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High-quality-factor optical microresonators have emerged as a verstatile tool in study-

ing light-matter interactions and their technological applications. They have proven to

be particularly efficient sensors by transducing weak interactions, such as a minuscule

change in effective refractive index, into a large optical output signal, when interrogated

near their resonance frequencies. Their large quality factors and small sizes also lead

to a build-up of large optical forces within the devices. These forces are a driver of

high-quality mechanical oscillations of the optical resonator.

The resolution of accelerometers is limited by fundamental thermomechanical noise

and by extra noise added by the readout mechanism. We present a platform based on

SiN optical microresonators with a high quality factor (Q), which can be used as highly

sensitive displacement sensors to minimise readout noise in accelerometers. In addition,

we demonstrate integration of SiN micromechanical resonators, which also potentially

demonstrate very high quality factors, with a large micromachined mass, which can be

used to lower thermomechanical noise in accelerometers. The SiN ring resonator with

the SiN micromechanical resonators together can potentially measure acceleration with

nano-g resolution over a broad bandwidth.

Frequency-locking between mechanical oscillators is of scientific and technological

importance. However, existing schemes to observe such behaviour are not scalable over

distance. We demonstrate a scheme to couple two independent mechanical oscillators,

separated in frequency by 80 kHz and situated far from each other (3.2 km), via their



optomechanical interactions. Using light as the coupling medium enables this scheme

to have low loss and be extended over long distances.

Delay-coupled oscillators exhibit unique phenomena that are not present in systems

without delayed coupling. We experimentally demonstrate mutual synchronisation of

two free-running micromechanical oscillators, coupled via light with a total delay 139

ns (approximately four and a half times the mechanical oscillation time period). This

coupling delay induces multiple stable states of synchronised oscillations, each with a

different oscillation frequency. These states can be accessed by varying the coupling

strengths. This result could enable applications in reconfigurable radio-frequency net-

works, and novel computing concepts.
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CHAPTER 1

INTRODUCTION

1.1 Light-matter interaction

Interaction between electromagnetic fields and matter is an essential aspect of the physi-

cal world, as well as human culture and technology. Rainbows, for example, are formed

because different colours of white light interact with air differently and propagate at

different speeds, causing them separate. A microwave oven heats water by exciting its

molecular motion through radio-frequency electromagnetic radiation. Even cosmic fea-

tures, such as the long tails of comets, are a result of light from the sun pushing on

the dust and gas surrounding such objects. From paints and pigments that have pro-

vided colour to works of art since ancient times, to modern technology like lasers, these

fundamental interactions are all-pervasive.

Such interactions can be summarised by considering the response of charged parti-

cles in matter to an external electric field. These particles may be freely moving elec-

trons in metals and similar materials, bound electrons in atoms or atomic crystals, or

ions. Displacement of these charged particles due to the electric field results in a net

dipole moment in the body. As a result, the electric field experiences a modified di-

electric constant Eq. 1.1 [71], where ω is frequency of the applied electric field, and

χe, the dielectric susceptibility. In general, this change in the dielectric contant not only

changes the effective speed of light as it interacts with that material, but also decreases

(or increases!) its intensity as it propagates.

ǫ(ω) = 1 + χe(ω) (1.1)

1



Figure 1.1: (a) Schematic of a cavity formed by two mirrors. As light with fre-

quency equal to resonance frequency ωc is confined between the two

mirrors, it interacts with the perturbing matter more strongly. (b) If

the perturbation is merely in the intensity of light, it increases the in-

tensit of light reflected at resonance. (c) If the object affects the speed

of light, it changes the resonance frequency.

1.2 Sensing using optical cavities

The effect that light-matter interactions have on the intensity and the speed of light, via

the modified dielectric constant ǫ(ω), can be used in a variety of sensing applications.

However, typical interactions of light with matter, especially with very small objects

such as atoms, perturb its intensity or speed only slightly [8]. Therefore, any measur-

able change only occurs when light interacts with the source of perturbation over long

propagation distances [34], or for a long duration. Optical cavities have the ability to

confine light in a small region for long periods time (relative to the time it would take

to travel the same distance as the length of the cavity). Any perturbation of light taking

place in the cavity, therefore, is enhanced as light interacts for a longer period over a

greater effective distance, with the perturbing medium.
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The enhanced interaction in optical cavities occurs near characteristic ‘resonance’

frequencies of the cavity. This ‘resonant-enhancement’ is best understood by looking

at the effect that perturbations have on the light coming out of the cavity (canonically

represented by two mirrors, Fig. 1.1, forming a Fabry Perot resonator [40]). If the

interaction attenuates the intensity of light in the cavity, it increases the intensity of light

reflected from the cavity. If the interaction perturbs the speed of light in the cavity, it

results in a change in the resonance frequency. Resonant-enhancement is higher for a

low loss (high quality factor, Q) cavity [14].

Resonant-enhancement in high-Q optical cavities has proven to be useful in biologi-

cal and chemical sensing applications [7, 33] to probe materials which absorb light very

weakly [72], or even single molecules [8] and viruses [101]. It has also shown unprece-

dented sensitivity in interrogating mechanical motion for displacement sensors [38],

accelerometers [57, 56] and even quantum-limited motion of microscopic structures [6].

1.3 Optical forces

Electromagnetic fields also have a well-defined momentum associated with them [71].

Therefore, electromagnetic radiation exerts a pressure, proportional to its intensity, on

any physical surface on which it is incident. In other words, photons incident on a body

impart a momentum change, and thereby a force, on that body. In addition to this ‘radia-

tion pressure’, spatial variations in the electromagnetic field acting on a polarizable body

induce a ‘dipole-force’, which is proportional to the gradient of the intensity of electric

and magnetic fields, and the polarizability of the body. These forces are summarized in

Fig. 1.1.

The most prominent application of optical forces is the technique developed by

3



Figure 1.2: An object near the focal point of a focussed laser beam experiences a

dipole-force Fd f towards the focus, and a radiation pressure force Frp

along the direction of propagation of the laser beam

Arthur Ashkin and others to trap and manipulate microscopic particles using a tightly

focussed laser beam [9]. This technique makes use of both, radiation pressure and the

strong dipole force created by the large gradients to hold a particle near the focal point

of the laser beam. Such strong gradients are also present in the vicinity of optical waveg-

uides which tightly confine electric field [4], and can be used to trap microparticles [85]

for optofluidic and lab-on-chip applications [91]. In addition, these gradient optical

forces can also be used to make tunabe optical couplers [35] and resonators [102].

1.3.1 Cavity optomechanics

Of particular interest is the role of electromagnetically induced forces in optical res-

onators, such that physical boundaries of the optical cavity are deformed under the influ-

ence of these forces. These ‘optomechanical’ interactions first attracted attention within

the field of gravitational-wave detection via optical interferometers. These interferom-

eters consist of massive mirrors which are mounted movable platforms and which are

expected to move due to theoretically predicted gravitational fluctuations. As described

in the previous section, optical cavities are particularly efficient at detecting mechanical

4



Figure 1.3: (a) An optomechanical resonator, schematically depicted as a Fabry-

Perot cavity. One mirror forming the cavity can move under the op-

posing forces Fopt and Fspring. Motion of the mirror changes the length

of the cavity Lc, and thereby it’s resonance frequency ωc. (b) Change

in Lc causes a change in ωc, and the energy in the cavity Ecav.

motion. However, the presence of optical forces imposes a lower bound on the detection

of fluctuations in gravitational forces, since both types of forces have the same effect on

the movable mirror.

Canonically, such an optical cavity may be represented by a Fabry-Perot Cavity (Fig.

1.3), where one mirror is fixed, and the other mirror is mounted on a spring. It is evident

that radiation pressure on this movable mirror can change the length of the cavity Lc,

and thereby affect the characteristic frequencies ωc of the optical resonator. The strength

of this interaction is described by the optomechanical coupling coefficient Gom, which

influences not only ωc, but also the force Fopt acting on the mirror (Eq. 1.2).

∆ωc = Gom × ∆Lc

Fopt

M
∝ GomEcav

M
,

where, Ecav = Optical energy in the cavity

and,M = Mass of the mirror

(1.2)

The optical energy Ecav, and thereby the force on the mirror, depends on the
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frequency-detuning between the resonator and the laser probing it (Eq. 1.2), which is,

in turn, affected by the position of the mirror. This interdepedence, termed ‘backaction’,

has several significant consequences.

Static Backaction

The presence of an additional position-dependent force on the mirror-spring system

modifies the effective spring constant [88] (the ’optical-spring’ effect). Therefore, the

mechanical frequency of the mirror-spring system either increases or decreases, depend-

ing on whether the initial frequency detuning is positive or negative [88]. In optome-

chanical systems engineered to have an especially strong backaction, [29], Fopt can be

as large as the force of the spring itself, resulting in a hundred-percent change in the

effective mechanical frequency!

In addition, it must be pointed out that the interaction between the optical resonator

and the mechanical resonator formed by the mass-spring system is essentially nonlinear.

As a result, this ‘optomechanical resonator’ is bistable [28] i.e. there exist two well-

defined positions of the mirror where the force of the spring exactly balances the optical

force. This is in contrast to the behaviour of a simple mass-spring system, which linear

and has a single stable position under the influence of a constant force.

Dynamical Backaction

The optical force Fopt influences not only the position of the mirror, but also its velocity.

This is due to the fact that optical cavities have a finite response-time i.e. for any given

change in the position of the mirror, Ecav reaches a steady state value corresponding to

the new position, at a rate equal to the optical damping of the cavity. Therefore, there
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is always a time-lag between change in Ecav (and thereby Fopt) and the position of the

mirror. This results in there being net work done by Fopt on the mass-spring system.

Just like the optical-spring effect, this ’dynamical backaction’ has drastically dif-

ferent effects when the frequency detuning between the optical cavity and the laser is

positive and negative. For negative detuning, Fopt does a net negative work on the mass

spring system i.e it takes mechanical energy out of the mass-spring system. This in-

creases the effective mechanical damping. On the hand, for positive detuning, Fopt

reduces the effective mechanical damping, and amplifies the mechanical motional am-

plitude.

If the dynamical backaction is strong enough at positive detuning, the positive work

done on the mirror can overcome mechanical losses, giving rise to self-regenerating

mechanical motion. This transition from damped mechanical motion to self-sustained

oscillations is akin to the onset of lasing in optical cavities with optical gain.

1.3.2 Micro-optomechanical oscillators

The effect of backaction is larger in optomechanical resonators with a lighter mechani-

cal element. Therefore, micromechanical resonators, with effective masses in the range

of femto-grams [95] to nanograms [84], have emerged as a especially attractive platform

to study optomechanical effects [54]. Micromechanical resonators are a technologically

important platform, and are widely used as sensors [15], tunable electronic and optical

devices [113, 104], as well as in (RF) communications [31]. In particular, optically-

induced self-sustained oscillations of micromechanical resonators, which naturally vi-

brate at radio frequencies (RF) i.e. in the kilo-Hertz to giga-Hertz range, are a natural

interface between the RF and the optical domain.
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Micro-optomechanical oscillators are generators of high-quality, single-tone RF sig-

nals [80]. At room temperature, the spectral spread i.e. the linewidth of these oscillation

signal is only limited by random phase fluctuations due to interaction of the mechan-

ical resonator with the surroundings [81]. Therefore, these oscillators can be used to

provide low-noise frequency reference [79, 64] as well as to down-convert and detect

RF signals [44] carried by optical frequencies. In addition, the nature of optomechan-

ical interactions makes it possible to directly, coherently and efficiently convert signal

carried by optical frequencies to the RF domain, and vice-versa [13, 36, 5, 10]. Micro-

optomechanical oscillators, therefore, are an ideal platform for RF-photonic communi-

cation, with potential for even quantum information processing [13].

1.4 This dissertation

In this dissertation, we will touch upon the two broad aspects of light matter interactions

in optical cavities mentioned above viz. sensing, and optomechanical oscillators.

Chapter 2 describes nanophotonic platform consisting of low-loss optical and me-

chanical resonators that can be used to sense displacement and acceleration with a high-

resolution.

Chapters 3 presents a scheme to couple two physically distant optomechanical oscil-

lators solely via optical interactions. The RF oscillations of one oscillator modulate the

optical force on the other oscillator, causing it to be frequency-locked. This optically-

induced frequency locking has applications in RF communication networks.

Chapter 4 shows that the propagation delay in coupling two optomechanical oscilla-

tors via optical interactions causes the two oscillators to synchronise at one of multiple
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possible frequencies. This behaviour is reminiscent of networks of biological oscilla-

tors, and as such, can be used as a platform for information processing inspired by neural

oscillators.
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CHAPTER 2

SILICON-NITRIDE-BASED NANOPHOTONIC PLATFORM FOR

BROADBAND NANO-G ACCELERATION SENSING

Optical readout of mechanical motion in sensors like accelerometers [19, 20, 37,

56, 57, 109] enables measurement with unprecedented resolution [20, 37, 56, 57] over

a broad bandwidth [20, 37, 56]. However, previously demonstrated broadband optical

accelerometers are limited in their resolution to µg levels, and nano-g level resolution is

only possible at very low frequencies [57]. Acceleration resolution amin =

√

(a2
th
+ a2

RO
)

is limited by thermomechanical noise ath, and by the noise-equivalent-acceleration

(NEA) aRO added by optical readout of mechanical motion. ath can be reduced by

increasing the mass displaced upon acceleration, and reducing mechanical dissipation

(A.5). aRO can be reduced by improving the sensitivity of transduction of mechanical

displacement. A higher displacement sensitivity also enables acceleration sensing with

a higher resolution at higher frequencies (A.3) [57].

Silicon nitride, which is widely used in nanophotonics as a platform for optical com-

munication [89], nonlinear optics [61] and cavity optomechanics [30], can be used to

make high-Q microresonators, such as ring resonators [66] and microdisks [87], for

highly sensitive transduction of mechanical motion. SiN has also been used to demon-

strate high-Q micromechanical resonators (nanotethers) [100]. Its compatibility with

standard micromachining processes [46] enables integration of a large mass with the

nanotethers in order to reduce thermomechanical noise.

In this chapter, we present a silicon-nitride based platform, consisting of a high-Q

SiN ring resonator that can detect the displacement of an SiN membrane with fm-level
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Figure 2.1: (a) Schematic depiction of the cross-sectional profile of the optical

mode confined in the SiN ring resonator. (b) When the SiN membrane

is brought close to the resonator, the optical mode profile now includes

a significant overlap with the membrane, changing the effective index

of the mode, and thereby the resonance frequency. (c) The resonance

frequencyω0 changes by 2π×360 GHz as the gap between the ring and

the SiN membrane is reduced from 1 µm to 550 nm, with a maximum

rate of change dω0

dx
= −2π × 2 GHz/nm (d) SEM image of the ring

resonator and bus waveguide. The image was taken with the sample

tilted by 70 degrees. (e) Normalised optical transmission of the ring

resonator, showing the high-Q resonance dip. A Lorentzian-curve-fit

yields a linewidth of 2π× 206 MHz, and a steep slope dR
dω0
= 1

2π
× 1.89

GHz−1.

resolution, and thereby enable ultra-low aRO. The presence of the SiN membrane per-

turbs the optical mode of the waveguide forming the ring resonator and influences the

effective refractive index of the mode. This, in turn, changes the optical resonance fre-

quency ω0. Mechanical displacement of the membrane, therefore, is tranduced into a

change in the resonance frequency with a sensitivity Gom =
dω0

dx
, where ‘x’ is the posi-

tion of the membrane relative to the ring. When the ring is pumped with a laser with

a frequency slightly off resonance, a shift in resonance frequency causes a change in

the transmitted power R. For a high-quality resonator, the sensitivity of R to changes in
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ω0 (i.e. dR
dω0

) is high. We demonstrate quality factors as high as 938000 for resonances

in air-clad SiN rings with 200 µm radius, 1.5 µm width and 330 nm height (Fig. 2.1).

These high quality factors are a result of the high optical quality of SiN obtained using

low-pressure (LP) chemical vapour deposition (CVD) on a substrate of SiO grown ther-

mally on Si (See A.1). Such a high quality factor gives us dR
dω0

as high as 1
2π
×1.89 GHz−1

(Fig. 2.1). The sensitivity Gom depends on the separation between the ring and the SiN

membrane. The closer the membrane is to the ring, the greater the change in the re-

fractive index for the same amount of displacement. As the gap is reduced from 1 µm

to 550 nm, we see (Fig. 2.1), using finite element simulations, Gom as high as 2π × 2

GHz/nm. This high value of Gom, together with a high dR
dω0

, gives us a displacement sen-

sitivity dR
dx

of 3.78 nm−1. Assuming 10 µW of laser power at the input and assuming 1%

of this power reaches the photodetector, this corresponds to a laser-shot-noise-limited

displacement resolution of 4.2 fm/
√

Hz (See A.1).

We show that SiN nanotethers support a large proof mass on an SiN membrane,

which, along with ultra-low mechanical damping, is necessary for nano-g levels of ath.

A combination of surface- and bulk-micromachining enables us to integrate a 500 µm

thick crystalline-Si proof mass on a 200 nm thick SiN membrane, which is suspended

by SiN nanotethers which are only 200 nm thick, 10 µm wide and 50 µm long (See A.2,

Fig. 2.2). The bandwidth of operation of an accelerator is characterised by the resonance

frequency of the mechanical element. The relatively large Young’s modulus of SiN (E =

2.5 × 1011 Pa, [110]) can also enable the tether-mass system to have the large resonance

frequencies necessary for broadband acceleration sensing. The mechanical frequency,

therefore, can be designed by adjusting the dimensions of the tethers (Fig. 2.2) (See

A.3), without compromising on the proof-mass and hence, ath. Therefore, for a typical

420 µm x 300 µm proof mass fabricated in this manner, with a mass of 150 µg, a

mechanical resonance frequency of 2 kHz, and assuming a mechanical quality factor of
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Figure 2.2: (a) SEM image of a typical proof mass fabricated by bulk microma-

chining of an 500 µm thick Si wafer, and monolithically integrated

with a 200 nm thick SiN membrane, suspended by SiN nanotethers

with dimensions 200 nm x 10 µm x 50 µm. (b) 60 such nanoteth-

ers, supporting a 150 µg proof mass can show a mechanical resonance

frequency as high as 15 kHz.

10000 [100], we can achieve ath = 38 ng/
√

Hz (See A.1).

The interaction of the high-Q SiN ring resonator with the SiN membrane, enables

acceleration sensing with nano-g resolution, limited only by the fundamental thermo-

mechanical noise ath. In order to take full advantage of the high mechanical quality

SiN nanotethers and the large proof-mass, it is necessary to reduce the extra noise

added due to 1) the optical noise in the laser (which is fundamentally limited by op-

tical shot noise aSN), and 2) the electronic noFiguresise in the photodetector adet, where,

a2
RO
= a2

SN
+a2

det
. This is achieved by optically enhancing the transduction of mechanical

motion of the SiN membrane, by a factor Gom
dR

dω0
. The noise sources contributing to aRO

do not experience the same amplification (See A.1). For example, a laser power of 10

µW corresponds to a shot noise of 1.6 pW/
√

Hz, but only contributes 4.2 ng/
√

Hz to

the NEA. Similarly, a typical photodetector (See A.1), with a noise-equivalent-power of
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0.6 pW/
√

Hz, only adds 1.6 ng/
√

Hz, thereby leaving ath as the dominant, and limiting,

noise factor in sensing acceleration.

The strength of interaction i.e. the value of Gom,strongly depends on how parallel

the surface of the ring and the membrane are, but any detrimental effects due to mis-

alignment between the two surfaces are mitigated due to the high quality factor of the

SiN ring resonator. We show that the Gom is −2π × 2.1 MHz/nm when the two sub-

strates of the ring resonator and the SiN membrane are crudely aligned using manual

micropositioning stages (Fig. 2.3). Despite the value of Gom being lower than its po-

tential, a high quality factor (938000) ensures that this platform can give amin = 4.1

µg/
√

Hz (limited by aRO), which is already comparable to state-of-the-art demonstra-

tions [37, 56]. Advanced packaging techniques can be used to achieve better alignment

to improve the Gom, as well as to minimise mechanical dissipation caused by viscous

drag [99] by creating a hermetic seal around the assembly.

In conclusion, we demonstrate that SiN can be used to make an optical resonator

with a quality factor that is high enough for broadband, nano-g level acceleration sens-

ing, limited only by fundamental thermomechanical noise. In addition, we demonstrate

that SiN nanotethers can be used to suppport a membrane with the large proof mass

necessary in order to achieve nano-g leves of ath. Advanced packaging techniques can

be used to achieve sensing performance that is better than current state-of-the-art.
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Figure 2.3: (a) Schematic depiction of the experimental setup to demonstrate the

effect of the interaction between the ring resonator and the membrane.

The ring resonator is mounted on a fixed platform. The substrate

with the membrane is mounted on a movable stage directly above the

ring resonator. A piezo actuator is used to control the height of this

stage, and the tilt of the membrane with respect to the ring resonator

is minimised, via visual inspection, using manually operated, three-

axis tilt micromanipulators. (b), (c) Starting from a gap ‘g’, as the

piezo-actuated stage is lowered by 1.07 µm, the resonance frequency

increases by 2π× 2.3 GHz, giving an average Gom = 2π×2.1 GHz/nm.

It must be pointed out that due to mutual tilt, one corner of the mov-

able substrate touches the fixed substrate, and pivots around that point

of contact as the piezo stage is lowered. As a result, the Gom calculated

in (c) underestimates the actual Gom in this setup.
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CHAPTER 3

MASTER-SLAVE LOCKING OF OPTOMECHANICAL OSCILLATORS

OVER A LONG DISTANCE

Frequency-locking between micromechanical oscillators is critical for RF communi-

cation and signal-processing applications [94, 17, 93]; however its scalability is limited

by the fact that, in general, the oscillators are obliged to be in physical proximity in order

to interact. Micromechanical oscillators can interact at the micron-scale via electronic

coupling [70] or a physical connection [90]. However, these schemes are fundamentally

lossy over long distances, and therefore, are not scalable. Scaling up coupled mechanical

oscillators to macro-scale networks [98, 65, 41] could potentially enable novel concepts

in memory and computation [68, 12, 43], as well as provide a platform to put in practice

many theories of nonlinear dynamics of coupled oscillators [50, 75].

Interaction of mechanical oscillators through light could, in principle, help overcome

this limitation, since light can propagate over long distances with minimal loss. Recent

reports [112, 11, 90] on frequency-locking between mechanical oscillators demonstrate

interaction only over a few micrometers. In demonstrations of light-mediated coupling

of two micromechanical oscillators [112, 11], both mechanical oscillators are coupled

to the same optical cavity, limiting the kind of network topologies that can be used and

how far the oscillators can be separated.

We demonstrate a reconfigurable scheme to couple, via light, two independent mi-

cromechanical oscillators separated from each other by an effective path of 3.2 km, in

the master-slave configuration and show the ability to lock their oscillation frequencies.

This coupling scheme is based on using light to send the information of the mechanical

oscillations from the master oscillator to the slave oscillator. It is facilitated by the fact

that each oscillator is an an optomechanical oscillator (OMO), consisting of co-localised
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Figure 3.1: (a) Schematic depiction of cross-section of the device, indicating the

co-localisation of optical and mechanical resonances. The dotted line

indicates the relative mechanical displacement between the two disks

that influences the optical mode. (b) SEM image of the OM resonator.

(Inset) Higher-magnification SEM image of the region highlighted,

showing the double-microdisk structure. (c) Normalised transmission

spectra of master and slave optical resonances. (d) Vibration of the

mechanical resonator causes the optical resonance to vibrate about

a mean value, resulting in modulation of transmitted optical power

(e) Power spectral density (PSD) of the modulation of the transmitted

optical power due to thermally-induced mechanical vibration shows

the natural frequency of the mechanical resonator. (f) PSD of master

and slave oscillations. The oscillation peaks are offset by 80 kHz.

optical resonances and mechanical resonances that are coupled to each other (Eqs. 3.1,

3.2) [55]. The mechanical resonator can be modelled as a damped simple harmonic

oscillator with position ‘x’, effective mass me f f , frequency Ωm and damping rate Γm. It

is driven by its interaction with an optical force Fopt = Gom
|a|2
ω

, where |a|2 is the energy

in the optical cavity and ω is the laser frequency. Gom indicates the strength of the in-

teraction between optics and mechanics. The optical cavity can also be modelled as a

damped oscillator, with a position-dependent frequency (ω0 + Gomx) and damping rate

Γopt, and it is driven with a laser of power |s|2, coupled to the cavity at the rate Γex. The

force on the mechanical resonator Fopt can be controlled by changing the intracavity en-

ergy |a|2,which is, in turn, affected by the laser power |s|2. Any modulation of the laser
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power therefore couples to the mechanical resonator via the optical force Fopt [45].

da

dt
= i((ω − ω0) −Gomx)a − Γopta +

√

2Γex s (3.1)

d2x

dt2
+ Γm

dx

dt
+ Ω2

mx =
Fopt[a]

me f f

(3.2)

The OMOs used for this demonstration each consist of two suspended Si3N4 mi-

crodisks stacked vertically (Figs.3.1(a), (b)). The optical and mechanical resonances

under consideration are co-localised along the periphery of the structure. These struc-

tures are fabricated using e-beam lithography techniques [112]. The top and bottom

Si3N4 disks are nominally 250 nm and 220 nm thick and have a radius of 20 µm. These

disks are separated from each other by a 170 nm thick SiO2 sacrificial spacer layer.

This stack rests on a 4 µm thick SiO2 support layer. These layers are partially etched

away to release the periphery of these disks. This suspended structure supports optical

whispering-gallery modes that are overlap with the edges of the top and bottom disks

(Fig.3.1(a)) [112]. The optical resonance frequency of this structure is strongly de-

pendent on the separation between the two disks. Relative motion (represented by Eq.

3.2) between the two disks changes the resonance frequency at the rate of Gom=-2π×49

GHz/nm, as calculated from finite element simulations [112].

The two devices, when not coupled, oscillate at two distinct mechanical frequencies

separated by 80 kHz. In order to characterise the devices, light is coupled into each

resonator with a tapered optical fiber. The transmission spectrum of the master OM

resonator shows an optical resonance centered at ∼1565.22 nm (Fig. 3.1(c)). Similarly,

the slave OM resonator has an optical resonance centered at ∼1565.95 nm (Fig. 3.1(c)).

The splitting in the resonance is due to back-scattering induced lifting of degeneracy

between the clockwise and counter-clockwise propagating modes [53]. Thermal motion

of the mechanical resonators modulates this transmission spectrum (Fig. 3.1(d)), which

can be analysed with a spectrum analyser. The master is observed to have a mechanical
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Figure 3.2: Schematic of experimental setup to demonstrate master-slave locking.

The two optomechanical (OM) resonators are driven by independent

lasers. The optical signal from the master travels through 3.2 km of

fiber. The RF signal generated at the detector by the oscillations of the

master modulate the laser driving the slave. The RF oscillations of the

slave are analysed with a spectrum analyser and an oscilloscope.

resonance at 33.93 MHz (Fig. 3.1(e)), with a linewidth of 16.39 kHz, while the slave

has a mechanical resonance centred at 32.82 MHz (Fig. 3.1(e)), with a linewidth of

13.56 kHz. When the optical resonances are excited with blue-detuned lasers (ω > ω0),

dynamical backaction [55] amplifies mechanical motion. As input power is increased,

this mechanical gain increases, until it overcomes intrinsic mechanical damping. At this

point, each resonator becomes a self-sustaining oscillator [55]. The master oscillates

at 32.99 MHz (Fig. 3.1(f)), and the slave oscillates independently at 32.91 MHz (Fig.

3.1(f)), i.e. separated from the master by more than six times its natural mechanical

linewidth. Note that, due to the optical-spring effect [55], the oscillation frequencies for

the oscillators are centred at a frequency slightly higher than that for the thermal motion
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of the respective resonator.

To demonstrate long-distance locking, we couple the two OMOs in a master-slave

configuration, via a 3.2 km long optical fiber, with an electro-optic modulator that is

driven by the master OMO and that modulates the laser driving the slave OMO (Fig.

3.2, Eq. 3.3). Each OMO is pumped by an independent laser. The signal transmitted

from the master OMO carries information about its position xmaster . It travels through a

3.2 km long delay line before it is detected with a high-speed detector. The output of

this detector carries the radio frequency (RF) oscillations, which are a function of the

mechanical displacement xmaster of the master. The slave laser drive sslave is modulated

by this signal from the master (Eq. 3.3). The output of the slave OMO is detected with

another high-speed detector and analysed with a spectrum analyser and an oscilloscope.

|sslave|2 = |s0,slave|2(1 + γ[ f (xmaster)]) (3.3)

The strength of coupling between the slave OMO and the output of the master OMO

can be controlled by the modulation depth γ of the electro-optic modulator driven by the

master-oscillator. A voltage-controlled variable gain amplifier provides a gain between

-26 dB and +35 dB to the RF oscillations coming from the detector of the master OMO,

and thereby controls the modulation depth. This is reflected in the power spectral density

(PSD) of oscillation peak of the master OMO (Hin j) as seen in the light transmitted from

the slave OMO (Fig. 3.3).

As we increase the coupling strength, we show that the slave OMO transitions from

oscillating independently to being frequency-locked to the master OMO. The coupling

strength is determined by comparing the amount of modulation imparted on |sslave|2 by

the injected signal and by the slave oscillator. This is measured in terms of the ratio
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Figure 3.3: (a) Spectrum of the power transmitted from the slave OMO for dif-

ferent injection ratios (Hin j/Hslave). (b) Numerical simulation of the

power spectrum. (c), (d) Same as (a) and (b), respectively, only now

measured by reversing the roles of master and slave.

of the power of injected oscillation signal (Hin j) to the power of the free-running slave

oscillation (Hslave). When Hin j/Hslave is small, the slave OMO oscillates at its own fre-

quency, independently. The optical signal transmitted from the slave carries the slave

oscillation peak, along with the modulation imparted on the laser (Fig. 3.3(a)). As the

injection strength is increased, the slave oscillation frequency is pulled towards the mas-

ter oscillation frequency. After a transition point (Hin j/Hslave ∼ -2 dB), the slave OMO

spontaneously begins oscillating at the same frequency as the master OMO.

We show that frequency locking can also occur when the roles of the slave and

the master are reversed (Fig. 3.3(c)). As we increase the coupling strength, the new-

slave spontaneously begins oscillating at the same frequency as the new-master after a
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(a) (b)

Figure 3.4: Phase-portraits formed by the oscillation signals of the (a) free-

running slave and (b) locked slave with the master oscillator, as

measured with an oscilloscope, over more than 130 oscillation cy-

cles.(Insets) Simulated phase-portraits

transition point around Hin j/Hslave ∼ 8 dB. The difference in the locking strength for each

of the oscillators can be attributed to the strongly nonlinear nature of these oscillators

([108], See Appendix B for a theoretical analysis of the locking process, and additional

data on locking dynamics.).

We observe phase locking between the master and the slave oscillators when their

frequencies lock. The locking-transition is associated with the establishment of a fixed

phase-relationship between the master and the slave oscillations. We can observe the

change in the phase-relationship upon locking between the master and slave oscillators

by plotting the oscillation signal of the slave versus that of the master, over a duration

long enough to accommodate phase drift. When the slave OMO is free-running, its

phase is uncorrelated to the phase of the master OMO. As a result, for each point in

the phase space of the master OMO, the phase of the slave OMO can take any value

in its range (i.e. 00 to 3600). This is reflected in the phase-portrait of the oscillations

of the master OMO and slave OMO forming a filled-rectangle (Fig. 3.4(a)), over an

extended period of time (4 µs, i.e. more than 130 oscillation cycles) [74]. When the slave
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OMO is locked to the master OMO, the phase difference between the two oscillations

is fixed, and the phase-perturbations (phase-noise) are correlated (See Appendix B).

This correlation between the phases of the two oscillators results in the X-Y trace of

the oscillations (Fig. 3.4(b)) of the master and slave OMOs forming an open Lissajous

figure [74].

Full numerical simulations of Eqs. 1 and 2 for the master and slave OMOs confirm

the observation of locking (Fig. 3.4 (b), (d)). The dynamics of the slave OMO and the

master OMO are simulated with experimentally-derived parameters. The set of coupled

optical and mechanical equations (Eqs. 3.1, 3.2) are numerically integrated using com-

mercially available software ([112], Appendix B). The power in the optical-drive for

the slave |sslave|2 (Eq. 2) in the simulation contains a signal γ[ f (xmaster)], which is pro-

portional to the transmitted signal from the master OMO. As the gain is increased, the

slave is locked to the oscillations of the master OMO. The simulations also reproduce,

qualitatively, major features of the dynamics, including injection-pulling [78].

This demonstration of master-slave locking of two OMOs separated by kilometers

of fiber utilises a reconfigurable coupling scheme that can be easily extended to include

mutual coupling between the two oscillators as well as to implementing a large network

of oscillators with arbitrary network topologies. The ability to tune the coupling strength

arbitrarily enables access to various regimes of nonlinear dynamics of such oscillator

networks.
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CHAPTER 4

SYNCHRONIZATION OF DELAY-COUPLED MICROMECHANICAL

OSCILLATORS

Time-delay in coupled systems is ubiquitous in nature because of the finite prop-

agation speed of any signal, and because of the finite response time of physical sys-

tems (e.g. neuronal networks [26, 27], chemical reactions [32], biochemical systems

[97, 96, 82, 51]). Delayed-coupling can significantly influence the behaviour of cou-

pled systems [26, 27, 32, 97, 96, 82, 23, 52, 75, 86, 105, 106, 103]. In particu-

lar, for two coupled oscillators, the presence of a time-delay could enable a mul-

titude of stable states of synchronised oscillations [23, 52, 86, 105, 97, 96]. Re-

cently, synchronisation of micromechanical oscillators has attracted a lot of attention

[90, 112, 43, 42, 62, 25, 111, 11, 70, 3, 41] due to potential applications in commu-

nication [17], signal-processing [93], as well as in novel complex networks [43, 92].

However, effects of delayed-coupling have not yet been experimentally demonstrated

on this technologically important platform.

A major challenge is to effectively introduce significant time-delay in systems of

coupled micromechanical oscillators. Existing schemes [90, 112, 111, 11, 70, 3] for mu-

tual synchronisation require the micromechanical oscillators to be in physical proximity,

restricting the types of coupled-dynamics that the system can exhibit. Micromechani-

cal oscillators can interact via electronic coupling [3, 70] or elastic coupling [90], both

of which are fundamentally lossy and require the oscillators to be separated by a dis-

tance much smaller than their oscillation wavelengths, thereby rendering the time-delay

insignificant.

Coupling micromechanical oscillators via light can help overcome the limitation of

distance, since light can propagate with negligible loss over long distances [76]. Light-
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mediated mutual synchronization of micromechanical oscillators that has been demon-

strated thus far [11, 112, 111] has been with optomechanical oscillators (OMOs) that

interact via a common optical microresonator, which requires them to be separated by

only a few microns.

In this chapter, we synchronise two independent OMOs by mutually coupling them

with an effective delay of approximately 4.5 times their oscillation time period. This

scheme is based on using the radio-frequency (RF) oscillations of one oscillator to mod-

ulate the optical drive, and thereby influence the time-evolution of the phase of oscilla-

tions of the other oscillator, and vice-versa (as shown in Chapter 3). Each OMO can be

modelled as a mechanical oscillator (Eq. 4.1, see Appendix C for details), with natural

frequency Ω and damping rate Γ. It is driven into self-sustained, free running, oscilla-

tions by a position-dependent (x(t)) optical force Fopt(x(t)), provided by a continuous

wave laser [55]. This force on one OMO is modulated by the mechanical displacement

signal of the other OMO (and vice-versa) x(t − T ) after a propagation delay of T and a

coupling-constant γ. Therefore, T ≈ 4.5 × 2π/Ω.

ẍi, j(t) + Γẋi, j(t) + Ω
2
i, jxi, j(t) = Fopt i, j(xi, j(t))[1 + γi j, ji x j,i(t − T )] (4.1)

Each oscillator used in this experiment has a double micro-disk structure (Fig.

4.1), that supports coupled optical and mechanical resonances, and is driven into self-

sustained, free running, oscillations with an external laser. The double micro-disk struc-

ture is composed of two, vertically stacked, suspended microdisks with a spacer between

them (Fig. 4.1(a)). The top and bottom disks are made of low-pressure chemical vapour

deposition (CVD) grown Si3N4, and are nominally 248 nm and 220 nm thick, respec-

tively. The spacer is made of 170 nm thick plasma-enhanced CVD grown SiO2. This

stack rests on a 4 µm thick substrate of thermally grown SiO2. These thin films were pat-
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terned into disks with a 20 µm radius using electron-beam lithography and inductively-

coupled reactive ion etching. The SiO2 layers are partially etched away with buffered

hydrofluoric acid to release the periphery of the disks (Fig. 4.1(b)). The resultant struc-

ture supports a high-quality-factor whispering gallery optical mode that is coupled to the

out-of-phase mechanical resonance of the two disks (Fig. 4.1(a)). The coupling strength

between the optical and mechanical degrees of freedom is characterised by the optome-

chanical coupling-constant Gom = −2π × 45 GHz/nm, as deduced from finite element

simulations [112].

We optically couple two OMOs with individual mechanical oscillation frequencies

of 32.9 MHz and 32.97 MHZ with a total delay of 139 ns (effective distance of 28.5

m) between them. The delay between the two oscillators is introduced using low loss

optical fibres, which propagate the transmitted optical signal over a distance (Fig. 4.2).

The RF oscillations of OMO 1 (Fig. 4.2) are carried by light over the optical delay line,

and converted to an electrical signal at a high-speed photodetector. This electrical signal

modulates the power of the laser driving OMO 2 (using an electro-optic modulator,

EOM 2), thereby coupling OMO 1 to OMO 2. Similarly, OMO 2 couples to OMO 1 via

EOM 1.

The strength of this coupling is controlled with a variable-gain RF amplifier (VGA

1,2), that can provide an arbitrary gain between -26 dB and +35 dB. The coupling

strengths κi j (i,j = 1,2) are defined as κi j =
Hin j,i

Hosc, j
, where Hosc, j is the oscillation power of

OMO ’j’, and Hin j,i is the power of the signal from OMO ’i’ imparted on the laser (via

EOM ’j’) driving OMO ’j’. κ12 is controlled by VGA 1 and κ21 is controlled by VGA 2.

The ratio κ12

κ21
is kept fixed, using a third VGA (not shown in schematic in Fig. 4.2).

We show that the two oscillators transition from oscillating independently to oscillat-

ing in a synchronised manner at an intermediate frequency as we increase the coupling
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Figure 4.1: (a) Schematic cross-sectional picture of the periphery of a typical op-

tomechanical (OM) resonator, indicating the co-localisation of op-

tical and mechanical modes. (b) SEM image of a typical double-

disk OM resonator, surrounded by a structure to support tapered op-

tical fibers used to optically excite mechanical oscillations. (Inset)

Higher-magnification image of the double micro-disk structure (c)

Normalised optical transmission spectra of the two OM resonators

used in this demonstration. (d) Power spectrum of the transmitted

optical power modulated as each device is driven into self-sustained

oscillations. The oscillation frequencies are separated by 70 kHz.

strength. When the oscillators are weakly coupled (small values of κ12, κ21), they oscil-

late at their individual frequencies (Fig. 4.3). As the coupling strength is increased, we

observe frequency-pulling [25, 78] i.e. the frequencies of the two oscillators are pulled

towards each other, while they still oscillate independently, prior to the onset of syn-

chronised oscillations. As the coupling strength is increased beyond a threshold value,

(κ21,κ12) (-10.5 dB, -4.1 dB), (-12.13 dB, 1.5 dB) for Figs. 4.3(a) and 4.3(b) respec-

tively, the two oscillators spontaneously begin to oscillate in synchrony, as indicated by
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Figure 4.2: Schematic of experimental setup to synchronise two optomechanical

oscillators (OMOs). Each device is driven by an independent laser

tuned to be blue-side of its optical resonance. The transmitted optical

signals, modulated by each OMO, travel over 9 m long delay line of

SMF-28 optical fibres. The RF signal generated at the photodetector

(PD) at the end of optical delay line 1 modulates the power of the laser

driving OMO 2 via an electro-optic modulator (EOM), and vice-versa.

The strengths of these modulation signals are controlled by variable-

gain RF amplifiers (VGA). Half of the RF oscillation signal is tapped

off at each of the photodetector for analysing with an RF spectrum

analyser (See Appendix C for a more detailed schematic).

the emergence of a single RF tone in the transmitted optical power spectrum.

We demonstrate that these OMOs also exhibit multiple stable states in which they

oscillate synchronously, as opposed to just a single stable synchronised state seen in sys-

tems without delay [23, 86, 52]. The different stable synchronised oscillations, which

have different frequencies, can be accessed by selecting appropriate values for the cou-

pling constants, κ21 and κ12, which determine the strength with which OMO 2 couples

to OMO 1, and vice versa. For instance, as shown in Fig. 4.3(a) ( κ12

κ21
= 6.32 dB) not

only do the two oscillators synchronise (κ21=-10.5 dB) but also a second synchronisa-

tion frequency is seen merely by increasing κ21 further (κ21=-6.5 dB). Similarly, for κ12

κ21

= 13.63 dB (Fig. 4.3(b)), we see three synchronised states beyond the synchronisation
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Figure 4.3: Combined power spectrum of the transmitted optical power of the two

OMOs, as a function of increasing coupling strengths κ21 (κ12), show-

ing the synchronisation transition, while κ12/κ21 is kept constant at (a)

6.32 dB and (b) 13.63 dB. As κ21 and κ12 are increased beyond the

synchronisation threshold, we see (a) 2 synchronised states and (b) 3

synchronised states, respectively.

κ21 (dB)

0

Figure 4.4: Synchronization frequency (normalised), Ωsync.,norm., as obtained by

varying κ21, with different values of the ratio κ12/κ21. Blue squares (■)

correspond to Fig. 4.3(a) and red triangles (▲) correspond to Fig.

4.3(b).
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threshold.

Ωsync.,norm. =
Ωsync. −Ω1

Ω2 − Ω1

(4.2)

The frequencies of the synchronised states Ωsync., as a function of coupling-strength,

show a clear ladder-like behaviour (Fig. 4.4), which is also found in other delay-coupled

systems [86, 105]. The discrete points in Fig. 4.4 represent the frequency of the syn-

chronised states for different values of the ratio κ12/κ21 (as extracted from Figs. 4.3(a) and

4.3(b), and similar plots for other values of κ12/κ21) and plot it versus the value of κ21 at

which they occur. Note that the gain of the VGAs, and thereby the values of κ21 and

κ12 are increased in discrete steps, resulting in discrete points at each ’step’ in Fig. 4.4.

The value of the synchronised frequency is normalised to the frequency difference of the

two oscillators as per Eq. 4.2. For a very small value of the ratio κ12/κ21 i.e. when OMO

2 dominates the interaction between the two oscillators, the two OMOs synchronise at

Ωsync. = Ω2. This is akin to master-slave locking [31], where coupling is unidirectional,

from one oscillator to the other, but not vice-versa. With the ratio κ12/κ21 set to a higher

value, we observe the presence of other stable synchronised states of this system of

delay-coupled OMOs. For any given ratio κ12/κ21, as the value of κ21 is increased, the two

oscillators initially synchronise at a frequency close to the average of their natural oscil-

lation frequencies. Further increase in the coupling strength gives synchronised states

with frequencies that span the difference between the two natural frequencies in discrete

steps.

This demonstration of controllable, multi-stable synchronisation between delay-

coupled OMOs paves the way towards implementing novel memory and communica-

tion concepts [43, 17]. Delayed-coupling enables us to choose from multiple possible

synchronised states, which have different oscillation frequencies enabling applications
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of OMOs in distributed, reconfigurable communication networks. Delayed coupling

also manifests itself in biological systems [97, 96, 51], particularly neuronal networks

[26, 27, 82]. This demonstration of synchronisation of OMOs showcases a microscopic,

scalable platform that could potentially be used to implement various schemes of neu-

romorphic information processing and computation [43, 60, 24].
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CHAPTER 5

OUTLOOK : COUPLED SENSOR NETWORKS

We have shown, in this dissertation, a platform based on opto-mechanical interac-

tions, for use in both sensing and nonlinear-dynamical applications. Therefore, it is

worth considering the combination of both applications.

Individual optomechanical oscillators are potentially more sensitive than an optome-

chanical resonator [107, 63]. This is because, in an optomechanical resonator, the phys-

ical quantity (such as mass, displacement, etc.) being measured is transduced into a

measurable change in optical power via a shift in the optical resonance, whereas in an

optomechanical oscillator, the transduction takes place via a shift in the oscillation fre-

quency peak. Optomechanical oscillators typically have a linewidth on the order of 10

Hz, limited only by thermal noise [81]. On the other hand, optical resonances have

linewidths of the order of 10 MHz, which is 106 times larger than that of self-sustained

optomechanical oscillations.

One may then conceive of two or more optomechanical oscillators, coupled as de-

scribed in chapters 3 and 4, and used as sensors. Previous proposals on sensing enhanced

by nonlinear interactions between coupled oscillators were based on electronic oscilla-

tors [18, 47, 48, 49]. As we described earlier, one of the limitations inherent with elec-

tronic oscillators is that the signal scatters and attenuates significantly while propagating

over very short distances. As a result, those sensors have to located in close vicinity. By

using optomechanical oscillators as sensors, we can, in principle, implement distributed

sensor networks based on these coupled oscillators. Such networks may mimic be-

haviour of neuronal networks [24, 82], and potentially enable human technology with

the same capabilities as the human brain.
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APPENDIX A

A.1 Principle and limitations of acceleration sensing

A.1.1 Principle of operation

The canonical accelerometer consists of a displacement sensor that translates the dis-

placement, upon acceleration, of a mass attached to a spring, into a measurable signal.

When an optical cavity is used as a displacement sensor, the motion of the mass changes

the optial resonance frequency. If this cavity is interrogated with a laser tuned to be at or

close to the resonance, any change in the resonance frequency results in a correspond-

ing change in laser power reflected or transmitted from the resonator. Therefore, the

resulting signal directly correlates to the acceleration sensed by the test mass (Fig. A.1).

The mass-spring system can be modelled as a simple harmonic oscillator with mass

m, natural frequency Ω0, and damping Γ. The displacement x(t) of the mass, under an

externally applied acceleration aappl(t) is given by A.1.

ẍ(t) + Γẋ(t) + Ω2
0x(t) = aappl(t) (A.1)

Therefore, a single-tone acceleration a(Ω) induces a displacement x(Ω) according to

A.2, where χ(Ω) is the frequency-dependent mechanical susceptibility of the mass-

spring system.
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Figure A.1: (a) Schematic representation of a mass-spring system. A change in

externally applied acceleration ∆aappl causes a displacement ∆x of

the mass. (b) A change in the resonance frequency ∆ω0 of an optical

cavity, results in a change in optical signal ∆R, when probed with a

laser close to the resonance frequency.

x(Ω) = χ(Ω)a(Ω),where

χ(Ω) =
1

(Ω2
0
− Ω2) + iΓΩ

(A.2)

Accelerometers are typically operated at frequencies below the mechanical-

resonance frequency Ω0 of the mass-spring system. Therefore, Ω0 defines the opera-

tional bandwidth of the sensor, over which the displacement produced is proportional to

the acceleration applied, according to A.3.

x(Ω) ≈ a(Ω)

Ω2
0

(A.3)

This implies that for accelerometers with a large Ω0 intended for broadband oper-

ation, either with a stiffer spring or a smaller mass, the displacement resulting from

a given acceleration will be smaller, thereby requiring a highly sensitive displacement

sensor to accurately measure the applied acceleration.
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The sensitivity of the optical resonator that is used as the displacement sensor de-

pends on the quality factor (Qopt) of the optical resonance, and the strength of optical

interaction (Gom) between the cavity and test-mass. Gom (= ∆ω0

∆x
) describes the change

in optical resonance frequency ∆ω0 for a given displacement ∆x of the test-mass. If R

is the fractional amount of optical power output from the cavity, the sensitivity of the

displacement sensor is given by A.4

∆R

∆x
=
∆R

∆ω0

∆ω0

∆x
=
∆R

∆ω0

Gom (A.4)

Higher sensitivity is achieved by increasing either ∆R
∆ω0

(which varies inversely as (Qopt)),

or (Gom), or both.

A.1.2 Sources of noise

Thermomechanical Noise

According to fluctuation-dissipation theorem, a simple harmonic oscillator as described

above, in contact contact with a thermal bath of temperature T, experiences a stochastic

force Fth. This force has a white power spectral density proportional to the mass m and

damping rate Γ, and results in an acceleration noise ath, given by A.5 [83].

ath =

√

4kBTΓ

m
(A.5)

The contribution of this thermomechanical acceleration noise can be reduced by reduc-

ing mechanical damping Γ (i.e. by increasing mechanical quality factor Qm) or by using

a heavier test-mass m or both.

35



Readout Noise

According to A.4, fluctuations in displacement ∆x are transduced into fluctuation in the

fractional amount of optical power output from the cavity ∆R = ∆Pout

Pout
. Conversely, any

noise externally added to ∆Pout reduces the accuracy with which ∆x, and therefore, aappl

can be measured.

Quantum fluctuations in the intensity of laser light (i.e. shot noise) have a white

power spectral density (PSD) and contribute frequency-independent noise δPSN, which

for a laser frequency ωL, and input power Pin, is given by A.6

δPSN =
√

2~ωPin (A.6)

Electronic fluctuations in the photodetector also contribute a frequency-independent

noise δPdet, equal to the noise-equivalent-power (NEP) of the photodetector. For exam-

ple, a typical photodetector Newport 818-IR has an NEP of 0.6 pW/
√

Hz

The noise-equivalent-displacement (NED) corresponding to these external noise

sources δPSN/det, can therefore be given by,

δxSN/det =
δPSN/det

Pout
∆R
∆ω0

Gom

(A.7)

Therefore, according to A.7, by increasing the sensitivity of the displacement sensor

( ∆R
∆ω0

Gom) we can reduce the influence of these external noise contributions.
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A.2 Fabrication of devices

The fabrication process is schematically depicted in Fig. A.2

We fabricate optical and mechanical components on separate Si wafers using SiN

grown using low-presure (LP) chemical vapour deposition (CVD). The optical compo-

nents are patterned in SiN, grown using LPCVD on thermal SiO, using e-beam lithogra-

phy and reactive ion etching (RIE) in an inductively coupled plasma (ICP). The devices

were clad with SiO that was deposited using plasma enhanced (PE) CVD. Windows

were patterned and, then etched using buffered HF, around the rings to allow the mem-

brane to get close to the optical mode in the ring.

The membrane and nanotethers are patterned together using photolithography and

ICP-RIE on 200 nm thick SiN. The SiN film is deposited using LPCVD on a substrate of

2.1 µm thick plasma-enhanced (PE) CVD SiO deposited on an Si wafer. The membrane

and tethers are clad with 2.1 µm thick PECVD SiO for subsequent processing. The

proof mass is defined on a similar SiO/SiN/SiO stack on the backside of the same wafer,

and is released from the surrounding substrate using a combination of anisotropic Deep-

RIE (DRIE) and isotropic chemical vapour etching using XeF2. Additional tethers are

patterned on the back side while defining the proof mass in order to provide mechanical

stability to the whole assembly. The SiO cladding around the SiN tethers is then etched

away using HF vapour.

A.3 Mechanical frequencies

Each nanotether of length L, width W and thickness t can be modelled as two back-to-

back, end-loaded cantilevers of length L/2. The mechanical resonance frequency of N
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such nanotethers, supporting a mass m can be given by A.8 [67], where E is the Young’s

modulus of SiN.

Ω0 =

√

N(E/2)Wt3

4m(L/2)3
(A.8)
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Figure A.2: Fabrication process flow
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APPENDIX B

B.1 The Optomechanical oscillator

An optomechanical oscillator can be described by a set of coupled equations describing

the optical mode (Eq. B.1) and the mechanical mode (Eq. B.2). Chapter 3 provides a

physical description of these equations.

da

dt
= i(∆0 −Gomx)a − Γopta +

√

2Γex s (B.1)

d2x

dt2
+ Γm

dx

dt
+ Ω2

mx =
Fopt[a]

me f f

(B.2)

In the ‘bad cavity limit’, i.e. in the case where the optical decay rate Γopt is much

larger than the mechanical frequency (Γopt ≫ Ωm), for a given displacement x, the op-

tical cavity reaches a steady state much faster than the mechanical resonator responds

to the change in Fopt[a]

(

=
Gom|a|2
ω

)

. Therefore, in this limit, one may analyse Eq. B.1

quasistatically, with a value of x delayed by the response-time τ(=
1

Γopt

) of the opti-

cal cavity. This delay accounts for the fact that although the optical cavity responds

much faster than the mechanical resonator, it does not do so instantaneously. Therefore,

the steady state value for a is given by Eq. B.3, and substituting it in Eq. B.2 yields

an equation for mechanical motion (Eq. B.2) in the quasistatic approximation for the

optical cavity.

a(t) =

√
2Γex s

i(∆0 −Gomx(t − τ)) − Γopt

(B.3)

d2x(t)

dt2
+ Γm

dx(t)

dt
+ Ω2

mx(t) =
gom

me f fω

2|s|2Γex

(∆0 −Gomx(t − τ))2 + Γ2
opt

(B.4)
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Eq. B.4 can be simplified by normalising the displacement (y =
Gomx

∆0

) and time

(T = tΩm), and substituting A =
2G2

omΓex

me f fωΩ2
m∆

3
0

, B = (
Γopt

∆0

)2, and Qm =
Ωm

Γm

, to give

d2y(T )

dT 2
+

1

Qm

dy(T )

dT
+ y =

A|s|2
B + (1 + y(T − τΩm))2

(B.5)

B.2 Oscillation power and Injection Ratio

When an optomechanical cavity is excited with a laser of power |s|2 via a waveguide

coupled to the optical cavity with a coupling constant
√

2Γex, the power exiting the

cavity is given by |sout|2 = |s −
√

2Γexa|2 [39]. Using Eq. B.3, and letting Dg represent

the transimpedance gain of the detector and input gain of the spectrum analyzer, the

power detected at the spectrum analyzer can be written as

Ptrans (x) = Dg|s|2|1 −
2Γex

i(∆0 −Gomx) − Γopt

|2 (B.6)

If x oscillates at the frequency Ωosc i.e. x = x0 cos(Ωosct), Ptrans can be approx-

imated in terms of its spectral components, i.e. as a Fourier series Eq. S5, where

Dg|s|2(P0, P1, P2, ...) are the power-spectral-density (PSD) values of Ptrans at the fre-

quencies (0,Ωosc, 2Ωosc, ...). This approximation holds because the linewidth reduces

dramatically when oscillations begin [55], and most of the power in the spectral com-

ponent is concentrated at the centre-frequency itself. Harmonics are introduced because

of the non-linear transduction between x and Ptrans. It must be noted that (P0, P1, P2, ...)

are functions of x0 since they are Fourier coefficients of |1 − 2Γex

i(∆0 −Gomx) − Γopt

|2
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Ptrans = Dg|s|2 (P0 + P1 cos(Ωosct) + P2 cos(2Ωosct) + ...) (B.7)

The parameter Hslave from the Chapter 3 can, therefore, be written as

Hslave = Dg,slave|sslave|2P1,slave. This value is directly read off the spectrum analyzer.

The output of the master oscillator modulates the laser driving the slave, as per Eq.

3.3 in the Chapter 3 (Also see section ’Electro-optic coupling’). The modulation func-

tion f (xmaster) is proportional to Eq. B.7, where all the PSD values correspond to the

master oscillator. Assuming that the harmonics are negligible compared to the funda-

mental frequency component i.e. coefficient of cos(Ωin jt), Eq. 3.3 from the Chapter 3

can be rewritten as Eq. B.8, where the detector transimpedance gain Dg,master, propaga-

tion loss, modulation gain from the electro-optic modulator and the variable RF ampli-

fier gain, are absorbed into the variable parameter γ.

|sslave|2 = |s0,slave|2(1 + γ cos(Ωin jt)) (B.8)

Ptrans,slave =Dg,slave|s0,slave|2(1 + γ cos(Ωin jt))

(P0,slave + P1,slave cos(Ωosct) + P2,slave cos(2Ωosct) + ...)

(B.9)

Substituting Eq. B.8 in Eq. B.7 gives Eq. B.9, from which we can find the PSD of

Ptrans,slave at the frequencyΩin j. The parameter Hin j from the Chapter 3 can, therefore, be

written as Hin j = Dg,slave|sslave|2P0,slaveγ. This value, too, is directly read off the spectrum

analyzer.

Therefore, the injection ratio
Hin j

Hslave

equals the ratio of the relative amplitudes of

modulations of the optical power in the waveguide (i.e. ratio of modulation depths),

caused by injected signal and the free-running slave oscillator, i.e.

47



Hin j

Hslave

=
γ

P1/P0

(B.10)

Electro-optic coupling

We use an electro-optic modulator to couple master oscillator to the slave oscillator.

The RF power transmitted from the master oscillator (Ptrans,master) modulates the optical

power transmitted through the modulator as per Eq. B.11 [16], where Γ accounts for the

gain of the amplifier (see Chapter 3) and the modulator.

|s|2 = |s0|2(1 +
1

2
sin(ΓPtrans,master)) (B.11)

|s|2 = |s0|2(1 +
Γ

2
Ptrans,master) (B.12)

For sufficiently small values of ΓPtrans,master , Eq. B.11 can be written as Eq. B.12.

For a sinusoidal variation of Ptrans,master (Eq. B.8), the modulation term on the RHS of

Eq. B.11 can be expanded in terms odd harmonics of Ωin j [1]. Therefore, the smallest

harmonic corresponds to 3Ωin j, and the component corresponding to 2Ωin j is absent.

B.3 Frequency-locking of optomechanical oscillators

Optomechanical back-action [55], which amplifies or dampens mechanical oscillations,

occurs because the optical-force has a component in phase with the velocity of the me-

chanical resonator. This is because the optical cavity does not respond instantaneously

(i.e. τ , 0). However, this also makes analysing Eq. B.5 and frequency-locking difficult,

because it is a delay-differential equation.
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The oscillation amplitude and phase (frequency) of optomechanical oscillators are

not mutually independent, as demonstrated by the optomechanical spring effect [55].

As a result, the well-known Adler equation [2, 78] which models injection-locking of

oscillators via phase-only coupling, does not adequately reflect the dynamics of locking

of optomechanical oscillators represented by Eq. B.5.

In this section, we will reduce Eq. B.5, under appropriate approximations, to a

variant of the well-known Mathieu equation [77], which will serve as a template to

understand locking behaviour in optomechanical oscillators.

B.3.1 Simplfied Model Based on Mathieu Equation

The optomechanical oscillator begins undergoing self-sustained oscillations (limit-cycle

oscillations) as the laser power crosses a threshold value which is determined by 1
Qm
, A, B

and τ [55]. Below this threshold laser power, oscillation-amplitude decays due to me-

chanical damping. If we neglect damping, i.e. 1
Qm
= 0, we can assume τ = 0 and still

have oscillatory solutions to the equation, with a sustained oscillation-amplitude. This

gives us

d2y

dT 2
+ y =

A|s|2
B + (1 + y)2

(B.13)

When damping is neglected, even small values of y (i.e. the change in optical reso-

nance frequency caused by mechanical motion is much smaller than the linewidth of the

optical resonance) correspond to oscillatory motion. Therefore, Eq. B.13 can be further

simplified by assuming y ≪ 1, and considering only the first three terms from the Tay-

lor expansion of the RHS around y = 0, giving Eq. B.14. We include the lowest-order
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nonlinear term (i.e. the quadratic term) to analyse the effect of nonlinearity in locking,

and include amplitude-frequency coupling in the analysis.

d2y

dT 2
+ y =

A|s|2
(1 + B)3

((1 + B)2 − 2(1 + B)y − (B − 3)y2) (B.14)

The laser power |s|2 is modulated by an external signal from the master oscillator, as

per Eq. B.8. Substituting this in Eq. B.14, and rearranging terms gives Eq. B.15, where

E1 = 2 A|s0 |2
(1+B)2 , E2 =

(B−3)E1

2(1+B)
, E0 = (1 + B) E1

2
,Ω =

Ωin j

Ωm
.

d2y

dT 2
+ (1 + E1 + γE1 cos(ΩT ))y + γ cos(ΩT )E2y2 = E0(1 + γ cos(ΩT )) (B.15)

Eq. B.15 represents a forced oscillator, with parametric as well as non-parametric

forcing. Note that we neglect the unforced quadratic term E2y2 on the LHS while deriv-

ing Eq. B.15 because, in practice, E2 ≪ 1, and the unforced motion is essentially simple

harmonic. Non-parametric forcing of a linear oscillator gives a response at the forcing

frequency, along with the natural frequency. The solution is altered only when the detun-

ing i.e. difference between natural frequency and forcing frequency is zero. However,

this case is not of interest, since we are looking for the response of the oscillator when

the detuning is not zero.

Parametric forcing can lead to instability due to the parametric-resonance phe-

nomenon [77]. These unstable oscillations are at the same frequency as the forcing

frequency [77] i.e. the instability corresponds to locked oscillations. As the oscillation

amplitude increases, higher-order terms, which were neglected in Eq. B.14 become sig-

nificant, and limit the oscillation amplitude. However, in order to study locking, it is

sufficient to study Eq. B.15 without the non-parametric forcing. Eq. B.16 is similar to
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Mathieu’s equation [77], and can be analysed using perturbation theory, with γ as the

perturbation parameter, U = ΩT, δ = δ0 + γδ1 + γ
2δ2, δ0 =

1+E1

Ω2 ,D1 =
E1

Ω2 ,D2 =
E2

Ω2 , y =

y0 + γy1 + γ
2y2

d2y

dU2
+ (δ + γD1 cos(U))y + γ cos(ΩT )D2y2 = 0 (B.16)

We use the method of multiple time scales [77] to analyse Eq. B.16, with ξ = U, η =

γU, ν = γ2U, around the parametric resonance occuring at δ0 = 1 (i.e. when forcing

frequency is close to the frequency of the oscillator). Note that this case is different

from the stardard analysis of parametric excitation when the excitation frequency is

close to twice the oscillator frequency. Also see the section ‘Electro-optic coupling’.

For a given value of normalised detuning ∆(= 1 −
√
δ) between the oscillator fre-

quency and the forcing frequency, the perturbation parameter γ is obtained from Eq.

B.17.

γ2δ2 + γδ1 + 1 − (1 − ∆)2 = 0 (B.17)

Upon performing the perturbation analysis and finding conditions for the solution

to be stable in each order of perturbation, we get expressions for δ1 and δ2 (Eqs. B.18,

B.19), which represent the curves along the boundary of regions of locked and unlocked

oscillations i.e. the Arnold tongue (R is the unperturbed oscillation amplitude of Eq.

B.16).

δ1 = −
3

4
D2R, δ2 =

5

6
D1(

D1

2
+ D2R) (B.18)

δ1 =
3

4
D2R, δ2 =

5

6
D1(

D1

2
− D2R) (B.19)
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Substituting Eqs. B.18, B.19 in Eq. B.17 and solving Eq. B.17 for γ, we get the

minimum value of γ necessary to lock the slave oscillator with a detuning of ∆.

B.3.2 Arnold tongue for frequency locking

The injection ratio
Hin j

Hslave

is given by Eq. B.10, where P0 and P1 are the Fourier compo-

nents of |1− 2Γex

i(∆0 −Gomx) − Γopt

|2 at the frequencies 0 andΩin j. Taking x = x0 cos(Ωosct),

we find from the Taylor expansion of |1 − 2Γex

i(∆0 −Gomx) − Γopt

|2 around x = 0,

P1

P0

≈
8∆0GomΓex(Γopt + Γex)x0

(Γ2
opt + ∆

2
0
)((Γopt + 2Γex)2 + ∆2

0
)

(B.20)

Substituting experimental and simulated [112] values in Eqs. B.17, B.18, B.19 and

B.20, and x0 = 10−11m 1, we get Fig. B.1, representing the Arnold tongue (as a function

of modulation depth γ and normalised detuning ∆) for the locking of slave oscillator to

the master oscillator. The red and blue lines on the figure indicate the detuning of the

oscillators used in the experiment.

B.3.3 Comparison with experiment

It is remarkable that despite the extreme simplicity of the model used, it shows the

expected trend for the minimum injection ratio required to lock as detuning increases.

The values of injection ratios for locking obtained from the model, for the frequency

detuning of oscillators in the experiment, are withing 5 dB of experimental values. The

1Gom = −2π4.9× 1019 GHz/nm, Γex = 5.138× 108 /s,me f f = 10−13 kg, ω = 1.2037× 1015 rad/s,Ωm =

32.82 MHz,∆0 = 4.856 × 109 /s, Γopt = 2.299 × 109 /s, s0 = 10−4 W
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∆ (normalised)

Figure B.1: Plot of the Arnold tongue i.e. the minimum value of
Hin j

Hslave

required

for locking, as a function of normalised detuning ∆ (= 1 − Ωslave

Ωin j

),

obtained from Eqs. B.10, B.17, B.18, B.19 and B.20. The red and

blue points on the curve indicate locking thresholds obtained from

the analysis for the detuning of the oscillators in the Chapter 3. The

arrows show that that the errors between experimental and analytical

values for locking thresholds are less than 5 dB. The analysis does not

hold at ∆ = 0, and that point is not included in the plot. Inset shows

the tongue obtained by neglecting all quadratic terms.
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role played by the nonlinear term is obvious from the inset of Fig. B.1, which shows

the Arnold tongue obtained by performing perturbation analysis on Eq. B.16 with D2 =

0. Without the nonlinear term coupling the amplitude and frequency, the minimum

injection ratios obtained from the analysis are 10 dB and 14 dB larger than experimental

values.

It must be emphasised that Eq. B.16 is suitable only to understand the essential fea-

tures of the locking process i.e. the Arnold tongue and the role played by nonlinearities.

A better match between analytical and experimental results may be obtained by consid-

ering more terms in the expansion in Eq. B.14. Specifically, the difference in the locking

strength required upon switching the roles of the master and slave oscillators, as seen in

the experiment, may be obtained in this model by considering higher nonlinear terms,

which are known to induce an asymmetrical response [108, 73]. One may go a step

further and even attempt to analyse Eq. B.5 as a delay-differntial equation. However,

the analysis is significantly more challenging and beyond the scope of this work.

B.4 Numerical simulations for locking

Figs. 3.3(b) and 3.3(d), which show simulated results for master-slave locking of the

two OMOs, are obtained by numerical integration of Eqs. B.1, B.2 for each OMO. We

perform the calculation using the solver NDSolve available in the commercial software

Mathematica R©.

Eqs. B.1, B.2 are first solved for the master oscillator. Starting with initial values

of amaster(0) = 0, xmaster(0) = 5 × 10−12m,
dxmaster

dt
= 0, the equations are integrated from

t0 = 0 to tmax = 0.5 ms. We observe from the time trace of the solution that it takes about

0.1 ms to reach steady-state oscillations. The time-dependent optical power transmitted

54



from the master oscillator is stored in memory for later use.

Ptrans,master(t) ∝ |s0,master −
√

2Γexamaster(t)|2 (B.21)

In the same way as for the master oscillator, Eqs. B.1, B.2 are solved for the slave

oscillator, at first without any coupling between the master and the slave. We observe

that just like the master oscillator, the slave also takes about 100 µs to reach steady-state

oscillations. During the experiment, both the oscillators attain steady state oscillations

before they are coupled together. To reflect this, the s0,slave is kept constant for 100 µs,

before being modulated by Ptrans,master(t) (calculated earlier), as per Eq. B.22. This is

accomplished by using a Heaviside Step Function, with the argument tc = 100 µs, to

couple the AC part of Ptrans,master(t) (Eq. B.21) to sslave. The DC part is filtered out so

that only the RF oscillations, not the DC value of Ptrans,master(t), couple to sslave, as in the

experiment.

|sslave(t)|2 = |s0,slave|2[1+H(tc = 10−4s) · Γ
2
· (Ptrans,master(t)− < Ptrans,master(t) >)] (B.22)

Finally, Figs. 3.3(b) and 3.3(d) are obtained by calculating and plotting the PSD of

Ptrans,slave(t) for increasing values of modulation strength Γ.

Note : Although it is not essential to let the oscillators reach steady state oscillations

in simulations before coupling them, doing so gives results that match better with ex-

periments. This is because optomechanical oscillators are highly nonlinear systems, and

the limit-cycle in which they oscillate is dependent on initial conditions [69]. By ensur-

ing that the oscillations reach steady state before coupling is switched on, the numerical

calculations emulate experimental initial conditions better.
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B.4.1 Time-dynamics of locking

When the modulation depth γ crosses the minimum value required to lock the slave os-

cillator to the master oscillator, the slave oscillator undergoes a change in its dynamics.

This change, however, is not instantaneous. There is a period of transient behaviour

before the frequency and amplitude of the slave oscillator settle at their new steady state

values.

We can obtain a rough estimate of the duration of this transient behaviour from

numerical simulation of Eqs. B.1 and B.2. First, we simulate oscillations of the master

oscillator, and store the time-trace of Ptrans,master (Eq. B.21). Then, we simulate for

the slave oscillator, with |sslave|2 given by Eq. B.22. In order to observe the locking-

transients, the coupling between the master and the slave oscillators is ‘switched-on’ at

t = tc, using a Heaviside step-functionH(tc = 200 µs). Note that although the individual

oscillators reach steady-state oscillations after 100 µs, we simulate for an additional 100

µs before coupling the slave oscillator to the master. This enables us to analyse the

steady-state oscillations of the slave oscillator both before and after coupling to the

master oscillator (see next paragraph).

Fig. B.2 shows the time trace of Ptrans,slave. It can be seen that the dynamics change

almost instantly when coupling is switched on at t = tc = 200 µs. However, there

are transients that persist, apparently until t = 230 µs. This is better revealed in the

Short-Time-Fourier-Transform (STFT) of the time trace in Fig. B.2(b). The STFT gives

the frequency spectrum of the signal within a specified window of time. In order to

obtain Fig. B.2(b) from Fig. B.2(a), we calculate the frequency spectrum (Fig. B.2(b),

y-axis) using the FFT algorithm in discrete time-windows (Fig. B.2(b), x-axis) that are

10 µs long, with a 5 µs overlap between adjacent windows. We see that the dominant

frequency in the spectrum is 32.91 MHz for t ≤ 200 µs, and it is 32.99 MHz for t ≥ 230
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Figure B.2: (a) Simulated time-trace of Ptrans,slave. Inset shows a sample of the

time-trace, showing the oscillating signal, over a few cycles. (b) The

STFT of the signal from part (a), using 10 µs long windows, and a

time-step of 5µs. The frequency resolution of the STFT is limited

by the length of the window chosen for the STFT. A longer window

would give better frequency resolution, at the expense of worse time-

resolution.

µs. However, for 200 µs ≤ t ≤ 230 µs, it can be seen that there is a transition between

the two dominant frequencies.

B.5 Phase noise of the locked oscillator

Previous studies [58, 22, 21] have shown that the close-to-carrier phase noise of the

locked slave oscillator is identical to that of the master oscillator. For a freely running

oscillator, the phase noise is determined by the thermal noise affecting the oscillator

[81]. The spring constant of the resonator corresponds to a restoring force against per-

turbations to the amplitude, but there is no analogous restoring force for the phase i.e.

phase perturbations add up [74]. When an external periodic force is introduced, it acts

as a restoring force against phase perturbations, and serves to lock the phase of the slave

to that of the master. This also results in the phase noise of the slave being identical to
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Frequency offset (kHz)
100

Figure B.3: Phase noise of the master oscillator, and the slave oscillator (both

freely running and locked). The spurious narrow peaks seen at 70

kHz and 84 kHz can be attributed to resonances of the tapered optical

fibers used to excite the master and slave oscillators.

that of the master.

Fig. B.3 shows the measured phase noise of master oscillator, and that of the slave

oscillator before and after locking. It can be seen that the phase noise of the master

oscillator is lower than that of the freely running slave oscillator. Upon locking, the

phase noise of the slave reduces to a value close to, but slightly more than, that of

the master. This difference can be attributed to the noise added by the photodetector,

variable gain RF amplifier, and other electric circuitry in the path. It must be noted that

this extra noise is small (e.g. 1.3 dB at 50 kHz offset). This implies that the use of

a detector, RF amplifier and modulator in our scheme does not add a lot of noise and

does not significantly raise the locking threshold (since noise influences the minimum

injection ratio required for locking [74]).
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Figure B.4: Two separate tapered fibers are used within the same vacuum cham-

ber, as shown above.

B.6 Experimental setup

Alhtough the master and slave oscillators are separated by an optical path of 3.2 km, due

to practical considerations, they are located in the same vacuum chamber (Fig. B.4).

However, the two oscillators are probed by independent tapered fibers, which are cou-

pled to optical fibers running through hermetic feedthroughs to the outside. A 3.2km

optical fiber delay spool serves as a delay line.

It must also be pointed out that due to variations of mechanical frequencies in the

fabrication process, we use two OMOs located on the same chip. This is because typical

variation between OMOs on different chips is too large for locking to be possible with

the amount of gain available in the setup.
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APPENDIX C

C.1 Experimental Setup and Procedure for Delay-coupled synchro-

nisation

A more detailed schematic of experimental setup to synchronise two optomechanical

oscillators (OMOs) is showin in C.1. As described in Chapter 4, each device is driven

by an independent laser tuned to be blue-side of its optical resonance. The transmitted

optical signals, modulated by each OMO, travel over delay line of SMF-28 optical fibres.

The RF signal generated at the photodetectors (DC filters are used to block the DC

signal) at the end of optical delay lines modulate the power of the lasers driving the two

OMOs via electro-optic modulators (EOM). The strengths of these modulation signals

are controlled by variable-gain RF amplifiers (VGA).

The coupling strengths are primarily determined by VGA1 and VGA2. The two

OMOs are first pumped into self-sustained oscillations, while keeping the gain values

very low (< −20 dB), so that the two devices oscillate independently. VGA1 and VGA2

are controlled by the same voltage source, and have the same gain (within their speci-

fications) as the control-voltage is varied. The synchronisation transition i.e. when the

two OMOs transition from independent oscillations at different frequencies to locked

oscillations at the same frequency, is seen when the gain is increased. We increase the

gain in steps of ≈ 0.9 dB.

Half of the RF oscillation signal is tapped off at each of the photodetector for

analysing with an RF spectrum analyser. Since the instrument we use only has a single

input channel, we analyse and record the spectrum of each oscillator independently.

Therefore, each voltage scan (as described in the previous paragraph) is performed
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Figure C.1:

twice, first to record the output of Splitter 1 and then to record the output of Splitter

2. The two spectra are then mathematically added using numerical software to yield a

combined RF spectrum for the two OMOs.

We showed in Chapter 3 and Appendix B that the response of an OMO to an exter-

nally injected periodic signal is highly asymmetric with respect to the detuning between

the OMO and the external signal. Therefore, an OMO is more susceptible to locking by

an external signal if that signal has a higher frequency than if it has a lower freuquency.

This means that, in order to observe synchronisation dynamics, it is not enough to have

equal values of gain (and thereby κ21 and κ12).

A third amplifier VGA3, cascaded with VGA1 and controlled independently of

VGA1 and VGA2, is used to differentiate between κ21 and κ12. The gain of VGA3

is kept fixed throughout the voltage-scan described above. Therefore, the variety of

synchronisation dynamics reported in Chapter 4 (and below) is seen by performing the
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Figure C.2: (a) Delay = 124 ns ≈ 4× oscillation time period (b) Delay = 168 ns

≈ 5.5× oscillation time period

voltage scans at different values of gain supplied by VGA3.

C.2 Behaviour at different values of coupling delay

In Chapter 4, we showed that for a delay of 139 ns between the two OMOs, oscillating

at 32.9 MHz and 32.97 MHz, there exist multiple states of synchronised oscillations in

the coupled system. This behaviour is not restricted to this particular value of delay.

We see multi-stable synchronised oscillations at other values of delay too (Fig. C.2),

specifically at delays ≈ 94.7 ns, 109 ns, 124 ns, 139 ns, 153 ns, 168 ns (maximum

delay investigated), as the length of the optical fiber delay line is changed in 3-meter

increments (propagation delay of optical fiber ≈ 4.9 ns/m). The optical propagation

times are calibrated using a technique analogous to optical time-domain reflectometry.

A periodic pulse signal is input on the optical path using an electro-optic modulator,

and detected at the other end of the fiber. We adjust the time period of the pulse train

so that the input signal and output signal overlap (as observed on an oscilloscope). The

time-period of the periodic-pulse-train is now equal to the optical propagation time.
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Curiously, when the delay strays from these values, the two oscillators do not syn-

chronise at all. Instead, for a delay of 119 ns (≈ 3.85× oscillation time period), the

frequencies of the OMOs drift away as the coupling strength is increased (Fig. C.3).

In addition, there appears to be a phase-transition of the coupled system, where the RF

power spectrum shows a feature similar to optical frequency combs. As the coupling

strength is increased further, this comb-like state disappears and the original frequen-

cies are seen again.

This behaviour appears analogous to that seen in other systems involving delay,

where, depending on the delay, there could be a Hopf-bifurcation in the rotating-frame

of the oscillator (i.e. in the slow-flow), leading to quasi-harmonic behaviour [59]. Simi-

lar quasi-harmonic motion, transduced by the optical cavity, could be responsible for the

comb-like spectrum. In-depth analysis of Eq. C.5 is necessary to ascertain the mecha-

nism leading to such dynamical behaviour.

Note : The phenomenon of original frequencies re-appearing for high coupling

strengths is also seen for those cases when the two oscillators synchronise at a single

frequency, as seen in Fig. C.4. In addition, we also see the coupled system showing

aperiodic behaviour for a range of coupling strengths. This may be a signature of chaos,

but this can only be confirmed by detailed mathematical analysis.

C.3 Hysteresis

The system of coupled OMOs also shows evidence of hysteresis as the coupling-strength

is varied (Fig. C.5) around the synchronisation transition. Such behaviour is typically

indicative of the dynamical properties of the oscillators and the nature of their coupling

[77] and it may help in further analysis of Eq. C.5.
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Figure C.3: For a delay of 119 ns, we see quasi-harmonic behaviour in the cou-

pled system instead of a distinct frequency commonly associated with

synchronisation. Above : κ12/κ21 = 12.4 dB

C.4 Mathematical model for delayed coupling

As described in Appendix B, each OMO can be modelled as a pair of parametrically

coupled optical and mechanical resonators (Eqs. C.1, C.2). The parameters in these

equations are described in Appendix B.

da

dt
= i(∆0 −Gomx)a − Γopta +

√

2Γex s (C.1)

d2x

dt2
+ Γm

dx

dt
+ Ω2

mx =
Gom|a|2
me f fω

(C.2)

For the OMOs that we used in this demonstration of synchronisation, the optical
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Figure C.4: Delay = 109 ns, κ12/κ21 = 3.6 dB. De-synchronisation is seen around

κ21 ≈ 13 dB. Aperiodic behaviour is seen for κ21 ≈ 1 dB - 9 dB

decay rate Γopt is much larger than the mechanical frequency Ωm, and Eqs. C.1, C.2

can be approximated by a single equation Eq. C.3, where |s|2 is the power of the laser

driving the device.

d2x(t)

dt2
+ Γm

dx(t)

dt
+ Ω2

mx(t) =
2GomΓex

me f fω

1

(∆0 −Gomx(t − τ))2 + Γ2
opt

|s|2 (C.3)

The laser power |s|2 driving one OMO is modulated, via an electro-optic modulator,

by the RF oscillation signal of the other OMO Ptrans Eq. C.4 (see Appendix B for

details). Here, Γ
2

represents the strength of modulation due to Ptrans.

|s|2 = |s0|2(1 +
Γ

2
Ptrans) (C.4)
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Figure C.5: Synchronisation transition for a delay of 139 ns, with κ12/κ21 = 6.32 dB,

as the coupling-strength is increased (left) and decreased (right). The

two oscillators transition from oscillating independently to oscillating

synchronously (left) at a value of κ21 (as denoted by dotted lines) that

is different from the value when they de-synchronise (right) as the

coupling-strength is decreased.

6
6



Ptrans is the RF oscillation power of the OMO, that modulates the laser power |s|2.

According to Eq. B.7 from Appendix B, Ptrans(t) ∝ xtrans(t). Substituting this in Eq. C.4,

and combining it with C.3, assuming that Ptrans is delayed by T, we get Eq. C.5, which

describes the delayed coupling between the two OMOs.

d2x(t)

dt2
+ Γm

dx(t)

dt
+ Ω2

mx(t) = Fopt(x(t))(1 + γxtrans(t − T ))

where, Fopt(x(t)) =
2GomΓex

me f fω

1

(∆0 −Gomx(t − τ))2 + Γ2
opt

|s0|2
(C.5)
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