, after slight modifications.

At a high level, we work to achieve ‘automatic’ controller design by solving two

optimization problems, one using a simulation of the Ranger, and the second one us-

ing experiments with the real robot. In order to solve these optimization problems, we

must first construct a control architecture which can be optimized. A perfectly general

controller (for example using a large neural net or dense look-up table) would have too

many free parameters for any reasonable optimization. Instead, we use human intu-

ition to develop a control architecture that is fairly general, but with a low-dimensional

parameterization.

Another important aspect of the controller design process is the objective function

for the optimization problem. We search for a ‘robust‘ walking controller, which is not

a well-defined concept. As a proxy, we find a controller that can regulate some desired

walking speed while perfectly rejecting a representative set of disturbances. In this case,

we use sloping ground and pushes (in simulation) to represent the set of all distributes

that the real robot might be subject to.

At the end of the project, we were able to design a fairly robust controller for Ranger,

as measured by a variety of tests on the physical robot. Although we did use computer

optimization to find the important parameters of the controller, we still required human

design to construct the controller architecture and the objective function for the opti-

mization. The design process was iterative: the result of an optimization would often

highlight a failure in the controller architecture or objective function, which we could

then use to construct an optimization problem that was more representative of the de-

sired behavior.
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1.2 Off-line controller design for reliable walking of Ranger

The preliminary research for the Ranger controller design process is covered in Chap-

ter §3, and will be presented at the 2016 International Conference on Robotics and

Automation under the title “Off-line controller design for reliable walking of Ranger”.

When compared with the “Automatic Controller Design on Ranger” paper, this paper

has a less sophisticated controller and does not include the online optimization part of

the controller design. It also focuses more on the controller architecture, rather than the

details of the controller design process.

1.3 Non-linear robust control for inverted-pendulum 2D walking

Many walking robots rely on simple controllers for planning their high-level balance,

especially for foot-placement. I present a robust controller for an inverted pendulum

model of walking in Chapter §4. It can prevent falls despite large (but bounded) errors in

sensing, modeling, and actuation. This research was presented at the 2015 International

Conference on Robotics and Automation under the title: “Non-linear robust control for

inverted-pendulum 2D walking”.

1.4 Swing Leg Controller

The robust controller presented in Chapter §4 prescribes a sequence of foot step loca-

tions. The follow-up project, presented in Chapter §5, is a robust swing-leg controller for

a double-pendulum model of walking, which is used to achieve a desired foot-placement

location.
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I used trajectory optimization to construct a library of optimal reference trajectories.

At run time, the controller computes a reference trajectory by interpolation from this

library, and then uses a phase-space trajectory tracking controller to achieve the desired

motion. The tracking controller is constructed by solving the finite-horizon continuous-

time linear quadratic regulator problem. I verify the performance of the controller by

performing a reachability analysis of the closed-loop system.

1.5 Simulations with Sliding and Intermittent Contact

Designing robust controller for walking robots often involves making simulations of

these systems. These simulations are interesting because the dynamics of the robot

change whenever a foot makes or breaks contact with the ground. Early on in my grad-

uate research I did several small projects to study these simulations with intermittent

contact, which are collected and discussed in Chapter §6. One of the more interesting

projects is looking at the difference between the assumption that a contact point does

not slip and the assumption that there is an infinite coefficient of friction at the con-

tact point. Understanding these nuances of simulation was critical when developing my

time-stepping simulation of Ranger (§2.16).

1.6 An introduction to trajectory optimization: how to do your own

direct collocation

During the course of my graduate research I have spent a huge amount of time using

trajectory optimization to compute desired gaits for walking robots. I found that there
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were very few resources for learning the basics of the subject. The few texts and pa-

pers that were available were generally too focused and assumed a high-level of domain

knowledge. After spending years learning about this topic I decided to write this tuto-

rial paper, targeted at first-year graduate students that are interested in learning about

trajectory optimization. It starts by providing a broad overview of all methods that are

used for trajectory optimization, and then provides in-depth implementation details for

two direct collocation methods. The second part of the paper shows how to solve four

example problems using these methods.

This paper is titled “An introduction to trajectory optimization: how to do your own

direct collocation” and has been submitted to Siam Review for publication. The full

text of the paper is reproduced here in Chapter §7.

I wrote an electronic supplement to accompany the paper. It includes a full-featured

trajectory optimization library (see §1.8) that I wrote in Matlab. The supplement also

includes code to solve each of the four example problems in the paper, as well as several

additional examples. The source code for the entire supplement is well-documented, as

it is intended to be read as a tutorial itself.

I have given two seminar talks on the topic of trajectory optimization, and both were

well received by the audience. The first was at the Cornell Robotics in Society seminar

(November 2015) and the second was the Cornell Scientific Computation and Numerics

seminar (March 2016). I posted the slides for the presentation on my website, and have

received several emails from graduate students at other institutions indicating that the

slides were helpful.
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1.7 DirCol5i: a method for computing minimum-snap trajectories

for systems with non-trivial dynamics

I developed my own trajectory optimization method, DirCol5i. Initially, I used the al-

gorithm for computing optimal trajectories of second-order dynamical systems written

in implicit form, but then discovered that it was quite good at computing minimum-jerk

and minimum-snap trajectories. The algorithm is presented in Chapter §8 and will be

submitted to a peer-reviewed journal after slight modifications.

The key part of all trajectory optimization methods is transcription: the process by

which an optimization over the space of functions is converted to an optimization over

the space of real numbers. There are two important differences between DirCol5i and

standard trajectory optimization problems. The first is that DirCol5i uses an implicit

second-order form of the dynamics, a generalization of the explicit first-order form used

by most methods. Second, DirCol5i allows the user to specify an objective function that

includes higher derivatives of both the state and control, with minimal computational

overhead. Standard trajectory optimization methods require that the objective function

only depend on time, state, and the control (not their derivatives).

DirCol5i works by approximating the position trajectory x(t) using a quintic (5th-

order) spline, represented in Hermite form. The derivatives of the position: velocity,

acceleration, jerk, and snap, can all be computed by analytic differentiation of the po-

sition spline. The control is represented using a cubic Hermite spline, and control rate

is obtained by analytic differentiation of that spline. The objective function is evaluated

using Gauss-Lobatto quadrature, and the system dynamics are enforced at the Gauss-

Lobatto collocation points.
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I implemented DirCol5i as a general-purpose library in Matlab, including algorithms

for error analysis and mesh refinement. I compared DirCol5i to standard methods on

several different example problems and objective functions. In all cases DirCol5i com-

putes an accurate solution that is consistent than those found with standard methods:

trapezoid collocation, Chebyshev-Lobatto pseudospectral collocation, and GPOPS-II (a

professionally-developed implementation of Radau orthogonal collocation). DirCol5i

is a bit slower on problems with simple objective functions (minimum-torque), but is

notably faster on minimum-snap objective functions. Additionally, DirCol5i solves

minimum-snap problems natively, without the need for reformulating the problem as

required by the standard solvers.

1.8 TrajOpt: A Trajectory Optimization Library for Matlab

While doing research with trajectory optimization, I developed my own general-purpose

trajectory optimization library, which I’m calling TrajOpt for now. As far as I can tell,

TrajOpt is the only open-source (and free) trajectory optimization library for Matlab.

The project hosted on GitHub:

github.com/MatthewPeterKelly/TrajOpt

One reason that I wrote my own software is that commercial solvers, such as

GPOPS-II typically have only one type of method. It is often useful to select a method-

type based on the problem. For example, high-order orthogonal collocation is the best

method for problems that have smooth solutions, but low-order direct collocation is

superior for problems with non-smooth solutions, such as those with path constraints.

TrajOpt includes four different methods, which can be called using the same standard

interface. Another important reason for writing my own software was to learn how tra-
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jectory optimization works. It turns out that solving a difficult trajectory optimization

problem, such as for a walking robot, often requires a good understanding of trajectory

optimization to debug.

When writing TrajOpt I was careful to make the code well-documented, and it is

intended to be read as a tutorial about trajectory optimization. After making TrajOpt

open-source I’ve received several emails from appreciative graduate students at other

institutions who used my software to learn how trajectory optimization works.

TrajOpt contains four different trajectory methods: trapezoidal direct collocation,

Hermite-Simpson direct collocation, Chebyshev Lobatto pseudospectral collocation,

and (4th-order) Runge–Kutta multiple shooting. I also provide a wrapper for calling

GPOPS-II. Most methods include the ability to use analytic gradients and compute an

error analysis for the solution mesh. The source code currently includes 11 examples,

which show how to use TrajOpt on a range of problems, from a simple pendulum swing-

up to a gait for a 5-link walking robot.

9



CHAPTER 2

AUTOMATIC CONTROLLER DESIGN ON RANGER

This chapter submitted to a peer reviewed journal after minor modifications.

Author List: Matthew P. Kelly, Matthew Sheen, Andy Ruina.

2.1 Abstract

In this paper we are interested in using automatic methods to design a walking controller

for the Cornell Ranger walking robot. We use hierarchical control structure, with a

high-level balance controller plans overall step characteristics and a lower-level joint

controller coordinates the individual motors to achieve the needed limb movements.

The balance controller is designed using two rounds of optimization. The first round is

done using off-line optimization of the controller in simulation, which is then followed

by an on-line optimization on the physical robot to fine-tune the controller parameters.

We show that the resulting controller design process is able to produce reliable walking

gaits on Ranger. Although much of the design process was automatic, we still used

human intuition to design the controller architecture and low-level motor control. In

addition to our final results, we present and discuss many of the intermediate controllers

that we developed, showing how we arrived at the final control solution.

2.2 Introduction

In this paper, we develop and demonstrate automated techniques for designing a walk-

ing controller for Cornell Ranger, a bipedal walking robot shown in Figure 2.1. Here
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Figure 2.1: Cornell Ranger walking robot: A photo (a) and diagram (b) of Cornell
Ranger, our experimental test platform for the controller.

we extend the controller design process presented in [57], by improving the controller

architecture, and adding a final on-line optimization step.

To advance the science of robot control, we need algorithms that do not have hand-

tuning on the robot as a key final step. Queries of robot builders reveal that such hand

tuning of hardware is all too common. One major reason for this hand tuning is that

simulators cannot capture all aspects of a real robot, particularly for legged locomotion

with a dynamic gait. As a result, there is typically a loss of performance (if the robot

walks at all) when a controller is transferred from a simulated robot to a real robot. For

Ranger’s previous controller, a graduate student intimately familiar with the robot spent

many hours tuning parameters by hand.

There has been some work in designing locomotion controllers on hardware from

scratch, but these have generally been for small statically stable robots [126], or robots

that cannot fall down [128]. In both of these cases, open-loop control strategies are

effective. On the other hand, Ranger can only walk using a dynamic gait, and any

successful controller must have some degree of feed-back build into it. Additionally,

Ranger can easily be damaged by a fall, and cannot stand up by itself.

Because our simulations cannot capture all aspects of the real robot, control devel-
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opment would ideally be on the real robot. Yet, the robot is fragile and physical walking

trials are prohibitively slow. Here we present the compromise solution: we start by de-

signing a good control architecture in simulation, and then using off-line optimization

over this simulation to get a reasonable guess for the parameters of that control architec-

ture. Then we transfer this controller to the real robot, and use on-line optimization to

fine-tune the controller, compensating for any small differences between the simulation

and the real robot.

Walking is a complicated task, so the controllers for most walking robots rely on hi-

erarchical control architectures [125, 79, 26, 90, 60, 121, 117, 9, 49, 62]. These simplify

the design process by reducing the number of free parameters that describe the con-

troller. The control architecture that we use here incorporates ideas from the previous

controller for the Cornell Ranger [9], SimBiCon [125], and hybrid zero dynamics[121].

The high-level gait control is based on a finite state machine which regulates speed and

maintains balance, while the lower-level joint control is simply a proportional-derivative

tracking controller on each joint.

It is impractical to automatically design every feature for a walking controller —

the search space is simply too large for modern techniques. Instead, we break down the

problem. The control architecture is manually designed based on our own experience

and discussions with experts, as well as the literature. The gains in the low-level joint

controllers experimentally determined, using standard methods [80]. That leaves the

parameters of the balance controller, 15 numbers in our implementation, to be automat-

ically selected using optimization. Changing these numbers has drastic effects on the

robot’s behavior – whether it walks or falls, the speed and symmetry of steps, foot clear-

ance, foot-ground impact, and more. Hence we believe (and will try to demonstrate) that

these parameters contain enough richness for optimizing a robust controller for Ranger.
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In this paper we present the a walking controller for Ranger, as well as the entire de-

sign process for getting that controller working on the robot hardware. One key feature

of this paper is that we discuss many of the intermediate steps in the design process,

rather than simply jumping to the final control solution. Although we make the con-

troller design process as automatic as possible, there is a great deal to be learned by

understanding the various non-automatic design choices that were made.

The final result is a controller for Ranger that was designed largely using optimiza-

tion, first in simulation and then on the physical robot. The new controller much easier

to launch (start walking) than the previous (hand-tuned) controller, and it is better at

rejecting some kinds of disturbances.

2.3 Background – Locomotion Control

In this section we present a brief overview of some of the more popular techniques for

controlling bipedal walking robots. Simple models of walking are at the root of many

controllers, so we will mention three of the more common ones: linear inverted pen-

dulum (LIP), spring-loaded inverted pendulum (SLIP), and inverted pendulum (IP). Af-

terwards, we will briefly discuss a few control techniques: zero-moment point (ZMP),

capture point, hybrid zero-dynamics (HZD), SimBiCon, and a previous Ranger con-

troller.

A good overview of the fundamentals of walking control is presented in [85], and an

overview of some of the more formal techniques is given in [41].
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2.3.1 Linear Inverted Pendulum Model of Walking

In the linear inverted pendulum (LIP) model of walking, the body of the robot is treated

as a point mass that is constrained to move in a constant-height plane above the ground.

Given a fixed support point and perfectly satisfied hip-height constraint, the motion of

such a robot is identical to that of an inverted pendulum, linearized about the vertical

orientation.

The LIP model is widely used in bipedal locomotion control algorithms, especially

in zero-moment point controllers (§2.3.4) and capture point controllers (§2.3.5). The

linear equations of the LIP model are mathematically convenient, and have analytic

tricks that make it simpler to predict the motion of the robot at any given point. The

mathematical simplicity makes LIP good for fast, online trajectory optimizations (e.g.

model-predictive control). Controllers that are walking with controllers based on LIP

models walk with a crouch-gait, which allows them to track a fixed hip-height, and avoid

the kinematic singularity associated with a fully-extended leg. Additionally, controllers

using the LIP model of walking tend to have large feet, giving them additional control

authority over the motion of their center of mass.

2.3.2 Spring-Loaded Inverted Pendulum Model of Walking

The Spring-Loaded Inverted-Pendulum (SLIP) model of bipedal locomotion (walking

and running) is another common point-mass model. The basic idea is that the entire

robot is represented by a point mass at the hips, and each leg is replaced by a linear

spring (and sometimes a damper as well). The balance controller works by computing

a desired spring constant for the leg, as well as the desired heel-strike time and angle.

Then, a low-level controller computes the joint torques to achieve the desired effective
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spring constant in the leg.

One interesting feature of the SLIP model is that it inherently allows for dynamic

gaits and robots with small feet. Although the SLIP model can be used for walking

control, it is more often used for controlling running gaits.

Recently, the robot ATRIAS [51], was designed to be well-modeled by the SLIP

model. Since then, the robot has been effectively controlled based on the SLIP model

[92].

2.3.3 Inverted Pendulum Model of Walking

The Inverted Pendulum (IP) model treats the robot as a point-mass pendulum with a

rigid “leg”. The motion is not linearized and, as a result, the hip follows circular arcs

rather than fixed-height lines (as in LIP). IP models are used to describe straight-legged

walking. IP model walking is most energetically-effective of the point-mass models and

similar to how people walk [105]. However, the non-linear equations, the kinematic

singularity when the knee locks, and the harder impacts (more impulsive) when the

locked leg swings forward and hits the ground make the IP model less popular.

2.3.4 Zero Moment Point Control

Many of the first bipedal robots walked using Zero-Moment Point (ZMP) controllers

[117] [118], and the core principles are still used today [15, 49, 100]. The idea behind

ZMP controllers is that walking is a perturbation of standing. Robots with ZMP con-

trollers tend to have statically stable gaits, and rely on large feet and ankle torques for
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control.

The zero-moment point is the point on the ground where the sum of all moments due

to the contact forces on the foot is zero. Although it is not strictly necessary, most ZMP

controllers also assume that the robot is well-modeled by the linear inverted pendulum

model of walking §2.3.1. At the high-level, a ZMP controller will construct a desired

trajectory for the ZMP to follow, which corresponds to a desirable motion for the robot.

The low-level joint controllers then compute the joint torques to track the ZMP.

Robots that walk using ZMP controllers must have large feet, so that they can use

ankle torques to move the ZMP. With good foot placement, these ankle torques can be

minimized [53]. These robot walk with bent knees at all times, to prevent the control

singularity associated with a fully extended leg (which cannot be made longer, and small

changes in knee angle have no effect on the linearized kinematics). The simple form of

ZMP breaks down when the target ZMP leaves the support polygon of the feet, thus

preventing dynamic gaits. As such, ZMP controllers cannot work on robots that have

points or curved rails for feet.

In recent years, several researchers have expanded on the classical ZMP controller

to develop Resolved Momentum Control [54, 66, 18]. It has been demonstrated to be

effective in both simulation [66], and on the HRP-2 [54] and the MIT Atlas humanoid

robots [18, 61].

2.3.5 Capture Point Control

The capture point walking control algorithm, developed by [90], seeks to improve upon

ZMP controllers by allowing dynamic walking gaits. This control strategy is also known
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as divergent component of motion control [25].

Given the LIP model of walking (§2.3.1), there is a single capture point for each

state [90], which is the location for the support point such that the point-mass will come

to a stop directly above that point. In many cases, it is not possible to place the swing

foot at the capture point. A simple extension is to compute the sequence of support

points such that the robot comes to a stop above the N th point.

This architecture is of practical use, in that, at any point, the controller knows a

sequence of foot placement locations which will bring the robot to a complete stop.

Walking is achieved by continually looking ahead N steps in the controller, and placing

the feet in the correct places [60, 89]. At any instant during walking, the robot can

control the instantaneous center of pressure within the support polygon to adjust the

center of mass trajectory to be consistent with future foot placements.

Controllers based on capture point are widely used on bipedal robots [26, 25]

2.3.6 Hybrid Zero Dynamics Control

Hybrid zero dynamics (HZD) controllers [121, 124, 1] work in a fundamentally different

way than controllers that we’ve discussed so far. Rather then control by forcing the

robot to behave like a simple model, a HZD controller uses virtual constraints to force

the robot to behave like a complicated system with one degree of freedom (DoF). The

structure of those constraints are chosen such that the hybrid system associated with that

single DoF satisfies some desired motion plan.

The key idea here is that the control laws are parameterized by the single remain-

ing degree of freedom (typically related to the position of the center of mass of the
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robot), rather than time, like a traditional feed-back control law. Although the origi-

nal implementation of HZD used high-bandwidth feedback control, some more recent

implementations relaxed the control a bit to achieve stable walking with a bit more com-

pliance [103]. HZD controllers have been used effectively on modern robots [104], and

in simulations [99].

An overview of the Hybrid Zero Dynamics [121] control architecture is provided

below.

• The robot is modeled as a strict hybrid dynamical system, with a single continuous

phase (single stance) and a single collision map (heel-strike).

• The robot is under-actuated, either from a lack of ankle torques or from small

limits on ankle torques.

• The dynamics of the robot can be written in terms of a single monotonic phase

variable. This corresponds to the under-actuated degree of freedom, and is typi-

cally related to the position of the center of mass of the robot with respect to the

location of the stance foot.

• Trajectory optimization is used to compute a reference trajectory for the system,

in terms of the phase variable.

• Feedback linearization is then used to compute a phase-varying trajectory tracking

controller.

• With tight control loops, the resulting system dynamics are one-dimensional (in

phase).

• The reference trajectory is constructed such that collision map for the (not one-

dimensional) system is stable.
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2.3.7 SimBiCon

The Simple Biped Controller, SimBiCon [125], was developed for generating realistic

motions for bipedal walking in computer animations. It is based on two key ideas. First,

is that walking can be described using a simple global finite state machine, with four

states, visited in series over two successive walking steps. The second idea is that the

walking gait can be entirely synthesized by computing control laws that mimic virtual

spring-mass-dampers connecting important points on the character to points in space.

More recently, SimBiCon has been generalized by [107], and also used in a variety

of simulation-based studies including [36, 79]. An overview of the basic SimBiCon

algorithm [125] is included below.

• The basic control structure is a finite state machine (FSM) with a total of four

states. These states are traversed in series, with two states per step. The controller

(and biped) are typically left-right symmetric, making the second pair of states a

mirror of the first pair.

• There are two types of transitions in the FSM: the transition from the first to the

second state is based on a timer, while the transition from the second to the third

state is based on foot contact.

• Inside of each state of the FSM, there is a proportional-derivative (PD) control law

computing the torque in each joint. These controllers rarely reach their set-points,

and are thus always operating in transients, with relatively low tracking gains.

• Balance is achieved by adjusting some of the tracking controller set-points, again

based on a simple PD control law.

• The PD control laws are usually with respect to absolute angle of the links, but

are constructed such that the resulting torques are possible without applying a net
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external torque to the system.

• This basic control law can be extended to 3D walking models, as well as models

with more links.

• Stationary standing can be achieved by allowing stance ankle torques.

2.3.8 Previous Ranger Controller

The previous controller for the Cornell Ranger [9, 10] was designed for low-energy

walking over flat ground. Like SimBiCon, it is based on finite state machines, but there

is a key difference: on Ranger, each joint controller is running its own local finite state

machine. The overall walking motion is coordinated by the shared global state of the

robot, including events such as heel strike (the instant when the swing-foot collides with

the ground on each step).

Inside of each state of the finite state machines (FSM), the controllers are running

compliant control, loosely tracking trajectories computed by off-line trajectory opti-

mization. The stabilization in this controller comes from two features. The first is a

global feed-back, once per step, that adjusts some of the low-level trajectory set-points.

In particular, if the robot is moving too fast, the robot takes a bigger step (thus dissi-

pating energy). If the robot is moving too slowly, then it pushes off harder with the

trailing feet, thus adding more energy to the gait. The second feed-back mechanism is

the event-triggered transitions between states in the FSM, switching controllers when

the feet strike the ground.
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2.4 Cornell Ranger

Our test robot is the Cornell Ranger, which is described in detail in [9, 10]. Here we

will present only a short overview.

Ranger, shown in Figure 2.1, is at the bottom of the bipedal robot food chain. It

was designed for low-energy walking over flat terrain. It has four legs that are arranged

into an inner and outer pair (almost like a person on crutches). This arrangement means

that the walking control only needs to stabilize front-to-back motions, as lateral motions

are passively stabilized. The feet are small and curved, which renders the robot under-

actuated by one degree of freedom.

2.4.1 Hardware

Ranger has a some unusual characteristics. First is the lack of knees, which forces all

changes in effective leg length to come from rotations of the feet. The feet on Ranger

are curved with small radius, which means that Ranger cannot statically balance with

its feet together. Additionally, the circular curve of ranger’s feet is truncated close to the

heel. This truncated shape allows for the feet to rapidly clear the ground during swing,

but also further limits the effective foot size and the associated range over which the

center of pressure can be moved along the feet.

Ranger has a variety of sensors for estimating its own state (no vision, LIDAR, etc.).

The feet have sensors that measure the force between the heel of the foot and the ankle

joint, which we threshold to determine if a foot is in contact with the ground or not.

Each joint has absolute encoders for both the motor and the end-effector. Finally, there

is an IMU (gyro and accelerometers) located on the outer legs that we use for estimating
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the absolute orientation and angular rate of the robot.

2.4.2 Model

Our model for the Cornell Ranger, is largely based on our previous work [11, 9, 10].

We assume that the robot is a planar biped, with four rigid bodies (outer legs, inner legs,

outer feet, inner feet) that are connected by three motors (outer ankles, hip, and inner

ankles). We also use a full electro-mechanical model of the motors and gear boxes.

There are two notable differences between the model used here and our previous

model of Ranger. The first is that here we assume that the drive cables connecting the

ankle motors to the feet are rigid, where as the previous work [9] treated them as stiff

springs. Second, we model the shape of the foot as a quintic spline (periodic, with 6

segments), rather than as a complete circle, as illustrated in Figure 2.2.

2.4.3 Motor Model

For our simulation we use the motor model developed by Bhounsule [9] to compute the

torque produced by the motors (2.1) as well as the electrical power consumed (2.2).

T = KmI −C1ω −
(
C0 + µKm|I|

)
· sgn(ω) (2.1)

P =
(
IR + sgn(ω)Vc + Kmω

)
· I (2.2)

The notation here is taken from [9]. In summary: Km is the effective motor constant

(including the gearbox), C0, C1, and µ are loss parameters, I is the electrical current, Vc

is the voltage drop across the brushes in the motor, and ω is the output shaft speed after

the gearbox.
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2.4.4 Sensing & Estimation

While Ranger is walking, we are continuously computing an estimate of the state of the

robot: absolute angle and rate for both legs and feet, as well as which feet are in contact

with the ground.

Ranger has a good inertial measurement unit (IMU), which contains a rate gyro and

an accelerometer. The IMU contains its own computer that uses low-level sensor fusion

to compute an accurate estimate for the absolute angle and rate for the outer leg pair.

The hip joint and ankle joints contain absolute encoders, as well as low-level algorithms

for estimating angular rate. We run the angle and rate sensor data through Butterworth

filters before using it, along with the IMU angle, to compute the absolute orientation of

the feet and legs.

Part of the walking controller requires an estimate of the distance between the ankle

joints of the robot, and this is computed using the absolute angle estimates for the legs,

as well as basic model geometry.

Finally, we need to be able to determine if the robot’s feet are in contact with the

ground. Each foot is actually made of a vaguely “C”-shaped piece of metal, with a gap

in the heel [9]. When the robot puts weight on the foot, this gap shrinks, and that change

is detected using an optical sensor. There is one optical sensor on each foot.

To determine whether a pair of feet is in contact with the ground (supporting the

weight of the robot), we use a Butterworth filter to clean up the raw data from the optical

strain sensors in the feet, then add the result together to compute a rough estimate of the

force acting between the heel and the ankle joint. This signal is then thresholded to

determine if the foot is in contact with the ground. The threshold is set using simple

experiments, rocking the robot back and forth between the pairs of feet, while holding
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the feet at a range of possible contact angles.

2.4.5 Simulation

The previous simulator for Ranger, described in [9], was designed to study open-loop

trajectories with a prescribed sequence of contact configurations. For the research pre-

sented in this paper, we need to study the close-loop behavior of the robot for a variety of

controllers, some of which will cause the robot to stumble and fall down — a behavior

that was not able to be captured by previous simulations,.

To capture more complex contact sequences, we developed a “time-stepping”

simulator for Ranger, which runs a contact-solver on each time-step. This sim-

ulation allows us to model the robot walking over any ground profile, using

accurate collision shapes for the robot’s feet. The simulation is implemented

in Matlab, and then compiled to MEX for speed. Appendix §2.16 discusses

the simulation in detail. The source code for the simulator is available at:

https://github.com/MatthewPeterKelly/RangerSimulation

2.4.6 Control Considerations

During the course of a walking step, the motors of the robot must add energy to the

system to compensate for frictional and collisional losses. Due to the small curved feet,

Ranger cannot inject much energy by ankle torques through the step, except by push-off

with the back foot at the end of each step. This extension is small (a few centimeters),

but enough to propel the robot forward and to adjust walking speed. To get the maximum

effect of this push-off it must be timed carefully to occur just before the collision on the
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Flip-Up Flip-Down / Stance Push-Off

Virtual
Center

Figure 2.2: Ranger Foot Diagram: Ranger’s feet are small, and their soles are sections
of circular arcs. Here we show the three target configurations used by the controller.
Flip-up is used for the swing foot, allowing the foot to clear the ground, since the robot
has no knees. The flip-down/stance configuration is used by the stance foot for most of
the step, providing a steady base for the robot. The final configuration, push-off is used
to rapidly extend the foot, propelling the robot forward for the next step.

front foot.

Ranger does not have knees, and thus as soon as the push-off is complete, the foot

needs to rotate up and out of the way so that it doesn’t scuff as the swing leg moves

forward. Then the foot needs to rotate back down just before heel-strike. Too early and

the foot scuffs; too late and the foot strikes down on the back of the heel, which causes

a trip, with the foot rotating back up. In each of these cases, the robot falls. See Figure

2.2 for details regarding foot orientation for push-off and foot-flip.

2.5 Controller Architecture

The control architecture for Ranger is divided into four levels, arranged highest-to-

lowest:

• The Balance Controller runs once per step, at mid-stance, setting the five param-

eters that describe the gait controller.

• The Gait Controller is a finite-state machine, shown in Figure 2.3, which sets the

target angles and rates in the joint controllers.
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• The Joint Controllers are proportional-derivative controllers which compute the

command torque for each joint.

• The Motor Controllers are proportional-integral controllers which compute the

low-level PWM commands to achieve the desired torque in each joint.

We assume that both the robot and controller are symmetric. We will describe the

controller for the case when the outer feet are on the ground. At the conclusion of the

step, the whole controller is mirrored, with the inner legs becoming the new stance legs.

2.5.1 Motor Control

The motor controllers are at the bottom level of the controller. They run a simple

proportional-integral control loop at 2 kHz on each of the three joint motors (outer an-

kle, inner ankle, and hip), tracking a desired joint torque. These motor controllers are

coded at a low-level in the robot, and have not been changed since the robot was first

built.

2.5.2 Joint Control

While the robot is walking, the joint controllers (outer ankle, inner ankle, and hip) are

continuously running simple proportional-derivative (PD) controllers at 500 Hz. These

controllers compute a command torque u, which is sent to the motor controllers. The

reference angle q∗, rate q̇∗, and torque u∗ are all sent from the gait controller. The

measured joint angle and rate are given by q and q̇.

u = u∗ + KP
(
q∗ − q

)
+ KD

(
q̇∗ − q̇

)
(2.3)
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Conceptually, these PD controllers are performing simple behaviors for each joint, as

described below.

Hip Scissor Track: During walking, the hip joint performs scissor-tracking to bring

the swing leg through the each step. In this mode, the references for the hip joint are

selected such that the absolute angle of the swing leg tracks an affine (linear + constant)

function of the absolute angle of the stance leg.

Hip Drop Ankle: During the end of each step, it is desirable for the swing foot

to descend directly towards the ground, to avoid a glancing collision and achieve the

desired step length. To do this, we compute the references for the hip joint such that the

ankle joint will follow a vertical trajectory (in absolute coordinates) towards the desired

step location.

Ankle Stance Hold: During the majority of the step, the stance foot is supporting

the weight of the robot. This is done by selecting a reference set for the ankle joint such

that the absolute orientation of the stance foot is held constant. The target absolute angle

is selected such that when both legs are vertical no ankle torques are required to support

the robot.

Ankle Stance Push: At the end of each step, the stance feet rotate forward to propel

the robot onto the next step. This is accomplished by tracking a target absolute angle

for the stance foot, where that angle is selected by the balance controller to achieve the

desired effect on the gait.

Ankle Swing Flip: The swing foot of the robot should always be flipped up and out

of the way to keep it from scuffing on the ground during walking. This is achieved by

tracking a constant relative ankle joint angle, such that the heel of the foot is above the

ankle joint (near the hard stop of the joint).
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Sensors:

Parameters:

Push 1 Outer Push 2 Outer

Glide InnerPush 1 InnerPush 2 Inner

Glide OuterFlight

Any State

= horizontal distance from stance ankle to swing ankle

= time spent in current state

= outer feet are in contact with the ground

= inner feet are in contact with the ground

= critical step length

= critical push-off time

Initial State:  Flight

Figure 2.3: Gait Controller: The gait controller for Ranger is a finite state machine
with the seven states shown above. The transitions are based on the the contact sensors
for the feet, the distance between the swing and stance ankle joints, and a timer. The
Glide and Push states are mirrored precisely between the inner and outer feet. The Flight
mode typically is triggered by the user picking up the robot, and allows for the robot to
be easily reset between walking bouts.

Safe Mode: Whenever the robot detects that a fall is imminent it enters safe mode.

Upon entering safe mode the robot records the orientation of all joints on the robot.

Each motor is then set to perform a weak compliant control about this joint orientation.

This prevents the robot from doing something unexpected when it falls, thus making it

easier for the user to catch (and reset) the robot. It also minimizes the risk of damage to

the robot or harm to the user.

2.5.3 Gait Control

The gait controller coordinates the motion of the three joints on the robot, sending ref-

erence commands to the joint controllers at 500 Hz. The gait controller is a finite-state-

machine (FSM), shown in Figure 2.3. When in each state of the FSM, the robot is set-

ting a particular target behavior for each joint controller, which are implemented using

proportional-derivative control laws. See §2.5.2 for descriptions of each joint behavior.
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Flight Mode: Whenever the robot turns on or is picked up in the air, it enters

flight mode. The purpose of this mode is to put the robot in a relatively passive state

from which it can easily start walking. The hip motors are turned off, the inner feet are

flipped up, and the outer feet are in stance hold, prepared to support the weight of the

robot when it is placed on the ground.

Glide Outer: In this mode the outer feet are in stance hold, the inner feet are flipped-

up, and the hip is performing scissor tracking, maintaining a desired absolute orientation

of the inner legs as a function of the outer leg angle.

Push Outer (1 & 2): The outer feet are in push mode, tracking an absolute reference

angle that pushes the outer toes into the ground, propelling the robot forward. The inner

feet are entering stance mode, preparing to support the weight of the robot when they

hit the ground. The hip is computing targets such that the inner feet hit the correct place

on the ground.

Glide Inner: In this mode the inner feet are in stance hold, the outer feet are flipped-

up, and the hip is performing scissor tracking, maintaining a desired absolute orientation

of the outer legs as a function of the inner leg angle.

Push Inner (1 & 2): The inner feet are in push mode, tracking an absolute reference

angle that pushes the inner toes into the ground, propelling the robot forward. The outer

feet are entering stance mode, preparing to support the weight of the robot when they

hit the ground. The hip is computing targets such that the outer feet hit the correct place

on the ground.

Transitions: There are three different types of transitions used in this FSM, based on

contact sensors, state estimates, and timers. If the robot is picked up in the air, then both

contact sensors register false and the robot enters flight mode. During normal walking,
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the contact sensors are primarily used to trigger the transition into the Push 2 mode.

The robot spends very little time in the Push 2 mode, exiting when a timer reaches a

threshold (set by the balance controller). The final transition occurs between Glide and

Push 1 mode, and is triggered when the swing foot reaches the desired step length (while

still in the air).

Parameters: The gait controller FSM has two parameters that are directly set by the

balance controller. The first is the desired step length, and the second is the time-out on

Push-2 mode. There are three additional control parameters, which affect the low-level

controller behaviors. Two are used to compute the reference trajectory for the hip scissor

tracking, and the final parameter sets the reference angle for the push-off.

2.5.4 Balance Control

The top-level of the control architecture is the balance control, which runs once per step

at mid-stance. It changes the five parameters of the gait controller to regulate balance

and walking speed. For example, if the robot is walking too slowly, it will increase the

reference angle for the push off, adding more energy to the system.

There is a single input the the balance controller: the robot’s speed at mid-stance. In

this way, the balance controller is simply a function that maps the mid-stance speed of

the robot at mid-stance to the set of five parameters that are passed to the gait controller.

Here, we implement this function using a look-up table, storing the five parameter values

for zero speed, the target speed, and the maximum speed. For intermediate speeds we

use linear interpolation.

The look-up table for the balance controller has a total of 15 entries (5 parameters
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for each of 3 speeds), which we compute using both off-line and on-line optimization,

using methods discussed in §2.6, §2.7, and §2.8.

2.6 Controller Design

There are many aspects to the design of the walking controller presented in this paper.

We claim that the controller is designed “using optimization”, but we also acknowledge

that there are many decisions that must be made by humans as well. Here we divide the

control design process into different categories: some aspects are designed by human

intuition, some by simple experiences, and some by optimization (both on-line and off-

line).

We designed the architecture for the walking controller (§2.5) through insight and

intuition, which we acquired through experiments, discussions at technical conferences,

and the literature [9, 125, 121].

Within the controller architecture there are several constant parameters that are man-

ually set. These include the orientation of the stance foot during swing (selected such

that the ankle joint lies directly below the virtual center of the foot), and the relative

angle of the ankle joint required during flip up (selected to be close to the joint limit).

The joint controllers (§2.5.2) in the ankles and hip all have proportional and deriva-

tive gains, which are selected by simple experiments on the hardware. These experi-

ments are easily repeatable by any controls engineer using standard methods [80].

The remaining set of parameters, as described in §2.5.3 and §2.5.4, are selected

entirely by computer optimization. These parameters include things like how the step

length should be changed to stabilize walking, and the parameters of the swing-leg tra-
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jectory. We use two rounds of optimization: first is the ‘off-line’ optimization (Section

§2.7), in which we optimize the controller using a simulation of the robot. The controller

from the off-line optimization is then directly transferred to the real robot (no interme-

diate hand-tuning), and it can begin walking. The final step in the controller design

process is to run an ‘on-line’ optimization (Section §2.8) on the physical robot, which

automatically performs final tuning of the controller, correcting for modeling errors in

the simulation.

2.6.1 Designing the controller architecture

The controller architecture that we present in Section S2.5 was designed largely by

intuition and experimentation. It has been changed several times over the course of this

research, and will likely be further improved, as discussed in in the section on future

work (§2.14).

The original version of the control architecture was developed entirely using the sim-

ulation of Ranger, and was based on ideas from three existing walking control architec-

tures: SimBiCon [79], Hybrid Zero Dynamics [121], and Ranger’s marathon controller

[9]. Our general control architecture, made up of a single, simple finite state machine

was borrowed from the SimBiCon controller. The swing-leg (hip joint) controller was

inspired by the phase-variable tracking controllers in hybrid zero dynamics. Finally,

many of the transition conditions, as well as the structure for Ranger-specific features

(like push-off and foot-flip), were borrowed from Ranger’s marathon controller.

Once we had a control architecture that worked in simulation, we transfered it to the

robot to continue development. Most of the changes after this point were to improve

usability: for example, making the robot enter a ‘safe-mode’ when a fall is detected,
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or making it go into ‘flight-mode’ when it is picked up. We made two changes to the

controller architecture since out original work [57]; we changed the event that triggers

push-off, and allow push-off to continue after heel-strike.

The timing of push-off (and flip-down) is critical to making Ranger walk well. If

the push-off occurs too early, then it picks the robot up, and the too-early flip-down can

cause the swing foot to scuff the ground; if it occurs too late, then the robot won’t have

enough energy to complete the following step (and it can be damaged by landing on the

exposed ankle joint). The original push-off trigger was based on the angle of the stance

leg. The problem was that this condition did not depend on the position of the swing

foot, which is more important for ensuring that the step is completed successfully. We

changed the controller to trigger when the swing foot is in the correct location, which

made the controller more robust to disturbances.

2.6.2 Simple (non-optimized) controller parameters

There are a variety of parameters in the walking controller which are designed through

simple experiments, rather than as part of the optimization. These include things like

joint-limits, thresholds for contact sensors, and tracking controller gains.

Foot-flip Target: During each step, the swing foot of the robot must ‘flip-up’ to

avoid scuffing. The precise angle does not matter, so long as the foot clears the ground.

In this case we make the target angle about 10◦ from the hard stop, providing adequate

clearance while avoiding collisions with the hard stop due to controller over-shoot.

Contact Sensor Threshold: The threshold for the contact sensors is computed exper-

imentally, since they rely on complicated un-modeled features in the feet. The threshold
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was computed by locking (with a tight PD-controller) both feet in stance configuration

and rocking the robot back-and-forth. We then measured the raw signal from the contact

sensors. We selected a combination of Butterworth filter time-constant and threshold

such that the resulting contact state was reliably triggered every time the foot hit the

ground, without sending false positives.

Joint Rate Filters: There is a Butterworth filter running on each angle-rate sensor,

with experimentally-determined cut-off frequency. Aside: the joint rates are computed

using low-level pulse-counting and timing, rather than by direct differentiation of of the

joint angles.

Joint Tracking Gains: At a low-level, each joint is running a PD controller. The hip

controller always uses the same gains, while the ankle controller uses different gains,

depending on whether the foot is in contact with the ground or not. These gains were

all set using simple one-dimensional experiments and basic control theory. In each case,

the joint was given a reference signal to track while in the expected configuration: The

hip joint was tested while tracking a swing-leg trajectory in single-stance, the stance

ankle controller was tested while supporting the weight of the robot, and the swing

ankle controller was tested while in the air.

2.6.3 Optimized controller parameters

The remaining controller parameters were computed using optimization, as discussed

in sections §2.7 and §2.8. The off-line optimization includes all parameters, while the

on-line optimization includes only a sub-set, due to the limited number of experiments

that can be run in the real world.
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2.7 Off-line Optimization

The off-line optimization for the controller is searching the a set of 15 controller param-

eters that, at a high-level, stabilize the walking gait. These 15 = 5 × 3 parameters are

the set of 5 free parameters in the gait controller, for each of 3 different speeds in the

look-up table. The best set of parameters are those that regulate speed and prevent the

robot from falling, despite the presence of disturbances. Each candidate set of parame-

ters is evaluated by running a set of simulations, and then aggregating the performance

of the controller across those simulations. We perform the optimization using CMA-ES,

described in Section §2.7.2.

2.7.1 Objective Function for Off-line optimization

Our goal is to compute the controller parameters such that Ranger achieves a desired

walking speed and can avoid falling. To quantify this, we design an objective function

that has the simulation of Ranger walk several different trials in the presence of dis-

turbances. A trial is considered to be successful if the simulated Ranger completes a

prescribed number of steps without falling.

We consider two types of disturbances for the controller design process, which we

believe are representative of the much larger set of disturbances facing the real robot.

The first type of disturbance is a constant ground slope, either up-hill or down-hill. The

second type of disturbance is a ‘push’ which is applied at some predefined time in in

the trial. In all cases we introduce disturbances in symmetric pairs: if the candidate

controller has to walk up-hill, then it also will have to walk down-hill, thus avoiding a

bias in the control design process.
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Figure 2.4: Ranger Configurations The launch configuration (left) shows the static
configuration that we use to start Ranger walking, both in simulation and in reality. The
middle configuration shows the robot immediately before heel-strike. The mid-stance
configuration (right) is when the supporting leg vertical. This is the configuration that
triggers an update from the balance controller.

We select the ground slope disturbance because it is particularly challenging for

Ranger, and it is something that the robot will face in the real world, since few floors

are actually flat. The push-disturbance is selected as a catch-all for general modeling,

sensing, or actuation errors. In this case, we model the push by applying a constant force

to the hip of the robot, for a selected duration.

Each of the simulations used when evaluating a candidate controller start from the

same launch configuration, shown in Figure 2.4, where the robot is balanced at mid-

stance with a slight tip forward. The first simulation is always under ideal conditions,

followed by ground slope trials, and then simulations with pushes. We require that the

controller successfully finish all simulations under ideal conditions and ground slopes

before it is allowed to attempt the simulations with pushes.

The total score for the objective function is determined by summing the cost incurred

during every step in the walking trials. Any steps that were not attempted due to a fall

are given a speed of zero. All other steps are evaluated based on the average walking

speed during that step. The cost per step is given below.

Speed Cost per Step =

(
1 −

measured speed
target speed

)2

(2.4)
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2.7.2 Off-line Optimization Method: CMA-ES

Although the choice of optimization method is not central to our design philosophy,

it happens that here we used a Covariance Matrix Adaptation Evolutionary Strategy

(CMA-ES) [44, 45] because it deals well with our non-smooth objective function. We

initialize the algorithm by first estimating bounds on the parameters. For example, the

push-off target angle must be within the actuator limits, and the hip trajectory coef-

ficients should be roughly consistent with bipedal walking (the swing leg must travel

from back to front, etc.).

We also ran the off-line optimization using Particle Swarm Optimization (PSO),

which is the same optimization technique that we used for the on-line optimization. It

produced similar results to CMA-ES, although PSO took a bit longer to run.

2.8 On-line Optimization

Once we complete the off-line optimization, the control parameters can be directly trans-

fered to Ranger is it is able to walk. The goal of the on-line optimization is to take this

controller and make small changes to compensate for modeling differences between the

simulation and the real robot.

2.8.1 Objective Function for On-line Optimization

The objective function of the on-line optimization has a simple goal: walk at a target

speed without falling down. This objective function is similar to that used in the off-

line simulation, but with one key difference: the on-line optimization only evaluates

37



the controller on a single walking bout, rather than running many separate simulations.

The key idea here is that there is no need to inject disturbances into the real-world

experiments, since there will be disturbances just from walking on the (slightly uneven)

stone-tiled floor.

Each time that Ranger completes a step (mid-stance to mid-stance without falling),

that step receives a score, computed below, where vi is the average walking speed over

that step, and vT is the target walking speed.

εi =

(
vi − vT

vT

)2

(2.5)

cost =
1
N

N∑
i=1

εi (2.6)

Another difference between the off-line and on-line optimization is that the on-line

optimization trials begin from steady-state walking. To do this, each trial begins with

a transient period (usually 4-5 steps) that is ignored by the optimization, followed by

the main trial (usually 10-15 steps). If all is going well, then the optimization will

automatically load and test controllers back-to-back. Otherwise, the operator can start a

trial from the launch configuration. In both cases, the controller will be at steady-state

walking by the end of the transient period. Just like the off-line optimization, any steps

that are not completed due to fall are given a speed of vi = 0, thus creating a large

penalty for falling.

2.8.2 On-line Optimization Method: PSO

For the on-line optimization of the controller, we use particle swarm optimization (PSO)

[22, 16, 2]. PSO is a heuristic non-linear optimization algorithm, based on simple mod-

els of the foraging behavior of bird flocks. Our primary reason for selecting PSO is that
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the update equations are simple, making it easy to implement on the small processor that

is running Ranger. It also has the advantage that any new information for the objective

is used immediately to guide the search, rather than waiting for a batch update once per

generation.

PSO searches a space using a population (swarm) of particles, which move around

according to set of stochastic update equations. The motion of any given particle is

dependent on it’s position, current search direction, as well as the its own best-ever

position, and the global best position. The ith particle has a position xi and a “velocity”

vi. The particle’s best-ever position is given by xi
L and the swarm’s best-ever position

is given by xG. The update equation for a particle is given below, where ω, α, and β

are constant search parameters, and Rα ∈ U(0, 1) and Rβ ∈ U(0, 1) are random numbers

drawn from a uniform distribution between zero and one.

vi
new = ωvi + αRα

(
xi

L − x
i) + βRβ

(
xG − x

i) (2.7)

xi
new = xi + vi

new (2.8)

The parameters ω, α, and β adjust the dynamics of the search [16]. Note that this Equa-

tion 2.8 can be thought of as doing an Euler integration step on the dynamics of a particle

attached to two points with springs. Like all heuristic optimization algorithms, there is a

trade-off between exploration (finding new local minima) and exploitation (converging

towards existing local minima). Here, we choose parameters to favor exploitation, since

we assume that the off-line optimization has gotten us close to an good solution.

We use a warm-start version of the algorithm, where we can specify an initial guess,

which is used as the position of the first particle. This lets us start the on-line optimiza-

tion using the best controller found in the off-line optimization.
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2.8.3 Dimension Reduction

The off-line optimization had a 15-dimensional search space, computing each of the 5

parameters for each of the 3 speeds in the table for interpolation. This search space is

simply too large for a reasonable search using online optimization. To reduce the search

space, we observe that once the robot is walking, its behavior is largely governed by

the set of parameters that are associated with the target walking speed. Thus, we only

optimize this smaller set of 5 parameters for the online optimization, and use the other

10 parameters exactly as they came out of the offline optimization.

2.8.4 Dealing with Noise

Since this code is running on a real robot walking around in an environment with distur-

bances, we expect there to be some “noise” terms in the value of the objective function.

There is some work on handling noisy objective functions with PSO [86], but the im-

plementation requires significant computation, which is not practical on Ranger’s small

on-board computer. Instead, we experimented with two simple heuristics.

The first thing that we tried was to run each trial twice, and then report only the worse

of the two objective function values. This is effective, since PSO is far more sensitive

to false-positives (noise creating an artificially good score) than to false-negatives. The

major down-side of this approach to noise reduction is that it doubled the length of

time required for any optimization. Since the optimization runs are time-limited, this

practically meant that we ran the optimization for half as many generations.

Our second, and perhaps better, method for reducing the effect of noise was to just

increase the number of steps required in a trial. The key difference is that, unlike the
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Sensors:

Parameters:

Transient

Log DataSleep

Ready

= walking step count since entering Transient

= Flight mode (both feet in the air)

= transient steps

= total steps

Initial State:  Sleep

= Button press (either accept or reject trial)
Done

= Success (robot walking nicely)

Figure 2.5: Walking Experiment FSM: The is the finite state machine that runs the
on-line walking experiments. Each trial starts by giving the robot a few steps to reach
steady state before it starts logging data. If the robot is walking well at the end of the trial
then it will automatically send the objective function value to the optimization and start
a new trial. If something goes wrong, then the robot will wait for input from the user.
The user can then accept the trial (send objective function value to optimization), or
reject the trial (re-run the trial). This is important because we are testing in busy atrium,
where the trials are interrupted whenever the robot reaches a wall or a pedestrian.

repeated trial method, we did not need to repeat the set of transient steps at the start of

each trial.

2.8.5 Logistics for Walking Experiments

Our testing space for walking Ranger is a large open atrium, which has two logistical

problems: 1) There are people walking around, and 2) the atrium has walls. Some of

the walking experiments get interrupted when a person walks in front of the robot or the

robot reaches a wall. In these situations, the experimenter can pick up Ranger, causing

it to go into flight-mode. In flight-mode, the robot disables the hip motor, and orients the

feet in preparation for starting a new walking trial.

Whenever a walking trial is interrupted, either be entering flight-mode or safe-mode,

the optimization waits for a button press from the user to either accept the previous data
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(e.g. the controller caused the robot to fall), or re-run the trial (eg. the robot reached

a wall). This is critical, because it allows the optimization to distinguish unplanned

interruptions from falls caused by the controller.

A the start of each trial there is a transient in the walking gait, either to speed the

robot up from launch configuration, or just from the change in controller. To minimize

the effect of this transient we allow each controller to take several steps and reach steady-

state before logging data for the optimization.

At the conclusion of a walking trial, there are two possible outcomes. If the robot

was walking well (as determined by speed and step length), then the optimization auto-

matically loads a new controller. This allows for continuous walking of the robot and

more efficient experiments. On the other hand, if the robot finished the trial, but was

walking badly (eg. very small steps or low speed) then the optimization will signal the

experimented to pick up the robot and start the next trial from the default launch config-

uration. Figure 2.5 shows the finite-state-machine that we used for running the on-line

optimization experiments.

2.9 Overview of Experiments

In this paper we have included a variety of our initial experiments, as well as the fi-

nal experiments, in an effort to show the entire design process. As such, we’ve ended

up with a long list of optimizations, control architectures, and experiments, which are

summarized here.

42



2.9.1 Walking Controllers

• Marathon Controller was the exact same controller that was used for Ranger’s 65

km marathon walk in 2011 [11, 9, 10]. It was developed by off-line controller

optimization (very different than the methods presented here) followed by hand-

tuning on the real robot. We use this controller as a benchmark for robustness

testing.

• ICRA Controller was the controller that we presented at the 2016 International

Conference on Robotics and Automation [57]. The ICRA controller is similar to

the controller presented in this paper, but without the push-off delay (ie. t∗ = 0

in Figure 2.3). The ICRA controller also uses a critical angle of the stance leg to

trigger push-off, rather than a critical step length.

• Controller 0 was an experimental controller that was designed using hand-tuning,

to test the control architecture. Like the ICRA controller, it used a critical stance

angle to transition from Glide to Push-off, rather than a critical step length.

• Controller 1 was another experimental controller designed with hand-tuning. In

this controller, we used the integral of the ankle motor current, rather than a timer,

to control the transition from Push-off to Glide mode.

• Controller 2 was the first controller with the exact architecture described in Sec-

tion §2.5.3. It was designed using off-line optimization one, and used in robust-

ness test one.

• Controller 3 has the architecture described in Section §2.5.3, and was designed

using Off-line optimization Two.

• Controller 0*, 1*, 3*: were used as the initial controller for on-line optimization

one, two, and three respectively. The best controller produced by each of these
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on-line optimizations is named Controller 0∗, 1∗, and 3∗ respectively.

Both controller 0 and controller 1 were designed using hand-tuning, to understand vari-

ous trade-offs in the control architecture. Using that experience, as well as observations

from on-line optimization one and two, we arrived at the control architecture presented

in this paper, which is used for Controller 2 and Controller 3.

2.9.2 Off-line Optimization

• Off-line Optimization One was used to design Controller 2. It used shorter simu-

lations, fewer simulations on sloping ground, and vertical push disturbances.

• Off-line Optimization Two was used to design Controller 3. It used longer simula-

tions, more simulations on sloping ground, and horizontal push disturbances.

2.9.3 On-line Optimization

• On-line Optimization One was initialized with Controller 0, and produced Con-

troller 0∗. It used short walking trials and a faster target walking speed.

• On-line Optimization Two was initialized with Controller 1, and produced Con-

troller 1∗. It used long walking trials, which were each repeated, and a slower

target walking speed.

• On-line Optimization Three was initialized with Controller 3, and produced Con-

troller 3∗. It used long walking trials and a slower target walking speed.
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2.9.4 Robustness Tests

• Robustness Test One compared the Marathon Controller, the ICRA Controller, and

Controller 2. Each controller walked a long distance over a slightly uneven floor

while subject to large modeling errors (added weights, removed hip spring).

• Robustness Test Two compared the Marathon Controller, Controller 3, and Con-

troller 3∗. Each controller walked many short trials over uneven ground with

masses added to the outer legs of the robot as a disturbances.

2.10 Results: Off-line Controller Optimization

We implemented the entire design process for the balance controller in Matlab, with

most of the simulation code being compiled to MEX for faster run-time. We then ran

two different sets of optimizations, using the off-line optimization architecture described

in Section §2.7.

Off-line optimization one can be thought of as a pilot study; it used fewer distur-

bances and shorter simulations, and the goal was largely to learn about the optimization

landscape. Off-line optimization two was the final set of optimizations, using more

disturbances and longer simulations.

2.10.1 Off-line Optimization One

The objective function for off-line optimization one consisted of simulations of the robot

walking under ideal circumstances, on sloping ground, and in the presences of pushes.

The ground-slope trials were conducted on ground with a slope of ±0.01 radians, with
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each trial consisting of 12 steps, starting from the static ‘launch’ configuration.

Each trial with a push started from steady-state walking, and the pushes were applied

at either 1/3 or 2/3 of the way through a step, either straight up or straight down, for a

total of four different disturbance trials. Each push was applied for 0.5 seconds, had a

constant magnitude of 50 Newtons. Aside: After running the optimization we realized

that a bug in the code was applying the force vertically rather than horizontally, as

originally intended. Despite this, the push still provided a reasonable disturbance for

controller testing.

In off-line optimization one, we were interested in learning how complicated the

objective function is. For example, is there one clear best controller, or many different

controllers that are of similar quality? To do this, we solved the same optimization

problem many times, and compared the results. Since CMA-ES is stochastic, it will

follow a different path to the solution on each new optimization run.

First, we solved the problem ten times, using a smaller population (20) and fewer

generations (20). CMA-ES is a stochastic algorithm, so each run produces a different

result. Next, we solved the same optimization problem once, using a large population

(50) and running for many generations (100). We then studied the results, to see if the

optimizations converged to the same solution. All optimizations were run on an Intel

Quad-Core i5-3570K processor running at 3.40GHz.

In the batch run of the optimization (10 runs, 20 population, 20 generations), each

run took about 45 minutes. We found that 8/10 converged to good solutions, 1/10 con-

verged to a mediocre solution, and 1/10 got stuck in a bad local minimum. Of the good

solutions, we found that there were several similar, but slightly different gaits.

The long optimization run (50 population, 100 generations) took just under 9 hours.
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The population collapsed to a single local minimum near generation 65, and converged

to a solution that was slightly better than all found by the batch-run of the optimization.

Controller 2 was the best point in the first of the ten smaller optimizations. Aside:

we ran this first optimization, then did all of the testing, and later ran the remaining nine

optimizations of the set as well as the long optimization to confirm that we had found a

reasonable solution in that first optimization.

2.10.2 Off-line optimization Two

For the second set of off-line optimization experiments we did two large optimizations,

running each for 40 generations with a population size of 80 in CMAES. We also mod-

ified one of the default parameters, making the size of the parent population 30 instead

of the default of 40 = floor(0.5*popSize).

Off-line optimization two uses the same basic structure as off-line optimization one,

but with a few improvements. We increased the number of simulations walking on

sloping ground (to avoid foot scuffing), and increased the length of all simulations (to

improve steady-state walking). We fixed the push-disturbance force so that it was ap-

plied horizontally, rather than vertically (fixing a bug in the original version). Finally,

we made the walking trials for the push-disturbances start from the launch configuration,

rather than from steady state (making the robot better at initiating walking).

Each call to the objective function ran a set of simulations, each of which terminated

when the robot fell down or reached 20 steps. In each case the robot started from its

‘launch’ configuration, at rest; a slight tip forward ensured that the robot would fall

forward to start the first step. The first simulation was level ground walking without
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disturbances, to make sure that the robot was able to walk well at the desired speed under

ideal conditions. Next, the robot had to walk on sloping ground: ±0.86◦ and ±1.15◦. If

the robot completed all trials so far (made it to 20 steps), then it would start the final set

of simulations: pushes applied to the robot. All pushes were applied horizontally, and

had a magnitude of 4N and a duration of 0.5s, and were applied at either 2.6s into the

simulation or 2.8s into the simulation. Finally, each push was applied in the forward and

reverse direction (on independent trials). Any steps that the robot failed to take, either

due to falling or due to a incomplete first set of trials, was given a walking speed of zero,

thus incurring a large cost.

We ran the optimization twice, to check consistency of the solution, on Intel Quad-

Core i5-3570K processor running at 3.40GHz. Each optimization took about 12 hours,

calling the objective function 3200 times in each case. Both runs found a large number

of solutions that did not fall down, as shown in Figure 2.6. As time went on in each

optimization, we see that the number of controllers that can avoid falling gets increasing

large, and the change in the objective function levels out. Both optimizations find nearly

the same solution, with similar objective function values.

Figure 2.7 shows the simulations that are performed in a single call to the objective

function, shown for the best point found by each optimization. We see that all trials with

level-ground walking asymptotically approach the target walking speed of 0.55m/s, and

that there is a steady-state error for both uphill and downhill walking. Finally, we can

also see the change in speed cause by both the forward and backward pushes, which are

rejected within four steps.

Controller 3 was selected to be the best controller found out of all that were sampled

in both of these optimization runs, and it’s performance in simulation is shown on the

left side of Figure 2.7.
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Figure 2.6: Off-line Optimization Two: Objective Function This figure shows the
value of the objective function while during each run of off-line optimization two. We
can see that the general structure of both plots is similar, and that the optimization does
in fact find more good controllers as time goes on. The banding structure in both plots
is a result of the objective function: when the robot falls down, it gets penalized for all
incomplete steps. Since it usually falls during the first few steps of the trial, the result is
a jump in the objective function equal to the spacing between bands. The red circle on
each plot shows the best controller.

2.11 Results: On-line Controller Optimization Experiments

For on-line optimization, each evaluation of the objective function consists of the robot

walking a specified number of steps, logging data, and then comparing its walking speed

to a target value on each step. The goal of the optimization is to achieve steady-state

walking while successfully rejecting real-world disturbances, such as small irregularities

in the floor.

The optimization is performed on the robot, in real time, using particle swarm opti-

mization (PSO), described in Section §2.8.2. We use a warm-start version of the algo-

rithm, where the first controller to be tested is the controller that we obtained using the

off-line optimization.
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Figure 2.7: Off-line Optimization Two: Simulations This plot shows the nine simu-
lations (walking speed vs. step number) that are computed during each evaluation of
the objective function in off-line optimization two, shown here for the best controller
found during each optimization run. In all cases, the controller is attempting to reach
a target speed of 0.55 meters per second. Again, both plots are similar, suggesting that
the controllers found by both optimizations are similar. The controller has a steady state
error in speed for the two up-hill walking trials and the two down-hill walking trials.
The controllers are able to recover from the two forward pushes and the two backward
pushes in about four steps.

We performed three different on-line controller optimization experiments on Ranger.

Each experiment took 1-2 hours, and all optimization calculations and controller swap-

ping happened automatically on the robot’s main processor. The high-level parameters

of the optimizations are summarized in Table 2.1, and a general overview of the con-

troller architecture for each optimization is provided in Section §2.9.
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Table 2.1: On-line Optimization: objective function parameters. All optimizations
use the same optimization parameters for PSO: ω = 0.7, α = 1.8, and β = 1.5; see
Section §2.8.2 for details.

Optimization 1 Optimization 2 Optimization 3
Target step speed 0.6m/s 0.6m/s 0.55m/s

Transient steps 2 4 5
Trial steps 8 12 12

Trials per controller 1 2 1
Number of particles 10 15 15

Generations run 12 7 30

2.11.1 On-line Optimization: Decision Variables

In each on-line optimization there were either 5 or 6 decision variables, depending on

which version of the control architecture we were using. These correspond to the free

parameters in the gait controller, and are briefly summarized below.

• Scissor Offset is the constant term in the swing-leg scissor trajectory. Used in all

on-line optimizations.

• Scissor Gain is the linear term in the swing-leg scissor trajectory. Used in all

on-line optimizations.

• Ankle Push is a normalized push-off magnitude, with larger values corresponding

to larger push-off. Used in all on-line optimizations.

• Critical Step Length is the critical distance between the ankle joints of the robot,

which triggers the transition into push-off mode. Used in on-line optimization two

and three.

• Double Stance Delay is the duration of time that the robot continues push-off after

the swing foot strikes the ground. Used in on-line optimization one and three.
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• Critical Stance Angle is a the critical angle of the stance leg which is used to

trigger the transition into push-off mode, only used in on-line optimization one.

• Hip Step Angle is the fixed target angle for the hip joint during push off, only used

in on-line optimization one.

• Push Integral is the critical value for the integral of current into the stance ankle,

measured since the start of push-off, which is used to trigger the transition from

push to glide mode in on-line optimization two.

2.11.2 On-line Optimization One

On-line optimization one was conducted using Controller 0, an experimental control

architecture, which used a critical angle of the stance leg to trigger push-off, rather than

a critical step length like the later Controllers 1, 2, and 3.

During the early parts of the first optimization run the robot fell frequently, in some

cases not even making a single successful step. One common cause of these falls was

foot scuffing, where the swing foot collided with the ground in mid-swing due to the

Push-Off mode being triggered too early. In some cases this caused an immediate fall,

while in others it caused a sequence of progressively shorter steps which eventually led

to a fall.

As the optimization progressed, the walking gait clearly became more regular and

reliable. By the forth generation most new gait patters resulted in stable walking, al-

though there was still noticeable variation in speed between gaits. By the end of the

optimization most gaits were walking near the desired speed, with only a few outliers.

One way to study the progress of the on-line optimization is to look at how each of
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the parameters changes throughout the optimization, as shown in Figure 2.8. We can

see that all parameters converged to some value by the end of the optimization, and that

this value was different (and better) than the initial guess (from the offline computer

optimization).
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Figure 2.8: Parameter Evolution, On-line Optimization One. Each panel shows one
of the six optimized parameters. The solid horizontal lines show the guess we seeded
the first particle with. The dotted line shows the best-ever parameter values.

2.11.3 On-line Optimization Two

Controller 1, which was used in this optimization, was somewhat more tolerant to large

changes in the gait parameters than the controller used in on-line optimization one. As a

result, the robot rarely fell down during the optimization process, even at the beginning.

As the optimization progressed the gaits did get a bit more reliable, with no fear of the

robot falling down.
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One problem that we observed was that the controllers tested by the optimization

seemed to struggle to walk at the target speed. In on-line optimization one, we occa-

sionally saw controllers that walked much too fast, but this rarely occurred in on-line

optimization two, where most controllers seemed to be too slow.

We can look at the parameter convergence plots (Figure 2.9) for this optimization

to get a better idea of what is going on. While we saw a clear convergence in on-

line optimization one, it seems that the parameters in on-line optimization two did not

converge to a clear value.
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Figure 2.9: Parameter Evolution, On-line Optimization Two. Each panel shows one
of the five optimized parameters. The solid horizontal lines show the guess we seeded
the first particle with. The dotted line shows the best-ever parameter values.

One important difference between the first and second on-line optimization exper-

iments is in the objective function. In on-line optimization two we used longer tri-

als when computing the objective function, and also ran each trial twice. We passed

whichever of the two (repeated) trials had the worse score to the optimization. The goal
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here was too reduce the noise in the optimization, and also prevent ‘false-positive’ trials,

which can cause major problems in particle swarm optimization.

To better quantify the repeatability of the objective function we looked at the differ-

ence between these repeated trials, and then compared this to the best-ever value of the

objective function and the mean value of the objective function, shown in Figure 2.10.

We can see that the difference between any two repeated trials is, for most trials, about

an order of magnitude less than the mean value of the objective function.
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Figure 2.10: Repeated Trials, On-line Optimization Two. This is the distribution of
the differences between the replicated trials in on-line optimization two. Also marked
are the best and average objective function values to provide a scale for the changes. We
see that the change between repeated calls to the objective function is smaller than the
mean and best values of the objective function, suggesting that the noise problems from
on-line optimization one were addressed by the longer trials in on-line optimization two.

2.11.4 On-line Optimization Three

The majority of the controllers that were tested by on-line optimization three were able

to walk, although we observed a lot of variety in the walking gaits. Visually, it was very

obvious when the robot switched controllers – the gait patterns, walking speeds, and

foot impacts were different from trial to trial. The most common failure resulted from

the robot twisting about its vertical axis, something that out planar simulator cannot

55



model. This behavior would start after heel-strike, with Ranger beginning to oscillate

torsionally. In the best case, the robot changed its heading (up to ≈ 45 degrees) but

stabilized. In failure cases, subsequent steps amplified the twisting motions until the

robot fell.

In on-line optimization three, we did only one trial per controller but used the same

longer trials as on-line optimization two. This seems to have been effective, as the con-

troller parameters seemed to converge (Figure 2.11), and there were no obvious outliers.
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Figure 2.11: Parameter Evolution for On-line Optimization Three. Each panel
shows one of the five optimized parameters. The solid horizontal lines show the guess
we seeded the first particle with. The dotted line shows the best-ever parameter values.

2.11.5 On-line Optimization: Objective Function Comparison

This section will show and discuss how the objective function values changed over the

course of the on-line optimization. Figure 2.12 shows the objective function values

grouped by particle swarm optimization generation.
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In on-line optimization one we can see that the objective functions start with a wide

spread, which we expect due to the large number of falls early-on in the experiment.

As the experiment progresses, the objective functions values start to collapse towards

better values, and are well-clustered near the end of the optimization. Note that many of

these trials get a worse score than if they had fallen on step one. This is because every

failed step is given a speed of zero. Since the objective function is mean squared error

of step speed, steps that are much faster than the target speed receive a very bad score.

In on-line optimization one, there were many of these cases in which the robot took very

fast, small steps before falling.

In on-line optimization two we can see that the objective function values span a

much smaller range. There were fewer falls, and most of these falls were backwards –

the steps were too slow, not too fast. Although the objective function values do seem to

cluster towards the end of the optimization, they are converging to a much worse value

for the objective function than in the first experiment. This indicates that the second

optimization either A) failed to converge, B) converged to a bad local minimum, or C)

that the new controller is unable to walk at the target speed. Another possible effect

is that optimization one trials were fewer steps. Even though the objective is average

speed, the average of fewer samples is more noisy and will result in a wider spread of

objective function values.

In on-line optimization three, the objective functions remained largely clustered

from the beginning. The controller was fairly stable even though we observed a wide va-

riety of gaits. We see quite a bit of improvement in the first 10 generations but progress

seems to stagnate afterwards even though the parameters continue to converge as seen

in Figure 2.11. This suggests that a wide range of control parameters perform similarly.
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Figure 2.12: Objective function value, on-line optimization, grouped by generation.
The solid line is the best-so-far value. The control architecture in optimization one
was less stable, and so the objective function values are more scattered. Note that each
optimization was run for a different number of generations.
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Figure 2.13: Best objective function seen so far, plotted against the trial number. Note
that optimization 1 had a false best (unrepeatable). The dotted line shows the results
without this outlier.

An alternative way to look at the progress of the optimization is examine just the

best-ever objective function value, as shown in Figure 2.13. At a first glance, it looks

like the optimization in the first experiment only found one improvement over the entire

run, but this is clearly not true, since we observed continual improvement over the course

of the optimization. We found that noise in the objective function caused a single point

to get an artificially high score, thus skewing the results. With this outlier removed, the

convergence data is as expected. As a side note, we ran the objective function trial again

(after the experiment) for this one outlier point, and found that the objective function

value was (as expected) not reproducible.
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2.11.6 Open-Source Data Set

We ran an additional on-line optimization, purely for the purpose of generating a large

set of walking data for other researchers to study. We logged the raw data from most of

the critical sensors on the robot: all six channels of the IMU; all motor angles, rates,

and currents; joint angles and rates; and the contact sensors on all four feet of the

robot. This data set has been processed to be easily usable by others, and is available

at: http://ruina.tam.cornell.edu/research/topics/ . . . (continued

below)

. . . locomotion_and_robotics/ranger/WalkingData/index.html

2.12 Results: Robustness Experiments

The goal of this research is to automatically develop controllers that are better at re-

jecting disturbances. In the previous sections, we explained our process of synthesizing

controllers. In this section, we compare the performance of several different controllers

under disturbances. In each case, we apply a modeling error to the robot (e.g. add

mass to a leg), and then have it walk over some ground profile that introduces small

perturbations.

We performed two different robustness tests. Robustness Test One compared the

Marathon Controller, the ICRA controller, and Controller 2, each walking a long dis-

tance. Robustness Test Two compared the Marathon Controller, Controller 3, and Con-

troller 3*, each walking a many trials over a short distance. These controllers are de-

scribed in detail in Section §2.9. In all cases, the disturbance was a known model-

ing error (intentionally introduced) combined with small random disturbances from the
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ground.

2.12.1 Robustness Test One

This first robustness test extends the results presented in [57] to include an additional

controller (Controller 2), which was produced by off-line optimization one. We tested

each controller under four different conditions. In each case, the robot walked at least

180 meters and we counted the number of falls.

Tested conditions:

• Baseline: In the baseline experiment, we had each controller walk a distance on

the test floor without intentional disturbances. The floor is made of stone tiles,

and there are small (2mm) variations in ground height between each tile. These

variations cause small perturbations to the walking gait. All other trials were

conducted on the same floor, with additional disturbances.

• Front Weights: We added a 0.35 kg mass to the robot, a distance of 0.12 meters

in front of the hip joint, on the outer legs as shown in Figure 2.14. This caused a

continual disturbance torque while walking.

• Rear Weights: For this trial, we applied the same 0.35 kg mass to the robot, but

this time a distance of 0.12 meters behind the hip joint.

• Weak Spring: Ranger has a spring connecting its inside and outside legs, as shown

in Figure 2.14. To give an idea of relative stiffness, the hip motor can sustain a

maximum hip joint angle of about 30◦ when pushing against the spring. We added
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Figure 2.14: Disturbance Diagram In the robustness trials we applied three intentional
disturbances to the robot. In the Weak Spring experiment, we added a loop of string in
series with the hip spring, effectively removing it. In the Rear Weights experiment we
added a small weight, as shown above to the rear of the robot. In the Front Weights
experiment we added a small weight, as shown above to the front of the robot.

a loop of string in series with the spring, thus effectively removing it, except for

very large hip angles.

In each experiment, we started by having the robot walk a minimum distance of about

180 meters. In the baseline experiment for the ICRA controller, we observed a single

fall near the first 180 meters. We decided to extend the trial to about 750 meters to

collect additional data to get a more reliable estimate of the fall rate. We also decided

to have the new controller walk 350 meters in each trial, since no falls were observed in

the first 180 meters.

The results of the experiment are shown in Figure 2.15. The primary goal of the new

controller is to avoid falls while walking in environments with disturbances, as shown

in Figures 2.15.

2.12.2 Robustness Test Two

We designed Robustness Test Two to have a more flexible. We wanted to introduce large

enough range of disturbances to make every controller fall sometimes. We strapped a
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Figure 2.15: Robustness Test One Here we compare the Marathon Controller, the
ICRA controller, and Controller 2 in their ability to avoid falls when subject to a va-
riety of disturbances. Controller 2 is able to successfully avoid falling in all trials (left
plot), a notable improvement over the two previous controllers. The right plot shows the
number of steps in each trial. We extended some of the trials, particularly when falls
were infrequent, to get more data on those controllers.
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Figure 2.16: Robustness Test Two: Disturbances For robustness test two, we added
a small wooden frame to Ranger. We attached a pair of clamps to this frame, allowing
us to apply a variety of disturbances to the robot. They are shown here in a position 6
cm forward of the center of the robot, creating a net external torque due to gravity while
walking.

light wooden frame on top of Ranger and attached steel clamps at various distances

from the center of mass of the robot, as shown in Figure 2.16. This let us add adjustable

disturbances to the robot’s mass, rotational inertia, and external gravity torque.

The purpose of Robustness Test Two was to compare the controllers produced by

Off-line Optimization Two (Controller 3) and and On-Line Optimization Three (Con-

troller 3*) to the original (largely hand-tuned) Marathon controller for Ranger. The test
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consisted of a set of baseline trials (no disturbance) followed by five different distur-

bances, summarized in Table 2.12.2. These disturbances were created by adding mass

(in the form of clamps) to Rangers Outer legs (above the hip joint).

Table 2.2: Robust Test Two: Disturbances We added intentional disturbances to the
robot, to study their effect on the performance of the controllers. The disturbances were
created by adding a light wooden frame and two ‘C’-clamps to the outer leg of the robot.
The ‘Mass’ column describes how much mass was added to the robot by the frame and
clamps. The ‘Inertia’ column gives the change in the moment of inertia, about the hip
joint, of the outer legs. The ‘Torque’ column describes the net torque due to gravity
acting on the clamps, about the hip joint, when the outer legs are vertical. Note that
although the frame has a small mass and inertia, it holds the fall protectors rigid, which
changes how the robot vibrates when it hits the ground.

Name Added Mass (kg) Added Inertia (kg-m2) Added Torque (N m)
Baseline 0 0 0

Frame Only 4.5 · 10−4 3.9 · 10−5 0
Mass Center 6.6 · 10−1 2.2 · 10−2 0

Mass Wide 6.6 · 10−1 4.8 · 10−2 0
Mass Front 6.6 · 10−1 2.4 · 10−2 −0.39
Mass Back 6.6 · 10−1 2.4 · 10−2 +0.39

For each controller and disturbance, we had the robot walk twenty trials, each eight

meters in length. For each trial we assigned the robot a score between 0 and 1, where

0 corresponded to the robot falling down and 1 corresponded to perfect walking. This

gave us a subjective score for each set of trials (the average of the scores), as well as an

objective score (number of falls), both of which are reported in Figure 2.17. We find that

all controllers walk reasonably well in the baseline trial, as well as the trial with only

the frame attached to the robot. The controllers also seem to have more trouble when

the masses are not placed symmetrically, thus creating a net gravity torque on the robot.

There is no single best controller across all trials, but the original Marathon controller

seems to out-perform Controller 3 and Controller 3* in many trials.
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Figure 2.17: Robust Test Two Here we compare the previous ‘marathon’ controller
[10], with our new controller, first after ‘off-line’ optimization (Controller 3) and then
after ‘on-line’ optimization (Controller 3*). We compared these controllers on baseline
walking as well as five disturbances, described in Table 2.12.2. Each controller walked
twenty trials, each eight meters long. Each trial was given a score on the range 0-1,
where 0 = robot fell down, 0.3-0.6 = robot had trouble walking, and 0.8-1.0 = robot
walked well. The left chart ‘mean score’ shows the average across this subjective score
for all twenty trials, while the right chart ‘fall count’ gives the objective number of trials
during which the robot fell down (out of the total of twenty trials).

2.12.3 Gait Asymmetry

In all our new controllers for the robot, we have observed an asymmetry in the gait: the

outer feet swing through the step faster, causing a larger step. The asymmetry varies in

magnitude between different controllers, but seems to always be present. We have done

many small experiments on the robot to isolate the source of the asymmetry. We have

found many small effects, but no primary cause. The key idea behind testing is this: we

have found the primary cause if we can reliably reproduce the opposite gait asymmetry.

We have failed to do this. Below is a list of the basic experiments that we’ve done, and

their results.

• Controller bugs. We had two people read through the code for any obvious

bugs, such as asymmetric controller gains, set-points, or transitions. After that,
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we tested each component of the controller in isolation, logging data and look-

ing for asymmetries. We found that all components behaved as expected under

controlled conditions.

• State estimation and sensor error. We looked for bias terms in the state estima-

tor, with a particular focus on the absolute orientation of the robot, which uses the

IMU. We tested and re-calibrated the IMU. No effect.

• Mechanical asymmetry. The physical robot is asymmetric (most notably, heavier

outside pair of legs). This certainly causes some degree of asymmetry in gait since

the controller treats both pairs of legs exactly the same. We did a series of dynamic

leg and ankle trajectory tracking tests. The differences between the tracking errors

for inner and outer legs were on the order of sensor error - not the primary cause

of the problem.

• Foot variance. The rubber ‘shoes’ on the robot’s feet are all slightly different.

We experimented with changing the orientation constants to compensate for dif-

ferences. This caused substantial changes to the gait, but not in a way that directly

removed the asymmetry.

• Foot push-off differences. The transmission is different between the inner and

outer legs. In particular, the compliance and damping are not quite identical. To

test whether this could be a factor, we introduced an asymmetry in the ankle joints

during push-off by adding a larger feed-forward term to one or the other pair of

ankle joints. Again, we could change the gait, but not in a way that canceled out

or inverted the asymmetry.

• Asymmetry in the controller + model system. We were able to replicate some

of the asymmetry in simulation. For some control parameters (not necessarily the

same as those on the robot), we found that the perfectly symmetric controller and

model stabilized to a period-two gait in simulation.
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• Possible period-two gait. We attempted to apply external torques to the real

robot while walking to force it into the opposite period-two gait (inner legs swing

too fast). We had no success – the robot always settled back into the original

asymmetric gait.

We conclude there are probably many factors that combine to produce the gait asymme-

try on Ranger. Our controller may have a stable period-two gait, but this cannot explain

why the outer legs are always faster. It should be possible to induce the complementary

period-two gait. It is possible that some small effects of the hardware asymmetry com-

bine with the stable period-two gait of the controller to produce the observed behavior.

A final possibility is that there could be an error in the control code which somehow got

duplicated in both simulator and hardware.

2.13 Discussion

While working to automatically design a controller for Ranger, we gained many insights

about the process of making a robot walk. We think these “morals” are our most im-

portant contribution since many of them extend beyond the specific robot we use. In

the following sections, we’ll discuss our process, the stumbling blocks, and some of our

tricks for getting around them.

2.13.1 Big Picture Concepts

Although we present a method here for ‘automatic controller design’ there are still a

large number of steps that are chosen manually, through human intuition and experi-

mentation. For now, there is a fundamental reason for this: there is no (practical) way
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to represent a general control architecture. Thus, the designers of any control system

make choices about the architecture to reduce the scale of the problem. For many prob-

lems, this choice of controller is simply a linear gain matrix, as seen in all basic and

intermediate control theory courses.

Simple linear controllers do not work for stabilizing walking robots, so robot de-

signers have come up with a variety of control approaches (see Section §2.3. In each

case, these controllers reduce the control problem to a manageable size by creating a

specific controller architecture. In this paper, we constructed a specialized controller

architecture, the parameters of which we found by optimization.

Although this paper is largely focused on the computer optimization aspect of this

work, the truly difficult part is designing what comes before the computer optimization:

modeling the robot, understanding where that model fails, choosing a ‘good’ control

architecture, and selecting a reasonable choice of objective function. The state of the art

seems to be humans spending long hours either: hand-tuning a controller, or refining an

automatic process to do it for them. Both are highly iterative. In this section we seek to

explore these ‘meta’ optimization problems, and show how they relate to robot control.

2.13.2 Thoughts on Modeling and Simulation

Simulation is an important tool for designing controllers for walking robots. In particu-

lar, it allows the control designer to understand how a controller might behave on the real

robot, without needing to perform a real-world experiment. In this paper, we use sim-

ulation to compute a reasonable set of controller parameters, which can be transferred

directly to the physical robot to produce a walking gait.
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It is simple to make an arbitrary simulator, but quite difficult to make a simulator

that is an accurate representation of real robot. There are many reasons for this, some

of which are discussed here. Let’s start by making a distinction between a model and

a simulation. A model is a idealized mathematical description of the robot, while a

simulation uses numerical techniques to predict the motion of that model. Thus we

arrive at our first source of error: the numerical methods used to simulate some model,

some of which are more or less accurate than others.

Given modern computers, it is generally easy to make a simulation that is sufficiently

accurate at predicting the behavior of a model. In the case of most simulations, the

bigger problem is arriving at a good model. The discrepancies between the real robot

and a simulation (of a model) of the robot are typically caused by one of the following

‘unknowns’:

• Stochastic Unknowns are things like sensor noise and other small random pertur-

bations, which are well-characterized in a probabilistic sense.

• Known Unknowns are features of the robot that the designers intentionally leave

out of the model to keep the simulation manageable. A common example is that

the links in robots are not actually rigid-bodies, but are modeled as such.

• Unknown Unknowns are features of the robot that the designer is unaware of, but

that have a significant effect on the behavior.

Each of these unknowns must be addressed by the robot designer. Stochastic Un-

knowns are difficult to deal with in optimization, because it is expensive to compute

enough Monte-Carlo simulations to get an accurate representation of the noise mode.

One solution to stochastic unknowns is to have a good estimator running on the robot,

which minimizes the effect of sensor noise and other small perturbations.
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The general strategy for dealing with Known Unknowns is to identify which features

have an effect, and design some simple way of representing that effect in the simulation.

For example, Ranger has a complicated transmission that connects the ankle motors to

the ankle joints. The transmission generally behaves like a rigid link, but under im-

pulsive loading conditions it has non-zero compliance and damping that are difficult to

model and simulate. The solution here was to modify the controller to prevent it from

sending impulsive loading requests to the motors.

The best way to deal with Unknown Unknowns is to identify them using careful

experiments, and then they become known unknowns, as was the case in Ranger’s ankle

joint transmission.

A good controller should be able to deal with all three types of unknowns automat-

ically. Our general method was to construct a representative set of disturbances that

captures the nature of the known and stochastic unknowns, and hope that it is reason-

able at representing the unknown unknowns. For controller design on Ranger, we used

walking on sloped ground and various pushes as our representative set of disturbances.

2.13.3 Thoughts on Controller Design

Since optimization on a simulator is much faster and much less damaging to the robot,

we want to maximize the portion of the controller design which takes place on the simu-

lator. In the limit, if we had a perfect simulator, we wouldn’t need to do any refinement

on the physical robot. No simulator is perfect, particularly for robots that are dynamic

and involve intermittent contact. One candidate solution is to start with the best simu-

lator, and then design a controller. Whenever we notice a feature that does not match

reality, we update the simulation. For example, if the optimization finds a walking gait
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that uses the wrong part of the foot, we add a check to say that the robot ‘falls’ (fails to

complete the step) if the foot does not contact the ground on the sole.

Similarly, it is very important to understand the robot’s failure modes. If all the fail-

ure modes are not captured by the simulator, then a controller designed on this simulator

will probably not be robust against these sorts of failures. Some of the more common

failures we observed on Ranger:

1. The robot doesn’t have enough energy at mid-stance and falls backwards.

2. The robot scuffs its feet and takes quick shuffling steps until it falls.

3. The robot’s feet hit an uneven surface exciting a twisting motion about the vertical

axis until

Failures 1) and 2) are mostly captured by the simulator. Failure 3) is completely not

modeled. The twisting happens when a pair of feet hit at different times (e.g. due to an

uneven surface). Ranger’s legs begin to flex, and the whole robot acts like a torsional

spring. Our simulator is in 2D and treats all links as rigid bodies. Thus, our simulator

cannot predict this failure.

Given free reign, our optimization will choose giant push-off parameters and step

lengths. In 2D, this makes sense: the robot will be most robust if we put a lot of energy

into the beginning of the step and dissipate it in the heel-strike collision at the end.

We observe, however, that large push-off and collisions cause the twisting instability.

Since this is a completely un-modeled effect, we choose to artificially limit push-off to

compensate for dynamics our simulator does not understand.
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2.13.4 Thoughts on controller architecture

Ideally, we would like an optimal control policy, a mapping of every state to an ideal

action. This policy is infinite-dimensional and too computationally difficult to find. In-

stead, we assume a specific control architecture and optimize over a small set of param-

eters. This process is much like fitting a function to some arbitrary curve. A linear curve

fit would be simple, but likely have large errors, while a high-order polynomial might be

more accurate but difficult to compute. The only difference here is that we are not fitting

some known curve, but instead trying to optimize the coefficients of the fitting curve to

achieve some behavior in the controller. The quality of our controller is restricted by

our choice of fitting function and the coefficients. This is where human intuition comes

in, we select a (hopefully) good control architecture so that the optimization can select

the best set of parameters for that function.

A weakness of our control design process is that is still relies on human intuition

to select the control architecture, which can be limiting. For example, Figure 2.15,

shows that Controller 2 is significantly more robust than the ICRA controller. They key

difference between these controllers were two small changes in the control architecture.

In both cases, optimization was used to compute the best choice of control parameters

(≈ 15 numbers), but not the sequencing of events (e.g. push-off, glide, etc.), transition

triggers, structure of the low-level controllers, and numerous other details.

We arrived at final control architecture through human intuition and trial and error.

In the process, we had many intermediate architectures: some couldn’t walk (no con-

trol parameters could stabilize it), some limped along (had a pathological behavior not

affected by the control parameters), and others were very sensitive to parameters (good

walking, but very difficult to find the combination of control parameters that worked).

In our final control architecture, we found that the robot could walk with a wide range
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of control parameters. Also, by changing these parameters, we could change the way

the robot walked (speed, cadence, foot impacts, etc.). These two characteristics seemed

to indicate that we had arrived at a good architecture. Still, we do not think our con-

trol architecture can represent the best walking Ranger is capable of. In future work on

Ranger, we think that iterating on the control architecture would have a much greater

impact on robustness than improving our optimization process.

2.13.5 Thoughts on Off-line Optimization

When designing controllers using off-line optimization of a simulation, there are two

places where the ‘reality gap’ becomes a problem. The first is that a human designer

must create an precise objective function that describes some vague notion that they

might have about what “good walking” means. The second source of problems is that

the simulated model of the robot does not behave exactly like the real robot. A general

feature of optimization is that it tends to exploit these gaps between the simulated world

and the real world.

The rough solution that we have to this problem is a human-in-the-loop iteration

between the optimization, testing in simulation, and testing in reality. The basic idea is

that we run an optimization and then test the resulting controller in simulation. If we

see some ridiculous behavior (like the robot going up-hill hopping on one foot) than

we modify our problem statement (apply appropriate joint torque limits) to correct the

behavior. Once the result looks good in simulation, we move it to the real robot and then

see how it looks. If we identify problems, then we look at how we can change the model

or objective function to be more realistic.

One example of this iterative process was an early objective function that only tested
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disturbances from steady-state walking. The resulting controller performed well in sim-

ulation, but immediately fell down on the real robot. We realized that the optimization

had only learned about steady-state walking, and he no ability to cope with disturbances

at the onset of walking. We fixed this by making all trials start walking from the static

launch configuration.

Another example was a controller that performed well in simulation but would al-

ways stumble and fall on the real robot. It turned out that the ground contact model in the

simulator was too perfect, and the robot learned that it was ok to skim its foot just over

the ground while walking. We fixed this by adding simulations over non-flat ground,

in this case up-hill and down-hill slopes. This immediately ruled out foot-skimming

behavior and the controllers transfered more reliably to the real robot.

The resulting controller is really a collaboration between human intuition and opti-

mization. Rather than direct hand-tuning, we rely on experimental iteration to arrive at

an objective function and model that is the best match for our robot and our goals. The

resulting controller designed by this optimization is able to be transferred directly to the

robot, and the robot walks.

2.13.6 Thoughts on on-line optimization

The on-line optimization was intended to make small improvements to the controller

from the off-line optimization, rather than find a new solution entirely. As such, we

selected optimization parameters for the Particle Swarm Optimization (PSO) so that it

behaved more like a hill-climbing algorithm rather than a global-search algorithm. The

general idea here was that the simulation should be a fairly accurate representation of

the real robot, so the on-line optimization should just be compensating for relatively

73



small modeling errors. In all cases, the optimization found controllers better than the

starting controller, although the improvements were not drastic.

One interesting challenge in the on-line optimization was finding a suitable number

of steps in each trial. Ultimately the on-line optimization is limited by time, so more

steps in each trial resulted in a few number of generations. On the other hand, if there

were too few steps in the trial, then small noise terms in the objective function became

dominant.

The noise in the objective function can be particularly problematic if it causes a con-

troller to get an artificially good score, since PSO works by drawing particles towards

the best-ever controllers. This happened in on-line optimization one, which had an out-

lier near the start which drew the optimization towards a controller that was actually not

good, but had been scored well due to noise. Overall, the optimization still improved,

likely because it was being pulled towards other best points besides just that one out-

lier. Also, the control architecture itself was less-stable so there was more room for

improvement (steeper gradients).

In on-line optimization two, we increased the number of steps per trial, and did each

trial twice. This time, we did not observe outliers. However, we did not make it through

nearly as many generations and convergence was poor. By comparing the objective

functions of repeated trials, we observed that the noise in the objective function was

roughly an order of magnitude smaller than the values themselves.

In on-line optimization three, we kept the increased steps per trial but stopped doing

each trial twice, and we didn’t seem to have substantial outlier issues.

In general, with on-line optimization, objective function evaluations are very costly

(time and robot wear). On the other hand, real-world factors make objective function
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noise large, incentivizing doing long trials. It took us three trials to find an effective

balance. In retrospect, we could (and should) have experimented with trial length be-

fore running running the full optimization, to find the minimum trial length which was

acceptably repeatable.

Our cost function was perhaps too simplistic: the mean-squared error of step speed

from a target value. For example, during many of the walking trials we saw controllers

that looked to be excellent, nice smooth walking, with no sign of falling down. In

post-processing we discovered that these controllers were not scored as highly as some

more impulsive controllers, which did not walk as well in a qualitative sense: they were

more impulsive, and looked less reliable. This indicates that our mathematical objective

function was not a perfect match for the objective function that we had in our heads.

The best explanation was that the “smooth” walking controllers had an asymmetric gait

(fast step, slow step, fast step,...) , which was overly-penalized by the objective function,

while the more highly-scored impulsive controllers had better speed regulation, but were

less reliable on repeated trials.

2.14 Future Work

In this paper, we detail our controller design process for Ranger, using automatic meth-

ods (optimization) where possible. We can take control parameters directly from off-line

optimization and make the robot walk and we can do an on-line optimization to improve

these parameters a little bit. Below, we outline some of the future improvements we

would like to make to the control architecture and both the on-line and off-line opti-

mizations.

Control architecture:
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• The current control architecture uses a single (global) finite state machine, which

synchronizes the motions of the swing ankle, stance ankle, and hip joints. It

seems that a architecture with concurrent finite state machines, like that used in

the Marathon Controller [9], would allow for more graceful heel-strike collisions.

• The balance controller only updates the trajectories of the robot once per step. In

the future we would like to make these updates continuous, allowing the robot to

more quickly react to external disturbances such as a sudden push.

• The look-up table for the balance controller only uses a single input: the mid-

stance speed of the robot. Ideally, the controller would use at least the state of the

stance and swing legs, rather than this simple one-dimensional projection.

Off-line optimization:

• Ranger was initially built to be a low-energy walker. In this paper we focus on

walking robustness. We could likely make energy part of the cost function without

sacrificing too much in the way of robustness.

• We would like to design the controller to have a wide range of target walking

speeds. We could optimize for several different speeds using our current methods

and interpolate parameters to achieve intermediate target speeds.

• Human intuition (e.g. “that robot looks like it’s going to fall down”) is still a huge

part of the optimization design process. We could embrace this and have human

intuition automatically be a part of the process. For example, the optimization

could show us several possible local optima it is exploring and let us eliminate

ones that are problematic.

On-line optimization
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• As discussed, particle swarm optimization is sensitive to good-scoring outliers. In

the future we’d like to protect against this by doing validation trials for new best

controllers. Another possibility would be to use a different optimization method

that is not so sensitive to these kind of outliers.

• We would like to experiment with different kinds of cost functions. The simple

step-speed objective fails for our purposes when a very shaky controller happens

to walk at near the target speed. One solution is to have the user input a subjective

rating after each trial. Another possibility would be to use acceleration data and

try to minimize twisting and large banging/ringing in the system.

• Many features of ‘good walking’ are hard to measure automatically. It would be

interesting to experiment with human-in-the loop optimization, where a human

can provide some component of the score for the objective function.

2.15 Derivation of Equations of Motion

The equations of motion for each different contact configuration were derived using

the Matlab symbolic toolbox. The full simulation then combines these equations using

a contact solver. The simulator, along with derivation of the equations of motion, is

available at:

https://github.com/MatthewPeterKelly/RangerSimulation

2.15.1 Newton-Euler Equations

The dynamics equations for Ranger start with writing out the floating-base dynamics.

We model Ranger using four rigid bodies, connected by three joints, as shown in Figure

77



Ankle 
Joint

Contact
Point

Disturbance
Force

Contact
Force

Weight

Inner
Legs

Inner
Feet

Outer 
Feet

Outer 
Legs

Weight

Contact
Force

Hip Joint

Contact
Point

Ankle 
Joint

absolute
leg angles

absolute
foot angles

Figure 2.18: Free Body Diagram for Ranger The dynamics are derived using a floating
base model of Ranger. There are external forces due to gravity, the contacts with the
ground, and also a disturbance force applied at the hip.

2.18. There is a torque motor at each joint, and a known disturbance force can be

applied to the hip joint. The mass of the feet is included in the leg mass m. The legs

have a rotational inertia of IL about their center of mass, and the feet have a rotational

inertia of IF about the ankle joints. We will assume that the contact solver provides the

location of the contact point PC on each foot, in the frame of the foot.

This model has six degrees of freedom: two for the position of the hip joint PH =

x̂i + yĵ, and then one for the absolute orientation of each of the four rigid bodies: outer

leg angle θO, inner leg angle θI , outer foot angle φO, and the inner foot angle φI . We will

use the Newton–Euler equations to construct a system of six equations. The position

vectors are written using P and all point from the origin to the points shown in Figure

2.18. The velocity and acceleration of these points, in the inertial frame, are written Ṗ

and P̈ respectively.

First, we will compute the linear momentum balance for the entire system. This will
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give us two equations, obtained by dotting the result with the î and ĵ unit vectors.

FG + FG + FD + FC,O + FC,I = mP̈G,O + mP̈G,I (2.9)

Next, we use angular momentum balance of the outer leg and foot about the hip joint,

where uH is the hip motor torque acting on the inner legs. The final scalar equation is

obtained by dotting the following equation with the k̂ unit vector, which we will do for

all following equations as well.

(
PG,O − PH

)
× FG +

(
PC,O − PH

)
× FC,O +

(
− uHk̂

)
=

(
PG,O − PH

)
×

(
mP̈G,O

)
+

(
ILθ̈Ok̂

)
+

(
IFφ̈Ok̂

) (2.10)

Then angular momentum balance for the outer foot about the outer ankle joint, where

uO is the torque acting on the leg from the outer foot.

(
PC,O − PA,O

)
× FC,O +

(
− uOk̂

)
=

(
IFφ̈Ok̂

)
(2.11)

Next, we use angular momentum balance of the inner leg and foot about the hip joint.

(
PG,I − PH

)
× FG +

(
PC,I − PH

)
× FC,I +

(
uHk̂

)
=

(
PG,I − PH

)
×

(
mP̈G,I

)
+

(
ILθ̈Ik̂

)
+

(
IFφ̈Ik̂

) (2.12)

Then angular momentum balance for the inner foot about the inner ankle joint, where uI

is the torque acting on the leg from the inner foot.

(
PC,I − PA,I

)
× FC,I +

(
− uIk̂

)
=

(
IFφ̈Ik̂

)
(2.13)

Now that we have the dynamics equations for Ranger (2.9-2.13), we are almost ready

to solve them. We have six equations for six accelerations (ẍ, ÿ, θ̈O, θ̈I , φ̈O, φ̈I), but still

need another four equations in order to solve for the contact forces.

The contact solver will determine which of Ranger’s feet are on the ground before

calling the dynamics function. If the outer feet are on the ground, then the contact solver
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will prescribe the desired acceleration for the contact point: P̈C,O is given, which allows

the dynamics to compute the contact forces FC,O. If the outer feet are in the air, then the

contact forces are zero. The same holds true of the inner feet. If they are on the ground,

then the contact solver prescribes P̈C,I , making it possible to solve for the contact forces

FC,I . Otherwise, the feet are in the air and the contact forces are zero.

2.16 Simulation

This simulator for Ranger is a time-stepping simulation. This means that the simulation

works by marching forward using small constant-size time steps. On each time step, a

contact solver runs to determine what constraints need to be applied to satisfy the hybrid

dynamics of the system. Then a constraint solves runs to compute the contact forces (or

in this case, accelerations) that are required to satisfy these constraints. Finally, the state

is propagated using the a symplectic euler step. The source code for this simulator is

available at:

https://github.com/MatthewPeterKelly/RangerSimulation

In the rest of this section, we will carefully go through a single time step in the

simulation, showing what happens in the simulator.

2.16.1 Contact Solver

We assume that there are four possible contact configurations.

• double stance: both feet are in contact with the ground

• flight: both feet are not contact with the ground
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Figure 2.19: Foot Contact Model Ranger’s foot is modeled using a six-part quintic
spline in polar coordinates about the ankle joint. The contact point on the foot is the
point that is closest to the ground, as measured by a vertical projection. This contact
point is computed using robust non-linear optimization to find θ∗.

• outer stance: only the outer feet are on the ground

• inner stance: only the inner feet are on the ground

The first step in the contact solver is to compute the point on each foot that is closest

to the ground. The feet are modeled using quintic splines, and the ground is an arbitrary

analytic function. We use a non-linear (smooth) optimization to compute the exact point

on the foot that is closest to the ground, as measured by vertical projection. This point

is then passed to the dynamics function.

We choose to use a complementarity constraint for the ground contact model: The

contact point can either be on the ground or in the air. If the contact point is in the air,

then the contact forces are zero. Otherwise, the contact forces can be non-zero, and are

computed by the dynamics function.

If the contact is active, then we assume that the foot is rolling. Let’s define x, v,

and a to be the relative position, velocity, and acceleration of the instantaneous contact

point on the foot, with respect to the instantaneous contact point on the ground. We

can choose the contact force on the foot to achieve a desired acceleration a. Ideally, we

would like x = 0 and v = 0 at the end of the time step while the contact is active.
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Let’s assume that the contact is active throughout the time step, and that we are

integrating using the symplectic Euler method. We can then look at the the relative

position and velocity as a discrete-time linear system, where h is the time step.

vk+1 = vk + hak

xk+1 = xk + hvk+1 = xk + hvk + h2ak

We cannot drive both x → 0 and v → 0 in a single time step (this follows from

basic linear system theory). Instead, we will choose a linear control law to compute

a such that the both the position and velocity error asymptotically approach zero. This

control law has two parameters: ωn and ξ, which control the characteristic frequency and

damping ratio of the resulting behavior, respectively. We’ve found that ωn = 0.6/(2h)

and ξ = 2.0 work well for this simulation.

ak = −ω2
nxk − 2ωnξvk (2.14)

This contact solver is a bit different from those used in commercial simulators, such

as Box2d [13] or Bullet[17]. Those simulators require that the collision shapes be com-

posed of primitives (circles and polygons), where as our collision shapes are analytic

functions. Analytic collision shapes allow for a better approximation of smooth rolling

contact in our simulator, at substantial computational cost. One thing to note is that

our simulator requires that the collision shapes are locally convex: in other words, there

must be precisely one point where the foot and the ground can meet at any instant.

2.16.2 Constraint Solver

At this point in the process we know the contact point on each foot, which may or may

not be in contact with the ground. We also have a way to compute a desired acceleration
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for that point, should the foot be in contact. Now we just need to find out which feet are

actually in contact. We start by assuming that the contact configuration at the start of

the step is correct. If we determine that it is not valid, then we try a new contact mode.

Typically this process is done using a linear complementarity solver, but here a simple

guess and check is fine, since there are only four options and we have a good initial

guess.

How do we check if the constraint is correct? If the contact is active, then we pass

the desired acceleration of the contact point (2.14) to the dynamics engine, which in

turns computes the next state, and the contact forces that were required to achieve the

desired acceleration of the contact point. Suppose that n̂ is the normal vector for the

ground at the contact point, and f is the contact force vector. Then the contact is valid

if n̂ · f > 0. If the contact is inactive, then we simple require that the contact point at

the end of the time step must not be in penetration with the ground.

Thus far, we actually have an incomplete set of contact modes. It turns out that there

are rare situations when our “no-slip” rolling assumption has no physical solution [73].

In these special cases you can have no-slip or positive contact forces, but not both. Here

we choose to allow negative contact forces, rather than sliding. In practice this situation

rarely (never) comes up, but the computer will throw a warning if it does occur.
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CHAPTER 3

OFF-LINE CONTROLLER DESIGN FOR RELIABLE WALKING OF

RANGER

Published in the proceedings of the 2016 International Conference on Robotics and

Automation [57].

Author List: Matthew Kelly, Matthew Sheen, Andy Ruina.

3.1 ABSTRACT

We present a method for designing a walking controller for the walking robot Cornell

Ranger. Our goal is a controller that can be designed using model-based optimization,

and then transferred directly to the robot without the need for after-the-fact hand-tuning.

The structure of the controller is hierarchical, with a high-level balance controller that

plans step-to-step motions, and a lower-level joint controller that coordinates the in-

dividual joint motors to achieve the desired limb motions. The balance controller is

designed through optimization, with the explicit goals of a) achieving a desired walking

speed while b) minimizing energy use and c) avoiding falls due to disturbances. We

demonstrate this walking controller on the Cornell Ranger, and find that the resulting

gait is comparable to that of a previous (hand-tuned) controller, with regard to energy

use, speed regulation, and fall prevention.
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3.2 INTRODUCTION

Here we present a new control architecture for the Cornell Ranger, a bipedal walking

robot shown in Figure 3.1. While previous controllers for this robot required extensive

hand tuning, the controller presented here is designed using off-line optimization and is

meant to transfer directly to the robot without modification.

To advance the science of robot control, we desire algorithms that do not have hand-

tuning on the robot as a key final step. Queries of robot builders reveal that such hand

tuning of hardware is all too common. To avoid controller tuning on mechanical hard-

ware, we turn to off-line model-based optimization for controller design. This process

requires an accurate simulation for the robot, as well as a mechanism for making the

controller robust to simulation and modeling errors.

Walking is complicated, so the controllers for most walking robots rely on hierar-

chical control architectures [125, 79, 26, 90, 60, 121, 117, 9, 49, 62]. These simplify

the design process in part by reducing the number of free parameters that describe the

controller. The control architecture here incorporates some ideas from the previous con-

troller for the Cornell Ranger [9], SimBiCon [125], and hybrid zero dynamics[121].

The high-level gait control is based on a finite state machine which regulates speed and

maintains balance, while the lower-level joint control is simply a proportional-derivative

tracking controller on each joint.

It is impractical to automatically design every feature for a walking controller —

the state and control space is simply too large for modern techniques to compute a

true optimal policy with useful resolution. Instead, we break down the problem. The

control architecture is manually designed based on our own experience and discussions

with experts, as well as the literature. The gains in the low-level joint controllers are
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Figure 3.1: Cornell Ranger walking robot: A photo and a diagram of Cornell Ranger,
our experimental test platform for the controller.

experimentally determined, using standard methods [80]. That leaves the parameters of

the balance controller, 15 numbers in our implementation, to be automatically selected

using optimization.

3.3 CORNELL RANGER

Our test robot is the Cornell Ranger, which is described in detail in [9, 10]. Here we

will present only a short overview.

Ranger, shown in Figure 3.1, is at the bottom of the bipedal robot food chain. It was

designed only for low-energy walking over flat terrain. It has four legs that are arranged

into an inner and outer pair. This arrangement means that the walking control only needs

to stabilize front-to-back motions: lateral motions are passively stabilized. The robot is

under-actuated by one degree of freedom: there is no motor that can directly control the

angle of the stance leg.
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3.3.1 Hardware

Although simulation is useful for controller design and basic testing, the only way to

know if a controller really works is to test it on a real robot. For this purpose we use the

Cornell Ranger [9, 10].

Ranger lacks of knees, which forces all changes in effective leg length to come from

rotations of the feet. The feet on Ranger are curved with small radius, which means that

Ranger cannot statically balance with its feet together. Additionally, the circular curve

of ranger’s feet is truncated close to the heel. This truncated shape allows for the feet to

rapidly clear the ground at the start of swing, but also further limits the effective control

authority of the ankle motors.

Ranger was designed for energy effectiveness, which we measure using the total

cost of transport (CoT). As described in [112] and [113], CoT is the ratio of total energy

consumed to the weight multiplied by distance traveled. The total energy is measured at

the batteries, and thus includes the power consumption by the motors, sensors, on-board

computers, and communication. The best experimental controller on Ranger had a CoT

of 0.19, but Ranger’s (more reliable) marathon controller [9] had a CoT of 0.28.

Ranger has a variety of sensors. Foot sensors measure the force between the heel of

the foot and the ankle joint, which we then threshold to determine if a foot is in contact

with the ground or not. Each joint has absolute angle encoders for both the motor and

the end-effector. Finally, there is an IMU (gyro and accelerometers) located on the outer

legs that we use for estimating the absolute orientation and angular rate of the outer legs.
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3.3.2 Model

Our model for the Cornell Ranger is largely based on our previous work [11, 9, 10]. We

assume that the robot is a planar biped, with four rigid bodies (outer legs, inner legs,

outer feet, inner feet) which are connected by three motors (outer ankles, hip, and inner

ankles). We also use a full bench-tested electro-mechanical model of the motors and

gear boxes.

There are two notable differences between the model used here and our previous

model of Ranger. The first is that here we simplify by assuming that the drive cables

connecting the ankle motors to the feet are rigid, where as the previous work [9] treated

them as stiff springs. This was done in part because the time-stepping simulation had

did not perform well using the stiff spring cable model. Second, we model the shape of

the foot as a quintic spline (periodic, with 6 segments), rather than as a complete circle,

as illustrated in Figure 3.2. This allows use to simulate interactions between the heel

and the ground.

3.3.3 Simulation

The previous simulator for Ranger [9] was designed to study open-loop trajectories with

a prescribed sequence of contact configurations. For the research presented in this paper,

we need to study the close-loop behavior of the robot for a variety of controllers, some

of which will cause the robot to stumble and fall down — a behavior that was not able

to be simulated by previous simulations,.

To capture more complex contact sequences, we developed a “time-stepping” simu-

lator for Ranger, which runs a contact-solver on each time-step. This simulation allows
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us to model the robot walking over any ground profile, using accurate collision shapes

for the robot’s feet. The simulation is implemented in Matlab, and then compiled to

MEX for speed.

3.3.4 Control Considerations

While walking, the motors of the robot must add energy to the system to compensate for

frictional and collisional losses. Due to the small curved feet, Ranger cannot inject much

energy by ankle torques through the step, except by push-off with the back foot at the

end of each step. This extension is small (a few centimeters), but enough to propel the

robot forward and to adjust walking speed. To get the maximum effect of this push-off it

must be timed carefully to occur just before the collision on the front foot [63, 105, 47].

Ranger does not have knees, and thus as soon as the push-off is complete, the foot

needs to rotate up and out of the way so that it doesn’t scuff as the swing leg moves

forward. Then the foot needs to rotate back down just before heel-strike. Too early and

the foot scuffs; too late and the foot strikes down on the back of the heel, which causes

a trip, with the foot rotating back up. In each of these cases, the robot falls. See Figure

3.2 for details regarding foot orientation for push-off and foot-flip.

3.4 CONTROLLER ARCHITECTURE DETAILS

The control architecture here is divided into four levels, arranged highest-to-lowest:

• The Balance Controller runs once per step, at mid-stance, setting the five param-

eters that describe the gait controller, to achieve balance.
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Flip-Up Flip-Down / Stance Push-Off

Virtual
Center

Figure 3.2: Ranger Foot Diagram: Ranger’s feet are small, and their soles are sections
of circular arcs. Here we show the three target configurations used by the controller.
Flip-up is used for the swing foot, allowing the foot to clear the ground, since the robot
has no knees. The flip-down/stance configuration is used by the stance foot for most of
the step, providing a steady base for the robot. The final configuration, push-off is used
to rapidly extend the foot, propelling the robot forward for the next step.

• The Gait Controller is a finite-state machine, shown in Figure 3.3, which sets the

target angles and rates for the joint controllers.

• The Joint Controllers are proportional-derivative controllers which compute the

command torque for each joint.

• The Motor Controllers are proportional-integral controllers which compute a low-

level PWM commands to achieve a commanded torque in each joint.

We assume that both the robot and controller are left-right symmetric. We will de-

scribe the controller for the case when the outer feet are on the ground. At the conclusion

of the step, the whole controller is mirrored, with the inner legs becoming the new stance

legs.

3.4.1 Motor Control

The motor controllers are at the bottom level of the controller. They run a simple

proportional-integral control loop at 2 kHz on each of the three joint motors (outer an-
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kle, inner ankle, and hip), tracking a desired joint torque. These motor controllers are

coded at a low-level in the robot, and we did not change these.

3.4.2 Joint Control

While the robot is walking, the joint controllers (outer ankle, inner ankle, and hip) are

continuously running simple proportional-derivative controllers at 500 Hz. Each con-

troller computes a command torque u, which is sent to corresponding motor controller.

The reference angle q∗, rate q̇∗, and torque u∗ are all sent from the gait controller. The

measured joint angle and rate are given by q and q̇.

u = u∗ + KP
(
q∗ − q

)
+ KD

(
q̇∗ − q̇

)
(3.1)

3.4.3 Gait Control

The gait controller coordinates the motion of the three joints on the robot, sending ref-

erence commands to the joint controllers at 500 Hz. There are two parts to the gait

controller. The first is a finite-state-machine (FSM), which is shown in Figure 3.3. Dur-

ing a single walking step, this FSM can be in either the glide mode, or the push mode.

In glide mode, the robot is smoothly moving forward, with the gait controller pulling

the swing leg through the step. In push mode, the robot extends the rear foot, propelling

the robot forward, while simultaneously rotating the swing foot down in preparation for

heel-strike.

Glide Mode: The reference commands sent to the swing foot joint controller are

simple: the angle is constant, selected such that the foot will not scuff the ground, and

the rate and torque references are zero.The reference angle and rate for the stance foot
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Hip:  
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    function of stance leg angle

Stance Foot:
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Swing Foot:
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Hip:  
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Swing Foot:
  • flip-down for heel-strike
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Figure 3.3: Gait Controller: A finite-state-machine that sets the targets for the joint
controllers. It has two states: Glide (or swing) and Push (or step-to-step transition).
There are a total of {5} parameters, which are set once per step by the balance controller.
At each heel-strike transition, the old swing leg becomes new stance leg, and vice versa.

are selected to keep the absolute orientation of the foot constant, while the robot rotates

over it. The hip joint in glide is more complicated: the joint angle and rate are set

based on a linear function of the stance leg angle, and the reference torque is computed

to compensate for the torques on the joint due to gravity and the hip spring (which

connects the two legs). This phase-based tracking is inspired by [121].

Push Mode: Both ankle joints are set to maintain a constant absolute orientation of

the foot, with the stance foot pushing-off the ground and the swing foot flipping-down

for heel-strike, as shown in Figure 3.2. During push, the hip joint holds a constant angle,

with the help of feed-forward torque compensation.
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Transitions: There are two state transitions in the finite-state-machine. The tran-

sition into glide mode is triggered when the contact sensors on the swing foot detect

heel-strike. The transition into push mode is triggered as the stance leg passes a critical

absolute angle.

Parameters: The gait controller has five free parameters that are set by the balance

controller. These parameters are illustrated in Figure 3.3 and are: 1,2) constant and

linear coefficient for the hip joint reference trajectory in glide mode; 3) constant hip

angle reference during push mode; 4) critical angle of the stance leg for transition from

glide mode to push mode; and 5) absolute angle reference for the stance foot during

push mode.

3.4.4 Balance Control

The top-level of the control architecture is the balance control, which runs once per step

at mid-stance. It changes the five parameters of the gait controller to regulate balance

and walking speed. For example, if the robot is walking too slowly, it will increase the

reference angle for the push off, adding more energy to the system.

There is a single input the the balance controller: the robot’s speed at mid-stance.

Thus, the balance controller is simply a function that maps the mid-stance speed of

the robot at mid-stance to the set of five parameters that are passed to the gait controller.

Here, we implement this function using a look-up table, storing the five parameter values

for zero speed, the target speed, and the maximum expected speed. For intermediate

speeds we use linear interpolation.

The look-up table for the balance controller has a total of 15 entries (5 parameters
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at each of 3 speeds), which we compute using off-line optimization, using methods

discussed in §3.5.

3.5 CONTROLLER DESIGN

We claim that the controller is designed “using optimization”, but we also acknowledge

that there are many decisions that are made by humans as well.

We designed the architecture for the walking controller (§3.4) through insight and

intuition, which we acquired through experiments, discussions at technical conferences,

and the literature [9, 125, 121].

There are several constant parameters in the controller, which are also manually set.

These include the orientation of the stance foot during glide mode (selected such that

the ankle joint lies directly below the virtual center of the foot), and the relative angle of

the ankle joint required during flip up (selected to be close to the joint limit).

The joint controllers (§3.4.2) in the ankles and hip all have proportional and deriva-

tive gains, which are selected by simple experiments on the hardware. These experi-

ments are easily repeatable by any controls engineer using standard methods [80].

The final set of parameters (§3.4.3, §3.4.4), are selected entirely by computer opti-

mization (§3.5.1, §3.5.2). These parameters are copied directly from the output of the

optimization to the robot. There is no final hand-tuning step.

94



Launch 
Configuration

Immediately
before heel-strike
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forward

Stance
leg is
vertical

Figure 3.4: Ranger Configurations The launch configuration (left) shows the static
configuration that we use to start Ranger walking, both in simulation and in reality. The
middle configuration shows the robot immediately before heel-strike. The final configu-
ration (left) is mid-stance, with the supporting leg vertical. This is the configuration that
triggers an update from the balance controller.

3.5.1 Objective Function for Optimization

The balance controller (§3.4.4) is parameterized by 15 numbers, the 3 × 5 look-up ta-

ble entries. These are computed by off-line optimization. The objective function in

this optimization is chosen to reject disturbances, while minimizing speed and cost of

transport.

The objective function evaluates a candidate controller by running several simula-

tions. Each of these simulations starts from the same launch configuration, shown in

Figure 3.4, and then the robot walks over several different ground profiles. The first

ground profile is flat and level ground. The remaining ground profiles serve as dis-

turbance tests and are either constant slopes (uphill or downhill) or rolling hills (sine

curves).

A candidate controller receives a reward for each successful step that it takes, where

the reward is related to both the speed and energy used to complete the step. The reward

is maximized by a controller that walks at the desired speed using little energy. Each

trial (ground profile) has a fixed number of steps. If the robot falls during a trial, then it
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receives a reward of zero for that and all future steps in the trial.

The optimization then finds the controller that maximizes the sum of rewards over

all trials. The structure of the objective function is such that fall avoidance is more

important than speed regulation or energy effectiveness.

3.5.2 Optimization Method

Here we used a Covariance Matrix Adaptation Evolutionary Strategy (CMAES) [44, 45]

to optimize the balance controller, because it deals well with our non-smooth objective

function. We initialize the algorithm by first estimating bounds on the parameters. For

example, the push-off target angle must be within the actuator limits, and the hip trajec-

tory coefficients should be roughly consistent with bipedal walking (the swing leg must

travel from back to front, etc.).

3.6 RESULTS

3.6.1 Off-line Controller Design (Optimization)

We implemented the entire design process for the balance controller in Matlab, with

most of the simulation code being compiled to MEX for faster run-time. The code takes

about 10 minutes to compute the optimal control parameters running on a laptop (Intel

Quad-Core i7 CPU Q720, 1.60 GHz), where each walking step of the robot takes about

0.034 seconds to compute, for a total of about 18,000 steps per optimization.

Here we designed a controller to achieve a single walking speed, although we could
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repeat the process to compute walking gaits for a whole set of target speeds.

3.6.2 Walking: Simulation vs. Experiment

Our controller design process relies on accurate simulation of the robot; in this section

we compare experimental data collected during walking to what we expected based on

the simulation.

We collected data on the robot over two trials. In each case the robot walked about

80 meters over a stone-tiled floor. The surface of each tile was flat, but there was a

change in height of roughly 2 millimeters between the edge of any two tiles. Over a

large scale there is no measurable slope to the floor.

The model and simulation match well on power consumption: the simulation pre-

dicts 22.2 Watts, and the two trials used 22.1 Watts and 22.9 Watts respectively. The

simulation does not do as good of a job at predicting speed, with the simulation walking

at 0.66 meters per second, and real robot walking at about 0.58 meters per second. This

difference in speed makes the cost of transport a bit higher on the real robot: 0.49 instead

of 0.42 in simulation. These results are summarized in Table 3.1.

We also compared the angles of the robot’s legs and feet, as functions of time, to

those predicted by the simulation. We selected six consecutive walking steps at random,

Table 3.1: Comparison of simulation and experimental data.
Simulation Trial 1 Trial 2

Duration 119 s 162 s 159 s
Distance 79 m 91 m 91 m
Average Power 22.2 W 22.1 W 22.9 W
Total CoT 0.42 0.48 0.49
Average Speed 0.66 m/s 0.57 m/s 0.58 m/s
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Figure 3.5: Walking: Simulation vs. Experiment Six steps of periodic walking. The
dashed lines show the simulation and the solid lines show experimental data. All an-
gles are absolute, and measured from vertical. Most angles match well, but there is a
noticeable difference between simulation and experiment during push-off.

during steady state walking, for both the simulation and the experimental data. We found

that the leg angles are a close match throughout the gait. The ankle angles are close for

much of the step, but there are significant deviations during push-off, as shown in Figure

3.5.

3.6.3 Robustness Experiments

We evaluated the robustness of the “new” controller by comparing its performance to

the previous “old” controller, which was used for Ranger’s marathon walk in 2011 [9].

Each controller was first evaluated walking without disturbances to establish a base-line.

Then we subjected the robot to disturbances and measured each controller’s ability to
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regulate walking speed and prevent falls. The disturbances are illustrated in Figure 3.6,

and the results are given in Figure 3.7.

Baseline: We established a baseline performance for each controller by having them

walk on a flat stone-tiled floor. The only disturbances were the slight perturbations

caused by the height variations (≈ 2 mm) between stone tiles. The old controller walked

183 meters with no sign of falling, while the new controller walked 732 meters, falling

6 times.

Trial 3: Our first disturbance was walking on a more challenging floor, which had

sagged over the decades. The resulting ground profile was smooth, but with slight rolling

hills: the peaks were 4 meters apart, and the peak-to-trough height was about 2 centime-

ters. The old controller walked 429 meters, falling 3 times, while the new controller

walked 501 meters, falling 6 times.

Trial 4a: Next, we brought the robot back to the original stone-tiled floor and re-

moved the “hip spring” which connects the inner and outer legs, inducing a substantial

modeling error. Both controllers walked a distance of 183 meters. The old controller

did not fall and the new controller fell 6 times.

Trial 4b: We returned the hip spring to the robot, and then added a small mass (0.35

kg) to the outer legs. The weight was positioned 0.12 meters in front of the hip joint,

as shown in Figure 3.6.The old controller was unstable: it continually sped up until is

stumbled and fell, a total of 19 times in 183 meters. The new controller walked well

with the added weight on the front. It increased it’s speed and only fell 3 times in 183

meters.

Trial 4c: For our final disturbance, we moved the mass (0.35 kg) to the back of

the robot, still on the outer legs, as shown in Figure 3.6. In this case the old controller
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Figure 3.6: Disturbance Diagram In Trial 4a, we removed the hip spring (k = 7.6
Nm/rad), which coupled the angles of the inner and outer legs. In Trial 4b we added a
mass of 0.35 kg in front of the outer legs, in the location shown. In trial 4c, we added
the same 0.35 kg mass behind the outer legs.
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Figure 3.7: Robustness Test Each of the trials compares the old (2011 Marathon) con-
troller with the new controller presented in this paper. The baseline trial was conducted
on a flat stone-tiled floor. Trial 3 was walking on smooth ground with rolling hills: 4
meter peak to peak, 0.02 meters peak to trough. Trials 4a-4c were all conducted on
the flat stone-tiled floor to test robustness to modeling errors: missing hip spring (4a),
weights added to front (4b), and weights added to back (4c).

performed well, only falling once in 183 meters. The new controller did not fare as well,

falling 14 times in 183 meters.
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3.7 DISCUSSION

In this paper we presented a new controller for the Cornell Ranger, a bipedal walking

robot. The controller architecture is based on variety of ideas taken from previous walk-

ing controllers, including [125, 121, 9]. Although the low-level joint controllers are

all hand-tuned proportional-derivative tracking controllers, the parameters of the high

level balance controller are designed entirely using off-line optimization. In the results

section of this paper, we seek to answer two questions, detailed below.

1) How well does the simulation match experimental results? We found that the

simulation is a good match for the experimental data on power use and leg angles. The

ankle angles during push-off do not match well. This discrepancy is likely due, in part,

to our assumption that the drive cables for the ankle joint are inextensible. As a result,

the effect of push-off on the real robot is reduced, which might explain the reduced

walking speed seen in the experiments.

2) How does this new controller compare to the previous (hand-tuned) controller?

In general, the previous (hand-tuned) controller out-performs the new controller, al-

though not by a huge margin. This assessment is based on the fact that it does a better

job of regulating speed in the presence of disturbances, and has a lower fall rate in all

but one trial.

Summary: We were able to design a controller using off-line optimization, with-

out after-the-fact hand-tuning, which walked reasonably well under a variety of dis-

turbances. Despite this, the previous hand-tuned controller out-performed the new con-

troller on most tests. Although the new controller was designed in large part by computer

optimization, the architecture of both the controller and optimization were manually se-

lected. It is likely that these manual choices limited the ultimate performance of the new

101



controller.

3.8 FUTURE WORK

The work presented here is preliminary: it shows that we can set up a model-based

optimization that can design a controller in simulation that we can directly use on a real

robot. Although the initial results are passable, there is still much left to do.

In the current implementation, the balance controller only updates the trajectories of

the robot once per step. In the future we would like to make these updates continuous,

allowing the robot to more quickly react to external disturbances such as a sudden push.

An additional area for improvement is the look-up table for the balance controller,

which now uses only a single input: the mid-stance speed of the robot. Ideally, this

policy would use at least the state of the stance and swing legs, rather than this simple

one-dimensional projection.

Our model of Ranger is reasonably accurate, but there are still some discrepancies

between model and reality, especially during push-off. In the future we plan on moving

the last few iterations of the optimization process to the robot, using experimental data

rather the simulation for automatic fine-tuning of the controller.

Finally, we plan on designing the controller to be capable of walking at several

speeds, rather than just the one speed that it is capable of now.

102



CHAPTER 4

NON-LINEAR ROBUST CONTROL FOR INVERTED-PENDULUM 2D

WALKING

Published in the proceedings of the 2015 International Conference on Robotics and

Automation [56].

Author List: Matthew Kelly, Andy Ruina.

4.1 ABSTRACT

We present an approach to high-level control for bipedal walking exemplified with a

2D point-mass inextensible-legs inverted-pendulum model. Balance control authority

here is only from step position and trailing-leg push-off, both of which are bounded to

reflect actuator limits. The controller is defined implicitly as the solution of an opti-

mization problem. The optimization robustly avoids falling for given bounded distur-

bances and errors and, given that, minimizes the number of steps to reach a given target

speed. The optimization can be computed in advance and stored for interpolated real-

time use online. The general form of the resulting optimized controller suggests a few

simple principles for regulating walking speed: 1) The robot should take bigger steps

when speeding up and should also take bigger steps when slowing down 2) push-off

is useful for regulating small changes in speed, but it is fully saturated or inactive for

larger changes in speed. While the numerically optimized model is simple, the approach

should be applicable to, and we plan to use it for, control of bipedal robots in 3D with

many degrees of freedom.
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4.2 INTRODUCTION

In the long run we would like to explain, and robotically reproduce, the efficiency, speed

and versatility of human bipedal locomotion in various terrains. Here we work towards

this goal by designing a controller for walking, focusing on the ability to avoid falling

in level walking, considering various disturbances. Bipedal locomotion violates many

common assumptions in basic classical control: it is nonlinear, nonholonomic [97], has

discontinuities, and changes governing equations during the motion. Hence there is no

generally-accepted classical-controls approach to stabilizing walking. Here we pursue a

hierarchical controller strategy for walking control.

Most balance controllers use some sort of hierarchical structure, factoring the con-

trol problem for walking into two parts: a high-level controller concerned with overall

robot position and balance, and a low-level controller that deals with the many internal

degrees of freedom. The high-level controller may specify foot placement, leg length,

and ground reaction forces and torques to achieve balance; while the low level controller

determines individual motor commands to realize these sub-goals.

A few examples of robots that use a hierarchical approach include Atlas [62], Asimo

[49], MABEL [103], and the Cornell Ranger [9], all of which use a balance controller

based on one or another simple low-dimensional model. For instance, the capture point

controller [90, 60, 89, 26] uses the linear inverted pendulum (LIP) model to plan future

foot step locations and a trajectory for the center of mass. These high-level commands

are then realized by giving commands to individual motors based on inverse kinematics

and dynamics of a full high-dimensional model of the robot.

Although these simple models are primarily used to make the locomotion balance

problem tractable, they also seem to be genuinely good models for balance control.
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swing leg
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swing footstance foot

Figure 4.1: Point-mass walking model. All mass is concentrated at a point at the hip.
The legs are mass-less. There are two controls: The relative angle of the legs at heel-
strike, and the size of the push-off impulse by the trailing leg just before heel-strike.
Uncertainties in sensing, model, and actuation, as well as actuator limits on push-off

impulse and step length, are discussed in the text.

Because of their utility, however motivated, most successful simple models are based

on a point mass at or near the hip, light or mass-less legs, and actuation to control the

time and location of foot falls and the ground reaction force. The models tend (sensibly,

we think) to neglect the effects on balance of upper body motions and the details of leg

swing between steps.

Within the class of point-mass models just mentioned, there are still choices. One

common choice is to use the ‘linear inverted-pendulum’ (LIP) model, in which the

height of the point mass is held constant (e.g. with ‘capture point’ and ‘zero moment

point’ control). Here, however, we use an ‘inverted-pendulum’ (IP) model which has

constant leg length instead of constant hip height. The IP model has not been as fre-

quently used for walking balance control as the LIP model, in part because of the math-

ematical simplifications of the LIP (e.g. [55]).

We use the IP model for control because it uses energy more effectively than the

LIP model. More precisely, Srinivasan and Ruina [105, 106] used numerical trajectory

optimization to find positive-work minimizing gaits on a general point-mass walker and

found that the energy-minimal walking gait used constant-length legs: the IP model of
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walking. In this model the stance leg length remains constant, and the push-off at the

end of the stance phase is (at least approximately) impulsive. This is a powered version

of the so-called ‘Simplest Walker’ [31]. The energy effectiveness of impulsive push-off

and straight leg walking is also discussed in Kuo [63] for a similar model. Because of the

IP’s good energetics, it is the basis of our walking robots. In the design of the controller

here, however, we do not explicitly consider energy, focusing instead on robustness to

disturbances and quick return to a nominal gait.

Zaytsev [127] has introduced a simple walking controller for this IP model, based on

finding simple control laws that maximize the distance from failure boundaries. Here,

we extend Zaytsev’s work by optimizing an arbitrary-form controller that is robust to

disturbances and also stable. Additionally, the design process here is fast enough that

it can be repeated to stabilize a range of speeds thus generating a full feedback policy

for a range of walking-speed goals. Despite a difference of methods with Zaytsev, there

are common results (discussed below). This may indicate that we are extracting features

that are necessary aspects of any robust walking balance controller that is reasonably

constrained by actuator and sensor limits.

4.3 WALKING MODEL

Our model consists of a point-mass hip on mass-less in-extensible legs (Fig. 4.1). The

model has two control inputs at each step: the angle of the stance leg (φ) at heel-strike,

and the push-off impulse (p) that occurs immediately before heel-strike.

A step comprises four distinct phases, starting from a mid-stance (more or less a

Poincaré Section) where the stance leg is vertical and rotating clockwise . These phases

are illustrated in Fig. 4.2: a swing-down to the step angle (φ); followed by an impul-
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collision

push-off
then

collision

push-offmid-stance mid-stance

swing
down

swing
up

Figure 4.2: One walking step. A step starts when the stance leg passes clockwise
through the vertical orientation. The hip then falls to the right. Just before the swing leg
hits the ground there is push-off from the ground on the stance leg. Immediately after
push-off, the swing leg hits the ground and becomes the stance leg. The former stance
leg leaves the ground and the new stance leg swings up to the start of the next step. In
the leftmost and rightmost pictures, the angle of the swing leg is arbitrary (because it is
fully controlled).

sive push-off (p); then heel-strike and leg-switch; and finally a swing-up to mid-stance.

Through-out the paper we measure walking speed in the various phases of the gait by

the dimensionless (divide by
√

g/`) angular velocity ω of the stance leg.

4.3.1 Actuation

The step length is determined by the step angle: step length = 2` sin φ. We neglect

swing-leg inertia: its motion does not affect the motion of the stance leg. The step angle

is bounded (constrained) to mimic the joint limits of a real robot.

The impulsive push-off is meant to be a proxy for the energy injected into the walk-

ing motion by the extension of the trailing leg (ankle extension). The bounds on the

push-off are a proxy for the maximum power available for leg extension.
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4.3.2 Equations of Motion

The model is a simple inverted pendulum, but with impulses and resets at each step.

The parameters m, g, and ` represent the robot’s mass, gravitational acceleration, and

leg length respectively. The control variables φ and p represent the step angle and push-

off impulse respectively.

The step starts with the stance leg vertical and rotating with speed (ωk) towards

heel-strike. The angular rotation rate immediately before push-off can be obtained via

conservation of energy:

ω− =

√
(ωk)2 +

2g
`

(1 − cos φ). (4.1)

Next, a push-off impulse is applied to the point-mass along the stance leg, changing the

hip’s velocity vector. After that, the swing leg becomes the new stance leg as it collides

with the ground, exerting another impulse on the point-mass hip. The composition of

these two collisions, governed by angular momentum balance about the new stance foot,

yields the rotational speed of the new stance leg (ω+),

ω+ = (ω−)
(
cos2 φ − sin2 φ

)
+

2p
ml

cos φ sin φ. (4.2)

After the two collisions, the stance leg swings up to the next mid-stance, again ruled by

conservation of energy,

ωk+1 =

√
(ω+)2 −

2g
`

(1 − cos φ). (4.3)

4.3.3 Feasibility conditions

A walking step is considered successful (i.e. the robot did not fail) if two conditions are

met: first, the stance leg is always in compression (this is also a no-flight condition), and
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second, the speed after the heel-strike must be sufficient to continue on to the next step

without falling over backwards. These conditions are expressed with the four inequality

constraints:

ω− <

√
g
`

cos φ (4.4)

0 < (2m`)(ω−) cos φ sin φ − p
(
cos2 φ − sin2 φ

)
2` (4.5)√

2g
`

(1 − cos φ) < ω+ <

√
g
`

cos φ. (4.6)

The first inequality 4.4 is a restriction on the speed before the push-off impulse. The

second inequality 4.5 is a restriction on the collision impulse - the collision cannot pull

the walker towards the ground. The final inequalities 4.6 are restrictions on the lower

and upper bounds on the speed after collision, preventing both falling over backwards

and flight.

4.3.4 Disturbance Model

In this paper we claim that the controller is robust to errors in modeling 4.7, actuation

(4.8)(4.9), and sensing 4.10. Each type of error is modeled as a perturbation:

` := ` + δ`, |δ`| ≤ ∆` (4.7)

p := p + δp, |δp| ≤ ∆p (4.8)

φ := φ + δφ, |δφ| ≤ ∆φ (4.9)

ωk := ωk + δω, |δω| ≤ ∆ω (4.10)

We represent the vector of disturbances:

δ = [δ`, δp, δφ, δω], δ ∈ D (4.11)

The set of disturbances D may be thought of as a four-dimensional hyper-rectangle.

We define a set of maximal disturbances Dmax that correspond to the 24 corners1of this

109



hyper-rectangle.

Dmax = {[±∆`,±∆p,±∆φ,±∆ω]} (4.12)

We use the full set of disturbances (D) for doing controller verification and test-

ing, and the smaller sub-set of maximal disturbances (Dmax) for controller design and

optimization.

4.4 CONTROLLER DESIGN

Our controller is a function that maps the estimated mid-stance2 speed (ω̂k) to a desired

push-off impulse (p) and step angle (φ). When implemented on a real robot, the push-off

impulse is related to how much energy the extension of the trailing leg adds to the robot

before the next step. The step angle corresponds to a target foot-placement location on

the ground.

{p, φ} = K(ω̂k) (4.13)

The controller K aims to stabilize the walking gait to a user-specified target speed

(ω∗). Here, we outline the design process for a single given target speed. The method is

then repeated to find controllers for a variety of speeds (see results section).

We discretize the range of possible input mid-stance speeds ΩI = [0, ωmax]. The out-

put of the controller at each of these grid-points is computed by solving an optimization

problem: p and φ are the controls that stabilize the mid-stance speed (ω∞ → ω∗) in the

fewest number of steps while preventing falls despite all possible bounded disturbances.

At run-time the controller is evaluated via linear interpolation over this grid.

1For example, [+∆`,+∆p,−∆φ,+∆ω] ∈ Dmax
2Mid-stance is the point during a step when the stance leg is vertical.
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We express the design requirements (stability and robustness) as constraints in the

optimization problem that defines the controller. Thus, if the optimization returns a

feasible solution, then the controller will satisfy the design requirements precisely for

every grid point in the controller.

4.4.1 Asymptotic Stability

We want the controller to bring the robot towards the desired walking speed (ω∗), start-

ing from any mid-stance speed ωk drawn from the set of allowed initial speeds ΩI . This

goal can be expressed as the need for reduction at each step k of a discrete Lyapunov

function (V), with V defined as the mid-stance speed-error squared:

V(ωk) = (ω∗ − ωk)2 (4.14)

The controller is asymptotically stable if the Lyapunov function decreases at each

successive step:

V(ωk+1) < V(ωk) ∀ωk ∈ ΩI (4.15)

This condition 4.15 is imposed as a constraint in the controller design, thus any

controller will be asymptotically stable, in the absence of disturbances.

4.4.2 Robust Stability

Asymptotic stability in the absence of disturbances is good, but we would also like to

show that the controller is still stable given any disturbance δ ∈ D. In this case, it is not

possible to show convergence to a point, but we can (and do) show convergence to some

finite set ΩG that contains the target mid-stance speed.
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For this aspect of the controller, we separate the controller design and verification.

For the controller design we find the controls that minimize the Lyapunov function 4.14

over the finite the set of maximal disturbances Dmax. The set Dmax is a proxy for the

disturbance that precisely maximizes the Lyapunov function. Note that ωi is the next

mid-stance speed, subject to disturbance δi. The controls (p, φ) and initial state (ωk) are

held constant over each step in the sum:

f (p, φ) =
∑
δi∈Dmax

(ω∗ − ωi)2 (4.16)

Once the controller has been designed, we do stability verification by running an

additional optimization to find the precise disturbance that maximizes the Lyapunov

function at the next step ∀ωk ∈ ΩI . The result of this optimization is the size of the goal

set ΩG that satisfies the following equations.

V(ωk+1) < V(ωk) ∀ω ∈ ΩI −Ωg ∀δ ∈ D (4.17)

V(ωk+1) ≤ V(ωk) ∀ωk+1 ∈ ΩG ∀ωk ∈ δΩG ∀δ ∈ D (4.18)

The first of these equations 4.17 shows that the controller is asymptotically stable to

ΩG, even in the presence of disturbances. The second equation 4.18 shows that once the

walking speed is inside the boundary of the goal set (δΩG), that there is no disturbance

that can push it out.

4.4.3 Fall Prevention

In addition to reaching the target walking speed, we would like that any execution of

the controller avoid falling. This is accomplished by adding the constraints (4.1)-(4.3)

to the optimization problem, and requiring that they hold for ∀δ ∈ Dmax.
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4.4.4 Implementation

The constraints for the optimization problem require solving total of 17 simulated walk-

ing steps: one nominal step (without perturbation), and 24 perturbed steps (one for each

disturbance in Dmax). All of these simulated steps start from the same initial state and

use the same control.

For each of these simulated walking steps, the intermediate speeds ω−, ω+ and next

step speed ωk+1 are passed as decision variables in the optimization. This allows the

dynamics (4.1)-(4.3) and no-falling constraints (4.4)-(4.6) to be expressed as simple

non-linear functions of the decision variables. The asymptotic stability condition 4.15

and objective function 4.16 are both quadratic in the decision variables. Posing each

optimization problem in this way makes it easy to compute gradients and solve quickly

using standard non-linear constrained optimization packages.

4.5 RESULTS

In this section we present an optimal controller, as designed using the framework pre-

sented in this paper.

4.5.1 Design Parameters

All parameters in this paper (Table 4.1) have values that roughly match the Cornell

Ranger [10].
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4.5.2 Optimization

We used Matlab’s [70] FMINCON optimization software to solve all optimization prob-

lems presented here.

The optimization problem that defines the controller is evaluated for each point on a

grid. The results here were computed using a grid of 50 points. Similar results are ob-

tained for grids with fewer points, although there is a slight degradation in performance

due to interpolation errors at run-time.

The results presented here took approximately 62 seconds3 to generate in Matlab.

Three controllers were generated (including verification), with 50 grid-points each, giv-

ing a average time of 0.4 seconds per grid-point.

4.5.3 Optimized Push-Off Controller

The optimized push-off controller is shown in Fig. 4.3. It has a relatively simple form:

big push-off to increase speed, and no push-off to slow down. For fast walking, the

3Processor: Intel Core i5-3570K @ 3.40GHz x 4

Table 4.1: Parameters
Symbol Name Value
m mass 9.91 kg
g gravity 9.81 m/s2

` leg length 0.96 m
pmax max push-off impulse 12.2 kgm/s
φmax max stance angle 30◦ = 0.52 rad
ωmax max mid-stance speed 2.56 rad/s
∆` leg length error bound ± 0.05 `
∆p push-off error bound ± 0.05 pmax

∆φ step length error bound ± 0.05 φmax

∆ω mid-stance speed error bound ± 0.05 ωmax
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push-off is saturated at the maximum value for much of the domain.

0 0.25 0.5 0.75 1
0

0.5

1

0 0.25 0.5 0.75 1
0

0.5

1

0 0.25 0.5 0.75 1
0

0.5

1

no push-off

max push-off

target = slow walk

target =
  medium walk

target = fast walk

Figure 4.3: Optimized Push-Off Controller. This figure shows the optimal push-off

controller for three different walking speeds. The general trend is simple: too fast→ no
push-off, too slow→ big push-off. Notice that the actuation is saturated for much of the
domain for the fast controller.

4.5.4 Optimized Step-Length Controller

The optimized step-length controller is shown in Fig. 4.4. The general trend is that you

should take small steps when you are near the target speed, and bigger steps otherwise.

In the absence of push-off (p = 0), taking bigger steps increases the energy lost due to

collision, and will slow the walking gait. If the push-off is non-zero, then it is scaled by a

term that increases with the step angle. In effect, taking bigger steps allows the push-off

impulse to be more effective. This explains the general trend: if a large push-off is used,
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then that term dominates the collision losses, and the walking gait speeds up; if a small

push-off is used, then the collision losses dominate and the walker slows.

0 0.25 0.5 0.75 1
0

0.5

1

0 0.25 0.5 0.75 1
0

0.5

1

0 0.25 0.5 0.75 1
0

0.5

1

small steps

big steps

target = slow

target =
  medium

target = fast

Figure 4.4: Optimized Step-Length Controller. This figure shows the optimal step-
length controller, for three different walking speeds. The general strategy is to use small
steps for the nominal walking speed, and take larger steps otherwise. The slight corner
in the slow- and medium-speed walking controllers for high speeds is cause by the no
flight constraint 4.4.

4.5.5 Stability and Robustness

Given the optimal controller shown in Figs. 4.3 and 4.4, it is possible to compute the

closed-loop dynamics of the system, mapping the mid-stance speed from one step to the

next. Figure 4.5 shows this so-called one-step map for an intermediate speed walking

gait. The horizontal axis shows the mid-stance speed at step k, and the vertical axis

shows the mid-stance speed the next step (k + 1). Any given point on the horizontal axis
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maps to a set of points on the vertical axis, corresponding to the set of reachable speeds

given any allowed disturbance.

The purpose of this figure is to visualize the stability of the controller. The diagonal

dashed lines show the points where the Lyapunov function 4.14 is unchanged from one

step to the next. The entire horizontal axis is the set of initial speeds ΩI , and there

is a thin vertical shaded region that shows the goal set ΩG. For initial speeds that are

outside of the goal set, the Lyapunov function is always decreasing from one step to the

next. For initial speeds inside the goal set, the Lyapunov function (error squared) might

increase, but the next step speed will never leave the goal set.

In the absence of disturbances the controller rejects nearly all speed error in a single

step, as shown by the nearly horizontal line labeled no disturbance. In the presence of

disturbances the controller is still quite stable, reaching the goal set in two or three steps

even with the worst possible disturbances.

4.5.6 Simulation Test

As one final check, we simulated the closed loop system for a total of 106 steps, where

the robot was subject to random disturbances, uniformly drawn from D4. We ran 103

simulations, each consisting of 103 steps and starting from a randomly chosen initial

condition uniformly drawn from ΩI . In all cases the mid-stance speed stabilized to the

target speed within a few steps, and the mid-stance speed remained within the goal set

(ΩG) on all subsequent steps. That is, despite the disturbances applied at each step, the

controller was able to prevent falls in all cases.

4The perturbation on leg length was randomly drawn once at the beginning of each of the 103 simula-
tions, and then held constant for all 103 steps in each simulation. This was done to more closely mimic a
robot that had a modeling error. The other disturbances were randomly drawn on every single step.
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Figure 4.5: One-step speed map. This figure shows the closed-loop dynamics for the
medium-speed (ω∗ = 0.5ωmax) walking controller. The horizontal axis gives the mid-
stance speed for step k, and the vertical axis gives the mid-stance speed for step k+1 that
is achieved by the robust controller. The horizontal shaded region show all possible steps
that occur. The no disturbance line shows the behavior of the controller in the absence
of disturbances. The boundary of the shaded region, marked with max disturbance,
shows maximum possible speed error at the next step due to a disturbance. The dashed
lines show the points where the speed error is unchanged from one step to the next.
Notice that for most of the domain of the controller, there is a large reduction in error
from one step to the next, despite disturbances. For example, if ωk = 0.75ωmax, then
ωk+1 ∈ [0.4ωmax, 0.6ωmax]. If there were no disturbances, then ωk+1 would be 0.51ωmax.
The vertical shaded region shows the goal set ΩG that satisfies (4.17) and (4.18).
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4.6 DISCUSSION

We have presented a controller for a simple model of walking that is maximally robust,

by our measures. This controller can regulate a desired walking speed while preventing

falls due to reasonable errors in the model, sensors, and actuation. The controller avoids

falls for all reasonable values of disturbed and desired walking speeds. That is, assuming

we consider only forwards walking, the basin of attraction of this controller is maximal

with the given noise.

The approach here was inspired by robust control: the controller should be robust

(never fail) for any bounded disturbance, and the walking speed should converge to

some goal set. The controller was designed using non-linear optimization, where these

robustness and stability requirements were enforced as constraints on the optimization.

Although the resulting controller is correct by construction, we demonstrated the per-

formance of the controller using massive simulation.

We designed a controller that could robustly stabilize slow, moderate, and fast walk-

ing gaits for the inverted pendulum model of walking, using parameters based on our

robot, the Cornell Ranger. An interesting and perhaps general result is this: To in-

crease speed, the controller takes large steps and uses large push-off. To maintain speed,

it takes small steps and uses intermediate values of push-off. To decrease speed, the

controller takes large steps with no push-off. This general trend is observed across all

walking speeds. Although only implemented here on a simple 2D model, we believe the

approach will be useful for a more complex robot in 3D.
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4.7 FUTURE WORK

We plan to develop this controller for use on a 2D robot, Cornell Ranger, and then later,

for a 3-D robot with many degrees of freedom.

One limitation of our model is that we restricted it to forward motion without a

flight phase. These restrictions make calculations easier, but are overly conservative

with respect to the real limits on falling; a small flight phase, or a step backwards does

not necessarily lead to a fall. With a more general model that allowed some flight and

back-stepping, we could make a robust controller with even larger allowed bounds on

the various disturbances.

The extension from a 2-D robot to a 3-D robot will raise the mid stance state from 1

number to 2 (or 3 if heading is to be stabilized). The actuation will go from 2 controls

to 3 (push off, step length and steering angle). However, the addition of more inter-

nal degrees of freedom does not change the form of this high-level controller. Rather

the output of a controller of the type developed here, will serve as input to the micro-

management of the various joints so as to achieve the desired push off and foot place-

ment.
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CHAPTER 5

ROBUST SWING-LEG CONTROLLER

This chapter was originally submitted as a final report for Cornell MAE 6950 – Formal

Methods for Robotics. Author List: Matthew Kelly

5.1 Abstract

The control systems for modern bipedal walking robots do not use energy effectively.

In order for such robots to be useful in the future, they will need to reduce their energy

consumption. Here I propose an energy-effective policy for controlling the swing leg of

a bipedal robot during the swing phase of walking.

5.2 Introduction

There are three predominant methods for control of modern bipedal robots: capture

point [90], zero moment point [117] [55], and hybrid zero dynamics [121]. Each of

these controllers is in some way hierarchical: there is a high-level planner for whole-

body motion and foot placement, and a low level planner that coordinats individual joint

motions. Typically such controllers use trajectory tracking on the full state of the robot,

making heavy use of ankle motors.

I suggest a modification to this scheme, which allows the upper body of the biped

to follow a nearly ballistic trajectory, while tracking control is only applied to the swing

leg. Such a controller does not rely on ankle motors, which are unnecessary during

121



the swing phase of walking. Instead, it uses a trajectory library to compute an energy-

optimal swing leg trajectory, that is updated as a functional of the upper body motion.

5.3 Problem Statement

“Design a feedback controller for leg swing that 1) minimizes energy use

and 2) achieves the desired swing-leg state at the conclusion of the swing.

Additionally, provide some guarantees about the maximum state error at the

end of the step.”

5.3.1 Assumptions

Here I list assumptions that are required to make the problem statement well-defined.

See 5.1 for a diagram of the walking model.

• Double pendulum model of walking (see Section 5.4).

• Stance leg angle is bounded and monotonic: θ1 ∈ [−φ, φ], ω1 > 0.

• Swing leg angle, swing leg rate, and hip torque are bounded.

• A walking step starts with θ1 = −φ and ends when θ1 = φ.

• The target swing leg state (θ2, ω2) is given for the end of the step.

• Motor power use is proportional to torque-squared (τ2).
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Figure 5.1: The double pendulum model of walking.

5.4 Model

Consider the double pendulum model of walking, as shown in 5.1. This model treats the

upper body as a point mass centered on the hip. The legs are massless and inextensible,

with a point-mass centered on each foot. There is a single actuator, which I will call the

hip motor. It is modeled as a torque source (with saturation) connecting the swing leg to

the stance leg.

Throughout the controller design process, I will switch between three versions of

the double pendulum model of walking. The first model is a mathematical expression of

the model described in the previous paragraph. The second is identical to the first, but

with the dynamics expressed in terms of phase rather than time. The final model is the

limiting case of the second model, where the swing foot mass is negligible (m2/m1 →

0). The equations of motion for each model were derived using the Matlab Symbolic

Toolbox.
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5.4.1 Full Model

ẋ = f∗(x, τ,p) dynamics (5.1)

x = [θ1, θ2, ω1, ω2]T state vector

τ ∈ [τmin, τmax] input saturation (5.2)

p = [m1,m2, g, l1, l2] parameter vector

5.4.2 Phase Model

Although system dynamics typically express a change in state with respect to time, it is

also possible to express the change in state with respect to any monotonically increasing

quantity, known as a phase variable. In this case, I use the stance leg angle as a phase

variable, as shown in (5.3).

z′ = f(ϕ, z, τ,p) phase-based dynamics (5.3)

ϕ = θ1 phase variable: stance leg angle

z = [θ2, ω1, ω2]T phase-based state vector

5.4.3 Reduced (Swing-Leg) Model

In most bipeds, the mass of the feet and lower legs are relatively small when compared to

the mass of the upper body. By taking this limit (m2/m1 → 0), it is possible to decouple

the motion of the swing and stance leg. In particular, the stance leg dynamics reduce to
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those of an inverted pendulum, and the swing leg dynamics are shown in (5.4).

z̄′ = f̄(ϕ, z̄, τ, p̄) swing-leg dynamics (5.4)

z̄ = [θ2, ω2]T reduced (swing-leg) state vector (5.5)

p̄ = [m1,m2, g, l1, l2, e] parameter vector

Notice that there is a new element in the parameter vector: e, the stance leg energy. It

turns out that in the limit as m2/m1 → 0 the stance leg energy is a conserved quantity:

e′ = 0.

e =
1
2

m1l2
2ω

2
1 + m1gl1 cos(θ1) (5.6)

5.5 Controller Design

The overall controller design method is based on creating, and then stabilizing, a li-

brary of trajectories for the swing leg. The end result is a non-linear full-state feedback

controller that stabilizes the system to an enrgy-optimal trajectory (5.16).

5.5.1 Trajectory Optimization

At the core of this controller is a library of energy-optimal trajectories for the re-

duced swing-leg model (5.4) of the system. These trajectories are generated using

the trajectory optimization software GPOPS II [84], which is a Matlab-based transcrip-

tion1method.

The trajectory library is a one-dimensional family of swing leg trajectories, param-

eterized by the stance leg energy (e). The independent variable in each of these trajec-
1Transcription is the process by which a trajectory optimization problem is converted into a sparse,

non-linear, constrained optimization problem, which in this case is solved by SNOPT[91].
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tories is the stance leg angle (θ1 = ϕ), which is treated as a phase variable (instead of

time). The stance leg energy is bounded: emin < e < emax. If e < emin, then the biped will

be unable to complete a forward step. If e > emax then the biped will enter a flight phase

of motion.

Consider a single trajectory optimization, for some given value for e. The target final

state for the system is given in the problem description. Although the initial state need

not be specified, I constrain it to be the nominal state at the start of the swing, to keep

the trajectory library consistent.

The trajectory optimization method finds the optimal trajectory between the initial

and target final state. In this case, the optimal trajectory is one which minimizes the

energy use, given by the following equation.

cost =

∫ t(ϕ f )

t(ϕ0)
τ(ϕ)2dt =

∫ ϕ f

ϕ0

τ(ϕ)2

ω1(ϕ)
dϕ (5.7)

ω1(ϕ) =
δϕ

δt(ϕ)
=

1
l1

√
2

m1

√
e − m1gl1 cos(ϕ) (5.8)

Each optimal trajectory is returned as a set of ordered points: {ϕ∗0, . . . ϕ
∗
N , z̄∗0, . . . z̄

∗
N ,

τ∗0, . . . τ
∗
N}, and then non-linear least squares to fit a polynomial to the trajectory. The

trajectory can then be evaluated using Barycentric Interpolation [5] as a function of

phase: {z̄∗(ϕ), τ∗(ϕ)}. Once a set of trajectories has been generated, it is possible to use

the same interpolation method along the stance leg energy dimension to evaluate the

library of trajectories: {z̄∗(ϕ, e), τ∗(ϕ, e)}.

5.5.2 Phase-Varying LQR

Given a single value for the stance leg energy, the trajectory library gives the optimal

swing leg trajectory and hip torque as a function of ϕ. The next step in the design
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process is to use phase-varying linear quadratic regulator (LQR) to stabilize this optimal

reference trajectory.

Aside: Note that the LQR controller is designed using the reduced model (5.4) of

the system. In this model, there is no coupling between the actuation (hip torque) and

phase (stance leg angle), which is important for stability of the LQR controller. When

implemented on the full system, the trajectory library stabilizes this coupling term by

adjusting the reference trajectory. Other researchers have accomplished this decoupling

by a method known as transverse linearization [102].

In order to solve the standard phase-varying LQR problem [109], I express the dy-

namics in phase varying linear form, where {z̄0(ϕ), τ0(ϕ)} is an optimal reference trajec-

tory.

ẑ(ϕ)′ ≈ A(ϕ) · ẑ(ϕ) + B(ϕ) · τ̂(ϕ) (5.9)

ẑ(ϕ) = z̄(ϕ) − z̄0(ϕ) τ̂ = τ(ϕ) − τ0(ϕ) (5.10)

A(ϕ) =
δf̄
δz̄

∣∣∣∣∣∣
z̄0(ϕ),τ0(ϕ)

B(ϕ) =
δf̄
δτ

∣∣∣∣∣∣
z̄0(ϕ),τ0(ϕ)

(5.11)

The LQR controller stabilizes the the system by following trajectories that minimize a

quadratic cost function: (5.12). The behavior of the controller can be adjusted using the

three cost matricies: F, Q, and R.

J = ẑ(ϕ f )T Fẑ(ϕ f ) +

∫ ϕ f

ϕ0

(
ẑT (ϕ)Qẑ(ϕ) + τ̂T (ϕ)Rτ̂(ϕ)

)
dϕ (5.12)

The optimal control is given by:

τ̂(ϕ) = −R−1BT (ϕ)S(ϕ)ẑ(ϕ) = −K(ϕ)ẑ(ϕ) (5.13)

where S(ϕ) is the solution to (5.14), which in this case was solved using 4th-order Runge-

Kutta integration.

−Ṡ(ϕ) = Q − S(ϕ)B(ϕ)R−1BT (ϕ)S(ϕ) + S(ϕ)A(ϕ) + AT (ϕ)S(ϕ), S(ϕ f ) = F (5.14)
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The result is a state feedback law along the optimal reference trajectory:

τ(ϕ, z̄) = τ0(ϕ) −K(ϕ) ·
(
z̄ − z̄0(ϕ)

)
(5.15)

Each element in the gain matrix K(ϕ) is expressed as a polynomial in phase, again

using non-linear least squares. This phase-varying gain matrix is stored along with each

optimal reference trajectory in the trajectory library. Now, the trajectory library returns

the nominal torque τ∗(ϕ, e), state z̄∗(ϕ, e), and gain matrix K∗(ϕ, e) for an arbitrary phase

(ϕ) and stance leg energy (e) using interpolation. The result is a full state feedback

control law (5.16) for the full system (5.1). Recall that there is a direct mapping from x

to {ϕ, e, z̄}, as discussed in Section 5.4.

τ(x) = τ∗(ϕ, e) −K∗(ϕ, e) ·
(
z̄ − z̄∗(ϕ, e)

)
(5.16)

5.5.3 Function Approximation and Interpolation

Function approximation and interpolation are critical to the success of a controller that

relies on a trajectory library. There are many possible function approximation and inter-

polation schemes; I have chosen to use Chebyshev Polynomials and Barycentric Interpo-

lation [5], which have a variety of nice numerical properties if the underlying functions

are smooth, which is a good assumption for this library.

Barycentric Interpolation of a Chebyshev Polynomial is a fast, accurate, and nu-

merically stable way to evaluate polynomials of an arbitrarily high order. It works by

computing a weighted average of the function’s value at the a special set of points, called

Chebyshev Nodes, spread over the domain of the function. The Chebyshev Nodes are

spaced more closely near the boundries of the domain, and have a variety of special

properties with regard to function approximation[5].
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5.6 Controller Analysis

5.6.1 Stability

In the general case, for a linear system with arbitrarily powerful actuators, a LQR con-

troller will be globally stable. This is not the case for this system, which is a phase-

varying linearization of a non-linear system with bounds on the actuator. It is not imme-

diately obvious what stability means for a non-linear system, particularily one like this

that has no fixed point. For this purpose I will adapt a metric that is used in computing

the stability of non-linear periodic systems, known as the contraction ratio. It is a ratio

of how some initial perturbation maps to some final perturbation, taken at specific points

in time or phase (often called Poincaré Sections). For the purpose of this paper, I define

r as shown in (5.17), where the subscript i indicates the initial phase, and subscript f

indicates the final phase, in this case the end of the step (ϕ f = φ).

ri→ f =
‖ z̄(ϕi) − z̄∗(ϕi) ‖2

‖ z̄(ϕ f ) − z̄∗(ϕ f ) ‖2
(5.17)

I compute the contraction ratio over a grid of possible perturbations in swing leg state,

and then repeat this procedure for several values of ϕi. The result shows which perturba-

tions the controller can reject, along the entire length of the trajectory. If the contraction

ratio is zero, the the perturbation is completely rejected, and if it is one, then the per-

turbation’s magnitude is unchanged. Contraction ratios larger than one indicate that the

controller is not stable for that initial perturbation.
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5.6.2 Reachability

After checking the stability of the controller, I perform is a reachability analysis, using

a front-propagation method. The initial front is an ellipse, centered on the nominal

initial condition, and whos axis are scaled to match the maximum expected deviation in

initial swing-leg state. The controller is stable for all points on the ellipse, as defined

in Section 5.6.1. That initial ellipse is the propagated through the dynamics until the

end of the step. The results produced are very similar to those obtained using alternate

methods, such as the Level-Set Toolbox [75].

In addition to doing a reachability analysis on a single trajectory from the trajectory

library, I did a similar analysis for the full-state feedback controller (5.16), using the

fully coupled system dynamics (5.1). In this case, the initial front was an ellipse and the

swing leg state, for each of several stance leg energies, all starting from the initial stance

leg angle.

5.7 Results

I used the methods described in this paper to design a swing-leg controller for a simple

model of walking. It is capable of stabilizing a large set of initial states to the desired

target state. Each entry in the trajectory library (optimal trajectory and stabilizing con-

troller) is generated in about one second using a regular laptop. The remainder of this

section is a collection of figures, where the detailed discussion of each figure can be

found in its caption. In all cases, we use the non-linear dynamics for evaluating the

performance of the controller.
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Figure 5.2: Trajectory library. Each color shows the optimal trajectory for a different
stance leg energy. Notice that the shape of the curves varies smoothly with the stance
leg energy parameter, which is important for the polynomial interpolation.

• 5.2: Trajectory library

• 5.3: Stability of controller for large peturbations

• 5.4: Reachable set for a single trajectory

• 5.5: Reachable set for full model
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Figure 5.3: This plot shows how well the controller can stabilize different initial condi-
tions. The state space if four dimensional, so the visualization is a bit tricky here. First,
we only show the results for a single energy leg energy level: e = emin+0.25·(emax−emin).
Next, we show four different level sets, for different angle of the stance leg (-0.43, -2.2,
0.0, 2.2). Each of the four resulting plots shows the contraction ratio for each swing leg
angle and rate. If the contraction ratio for a point is less than one, then that point can be
stabilized by the controller. The blue regions here show the sets of points that are not
able to be stabilized. Notice all points in the upper left plot can be stabilized, while only
about half in the lower right plot can be stabilized. This is related to the amount of time
that the controller has to stabilize the system. In the upper left plot it has the entire step,
while in the lower right plot it only has a small fraction of a step.
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Figure 5.4: The reachable set for an ellipse of initial states. Both axis show perturbations
from the nominal trajectory, and each successive plot shows the set contracting over the
course of the step. Note that the final ellipse is thin the the ∆θ2 direction and longer
in the ∆ω2 direction; this is because the LQR controller gains are set to have a large
cost for error in the final swing leg angle, and a small cost for errors in the swing leg
rate. If the LQR cost on actuation effort goes down relative to the cost on state errors,
then the ellipse for the end of the step can be made arbitrarily small. Stance leg energy:
e = emin + 0.25 · (emax − emin). This figure is computed using the non-linear dynamics
model.
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Figure 5.5: This plot shows reachable set for the system, starting from a few specific
energies, for the same set of swing leg perturbations. Each energy is shown as a different
color, where red corresponds to low energy, and blue corresponds to high energy. This
reachability calculation uses the full model (double pendulum, with coupling). The
coupling terms can be seen in the plot, as each ring is slightly distorted out of its initial
plane. The controller is able to stabilize all initial conditions inside of this set. Notice
that the controller cannot stabilize the points corresponding to faster walking as well
as slow, because the bounded torque can only accelerate the swing leg so quickly. The
ellipse has a preferred direction, as a result of the LQR gains. The shape of the final
ellipses is strongly related to the choice of LQR cost matricies. The controller in this
figure has large penalties on actuation and swing leg angle error, but a small penalty on
the swing leg rate.
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5.8 Conclusion and Future Work

In this paper I have presented an energy effective swing-leg controller, and demonstrated

that it is able to stabilize a large region of state space around a normal walking gait.

Although this controller is designed for a single target step length, it is possible to extend

the work here to include an arbitrary target step length, as an additional dimension in

the trajectory library.

The analysis in this paper assumes that the system is purely deterministic, which is

not true in the ‘real’ system. The next step in analysis would be to generate a noise model

for the system, and then show how the controller is able to reject stochastic disturbances.

The model for motor power consumption that is used here is very simple. The work

can easily be extended to use a more accurate model of the power consumed by the

motor.
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CHAPTER 6

SIMULATIONS WITH SLIDING AND INTERMITTENT CONTACT

This chapter was written in preparation for my thesis proposal exam in 2014.

Author List: Matthew Kelly.

6.1 Abstract

Systems that have sliding and intermittent contact are said to have hybrid dynamics.

These systems have continuous modes (sliding, rotating, flight...) that are connected

with discrete transitions (collision, lift-off...). Simulation of hybrid systems can be

tricky, and this report will cover a few subtitles that are encountered when simulating

hybrid systems that are associated with the contact mechanics of rigid bodies.

6.2 Simulation Architecture

When simulating mechanical hybrid systems, there are two fundamentally different ar-

chitectures for the simulator. We will call the first event-based simulation and the second

impulse-based simulation. Event-based simulation is the traditional way to simulate a

hybrid system, and it directly uses the finite state machine structure of the hybrid system.

Impulse-based simulation is an approximation that is used for systems where the full fi-

nite state machine is too complex to explicitly write out. The simulations in this report

exclusively use event-based simulation, since their finite state machines are simple and

I’m interested in high-accuracy results.
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6.2.1 Event-Based Simulation

In an event-based simulation a full finite state machine must be written out for the sys-

tem dynamics. In each continuous state a set of differential equations governs the con-

tinuous dynamics of the system. The integration algorithm is typically a variable-step

integrator that uses root finding to determine the precise instant in time when the state

invariants or transition guards switch. This results in an accurate simulation, since both

the continuous and discrete dynamics can be calculated to near machine precision.

The major down-side of this type of simulation is that for some mechanical systems,

the full finite state machine is too complicated to write down. For example, suppose that

you are trying to simulate a system of 10 dice being thrown. Each die can contact the

ground at either one, two, or four points1, and then every die and touch a few other dice

as well, in arbitrary locations.

6.2.2 Impulse-Based Simulation

Impulse-based simulation was developed to deal with systems with arbitrarily complex

contact mechanics, such as the dice example from the previous section. It is used in

most general dynamics engines, such as Bullet and Open Dynamics Engine (ODE).

Some people also call impulse-based simulation time-stepping simulation.

The key idea in impulse-based simulation is that each rigid body2 is handled inde-

pendently. The dynamics are written out such that all forces are expressed as impulses,

given some fixed time-step. At every time step, the impulsive contact forces between

1four contact points causes difficulties even for a single die in isolation...
2Some algorithms have special algorithms for dealing with linkages, such as a “Featherstone’s Algo-

rithm” which is actually a collection of algorithms, published by Roy Featherstone in his book Rigid Body
Dynamics Algorithms [27].
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objects are solved as part of a large optimization program. This optimization problems

solves for the unique solution to these three constraints, applied at every contact pair

that is detected3. These constraints form a linear complementarity problem (LCP).

dn > 0 Contact seperation

Jt ≤ µJn Contact force in friction cone

dnJt = 0 Contact force when touching

6.3 Bouncing Ball

One of the simplest hybrid systems is a bouncing ball. There is one continuous phase of

motion: (flight through the air)

ẋ = v (6.1)

v̇ = −g (6.2)

and one discrete transition: (collision with the ground)

v+ = −k · v− (6.3)

Simulation of this system will show that the ball simply bounces up and down, attaining

less height on each successive bounce (assuming a realistic value of 0 < k < 1).

6.3.1 Zeno’s Paradox

It seems that simulating such a simple system would be trivial, but it turns out that you

will quickly discover a problem. The problem is that the simple model of a bouncing
3There is a whole field of research dedicated to determining which points of which objects are in

contact, but it is outside the scope of this report.
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ball will experience an infinite number of bounces in a finite amount of time. This

behavior is known as Zeno’s paradox, and it will typically break the simulator, if not

handled properly.

Let’s look at why this happens. The analytic solution for bounce time, for the ball

bouncing equations given above is:

Ti = 2
vi

g
= 2

(kiv0)
g

(6.4)

Since this is a geometric series, it can readily be shown that the time required for an

infinite number of bounces is given by Equation 6.5. Assuming that the coefficient of

restitution (k) is strictly less than one, an infinite number of bounces will occur in a finite

time. As a computer attempts to run a simulation up to and through this critical time,

it will necessarily run into an error (such as the integration time step going to machine

precision, or the event detection missing the collision, or just missing a bounce entirely).
∞∑

i=0

Ti =
2v0

g

∞∑
i=0

ki =

(
2v0

g

) (
k

1 − k

)
(6.5)

This particular issue of bouncing contact is common in simulations, and most sim-

ulation engines treat it as a special case. One common way to do this is to prescribe a

minimum escape velocity; if the separation velocity is smaller than this threshold, then

the simulator will assume the the objects stay in contact.

6.3.2 When event detection fails

A bouncing ball on flat ground is not very exciting, but things get more interesting when

it is bouncing around on hilly terrain. Since the dynamics are still fairly simple, this is

an excellent place to use a variable-step integration algorithm with event detection (as

opposed to an impulse-based simulator).
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Event detection works by evaluating an event vector at every grid point, and checking

the sign of the result. If there is a sign change, then an event occurs and the simulator

calls a root finding routine. Interestingly, if the dynamics are simple, but the event

function is complicated, this scheme will miss events. This is because the variable-step

integrator (Matlab’s ode45 in the case of Figure 6.3.2) is trying to maximize step size

while meeting an accuracy constraint. Since the dynamics are simple, it takes huge time

steps, which can miss rapid changes in the event function.

In the case of the ball bouncing over hilly terrain, the height of the ball with respect

to the ground (the event function) is changing much more rapidly than the absolute

height of the ball (the state dynamics). This allows the ball to tunnel through a steep

hill, as shown in Figure 6.3.2. One way to solve this problem is to put a limit on the

maximum step size of the integrator, such that it is unlikely to miss a collision.

Figure 6.1: A bouncing ball over hilly terrain. This figure illustrates a special case where
matlab’s built in event detection fails due to a large step-size in ode45.
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6.4 Sliding is not optional

In many simple simulations, it is tempting to assume a ‘no-slip’ boundary condition.

Under this (bad) assumption, the contact point can either be pinned or free, and the

transitions between modes are based on the normal force and separation distance. A

simulation using the no-slip boundary condition will either use negative contact forces

or allow the colliding object to penetrate, depending on the type of error. The solution

to this problem is to assume some sort of contact model that allows for sliding.

6.4.1 The Toppling Pencil

In the 1980’s, Tad McGeer published a paper [73] which showed that a simulation of

a pencil toppling from rest produce non-physical results if you make this ‘no-slip’ as-

sumption. His simulations showed the pencil slowly falling over, and then at some

critical angle, the pencil would begin to accelerate through the floor. Usually one would

assume that this was a bug in the code, but in this case the code was correct, and the

problem was due to the no-slip assumption.

As the pencil topples from rest, there is some critical angle where the normal force

goes to zero. In general, the tangential force on the contact is non-zero at this point,

and in reality the pencil would slide in response to this force. Since McGeer neglected

sliding, his simulator set the contact mode to free. Instead of the contact point remaining

above the ground, it instead began to accelerate through the ground. Why?

Let’s consider the instantaneous acceleration of the contact point when the pin-

constraint is removed. Before the constraint is removed, the contact point is stationary,

but has a non-zero external force applied to it. This implies that there are some inertial
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Figure 6.2: Acceleration of the contact point of a thin rod. The solid blue arrow shows
an applied force, and the red dashed arrow shows the resulting acceleration.

forces that are attempting to accelerate this point, and that these forces precisely balance

the external force. When the constraint is removed, so are these external forces, and thus

the contact point accelerates due to these inertial forces.

One way to understand which direction the contact point accelerates is by under-

standing the mass matrix of the contact point. This matrix describes how a point on a

rigid body moves in response to a force applied at that point. In general, the direction

of acceleration is not aligned with the direction of the force. Figure 6.2 shows a visual-

ization of the mass matrix, where the length of the dark line shows the effective mass in

that direction. The left side of the figure shows the case observed in the toppling pencil

example: The change in contact forces is directed to the right, and the pencil is tipped

to the right. The resulting inertial effects act to swing the contact point into the ground.

6.4.2 No-Slip , Infinite Friction

One reason that people give for making the ‘no-slip’ assumption is that it is “the lim-

iting case as the coefficient of friction goes to infinity”. This is completely false, as is

demonstrated by the following example.
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Figure 6.3: A stick that is being dragged along the ground with constant velocity.

Consider a simple example of sliding: a stick being dragged with constant velocity as

shown in Figure 6.3. Assume that the contact forces are governed by Coulomb friction

with coefficient µ. Since the velocity of the stick is constant, we can treat this as a statics

problem. It can be shown that horizontal force (H) required to maintain constant speed

is given by Equation 6.6

H(θ) =
Wµ cos(θ)

2 cos(θ) + µ sin(θ)
(6.6)

Taking the limit as µ → ∞ shows that the horizontal force remains finite. It can also be

shown that the normal force (N) at the contact goes to zero as µ→ ∞. These trends are

shown numerically in Figure 6.4

lim
µ→∞

H(θ) =
W

tan(θ)
(6.7)

6.4.3 Contact Finite State Machine

The ‘correct’ way to deal with contacts is to allow for three different contact modes at

each contact: free, sliding, and pinned. Each of these contact modes can be expressed
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Figure 6.4: Contact force limits as a function of µ for a stick dragging with constant
velocity.

as a constraint at that contact point:

• free - The normal force is zero

• sliding - The tangential force is such that the contact point travels along the

surface

• pinned - The tangential force cannot do positive work on the system.

In addition to these constraints, there are also a set of transition conditions that link each

of these continuous modes. Figure 6.5 shows an example of a finite state machine con-

structed from these states and transitions. Notice that each state has different equations

of motion. This is fine for a single contact, but things get very complicated if you have

multiple contacts. Consider robot model with two contact points - now the finite state

machine has nine states instead of three.
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Hinge

|θ| < θc

~F · n̂ > 0

Flight

~r /∈ Υ

Slide

~̇r · ~F ≤ 0

~̈r · n̂
> 0

|φ| <
φc

~̇r = 0

|θ| = θc

~̇r = 0

|~F | = 0

~̈r · n̂ > 0
|φ| = φc

Figure 6.5: Finite State Machine for generalized rigid body contact

6.5 Toppling Stick

This first part of this section is an overview of how to create a finite-state-machine-based

simulator for a two-dimensional rigid stick. The remainder of the section discusses some

simulation results that investigate the conditions necessary for slipping as the pencil

topples from rest.

6.5.1 Peinlevé Paradox

Peinlevé’s Paradox occurs when a rigid body is sliding along a surface while tipped

backwards. Under these conditions it is possible for a jamming motion to occur where

the contact forces cause the body to rotate upwards, which in turn increases the contact

force. Under these special conditions the contact forces and accelerations to become

infinite in a finite amount of time. This phenomena is well studied and is thoroughly
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Figure 6.6: Free body diagram for both phases of motion.

discussed in references: [81] [39] [67]. It is this effect that allows dashed lines to be

easily and rapidly drawn on a chalk board. I mention it here as an interesting side note,

as remainder of the section are not related to this paradox.

6.5.2 Model for Continuous Dynamics

This section discusses the general model that is shared across all contact modes. The

hinge and slide modes will be discussed in the following sections. The stick is modeled

as a rigid body with:

M = mass

IG = moment of inertia about center of mass (CoM)

L = distance between contact point and CoM
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Forces acting on the stick:

Mg = body force due to gravity

H = horizontal contact force

V = vertical contact force

The stick has two degrees of freedom (neglecting flight phase):

θ = angle of the stick

x = horizontal position of contact point

The equations of motion are derived using two frames of reference - an inertial frame

and a body frame:

î = positive horizontal direction

ĵ = positive vertical direction

k̂ ≡ î × ĵ

êr = direction along stick, pointing away from contact

êθ = direction transverse to êr
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Define rotating reference frame and derivatives:
êr = − sin(θ)î + cos(θ) ĵ

êθ = − cos(θ)î − sin(θ) ĵ
˙̂er = θ̇êθ

˙̂eθ = −θ̇êr
¨̂er = θ̈êθ − θ̇2êr

¨̂eθ = −θ̈êr − θ̇
2 ˆ̇eθ

6.5.3 Hinge Phase Derivation

In the Hinge phase of motion the contact point is fixed at the origin. The system is

constrained to rotate about this point, thus giving the system one degree of freedom.

The following constraints are used to determine when this phase is no longer valid.

They correspond to transitions to falling, flight, and sliding respectively.

−π/2 < θ < π/2 stick above ground

V ≥ 0 positive normal contact force

−µV ≤ H ≤ µV coulomb friction

Define position vector from the contact point to the CoM:

~r = Lêr

~̇r = L ˙̂er

~̈r = L ¨̂er

Conservation of angular momentum (rate) about the contact point:∑
M/O = ~̇H/O

~r × (−Mg ĵ) = IGθ̈k̂ + ~r × (M~̈r)
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Conservation of linear momentum (rate):

∑
F = ~̇L

Hî + V ĵ − Mg ĵ = M~̈r

I used Matlab’s symbolic toolbox to directly solve these equations for the angular accel-

eration and contact forces. These symbolic expressions, along with expressions for the

kinematics and energy, were then automatically written to functions to be used by the

simulation.

6.5.4 Slide Phase Derivation

In the Slide phase of motion, the contact points is constrained to move along horizontal

(î) axis and the contact forces obey coulomb friction. The following constraints are

monitored during simulation. A transition is triggered when they are no longer satisfied.

−π/2 < θ < π/2 stick above the ground

V ≥ 0 positive normal contact force

|ẋ| ≤ 0 direction cannot change

|H| = µV Coulomb friction

Define position vector from the origin to the CoM:

~r = xî + Lêr

~̇r = ẋî + L ˙̂er

~̈r = ẍî + L ¨̂er
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Conservation of angular momentum (rate) about the origin:

∑
M/O = ~̇H/O

~r × (−Mg ĵ) + (xî) × (V ĵ) = IGθ̈k̂ + ~r × (M~̈r)

Conservation of linear momentum (rate):

∑
F = ~̇L

Hî + V ĵ − Mg ĵ = M~̈r

I used Matlab’s symbolic toolbox to directly solve these equations for the angular accel-

eration and contact forces. These symbolic expressions, along with expressions for the

kinematics and energy, were then automatically written to functions to be used by the

simulation.

6.5.5 Simulation

I wrote a simulation in matlab that was based on a finite state machine (FSM) archi-

tecture. Each continuous phase of motion was integrated using ODE45 in Matlab, with

built-in event detection to check that the constraints were satisfied. At the start of the

simulation, it determines which phase of motion the system is in, and then integrates

the corresponding equations of motion until a constraint is violated. At this point, the

system runs the FSM to determine which phase of motion to transition to. Flight phase

was included for completeness, but is never used in these experiments.
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6.5.6 Experiment - Pencil Toppling from Rest

The goal of the experiment is to better understand what happens when the contact forces

on an object go to zero. In this case, every experiment starts with a stick toppling from

rest. The coefficient of friction at the contact and moment of inertia of the stick a both

adjusted over a wide range of values. For every trial the slip distance and critical angle

before slipping are recorded.

The parameters in the problem were scaled to be dimensionless: {M = 1, g = 1, L =

1}. Additionally, the moment of inertia (IG) is scaled such that IG = 0 corresponds to a

point mass at the CoM and IG = 1 corresponds to half the mass at each end of a stick

with length = 2L. As a point of reference, IG = 1/3 corresponds to a slender rod.

In order for the stick to fall over in simulation, it must be given an initial perturbation.

To keep results consistent, the initial energy of the system is held constant across all

trials. This prescribes a fixed relationship between the initial angle and rate:

E(θ, ω) ≡ MgL cos(θ) +
1
2

(ML2 + IG)ω2 (6.8)

E(θ0, ω0) ≡ E(0, 0) = MgL (6.9)

Solving for initial angular rate yields:

ω0(θ0) =

√
2MgL(1 − cos(θ0))

ML2 + IG
(6.10)

It turns out that the results of the experiment are sensitive to these initial conditions. For

example, if you assume that the system has a small initial angle but no initial velocity,

then you will get slightly different results.
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6.5.7 Toppling Point Mass with Infinite Friction

With infinite friction at the contact, the stick will start to slip when the vertical compo-

nent of the contact forces goes to zero. Assuming the initial conditions from Equation

6.10, the vertical reaction force is given by:

V(θ) =
Mg(IG − 2mL2 cos(θ) + 3ML2 cos2(θ))

IG + ML2

∣∣∣∣∣
IG→0

=Mg cos(θ) (3 cos(θ) − 2)

Solving for the non-trivial root of this equation yields the critical value for θ at which

slipping occurs:

θc = arccos(2/3) ≈ 48.189685◦ (6.11)

A little bit of simple algebra yields a nice expression for the angular velocity at this

critical angle:

ωc =

√
2g
3L

(6.12)

While slipping with infinite friction the vertical component of the contact force is zero

by definition. The horizontal component is given by:

H = 2IG

(
g − Lω2 cos(θ)

L2 sin(2θ)

) ∣∣∣∣∣
IG→0

= 0 (6.13)

Since the only non-zero force acting on the stick (in this special case) is its own weight,

the center of mass (CoM) will follow a parabolic trajectory. The initial position and

velocity of the CoM are given by:

~rc = 〈−L sin(θc), L cos(θc)〉 (6.14)

~̇rc = 〈−Lωc cos(θc),−Lωc sin(θc)〉 (6.15)
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The final distance (d∗) reached by the CoM at the time of impact (t∗) can be found by

solving the following system:

0 =

(
L cos(θc)

)
+

(
− Lωc sin(θc)

)
t∗ +

1
2

(
− g

)
(t∗)2 (6.16)

d∗ =

(
− L sin(θc)

)
+

(
− Lωc cos(θc)

)
t∗ (6.17)

Since the CoM is falling/sliding in the negative direction, we need to add L to get the

distance that the contact point slipped:

dslip = d∗ + L (6.18)

After doing quite a bit of algebra and a letting g = 1 and L = 1 it can be shown that the

slip distance is:

dslip =

(
1 −

4
27

√
23 −

5
27

√
5
)
≈ −0.124580 (6.19)

6.5.8 Results - Pencil Toppling from Rest - General Case

For intermediate values of µ there is a regime in which the stick slips in both directions.

In these cases, the stick first slides backwards, then rotates about a fixed point, and then

slides forwards until ultimately striking the ground.

Sticks with low IG slide for all values of µ. This includes the limit as the coefficient

of friction goes to infinity.

Sticks with large IG have a critical value of µ for which they do not slide.
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Figure 6.7: Shows sign conventions for slipping forwards and backwards
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Figure 6.8: Positive and negative slip as a function of coefficient of friction and moment
of inertia. Notice that the stick slides backwards with low friction and forwards for high
friction. The slip distance is smaller for large sticks with a large moment of inertia.
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Figure 6.9: Critical angle before slipping as a function of coefficient of friction and
moment of inertia. Notice that as the moment of inertia becomes small (like a point
mass) the critical slip angle asymptotically approaches that of a ball bearing rolling off

of a sphere.
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Figure 6.10: Shows which direction the stick will slip first. Notice that there is a small
region where no sliding occurs, but that most of the region is dominated by either for-
wards or backwards sliding. Notice that for all reasonable values of friction (µ < 1) the
stick slips backwards first.
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CHAPTER 7

AN INTRODUCTION TO TRAJECTORY OPTIMIZATION: HOW TO DO

YOUR OWN DIRECT COLLOCATION

This chapter has been submitted to SIAM Review for publication as a tutorial and review

paper.

Author List: Matthew Kelly

7.1 Abstract

This is a tutorial on numerical trajectory optimization, with a focus on direct collocation

methods. These methods are often the go-to method for trajectory optimization, as they

are both simple and effective. Additionally, these methods serve as a good starting

point towards understanding more sophisticated trajectory optimization topics. After

an introduction to trajectory optimization in general, we describe two common direct

collocation methods in detail: trapezoidal and Hermite-Simpson. We then use these

methods to set up and solve four example problems: 1) minimal-force trajectory to move

a block between two points; 2) minimal-torque swing-up trajectory for a cart-pole; 3)

minimal-torque periodic walking gait for a five-link model of bipedal walking; and 4) a

pathological problem: minimal-work trajectory to move a block between two points.

7.2 Introduction

What is trajectory optimization? A trajectory is a path, for example, position vs time.

More generally, the path may also include various other functions of time besides posi-
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tion, such as velocities and the values of any controls. Trajectory optimization a set of

methods that are used to find the controls, as a function of time, that result in the best

path. The meaning of the word “best” varies from problem to problem, and is often

dependent on constraints.

7.2.1 Why this paper?

There are many books and papers about trajectory optimization. The single best resource

that I’ve found is Practical Methods for Optimal Control and Estimation using Non-

linear Programming by Betts [7], particularly the first 4 chapters. As opposed to Betts’

book, this paper is narrower, aiming just at ‘how to do it’, and is intended to be a more

gentle introduction. My goal is to give a good overview, as well as some fairly explicit

recipes for doing trajectory optimization.

This tutorial is roughly divided into two parts. The first part focuses on giving a good

introduction to the field, and giving all of the practical details required to implement

both trapezoidal and Hermite-Simpson direct collocation methods. The second part of

the tutorial is a collection of four example problems, which cover all of the practical

details required to solve each problem.

Finally, this paper comes with an electronic supplement, which is described in detail

in the appendix §7.12. Like the tutorial, there are two parts to the supplement. The first

is a general purpose trajectory optimization library, written in Matlab, that implements

both direct collocation methods from this tutorial, as well as direct multiple shooting

(4th-order Runge–Kutta) and global orthogonal collocation (Chebyshev Lobatto). The

second part of the supplement is a collection of example problems, including all exam-

ples in this paper, implemented in Matlab and solved with the afore-mentioned trajectory
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optimization library.

7.2.2 A simple example

Let’s get started by looking at a simple example. Consider the problem of how to move

a small block between two points on a straight line, starting and finishing at rest, in a

fixed amount of time. A solution (trajectory) is said to be feasible if it satisfies all of the

requirements (constraints) on the problem. For this simple problem, there are an infinite

number of feasible solutions — ways to move the block between these two points in the

allotted time.

Trajectory optimization is concerned with finding the best of the feasible trajectories,

which is known as the optimal trajectory. We use an objective function to mathematically

describe what we mean by “best” trajectory. Later in this tutorial we will solve this block

moving problem with two commonly used objective functions: minimal force (§7.7) and

minimal work (§7.10).

There are a huge number of ways to compute an optimal trajectory, and this tutorial

will only focus on one small set of methods, known as direct collocation. One feature

of direct collocation is that it computes the open-loop solution to the problem. In the

case of our simple example, the open-loop solution would be the force to be applied to

the block, as a function of time, that will move it between the initial and final points. In

contrast, the closed-loop solution would give the force as a function of the state (position

and velocity) of the block. These concepts are covered further in §7.3.3.

Another key feature of direct collocation is that the solution is obtained by discretiz-

ing the trajectory optimization problem (using a polynomial spline), and then optimizing
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the discretized problem using non-linear constrained parameter optimization (non-linear

programming). This process is known as direct transcription. The trade-offs between

direct collocation and other methods are discussed in more detail in the following sec-

tion (§7.3).

7.3 Background

In this section we will go into a more detailed discussion of the types of problems

that are solved by direct collocation, and how it fits into the broader field of optimal

control. Additionally, we will briefly cover some of the other techniques that are used

to solve trajectory optimization problems, including indirect methods, direct multiple

shooting,and orthogonal collocation.
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7.3.1 Notation

For reference, these are the main symbols we will use throughout the tutorial, as will be

described in detail later.

tk time at knot point k

N number of trajectory (spline) segments

hk = tk+1 − tk duration of spline segment k

xk = x(tk) state at knot point k

uk = u(tk) control at knot point k

wk = w
(
tk,xk,uk

)
integrand of objective function at knot point k

fk = f
(
tk,xk,uk

)
system dynamics at knot point k

q̇ =
dq
dt

q̈ =
d2q
dt2 first and second time-derivatives of q

In some cases we will use the subscript k + 1
2 to indicate the mid-point of spline

segment k. For example, uk gives the control at the beginning of segment k, and uk+ 1
2

gives the control at the mid-point of segment k.

7.3.2 Trajectory optimization vs parameter optimization

Parameter optimization is concerned with minimizing some function J(x), where x is

a vector of real numbers. In contrast, trajectory optimization is concerned with min-

imizing a functional J
(
f (t)

)
, where f (t) is an arbitrary vector function. This makes

trajectory optimization a more challenging problem, because the space of functions is

much larger than the space of real numbers. Direct Methods, including direct collo-

cation, work by converting a trajectory optimization problem into a related parameter
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Open-Loop Solution Close-Loop Solution(optimal trajectory) (optimal policy)

A

B B

Figure 7.1: Open- vs. close-loop control: An open-loop solution (left) to an optimal
control problem is a sequence of controls u(t) that move the system from a single start-
ing point A to the destination point B. In contrast, the closed-loop solution gives the
controls u(x) that can move the system from any point in the state space to the destina-
tion point B.

optimization problem. In practice, there are many ways to make this conversion, some

of which will be discussed later in this tutorial.

7.3.3 Open-Loop vs. Closed-Loop Solutions

Trajectory optimization is a collection of techniques that are used to find open-loop

solution to an optimal control problem. In other words, the solution to a trajectory

optimization problem is a sequence of controls u∗(t), given as a function of time, that

move a system from a single initial state to some final state. This sequence of controls,

combined with the initial state, can then be used to define a single trajectory that the

system takes through state space.

There is another set of techniques, known as dynamic programming, which find

the closed-loop solution to an optimal control problem. These methods find the best

control u∗(x) to take starting from every point in the state space. An optimal trajectory

starting from any point in the state space can be recovered from a closed-loop solution

by a simple simulation. Figure 7.1 illustrates the difference between an open-loop and a

closed-loop solution.
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In general, trajectory optimization is most useful for systems that are high-

dimensional, have a large state space, or need to be very accurate. The resulting solution

is open-loop, so it must be combined with a stabilizing controller when applied to a real

system. One major short-coming of trajectory optimization is that it will sometimes fail

to converge, or converge to a locally optimal solution, failing to find the globally optimal

solution.

Dynamic programming tends to be most useful on lower-dimensional systems with

small but complex state spaces, although some variants have been applied to high-

dimensional problems [79]. There are two advantages to dynamic programming over

trajectory optimization. The first is that dynamic programming gives the optimal con-

trol for every point in state space, and can thus be applied directly to a real system.

The second, and perhaps more important advantage is that it will (at least in the basic

formulations) always find the globally optimal solution. The downside of dynamic pro-

gramming is that computing the optimal solution for every point in the state space is

very expensive, scaling exponentially with the dimension of the problem.

7.3.4 Continuous-Time and Discrete-Time Systems

Trajectory optimization is generally concerned with finding optimal trajectories for a

dynamical system. At any instant, the system is described by its state state x. The state

changes in time according the dynamics ẋ = f (t,x,u), where t is the current time, and

u is the control, or input to the system.

There are many different types of dynamical systems. In this tutorial we will focus

on continuous-time dynamical systems, which have continuous time, state, and control.

This type of system is common in robotics and the aerospace industry, for example
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planning the trajectory that a spacecraft would take between two planets.

ẋ = f (t,x,u) continuous-time system (7.1)

Another common system is a discrete-time dynamical system, which has discrete time-

steps, but continuous state and control. This type of system is commonly used in model

predictive control, for example in building climate control systems [69]. Trajectory

optimization for these systems is generally easier than on fully continuous systems.

xk+1 = fk(xk,uk) discrete-time system (7.2)

A final type of dynamical system is a directed graph, where there is a finite set of

states (nodes on the graph) and controls (transitions, actions, edges on the graph). Most

algorithms for computing an optimal policy require the dynamical system to be in this

form. A common example would be a traffic network, where the states are cities, and

the controls are the different roads that could be taken between the cities. Sometimes

continuous-time problems are abstracted into this form so that they can make use of

sophisticated graph search algorithms to approximate the optimal policy.

7.3.5 The Trajectory Optimization Problem

There are many ways to formulate trajectory optimization problems [93, 6, 84]. Here

we will restrict our focus to single-phase (no jumps between one governing equation

and another) continuous-time trajectory optimization problems. A more general frame-

work, which includes multi-phase problems can be found in [93]. Multi-phase problems

typically arise from hybrid systems, which multiple continuous phases of motion, punc-

tuated by discrete jumps.

Our objective function includes two terms: a boundary objective J(·) and a path

integral along the entire trajectory, with the integrand w(·). Thus, our problem is said to
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be in Bolza form. A problem with only the integral term is said to be in Lagrange form,

while a problem with only a boundary term is said to be in Mayer form. [6]

min
t0,tF ,x(t),u(t)

J
(
t0, tF ,x(t0),x(tF)

)︸                   ︷︷                   ︸
Mayer Term

+

∫ tF

t0
w
(
τ,x(τ),u(τ)

)
dτ︸                        ︷︷                        ︸

Lagrange Term

(7.3)

The decision variables in the optimization are the initial and final time (t0, tF), as well as

the state and control trajectories, x(t) and u(t) respectively.

The optimization is subject to a variety of limits and constraints, detailed in the fol-

lowing equations (7.4-7.11). The first, and perhaps most important of these constraints

are the system dynamics, which are typically non-linear and describe how the system

changes in time.

ẋ(t) = f
(
t,x(t),u(t)

)
system dynamics (7.4)

Next are the path constraints, which enforce restrictions along the trajectory. A path

constraint could be used, for example, to keep the foot of a walking robot above the

ground during a step.

h
(
t,x(t),u(t)

)
≤ 0 path constraints (7.5)

Another important type of constraint is a non-linear boundary constraint, which puts

restrictions on the initial and final state of the system. Such a constraint would be used,

for example, to ensure that the gait of a walking robot is periodic.

g
(
t0, tF ,x(t0),x(tF)

)
≤ 0 boundary constraints (7.6)

Often there are constant limits on the state or control. For example, a robot arm might

have limits on the angle, angular rate, and torque that could be applied at each joint,

during the entire trajectory.

xlow ≤ x(t) ≤ xupp path bound on state (7.7)

ulow ≤ u(t) ≤ uupp path bound on control (7.8)
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Finally, it is often important to include specific limits on the initial and final time and

state. These might be used to ensure that the solution to a path planning problem reaches

the goal within some desired time window.

tlow ≤ t0 < tF ≤ tupp bounds on initial and final time (7.9)

x0,low ≤ x(t0) ≤ x0,upp bound on initial state (7.10)

xF,low ≤ x(tF) ≤ xF,upp bound on final state (7.11)

This problem is difficult to solve, because the decision variables include functions,

rather than just real numbers. Additionally, the objective and constraint functions in-

clude both integrals and derivatives, which inherently operate on functions. In the fol-

lowing section we will cover some methods to address these concerns, by converting

the trajectory optimization problem into a non-linear program (non-linear constrained

parameter optimization).

7.3.6 Indirect Methods

Traditionally, trajectory optimization problems were solved by indirect methods, which

are based on calculus of variations and Pontryagin’s maximum principle [115]. An

indirect method works by constructing the necessary and sufficient conditions for op-

timality, which are then solved numerically. This is sort of like minimizing y = f (t)

by solving the equation y′(t∗) = 0 subject to the constraint y′′(t∗) > 0. In contrast, a

direct method will minimize y(t) by constructing a sequence of guesses such that each

subsequent guess is an improvement on the previous: y(t0) > y(t1) > . . . > y(t∗).

The major benefit of an indirect method, when compared to a direct method, is that

the indirect method tends to be more accurate. Additionally, the error estimates for an
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indirect method tend to be more reliable, since they can be constructed from the adjoint

equations.

There are several difficulties associated with indirect methods when compared to

direct methods. The region of convergence tends to be smaller for indirect methods than

direct methods, which means that an indirect method will require a better initialization

[6]. Furthermore, the initialization of an indirect method is complicated by the need to

initialize the adjoint variables, which are not used in a direct method [7]. Finally, in

order to obtain an accurate solution for an indirect method, it is typically necessary to

construct the necessary and sufficient conditions analytically, which can be challenging

[6].

7.3.7 Direct Collocation Method

In this tutorial we will focus on direct collocation methods for solving trajectory opti-

mization problems. Direct collocation methods are desirable because they are easy to

construct and initialize (when compared to indirect methods), and are easier to use on

problems with path constraints (when compared to shooting methods, covered in §7.3.9)

[50, 6, 7]. Aside: the name direct collocation is sometimes used interchangeably with

the name direct transcription [6].

The key feature of a direct method is that it converts the trajectory optimization

problem into a non-linear program. The decision variables in a trajectory optimization

problem are continuous functions, which are infinite-dimensional, and thus difficult to

optimize over. A non-linear program (7.12), by contrast, is a non-linear constrained
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parameter optimization, over a finite set of real numbers.

min
z

J(z) subject to: (7.12)

f (z) = 0

g(z) ≤ 0

zlow ≤ z ≤ zupp

There are a variety of methods for solving non-linear programs, which are covered

in [68, 7, 6]. In this tutorial, we will not cover methods for solving non-linear programs,

apart from how they interact with the direct collocation method. There are several good

software programs that implement non-linear programming solvers, including [37, 91,

119, 12, 70].

Direct collocation methods work by approximating the solution to the trajectory

optimization problem as piece-wise polynomial functions (polynomial splines). This

approximation is then used to construct collocation constraints, which enforce the sys-

tem dynamics along the trajectory. These collocation constraints are applied at specific

points (times) along the trajectory, know as collocation points. In other words, the

polynomial spline must satisfy the system dynamics exactly at each collocation point.

Additionally, each type of polynomial spline defines a quadrature rule, which can then

be used to approximate any integral expressions in the problem. [7, 50, 46]

7.3.8 Orthogonal Collocation

Orthogonal collocation is similar to direct collocation, but it generally uses high-order

polynomials with collocation points at the roots of an orthogonal polynomial, typically

either Chebyshev or Legendre [19]. Increasing the accuracy of a solution is typically
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achieved by increasing either the number or trajectory segments or the order of the

polynomial in each segment.

One important reason to use high-order orthogonal polynomials for function approx-

imation is that they achieve spectral convergence. This means that the convergence rate

is exponential in the order of the polynomial [93], if the underlying function is suffi-

ciently smooth [111]. If the entire trajectory is approximated using a single high-order

polynomial, then the resulting method is called a pseudospectral collocation (also called

global collocation) [93].

One of the key implementation details about orthogonal collocation is that the tra-

jectory is represented using Barycentric Interpolation [5], rather than directly from the

definition of the orthogonal polynomial. Barycentric interpolation provides a numeri-

cally efficient and stable method for interpolation, differentiation, and quadrature, all of

which can be computed by knowing the trajectory’s value at the collocation points. See

Appendix §7.14 for further details about how to work with orthogonal polynomials.

7.3.9 Direct Shooting Methods

Like direct transcription, the direct shooting method (also known as single shooting)

solves a trajectory optimization problem by transforming it into a non-linear program.

The key difference is that a direct shooting method approximates the trajectory using a

simulation. The decision variables in the non-linear program are some (open-loop) pa-

rameterization of the control along the trajectory, and the initial state. Direct shooting is

well suited to applications where the control is simple and there are few path constraints,

such as space flight.[6]
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A common extension of the direct shooting method is multiple shooting (also called

parallel shooting). Rather than represent the entire trajectory as a single simulation, the

trajectory is divided up into segments, and each segment is represented by a simulation.

Multiple shooting tends to be much more robust than single shooting, and thus is used

on more challenging trajectory optimization problems. [6]

When compared to collocation methods, shooting methods tend to create smaller

non-linear programs (fewer decision variables in the constrained parameter optimiza-

tion). One difficulty with direct shooting methods is that it is difficult to implement path

constraints, since the intermediate state variables are not decision variables in the non-

linear program [6]. Another difficulty with shooting methods, particularly with direct

shooting, is that the relationship between the decision variables and constraints is often

highly nonlinear, which can cause convergence problems in some cases [6, 7].

7.3.10 Differential Dynamic Programming

One final method to briefly mention is Differential Dynamic Programming. It is similar

to direct shooting, in that it simulates the system forward in time, and then optimizes

based on the result of that simulation. The difference is in how the optimization is

carried out. While direct shooting is optimized by a general-purpose non-linear pro-

gramming solver, the differential dynamic programming algorithm optimizes the tra-

jectory by propagating the optimal control backward along the candidate trajectory. In

other words, it exploits the time-dependent nature of the trajectory. It was described in

[72, 52], and a good overview provided by [78].
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7.3.11 Trajectory Optimization Software

There are a variety of software programs that solve trajectory optimization problems.

Each of these solvers performs some transcription method and then hands the problem

off to a non-linear programming solver.

• GPOPS-II [84] is a trajectory optimization library developed for Matlab

• PSOPT [3] is an open-source trajectory optimization library

• SOS [8] is a professional trajectory optimization software, developed by John T.

Betts, implementing algorithms in [7].

• DIRCOL [116] is an open-source trajectory optimization library

Direct transcription methods solve a trajectory optimization problem by converting it

into a non-linear programming. Here I have included a list of a few popular software

packages for solving non-linear programming problems.

• FMINCON [70] is part of the Matlab optimization toolbox.

• SNOPT [37] is produced by TomLab optimization, and is widely regarded as one

of the best sparse non-linear programming solvers.

• IPOPT [119] is an open-source non-linear programming solver.

The electronic supplement, described in Appendix §7.12, also includes a Matlab li-

brary for trajectory optimization. It was written to go along with this tutorial, and it

implements trapezoidal and Hermite-Simpson collocation, as well as all four examples

problems.
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knot point

match function 
value at knot points

linear spline
approximation

"true" functionsegment

Figure 7.2: Linear Spline: The trapezoidal collocation method is derived by assuming
that the dynamics and control functions are approximated by linear splines, like the one
shown here. Note that the spline and the function that it is approximating match exactly
at the knot points.

7.4 Trapezoidal Collocation Method

The trapezoidal method for direct collocation works by approximating both the control

and the dynamics along the trajectory as linear splines. Practically, this means that the

continuous state and control trajectories x(t) and u(t) can be represented by their values

at the knot points t0 ... tN of the spline, where N is the number of linear segments. A

knot point is a point on a spline that connects two continuous segments, in this case two

linear segments as shown in Figure 7.2.

7.4.1 Quadrature

There are often integral expressions in trajectory optimization. Usually they are in the

objective function, but occasionally they are found in the constraints as well. Just like

the dynamics and control, we approximate the integrand of the objective function as a

linear spline through the knot points. The integral of a linear spline is computed using

the trapezoid rule, as shown below. [7]∫ tF

t0
w
(
τ,x(τ),u(τ)

)
dτ ≈

N−1∑
k=0

hk

2
(
wk + wk+1

)
(7.13)
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7.4.2 Collocation Constraints

In a collocation method, the collocation constraints are used to approximate the sys-

tem dynamics, and are equivalent to implicit Runge–Kutta integration schemes. The

collocation constraints are applied at collocation points. In the case of trapezoidal col-

location, the collocation points happen to be identical to the knot points of the linear

spline, although this is not true of all direct collocation methods. [7]

The trapezoidal collocation equations (below) are very similar to the quadrature rule

(7.13). It basically says that the integral of the linear spline approximation of the dy-

namics along the trajectory must move the system between the successive knot points of

the trajectory. This constraint is then applied for each segment of the linear spline. [7]

hk

2
(
fk+1 + fk

)
= xk+1 − xk k ∈ 0 . . . (N − 1) (7.14)

Note that xk is a decision variable in the non-linear program, while fk is the result of

evaluating the system dynamics.

7.4.3 Interpolating the Solution

The quadrature and collocation equations were derived by assuming that the system

dynamics and control were both linear splines. Thus, we will use these same splines

when evaluating the solution between the collocation points. One interesting aspect of

this formulation is that the state is a quadratic spline, because ẋ = f (·) and x =
∫
ẋ dt,

and f (·) is a linear spline. In general, if the control is a spline of order n, then the state

is represented by a spline of order n + 1 [7].

We start by looking at segment k, such that the query time t, is inside the given
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control:
linear spline

state:
quadratic spline

Figure 7.3: Solution Interpolation: trapezoidal Collocation When using trapezoidal
collocation, we are implicitly assuming that the dynamics and control are linear splines,
which are then explicitly used to evaluate the solution. Since the state is the integral
of the system dynamics, it is represented by a quadratic spline (the integral of a linear
spline).

segment.

tk ≤ t ≤ tk+1

We will define δk = t− tk to be the difference between the query time and the time at the

lower knot point. Note that 0 ≤ δk < hk if the interval is chosen correctly. The control

spline is then given by simple linear interpolation.

β =
1
h
(
uk+1 − uk

)
u(t) = uk + δk β

The state spline is very similar, and it is constructed by assuming that the dynamics are

approximated by the same type of linear spline as the control. We can obtain the state by

integrating the dynamics. Similarily, we obtain the (quadratic) state spline equations by

integrating the (linear) dynamics spline. Alternatively, you can think of each segment

of the state trajectory like a parabola defined by the value at one side, and the slope at

both. [7]

γ =
1

2h
(
fk+1 − fk

)
x̂(t) = xk + δk fk + δ2

kγk

Figure 7.3 shows how these splines are constructed, and Appendix §7.13 shows how to

derive these equations.
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7.4.4 Putting it all Together

The first step in solving any trajectory optimization problem is to clearly pose it. First,

write down the objective function, the system dynamics, and any constraints. Next,

find a good non-linear programming solver, such as FMINCON [70], SNOPT [37], or

IPOPT [119]. The non-linear programming solver will then demand that you define

an objective function, as well as a function for any non-linear constraints. There will

also be a way to include simple linear or constant constraints. Our goal here is to take

the trajectory optimization problem (infinite dimensional constrained optimization) and

convert it into a non-linear program (finite dimensional constrained optimization).

Let’s start with the objective function. The integral terms in the objective function

are given by (7.13). The boundary objective terms can be directly evaluated, since the

initial and final state (and time) are both included as decision variables.

The system dynamics (7.4) are treated as an equality constraint, using (7.14). Any

path constraints are applied to the the state at all collocation-points, while the boundary

constraints are only applied to the initial and final points. Constant limits on the state

and control can should be applied to all collocation-points.

Finally, once you’ve managed to pose the trajectory optimization problem as a non-

linear program, you can solve it! Once that is done, you then use linear interpolation

to compute a continuous approximation of the control, and quadratic interpolation to

compute a continuous approximation of the state.

This process is written out for the block-move and cart-pole swing up examples, in

§7.7.4 and §7.8.5 respectively.
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match function at
knot points and
mid-points

quadratic spline
approximation

"true" function

segmentknot point

mid-point

Figure 7.4: Quadratic Spline: This figure shows a quadratic spline, which is used to
approximate the dynamics and control functions in the Hermite-Simpson collocation
method. Notice that this approximation is far more accurate than the linear spline in
Figure 7.2, for the same number of segments.

7.5 Hermite-Simpson Collocation Method

The Hermite-Simpson method for direct collocation works by approximating both the

control u(t) and the dynamics f (·) along the trajectory as piece-wise quadratic splines.

As a result, the state is approximated by a cubic spline. One advantage of Hermite-

Simpson Collocation, over trapezoidal collocation, is that the state has a continuous first

derivative across the knot points when the collocation constraints are perfectly satis-

fied. Additionally, Hermite-Simpson collocation is 4th-order accurate, while trapezoidal

collocation is only 2nd-order accurate [7].

In the Hermite-Simpson method, both end-points and the mid-point of each spline

segment are collocation points, as shown in Figure 7.4. Note that the quadratic spline

used here is different than the quadratic spline used to represent the state in trapezoidal

collocation. The spline used here is defined by its value at both end-points and the mid-

point, while the quadratic spline for interpolation the state in trapezoidal collocation is

defined by its value at one end-point and the slope at both end-points.
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7.5.1 Quadrature

Just like in trapezoidal collocation, we approximate definite integrals in the objective

and constraint functions using quadrature. The integrand, like the dynamics and control,

is approximated by a quadratic spline. The integral of a quadratic spline is given by

Simpson’s rule, below.∫ tF

t0
w
(
τ
)

dτ ≈

N−1∑
k=0

hk

6
(
wk + 4wk+ 1

2
+ wk+1

)

7.5.2 Collocation Constraints

The Hermite-Simpson method is a bit more complicated than the trapezoid rule when it

comes to enforcing the system dynamics. Just like the trapezoid rule, we are going to use

the quadrature rule to ensure the quadratic spline approximation of the dynamics moves

the system between knot points. In order to do this, we actually need two constraints.

The first constraint ensures that the mid-point state is consistent with the cubic spline

approximation of the state. This constraint is derived from the definition of a cubic

Hermite spline, hence the term Hermite in the method name.

xk+ 1
2

=
1
2
(
xk + xk+1

)
+

hk

8
(
fk − fk+1

)
(7.15)

The second constraint is actually the collocation constraint, ensuring that the system

dynamics are satisfied. This equation is based on Simpson quadrature, hence the term

Simpson in the method name.

hk

6
(
fk + 4fk+ 1

2
+ fk+1

)
= xk+1 − xk (7.16)

Both (7.15) and (7.16) are from Bett’s book [7], and a derivation of them is given in the

Appendix §7.13.6 of this tutorial.
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7.5.3 Compressed vs. Separated Form

There are two common implementations of the Hermite-Simpson method. The com-

pressed method only includes the state of the system at the knot points
(
x0 ...xN

)
as

decision variables. The state at each mid-point
(
x0+ 1

2
...x(N−1)+ 1

2

)
is computed explicitly

using (7.15) before computing the dynamics fk+ 1
2

at each mid-point [7].

The separated method includes the state at both end-points and mid-points as deci-

sion variables, and (7.15) is given as an constraint to the NLP solver.

The textbook by Betts [7] gives a detailed comparison of the two methods. The

trade-offs are complicated and problem dependent, but as a general rule, the separated

form is better when the number of spline segments (N) is small, and the compressed

form is better when the number of spline segments is large.

7.5.4 Interpolating the Solution

After the non-linear programming solver has given us a solution, we may wish to eval-

uate that solution at points along the trajectory other than the collocation points. We

can do this by interpolating the solution, using interpolation rules constructed from the

same assumptions that we used to derive the quadrature and collocation equations: the

system dynamics and control were both quadratic splines.

We start by selecting the segment k that contains the query time t.

tk ≤ t ≤ tk+1

We will define δk = t− tk to be the difference between the query time and the time at the

lower knot point. Note that 0 ≤ δk < hk if the interval is chosen correctly. The control
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control:
quadratic spline

state:
cubic spline

Figure 7.5: Solution Interpolation: Hermite-Simpson Collocation is derived by as-
suming that both the dynamics and control are quadratic splines. The state is represented
by a cubic spline, defined by its slope(dashed lines) at both end-points and the mid-point,
as well as the value (small circles) at the lower knot point [7].

spline is then given by quadratic interpolation, where the coefficients are determined by

the control values at both end-points of the segment, as well as the mid-point. [7]

β1 =
−1
hk

(
3uk − 4uk+ 1

2
+ uk+1

)
β2 =

2
h2

k

(
uk − 2uk+ 1

2
+ uk+1

)
u(t) = uk + δk β1 + δ2

k β2

The state spline is very similar. It is constructed by assuming that the dynamics are

approximated by the same type of quadratic spline as the control. You can think of each

segment of the state spline being defined by the slope (dynamics) at both end-points and

the mid-point, and by the state at the lower knot point. [7]

γ2 =
−1
2hk

(
3fk − 4fk+ 1

2
+ fk+1

)
γ3 =

2
3h2

k

(
fk − 2fk+ 1

2
+ fk+1

)
x(t) = xk + δk fk + δ2

k γ2 + δ3
k γ3

Figure 7.5 shows a graphical representation of the state and control splines, and Ap-

pendix 7.13 gives derivation of the interpolation equations.
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7.6 Practical Considerations

7.6.1 Initialization

Direct collocation methods work by computing a sequence of candidate solution tra-

jectories, each of which is better than the previous. Such an algorithm must start from

somewhere, known as the initial guess, which is provided by the user. This initial guess

can be very important, depending on the problem.

Imagine that the optimization is trying to get to the top of a hill. If the landscape is

simple, with only one hill, then it doesn’t matter where the optimization starts: it can

just go uphill until it finds the solution. What happens if there are two different hills,

and one is higher? Then, there will be some starting points where going uphill will only

get you to the shorter of the two hills. In this case, the optimization will know that it got

to the top of the hill, but it won’t know that there is an even higher hill somewhere else.

Just like in the simple hill-climbing analogy, the choice of initial guess can affect

which local minimum the optimization eventually converges to. The presence of con-

straints makes it even worse: there might be some starting points from which the opti-

mization cannot even find a feasible solution. This is just a fundamental problem with

non-linear programming solvers: they cannot always find a solution, and if they do find

a solution, then it is only guaranteed to be locally optimal.

The best initializations for trajectory optimization problems usually require some

knowledge that is specific to that problem, but there are a few general approaches that

might be useful. In this way, initialization is more of an art than a science. A gener-

ally good practice is to try several different initialization strategies, and see if they all

converge to the same solution (if they converge at all). See §7.6.4 for some debugging
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concepts that can be used to help determine if a solution is converging correctly.

One of the simplest initialization techniques is to just assume that the trajectory is a

straight line in state space between the initial and final states. This approach is easy to

implement, and will often work well, especially for simple boundary value problems.

If you have a rough idea of what the behavior should look like, then you can just put

that in as the initial guess. For example, if you want a robot to do a back-flip, sketch out

the robot at a few points throughout the back-flip, figure out the points in state-space for

each configuration, and then use linear interpolation between those points.

For complicated problems, a more principled approach might be required. My fa-

vorite technique is to simplify the trajectory optimization problem until I can get a rea-

sonable solution using a simple initialization technique. Then I use the solution of the

simplified problem to initialize the original problem. If this doesn’t work, then I simply

construct a series of trajectory optimization problems, each of which is slightly closer

to the desired problem, and which uses the previous solution as the initial guess.

For example, lets say that you want to find a minimum-work trajectory for a walk-

ing robot. This cost function is difficult (see §7.10), and there are some difficult non-

linear constraints (foot clearance, contact forces, walking speed). Start by replacing the

cost function with minimum torque-squared (like the five-link biped example, §7.10),

removing most of the constraints, and replacing the non-linear dynamics with simple

kinematics (joint acceleration = joint torque). Solve this problem, and then use the so-

lution to solve the same problem, but with the real system dynamics. Then add back in

all of the constraints, and use the previous solution to initialize the new problem. Add

back in the constraints, and then the original objective function. This process also is a

good way to detect and isolate bugs in your code.
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7.6.2 Mesh Refinement

The direct transcription process approximates a trajectory using polynomial splines,

which allows the trajectory optimization to be converted into a non-linear program. One

side effect of this is that the non-linear program is solving the system dynamics along

the trajectory; the collocation constraints are acting as implicit Runge–Kutta integration

schemes [7].

The important detail here is that the direct collocation process is solving the system

dynamics on some fixed mesh (or grid) defined by the collocation points. This grid can

limit the accuracy of the solution. Using a fine mesh (many collocation points) can make

the solution more accurate, but at significant computational cost.

Mesh refinement is a process by which the trajectory optimization is initially solved

iteratively: first on a coarse mesh, and then adding more collocation points to the mesh

on each subsequent iteration. Since it is expensive to add new points everywhere, mesh

refinement methods typically determine where to place new collocation points such that

they will have the most impact on improving the accuracy of the solution.

New points are typically added to the mesh first computing the discretization error

in each segment (see §7.6.3), and then sub-dividing the worst segments into one or more

new segments. Figure 7.6 shows a simple example of how the mesh for a linear spline

might be refined to produce a more accurate representation by adding a small number

of points. Notice that segments with a small error are left unchanged, while segments

with more error are sub-divided into 2, 3, or 4 sub-segments for the next iteration. Betts

discusses algorithms for mesh refinement in his text book [7].

In more sophisticated mesh-refinement methods, the accuracy of a given segment

might be improved by sub-dividing it or by increasing the polynomial order inside the
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Figure 7.6: Mesh Refinement: This figure shows an example of how the mesh of a
linear spline could be refined to increase the accuracy of the function approximation.
Each segment of the spline is sub-divided into a integer number of sub-segments, where
the number of sub-segments is related to how much error there was in the original ap-
proximation.

segment. Such algorithms are referred to as hp-adaptive meshing. The rough idea is to

sub-divide a segment if there is a big spike in the error profile (within the segment), but

to increase the polynomial order otherwise. Details of the algorithm can be found in

[20], which are implemented in the GPOPS-II software [84].

7.6.3 Error Analysis

It is important to quantify the accuracy of a candidate solution to a trajectory optimiza-

tion, to check if it meets the required tolerances. This is done by estimating the error

along the trajectory. If the tolerances are not met, then this error estimate can be used to

re-mesh the problem and solve again, as discussed in §7.6.2.

There are many possible error metrics for trajectory optimization [7]. Here we will

construct an error estimate based on how well the candidate trajectory satisfies the sys-

tem dynamics between the collocation points. The logic here is that if the system dynam-

ics are accurately satisfied between the collocation points, then the polynomial spline is

an accurate representation of the system, which would then imply that the non-linear
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program is an accurate representation of the original trajectory optimization problem.

We do not know the true solution x∗(t), u∗(t) of the trajectory optimization problem,

but we do know that it must satisfy the system dynamics:

ẋ∗(t) = f
(
t,x∗(t),u∗(t)

)
From this, we can construct an expression for the error in the solution to the differential

equations, along the candidate trajectory [7].

ε(t) = ẋ(t) − f
(
t,x(t),u(t)

)
This error ε(t) will be zero at each collocation point, and non-zero elsewhere. We can

compute the integral of this function numerically to determine how far the candidate

solution (polynomial spline) may have deviated from the true solution along each di-

mension of the state. [7]

ηk =

∫ tk+1

tk
|ε(τ)| dτ

Once you have the error in each state over each segment of the trajectory, you can use

this to determine how to re-mesh the trajectory (§7.6.2) so that your solution converges

to an optimal solution that satisfies the continuous dynamics. Betts [7] provides addi-

tional details about this process, and how it can be used to automate mesh refinement.

7.6.4 Debugging your Code

There are many ways that trajectory optimization can go wrong. In this section, we

discuss some common bugs that find their way into code, and a few techniques for

locating and fixing them. Betts [7] also provides a good list of debugging suggestions.

One common problem is that the non-linear program fails to converge: it just runs

until it hits a resource limit. One cause of this is that your problem has a family of
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non-unique solutions. Basically, the objective function looks like a plateau in some

high-dimensional space. This causes a problem because there is no single best solution.

A simple fix is to add a small regularization term to your cost function, such as the

integral of control squared along the trajectory. This puts a shallow bowl in the objective

function, modifying the problem such that it has a unique solution.

A trajectory optimization problem with a non-smooth solution might cause the non-

linear program to converge very slowly. This occurs in our final example: finding the

minimal work trajectory to move a block between two points (§7.10). There two basic

ways to deal with a discontinuous solution. The first is to do mesh refinement (§7.6.2),

so that there are many short segments near the discontinuity. The second way to han-

dle a discontinuous solution is to slightly modify the problem, typically by introducing

a smoothing term, such that the solution is stiff, but not discontinuous. This second

approach was used in [105].

The non-linear program expects both the objective and constraint functions to be

consistent, which means that they perform the same exact sequence of arithmetic op-

erations on ever call [7]. For practical purposes you can think of a consistent function

as one that is both smooth and deterministic. Any functions that fail to meet this crite-

ria will show up as noise to the non-linear programming solver, which will cause slow

convergence. See §7.6.5 for more details.

If the non-linear programming solver returns saying that the problem is infeasible,

then there are two likely scenarios. The first is that your problem is actually impossible,

for example, you might have contradictory constraints. In these cases, you can often fig-

ure out some clues by looking at final point in the non-linear programming solution (the

best of the infeasible trajectories). What constraints are active? Is the trajectory right

on top of your initial guess? Is it running into an actuator limit? The basic debugging
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procedure is to double check all of your constraints, and then check to see if removing

a constraint allows for a feasible solution.

The second likely cause of an infeasible report from a non-linear programming

solver is when a trajectory optimization problem is complicated and initialized with

a poor guess. In these cases, the optimization gets stuck in a ‘bad’ local minima, that

has no feasible solution. The best fix in this case it to use the methods discussed in

§7.6.1 to compute a better initialization.

Another tricky thing with trajectory optimization is determining if a candidate solu-

tion is at a global or a local minimum. In both cases the non-linear programming solver

will report success. In general, there is no rigorous way to determine if you have the

globally optimal solution, but there are many effective heuristics. One such heuristic is

to run the optimization from a wide variety of initial guesses. If most of the guesses

converge to the same solution, and it is better than all others found, there is a good

chance that it is the globally optimal solution. Another such heuristic is to use different

transcription methods, and check that they all converge to the same solution.

7.6.5 Consistent Functions

Direct transcription solves a trajectory optimization problem by converting it to a non-

linear program. Most non-linear programming solvers, such as SNOPT [91], IPOPT

[12], and FMINCON [70], require that the user-defined objective and constraint func-

tions be consistent. A function is consistent if it performs the exact same sequence of

arithmetic operations on each call [7]. This is essentially like saying that the output of

functions must smoothly vary with the inputs, and that the function must be determinis-

tic.
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For example, the abs() function is not consistent, because it contains an if() state-

ment, which changes the sequence of operations: when t > 0 it simple returns t, but

when t ≤ 0 it negates t before returning. The functions min and max are also not consis-

tent functions, although the reasoning is a bit more complicated.

There is a neat trick that allows many inconsistent functions (such as abs(), max())

to be implemented by introducing extra decision variables (slack variables) and con-

straints to your problem. An example is given in §7.10, to correctly treat the abs()

function in the objective function of the block moving example. Bett’s text book [7]

also covers the topic in more detail. An alternative way to handle such functions is to

use smoothing, which is also demonstrated in the block-moving example in §7.10.

Another place where inconsistency shows up is when a function has an internal

iteration loop, such as in root finding, or in a variable-step integration method. The

solution for the root-finding method is to just use a fixed number of iterations, and the

variable-step integration should be replaced with a fixed-step method. [7]

One final source of inconsistency, which is particularily common in direct shooting

methods, is the use of a time-stepping simulation to compute the system dynamics. The

contact solvers in such simulators are inconsistent, which then leads to problems in the

non-linear program. One solution to this problem is to use through-contact trajectory

optimization [76, 87].

7.7 Block Move Example: Minimal Torque

Let’s consider a simple example problem, where we would like to move a block between

two points on a plane in a fixed amount of time, as shown in Figure 7.7. There are an
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Figure 7.7: Block Move Example: Find the optimal trajectory to move a block between
two points on a friction-less plane, starting and finishing at rest, in a fixed amount of
time.
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the optimal
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Figure 7.8: A Simple Example: Move a block between two points by applying a force,
such that both the initial and final speed are zero. All of the trajectories shown on the
left are feasible: they satisfy the problem constraints. In trajectory optimization we
typically introduce an objective function, either to force a unique solution or to obtain
some desired behavior. The plot on the right shows an optimal trajectory, obtained by
minimizing the integral of torque-squared along the trajectory.

infinite number of trajectories that satisfy this requirement, so we will add an objective

function, which describes the ‘best’ trajectory between these points. Figure 7.8 shows a

few of the possible trajectories between these two points, as well as the optimal solution,

which, in this case, is minimizing the integral of force-squared along the trajectory.

7.7.1 Problem Statement

We would like to move a block along a one-dimensional friction-less surface, in a fi-

nite time, along a trajectory that minimizes the integral of the absolute work done by

the control force u, where the position and velocity of the block are given by x and ν

respectively.

min
u(t), x(t), ν(t)

∫ 1

0
u2(τ) dτ (7.17)
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We will assume that the block has unit mass and slides without friction, so we can write

it’s dynamics:

ẋ = ν ν̇ = u (7.18)

Next, the block must start at the origin, and move one unit of distance in one unit of

time. Note that the block must be stationary at both start and finish.

x(0) = 0

ν(0) = 0

x(1) = 1

ν(1) = 0
(7.19)

7.7.2 Analytic Solution

The solution to the simple block moving trajectory optimization problem (7.17-7.19) is:

u∗(t) = 6 − 12t x∗(t) = 3t2 − 2t3 (7.20)

It turns out that this simple problem has an analytic solution, but, in general, tra-

jectory optimization problems must be solved numerically — they have no analytic

solution.

7.7.3 Initialization

There are many ways to initialize this problem. In this tutorial we simply assume that

the position of the block (x) transitions linearly between the initial and final position.

Then, we select the velocity (v) and force (u) profiles that are consistent with that initial

guess for position.

xinit(t) = t νinit(t) = 1 uinit(t) = 0 (7.21)
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7.7.4 Solution via Trapezoid Collocation

We can collect all of the equations that describe the block moving problem (7.17-7.19),

and combine them with the trapezoidal collocation method from §7.4, to write down the

block moving trajectory optimization problem as a constrained parameter optimization

problem (non-linear program).

minimize:

J =

N−1∑
k=0

h
2

(
u2

k + u2
k+1

)
objective function

decision variables:

x0 . . . xN , ν0 . . . νN , u0 . . . uN

subject to:

h
2

(
νk+1 + νk

)
= xk+1 − xk k ∈ 0 . . . (N − 1) collocation constraints

h
2

(
uk+1 + uk

)
= νk+1 − νk k ∈ 0 . . . (N − 1) collocation constraints

x0 = 0 xN = 1 boundary constraints

ν0 = 0 νN = 0 boundary constraints

initial guess:

xinit
k = k

N , νinit
k = 1, uinit

k = 0

Note that the duration of each segment of the trajectory is given by h = 1/N, where N is

the number of segments used in the transcription. In general, direct collocation methods

require solving a non-linear program. This problem is special; the constraints are all

linear, and the cost function is quadratic, making it a quadratic program. Quadratic

programs (in general) are much easier to solve than non-linear programs.
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7.8 Cart-Pole Example Problem

The second example in this tutorial is the cart-pole swing-up problem. The system has

a cart that travels on a horizontal track, and a simple pendulum freely hangs from the

cart. A motor in the cart can be used to apply a force to accelerate the cart along the

track. The goal is to compute the force profile, as a function of time, that moves the cart

back and forth on the track in such a way that the pendulum, initially hanging at rest, is

swung up to be balanced (inverted) above the cart.

In this section, we will turn this physical problem statement into a clear trajectory

optimization problem, and then show how to convert that trajectory optimization prob-

lem into a non-linear program using direct collocation.

7.8.1 System Dynamics

The cart-pole is a second-order dynamical system, and its equations of motion can be

derived using methods found in any undergraduate dynamics text book. The dynamics

of this system are simple enough to compute by hand, although for more complicated

systems it is generally a good idea to make use of a computer algebra package to derive

the dynamics.

The dynamics for the cart-pole system are shown below. The position of the cart is

given by q1, the angle of the pole is given by q2, and the control force is given by u. The

mass of the cart and pole are given by m1 and m2 respectively, and then length of the

pole and acceleration due to gravity are ` and g, as shown in Figure 7.9.

q̈1 =
`m2 sin(q2) q̇2

2 + u + m2 g cos(q2) sin(q2)
m1 + m2

(
1 − cos2(q2)

) (7.22)
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control
(force)

cart
position
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Figure 7.9: Cart-Pole: This figure shows an the set-up for the cart-pole system.

q̈2 = −
`m2 cos(q2) sin(q2) q̇2

2 + u cos(q2) + (m1 + m2) g sin(q2)
`m1 + `m2

(
1 − cos2(q2)

) (7.23)

All standard trajectory optimization methods require that the dynamics of the sys-

tem be in first-order form. This is accomplished by including both the minimal coor-

dinates (q1 and q2) and their derivatives in the state. Note that q̈1 and q̈2 are defined in

(7.22,7.23).

x =



q1

q2

q̇1

q̇2


ẋ = f

(
x, u

)
=



q̇1

q̇2

q̈1

q̈2



7.8.2 Objective Function

For this example we will use one of the more common objective functions in trajectory

optimization: the integral of the control squared.

J =

∫ T

0
u2(τ) dτ (7.24)

This objective function (7.24) tends to produce smooth trajectories. Smooth trajectories

are desirable for two key reasons. The first is that most transcription methods assume
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that the solution to the trajectory optimization problem is well-approximated by a poly-

nomial spline, thus a problem with a solution that is smooth will be solved more quickly

and accurately than a problem with a non-smooth solution. The second reason that

smooth trajectories are nice is that they tend to be easier to stabilize with conventional

controllers, when implemented on a real system.

The torque-squared objective function (7.24) only includes terms involving the con-

trol (u), but in general the objective function can include both the time t and the state x

of the system as well. Furthermore, this objective function only has a path integral term,

but in general the objective function could have a path integral term as well as a term

for the boundaries of the trajectory. Notice also that we have prescribed both the initial

and final times t0 = 0 and tF = T for this problem, although in general these can also be

decision variables.

7.8.3 Boundary Constraints

Many trajectory optimization problems include boundary constraints, which restrict the

state of the system at the boundaries of the trajectory — either the initial or final point

(or both). Here we will restrict the full state of the cart-pole system at both the initial and

final points on the trajectory. Let’s suppose that we want the cart to start in the center of

the rails and translate a distance d for its swing-up maneuver. The (constant) boundary

constraints for this situation are given below.

q1(t0) = 0 q1(tF) = d

q2(t0) = 0 q2(tF) = π

q̇1(t0) = 0 q̇1(tF) = 0

q̇2(t0) = 0 q̇2(tF) = 0
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7.8.4 State and Control Bounds

The cart-pole swing-up problem has a few simple constraints. First, let’s look at the

state. The cart rides on a track which has a finite length, so we need to include a simple

constraint the limits the horizontal range of the cart. Additionally, we will restrict the

motor force to some maximal force in each direction.

−dmax ≤ q1(t) ≤ dmax

−umax ≤ u(t) ≤ umax

7.8.5 Trapezoidal Collocation - Cart-Pole Example

We can collect all of the equations in this section, and combine them with the trapezoidal

collocation method from §7.4, to write down the cart-pole swing-up problem as a non-

linear program.

minimize:

J =

N−1∑
k=0

hk
2

(
u2

k + u2
k+1

)
objective function (7.25)

decision variables:

x0...xN u0 . . . uN (7.26)

subject to:

hk
2

(
fk+1 + fk

)
= xk+1 − xk k ∈ 0 . . . (N − 1) collocation constraints (7.27)

− dmax ≤ q1 ≤ dmax path constraints (7.28)

− umax ≤ u ≤ umax path constraints (7.29)

x0 = 0 xN = [d, π, 0, 0]T boundary constraints (7.30)
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Note that hk = tk+1 − tk. Here, we will us a uniform grid, so tk = k T
N , where N is the

number of segments used in the transcription. In general, you could solve this problem

on an arbitrary grid; in other words, each hk could be different.

7.8.6 Hermite-Simpson Transcription Method

We can also use Hermite-Simpson collocation (§7.5) to construct a non-linear program

for the cart-pole swing-up problem. This is similar to the trapezoidal collocation, but

using a second-order (rather than first-order) spline to approximate the dynamics and

control. This requires including collocation points for the state and control at the mid-
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point of each segment. Here we are using the separated form of the method (see §7.5.3).

minimize:

J =

N−1∑
k=0

hk
6

(
u2

k + 4u2
k+ 1

2
+ u2

k+1
)

objective function

(7.31)

decision variables:

x0, x0+ 1
2
. . . xN u0, u0+ 1

2
. . . uN

subject to:

xk+ 1
2

= 1
2

(
xk + xk+1

)
+ hk

8

(
fk − fk+1

)
k ∈ 0 . . . (N − 1) interpolation constraints

(7.32)

hk
6

(
fk + 4fk+ 1

2
+ fk+1

)
= xk+1 − xk k ∈ 0 . . . (N − 1) collocation constraints

(7.33)

− dmax ≤ q1 ≤ dmax path constraints (7.34)

− umax ≤ u ≤ umax path constraints (7.35)

x0 = 0 xN = [d, π, 0, 0]T boundary constraints

(7.36)

7.8.7 Constructing an initial guess

The cart-pole swing-up problem is a boundary value problem. We known the initial

and final state, and simply need to compute a (optimal) trajectory to move the system

between those two points. An obvious (and simple) initial guess is that the system

linearly moves between the initial and final state with zero control effort. This is not
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physically possible, but the motion is similar to the desired motion.

xguess(t) =
t
T



d

π

0

0


uguess(t) = 0 (7.37)

Additionally, we will start with a uniform grid, such that tk = k T
N . The initial guess for

each decision variable in the non-linear program is then computed by evaluating (7.37)

at each knot point tk (and the mid-point tk+ 1
2

for Hermite-Simpson collocation).

7.8.8 Results

In this section we show the optimal swing-up trajectory for the cart-pole system, com-

puted using Hermite-Simpson collocation with 25 trajectory segments. The set of pa-

rameters that we use are given in Appendix §7.15.1. We computed the solution in Mat-

lab, on a regular desktop computer1, using the code provided in the electronic supple-

ment (§7.12). The non-linear program was solved by FMINCON in 5.91 seconds (71

iterations) using default convergence settings.

Figure 7.10 shows a stop-action animation of the swing-up maneuver, with uni-

formly spaced frames. The same solution is shown in Figure 7.11 as plots of state and

control versus time. Finally, Figure 7.12, shows the error estimates along the trajectory.

The error in both the differential equations and the state increase noticeably near the

middle of the trajectory. At this point, the system is changing rapidly as the pole swings-

up, and the uniform grid has difficulty capturing the solution. A more sophisticated

1processor: 3.4GHz quad-core Intel i5-3570K
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start

end

Figure 7.10: Cart-Pole Swing-Up: Draw This figure shows a stop-action animation of
the cart-pole swing-up. Blue (dark) to yellow (light) as the trajectory progresses.

method would compute a new grid, such that the trajectory segments were shorter near

this point where the system is rapidly changing.

We selected parameters for this problem such that it is well behaved. For example,

we can make small changes to the initial guess or the direct transcription method, and we

get the same basic answer out. There are a few interesting behaviors for other choices

of parameters. For example, setting d = 0, so that the cart ends at the same point on

the track where it started, gives the problem two equally good solutions: one where the

cart moves left, and one where it moves right. If d is small, but non-zero, then this

gives a strong local minimum to the problem: a bad initialization could easily produce

a solution which is locally optimal, but not the true global solution.

Another way to make this problem harder is to increase the duration T , so that the

optimal solution includes several swings back-and-forth before the ultimate swing-up.

Reducing the actuator limits umax sufficiently will also make the problem harder, since

the solution will no longer be smooth. This will then require careful mesh-refinement

for an accurate answer. These changes are easy to make in the code provided in the

electronic supplement.
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Figure 7.11: Cart-Pole Swing-Up: Plot This figure shows the solution to the cart-pole
swing-up, using a 25 segment Hermite-Simpson transcription over a uniform grid. The
top two plots show the horizontal position and the angle of the pole, while the bottom
plot shows the control force.

199



p
o
si

ti
o
n
 d

yn
am

ic
s 

er
ro

r 
(m

/s
)

time (s)

zero at knot points

0 0.5 1 1.5 2
-0.01

-0.005

0

0.005

0.01

0 0.5 1 1.5 2
-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0 5 10 15 20 25
0

1

2

3

4

5

0 5 10 15 20 25
0

0.2

0.4

0.6

0.8

1

1.2

1.4

an
g
le

 d
yn

am
ic

s 
er

ro
r 

(r
ad

/s
)

time (s) segment index

segment index

an
g
le

 e
rr

o
r 

(r
ad

)
p
o
si

ti
o
n
 e

rr
o
r 

(m
)

Error in differential equations Estimate of state error

Figure 7.12: Cart-Pole Swing-Up: Error This figure shows the estimates in the error
for the cart-pole solution. The left two figures show the continuous error in the solution
of the differential equations (dynamics), while the right shows the estimate for the error
in the state over each segment of the solution spline. These error estimates are calculated
using the methods described in §7.6.3. Notice that the error is largest near the middle of
the trajectory, where the angular rate and applied force are both large. If re-meshing the
problem, this would be an excellent place to subdivide the mesh (see §7.6.2).
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7.9 Five-Link Biped

In this section we will use trajectory optimization to find a periodic walking gait for the

five-link (planar) biped walking model. This model is commonly used when studying

bipedal walking robots [124, 88, 82, 40, 98, 121]. For this example, we will use the

model developed by [121], with parameters that are selected to match for the walking

robot RABBIT [14] and given in Appendix §7.15.2.

We will assume that the robot is left-right symmetric, so we can search for a periodic

walking gait using a single step (as opposed to a stride, which would consist of two

steps). A periodic walking gait means that joint trajectories (torques, angles, and rates),

are the same on each successive step. We will be optimizing the walking gait such that

it minimizes the integral of torque-squared along the trajectory. We chose this objective

function because it tends to produce smooth solution trajectories. Optimization based

on more realistic energy models, such as minimal work trajectories, tend to be more

difficult to work with, as illustrated in §7.10.

7.9.1 Five-Link Biped Model

Figure 7.13 shows a cartoon of the five-link biped model as it takes a step. The model

consists of two legs, each of which has an upper (femur) and lower (tibia) link, as well

as a torso. The stance leg is supporting the weight of the robot, while the swing leg is not

touching the ground. Each link is modeled as a rigid body, with both mass and rotational

inertia. Links are connected to each-other with ideal torque motors across friction-less

revolute joints, with the exception of the ankle joint, which is passive. We have included

the derivation of the equations of motion for this model in Appendix 7.16.
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(torque motor)
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torso motor torque
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Figure 7.13: Five Link Biped Model: Assumptions: planar rigid body dynamics, revo-
lute joints. The dynamics are modeled as a kinematic chain, with each joint is connected
to its parent by an ideal revolute joint and torque source. The robot is under-actuated,
because the stance ankle has no motor.

7.9.2 System Dynamics

During single stance, the five-link biped model has 5 degrees of freedom, shown by qi in

Figure 7.13. We will collect these configuration variables into single vector q. Because

the model has second order dynamics, we must also keep track of the derivative of the

configuration: q̇. Thus, we can write the state and the dynamics as shown below, where

q̈ is calculated from the system dynamics.

x =

qq̇
 ẋ = f

(
x,u

)
=

q̇q̈


Unlike the cart-pole, the dynamics function ẋ = f
(
x,u

)
cannot easily be written in

closed form. We have shown one method for deriving and evaluating the system dy-

namics in Appendix 7.16.

7.9.3 Objective Function

Just like in the cart-pole example, we will use the integral of torque-squared cost func-

tion. This cost function tends to produce smooth, well-behaved solutions. This is desired

for a few reasons. First, a smooth solution means that a piece-wise polynomial spline
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will do a good job of approximating the solution, thus the non-linear program will con-

verge well. The second reason is that a smooth solution is easier to control on a real

robotic system. Finally, minimizing the torque-squared tends to keep the solution away

from large torques, which are sometimes undesirable on real robotic systems.

J =

∫ T

0

 5∑
i=1

u2
i (τ)

 dτ (7.38)

There are many other cost functions that could be used. One common one is cost of

transport (CoT), the ratio of energy used over the trajectory to the horizontal distance

moved by the robot [112, 9]. It turns out that CoT is actually a difficult cost function

to optimize over, because the solutions to such problems tend to be discontinuous. This

concept is covered in detail in §7.10.

7.9.4 Constraints

A variety of constraints are required to produce a sensible walking gait. The constraints

presented here are similar those used in [121].

First, we will require that the walking gait is periodic. That is, the initial state

must be identical to the final state after it is mapped through heel-strike. Heel-strike is

the event that occurs when the swing foot strikes the ground at the end of each step,

becoming the new stance foot.

For a single step, let’s define x0 to be the initial state, and xF to be the final state on

the trajectory, immediately before heel-strike. Then we can express the periodic walking

constraint as shown below, where FH(·) is the heel-strike map, defined in Appendix

§7.16.

x0 = fH
(
xF

)
(7.39)
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Next, we would like the biped to walk at some desired speed. There are many ways

to do this, but what we have chosen here is to prescribe the duration of a single step (T ),

and then put a equality constraint on step length (D). Additionally, we assume that the

robot is walking on flat ground. This constraint can then be written as shown below,

where P5(T ) is the position of the swing foot at the end of the step, and P0(t) is the

position of the stance foot throughout the step.

P5(T ) =

D0
 (Note: P0(t) =

00
 by definition) (7.40)

In our lab, we are interested in walking robots with small feet, so we have added an

additional constraint on the biped robot: that the stance ankle torque is identically zero

throughout the trajectory. As a side note: it is a trivial matter to remove this constraint,

and it does not change the optimization problem too much. On the other hand, the

presence (or absence) of ankle torques has a large effect on the type of control strategy

that can be used to stabilize such a walking gait [121].

When we derived the heel-strike collision equations (see Appendix §7.16), we as-

sumed that the trailing foot left the ground at the instant the leading foot collided with

the ground. We can ensure that this is true by introducing a constraint that the vertical

component of the swing foot velocity at the beginning of the trajectory must be positive

(foot lifting off the ground), and that it must be negative at the end of the trajectory

(foot moving towards the ground). These constraints can be expressed as inequality

constraints on the initial and final state, where n̂ is the normal vector of the ground. In

our case, n̂ = ĵ =
[ 0

1
]
, because the ground is flat and level.

0 < Ṗ5(0) · n̂ 0 > Ṗ5(T ) · n̂ (7.41)

We could have also included a constraint to keep the swing foot above the ground

at all times, but we observed that this was always true, so the additional constraint was
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unnecessary. If we were to select a different cost function, say cost of transport, then we

may need to add such a constraint, and it would be written:

0 < P5(t) · n̂ ∀t ∈ (0,T ) (7.42)

In some cases, it might be desirable to achieve some clearance for the swing foot. There

are a few ways to do this. The easiest is to require that the swing foot remain above some

continuous function y(t) of time. A slightly more complicated version is to prescribe

some continuous function y(x) that the swing foot must remain above, such as a simple

quadratic or cubic polynomial (7.44), where î =
[ 1

0
]
. In both cases, it is critical that the

constraint is consistent with the boundary conditions, and that that the implementation

is smooth and does not over-constrain the problem.

y(t) < P5(t) · n̂ ∀t ∈ (0,T ) foot clearance (time-based) (7.43)

y
(
P5(t) · î

)
< P5(t) · ĵ ∀t ∈ (0,T ) foot clearance (state-based) (7.44)

Finally, it is worth noting one common source of error: redundant constraints. No-

tice, for example, that for step length we only have a constraint on the final position of

the foot (7.40). The initial position is fully constrained given (7.40) and the periodic

step map constraint (7.39). If we were to add a constraint on the initial position of the

foot, it would only serve to cause numerical problems in the non-linear program.

7.9.5 Initialization

To initialize the problem, we constructed a final set of joint angles that put the robot in

a pose that was close to a reasonable walking configuration. Then, we applied the angle

portion of the step map (see §7.89), to construct a consistent set of angles for the initial

state. We obtained all intermediate configurations by linear interpolation between these

205



two configurations.

q(0)guess =



−0.3

0.7

0.0

−0.5

−0.6


q(T )guess =



−0.6

−0.5

0.0

0.7

−0.3


(7.45)

We initialized the joint rates such that they were consistent with the angle joint configu-

ration interpolation.

q̇(t)guess =
1
T

(
q(T )guess − q(0)guess

)
(7.46)

Finally, we initialize the joint torques to be constant at zero.

u(t)guess = 0 (7.47)

This initial guess is clearly far from satisfying the system dynamics and constraints.

One of the easiest ways to refine this guess is to solve a ‘rough’ version of the problem.

In this case, we first solve the problem on a coarse mesh (5 segments in the trajectory),

and use loose convergence tolerances in the non-linear programming (NLP) solver. We

use this ‘coarse-grid’ solution as the initial guess for the second iteration, using a fine

mesh (25 segments) with tight convergence tolerances in the NLP solver.

7.9.6 Results

We solved this problem in Matlab, using FMINCON’s [70] interior-point algorithm as

the non-linear programming solver. The physical parameters that we used are given in

Appendix 7.15.2, and the optimization programs were run on a regular desktop com-

puter2 . We chose to use analytic gradients (Appendix 7.16) for the entire problem,

although similar results are obtained for numerical gradients.
2processor: 3.4GHz quad-core Intel i5-3570K
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All source code for solving this trajectory optimization problem, including deriva-

tion of the equations of motions, is given in the electronic supplement (see Appendix

§7.12.

We solved the problem on two meshes, using Hermite-Simpson collocation in both

cases. The initial mesh had 5 segments, and a low convergence tolerance (in FMINCON,

’TolFun’ = 1e-3). For the second (final) mesh, we used a mesh with 25 segments,

and increased the convergence tolerance in FMINCON to ’TolFun’ = 1e-6. Both

meshes had segments of uniform duration. This process could be repeated further, to

achieve increasingly accurate solutions.

The solution on the initial (5-segment) mesh took 0.96 seconds to compute, and 29

iterations in FMINCON’s interior-point method. The solution on the final (25-segment)

mesh took 21.3 seconds to computer, and 56 iterations in the NLP solver.

As an aside, if we solve the problem using FMINCON’s build-in numerical deriva-

tives, rather than analytic derivatives, we get the same solution as before, but it takes

longer: 4.30 seconds and 29 iterations on the coarse mesh, and 79.8 seconds and 62 iter-

ations on the fine mesh. Also, for this problem, it turns out that solving on two different

meshes is not critical; we could directly solve the problem on the fine (25 segment)

mesh, and obtain similar results.

The solution for a single periodic walking step is shown in Figure 7.14 as a stop-

action animation with uniformly spaced frames. The same trajectory is also shown in

Figure 7.15, with each joint angle and torque given as a continuous function of time.

Finally, Figure 7.16 shows the error estimates computed along the trajectory.
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Figure 7.14: Five-Link Biped: Stop-Action Animation of the minimal-torque walking
gait for the five-link biped model of walking.
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Figure 7.15: Five-Link Biped: This figure shows the solution to the 5-link biped tra-
jectory optimization. Notice that the curves are smooth, partially due to the integral of
torque-squared cost function.
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Figure 7.16: Five-Link Biped: Error This figure shows the estimates in the error for the
five-link biped solution. The left two figures show the continuous error in the solution of
the differential equations (dynamics), while the right shows the estimate for the error in
the state over each segment of the solution spline. These error estimates are computed
using the techniques described in §7.6.3.
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7.10 Block Move Example: Minimal Work

In this section, we will revisit the simple block-moving example from §7.7, but with a

more challenging objective function. All other details of the problem remain unchanged:

The block must move between two points that are one unit of distance apart in one unit

of time, starting and finishing at rest. The new objective function is to minimize the

integral of the absolute value of the work done by the force acting on the block. It turns

out that there is a simple analytic solution to this problem: Apply maximum force to get

the block up to speed, then let the block coast, then apply maximum negative force to

bring it to a stop at the target point. This solution is a so-called bang-bang control, and

it is discontinuous at two points along the trajectory (switching from maximum force to

zero force, and from zero force to maximum negative force). It is difficult to model a

discontinuous solution with a polynomial spline, unless you know ahead of time where

the discontinuities occur. In this section, we will study a few commonly used techniques

for dealing with such discontinuities in the solution to a trajectory optimization problem.

7.10.1 Problem Statement

We would like to move a block along a one-dimensional friction-less surface, in a fi-

nite time, along a trajectory that minimizes the integral of the absolute work done by

the control force u, where the position and velocity of the block are given by x and ν

respectively.

min
u(t), x1(t), ν(t)

∫ 1

0
|u(τ) ν(τ)| dτ (7.48)

We will assume that the block has unit mass and slides without friction, so we can write

it’s dynamics:

ẋ = ν ν̇ = u (7.49)
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Next, the block must start at the origin, and move one unit of distance in one unit of

time. Note that the block must be stationary at both start and finish.

x(0) = 0

ν(0) = 0

x(1) = 1

ν(1) = 0
(7.50)

Finally, we will assume that the force moving the block is bounded:

−umax ≤ u(t) ≤ umax (7.51)

7.10.2 Analytic Solution

The analytic solution to this problem is given by:

u∗(t) =



umax t < t∗

0 otherwise

−umax (1 − t∗) < t

where t∗ =
1
2

1 − √
1 −

4
umax


(7.52)

The most important aspect of this solution to notice is that the control u(t) is discon-

tinuous. This means that that the linear and cubic spline control approximations used by

the trapezoid and Hermite-Simpson collocation methods cannot perfectly represent this

solution, although they can get arbitrarily close with enough mesh refinement.

Another interesting point is that there if umax < 4 then there is no feasible solution for

the trajectory (because the duration is fixed). Finally, if there is no force limit (umax →

∞) then the solution is impulsive (not just continuous, but a delta function).
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7.10.3 Discontinuities

There are two types of discontinuities present in this problem. The first is obvious: the

abs() function in the objective function (7.48). The second discontinuity is found in

the solution (7.52) itself.

There are two ways to handle the discontinuity in the objective function, both of

which we will cover here. The first is to re-write the abs() using slack variables, thus

pushing the discontinuity to a constraint, which are easily handled by the non-linear

programming solver. The second is to replace the abs() with a smooth approximation.

Both methods work, although they have different implications for the convergence time

and solution accuracy, as will be demonstrated in §7.10.7.

The discontinuity in the solution is a bit more subtle. Let’s assume that we are stuck

using the direct collocation methods from discussed in this paper, and that we do not

know about the discontinuity in the solution ahead of time. One effect of a non-smooth

solution is that the non-linear program will be slow to converge. Once we get a solution

it will be clear that the is a discontinuity in the force trajectory (by looking at the plots).

If you’ve done a good job of error analysis and re-meshing, then you should be able

to automatically add points near the discontinuity, which will make the solution more

accurate on the next iteration. It will never be perfect, but it will get fairly close.

7.10.4 Initialization

There are many ways to initialize this problem. In this tutorial we simply assume that

the position of the block (x) transitions linearly between the initial and final position.
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Then, we select the velocity and force profiles that are consistent with that initial guess.

xinit(t) = t vinit(t) = 1 uinit(t) = 0 (7.53)

7.10.5 Slack Variables

The most “correct” way to rewrite the objective function (7.48) is using slack variables;

it is mathematically identical to the original problem. The slack variable approach here

is taken from [7]. There are a few downsides to using slack variables. The first is that

the solution will still be discontinuous, and direct collocation cannot precisely represent

it (although it can get arbitrarily close). Additionally, the addition of slack variables

will greatly increase the size of the non-linear program: two additional controls and

three additional constraints at every collocation point, for each abs(). Finally, the slack

variables are implemented using a path constraint, which tends to cause the non-linear

program to converge more slowly.

The key idea behind the slack variable approach is that you can push the discontinu-

ity in the problem to a constraint, where the non-linear programming solver can properly

handle it. We start by introducing two slack variables (s1, s2), and rewriting the objec-

tive function. Note that the slack variables here are to be treated as control variables for

the purposes of transcription.

min
u(t), x(t), v(t)

s1(t), s2(t)

∫ 1

0

(
s1(τ) + s2(τ)

)
dτ (7.54)

Next, we introduce a few constraints. The first require that the slack variables be posi-

tive:

0 ≤ s1(t) 0 ≤ s2(t) (7.55)

Finally, we require that the difference between the slack variables is equal to the term
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inside of the abs() function (7.48). Note that this is an example of a path constraint.

s1(t) − s2(t) = u(t) v(t) (7.56)

This set of constraints (7.55,7.56) mean that s1(t) represents the positive part of the

argument to the abs() function, while s2(t) represents the magnitude of the negative

part.

The system dynamics, boundary constraints, and force limits remain unchanged.

This modified version of the problem is now acceptable to pass into a non-linear pro-

gramming solver. There are many possible ways to initialize the slack variables, but

we’ve found the s1(t) = s2(t) = 0 is a good place to start.

The resulting non-linear program does not solve quickly, but the solver will eventu-

ally find a solution. The result will be the best possible trajectory, given the limitations

of the spline approximation in the transcription method.

7.10.6 Smoothing

Although the slack variable method for representing abs() is exact, the resulting non-

linear program can be complicated to construct and slow to solve. An alternative ap-

proach is to replace the abs() function with a smooth approximation. This method is

simple to implement and solve, but at a loss of accuracy. Here we will discuss two pos-

sible smoothing solutions, both of which asymptotically approach |x| as x → ∞. Both

of these approximations can be made arbitrarily accurate, with the problem becoming

more difficult to solve with increasing accuracy.

Figure 7.17 shows two methods for smoothing abs(), one of which uses sqrt()

and the other uses tanh(). The smooth approximation to abs() using the hyperbolic
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Figure 7.17: Smoothing Comparison: Two smooth approximations to the absolute
value function, which have different properties. Both are non-negative, but the square-
root smoothing is always greater than abs(x), while the hyperbolic tangent smooth-
ing is always less than abs(x). Both approximations match the asymtotic behavior of
abs(x), while only the hyperbolic tangent matches its value at the origin.

tangent function, also known as exponential smoothing, is always less than |x|, while the

approximation using the square-root function is always greater than |x|. Both are given

below.

yα(x) = x tanh
( x
α

)
≈ |x| (7.57)

yβ(x) =
√

x2 + β2 ≈ |x| (7.58)

The smoothing parameters α and β can be used to adjust the amount of smoothing

on the problem, with the smooth versions of the functions approaching |x| as α → 0

and β → 0. The size of these smoothing parameters and choice of smoothing method

are both problem dependent. In general, smaller values for the smoothing parameters

make the non-linear program increasingly difficult to solve, but more representative of

the original optimization problem.

One important thing to note is that smoothing fundamentally changes the problem,

and not necessarily in an obvious way. For this reason, it is important to do conver-

gence tests, solving the problem with successively smaller and smaller values for the

smoothing parameter to ensure the correct solution is obtained. An example of this can

be found in both [105] and [10].
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7.10.7 Results

We solved this problem using the trapezoidal collocation method, and the FMINCON’s

[70] interior-point solver to solve the non-linear program. Although this problem ap-

pears simple, it is actually difficult to numerically solve without careful mesh refine-

ment. To illustrate some trade-offs, we have solved the problem on three different

meshes, using both slack variables and smoothing to handle the abs() function in the

objective. Figure 7.7 shows the solution for each of these different set-ups, and com-

pares each to the analytic solution. All solutions were obtained using the same solver

settings and initialization, and the source code is included in the electronic supplement

(Appendix §7.12).

One interesting thing to notice is that all of these solutions require a large number of

iterations to solve the non-linear program, when compared to both the cart-pole swing-

up problem and the five-link biped problem. This might seem odd, since the block-

pushing problem looks like it should be easier. The difficulty, as best we can tell, comes

from the discontinuity in the solution, which makes the resulting non-linear program

challenging to solve.

The solution using slack variables (left column) converges to the correct solution,

although it takes some time and a very fine mesh. The solution using light smoothing

(α = 0.01) is quite close to the solution obtained with slack variables, although the

smooth version of the problem take more iterations (because the problem is stiff), and

less time (because of the increase problem size for the slack variables). As the smoothing

parameter is increased (α = 1.0 and α = 5.0), the solution is obtained faster, at a loss of

accuracy.
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Figure 7.18: Block Move Solution: This figure shows a different solutions to the block
moving problem. In each case, the analytic solution is given by a dashed black line,
and the solid colored line gives the numerical solution using direct collocation. The
left column shows the solution when the abs() in the objective function is handled
with slack variables. The remaining columns show the result obtained using tanh()
smoothing, for light smoothing (α = 0.01), medium smoothing (α = 1.0), and heavy
smoothing (α = 5.0). Notice that the solution obtained using slack variables and light
smoothing are similar to each other, with the smoothing taking more iterations but less
time. The problem solves even faster with medium and heavy smoothing, although the
accuracy of the solution is degraded.
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7.11 Summary

If we have been successful in this tutorial, you should be able to pose and solve a tra-

jectory optimization problem on a computer, using your own direct collocation code.

We’ve covered the trapezoidal collocation and the Hermite-Simpson collocation meth-

ods in detail. These methods are good general-purpose techniques for solving a wide

range of problems, and they are actually used in practice, for example in aerospace

[35, 6] (plane routes, and satellite orbits) and robotics [121, 122, 109].

We have taken care to include all equations that will be required to implement these

direct collocation methods. In addition to the quadrature and collocation equations, this

also includes formulas to interpolate polynomial splines, and estimate the error in a

candidate solution.

This tutorial covers four example problems, showing how direct collocation meth-

ods can be applied to a specific application. The simple block moving example is a basic

introduction to the field, and the cart-pole swing-up problem is a good problem that is

moderately difficult but well behaved. The five-link biped problem shows a more chal-

lenging problem that can be applied to a real robot. The final example is a pathological

case, a seemingly simple block-moving problem, which demonstrates how to work with

problems that have discontinuities in both the problem statement and in the solution.

This paper comes with an electronic supplement, described in Appendix §7.12,

which contains Matlab code to solve all examples presented here. Additionally, the

electronic supplement includes a general-purpose trajectory optimization library, writ-

ten by the author, that implements both trapezoidal and Hermite-Simpson collocation.

It also includes a direct multiple shooting method (4th-order Runge–Kutta), and a global

orthogonal collocation method (Chebyshev Lobatto).
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The techniques covered in this tutorial are just the beginning. We briefly mentioned

some other techniques, such as direct multiple shooting and orthogonal collocation, both

of which are also widely used in practice. The review paper by Betts [6] provides a good

overview of more traditional methods for trajectory optimization, including direct and

indirect shooting, as well as direct and indirect collocation. The survey paper by Rao

[93] is also good, and includes more details about orthogonal collocation and pseu-

dospectral methods.

The single best resource that we’ve found for learning about the fundamentals of

trajectory optimization is the textbook by Betts [7]. It covers all aspects of direct collo-

cation that have been discussed here, as well as many other related topics.

If you’re interested in learning about high-order methods (orthogonal collocation),

then I suggest reading about function approximation with orthogonal polynomials first.

The textbook [111] and paper [5] by Trefethen are excellent resources for this. Then

start reading about orthogonal collocation - the overview by Garg et al [33] is a good

place to start, followed by the paper by Darby et al on adaptive meshing for othogonal

collocation [20].

7.12 Overview of Electronic Supplementary Material

This tutorial has an electronic supplement that accompanies it. The supplement was

written to go with this tutorial, and contains two parts. The first is a general purpose

trajectory optimization library, written in Matlab, that solves the types of trajectory op-

timization of the type presented here. The second part of the supplement is a set of

code that solves each of the example problems in this tutorial. There are a few other

Matlab scripts, which can be used to derive some of the equations in the text, as well as
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to generate some of the simple figures.

All of the source code in the electronic supplement is well documented, with the

intention of making it easy to read and understand. Each directory in the supplement

contains a README file that gives a summary of the contents.

7.12.1 Trajectory Optimization Code

This supplement includes a general-purpose Matlab library for solving trajectory opti-

mization problems, written by the author. The source code is well-documented, such

that it can be read as a direct supplement to this tutorial. This code is still under devel-

opment, and the most up-to-date version is publicly available on GitHub:

https://github.com/MatthewPeterKelly/TrajOpt

The trajectory optimization code allows the user to choose from four different

methods: trapezoidal direct collocation, Hermite-Simpson, direct collocation, 4th-order

Runge–Kutta direct multiple shooting, and Chebyshev orthogonal collocation (global

lobatto method). The user can switch between methods by changing a single field in the

options struct. Although this implementation does not perform automatic mesh refine-

ment, it does allow the user to specify a mesh refinement schedule.

The solution is returned to the user at each grid-point along the trajectory. In addi-

tion, a function handle is provided to compute method-consistent interpolation for each

component of the solution. Both direct collocation methods will also give the user an

error estimate along the solution trajectory.

The trajectory optimization code includes its own set of example problems, which

include some of the problems from this tutorial, along with a few others.
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7.12.2 Example Problems

The electronic supplement includes a solution (in Matlab) to each of the four examples

in this tutorial. Each example is in its own directory, and calls the same trajectory

optimization code. Some example problems are implemented with many files, but the

entry-point script always has the prefix MAIN. In some cases an additional script, with

the prefix RESULTS is included, which is used to generate a figure in the tutorial.

Both the cart-pole and five-link biped examples make use of the Matlab symbolic

toolbox to generate their equations of motion. These automatically generated files have

the prefix autoGen , and are created by a script with the prefix Derive.

7.13 Spline Derivations

All direct collocation methods are constructed by assuming that the system dynamics

and control are well-approximated by polynomial splines. In this section, we will show

one technique for deriving and representing these polynomial splines. We will consider

a single segment of each type of spline, and then construct a system of linear equa-

tions from the boundary conditions prescribed by each method, given by [7]. Solving

this system will generate the interpolation equations that we provide in the sections on

trapezoidal and Hermite-Simpson collocation.
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7.13.1 Notation

u(t), x(t) control and state spline equations, within a single segment

ẋ(t) = f (t) time derivative of state spline equation (dynamics)

ulow, xlow, flow control, state, and dynamics value at lower boundary

umid, xmid, fmid control, state, and dynamics value at mid-point

uupp, xupp, fupp control, state, and dynamics value at upper boundary

ci spline coefficients within a segment

h duration of the spline segment

Throughout this section we will assume that the time variable has been shifted, such

that the time at the beginning of the segment is tlow = 0, the time at the mid-point of the

segment is tmid = h/2, and the time at the end of the segment is tupp = h. The equations

constructed throughout this section are valid on the domain t ∈ [0, h].

7.13.2 Trapezoidal Collocation: Control

The control spline for trapezoidal collocation is piece-wise linear, defined by the value

of the spline at both end-points[7].

u(t) = c0 + c1t (7.59)

The boundary conditions can be written as a system of linear equations, which can be

symbolically solved for the coefficients c0 and c1.u(0)

u(h)

 =

1 0

1 h


c0

c1

 =

ulow

uupp

 (7.60)
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7.13.3 Trapezoidal Collocation: State

The state spline for trapezoidal collocation is piece-wise quadratic. The coefficients are

constructed by choosing the slope at each end-point, and the value at the first end-point.

While it may seem odd, this choice of boundary conditions is not random - it follows

directly from the assumption that the system dynamics (the derivative of the state spline)

are piece-wise linear. [7]

x(t) = c0 + c1t + c2t2 ẋ(t) = f (t) = c1 + 2c2t (7.61)

These boundary conditions can be written as a system of linear equations, which can be

symbolically solved for the coefficients c0, c1, and c2.
x(0)

f (0)

f (h)

 =


1 0 0

0 1 0

0 1 2h




c0

c1

c2

 =


xlow

flow

fupp

 (7.62)

7.13.4 Hermite-Simpson Collocation: Control

The state spline for Hermite-Simpson collocation is piece-wise quadratic, defined by the

value of the spline at both end-points and the mid-point [7]. Notice that the construc-

tion of this spline is different than the quadratic spline used for the state in trapezoidal

collocation.

u(t) = c0 + c1t + c2t2 (7.63)

These boundary conditions can be written as a system of linear equations, which can be

symbolically solved for the coefficients c0, c1, and c2.
u(0)

u( h
2 )

u(h)

 =


1 0 0

1 h
2

h2

4

1 h h2




c0

c1

c2

 =


ulow

umid

uupp

 (7.64)
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7.13.5 Hermite-Simpson: State

The state spline for the Hermite-Simpson method is piece-wise cubic.The coefficients

are constructed using the the slope at each end-point and the mid-point, as well as the

value at the first end-point. This interpolation scheme is selected such that it is consistent

with a piece-wise quadratic approximation of the dynamics at the collocation points.

x(t) = c0 + c1t + c2t2 + c3t3 ẋ(t) = f (t) = c1 + 2c2t + 3c3t2 (7.65)

These boundary conditions can be written as a system of linear equations, which can be

symbolically solved for the coefficients c0, c1, c2, and c3.

x(0)

f (0)

f (h
2 )

f (h)


=



1 0 0 0

0 1 0 0

0 1 h 3
4h2

0 1 2h 3h2





c0

c1

c2

c3


=



xlow

flow

fmid

fupp


(7.66)

7.13.6 Hermite-Simpson: Collocation Equations

In this section we will cover one way to derive the Hermite-Simpson collocation equa-

tions (7.15) and (7.16). We will start by assuming that the state trajectory is approxi-

mated by a cubic polynomial on the segment of interest.

x(t) = c0 + c1t + c2t2 + c3t3 ẋ(t) = f (t) = c1 + 2c2t + 3c3t2 (7.67)

Next, we will solve for the coefficients in that polynomial by assuming that the state and

dynamics are given at the endpoints of the interval.

x(0)

f (0)

x(h)

f (h)


=



1 0 0 0

0 1 0 0

1 h h2 h3

0 1 2h 3h2





c0

c1

c2

c3


=



xlow

flow

xupp

fupp


(7.68)
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We can solve this system of linear equations (7.68) for the coefficients c0, c1, c2, and

c3, to give an expression for x(t) and ẋ(t) in terms of time and the known boundary

conditions. Then we will evaluate these expressions at the mid-point of the interval.

xmid = x( h
2 ) =

1
2
(
xlow + xupp

)
+

h
8
(
flow − fupp

)
(7.69)

fmid = f (h
2 ) =

1
4h

(
6xupp − 6xlow

)
+

1
4
(
flow + fupp

)
(7.70)

We’re done! Equation (7.69) is an exact match for the Hermite interpolant constraint

(7.15) , and a bit of simple algebra will show that (7.70) is the same as the Simpson

quadrature constraint (7.16), both from §7.5.

7.14 Orthogonal Polynomials

Orthogonal polynomials provide a fast an accurate means of function approximation.

In the same way that direct collocation methods are derived by assuming that the sys-

tem dynamics and control are polynomial splines, orthogonal collocation methods are

derived by assuming that the dynamics and control are orthogonal polynomial splines.

The basic idea behind function approximation with orthogonal polynomials is that

any function can be represented by an infinite sum of basis functions. The Fourier Series

is one well known example, where you can represent an arbitrary function by an infinite

sum of sine and cosine functions. It turns out that if the function of interest is smooth,

as is often the case in trajectory optimization, then orthogonal polynomials make an

excellent choice of basis function. There are many papers that cover the detailed math-

ematics of orthogonal polynomials [38, 83, 5, 65, 111, 43] and their use in trajectory

optimization[46, 114, 24, 48, 23, 96, 4, 110, 32, 33, 19, 30], but here we will focus on

the practical implementation details.
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Let’s start by assuming that we have some function f (t) that we would like to ap-

proximate over the interval [−1, 1]. We can do this using barycentric interpolation:

representing the function’s value at any point on the interval by a convex combination

of its value at several carefully chosen interpolation (grid) points. We will write these

points as ti and the value of the function at these points as fi. The set of points ti can

then be used to compute a set of interpolation weights vi, and quadrature weights wi,

and a differentiation matrix D. If the points ti are carefully chosen to be the roots of an

orthogonal polynomial, and the function f (t) is smooth, then the resulting interpolation,

integration, and differentiation schemes tend to be both accurate and easy to compute.

Other distributions of points do not given nice results. For example, choosing ti to be

uniformly spaced over the interval will result in numerically unstable schemes [5].

Orthogonal collocation techniques for trajectory optimization make extensive use of

these properties of orthogonal polynomials. In particular, the differentiation matrix can

be used to construct a set of collocation constraints to enforce the dynamics of a system,

the quadrature weights can be used to accurately approximate an integral cost function

or constraints, and the barycentric interpolation is used to evaluate the solution.

For the rest of this section we will assume that the function of interest has been

mapped to the interval t ∈ [−1, 1]. If the function is initially defined on the interval

τ ∈ [τA, τB], this mapping can be achieved by:

t = 2
τ − τA

τB − τA
− 1 (7.71)

7.14.1 Computing Polynomial Roots

An orthogonal polynomial approximation can be defined by the value of the function

f (t) at the roots ti of that orthogonal polynomial . There are many different orthogonal
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polynomials to choose from, each of which has slightly different properties. The Cheb-

Fun [21] library for Matlab provides subroutines for computing the interpolation points

ti, interpolation weights vi, and quadrature weights wi for most common orthogonal

polynomials.

The Chebyshev orthogonal polynomials are one popular choice, in part because their

roots are easy to compute. The Chebyshev-Lobatto points, also called the Chebyshev

points of the second kind, are given by [111].

ti = cos(iπ/n), 0 ≤ i ≤ n (7.72)

The Legendre orthogonal polynomials are also commonly used. Unlike the Cheby-

shev polynomials, the roots of the Legendre polynomials have no closed-form solution,

and must be numerically computed. The methods for computing these points are given

by [38, 43], although various sub-routines can be found with a quick internet search.

ChebFun [21] has a particularly good implementation for Matlab.

There are three commonly used sets of Legendre points. The Legendre-Gauss points

are given by the roots of the Pn(t), the nth-degree Legendre polynomial. The Legendre-

Gauss-Radau points are given by the roots of Pn(t) + Pn−1(t). Finally, the Legendre-

Gauss-Lobatto points are given by the roots of Ṗn−1(t) along with the boundary points

−1 and 1 [33].

The important distinction between these three sets of points are whether or not the

end-points of the interval are included in a given set of points. Orthogonal collocation

schemes can be constructed from any of these sets of points, although they will have

different properties [33]. Here we have outlined these points for the Legendre polyno-

mials, but the naming convention (Gauss, Radau, and Lobatto) apply to any orthogonal

polynomial. Figure 7.19 shows an illustration of the Gauss, Radau, and Lobatto points
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Gauss Points Radau Points Lobatto Points

Figure 7.19: Types of Collocation Points: There are three types of collocation meth-
ods, classified as either Gauss, Radau, or Lobatto methods, based on whether one, both,
or neither end-points are collocation points. In this figure we have shown the Gauss,
Radau, and Lobatto points for the 4th-order Legendre orthogonal polynomials. The
dashed line in each figure is the same, and the solid lines show the barycentric in-
terpolant that is defined by that set of collocation points. Notice that the interpolant
behaves differently for each set of points.

for the Legendre orthogonal polynomials.

Collocation methods whose collocation points include both endpoints of a segment

are called Lobatto methods. Two popular Lobatto methods are the trapezoidal colloca-

tion and Hermite-Simpson collocation methods covered in this paper. [7] A high-order

Lobatto method based on Chebysehv orthogonal polynomials is described in [23].

A Gauss method is one where the neither endpoint of the segment is a collocation

point. A common low-order example would be the implicit mid-point method. A high-

order Gauss method based on Legendre orthogonal polynomials is described in [42, 30].

Finally, a Radau method is one where a single endpoint of each segment is a collo-

cation point, such as the backward Euler Method. The trajectory optimization software

GPOPS [84], uses a high-order Radau method, based on Legendre orthogonal polyno-

mials. These three types of methods are discussed in more detail in [32, 33], and are

illustrated in 7.19.

Garg et al [33] suggest that high-order Lobatto collocation schemes should be

avoided in trajectory optimization, due to poor numerical properties, and that schemes

based on Radau and Gauss points should be preferred.
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7.14.2 Barycentric Lagrange Interpolation

The best way to store and evaluate high-order orthogonal polynomials is using barycen-

tric Lagrange interpolation. This is basically expressing the value of the function at any

point with a weighted combination of the function’s value ( fi) at the roots of the orthog-

onal polynomial (ti). The equation for this barycentric interpolation is given below, with

further details in [5]. Note that when this expression is not valid when evaluated at the

interpolation points t = ti. This provides no problem, since the value of the function at

these points is already known to be fi.

f (t) =

n∑
i=0

vi

t − ti
fi

n∑
i=0

vi

t − ti

(7.73)

Thus far, we know all parameters in (7.73), except for the interpolation weights vi.

These weights are calculated below, using the equation given by [5].

vi =
1∏

j,i(ti − t j)
, i = 0, . . . , n (7.74)

Interestingly, the barycentric interpolation formula (7.73) will still interpolate the

data at points fi if the weights vi are chosen arbitrarily. The choice of weights given by

(7.74) is special in that it defines a polynomial interpolant, where other any other choice

of weights will result in interpolation by some rational function [5].

Notice that these weights can be scaled by an arbitrary constant, and still produce

the correct interpolation in (7.73), as well as the correct differentiation matrix (7.76).

For example, ChebFun [21] normalizes the barycentric weights such that the magnitude

of the largest weight is 1.

In an orthogonal collocation method, barycentric interpolation would be used to

evaluate the solution. It is not used when constructing the non-linear program; the
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decision variables of the non-linear program are the values of the state and control at

each collocation point ti.

7.14.3 Differentiation Matrix

Another useful property of orthogonal polynomials is that they are easy to differentiate.

Let’s define a column vector f = [ f0, f1, ... fn]T , which contains the value of f () at each

interpolation point ti. It turns out that we can find some matrix D that can be used to

compute the derivative of f () at each interpolation point (7.75). Additionally, we can

use the same interpolation weights vi for interpolation of this derivative.

ḟ = Df (7.75)

Each element of the differentiation matrix D can be computed as shown below, using a

formula from [5].

Di j =


v j/vi

ti − t j
i , j

−
∑
i, j

Di j i = j
(7.76)

7.14.4 Quadrature

Each type of orthogonal polynomial has a corresponding quadrature rule to compute its

definite integral. In orthogonal collocation, these quadrature rules are used to evaluate

integral constraints and objective functions. The quadrature rule is computed as shown

below, and is a linear combination of the function value at each interpolation point (ti).∫ 1

−1
f (τ) dτ ≈

n∑
i=0

wi · fi (7.77)
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Typically these quadrature weights (wi) are computed at the same time as the inter-

polation points (ti) and weights (vi). Alternatively, the quadrature weights can be deter-

mined directly from the interpolation points and weights, although the equations are spe-

cific to each type of orthogonal polynomial. For example, the Legendre-Gauss quadra-

ture weights can be computed by (7.78), and the Legendre-Gauss-Lobatto weights can

be computed by (7.79).

wi = W
v2

i

(1 − t2
i )

Legendre-Gauss (7.78)

wi = Wv2
i Legendre-Gauss-Lobatto (7.79)

In both cases the scaling constant W should be selected such that
∑

wi = 2. This

scaling can be derived by computing the integral of unity:∫ 1

−1
dτ = 2 =

n∑
i=0

wi (7.80)

More details on the calculation of quadrature rules can be found in [111, 29, 59,

120].

7.15 Parameters for Example Problems

This appendix gives parameter values that were used when computing the results for the

both the cart-pole swing-up example problem and the five-link biped example problem.

7.15.1 Cart-Pole Swing-Up Parameters

We choose parameters, shown in Table 7.1, for our model to match something like you

might see in a cart-pole in a controls lab demonstration.
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7.15.2 Five-Link Biped Parameters

We choose parameters for our model to match the robot RABBIT[121, 14] which are

reproduced here in Table 7.2. We also selected a trajectory duration of T = 0.7s and a

step length of D = 0.5m.

Table 7.1: Physical Parameters: Cart-Pole
Symbol Value Name
m1 1.0 kg mass of cart
m2 0.3 kg mass of pole
` 0.5 m pole length
g 9.81 m/s2 gravity acceleration
umax 20 N maximum actuator force
dmax 2.0 m extents of the rail that cart travels on
d 1.0 m distance traveled during swing-up
T 2.0 s duration of swing-up

Table 7.2: Physical Parameters: Five Link Biped model (RABBIT) [14]
Symbol Value Name
m1,m5 3.2 kg mass of tibia (lower leg)
m2,m4 6.8 kg mass of femur (upper leg)
m3 20 kg mass of torso
I1, I5 0.93 kg-m2 rotational inertia of tibia, about its center of mass
I2, I4 1.08 kg-m2 rotational inertia of femur, about its center of mass
I3 2.22 kg-m2 rotational inertia of torso, about its center of mass
`1, `5 0.4 m length of tibia
`2, `4 0.4 m length of femur
`3 0.625 m length of torso
d1, d5 0.128 m distance from tibia center of mass to knee
d2, d4 0.163 m distance from femur center of mass to hip
d3 0.2 m distance from torso center of mass to hip
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torso stance femur

stance tibia

swing femur

swing tibia

swing foot

stance foot

hip

stance knee

Figure 7.20: Five Link Biped Model: Shown here in single stance. We assume that the
dynamics are planar (2D) and modeled as a kinematic chain, with each link assigned a
number: 1 = stance tibia, 2 = stance femur, 3 = torso, 4 = swing femur, and 5 = swing
tibia. Each joint is connected to its parent by an ideal revolute joint and torque source.
Joint torques are given by ui, link masses and interias by mi and Ii, and gravity is g. The
absolute orientation of each link is given by qi.

Figure 7.21: Five Link Biped Single-Stance Kinematics: This figure shows various
positions of interest (Pi) and the center of mass of each link (Gi) during single stance.

7.16 Biped Dynamics

In this section, we will cover some of the more detailed calculations for the five-link

biped model of walking, including the kinematics, single stance dynamics, heel-strike

dynamics, and gradients. We will assume that the reader has a solid understanding of the

dynamics of rigid body mechanisms, as well as experience deriving equations of motion

using a symbolic algebra computer package, such as the Matlab Symbolic Toolbox [71].
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old stance foot new stance footcollision lift-off

before
heel-strike
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heel-strike

Figure 7.22: Five Link Biped Heel-Strike Kinematics: This figure shows various
positions of interest (Pi) and the center of mass of each link (Gi), both before (−) and
after (+) heel-strike. Note that the points on the robot are re-labeled during the collision,
reflecting the left-right symmetry of the robot.

7.16.1 Kinematics

Let’s start by defining the position vectors Pi and Gi that point from the origin (P0) to

various points of interest and the center of mass of each link, as shown in Figure 7.21.

All of these vectors should be functions of the configuration of the robot: Pi = Pi(q),

where q = [q1 q2 q3 q4 q5]T is a column vector of absolute joint orientations. We will

define P0 = 0.

Next, we will need to compute the velocity Ġi and accelerations G̈i of center of

mass of each link. The chain rule can be applied here. Define a vector of absolute link

angular rates: q̇ = [q̇1 q̇2 q̇3 q̇4 q̇5]T , and then the velocity of the center of mass of each

link is given by:

Ġi =

(
δGi

δq

)
q̇ (7.81)

The calculation for the acceleration vectors (G̈i) is carried out in a similar fashion,

although we need to include the joint rates in the list of partial derivatives. We can do

this by defining: z = [q q̇]T and ż = [q̇ q̈]T , where q̈ = [q̈1 q̈2 q̈3 q̈4 q̈5]T .

G̈i =

(
δĠi

δz

)
ż (7.82)

Both of these derivative calculations can be implemented in Matlab with the following

234



commands:

>> dG = jacobian(G,q)*dq;

>> ddG = jacobian(dG,[q; dq])*[dq; ddq];

7.16.2 Single-Stance Dynamics

There are many methods to compute the minimal coordinate dynamics for kinematic

chain like this five-link biped robot. Here we will show one method using the Newton-

Euler equations. Although it is possible to derive such equations by hand, we present

them here in a form that is convenient for use with a computer algebra package, such as

the Matlab Symbolic Toolbox[71].

The goal of the dynamics calculations are to arrive at a set of equations that relate

the joint accelerations q̈, rates q̇, angles q, and torques u = [u1 u2 u3 u4 u5]T . The

second-order dynamics q̈ of the system can then be solved at run-time by numerically

solving for the angular acceleration of each joint. Even though it is technically possible

to symbolically solve for these accelerations, the resulting expressions take much longer

to evaluate when compared to numerically solving the linear system.

M(q) · q̈ = F (q, q̇,u) (7.83)

For our five-link biped, there are five linearly independent equations required to

construct (7.83), one for each degree of freedom. One way to construct such a system is

to write out the equations for angular momentum balance about each successive joint in

the robot. Starting at the root joint (stance foot) and working out. We start with angular

momentum balance of the entire robot about the stance foot joint (below). Note that the

left side of the equation is a sum over all external torques applied to the system about
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point P0, the stance foot. The right side of the equation gives the time rate of change in

the angular momentum of the system about P0.

u1 + k̂ ·
5∑

i=1

(
(Gi − P0) × (−mi g ĵ)

)
= k̂ ·

5∑
i=1

(
(Gi − P0) × (mi G̈i) + q̈i Ii k̂

)
(7.84)

The next equation is obtained by simply moving one joint out along the robot, computing

the angular momentum balance about the stance knee.

u2 + k̂ ·
5∑

i=2

(
(Gi − P1) × (−mi g ĵ)

)
= k̂ ·

5∑
i=2

(
(Gi − P1) × (mi G̈i) + q̈i Ii k̂

)
(7.85)

The remaining three equations are given below, following a similar pattern. Notice that

the pattern slightly breaks down at the hip joint, because link 3 and link 4 are both

connected to the hip joint P2.

u3 + k̂ ·
5∑

i=3

(
(Gi − P2) × (−mi g ĵ)

)
= k̂ ·

5∑
i=3

(
(Gi − P2) × (mi G̈i) + q̈i Ii k̂

)
(7.86)

u4 + k̂ ·
5∑

i=4

(
(Gi − P2) × (−mi g ĵ)

)
= k̂ ·

5∑
i=4

(
(Gi − P2) × (mi G̈i) + q̈i Ii k̂

)
(7.87)

u5 + k̂ ·
5∑

i=5

(
(Gi − P4) × (−mi g ĵ)

)
= k̂ ·

5∑
i=5

(
(Gi − P4) × (mi G̈i) + q̈i Ii k̂

)
(7.88)

7.16.3 Heel-Strike Dynamics

For our biped walking model, we will assume that the biped transitions directly from

single stance on one foot to single stance on the other. In other words, as soon as the

leading foot strikes the ground, the trailing foot leaves the ground. This transition is

known as a heel-strike map. We will also make the assumptions that this transition

occurs instantaneously, and that the robot is symmetric.

There are two parts to the heel-strike map. The first is an impulsive collision, which

changes the joint velocities throughout the robot. The second part is to switch the swing
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and stance legs, so that we can exploit the symmetry of the problem, allowing us to

optimize over a single step, rather than a pair of steps.

Figure 7.22 shows the biped model immediately before and after the heel-strike map.

Notice that the old swing foot P −0 , has become the new stance foot P +
5 after the map.

Similar re-naming has been applied throughout the robot. Here is the expression for the

mapping between the old and new joint angles:

q+ =



0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

1 0 0 0 0


q− (7.89)

The joint angle rates, however, are a bit more tricky. Like the joint accelerations in the

single-stance dynamics, we will derive a linear equation that describes the map, and then

solve it numerically at run time.

MH(q−) · q̇+ = F H(q−, q̇−) (7.90)

One way to derive this system of equations is to observe that the system must conserve

angular momentum about the collision point, as well as all joints in the robot. The

five equations defining the system are given below. Notice that the left side of each

equation is the angular momentum of the entire system before heel-strike, about the

swing foot (which is about to become the new stance foot). The right side of each

equation is the angular momentum of the entire system after heel-strike about the stance

foot (which was previously the swing foot). Figure 7.22 shows the naming conventions

used throughout these equations.

k̂ ·
5∑

i=1

(
(G−i −P

−
5 )× (mi Ġ

−
i ) + q̇−i Ii k̂

)
= k̂ ·

5∑
i=1

(
(G+

i −P
+
0 )× (mi Ġ

+
i ) + q̇+

i Ii k̂
)

(7.91)

k̂ ·
4∑

i=1

(
(G−i −P

−
4 )× (mi Ġ

−
i ) + q̇−i Ii k̂

)
= k̂ ·

5∑
i=2

(
(G+

i −P
+
1 )× (mi Ġ

+
i ) + q̇+

i Ii k̂
)

(7.92)
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k̂ ·
3∑

i=1

(
(G−i −P

−
2 )× (mi Ġ

−
i ) + q̇−i Ii k̂

)
= k̂ ·

5∑
i=3

(
(G+

i −P
+
2 )× (mi Ġ

+
i ) + q̇+

i Ii k̂
)

(7.93)

k̂ ·
2∑

i=1

(
(G−i −P

−
2 )× (mi Ġ

−
i ) + q̇−i Ii k̂

)
= k̂ ·

5∑
i=4

(
(G+

i −P
+
2 )× (mi Ġ

+
i ) + q̇+

i Ii k̂
)

(7.94)

k̂ ·
1∑

i=1

(
(G−i −P

−
1 )× (mi Ġ

−
i ) + q̇−i Ii k̂

)
= k̂ ·

5∑
i=5

(
(G+

i −P
+
4 )× (mi Ġ

+
i ) + q̇+

i Ii k̂
)

(7.95)

Although these equations (7.91-7.95) look complicated, if you write them out in

terms of individual states and parameters, you will find that they are linear in the angular

rate after heel-strike (q̇+). It is this property that makes it easy to numerically compute

q̇+.

We can combine (7.89) and (7.90) into a single heel-strike map equation, where x−

is the state of the system before heel-strike and x+ is the state after heel-strike.

x− =

q
−

q̇−

 x+ =

q
+

q̇+

 (7.96)

x+ = fH
(
x−

)
(7.97)

7.16.4 Gradients

For trajectory optimization, it is generally a good idea to use analytic gradients where

possible. This means that at some point we will need to calculate the expressions:

δq̈

δq

δq̈

δq̇

δq̈

δu

δq̇+

δq−
δq̇+

δq̇−
(7.98)

Unfortunately, we can’t just use the jacobian command in the symbolic software, be-

cause we plan to calculate q̈ and q̇+ by numerically solving a linear system at run time.

The solution is to use the symbolic software to compute the gradients ofM, F , MH,
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and F H and then derive an expression for the gradient of q̈ and q̇+ in terms of these

known matrices. The derivation is straight-forward:

M
−1
M = I (7.99)

δ

δqi

(
M
−1
M

)
= 0 (7.100)

δ

δqi

(
M
−1

)
M + M

−1 δ

δqi
(M) = 0 (7.101)

δM−1

δqi
= −M−1 δM

δqi
M
−1 (7.102)

We will now apply (7.102) to compute gradient of the link accelerations (q̈) with respect

to a single link angle (qi). This process can then be repeated for the remaining joint

angles, rates (q̇i), and torques (ui). The same process can also be used for the heel-stike

equations.

δq̈

δqi
=

δ

δqi

(
M
−1
F

)
(7.103)

δq̈

δqi
=

(
−M−1 δM

δqi
M
−1

)
F + M

−1
(
δF

δqi

)
(7.104)

δq̈

δqi
=M

−1
(
−δM

δqi
q̈ +

δF

δqi

)
(7.105)
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CHAPTER 8

DIRCOL5I: A METHOD FOR COMPUTING MINIMUM-SNAP

TRAJECTORIES FOR SYSTEMS WITH NON-TRIVIAL DYNAMICS

This chapter will be submitted to a peer reviewed journal, after minor modifications.

Author List: Matthew Kelly.

8.1 Abstract

Minimum-snap and minimum-jerk trajectories are widely used in robotics, particularly

in quad-rotor helicopters and robot arms. The traditional algorithms for computing these

trajectories do not consider the system dynamics. Rather, they compute a kinematic tra-

jectory, and assume that the system can follow it. There are some dynamical systems

where this methodology will fail, generally due to some type of under-actuation in the

system. In this paper we present DirCol5i, a direct collocation method that is special-

ized for solving trajectory optimization problems with non-trivial dynamics and objec-

tive functions that include derivatives of the state and control. Although these problems

can be solved using standard direct collocation methods, the resulting formulation is

difficult to implement. DirCol5i has two significant advantages over standard trajec-

tory optimization techniques, for this class of problem. The first is that is make setting

up the problem simple, and the second is that it tends to be more numerically robust.

An additional feature of DirCol5i is that the system dynamics can be represented im-

plicitly in second-order form, another feature that is not common in standard trajectory

optimization methods.
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8.2 Introduction

Trajectory optimization is widely used in robotics, typically as a way to compute a de-

sirable motion for the robotic system. For example, a walking robot might use trajectory

optimization to determine how to move throughout a step [121], or to plan out its mo-

tion over several steps [18]. Trajectory optimization is also used to plan flight paths for

quadrotors [74, 77, 94] and robot arms [34, 101].

There are three parts to any trajectory optimization problem: 1) the system dynam-

ics, 2) an objective function, and 3) a set of constraints. The system dynamics describe

how the system changes with time, the objective function encodes the desired features

of the motion, and the constraints can be used to apply limitations to the motion.

For some robotic systems, particularly under-actuated robots [108], the trajectory

optimization problem must include the full non-linear dynamics model for the robot.

If the full dynamics are included in the problem, then it is difficult to have higher-

derivatives (eg. jerk and snap) in the objective function, as discussed in §8.6. To avoid

these problems, many algorithms solve only for a kinematics trajectory, neglecting the

dynamics, or approximating the dynamics by carefully chosen kinematic constraints. By

treating only the kinematics of a system, it is simple to find minimal-jerk and minimal-

snap trajectories. This technique is commonly used for quadrotor and robot arm trajec-

tory generation.

In this paper we will focus on computing optimal trajectories for systems where the

system dynamics cannot be neglected, but where we wish to use objective functions

that include higher-derivatives of the state (and control). Standard trajectory optimiza-

tion methods are inadequate for solving this type of problem, since it would require

constructing a complicated set of chain integrators. The non-linear program that re-
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sults from this formulation tends to be difficult to implement and initialize, an has poor

numerical properties.

DirCol5i, the method presented in this paper, uses 5th-order splines to represent the

position trajectory for the system. The higher-order derivatives are computed by analytic

differentiation of this spline, which avoids many of the numerical difficulties encoun-

tered when using standard methods to solve these problems. One of the side-effects of

this process is that the system dynamics can be expressed implicitly, in either first-order

or second-order form.

We compare DirCol5i to several standard trajectory optimization algorithms, on

three different problems with a variety of objective functions. We find that DirCol5i

is able to obtain accurate solutions to all problems. On problems with simple objective

functions (eg. minimal-force), DirCol5i is a bit slower than traditional methods. On

the other hand, DirCol5i is significantly better than traditional methods when solving

problems that involve higher-derivatives. It is easier to use and computes the solution

more quickly.

8.3 Background

DirCol5i, the method presented in this paper, is a direct collocation method for implicit

second-order systems. It uses 5th-order splines to represent the position trajectory and

3th-order splines for the control. Although DirCol5i is specialized for problems that

include higher-derivatives in their cost function, it is a general purpose optimization

algorithm, and can be applied to any smooth trajectory optimization problem. In this

section we provide a brief overview of trajectory optimization, showing how DirCol5i

relates to other methods.
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8.3.1 Trajectory Optimization

Trajectory optimization describes a set of numerical methods that compute open-loop

solutions to the optimal control problem. The solution to a trajectory optimization prob-

lem is a sequence of controls u(t) that move a dynamical system from an initial point

x(t0) to a final point x(tF), satisfying the system dynamics as well as other constraints,

while minimizing some objective function. See §8.4.1 for more details.

There are a wide range of methods for trajectory optimization [6, 7, 93], some of

which are described here for reference. DirCol5i, The method presented in this paper

is a medium-order direct collocation method, and is most closely related to Hermite-

Simpson direct collocation [7] and Hermite-Legendre-Gauss-Lobatto direct transcrip-

tion [123].

The essence of any trajectory optimization method is the means by which it tran-

scribes the trajectory optimization problem (optimizing over vector functions) to a non-

linear program (optimizing over real numbers). The method presented here transcribes

the problem by representing the position trajectory x(t) using a quintic (5th-order) Her-

mite spline, and the control trajectory u(t) as a cubic (3th-order) Hermite spline. As a

result, the state trajectory is C2 continuous, and the control trajectory is C1 continuous.

The key difference between this method and standard direct collocation methods,

is that we obtain the velocity ẋ(t), acceleration ẋ(t), and higher-order derivatives of

position by direct differentiation of the position spline. Standard methods can only

provide a single derivative, and thus the user must modify the state space to write any

higher-derivatives in first-order form. See §8.6 for more details. An additional difference

is DirCol5i uses the second-order implicit form of the system dynamics, while most

trajectory optimization methods require explicit first-order form.
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8.3.2 Indirect vs. Direct Methods

Traditionally, trajectory optimization problems were solved by indirect methods, which

are based on calculus of variations and Pontryagin’s maximum principle [115]. An indi-

rect method works by constructing the necessary and sufficient conditions for optimality,

which are then solved numerically. By comparison, a direct method works by discretiz-

ing the optimization problem itself, so that it can then be solved as a non-linear program.

[6].

Indirect methods tend to be more accurate than direct methods, and the error esti-

mates themselves are more accurate for indirect methods. Direct methods are far easier

implement than indirect methods, since the user does not need to construct and initialize

the adjoint equations [7]. As a result, direct methods tend to be used more commonly,

and indirect methods are reserved for problems where accuracy is important, like path-

planning for space flight.

8.3.3 Shooting vs. Collocation

All trajectory optimization methods perform transcription, which converts an optimiza-

tion over the space of vector functions to an optimization over the space of real numbers.

There are two key ways to do this: 1) simulation and 2) function approximation.

Shooting methods are fundamentally based on simulation, and use explicit integra-

tion schemes to satisfy the system dynamics. Single shooting methods approximate the

entire trajectory as a single simulation, and tend to have numerical problems. Multiple

shooting methods approximate the entire trajectory as a series of short simulations, and

are more reliable. The accuracy of a solution can be improved by increasing the num-
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ber of integration sub-steps, or increasing the order of the explicit integration method

[7, 50].

Collocation methods, which are also known as simultaneous methods, are funda-

mentally based on function approximation, typically using polynomial splines. They

typically use implicit integration schemes to satisfy the dynamics. Global collocation,

also called pseudospectral collocation is a limiting case where a single (very) high-order

(orthogonal) polynomial is used to represent the entire trajectory. Orthogonal colloca-

tion is an intermediate case, where medium-order polynomials are used for each segment

of the spline. Accurate solutions are obtained by modifying the order of each segment

(independently) and also the location and number of knot points between segments of

the spline. Finally, direct collocation methods use low- or medium-order splines, where

the order is fixed. Convergence is obtained by increasing the number of segments in the

spline to more accurately fit the solution [93, 7, 46]. DirCol5i is a (relatively high-order)

direct collocation method.

8.3.4 Transcription and Re-meshing

All trajectory optimization methods discretize the trajectory over a grid (also know as a

mesh). If a small number of grid-points are used, then the solution may be inaccurate,

but a large number of grid-points result in an expensive computation. Most algorithms

now use a technique known as re-meshing, described in [7] and [20]. The basic idea is to

solve the problem on a sparse initial grid, then compute the discretization error along the

solution. Then the problem is solved again, only adding grid points (thus sub-dividing

the trajectory) where the error estimates are not tolerable. This process is repeated until

the error estimates are within allowable bounds. DirCol5i includes a basic re-meshing
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algorithm to obtain accurate solutions.

8.3.5 Kinematic Trajectory Optimization

There are some applications it is sufficient to solve a purely kinematic trajectory opti-

mization problem, such as for quad-rotor helicopters or fully-actuated robot arms. In

some cases, kinematic constraints (eg. maximum acceleration limits) are constructed as

a proxy for the actual system dynamics. There are a specialized set of trajectory opti-

mization methods for computing minimum-snap trajectories for purely kinematic sys-

tem, such as [74]. Carefully constructed constraints and objective functions can make

the problem solvable as a linear or quadratic program, which is desirable for real-time

planning and control. These methods cannot be used for more complicated systems,

such as the cart-pole example problem discussed in Section §8.9.

8.4 DirCol5i: Method

DirCol5i is a direct collocation method for implicit second-order systems, that uses 5th-

order splines to represent the position trajectory and 3th-order splines for the control.

Integral cost functions and constraints are computed using Gauss-Lobatto quadrature,

and path constraints and dynamics are satisfied at the knot points of the spline, as well

as the intermediate collocation points.

246



8.4.1 The Trajectory Optimization Problem

There are many ways to formulate trajectory optimization problems [93, 6, 84]. Here we

will restrict our focus to smooth single-phase continuous-time trajectory optimization

problems. There are two major differences in the problem formulation presented here,

when compared to standard problem formulations. The first is that we allow higher-

derivatives in the objective function, and the second is that we have a more general form

of the dynamics: second-order implicit, rather than first-order explicit.

min
t0,tF ,x(t),u(t)

J
(
t0, tF , x(t0), ẋ(t0), x(tF), ẋ(tF)

)
+

∫ tF

t0
w
(
τ, x(τ), ẋ(τ), ẍ(τ),

...
x(τ),

....
x (τ), u(τ), u̇(τ)

)
dτ

(8.1)

The decision variables in the optimization are the initial and final time (t0, tF), as well as

the position and control trajectories, x(t) and u(t) respectively.

The optimization is subject to a variety of limits and constraints, detailed in the fol-

lowing equations (8.2-8.12). The first, and perhaps most important of these constraints

are the system dynamics, which are typically non-linear and describe how the system

changes in time. There is one important thing to note here: we allow for implicit dy-

namics. This allows a more general class of dynamics problems to be solved.

0 = f
(
t, x(t), ẋ(t), ẍ(t), u(t)

)
system dynamics (8.2)

Next are the path constraints, which enforce restrictions along the trajectory. A path

constraint could be used, for example, to keep the foot of a walking robot above the

ground during a step.

h
(
t, x(t), ẋ(t), u(t)

)
≤ 0 path constraints (8.3)

Another important type of constraint is a non-linear boundary constraint, which puts

restrictions on the initial and final state of the system. Such a constraint would be used,
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for example, to ensure that the gait of a walking robot is periodic.

g
(
t0, tF , x(t0), ẋ(t0), x(tF), ẋ(tF)

)
≤ 0 boundary constraints (8.4)

Often there are constant limits on the state or control. For example, a robot arm might

have limits on the angle, angular rate, and torque that could be applied at each joint,

during the entire trajectory.

xlow ≤ x(t) ≤ xupp path bound on position (8.5)

ẋlow ≤ ẋ(t) ≤ ẋupp path bound on velocity (8.6)

ulow ≤ u(t) ≤ uupp path bound on control (8.7)

Finally, it is often important to include specific limits on the initial and final time and

state. These might be used to ensure that the solution to a path planning problem reaches

the goal within some desired time window.

tlow ≤ t0 < tF ≤ tupp bounds on initial and final time (8.8)

x0,low ≤ x(t0) ≤ x0,upp bound on initial position (8.9)

xF,low ≤ x(tF) ≤ xF,upp bound on final position (8.10)

ẋ0,low ≤ ẋ(t0) ≤ ẋ0,upp bound on initial velocity (8.11)

ẋF,low ≤ ẋ(tF) ≤ ẋF,upp bound on final velocity (8.12)

8.4.2 Direct Transcription

The decision variables to a trajectory optimization problem include the vector functions

that describe the position x(t) and control u(t) trajectories. Direct transcription is the

process by which these vector functions are approximated using a vector of real numbers

z, which can then be optimized using a non-linear program.
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DirCol5i uses a direct transcription that approximates these vector functions using

Hermite splines; quintic for state, cubic for control. A spline is a function that is made

up of a sequence of polynomial segments, connected at knot points. A cubic Hermite

spline, used here to represent u(t) is defined entirely by its value uk and derivative u̇k at

the knot points tk, where k ∈ 0 . . .N and N is the number of trajectory segments. This

means that a control spline, by definition, is C1 continuous.

u(t) → {uk, u̇k} k ∈ 0 . . .N (8.13)

A quintic Hermite spline, used here to represent the position x(t) trajectory, is defined

by its value xk, slope ẋk and curvature ẍk at each knot point tk. Thus, the state spline is

C2 continuous.

x(t) → {xk, ẋk, ẍk} k ∈ 0 . . .N (8.14)

The objective function, constraints, and dynamics must also be discretized. To do

this, we will introduce two intermediate points for each segment, carefully chosen to be

the intermediate points required for Gauss–Lobatto quadrature, the topic of the follow-

ing section. These points, combined with the knot points in each segment are known as

collocation points.

Here we will choose the decision variables to be the value for the position, velocity,

and acceleration at each knot point, as well as the control and the control rate. This

set of variables is sufficient to fully define the position and control splines. We will

need to compute derivatives of the position and control trajectories for use in the objec-

tive function as well as the dynamics and constraints. These derivatives are computed

by analytic differentiation of the position and control spline. Section §8.12 provides

additional details about the splines.

The dynamics are enforced by simply requiring that (8.2) holds true at each of

249



the collocation points. This type of constraint is identical to applying Gauss–Lobatto

quadrature to the system dynamics over each segment of the trajectory. Similarly, the

integrand of the objective function is evaluated at each of the collocation points, and

the integral is computed numerically using Gauss-Lobatto quadrature. Finally, the path

constraints are enforced at all collocation points.

8.4.3 Gauss–Lobatto Quadrature

We use Gauss–Lobatto quadrature to compute the integral term in the cost function (8.1).

The method presented here is based on Gauss–Lobatto quadrature with four points, de-

scribed in [48]. This method is exact for 5th-order polynomials, and the error terms are

6th-order. The quadrature rule is reproduced below for the interval τ ∈ [−1, 1].∫ 1

−1
f (τ) dτ ≈

1
6
f (−1) +

5
6
f

(
−1
5

√
5
)

+
5
6
f

(
1
5

√
5
)

+
1
6
f (1) (8.15)

We can apply this rule to an arbitrary domain t ∈ [a, b] by applying the transformation

below. The integral term in the objective function is computed using this quadrature

method for each segment of the trajectory.

τ = 2
t − a
b − a

− 1 t =
a + b

2
+ τ

b − a
2

(8.16)

8.4.4 Collocation Equations

The decision variables in the optimization are the initial and final times (t0, tN), as well as

the position spline (defined by {xk, ẋk, ẍk}) and the control spline (defined by{uk, u̇k}).

These decision variables define some arbitrary trajectory (both state and control) for the

system. The collocation equations are a set of constraints that ensure that this trajectory
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satisfies the system dynamics.

0 = f
(
t, x(t), ẋ(t), ẍ(t), u(t)

)
(8.17)

We enforce the system dynamics f (·) at a set of special points along the trajec-

tory, known as collocation points. It turns out that the choice of collocation points

corresponds to an implicit quadrature method. In this case, we choose the same Gauss–

Lobatto points that we used for computing the objective function integral (8.15), shown

below on the domain τ ∈ [−1, 1].

{
−1, −1

5

√
5, 1

5

√
5, 1

}
(8.18)

We need to enforce the dynamics at these collocation points for each segment of the

trajectory, t ∈ [tk, tk+1]. This means we need value for x, ẋ, ẍ, and u at each point. The

decision variables directly give us these values at the boundary points, but we need to

use interpolation to obtain the values at the two intermediate points on each interval.

The choice of interpolation method here is important, in that it must match the

method that we used initially to transcribe the continuous decision variables (x(t) and

u(t)) into a set of real numbers. In other words, we need to compute the values for

position, velocity, acceleration, and control by evaluating the position spline (and its

derivatives) and the control spline.

8.4.5 Trajectory Mesh

The trajectory mesh, also known as a grid, describes the relative location of the knot

points on the position and control splines. Recall that both the initial and final times

(t0, tN) of the trajectory are decision variables in the optimization. There are many
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intermediate knot points tk, where k ∈ 1 . . . (N − 1). These knot points are typically

computed by scaling a fixed grid (or mesh), such that the first and last point match

the initial and final time. This is standard practice in trajectory optimization [7], as

numerical problems often arise if all knot point locations are made decision variables.

It turns out that the location and spacing of the knot points is critical to obtaining an

accurate solution. Although it is possible for a user to specify a good mesh manually, it is

common to automatically construct a good mesh, using procedures like those described

in the following section. This is typically done iteratively, first starting with a simple

coarse mesh, and then adding collocation points after each iteration, based on error

estimates, as discussed in Section §8.5.

8.5 Error Analysis and Convergence

Thus far we have covered how to pose a trajectory optimization problem as a non-linear

program using DirCol5i. Once we have a solution to the non-linear program, we can

then construct an estimate of how well DirCol5i captures the underlying dynamics of

the system between the collocation points. Here we will us a slightly modified version

of the approach described by Betts in [7].

We start by defining a term ε(t) that gives the defect in the system dynamics along

the trajectory. Notice that this error function will be identically zero at the collocation

points, assuming that the non-linear program has converged successfully.

ε(t) = f
(
t,x(t), ẋ(t), ẍ(t),u(t)

)
(8.19)

Next, we will compute an estimate of the absolute error within each segment k. The
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definite integral here is computed using Romberg quadrature [95, 64].

ηk =

∫ tk+1

tk
|ε(t)| dt (8.20)

This error estimate is still a vector quantity within each segment, but we will need a

scalar for the mesh analysis, which in this case is obtained by selecting error corre-

sponding to the dimension with the maximum error in a given segment. In cases where

the problem is not well scaled, it might be necessary to apply a weight to the estimate

along each dimension before computing the maximum [7]. In the following equation, k

is the segment index and i is the dimension index.

εk = max
i
ηk,i (8.21)

At this point, we would like to know how to sub-divide each segment of the trajectory.

We would like to add just enough new segments to achieve the desired error tolerance.

Here we use a highly simplified version of the approach by Betts [7]. The idea is to

use the method order to predict how the error will change by sub-dividing any given

segment. We know that the quadrature method corresponding the to collocation points

is 6th-order (p = 6), so we can estimate the number of sub-segments required to achieve

a desired tolerance ε∗ We introduce a safety factor of κ ≈ 1
10 as suggested by Betts [7].

Nk ≈

(
κ ε∗

εk

)( −1
p

)
(8.22)

A larger value of κ will have fewer sub-divisions per iteration, but more iterations, while

a smaller value of κ will have more sub-divisions per iteration, but fewer iterations. As

a practical matter, Nk is rounded up to the nearest integer in the set Nk ∈ {1, 2, ...Nmax},

where Nmax is typically about five [7].
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8.6 Solving with Traditional Methods

In this paper we present a new algorithm (DirCol5i) for solving trajectory optimization

problems that have non-trivial dynamics and higher derivatives in their cost functions.

Such problems can be solved with traditional algorithms, although it requires a major re-

formulation of the problem statement. Traditional solvers require the dynamics to be in

first order form, and the objective and constraint functions can only operate on the state

and control (not their derivatives). In this section we present a method for transforming

the problem statement for this paper (an objective function including higher-derivatives)

to one that can be used with a standard trajectory optimization technique.

Here we show the formulations for minimum-snap, minimum-jerk, and minimum-

input-rate problems separately, but they can easily be combined when the objective func-

tion requires it. When using these transformations, it is important to only include de-

cision variables that actually appear in the problem. For example, the minimum-snap

(4th-derivative of position) problem formulation should not be used for problems that

only includes derivatives up to jerk (3rd-derivative of position). This means that each

change to the objective function will (likely) require a change in the problem formula-

tion. DirCol5i does not require these transformations, which is a significant advantage

for problems with higher-derivatives in the objective function.

8.6.1 Minimum Snap

Let’s start by consider a simplified version of a trajectory optimization problem that

includes forth-derivatives of the position, as shown below.

J = min
∫

w(τ, x, ẋ, ẍ,
...
x,

....
x , u) dτ (8.23)
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subject to: ẍ = f (t, x, ẋ, u) (8.24)

Most traditional trajectory optimization problems require that the problem be in standard

form:

J = min
∫

w̄(τ, x̄, ū) dτ (8.25)

subject to: ˙̄x = f̄ (τ, x̄, ū) (8.26)

We can make this substitution using a chain integrator, a standard trick that is used

for converting a high-order differential equation into a system of first-order differential

equations. We do this by creating a new set of variables:

x0 := x x2 := ẍ u1 := u

x1 := ẋ x3 :=
...
x ux :=

....
x

Next we need to satisfy the dynamics. We do this by creating an additional state variable

for the velocity. Notice that we now have two variables representing velocity: xd and

x1.

xd := ẋ

We can now collect all of these new variables into column vectors state x̄ and control ū.

x̄ = [x0, x1, xd, x2, x3]

ū = [u1, ux]

In our new form we have two states the track the velocity: x1 is used to satisfy the

dynamics of the chain integrator, and xd is used to satisfy the system dynamics. We

need to resulting solution to be consistent, so we add a path constraint that requires both

versions of the velocity to be identical:

xd = x1
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Now we can write out the combined (first-order) dynamics for the system: ˙̄x =

f̄ (τ, x̄, ū), which are given below.

ẋ0

ẋ1

ẋ2

ẋ3

ẋd


=



x1

x2

x3

ux

f (t,x0,xd,u1)


We can use these new variables to arrive at an expression for w̄(·), shown below.

J = min
∫

w̄(τ, x̄, ū) dτ = min
∫

w(τ, x0, x1, x2, x3, ux, u1) dτ (8.27)

8.6.2 Minimum Jerk

It is also common to solve for minimum-jerk trajectories. The formulation is similar to

that used for minimum-snap, just with one fewer chain integrator:

x0 := x x2 := ẍ u1 := u

x1 := ẋ ux :=
...
x

The modified state and control vectors now become:

x̄ := [x0, x1, xd, x2]

ū := [u1, ux]

The first-order dynamics are:

ẋ0

ẋ1

ẋ2

ẋd


=



x1

x2

ux

f (t,x0,xd,u1)
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8.6.3 Minimum Control Rate

Let’s suppose that we want to compute a trajectory where the objective function includes

a term on the control rate. This can be done using a standard substitution, where the

original control becomes a new state variable, and the new control variable is the rate of

change in the original control. Consider the simplified objective function below:

J = min
∫

w(τ, x, ẋ, u, u̇) dτ (8.28)

subject to: ẍ = f (t, x, ẋ, u) (8.29)

Most traditional trajectory optimization problems require that the problem be in standard

form:

J = min
∫

w̄(τ, x̄, ū) dτ (8.30)

subject to: ˙̄x = f̄ (τ, x̄, ū) (8.31)

Just like with the minimum-snap formulation, we can use a chain integrator to represent

the minimum-control-rate problem in standard form.

x0 := x xu := u

x1 := ẋ ū := u̇

We can now collect all of these new variables into column vectors state x̄ and control ū.

x̄ := [x0, x1, xu]

Now we can write out the combined dynamics for the system: ˙̄x = f̄ (τ, x̄, ū), which

are given below. 
ẋ0

ẋ1

ẋu

 =


x1

f (t,x0,x1,xu)

ū


We can use these new variables to arrive at an expression for w̄(·), shown below.

J = min
∫

w̄(τ, x̄, ū) dτ = min
∫

w(τ, x0, x1, xu, ū) dτ (8.32)
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8.6.4 Scaling

One problem that occurs when using a chain integrator is that of scaling. In particular,

consider a problem where the optimal position trajectory is x(t) = sin(c t). We can then

easily arrive at expressions for the derivatives of x:

ẋ(t) = c cos(c t)

ẍ(t) = −c2 sin(c t)

...x (t) = −c3 cos(c t)

....x (t) = c4 sin(c t)

We can easily see that the amplitude of the position trajectory is c0, while the amplitude

of the snap (4th-derivative of position) is c4. This presents a problem if c is not close to

1. Let’s consider a case where c = 10, which would imply that the snap trajectory has

an amplitude that is 104 times larger than the position trajectory. Since the integrator

chain dynamics are enforced numerically, the constraint solver can run into numerical

problems when the problem is improperly scaled.

8.7 Quadrotor Example

For our first example we will study the minimal-force trajectory to perform a lateral

transfer maneuver for a simple quadrotor helicopter model. This problem can be solved

using traditional methods with no modification. Here we will compare the solution

obtained using DirCol5i (implemented in Matlab) to that obtained using GPOPS-II, a

professionally-developed trajectory optimization library for Matlab [84].
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8.7.1 Quadrotor Problem Statement

The quadrotor is modeled as a planar rigid body with three degrees of freedom: lateral

and vertical translation, as well as roll angle. The propellers are modeled as two force

actuators on opposite sides of the quadrotor. Each applies a force perpendicular to the

width of the quad-rotor. Finally, we assume that there is no friction and that the quad-

rotor is symmetric.

The equations of motion are given below, where x, y, and θ describe the state of the

quadrotor: horizontal position, vertical position, and roll angle. The mass distribution is

approximated by two point masses m = 0.2kg, one positioned at each edge of the frame,

separated by a distance d = 0.3m. The force provided by each propeller is given by u1

and u2, and the acceleration is given by g = 9.81m/s2.

ẍ =
−1
m

sin(θ)(u1 + u2)

ÿ =
1
m

cos(θ)(u1 + u2) − 2g

θ̈ =
1

2md
(u2 − u1)

The starting state for the quadrotor is a stationary hover at the origin. The final

state is a stationary hover some prescribed distance away, at the same height, as shown

below.

t0 = 0 x(t0) = 0 y(t0) = 0 θ(t0) = 0

tF = 1 x(tF) = 1 y(tF) = 0 θ(t0) = 0

(8.33)

The objective is to compute the trajectory between these points (in a fixed amount of

time) that minimizes the integral of the actuator force squared along the trajectory.

J =

∫ tF

t0
(u2

1 + u2
2) dt (8.34)
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This is a relatively simple trajectory optimization, and here we use it as a basic demon-

stration that DirCol5i obtains the same solution as standard methods.

8.7.2 Quadrotor Results

We used DirCol5i to compute the optimal lateral transfer maneuver for the planar

quadrotor model, minimizing the integral of the thrust force squared. The resulting

trajectory is shown in Figure 8.1. We then solved the same problem using GPOPS-II

[84], and find that both algorithms arrived at the same solution.

GPOPS-II reported that it’s trajectory had a maximum mesh error of 1.9 × 10−10,

and the non-linear programming solver (IPOPT [12]) successfully converged. DirCol5i

reported an maximum mesh error of 6.8 × 10−5, and non-linear programming solver

(FMINCON [70]) also converged successfully. The difference between the objective

function value computed by each algorithm was 4.9 × 10−6, the maximum difference

between the position trajectories was 5.2 × 10−5.

GPOPS-II computed the optimal trajectory in 2.02 seconds, to a mesh tolerance of

10−10. DirCol5i computed the solution using two iterations, automatically computing a

new mesh for the second iteration. The first (coarse-grid) solution took 7.15 seconds,

while the second (fine-grid) solution took 13.6 seconds. Both GPOPS-II and DirCol5i

are implemented in Matlab, although the code-base for GPOPS-II is highly optimized,

particularly with regard to gradient calculations. The optimal trajectory is shown in

Figure 8.1.
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Figure 8.1: Quad-rotor lateral transfer, minimum force Minimal-torque trajectory
for a lateral shift maneuver for a planar model of a quad-rotor helicopter.

8.8 Pendulum Swing-up Example

Our next problem is a swing-up for a simple pendulum, both with and without actuator

limits. We compare the performance of DirCol5i to three other trajectory optimization

algorithms: GPOPS-II (Radau orthogonal collocation), trapezoid direct collocation, and

Chebyshev-Lobatto global (pseudospectral) collocation. Each of these methods is then

used to compute optimal swing-up trajectories for a simple pendulum, using five dif-

ferent objective functions. Finally, each trajectory is computed both with and without

actuator limits.

8.8.1 Solvers

• DirCol5i is the solver presented in this paper. It is a medium-order direct collo-

cation method. For the purposes of this experiment we compute the solution on a

single uniform mesh with 12 segments.
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• GPOPS/̄II is a professionally-developed trajectory optimization software for Mat-

lab [84]. It implements a multiple-segment Radau orthogonal collocation. For the

purposes of this experiment we use a single uniform mesh with 10 segments (4

collocation points per segment).

• Trapezoid direct collocation is a standard low-order method for trajectory opti-

mization [7]. Here we compute the solution on a single uniform mesh with 50

collocation points.

• Chebyshev-Lobatto collocation is a high-order global (pseudospectral) trajectory

optimization method [23]. Here we use a single 24th-order Chebyshev polynomial

to represent the trajectory.

We use the implementations of the trapezoid and Chebyshev collocation methods found

in TrajOpt, an open-source trajectory optimization library for Matlab [58].

8.8.2 Pendulum Swing-Up Problem Statement

Compute the optimal swing-up trajectory for a simple pendulum, given a torque motor

with actuator limits and viscous friction at the hinge. Let x describe the angle of the

pendulum, with x = 0 corresponding to the minimum-energy state, and u be the torque

acting on the pendulum from a motor. The dynamics for the simple pendulum (with

damping) are given below, where k = 3.0 and b = 0.2 are physical parameters.

ẍ = −bẋ − k sin(x) + u (8.35)

The swing-up problem can be expressed by the following boundary values:

t0 = 0 x(t0) = 0 ẋ(t0) = 0

tF = 5 x(tF) = π ẋ(tF) = 0

(8.36)
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We will test each solver on five different objective functions, listed below.

• Minimum-torque: J =
∫

u2 dt

• Minimum-torque-rate: J =
∫

u̇2 dt

• Minimum-acceleration: J =
∫

ẍ2 dt

• Minimum-jerk: J =
∫ ...x 2 dt

• Minimum-snap: J =
∫ ....x 2 dt

For each of these objective functions, we will compute the optimal swing-up trajectory

for two situations: first without actuator limits (umax = ∞), and then with actuator limits

(umax = 2). The choice of actuator limit (umax = 2) is chosen such that any feasible

swing-up trajectory must reverse direction at some-point in the swing. This makes the

optimization problem harder to solve, thus providing a better comparison metric.

8.8.3 Pendulum Swing-Up Results

We computed the optimal swing-up trajectory for a simple pendulum, for five different

objective functions, with and without actuator saturation, using five different objective

functions. The results of all 40 optimizations are summarized in Tables 8.1 and 8.2.

For each trajectory we provide the value of the objective function and also the

amount of time required to compute the solution. Unless otherwise specified, meth-

ods that have the same objective function value arrived at the same solution. In cases

where the optimization failed to find a solution the value of the objective function is

omitted, and the cause of the failure is listed in place of the computation time.
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DirCol5i is the only method that was able to successfully compute a feasible tra-

jectory for all problems. It found the optimal solution on all but one of the prob-

lems: minimum-snap, without actuator limits, where it found a feasible but slightly

sub-optimal solution. DirCol5i took more computation time than the other algorithms

for most, but not all problems.

GPOPS-II computed the correct solution for 7/10 problems. When it converged, it

was about ten times faster than the other methods. On the three problems where it failed,

the interpolant diverged wildly between collocation points.

The Trapezoid direct collocation method found the correct solution to 8/10 prob-

lems, got stuck on an infeasible point in one problem, and found a sub-optimal solution

on another.

The Chebyshev global collocation method performed well on the five problems with-

out actuator limits. It found the correct solution more quickly than DirCol5i or Trape-

zoid. It had more trouble on the set of five problems with actuator limits. Although it

arrived at nearly the correct solution for all problems, in most cases the interpolant ex-

hibited a numerical artifact known as ‘ringing’. It occurs because a polynomial cannot

properly approximate a solution with a discontinuity, in this case cause by actuator satu-

ration. This is a well-known problem with global (pseudospectral) collocation methods

[93].

8.9 Cart-Pole Swing-Up Example

One of the standard problems in trajectory optimization is the cart-pole swing-up prob-

lem. In this problem there is a cart that can travel along a horizontal rail, powered by a
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motor. A pendulum, or pole, is pinned to the cart, such that it can freely rotate. The goal

is to compute a force profile to apply to the cart that will cause the pole to swing-up to

Table 8.1: Pendulum Swing-up: no actuator limits. Four different solvers, five differ-
ent objective functions. DirCol5i finds the correct solution for all but minimum-snap
objective functions. DirCol5i is generally the slowest solver. GPOPS-II is the fastest
solver, but fails on two objective functions. Trapezoid and Chebyshev solvers both get
the correct solution to all problems, with a moderate computation time.

J =
∫

u2 dt J =
∫

u̇2 dt J =
∫

ẍ2 dt J =
∫ ...x 2 dt J =

∫ ....x 2 dt
|u(t)| < ∞ |u(t)| < ∞ |u(t)| < ∞ |u(t)| < ∞ |u(t)| < ∞

DirCol5i J = 9.17 J = 2.30 J = 0.948 J = 0.379 J = 0.0377
4.66 sec 1.31 sec 4.58 sec 3.67 sec 1.74 sec

GPOPS-II J = 9.17 J = 2.30 J = −− J = −− J = 0.0000
0.33 sec 0.13 sec diverged diverged 0.23 sec

Trapezoid J = 9.21 J = 2.30 J = 0.949 J = 0.380 J = 0.0000
2.90 sec 1.23 sec 2.64 sec 2.61 sec 3.36 sec

Chebyshev J = 9.17 J = 2.30 J = 0.948 J = 0.379 J = 0.0000
0.95 sec 1.19 sec 2.13 sec 1.57 sec 1.96 sec

Table 8.2: Pendulum Swing-up, with actuator limits. Four different solvers, five different
objective functions. DirCol5i is the only solver to compute the correct solution to all
problems, and it does so in a moderate amount of time. GPOPS-II quickly computes the
solution to most problems, but fails on the minimum-snap trajectory. Trapezoid direct
collocation solves three problems correctly, get stuck on an infeasible solution on one,
and finds a sub-optimal solution on another. Chebyshev global collocation gets nearly
the right solution to most problems, but exhibits ‘ringing’, a numerical artifact caused
by a discontinuous solution (due to torque-limits).

J =
∫

u2 dt J =
∫

u̇2 dt J =
∫

ẍ2 dt J =
∫ ...x 2 dt J =

∫ ....x 2 dt
|u(t)| < umax |u(t)| < umax |u(t)| < umax |u(t)| < umax |u(t)| < umax

DirCol5i J = 9.24 J = 12.9 J = 8.29 J = 27.4 J = 129
5.68 sec 2.22 sec 5.46 sec 4.69 sec 3.28 sec

GPOPS-II J = 9.22 J = 12.9 J = 8.06 J = 27.2 J = −−

0.17 sec 0.19 sec 0.26 sec 0.37 sec diverged
Trapezoid J = 9.26 J = −− J = 8.31 J = 43.1 J = 1220

2.98 sec infeasible 6.34 sec 16.3 sec 18.1 sec
Chebyshev J = 9.22 J = 12.8 J = 8.28 J = 27.3 J = 205

ringing 5.51 sec ringing ringing ringing
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be balanced above the cart, starting from rest hanging below the cart.

Here we will solve this problem for four different objective functions, using

DirCol5i, as well as trapezoid direct collocation [7] (implemented using TrajOpt[58]),

and GPOPS-II[84].

8.9.1 Cart-Pole Problem Statement

The cart-pole system is modeled as two point masses: one for the cart and one at the

tip of the pole (pendulum). We neglect friction, and assume that the rails are perfectly

horizontal. There is a single actuator, modeled as a force that is applied to the cart,

parallel to the rails.

In the starting state the system is stationary, with the pendulum hanging directly

below the cart. In the final state, the cart has moved some prescribed distance along the

rails, and the pendulum is balanced above the cart. The objective is to find the force

profile that achieves this transition in some fixed time, while minimizing the integral of

some objective function along the trajectory.

The equations of motion for the cart-pole system are given below, where x gives the

horizontal position of the cart and θ gives the angle of the pole, where θ = 0 describes

the configuration where the pole is in the minimum potential energy state. The motor

force is given by u, gravity acceleration by g = 9.81m/s2, and the length of the pole by

` = 0.5m. The mass of the cart is given by m1 = 2.0kg and the point-mass at the tip of

the pole is given by m2 = 0.5kg.

0 = u − m2

(
−`θ̇2 sin(θ) + ẍ + `θ̈ cos(θ)

)
− m1 ẍ (8.37)

0 = −`m2

(
`θ̈ + ẍ cos(θ) + g sin(θ)

)
(8.38)
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The swing-up problem is defined by the boundary conditions, given below:

t0 = 0 x(t0) = 0 ẋ(t0) = 0 θ(t0) = 0 θ̇(t0) = 0

tF = 2 x(tF) = 1 ẋ(tF) = 0 θ(tF) = π θ̇(tF) = 0

(8.39)

We solve this problem for four different objective functions, which are listed below.

• Minimum-torque: J =
∫

u2 dt

• Minimum-torque-rate: J =
∫

u̇2 dt

• Minimum-jerk: J = 10−3
∫
‖
...
p‖2 dt

• Minimum-snap: J = 10−6
∫
‖
....
p ‖2 dt

Note that the minimum-jerk and minimum-snap trajectories are minimizing the jerk and

snap of the position of the tip of the pole p, rather than the jerk and snap of the minimal

coordinates. These expressions are given below.

‖
...
p‖2 =

(
−`θ̇3 cos(θ) − 3`θ̇θ̈ sin(θ) +

...x + `
...
θ cos(θ)

)2

+ `2
(
−θ̇3 sin(θ) + 3θ̇θ̈ cos(θ) +

...
θ sin(θ)

)2
(8.40)

‖
....
p ‖2 =

(
−3`θ̈2 sin(θ) − 6`θ̈θ̇2 cos(θ) + `θ̇4 sin(θ) − 4

...
θ `θ̇ sin(θ) +

....x +
....
θ ` cos(θ)

)2

+ `2
(
3θ̈2 cos(θ) − 6θ̈θ̇2 sin(θ) − θ̇4 cos(θ) + 4

...
θ θ̇ cos(θ) +

....
θ sin(θ)

)2

(8.41)

8.9.2 Cart-Pole Swing-Up Results

The optimal solution for each objective function, as computed by DirCol5i, is shown

in Figure 8.2. Additionally, Figure 8.3 shows the path that the tip of the pendulum

traces during the swing-up maneuver, for each objective function. The optimization
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Figure 8.2: Cart-Pole Swing-Up: Cart position, pole angle, and motor force, as func-
tions of time, obtained using DirCol5i. The dashed lines in the motor force plots show
the actuator limits.

finds two different swing-up strategies: one for the minimum-force and minimum-force-

rate trajectories and the other for the minimum-jerk and minimum-snap trajectories. All

solutions except for the minimum-torque-rate saturate the actuator

We solved the cart-pole swing-up problem for each of the four objective functions,

using DirCol5i, trapezoid direct collocation and GPOPS-II. For the minimum-torque

and minimum-torque-rate problems, all solvers arrived at the same solution, within the

expected numerical tolerances. DirCol5i and GPOPS-II found the same (optimal) so-

lution for the minimum-jerk problem, and trapezoid direct collocation found a similar,

but sub-optimal, solution. On the minimum-snap problem only DirCol5i computed the

optimal solution. GPOPS-II arrived at nearly the same solution, but failed to properly

converge due to a numerical artifact at the beginning of the trajectory. Trapezoid di-

rect collocation successfully converged, but to a far sub-optimal solution. DirCol5i was
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Figure 8.3: Cart-Pole Swing-Up: Trace made by pendulum bob along each trajectory.
Straight lines show the pendulum at uniformly spaced time intervals along the swing-up
trajectory. The minimum-force and minimum-force-rate solutions use a similar strategy,
which is different from the strategy used by the minimum-jerk and minimum-snap solu-
tions. Note that point p in the minimum-jerk and minimum-snap objective functions is
the tip of the pole.

slower than the traditional methods on the minimum-torque and minimum-torque-rate

problems, while it was faster on the minimum-jerk and minimum-snap problems. The

results are summarized in Table 8.3.

8.10 Discussion

In this paper we presented DirCol5i, a trajectory optimization technique for solving

minimal-snap trajectories for systems with non-trivial dynamics. There are two key

differences between DirCol5i and other trajectory optimization methods. The first is that
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DirCol5i uses an implicit form of the dynamics. This allows for DirCol5i to be used on

a wider ranger of problems. The second difference between DirCol5i and other methods

is that DirCol5i computes derivatives of the trajectory (for use in the objective function,

dynamics, and constraints) by analytic differentiation of the spline that is approximating

the position. In addition to making implicit dynamics functions possible, this makes it

easy to work with higher-order derivatives in the objective function. The cost for these

two features is a reduction in the sparsity in the non-linear program, making DirCol5i a

bit slower than traditional methods on standard problems, where these features are not

required.

We compared DirCol5i to traditional trajectory optimization methods for solving

three different example problems, each for a variety of cost functions. Here we will

summarize the results of this comparison.

• Accuracy: In most cases DirCol5i computes the same solution as the traditional

Table 8.3: Cart-Pole Swing-Up. All solvers arrived at the same solution for the
minimum-force and minimum-force-rate objective functions. The Trapezoid method
found a sub-optimal solution for both the minimum-jerk and minimum-snap objective
functions. GPOPS-II and DirCol5i find the same (optimal) solution for all four objec-
tive functions. The solve times for DirCol5i tend to go down as the objective function is
operating on higher derivatives, while the solve-times increase for the Trapezoiod direct
collocation and GPOPS-II. ∗GPOPS-II failed to successfully converge on the minimum-
snap objective function, although it is due to a small numerical artifact on each end of
the trajectory. It is otherwise similar to the solution obtained by DirCol5i.

J = 10−2
∫

u2 dt J = 10−3
∫

u̇2 dt J = 10−3
∫
‖
...
p‖2 dt J = 10−6

∫
‖
....
p ‖2 dt

DirCol5i J = 2.220 J = 4.610 J = 21.39 J = 3.854
218.8 sec 53.94 sec 96.21 sec 22.47 sec

GPOPS-II J = 2.220 J = 4.610 J = 21.36 J = 3.768∗

0.64 sec 1.220 sec 139.0 sec 346.7∗ sec
Trapezoid J = 2.234 J = 4.639 J = 21.74 J = 10.22

23.88 sec 13.18 sec 663.7 sec 4929 sec
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solvers, with trajectories matching within expected bounds. It only got stuck in

a local minimum for one example: minimum-snap pendulum swing-up with un-

bounded actuation. Additionally, the re-meshing algorithm in DirCol5i does a

good job at quantifying the transcription accuracy, and it matches the error esti-

mates predicted by GPOPS-II, a commercially produced software.

• Reliability: One place where DirCol5i stands out, at least for this set of example

problems, is reliability. It is the only solver that was able to compute a feasible

trajectory for every single example problem. This was particularly apparent for

the minimum-jerk and minimum-snap problems, where other solvers often failed

to converge, or got stuck in bad local minima.

• Speed: In general, DirCol5i was slower than traditional methods, particularly for

minimum-torque and minimum-torque-rate problems. That being said, it was still

the fastest method for some of the minimum-jerk and minimum-snap problems.

• Implementation: It was simple to switch objective functions in DirCol5i, since

the higher derivatives are always available. On the other hand, solving these prob-

lems with traditional solvers required a complete rewrite of the problem formu-

lation for each different objective function. This also meant that, when using the

traditional methods, it was difficult to determine whether numerical effects that

were due to the objective function rather than the changes to the structure of the

problem.

• Scaling: In many problems, the higher derivatives of the position trajectory are

badly scaled. The scaling of such problems seems to have a larger negative effect

on traditional methods, implemented with a chain integrator, than in DirCol5i.

• Problem Size: Implementing a minimum-jerk or minimum-snap trajectory op-

timization using standard methods (GPOPS-II, trapezoid collocation) requires

adding a large number of decision variables to the problem without improving
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the sparsity of the Jacobian. The resulting non-linear program is thus more diffi-

cult to solve.

In looking over the detailed results from these three example problems, there are a few

questions of interest, which we answer below.

• Why did traditional solvers have such a hard time at the minimum-jerk

and minimum-snap problems? DirCol5i is designed specifically for handling

minimum-jerk and minimum-snap problems, while traditional solvers are not. In

DirCol5i, changing the objective function from minimum-torque to minimum-

snap does not fundamentally change the problem size or structure. On the other

hand, traditional methods must introduce a large number of intermediate vari-

ables to make the change from minimum-torque to minimum-snap. This makes

the problem larger and more difficult to solve.

• Why was DirCol5i so slow on minimum-torque and minimum-torque-rate prob-

lems? Trajectory optimization methods generally strike to construct a sparse non-

linear program (NLP). On standard problems, for example minimum-torque, the

NLP produced by DirCol5i is less sparse than that produced by traditional meth-

ods, such as GPOPS-II or trapezoid collocation. As a result, the DirCol5i version

of the problem is harder to solve. That being said, there is no added complex-

ity for DirCol5i when switching to a minimum-jerk or minimum-snap problem,

unlike traditional solvers.

• Why was GPOPS-II much faster on some problems? The primary reason that

GPOPS-II is faster has to do with code optimization, since GPOPS-II is a pro-

fessionally produced software. In particular, GPOPS-II is careful about how it

constructs the sparse non-linear program, and also about how it computes the
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finite-differences for the gradients of the problem. Additionally, on minimum-

torque and torque-rate problems, both GPOPS-II and trapezoid collocation have

the advantage of producing non-linear programs that are more sparse than those

produced by DirCol5i.

• Why does the Chebyshev method work so well on the unbounded pendulum swing-

up, and so poorly on the torque-limited swing-up? The Chebyshev-Lobatto

method implemented here is a global pseudospectral method. These methods

work well for problems that have a smooth solution. In the torque-limited case,

the solution is not smooth, as part of it lies on a constraint (the torque limit). A

single polynomial cannot properly represent this ‘kink’ in the torque solution, and

it causes numerical artifacts.

8.10.1 Summary

In this paper we present DirCol5i, a direct collocation (trajectory optimization) method.

It is specialized for solving problems that have 1) non-trivial dynamics and 2) objective

functions that include higher derivatives of state (such as acceleration, jerk, or snap).

We compared DirCol5i to traditional methods: trapezoidal direct collocation,

Chebyshev-Lobatto pseudospectral collocation, and Radau Orthogonal Collocation

(GPOPS-II). These methods were then tested on three example problems: planar quad

rotor lateral transfer, pendulum swing-up, and cart-pole swing-up. In each case we

tested several objective functions, including minimum: torque, torque-rate, jerk (deriva-

tive of position), and snap (derivative of jerk).

We found that DirCol5i was able to compute the correct solution to all problems,

confirmed by reasonable convergence tests and agreement with solutions obtained by
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other methods. We are able to compute solutions to a specified tolerance using automatic

mesh refinement.

When solving standard trajectory optimization problems, those without higher-

derivatives in the objective function, DirCol5i computes the correct answer, but it takes

longer than traditional methods. This is primarily due to a reduction in sparsity of the

non-linear program created by DirCol5i when compared to traditional methods.

When solving trajectory optimization problems that include higher-derivatives and

have non-trivial dynamics, DirCol5i is superior to traditional methods in three ways.

1. DirCol5i is able to solve problem with minimum-jerk and minimum-snap directly.

This is a huge advantage over traditional methods, which require a complicated

reformulation of the problem.

2. DirCol5i was the only method that was able to compute a feasible solution for all

problems. The traditional solvers all ran into numerical issues on at least one of

the problems, typically minimum-jerk or minimum-snap.

3. Although DirCol5i was slower than traditional methods for standard problems, it

was of comparable speed or faster on problems with minimum-jerk or minimum-

snap in the objective.

8.11 Future Work

The initial work on DirCol5i, presented here, suggests that it is a useful tool for solving

minimum-jerk and minimum-snap trajectory optimization problems for systems with

non-trivial dynamics. In the future, we would like to study the performance of DirCol5i

on a wider range of test problems. Additionally, the analysis presented here is largely
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experimental: comparing DirCol5i to standard methods. It would be good to supplement

these experiments with a more rigorous mathematical analysis.

Here we present DirCol5i as a fixed-order direct collocation method. These tech-

niques could be extended to higher- and lower-order methods, which might be useful

one some problems. For example, a problem with a smooth solution, like the quadro-

tor helicopter example, might benefit from fewer higher-order segments, while a prob-

lem with a discontinuous solution, like the torque-limited pendulum swing-up example,

would benefit from a lower-order method.

DirCol5i represents the solution trajectory as Hermite Splines, which are represented

by value and derivatives at the knot points. There are many other representations for

splines, and it is possible that alternative representations might provide improved nu-

merical properties. For example, Orthogonal collocation methods exclusively represent

splines using Barycentric interpolation, storing the value of the spline at the roots of its

associated orthogonal polynomial.

Finally, the software implementation of DirCol5i could be improved. As of now,

it can only solve single-phase trajectory optimization problems, but DirCol5i (as an

algorithm) can easily be applied to multi-phase problems. The code could be optimized

further as well, for example only computing higher derivatives when they are actually

required by the user.

8.12 Spline Derivations

At the core of DirCol5i is a set of splines, representing position, velocity, acceleration,

and control. Here, we represent the position as a quintic Hermite spline, and the control
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as a cubic Hermite spline. Velocity and acceleration are then computed by differentiating

each segment of the position spline analytically. To keep the derivations readable, we

will assume that the domain of interest has been mapped to the domain τ ∈ [−1, 1].

8.12.1 Domain Mapping

Although the spline derivations here are constructed for a specific domain τ ∈ [−1, 1],

we can apply a simple transform to apply these equations to an arbitrary domain t ∈

[a, b], where a and b would correspond to two successive knot points in the spline.

t =
a + b

2
+ τ

b − a
2

(8.42)

τ = 2
t − a
b − a

− 1 (8.43)

The derivative expressions must also be scaled, with the scaling computed by the chain

rule. Note that x is the true state, while x̄ is the state after domain mapping.

di

dtix =

(
dτ
dt

)i di

dτi x̄ =

(
2

b − a

)i di

dτi x̄ (8.44)

di

dτi x̄ =

(
dt
dτ

)i di

dtix =

(
b − a

2

)i di

dtix (8.45)

8.12.2 Cubic Hermite Spline (Control)

The control trajectory is represented using a cubic Hermite spline, defined by its value

and slope at each knot point[28]. In other words, the decision variables corresponding

to the control trajectory are the control and the control rate at each knot point of the

spline. For this section, we will assume that we are considering a single segment, where

τ ∈ [−1, 1], and the boundary conditions are given by ūL, ˙̄uL for the lower side of the
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segment and ūU , ˙̄uU for the upper side. Notice that ū is just a simple cubic polynomial,

and ˙̄u is just the derivative of that polynomial.


ū

˙̄u

 =


C0 C1 C2 C3

C1 2C2 3C3 0

 ·



1

τ

τ2

τ3


(8.46)

Now we need to compute the values for the coefficients C0 . . .C3 that satisfy the bound-

ary conditions, which can be expressed as a system of four linear equations.

1 −1 1 −1

0 1 −2 3

1 1 1 1

0 1 2 3


·



C0

C1

C2

C3


=



ūL

¯̇uL

ūU

¯̇uU


(8.47)

This system can easily be solved analytically, providing a means for the coefficients

as a function of the boundary conditions (ie. decision variables). These coefficients,

combined with (8.46), are used for interpolation of the solution, as well as calculation

of the control at the collocation points during optimization.

C0

C1

C2

C3


=

1
4



2 1 2 −1

−3 −1 3 −1

0 −1 0 1

1 1 −1 1


·



ūL

¯̇uL

ūU

¯̇uU


(8.48)
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8.12.3 Quintic Hermite Spline (State)

The position trajectory is represented using a quintic Hermite spline, which is defined

by its value, slope, and curvature at each knot point [28]. Thus, the decision variables in

DirCol5i correspond to the position, velocity, and acceleration at each knot point. Given

these values, we are interested in computing intermediate value for position, velocity,

and acceleration. For this section, we will assume that we are considering a single

segment, where τ ∈ [−1, 1], and the boundary conditions are given by x̄L, ˙̄xL, ¨̄xL for

the lower side of the segment and x̄U , ˙̄xU , ¨̄xU for the upper side. Notice that the top set

of equations is that of a simple quintic polynomial, and each successive row is obtained

by differentiation of the preceding row.



x̄

˙̄x

¨̄x

...
x̄

....
x̄



=



C0 C1 C2 C3 C4 C5

C1 2C2 3C3 4C4 5C5 0

2C2 6C3 12C4 20C5 0 0

6C3 24C4 60C5 0 0 0

24C4 120C5 0 0 0 0



·



1

τ

τ2

τ3

τ4

τ5



(8.49)

Now we need to compute the values for the coefficients C0 . . .C5 that satisfy the bound-

ary conditions prescribed by the position, velocity, and acceleration at each knot point.
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The result is a system of six equations, which are linear in the coefficients.

1 −1 1 −1 1 −1

0 1 −2 3 −4 5

0 0 2 −6 12 −20

1 1 1 1 1 1

0 1 2 3 4 5

0 0 2 6 12 20



·



C0

C1

C2

C3

C4

C5



=



x̄L

¯̇xL

¯̈xL

x̄U

¯̇xU

¯̈xU



(8.50)

Now we can solve for the coefficients analytically, the solution given below. We can now

use these coefficients in (8.49) to interpolate the solution of the trajectory optimization,

as well as compute the position and its derivatives at each knot point.

C0

C1

C2

C3

C4

C5



=
1

16



8 5 1 8 −5 1

−15 −7 −1 15 −7 1

0 −6 −2 0 6 −2

10 10 2 −10 10 −2

0 1 1 0 −1 1

−3 −3 −1 3 −3 1



·



x̄L

¯̇xL

¯̈xL

x̄U

¯̇xU

¯̈xU



(8.51)
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