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ABSTRACT 

 In the vicinity of the critical point, fluids experience variations in second derivative 

thermodynamic properties, including isobaric heat capacity.  In this work, Monte Carlo 

molecular simulations were used to compute the isobaric heat capacity of pure carbon dioxide 

(CO2), pure methanol (MeOH), and binary mixtures of CO2 and MeOH.  Estimated values were 

compared to calculations from highly accurate Equations of States.  

The residual isobaric heat capacity of pure CO2 and MeOH were computed by two 

different methods.  First, thermodynamic fluctuations observed in the isothermal-isobaric 

ensemble were used to compute the isobaric heat capacity of pure CO2 and MeOH following a 

method developed by Lagache and coworkers in 2001 (Lagache, Ungerer, Boutin, & Fuchs, 

2001).  Then, the residual isobaric heat capacity of pure CO2 and MeOH was also computed 

through a novel method that utilized thermodynamic fluctuations observed in Grand Canonical 

Monte Carlo simulations.  The total isobaric heat capacity was computed by combining the 

residual isobaric heat capacity and the ideal gas isobaric heat capacity, obtained from 

experimental correlations.  The critical temperatures of pure CO2 and MeOH were computed for 

the simulated systems through a finite size scaling analysis, and the critical pressures were 

computed through a semi-empirical fitting.  The calculated critical temperatures and pressures 

were used to reduce the temperatures and pressures of simulations used to compute the isobaric 

heat capacity of pure CO2 and MeOH.  In this way, the calculated isobaric heat capacity was 

compared to equation of state (EOS) calculations completed at temperatures and pressures 

reduced by the experimentally measured critical temperatures and pressures.  The isobaric heat 

capacity of CO2 evaluated in both the isothermal-isobaric and grand canonical ensemble matched 

the calculations of the highly accurate Span and Wagner EOS with near quantitative accuracy.  



 

 

The isobaric heat capacity calculated for pure MeOH in the same manner similarly aligned with 

the values from IUPAC EOS for MeOH. 

The isobaric heat capacity of binary mixtures of CO2 and MeOH was computed over a 

range of compositions using the fluctuation method in the isothermal-isobaric ensemble.  

Absolute rather than reduced temperatures and pressures were used for the calculations, in the 

interest of saving computational time.  Analogous to the validation of pure components, the 

mixture isobaric heat capacities were compared with those calculated from the GERG EOS 

available in the REFPROP Software package, and measured experimentally.  Overall, the 

computed isobaric heat capacities were qualitatively comparable to those calculated from the 

GERG EOS and measured experimentally.
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Chapter 1  

Introduction and Background 

1.1 Introduction 

 

 In the vicinity of the critical point, fluids experience large variations in second derivative 

thermodynamic properties due to molar volume fluctuations.  Among these second derivative 

properties is the isobaric heat capacity (Cp).  Variations in Cp become most pronounced at 

temperatures and pressures closer to the critical temperature (Tc) and critical pressure (Pc).  In 

Figure 1.1, using the software REFPROP (Lemmon, Huber, & McLinden, 2013), these Cp 

variations are calculated by the Span and Wagner Equation of State (EOS) (Span & Wagner, 

1996), a highly accurate EOS for carbon dioxide (CO2) derived by fitting experimental data to 

the Helmholtz free energy surface.  CO2 has a Tc of 31.2 ⁰C (Suehiro, Nakajima, Yamada, & 

Uematsu, 1996), and a Pc of 73.8 bar (Suehiro et al., 1996).  These variations in Cp correspond to 

density changes, as shown in Figure 1.2 for CO2 under isothermal conditions at reduced 

temperatures (Tr)s and reduced pressures (Pr)s (Span & Wagner, 1996) and (Lemmon et al., 

2013).  
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 Although all fluids experience large density changes when passing through the critical 

region, the magnitude of the corresponding Cp changes differs significantly for specific fluids. 

Figure 1.2:  Density changes of CO2 with increasing pressure at a range of Trs generated by 

the highly accurate Span and Wagner EOS (Span & Wagner, 1996), available in the 

REFPROP Software Package (Lemmon et al., 2013). 

Figure 1.1:  Variations in the Cp of CO2 at a range of Trs generated by the highly accurate 

Span and Wagner EOS (Span & Wagner, 1996), available in the REFPROP Software 

Package (Lemmon et al., 2013). 

ρ
r 
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Total Cp is comprised of a residual contributions (Cp
res) and ideal gas contributions (Cp

◦).  These 

Cp variations occur in Cp
res, which depends intermolecular interactions, rather than Cp

◦, which 

depends on the kinetic energy associated with molecular translations and intramolecular 

interactions.  The differences in the Cp variations can be expressed through the fundamental 

thermodynamic relation, as displayed below by Equation (1.1) (Tester & Modell, 1997).   

 

       

T is the temperature, V is the molar volume, P is the pressure, and R is the universal gas constant.  

Equation (1.2) expresses Equation (1.1) in terms of the Peng-Robinson Equation of State (EOS), 

a pressure explicit EOS for pressure, volume and temperature (PVT) properties, providing an 

analytical expression for Cp
res (Tester & Modell, 1997). 

            (1.2) 

 

 

 

The constant b is calculated from a substance’s Tc and Pc and signifies the volume of a molecule.  

The constant ɑ is also calculated from a substance’s Tc and Pc and represents the attractive forces 

between molecules (Tester & Modell, 1997).  The third constant 𝜅 is calculated from the acentric 

factor and is related to a fluid’s vapor-liquid equilibrium properties.  Since a, b, and 𝜅, are 

unique to each substance, Equation (1.2) displays that Cp is not only dependent on temperature 

and pressure conditions, but also on a substance’s molecular properties (Tester & Modell, 1997).  

This phenomena has been explored through molecular simulations, which distinguished that 

(1.1) 
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strong attractive and repulsive forces, like hydrogen bonding, between the molecules can 

increase substances’ Cps (Piñeiro, Cerdeiriña, & Medeiros, 2008). 

 Cp variations of supercritical water were calculated using the highly accurate IAPWS 

Formulation 1995 (IAPWS-95 Formulation) available in the REFPROP software package  (W. 

Wagner & Pruß, 2002) and (Lemmon et al., 2013).  In the near and supercritical region, Cp 

variations for water, which are shown in Figure 1.3, are significantly larger in magnitude than 

those of supercritical CO2, which are shown in Figure 1.1.  These larger magnitudes continue to 

exist even when the Cps of near and supercritical CO2 and water are renormalized with Cps 

calculated at high pressure conditions, slightly below the Pc.  This difference is most likely due 

to stronger fluctuations in the associative forces between molecules (Piñeiro et al., 2008).    

  

  

 

 

 

 

 

 

 

 

 The magnitude of the Cps of water shown above are greater than those of CO2, shown in 

Figure 1.1.  However, the Cp variations of water occur at same reduced temperatures and 

pressures as those of CO2.  The absolute temperature and pressure conditions for Cp variations 

Figure 1.3:  Variations in the Cp of water as calculated by the highly accurate IAPWS 95 

Formulation available in the REFPROP software package (Wagner & Pruß, 2002) and 

(Lemmon et al., 2013). 
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differs from substance to substance, due the unique Tc and Pc of each substance.  For instance, 

the Tc and Pc of water are 647.3 K and 221.2 bar (Tester & Modell, 1997), much higher than 

those of CO2 (Suehiro et al., 1996).  As shown experimentally by Yeo et al. (Yeo, Park, Kim, & 

Kim, 2000), composition changes in binary mixtures lead to Tc and Pc changes.  In this way, a 

locus of the gas-liquid Tcs and Pcs exists for binary mixtures (Konynenburg & Scott, 1980).  The 

shape of this locus can differ from mixture to mixture.  For binary mixtures that have mutually 

soluble, molecularly similar components, the locus of gas-liquid critical points typically forms at 

temperatures between the pure component critical temperatures (Tc,i, i = 1,…n), and pressures 

slightly greater than the pure component critical pressures (Pc,i,i = 1,…n) (Hicks & Young, 1975) 

and (Konynenburg & Scott, 1980).  Other mixtures experience gas-gas immiscibility, where 

some mixture compositions experience Tc values along the critical locus that are greater than the 

pure component Tc,is (Rowlinson & Swinton, 1982).   

 Due to these Tc and Pc differences that occur between mixtures with different 

compositions, changes in the composition of a binary mixture should not only change the 

magnitude of Cp variations, but also change the pressures and temperatures under which Cp 

variations occur.  Furthermore, different mixture compositions could also change the magnitudes 

of the Cp variations, as established earlier in this Chapter. 

1.2 Motivation 

1.2.1. Thermal Energy Storage Applications 

 Both thermal and electrical energy storage systems decouple power production from 

power usage, helping integrate intermittent energy sources into the electric grid.  Thermal energy 

storage (TES) systems can be utilized for low temperature applications that require temperatures 
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ranging from ambient to 250 ⁰C, such as solar heaters and greenhouses, or high temperature 

applications that operate above 250 ⁰C, including waste heat recovery in manufacturing and 

mining industries (Fernandes, Pitié, Cáceres, & Baeyens, 2012) and (Chan, Ling-Chin, & 

Roskilly, 2013).  TES systems need to have high energy storage density, and the ability to 

perform multiple charging/recharging cycles (Fernandes et al., 2012).  Thermal energy can be 

stored as sensible heat, where the system temperature changes with heat exchange, or latent heat, 

where the system temperature remains constant with heat exchange (Fernandes et al., 2012). 

 For sensible heat storage, liquid water, which has a high Cp of 4.184 KJ/kg*K, is 

commonly used for heat transfer applications at temperatures below its boiling point of 100 ⁰C 

(Wu, Reddy, & Rogers, 2001).  Thermal oils and molten salts are used for sensible heat storage 

in systems that have working temperatures above 100 ⁰C.  The Cps of molten salts range from 

approximately 0.600 KJ/kg*K to 2.000 KJ/kg*K (Marcus, 2009).  However, due to the high 

density of molten salts, 5 to 8 times that of water (Marcus, 2009).  These Cps based on volume 

rather than mass would be higher than the Cp of liquid water.  Molten salts typically have high 

freezing points that are rarely below 100 ⁰C, but exceptional thermal stability as liquids, often 

above 500 ⁰C.  Hence, they are mainly used in high temperature TES applications, including 

concentrated solar thermal power plants (Wu et al., 2001).  Certain molten salts, including 

nitrites and nitrates, have both low corrosiveness and cost, making them increasingly ideal for 

high temperature TES applications (Peng, Yang, Ding, Wei, & Yang, 2013).  Since molten salts 

are at risk of freezing in the evening or in winter months, when outdoor temperatures decrease, 

concentrated solar power plants that commonly utilize these fluids have increased operating costs 

due to the implementation of freeze protection processes (Wu et al., 2001).  In 2004, the annual 

cost of an anti-freezing system for a concentrated solar power plant, which relied on 2,000,000 
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m3 natural gas per year, was estimated as $162,000 for a 55 KW producing solar thermal power 

plant, not including additional operation costs (Kearney et al., 2003).   

 Although liquid at room temperature, thermal oils are also subject to operational 

difficulties, which include decomposition at temperatures greater than 300 ⁰C, and lower volume 

based Cps than water, leading to lower TES potential.  These fluids also have higher vapor 

pressures than molten salts (Wu et al., 2001). 

Ionic liquids could provide an alternative to molten salts and thermal oils.  Unlike molten 

salts, ionic liquids remain in the liquid state at room temperature and can remain stable at 

temperatures up to 400 ⁰C.  Ionic liquids offer low vapor pressures across their operating 

temperatures, and mass based Cps slightly higher than those of molten salts, along with high 

densities, greater than that of water (Wu et al., 2001), but less than those of molten salts (Janz, 

Dampier, Lakshminarayanan, Lorenz, & Tomkins, 1968).  However, the current production of 

ionic liquids is limited to laboratory scale quantities, limiting their use for commercial, large 

scale TES (Wu et al., 2001).  These fluids would also require expensive equipment with high 

resistance to corrosion (Uerdingen, Treber, Balser, Schmitt, & Werner, 2005). 

Thermo-chemical energy storage systems and phase change materials storage systems 

have been proposed as additional alternatives.  These technologies have the potential to store a 

larger amount of thermal energy more effectively as latent heat than molten salts, thermal oils 

and ionic liquids, which all store thermal energy as sensible heat.   Both these technologies are 

still considered expensive, and require more complete designs before they will be feasible for 

large scale energy storage (Fernandes et al., 2012).  

 Homogeneous mixtures of supercritical fluids could serve as an alternative to molten 

salts, thermo-chemical energy storage, and phase change materials.  Like other methods of 
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sensible heat storage, heat withdrawal from supercritical fluids will lead to inefficiencies, since 

sensible heat release at acceptable rates requires a temperature difference between materials 

(Fernandes et al., 2012).  However, supercritical fluids can be pumped, unlike phase change 

materials, and they are highly compressible with densities ranging from 100 kg/m3 and 1000 

kg/m3.  For reference, the densities of gases are typically about 1 kg/m3, and the densities of 

liquids are about 1000 kg/m3 within the same temperature range as supercritical fluids.  High 

fluid densities are necessary for sufficient energy storage (Eckert, Knutson, & Debenedetti, 

1996).  The large compressibility of supercritical fluids can lead to additional energy exchange 

by expansion and compression.  Viscosities of supercritical fluids are typically between 50 μPa*s 

and 100 μPa*s, about an order of magnitude lower than those of liquids at the same temperature, 

which have viscosities between 500 μPa*s and 1000 μPa*s (Eckert et al., 1996).  These lower 

viscosities of supercritical fluids will decrease the parasitic losses from friction in comparison to 

molten salts, thermal oils, and ionic liquids.      

 Although the supercritical fluids cannot be compressed to the densities of molten salts, 

the Cp variations in supercritical fluids allow for high TES potential, as quantified by mass based 

Cp.  Additionally, the temperature and pressure conditions, under which peaks in Cp occur, can 

be tuned by adjusting the ratio of mixture components for specific TES applications.  

Furthermore, at optimal temperatures for TES, the pressure and composition of supercritical 

fluids can be tuned to avoid phase changes, a common design issue for TES systems that utilize 

molten salts (Fernandes et al., 2012). 

1.2.2 Improvements to Equations of State 

The accuracy of EOSs in the near and supercritical region has gained increasing 

importance as supercritical fluids are more commonly used for industrial applications that 
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require large amounts of solvents, such as selective extraction and synthetic dying.  Non-toxic 

supercritical fluids, like CO2, provide an attractive alternative to toxic extractants (Brennecke & 

Eckert, 1989).  Supercritical fluid extraction (SCFE) has been implemented in the production of 

various commodities, including the decaffeination of green coffee beans by Hag A. G., and the 

extraction of hop flavors by Carlton and United Breweries (Palmer & Ting, 1995).  Large-scale 

operations of SCFE require engineers to successfully model and predict the behavior of 

supercritical fluids, but most EOSs and mixing rules are targeted at calculating vapor-liquid 

equilibrium of pure substances and mixtures below the critical point (Brennecke & Eckert, 

1989).  Simple cubic EOSs, including the Peng-Robinson and van der Waals EOSs, are 

effectively mean field approximations that assume the perturbing intermolecular potential for a 

pair of molecules is constant (Sengers, Kayser, Peters, & White, 2000).  However, as a fluid’s 

critical point is approached, the correlation length, which controls particle order, expands and 

fluctuates, often becoming significantly larger than the average intermolecular distance, 

represented in cubic EOSs (Sengers et al., 2000).   

Although Cp measurements or predictive models are important for TES applications, they 

probably will not have a major effect on selective applications in SCFE design.  However, 

thermodynamic properties used in the design of SCFE systems are typically calculated from 

EOSs that have varying degrees of accuracy (Brennecke & Eckert, 1989).  Cp approximations 

can be used to both check the accuracy of EOSs and improve the adjustable parameters present 

in Fundamental EOSs that rely on empirical fittings of extensive thermodynamic data (Span & 

Wagner, 1996).  EOSs that fall into this category include the Span and Wagner EOS for CO2 

(Span & Wagner, 1996), and the IUPAC EOS for Methanol (de Reuck & Craven, 1993).   
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Fundamental EOSs can aid in both the prediction of the physical capabilities of a system 

and equipment design.  For instance, the Span and Wagner EOS has been used to calculate the 

density of CO2 at various temperatures and pressures in order to estimate its effect on the fluid’s 

ability to solubilize synthetic dyes (Wagner, Kautz, & Schneider, 1999).  The Span and Wagner 

EOS has also been used to establish operating parameters for the extraction of seed oils from 

various natural components, including leaves, seeds, fruits, and flowers (Reverchon & De 

Marco, 2006).  Due the strong non-linearity of density variations in the supercritical phase, 

highly accurate EOSs, like the Span and Wagner EOS (Span & Wagner, 1996), are necessary for 

the development of practical operation procedures (Reverchon & De Marco, 2006).  The 

derivation of these Fundamental EOSs will be explained more thoroughly in Chapter 3 of this 

work.  

1.3 Previous Research 

1.3.1 Experimental Measurements 

Accurate experimental measurements of Cp behavior in the near critical and supercritical 

regions are expensive and difficult to conduct.  As a result, researchers have only taken 

measurements on a limited number of pure fluids including methane (Greer & Moldover, 1981), 

ethane, CO2 (Ernst & Hochberg, 1989), deuterium oxide (heavy water) (Rivkin & Egorov, 1959), 

propylene (Bier & Kljnze, 1974), chlorotrifluoromethane (Hobaica & Stein, 1990), and kerosene 

(H. W. Deng et al., 2012).   

In addition, experimental Cp data of only a limited number of mixtures has been reported.  

For example, data is available for binary mixtures of CO2 and ethane (Ernst & Hochberg, 1989), 

methane and ethane (Ernst, Keil, Wirbser, & Jaeschke, 2001), and trifluoromethane and 



11 

 

tetrafluoromethane (Marruffo & Stein, 1991), and the ternary mixture of nitrogen, 

trifluoromethane, and tetrafluoromethane (Marruffo & Stein, 1991).   

Without any reliable experimental data for mixtures of interest for TES or other 

applications, it is impossible to validate or correlate models that could be used to predict Cp.  For 

example, low pressure Cp
◦s can be corrected to temperatures and pressures to give Cp = f(T, P) 

using a volumetric PVTN EOS, and departure functions.  For supercritical fluids, the accuracy of 

such predictions is limited by the accuracy of the PVTN EOS in the near critical and supercritical 

regions.  Consequently, our research group at Cornell designed, built, and tested a precise 

apparatus to measure Cp at temperatures up to 150 ⁰C, and pressures up to 300 bar.  Mitchell 

Ishmael and Maciej Łukawski have been heading the effort to measure Cps of binary mixtures of 

CO2 and methanol.   

1.3.2 Equations of State to Model Isobaric Heat Capacity  

As discussed in Section 1.2.2 of this Chapter, cubic EOSs, applicable to a wide range of 

substances and commonly used to estimate the thermodynamic behavior of fluids at high 

pressure conditions, only provide predictions with limited accuracy of the non-ideal behavior of 

near critical and supercritical fluids.  This non-ideal behavior includes predictions of mixture 

critical loci and variations that occur in both first and second derivative thermodynamic 

properties of supercritical fluids (Tester & Modell, 1997).   

For instance, the Peng-Robinson EOS with one adjustable binary interaction parameter 

was used by Hong and Modell to determine the critical loci of four nonpolar binary mixtures that 

were non-ideal in regards to large differences in the components’ molecular size (Hong, Modell, 

& Tester, 1983).  Although the adjustable binary interaction parameter allowed the Peng-
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Robinson EOS to give more optimal approximations of the critical loci, calculations from the 

EOS differed by 5% or more from the experimentally determined critical loci (Hong et al., 

1983).  Additionally, when adjustable parameters are fit to a limited set of experimental data, the 

EOS typically miscalculates thermodynamic data at other physical conditions.  This phenomena 

is often observed when EOSs are fit to liquid-vapor phase equilibria data with two or three 

adjustable parameters, but then fail to accurately predict thermodynamic properties of 

supercritical fluids (Trebble & Bishnoi, 1986). 

Cubic EOSs have also been used to compute the Cp variations that occur in supercritical 

fluids to yield only qualitatively accurate results.  For instance, Hobaica and Stein studied the Cp 

behavior of chlorofluoromethane, a nonpolar substance that has a critical point of 302.30 K and 

39.11 bar, in the vicinity of the critical point (Hobaica & Stein, 1990).  Experimental 

measurements were taken along isotherms of 299.16 K, 313.11 K, and 328.15 K at pressures 

ranging from 10 to 70 bar.  The measurements were then compared to predictions made by the 

Redlich-Kwong-Soave EOS; this comparison is shown in Figure 1.4 (Hobaica & Stein, 1990).   
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 Overall, the Redlich-Kwong-Soave EOS predicted Cp within 1-5% error near the bases of 

the Cp variations in all three isotherms, and within 10-20% error near the peak in the Cp 

variations that occurred along the 313.11 K and 328.15 K isotherms (Hobaica & Stein, 1990), as 

shown in Figure 1.4.  The accuracy of these predictions could stem from the non-polar behavior 

of chlorofluoromethane.  Cubic EOS calculations yield much more significant inaccuracies for 

substances that exhibit polar, non-ideal behavior.  Hence, cubic EOSs are typically used for 

calculating the physical properties of nonpolar or slightly polar fluids at reduced temperatures 

that are not below 0.7 (Stryjek & Vera, 1986).  Figure 1.5 compares Cp calculations from the 

IAPWS-95 Formulation, a highly accurate EOS for water fit to experimental data that can 

compute the variations in Cp that occur in the vicinity of the critical point with an accuracy of 2% 

Figure 1.4:  Variations in the Cp of chlorofluoromethane were measured by Hobaica and 

Stein (Hobaica & Stein, 1990), shown as the stars, and calculated from the Redlich-Kwong-

Soave EOS, shown as the circles.  Cp, 1 bar represents the Cp of chlorofluoromethane 

measured at 1 bar (Hobaica & Stein, 1990).  
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(W. Wagner & Pruß, 2002), to Cp calculations from the cubic Peng-Robinson EOS (D.-Y. Peng 

& Robinson, 1976). 

 

 

 

 

 

 

  

 

 As shown in Figure 1.5, the peaks in Cp magnitudes calculated from the IAPWS 

Formulation 1995 available in the REFPROP Software Package (Wagner & Pruß, 2002) and 

(Lemmon et al., 2013), and the Peng-Robinson EOS are off by approximately 40%.  This 

deviation is significantly larger than the one between the experimental measurements for 

chlorotrifluoromethane and the calculations from the Redlich-Kwong-Soave EOS shown above.  

The larger deviation between the IAPWS Formulation 1995 and the Peng-Robinson EOS could 

be due to the non-idealities that hydrogen bonding introduces to the system (Wu & Prausnitz, 

1998). 

Other currently available EOSs that are applicable to a wide range of fluids have even 

further limitations than the cubic EOSs discussed above.  For example, the virial EOS is limited 

Figure 1.5:  Variations in the Cp of water were calculated by both the highly accurate IAPWS 

Formulation 1995 available in the REFPROP Software Package (W. Wagner & Pruß, 2002) 

and (Lemmon et al., 2013), as displayed by the lines, and the Peng-Robison EOS, as displayed 

by the * symbols.  
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to predicting the thermodynamic behavior of gases.  Engineers have extended the virial EOS to 

dense fluids by combining a truncated version with exponential terms that rely on parameters fit 

to detailed experimental data to compensate for the lacking higher order virial term (Tester & 

Modell, 1997).  Due to the large number of fitting parameters in this class of EOS, their usage is 

limited to a specific number of compounds with large and accurate sets of experimental data.  

The Benedict, Webb and Rubin EOS, used to model the PVT behavior of light hydrocarbons for 

the petroleum industry (Benedict, Webb, & Rubin, 1940), and the Haar, Gallagher and Kelly 

EOS, used to quantitatively model water with a high degree of accuracy (Dobbins, Mohammed, 

& Sullivan, 1988).  Ultimately, due to the limited usability of EOSs for thermodynamic property 

prediction of non-ideal fluids, EOSs require multiple empirical parameters to achieve high 

accuracy calculations for a large range of temperatures and pressures. 

As mentioned previously in this Chapter, multi-parameter, Fundamental EOSs have also 

been derived from empirical fittings of experimental data to the fundamental thermodynamic 

equation explicit in Helmholtz free energy.  Some of these EOSs are highly accurate, including 

the Span and Wagner EOS (Span & Wagner, 1996), and the IAPWS 95 Formulation (Wagner & 

Pruß, 2002), due to the large amount of experimental data available for fitting empirical 

parameters.  The Span and Wagner EOS, for example, can predict the density and Cp of CO2 to 

within 0.03 % and 1.5 % of experimental measurements across its tested range of  ambient 

pressures up to 30 MPa and ambient temperatures up to 523 K (Span & Wagner, 1996).   

Additional multi-parameter EOSs have been fit to more limited sets of experimental data, 

but can still provide accurate estimations for the thermodynamic behavior of pure substances or 

mixtures under certain physical conditions.  The GERG EOS, which models the behavior of 
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mixtures of substances commonly encountered in the natural gas industry, falls into this 

category, and can predict the Cps of pure substances and mixtures with relatively good accuracy 

(Kunz, Klimeck, Wagner, & Jaeschke, 2007).  For instance, the GERG EOS is known to predict 

the Cp of binary and ternary mixtures to within 1 to 2 % of experimental measurements, which 

typically have an uncertainty of 1 to 2 % at the very least (Kunz et al., 2007).  However, the 

validity of the GERG EOS outside the range of available experimental data used for the fitting is 

unknown.  A research study was completed to compare the Cp of binary mixtures of CO2 and 

methane estimated from the GERG EOS and molecular simulations, which will be further 

described in the next section of this Chapter (Aimoli, Maginn, & Abreu, 2014).  The Cp values 

approximated from both methods were within 1 % to 3 % of each other, which suggests that the 

GERG EOS remains usable outside the physical conditions where experimental data was 

collected (Aimoli et al., 2014).  Additional background information on multi-parameter EOSs, 

including the GERG EOS, will be provided in Chapter 3 of this work. 

1.3.3 Molecular Simulation to Model Isobaric Heat Capacity 

 Molecular simulation provides an alternative means to predict the Cp
res

 of pure fluids and 

fluid mixtures in the vicinity of the critical point.  The total Cp can be approximated by adding 

the Cp
⁰ determined from experimental measurements to the Cp

res determined from molecular 

simulation.  Molecular simulations compute the interactions between molecular components in 

small systems, typically containing 200 to 500 molecules (Lagache et al., 2001).  

Thermodynamic properties, including potential energy, density, and pressure, of the system can 

then be obtained from the simulated molecular interactions through calculations derived from 

statistical thermodynamics.  Force fields that describe the interactions between molecules are 

now available for a wide variety of substances (Lagache et al., 2001).  Due to the difficulty 
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associated with measuring the Cp variations of supercritical fluids experimentally, molecular 

simulation may provide a more usable means of approximating this thermodynamic phenomena.  

Currently, there are three methods that are most commonly used to determine the Cp from 

molecular simulation.  These three methods will be expanded upon in Chapter 4 of this work.    
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Chapter 2 

Objectives and Approach 

This study aims to calculate the isobaric heat capacity (Cp) of supercritical carbon dioxide 

(CO2) through Monte Carlo (MC) molecular simulations in the isothermal-isobaric (NPT) 

ensemble more accurately than previous work (Colina, Olivera-Fuentes, Siperstein, Lisal, & 

Gubbins, 2003).  In this study, Cps of supercritical CO2 will be determined at temperatures and 

pressures reduced with the critical temperature (Tc) and critical pressure (Pc) estimated from 

molecular simulations, and a more advanced force field will be used to model the intermolecular 

interactions.  In addition, this study will compute the Cp of supercritical CO2 through Grand 

Canonical Monte Carlo (GCMC) molecular simulations.  GCMC simulations have not been used 

previously to calculate Cp.  The GCMC calculation method should result in shorter 

computational times.  As reported by Jorgensen (William L. Jorgensen, 1982), GCMC 

simulations require approximately 10 % less time to converge than simulations completed in the 

NPT ensemble due to the lack of computationally intensive volume exchange moves.  The Cps of 

supercritical CO2 will be computed along the 1.0948, 1.1932, and 1.2918 reduced temperature 

isotherms at reduced pressures ranging from 1.36 to 5.42.  The accuracy of the Cps estimated in 

this study will be determined by their deviation from the Span and Wagner Equation of State 
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(EOS), a highly accurate, empirical EOS fit to experimental measurements of supercritical CO2 

(Span & Wagner, 1996). 

This study will additionally compute the Cps of near critical and supercritical pure 

methanol (MeOH) from molecular simulations completed in both the NPT and Grand Canonical 

(GC) ensembles along reduced temperature isotherms of 1.0859 and 1.1846 at reduced pressures 

ranging from 1.12 to 4.32.  In this way, the novel Cp calculation method for GCMC molecular 

simulations can be compared for systems containing nonpolar and polar molecules, providing a 

better fundamental understanding of the effects of intermolecular interactions on thermodynamic 

property calculations.  The Cps estimated for MeOH in this study will be compared to results 

from the IUPAC EOS for MeOH (de Reuck & Craven, 1993).  The uncertainty of the IUPAC 

EOS for MeOH in calculating the Cp of supercritical MeOH is high (> 2%), due to the 

decomposition of MeOH at elevated temperatures (de Reuck & Craven, 1993).  Therefore, the 

results of this study can aid in the evaluation of this empirical EOS in the near critical and 

supercritical regions. 

The Cps of binary mixtures of CO2 and MeOH will also be computed from MC molecular 

simulations in the NPT ensemble.  Cps of this non-ideal, binary mixture have not yet been 

computed using molecular simulations.  Mitchell Ishmael and Maciej Łukawski, in our research 

group, are currently undertaking experimental measurements of the Cps of this binary mixture.  

These experimental measurements will be used to validate those calculated from molecular 

simulation at select temperature and pressure conditions. 

The binary mixture Cp predictions from this study will also be compared to calculations 

from the GERG EOS (Kunz et al., 2007), available in the REFPROP software package (Lemmon 
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et al., 2013).  The GERG EOS was fit to available experimental data of CO2 and MeOH, which 

did not include Cps in the near critical and supercritical region.  The accuracy of the GERG EOS 

under temperature and pressure conditions investigated in this study is unknown.  Hence, the 

performance of the GERG EOS in calculating the Cps of supercritical CO2 and MeOH mixtures 

will be evaluated using both experimental data and simulation results for 5 different mixture 

compositions to determine the changeability of Cp over a range of compositions along the 333.15 

K, 363.15 K, 393.15 K, and 423.15 K isotherms at pressures ranging from 120 to 300 bar.  

Investigations into this changeability are crucial if supercritical fluids are to be used for thermal 

energy storage. 

 The specific computational approach followed in this study to estimate Cps for pure CO2 

and MeOH, and binary mixtures of CO2 and MeOH is described below:  

1.  A different force field to model the intermolecular interactions of CO2 more completely than 

the one employed in previous studies was selected for simulations completed in this study, as 

described in Chapter 3. 

2.  The validity of the selected force field and molecular simulation software was determined by 

first calculating the vapor-liquid equilibria densities, and equilibrium pressures of CO2, and 

comparing them to results from previous molecular simulations and the highly accurate Span and 

Wagner EOS (Span & Wagner, 1996), as shown in Chapter 5. 

3.  The Tc and Pc of CO2 were determined from GCMC molecular simulations through a finite 

size scaling analysis (Wilding, 1995), as shown in Chapter 6. 
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4.  Molecular simulations in the NPT ensemble were used to compute the Cp of CO2 at reduced 

temperatures and pressures.  Results were compared to the highly accurate Span and Wagner 

EOS (Span & Wagner, 1996).  These results are documented in Chapter 7. 

5.  GCMC molecular simulations were used to compute the Cp of CO2 again at reduced 

temperatures and pressures, as displayed in Chapter 7. 

6.  Steps 1 to 5 were repeated to calculate the Cp pure MeOH, and the approximated Cps of 

MeOH were compared to calculations from the IUPAC EOS for MeOH (de Reuck & Craven, 

1993).  Force field selection for MeOH is described in Chapter 3, vapor-liquid equilibria 

calculations are documented in Chapter 5, the Tc and Pc estimations are shown in Chapter 6, and 

the Cps estimated in both the NPT and GC ensembles are given in Chapter 7. 

7.  Molecular simulations in the NPT ensemble were used to compute the Cps of binary mixtures 

of CO2 and MeOH.  Compositions were varied from 5 to 30 mol% MeOH in 5 mol% increments.  

In order to save computational time, the Cps of binary mixtures estimated from the simulations 

was compared to the experimentally measured Cps and the Cps calculated from the GERG EOS 

at the same absolute temperatures and pressures (Kunz et al., 2007), rather than temperatures and 

pressures rescaled to the Tcs and Pcs of the mixtures.  The approach to these computations and 

their results are shown in Chapter 8.  
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Chapter 3 

Selection and Properties of Model Substances for Study 

3.1 Rational Behind Selection of Model Substances 

 As mentioned in Chapter 1, substances selected for this study were chosen to have 

potential applications in thermal energy storage (TES) and supercritical fluid extraction (SCFE).  

In addition, there is already large amounts of thermodynamic data available for one of the chosen 

pure substances, carbon dioxide (CO2).  This substance was used to validate the calculation 

methods utilized for this study.  An additional pure substance was chosen, because it had very 

different thermodynamic properties than the first chosen substance.  In this way, the validity of 

the thermodynamic calculations developed in this study could be investigated for two substances 

with very different physical properties.  There were also a variety of force fields available to the 

model intermolecular interactions of the chosen substances in Monte Carlo (MC) simulations 

(Potoff & Siepmann, 2001) and (Chen, Potoff, & Siepmann, 2002).  This study aims to use 

existing force fields to obtain isobaric heat capacity (Cp) variations in supercritical fluids (SCF)s.  
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 As mentioned in Chapter 1, SCFs could be used for TES applications.  Thermal energy 

generated as an industrial bi-product by a low-temperature geothermal or solar thermal energy 

source with a temperature ranging from near ambient to 250 ⁰C could be stored in SCFs.  Low-

temperature heat is wasted in large amounts; for example, an estimated market potential of 10 

TWh to 40 TWh of low-grade heat is generated each year in the United Kingdom (Chan et al., 

2013).  Currently, there are a limited number of methods for transporting this low-grade heat.  

Liquid water can only be used for storage applications at temperatures below 100 ⁰C at ambient 

pressures, otherwise boiling could occur, while many molten salts are still solids 100 ⁰C (Chan et 

al., 2013).  This study will focus on modelling Cp variations in SCFs that have Cp variations over 

a practical range of storage temperatures from 60 ⁰C (333.15 K) to 150 ⁰C (423.15 K). 

 As mentioned in Chapter 1, modelling SCFs that are commercially used for extraction is 

challenging due the scarcity of accurate equations of state (EOS)s applicable over a wide range 

of pressures and temperatures in the supercritical region.  Modelling the Cp of SCFs will provide 

alternatives to assist in fitting EOS parameters in addition to extending experimental Cp data.  

Fluids that are non-flammable, non-toxic, inexpensive, and relatively inert with regard to 

chemical stability would be suitable for TES or SCFE (Brennecke & Eckert, 1989).  Other 

desired characteristics for SCFs used in extraction stem from process specifications.  For the 

extraction of thermolabile compounds, the critical temperature (Tc) of a SCF used for extraction 

needs to be relatively low to prevent solute degradation (Mendes, Nobre, Cardoso, Pereira, & 

Palavra, 2003).  To improve the extraction of heavy organic solutes or polar compounds, 

entrainers are commonly added to the extraction solvent.  Entrainers are a small amount of an 

additional substance that often has a volatility between the extraction solvent and the extracted 

solute.  For instance, the addition of nonpolar entrainers to supercritical solvents can increase the 
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solubility of nonfunctional aromatic hydrogens by over one hundred percent (Mendes et al., 

2003). 

 The REFPROP software package uses highly accurate, empirical equations of state 

(EOS)s to calculate the thermodynamic properties of select substances (Lemmon et al., 2013).  

The derivation of these EOSs for mixtures and pure components is further discussed in Section 

3.4.  Large amounts of experimental data have been collected on substances represented by state 

of the art, empirical EOSs in REFPROP.  Table 3.1 shows thermodynamic properties calculated 

from REFPROP for select substances in the supercritical state that are often considered as 

extraction solvents or entrainers, and could potentially be used for TES applications. 

 

 

Substance Temperature 

(K) 

Pressure 

(bar) 

Density 

(kg/m3) 

Cp 

(KJ/kg*K) 

EOS 

CO2 325 80 212.90 2.3574 Span and Wagner 

EOS 

CO2 325 100 358.04 4.9438 Span and Wagner 

EOS 

CO2 325 120 555.06 4.9015 Span and Wagner 

EOS 

CO2 340 100 258.06 2.4017 Span and Wagner 

EOS 

CO2 340 140 486.61 3.6723 Span and Wagner 

EOS 

CO2 340 180 636.08 2.8413 Span and Wagner 

EOS 

MeOH 530 80 99.367 7.0236 IUPAC EOS for 

MeOH 

MeOH 530 100 195.35 19.840 IUPAC EOS for 

MeOH 

MeOH 530 120 383.22 10.875 IUPAC EOS for 

MeOH 

MeOH 530 140 433.83 7.447 IUPAC EOS for 

MeOH 

MeOH 545 100 129.51 7.6408 IUPAC EOS for 

Table 3.1: Thermodynamic properties of water, CO2, and methanol (MeOH) calculated 

by the REFPROP Software package (Wagner & Pruß, 2002), (Span & Wagner, 1996), 

(de Reuck & Craven, 1993), and (Lemmon et al., 2013). 
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MeOH 

MeOH 545 150 371.43 9.3425 IUPAC EOS for 

MeOH 

MeOH 545 200 452.92 6.2696 IUPAC EOS for 

MeOH 

Water 700 300 184.24 10.351 IAPWS-95 

Formulation 

Water 700 400 383.02 13.079 IAPWS-95 

Formulation 

Water 700 500 491.03 8.3131 IAPWS-95 

Formulation 

Water 725 300 146.51 5.4590 IAPWS-95 

Formulation 

Water 725 400 264.65 10.653 IAPWS-95 

Formulation 

Water 725 500 394.85 9.6057 IAPWS-95 

Formulation 

 

 

3.2 Pure Carbon Dioxide 

 The thermodynamic properties of pure CO2 have been subject to a large number of 

investigations.  The physical behavior of CO2 is accurately represented by the Span and Wagner 

EOS, which predicts the Cp with an uncertainty of 0.15 % to 1.5 % up to temperatures of 250 ⁰C 

and up to pressures of 30 MPa (Span & Wagner, 1996).  Calculations from this EOS, along with 

experimental measurements completed in our research group, helped determine the accuracy of 

the Cp calculated in this study.  Thermodynamic properties determined by the Span and Wagner 

EOS using the REFPROP software package are shown in Table 3.1 (Span & Wagner, 1996) and 

(Lemmon et al., 2013).  Furthermore, several force fields have been developed to model the 

thermodynamic behavior of CO2 in molecular simulation, including the TraPPE and EMP2 force 

fields (Potoff & Siepmann, 2001) and (Harris & Yung, 1995).  For this simulation study, the 

intermolecular interactions of CO2 will be represented by the TraPPE force field (Potoff & 

Siepmann, 2001).  This force field selection is thoroughly documented in Chapter 4. 
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 Additionally, pure CO2 has a Tc of 30.9 ⁰C and critical pressure, (Pc) of 7.38 MPa 

(Suehiro et al., 1996), making it an ideal substance for extracting thermolabile compounds 

(Mendes et al., 2003).  It is also non-flammable, non-toxic, and chemically stable under a wide 

range of temperatures and pressures.  The relatively low Tc and Pc also make CO2 attractive for 

low-grade heat storage and transfer applications.    

3.3 Pure Methanol 

 Due to hydrogen bonding, methanol (MeOH) molecules are subject to a greater number 

of attractive and repulsive forces than those of CO2.  By modelling the thermodynamic behavior 

of two substances that have very different thermodynamic properties, MC simulations of MeOH 

can be used to further validate the novel approach to Cp estimations using Grand Canonical 

Monte Carlo (GCMC) molecular simulations developed in this work.   

 Additionally, the IUPAC EOS for MeOH, a reference EOS based on experimental data fit 

to Helmholtz free energy formations, can be used to predict the Cp of pure MeOH (de Reuck & 

Craven, 1993).  However, the uncertainty in these values is significant.  Experimental 

measurements of the density, an important parameter used in Cp calculations, of supercritical 

MeOH at temperatures above 530 K have uncertainties of on the order of 2.0 % (de Reuck & 

Craven, 1993).  These discrepancies in experimental measurements could stem from the 

decomposition of MeOH at temperatures above 430 K (de Reuck & Craven, 1993).  Although 

the uncertainty for the IUPAC EOS for MeOH is high in the supercritical region, reference EOSs 

fit to a wide range experimental data have accurately been extrapolated to higher temperature 

and pressure conditions, where little experimental data was available for empirical fitting (Span, 

Wagner, Lemmon, & Jacobsen, 2001).  Furthermore, the Cps determined in this study could 
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validate the usability of the IUPAC EOS for MeOH in the supercritical region.  There are also a 

variety of force fields that model the thermodynamic behavior of MeOH molecules, including 

the TraPPE-UA and OPLS-AA force fields (Chen et al., 2002) and (William L. Jorgensen, 

1986).  The TraPPE-UA force field was used to model the MeOH in this study.  Chapter 4 will 

elaborate on this force field choice.   

3.4 Mixtures of Carbon Dioxide and Methanol 

 As mentioned previously, there are a wide variety of force fields available to model the 

thermodynamic behavior of both CO2 and MeOH molecules.  MeOH is commonly used as an 

entrainer for SCFE processes that utilize CO2 as the solvent.  SCFE processes that utilize CO2 

with a MeOH entrainer can be used to extract polar substances, making mixtures of CO2 and 

MeOH important substances for behavioral study.  For instance, with the addition of a MeOH 

entrainer, supercritical CO2 has been used to extract soy isoflavones (Herrero, Mendiola, 

Cifuentes, & Ibáñez, 2010), high value pharmaceutical compounds from microalgae (Mendes et 

al., 2003), and divalent metal ions from fly ash (Kersch, van Roosmalen, Woerlee, & Witkamp, 

2000). 

 Mixtures of supercritical CO2 and MeOH could also have potential applications in TES.  

Investigations of the residual Cp of MeOH computed from MC molecular simulations in the 

isothermal isobaric (NPT) ensemble suggested that the hydrogen bonding between alcohol 

molecules provided an increase in the magnitude of the Cp variations present in SCFs (Piñeiro et 

al., 2008).  Due to the hydrogen bonding between MeOH molecules, mixtures of CO2 and MeOH 

are expected to have larger enhancements in Cp than pure CO2, especially in the vicinity of the 

critical point.  CO2-MeOH binary mixtures have higher Tcs than pure CO2.  However, for 

mixtures that have a significantly higher concentration of CO2, the Tc still remains relatively low.  
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For instance, the critical point of a mixture containing a CO2 mole fraction of 0.809 had a Tc of 

55.06 ⁰C (Yeo et al., 2000), still making this fluid potentially useful for the transfer and storage 

of low-grade heat. 

 In addition, the GERG EOS available in the REFPROP software package has been 

expanded to include calculations of thermodynamic properties of CO2 and MeOH mixtures 

(Kunz et al., 2007) and (Lemmon et al., 2013).  Results of this EOS have not been compared to 

experimental data for Cp calculations in the critical region; however, the GERG EOS was fit to a 

wide variety of experimental data including vapor-liquid equilibria properties, Cp, the 2nd virial 

coefficient, and density data (E. Lemmon, personal communication, February 2016).  

Uncertainties in the density and vapor-liquid equilibrium calculations are 4 % and 15%, 

respectively (E. Lemmon, personal communication, February 2016).  Due to these uncertainties 

in the density, higher uncertainties in the Cp calculations should be expected.  Simulation results 

can be compared to both calculations from the GERG EOS and experimental measurements 

completed by our research group to check the consistency of existing thermodynamic data.   

3.5 Fundamental Equation of State Representations 

 Thermodynamic properties measured experimentally or estimated from molecular 

simulation can be used to check EOS validity, and aid in the creation of more accurate empirical 

models.  The Cps estimated from simulations were compared to calculations from the 

fundamental EOSs.  Three fundamental EOSs were utilized in this work: the Span and Wagner 

EOS for CO2 (Span & Wagner, 1996), the IUPAC EOS for MeOH (de Reuck & Craven, 1993), 

and the GERG EOS for CO2-MeOH binary mixtures (Kunz et al., 2007) and (E. Lemmon, 

private communication, 2016).  All three EOS models are based on empirical calculations of the 
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Helmholtz free energy changes.  The dimensionless form of the Helmholtz free energy fit to 

experimental data is shown below, as Equation (3.1) (Kunz et al., 2007). 

        (3.1) 

In Equation (3.1), 𝛼(𝛿, 𝜏, �̅�) is the total Helmholtz free energy, and 𝛼𝑟(𝛿, 𝜏, �̅�) represents the 

residual contributions that result from intermolecular interactions.  δ is the reduced density of the 

mixture or pure component, τ is the reduced temperature, and �̅� signifies the mole fractions of 

mixture components.  𝛼°(𝜌, 𝑇, �̅�) represents the ideal gas contributions, which stem from the 

intramolecular interactions and the kinetic energy of single molecules.  ρ is the absolute density 

and T is the absolute temperature (Kunz et al., 2007).  For pure components, �̅� need not be 

included in the expression.  For mixtures, 𝛼°(𝛿, 𝜏, �̅�) can be calculated from Equation (3.2) 

below (Kunz et al., 2007).          

  

𝛼𝑜𝑖
° (𝜌, 𝑇) is the ideal gas portion of the Helmholz free energy for each mixture component, i, 

calculated from Equation (3.3), and xi is the mole fraction of component i.  For pure fluids, 

𝛼°(𝜌, 𝑇) is equivalent to Equation (3.3) (Kunz et al., 2007). 

  

         

where 𝜌𝑐,𝑖 and 𝑇𝑐,𝑖 are the ρc and Tc of component i.  R is the universal gas constant equal to 

8.314472 J/mol*K.  R⁰, equal to 8.314510 J/mol*K, was the universal gas constant that was in 

use when the Equation (3.3) was originally derived (Kunz et al., 2007).  Equation (3.3) results 

from the integration of ideal gas portion of Cp from an arbitrary, reference reduced temperature 

(3.3) 

 (3.2) 
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(Tr
ref) and attenuated reduced density (ρr

ref → 0) of the system.  In this way, the adjustable 𝑛𝑜𝑖,𝑘
𝑜 , 

and 𝜃𝑜𝑖,𝑘
𝑜  terms can be fit to well approximated experimental data of Cp measured at ideal gas 

conditions (Kunz et al., 2007). 

 The residual portion of fundamental EOSs consists of a series of polynomials and 

exponential functions with empirical dependencies on Tr and Pr.  As mentioned previously, with 

mathematical manipulation, measurable thermodynamic properties, such as pressure, Cp, the 

speed of sound, pressure, vapor-liquid equilibria composition, the Joule-Thomson coefficient, 

and the isochoric heat capacity (Cv), can be calculated from a fundamental EOS explicit in the 

Helmholtz free energy (Kunz et al., 2007).  To determine the most optimal values of the 

adjustable parameters, a sum of square errors between the EOS calculations and experimental 

measurements is minimized.   

 Equation (3.4) gives the summations used to determine the residual Helmholtz free 

energy of a binary mixture (Kunz et al., 2007). 

                                                                                                    (3.4) 

𝛼𝑜𝑖
𝑟 (𝛿, 𝜏) and 𝛼𝑖𝑗

𝑟 (𝛿, 𝜏) represent the residual portion of the Helmholtz free energy for component 

i, and the departure function for binary mixtures.  N stands for the number of components in the 

mixture (Kunz et al., 2007).  Fij is a factor fit to binary specific data for each binary mixture 

included in the GERG EOS.  For pure components, 𝛼𝑖𝑗
𝑟 (𝛿, 𝜏) is unneeded, and only 𝛼𝑜𝑖

𝑟 (𝛿, 𝜏) is 

calculated.  Equation (3.5) shows the polynomial and exponential summations used to determine 

𝛼𝑜𝑖
𝑟 (𝛿, 𝜏) for each substance in a mixture or a pure substance (Kunz et al., 2007). 

            (3.5) 
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KPol,i and KExp,i represent the number of polynomials and exponentials used to determine 

𝛼𝑜𝑖
𝑟 (𝛿, 𝜏).  The coefficient noi,k and the exponents doi,k, toi,k, and coi,k are adjusted to fit the 

Helmholtz free energy formulation to experimental measurements (Kunz et al., 2007).  Equation 

(3.6) represents the additional terms that are added to the fundamental EOSs for fitting mixture 

data. 

            (3.6) 

where dij,k, tij,k, nij,k, ɛij,k, βij,k, and γij,k are interaction parameters fit to the experimental data.  Due 

to the highly empirical nature of these fundamental EOSs, their accuracy is dependent on both 

the robustness and accuracy of the experimental measurements available for fitting (Kunz et al., 

2007).  Consequently, EOSs developed for fluids that have been extensively studied, such CO2 

and water have low deviations from experimental measurements, often under 0.5 % (Span & 

Wagner, 1996) and (Wagner & Pruß, 2002).  Other EOSs formulated from less accurate and less 

extensive experimental measurements give results with higher degrees of uncertainty.  An 

example relevant to this study is the IUPAC EOS for MeOH, which exhibits uncertainties in 

density calculations of up to 2 % at temperatures near and above the Tc (de Reuck & Craven, 

1993).   
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Chapter 4   

Introduction to Monte Carlo (MC) Molecular Simulations 

4.1 Theory and General Methods 

 Following a classical statistical mechanical formulation, the thermodynamic properties of 

a system can be related to the particle position and momenta using the Boltzmann factor of the 

Hamiltonian, Ȟ(pN, rN), which expresses the total system energy as a function of particle 

coordinates and momenta (Frenkel & Smit, 2002).  Equation  (4.1), shown below, displays how 

thermodynamic properties are related to a system’s Hamiltonian (Frenkel & Smit, 2002).   

         (4.1) 

X represents a specified thermodynamic property, like density or internal energy, p represents the 

momenta of the particles, r represents the positions of the particles, β represents the reciprocal of 

the temperature multiplied by Boltzmann’s constant, N represents the total number of particles, 

and     represents the Hamiltonian.  The expression                                                is the classical 

partition function, which represents the sum over all of the thermodynamic states present in the 
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system (Frenkel & Smit, 2002).  The Boltzmann factor                                 weighs the 

occurrence probability of a given thermodynamic configuration relative to the occurrence 

probability of a thermodynamic configuration with an energy of zero (Frenkel & Smit, 2002). 

 In theory, Equation (4.1) could be solved by analytical or numerical integration with 

respect to particle position and momenta (Frenkel & Smit, 2002).  However, even in small 

systems with only 100 particles in 3 dimensions numerical integration becomes computationally 

intractable, and most thermodynamic configurations included in the numerical integration would 

have negligible Boltzmann factors (Frenkel & Smit, 2002). 

 Monte Carlo (MC) molecular simulation provides a practical means to solve Equation 

(4.1) by employing Metropolis sampling as a numerical technique that determines the Boltzmann 

factor of the system faster and more effectively (Frenkel & Smit, 2002).  The Metropolis 

algorithm, which is described in next the section of this chapter, provides a directed random walk 

through thermodynamic configurations with non-negligible Boltzmann factors (Frenkel & Smit, 

2002).  In this way, average thermodynamic properties of a system can be extracted from 

molecular simulation in an effective manner.  

 Simulated systems have three physical properties that are specified as part of an 

ensemble.  These properties can include pressure, temperature, system volume, particle number, 

configurational energy, and chemical potential relative to a reference state.  For instance, in the 

isothermal isobaric (NPT) ensemble, the particle number, temperature and pressure of a system 

are held constant.  As mentioned previously, the system Hamiltonian changes with each 

ensemble (Tildesley & Allen, 1988).  In the NPT ensemble, the Hamiltonian is 𝑈 + 𝑃𝑉, where U 

represents configurational or internal energy, P is the system pressure, and V is the system 
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volume.  Likewise, with thermodynamic configurations tabulated throughout the directed 

random walk, the average thermodynamic properties can be calculated from Equation (4.2) for 

molecular simulations run in the NPT ensemble (Tildesley & Allen, 1988). 

                                                                                     (4.2) 

X represents a system property, and                               is the Boltzmann factor for the NPT 

ensemble.  N is the number of particles, and                       is the density of states, a compilation 

of the number of times a thermodynamic state occurred in the system. 

4.2 Metropolis MC Algorithm 

 In a Metropolis MC simulation, an initial thermodynamic state, specified by the number 

and position of particles in the system along with the volume of the system, is developed.  Based 

on the ensemble used to model the system, the Metropolis MC algorithm initiates changes to the 

system’s thermodynamic configuration.  Each instance the algorithm attempts to change the 

system configuration is referred to as move (Metropolis, Rosenbluth, Rosenbluth, Teller, & 

Teller, 1953).  In this study, simulations will be completed in the NPT and Grand Canonical 

(GC) ensembles.  In the NPT ensemble, molecules will be translated, rotated, or modified by 

conformational adjustments, or the volume of the simulation box will be changed after each 

move (McDonald, 1972).  In the GC ensemble, MC moves translate, rotate, modify the 

conformation of, insert or delete molecules (Norman & Filinov, 1969).   

 MC simulations are set up as a random walk, where the probability of visiting a specific 

thermodynamic is proportional to its Boltzmann factor.  MC simulations employ the Metropolis 

algorithm to carry out the directed random walk (Metropolis et al., 1953).  A basic Metropolis 
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algorithm consists of the following steps: (1) a particle is selected randomly, and its energy is 

calculated, (2) the particle is given a random displacement and then its new energy is calculated, 

(3) if there is a decrease in the total energy and/or an increase in the volume of the system, then 

the MC algorithm will automatically accept the move, if there is an increase in the total energy 

and/or a decrease in system volume, then MC algorithm will accept the move with a probability 

inversely proportional to the system’s change in Boltzmann factor with the move (Metropolis et 

al., 1953).  This Metropolis algorithm relies on random number generators that produce numbers 

between 0 and 1 to determine if moves that increase the total system energy are accepted or not 

(Metropolis et al., 1953).  Volume changes completed in the NPT ensemble and molecule 

insertions and deletions completed in the GC ensemble, rely on the same basic algorithm 

(McDonald, 1972) and (Norman & Filinov, 1969).   

 At equilibrium, the number of accepted trial moves that result in a system leaving a 

specified state must be exactly equal to the number of trial moves that are accepted to that 

specified state from all other trial states.  For systems that have low densities or large 

fluctuations in density, MC simulations often provide shorter equilibration times than MD 

simulations due to the unphysical molecular rotation moves generated (William L Jorgensen & 

Tirado-rives, 1996).  In this study, Cp was calculated for systems with both low and high 

densities; hence, MC molecular simulations were utilized instead of MD.  In future studies, our 

group has interest in approximating the Cp of higher molecular weight alcohols, such as ethanol, 

propanol, and butanol, which will require faster conformational sampling to be tractable. 

4.3 Intermolecular Potential Functions for Carbon Dioxide and Methanol 
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Intermolecular potential functions, also known as force fields, describe the interactions 

between atoms.  Force fields are specific to a certain molecular species or a specific class of 

molecules, such as alkanes.  These force fields represent intermolecular interactions through a 

non-bonded potential that models van der Waals and electrostatic forces, and intramolecular 

interactions that control bond angle bending and bond length, and torsional potentials that restrict 

dihedral rotations around the bonds (Martin & Siepmann, 1998).   

In a variety of force fields, including the ones employed in this study, the van der Waals 

forces are represented by a Lennard-Jones (LJ) 12-6 potential, shown in Equation (4.3) (Martin 

& Siepmann, 1998). 

                                                                                                   (4.3)  

The potential energy between molecules is represented by u(rij), and the distance between atoms 

is represented by rij.  Symbols σij and ϵij depict the partial charges of the atoms and the well 

depth, which is the minimum in the energy potential between two atoms (Martin & Siepmann, 

1998).  Atoms have unique σij and ϵij values.  In molecular simulation, these values are estimated 

by fitting molecular simulation data to experimental measurements or highly accurate EOSs.  σij 

and ϵij differ for atoms in different molecules (Martin & Siepmann, 1998).  The relation between 

u(rij), and rij in the LJ potential is shown below in Figure 4.1.   
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For different elemental species in molecules, σijs are determined through the Lorentz-Berthelot 

combining rules, which are represented by Equation (4.4) and Equation (4.5) (Maitland, Rigby, 

Smith, & Wakeham, 1981). 

                                                                                                         (4.4) 

                                                                                                         (4.5) 

 The coulomb potential, shown in Equation (4.6), is used to calculate the electrostatic 

forces between atoms (Martin & Siepmann, 1998). 

                                                                                            (4.6) 

qi and qj are the partial point charges and ϵ0 represents the charge of an electron.  This 

coulomb potential for short and long range forces is determined through an Ewald summation 

with tin-foil boundary conditions.  Similar to the LJ 12-6, the partial point charges in the 

coulomb potential determined for each molecular species are typically fit to experimental 

measurements of phase equilibria properties including densities and pressures (Martin & 

Siepmann, 1998).  This calculation method divides the electrostatic interactions into a short-

range summation completed in real-space, and a long-range summation completed through a 

Figure 4.1:  The 

LJ potential is 

shown as the 

smoothed blue 

line.  σij and ϵij, 

parameters 

optimized to 

model the behavior 

of a specific 

substance, were 

both set to 1. 
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Fourier transform in reciprocal space (Tildesley & Allen, 1988).  The Ewald screening 

parameter, which depends on the width of the electrostatic charges that are modelled as 

Gaussians, and the Kmax, which represents the maximum number of vectors in reciprocal space, 

were both set to 5 (Tildesley & Allen, 1988).  Both the Ewald screening parameter and Kmax 

were set by comparing simulation results to experimental measurements.  Tin-foil boundary 

conditions, which model the Ewald summation in a conductive medium where dipoles do not 

develop, were used for simulations completed in this work (Tildesley & Allen, 1988).  

 For both the force fields used in this work, the bond lengths were considered rigid (Potoff 

& Siepmann, 2001) and (Chen et al., 2002).  Torsional potentials, which control dihedral 

rotations in molecules modelled as 4 or more atoms, are irrelevant in this work, since the longest 

molecule simulated was methanol (MeOH), which is modelled as 3 pseudo-atoms, rather than six 

atoms.  A harmonic potential, as shown in Equation (4.7), is used to model changes in the bond 

angles (Chen et al., 2002). 

         (4.7) 

The energy for the bond bending is a product of kθ, the force constant which is approximated 

from experimental results, θ0, the equilibrium bending angle, and θ, the measured bending angle 

(Chen et al., 2002). 

The Transferable Potentials for Phase Equilibria (TraPPE) force field will be used to 

model the molecular interactions of CO2 in this work (Potoff & Siepmann, 2001).  The TraPPE 

force field models CO2 with 3 non-bonded interaction sites centered on the oxygen and carbon 

atoms in each molecule.  The behavior of these interaction sites is modelled through LJ 12-6 and 

coulomb potentials, which were reviewed above.  Partial point charges are centered on each of 
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the non-bonded interaction sites to model the electrostatic and induction interactions between 

molecules (Potoff & Siepmann, 2001).  The LJ 12-6 parameters and the partial point charges in 

the Coulomb potential were optimized to vapor-liquid equilibrium data of CO2.  The LJ 

parameters for unlike pair interactions are calculated by the Lorentz-Berthelot combining rules 

(Potoff & Siepmann, 2001).  The TraPPE model portrays CO2 as a rigid molecule, where the C-

O bond length is fixed at 1.16 Å, and the O-C-O bond angle is fixed at 180 ⁰C (Potoff & 

Siepmann, 2001).  The calculated vapor-liquid equilibrium data of CO2 modelled as a rigid 

molecule and a flexible molecule were nearly identical (Potoff & Siepmann, 2001).  Thus, CO2 is 

modelled as a rigid molecule to decrease CPU time necessary for convergence. 

The TraPPE force field for CO2 was developed to give more quantitative results for the 

vapor-liquid equilibrium properties of mixtures of CO2 and organic molecules modelled by the 

TraPPE-UA and TraPPE-EH force fields (Potoff & Siepmann, 2001).  The EMP2 force field, 

which was developed by Harris and Yung (Harris & Yung, 1995) and models CO2 as a flexible 

molecule, was used to represent CO2  in binary mixtures with organic compounds modelled by 

the TraPPE-EH force field.  With these two force fields, the vapor-liquid equilibrium properties 

of the binary mixtures were only reproduced qualitatively, where simulation results aligned with 

the general trends shown by experimental data rather than within the statistical uncertainties of 

the two data sets (Potoff & Siepmann, 2001).  Simulations of binary mixtures of TraPPE 

modelled CO2 and TraPPE-EH modelled alkanes give results that agree with experimental 

measurements of vapor-liquid equilibrium properties more quantitatively, where simulation and 

experimental results were within statistical uncertainty of each other (Potoff & Siepmann, 2001).  

Due to the TraPPE force field’s ability to model binary mixtures of CO2 and organic molecules 
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more effectively than the EMP2 force field, the TraPPE force field will be used to simulate the 

intermolecular interactions of CO2 in this work.   

The TraPPE-UA force field will be used to model MeOH (Chen et al., 2002).  This force 

field has been optimized to reproduce the vapor-liquid equilibrium properties of alcohols, and 

has given highly accurate results; saturated liquid densities and boiling temperatures were 

calculated from simulations to within 1% accuracy of experimental measurements (Chen et al., 

2002).  The TraPPE-UA force field models CHx groups, like methyl, methylene or aromatic CH, 

as pseudo-atoms, but models the remaining atoms explicitly.  For a molecule of MeOH, the 2 

atoms of the hydroxyl group are modeled explicitly, and the alpha carbon and the three alpha 

hydrogens are modelled as 1 pseudo-atom (Chen et al., 2002).  Modelling select atomic groups 

as pseudo-atoms rather than using each atom to simulate non-bonded interactions significantly 

decreases the amount of CPU time needed for simulation convergence, but still gives satisfactory 

thermodynamic representations of many systems (Chen et al., 2002).  The TraPPE-UA force 

field for alcohols uses LJ and coulombic potentials to model molecular interactions, which were 

reviewed above.  Again, the LJ parameters for unlike pair interactions are calculated by the 

Lorentz-Berthelot combining rules.  All bond lengths are fixed, but a harmonic potential controls 

the bending angles (Chen et al., 2002). 

The OPLS-AA force field developed by Jorgensen (Jorgensen et al., 1996), which models 

the interactions of organic molecules using the non-bonded interactions of individual atoms 

rather than pseudo-atoms, has given accurate results for various thermodynamic properties, 

including the heat of vaporization and the radial distribution function.  However, the OPLS-AA 

force field is computationally taxing, because it models molecules as individual atoms rather 
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than pseudo-atoms.  The OPLS-UA force field for alcohols utilizes pseudo-atoms (Jorgensen, 

1986), but becomes increasingly inaccurate at elevated temperatures, as shown by van Leeuwen 

(Leeuwen & Smit, 1995), who used the OPLS-UA force field to model the vapor-liquid 

equilibrium densities of MeOH.  Hence, the TraPPE-UA force field was chosen to model the 

intramolecular and intermolecular forces of MeOH in this work.   

The parameters used in the LJ 12-6 potential, the Coulomb potential, and the harmonic 

potential for bending are shown below in Table 4.1 and Table 4.2 for the TraPPE force field for 

CO2 and the TraPPE-UA force field for MeOH (Potoff & Siepmann, 2001) and (Chen et al., 

2002).  Bond lengths are shown in Table 4.3. 

 

 

 

  

 

 

 

 

 

Nonbonded Atom Molecule σ (Å) ϵ/kB (K) q (e) 

CH3 MeOH 3.75 98 +0.265 

O MeOH 3.02 93 -0.700 

H MeOH N/A N/A +0.435 

C CO2 2.80 27 +0.700 

O CO2 3.05 79 -0.350 

Bend θ0 (degrees) kθ/kB (K) 

CH3-O-H 108.5 55,400 

O=C=O 180 N/A 

Bond Length r0 (Å) 

CH3-O 1.43 

O-H 0.945 

C=O 1.16 

Table 4.1:  Parameters for the LJ 12-6 and Coulomb potentials for CO2 and MeOH (Potoff & 

Siepmann, 2001) and (Chen et al., 2002). 

Table 4.2:  The MeOH bond angle is controlled by the harmonic potential, and the CO2 bond 

angle remains rigid for simulations in this study (Chen et al., 2002) and (Potoff & Siepmann, 

2001). 

Table 4.3:  The bond lengths remain constant for the CO2 and MeOH molecules simulated in 

this study (Potoff & Siepmann, 2001) and (Chen et al., 2002). 
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Additionally, the TraPPE force field for CO2 and the TraPPE-UA force field for MeOH 

have been used together to model the phase equilibria behavior of CO2-MeOH binary mixtures 

of varied compositions (Stubbs & Siepmann, 2004).  Along isotherms of 333.15 K (60 ⁰C) and 

353.15 K (80 ⁰C), the vapor-liquid equilibria properties determined from molecular simulation 

employing the TraPPE and TraPPE-UA force fields for CO2 and MeOH were in reasonable 

agreement with experimental measurements (Stubbs & Siepmann, 2004).  In this study, 

molecular simulations will be run along isotherms within the same temperature vicinity.  The 

ability of molecular simulation to predict phase equilibria properties of CO2-MeOH mixtures at 

these temperatures suggests that these force fields could also provide reasonable estimates of the 

Cp. 

4.4 Approximation Methods for Cp from Molecular Simulation 

The three methods of estimating Cp from molecular simulation will be reviewed in this 

section.  As discussed in Chapter 1, the residual isobaric heat capacity (Cp
res) is determined from 

simulation, and then the ideal gas contributions to the total isobaric heat capacity (Cp
⁰) are 

obtained from mathematical approximations fit to experimental measurements.  Molecular 

simulations are incapable of tabulating the kinetic energy contributions to the Cp
⁰ (Lagache et al., 

2001). 

The Cp
res can be computed from MC molecular simulations or Molecular Dynamics 

(MD) simulations through fluctuations in volume, intermolecular potential energy, and 
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configurational enthalpy.  Equation (4.8) represents the average residual enthalpy, Hres, 

calculated from MC molecular simulations (Lagache et al., 2001).     

 

  (4.8) 

The Hamiltonian of the system can be represented as                                   for simulations 

run in the NPT ensemble, where particle number, temperature and pressure are held constant.  

The fluctuation formula for Cp
res computation, displayed as Equation (4.9), was derived from the 

derivative of Equation (4.8) with respect to β (Lagache et al., 2001). 

                               (4.9) 

This method was initially used to calculate the Cp
res of methane modelled by the United 

Atom (UA) force field, developed by Möller et al. (Moller, Oprzynski, & Fischer, 1992), along 

isotherms of 294.5 K and 377.55 K with nearly quantitative accuracy (Lagache et al., 2001).  

Fluctuations were then used to estimate the Cp
 of methane, modelled again by the UA force field 

(Moller et al., 1992), along isobars of 20 MPa and 70 MPa, and isotherms of 125 K and 300 K, 

and methanol, modelled by the OPLS force field (Jorgensen, 1986), along the isobar of 50 MPa 

(Piñeiro et al., 2008).  The Cp calculations for methane aligned quantitatively with experimental 

results, while the Cp calculated for methanol aligned qualitatively with the experimental results 

(Piñeiro et al., 2008).  Colina et al. (Colina et al., 2003) also used the fluctuation method to 

calculate the Cp
res of supercritical CO2, modelled by the 2-center Lennard Jones Quadrupolar 

force field, where CO2 is represented as 2 Lennard-Jones centers and 1 quadrupolar electrostatic 

center (Möller & Fischer, 1994).  The calculated Cp
res aligned  qualitatively with calculations 
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from the Span and Wagner EOS (Colina et al., 2003) and (Span & Wagner, 1996).  However, 

Colina et al. (2003) mentioned that the Cp variations calculated for supercritical CO2 would have 

matched the values from the Span and Wagner EOS more closely if the temperatures and 

pressures that were used to conduct simulations were re-scaled to the Tc and Pc approximated 

from molecular simulations.   

This fluctuation method has been utilized to predict the Cps of binary mixtures.  As 

reviewed in the previous section, the Cp of binary mixtures of supercritical CO2 and methane has 

been approximated through MD molecular simulation.  The Cps of binary mixtures with 

compositions ranging from 10 to 90 mol% methane were calculated at temperatures between 

323.15 K and 573.15 K at pressures ranging from ambient to 99.93 MPa (Aimoli et al., 2014).  

The approximated Cps were compared to calculations from the GERG EOS, and results were 

within to 0.38 to 3.51 % of each other (Aimoli et al., 2014).  The Cps of mixtures that contained 

10 to 30 % CO2 approximated from molecular simulations deviated from the GERG EOS by less 

than 1%, and mixtures that contained 70 to 90 % CO2 (Aimoli et al., 2014). 

As an alternative to the fluctuation method, Cp can be calculated from the thermodynamic 

response functions.  This method involves running molecular simulations at several different 

temperatures, but the same pressures, to obtain the corresponding average residual enthalpies.  

Likewise, the Cp can be obtained as a derivative of the enthalpy with respect to temperature 

(Horn & Lanig, 1999).  This method has been used to calculate the Cp of liquid hydrogen 

fluoride (HF) at 203 K and 273 K, with average deviations of 23 % and 8 % from experimental 

measurements (Liem & Popelier, 2003).  The Cp of liquid water modelled by three different 

force fields: the TIP3P, the TIP4P, and the TIP5P, was also calculated through the 
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thermodynamic response functions.  Deviations from experimental Cp measurements ranged 

from 11 to 61 % (Mahoney & Jorgensen, 2000).  The large discrepancies between the simulated 

and experimentally measured Cps of liquid HF and water are mostly likely due to the molecular 

simulation methods struggling to capture the unique thermodynamic behavior of these highly 

associating molecules (Liem & Popelier, 2003) and (Mahoney & Jorgensen, 2000).   

The third method of Cp calculation can be employed for MC and MD simulations 

completed in the microcanonical (NVE) or the canonical (NVT) ensembles.  This method relies 

on a calculation of the entropy from the phase-space volume, computed by integrating over all 

thermodynamic states present in the system at the same energy.  Legendre transforms are then 

used to relate derivatives of the entropy to other thermodynamic properties, including Cp 

(Mausbach & Sadus, 2011).  As a means to test force field accuracy, the Cp values of water 

modelled by four different force fields were computed through this method using MD 

simulations in the NVT ensemble (Shvab & Sadus, 2015).  At temperatures ranging from 300 K 

to 650 K and a constant density of 0.998 g/cm3, Cps approximated from simulations deviated 

from the highly accurate IAPWS-95 Formulation by 0 % to 12 %, depending on both the system 

temperature and the force field utilized (Shvab & Sadus, 2015).  No single force field gave 

results that quantitatively aligned with the results from the IAPWS-95 Formulation at all 

temperature conditions studied.  For instance, the best performing force field in the study gave 

Cp values that were within 1 % to 4 % of the IAPWS-95 Formulation (Shvab & Sadus, 2015).  

Due to the non-ideal thermodynamic behavior exhibited by water, the discrepancy between the 

simulation and IAPWS 95 Formulation results could be due to force field inaccuracies (Shvab & 

Sadus, 2015).   
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Ultimately, the fluctuation method was chosen to estimate Cp
res in this work.  As outlined 

earlier in this Section, the fluctuation method has been tested for a variety of substances and a 

binary mixture.  The two other Cp
res calculation methods have been utilized on a more limited set 

of substances that have larger amounts of non-ideal behavior.  The fluctuation method could also 

save computational time in comparison to utilizing the thermodynamic response functions, 

because Cp
res at a specific temperature and pressure can be determined from 1 simulation, rather 

than an average of several simulations.  
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Chapter 5  

Validation of Monte Carlo Results Using Vapor-Liquid Equilibrium 

Data 

5.1 Calculations of Saturation Density and Vapor Pressure 

To validate that the molecular simulation software package used to calculate the isobaric 

heat capacity (Cp) of supercritical fluids was working properly, the vapor-liquid equilibrium 

(VLE) properties of carbon dioxide (CO2) and methanol (MeOH) were estimated and compared 

with experimental data.  Highly accurate EOSs with validated and documented VLE properties 

are available and were used for these comparisons (Span & Wagner, 1996) and (de Reuck & 

Craven, 1993).   

Monte Carlo (MC) molecular simulations were performed using version 7.1.0 of MCCS 

Towhee (Martin, 2013) and (http://towhee.sourceforge.net).  All MC simulations reviewed in 

this Chapter were run in the Grand Canonical (GC) Ensemble (Norman & Filinov, 1969), in 

which the system temperature, chemical potential, and volume are held constant.  Pseudo-
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random numbers for the Metropolis algorithm were generated using DX-1597-2-7 (L.-Y. Deng, 

2005).  In our simulations, the TraPPE and TraPPE-UA force fields were used to model CO2 and 

MeOH.  The parameters in these force fields were fit to VLE data.  Hence, calculations of the 

VLE data were optimal for providing a test of simulation functionality.    

Simulations were run in both the liquid and vapor phases, and in the critical region.  The 

configurational energy of the system and the number of particles in the simulation box were 

recorded, and then used to complete multi-histogram reweighting, a common analytical method 

used to help complete VLE calculations (Ferrenberg & Swendsen, 1989).  Multi-histogram 

reweighting was used to calculate the density of states, Ω(N, V, E), which quantifies the number 

of states that contain a certain number of particles and remain within a certain configurational 

energy range.  The calculation of Ω(N, V, E) is shown as Equation (5.1). 

 

                       

where Z represents the number of simulations that were run to collect the configurational energy 

(E), and the number of particles in the system (N) (Ferrenberg & Swendsen, 1989).  The data 

collected from the Z simulations is also referred to as histograms.  The index, i, corresponds to a 

specified property of a simulation.  The thermodynamic parameter βi is equal to 1/kBTi, where kB 

is Boltzmann’s constant, and Ti is the temperature.  The chemical potential, μi, was specified for 

each simulation in the GC ensemble.   fi(N, E) represents the occurrence of a specific 

configurational energy and particle presence in histogram i (Ferrenberg & Swendsen, 1989).  Wi 

represents the weights given to different histograms through multi-histogram reweighting.  Ki is 

the number of data points in histogram i, and Ci is a constant calculated for histogram i through 

multi-histogram reweighting.  Values for Ci and Wi can be obtained by iterating Equation (5.2) 
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and Equation (5.3), until the values for the probability distribution, P(N, E; μ, β), and Ci 

converge (Ferrenberg & Swendsen, 1989). 

 

                              (5.2) 

 

                       (5.3) 

This iteration method minimizes the variance of Ω(N, V, E) with local variations in the 

collected histogram data.  Once Ω(N, V, E) is calculated for the system, the partition function 

Ξ(μ, V, β) can be calculated at a specific temperature and chemical potential using Equation 

(5.4), and used to normalize P(N, E; μ, β) (Ferrenberg & Swendsen, 1989). 

                   (5.4) 

When the system is at equilibrium, both the liquid and vapor phases have equal 

temperature, chemical potential, and pressure.  To find a phase transition of the system at a 

specific temperature, μ is adjusted until the P(N, E; μ, β) has two peaks, one located at a low 

system density for the vapor state and one located at a high system density for the liquid state 

(Panagiotopoulos, 1999).  At liquid-vapor phase equilibria, the integrals of the two peaks in P(N, 

E; μ, β) must be equivalent (Panagiotopoulos, 1999).   

Once the equilibrium chemical potentials and temperatures are obtained, the saturated 

liquid and vapor densities can be estimated from Equation (5.5) (Panagiotopoulos, 1999). 

         (5.5)  

 The pressure of the system is related to Ξ(μ, V, β), calculated by Equation (5.4), by the 

bridge equation, Equation (5.6) (Panagiotopoulos, 1999). 

                 (5.6) 
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where P2 represents the pressure of the system at specified β2 and μ2, and P1 represents the 

pressure of the system at a different β1 and μ1 (Panagiotopoulos, 1999).  In order for Equation 

(5.6) to give accurate calculations of the pressure, Ξ(μ2, V, β2) and Ξ(μ1, V, β1) must be calculated 

from histograms with overlapping configurational energy and density values (Panagiotopoulos, 

1999).  The equilibrium pressures for a specified temperatures can be calculated from Equation 

(5.6), by substituting the equilibrium chemical potentials into μ1 and μ2.  To obtain an initial 

estimate for P1, histograms were collected at a low density reference state, where the average 

density of the system was calculated by Equation (5.6) and then the ideal gas equation of state, 

PV = NkBT, was used to compute P1 (Panagiotopoulos, 1999). 

5.2 Liquid-Vapor Equilibrium Properties of CO2  

For simulations of CO2 in the GC ensemble (Norman & Filinov, 1969), the MC algorithm 

performed translation and rotation moves, and molecule insertions and deletions.  The couple-

decoupled configurational-bias MC method, which has a decoupled bond length selection, two 

decoupled angle selections, and a decoupled dihedral selection that is coupled to the non-bonded 

selection, was implemented to save CPU time (Martin & Siepmann, 1999) and (Martin & 

Thompson, 2004).  The cut off radius for the Lennard-Jones interactions was 10 Å.  Analytical 

long range corrections, outlined by Allen and Tildesley (1998), were applied to the Lennard-

Jones interactions for configurational energy calculations.  An Ewald summation with tin foil 

boundary conditions, an Ewald screening parameter of 5, and a Kmax of 5, were used to compute 

the electrostatic forces from the Coulomb potential (Tildesley & Allen, 1988), analogous with 

the parameters used by Potoff and Siepmann.   The simulation box length was set to L = 20 Å to 

follow suit with the work of Potoff and Siepmann (2001).  Simulations were run in the vapor 

phase for 5 x 106 MC steps, and in the liquid phase for 2 x 107 MC steps for temperatures 
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ranging from 250 K to 300 K in 5 K increments.  One simulation was run for 5 x 107 MC steps in 

the supercritical region.  The configurational energy and number of particles in the simulation 

box were printed to lists every 1,000 MC steps.  Following with the methodology of Potoff and 

Siepmann (2001), simulations that documented the thermodynamic behavior of the supercritical 

region, and the liquid and vapor phases were repeated 5 times in order to quantify the statistical 

accuracy of the results.  The statistical uncertainty in the phase equilibria data was determined by 

the standard deviation from the average values of the saturation densities and vapor pressures 

calculated for each of the 5 runs.   

To summarize, the methodology described above was used to calculate the saturated 

liquid and vapor densities, and the vapor pressures of CO2. The statistical uncertainties in the 

liquid densities were less than 1%, and the statistical uncertainties in the vapor density were less 

than 2.5%.  Error bars were not included in Figure 5.1, because they would not extend 

significantly outside the plotted points. 

 

 

 

 

 

 

 

 

 

 



52 

 

 

 

 

 

 

 

  

 

 

 

 

 

As shown in Figure 5.1, below 290 K, the saturated vapor and liquid densities 

determined in this study match closely with those determined by the Span and Wagner EOS 

(Span & Wagner, 1996), and the work of Potoff and Siepmann (Potoff & Siepmann, 2001).  At 

temperatures above 290 K, saturation densities estimated from molecular simulation begin to 

deviate from those determined from the Span and Wagner EOS (Span & Wagner, 1996).  This 

deviation stems from finite size effects that occur in the vicinity of the critical point (Wilding, 

1995).  As the critical point is approached, the correlation length, a physical parameter that 

affects the long-range order of particles, fluctuates in magnitude, often becoming longer than the 

simulation box length (Wilding, 1995).  Hence, molecular simulations run in the vicinity of the 

critical point provide results with limited accuracy.  Finite size effects will be further discussed 

in Chapter 6. 

Figure 5.1:  The results of this study, the black circles, align closely with the results of Potoff 

and Siepmann (Potoff & Siepmann, 2001),  the blue triangles.  Equilibria vapor and liquid 

densities also align closely with the results from the Span and Wagner EOS (Span & Wagner, 

1996), the red squares, calculated in the REFPROP software package (Lemmon et al., 2013).   
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The equilibrium vapor pressures of the liquid-vapor coexistence region were calculated 

from Equation (5.5), and are shown in Figure 5.2.  Statistical uncertainties were less than 1.5 %, 

as calculated by the methodology described previously in this Chapter.   

 

 

 

 

 

 

 

  

 

 Overall, the vapor pressures estimated through molecular simulation in this study and the 

work of Potoff and Siepmann (2001) are both in close alignment with the highly accurate Span 

and Wagner EOS (Span & Wagner, 1996), as shown in Figure 5.2.  Slightly larger deviations 

between the vapor pressures are present at temperatures greater than 290 K, most likely due to 

finite size effects (Wilding, 1995). 

5.3 Liquid-Vapor Equilibrium Properties of Methanol 

Figure 5.2:  The equilibrium vapor pressures calculated from this study, the black circles, 

align closely with the results of Potoff and Siepmann (Potoff & Siepmann, 2001), the blue 

triangles.   Vapor pressure also align closely with the results from the Span and Wagner EOS 

(Roland Span & Wagner, 1996), the red squares, available in the REFPROP software package 

(Lemmon et al., 2013) even in the vicinity of the critical point.  
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 For simulations of MeOH in the GC ensemble (Norman & Filinov, 1969), the MC 

algorithm performed translation, rotation, and conformation moves, and molecule insertions and 

deletions.  Analogous to the simulation of CO2, the couple-decoupled configurational-bias MC 

method, which has a decoupled bond length selection, two decoupled angle selections, and a 

decoupled dihedral selection that is coupled to the non-bonded selection, was implemented to 

save CPU time (Martin & Siepmann, 1999) and (Martin & Thompson, 2004).  The cut off radius 

for the Lennard-Jones interactions was truncated at 14 Å for MeOH; analytical long range 

corrections, outlined by Allen and Tildesley (Tildesley & Allen, 1988), were applied to the 

Lennard-Jones interactions for configurational energy calculations.  An Ewald summation that 

utilized tin-foil boundary conditions computed the electrostatic interactions, and, again, the 

Ewald screening parameter and Kmax were both set to 5 (Tildesley & Allen, 1988).  The box 

length was set to L = 32 Å.   

 Statistical uncertainties for the phase equilibria data of MeOH were estimated through the 

block average method, developed by Allen and Tildesley (1988), by splitting the production runs 

into 5 sub-runs to compute 5 sub-averages for the saturation densities and vapor pressures.  The 

standard deviation from the average values obtained from the 5 sub-runs was then used to 

determine the statistical uncertainty of the results.  Simulations were run in the vapor phase for 1 

x 107 MC steps, and in the liquid phase for 3 x 107 MC steps for temperatures ranging from 400 

K to 500 K in 6.5 K increments.  One simulation was run for 8 x 107 MC steps in the critical 

region.  The configurational energy and number of particles in the simulation box were printed to 

lists every 1,000 MC steps.    
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 As described previously for CO2, Equations (5.1) to (5.6) were used to calculate the 

vapor-liquid equilibria properties, and results are shown in Figure 5.3.  Statistical uncertainties 

for the saturated liquid and vapor densities were under 1.5 %, and 7%.  Error bars were not 

included in Figure 5.3, because they would not extend significantly from the data points.   

 

 

 

 

 

 

 

 

 

 Differences between the saturation densities calculated from molecular simulations 

completed in this study and the IUPAC EOS for MeOH could stem from inaccuracies in the EOS 

(de Reuck & Craven, 1993). MeOH becomes subject to decomposition and adsorption above 450 

K, leading to inconsistencies in the experimental measurements of enthalpy, density, and vapor 

pressure (de Reuck & Craven, 1993).  Since the IUPAC EOS for MeOH was fit to existing 

experimental data, uncertain experimental data could lead to inaccuracies in the EOS 

calculations.  Differences in the saturation densities calculated in this study and in the work of 

Figure 5.3:  The results of this study, the black circles, align with the results of Chen, Potoff 

and Siepmann (Chen et al., 2002) ,  the blue triangles.  Equilibria vapor and liquid densities 

align closely with the results from the IUPAC EOS for MeOH, shown as the red squares, 

calculated by the REFPROP software package (de Reuck & Craven, 1993) and (Lemmon et 

al., 2013) at 450 K but not at 480 K .   
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Chen et al. (2002) used in the development of the TraPPE-UA force field could stem from finite 

size effects (Wilding, 1995).  Chen et al. (2002) used a simulation box with length L = 30 Å, 

rather than L = 32 Å used in this work.  Due to differences in simulation box size, finite size 

effects could account for differences between the results determined from the two studies 

(Wilding, 1995).  These finite size effects will be explained more thoroughly in Chapter 6.  

Deviations between the results of this work and the previous study by Chen et al. (2002) could 

also stem from differences in phase equilibria calculation methodology.  This study relied on 

histogram reweighting methods, while the previous study by Chen et al. (2002) utilized Gibbs 

ensemble MC simulations to estimate phase equilibria properties.   

The vapor pressures of the system were calculated from Equation (5.5), and are shown in 

Figure 5.4.  Statistical uncertainties calculated by the methodology described above were less 

than 1.2 %.  Error bars were not included in Figure 5.4, because they would not extend 

significantly from the data points. 
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The differences between the vapor pressures calculated from the molecular simulations 

completed in this study, and the IUPAC EOS for MeOH could stem from uncertainties present in 

the experimental data used to derive the EOS (de Reuck & Craven, 1993).  Finite size effects or 

differences in calculation methods could again be responsible for the deviations between the 

vapor pressure calculated at 475 K in this study and the previous study (Chen et al., 2002).  

In summary, the vapor-liquid equilibrium densities and vapor pressures determined for 

CO2 and MeOH, align well with state of the art EOSs at temperatures that are 20 K or more 

below the pure components’ Tcs.  For CO2, the vapor-liquid equilibrium data approximated  in 

this work aligns quantitatively with the results of Potoff and Siepmann ( 2001).  For MeOH 

however, the vapor-liquid equilibrium data calculated in this work does not align closely with the 

Figure 5.4  The equilibria pressures calculated from this study, the black circles, align 

qualitatively with the results from the IUPAC EOS for MeOH available in the REFPROP 

software package  (de Reuck & Craven, 1993) and (Lemmon et al., 2013), the red squares.  

However, at 480 K, the vapor pressure calculated by Chen at al. (2002), represented as the 

blue triangle, does not align well with values approximated in this study of calculated from 

the IUPAC EOS for MeOH.    
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results of Chen et al. (2002).  This decreased alignment between results in the vicinity of the 

critical point could be due to finite size effects that occur in the molecular simulation or 

differences in the calculation methodology of vapor-liquid equilibrium properties.  With this 

validation complete, the TraPPE and TraPPE-UA force fields for CO2 and MeOH will be used to 

calculate the Cp of variations of the two pure substances and their mixtures in the following 

Chapters. 
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Chapter 6 

Monte Carlo Results for the Critical Points of Pure Carbon 

Dioxide and Methanol 

6.1 Approach 

6.1.1 Mixed Field Finite Size Scaling Analysis to Determine Critical Temperature and 

Chemical Potential 

 The critical temperatures (Tc) of pure carbon dioxide (CO2) and methanol (MeOH) were 

determined using a mixed field finite size scaling analysis (Bruce & Wilding, 1992) and 

(Wilding, 1995).  In the vicinity of the critical point, the correlation length, which is a measure of 

order in the system as quantified by the co-variance of microscopic variables such as spin and 

density, exceeds the length of the simulation box (Wilding, 1995).  Therefore, molecular 

simulations in the critical region cannot accurately recreate fluid behavior found in nature 

(Wilding, 1995).  Finite size scaling provides a tractable means to accurately estimate critical 

properties by extrapolating Tc and critical density (ρc) estimates for simulations run at different 

finite sizes to a system with infinite size using the scaling relations, displayed in Equation (6.1) 

and Equation (6.2) (Wilding, 1995).     
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𝑇𝑐(∞) − 𝑇𝑐(𝐿)~𝐿−(𝜃+1)/𝑣          (6.1) 

< 𝜌 >𝑐 (𝐿) − < 𝜌 >𝑐 (∞)~𝐿−(1−𝛼) 𝑣⁄         (6.2) 

Tc(∞) is the Tc of a system with an infinite size, Tc(L) is the Tc of a system with length L, 

<ρ>c (L) is the average ρc of a system in a simulation box of length L, <ρ>c(∞) is the average ρc 

of an infinitely sized system (Wilding, 1995).  The critical exponents, v and α, model the 

correlation length and specific heat in the 3D Ising Model.  The correction to the critical scaling 

exponent is represented as θ (Wilding, 1995).  In the vicinity of the critical point, fluids in the 

same universality class exhibit universal behavior quantified by the scaling laws.  Simple fluids 

with scalar order parameters and short range interactions fall into the 3D Ising Universality Class 

(Wilding, 1995).  Pure CO2 and MeOH fall into this category.  The values of the discussed 

critical parameters are shown below in Table 6.1 for the 3D Ising Universality Class. 

 

θ v α 

0.54 0.627 3 

 

To complete the finite size scaling analysis, histograms were collected using Grand 

Canonical Monte Carlo (GCMC) simulations in the critical region for each system size at 3 state 

points: an estimated Tc and critical chemical potential (µc), and 2 additional chemical potentials, 

one below the estimated µc, and above the estimated µc.  Initial estimates of the Tcs and µcs were 

determined by empirically fitting vapor-liquid equilibrium densities calculated from simulations 

run in the vicinity of the critical point to the law of rectilinear diameters and the scaling law (Shi 

& Johnson, 2001).  Methods for calculating vapor-liquid equilibrium densities are described 

Table 6.1:  The values of the critical exponents, v and α, along with the correction to critical 

scaling exponent, θ, are shown below. 
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thoroughly in Chapter 5 of this work.  Equation (6.3) and Equation (6.4) display the law of 

rectilinear diameters and the scaling law combined into one expression used to estimate the Tc 

and the critical density, ρc (Shi & Johnson, 2001). 

                                                                                                            (6.3) 

         (6.4) 

The parameters ρl, and ρv represent the saturated liquid and vapor densities at a specified 

temperature T.  The empirical parameters, ɑ and b are determined during the fitting, and the 

critical exponent β is set to 0.325 for the 3D Ising Universality Class.  By adjusting ɑ, b, Tc and 

ρc in Equation (6.3) and Equation (6.4) to fit to ρl and ρv to T in vicinity of the critical point, 

suitable estimates for two critical properties are determined.  Estimations for system µcs are 

determined by running simulations at the estimated Tc.  Estimates of µc yield a bimodal density 

distribution showing two peaks, one at a lower, gas-like density and another at a higher, liquid-

like density.  Density distributions are determined using the methodology outlined in Chapter 5.   

The probability distributions for each set of simulations at different temperatures and 

chemical potentials were determined using Equations (5.1) - (5.4) (Ferrenberg & Swendsen, 

1989), shown in Chapter 5.  The probability distributions for simulations run at each box length 

were transformed into the ordering operator distribution, using Equation (6.5) (Wilding, 1995) 

             (6.5) 

where s and r are system dependent quantities controlled by the degree of field mixing between 

the 2 relevant scaling fields, which affect critical behavior (Wilding, 1995).  The density of the 

system is non-dimensionalized as ρ⁰ = Nσ3/V, where N is the number of particles in the system, σ 
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is the diameter of the oxygen atom in CO2 and MeOH, and V is the total volume of the system 

(Shi & Johnson, 2001).  The configurational energy is non-dimensionalized as u⁰ = E/(ϵV⁰), 

where E is the configurational energy of the system, ϵ is the potential well depth for oxygen 

interaction in CO2 and MeOH, and V⁰ is the non-dimensionalized volume of the system, where V⁰ 

= V/σ3.  M is the ordering operator (Shi & Johnson, 2001).   

The value of M can be computed from values of N and E that give non-zero values to the 

probability distribution, P(N, E; μ, β),obtained from Equation (5.2) in Chapter 5.  In this study, 

discrete values of M were used to estimate the ordering operator distribution.  Discrete values of 

M were assigned to values of M within certain intervals.  The size of these intervals were 

determined by dividing the entire range of M into 90 bins with width ΔM found using Equation 

(6.6).           

            (6.6) 

Mmax and Mmin are the maximum and minimum values calculated for M.  The ordering operator 

distribution can then be found by summing the values P(N, E, μ, β) that have N and E values that 

fall into certain intervals of M, and then normalizing the summed P(N, E, μ, β) values with the 

partition function ≡(μ, V, β).  The values of M can be given unit variance and transformed into 

scaling variable x using Equation (6.7), and the ordering operator distribution can be scaled onto 

a fixed point ordering operator distribution, pL(x), using Equation (6.8) (Shi & Johnson, 2001). 

                                 (6.7) 
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 At the Tc(L), and μc(L), of a fluid simulated in a finite size system with length L, the 

scaled ordering operator distribution collapses onto the scaled universal ordering operator 

distribution simulated for a finite size system with the same L (Wilding, 1995).  The ordering 

operator distribution at the critical point of the 3D Ising model was simulated for systems of 

different lengths by Tsypin and Blöte (2000), and was scaled onto x and a fixed point ordering 

operator distribution, pL(x), using Equations (6.7) - (6.6).  The differences in the ordering 

operator distributions for systems of different lengths are shown in Figure 6.1. 

 

 

 

 

 

 

  

 In this study, the fixed point ordering operator distributions of the simulated CO2 and 

MeOH systems were adjusted to qualitatively collapse onto the fixed point ordering operator 

distribution of the 3D Ising Model as modelled by Tsypin and Blöte (Tsypin & Blöte, 2000).  

This qualitative collapse is accomplished by first changing the temperature and chemical 

potential of the system to modify P(N, E; μ, β) computed from Equation (5.2), shown in Chapter 

5, and then changing s in Equation (6.3).  The parameter r in Equation (6.3) was set to -1, a 

standard procedure for matching the ordering operator distribution of the system to the universal 

ordering operator distribution (Shi & Johnson, 2001).  With the parameter r set to -1, a 

Figure 6.1:  pL(x) for 

systems with L = 20 

(red circles), 32 (black 

circles), and 46 (blue 

circles) Å.  As shown, 

pL(x) depends on the 

simulation box length. 

(6.8) 
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qualitative collapse of the ordering operator distribution can be achieved for most systems.  

Estimates for the Tc were determined by extrapolating the apparent Tcs found for each finite size 

system to an infinite size system using Equation (6.1) (Wilding, 1995).   

6.1.2 Semi-Empirical Fitting for Critical Pressure Determination  

The estimated Pcs of pure CO2 and MeOH were computed by extrapolating the vapor 

pressures using the semi-empirical Equation (6.9) (Errington & Panagiotopoulos, 1998): 

           (6.9) 

where the parameters a0, a1, a2, and a3 were adjusted to fit the equilibrium vapor pressure 

calculated from molecular simulation by methods explained in Chapter 5, Psat, to T.  To obtain 

the critical pressure (Pc), the Tc obtained from the mixed field finite size scaling analysis for a 

system of infinite length, Tc(∞), was substituted into Equation (6.9) (Errington & 

Panagiotopoulos, 1998). 

6.2 Results for CO2 

6.2.1 Critical Temperature and Chemical Potential Determination 

 All MC molecular simulations described in this Chapter were performed using version 

7.1.0 of MCCS Towhee (Martin, 2013) and (http://towhee.sourceforge.net).  Pseudo-random 

numbers were generated using DX-1597-2-7 (L.-Y. Deng, 2005).  Utilizing GCMC simulations 

(Norman & Filinov, 1969), three histograms were generated for systems with simulation box 

lengths of  L = 26, 32, and 38 Å evaluated at estimated Tcs and µcs, and at chemical potentials 10 

K above and below the estimated µc.  These histograms were collected for 1.1 x 108 MC steps 

when L = 26 Å, 2.0 x 108 MC steps when L = 32 Å, and 5.0 x 108 MC steps when L = 38 Å.  The 
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configurational energy and number of particles in the simulation box were printed to an output 

file every 1,000 MC steps.  Again, the TraPPE force field was used to model CO2 molecules and 

the simulation parameters outlined for pure CO2 in Chapter 5 were used to generate the three 

histograms at each system size. 

 In Figure 6.2, the pL(x) of pure CO2, generated for a system with a simulation box length 

of  L = 32 Å is compared with that of the 3D Ising Model generated in a simulation box with the 

same side lengths (Tsypin & Blöte, 2000).   

 

 

 

 

 

 

Then, using the relation shown in Equation (6.1) (Wilding, 1995), the Tc of a system of 

infinite length was estimated using a linear least squared fitting to the Tc(L)s found for systems 

with box lengths L = 26, 32, and 38 Å, as shown in Table 6.2 and Figure 6.3.  The uncertainty in 

the values of Tc(L) was determined by dividing the histograms collected near the estimated Tc 

and µc into 5 different sections, and estimating Tc(L) for each section, a common method for 

estimating the statistical uncertainty in thermodynamic properties determined by molecular 

simulations (Lagache et al., 2001).  

Figure 6.2:  The pL(x) 

of CO2 (red circles) 

compared to that of 

the universal 3D Ising 

Model (blue line) 

(Tsypin & Blöte, 

2000) for systems 

with simulation box 

lengths of L = 32 Å. 
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Using a linear least squares fitting (Nist/Sematech, 2001), the Tc of pure CO2 in a system 

of infinite length, Tc(∞), was approximated as 308.4 K with an uncertainty of ± 0.4 K; the 

experimentally determined Tc is 304.35 K with an uncertainty of ± 0.04 K, as measured by 

Suehiro et al. (Suehiro et al., 1996).  The uncertainty in Tc(∞) is the standard error in the y-

intercept obtained from the linear regression of the 3 values of Tc(L).   

6.2.2 Critical Pressure Determination 

Equilibrium vapor pressures for CO2 at temperatures ranging from 265 K to 300 K were 

used for fitting the parameters a3, a2, a1, and a0 in Equation (6.9) (Errington & Panagiotopoulos, 

1998).  The Pc of CO2 was then estimated at Tc(∞) as 8.20 MPa with an uncertainty of ± 0.87 

MPa, the experimentally determined Pc is 7.38 MPa with an uncertainty of ± 0.02 MPa (Suehiro 

Simulation Box Length (Å) Tc(L) (K) Uncertainty (K) 

26 306.3 0.1 

32 307.1 0.1 

38 307.6 0.1 

Figure 6.3: The 

linear least squared 

fitting was applied to 

the three Tc(L)s 

determined for pure 

CO2, and then 

extrapolated to the y-

intercept to estimate 

the critical 

temperature for a 

system of infinite 

box length.  

Table 6.2:  Tc(L) of CO2 was determined for systems where L = 26, 32, and 38 Å. 

 

 

 

 

 

 

L-(θ+1)/ν 
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et al., 1996).  The uncertainty in the estimated Pc is derived from the standard error of the 

statistically weighted least squared fitting of Equation (6.9) to the calculated vapor pressures 

(Errington & Panagiotopoulos, 1998) and (Nist/Sematech, 2001).  The fitted constants were set 

to a3 = 0, a2 = 0.01530, a1 = 0, and a0 = -2.2084 for CO2.  The values for the Tc estimated through 

the mixed field finite size scaling analysis, and the Pc estimated from Equation (6.9) will be used 

to reduce temperatures and pressures for the computation of the Cp variations and their 

comparison to highly accurate Equations of State. 

6.3 Results for Methanol 

6.3.1 Critical Temperature and Chemical Potential Determination 

 Analogous to the approximation of the Tc and µc estimations for CO2, three histograms 

were collected using GCMC simulations of MeOH for systems with simulation box lengths L = 

32 and 38 Å, evaluated at the estimated Tcs and µcs, and at chemical potentials 10 K above and 

below the estimated µc.  Three histograms were also generated for a system with simulation box 

length L = 46 Å at the estimated Tcs and µcs, and at chemical potentials 2.5 K above and below 

the estimated µc.  These histograms were collected for 1.40 x 108 to 2.40 x 108 MC steps for L = 

32 Å, 2.50 x 108 to 5.53 x 108 MC steps for L = 38 Å, and 3.00 x 108 to 7.90 x 108 MC steps for 

L = 46 Å.  The configurational energy and number of particles in the simulation box were again 

sent to an output file every 1,000 MC steps.  The simulation parameters outlined for pure MeOH 

in Chapter 5 were used to generate the three histograms at each system size. 

 The values of Tc(L), shown in Table 6.3, were obtained by comparing the ordering 

operator distribution calculated from the simulations to the universal ordering operator 

distribution (Tsypin & Blöte, 2000).  The uncertainty in the values of Tc(L) was determined by 
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dividing the histograms collected near the estimated Tc and µc into 5 different sections, and 

estimating Tc(L) for each section.   

 

Simulation Box Length (Å) Tc(L) (K) Uncertainty (K) 

32 502.8 0.1 

38 503.5 0.3 

46 503.8 0.4 

 

By performing a weighted linear least squares regression of the Tc(L)s (Nist/Sematech, 2001), the 

Tc(∞) was determined to be 506.5 K with an uncertainty of ± 0.1 K.  This estimation is in 

reasonable agreement, but does not quantitatively correspond with the experimentally 

determined Tc of 512.5 K with an uncertainty of ± 0.2 K (Abdulagatov, Polikhronidi, 

Abdurashidova, Kiselev, & Ely, 2005).   

6.3.2 Critical Pressure Determination 

The equilibrium vapor pressures of pure MeOH at temperatures ranging from 450 K to 

480 K were used to fit parameters a3, a2, a1, and a0 in Equation (6.9) (Errington & 

Panagiotopoulos, 1998).  The Pc of MeOH was estimated at Tc(∞) as 7.82 MPa with an 

uncertainty of ± 0.61 MPa, which is in reasonable agreement with the experimentally determined 

Pc of 8.10 MPa with an uncertainty of  ± 0.02 MPa (Abdulagatov et al., 2005).  The uncertainty 

in the estimated Pc is derived from the standard error of the statistically weighted least squared 

fitting of Equation (6.9) to the calculated vapor pressures (Errington & Panagiotopoulos, 1998) 

and (Nist/Sematech, 2001).  The constants were set to a3 = 0, a2 = 0.007860, a1 = 0, and a0 = -

3.088 for pure MeOH.   

Table 6.3:  Tc(L) of MeOH was determined for systems where L = 32, 36, and 46 Å. 
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The Tc and Pc estimated for pure CO2 and MeOH in this Chapter will be used to reduce 

the temperatures and pressures under which Cp variations are estimated for in Chapter 6.  For 

both components, the Tc and Pc were approximated to within reasonable agreement with the 

experimentally determined values.  More optimal estimates for the Tcs and Pcs of CO2 and 

MeOH could have been obtained if additional Tc(L)s were determined for a greater number of 

systems with different simulation box lengths.  To save computational time, only three box 

lengths were used for the finite size scaling analysis of each pure component. 

  



70 

 

 

 

 

 

Chapter 7  

MC Results for Isobaric Heat Capacity Predictions of Pure 

Carbon Dioxide and Methanol 

7.1 Calculation Method for Isobaric Heat Capacity Predictions from Thermodynamic 

Fluctuations in the Isothermal-Isobaric Ensemble 

The mixed field finite size analysis, described in the previous chapter, was used to 

estimate the critical temperature (Tc) and critical pressure (Pc), which in turn were used to reduce 

the temperatures and pressures of simulations used to compute the residual isobaric heat capacity 

(Cp
res).  Monte Carlo (MC) simulations are used to determine the potential energy contributions 

to Cp.  They do not include the kinetic translational, rotational, and vibrational energy of 

individual molecules which are contained in the ideal gas contributions to the isobaric heat 

capacity (Cp
⁰).  Likewise, the Cp

⁰ is calculated from widely available, highly accurate 

approximations fit to experimental data, and then added to Cp
res determined through molecular 

simulation to obtain the total isobaric heat capacity (Cp).  For carbon dioxide (CO2) and methanol 

(MeOH), approximations of Cp
⁰ have been fit to data measured over a wide range of 

temperatures (Smith, Van Ness, & Abbott, 2005) and (de Reuck & Craven, 1993).   
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The Cp calculated for CO2 in this work will be compared to calculations from the Span 

and Wagner Equation of State (EOS) available in the REFPROP software package (Span & 

Wagner, 1996) and (Lemmon et al., 2013), along with experimental measurements completed in 

our research group (Ishmael et al., 2016).  The Cp determined for MeOH will be compared to 

calculations from the IUPAC EOS for MeOH (de Reuck & Craven, 1993), also available in the 

REFPROP software package (Lemmon et al., 2013).  Again, temperatures and pressures of EOS 

calculations will be reduced with experimentally measured critical properties for comparison to 

simulation results. 

Cp
res will be computed from MC simulations in the isothermal isobaric (NPT) ensemble, 

where the system’s particle number, temperature and pressure are held constant (Lagache et al., 

2001).  Equation (7.1) was used to obtain averages of thermodynamic properties, denoted as 

<X>, in the NPT ensemble (Lagache et al., 2001). 

               (7.1) 

U represents the configurational energy, V represents the volume of the simulation box, N 

represents the number of molecules in the simulation, P represents the set pressure of the 

simulation, Ω(N, V, U) represents the microcanonical partition function, also known as the 

density of states, and β = 1/kBT, where kB is Boltzmann’s constant and T is the system 

temperature.  The fluctuation formula, Equation (7.2), used to find thermodynamic derivative 

properties is a simplification of the derivative of Equation (7.1) with respect to β (Lagache et al., 

2001).   

Ĥ is the configurational enthalpy calculated as Ĥ = Uext + Uint + PV, where Uext is the 

intermolecular potential energy, and Uint is the intramolecular potential energy.  Energy 
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contributions from the torsion around atomic bonds, and changes in bond length and angle 

included in U comprise Uint.  Uext consists of interactions between atoms located on different 

molecules.  Cp
res can then be computed by taking the derivative of the residual enthalpy, Hres, 

with respect to temperature.  Hres can be computed as Hres = Uext + PV – NkBT (Lagache et al., 

2001).  It follows that Cp
res = ∂Hres/∂T, which can be expressed by Equation (7.3) (Lagache et al., 

2001)  

            

Cp
res,N is scaled to the number of molecules N specified in the NPT ensemble, but can be scaled 

to determine Cp
res in terms of moles, Cp

res,mol, using Equation (7.4), where NA is Avogadro’s 

number  (Lagache et al., 2001).   

           (7.4) 

7.2 Calculation Method for Isobaric Heat Capacity Predictions from Thermodynamic 

Fluctuations in the Grand Canonical Ensemble 

As mentioned in Chapter 1, Cp
res values for pure substances and mixtures computed from 

simulations in earlier studies have only been determined from those run in the NPT, canonical 

(NVT), or microcanonical (NVE) ensembles.  Potential advantages of using Grand Canonical 

Monte Carlo (GCMC) simulations include the possibility for more effective sampling of density 

fluctuations, which could enable more accurate Cp estimations, and allow faster simulation times 

than simulations in the NPT ensemble due to the lack of computationally intensive volume 

changes (William L. Jorgensen, 1982).  
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Hence, this study established a novel method of calculating Cp
res in the Grand Canonical 

(GC) ensemble.  Cp can be related to three properties that can be readily calculated through 

GCMC simulations using fluctuation formulas derived by Adams (1975).  These three properties 

consist of the isochoric heat capacity Cv, the coefficient of thermal expansion αp, and the 

isothermal compressibility βT.  The relation between Cp, Cv, βT, and αP is shown in Equation 

(7.5). 

                (7.5) 

where Vmol is the molar volume and T is again the temperature.  Cp
◦ can be related to the ideal gas 

contributions to the isochoric heat capacity (Cv
◦) by Equation (7.6). 

                  𝐶𝑝
° = 𝐶𝑣

° − 𝑅   (7.6) 

 R is the universal gas constant, which is equivalent to NAkB.  Combining Equation (7.5) 

and Equation (7.6), Equation (7.7), which represents the relation between Cp
res and the residual 

isochoric heat capacity (Cv
res), is obtained. 

            (7.7) 

Expressions for the thermodynamic properties, αp, βT, and Cv are derived from the Fundamental 

Equation of Thermodynamics, shown in two forms in Equation (7.8) and (7.9).  

          (7.8) 

            (7.9) 

Then, the fluctuation formulas in the GC ensemble, which are analogous to those for the NPT 

ensemble, are given by Equations (7.10) – (7.11) (Adams, 1975).   



74 

 

             (7.10) 

        (7.11) 

< X > is an average thermodynamic property, μ is the chemical potential set in the GC ensemble, 

N is the number of particles in the simulation box, and U is the total configurational energy of 

the system, including the intermolecular and intramolecular energy contributions.  U is used for 

calculating αp and 𝛽T, which are derived from pressure, temperature, and volume relations, that 

are typically well predicted by molecular simulation.  Using Equations (7.8) - (7.11), along with 

the fluctuation relations: 𝜎𝑈𝑁
2 = < 𝑈𝑁 > −< 𝑈 >< 𝑁 > and 𝜎𝑁𝑁

2 =< 𝑁2 >  − < 𝑁 >2, 

statistical mechanical expressions for αp and 𝛽T are derived (Adams, 1975).  These expressions 

are shown below in terms of αp
N and 𝛽T

N, which represent these thermodynamic properties on a 

molecule number basis rather than a molar basis, in Equation (7.12) and Equation (7.13). 

          (7.12) 

          (7.13) 

where < Ĥ > = < U > +V< P > is the configurational enthalpy of the system, V is again the 

volume of the simulation box, and < P > is the average pressure of the system, which varies in 

GCMC simulations (Adams, 1975).  < P > will be computed by the 7.1.0 version of the Towhee 

software package (Martin, 2013), which calculates the virial pressure inside the simulation box, 

using the molecular virial described by Allen and Tildesley (1988).   

 The derivation of Cv
res in GC ensemble (Adams, 1975), however, requires careful 

separation of the residual and ideal gas contributions, and, thus, distinctly contains contributions 

from both U and Uext.  This derivation is shown below, starting with the relation between Cv
res 
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and Uext, shown in Equation (7.14).           

         (7.14) 

Uext is expressed as a function of 𝛽 and µ𝛽 in Equation (7.15), and, after thermodynamic 

rearrangement, in Equation (7.16). 

          (7.15) 

With Cv
res as function of the derivative of Uext with respect to temperature, Equation (7.16) is 

derived, and then transformed into Equation (7.17) using thermodynamic relations.  

             (7.16) 

            (7.17) 

By substituting Equation (7.10) and Equation (7.11) into Equation (7.17), expressing Uext as Y, 

and using the following expressions: 𝜎𝑌𝑁
2 = < 𝑌𝑁 > −< 𝑌 >< 𝑁 > and 𝜎𝑌𝑈

2 =< 𝑌𝑈 >  − <

𝑌 >< 𝑈 >, Equation (7.18) is obtained to calculate Cv
res on a molecular number basis Cv

res,N.  

          (7.18)             

Finally, by solving for Equation (7.7) with Equation (7.12), Equation (7.13) and Equation 

(7.18), and converting it to a molecule number basis rather than a molar basis, Equation (7.19) is 

derived for Cp
res,N.         

              

 Cp
res,N can be scaled to Cp

res,mol using Equation (7.4). 

7.3 Procedural Details for Pure Carbon Dioxide 
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 The MC molecular simulations documented in the next sections for CO2 and MeOH were 

performed using version 7.1.0 of MCCS Towhee (Martin, 2013) and 

(http://towhee.sourceforge.net).  Pseudo-random numbers were generated using DX-1597-2-7 

(L.-Y. Deng, 2005).  The couple-decoupled configurational-bias MC method, which has a 

decoupled bond length selection, two decoupled angle selections, and a decoupled dihedral 

selection that is coupled to the non-bonded selection, was implemented to save CPU time 

(Martin & Siepmann, 1999) and (Martin & Thompson, 2004).  Again, CO2 molecules were 

modelled by the TraPPE force field (Potoff & Siepmann, 2001).  For simulations in both the 

NPT and GC ensembles, the cut off radius was set to 10 Å for Lennard-Jones interactions.  

Analytical long range corrections were applied to energy interactions calculated from the 

Lennard-Jones potential (Allen & Tildesley, 1988).  An Ewald summation with tin foil boundary 

conditions, an Ewald screening parameter of 5, and Kmax = 5, was used to compute the 

electrostatic forces (Tildesley & Allen, 1988); the same parameters used by Potoff and Siepmann 

(2001).   

 MC simulations were run in the NPT ensemble, which was adapted for molecular 

simulation by I. R. McDonald (McDonald, 1972).  1.0 x 106 cycles were completed, after 

equilibration periods of 5.0 x 105 to 1.0 x 106 cycles.  One cycle consists of one MC move 

attempted on each molecule in the system.  Ninety eight percent (98 %) of the MC moves 

attempted were rotations or translations of CO2 molecules and the other two percent (2 %) of MC 

moves were volume exchange moves.  This distribution of MC moves was selected based on past 

works that utilized simulations in the NPT ensemble (Lagache et al., 2001).  250 molecules were 

used in the simulations.  The simulation box volume, and intermolecular potential energy were 

printed to an output file every 100 cycles.   
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 GCMC simulations, as developed by Norman and Filinov (Norman & Filinov, 1969), 

were run for 5.0 x 107 MC moves, after equilibration periods of 1.5 x 107 MC moves.  Sixty 

percent (60 %) of the MC moves attempted were rotations or translations of CO2 molecules and 

the other forty percent (40 %) were molecule insertions and deletions.  This distribution of MC 

moves was selected based on past works that utilized GCMC simulations (Potoff & Siepmann, 

2001).  The volume of the simulation box was adjusted to ensure that 250 to 300 molecules on 

average would be present in the system.  The number of particles in the simulation box, and the 

intermolecular potential energy were printed to an output file every 1000 MC moves.   

7.4 Results and Discussion for Pure Carbon Dioxide 

 Cp is expressed in dimensionless form as Cp/R in this chapter and throughout the 

remainder of this thesis.  The simulation temperature and pressure were reduced using the Tc and 

Pc estimated for the TraPPE modelled CO2 molecules in Chapter 6 of this work.  The 

approximated Tc and Pc were 308.4 K and 8.20 MPa.  Along the 1.0946, 1.1932, and 1.2918 Tr 

isotherms at reduced pressures (Pr)s ranging from 1.46 to 5.62, Cps of CO2 computed from 

thermodynamic fluctuations observed in both the NPT and GC ensembles were compared with 

calculations from the Span and Wagner EOS (Span & Wagner, 1996), and experimental 

measurements completed in our research group (Ishmael et al., 2016).  The software package 

REFPROP (Lemmon et al., 2013) was used to generate the EOS predicted values.  The 

simulation temperatures and pressures were reduced using the Tc and Pc calculated for the 

TraPPE modelled CO2 molecules in Chapter 6 of this work.  The approximated Tc and Pc for 

CO2 were 308.4 K and 8.20 MPa.  As seen in Figure 7.1, simulated Cps and those calculated 

from the Span and Wagner EOS (Span & Wagner, 1996).   
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 Along the 1.0946, 1.1932, and 1.2918 Tr isotherms, the Cps estimated from simulations in 

the NPT ensemble had an absolute average relative deviation (AARD) of 2.0 %, 2.0 %, and 1.6 

% from the Span and Wagner EOS (Span & Wagner, 1996).  The decrease in the AARD with 

increasing Tr most likely stems from a decrease in finite size scaling effects that occur in the 

vicinity of the critical point.  Cps determined from simulations in both the NPT and GC 

ensembles aligned reasonably well with experimental measurements completed in our research 

group (Ishmael et al., 2016).  The statistical uncertainties of the Cp predictions were tabulated 

through the block average method developed by Allen and Tildesley (1988).  The molecular 

simulation output for a specified temperature and pressure was divided into 5 sub-sections, the 

Cp for each sub-section was calculated, and then the standard deviation of the sub-section Cps 

from the average Cp were determined.  The Cps calculated from simulations are listed below in 

Figure 7.1:  Cp of pure CO2 calculated from data tabulated by MC simulations in the NPT 

ensemble, displayed as the closed circles, and GCMC simulations, displayed as the open 

circles.  Experimental measurements (Ishmael et al., 2016), and calculations from the Span and 

Wagner EOS are also shown (Span & Wagner, 1996). 
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Table 7.1, and compared to calculations from the Span and Wagner EOS (Span & Wagner, 

1996). 

 

 

 

 

 

 

 

 

 
 

 

The Cps estimated from GCMC simulations had an AARD from the Span and Wagner 

(1996) EOS by 4.2 %, 1.5 %, and 1.8 % along the 1.0946, 1.1932, and 1.2918 Tr isotherms.  

These AARDs are very close to those of the Cps generated by the NPT ensemble.  Again, the 

increased AARD for Cps along the 1.0946 isotherm could stem from finite size effects that occur 

near the critical point.  The reasonable agreement between the Cps generated from molecular 

simulations in the NPT and GC ensembles, as shown in Figure 7.1, suggests that both methods 

for Cp estimation can be used interchangeably.  Statistical uncertainties were predicted using the 

Table 7.1: The Cp/R values of pure CO2 estimated from simulations in the NPT ensemble 

along with their uncertainties are listed below in non-dimensional form as functions of the Tr 

and Pr conditions.  Also included are deviations from the Span and Wagner EOS (Span & 

Wagner, 1996). 
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same method outlined above for simulations in the NPT ensemble.  The approximated Cps are 

shown in Table 7.2 at their respective Tr and Pr conditions; uncertainties were tabulated using 

the same method outlined earlier in this Chapter. 

 

 

 

 

 

 

 

 

 

 

 

 

7.5 Simulation Details for Pure Methanol 

 MeOH molecules were again modelled by the TraPPE-UA force field (Chen et al., 2002).  

For simulations in both the NPT and GC ensembles, the cut off radius was set to 14 Å for 

Lennard Jones interactions.  Again, the couple-decoupled configurational-bias MC method, 

which has a decoupled bond length selection, two decoupled angle selections, and a decoupled 

Table 7.2: The Cp/R values of pure CO2 estimated from GCMC simulations along with their 

uncertainties are listed below in non-dimensional form as functions of the Tr and Pr conditions.   

Also included are deviations from the Span and Wagner EOS (Span & Wagner, 1996). 
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dihedral selection that is coupled to the non-bonded selection, was implemented to save CPU 

time (Martin & Siepmann, 1999) and (Martin & Thompson, 2004).  Analytical long range 

corrections were applied to energy interactions calculated from the Lennard-Jones potential 

(Allen & Tildesley, 1988).  An Ewald summation with tin foil boundary conditions, an Ewald 

screening parameter of 5, and Kmax = 5, was used to compute the electrostatic forces (Tildesley & 

Allen, 1988).  These same parameters were used for the development of the TraPPE-UA force 

field (Chen et al., 2002).  Simulations in the GC and NPT ensembles, for pure MeOH were run at 

6 different pressures along the Tr isotherms of 1.0859 and 1.1846.  The IUPAC EOS for MeOH 

was used to validate the accuracy of the simulations along these isotherms (de Reuck & Craven, 

1993). 

 To compute the Cp variations for pure MeOH, MC simulations were run in the NPT 

ensemble, adapted for molecular simulation by I. R. McDonald (McDonald, 1972), for 1.0 x 106 

cycles, after equilibration periods of 5.0 x 105 to 1.0 x 106 cycles.  Ninety eight percent (98 %) of 

the MC moves attempted were rotations, conformation changes, or translations of the MeOH 

molecules and the other two percent (2 %) of MC moves were volume exchange moves.  250 

molecules were used for each MC simulation.  The simulation box volume, configurational 

energy, and intramolecular potential energy were printed to an output file every 100 cycles.    

 The Cps of supercritical MeOH were also calculated in the GC ensemble.  GCMC 

simulations, as developed by Norman and Filinov (Norman & Filinov, 1969), were run for 5.0 x 

107  to 1.5 x 108 MC moves, after equilibration periods of 1.5 x 107 MC moves.  Sixty percent 

(60 %) of the MC moves attempted were rotations, conformation changes, or translations of 

MeOH molecules and the other forty percent (40 %) were molecule insertions and deletions.  

The volume of the simulation box was adjusted to allow 250 to 300 molecules on average to be 
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present in the system.  The number of molecules in the simulation box, and the intermolecular 

potential energy were printed to an output file every 1000 MC moves.                 

7.6 Results and Discussion for Pure Methanol  

  MC molecular simulations in both the NPT and GC ensembles predicted the Cps of pure 

MeOH were correlated and compared with those calculated from the IUPAC EOS for MeOH (de 

Reuck & Craven, 1993).  As shown in Figure 7.2, for the 1.0859 and 1.1846 Tr isotherms, 

agreement between simulated and EOS calculated values was reasonable, but not as good as 

those obtained for pure CO2 shown in Figure 7.1.  The temperature and pressures of the 

simulations were reduced with the Tc and Pc of MeOH approximated from molecular simulations 

in Chapter 6 of this work as 506.5 K and 7.82 MPa, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 Along the 1.0859 and 1.1846 isotherms, Cps determined from simulations in the NPT 

ensemble have AARDs from the GERG EOS of 4.8 % and 4.1 %; there is slight decrease in 

Figure 7.2:  Cps of pure MeOH calculated from MC simulations in the NPT and GC 

ensembles are compared with calculations from the IUPAC EOS for MeOH available in the 

REFPROP Software package (de Reuck & Craven, 1993) and (Lemmon et al., 2013). 
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AARD with the increase in Tr.  Deviations between the simulation results and EOS calculations 

could stem from limitations in the TraPPE-UA force field, EOS inaccuracies, or both.  The 

IUPAC EOS for MeOH has limited certainty above temperatures of 530 K due to the large 

scatter in density measurements, some of which have differences of more than 2% (de Reuck & 

Craven, 1993).  These density measurement uncertainties result from MeOH reacting above 

temperatures of 430 K.  Hence, deviations of the simulation results from these EOS estimated 

values may be in part caused by the statistical uncertainty of the EOS itself.  The IUPAC EOS 

for MeOH however gives the most accurate EOS representation of MeOH’s thermodynamic 

behavior due to the non-ideal, polar interactions between molecules (de Reuck & Craven, 1993).  

Likewise, we accepted these calculations as the most accurate Cps.  Finite size scaling effects 

could also limit the accuracy of the simulated Cps.  However, due to the difficulties associated 

with completing thermodynamic measurements of supercritical MeOH, simulation results could 

serve as a means to validate the usability of experimental results.  

 The uncertainties in Cps approximated from simulations were determined by the same 

methods previously used by the block average method developed by Allen and Tildesley (1988), 

which was described earlier in this Chapter.  Table 7.3, shown below, gives Cp for pure MeOH 

at each Tr and Pr. 
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 As seen in Figure 7.2, Cps estimated from GCMC simulations are in reasonable 

agreement with those determined from MC simulations in the NPT ensemble and the IUPAC 

EOS for MeOH (de Reuck & Craven, 1993).  The AARDs between Cps determined from the 

EOS and the GCMC simulations along the 1.0859 and 1.1849 Tr isotherms were 7.8 % and 6.8 

%, only slightly larger than those determined for Cps generated from simulations in the NPT 

ensemble.  This agreement between the Cps of pure MeOH calculated from simulations in both 

the NPT and GC ensembles is analogous to the Cps determined for CO2.  The values of the Cp/R 

of pure MeOH at each Tr and Pr are shown below in Table 7.4. 

 

 

 

Table 7.3: Cp/R of pure MeOH estimated from MC simulations in the NPT ensemble under 

calculated reduced temperature and pressure conditions with Tc and Pc values determined from 

simulations in presented Chapter 6. Also included are deviations from the IUPAC EOS for 

MeOH (de Reuck & Craven, 1993). 
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 Overall the general agreement of estimated Cp values for both CO2 and MeOH using the 

NPT and GC ensembles, suggest that the novel Cp calculation method for GCMC simulations 

developed in this work can give consistent results for both non-polar and polar substances.  

Comparing Cps estimated from MC simulations and EOSs at Tr and Pr conditions, rather than 

absolute temperatures and pressures, yielded results in nearly direct agreement with each other, 

suggesting that MC simulations can provide accurate Cp predictions in the near critical and 

supercritical region.  

  

Table 7.4: Cp/R for pure MeOH approximated from GCMC simulations under Tr and Pr 

conditions.  Tc and Pc determined from simulations in Chapter 6 were used to reduce the 

temperature and pressure.  Also included are deviations from the IUPAC EOS for MeOH (de 

Reuck & Craven, 1993). 
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Chapter 8  

 
Monte Carlo Simulation Results for Isobaric Heat Capacity 

Variations of Binary Mixtures of Carbon Dioxide and 

Methanol 

8.1 Approach 

 The isobaric heat capacity (Cp) of specific binary mixtures of carbon dioxide (CO2) and 

methanol (MeOH) was determined through Monte Carlo (MC) simulations conducted in the 

isothermal isobaric (NPT) ensemble, using the calculation method outlined in Chapter 7 for pure 

components.  However, the Cp approximated for the mixtures at specific conditions was 

compared to experimental measurements and Equation of State (EOS) results at absolute 

temperatures and pressures, rather than reduced temperatures and pressures, in the interest of 

saving computational time.  The TraPPE force field was used to model the molecular interactions 

of CO2 (Potoff & Siepmann, 2001), and the TraPPE-UA force field was used to model the 

molecular interactions of MeOH (Chen et al., 2002).  As mentioned in Chapter 2, mixtures had 

compositions of 5, 10, 15, 20, and 30 mol% MeOH.  All simulations were completed above the 

critical temperatures (Tc)s and critical pressures (Pc)s of the CO2-MeOH binary mixtures 
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documented by experimental measurements completed by Yeo et al. (2000), and calculations 

from the GERG EOS (Kunz et al., 2007). 

 For CO2-MeOH mixtures, experimentally based Cp predictions were calculated from the 

GERG EOS for comparison to MC simulation estimates.  In addition, Cp estimates will also be 

compared to experimental measurements completed by Mitchell Ishmael and Maciej Łukawski 

in our research group (M. P. Ishmael, personal communication, 2016).  Experimental data of 

vapor-liquid equilibrium properties, Cp, 2
nd virial coefficient, pressure volume temperature data, 

and enthalpy changes was used to formulate a version the GERG EOS usable for CO2-MeOH 

binary mixtures (E. W. Lemmon, personal communication, February 2016).  The GERG EOS is 

a fundamental EOS, having the form reviewed in Chapter 3.  The reliability of the GERG EOS in 

calculating the Cps of supercritical CO2-MeOH mixtures is largely unknown; hence, the results 

of this study will help determine its validity outside the range of experimental measurements 

used for empirical fitting (E. W. Lemmon, personal communication, February 2016).    

8.2 Simulation Details for Mixtures of CO2 and Methanol 

 The MC molecular simulations documented in the next section were all performed using 

version 7.1.0 of MCCS Towhee (Martin, 2013) and (http://towhee.sourceforge.net).  Pseudo-

random numbers were generated using DX-1597-2-7 (L.-Y. Deng, 2005).  The couple-decoupled 

configurational-bias MC method, which has a decoupled bond length selection, two decoupled 

angle selections, and a decoupled dihedral selection that is coupled to the non-bonded selection, 

was implemented to save CPU time (Martin & Siepmann, 1999) and (Martin & Thompson, 

2004).  The cut off radius for the Lennard-Jones potential was set to 14 Å, and analytical 

corrections, as developed by Allen and Tildesley (1988), were used to estimate the effects of 

long range molecular interactions.  An Ewald summation that utilized tin foil boundary 
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conditions, an Ewald screening parameter of 5, and a Kmax of 5 was used to quantify the 

electrostatic interactions between molecules (Tildesley & Allen, 1988).  To maintain consistency 

with pure component simulations, MC simulations were run in the NPT ensemble, developed for 

molecular simulation by I. R. McDonald (McDonald, 1972), for 1.0 x 106 cycles, after 

equilibration periods of 3.0 x 105 to 1.0 x 106 cycles.  Again, one cycle consists of one MC move 

attempted on each molecule in the system.  The simulation box volume, and intermolecular 

potential energy were printed to an output file every 100 cycles.  Ninety percent (90 %) of the 

MC moves attempted were rotations or translations of CO2 and MeOH molecules, eight percent 

(8 %) were conformation changes of the MeOH molecules, and the other two percent (2 %) were 

volume exchange moves.  This distribution of moves is based on that of Lagache et al., where 98 

% of all moves completed by simulations in NPT ensemble were translations, rotations or 

molecular conformation changes.  300 molecules were used for each simulation in the NPT 

ensemble.  The simulations were run at 6 to 7 different pressures along isotherms of 333.15 K 

(60 ⁰C), 363.15 K (90 ⁰C), 393.15 K (120 ⁰C), and 423.15 K (150 ⁰C).  

8.3 Mixture Simulation Results 

 Analogous to the results in the Chapter 7, Cp is expressed as the reduced term Cp/R, 

where R is the universal gas constant.  The Cp variations estimated from MC simulations and 

state of the art EOSs for binary mixtures of 5 and 10 mol% MeOH along the 333.15 K (60 ⁰C) 

isotherm are shown in Figure 8.1.  Experimental measurements of both mixture compositions 

and pure CO2 are also shown (M. P. Ishmael, personal communication, March 2016). 
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 As seen in Figure 8.1, for pressures ranging from 180 to 300 bar, the Cps determined 

from molecular simulations of the two binary mixtures, containing 5 and 10 mol% MeOH, agree 

closely with the values calculated from the GERG EOS (Kunz et al., 2007).  For the mixture 

containing 5 mol% MeOH, there were absolute average relative deviations (AARD)s of 4.9 % 

from the GERG EOS and 5.6 % from the experimental measurements, and for the mixture 

containing 10 mol% MeOH, there were AARDs of 7.5 % from the GERG EOS and 3.6 % from 

the experimental measurements.   

Figure 8.1:  The Cps of mixtures containing 5 and 10 mol% MeOH approximated from 

molecular simulation were compared to those calculated from the GERG EOS (Kunz et al., 

2007).  The Cp of pure CO2 was calculated from the Span and Wagner EOS and the Cp of pure 

MeOH was calculated from the IUPAC EOS for MeOH (Span & Wagner, 1996) and (de 

Reuck & Craven, 1993).  All three EOSs were available in the REFPROP software package 

(Lemmon et al., 2013).  Experimental measurements of Cp are shown for both mixture 

compositions and pure CO2 (M. P. Ishmael, personal communication, March 2016) and 

(Ishmael et al., 2016).  However, many of the markers were covered by those representing 

simulation results. 
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 In Chapter 3 of this work, CO2-MeOH binary mixtures containing MeOH were 

hypothesized to yield Cps that were greater in magnitude than those of pure CO2.  As quantified 

by a previous molecular simulation study (Piñeiro et al., 2008), increased associative bonding 

between MeOH molecules yielded larger magnitude Cps than those calculated for nonpolar 

substances, like methane.  Likewise, the Cps of the mixtures containing larger amounts of MeOH 

were expected to be greater than those for mixtures with tracer amounts.  Although predicted by 

hypothesis, increased magnitude of the Cps of mixtures with larger amounts of MeOH in the 

supercritical region is statistically unclear with regards to both simulation results and 

experimental measurements.  From 210 to 300 bar, the Cps of the 2 binary mixtures are nearly 

identical, as displayed in Figure 8.1, but from 120 to 210 bar, the average Cps of the 5 mol% 

MeOH mixture are slightly higher than those determined for the 10 mol% MeOH mixture.  This 

phenomena, displayed in Figure 8.1, was shown by simulation results, experimental 

measurements (M. P. Ishmael, personal communication, March 2016), and predictions from the 

GERG EOS (Kunz et al., 2007).  Statistical uncertainties were tabulated using the block average 

method outlined in Chapter 7 (Tildesley & Allen, 1988), where the simulation results were split 

into 5 sub-runs, sub-averages were computed from the sub-runs, and then the standard deviation 

of the sub-runs was calculated.  Statistical uncertainties will be determined using this method for 

the remainder of this Chapter.  Table 8.1 and Table 8.2 give the Cps estimated from molecular 

simulations in the NPT ensemble along the 333.15 K isotherm, and compare them to calculations 

from the GERG EOS (Kunz et al., 2007). 
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 The Cp variations estimated for binary mixtures of 5 mol% and 10 mol% MeOH along 

isotherms of 363.15 K (90 ⁰C) are shown in Figure 8.2.  Experimental measurements of the Cp 

variations for both mixture compositions (M. P. Ishmael, personal communication, March 2016) 

and pure CO2 are also displayed (Ishmael et al., 2016), along with EOS predictions. 

 

 

 

Table 8.1: The Cp/R estimations at 333.15 K (60 ⁰C) for the 5 mol% MeOH mixture are 

shown below.   

Table 8.2: The Cp/R estimations at 333.15 K (60 ⁰C) for the 10 mol% MeOH mixture are 

shown below.  
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 For the mixture containing 10 mol% MeOH, the NPT simulation results align semi-

quantitatively with both the experimental measurements (M. P. Ishmael, personal 

communication, March 2016) and calculations from the GERG EOS (Kunz et al., 2007).  The 

AARDs of simulation results from the GERG EOS calculations and experimental measurements 

are 5.4 % and 4.8 % for the 10 mol% MeOH mixture.  For the 5 mol% MeOH mixture, the 

estimated Cps align with the GERG EOS calculations and the experimental measurements semi-

quantitatively; there was an AARD of 4.4 % from the EOS calculations and 4.8 % from the 

experimental measurements. 

Figure 8.2:  At 363.15 K (90 ⁰C), the Cps of mixtures containing 5 and 10 mol% MeOH 

approximated from molecular simulation were compared to those from the GERG EOS (Kunz 

et al., 2007).  The Cp of pure CO2 was calculated from the Span and Wagner EOS and the Cp 

of pure MeOH was calculated from the IUPAC EOS for MeOH (Span & Wagner, 1996) and 

(de Reuck & Craven, 1993).  All three EOS representations are available in the REFPROP 

software package (Lemmon et al., 2013).  Experimental measurements are shown for both 

mixture compositions and pure CO2 (M. P. Ishmael, personal communication, March 2016) 

and (Ishmael et al., 2016).   
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 At certain pressures along the 363.15 K isotherm, the Cps increased in magnitude for 

mixtures containing a larger amount of MeOH, following with the proposed hypothesis in 

Chapter 3.  At pressures ranging from 120 to 180 bar, the Cps of the mixture containing 10 mol% 

MeOH were significantly greater than those of the mixture containing 5 mol% MeOH.  At 

pressures ranging from 180 to 300 bar, the average Cps of the 10 mol% MeOH mixture are 

slightly greater than those of the 5 mol% MeOH mixture.  However, due to the uncertainties of 

the estimated Cps, the statistical significance of their differences is not quantifiable.   

 For both 5 and 10 mol% MeOH mixtures, Cps determined from simulations are slightly 

greater than those measured experimentally at pressures greater than 150 bar.  This discrepancy 

suggests that molecular simulations may have difficulty capturing the non-ideal behavior that 

occurs in the vicinity of the critical point.  In comparison to the Cps approximated for these two 

mixtures at the lower temperature 333.15 K (60 ⁰C), the Cps at 363.15 K (90 ⁰C) display a 

maximum at 140 to 160 bar, rather than 120 bar.  This occurrence displays how differences in 

system temperature can change the variations in observed in Cp and other second derivative 

thermodynamic properties at specific compositions and pressures.   

 Figure 8.3 displays the Cps of mixtures containing 15 and 20 mol% MeOH along the 

363.15 K (90 ⁰C) isotherm determined through molecular simulations in the NPT ensemble, 

experimental measurements (Ishmael et al., 2016), and state of the art EOSs.   

 

 

 

 

 



94 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 The Cps estimated from molecular simulations agree nearly quantitatively with the 

calculations from the GERG EOS (Kunz et al., 2007).  Overall, the AARDs of simulation results 

from the GERG EOS calculations are 2.7 % for both the 15 and 20 mol% MeOH mixtures, 

slightly lower than the AARDs for the 5 and 10 mol% mixtures.  The AARDs from the 

experimental measurements were 4.7 % and 4.4 %, close to those determined for the 5 and 10 

mol% mixtures.  This difference in AARDs from the GERG EOS calculations could stem from 

the EOS inaccuracies caused by uncertainties in the experimental data available for CO2-MeOH 

binary mixtures. 

Figure 8.3:  At 363.15 K, the Cps of mixtures containing 15 and 20 mol% MeOH 

approximated from molecular simulation were compared to those from the GERG EOS 

(Kunz et al., 2007).  The Cp of pure CO2 was calculated from the Span and Wagner EOS and 

the Cp of pure MeOH was calculated from the IUPAC EOS for MeOH (Span & Wagner, 

1996) and (de Reuck & Craven, 1993).  All three EOSs were available in the REFPROP 

software package (Lemmon et al., 2013).  Experimental measurements of the Cps of both 

mixtures and pure CO2 are also displayed (M. P. Ishmael, personal communication, March 

2016) and (Ishmael et al., 2016).   
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 The different mixture compositions shown in Figure 8.3 have Cps of roughly the same 

magnitude for pressures ranging from 180 to 210 bar, counter to original predictions discussed 

earlier in this Chapter and in Chapter 3.  Nonetheless, in comparison to mixtures that contained 5 

and 10 mol% MeOH, the Cps of the mixtures containing 15 and 20 mol% MeOH have larger 

magnitudes along 363.15 K isotherm for pressures ranging from 120 to 180 bar, as hypothesized.  

However, under pressures ranging from 210 to 300 bar, the Cps approximated from simulations 

for all four mixtures at 363.15 K are within statistical uncertainty of each another.  Analogous to 

the results for the 10 and 15 mol% MeOH mixtures, the Cps predicted by simulations for 15 and 

20 mol% MeOH mixtures are slightly greater in magnitude than those determined experimentally 

(M. P. Ishmael, personal communication, March 2016); this difference is especially pronounced 

at pressures below 210 bar.   

 In addition to displaying how the Cp behavior in the near critical and supercritical region 

varies with mixture composition, the results shown in Figure 8.3 display how changes in mixture 

composition yield differencies in the variations that occur in Cp.  For example, the Cp variations 

of the 15 mol% MeOH mixtures exhibit a maximum at about 150 bar.  In contrast, the Cp 

variations of the mixture with 20 mol% MeOH continue to increase at 120 bar.  The Cps 

estimated from molecular simultion along with their respective uncertainties are shown in Table 

8.3, Table 8.4, Table 8.5, and Table 8.6 for each of the mixture compositions investigated at 

363.15 K.  Predictions from the GERG EOS (Kunz et al., 2007), and the deviations between the 

EOS calculations and the simulation estimates are also shown. 
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Table 8.5:  The Cp/R approximations for the 15 mol% MeOH mixture at 363.15 K (90 ⁰C) 

are shown below. 

Table 8.4:  The Cp/R approximations for the 10 mol% MeOH mixture at 363.15 K (90 ⁰C) 

are shown below. 

Table 8.3:  The Cp/R approximations for the 5 mol% MeOH mixture at 363.15 K (90 ⁰C) 

are shown below. 
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 Along the 393.15 K (120 ⁰C) isotherm, the Cps of mixtures containing 5, 10, 15, 20, and 

30 mol% MeOH were estimated from simulations in the NPT ensemble.  Figure 8.4 displays the 

Cps of mixtures containing 5 and 10 mol% MeOH at 393.15 K estimated from molecular 

simulations and calculated from state of the art EOSs.  Experimental measurements for the 10 

mol% MeOH mixture and pure CO2 are also included (M. P. Ishmael, personal communication, 

March 2016). 

 

 

 

 

 

 

 

 

 

 

Table 8.6:  The Cp/R approximations for the 20 mol% MeOH mixture at 363.15 K (90 ⁰C) 

are shown below. 
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 As shown in Figure 8.4, the Cps of the 10 mol% MeOH mixture are consistently larger in 

magnitude than the Cps of the 5 mol% MeOH mixture, in agreement with the hypothesized 

results in Chapter 3.  For pressures between 150 and 210 bar, the Cps approximated from 

simulation fall into close agreement with both the calculations from the GERG EOS (Kunz et al., 

2007), and the experimental measurements of the 10 mol% MeOH mixture (M. P. Ishmael, 

personal communication, March 2016).  For the 5 mol% MeOH mixture, the AARD of the Cps 

estimated from simulations from the GERG EOS calculations was 3.5 %, and, for the 10 mol% 

MeOH mixture, the AARD was slightly higher as 4.0 %.  The AARD of the simulation estimates 

from the experimental measurements was 3.9 %, similar to the AARD from the GERG EOS, 

Figure 8.4:  At 393.15 K, the Cps of mixtures containing 5 and 10 mol% MeOH 

approximated from molecular simulation and measured experimentally were compared to 

those from the GERG EOS (Kunz et al., 2007).  The Cp of pure CO2 was calculated from the 

Span and Wagner EOS and the Cp of MeOH was calculated from the IUPAC EOS for MeOH 

(Span & Wagner, 1996) and (de Reuck & Craven, 1993).  All three EOSs were available in 

the REFPROP software package (Lemmon et al., 2013).  Experimental measurements of the 

Cps of the 10 mol% MeOH mixture and pure CO2 are also displayed (M. P. Ishmael, personal 

communication, 2016) and (Ishmael et al., 2016). 
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 For the 10 mol% MeOH mixture, at 120 bar, the Cp estimated from simulation is below 

the experimental measurement (M. P. Ishmael, personal communication, March 2016), and, 

above 210 bar, the reverse is true.  The difference in trends could stem from limitations of the 

force fields used to model interactions between CO2 and MeOH molecules.  The thermodynamic 

conditions under which these Cps were calculated were significantly above the Tc and Pc 

measured for these mixture compositions (Yeo et al., 2000) and predicted by the GERG EOS 

(Kunz et al., 2007), suggesting that the large difference between simulated and measured Cps is 

not caused by finite size effects that occur in the vicinity of the critical point (Sengers et al., 

2000).   

 Figure 8.5 displays the Cps determined from molecular simulations in the NPT ensemble 

for mixtures with 15, 20, and 30 mol% MeOH, along with calculations from state of the art EOSs 

and experimental measurements for mixtures of 15 and 20 mol% MeOH and pure CO2 (M. P. 

Ishmael, personal communication, March 2016).    
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 The Cps estimated from MC simulations in the NPT ensemble for mixtures with 15 and 

20 mol% MeOH agreed reasonably well with those calculated from the GERG EOS (Kunz et al., 

2007) and the experimental measurements (M. P. Ishmael, personal communication, 2016).  

Over the GERG EOS’s range of validity, the AARDs of simulated Cps from the GERG EOS 

calculations were 4.6 and 3.4 % for mixtures of 15 and 20 mol% MeOH.  The AARDs of 

simulated Cps from the experimental measurements were 4.0, 3.9, and 3.9 % for the 15, 20, and 

30 mol% MeOH mixtures.  For pressures below 210 bar, the Cps determined from simulations 

for the 20 mol% MeOH mixture were slightly larger than those for the 15 mol% MeOH mixture.  

Figure 8.5:  At 393.15 K, the Cps of mixtures containing 15 and 20 mol% MeOH 

approximated from molecular simulation were compared to those from the GERG EOS 

(Kunz et al., 2007).  The Cps of a mixture with 30 mol% MeOH are also shown, but due to 

the scarcity of data for mixtures with this composition calculations from the GERG EOS 

were unavailable for this mixture composition.  The Cp of pure CO2 was calculated from the 

Span and Wagner EOS and the Cp of pure MeOH was calculated from the IUPAC EOS for 

pure MeOH (Span & Wagner, 1996) and (de Reuck & Craven, 1993).  All three EOSs were 

available in the REFPROP software package (Lemmon et al., 2013).  Experimental 

measurements of the Cps of both mixture compositions and pure CO2 are also displayed (M. 

P. Ishmael, personal communication, March 2016) and (Ishmael et al., 2016). 
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However, the 30 mol% MeOH mixture had Cps greater than those of the other two mixtures.  At 

pressures above 210 bar, the Cps calculated for the 30, 20 and 15 mol% MeOH mixtures were 

nearly the same, again suggesting that the large differences in Cp observed at lower pressures are 

due to variations in second derivative thermodynamic properties that occur in the vicinity of the 

critical point.  The magnitude of these variations in second derivative thermodynamic properties 

increases as the mixture contains a greater amount of MeOH.  The Cps of each mixture 

composition approximated at 393.15 K (120 ⁰C) are shown below in Table 8.7, Table 8.8, Table 

8.9, Table 8.10, and Table 8.11.  Predictions from the GERG EOS (Kunz et al., 2007), and the 

deviations between the EOS calculations and the simulation estimates are also shown. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 8.8:  The Cp/R approximations for the 10 mol% MeOH mixture at 393.15 K (120 ⁰C) 

are shown below. 

Table 8.7:  The Cp/R approximations for the 5 mol% MeOH mixture at 393.15 K (120 ⁰C) are 

shown below. 
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Table 8.9:  The Cp/R approximations for the 15 mol% MeOH mixture at 393.15 K (120 ⁰C) 

are shown below. 

Table 8.10:  The Cp/R approximations for the 20 mol% MeOH mixture at 393.15 K (120 ⁰C) 

are shown below. 

Table 8.11:  The Cp/R approximations for the 30 mol% MeOH mixture at 393.15 K (120 ⁰C) 

are shown below.  The GERG EOS is not valid for mixtures with this composition (Kunz et 

al., 2007). 
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 The Cps of mixtures containing 10, 20 and 30 mol% MeOH were also approximated from 

simulations in the NPT ensemble at 423.15 K, and are displayed below in Figure 8.6, along with 

experimental measurements of the 20 mol% MeOH mixture and pure CO2 (M. P. Ishmael, 

personal communication, March 2016) and (Ishmael, et al., 2016), and calculations from state of 

the art EOSs.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 As shown in Figure 8.6, the Cps of the 10 mol% MeOH mixture are in quantitative 

agreement with those calculated from the GERG EOS with an AARD of 1.8 % between the two 

estimates.  For the 20 mol% MeOH mixture, the Cps  from simulations show larger deviations 

Figure 8.6:  At 423.15 K, the Cps of mixtures containing 10, 20 and 30 mol% MeOH 

approximated from molecular simulation were compared to those from the GERG EOS 

(Kunz et al., 2007).  The Cps of a mixture with 30 mol% MeOH are shown; results for the 

GERG EOS were unavailable for this mixture composition.  The Cp of pure CO2 was 

calculated from the Span and Wagner EOS and the Cp of pure MeOH was calculated from 

the IUPAC EOS for MeOH (Span & Wagner, 1996) and (de Reuck & Craven, 1993).  All 

three EOSs were available in the REFPROP software package (Lemmon et al., 2013).  

Experimental measurements of the Cps of both mixture compositions and pure CO2 are also 

displayed (M. P. Ishmael, personal communication, March 2016) and (Ishmael et al., 2016).   
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from GERG EOS calculations that increase substantially at higher pressures, the Cps diverge and 

only agree qualitatively with the EOS calculations.  The AARD of the Cps estimated from 

molecular simulations from those determined by GERG EOS calculations was 5.1 % for the 20 

mol% MeOH mixture.  However, since the Cps determined from simulations are in reasonable 

agreement with those measured experimentally for 20 mol% MeOH mixtures under these 

conditions with AARDs of only 2.2 % for both the 20 and 30 mol% MeOH mixtures (M. P. 

Ishmael, personal communication, March 2016), deviations between the GERG EOS 

calculations and the simulation results likely result from inaccuracies in the EOS.  Differences 

between the simulation results and GERG EOS calculations at pressures below 210 bar could 

result from inaccuracies in the GERG EOS and the force fields used to model the interactions 

between CO2 and MeOH molecules, since both estimates differ significantly from experimental 

results (M. P. Ishmael, personal communication, March 2016).  For 30 mol% MeOH mixtures, 

experimental measurements have not yet been completed for this mixture, so the simulation 

results provide a prediction of the Cp behavior at 423.15 K (150 ⁰C).  This prediction follows 

with the trend of larger magnitude Cps in mixtures containing greater amounts of MeOH.  The 

Cps and their respective uncertainties are listed below in Table 8.12, Table 8.13, and Table 8.14, 

along with comparisons to the GERG EOS (Kunz et al., 2007).  
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Table 8.13:  The Cp/R approximations for the 20 mol% MeOH mixture at 423.15 K (150 ⁰C) 

are shown below.   

Table 8.14:  The Cp/R approximations for the 30 mol% MeOH mixture at 423.15 K (150 ⁰C) 

are shown below.  The GERG EOS is not valid for mixtures with this composition (Kunz et 

al., 2007). 

Table 8.12:  The Cp/R approximations for the 10 mol% MeOH mixture at 423.15 K (150 ⁰C) 

are shown below.   
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 Overall, Cp estimations from molecular simulations for CO2-MeOH mixtures in the near 

critical and supercritical region were in reasonable agreement with both experimental 

measurements (M. P. Ishmael, personal communication, March 2016), and approximations from 

the GERG EOS (Kunz et al., 2007).  The alignment between simulation and experimental results 

suggests that molecular simulations could serve as a means to estimate the Cps of mixtures at 

elevated temperatures and pressures under which experiments are difficult and expensive to 

complete.  As outlined in Chapter 3, Cps for CO2-MeOH mixtures were expected to increase as 

MeOH comprised a larger portion of the composition.  As shown by Figure 8.1, Figure 8.3, and 

Figure 8.5, mixtures with greater amounts of MeOH did not consistently have larger Cps than 

those with tracer amounts of MeOH.  Figure 8.2, Figure 8.4, and Figure 8.6 display Cp 

variations that increase in magnitude as MeOH is added to the mixture.  Ultimately, the increase 

in Cp that occurs with higher concentrations of MeOH in the mixture differs based on the 

temperature and pressure conditions.  
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Chapter 9  
 

Conclusions and Recommendations 

 
 Isobaric heat capacity (Cp) for pure carbon dioxide (CO2) and methanol (MeOH), and 

binary mixtures of CO2 and MeOH were estimated using Monte Carlo (MC) methods in the 

isothermal isobaric (NPT) and Grand Canonical (GC) ensembles.  For CO2, Cps estimated from 

MC simulations in the NPT ensemble quantitatively matched the experimentally determined 

correlations based on the Span and Wagner Equation of State (EOS) at a range of supercritical 

temperature and pressure conditions, along with experimental measurements completed in our 

research group.  Cp values generated by Grand Canonical Monte Carlo (GCMC) simulation over 

a similar range of supercritical conditions were in quantitative agreement with those determined 

from MC simulations in the NPT ensemble, experimentally based EOS predictions, and 

experimental measurements completed by our research group.  Cps estimated for MeOH from 

MC simulations in the NPT ensemble and then from GCMC simulations agreed reasonably well 

with each other, but exhibited somewhat higher deviation from EOS based values than those 

determined for CO2.  Ultimately, results from this study suggested that GCMC molecular 

simulations could provide both acceptable accuracy and possibly a faster means to estimate Cps 

in supercritical fluids than MC simulations in the NPT ensemble.    



108 

 

 The Cps determined from MC simulations in the NPT ensemble for mixtures of CO2 and 

MeOH along the 333.15 K, 363.15 K, 393.15 K, and 423.15 K isotherms were in semi-

quantitative agreement with the experimental measurements, as well as with calculations from 

the GERG EOS.  Along some isotherms, experimental measurements aligned better with 

calculations from the GERG EOS, but along other isotherms, the experimental measurements 

aligned more optimally with the Cps generated from MC simulations.  These deviations could 

stem from both uncertainties in the GERG EOS or limitations in the accuracy of the force fields 

used to model the intermolecular interactions between CO2 and MeOH molecules.  Overall, the 

molecular simulations captured observed trends in Cp values in the supercritical region that were 

reported for experimental measurements and existing high accuracy EOS estimates.  These 

findings support the ability of molecular simulation to provide reasonable estimates of 

thermodynamic properties of simple mixtures at temperature and pressure conditions difficult 

and costly to measure in laboratory experiments.  Under specific temperature and pressure 

conditions in the supercritical region, Cp variations estimated for CO2-MeOH mixtures increase 

in magnitude as the amount of MeOH in the mixture is increased.   

        More extensive molecular simulations that generate a larger number of thermodynamic 

configurations should result in somewhat higher accuracy Cp estimates of both pure components 

and mixtures.  At the physical conditions reviewed in this study, as expected, the uncertainties in 

Cps estimated from molecular simulation were somewhat greater than the Cps measured from 

high resolution, high accuracy experimental measurements.  With the development of more 

optimal molecular force fields, the accuracy of Cp estimates could also be improved.  Molecular 

force fields that represent the intermolecular interactions of CO2 and MeOH more accurately 

would be expected to give higher accuracy results.  



109 

 

Works Cited  

Abdulagatov, I. M., Polikhronidi, N. G., Abdurashidova,  a., Kiselev, S. B., & Ely, J. F. (2005). 

Thermodynamic properties of methanol in the critical and supercritical regions. 

International Journal of Thermophysics, 26(5), 1327–1368. http://doi.org/10.1007/s10765-

005-8091-8 

Adams, D. J. (1975). Grand Canonical ensemble Monte Carlo for a Lennard-Jones Fluid. 

Molecular Physics, 29(1), 307–311. 

Aimoli, C. G., Maginn, E. J., & Abreu, C. R. A. (2014). Thermodynamic Properties of 

Supercritical Mixtures of Carbon Dioxide and Methane: A Molecular Simulation Study. 

Journal of Chemical & Engineering Data, 140515093159008. 

http://doi.org/10.1021/je500120v 

Benedict, M., Webb, G. B., & Rubin, L. C. (1940). An Empirical Equation for Thermodynamic 

Properties of Light Hydrocarbons and Their Mixtures I. Methane, Ethane, Propane and n-

Butane. The Journal of Chemical Physics, 8(4), 334–345. http://doi.org/10.1063/1.1750658 

Bier, K., & Kljnze, J. (1974). Thermodynamic from calorimetric properties of propylene 

measurements 3 . Results aud Discussion, 1039–1052. 

Brennecke, J. F., & Eckert, C. A. (1989). Phase equilibria for supercritical fluid process design. 

AIChE Journal, 35(9), 1409–1427. http://doi.org/10.1002/aic.690350902 

Bruce, A. D., & Wilding, N. B. (1992). Scaling fields and universality of the liquid-gas critical 

point. Physical Review Letters, 68(2), 193–196. http://doi.org/10.1103/PhysRevLett.68.193 



110 

 

Chan, C. W. W., Ling-Chin, J., & Roskilly, A. P. P. (2013). Reprint of “a review of chemical 

heat pumps, thermodynamic cycles and thermal energy storage technologies for low grade 

heat utilisation.” Applied Thermal Engineering, 53(2), 160–176. 

http://doi.org/10.1016/j.applthermaleng.2013.02.030 

Chen, B., Potoff, J. J., & Siepmann, J. I. (2002). Monte Carlo calculations for alcohols and their 

mixtures with alkanes. Transferable potentials for phase equilibria. 5. United-atom 

description of primary, secondary, and tertiary alcohols. Journal of Physical Chemistry B, 

105(15), 3093–3104. http://doi.org/10.1021/jp003882x 

Colina, C. M., Olivera-Fuentes, C. G., Siperstein, F. R., Lisal, M., & Gubbins, K. E. (2003). 

Thermal Porperties of Supercriticla Carbon Dioxide by Monte Carlo Simulations. 

Molecular Simulation, 29(6-7), 405–412. 

de Reuck, K. M., & Craven, R. J. B. (1993). Methanol, International Thermodynamic Tables of 

the Fluid State - 12. London: Black Scientific Publications. 

Deng, H. W., Zhu, K., Xu, G. Q., Tao, Z., Zhang, C. B., & Liu, G. Z. (2012). Isobaric Specific 

Heat Capacity Measurement for Kerosene RP-3 in the Near-Critical and Supercritical 

Regions. Journal of Chemical & Engineering Data, 57(2), 263–268. 

http://doi.org/10.1021/je200523a 

Deng, L.-Y. (2005). Efficient and portable multiple recursive generators of large order. ACM 

Transactions on Modeling and Computer Simulation, 15(1), 1–13. 

http://doi.org/10.1145/1044322.1044323 

Dobbins, R. A., Mohammed, K., & Sullivan, D. A. (1988). Pressure and Density Series 



111 

 

Equations of State for Steam as Derived from the Haar–Gallagher–Kell Formulation. 

Journal of Physical and Chemical Reference Data, 17(1), 1. 

http://doi.org/10.1063/1.555819 

Eckert, C. a., Knutson, B. L., & Debenedetti, P. G. (1996). Supercritical fluids as solvents for 

chemical and materials processing. Nature. http://doi.org/10.1038/383313a0 

Ernst, G., & Hochberg, U. . (1989). Flow-calorimetric results for the specific heat capacity cp of 

CO2, of C2H6, and of (0.5CO2 + 0.5C2H6) at high pressures. The Journal of Chemical 

Thermodynamics, 21(4), 407–414. http://doi.org/10.1016/0021-9614(89)90141-9 

Ernst, G., Keil, B., Wirbser, H., & Jaeschke, M. (2001). Flow-calorimetric results for the massic 

heat capacitycpand the Joule–Thomson coefficient of CH4, of (0.85CH4+0.15C2H6), and 

of a mixture similar to natural gas. The Journal of Chemical Thermodynamics, 33(6), 601–

613. http://doi.org/10.1006/jcht.2000.0740 

Errington, J. R., & Panagiotopoulos, A. Z. (1998). Phase equilibria of the modified Buckingham 

exponential-6 potential from Hamiltonian scaling grand canonical Monte Carlo. Journal of 

Chemical Physics, 109(3), 1093–1100. http://doi.org/10.1063/1.476652 

ethane. (n.d.). 

Fernandes, D., Pitié, F., Cáceres, G., & Baeyens, J. (2012). Thermal energy storage: “How 

previous findings determine current research priorities.” Energy, 39(1), 246–257. 

http://doi.org/10.1016/j.energy.2012.01.024 

Ferrenberg, A. M., & Swendsen, R. H. (1989). Optimized Monte Carlo data analysis. Physical 

Review Letters, 63(12), 1195–1198. http://doi.org/10.1103/PhysRevLett.63.1195 



112 

 

Frenkel, D., & Smit, B. (2002). Understanding molecular simulation: from algorithms to 

applications. Academic Press (Vol. New York,). Retrieved from 

http://books.google.com/books?hl=en&lr=&ie=UTF-

8&id=XmyO2oRUg0cC&oi=fnd&pg=PR13&dq=“Understanding+Molecular+Simulation:

+From+Algorithms+to+Applications”&ots=Zw2B2_j5yT&sig=M-ipI-

NcSM93bV3DW0pfxY2_3iI\npapers://8d0de5a1-e8b7-4a12-aaa3-152761650b49/Paper/p9 

Greer, S. C., & Moldover, M. R. (1981). Thermodynamic Anomalies at Critical Points of Fluids. 

Ann. Rev. Phys. Chem., 32, 233–265. 

Harris, J. G., & Yung, K. H. (1995). Carbon Dioxide’s Liquid-Vapor Coexistence Curve And 

Critical Properties as Predicted by a Simple Molecular Model. The Journal of Physical 

Chemistry, 99(31), 12021–12024. http://doi.org/10.1021/j100031a034 

Herrero, M., Mendiola, J. A., Cifuentes, A., & Ibáñez, E. (2010). Supercritical fluid extraction: 

Recent advances and applications. Journal of Chromatography. A, 1217(16), 2495–511. 

http://doi.org/10.1016/j.chroma.2009.12.019 

Hicks, C. P., & Young, C. L. (1975). The Gas-Liquid Critical Properties of Binary Mixtures. 

Chemical Reviews, 75(2), 119–175. http://doi.org/10.1021/cr60294a001 

Hobaica, S. C., & Stein, F. P. (1990). The effect of pressure on the constant-pressure heat 

capacity of trifluorochloromethane (CClF3). Fluid Phase Equilibria, 61(1-2), 71–80. 

http://doi.org/10.1016/0378-3812(90)90004-7 

Hong, G. T., Modell, M., & Tester, J. W. (1983). Binary Phase Diagrams from Cubic Equations 

of State. In M. E. Paulatis (Ed.), Chemical Engineering at Supercritical Conditions. Ann 



113 

 

Arbor, MI: Ann Arbor Science. 

Horn, A., & Lanig, H. (1999). Encyclopedia of Computational Chemistry. Journal of Molecular 

Modeling. http://doi.org/10.1007/s0089490050141 

Janz, G. J., Dampier, F. W., Lakshminarayanan, G. R., Lorenz, P. K., & Tomkins, R. P. T. 

(1968). Molten Salts: Volume 1, Electrical Conductance, Density, and Viscosity Data. 

National Bureau of Standards. 

Jorgensen, W. L. (1982). Convergence of Monte Carlo simulations of liquid water in the NPT 

ensemble. Chemical Physics Letters, 92(4), 405–410. http://doi.org/10.1016/0009-

2614(82)83437-4 

Jorgensen, W. L. (1986). Optimized intermolecular potential functions for liquid alcohols. 

Journal of Physical Chemistry, 90(7), 1276–1284. http://doi.org/10.1021/j100398a015 

Jorgensen, W. L., Jorgensen, W. L., Maxwell, D. S., Maxwell, D. S., Tirado-Rives, J., & Tirado-

Rives, J. (1996). Development and Testing of the OLPS All-Atom Force Field on 

Conformational Energetics and Properties of Organic Liquids. J. Am. Chem. Soc., 118(15), 

11225–11236. 

Jorgensen, W. L., & Tirado-rives, J. (1996). Monte Carlo vs Molecular Dynamics for 

Conformational Sampling Monte Carlo vs Molecular Dynamics for Conformational 

Sampling, 100(August), 14508–14513. http://doi.org/10.1021/jp960880x 

Kearney, D., Herrmann, U., Nava, P., Kelly, B., Mahoney, R., Pacheco, J., … Price, H. (2003). 

Assessment of a molten salt heat transfer fluid in a parabolic trough solar field. Journal of 

Solar Energy Engineering, 125(2), 170–176. http://doi.org/10.1115/1.1565087 



114 

 

Kersch, C., van Roosmalen, M. J. E., Woerlee, G. F., & Witkamp, G. J. (2000). Extraction of 

heavy metals from fly ash and sand with ligands and supercritical carbon dioxide. Industrial 

and Engineering Chemistry Research, 39(12), 4670–4672. http://doi.org/10.1021/ie0002226 

Konynenburg, P. H. V., & Scott, R. L. (1980). Critical Lines and Phase Equilibria in Binary Van 

Der Waals Mixtures. Philosophical Transactions of the Royal Society A: Mathematical, 

Physical and Engineering Sciences, 298(1442), 495–540. 

http://doi.org/10.1098/rsta.1980.0266 

Kunz, O., Klimeck, R., Wagner, W., & Jaeschke, M. (2007). The GERG-2004 Wide-Range 

Equation of State for Natural Gases and Other Mixtures, 1–555. 

http://doi.org/10.1021/je300655b 

Lagache, M., Ungerer, P., Boutin,  a., & Fuchs,  a. H. (2001). Prediction of thermodynamic 

derivative properties of fluids by Monte Carlo simulation. Physical Chemistry Chemical 

Physics, 3(19), 4333–4339. http://doi.org/10.1039/b104150a 

Leeuwen, M. Van, & Smit, B. (1995). Molecular simulation of the vapor-liquid coexistence 

curve of methanol. The Journal of Physical Chemistry, 99, 1831–1833. 

http://doi.org/10.1021/j100007a006 

Lemmon, E. W., Huber, M. L., & McLinden, M. O. (2013). NIST Standard Reference Database 

23: Reference Fluid Thermodynamics and Transport Properties - REFPROP. Gaithersburg. 

Liem, S. Y., & Popelier, P. L. a. (2003). High-rank quantum topological electrostatic potential: 

Molecular dynamics simulation of liquid hydrogen fluoride. The Journal of Chemical 

Physics, 119(8), 4560. http://doi.org/10.1063/1.1593012 



115 

 

Mahoney, M. W., & Jorgensen, W. L. (2000). A five-site model for liquid water and the 

reproduction of the density anomaly by rigid, nonpolarizable potential functions. The 

Journal of Chemical Physics, 112(20), 8910. http://doi.org/10.1063/1.481505 

Marcus, Y. (2009). Heat capacities of molten salts with polyatomic anions. Thermochimica Acta, 

495(1-2), 81–84. http://doi.org/10.1016/j.tca.2009.06.003 

Marruffo, F., & Stein, F. P. (1991). The effect of pressure on the constant-pressure heat capacity 

of CF , -CHF , and N , -CF , -CHF , mixtures, 69, 235–250. 

Martin, M. G. (2013). MCCCS Towhee: a tool for Monte Carlo molecular simulation. Molecular 

Simulation, 39(14-15), 1212–1222. http://doi.org/10.1080/08927022.2013.828208 

Martin, M. G., & Siepmann, J. I. (1999). Novel Configurational-Bias Monte Carlo Method for 

Branched Molecules. Transferable Potentials for Phase Equilibria. 2. United-Atom 

Description of Branched Alkanes. The Journal of Physical Chemistry B, 103(21), 4508–

4517. http://doi.org/10.1021/jp984742e 

Martin, M. G., & Thompson, A. P. (2004). Industrial property prediction using Towhee and 

LAMMPS. Fluid Phase Equilibria, 217(1), 105–110. 

http://doi.org/10.1016/j.fluid.2003.06.007 

Mausbach, P., & Sadus, R. J. (2011). Thermodynamic properties in the molecular dynamics 

ensemble applied to the gaussian core model fluid. J. Chem. Phys., 134(11), 114515. 

http://doi.org/10.1063/1.3559678 

McDonald, I. R. (1972). NpT -ensemble Monte Carlo calculations for binary liquid mixtures. 

Molecular Physics, 23(1), 41–58. http://doi.org/10.1080/00268977200100031 



116 

 

Mendes, R. L., Nobre, B. P., Cardoso, M. T., Pereira, A. P., & Palavra, A. F. (2003). 

Supercritical carbon dioxide extraction of compounds with pharmaceutical importance from 

microalgae. Inorganica Chimica Acta, 356, 328–334. http://doi.org/10.1016/S0020-

1693(03)00363-3 

Metropolis, N., Rosenbluth, A. W., Rosenbluth, M. N., Teller, A. H., & Teller, E. (1953). 

Equation of State Calculations by Fast Computing Machines. The Journal of Chemical 

Physics, 21(6), 1087–1092. http://doi.org/doi:10.1063/1.1699114 

Möller, D., & Fischer, J. (1994). Determination of an effective intermolecular potential for 

carbon dioxide using vapour -liquid phase equilibria from NpT + test particle simulations *. 

Fluid Phase Equilibria, 100, 35–61. http://doi.org/10.1016/0378-3812(94)80002-2 

Moller, D., Oprzynski, J., & Fischer, J. (1992). THERMODYNAMIC PROPERTIES OF 

MIXTURES WITH LINEAR-MOLECULES FROM WCA-TYPE PERTURBATION-

THEORY IN COMPARISON WITH MD RESULTS. Molecular Physics, 75(6), 1455–

1460. Retrieved from <Go to ISI>://A1992HU60600017 

Nist/Sematech. (2001). Engineering statistics handbook. National Institute Standart Tech, 2606. 

http://doi.org/10.1016/B978-081551447-3.50015-7 

Norman, G. E., & Filinov, V. S. (1969). Investigations of Phase Transitions by a Monte-Carlo 

Method. High Temperature, 7(2), 216–222. 

Palmer, M. V., & Ting, S. S. T. (1995). Applications for supercritical fluid technology in food 

processing. Food Chemistry, 52, 345–352. http://doi.org/10.1016/0308-8146(95)93280-5 

Panagiotopoulos, A. Z. (1999). Monte Carlo methods for phase equilibria of fluids. Journal of 



117 

 

Physics: Condensed Matter, 12(3), R25–R52. http://doi.org/10.1088/0953-8984/12/3/201 

Peng, D.-Y., & Robinson, D. B. (1976). A New Two-Constant Equation of State. Industrial & 

Engineering Chemistry Fundamentals, 15(1), 59–64. http://doi.org/10.1021/i160057a011 

Peng, Q., Yang, X., Ding, J., Wei, X., & Yang, J. (2013). Design of new molten salt thermal 

energy storage material for solar thermal power plant. Applied Energy, 112, 682–689. 

http://doi.org/10.1016/j.apenergy.2012.10.048 

Piñeiro, M. M., Cerdeiriña, C. a., & Medeiros, M. (2008). Thermodynamic response functions of 

fluids: A microscopic approach based on NpT Monte Carlo. Journal of Chemical Physics, 

129(1). http://doi.org/10.1063/1.2943317 

Potoff, J. J., & Siepmann, J. I. (2001). Vapor-liquid equilibria of mixtures containing alkanes, 

carbon dioxide, and nitrogen. AIChE Journal, 47(7), 1676–1682. 

http://doi.org/10.1002/aic.690470719 

Reverchon, E., & De Marco, I. (2006). Supercritical fluid extraction and fractionation of natural 

matter. Journal of Supercritical Fluids, 38(2), 146–166. 

http://doi.org/10.1016/j.supflu.2006.03.020 

Rivkin, S. L., & Egorov, B. N. (1959). Experimental Investigation of the Heat Capacity of Heavy 

Water, 488, 928–931. 

Rowlinson, J. S., & Swinton, F. L. (1982). Liquids and Liquid Mixtures (3rd ed.). Butterworth & 

Co Ltd. 

Sengers, J. V., Kayser, R. F., Peters, C. J., & White, H. J. (2000). Equations of State for Fluids 



118 

 

and Fluid Mixtures. Experimental Thermodynamics (Vol. 5). http://doi.org/10.1016/S1874-

5644(00)80015-6 

Shi, W., & Johnson, J. K. (2001). Histogram reweighting and finite-size scaling study of the 

Lennard-Jones fluids. Fluid Phase Equilibria, 187-188, 171–191. 

http://doi.org/10.1016/S0378-3812(01)00534-9 

Shvab, I., & Sadus, R. J. (2015). Intermolecular potentials and the accurate prediction of the 

thermodynamic properties of water Intermolecular potentials and the accurate prediction, 

194505(2013). http://doi.org/10.1063/1.4832381 

Smith, J. M., Van Ness, H. C., & Abbott, M. M. (2005). Introduction to Chemical Engineering 

Thermodynamics. Chemical Engineering (Vol. 27). http://doi.org/10.1021/ed027p584.3 

Span, R., & Wagner, W. (1996). A New Equation of State for Carbon Dioxide Covering the 

Fluid Region from the Triple-Point Temperature to 1100 K at Pressures up to 800 MPa. 

Journal of Physical and Chemical Reference Data, 25(6), 1509. 

http://doi.org/10.1063/1.555991 

Span, R., Wagner, W., Lemmon, E. W., & Jacobsen, R. T. (2001). Multiparameter equations of 

state — recent trends and future challenges. Fluid Phase Equilibria, 183-184, 1–20. 

http://doi.org/10.1016/S0378-3812(01)00416-2 

Stryjek, R., & Vera, J. H. (1986). PRSV: An improved peng—Robinson equation of state for 

pure compounds and mixtures. The Canadian Journal of Chemical Engineering, 64(2), 

323–333. http://doi.org/10.1002/cjce.5450640224 

Stubbs, J. M., & Siepmann, J. I. (2004).  Binary phase behavior and aggregation of dilute 



119 

 

methanol in supercritical carbon dioxide: A Monte Carlo simulation study.  The Journal of 

Chemical Physics, 121(3). 1525-1535. 

Suehiro, Y., Nakajima, M., Yamada, K., & Uematsu, M. (1996). x = ( 1 . 0000 , 0 . 7496 , 0 . 

5013 , and 0 . 2522 ). Journal of Chemical Thermodynamics, 1153–1164. 

Tester, J. W., & Modell, M. (1997). Thermodynamics and Its Applications. Book, 936. Retrieved 

from http://www.google.com/search?client=safari&rls=en-

us&q=Thermodynamics+and+Its+Applications&ie=UTF-8&oe=UTF-8 

Tildesley, D. J., & Allen, M. P. (1988). Computer Simulation of Liquids. Journal of Molecular 

Liquids. http://doi.org/10.1016/0167-7322(88)80022-9 

Trebble, M. A., & Bishnoi, P. R. (1986). Accuracy and consistency comparisons of ten cubic 

equations of state for polar and non-polar compounds. Fluid Phase Equilibria, 29(C), 465–

474. http://doi.org/10.1016/0378-3812(86)85045-2 

Tsypin, M. M., & Blöte, H. W. J. (2000). Probability distribution of the order parameter for the 

three-dimensional Ising-model universality class: A high-precision Monte Carlo study. 

Physical Review E - Statistical Physics, Plasmas, Fluids, and Related Interdisciplinary 

Topics, 62(1 A), 73–76. http://doi.org/10.1103/PhysRevE.62.73 

Uerdingen, M., Treber, C., Balser, M., Schmitt, G., & Werner, C. (2005). Corrosion behaviour of 

ionic liquids. Green Chemistry, 7(5), 321–325. http://doi.org/10.1039/b419320m 

Wagner, B., Kautz, C. B., & Schneider, G. M. (1999). Investigations on the solubility of 

anthraquinone dyes in supercritical carbon dioxide by a flow method. Fluid Phase 

Equilibria, 158-160, 707–712. http://doi.org/10.1016/S0378-3812(99)00077-1 



120 

 

Wagner, W., & Pruß,  a. (2002). The IAPWS formulation 1995 for the thermodynamic properties 

of ordinary water substance for general and scientific use. Journal of Physical and 

Chemical Reference Data, 31(2), 387–535. http://doi.org/10.1063/1.1461829 

Wilding, N. B. (1995). Critical-point and coexistence-curve properties of the Lennard-Jones 

fluid: A finite-size scaling study. Physical Review E, 52(1), 602–611. 

http://doi.org/10.1103/PhysRevE.52.602 

Wu, B., Reddy, R. G., & Rogers, R. D. (2001). Novel ionic liquid thermal storage for solar 

thermal electric power systems. Proc. Solar Forum, 445–452. Retrieved from 

http://infohouse.p2ric.org/ref/46/45453.pdf 

Wu, J., & Prausnitz, J. M. (1998). Phase Equilibria for Systems Containing Hydrocarbons, 

Water, and Salt: An Extended Peng−Robinson Equation of State. Industrial & Engineering 

Chemistry Research, 37(97), 1634–1643. http://doi.org/10.1021/ie9706370 

Yeo, S.-D., Park, S.-J., Kim, J.-W., & Kim, J.-C. (2000). Critical Properties of Carbon Dioxide 

Methanol, Ethanol, 1-Propanol, and 1-Butanol. J. Chem. Eng. Data., 45(5), 932–935. 

http://doi.org/10.1021/je000104p 

 


