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        Traditional methods such as gravity models and general equilibrium theory for two-sided 

network analysis focus mainly on characterizing the aggregate and macro-level outcomes of two-

sided interactions that commonly occur in a wide range of applications such as trade market, 

transportation, and migration. As customer-oriented service and human-centered design become 

more feasible in the information age, theories and models that capture and represent individual 

behaviors are crucial and essential for the studies on two-sided networks, i.e. in understanding 

the observations of two-sided interactions, forecasting future activities, and designing policies, 

platforms, markets and mechanisms to achieve desirable outcomes. For example, in international 

trade analysis, we need advanced agent-based theories and models to explain two-sided 

phenomena observed in trade, forecast trade levels, and design rules and platforms to promote 

fair and efficient market operations. 

        Matching theory, one of the most exciting intellectual endeavors of human minds, 

promises, in the author’s view, suitable methodologies and powerful analytical tools for the 

study of how the agents in a network or market make decisions and interact, hence how to 

formulate matching mechanisms for desirable outcomes. This dissertation aims to contribute to 

the matching literature by proposing and studying generalized matching, which expands the 

existing matching theory to multi-unit many-to-many matching with quota constraints. This is a 

more general and realistic framework for matching that happens in real world. First, models for 



 

 

two-sided and one-sided matching with newly defined preference relationships and solution 

concepts are developed to pave the theoretical foundation for analyzing multi-unit and multi-

partner matching with quota constraints. The corresponding new matching mechanisms are then 

designed to produce stable and favorable matching outcomes. Second, a hybrid model for 

generalized matching is established to encompass both one-sided and two-sided matching under 

the generalized framework. Again, the corresponding hybrid matching mechanism with desired 

properties is proposed and discussed. Next, linking the newly proposed theoretical work to 

empirical application, a novel bi-level estimation model is proposed for generalized matching to 

make inferences of agents’ matching behaviors/decisions. Last but not least, the dissertation also 

points out the remaining challenges and offers opinions on directions and topics for future 

research. 
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CHAPTER 1 

 

INTRODUCTION AND LITERATURE REVIEW 

 

        Bilateral interactions in two-sided network are universal phenomena in many 

applications such as regional and international trade, e-commerce, share economy, transportation 

and urban planning, and social sciences (e.g. Roth and Sotomayor 1990; Krugman 1979; 

Abdulkadiroglu and Sönmez 2013). For instance, in trade and supply chain analysis, buyers and 

sellers interact via a two-sided network to meet their business needs; in transportation and 

migration, travelers and migrants move from origins via physical and social networks to 

destinations for various purposes. It is therefore critical to understand how and why such 

interactions in two-sided networks occur for better understanding and improvement of relevant 

markets, networks, and platforms. 

        The existing methods such as conventional general/partial equilibrium and 

optimization models normally analyze these problems from an aggregate perspective to explain 

the observations for macro regulation and policy making. These models are based on the concept 

that inputs and outputs, supplies and demands should be balanced in the markets through 

appropriate pricing. Another important and prominent tool is the gravity model, which has been 

studied over half a century and gained popularity in the recent two decades mainly due to its 

easiness to use and the development of some theoretical footage for the model (Krugman 1979; 

Head, Keith, and Mayer 2013). 

        However, many researchers (e.g. Lebaron and Tesfatsion 2008) have also pointed out 

the great theoretical and empirical needs on studying the behaviors and the decision making 
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processes of the individual agents to explain real-world bilateral interactions. Such behavioral 

and mechanistic understanding is apparently important for better forecast agents’ future 

activities, hence crucial for planning and designing the platforms for two-sided interaction 

networks from a systematic point of view considering the welfares of some or all participants. 

Following these arguments, we believe that by examining how and why the individual agents in 

two-sided networks behave and make decisions strategically, one can explain the real-world 

observations in a more thorough and compelling manner, provide guidelines for future network 

planning and market design, and make forecasts more accurately. 

        Some important headway has been made in theories and models to analyze individual 

behaviors in two-sided networks, including but not limited to game theory, choice modeling, 

intervening opportunities theory, and behavioral economics, etc. For instance, the intervening 

opportunities theory developed by Stouffer (1940, 1960) studied the sequential decision making 

of the migrants from the origins’ perspectives to choose destinations. He and Gao (2015) 

recently extended it to a more general mutual-selection intervening opportunities theory that 

takes into account the decision makings from both sides (e.g. migrants from the origins, and 

decision makers from the destination regions) of the network.  

        Apart from the aforementioned theories and models, matching theory is a relatively 

independent, new yet powerful branch in studying two-sided interactions. Matching theory, 

which is exactly the crux of two-sided network analysis, has been gaining more and more 

attention due to its unique approach in explaining how agents from the two sides interact among 

one another to reach economic equilibrium. This dissertation will therefore focus on studying 

and improving matching theory to expand the theoretical foundation for two-sided network 

analysis, as well as to develop empirical estimation methods for practical applications. Before 
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introducing our contributions to the literature, we will first provide a brief overview and 

historical account of matching theory. 

 
FIGURE 1.1. BI-LEVEL LOGIC OF MATCHING 

        Matching theory, in short, utilizes game theory to study the behaviors of strategic 

agents who, according to their preferences and subject to individual and bilateral constraints, 

decide to match or trade with their counterparts on the other side of the network. Because of 

competitions, the matching equilibrium depends not only on the individual agents’ preferences, 

but also on the matching mechanism and agents’ gaming strategies. As shown in the first level of 

Figure 1.1, agents’ preferences in the form of a rank order list of potential partners are essentially 

the reflection of the individual agent’s payoff functions from partnering with different 

counterparts. The payoff function has to do with the agent and is affected by the market. 

Theoretical studies of matching deal with the solution concept (stability concept) and matching 

mechanism that help describe and explain the matching strategies and criteria. More specifically, 

the stability concept of matching defines the features of the matching equilibrium resulting from 

the matching (i.e., the agents cease the game); a matching mechanism is a function, or a series of 

procedures to derive the matching outcome of any desired state. In other words, a matching 

mechanism, which can be viewed as a mapping function from matching inputs (e.g. stability 



  
 

4 

concepts, preferences, quota constraints, supplies and demands, etc.) to desired matching 

assignments, is generally an algorithm to produce stable matching outcomes of interest (Figure 

1.1) 

        The pioneer research on matching markets can be traced back to the mid-twentieth 

century, including the game-theoretic and empirical analysis of matching problems started by 

Gale and Shapley (1962), Shapley and Shubik (1971), Becker (1973, 1981), Roth (1984, 1985) 

and Roth and Sotomayor (1992), etc. More specifically, Gale and Shapley (1962) examined the 

matching and decision making problems in college admission and stability of marriage. Studying 

the marriage market, they introduced the pairwise stability concept and deferred acceptance 

matching mechanism, which laid the foundation for one-to-one and many-to-one matching 

theories and models. The assignment game proposed later by Shapley and Shubik (1971) moved 

on to analyze the core and lattice properties of matching in detail by focusing mainly on a 

matching setting with money transfers. After a decade, Roth (1984) originally proposed the 

concept of setwise stability, which has proven a milestone concept in matching theory closely 

related to but different from pairwise stability. Most of these studies focus on two-sided 

matching problems. 

        With the efforts of many researchers over a period of about 30 years, work on 

matching theory evolved from one-to-one, many-to-one matching to many-to-many matching 

that caters the need for solving more generalized and complicated economic issues. For instance, 

matching of multi-partner, multi-unit, capped or unrestricted demands and supplies of the agents 

was analyzed in Roth and Sotomayor (1992), Tesfatsion (1997), Sotomayor (1999a, 1999b, 

2004, 2007), Camiña (2006) and Jaume et al. (2012), etc. Roth and Sotomayor (1992) and 

Sotomayor (1999b) showed that with certain assumptions such as those on the agents’ 
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preferences, some of the nice properties (e.g., pairwise and setwise stabilities, and the 

equivalence between two stabilities) as derived for one-to-one and many-to-one matching games 

no longer hold under the many-to-many matching setting. Extending the trade analysis 

framework by Gale and Shapley (1962), Tesfatsion (1997) proposed the Deferred Choice and 

Refusal (DCR) mechanism enabled by innovative computational methods to explore multi-

partner evolutionary games that better represent real-world trade network games. Bikhchandani, 

Sushil and Ostroy (2002) went further and significantly improved the original multi-partner 

matching assignment game by allowing multi-unit trade between partners with separable additive 

utility. The study, however, did not consider a cap or quota on the buyer’s demand due to 

technical difficulty in model derivation. A later study by Camiña (2006) that attempted to 

generalize the assignment game suffered a similar problem of incompleteness in characterizing 

demand cap on the buyers’ side.  

        Following up on the previous studies, Sotomayor (2001) considered responsive 

preference and presented a well-thought-out approach that explicitly articulated pairwise stability 

and Sub-Game Perfect Nash Equilibrium (SPNE) concepts. The author proposed a two-step 

matching mechanism to help obtain the solution for the sub-games. This matching mechanism, 

as discussed later in Chapter 2, to some extent inspired our study. Echenique and Oviedo (2006) 

discussed in great detail the stability concepts of multi-partnership in many-to-many matching 

markets. Satomayor (2007) moved on to study an interesting situation where the sellers do not 

differentiate among buyers, leading to a result that a buyer does not have any incentive to trade 

more than one unit with a given seller. The study hence did not explore into the space of multi-

unit many-to-many matching (i.e. for each partnership between a buyer and a seller, more than 

one unit of products can be traded). More recently, Jaume et al. (2012) built a sophisticated and 
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relatively complete matching framework attempting to account for multi-unit trading. Due to 

technical limitation, however, the constraints in their game setting on both sides of the market 

were not systematically symmetric, as can be further developed for more general conditions. In 

addition, although very similar in terms of game setting to our current study in this dissertation, 

that study focused on analyzing the competitive equilibria and optimal assignment instead of 

stability properties considering responsive preference. Another research front on matching theory 

distinguishes continuous versus discrete models in terms of the quantities of units in transactions 

(Abdulkadiroglu and Sönmez, 2013). Pioneers in this branch of matching research include 

Crawford and Knoer (1981), Kelso and Crawford (1982) and Hatfield and Milgrom (2005). 

        Another main stream of the research on matching theory has made progress on one-

sided matching, which is the counterpart of two-sided matching. Unlike two-sided matching 

where the preferences, decisions and welfares of both sides matter, one-sided matching deals 

with the setting where one side of the market receives much less attention than the other (i.e. the 

agents’ preferences from one side of the market do not pose restrictions to the matching problem 

while the welfare of the other side is promoted). As a result, agents on one side of the market has 

less power in driving the final matching decisions or at least their welfare/interests are less 

important compared to their counterparts (Abdulkadiroglu and Sönmez, 2013). 

        Matching mechanisms are at the core of analyzing matching outcomes for both two-

sided and one-sided matching. In analyzing one-sided matching markets (e.g., school choice, 

housing market/house assignment, etc.) where the welfare of one side is generally less 

emphasized, Top Trading Cycle (TTC) and (Random) Serial Dictatorship (SD or RSD) are the 

two major mechanisms developed to achieve desirable economic outcomes satisfying 

requirements such as Pareto efficiency and strategy-proofness (i.e. no agent has incentive to 
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strategically lie in the matching game), according to Abdulkadiroglu and Sönmez (2013). With 

further details, Shapley and Scarf (1974) introduced Gale’s TTC in their study of house 

allocation and school choice market. Abdulkadiroğlu and Sönmez (2003) and Abdulkadiroğlu et 

al. (2005) showed that TTC generates Pareto efficient and strategy-proof matching outcomes. 

Similarly, SD was developed and used to yield efficient and strategy-proof matching outcomes 

(Abdulkadiroğlu and Sonmez, 1998). These authors proved that the core of random endowments 

is equivalent to the random serial dictatorship. This proof establishes the linkage between RSD 

and TTC. It has also been shown that a matching mechanism is Pareto efficient if and only if it is 

a serial dictatorship (Satterthwaite and Sonnenschein, 1981). In special situations such as cases 

with incumbent tenants, TTC/RSD can be modified to ensure desirable matching outcomes 

(Abdulkadiroğlu and Sonmez, 1999).  

Theories and models derived for TTC/RSD matching mechanisms have been empirically 

used in applications such as kidney exchange and school choice programs (Roth et al. 2005). 

Another typical one-sided matching problem is house allocation and housing markets. Hylland 

and Zeckhauser (1979) is among the first few in studying this topic. For more detailed and 

thorough review of the development in matching theory both in one-sided and two-sided 

matching, readers are referred to Roth and Sotomayor (1990), Roth (2008), Sonmez and Unver 

(2005) and Abdulkadiroglu and Sönmez (2013).  

        Although it is obvious that both one-sided and two-sided matching models have merits 

in explaining their corresponding matching phenomena, neither of them are able to encompass 

both types of situations if treated, constructed and analyzed separately. More specifically, one-

sided matching mainly focuses on the welfare of one side of the market and generally “ignore” 

the other side, while two-sided matching analytical framework strictly requires considering 
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stability for each agent from both sides. However, the real-world situations often occur 

somewhere in between, meaning that even in an overall one-sided market, some agents’ 

preferences (priorities) could be ignored while others’ should be fully considered and respected. 

Abdulkadiroglu (2011) discusses this issue specially for school choice problem and successfully 

develops a general framework in capturing both models and explaining the extremes, while also 

having the flexibility to account for situations lying in between. To achieve this, the study 

proposes the important concepts in hybrid matching such as natural stability and student optimal 

stable matching. Moreover, it develops a student optimal stable matching mechanism, which is a 

general form of mechanism, in terms of one-to-one and many-to-one matching that can be 

reduced into two-sided matching mechanism (i.e. Gale-Shapley mechanism) or one-sided 

matching mechanism (i.e. Top Trading Cycles algorithm) depending on the given specific 

problem setting.  

        Extensive efforts have been devoted to the theoretical research of matching. From time 

to time, however, we have to remind ourselves and the readers that one of the ultimate goals of 

theoretical advancements is for empirical applications to solve real-world problems. Typical 

matching problems include but are not limited to the matching of employers and employees in 

labor market, the process of marriage formation, college admission issues, trading and 

transactions such as those in the housing markets and supply chains, etc. These real-world 

phenomena provide important contexts as well as observations of matching. In response, most of 

the theoretical advancements in matching have been applied to designing good matching 

mechanisms to achieve fair, efficient and strategy-proof matching outcomes under different 

settings of matching. For example, Roth and other researchers have been carrying out practices 

of matching the participants of the labor/education markets (e.g., hospitals and medical interns, 
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graduate schools and students) for decades that received wide range of acceptance and 

recognition1. They established centers and online tools that help participants find ideal matching 

by truthfully reporting their preferences, via certain matching mechanism (e.g., Gale and 

Shapley’s Deferred Acceptance algorithm). The successes of these applications in turn enhance 

the importance and popularity of the theoretical studies in matching problems. 

 
FIGURE 1.2 TWO-STEP ESTIMATION of MATCHING 

        The empirical works mentioned above focus mainly on market design, in which we 

take agents’ decision making characteristics and desires (such as preferences, demands and 

supplies) as inputs and strive to reach desirable matching outcomes. In other words, given the 

preferences (payoff functions), solution concept and matching mechanism, researchers and 

market regulators are able to generate favorable matching outcomes for the participants with the 

help of matching theory. On the other hand (as depicted in Figure 1.2), if the matching outcomes 

are observed, what can researchers learn about the preferences (payoff functions represented by 

rank order list) of the agents, what factors are considered and how they construct the payoff 

function, and what solution concept and mechanism that led to the observed matching? To 

answer these questions, the reverse estimation of matching is necessary and of great value in 

                                                 
1 More information about Roth’s practices in real world matching could be found at https://www.natmatch.com/. 

https://www.natmatch.com/
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applications. For instance, if the policy makers/market regulators are equipped with matching 

estimation techniques, they can understand the game better and manage to change through 

policies the characteristics of the market, or the mechanism, to yield matching outcomes that 

better meet their policy goals (for instance, the dorm room allocation systems in the colleges 

might be able to learn the preferences of the students better with good estimation models in order 

to generate matching outcomes with improved fairness and efficiency for the participants). If a 

participating agent mastered this method, he/she would be able to understand his/her roles and 

statuses in the market, i.e. how others prefer him/her, which factor is most important, and how 

these elements affect the outcome, etc., and then figure out a way to improve their features for 

matching in the future. Empirical work on matching estimation fell relatively behind the 

advancement in matching theory. To list a few pioneering works in matching estimation, Fox 

(2008, 2010) used maximum score method for non-parametric estimation with additional 

assumptions such as Rank Order Property. Agarwal (2013) and Boyd et al. (2003) utilized the 

method of simulated moment estimator to simplify the problem. Choo and Siow (2006) proposed 

a framework for estimation by using marriage rate as data input to explain the marriage matching 

markets. 

        Based on the review of matching theory presented above, while seeing the preliminary 

formation of the foundation for the field, we believe that there is still wide space for advancing 

matching research both theoretically and empirically. For instance, the existing matching theory 

does not fully address the many-to-many multi-unit matching. The corresponding theoretical 

investigation of matching mechanisms for many-to-many multi-unit matching in one-sided, two-

sided, and hybrid matching is yet to be made, not to mention the empirical work on estimation 

for generalized matching. Filling in this research void has been the focus of this dissertation 
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work. 

        In doing so, a general multi-unit many-to-many matching (MMMM) model needs to be 

first developed. This generalized matching, considering markets where agents on both sides can 

decide to trade/match multiple units with more than one agent on the other side, includes the 

commonly studied binary matching (i.e., match or not, and who matches with whom) as a special 

case. In generalized matching, constraints such as quota limits on the total number of units an 

agent can buy/sell or on bilateral interaction level (e.g., quota for bilateral trades) are also 

considered. 

        Next, novel preference relationships compatible to the multi-unit many-to-many 

matching framework have to be examined. Specifically, in the generalized matching setting, not 

only does an agent (buyer or seller) have preferences on individual partner(s), the preferences 

could also vary across different multi-unit offers provided by the partner(s). Also, it is necessary 

to develop new solution concepts that are applicable to the more general game setting. Last but 

not least, the matching mechanism corresponding to the new concepts should be establish to 

achieve favorable outcomes. In Chapter 2, we present details on the formulation and solution of 

these problems in two-sided matching. In particular, unit-based preference relationships, stability 

concepts and two-sided matching mechanism, which represent one of the major contributions of 

this dissertation, are developed. Discussion about how the new matching mechanism relates to 

the extensive form games will be also provided. 

        Following this, research in this dissertation also makes important contribution in 

studying generalized multi-unit many-to-many matching in one-sided matching. First, departing 

from the existing one-sided matching literature that deals with one-to-one and many-to-one 

matching, we expand the scope of study to the general many-to-many matching. Second, 
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fundamental theories and models are established that allow multi-unit transactions between any 

pair of many-to-many matching. Third, bilateral quota constraints can be considered in the 

modeling framework so that the theories and models derived in this study apply to any matching, 

including the special cases of one-to-one and many-to-one matching. Fourth, we develop the 

corresponding generalized TTC and RSD/SD mechanisms to achieve Pareto efficiency and 

strategy-proof properties. Proofs and discussions necessary for these properties are presented in 

detail to help readers better understand and utilize our proposed matching framework and 

mechanisms. Numerical examples are included along the way of derivation to show specifics on 

how to use these mechanisms.  

        With the work done for generalized matching separately in one-sided and two-sided 

matching, this dissertation moves on with an ambitious goal, inspired by the work of 

Abdulkadiroglu (2011), to build a hybrid matching model that unifies models for one-sided and 

two-sided matching. Specifically, our study develops a generalized Stable Transfer Cycles 

mechanism and the necessary concepts such as “availability”, “transfer” and “b-optimal 

stability” that help establish a new hybrid matching model for generalized MMMM (Multiunit 

Many-to-Many Matching) that reconciles and encompassed one-sided matching, two-sided 

matching, and any settings in between. The mechanisms and properties of the new hybrid 

matching model are derived and examined in comparison to those in one-sided and two-sided 

matching under MMMM setting. As such, the newly built hybrid MMMM model, to our best 

knowledge, constitutes the most general matching framework in the realm of discrete matching 

research by incorporating the most up-do-date progress in one-sided and two-sided matching 

studies. 

        Last but not least, this dissertation contributes to matching estimation to a great extent. 
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Despite of the value of matching estimation as discussed earlier, empirical work on matching 

estimation has been limited. In the past 10-15 years some researchers proposed useful estimation 

frameworks and models, but relatively falling far behind the advancement in the mainstream 

matching theory. There are two major obstacles that hinders advancement in matching 

estimation. First, complete observations of matching outcomes (i.e., data) are seldom available or 

shared. Second, the computational challenge in model estimation has been huge that pushed 

researchers to the direction of seeking estimation frameworks and methodologies that bypass 

computational complexity, at the cost of model quality and accuracy. For instance, Fox (2008, 

2010) used maximum score method for non-parametric matching estimation, but with additional 

simplifying assumptions such as Rank Order Property. Agarwal (2013) and Boyd et al. (2003) 

utilized the method of simulated moment estimator to simplify the problem. Choo and Siow 

(2006) proposed a framework for estimation by using marriage rate as data input to explain the 

marriage matching markets. Although well-developed with certain good performance measures, 

all of these studies more or less attempted to bypass the data and computation challenges by 

introducing estimators easier to compute using data that are more aggregate in order to reduce 

the complexity of the problem. Other relevant studies also include Dagsvik (2000), Gordon and 

Knight (2009), Uetake (2011), etc.  

        In contrast, there are several key contributions and advantages of our proposed 

estimation framework and method for generalized matching, as presented in Chapter 5. First, we 

tackle the estimation problem of matching heads-on by explicitly incorporating matching 

mechanism and agents’ preference rankings in our estimation instead of avoiding them to reduce 

computational burdens. This is critical because these elements in matching are the core 

components that drive the matching outcome. Second, we introduce the estimation techniques for 
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rank data (based on Luce and Bush (1965) and Beggs et al. (1981)), which is pivotal in our 

model, to matching estimation. Third, unlike most of the previous studies that only provide point 

estimation, our model also derives maximum likelihood-based interval estimation. Fourth, our 

bi-level analytical framework for matching estimation is flexible to consider various types of 

matching observation possibly available by decomposing the estimation into two levels. 

Depending on the data available (i.e., matching outcome or preference rank order list), our model 

deals with situations where only partial or intermediate data is observed. For instance, in Roth’s 

typical practice of assigning interns, only the preference rankings of the agents are recorded 

rather than the matching outcomes (e.g., who matches with whom). By using the level-two 

estimation presented in Section 3 of Chapter 5, the parameters in individuals’ payoff functions 

can be estimated with the available preference ranking data. These parameter estimates are very 

useful for advising the participants based on the limited input. Fifth, we adopt surrogate 

optimization method (modified based on Regis and Shoemaker 2007, Müller and Shoemaker 

2013) to cope with the computational challenge due to the expensive evaluations of the objective 

functions in MLE that explicitly includes the matching mechanism.  

        While highlighting the new contributions made in this dissertation, we also recognize 

further important problems and remaining challenges for future research. First, matching in 

markets with more than two sides and dynamics of matching games in a broader sense (for 

example, supply chains/network of multiple nodes/layers) seems an interesting next topic to 

explore based on the work of this dissertation. Second, one can apply the developed generalized 

matching methods to solve real-world application problems such as market designs in trade and 

platform formulation for share economy and e-commerce. Third, there is a possibility of 

studying relevant network theories and models (e.g., intervening opportunities theory, gravity 



  
 

15 

models, network dynamics and graph theory) through the lens of matching theory, and vice 

versa. Fourth, behavioral matching experiments in controlled environment will be beneficial and 

necessary for better understanding of agents’ preference and decision making process in a multi-

unit many-to-many matching context. The improved understanding of agents’ behaviors can then 

help further advance theory: experiment results can be used for hypothesis testing on 

significance of factors and matching mechanisms, parameter estimation, and model calibration. 

Fifth, computational performance could remain a bottle-neck in matching estimation if we want 

to scale matching network up to beyond a certain limit. There is hence room for improvement in 

computational efficiencies of existing mechanisms and estimation models. More detailed 

discussion on future research is provided in Chapter 6. 

        The rest of the dissertation is organized as follows. In Chapter 2, we lay out the 

generalized multi-unit many-to-many matching (MMMM) framework, develop the 

corresponding two-sided matching mechanism, and discuss the matching properties. Chapter 3 is 

organized in a similar way to Chapter 2, but with a focus on generalized MMMM in one-sided 

matching. In Chapter 4, we move further to propose and study a hybrid matching theory and 

model that encompasses one-sided matching, two-sided matching and anything in between. 

Following up on the theoretical analysis on one-sided, two-sided and hybrid matching, in 

Chapter 5 we develop a generalized estimation method for matching and used an example to 

show how the estimation model works. In the end, Chapter 6 summarizes the main findings and 

contribution of this dissertation and puts forward our thoughts on the remaining challenges and 

potential topics for future research. Note that Chapters 2-5 can be read as stand-alone papers 

since they have been prepared separately for journal submissions/publications.  
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CHAPTER 2 

 

MULTI-UNIT MANY-TO-MANY MATCHING MARKET2  

This chapter considers a many-to-many multi-partner matching market with multi-

unit demand and supply of responsive preference. Every buyer/seller is allowed to 

have multi-unit demands/supplies, to partner with more than one seller/buyer, and 

to trade more than one unit in a partnership. We originally define and study unit-

based preference and stability properties to accommodate the multi-unit setting, 

and developed an Extended Deferred Choice and Refusal mechanism (EDCR) 

which guarantees favorable outcomes.  

        Two-sided interactions analysis has been an important area of research for decades, 

e.g., in micro- and macro-economics (Krugman 1979), regional science and transport geography 

(Stoufer 1940; Stoufer 1960), etc. While the gravity models, general and partial equilibrium 

models remain the mainstream tools that are intensively used in studying bilateral trades and 

transactions (Head and Mayer 2013), fast developing matching theories and computational 

economics have drawn growing attention with promising potential for closer examination of the 

strategies and dynamics of interacting agents, hence better understanding of the market (Lebaron 

and Tesfatsion 2008). Examples of matching, to name a few (Roth and Sotomayor 1990); 

Abdulkadiroglu and Sönmez 2013), include the matching of men and women in marriage 

markets, employers and employees in labor market, college admission, and any seller-buyer 

                                                 
2 This chapter is based on the working paper, “Multi-unit Many-to-many Matching Market” by He and Gao, 
prepared for the journal submission to American Economic Review. The authors reserve the copyright, 
acknowledging that this is a fair-use of the content. 
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partnering in transactions such as in the housing markets, etc.  

        The very general nature of matching prevailing everyday everywhere in real-world 

activities constitutes the fundamental needs and provides various contexts and data for 

theoretical advancement and empirical analysis in matching theory. The pioneering work of two-

sided matching theory can be traced back to more than four decades ago. Gale and Shapley 

(1962) examined the matching and decision making problems in college admission. Studying the 

marriage market, they introduced the pairwise stability concept and matching mechanism, which 

laid the foundation for one-to-one and many-to-one matching theories and models. The 

assignment game proposed later by Shapley and Shubik (1971) moved on to analyze the core and 

lattice properties of matching in detail by focusing mainly on a matching setting with money 

transfers. After a decade, Roth (1984) originally proposed the concept of setwise stability, which 

has proven a milestone concept in matching theory closely related to but different from pairwise 

stability.  

        As studies in one-to-one matching progress, mutli-partner matching problems have 

also been examined by many researchers. Roth and Sotomayor (1992) and Sotomayor (1999a) 

attempted to tackle the multi-partnership problem by investigating the basic solution concept and 

relevant properties, assuming separable additive preferences. They showed that under certain 

assumptions such as on the agents’ preferences for many-to-many matching games, some of the 

nice properties (e.g., pairwise and setwise stabilities, and the equivalence between and two 

stabilities) as derived for one-to-one and many-to-one matching games no longer hold. Similar 

results were noted in another paper by Sotomayor (1999b). Extending the trade analysis 

framework by Gale and Shapley (1962), Tesfatsion (1997) proposed the Deferred Choice and 

Refusal (DCR) mechanism enabled by innovative computational methods to explore multi-
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partner evolutionary games that better represent real world trade network games. Bikhchandani, 

Sushil and Ostroy (2002) went further and significantly improved the original mutli-partner 

matching assignment game by allowing multi-unit trade between partners with separable additive 

utility. The study, however, did not consider a cap or quota on the buyer’s demand due to 

technical difficulty in model derivation. A later study by Camiña (2006) that attempted to 

generalize the assignment game suffered a similar problem of incompleteness in characterizing 

demand on the buyer’s side.  

        Following up on their previous studies, Sotomayor (2001) considered responsive 

preference and presented a well-thought-out approach that explicitly articulated pairwise stability 

and sub-game perfect Nash equilibrium (SPNE) concepts. The author proposed a two-step 

matching mechanism to help obtain the solution for the sub-games. This matching mechanism, 

as discussed later, to some degree inspired this current study. Echenique and Oviedo (2006) 

discussed in great detail the stability concepts of multi-partnership in many-to-many matching 

markets. Satomayor (2007) moved on to study an interesting situation where the sellers do not 

differentiate among buyers, leading to a result that a buyer does not have any incentive to trade 

more than one unit with a given seller. The study hence did not explore into the space of multi-

unit many-to-many matching (i.e. for each partnership between a buyer and a seller, more than 

one unit of products can be traded). More recently, Jaume et al. (2012) built a sophisticated and 

relatively complete matching framework attempting to account for multi-unit trading. For 

technical convenience, however, the constraints of their game setting on both sides of the market 

were not systematically symmetric, as can be further developed for more general conditions. In 

addition, although highly similar in terms of game setting to our current study, that study focused 

on analyzing the competitive equilibria and optimal assignment instead of stability properties 
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considering responsive preference.  

        From literature review, one recognizes the impressive advancement in the studies of 

one-to-one and many-to-one matching. This is not true, however, in the exploration of the more 

general many-to-many matching with multi-unit trading, for which one key obstacle is to define 

and obtain the stability concepts of matching. A major weakness that is common in previous 

studies of matching is the assumption of additive separable preference instead of responsive 

preference. Kelso and Crawford (1982), Roth and Sotomayor (1992) and Sotomayor (1999a) 

showed that the assumption of additive separable preference would lead to negative results for 

the existence and properties of matching stabilities in a many-to-many matching market. On the 

other hand, the theoretical and empirical merits of advancing research in multi-unit multi-

partnership matching are obvious and substantial, since a general setting of multi-unit multi-

partnership matching can represent the universal real-world phenomena in any kind of 

trade/transaction networks that involve agents who can choose more than one partners and trade 

more than one products in a transaction.  

        A novel approach to multi-unit multi-partnership matching needs to account for 

appropriate preference relationships of agents and to develop solution concepts that are 

applicable to the more general game setting. More specifically, in the multi-partnership and 

multi-unit trade setting, not only does an agent (buyer or seller) have preferences on individual 

partner(s), the preferences could also vary across different multi-unit offers provided by the 

partner(s).  

        This chapter contributes to matching theory by considering a general multi-unit many-

to-many matching market with responsive preference. Every buyer/seller is allowed to have 

multi-unit demands/supplies, to partner with more than one seller/buyer, and to trade more than 
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one unit for every partnership. To distinguish multi-unit multi-partner matching from single unit 

matching/trade, we hereafter term the former as “unit-based” matching, and the later “agent-

based” matching. In this chapter we originally define and study unit-based preference and 

stability properties to accommodate the multi-unit setting. An Extended Deferred Choice and 

Refusal (EDCR) matching mechanism with novel solution concepts for multi-unit many-to-many 

matching of responsive preference is proposed to guarantees favorable matching outcomes and 

stabilities. We will discuss in detail in subsection B of Section I to explain and justify our 

consideration of responsive preference rather than additive separable preference. 

        The rest of the chaper is organized as follows. Firstly, we establish the model setting of 

the multi-unit many-to-many matching by reviewing the agent-based properties in matching and 

proposing the new unit-based matching properties. Next, we develop the EDCR mechanism that 

guarantees unit-based matching stabilities. Fundamental properties of the newly proposed unit-

based preferences, stability concepts and matching mechanism are discussed thoroughly in these 

two sections. We then model the multi-unit many-to-many matching as an extensive form game 

with imperfect information and analyze the solution concepts in comparison to our proposed 

matching mechanism. A numerical example is provided to help demonstrate the contents and 

procedures in the course of discussion. Finally, we conclude the chapter by summarizing the key 

contributions and future directions. 

I. The Model 

A. Declarations and Model Setting 

        For the sake of convenience, we refer the two sides in a generalized matching market 

as sellers and buyers, denoted as: 

 Sellers: {S}={s1, s2, s3, …, sN}                 
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 Buyers: {B}={b1, b2, b3, …, bM}            

 Om= the demand quota (in product quantity)3 of bm:   bm∈ B 

 An= the supply quota4 of sn:   sn∈ S 

Major model assumptions are: 

(i)    1 1

N M

n m

n m

A O
 

 
: market clearance condition. 

(ii)    Each seller sn ∈ S supplies all of her homogeneous products (totaling An units) to 

the buyers ∈ B, and each buyer bm ∈ B purchases her demanded homogeneous 

products (totaling Om units) from the sellers ∈ S. There is only one type of 

product considered in the model, but agents can have ranked preferences of 

transacting with different agents.  

(iii)   Let Xmn denote the integer number of units transacted between bm and sn (bm∈ B 

and sn∈ S), where 0 ≤ Xmn ≤ min(An, Om), ∀𝑚, 𝑛. Xmn is allowed in this model to 

be greater than 1, i.e., multi-unit transactions. Solving the matching problem 

(i.e., model output X) yields the multi-unit multi-partner transactions Xmn, ∀bm, 

sn. 

(iv)    Each agent 𝑖 ∈ 𝑆 ∪ 𝐵 is allowed to transact with more than one partner. Let 

u(sn) denote the partner set of sn and u(bm) the partner set of bm. It is obvious that 

0≤ |u(sn)| ≤ An, 0 ≤ |u(bm)| ≤Om where | * | denotes the size, or the number of 

elements of set *. Let u denote the matching outcome of the entire game that 

                                                 
3

 All quotas in this manuscript refer to the quantity (or units) of a product affordable by buyers in the buyers case (Om ) or available from the 

sellers in the sellers case (An), not the number of sellers (buyers) allowed for the buyers  (sellers) to partner with. 
4

 Often times due to considerations of various factors such as diversification or political and economic concerns (e.g. bilateral sanctions in 

international trade), the traders might even have bilateral trade quota(s) for particular partner(s), besides the total demand or supply constraints 
(e.g. Caruso 2003).  
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indicates whether two agents are partners or not (agent-based information). Note 

that the matching outcome u so far, as always defined in the matching literature, 

does not include further information on the number of units transacted between 

partners (unit-based information). The unit-based setting will be discussed later. 

 

        This model setting appears similar to the “multi-partner assignment game” in Jaume et 

al. (2012). However, in our model we adopt responsive preference instead of additive separable 

utility. We are more interested in matching stability and the solution concepts rather than 

competitive equilibrium, which was the focus of Jaume et al. (2012). 

 

B. Agent-based Responsive Preference and Stability 

        Before moving to unit-based matching, we start with a discussion on the existing study 

of agent-based responsive preference defined by Roth (1985) and the corresponding stability 

concepts. 

 

DEFINITION 1. Agent-based responsive preference5 is defined as such that: agent i 

responsively prefers the partnership matching set C to C’, denoted by C>iC’ iff C’=C ∪ c1\ c2, 

where c2 ∈ C while c1 ∈ C’, and agent i prefers c2 to c1 (c2>i c1)
 6. Similarly, C≥i C’ suggests that 

the agent likes c2 at least as well as c1. In this study, strictness of preference is assumed but 

could be relaxed easily if needed. 

                                                 
5

 This definition of responsive preference is due to Roth (1985) 

6
 The subscript i will sometimes be dropped if it does not cause confusion.   
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        If agent i prefers to partner with nobody than with any other available agents, we can 

include a null agent to facilitate model formulation without modifying the definition of agent-

based responsive preference over a set of agents. Further discussion on this issue will be 

provided in Definition 6 in subsection C of Section I.  

DEFINITION 2. Agent-based pairwise blocking is defined as follows: ∃(sn,bm):  sn ∈S and bm 

∈B, such that bm >σ for some σ∈u(sn), and sn >γ for some γ∈u(bm). Agent-based pairwise 

stability of the agent-based matching u is then defined as one without agent-based pairwise 

blocking. 

DEFINITION 3. The agent-based matching u is setwise blocked by coalition A (consisting of 

some agent(s) in S and some agent(s) in B) and another matching u’, if for ∀  bm ∈B∩A and ∀  sn ∈  

S∩A:  

(i) σ ∈  u’ (sn) implies σ ∈ A∪  u(sn) 

(ii) u’ (sn)> u(sn) 

(iii) γ ∈ u’ (bm) implies γ ∈ A∪  u (bm) 

(iv) u’ (bm)> u (bm) 

Similarly, an agent-based matching u is agent-based setwise stable if it is free of setwise 

blocking. 

        Sotomayor (1999a) and Echenique and Oviedo (2006) pointed out that for many-to-

many matching problem, the setwise stability concept is more appropriate than the core, where 

only the directly relevant agents could be included into the set for exchanging partnerships. In 
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light of this, we are not going to discuss the core in the current multi-unit many-to-many 

matching setting in this chapter. We’ll instead focus on pairwise and setwise stabilities. 

        Kelso and Crawford (1982) and Roth and Sotomayor (1992) noted that with separable 

additive preference, there might not be stable matching in the many-to-many matching market 

due to the evidence that pairwise stable matching could be setwise unstable. Counterexamples 1, 

2 and 3 in Sotomayor (1999a) provided proof for this. However, the statement was entirely based 

on the assumption of separable preference. If we adopt responsive preference (by Definition 1) 

where should any two comparable sets differ only in one element, this statement does not hold 

any longer7. In the rest of this chapter when we are discussing the related arguments on stability 

and existence, readers should bear in mind this assumption of separable preference.  

THEOREM 1. In the agent-based setting of matching, pairwise stability ↔ setwise stability8 

under multi-partnership with responsive preference. 

PROOF: 

        If u is pairwise blocked by any seller-buyer pair (sn, bm), it is obvious that via the 

coalition consisting only of this pair, i.e. A = sn ∪ bm, the new outcome u’ would be setwise 

unstable, i.e. by constructing u’ (sn) = u(sn)∪bm\b’  where 𝑏′ is the lowest ranked buyer ∈u(sn), 

and u’ (bm) = u(bm)∪sn\s  where 𝑠′ is the lowest ranked seller ∈  u(bm). 

If u is setwise blocked as u’ (sn)> u (sn), it implies that ∃bi= u’(sn)−u(sn) and ∃bii= u(sn)−u’(sn) 

such that bi>bii perceived by sn, by the definition of agent-based responsive preference. 

According to condition (1) in the definition of agent-based setwise blocking, bi∈A because bi
                                                 

7 In Examples 1 and 3 of Sotomayor (1999a), the pairwise matching is not in the core (and hence not setwise stable) because it is blocked by 

{p1, p2, q1, q2} where q1 and q2 prefer {p1, p2} to {p3, p4} according to separable preference; nevertheless, {p1, p2} and {p3, p4} are not comparable 

under responsive preference. Similarly in Example 2, for p1, the original matching set {q2, q3, q7} is not comparable in terms of responsive 
preference to the alternative set {q1, q2, q4}.  

8 Theorem 1 was initially mentioned and tentatively discussed without proof in Tesfatsion (1997). 
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u(sn) but bi∈ u’(sn). Furthermore, by condition (4) in the definition of agent-based setwise 

blocking, u’(bi)> u(bm); then by the definition of agent-based responsive preference, sn= 

u’(bi)−u(bi), we should have sn>γ for some γ ∈ u(bi). Therefore, u is pairwise unstable via sn and 

bi. Proof completed.  

C. Unit-based Responsive Preference and Stability 

        Up to this point, the agent-based preference property and stability concepts are 

discussed for the standard multi-partner many-to-many matching markets. Next we establish 

unit-based counterparts for the new and more general setting that allows the consideration of 

multi-unit many-to-many matching. 

 

DEFINITION 4.  The unit-based responsive preference is defined graphically in Figure 2.1: 

 

FIGURE 2.1. GRAPHICAL DEFITION OF UNIT-BASED RESPONSIVE PREFERENCE 

        The three situations in Figure 2.1 depicts all necessary scenarios to define unit-based 

responsive preference in multi-unit many-to-many matching. More specifically, identical 

symbols in a set in Figure 1 represent the same homogeneous products sold/bought by an agent, 

and the number of the identical symbols indicates the number of units transacted between a 
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matched pair. That is, different symbols in a set stand for multiple matches or partnerships. Set 1 

or Set 2 can be viewed as an offer set (from a seller) or an order set (from a buyer), consisting of 

multiple units of product transacted with multiple partners.  

        The graphical illustration in Figure 2.1 can thus be used to help define the unit-based 

responsive preference. To put it in a more rigorous way, denote V(i) as the unit-based offer set of 

agent i, and again u(i) denotes the agent-based partner set of i as usual. For instance, in Set 2 of 

Situation 1 in Figure 2.1, the agent-based partner set u(i) includes three partners ○, ×, and □, and 

the unit-based offer set V(i), ○○○×××□□□, includes three units for partner ○, three units for partner ×, and 

three units for partner □.  

        We define that if |𝑢(𝑉′(𝑖) − 𝑉(𝑖))| = |𝑢(𝑉(𝑖)−𝑉′(𝑖))| = 1 and 𝑢(𝑉′(𝑖) − 𝑉(𝑖)) >

𝑢(𝑉(𝑖)−𝑉′(𝑖)), then 𝑉′(𝑖) > 𝑉(𝑖) (i.e., 𝑉′(𝑖) is preferred than 𝑉(𝑖)) in the sense of unit-

based responsive preference. One should note that this definition applies to all of the three 

situations illustrated in Figure 2.1, and Situations 1, 2 and 3 represent all possible matching cases 

(i.e., the universal multi-unit many-to-many matching) that encompassed by our definition of 

unit-based responsive preference.  

        Building upon the new concept of unit-based responsive preference, we now move on 

to introduce and develop the stability concepts for a general multi-unit many-to-many matching 

markets. 

DEFINITION 5. Unit-based pairwise blocking exists if: ∃(sn,bm): sn ∈ S and bm ∈ B, such that 

bm>σ for some σ ∈V (sn), and sn>γ for some γ ∈V(bm). Unit-based pairwise stability refers to an 

outcome without unit-based pairwise blocking.  

        Readers might find that this definition of unit-based pairwise stability and its agent-
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based counterpart appears very much alike. In fact, we can easily prove that they are logically 

equivalent. In other words, a matching outcome being unit-based pairwise stable is the necessary 

and sufficient condition for it to be agent-based pairwise stable. This is not surprising since the 

agent-based pairwise blocking is simply a special case of the unit-based pairwise blocking when 

Om=An=1, ∀𝑚, 𝑛. However as will be shown later, this equivalency does not apply to the 

concepts of agent-based and unit-based setwise stability.  

DEFINITION 6. We say that V is unit-based setwise blocked by coalition A (an agent set defined 

as usual) and V’, if for ∀ bm ∈B∩A and ∀ sn ∈S∩A: 

(i) σ ∈V’ (sn) implies σ ∈ A∪V(sn); 

(ii) V’ (sn)> V(sn); 

(iii) γ ∈ V’ (bm) implies γ ∈ A∪V (bm); and 

(iv) V’ (bm)> V (bm). 

Unit-based setwise stability is defined as an outcome free of setwise blocking. 

        If we need to model situations where some agents are not acceptable by some agents 

on the other side (i.e. prefer to partner with nobody than with some available agents), we can set 

up a null seller and a null buyer with sufficiently large selling or purchasing quotas (e.g. the sum 

of all others’ quotas). For instance, if seller i is not willing to trade with buyer j by any means (j 

is not acceptable by i), then we can say that seller i prefers the null buyer than j to model this 

situation. For the sake of completeness in the unit-based stability concepts to be introduced 

shortly, we define the preference neutrality of a null agent specifically as below: a null agent is 
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indifferent from one set of choices to another. In other words, a null agent has no preference at 

all so that their partners have the final decisions. 

        With the establishment of unit-based responsive preference and unit-based stability 

(pair-wise and set-wise) in general matching, it is now interesting and necessary to elucidate how 

these unit-based concepts are related to their agent-based counterparts. As discussed after the 

definition of unit-based pairwise stability (Definition 5), a matching outcome being unit-based 

pairwise stable is the necessary and sufficient condition for it to be agent-based pairwise stable, 

meaning that these two concepts are equivalent. An immediate question then follows: does this 

equivalence hold between unit-based vs. agent-based setwise stability? 

THEOREM 2. The agent-based setwise stability and unit-based setwise stability are not 

equivalent. More specifically, a matching outcome that is agent-based setwise blocked is a 

sufficient but not necessary condition for the matching to be unit-based setwise blocked. 

PROOF:  

        If a matching outcome is agent-based setwise blocked, then it is also unit-based 

setwise blocked. This is obvious as we have pointed out that the former is simply a special case 

of the latter. However, a statement vice versa would not be true. By condition (2) in the 

definition of unit-based setwise blocking, V’(sn)> V(sn) (Definition 6). For cases described in 

Situations 1 and 3 of unit-based responsive preference (Definition 4), however, this inequality 

does not guarantee u’(sn)> u(sn), which is condition (2) for the definition of agent-based setwise 

blocking (Definition 3). Proof completed.  

        Theorem 2 clearly exemplifies the nature of unit-based setwise stability and the key 

difference between the unit-based vs. agent-based counterparts. This difference stems from the 
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difference in the definition of responsive preferences. Unit-based responsive preference enables a 

novel universal modeling paradigm of matching that considers all the general possibilities of 

matching, as shown in Situations 1 and 3 in Definition 4 of unit-based responsive preference. 

Existing matching models (e.g., one-to-one, many-to-one, etc.) are special cases of this 

generalized universal modeling paradigm.  

        Another important issue to be examined is on the equivalency between pairwise and 

setwise stability under unit-based setting. Recall that under the agent-based setting, pairwise 

stability is equivalent to setwise stability as stated in Theorem 1. Now we would like to clarify if 

this result can be extended to the unit-based framework.  

PROPOSITION 1. Under the unit-based model setting with multi-unit transactions and 

responsive preference, unlike in the agent-based setting, pairwise stability is NOT equivalent to 

setwise stability. More specifically, in terms of unit-based properties, a setwise unstable 

(blocked) outcome firmly indicates that it is also pairwise unstable (blocked), but not vice versa.  

PROOF.  

        The essential rational why the equivalency does not hold under the unit-based setting is 

the same as the justification for Theorem 2. To provide a more detailed proof, we would like to 

refer to the proof of Theorem 1 for better explanation and comparison. We can easily show by 

the similar arguments in the proof of Theorem 1 that under the unit-based setting, the setwise 

blocking still indicates pairwise blocking.  

        The major focus here in this proof is that the reverse does not hold. In the proof of 

Theorem 1, we show that if a matching outcome u is agent-based setwise unstable, then bi ∈A. 

However, there does not necessarily exist bi ∈ V’ (sn)−V(sn) that belongs to the coalition set A. 
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That is, for situations 1 and 3 shown in the definition of unit-based responsive preference, V’ 

(sn)−V(sn) can be an empty set if constructed appropriately. Such V’ and V obviously satisfy 

conditions (1) and (2) of unit-based setwise blocking. 

        Similarly, one can construct appropriate V’(bm) and V(bm) such that conditions (3) and 

(4) of unit-based setwise blocking are satisfied, while bm and sn are totally irrelevant, i.e. bmV 

(sn) and snV(bm). If we define A={bm, sn}, with V and V’ constructed as above, all conditions 

of unit-based setwise blocking are achieved without satisfying the conditions of unit-based 

pairwise blocking. Proof completed.  

        Thus far we have established the fundamental properties of a novel universal unit-

based analytical framework for the general multi-unit many-to-many matching game/market. For 

empirical purposes, we are now interested in exploring the existence of unit-based stable 

outcomes as well as mechanisms for achieving such matching outcomes.  

THEOREM 3. Under the game setting proposed in this manuscript (multi-unit transactions 

among multi-partners with responsive preference), there always exist matching outcomes that 

are both agent-based and unit-based stable (pairwise and setwise). 

        Note that Theorem 3 is fairly strong in that its statement on the existence matching 

outcome applies to both agent-based and unit-based settings, satisfying both pairwise and setwise 

stability. Detailed proof of Theorem 3 is provided in next section where we discuss Extended 

Deferred Choice and Refusal (EDCR) mechanism. 

II. Extended Deferred Choice and Refusal (EDCR) Mechanism 

        The famous Gale-Shapley mechanism (deferred acceptance) was extended by 
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Tesfatsion (1997) and termed as DCR (Deferred Choice and Refusal) mechanism, which works 

for a larger scope of problems in multi-player matching. Nonetheless, neither Gale-Shapley 

mechanism nor the DCR mechanism, due to the matching settings they were developed for, is 

directly applicable for the multi-unit many-to-many matching markets that we are dealing with in 

this study. This motivates us to develop an Extended Deferred Choice and Refusal (EDCR) 

mechanism for more complicated and general matching problems. As discussed below, the 

proposed EDCR mechanism delivers unit-based stable outcomes. We’ll also use it to prove 

Theorem 3.  

 

A. Structure of the EDCR Mechanism 

        For illustration, let’s focus here on a buyers-go-first EDCR mechanism, results from 

which favor the buyers. Its counterpart that yields results favoring sellers can be developed in a 

similar manner. 

        Step 1: each buyer bm submits all (Om) of their trade requests to their respective most 

preferable seller. Requests more than 1 unit (e.g. products, offers, services, etc.) are allowed.  

        Step 2: each seller sn selects up to An most preferable request(s) s/he receives from the 

buyer(s), and places these potential offers on a waiting list. Then each of the sellers rejects all 

other request(s) if there is any. Random selection can be used to break ties. If no single offer is 

rejected, then the algorithm ends and skip step k.  

        Step k (k>2), phase 1: if any buyer bm experiences rejection in step k-1(i.e., her 

purchasing quota is yet to be filled), let’s suppose the number of the requested units that are 

rejected (i.e., remaining quota) is r(bm, k-1). In step k, the mechanism requires every such buyer 

bm to submit new requests of up to r(bm, k-1) units to their updated most preferable seller. 
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Learning from previous submissions, there is no merit for a buyer to make new request to her 

previous most preferred sellers who have either agreed or declined to honor her previous request.  

        Step k, phase 2: each seller then selects up to An most preferred request(s) from both 

the waiting list and the pool of new request(s), if there is any, and reject the rest as before. This 

forms the new waiting list. Again, break ties using random selection.  

        Continuation rule and Termination criteria: before meeting the termination criteria, 

agents in the market follow the instructions described in step k repeatedly (phase 1, then phase 2, 

phase 1 again, then phase 2, etc.).  The termination criteria states that when no more new 

request(s) are submitted from the buyers, the seller(s) then endorse their current waiting list, 

which represents the final matching outcome. 

        The proposed EDCR mechanism is broad, flexible, and adaptable to various matching 

settings, unconstrained or constrained. For example, there are cases where sellers might have 

bilateral trade quotas for particular partner(s) (e.g., for the consideration of trade diversity, 

national security in international trade, etc.). The proposed EDCR mechanism can then be 

adjusted slightly to accommodate such situations--the mechanism can put in an additional rule 

that buyers should not request more than their bilateral quotas (if any) from particular sellers, and 

vice versa for the sellers. With a slight modification (by introducing null agents), the EDCR 

mechanism can also easily accommodate situations when an agent is by no means willing to 

trade with a particular agent. 

B. Properties of EDCR Mechanism 

PROPOSITION 2. The proposed EDCR mechanism guarantees agent-based stable matching 

outcomes, pairwise and setwise.  
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PROOF: 

        If the outcome from the EDCR mechanism is agent-based pairwise blocked, then 

according to the definition of pairwise blocking, there exists a pair (bm, sn) such that bm >σ for 

some σ ∈u(sn) <1>, and sn >γ for some γ∈u(bm) <2>. 

        If condition <2> in Definition 3 holds, since bm always sends out offers following its 

preference ranking, it can be safely inferred that u(bm) should include the top choices bm 

perceives except for those who have rejected bm. If this is the case, it is impossible that bm >σ for 

some σ ∈u(sn) because sn once rejected bm, meaning that at that moment, u(sn) was already filled 

up with offer(s) all more preferable than that of bm. This apparently violates condition <1> in 

Definition 3. In other words, pairwise stability (agent-based) is guaranteed. Since we have 

proved that agent-based pairwise stability ↔ setwise stability given responsive preference, the 

proof is complete. 

        Proposition 2 states a nice property of the proposed EDCR mechanism in agent-based 

setting of matching. Next we examine if this property of EDCR is valid for unit-based stability.  

PROPOSITION 3. The proposed EDCR mechanism guarantees unit-based stable matching 

outcomes (both pairwise and setwise).  

PROOF:  

        For pairwise stability (unit-based), the proof is very similar to that of Proposition 2 and 

hence omitted here for the sake of space. If the outcome is setwise blocked (unit-based), by 

definition for any bm in the coalition A, V’ (bm)> V (bm). If this inequality is under Situation 1 

discussed in Definition 4 (depicted in Figure 2.1) on unit-based responsive preference (Situation 

2 could be viewed as a special case), which is: 
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                     SITUATION 1 (□>×):  

                         V(bm)   ○○○××××××            

                         V’(bm)    ○○○×××□□□ 

then the proposal to seller □ must have been rejected, indicating that seller □ prefers at least 

another agent than bm. This shows a contradiction as seller □ would by no means benefit from 

this new matching, hence violating Definition 6 (the second requirement). For Situation 3 in 

Definition 4: 

                     SITUATION 3 (□>×):  

                         V(bm)   ○○○□□□××× 

                         V’(bm)    ○○○□□□□□□. 

        Then it is clear that during the implementation of the EDCR mechanism, seller □ either 

chose to trade with others more preferable than bm or ran out of quota. However, this is again 

obviously not true by Definition 6, as shown in V’(bm). Contradictions occur and hence the proof 

of Proposition 3 is completed. 

        Propositions 2 and 3 are actually proof to Theorem 3: existence of matching outcomes 

that are both agent-based and unit-based stable (pairwise and setwise) under the game setting 

proposed in this manuscript (multi-unit transactions among multi-partners with responsive 

preference). Supporting the strong statement of Theorem 3, the proposed EDCR mechanism is a 

powerful governing mechanism for multi-unit many-to-may matching markets. 
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III. Extensive form Game, SPNE and EDCR Mechanism 

        The EDCR Mechanism for a general multi-unit many-to-many market assumes that 

agents in the market act step by step towards matching stability. This mechanism can be further 

linked to dynamic matching. In Sotomayor (2001), a two-step matching mechanism and its 

corresponding Nash Equilibrium were developed and studied. Similar linkages can be 

generalized and established here between EDCR mechanism and the dynamic matching via an 

extensive form game. A dynamic decision setting is a more straightforward representation of 

reality in that agents often act dynamically with complete or partial information of others’ 

concurrent actions. In other words, in a dynamic matching, we should allow new information to 

be revealed and obtained by the agents after the actions of others have been taken and observed, 

which largely represents real-world situations.  

        Consider a dynamic game setting G: there exists a market with multiple buyers and 

sellers who are allowed to conduct multi-unit transactions with multiple trading partners. Each 

agent (buyer or seller) has certain constraints such as individual quotas and/or bilateral quotas. 

The market clears with the total demands equal to total supplies (in product quantity). In the first 

stage of the dynamic game, the buyers submit requests to the sellers within their own total and/or 

bilateral quota constraints (not considering the sellers’ constraints); Next in stage 2, the sellers, 

acting according to their preferences and constraints, reject the request(s) that are beyond their 

quotas (after prioritizing requests from their respective top ranked partners). In stage 3 (if the 

game did not end), the buyers resubmit request(s) (of their remaining quota) to those that didn’t 

reject them. The game finally ends when no rejections from sellers, hence no further requests 

from buyers, exist. This is essentially the game structure behind the EDCR mechanism.  

        The EDCR mechanism (e.g., buyers-go-first version discussed earlier) delivers one 
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solution and the corresponding assignment outcome for the dynamic game, which is often 

presented in the format of Extensive Form Game (Roth and Erev 1995). In each stage of the 

dynamic game G, all agents on one side of the market act simultaneously. In order to represent 

this in the format of an Extensive Form Game, in each stage of implementation we require the 

agents to act one by one. For example, in a stage for sellers to act, s1 goes first, then s2, s3 and so 

on, resulting in finite sub-stages. Since the EDCR mechanism requires agents to make decisions 

simultaneously, the Extensive Form Game should abide by “imperfect information” such that 

within each stage, agents acting later should observe no actions/information of other agents in 

the same stage. However, all agents are able to “perfectly recall” the history of all former stages. 

With all these specifications, the original dynamic game G is now represented as an Extensive 

Form Game (finite) with imperfect information, which we hereafter call game E. All pure 

strategies (i.e. strategies not probability-based, or not random) and the corresponding strategy 

profiles can be enumerated, and represented in a game tree if needed.  

        Given the nature of two-sided network, we suppose that game E has T (even number) 

total stages. In the last stage the sellers endorse the requests finalized after previous stages. 

Figure 2.2 shows a simple example to illustrate the game structure and rules we have just 

described. The game involves 2 buyers and 2 sellers with capped demands and supplies. There 

are in total 4 stages (T=4), and 2 sub-stages within each. The actions (request/rejection) of the 

agents are marked along the edges of the game tree. To save space, only half of the tree is 

displayed.  

        As can be easily seen from the construction of the extensive form game, the proposed 

EDCR mechanism is a close mapping of the extensive form game. More specifically, the EDCR 

mechanism can be interpreted as a particular strategy profile of the extensive form game. 
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        Following Sotomayor (2004) who attempted to investigate the sub-game Nash 

equilibrium for a two-step simple dynamic game, we now move on to study the SPNE property 

of the more general and powerful finite extensive form game as described above. Since the 

EDCR mechanism can be interpreted as a strategy profile of the extensive form game, we will 

treat the EDCR mechanism as a special case of finite extensive form game and discuss its SPNE 

property.  

DEFINITION 7. The SPNE of a finite extensive form game E is defined as follows: in E, for any 

sub-game at stage t=T, T-1, since the sellers at t=T have no alternative options given the quota 

constraints, we define whatever moves the buyers and sellers take as Nash equilibrium actions; 

If T>2, given any sub-game strategy profiles (Y, Z)t at stage 𝑡 ∈ 𝑁 ∩ [1, 𝑇 − 2] (N is a set of 

odd numbers), we say that these sub-games are in Nash equilibrium if for any agent i at stage t, 

there are no Y* and Z* such that  V(Y* t, Z* t+1)>i V(Y t, Z t+1) according to unit-based 

responsive preference. SPNE is any strategy profile that brings all sub-games to Nash 

equilibrium. In this manuscript, we only discuss pure SPNE strategy. 

Post-Declaration: V(Yt, Zt+1) denotes the unit-based assignment outcome of a sub-game at stage t 

(hereafter it means a sub-game starting at stage t), where Yt is some strategy profile subset at 

stage t, and Zt+1 (given Yt) is some corresponding strategy profile in Nash equilibrium for the 

sub-game at stage t+1. Similarly, Y*t is a strategy profile subset at stage t with only one agent i 

using a different strategy from Y, and Z*t+1 is the strategy profile in Nash equilibrium of any sub-

game at stage t+1 corresponding to Y*.  
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FIGURE 2.2. A SIMPLE EXTENSIVE FORM GAME: 2 BUYERS AND 2 SELLERS 

        As illustrated in Figure 2.2, imperfect information is assumed such that within each 

stage, agents moving later should observe no movements of other agents in the same stage. All 

agents, however, are able to “perfectly recall” the historic information from previous stages. 

Earlier we showed that the EDCR mechanism, a special case of a strategy profile, ensures 

pairwise and setwise stable matching/game outcomes. Now we would like to see whether the 

EDCR mechanism ensures SPNE.  

PROPOSITION 4: A strategy profile following EDCR mechanism does not guarantee SPNE of 

an extensive form game E, except for a game with T≤4. 

PROOF:  
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        To facilitate the proof we need first to define the sub-game EDCR strategy: in each 

sub-game at stage t>2, agents follow instructions in step k of the EDCR mechanism described 

previously; in the sub-games at stages 1 and 2, agents follow the instructions in step 1 and 2 of 

the EDCR mechanism. 

        By backward induction, the proof is trivial in that for t=T, T-1, T-2, T-3, agents choose 

sub-game EDCR strategy in order to achieve SPNE and that indeed guarantees SPNE. In other 

words, if T=4, since all agents in each sub-game take EDCR actions, the entire game governed 

by the EDCR mechanism achieves SPNE. 

        For T>4, in buyers’ stages, all buyers take sub-game EDCR strategy that ensure SPNE. 

Nevertheless, in sellers’ stages, sub-game EDCR strategy does not necessary bring about sub-

game Nash equilibrium. Proof completed. 

        The example extensive form game E illustrated in Figure 2.2 also reveals another 

important SPNE-related property. 

 

PROPOSITION 5: If an extensive form game E has SPNE solution, then 

(i) SPNE is not necessarily unique.  

(ii) Different SPNE might lead to the same stable outcome.  

(iii) Non-SPNE strategy might bring about stable outcome.  

PROOF: This proof is derived based on Figure 2.2.  
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(i) As shown in the example of Figure 2.2, both strategy profiles 4 and 7 are in 

SPNE. Particularly, strategy profile 4 is governed by the EDCR mechanism, but 

not so for strategy profile 7. 

(ii) Strategy profiles 4 and 7 lead to the same stable outcome, in which B1 purchases 

1 unit from S1, and B2 purchases 3 units from S2. 

(iii) Strategy profiles 2 and 3 are not in SPNE. However, the allocation outcomes 

from them are the same as those of strategy profiles 4 and 7, which are also 

setwise and pairwise stable (recall that strategy profile 4 is governed by EDCR 

that ensures stability). 

        From Proposition 5, we clearly see that the stability concepts are by nature different 

from SPNE. We did not discuss the existence of SPNE since a finite extensive form game, unlike 

the case with perfect information, does not guarantee the existence of pure SPNE. Moreover, we 

don’t intend to cover the sequential equilibrium with guaranteed mix strategy solution in this 

chapter since we focus here on a preference-based (but not utility-based) framework. 

 

IV. Conclusion and Future Work 

        This study proposes new concepts and generalized modeling framework for multi-unit 

many-to-many matching with responsive preference. For the consideration of multi-unit 

transactions among multiple partners, we define a new concept of unit-based responsive 

preference, which enables the modeling of agents’ choices in a market for both agent-based and 

unit-based matching. Accordingly, we propose an extensive deferred choice and refusal (EDCR) 
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mechanism for the newly proposed matching and solution concepts.  

        Our analysis shows that the agent-based and unit-based setwise stabilities are not 

completely equivalent, despite the equivalence between agent-based and unit-based pairwise 

stabilities. Further, under the unit-based setting, pairwise stability does not imply setwise 

stability, as is different from the results under agent-based setting. Based on the proposed EDCR 

mechanism, prove the properties of both agent-based and unit based stabilities (pairwise and 

setwise) in a multi-unit many-to-many matching market. Based on responsive preference instead 

of additive separable preference, our results are different from those in Kelso and Crawford 

(1982), Roth and Sotomayor (1992) and Sotomayor (1999a) stating that pairwise stability does 

not necessarily imply setwise stability in many-to-many matching. 

        Motivated by the linkage between the EDCR mechanism and an extensive form game, 

we also attempt to extend our understanding of multi-unit many-to-many matching through the 

lens of dynamic games. This further leads us to the exploration of another solution concept, the 

sub-game Nash equilibrium, which is shown to be a clearly different solution concept from 

pairwise or setwise stability, whether in an agent-based or unit-based setting. With imperfect 

information originated from the nature of the extensive form games, pure SPNE is not 

guaranteed by the EDCR mechanism.  

        Some interesting questions remain open for future research. The existence of SPNE in 

extensive form games can be investigated more thoroughly to deliver stronger properties. 

Further, a natural follow-up question on this would be whether SPNE constitutes a sufficient 

condition for matching stability. A possible angle for tackling these questions would be to 

answer whether there is always an SPNE behind every stable outcome in matching; and if yes, 

the doubt on SPNE existence is then clear because of the guaranteed existence of stability 
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outcome. Finally, solution concepts such as sequential equilibrium and Bayesian Nash 

equilibrium can be investigated for utility-based matching in future work.  
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CHAPTER 3 

 

TOP TRADING CYCLES AND RANDOM SERIAL DICTATORSHIP MECHANISMS FOR 

GENERLIZED ONE-SIDED MATCHING9  

ABSTRACT 

Matching, happening everyday everywhere, is important and universal from individual daily life, 

business transactions, to international trade and allies. Although the one-to-one and many-to-one 

matching problems have been studied by many, understanding of and theory for the more general 

case of multi-unit many-to-many matching are yet to be explored and expanded due to the 

underlying complexity and intricacy of the problem nature. He and Gao (2015) makes an 

important initial headway in exploring this generalized setting of matching by developing the 

corresponding mechanism for multi-unit many-to-many matching and analyzing the key 

properties (e.g., unit-based pairwise and setwise stabilities) of the matching outcomes. Built upon 

previous work, this study examines two alternative matching mechanisms for one-sided 

matching problem, Top Trading Cycles (TTC) and Random Serial Dictatorship (RSD/SD), to 

achieve desirable matching outcomes such as Pareto efficient and strategy-proof matching in 

one-sided matching problems. Unit-based preferences and properties are defined and 

incorporated in the derivation of matching properties for the general multi-unit many-to-many 

matching with quota constraints.  

 

                                                 
9 This chapter is based on the working paper, “Top Trading Cycles and Random Serial Dictatorship Mechanisms for 
Generalized One-sided Matching” by He and Gao, prepared for the journal submission to Games and Economic 
Behavior. The authors reserve the copyright, acknowledging that this is a fair-use of the content. 
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Key Words: Top trading cycle, Serial dictatorship, Multi-unit, Matching, Pareto efficiency, 

Strategy Proof 

 

1. Introduction  

Matching theory and mechanisms have been studied and utilized widely in various 

applications such as college admission, hospital intern allocation, and market design and 

inference (Roth and Sotomayor 1990; Abdulkadiroglu and Sönmez 2013), etc. The ground-

breaking work of Gale and Shapley (1962) marked the start of an era for the major strides in 

studies of matching in decades that followed. The assignment game proposed later by Shapley 

and Shubik (1971) moved on to examine the core and lattice properties of matching in details by 

focusing mainly on the matching setting with money transfers. A decade later, Roth (1984) 

originally proposed the concept of setwise stability that is closely related to but different from 

pairwise stability in matching. Setwise stability has proven a milestone concept in advancing 

matching theory due to its involving larger group of agents into the consideration of stability.  

With these major milestones set for the studies of two-sided matching, another stream of 

research centering on one-sided matching problems has also accumulated momentum (e.g., 

Abdulkadiroglu and Sönmez, 2013, more references). The key difference between the two 

matching settings is that in one-sided matching, agents on one side of the market has less say on 

the final matching decisions or at least their welfare/interests are less important compared to 

partners on the other side of the market. 

Matching mechanisms are at the core of matching markets that drive the matching outcomes 

(Roth and Sotomayor 1990). In analyzing one-sided matching markets (e.g., school choice, 

housing market/house assignment, etc.), Top Trading Cycle (TTC) and (Random )Serial 
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Dictatorship (SD or RSD) are the two major mechanisms recommended to help achieve desirable 

economic outcomes satisfying requirements such as Pareto efficiency and strategy-proofness, 

etc. (Abdulkadiroglu and Sönmez, 2013).  Shapley and Scarf (1974) introduced Gale’s TTC in 

their study of house allocation and school choice market. Abdulkadiroğlu and Sonmez (2003) 

and Abdulkadiroğlu et al. (2005) showed that TTC generates Pareto efficient and strategy-proof 

matching outcome. Similarly, SD is developed and used to yield efficient and strategy-proof 

matching outcomes (Abdulkadiroğlu and Sonmez, 1998). Moreover, these authors prove that the 

core of random endowments is equivalent to the random serial dictatorship. This helps establish 

the linkage between RSD and TTC. It has also been shown that a matching mechanism is Pareto 

efficient if and only if it is a serial dictatorship (Satterthwaite and Sonnenschein 1981). In special 

situations such as cases with incumbent tenants, TTC/RSD can be modified to ensure matching 

outcomes desired in traditional matching frameworks (Abdulkadiroğlu and Sonmez 1999). 

Theories and models derived for TTC/RSD matching mechanisms have been empirically used in 

applications such as kidney exchange programs (Roth et al. 2005). 

Results from existing studies have laid the foundation for further in-depth examination of one-

sided matching at both its theoretical and empirical fronts. In real world practice, the general 

setting of matching with multi-unit trade/transactions among many-to-many matched partners is 

universal. This general multi-unit many-to-many matching, which includes the commonly 

studied binary matching (i.e., match or not, and who matches with whom) as a special case, 

considers markets/matches where agents on both sides of the market can decide to trade/match 

multiple units with more than one agent on the other side. In these matching markets, constraints 

such as quota limits on the total number of units an agent can buy/sell or on bilateral interaction 

level (e.g., quota for bilateral trades) often apply, at least to some agents or for certain types of 
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markets. A general theoretical framework for one-sided matching that accommodates multi-unit 

many-to-many matching with quota constraints is thus necessary. This has motivated the current 

study. Major contributions of this chapter to the literature include the following. First, departing 

from existing studies of one-sided market that consider one-to-one or many-to-one matching, we 

expand the matching scope to many-to-many matching. Second, theoretical foundations and 

models are established that allow multi-unit transactions between any pair of many-to-many 

matching. Third, bilateral quota constraints can be considered in the modeling framework so that 

the theories and models derived in this study apply to any general matching, including the special 

cases of one-to-one and many-to-one matching. Fourth, we develop the corresponding 

generalized TTC and RSD/SD mechanisms to achieve Pareto efficiency and strategy-proof 

properties.  Proofs and discussions necessary for these properties are presented in detail to help 

readers better understand and utilize our proposed matching framework and mechanisms. This is 

accompanied with numerical examples along the way of derivation to show specifics on how to 

use these mechanisms.  

In the rest of the chapter, we first lay out the model framework and provide necessary 

definitions of key concepts in section 2. This is followed by the development of the two 

matching mechanisms (TTC and RSD) with examples in section 3. Section 4 continues with 

specific discussion and proofs of the important properties of these matching mechanisms. In 

Section 5 we conclude the chapter with the major research highlights and suggestions for future 

research.  
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2. The Model  

2.1. Model Structure 

In this section, we define the scope of work by laying out the general matching framework 

and defining the key concepts including responsive preference, and Pareto efficient and strategy-

proof outcomes. We aim to develop a general matching framework of one-sided matching that 

encompasses many other well-studied matching problems as special cases. For convenience, we 

denote the two sides of the matching as buyers and sellers, without loss of generality. Moreover, 

in the setting of one-sided game, the buyers’ preferences are of our core interests. The structure 

of the model is listed below: 

 Sellers: {S}={s1, s2, s3, …, sN}                 

 Buyers: {B}={b1, b2, b3, …, bM}            

 Om-- the demand quota (in product quantity)10 of bm:   bm∈ B. Denote O as the demand 

quota set for the matching market. 

 An-- the supply quota11 of sn:   sn∈ S. Denote A as the supply quota set for the matching 

market.   

 Qmn-- the bilateral transaction quota between bm and sn, and Q denotes the bilateral quota 

matrix for all buyer-seller pairs. 

 

Further model specifications are described below: 

                                                 
10 All quotas we mention in this manuscript are referring to the quantity of product units allowed to trade, not the number of traders allowed 

to partner with.  

11 Often times due to the requirement of trade diversity (e.g. ensuring national security for international trade), the traders might even have 

bilateral trade quota(s) for particular partner(s), besides the total demand or supply constraint.  
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    Market clearing condition: 1 1

N M

n m

n m

A O
 

 
.  

    Each supplier sn ∈{S} supplies a total of  An units of her homogeneous products  to the 

market accessible to all buyers ∈ B, and each buyer bm ∈ B purchases from the any sellers ∈ S 

to meet her total demand of Om units of homogeneous products. We consider one type of 

product in this study, while agents have their own preferences over products from different 

agents.  

    Let Xmn denote the integer number of units transacted between bm ∈ B and sn ∈ S, where 0 

≤ Xmn ≤ Qmn ≤ min(An, Om), ∀𝑚, 𝑛.. The model solution X is to determine Xmn, ∀bm, sn. 

    Each agent 𝑖 ∈ 𝑆 ∪ 𝐵 (a buyer or a seller) is allowed to transact with more than one 

partner on the other side of the market. Let u(sn) denotes the partner set of sn and u(bm) the 

partner set of bm. It is obvious that 0 ≤|u(sn)| ≤ An, 0 ≤ |u(bm)| ≤ Om. Let u denote the outcome 

of the entire matching game, as defined in the matching game literature to indicate whether 

two agents are partners or not (agent-based information). This matching outcome u does not 

include information on the number of units in bilateral transactions (i.e., unit-based 

information) between matched pairs. The unit-based setting will be introduced later.  

    Each agent has a strict preference12 of partnering with different agents on the other side 

of the market (or only a one sided market?). 

 

We call the matching setting described above “multi-unit, many-to-many matching with 

bilateral quota constraints”. Note that: 

                                                 
12 Definition of preference is provided later. 
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(1) if we set the bilateral quota Q at high values, the model refers to the multi-unit, many-to-

many matching;  

(2) if we set all bilateral quota as 1, then the setting reduces to the conventional many-to-many 

matching; 

(3) based upon (2), if we further set either demand quota O or supply quota A as 1,  the model 

characterizes the many-to-one matching; 

(4) based upon (3), if we further set both demand quota O and supply quota A as 1, the setting 

then models the one-to-one matching. 

As such, the “multi-unit, many-to-many matching with bilateral quota constraints” model 

provides a flexible formulation of general matching. Next we move on to define the key concepts 

of preference relationship and properties of matching outcomes under this model setting.  

 

2.2. Definitions 

(v) Agent-based responsive preference. Agent-based responsive preference13 is defined as 

such that: agent i responsively prefers the partnership matching set C to C’, denoted by 

C>iC’ iff C’=C ∪ c1\ c2, where c2∈C while c1C, and agent i prefers c2 to c1 (c2>i c1)
 14. 

Similarly, C≥i C’ indicates that the agent likes c2 at least as well as c1. In this study, 

strictness of preference is assumed but can be relaxed easily if needed. 

Unit-based responsive preference. The unit-based responsive preference is defined graphically 

in Figure 3.1.  

        The three situations in Figure 3.1 depicts all necessary scenarios to define unit-based 

                                                 
13 The original definition on responsive preference is due to Roth (1985) 
14 The subscript i will sometimes be dropped if it does not cause confusion.   
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responsive preference in multi-unit many-to-many matching. More specifically, identical 

symbols in a set in Figure 3.1 represent the same homogeneous products sold/bought by an 

agent, and the number of the identical symbols indicates the number of units transacted between 

a matched pair. That is, different symbols in a set stand for multiple matches or partnerships. Set 

1 or Set 2 can be viewed as an offer set (from a seller) or an order set (from a buyer), consisting 

of multiple units of product transacted with multiple partners.  

 

 FIGURE 3.1. GRAPHICAL DEFITION OF UNIT-BASED RESPONSIVE PREFERENCE 

        The graphical illustration in Figure 3.1 can thus be used to help define the unit-based 

responsive preference. To put it in a more rigorous way, denote V(i) as the unit-based offer set of 

agent i, and again u(i) denotes the agent-based partner set of i as usual. For instance, in Set 2 of 

Situation 1 in Figure 3.1, the agent-based partner set u(i) includes three partners ○, ×, and □, and 

the unit-based offer set V(i), ○○○×××□□□, includes three units for partner ○, three units for partner ×, and 

three units for partner □.  

        We define that if |𝑢(𝑉′(𝑖) − 𝑉(𝑖))| = |𝑢(𝑉(𝑖)−𝑉′(𝑖))| = 1 and 𝑢(𝑉′(𝑖) − 𝑉(𝑖)) >

𝑢(𝑉(𝑖)−𝑉′(𝑖)), then 𝑉′(𝑖) > 𝑉(𝑖) (i.e., 𝑉′(𝑖) is preferred than 𝑉(𝑖)) in the sense of unit-

based responsive preference. One should note that this definition applies to all of the three 
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situations illustrated in Figure 3.1, and Situations 1, 2 and 3 represent all possible matching cases 

(i.e., the universal multi-unit many-to-many matching) that encompassed by our definition of 

unit-based responsive preference.  

Pareto Efficiency for buyers: For a matching mechanism, there doesn’t exist an alternative 

matching outcome in which all buyers slightly prefer this matching to the assignment given by 

the matching mechanism, and at least one buyer strictly prefer this matching to the given 

assignment. The preference used in this definition could be agent-based or unit-based, defining 

respectively agent-based or unit-based Pareto Efficiency. 

Strategy Proof: There is not a single buyer who is able to obtain a better matching by 

misreporting her preference. The preference used in this definition could be agent-based or unit-

based, defining respectively the agent-based or unit-based strategy-proofness. 

With the matching model formulated and the definitions of key concepts/properties provided 

above, , we are ready to develop and discuss in next section the matching mechanisms to achieve 

desirable matching outcomes in the general multi-unit, many-to-many matching with bilateral 

quota constraints.  

 

3. Matching Mechanism 

In this section, we develop the TTC (Top Trading Cycle) and RSD (Random Serial 

Dictatorship) mechanisms for matching in the general setting of multi-unit, many-to-many 

matching with bilateral quota constraints. The reason for us to focus on these two mechanisms is 

that they have been the most useful and popular matching algorithms adopted in studies of one-

sided matching problems, as summarized in Abdulkadiroglu and Sönmez (2013). A legitimate 
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rationale is therefore to add to the literature by extending and establishing TTC and RSD 

mechanisms for matching in its generalized setting. In order to illustrate how our proposed 

mechanisms work, examples are provided along with detailed description of the key matching 

steps.  

3.1.Top Trading Cycle (TTC) 

We start with TTC. The procedure of the general TTC mechanism for Multi-unit Many-to-

Many matching subject to bilateral quota constraints includes the following steps: 

1. According to her preference ranking of sellers, each unfilled buyer proposes within the 

bilateral quota constraints to her most preferred, available and unmatched seller who have 

slack capacity/quota yet to be filled or matched; Each unfilled seller will then point to the 

most preferred available buyer (i.e., granting requests of proposals to her best capacity), 

subject also to the quota constraints. 

Clarification: the formation of directional cycles in this step is subject to quota constraints, 

including the total supply/demand quota and the bilateral transaction quota constraints for all 

agents involved. 

2. Cycles are then identified, and the agents as well as their corresponding unit-based positions 

are partially matched (or fully matched for certain agents in certain rounds of the matching 

game) according to buyers’ preferences (those in the cycles) and the remaining quota 

constraints. To be clear, in the general multi-unit many-to-many setting, especially with the 

quota constraints, matching is conducted on the unit basis. We are interested in not only who 

matches with whom, but also the number of product units transacted that is subject bilateral 

quota constraints between the matched agents.  
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3. Update remaining quota (total quota and bilateral quota) for those newly matched, and the 

filled agents leave the matching game. In particular, the updated unit quota should satisfy all 

quota constraints (bilateral quota as well as an individual agent’s total quota). 

  Clarification: in the implementation of steps 2 and 3 in real applications, one can batch 

process the unit assignments and quota updates according to requests in the new cycles to 

speed up the process. From the analytical perspective, however, the thinking exercise of 

composing matches on the unit-by-unit basis is critical for understanding the intricacy of the 

new mechanism as shown in the proofs discussed later. 

4. Check to see if there are unmatched/unfilled buyers (sellers) remaining. Go to step 1 if yes, 

and stop otherwise. 

 

As is clear now, the key innovation in this general TTC is how to deal with the quota-

constrained multi-unit matching among the many-to-many partners with varying individual 

preference ranking of potential partnership on the other side of the market. To illustrate the TTC 

mechanism outlined above, we give an example below to show the key steps. 

 

Example (TTC): 3 buyers {b1,b2,b3}, 2 sellers {s1,s2}; Individual quotas: O1=2, O2=2, O3=2 

for the 3 buyers; A1=5, A2=1 for the two sellers; Bilateral transaction quotas: Q11=2, Q12=3, 

Q21=1, Q22=1, Q31=2, Q32=0; Preference ranking: s2<b1s1 for buyer 1, s1<b2s2 for buyer 2, 

s1<b3s2 for buyer 3, b3<S1b1<S1b2 for seller 1, and b3<S2b2<S2b1 for seller 2. 

Step 1: top trading cycle (b1-s1-b2-s2-b1). So b1 buys 2 units from s1, and b2 buys 1 unit from s2 

(bilateral quota constraints satisfied). Updated remaining quotas after this cycle are then: O1=0, 
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O2=1, O3=2; A1=3, A2=0; Q11=0, Q12=3, Q21=1, Q22=0, Q31=2, Q32=0. 

Step 2: top trading cycle (b2-s1-b2). So b2 buys 1 unit from s1. Updated remaining quotas then 

become: O1=0, O2=0, O3=2; A1=2, A2=0; Q11=0, Q12=3, Q21=0, Q22=0, Q31=2, Q32=0. 

Step 3: since bilateral quota constraint between b3 and s2 is 0, the cycle can only be (b3-s1-b3) 

regardless of b3’s preference. So b3 buys 2 units from s1. All remaining individual quotas reach 

zero and the mechanism ends. 

The resulting matching outcome: b1 buys 2 units from s1, b2 purchases 1 unit from s1 and 1 

unit from s2, and b3 buys 2 units from s1. 

 

3.2.Random Serial Dictatorship (RSD) 

The procedure of a generalized RSD mechanism for Multiunit Many-to-Many Matching 

subject to bilateral quota constraint are as follows: 

1. All buyers are lined up (randomly or upon certain priority rules) and agree to take turns 

entering the market to trade; 

2. Following the order formed in step 1, the first buyer in line (e.g., the buyer with the highest 

priority) enters the market and proposes according to her preference ranking to her top 

available (her preferred unfilled and unmatched) seller(s) to fulfill her multi-unit demand 

subject to the total and bilateral quota constraints.  

More specifically, for a buyer in her turn, she first picks her top choice seller and proposes 

to order as many (in terms of unit in this general setting) as possible from him given both 

side’s remaining total and bilateral unit quota constraints; then if she has remaining quota 

unfilled, she proceeds to her second preferred choice of agent in a similar manner, then next 
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until her demand quota is filled. All matches are only determined by the buyer’ choices.  

3. Next, the second buyer in line (e.g., the buyer with the second highest priority) takes her turn, 

then the third, and so on until the last buyer in line. Again, all matches are only determined 

by the buyers’ choices.  

4. Stop if market clearance is achieved.  

To illustrate the SD/RSD mechanism outlined above, below is a simple example to show the 

key steps of the algorithm. For simplicity and comparison, this example has the same setting 

(restated below for convenience) as that for TTC.  

 

Example (RSD): 3 buyers {b1,b2,b3}, 2 sellers {s1,s2}; Individual quotas: O1=2, O2=2, O3=2 

for the 3 buyers; A1=5, A2=1 for the two sellers; Bilateral transaction quotas: Q11=2, Q12=3, 

Q21=1, Q22=1, Q31=2, Q32=0; Preference ranking: s2<b1s1 for buyer 1, s1<b2s2 for buyer 2, 

s1<b3s2 for buyer 3, b3<S1b1<S1b2 for seller 1, and b3<S2b2<S2b1 for seller 2. 

 

    Assume that the three buyers are lined up in the order of b1-b3-b2. 

Step 1: b1 enters the market first and purchases two units from s1 which satisfies all her 

demands. The remaining quotas for all agents are updated to: O1=0, O2=2, O3=2; A1=3, A2=1; 

Q11=0, Q12=3, Q21=1, Q22=1, Q31=2, Q32=0 

Step 2: b3 enters the market but is not able to purchase anything from her top preferred seller s2 

due to the bilateral quota constraint Q32=0. Instead, b3 purchases 2 units from s1. The remaining 

quota would be: O1=0, O2=2, O3=0; A1=1, A2=1; Q11=0, Q12=3, Q21=1, Q22=1, Q31=0, 

Q32=0 
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Step 3: b2 enters the market and purchases 1 unit from s2 (due to quota limit), then 1 unit from 

s1. To this point all of the buyers and sellers demands and supplies are cleared, such that O1=0, 

O2=0, O3=0; A1=0, A2=0;     Q11=0, Q12=3, Q21=0, Q22=0, Q31=0, Q32=0 

In summary, b1 buys 2 units from s1, b2 purchases 1 unit from s1 and 1 unit from s2, and b3 

buys 2 units from s1. Note that this RSD matching outcome is, by coincidence, the same as that 

generated by TTC. 

 

Careful readers can easily come up with ideas that some variations of these mechanisms are 

possible. For instance, when describing the key steps of SD mechanism, we did not specify how 

to generate and assign orders in the lineup of buyers. Previous studies including Abdulkadiroğlu 

and Sonmez (1998) have discussed many ways for the generation of the orders and have shown 

the corresponding properties of the variations in various problem settings. Readers interested in 

these specific aspects of matching mechanisms are referred to these cited works. In this chapter, 

our current focus is to develop a modeling foundation and framework for the general multi-unit 

many-to-may quota-constrained matching and to examine the corresponding theoretical 

properties, which are not affected by such mechanism specifics as how to line up agents in RSD. 

 

5. Properties 

As pointed out in Shapley and Scarf (1974), Abdulkadiroğlu and Sonmez (2003) and 

Abdulkadiroğlu et al. (2005) on the TTC and RSD/SD mechanisms in their studies of one-to-one 

and many-to-many matching, these mechanisms usually yield matching outcomes with good 

properties. In this section, we examine if the TTC and RSD mechanisms proposed in Section 3 
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maintains such good properties as generating agent-based and unit-based Pareto efficient and 

strategy-proof outcomes in our generalized Multiunit Many-to-Many Matching with quota 

constraints. 

 

Proposition 1. The TTC mechanism in the generalized Multiunit Many-to-Many Matching with 

quota constraints yields Pareto efficient matching outcome with respect to both agent-based and 

unit-based preference definitions. 

Proof of Proposition 1. We present here the proof for the case of agent-based preference, and 

proof for the case of unit -based preference can be conducted in a similar manner.  

If a TTC matching outcome is not Pareto-efficient, then there exists an agent (buyer here) X 

who could be better off by switching at least one unit of her current matching with another. 

According to the definition of agent-based responsive preference, this means that she has a 

matched agent (seller here) a which could be replaced by another agent b (i.e. b>xa)15. 

At the time (say t1) buyer X is matched with seller a, it is obvious that either b is not available 

(e.g., all of b’s quota are filled by others), or the bilateral quota between X and a is already 

reached. So a buyer, for instance Y, who formed the match with b earlier at time t2<t1 surely was 

aware of seller a but didn’t choose a due to possible reasons (e.g., a!=Yb , a<Yb, or the bilateral 

quota between Y and a was reached). Therefore, Y would not want to switch b for a with with X, 

given the strict preference assumption and bilateral quota constraint.  

So Y and X would not switch between b and a directly. Then they might be able to do it 

                                                 
15 If the problem is unit-based, similarly, this buyer X must have a matched position with a which could be replaced 

by another position with seller b where b>xa. Other part of the proof for unit-based problem could proceed in a 

similar way.  
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indirectly. For example, Y and Z exchange between b and c (c>Yb, b>Zc), and Z and X exchange 

between b and a (a>Zb, b>Xa). So a>Zb>Zc. 

Assuming that Y and Z exchange between b and c, this indicates that when Y formed the 

match with b at t2, c was not available for Y, or the bilateral quota was already met (in this later 

case there is also no way for Y to match with c later on by exchanging with anyone including Z). 

In the former situation (c was not available to Y ), it means that all quota of c was already 

matched before t2 and that at least one unit of c’s quota went to Z at an earlier time t3<t2. In 

other words, when Z matched with c, she was aware of a and b but preferred c. This contradicts 

with Z’s preference ranking of a>Zb>Zc. 

Such matching exercise could be longer and go beyond involving just X, Y and Z. However, 

at the end of it, there must be someone who should exchange with X for a, but that agent has no 

reason to prefer a to what she would be willing to match (suppose that is a’), since when she 

partnered with a’ at t’<t1 a was available to her, but she prefers a’. Proof completed. 

We should point out here that the nature and proof of TTC Pareto-efficiency in our 

generalized multi-unit matching setting are different from those in the matching settings 

previously studied by Abdulkadiroğlu and Sonmez (2003) and Abdulkadiroğlu et al. (2005). In 

previous studies, each agent makes only one-step decision in an iteration on whom to match 

with. In the current study, each agent has multiple slots and these slots might be filled across 

multiples steps/iterations. In one iteration of the matching game, an agent needs to make 

decisions on not only whom to match with, but also how many units to transact in compliance 

with the quota constraints. The proof is hence different in considering multiple slots and steps. 
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Corollary 1. If a matching is unit-based Pareto efficient, it is also agent-based Pareto efficient.  

This is straightforward because the agent-based preference could be viewed as a special case 

of unit-based preference. 

 

Proposition 2. The general TTC mechanism corresponding to the general matching framework 

(MMMM with quota constraints) yields matching outcome that is strategy-proof with respect to 

both agent-based and unit-based preference definitions. 

Proof of Proposition 2. The idea is simple and similar to that in the school choice studies by 

Abdulkadiroğlu and Sonmez (2003) and Abdulkadiroğlu et al. (2005). For any agent, if she 

wants to improve (no matter by definition of agent- or unit- based preference), she must have to 

match/trade with someone better than one of her current matching partners at some time t. 

However, by even misrepresenting her preferences she cannot alter others’ cycles or matches that 

have formed in earlier steps before time t. And there is no incentive for her to alter her own 

cycles (before or at time t) either. Proof completed. 

 

Proposition 3. The general RSD mechanism proposed for the general matching framework 

(MMMM with quota constraints) yields Pareto efficient matching outcome with respect to both 

agent-based and unit-based preference definitions. 

Proof of Proposition 3. The general argument is that a buyer with higher priority would not be 

willing to exchange for any unit/position with an agent of lower priority because she has already 

got whatever she wanted or were able to get according to her preference ranking (given quota 

constraint). More specifically, the agent (buyer) of top priority would not be willing to switch 
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with anyone of lower priority since she has already picked her top choice(s) (the way she picks 

the top choices would yield best choice set given her preference, agent-based or unit-based). 

Assuming that she’s fulfilled her demand and is out of the matching game, agent #2 of second 

priority would not be willing to trade with people of priority levels lower than hers. She can’t 

switch with anyone of higher priority level than hers, either. The proof is thus completed by 

applying this same argument to all buyers. The proof is almost the same as the original proof for 

the many-to-one problem because this priority is assigned to the agents, not to each quota. Proof 

completed. 

 

Proposition 4. The general RSD mechanism corresponding to the general matching framework 

(MMMM with quota constraints) yields matching outcome that is strategy-proof with respect to 

both agent-based and unit-based preference definitions. 

Proof for Proposition 4. For buyer with priority 1, she has no need to cheat. For agent with 

priority 2, she does not need to disguise her preference either because her decision would not 

alter the choices of agent with priority 1, and so on. Proof completed. 

The proofs provided above constitute the important theoretical basis for the proposed TTC 

and RSD mechanisms to guarantee Pareto efficient and strategy-proof matching outcomes in our 

generalized market setting of multi-unit many-to-many matching with quota constraints.  

 

6. Conclusion 

In this chapter, we propose a general framework and establish the theoretical basis for 

modeling and analyzing the generalized multi-unit many-to-many one-sided matching with quota 
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constraints. This framework is general and comprehensive, including the previously studied one-

to-one and many-to-many matching as special cases. Major innovations include the 

considerations of multiple slots/units of products that the agents are demanding or supplying, as 

well as the quota constraints imposed at both bilateral and aggregate levels.  Key concepts in 

matching games including responsive preferences, Pareto-efficiency, and strategy proof 

outcomes are redefined in consistency with the generalized setting of matching. 

To achieve desirable outcomes in the general multi-unit many-to-many quota-constrained 

matching games, generalized TTC and RSD matching mechanisms are developed, with examples 

provided to help understand the key concepts of the mechanisms. The core property of TTC and 

RSD is established that both mechanisms generate agent-based as well as unit-based Pareto 

efficient matching outcome, and that that unit-based Pareto efficiency is a sufficient condition for 

agent-based Pareto efficiency. Moreover, the matching outcomes from both mechanisms are 

guaranteed to be strategy-proof. 

There are interesting questions remaining for the general multi-unit many-to-many quota-

constrained matching games. Intrigued researchers can explore along into areas such as 

endowment and incumbent problems (Abdulkadiroğlu and Sonmez 1999); the property about 

eliminating justified envy (Abdulkadiroğlu and Sonmez 2013); type-specific quota constraints on 

the maximum number of agents to pair up; theoretical connections between the TTC and 

RSD/SD matching mechanisms; and possible linkages between one-sided and two-sided 

matching problems, etc.  
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CHAPTER 4 

 

A HYBRID MODEL FOR GENERALIZED MATCHING16  

 

Abstract 

Matching in its generalized setting, i.e. multiunit many-to-many matching (MMMM) with 

bilateral and aggregate quota constraints, can be formulated as one-sided or two-sided matching 

problems. Both formulations have advantages and disadvantages in explaining matching 

outcomes as well as achieving desired matching properties such as stability and efficiency. In 

this study we propose a hybrid model with new hybrid matching concepts and notations for 

generalized matching that encompasses both one-sided and two-sided matching problems. A 

corresponding matching mechanism is developed to achieve desirable outcomes (e.g., matching 

stability, Pareto-efficiency, etc.) that reconcile one-sided and two-sided markets. The proposed 

hybrid model, inspired by Abdulkadioglu (2011) especially on the new hybrid matching 

concepts, advances the matching literature to accommodate the generalized many-to-many 

multiunit matching with quota constraints. 

 

Key Words 

Multiunit many-to-many matching (MMMM), Stable Transfer Cycles (STC), hybrid matching, 

constrained-stability 

  

1. Introduction and Literature Review 

                                                 
16 This chapter is based on the working paper, “A Hybrid Model for Generalized Matching” by He and Gao, 
prepared for the journal submission to Management Science. The authors reserve the copyright, acknowledging 
that this is a fair-use of the content. 
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        Matching theory (Roth and Sotomayor 1990) has been developed as a powerful tool to 

study and solve one-sided and two-sided matching problems. Typical examples of matching 

problems include marriage, school choice and college admission, medical residency assignments, 

organ (e.g., kidney) transplant, house allocation and housing market, etc. (Abdulkadiroglu and 

Sönmez 2013). 

        For two-sided matching, Gale and Shapley (1962) laid the intellectual foundation for 

the entire area by providing key definitions/properties of fundamental matching concepts and 

proposing the deferred acceptance mechanism to reach favorable matching outcome. A decade 

later, Shapley and Shubik (1972) pushed the frontier further to consider the famous “assignment 

games” in matching. Roth (1984) was among the first few to connect matching theory to real-

world applications in empirical studies such as the medical residency assignment and matching 

problems. Pioneers in studies of two-sided matching also include Crawford and Knoer (1981), 

Kelso and Crawford (1982) and Hatfield and Milgrom (2005). In two-sided matching world, the 

most discussed concept is stability, an equilibrium in which there is no incentives for both sides 

of the market to switch current match(s). The two main streams of research in two-sided 

matching are one-to-one matching (e.g. marriage model) and many-to-one matching (e.g. college 

admission), both started by Gale and Shapley (1962). Another classification of matching studies 

focuses on models: continuous versus discrete models (Abdulkadiroglu and Sönmez 2013).   

        One-sided matching, the counter-part of two-sided matching, focuses more on the 

welfare of agents on one side (instead of both sides) of the market, where the benefit, preference 

and decision of one side are more important, or even dominant over those on the other side of the 

market. In other words, biased towards or prioritized for the welfare of one side, the preferences 

of the agents on the side of the market exert little restrictions to the matching problem. This is in 
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sharp contrast with two-side matching where the stability concepts in matching are fundamental 

for considering fairly the preferences from both sides of the networks.  The most typical one-

sided matching problems can be observed in house allocation and housing markets. Hylland and 

Zeckhauser (1979) were arguably the first to systematically study one-sided matching. Top 

trading cycles (TTC) algorithm (attributed to David Gale by Shapley and Scarf (1974)) and the 

serial dictatorship algorithm are the key matching mechanisms in one-sided matching, counter-

parts to the deferred acceptance mechanism in two-sided matching. Pareto Efficiency and core 

are two crucial concepts in assessing matching outcomes of one-side matching problems. For 

more detailed and thorough review of the development in matching theory (both one-sided and 

two-sided matching), readers are referred to Roth and Sotomayor (1990), Roth (2008), Sonmez 

and Unver (2015) and Abdulkadiroglu and Sönmez (2013). 

        It is obvious that theory and models developed for one-sided and two-sided matching 

problems have merits in explaining and analyzing matching phenomena in their context-specific 

applications. Nevertheless, neither of the models developed so far is comprehensive and flexible 

enough to encompass generalized matching in both matching configurations (i.e., one-sided and 

two-sided matching).  More specifically, one-sided matching mainly focuses on the welfare of 

one side of the market and generally “ignore” the other side, while the analytical framework for 

two-sided matching strictly requires considering stability for each agent from both sides. In real-

world applications, however, there are often situations in between one-sided and two-sided 

matching. For instance, within one-side of the market, some agents’ preferences (priorities) 

could be ignored while others’ have to be emphasized. Abdulkadiroglu (2011) discusses this 

issue especially on school choice problems where it is permitted that part of the schools are 

stability-constrained (i.e. in terms of two-sided matching) while others are not. To solve the 
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problem, the author proposed a novel framework for modeling both one-sided matching and two-

sided matching, with the flexibility to account for situations lying in between. To achieve this, 

the study proposes important concepts in hybrid matching such as natural stability and student 

optimal stable matching. Moreover, it develops a student optimal stable matching mechanism, a 

general form of mechanism capable of reducing to two-sided matching mechanism (i.e. Gale-

Shapley mechanism) or one-sided matching mechanism (i.e. Top Trading Cycles algorithm) to 

accommodate various problem setting, requirements and needs of matching.  

        While Abdulkadiroglu (2011) made an important headway in building models to 

address generalized matching for school choice in the traditional one-to-one and many-to-one 

matching setting, there are remaining important and critical issues yet to be addressed for the 

development of a unified matching theory and modeling framework for generalized matching 

underlying many sophisticated real-world problems. For example, there are situations (e.g., 

matching in trade, e-commerce and online shopping, Uber mobility, and Amazon and Alibaba 

online market platforms, etc.) where agents from both sides of the matching network can transact 

or partner with more than one agents on the other side (i.e., many-to-many matching beyond the 

one-to-one and many-to one matching framed by Gale and Shapley (1962)). Further, in such 

many-to-many matching, it often occurs that an agent needs to decide and match with not only 

the partners on the other side, but also the number of units to transact with each of the matched 

partners, within their individual and bilateral quota constraints (i.e., many-to-many multi-unit 

matching with quota constraints). It is obvious that the number of unit to transact, the quota 

constraints, and other practical factors will all affect individual agent’s partnership decision, 

hence the ultimate matching equilibrium. For this general setting of many-to-many multi-unit 

matching with quota constraints, we call it generalized matching that includes previously studied 
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one-to-one and many-to-one matching as special cases. 

        With considerations on generalized matching, this study aims to develop a 

comprehensive hybrid model for multi-unit many-to-many matching (MMMM) with quota 

constraints in one-sided markets, two-sided markets, and anywhere in between (i.e., generalized 

matching). In the proposed hybrid model for generalized matching, each agent could match with 

more than one agents from the other side and trade more than one unit subject to individual and 

bilateral quota constraints. We develop a generalized Stable Transfer Cycles mechanism and the 

supporting new concepts such as “availability”, “transfer” and “b-optimal stability” to reconcile 

and encompass MMMM setting in one-sided, two-sided, and various matching settings. In 

particular, the matching mechanisms and properties of multi-unit many-to-many matching 

(MMMM) with quota constraints are carefully presented and discussed in a comparative 

framework between one-sided and two-sided matching. 

        The contribution of this chapter lies mainly in the development of a hybrid model for 

generalized matching that lays a unified theoretical foundation and provides a comprehensive 

method for modeling and analyzing complex real-world multi-unit multi-partnership matching 

problems with quota constraints. Pushing beyond the our recent works that have developed 

EDCR and generalized TTC matching mechanisms for MMMM with quota constraints under the 

two-sided and one-sided matching settings, respectively (presented in Chapter 2 and Chapter 3), 

our newly proposed hybrid model, together with the analyses and discussions presented in great 

details later on the connections between the hybrid model and the EDCR and generalized TTC 

matching mechanisms  advance the theoretical and methodological headway of  matching 

study beyond its current frontier to generalized matching. 

        The rest of the chapter proceeds as follows. In model formulation section, we first set 
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up the MMMM framework, which is followed by definitions of agent-based and unit-based 

preferences. Key concepts in hybrid matching are then established, together with step-by-step 

discussion of the Stable Transfer Cycles (STC) mechanism. In preparation for the discussion of 

major findings in the result section, the EDCR mechanism for two-sided matching and TTC 

mechanism for one-sided matching under MMMM framework presented next. In the result 

section, we present a thorough treatment of the main features of the hybrid matching 

model/mechanism, the important properties of the matching outcomes, and the connections to 

both one-sided and two-sided matching problems. We show that the generalized STC mechanism 

is guaranteed to generate b-optimal stable matching outcomes, a powerfully flexible mechanism 

able to accommodate generalized matching (i.e., MMMM with quota constraints in one-sided, 

two-sided, and other matching settings) thanks to our the definition and construction of 

constrained and unconstrained stability newly introduced in this study. 

 

2. Model:  

Many-to-Many Multiunit Matching (MMMM) with Quota Constraints 

2.1 Model Framework 

        For the sake of convenience, we refer the two sides in a generalized matching 

network/market as sellers and buyers, denoted as: 

 Sellers: S={s1, s2, s3, …, sN}                 

 Buyers: B={b1, b2, b3, …, bM}            

 Om= the demand quota (in product quantity)17 of buyer bm:   bm∈ B 

 An= the supply quota18 of seller sn:   sn∈ S   

                                                 
17

 All quotas we mention in this manuscript are referring to the quantity of product units allowed to trade, not the number of traders allowed 

to partner with.  
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The main model assumptions include: 

(vi)    1 1

N M

n m

n m

A O
 

 
 : market clearance condition 

(vii)    Each seller sn ∈S supplies all of her homogeneous products (totaling An units) to the 

buyers ∈ B, and each buyer bm ∈ B purchases her demand of homogeneous products 

(totaling Om units) from the sellers ∈ S. There is only one type of product in our model, 

but agents have their own preferences of transacting with different agents.  

(viii)    Let Xmn denotes the integer number of units transacted between bm and sn (where 

bm∈ B and sn∈ S), where 0 ≤ Xmn ≤ min(An, Om), ∀𝑚, 𝑛. Under this definition, Xmn is 

allowed to be greater than 1, but subject to any given bilateral quota constraints. The 

model solution X is to determine matching equilibrium Xmn, ∀bm, sn. 

(ix)    Each agent 𝑖 ∈ 𝑆 ∪ 𝐵 is allowed to transact with more than one partner. Let u(sn) 

denotes the partner set of sn and u(bm) the partner set of bm. It is obvious that 0 ≤|u(sn)| ≤ 

An, 0 ≤ |u(bm)| ≤ Om. Let u denotes the buyer-seller matching outcome for the entire 

game. As always defined in the matching game literature, matching outcome u for now 

only informs whether two agents are partners or not (agent-based information), without 

further information on the number of unit transacted (unit-based information) between 

the paired partners.  

(x)    Each agent has a strict preference over the other side of the market. 

        The market setting described above lays out an overall framework of a generalized 

Many-to-Many Multiunit Matching (MMMM) matching with quota constraints. Next we provide 

definitions of key concepts in preparation for the construction of our hybrid model for 

                                                                                                                                                             
18

 Often times due to the requirement of trade diversity (e.g. ensuring national security for international trade), the traders might even have 

bilateral trade quota(s) for particular partner(s), besides the total demand or supply constraint.  
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generalized matching that works for both one-sided and two-sided matching. 

 

2.2 Basic Matching Concepts  

(xi) Agent-based responsive preference19: agent i (seller or buyer) responsively prefers the 

partnership matching set C to C’, denoted as C>iC’ iff C’=C ∪ c1\ c2, where c2∈C while c1

C, and agent i prefers c2 to c1 (c2>i c1)
 20. Similarly, C≥i C’ indicates that the agent likes c2 

at least as much as c1. In this study, strictness of preference is assumed but could be relaxed 

easily if needed. 

Unit-based responsive preference is defined graphically in Figure 4.1:  

 

FIGURE 4.1. GRAPHICAL DEFITION OF UNIT-BASED RESPONSIVE PREFERENCE 

For more information about agent-based and unit-based stabilities in two-sided matching, please 

refer to Chapter 2 for detailed definitions and discussions. 

         The key difference between one-sided and two-sided matching lies in how the 

priority or preference (used interchangeably in this study) of one side of matching is treated vs. 

that of the other side. For two-sided matching, the priorities of both sides should not be violated 

in defining the two-sided stability of matching. In one-sided matching, however, the priority of 

                                                 
19

 This definition on responsive preference is due to Roth (1985) 

20
 The subscript i will sometimes be dropped if it does not cause confusion.   
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one side, say the buyers, should be obeyed while the preference of the seller side could be 

violated for Pareto efficiency of buyers.  

        Provided the difference between one-sided and two-sided matching, a comprehensive 

model and matching mechanism would be needed if both situations have to be considered and 

modeled together. The main tool we are going to develop is Stable Transfer Cycles mechanism. 

This mechanism is the key to the hybrid matching for generalized matching mainly due to three 

reasons. Firstly, it carefully considers the impact difference between stability-constrained and 

unconstrained sellers, provided that this information is embedded when we define waitlisted and 

transfer agents.  

Secondly, the definitions of waitlist and transfer agents also allow many-to-many matching, 

which is different from Abdulkadioglu (2011). Thirdly, the assignment rules (replacement rules) 

of STC take into account multi-unit matching under quota constraints in executing the matching, 

together with the former two reasons generalize our proposed hybrid model to a large extent.  

        Before introducing the Stable Transfer Cycles (STC) mechanism, the following 

concepts need to be well defined, which is crucial in constructing and understanding STC. 

 

2.3 Key Components of STC 

Sc and Su: Sc (stability-constrained sellers) denotes the set of sellers who are subject to stability 

constraint; SU (stability-unconstrained sellers) denotes the set of sellers who are not subject to 

stability constraint. Specifically, a seller is subject to stability constraint if whenever her top 

ranked buyer prefers this seller to any of the buyer’s current matching, the seller should be 

matched with this buyer. However, for a stability unconstrained seller, her preference over sellers 

are not important at all, similar to the condition in one-sided matching problems.  



 

79 

Eligibility: Let b denote one unit quota of buyer b. b is eligible for s if b>s∅ and this matching 

does not violate bilateral quota constraint q(b,s) and their respective individual quota constraints 

q(b) and q(s); Similarly, let s denote one unit quota of seller s. s is eligible for v if s>b∅ and this 

matching does not violate bilateral quota constraint q(b,s) and their respective individual quota 

constraints.  

Feasibility: a matching is feasible if every unit quota b of 𝑏 ∈ 𝐵 is eligible for all sellers she 

matches. In other words, b>s∅ for all 𝑠 ∈ 𝑢(𝑏) where u(b) denotes the sellers set matched with 

buyer b. We denote u(b) as the seller units set (units supplied by the sellers) matched with buyer 

b. 

Individual rational: b>s∅ for all s ∈ 𝑢(𝑏) and for all b∈u(s); s>b∅ for all b ∈u(s) and for all 

s∈u(b). It also requires that the bilateral quota constraint q(b,s) and their respective individual 

quota constraints q(b) and q(s) are not violated (all these quota constraints are unit-based). 

A matching outcome u violates buyer b’s priority at 𝑠 ∈Sc if: b and s pairwisely block u. ↔  

In other words, ∃ 𝑏′ ∈ 𝑢(𝑠) and 𝑠′ ∈ 𝑢(𝑏) s.t. s>bs’ and b>sb’, and this new matching v 

satisfies all quota constraints. 

Pseudo-stable: if a matching outcome u is individual rational and does not violate priority of 

either side, it is pseudo-stable (including null matching) 

Wasting seat: a matching u wastes a seat at s if (1) |u(s)|<q(s) ; (2) there is b s.t. s>bs’ where 

𝑠′ ∈ 𝑢(𝑏) and b>s∅; and (3) u does not violate any quota constraint. Note that if 𝑠 ∈Sc, then this 

is a special case of pair-wise blocking (a reference to pair-wise blocking).  

Stability: a matching u is stable if it is pseudo-stable and does not waste a seat. Note that the 
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stability defined here is different from the definition in standard two-sided matching. 

Pareto Dominate: if u(b)≥ v(b) for all b and u(b)> v(b) for some b, then we say matching 

assignment v is dominated by u.  

Pareto Efficiency: a matching assignment is Pareto efficient if it is not dominated by another 

assignment 

B-optimal Stable: a matching is buyer-optimal (b-optimal) if it is pseudo-stable and not Pareto 

dominated by another pseudo-stable assignment.    Note: if S=Sc, it reduces to two-sided stable 

outcome; if S=Su, it reduces to one-sided outcome. 

Strategy-proof for buyers: Let 𝜑 be a mechanism (unit-based). We say that it is strategy-proof 

for buyers if 𝜑(≥ 𝐵)(𝑏) ≥b 𝜑(≥ 𝐵\𝑏, > ′𝑏)(𝑏) for all ≥ 𝐵, 𝑏 ∈ 𝐵 and > ′𝑏, where “≥ 𝐵” 

stands for the entire truthful preference relation set and “> ′𝑏” represents untruthful preference 

relation of b. Similarly for sellers, we say that it is strategy-proof for sellers if 𝜑(≥

𝑆)(𝑠) ≥s 𝜑(≥ 𝑆\𝑠, > ′𝑠)(𝑠) for all ≥ 𝑆, 𝑏 ∈ 𝑆 and > ′𝑠, where “≥ 𝑆” stands for the entire 

truthful preference relation set and “> ′𝑠” represents untruthful preference relation of s. 

Availability: availability describes if an agent is still available for matching in a certain round of 

the matching mechanism. If not, the agent would not be considered to be a waitlisted and transfer 

agent, two important concepts to be defined shortly. Availability is recursively determined 

below:  

        Let uo denote null matching, i.e. uo=∅ for all 𝑠 ∈ 𝑆. Initialize the set of available 

buyers as B-1=B, and the set of available sellers as S-1=S.  

        Given (un, Bn-1, Sn-1), compute new set of available Bn and Sn as follows:  
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Set �̃�0= Bn-1, �̃�0= Sn-1. Given �̃�k and �̃�k , let �̃�k+1={ 𝑏 ∈ �̃�k : ∃𝑠 ∈ �̃�k and ∃𝑠′ ∈ un(b), s.t. 

s>bs’, b eligible for s and the match between s and b does not violate any quota constraints  (s’ 

could be a vacant/empty seat) }, �̃�k+1={ 𝑠 ∈ �̃�k : u
n(s) ⊈(B\�̃�k+1) } 

        And finally Bn=limk�̃�k , S
n=limk�̃�k . This determines the availability. 

Waitlist: 

(1)  For s∈Su∩Sn: 

W(s;un)={𝑏 ∈ Bn: ∃𝑠′ ∈ un(b) where s’ could be empty seat s.t. s>bs’, b eligible for s and the 

match between s and b does not violate any quota constraints } 

(2)  For s∈Sc∩Sn 

W(s;un)=top ranked buyer∈{𝑏 ∈ Bn: ∃𝑠′ ∈ un(b) where s’ could be empty seat s.t. s>bs’, b 

eligible for s and the match between s and b does not violate any quota constraints } 

        Before we move on to the introduction of the Stable Transfer Cycles (STC) 

mechanism, one thing to note beforehand is that if the waitlist generated by (2) does not produce 

permanent match (which produces unavailable seat or agent) in a particular round in the STC 

mechanism, we should include the next most preferred buyer in the waitlist together with 

previously waitlisted buyer(s) in the new waitlist for the next round of the mechanism, in order 

to avoid endless loop. 

Transfer: we define transfer buyers TrBuy(un) and transfer sellers TrSell(sn) recursively as 

follows: 

       Set �̂�0= Bn, �̂�0= Sn. Given �̂�k and �̂�k , let �̂�k+1={ 𝑏 ∈ �̂�k: ∃𝑠 ∈ �̂�k s.t. 𝑏 ∈ W(s;un) } 

�̂�k+1={ 𝑠 ∈ �̂�k: u
n(s) ∩ �̂�k+1≠ ∅ or if |u(s)|<q(s) then ∃𝑏 ∈ �̂�k+1 s.t. b is eligible for s and b-s 

matching does not violate any quota constraints } 
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        And finally TrBuy(un) =limk�̂�k , TrSell(un) =limk�̂�k . 

        Given the definitions of the key concepts above, we are ready to introduce the Stable 

Transfer Cycles (STC) mechanism. STC is constructed as follows: 

 

2.4 Stable Transfer Cycles (STC) Mechanism 

STC starts with null matching uo, B-1=B, and S-1=S. Given (un, Bn-1, Sn-1), STC computes (un+1, 

Bn, Sn) as follows: 

1. Find the set of available buyers and sellers Bn and Sn by the definition of availability 

2. Find the waitlist W(s;un) for every seller s∈Sn by the definition of waitlist 

3. Find transfer buyers TrBuy(un) and transfer sellers TrSell(un) by definition 

4. Construct the following directional graph 

(a) Each s∈ TrSell(un) points to every b∈ un(s) ∩ TrBuy(un). If s has an empty seat, 

that empty position points to the top >s ranked b∈ TrBuy(un)  

(b) Each b∈ TrBuy(un) points to her most preferred s∈ TrSell(un) for whom she is 

waitlisted (i.e. b∈ W(s;un)) 

(c) A top stable cycle is an ordered list {𝑠1 , �⃗⃗�1 , … , 𝑠k , �⃗⃗�k , …,  𝑠K+1=𝑠1 }  

(d) Implementation of the disjoint cycles by assigning bk to sk+1, k=1, 2, …, K 

Replacement/implementation rules: 

(d1) for bk:    (1) if sk points to bk because bk is currently assigned to sk, then replace bk’s current match 

sk with sk+1 (could be batch subject to quota constraints and current matching status) 

             (2) if sk points to bk because sk has empty seat, replace bk’s current least preferred match 

(including vacant seat) with sk+1  

(d2) for sk+1:   (1) if sk+1 points to bk+1 because they are currently matched, (batch) replace sk+1’s current 

match bk+1 with bk 
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             (2) if sk+1 points to bk+1 because sk+1 has empty seat(s), (batch) replace the empty seat(s) 

with bk 

5. Repeat until no more STC exists. 

 

2.5 EDCR mechanism with quota constraints 

        In Chapter 1, the EDCR mechanism is developed and proved to generate stable 

matching outcome for two-sided MMMM matching. Here, we further generalize the EDCR 

mechanism to accommodate situations with bilateral quota constraint in a similar way. 

        The EDCR mechanism with quota constraints includes the following steps: 

Step 1: each buyer bm submit all (within quota constraints—max(qmn, Om)) trade requests to their 

respective most preferred seller. 

Step 2: each seller sn selects up to An most preferable requests received from buyer(s) (subject to 

individual and bilateral quota constraints) and place them on a waiting list. Reject all others if 

any and update temporary quota constraints according to the waiting list. End if no offer rejected. 

Step k (k>2):  

Phase 1: if a buyer experienced rejection in step k-1, he submits new request(s) to his next most 

preferred seller subject to updated quota conditions (bilateral and total). If no other options are 

available to him in this round due to quota constraints, he can submit the request(s) again to the 

same seller as he did in the last round. 

Phase 2: each seller selects up to her updated temporal quota (total and bilateral) the most 

preferred request(s) from both the waiting list and the new request(s). After rejecting the rest if 

any, she gets her new waiting list and updates her temporal quota. 

        Matching terminates when no more submissions exist. 
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3. Numerical Examples 

        Next, we provide three numerical examples to show how to use the proposed hybrid 

matching mechanism and model for matching in two-sided, one-sided, and hybrid matching 

markets. For convenience and comparison purposes, the three examples use a common game 

setting, but varying stability constraints for the sellers. The general game setting is given below: 

 3 buyers {b1,b2,b3}, 2 sellers {s1,s2};  

 Individual quotas: O1=2, O2=2, O3=2 for the 3 buyers; A1=5, A2=1 for the two 

sellers;  

 Bilateral transaction quotas: Q11=2, Q12=3, Q21=1, Q22=1, Q31=2, Q32=0;  

 Preference ranking: s2<b1s1 for buyer 1, s1<b2s2 for buyer 2, s1<b3s2 for buyer 3, 

b3<S1b1<S1b2 for seller 1, and b3<S2b2<S2b1 for seller 2. 

 

Example 1: In this example, all buyers and sellers are stability constrained. In other word, this is 

a two-sided matching problem for the matching setting described above. 

 

E1a. Matching by generalized STC mechanism: 

E1a.1. Initialize 𝐵-1={𝑏1, 𝑏2, 𝑏3}, 𝑆-1={𝑠1, 𝑠2}, and denote u0 as the initial null 

matching s.t. 𝑢0(𝑠)= ∅ for all 𝑠 ∈ 𝑆.  

E1a.2. As for the waitlist, since all 𝑠 ∈Sc, therefore we have to obey the second 

definition of waitlist to choose the top ranked buyers. By definition of waitlist, 

W(s1;u
0)=b2,  W(s2;u

0)=b1. 
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E1a.3. By definition of transfer buyers and sellers, we have TrBuy(u0)={ 𝑏1, 𝑏2 }, 

TrSell(u0)={ 𝑠1, 𝑠2 }. 

E1a.4. To construct the cycles, according to the mechanism, 𝑠1 points to 𝑏2, 𝑠2 points to 

𝑏1; 𝑏1 points to 𝑠2, 𝑏2 points to 𝑠1. So the cycles are: { 𝑠1 , �⃗⃗�2 , 𝑠1 } and { 𝑠2 , �⃗⃗�1 , 𝑠2 

}. According to the replacement rule of the STC mechanism, u1 : 𝑏1 purchases 1 unit 

from 𝑠2 (A2=1 only), 𝑏2 purchases 1 unit from 𝑠1 (Q21=1).  

E1a.5. We see that both 𝑏1 and 𝑏2 are not assigned to their top choice. According to the 

definition of availability, all agents and all seats are still available and the end of this 

round. So 𝐵0= 𝐵-1, 𝑆0= 𝑆-1. Remaining quotas are unchanged. 

E1a.6. By definition of waitlist and to avoid endless loop, we have W(s1;u
1)={ b2 , b1 }, 

W(s1;u
1)={ b1 , b2 }, including the next preferred buyer. Therefore, TrBuy(u1)={ 𝑏1, 𝑏2 

}, TrSell(u1)={ 𝑠1, 𝑠2 }. 

E1a.7. To construct the cycles, 𝑠1 points to 𝑏2, 𝑠2 points to 𝑏1; 𝑏1 points to 𝑠1, 𝑏2 

points to 𝑠2. So the cycles are: { 𝑠1 , �⃗⃗�2 , 𝑠2 , �⃗⃗�1 , 𝑠1 } and { 𝑠2 , �⃗⃗�1 , 𝑠1 , �⃗⃗�2 , 𝑠2 }. 

According to the replace rule, we have u2: 𝑏1 purchases 2 units from 𝑠1 (O1=2 and 

Q11=2), 𝑏2 purchases 1 unit from 𝑠2 (A2=1 only). 

E1a.8. Because both matches satisfy the top preferences of 𝑏1 and 𝑏2 , we know that for 

𝐵1 and 𝑆1 :   𝑏1 becomes unavailable with no seats left, 𝑠2 is also unavailable with no 

seats left; accordingly, 2 seats of 𝑠1 becomes unavailable, and 1 seat of 𝑏2 becomes 

unavailable. 

E1a.9. The remaining quotas are: O1=0, O2=1, O3=2; A1=3, A2=0; Q11=0, Q12=3, Q21=1, 

Q22=0, Q31=2, Q32=0. 
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E1a.10. Given u2, 𝐵1 and 𝑆1, as well as the remaining quotas, we can easily see that the 

only feasible solution for the next steps is: 𝑏2 purchases 1 units from 𝑠1, and 𝑏3 

purchases 2 units from 𝑠1, with no violation of quota constraints and all demands and 

supplied satisfied. 

      In summary, the resulting matching is: 𝑏1 purchases 2 units from 𝑠1, 𝑏3 purchases 1 unit 

from 𝑠1 and 1 unit from 𝑠2, 𝑏3 purchases 2 units from 𝑠1. 

 

E1b. Matching by EDCR mechanism: 

E1b.1. At first, buyers submit all their requests to the most preferred sellers subject to 

personal or bilateral quota constraints, i.e. 𝑏1 submits 2 unit requests to 𝑠1, 𝑏2 submits 1 

unit request to 𝑠2 (A2=1), and 𝑏3 submits 2 unit requests to 𝑠1 (note that Q32=0).  

E1b.2. If we denote R1 (s) as the requests in the waitlist of seller s in step 1, then we have 

R1 (𝑠1)
 ={2 𝑏1, 2 𝑏3}, R1 (𝑠2)

 ={𝑏2} at the end of this round; 

E1b.3. In the second step, 𝑏2 submits 1 unit request to 𝑠1 because she has only 1 unit 

remaining quota. 

E1b.4. Then we have R2 (𝑠1)
 ={2 𝑏1, 𝑏2, 2 𝑏3} , and R2 (𝑠2)

 ={𝑏2}. All demands and 

supplies are satisfied with no quota constraints violated. 

      This is the same result as what we got from the generalized STC mechanism. We will 

discuss this further in the result section. 

 

Example 2: In this example, all sellers are stability unconstrained. In other word, this is a one-

sided matching problem. The general game setting is the same as Example 1. 
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E2a. Matching by generalized STC mechanism: 

E2a.1. Initialize 𝐵-1={𝑏1, 𝑏2, 𝑏3}, 𝑆-1={𝑠1, 𝑠2}, and denote u0 as the initial null 

matching s.t. 𝑢0(𝑠)= ∅ for all 𝑠 ∈ 𝑆.  

E2a.2. As for the waitlist, since all 𝑠 ∈Su, therefore we have to follow the first definition 

of waitlist. By definition of waitlist, W(s1;u
0)= {𝑏1, 𝑏2, 𝑏3},  W(s2;u

0) ={𝑏1, 𝑏2}. 

E2a.3. By definition of transfer buyers and sellers, we have TrBuy(u0)= {𝑏1, 𝑏2, 𝑏3}, 

TrSell(u0)={ 𝑠1, 𝑠2 }. 

E2a.4. To construct the cycles, according to the mechanism, 𝑠1 points to 𝑏2, 𝑠2 points to 

𝑏1; 𝑏1 points to 𝑠1, 𝑏2 points to 𝑠2 , 𝑏3 points to 𝑠1. So the cycles are: { 𝑠1 , �⃗⃗�2 , 𝑠2  , 

�⃗⃗�1 , 𝑠1 } and { 𝑠2 , �⃗⃗�1 , 𝑠1  , �⃗⃗�2 , 𝑠2 }. According to the replacement rule of the STC 

mechanism, u1 :  𝑏1 purchases 2 units from 𝑠1, 𝑏2 purchases 1 unit from 𝑠2 (A2=1).  

E2a.5. We see that both 𝑏1 and 𝑏2 are assigned to their top choice. According to the 

definition of availability, we know that for 𝐵1 and 𝑆1 :   𝑏1 becomes unavailable with 

no seats left, 𝑠2 is also unavailable with no seats left; accordingly, 2 seats of 𝑠1 becomes 

unavailable, and 1 seat of 𝑏2 becomes unavailable. 

E2a.6. The remaining quotas are: O1=0, O2=1, O3=2; A1=3, A2=0; Q11=0, Q12=3, Q21=1, 

Q22=0, Q31=2, Q32=0. 

E2a.7. Given u1, 𝐵0 and 𝑆0, W(s1;u
1)= {𝑏2, 𝑏3}. By definition of transfer buyers and 

sellers, we have TrBuy(u1)= {𝑏2, 𝑏3}, TrSell(u1)={ 𝑠1 }. According to the mechanism, 

𝑠1 points to 𝑏2; 𝑏2 points to 𝑠1 , 𝑏3 points to 𝑠1. So the cycles is: { 𝑠1 , �⃗⃗�2 , 𝑠1 }. 

According to the replacement rule of the STC mechanism, u2 : 𝑏2 purchases 1 unit from 
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𝑠1 (O2=1).  According to the definition of availability, we know that for 𝐵1 and 𝑆1 :   

𝑏2 becomes unavailable with no seats left, and 1 seat of 𝑠1 becomes unavailable.  

E2a.8. The remaining quotas could be easily obtained, and the only feasible solution for 

the next step would be 𝑏3 purchases 2 units from 𝑠1 which satisfies both agents’ supply 

and demand without violating any quota constraint. 

 

      Matching outcome: 𝑏1 purchases 2 units from 𝑠1, 𝑏3 purchases 1 unit from 𝑠1 and 1 unit 

from 𝑠2,  𝑏3 purchases 2 units from 𝑠1. 

 

E2b. Matching by TTC mechanism: 

      We use a slightly different way to denote the cycle to differentiate TTC and STC 

mechanisms. 

E2b.1. Top trading cycle (b1-s1-b2-s2-b1). So b1 buys 2 units from s1, and b2 buys 1 unit 

from s2 (bilateral quota constraints satisfied). Updated remaining quotas after this cycle 

are then: O1=0, O2=1, O3=2; A1=3, A2=0; Q11=0, Q12=3, Q21=1, Q22=0, Q31=2, Q32=0. 

E2b.2. Top trading cycle (b2-s1-b2). So b2 buys 1 unit from s1. Updated remaining quotas 

then become: O1=0, O2=0, O3=2; A1=2, A2=0; Q11=0, Q12=3, Q21=0, Q22=0, Q31=2, 

Q32=0. 

E2b.3. Since bilateral quota constraint between b3 and s2 is 0, the cycle can only be (b3-

s1-b3) regardless of b3’s preference. So b3 buys 2 units from s1. All remaining individual 

quotas reach zero and the mechanism ends. 

    We can clearly see that he matching outcome as well as the exact matching steps are 

identical to the generalized STC mechanism. We will discuss this further in the result section. 
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Example 3: In this example, s1 is unconstrained while s2 is constrained. This is then a hybrid 

matching problem. The game setting is again the same as Example 1. Matching by generalized 

STC mechanism is detailed below:  

E3.1. Initialize 𝐵-1={𝑏1, 𝑏2, 𝑏3}, 𝑆-1={𝑠1, 𝑠2}, and denote u0 as the initial null 

matching s.t. 𝑢0(𝑠)= ∅ for all 𝑠 ∈ 𝑆.  

E3.2. As for the waitlist, since s1∈Su and s2∈Sc, by definition of waitlist, W(s1;u
0)= {𝑏1, 𝑏2, 

𝑏3},  W(s2;u
0) ={𝑏1}. 

E3.3. By definition of transfer buyers and sellers, we have TrBuy(u0)= {𝑏1, 𝑏2, 𝑏3}, 

TrSell(u0)={ 𝑠1, 𝑠2 }. 

E3.4. To construct the cycles, according to the mechanism, 𝑠1 points to 𝑏2, 𝑠2 points to 

𝑏1; 𝑏1 points to 𝑠1, 𝑏2 points to 𝑠1 , 𝑏3 points to 𝑠1. So the cycles is: { 𝑠1 , �⃗⃗�2 , 𝑠1  }. 

According to the replacement rule of the STC mechanism, u1 :  𝑏2 purchases 1 unit from 

𝑠1 (Q21=1).  

E3.5. We see that both 𝑏2 is not assigned to her top choice. According to the definition 

of availability, so all agent are still available, i.e. 𝐵0= 𝐵-1, 𝑆0= 𝑆-1. Remaining quotas 

are unchanged. 

E3.6. By definition of waitlist and to avoid endless loop, we have W(s1;u
1)= {𝑏1, 𝑏2, 

𝑏3}, W(s1;u
1)={ b1 , b2 }, including the next preferred buyer. Therefore, TrBuy(u1)= {𝑏1, 

𝑏2, 𝑏3}, TrSell(u1)={ 𝑠1, 𝑠2 }. 

E3.7. To construct the cycles, 𝑠1 points to 𝑏2, 𝑠2 points to 𝑏1; 𝑏1 points to 𝑠1, 𝑏2 

points to 𝑠2 , 𝑏3 points to 𝑠1. So the cycles are: { 𝑠1 , �⃗⃗�2 , 𝑠2 , �⃗⃗�1 , 𝑠1 } and { 𝑠2 , �⃗⃗�1 , 
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𝑠1 , �⃗⃗�2 , 𝑠2 }. According to the replace rule, we have u2: 𝑏1 purchases 2 units from 𝑠1 

(O1=2 and Q11=2), 𝑏2 purchases 1 unit from 𝑠2 (A2=1 only). 

E3.8. Because both matches satisfy the top preferences of 𝑏1 and 𝑏2 , we know that for 

𝐵1 and 𝑆1 : 𝑏1 becomes unavailable with no seats left, 𝑠2 is also unavailable with no 

seats left; accordingly, 2 seats of 𝑠1 becomes unavailable, and 1 seat of 𝑏2 becomes 

unavailable. 

E3.9. The remaining quotas are: O1=0, O2=1, O3=2; A1=3, A2=0; Q11=0, Q12=3, Q21=1, 

Q22=0, Q31=2, Q32=0. 

E3.10. Given u2, 𝐵1 , 𝑆1 and the remaining quota constraints the only feasible solution 

for the next steps is: 𝑏2 purchases 1 units from 𝑠1, and 𝑏3 purchases 2 units from 𝑠1, 

with no violation of quota constraints and all demands and supplied satisfied.  

 

        Therefore, the matching outcome generated by the generalized STC mechanism is: 𝑏1 

purchases 2 units from 𝑠1, 𝑏3 purchases 1 unit from 𝑠1 and 1 unit from 𝑠2, 𝑏3 purchases 2 units 

from 𝑠1. 

 

4. Results 

        Examining further into the depth of the proposed hybrid model and matching 

mechanism, in this section we present our main findings on the matching properties together 

with discussion of our key contributions. These results are centered on the properties of hybrid 

matching and its connections to one-sided and two-sided matching for generalized matching, i.e., 

many-to-many multi-unit matching with quota constraints. 
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PROPOSITION 1: A b-optimal stable matching for MMMM with quota constraints is stable. 

Proof: if a b-optimal stable matching for MMMM with quota constraints is not stable, by 

definition of stability, it must have wasted seat(s). However, if a matching wastes seat(s), we 

could easily construct another matching that Pareto dominates the b-optimal stable matching, 

which violates the definition of b-optimality. Therefore, a b-optimal stable matching for MMMM 

with quota constraint is stable. 

 

PROPOSITION 2: Let un be the intermediate matching at the beginning of the n-th round of 

STC. If un is not b-optimal stable, then there exists a top stable cycle. 

PROOF of PROPOSITION 2: 

        3 claims are needed to complete the proof: 

Claim (1)  TrBuy(un) ≠ ∅ if and only if TrSell(un) ≠ ∅ 

Claim (2)  If TrBuy(un) ≠ ∅ , or equivalently TrSell(un) ≠ ∅, then there exists a top stable 

transfer cycle. 

Claim (3)  If un is not student optimal stable, then TrBuy(un) ≠ ∅ 

(the logic is:  (1) supports (2), and (2)+(3) complete the proof) 

 

Proof of Claim (1):  by finiteness, there exist k such that TrBuy(un)= �̂�k and TrSell(un)=�̂�k .   

if either �̂�k or �̂�k=∅ then by definition/construction of transfer agents, �̂�k+1=�̂�k+1=∅ . Proved. 

 

Proof of Claim (2):  by definitions of top STC, TrBuy(un) and TrSell(un), if both TrBuy(un) and 

TrSell(un) are not empty, then the cycle is not empty since any transfer buyer can always point to 
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a transfer seller and any transfer seller can always point to a transfer buyer. In other words, if 

they are not able to do so, they are by definition not TrBuy(un) and TrSell(un). Proved. 

 

Proof of Claim (3):   

        Suppose un is not buyer-optimal stable, let v be a pseudo-stable matching which 

dominates (unit-based) un. Let  

B’={ 𝑏 ∈ 𝐵: ∃𝑠 ∈ v(b) and ∃𝑠′ ∈ un(b) s.t. s>bs’ and v does not violate any quota constraints 

} 

S’={ s’: 𝑠′ ∈ un(b) , 𝑏 ∈ 𝐵′  and ∃𝑠 ∈ v(b) s.t. s>bs’ and v does not violate any quota 

constraints } 

 

1) Suppose 𝐵′ ∩TrBuy(un) ≠ ∅  and 𝑆′ ∩TrSell(un) ≠ ∅ 

For each 𝑥 ∈ 𝐵′ ∪ 𝑆′, let σ(x) be the step of STC at which x becomes unavailable, i.e. x∈

Bσ(x−1) ∪ Sσ(x−1) but X∉ Bσ(x) ∪ Sσ(x); set σ(x)= ∞ if x never becomes unavailable. 

Let 𝑥 ∈ 𝐵′ ∪ 𝑆′ be s.t. σ(x)≤ σ(y) for all 𝑦 ∈ 𝐵′ ∪ 𝑆′.  

 

2) Suppose that σ(x) ≤ n 

        If x is a buyer, then by definition all s∈v(x) must became unavailable at σ(x) or 

earlier, i.e. σ(s) ≤ σ(x) for all s∈v(x). 

        So every s∈v(x) must be fully assigned at σ(x) or earlier, i.e. uσ(x)(s) ⊂ (B\Bσ(x)), 

and every 𝑏 ∈ uσ(x) (s∈v(x)) must be permanently assigned to v(x) and be unavailable. Since 

σ(s)≤ σ(x) ≤ n for all s∈v(x)  ⇒ un(s) ⊂ (B\Bn). 

        Since ∃𝑠 ∈ v(b) and ∃𝑠′ ∈ un(b) s.t. s>bs’ and all 𝑠 ∈ v(b) are unavailable at un 
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(becauseσ(v(x))≤ σ(x) ≤ n) , there exists y∈ uσ(x) (s= v(x)- un(x)) s.t.  v(y) ≠un(y) and by 

definition of Pareto Dominance, v(y) > y u
n(y). So 𝑦 ∈ 𝐵′ too ⇒ σ(y)≤ σ(x). And because we 

have assumed σ(x)≤ σ(y) for all 𝑦 ∈ 𝐵′ ∪ 𝑆′, we have σ(x)= σ(y). 

        Now consider all the buyers B’’ ⊂ B’ that became unavailable in step σ(x). Let {�̃�k , 

�̃�k } be the sequence that produce {𝐵σ(x), 𝑆σ(x)}, the sets of available buyers and sellers at step 

σ(x). For each 𝑏 ∈ 𝐵′′, let πb be such that b∈ �̃�πb-1 and b∈ �̃�πb . πb<∞ because b becomes 

unavailable. Let B’’’ ⊂ B’’ be such that for 𝑏 ∈ 𝐵′′, πb≤ πb’ for all b’ ∈ 𝐵′′\𝐵′′′ . Then 

obviously 𝐵′′′ ≠ ∅ . 

        For each bt ∈ B’’’ ⊂ B’’ ⊂ B’, v(bt) >bt u
n(bt) . So that there exists bt+1∈ un (s= 

v(bt)- u
n(bt)) s.t. v(bt+1) ≠un(bt+1) and v(bt+1) >bt+1u

n(bt+1) . Therefore, bt+1∈B’. Since bt could 

not become unavailable before all s ∈v(bt), i.e. πv(bt)< πbt, and v(bt) could not become 

unavailable before bt+1 , i.e.  πbt+1 < πv(bt)< πbt . So πbt+1 < πbt , and bt+1∈B’’’ . 

        However, by definition of B’’’, bt+1 and bt should be unavailable at the same time, 

which yields contradiction. Therefore, the supposition 2) stating that σ(x) ≤ n is not supported, 

i.e. σ(x) > 𝑛. Equivalently, B’ ⊂ Bn , S’ ⊂ Sn . ○1  

        Now let {�̂�, �̂� } be the sequence of sets that produces Transfer agents--- TrBuy(un) 

and TrSell(un). By supposition 1), 𝐵′ ∩TrBuy(un) ≠ ∅ and 𝑆′ ∩TrSell(un) ≠ ∅. Together with 

○1 , for each x∈ B′ ∪ 𝑆′ , there exists 𝜏x<∞ s.t. x∈ �̂� 𝜏x-1∪ �̂� 𝜏x-1 but x∉ �̂� 𝜏x∪ �̂� 𝜏x.  

        Let P⊂ B’ be such that for all b∈ 𝑃, 𝜏b≤  𝜏b’ for all b’∈ B’ and 𝜏b<  𝜏b’ for all b’∈ 

B’\P. Then obviously P≠ ∅ . For each bt ∈ 𝑃⊂ B’ , v(bt) >bt u
n(bt) so that there exists bt+1∈ un 

(s= v(bt)- u
n(bt)) s.t. v(bt+1) ≠un(bt+1) and v(bt+1) >bt+1u

n(bt+1) as assumed. This yields bt+1∈ 𝐵′ 

by definition of B’. Since bt could not be dropped from �̂� 𝜏bt-1 before v(bt) is dropped from 
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�̂� 𝜏v(bt)-1 , therefore 𝜏bt+1<  𝜏v(bt) <  𝜏bt  , so bt+1∈ 𝑃. This contradicts the definition on P 

since it is impossible that both bt and bt+1 ∈ 𝑃 in this case. Therefore, supposition 1) is not 

grounded and here completes the proof for Claim (3). By Claim 2 and 3, the proof of the 

proposition is completed.  

 

        It is then trivial that by finiteness, the construction of STC and Proposition 2, we have 

the following Corollary: 

COROLLARY 1: a matching outcome generated by STC is b-optimal stable. Also by 

Proposition 1, we state that both b-optimal stable matching and stability always exist. 

 

PROPOSITION 3: STC is identical with TTC when S=Su in one-sided matching for MMMM 

with quota constraints. 

Proof of PROPOSITOIN 3:  

        Refer to Chapter 3 for TTC mechanism under the generalized matching setting. It is 

trivial to see that when S=Su, two mechanisms are equivalent for matching the units in each 

critical steps. Note that there could be variations as to whether to batch processing each step and 

each unit or not for both mechanisms, however, this does not obscure the fact and nature that the 

two mechanisms are identical when S=Su. Proof completed. 

 

PROPOSITION 4: By construction, both STC and EDCR generate b-optimal stable outcome 

when S=Sc in two-sided matching for MMMM with quota constraints. 

        EDCR mechanism is developed in Chapter 1 and further generalized in the 

methodology section of this chapter to generate stable matching outcome for MMMM with quota 
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constraints. This is the main finding to connect the hybrid mechanism with the two-sided 

matching mechanism under the situation when sellers are all stability-constrained. 

 

5. Conclusion and Future Research 

        This study contributes to the matching literature mainly in two aspects. First, we 

advance the research frontier of matching from the traditional one-to-one and many-to-one 

matching to many-to-many multiunit matching with quota constraints, which we call generalized 

matching. New concepts in matching including availability, transfer agent, and b-optimal 

stability are rigorously defined for the development of a hybrid matching model and the 

companion STC mechanism for generalized matching. Properties of the newly proposed hybrid 

matching framework and mechanisms are examined in comparisons to the generalized TTC and 

EDCR mechanisms. 

        Second, while we have previously made important initial strides in tackling many-to-

many multiunit matching in one-sided matching (Chapter 2) and two-sided matching (Chapter 

1), respectively, this current study makes a critical methodological leap to build a unified 

matching model that addresses one-sided matching, two-sided matching, and anywhere in 

between for generalized MMMM with quota constraints. Numerical examples with step-by-step 

details are provided to show how to use our generalized STC mechanism to solve two-sided, 

one-sided and hybrid matching problems in comparisons to other matching mechanisms. We 

prove that the proposed hybrid model guarantees the generation of b-optimal stable matching 

outcomes in one-sided matching, two-sided matching, and anywhere in between thanks to the 

concepts of the constrained and unconstrained stability newly defined and constructed in this 

study. 
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        Extending the current research, future work can continue to examine the properties of 

b-optimality and relevant issues such as strategy-proofness for both sides of the market under our 

hybrid modeling framework for generalized matching. 
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CHAPTER 5 

 

GENERALIZED ESTIMATION OF MATCHING21  

It is beneficial to analyze the matching markets in terms of how agents prefer each 

other, and how market and agent characteristics determine the preferences, which are 

important in interpreting market phenomena, predicting future outcomes and regulation.  

To achieve these goals, the study presented in this chapter develops a bi-level 

estimation framework based on the logic structure of standard matching theory. Unlike 

most previous studies, our approach directly includes matching mechanism into 

estimation to reveal the nature of matching. Moreover, the proposed analytical 

framework is more flexible by decomposing the problem into two sub-problems, 

enabling us to deal with situations where only partial or intermediate data is obtained.  

We are also the first to introduce rank data regression into this area to accommodate 

rank preference data, which is crucial to matching estimation. In order to include 

explicitly the matching mechanism into estimation, the surrogate optimization method 

is used and modified for solving globally the expensive and multimodal objective 

functions. Last but not least, interval estimation is allowed by our method, which offers 

more information from the estimation results. 

  

KEY WORDS: Matching, bi-level estimation, surrogate optimization, rank order 

 

                                                 
21 This chapter is based on the working paper, “Generalized Estimation of Matching” by He and Gao, prepared for 
the journal submission to Econometrica. The authors reserve the copyright, acknowledging that this is a fair-use of 
the content. 



 

100 

1. INTRODUCTION AND LITERATURE REVIEW 

      The pioneer work of studying matching markets can be traced back to the mid-twentieth 

century, i.e. the game-theoretic and empirical analysis of matching problems started with Gale 

and Shapley (1962), Shapley and Shubik (1971), Becker (1973, 1981), Roth (1984, 1985) and 

Roth and Sotomayor (1992), etc. However, the subjects they have been studying have longer 

history than the systematic research. Typical matching problems that involve individual behavior 

in searching partner(s) include the matching of employers and employees in labor market, the 

process of marriage formation, college admission issues, traders partnering such as the 

transactions in the housing markets and supply chains, etc. These real-world phenomena provide 

important contexts and data for the theoretical and empirical analysis.  

      The most representative matching problem is two-sided matching, where the agents of 

both sides of the market look for partner(s) from the other side according to their preferences, 

possibly with quota or other constraints. Because of competitions, the matching equilibrium 

depends on not only the agents’ preferences, but also their gaming strategies and criteria to stop. 

The theoretical studies in the solution concept (stability concept) and matching mechanism are to 

help describe and explain these strategies and criteria. In short, a stability concept suggests or 

assumes the features of the equilibrium state when the agents cease the game, and a matching 

mechanism is a function, or a series of procedures to derive the matching outcome of any 

desirable state.  

      The theoretical advancements of matching can be applied to solve real-world problems. 

Roth and other researchers have been carrying out the practices of matching the participants of 

the labor/education markets (e.g., hospitals and medical interns, graduate schools and students) 
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for decades which received wide range of acceptance and recognition22. They established centers 

where the participants could come to find ideal matching by truthfully reporting their 

preferences, which could be used along with certain matching mechanism (e.g., Gale and 

Shapley’s Deferred Acceptance algorithm) to derive desirable matching outcomes. The successes 

of these practices in return enhance the importance and popularity of the theoretical studies in 

matching problems. With the efforts of many researchers over 30 years, the matching theory has 

evolved from one-to-one, many-to-one matching to many-to-many matching which caters the 

need for solving more generalized and complicated economic issues. For instance, the setting of 

multi-partner, multi-unit, capped or unrestricted demands and supplies of the agents were 

analyzed in Tesfatsion (1997), Sotomayor (1999a, 1999b, 2004, 2007), Camiña (2006) and 

Jaume et al. (2012), etc.  

      Given the preferences (payoff functions), solution concept and matching mechanism, 

researchers are able to generate favorable matching outcomes. On the other hand if the matching 

outcomes are observed, what can we learn about the preferences (payoff functions), i.e. what 

factors are playing determining roles and how they construct the payoff function, and which 

solution concept and mechanism fit the observations the best? To answer these questions, we 

come to the study of matching estimation, which is of great value in applications. For instance, if 

the policy makers/market regulators were equipped with this technique, they would be able to 

understand the markets better and manage to change through policies the characteristics of the 

markets, or the mechanism, to yield the outcomes they desire; if a participating agent mastered 

this skill, he/she would be able to understand his/her roles and statuses in the market, i.e. how 

others prefer him/her, which factor(s) is (are) most important, and how these elements affect the 

market and personal outcomes, etc.,  and hence figure out a way in which he/she could obtain 

                                                 
22 More information about Roth’s practices in real world matching could be found at https://www.natmatch.com/. 

https://www.natmatch.com/
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more benefits in the matching games in the future. 

      Despite of the great value, the observed matching markets have seldom been estimated, 

or studied carefully in this manner. Some researchers have proposed estimation frameworks and 

models in the recent 10-15 years, but these studies are relatively lagging behind when compared 

to the research in the mainstream matching theory. There are two major obstacles that prevent us 

from making substantial advancement. First, the complete observations of matching outcomes 

are seldom available or shared in some areas. Second, the computational efforts are so costly that 

the researchers seek for estimation frameworks and methodologies which are less complicated 

with data inputs that could be easily handled. For instance, Fox (2008, 2010) used maximum 

score method for non-parametric estimation with additional assumptions such as Rank Order 

Property, and Agarwal (2013) and Boyd et al. (2003) utilized the method of simulated moment 

estimator to simplify the problem; the Choo and Siow (2006) proposed a framework for 

estimation by using marriage rate (aggregate data) as input to explain the marriage matching 

markets. Most of these studies were well-developed and show good performance, but more or 

less attempted to avoid the two obstacles mentioned above by introducing estimators easier to 

compute or aggregate data in order to reduce the complexity of the problem. Other relevant 

studies are Dagsvik (2000), Gordon and Knight (2009), Uetake (2011), etc.23 

      The studies mentioned above do not fully reflect the matching procedures as proposed 

and accepted by the mainstream matching theory (Gale and Shapley (1962), Shapley and Shubik 

(1971), Becker (1973, 1981), Roth (1984, 1985) and Roth and Sotomayor (1992)), mainly 

because of the potential computational efforts involved. However, we uphold that a more 

complete and direct estimation framework could be developed since there are more and more 

                                                 
23 Deeper discussions on the literature are provided in Section 3 where the context is prepared and set up so that 
the comparison between others’ methods and ours is made possible. 
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available algorithms designed to reduce computational expenses. We believe that the matching 

mechanism and/or the stability concept should be explicitly dealt with during estimation, mainly 

because that was exactly the point of departure of matching theory, a branch originated from 

game theory which aims at explaining how the agents interact with each other and why. To be 

more specific, two relationships should be the focuses of matching estimation, i.e. the 

relationship between preferences and matching outcomes (mechanism), and the relationship 

between preferences and the parameters to be estimated (specification of the payoff function). 

Only when we directly explore these relationships can we claim that the estimation is complete 

and useful to explain the matching phenomena. To reveal the first relationship, matching 

mechanism has to be included in estimation which brings about computational problems (e.g., in 

optimization); to study the second relationship, we have to use estimation method that is capable 

to take rank data as input, which has not been discussed in this field. Fortunately, we are able to 

adopt relevant theories and tools, and adjust them to fit in our proposing framework in order to 

solve these problems (discussed in Sections 2-4).  

      In this chapter, we are going to present the bi-level structures of matching and estimation, 

which clearly reflects the significant roles of matching mechanism and rank order preference in 

estimation. Following the frameworks, we propose and develop the respective estimation 

methods for the two levels, and a two-step estimation that accounts for both.  

      Here is a brief summary of the major contributions and advantages of our estimation 

model. First, we tackle the estimation problem directly to reflect the inherent mechanism of 

matching and the preference rankings instead of avoiding them to reduce computational costs. 

We insist on this because the core components of matching theory should not be compromised. 

Second, we are among the first to introduce the estimation on rank data (based on Luce and Bush 
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(1965) and Beggs et al. (1981)) into the field of matching, which serves as the heart of the 

estimation methods. Third, unlike most of the studies that only provide point estimation, our 

model allows maximum likelihood method that offers interval estimation, which greatly enriches 

the value of the results. Fourth, our bi-level analytical framework is much more flexible to 

various types of data input by decomposing the matching problem into two sub-levels, that each 

of them is relatively independent but important serving two related objectives. This 

decomposition enables us to deal with the situations where only partial or intermediate data is 

observed. For instance, in Roth’s typical practice of assigning interns, only the preference 

rankings of the agents are reported and observed rather than the matching outcomes (e.g., who 

matches with whom). By using the level-two estimation proposed by Sections 2 and 3, the 

parameters could be estimated only with the preference ranking data, which is extremely useful 

for advising the participants given the limited input. Last but not least, we apply the surrogate 

optimization method (modified based on Regis and Shoemaker 2007, Müller and Shoemaker 

2013) to reduce the computational efforts brought by the expensive evaluations of the objective 

functions which explicitly include the matching mechanism which is in nature a complicated 

function. This helps release one of the two major impediments of matching estimation as 

mentioned previously. 

      In the rest of the chapter, we will first discuss in Section 2 the conceptual frameworks of 

matching and estimation so that the readers could have a clearer idea of the intensions and 

structures of our proposing methods. Following that the detailed derivations of the estimation 

methods will be provided in Section 3. In Section 4, the solution method (the modified surrogate 

optimization) will be explained in detail to facilitate the estimation. In order to illustrate the 

framework and models, a simulation study is conducted which will be shown in Section 5, and 
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the results on the performances will be presented accordingly. The concluding section will 

summarize our work and point out remaining problems. 

 

2. ANALYTICAL FRAMEWORK 

This section consists of two parts. Subsection 2.1 discusses the setting of the standard matching 

problems, and the theories supporting the methodology. The main components of the theoretical 

model as well as their interrelationships will be explained in detail, which together construct the 

logic of matching. Correspondingly, Subsection 2.2 focuses on developing an estimation 

framework which is highly consistent with the logic of matching shown in the framework in 

Subsection 2.1. Again, each component and their inter-relationships will be explained in detail 

which forms the logic of estimation of matching markets in general.  

 

2.1. Logic of Matching 

The theme of the study presented in this chapter is analyzing the two-sided matching problems 

(with non-transferable utilities) which was proposed by and developed on Gale and Shapley 

(1962) and Roth and Sotomayor (1992), etc. For convenience, we refer to the two sides of the 

matching market respectively as Sellers (S) and Buyers (B). The numbers of agents of both agent 

sets are s and b, and any agent of them could be generally denoted as i and j where 1 2, ,... si i i S

and 1 2, ,..., bj j j B . Each agent has a preference ranking (list) over the entire set of the agents 

on the other side. For instance, if b=3 and 
1 12 3 1i ij j j  , it means that in i1’s point of view, 

he/she prefers to match with j2 than j3, and prefers to match with j3 than j1. The profile that 

contains all such rankings of every agent from both sides is called Rank Order List (ROL) of a 

certain matching market. 
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      Each agent also has a quota (Q). For instance, Qi=8 implies that seller i has in total 8 

units of “products” to sell to the buyers. We call it a many-to-many matching problem if we 

allow each agent to trade with more than one agents from the other side. If we further permit that 

between each matching partnership, more than 1 unit could be traded, the case becomes multiunit 

many-to-many matching. Evidently, the problems we are most familiar with such as one-to-one, 

many-to-one matching are special cases of this general problem. For instance, in a standard form 

of one-to-one matching market, the quota Q of each agent has to be one, and s=b; in a standard 

form of many-to-one matching market, the quota of any agent from one side is one while the 

quota of any agent from the other side could be greater than 1. Specifically, suppose there is only 

one category of product in the market and we denote moij as the number of units traded between 

any i and j, we should always have 
ij i

j F

mo Q


  and 
ij j

i M

mo Q


 . In the case of multiunit 

many-to-many matching, 1ijmo  is allowed; however in the standard one-to-one and many-to-

one matching markets, 1ijmo   is required. We term the set containing all 
ijmo  ( ,i S j B  ) 

as the matching outcome (mo) of the market.  

      In the area of matching theory, the stability concepts, such as pair-wise stability, set-wise 

stability and the core, have been the focuses of discussion for decades. Naturally, the matching 

mechanisms have been developed as to help attain matching outcomes that have good properties 

such as satisfying certain stability concepts, or other desirable features as required by the 

researchers. Generally speaking, a matching mechanism is a function that maps rank order list 

(ROL) and Quota (Q) into matching outcome (mo). For instance, Deferred Acceptance algorithm 

and Priority Matching mechanism used in residency match (UK) are two important mechanisms 

in the history of matching theory and are still widely used (Roth 1992). We do not cover the 

topic of assignment game in this chapter, but careful readers will be able to easily generalize the 
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analytical framework proposed here so that it can also account for assignment game (first 

proposed by Shapley and Shubik 1971), i.e. the mechanism for an assignment game could be 

viewed as the solution procedures to the linear programming (LP) problem mathematically 

representing the market where the input here becomes the payoffs instead of the ROL.  

      Even when we only focus on the problems involving ROL and ROL-based mechanisms, 

the payoff (utility) functions that determines the ROL worth to be analyzed and discussed 

carefully as it is the essence of the estimation of matching, the main topic of the study presented 

in this chapter. The idea came from the random utility theory that each agent has a certain payoff 

(utility) of matching with any agent from the other side, such that ( , )ij ij ijU V X    , where Uij 

is the utility of j if matched with i, Xij is a group of variables (vector) which represent the 

characteristics of the agents (e.g. age, income, and distances between agents in marriage 

matching) and the market, β is the vector of corresponding parameters which does or does not 

change across agents depending on the model specification (we does not impose restrictions on 

specification), Vij is the observed portion of the utility which is a function of Xij and β, and ε is 

the unobserved portion of utility subject to certain distribution. Obviously, the order of such 

utilities determine the preference ranking (list) of each agent and consequently the entire ROL.  

 
FIGURE 5.1. BI-LEVEL DETERMINANTS OF MATCHING 
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      For a clear visual description of the analytical framework of matching theory, please refer 

to Figure 5.1, which displays the bi-level structure of a typical matching problem. The first level 

(the upper level) describes how the key components (characteristics X, parameters β and the error 

term ε) construct the payoff function that eventually determines the rank order list (ROL) of the 

matching market. The second level of the framework shows that any matching outcome (mo) is 

the result of a ROL, quota Q and a matching mechanism (mech), and hence could be denoted by 

,

mech

ROL Qmo  if these inputs are provided.  

      Figure 5.2 illustrates an example matching outcome of a one-to-one matching market in 

the form of a matrix. More specifically, it shows the matching outcome of a 5×5 marriage 

matching market, that each seller or buyer can only match with one partner from the other side. 

This constraint is imposed by requiring that for each row and column, only one cell could have 

non-zero value as 1. Denote this matching outcome matrix as mo, therefore mo(2,4)=1 means 

that seller 2 (denoted as i2) matches with buyer 4 (denoted as j4). More generally, we can 

alternatively denote moij as mo(i,j) which is mentioned previously, and 
,

mech

ROL Qmo  as the predicted 

matching outcome matrix generated by the rank order list ROL, quota Q and any presumed 

mechanism mech, and , ,

mech

ij ROL Qmo  stands for the jth entry of row i of 
,

mech

ROL Qmo . For instance, 

, ,

mech

ij ROL Qmo =1 represents that according to the preference ranking ROL, quota Q and mechanism 

mech, seller i would match with buyer j. Obviously, this matrix could be used to record matching 

outcome beyond one-to-one matching market. For instance, in a many-to-many matching market, 

each row of column of matrix mo could have more than one cell with non-zero values as 1; and 

in the many-to-may multiunit case, the value of each cell of the mo matrix could be any integer 

value greater than 1, which suggests that between each matching partnership, more than one unit 

could be traded, and the sums of the rows and columns should equal to the quotas (Q) of the 
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corresponding sellers and buyers.  

 

FIGURE 5.2 MATCHING OUTCOME EXAMPLE 

      Up to this point, our discussion on the matching setting, preference, utility function and 

matching mechanism strictly follows the standard and basic matching theory and random utility 

theory without including much advanced topics and variations. Based on this matching 

framework, in Subsection 2.2 we develop an estimation framework following the 

aforementioned concepts and logic. This is important because we aim at providing a general 

methodology for matching framework highly consistent with the well-developed theories, 

reflecting the most natural logic of matching recognized and accepted by the majority.  

 

2.2. Logic of Estimation 

The main stream of the area of matching theory is studying the stability concepts and the 

matching mechanisms corresponding to the second (lower) level of the matching framework in 

Figure 5.1. We consider this type of work as the outcome-oriented, or property-oriented studies 

of matching theory. In other words, researchers in this area have a strong interest in delivering 

favorable matching outcomes satisfying certain properties for the society or the customers (e.g., 

Roth’s practice in assigning medical interns). Fewer people are interested in analyzing the first 
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level of the matching framework in Figure 5.1, which involves the efforts in understanding what 

the factors that influence or determine the preferences of the agents are, and their relative 

importance. This lack of attention could be understood because it seems that this is the domain 

for the decision scientists.  

      However, what if we observe a dozen of matching outcomes of the matching markets, 

and the society or customers ask what we can learn from these data, i.e. why the outcome show 

certain patterns, and what the determinants or key factors are behind the observations of 

matching games? To answer these questions, we need to have a deep understanding of the both 

levels of the matching framework shown in Figure 5.1, and that is obviously not a simple task for 

the decision scientists. For example, in a trade market, if we observe the partnership relationships 

among the agents (could be recorded using the matrix shown in Figure 5.2), it might be 

interesting to ask why this happens, and what different stakeholders (e.g. the participating agents 

and the market regulators) can do to change the partnership patterns in the future if needed (for 

instance in trade market, from a seller’s point of view, she would need to learn what features of 

her product could be improved to attract the more desirable buyers). It requires us to figure out a 

way to specify how the relevant factors influence the matching outcome, and their relative 

importance. This is the estimation of matching. According to our knowledge, only a few 

researchers have devoted themselves in this area, and have made some inspiring contributions 

and progress (Fox 2008, 2010; Choo and Siew 2006; Dagsvik 2000, etc.). Let us first focus on 

developing our estimation framework, and after that compare ours with the methods proposed by 

other researchers so that the readers can have a better sense of the differences, and why we 

uphold that our analytical system offers unique, irreplaceable and important advantages that is 

highly consistent with the standard matching theory discussed in Subsection 2.1. 
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      In order to clarify the logic of matching estimation clearly, we use Figure 5.3 for 

illustration. The estimation framework in Figure 5.3 also contains two levels, in a reversed order 

comparing to that in Figure 5.1. Normally, the inputs of the estimation system are the observed 

matching outcome(s) and the matching setting, such as the information of the participating 

agents and the market (S, B, s, b, Q, X). Therefore in our estimation framework, the first level 

(the upper level) has to do with seeking the true ROL that together with a specified mechanism 

(mech) generate the observed matching outcomes (mo’s), and the second level is using the 

ROL’s (just estimated) together with the matching factors (such as the characteristics of the 

agents and the markets) and the assumed specification of the utility functions 

( , )ij ij ijU V X     to estimate the parameters in the these functions.  

 
FIGURE 5.3 TWO-STEP ESTIMATION of MATCHING 

      However, at times, the observation given is not matching outcome(s) but instead the 

ROL’s. For instance, in Roth’s practices (Roth et al. 2005), the participating agents report to the 

centers their preference rankings, but not the actual matching results. Under this situation, the 

second (lower) level of this estimation framework should be used only by itself, that the 

parameters could be estimated directly. In other words, the procedure of estimation depends on 

the data availability and the nature of the problem. Due to this consideration, in Section 3 we will 
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first discuss the two levels of estimation separately, and at the end explain how to utilize them 

together to complete the bi-level estimation if the data input is matching outcome(s) instead of 

ROL’s.  

      In the estimation framework shown in Figure 5.3, the matching mechanism plays an 

important role as it is the main connection between the matching outcome (mo) and the ROL, 

which is suggested by the standard matching theory. However, many of the previous studies (Fox 

2008, 2010; Agarwal and Diamond 2014; Choo and Siow, 2006; Gordon and Knight 2009, etc.) 

assumed that the stability concept is more important than the mechanism in real world 

estimation, and hence use indirect or non-parametric approaches for estimation to avoid 

computational efforts brought by considering the matching mechanism. Nonetheless, we found 

that in most of their simulation studies, the way the data is generated is still mechanism-based, 

but in terms of their estimation methods, the mechanism is ignored while the stability concepts 

are utilized instead to help facilitate the moment-based or maximum score-based estimation (by 

assuming “Rank Order Property24” in Fox 2008, 2010, for instance). We argue that although the 

stability concepts are important, the matching mechanism should still be the core of the problem 

especially in discussing mapping preferences into matching outcomes. Without considering the 

matching mechanism, the estimation of matching market would become less valuable or even 

pointless as it helps very little to explain how the matching takes place and what we can do 

accordingly in the future. The objective of estimating the matching markets should go beyond 

only obtaining the estimators, rather, this procedure should help explain the phenomena of 

                                                 
24 The Rank Order Property proposed by Fox (2008, 2010) states that a matching with a subset of two seller-buyer 
pairings satisfying pairwise stability is probability-wise more likely to happen than a matching with the same agents 
only except that the two original pairs in question swap their partners. The idea is stochastic-based and we can see 
its value if the number of observations is extremely high. However, the entire property together with the 
estimation method do not reflect any information about how the agents game with each other to be matched, 
which has always been the core of matching theory. In other words, the concept of “game theory” is abandoned.  
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matching and hence be useful for future prediction, strategy adjustment and market regulation. 

This is the reason, at least according to our comprehension, of why the main stream of matching 

theory still emphasizes so much on understanding the matching mechanisms. We all admit that 

sometimes the matching outcome is not only determined by one specific mechanism or stability 

concept, but this should not be the reason to downgrade the importance of studying matching 

mechanism. To respond to this problem, we suggest that more efforts should be devoted into 

developing more realistic mechanisms that reflect the real-world phenomena, e.g., stochastic 

matching, and use these mechanisms in our estimation framework. As for the concerns over 

computational efforts, we uphold that this should not be a constraint to our exploration, and in 

Section 4 we will introduce in detail an optimization tool proven to be highly efficient and 

broadly used in engineering to deal with the computational problems.  

      Some of these studies (e.g., Choo and Siow 2006) also suggest that we use aggregate 

input such as the marriage rate other than direct matching outcomes, to indirectly estimate the 

parameters in order to avoid the difficulty of obtaining detailed matching data. We also realize 

the data availability problem and appreciate their contributions given the limited resources, but 

we believe that as more and more mature and efficient estimation methods become available, 

relevant stakeholders will eventually recognize the value of collecting and sharing matching data 

in order to benefit their own businesses or other interests. This is exactly the same idea of Roth’s 

practices in establishing matching hubs to help improve the efficiency of matching and increase 

the social welfare. 

 

3. EMPIRICAL METHOD 

This section explains and explores the estimation framework shown in Figure 5.3 in detail by 



 

114 

offering the estimation methods consistent with the bi-level structure. The discussions on the 

setting, derivation of the likelihood function and Fisher information matrix, and the identification 

issues will be provided.  As previously stated, because of the research interest and/or data 

availability, it is highly possible that the two levels of estimation could be conducted separately, 

or jointly. Therefore, in Subsections 3.1 and 3.2, we will first respectively discuss the two levels 

of estimation, and in Subsection 3.3 explain how to complete the bi-level estimation.  

 

3.1. Level-one Estimation 

According to the estimation framework in Figure 5.3, our goal of this estimation stage is to find 

the true Rank Order List (ROL), given the observed matching outcome and the specified 

matching mechanism (e.g., deferred acceptance mechanism).  

      Recall that moij denotes the jth entry of row i of the observed matching outcome matrix 

(the input of this estimation level), which records the units of product transacted between agent i 

and j. Similar to the definition of matrix mo, we denote 
,

mech

ROL Qmo  as the predicted matching 

outcome matrix generated by rank order list ROL, quota Q and any presumed mechanism mech25, 

and denote , ,

mech

ij ROL Qmo  as the jth entry of row i of 
,

mech

ROL Qmo . For instance, , ,

mech

ij ROL Qmo =1 represents 

that according to the preference ranking ROL, quota Q and mechanism mech, seller i would 

match with buyer j. This stage of estimation aims at finding the ROL that fits the observation 

best, i.e. the one that generates a predicted matching outcome 
,

mech

ROL Qm  closest to the real 

observation mo. 

      In other words, all we need to do is to find the ROL (for each matching market) that 

                                                 
25 For the definition and the function of matching mechanism, please refer to Subsection 2.1. 
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minimizes (subject to the rank data constraint26): 

2

, ,( )mech

ij ij ROL Q

ij

Obj mo mo  .                                                    (1) 

This method brings about an identification issue. Notice that this optimization problem could 

have multiple solutions, that different ROL’s might produce the same matching outcome. Two 

approaches could help identify the true estimator. The first approach is utilizing any prior 

knowledge about the true ROL to reduce the dimension of problem and hence reduce the number 

of solutions. For instance, the prior knowledge might include the exact preference ranking orders 

of some agents over others, or less informative, their partial preference orders. The prior 

knowledge could be used during the optimization process to reduce the dimension of the 

estimators, or used after the solutions are generated for screening the true estimator. If this 

approach alone was not able to identify a unique solution, the second approach should be 

applied. However, the second identification approach has to be done with the second level of 

estimation. Therefore, we need to first discuss about the level-two estimation, and come back to 

the discussion of this identification issue in Subsection 3.3 where the two-step estimation, 

consistent with the bi-level framework, is introduced.  

 

3.2. Level-two Estimation 

After we obtain the estimated ROL (or ROL’s) that fits the observed matching outcome(s), let’s 

come to the second stage of estimation, the level-two estimation. As shown in Figure 5.3, the 

input of this estimation stage is ROL, or a set of ROL’s from various matching markets 

depending on the observation availability. According to our previous discussion, this input could 

                                                 
26 The ROL is not composed by simple integer variables; rather, the variables have the feature that they have to be 
in the form of rank order data. In Section 4 we will discuss how to ensure this feature during optimization.  
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be obtained from the output of the level-one estimation, or separately collected by other means, 

e.g., the reported preferences attained in the matching centers for job or roommate assignment.  

Other required data includes the information of the factors that have influences on the matching 

market, such as the characteristics (X) of the participating agents and the environment displayed 

in Figure 5.3. For example, suppose we are analyzing a marriage matching market, then the 

relevant factors might consist of age, marriage history, attitude toward love and marriage, 

income, education, distance, men-women population ratio, culture or nationality background, etc. 

In addition, we should also have assumptions on the structure of the payoff functions (

( , )ij ij ijU V X    ) in order to conduct estimation. Finally, the output of this level-two 

estimation is the estimated parameters of the payoff functions. 

      This problem seems new to the area of matching according to our literature review. The 

difficulty is that the observation data are in the form of ranking, which is more complicated than 

integer, and/or order (rating) data. However, this is not new to the area of econometrics, 

especially to the domain of discrete choice analysis. Luce and Bush (Handbook of mathematical 

psychology Vol 3) established the foundation for solving this problem, that Luce’s IIA 

assumption enlightens the concept of sequential decision making, which is the core of many 

regression models for rank order data. In 1981, Beggs, Cardell and Hausman first introduce this 

idea into the field of economics and to the application of electrical vehicle choice analysis and 

estimation.  

      Compared to discrete choice modeling (Mcfadden 1974), this problem should take into 

account the decision makers’ rankings over all given alternatives instead of only consider the 

unique (top) choices made by them. But thanks to the IIA assumption, this ranking-based 

problem could be then decomposed into a series of sequential discrete choice problems that 
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could be solved with existing theories and techniques. 

      Denote Uij as the utility perceived by j if matched with i, which is from the other side of 

the matching market (here, i and j could be any two agents from opposite sides of matching, e.g., 

buyer and seller, or seller and buyer). According to Luce and Bush (1965) and Beggs et al. 

(1981), the probability that we observe Ui1j>Ui2j>…>Uinj (the rank order of j extracted from a 

ROL) is: 
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following the idea that the preference rank orders are decided sequentially. If we assume the 

error term of the utility function to be type I extreme values, similar to the logit discrete choice 

model proposed by Mcfadden (1974), the probability above could be expressed as: 
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                (3)            

where Vikj is the observed portion of Uikj, n is the number of agents from agent i’s side of the 

matching market, and k=1,2,…, n here represents the rank of agent ik perceived by j. For 

illustration purpose we can assume linear structure for the payoff functions (as we do in our 

simulation study in Section 5) such that Vikj=βXikj, where β=( β1, β2,…,  βm) is the parameter 

vector, Xikj=(X1, ikj, X2, ikj, …, Xm, ikj)
T is the characteristics data related to the pairing agents ik and 

j, in the form of column vector and m is the number of factors included in this model.  

      This method is often referred to as the exploded-logit model. Usually, maximum 

likelihood estimation (MLE) is used given a set of observations of ROL (Beggs et al. 1981). 
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      Incorporating Equation (3), the log likelihood function becomes (with linear utility 

function): 

, ,1

( ) 1

( log( exp( )))
mo j mo j

k h

n n

i j i j

mo MO j A mo k h k

LL X X 


   

                                       (4) 

where mo is again the matching outcome of a particular market (could be interchangeably 

denoted as the matching market), MO is set containing all matching outcomes of which the rank 

order lists are observed, nmo,j is the number of agents of j’s side of the matching market 

mo MO , and A(mo) is the set of all agents from both sides of mo. The goal of the level-two 

estimation is to find the estimators that minimize the log likelihood function shown in Equation 

(4). 

      Furthermore, in order to obtain the interval estimations (seldom offered by other studies), 

we should also prepare the Fisher information matrix generated by the point estimators. 

Specifically, the qth entry of the pth row of Fisher information matrix is computed as follows:  
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where 
, kp i jX denotes the pth element of the characteristics vector 

ki jX , and the β used in this 

computation is the estimated parameter vector obtained by minimizing Equation (4). The inverse 
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of the Fisher information matrix could then be used to compute the confidence intervals of the 

parameters at specified confidence levels. 

      To increase the accuracy of estimation as the true matching mechanism is unknown, we 

suggest testing different mechanisms and choosing the one yielding the best result (i.e. highest 

likelihood). Our estimation model allows us to do so since the matching mechanism is explicitly 

embedded.  

 

3.3. Two-step Estimation 

As pointed out in Section 3.1, in level-one estimation, sometimes multiple solutions of ROL 

exist for a given observation of matching mo. Below we propose a method called “two-step 

estimation” to find out the unique true estimator if sufficient data is provided: 

Phase 1: Suppose we have in total N observations of matching, mo1, mo 2,..., mo k,…, mo N. For 

any k in 1~N, by level-one estimation, we obtain the estimated rank orders ROL1
k, ROL2

k, 

ROL3
k,…, ROLmk

k, which are the mk solutions to the same optimization problem as shown in 

Equation (1) . As suggested in Section 3.1, any prior information about the true ROL should be 

used to reduce the number of the candidate solutions. 

Phase 2: For any k in 1~N, given ROL1
k, ROL2

k, ROL3
k,…, ROLmk

k, we can obtain the 

corresponding estimated β1
k, β

2
k, β

3
k,…, βmk

k by level-two estimation discussed in Section 3.2. 

Denote βk={ β1
k, β

2
k, β

3
k,…, βmk

k}, then by using the same method, we have β1, β2,…, βk,…, βN 

corresponding to mo 1, mo 2,..., mo k,…, mo N. Theoretically, the true β must lie in the intersection 

of β1, β2,…, βk,…, βN. It is thus evident that if we have sufficient observation data (e.g., N large 

enough), we are able to identify the true ROL’s corresponding to each observed mo given the 

corresponding β estimated (may be a range derived from the intersection). 
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Phase 3: To improve the accuracy of estimation, the ROL’s just identified should be all utilized 

in order to increase the number of data points for maximum likelihood estimation. Each ROL 

represents a mo. With these data points, the level-two estimation as shown in Equation (4) and 

(5) should be conducted to derive the point estimators and the confidence intervals with higher 

accuracy. 

 

4. SOLUTION METHOD 

The objective functions in Equation (1) and Equation (4) are to be solved for estimation purpose. 

Computationally speaking, they are expensive to be optimized. The level-one estimation could 

be categorized as an integer optimization problem with constraints on data feature (rank data), 

and includes an embedded matching mechanism generating predicted values each time the 

objective function is evaluated, which costs great computational efforts (could not be solved by 

gradient-based methods). The level-two estimation involves the multimodal issues which is again 

hard to be solved with traditional techniques. For the two-step estimation discussed in Section 

3.3 which aims at identifying the unique solution, the number of evaluations of the objective 

functions shown in Equation (1) and Equation (4) is incredibly high if requiring large scale of 

observation data to improve accuracy of estimation. These reasons urge us to find an 

optimization algorithm which demands fewer evaluations but delivers good results for global 

optimization.  

      Researchers in the fields of applied mathematics and operation research have been 

devoting lots of efforts in finding such well-performing optimization algorithms, among which 

Surrogate Optimization (SO) is one of the best methods satisfying our needs. 

      This study utilized the algorithms proposed by Regis and Shoemaker (2007) and Müller 
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and Shoemaker (2013). They have developed toolkits containing multiple algorithms designed 

for various data types, e.g., continuous variables, integer, mix-integer, etc., or for various 

candidate point selection procedures corresponding to the varying natures of the problems. Due 

to the fact that matching problems involve rank order data, our situation is special and has to 

modify their SO algorithms to fit our data.  

      Below is the general outline of the SO algorithms proposed by Regis and Shoemaker 

(2007) and Müller and Shoemaker (2013): 

(1) Do the costly function evaluations (the objective function) at some initial evaluation 

points.  

(2) While the iteration number is within the computation budget, do 

(2.1) Fit/update the response surface model (e.g., Radial Basis Functions) using 

the evaluated data points  

(2.2) Randomly generate candidate points (e.g., uniformly, or normally distributed 

random candidate points near the best current point) 

(2.3) Use the response surface model and the already evaluated data points to 

select the next one evaluation point from the candidate pool based on certain 

criteria (e.g., MSRS). The criteria could be changing over time when about to 

reach the best solution area. 

(2.4) Do the costly function evaluation on the newly selected point. 

(2.5) Update the information on the new data pool (parameters, function values), 

and the new best point.  

(3) Return the best solution found. 

      In order to fit this algorithm into our optimization problem expressed in Equation 1 with 
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rank data constraint (discussed in footnote 5), step (2.2) of the above algorithm could be 

modified as: 

(2.2’) generate candidate points by randomly swapping the preference ranks (over 

the agents from the other side) of any agent. The rules for choosing which ranks 

to be swapped and which agent(s) to be interrupted are according to the 

researcher’s requirements of generating candidate points 

By using step (2.2’) instead, the property of the rank data structure is maintained. For more 

information about the SO algorithm, readers can refer to the original papers by Regis and 

Shoemaker (2007) and Müller and Shoemaker (2013), or the toolkits developed by Müller 

written in Matlab and Python (https://courses.cit.cornell.edu/jmueller/). In Section 5, we conduct 

a simulation analysis to illustrate our estimation and optimization methods, and discuss about the 

results on their performances.  

 

5. SIMULATION STUDY AND RESULTS 

      Matching estimation could be utilized in many application areas, from simple (e.g., one-

to-one marriage matching) to complex (multiunit many-to-many matching). For illustration 

purpose, we design a simulation study to check the performance of our proposing methods. 

      Simulated data is used and the estimation methods for the test were discussed in Section 

3. As for the solution method, the proposed surrogate optimization tool discussed in Section 4 is 

applied. The test problem analyzes marriage matching games with dimensions of 5×5, and each 

agent should match one and only one from the other side. “Men propose first” (see Gale and 

Shapley 1962, Roth and Sotomayor 1992) mechanism is applied without loss of generality.  

      Six variables are included in this study. More specifically, EDU, AGE, INC, MARR, 

https://courses.cit.cornell.edu/jmueller/
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CHLD, DIST are the variables respectively indicating (or representing) whether or not the agents 

receive college education, the ages (in integer) of the agents, the agents’ income levels (from 1-

3), whether or not the agents got married before, whether the agents have children and the 

distances (from level 1-4) between the agents. We mainly use the 1990 marriage data collected 

by U.S. Department of Health and Human Services published in 199527, including the means and 

variances of the relevant attributes.      

A simple linear model specification for the utility function is used, which is Uij =Vij+Ɛ= βXij 

+ Ɛ, where Ɛ is the unobserved portion with standard type I extreme value distribution. The true 

parameters used to generate the test data are [2.4, -0.15, 2.4, -1.5, -0.3, -4, 0], where the last entry 

“0” is assigned to the constant term. Specifically, we use the presumed parameter values together 

with the standard type I extreme value distributed errors to generate the preference rankings, and 

employ these rankings with the presumed matching mechanism (“Men propose first” deferred 

acceptance mechanism) to produce the matching outcomes as the input of estimation. In our test, 

we respectively generated 30, 100 and 200 sets of data for 30, 100, and 200 different matching 

games to illustrate the performance our estimation methodology.  

 

5.1 Results and Discussions 

Table 5.1 shows the results of point and interval (95% confidence) estimations against the 

number of generated data points used as data input28. The convergence information is also 

provided. It clearly shows that as the number of observations increase, the accuracy of estimation 

is improved for most of the time. As stated before, the capability to obtain the confidence 

                                                 
27 The data could be accessed at http://www.icpsr.umich.edu/icpsrweb/ICPSR/studies/6948 
28 The two-step estimation method is applied. To reduce the complexity of the problem, we use prior knowledge 
of the true parameters to ensure that for each matching outcome of a certain game, no more than 20 candidate 
ROL’s are produced by the level-one estimation. 

http://www.icpsr.umich.edu/icpsrweb/ICPSR/studies/6948
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intervals of the estimators is one of the main advantages over the methods in other studies. We 

can tell from the results that the t-values are substantially greater than 2, indicating the good 

performance of estimation. 

 

Table 5.1: impact of # observations on estimation; and convergence performance 

 Target 30 100 200 

EDU 2.4 2.4399 

(2.2985, 2.5814) 

2.4511 

(2.3733, 2.5289) 

2.422 

(2.3669, 2.4771) 

AGE -0.15 -0.1715 

(-0.1723, -0.1707) 

-0.15 

(-0.1505, -0.1496) 

-0.15 

(-0.1501, -

0.1495) 

INCO 2.4 2.3967 

(2.2981, 2.5006) 

2.3578 

(2.3014, 2.4142) 

2.3729 

(2.3332, 2.4125) 

MARR -1.5 -1.4202 

(-1.5731, -1.2673) 

-1.5 

(-1.5835, -1.4165) 

-1.4567 

(-1.5161, -

1.3973) 

CHLD -0.3 -0.3288 

(-0.5014, -0.1561) 

-0.4289 

(-0.5239,  -

0.3339) 

-0.3337 

(-0.4004, -

0.2667) 

DIST -4 -4.0213 

(-4.0948, -3.9478) 

-4 

(-4.0404, -3.9596) 

-4.0106 

(-4.0416, -

3.9806) 

# Iter. 

Convrg. 

 290 580 1850 

Time 

Convrg. 

 3130 6950 22300 

 

      The bottom part of Table 5.1 and Figure 5.4 show the convergence information of the 

optimization at the second level estimation. For instance, about 600 iterations (consuming nearly 

7000 seconds as shown in Table 5.1) are used to reach convergence for data with 100 matching 

markets. We have also realized through the simulation experiments that the time required for 

each evaluation of the true objective function is about 8-11 times of the evaluation time of the 

surrogate function. In other words, it suggests that the surrogate optimization method we use 

might have saved us about 70,000 seconds (19.5 hours) to obtain similar results (90% increase in 
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efficiency).  

 

Figure 5.4: Convergence process, 100 sets of data points 

      As discussed previously, our analytical framework offers great flexibility by 

decomposing the matching problem into two sub-problems to fit various types of data input. In 

order to obtain more insights on this aspect, we conducted estimations for the two levels 

separately as two problems corresponding to different data inputs. For the level-one estimation, 

the input is matching outcome and the output is ranking orders. Through our experiment, we 

realized that it is very important to have some prior knowledge (could be set as constraints, or 

used in screening the outputs) about the preference rankings in order to reduce the complexity of 

the problem and thus obtain more accurate estimations if the level-two estimation is not available 

for help. From the experiment on the level-two estimation, we experienced the power of this 

independent sub-model in which only preference rankings (ROL’s) is required as input. This 

sub-model is perfect for the popular practices of assigning interns/roommates/college admissions 
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where for most of the times, only preferences are stated and obtained by the researchers and 

hence has nothing to do with the level-one estimation. To sum, our analytical framework and 

estimation method allows us to conduct different types of estimations depending on data 

availability and the purpose of research.  

      A large portion of the value of our estimation method comes from the fact that we 

explicitly include matching mechanism into our model, i.e. we assume certain matching 

mechanism for a particular matching problem, and we employ the same mechanism in estimation 

to obtain consistent results. We suggest that various matching mechanisms could be tested, and 

choose the one that brings about the best estimation result. This helps explain the matching 

phenomena better, which is the goal of matching estimation. 

 

6. CONCLUSION 

Estimation of matching provides insightful information about the detailed features of market 

participants’ preferences, which could be utilized for prediction, regulation, and strategy making 

according to stakeholders’ interests. 

      Despite of its great value, very few studies managed to conduct estimations that reflect 

the logic structure of standard matching theory. Instead, additional assumptions were often made, 

or aggregate data were used to avoid dealing with the complexity and computational efforts 

brought by the problem nature. 

      The advantages of our methodology are evident. By directly including the matching 

mechanism into the estimation framework, our estimation method is consistent with the 

mainstream matching theory, which enables the thorough explanation of the activities in the 

matching market with the estimation results. In addition to its value in reflecting the problem 
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nature, the bi-level structure of the estimation framework as well offers the flexibility of using 

different data as model input, which greatly expands the scope of application areas. We are also 

the first, to our knowledge, to incorporate the concept and method of rank data regression into 

this area to make possible the estimation on rank preference data.  

      The results of our simulation study shows that the interval estimators, not provided by 

most of the methods from existing studies, are highly accurate as the number of data points 

increase. In addition, the modified surrogate optimization greatly saves the computational efforts 

of evaluating the expensive objective function caused by the inclusion of matching mechanism, 

and is capable of finding the globally optimal solutions even though the objective function is 

multimodal.  
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CHAPTER 6 

 

CONCLUSIONS AND FUTURE RESEARCH 

 

        The dissertation studies the bilateral interactions in two-sided networks, with an 

emphasis on incorporating agents’ behaviors and decision makings in understanding, inferring, 

and driving market outcomes. This is helpful for many theoretical and practical studies of real-

world phenomena such as in transportation, trade, migration, etc. as to how travelers, migrants, 

and agents decide on choosing origins/destinations, business partners, and so on. Unlike the 

traditional trade and migration models such as gravity models, general and partial equilibrium 

models that mainly examine the aggregate and macro outcome of the market, we take the 

approach of matching theory and advance both the theoretical and empirical fronts of matching 

studies to examine the detailed individual decision behavior and matching mechanisms in 

explaining the bilateral interactions in the real world from more disaggregate levels. Results from 

the study provide more powerful tools for market designs and inferences.  

        More specifically, noting that a comprehensive set of matching theory is yet to be 

established for the general multi-unit many-to-many matching (MMMM), this dissertation sets 

out to fill the theoretical and empirical void for modeling MMMM subject to quota constraints.  

Matching mechanisms are developed, and their properties thoroughly examined, for generalized 

MMMM matching for both two-sided matching and one-sided matching to produce desirable 

matching outcomes. Moreover, a hybrid matching model is proposed and established that 

encompasses two-sided matching, one-sided matching and anything in between under the 

MMMM setting. Because of its flexibility, the hybrid matching model for generalized MMMM 
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matching is by far the most general within the scope of our discussion. For matching inference, a 

generalized bi-level estimation model is developed, taking advantage of choice analysis of 

ranking data, surrogate optimization, and maximum likelihood estimation. As a whole, the work 

accomplished in this dissertation is expected to lay theoretical foundations and provide powerful 

tools for empirical applications such as market/platform design and inference. 

        As we progress, we also realize that more work could be done and pushed forward. 

Before bringing the dissertation to an end, we take this opportunity to shed lights on some key 

remaining challenges as we discovered during the course of the dissertation research, and point 

to several potential topics for future research. 

        In terms of theory, there are opportunities for further improvement of our work. For 

instance, we can investigate into hybrid matching with respect to the strategy-proof properties 

following the similar idea discussed in Abdulkadiroglu (2011). We can also make effort to 

generalize our framework to allow monetary exchange and continuous utility function as in the 

assignment game (Shapley and Shubik 1971). Based on this, one can continue to think about 

how to include endowment and incumbent effect for one-sided matching as discussed in Shapley 

and Scarf (1974) and Abdulkadiroğlu and Sonmez, (1999), etc. Apart from these potential angles 

and tasks, several major puzzles in matching theory remain unresolved and warrant more 

attention. One question concerns matching in a market/network with more than two sides (e.g., 

supply chain management and political alliance with more than two nodes/sides): network 

configuration, preference/utility function and equilibrium concept, all need to be re-examined. 

Another interesting question brings in the role of market regulator (designer) in matching, as to 

how the market regulator’s vision, interest, and objective function would influence the market 

setting, rules and participants’ behaviors and welfare. Next, it would be equally important to 
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extend the current models to settings of dynamic matching, where matching is no longer a one-

shot game but requires multiple stages of interactions to reach dynamic equilibrium.  

        On the empirical front, one can explore to apply our theories and models, together with 

relevant results and tools from other researchers, to conduct empirical and application-oriented 

studies. Two interesting types of applications pop up in mind. First, think about how to design a 

fair or efficient international trade platform for organizations such as WTO--the nature of such 

applications falling right within the scope is actually a key motivation for our studies. More 

specifically, international trade is a multi-unit many-to-many matching game with bilateral trade 

constraint, as each region could trade with more than one region and faces trade barriers perhaps 

due to historical and political reasons. As an international trade platform, it should have 

necessary agreement clauses that are governed by theoretically sound matching mechanism in 

order to achieve multilateral goals while promoting fair and efficient trades. This is exactly what 

our theories and models are about and able to help. Second, as share economy and e-commerce 

are nowadays accumulating momentum, results from our study can be utilized in designing on-

line platforms that match passengers and drivers for transportation network companies such as 

Uber and Lyft, and e-commerce portals for Amazon and Alibaba to connect buyers and sellers. 

The connection between our methodologies and e-commerce is obvious, and its potential 

contribution to matching in share economy is doubtless. Let’s take Uber or Lyft transportation 

services as example, the business model can be directly formulated as multiunit many-to-many 

matching problems with resource/quota constraints. More specifically, the “unit” is the travel 

time to spend, the “many-to-many” structure is reflected by the fact that carpooling involves 

more than one person, and the “quota constraint” accounts for the reality that we always have 

limited time to supply (car driver/owner) and consume (passenger). However, we want to note 
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two challenges in applying our theories and methodologies to solve these problems. One is the 

concern over the “intervention” from the platform providers, especially those for-profit market 

brokers, in a sense that their interests often deviate to some extent away from the commonly 

assumed criteria of fairness and efficiency by market participants. We mentioned this in the 

previous paragraph as one interesting theoretical exploration to pursue. The other problem is 

about scalability and system dynamics: in real applications of plat-form design we need to deal 

with real-time dynamic matching easily at scales of more than thousands of agents. This could 

impose challenges in executing the matching mechanisms in a timely manner. More efficient 

algorithms and computational solutions are thus necessary. 

        As we mentioned at the very beginning of the dissertation, despite its importance and 

usefulness, matching theory is merely one of the many candidate theories and methodologies for 

analyzing bilateral interactions in two-sided networks. It is natural to consider the possibilities of 

studying the inter-relationship among existing methods such as gravity models, intervening 

opportunities theory, general equilibrium models, and matching theory. In addition, there are 

other potentials from the angles of network theory, information and social networks, cascading 

behavior, badge system design, graph theory, mechanism design and so on (Easley and 

Kleinberg, 2012). It is quite possible that the advancements in network analysis could be applied 

to matching theory, or the other way around.  

        One idea that cuts across theories/tools in different fields, for example, is to use 

matching theory and game theory to improve the theoretical footing for gravity models, since an 

improved characterization of micro-level behaviors will in the end lead to better mechanistic 

explanation of the macro and aggregate outcomes captured empirically well by gravity models. 

Another potential topic is to study the network effect when a matching network is scaled up to a 
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certain degree. In this case, the agents’ strategies might be altered and their influences on others 

would be different. Such behavioral elements can be well captured in agents’ preferences or 

utility function structures that can be inferred using matching estimation as proposed in this 

study. 

        It is also important to think back all the way to the supporting root of the theories. 

Conducting behavioral experiment/survey under controlled environment is deemed beneficial or 

even necessary to obtain a deeper understanding of agents’ preferences and decision making 

process in a multi-unit many-to-many matching context. Also, the experiments could be used to 

test our proposed mechanisms and to compare with natural behaviors without the impact from 

market design. Moreover, the experiments can certainly inform us about the “do’s and don’ts” 

for real-world applications.  

        Last but not least, in order to achieve some of the goals we mentioned, computational 

issues need to be considered seriously and hopefully addressed successfully. In a small network 

involving only dozens of players, our current proposed framework and mechanisms can drive to 

matching equilibrium within reasonable time limit. However, if we need to consider a large 

network such as online shopping/e-commerce platform where thousands of participants are 

involved simultaneously and dynamically, matching mechanisms, estimations models, and 

computational techniques of extreme implementation efficiency should be adopted. Ideas such as 

segmenting larger problems into smaller ones and parallel/distributed computing seem promising 

paths to explore. 

 

        



 

136 

 

REFERENCES 

Abdulkadiroğlu, Atila, and Tayfun Sönmez. "House allocation with existing tenants." Journal of 

Economic Theory 88, no. 2 (1999): 233-260. 

Abdulkadiroglu A. Generalized matching for school choice. Unpublished manuscript, Department of 

Economics, Duke University, Durham, NC, 2011. 

Easley, David, and Jon Kleinberg. Networks, crowds, and markets: Reasoning about a highly connected 

world. Cambridge University Press, 2 

Shapley, Lloyd S., and Martin Shubik. "The assignment game I: The core." Int. J. Game Theory 1, no. 1 

(1971): 111-130. 

Shapley, Lloyd, and Herbert Scarf. "On cores and indivisibility." Journal of mathematical economics 1, 

no. 1 (1974): 23-37. 

 

 


