
UNIVERSALITY AND STRING THEORY

A Dissertation

Presented to the Faculty of the Graduate School

of Cornell University

in Partial Fulfillment of the Requirements for the Degree of

Doctor of Philosophy

by

Thomas Christian Bachlechner

August 2015



c⃝ 2015 Thomas Christian Bachlechner

ALL RIGHTS RESERVED



UNIVERSALITY AND STRING THEORY

Thomas Christian Bachlechner, Ph.D.

Cornell University 2015

The first run at the Large Hadron Collider has deeply challenged conventional

notions of naturalness, and CMB polarization experiments are about to open a

new window to early universe cosmology. As a compelling candidate for the

ultraviolet completion of the standard model, string theory provides a prime

opportunity to study both early universe cosmology and particle physics. How-

ever, relating low energy observations to ultraviolet physics requires knowledge

of the metastable states of string theory through the study of vacua. While it is

difficult to directly obtain infrared data from explicit string theory construc-

tions, string theory imposes constraints on low energy physics. The study of

ensembles of low energy theories consistent with ultra-violet constraints pro-

vides insight on generic features we might expect to occur in string compactifi-

cations. In this thesis we present a statistical treatment of vacuum stability and

vacuum properties in the context of random supergravity theories motivated by

string theory. Early universe cosmology provides another avenue to high en-

ergy physics. From the low energy perspective large field inflation is typically

considered highly unnatural: the scale relevant for the diameter of flat regions

in moduli space is sub-Planckian in regions of perturbative control. To approach

this problem, we consider generic Calabi-Yau compactifications of string theory

and find that super-Planckian diameters of axion fundamental domains in fact

arise generically. We further demonstrate that such super-Planckian flat regions

are plausibly consistent with the Weak Gravity Conjecture.
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CHAPTER 1

INTRODUCTION

With the discovery of the Higgs boson at 125GeV [1, 2] and the marked ab-

sence of physics beyond the standard model, the first run of the Large Hadron

Collider has deeply challenged conventional notions of naturalness. Addition-

ally, experiments that probe the cosmic microwave background (CMB) polar-

ization are about to open a new window to early universe cosmology. In this

thesis we aim for a better theoretical understanding of the intriguing observa-

tions made in particle physics and cosmology.

From a low-energy perspective, many phenomena in physics appear sur-

prisingly fine tuned. One of the most immediate examples of fine-tuning is

the strong CP problem [3, 4]. By considering field redefinitions of the QCD

Lagrangian, and assuming massive fermions, an additional term is introduced

that contains a new parameter θ

L =
θ

16π2
FF̃ , (1.1)

where F is the field strength. Experimentally, the angle θ is observed to be very

small, |θ| ≲ 10−10 [5]. Naively, there is no reason for θ to be small. However,

this surprising feature can easily be accounted for by adding an additional field

ϕ that is periodic under a shift ϕ → ϕ + 2πf , where f is called the axion decay

constant. We can write the Lagrangian as

L =
1

2
|∂ϕ|2 + ϕ/f + θ

32π2
FF̃ , (1.2)

such that at the minimum of the potential the FF̃ contribution to the Lagrangian

vanishes. In this example even a very basic understanding of the underlying

high energy theory motivated a resolution to an apparently drastic fine-tuning

problem. In order to be consistent with observations, the axion decay constant

should be of order f ∼ 1010 GeV, a value that plausibly arises in string theory

compactifications [6].
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In this thesis we aim to extend the understanding of several fine-tuning

problems by studying high energy theories that are motivated by string theory.

We exploit the symmetries and the high complexity of these theories to arrive

at generic consequences for low energy physics that set the stage for a better

theoretical understanding of naively un-natural phenomena.

1.1 Cosmology

One of the most striking fine-tuning problems is the smallness of the cosmo-

logical constant. In 1917 Einstein suggested adding a cosmological constant

term to the gravitational field equations, to account for the “small star veloci-

ties”, but the term was not otherwise required [7]. The development of quan-

tum field theory gave rise to a motivation for a cosmological constant term:

naive dimensional analysis requires a vacuum energy of order the Planck scale,

Λ ∼ M4
Pl/(16π

2). Even just considering the zero point energies of QCD yields

Λ ∼ 10−60M4
Pl. Both of these predictions are in stark contrast to the observed

value of Λ ∼ 10−122M4
Pl. While we are currently lacking a clear deterministic

mechanism that provides for the smallness of the vacuum energy, it is curious

that the present value of the cosmological constant approximately saturates the

upper bound required for galaxy formation. This coincidence might hint to-

wards an anthropic nature of the cosmological constant [8, 9]. In order to eval-

uate whether an anthropic explanation of fine-tuning is credible, we require a

detailed understanding of the vacuum distribution and vacuum properties of a

candidate theory of quantum gravity.

A second potentially fine-tuned phenomenon is cosmic inflation. The the-

ory of cosmic inflation has been proposed in order to to account for appar-

ent inconsistencies in standard FRW cosmology: the flatness, the horizon and

the monopole problems [10, 11]. The spatial curvature of the universe is very

close to zero, |ΩK | < 5 × 10−3 [12]. However, this curvature is time dependent

and scales with temperature as |ΩK | ∝ 1/ȧ2 ∝ T−1 during the matter dom-

inated era and as ΩK ∝ T−2 during the radiation dominated era. Thus, the

2



spatial curvature contribution at the temperature of matter-radiation equality,

T ∼ 3 × 104 K, must have been about 10−7. At the time of electron-positron an-

nihilation, T ≈ 1010 K, the spatial curvature contribution would have been even

smaller, about 10−19. Extrapolating all the way to the Planck scale, a temperature

of T = 1032 K, would require an initial spatial curvature of 10−61. While these

initial conditions seem extremely fine tuned in standard FRW cosmology, a pe-

riod of accelerated expansion during which H = |ȧ/a| is constant would lead

to an exponential suppression of the spatial curvature ΩK ∝ e−Ht, plausibly ex-

plaining an otherwise fine tuned quantity. A second surprising observation is

the basis for the horizon problem. The power of the cosmic microwave back-

ground is isotropic to one part in 105. This is surprising because the angular

diameter distance at the time of last scattering is significantly larger than the

horizon size, dA/dH ∼
√
1100 ≈ 33. Therefore, the observable universe was

not in causal contact at the time of recombination and there is no reason for the

cosmic microwave background to be isotropic over the whole sky. However, as-

suming a period of exponential expansion by a factor of about e60 would suffi-

ciently increase the horizon diameter at the time of last scattering to account for

the observed homogeneity. Finally, the number density of magnetic monopoles,

remnants of a gauge symmetry that spontaneously breaks to the standard model

group, would be comparable to the number density of nucleons in standard

FRW cosmology. A period of accelerated expansion that solves the horizon

problem would also sufficiently dilute the density of magnetic monopoles in

agreement with observations.

The theory of slow roll inflation can give rise to an accelerated expan-

sion of the universe and account for the fine-tuning problems in standard

FRW cosmology. Let us consider a theory of a canonically normalized

scalar field ϕ with potential V (ϕ). Coupling the scalar field to gravity in a

Friedmann−Robertson−Walker spacetime yields the equations of motion for

3



ϕ

0 = ϕ̈+ 3Hϕ̇+ V ′(ϕ) (1.3)

H =

√√√√8πG

3

(
ϕ̇2

2
+ V (ϕ)

)
, (1.4)

where G is Newton’s constant, H = ȧ/a and a is the scale factor. The require-

ment of exponential expansion |Ḣ| ≪ H , along with the constraint |ϕ̈| ≪ H|ϕ̇|
then implies a small slow roll parameter

ϵ ≡ 2

M2
Pl

(
V ′(ϕ)

V (ϕ)

)2

≪ 1 . (1.5)

In order to sustain inflation long enough to obtain exponential expansion, the

above slow roll parameter needs to remain small over many Hubble times:

η2 ≡
(

ϵ̇

Hϵ

)2

≪ 1 . (1.6)

Assuming the above two conditions are satisfied, the spatial metric expands by

a factor of eN , where N is given approximately by

N ∼ ∆ϕ√
2ϵ
, (1.7)

where the inflaton traverses a distance ∆ϕ. The requirement of sufficient in-

flation, N ≳ 60, then translates into a fine-tuning problem. One possible way

to obtain a sustained period of inflation is to consider a potential with ϵ not

very much smaller than one. This however requires a super-Planckian field ex-

cursion, ∆ϕ ≫ MPl. One such example is a quadratic potential V ∼ m2ϕ2/2.

However, in an effective field theory with cutoff Λ, the potential generically re-

ceives correction terms of the form cδϕ
4+δ/Λδ, spoiling the flatness condition for

∆ϕ≫ Λ, unless the Wilson coefficients cδ are very small. Within the low energy

effective field theory this looks like fine-tuning. A second approach is to con-
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sider small field displacements, requiring a fine-tuned, very flat potential ϵ≪ 1.

In order to evaluate whether either of these scenarios can naturally arise in a

UV completion of our universe we need to go beyond our low energy effective

field theory reasoning.

Both the origin of the cosmological constant and the implementation of cos-

mic inflation are challenges that are deeply rooted in the quantized nature of

gravity. It is therefore intuitive to turn towards theories of quantum gravity to

evaluate problems and to understand potential solutions. As the prime can-

didate for a UV completion of the standard model, string theory provides an

ideal setting to investigate fine-tuning encountered in particle phenomenology,

as well as inflationary dynamics that may describe early universe cosmology.

While much progress has been made since the discovery of string theory, the

explicit construction of string theory compactifications with broken supersym-

metry remains a difficult task. However, many of the most pressing questions

are insensitive to the details of ultra-violet physics and are governed instead by

universality at low energies. This is one of the main themes presented in this

thesis: a given UV theory — such as string theory — imposes certain constraints

on the low energy effective description, while the details remain unconstrained.

This approach allows us to study generic ensembles of low energy theories that

arise due to universality in complicated UV-complete theories. This approach

provides us with insights into surprising and counterintuitive features of the

low energy theories, while allowing us us to be agnostic about the detailed mi-

crophysics.

1.2 Vacuum Statistics and String Theory

The nature of dark energy is one of the most pressing puzzles in quantum grav-

ity. String theory is the leading candidate for a consistent theory of quantum

gravity and therefore provides an ideal environment to study the nature of

the cosmological constant. Relating the low energy observations to ultravio-
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let physics requires knowledge of the metastable states of string theory through

the study of vacua. However, despite significant progress in the field, the ex-

plicit construction of a representative ensemble of low energy theories directly

from string theory remains elusive. In order to study generic consequences of

string compactifications, we divert to an alternate approach and study a class of

low energy effective theories which is motivated by string theory. For example,

orientifold compactifications of IIB string theory lead to N = 1 supergravity

theories that are defined in terms of the moduli space geometry, superpotential

data and D-terms from the gauge multiplets. The study of this class of theo-

ries with generic input data indirectly allows us to probe predictions of string

theory.

One basic requirement in the study of vacua is vacuum stability. We study

the spectrum of scalar masses in supersymmetric N = 1 supergravity theories

motivated by string theory. In a complicated theory, the scalar Hessian ma-

trix H approaches a universal limit, i.e. H is well approximated by a random

matrix with certain symmetries. The metastability condition then translates to

the requirement that the mass matrix be positive definite. We find that while

in the supersymmetric configuration stability is protected by the Breitenlohner-

Freedman bound, an uplift to de Sitter space ubiquitously contains tachyons

that destabilize the vacuum. The presence of tachyons arises from universality

in random matrix theory: the Hessian matrix is defined in terms of a random

matrix ensemble, where eigenvalue repulsion hinders the occurrence of a posi-

tive definite mass matrix. This mechanism arises due to the presence of multiple

scalar fields that are generic in compactifications of string theory but are invisi-

ble to any bottom-up construction including only the lightest fields.

We then extended the study of random supergravity theories to somewhat

more realistic superpotentials defined in terms of random holomorphic sections

on moduli space. We find that the vast majority of metastable vacua obey ap-

proximate supersymmetry. Furthermore, due to correlations between various

superpotential derivatives, metastable vacua are dynamical attractors in the

landscape and admit metastable de Sitter solutions in which supersymmetry
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is spontaneously broken by F-terms that are small compared to the supersym-

metric fermion masses.

1.3 Early Universe Cosmology and String Theory

Cosmic inflation is the leading candidate theory for the origin of super-horizon

correlations in the early universe and is inherently sensitive to high energy

physics. An important and interesting class of inflationary models involves

super-Planckian displacements of the inflaton field which immediately lead to

detectably large primordial tensor perturbations. Inflationary tensor perturba-

tions lead to B-mode polarization in the cosmic microwave background. The

recent observation of polarization B-modes at degree angular scales by the BI-

CEP2 collaboration sparked interest in the possibility of large field inflation. It

is an interesting question to examine whether models of large field inflation can

be embedded in consistent string theory compactifications.

From the low energy perspective, large field inflation that involves super-

Planckian field displacement does not seem natural. A leading proposal to ac-

count for the smallness of the higher order Wilson coefficients is to assume a

weakly broken shift symmetry for the inflaton field that protects the potential

over super-Planckian distances. One immediate obstruction to an embedding

in a UV complete theory is obvious for the simplest case of a one-field model.

Considering an axion with decay constant f yields a potential of the form

V ∼ Λ4 cos(ϕ/f) , (1.8)

for some scale Λ. Requiring a quadratic potential over super-Planckian ranges

therefore implies f ≳ O(10)MPl. However, the axion decay constant is inversely

related to the size of cycles of the compactification such that in regions of pertur-

bative control the decay constant is typically very small, f ≪MPl. However, in

generic compactifications of string theory axions are numerous and the result-
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ing low energy theory is very complicated. It is therefore an interesting question

to compute the diameter of an approximately quadratic potential in a general

system with N ≫ 1 axions.

We fist consider an axion theory with general kinetic matrix and decay con-

stants ξN ≥ · · · ≥ ξ1. Naively, one might expect a field space diameter of order

the Pythagorean sum of the individual axion decay constants. However, we

show that kinetic alignment due to eigenvector delocalization in random ma-

trix theory significantly alleviates the challenge of realizing large moduli space

diameters: non-trivial geometries enhance the kinetic field range proportional

to the largest axion decay constant, independent of all other decay constants.

While kinetic alignment generically allows for a field range enhancement of

up to
√
N compared to the largest decay constant ξN , we show that in string

compactifications the quantity ξN itself is parametrically large in the number of

fields. We argue that super-Planckian diameters of axion fundamental domains

can naturally arise in Calabi-Yau compactifications of string theory. This finding

is due to eigenvector delocalization and universality in random matrix theory

and, again, is a manifestation of an unconventional notion of naturalness in

complicated effective field theories.

One immediate concern for theories of large field inflation is whether they

are consistent with basic requirements of quantum gravity. For example, the

Weak Gravity Conjecture (WGC) asserts that there exists a finite number of

exactly stable particles in a consistent theory of quantum gravity [13]. This

requirement constrains the spectrum of charged particles: a state with gauge

charge q and mass mwould lead to exactly stable extremal black holes if gravity

is not the weakest force, i.e. we require that

√
8πMPl

q

m
> 1 , (1.9)

in Gaussian units. While the Weak Gravity Conjecture only applies for charges

of gauge symmetries it can be generalized to axions in a straightforward way.

8



The corresponding requirement for an axion with decay constant f and instan-

ton action S is that

Sf ≲MPl . (1.10)

This simple one-field example appears to prohibit super-Planckian axion decay

constants in the region of parametric control where S ≳ 1. We consider generic

theories of multiple axions and demonstrate that the Weak Gravity Conjecture

does not immediately imply the existence of unsuppressed higher harmonic

contributions to a potential supporting large field inflation. This is yet another

manifestation of the fact that universal behavior in complicated field theories

can differ vastly from the simple toy models typically considered.

1.4 Organization of this Thesis

This thesis is organized as follows.

In chapter 2, we consider the effect of interactions between thermal modes

and a nucleating Coleman-de Luccia bubble and argue that efficient decoher-

ence may suppress metastable vacuum decay via a quantum Zeno effect.

In chapter 3, we discuss the spectrum of scalar masses in a supersymmet-

ric vacuum of a random N = 1 supergravity theory. Specifically, we take the

Kähler potential and superpotential to be random holomorphic functions of N

complex scalar fields and use tools from random matrix theory to show that the

eigenvalue spectrum of the Hessian matrix is determined by the spectrum of the

Altland-Zirnbauer CI ensemble. We then study the distribution of tachyon-free

supersymmetric vacua and argue that a small fraction ∝ 1
N2 of the parameter

space contains no tachyons at all. We confirm the analytic results from random

matrix theory with extensive numerical simulations using a Metropolis Monte-

Carlo algorithm, applied to the Coulomb gas formalism of random matrix the-

ory.

In chapter 4, we study the dynamics of ultrarelativistic D-branes. We de-
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termine the rate of energy loss from bremsstrahlung for a k-dimensional ex-

tended object undergoing an accelerated motion in a D-dimensional spacetime

and demonstrate that a very small acceleration induced by velocity-dependent

interactions triggers massive energy losses to closed string radiation. We further

show that dissipation due to bremsstrahlung can substantially alter the dynam-

ics in DBI inflation.

In chapter 5, we study the distribution of metastable vacua and the likeli-

hood of slow roll inflation in high dimensional random landscapes. We consider

both non-supersymmetric landscapes defined in terms of a Gaussian random

field and an effective supergravity potential defined via a Gaussian random su-

perpotential and a trivial Kähler potential. We exhibit important correlations

between various derivatives of the potential and propose an efficient algorithm

that allows for a numerical study of high dimensional random fields. Using

these novel tools, we find that the vast majority of metastable critical points in

N dimensional random supergravities are either approximately supersymmet-

ric or supersymmetric. In the case of approximate supersymmetry, we argue

that F -term uplifting may provide for a positive cosmological constant and in-

teresting inflationary dynamics.

In chapter 6, we show that when considering a theory ofN axions with decay

constants f1 ≤ . . . ≤ fN < MP , mixing in the axion kinetic term generically leads

to the phenomenon of kinetic alignment, allowing for effective displacements

as large as
√
NfN ≥ fPy, where fPy is the pythagorean sum of axion decay

constants, even if f1, . . . , fN−1 are arbitrarily small. This finding is an immediate

generalization of the N-flation proposal for large field inflation [14].

In chapter 7, we extend the approach of chapter 6 to more general axion the-

ories and find that super-Planckian diameters of axion fundamental domains

can naturally arise in Calabi-Yau compactifications of string theory. This is an

immediate generalization and unification of the KNP and N-flation approaches

to large field inflation [15, 16]. While we demonstrate the generic mechanism in

axion field theories, using random matrix theory, our results provide a frame-
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work for achieving large-field axion inflation in well-understood flux vacua.

An intuitive concern regarding large field inflation is whether basic require-

ments expected from theories of quantum gravity constrain low energy physics.

One such basic expectation is that gravity is the weakest force of nature, which

was made precise in the Weak Gravity Conjecture (WGC) [13]. In chapter 8, we

argue that in theories with N ≫ 1 axions, super-Planckian axion diameters D
are readily allowed by the WGC. In particular, we estimate the actions of instan-

tons that fulfill the WGC and demonstrate that in effective axion-gravity theo-

ries a zero-form version of the WGC can be satisfied by gravitational instantons

that make negligible contributions to the potential.
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CHAPTER 2

DECOHERENCE DELAYS FALSE VACUUM DECAY

Abstract1

We show that gravitational interactions between massless thermal modes and a nucleat-

ing Coleman-de Luccia bubble may lead to efficient decoherence and strongly suppress

metastable vacuum decay for bubbles that are small compared to the Hubble radius.

The vacuum decay rate including gravity and thermal photon interactions has the ex-

ponential scaling Γ ∼ Γ2
CDL, where ΓCDL is the Coleman-de Luccia decay rate neglecting

photon interactions. For the lowest metastable initial state an efficient quantum Zeno

effect occurs due to thermal radiation of temperatures as low as the de Sitter tempera-

ture. This strong decoherence effect is a consequence of gravitational interactions with

light external mode. We argue that efficient decoherence does not occur for the case of

Hawking-Moss decay. This observation is consistent with requirements set by Poincaré

recurrence in de Sitter space.

2.1 Introduction

The decay of metastable vacua has been extensively studied and plays a cen-

tral role in a broad class of cosmological models. The tunneling rate of a single

scalar field at a metastable minimum is determined by the bounce solution of

the Euclidean equation of motion, as originally demonstrated by Coleman in

Ref. [17]. Effects due to coupling to gravity were considered in Ref. [18]. How-

ever, in a de Sitter universe there are thermal gravitational modes and realistic

cosmologically models have other fields that interact with the tunneling field at

1

This chapter is published as T. C. Bachlechner, “Decoherence delays false vacuum decay,”
Class. Quant. Grav. 30, 095012 (2013) [arXiv:1203.1619 [hep-th]]., reprinted with permission.
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least gravitationally. Even though these couplings are Planck suppressed, envi-

ronmental modes can lead to efficient decoherence, and thus strongly affect the

dynamics of a quantum tunneling process.

In this paper we study false vacuum decay, including gravitational cou-

plings to de Sitter modes, considering the specific example of de Sitter photons.

Our goal is to determine if the decoherence induced by these interactions is suf-

ficient to significantly suppress the tunneling rate. We find that even though

the coupling is Planck suppressed and the wavelength of the de Sitter modes is

of order the Hubble radius, decoherence has a significant effect on the vacuum

decay rate for vacua that slowly decay via Coleman-de Luccia (CDL) instan-

tons. The decoherence effect can be modeled as a quantum Zeno effect in which

the wave function of the tunneling field “collapses” to a classical configuration

each time the background leaks information to the environment about whether

a bubble exists or not.

Previous works have considered decoherence from modes that are excited by

the tunneling field (see e.g. Ref. [19, 20, 21]), taking into account the full master

equation that governs the time evolution of the nucleating bubble and all inter-

actions. In this work we restrict ourselves to external modes, so that we can use

an S-matrix approach to evaluate the decoherence. This allows us to model the

interaction as an ideal partial measurement and greatly reduces the complex-

ity of the problem while keeping a fairly generic form of the interaction. We

demonstrate that decoherence due to external modes is far more efficient than

decoherence due to modes that are excited by the tunneling field.

The organization of this paper is as follows. In §2.2 we briefly review how

decoherence leads to a delay in the time evolution of a quantum system. Next, in

§2.3 we carefully demonstrate how and under which conditions a field tunnel-

ing between two minima in a quantum field theory can be described effectively

by a quantum mechanical two-level system using the functional Schrödinger

method. We use these results in §2.4 to determine how decoherence from de

Sitter photons influences the bubble nucleation rate. In §2.5 we remark on the
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differences between Coleman-de Luccia (CDL) instantons and Hawking-Moss

(HM) decay regarding decoherence, and explain how these differences ensure

that de Sitter vacua do not survive longer than the recurrence time. We conclude

in §2.6.

2.2 Decoherence and the Quantum Zeno Effect

Let us consider a simple measurement experiment in which a detector is used to

determine the state of some two-level system (see e.g. Ref. [22, 23, 24]). Initially,

the detector and the system are uncorrelated: |ψ⟩ = |ψin⟩det ⊗ |ψ⟩sys. Suppose

that the interaction Hamiltonian is aligned with the basis {|↑⟩sys , |↓⟩sys}. Then

after some time we can write

|↑⟩sys |ψin⟩det → |↑⟩sys |ψ↑⟩det (2.1)

|↓⟩sys |ψin⟩det → |↓⟩sys |ψ↓⟩det . (2.2)

Here, we simply relabeled the detector state according to the state it measures.

If the two-level system initially is in a coherent superposition (|↑⟩sys+ |↓⟩sys)/
√
2,

the state of the full system is given by

1√
2

(
|↑⟩sys |ψ↑⟩det + |↓⟩sys |ψ↓⟩det

)
, (2.3)

and we find the reduced density matrix of the measured system by tracing over

the detector:

ρ̂sys =
1

2

(
1 ⟨ψ↓|ψ↑⟩det

⟨ψ↑|ψ↓⟩det 1

)
. (2.4)

Recalling that the off-diagonal entries parametrize the amount of coherence, we

immediately see that for ⟨ψ↑|ψ↓⟩det = 0, all coherence is lost, and the system is

reduced to a classical mixture of the two basis states. This matches the intu-
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itive result: once the detector has uniquely determined the state of the system

(which corresponds to | ⟨ψ↑|ψ↓⟩det | = 0) the wave function “collapses” to one of

the eigenstates of the interaction Hamiltonian. To quantify the degree of deco-

herence that occurs we define the decoherence factor r as

r = ⟨ψ↑|ψ↓⟩det . (2.5)

Note that at no point did we make reference to the size of the detector. It is

possible to destroy all coherence of a system if it gets permanently entangled

with a single quantum object. In particular, if the detector is entangled with the

system and immediately brought out of causal contact we can be certain that the

system has lost all coherence. This intuitive observation will turn out to provide

a simple mechanism for decoherence in the case of Coleman-de Luccia bubble

nucleation.

To see how a quantum Zeno effect arises from interaction with a single quan-

tum object, consider a two-level system that evolves from the state |Ψ1⟩sys to the

state |Ψ2⟩sys via quantum tunneling. This central system interacts with an en-

vironment that is initially uncorrelated. For t ≪ 1/Γ, where Γ is the transition

rate, this system can be described by the Hamiltonian

Ĥ = ϵσ̂sys
z + Γσ̂sys

x + Ĥenv + Ĥ int , (2.6)

where σi are the usual Pauli matrices defined in the {|↑⟩, |↓⟩} basis as

σx = |↑⟩ ⟨↓|+ |↓⟩ ⟨↑| , σy = −i |↑⟩ ⟨↓|+ i |↓⟩ ⟨↑| , σz = |↑⟩ ⟨↑| − |↓⟩ ⟨↓| . (2.7)

Furthermore, we assume that |Ψ1⟩sys and |Ψ2⟩sys are eigenstates of the interaction

Hamiltonian, i.e. this is the preferred basis of the environment and we can write

the interaction Hamiltonian2 as Ĥ int = B̂envσ
sys
z . This is equivalent to the state-

2

For simplicity we choose our basis such that |Ψ1⟩sys and |Ψ2⟩sys are eigenstates of σsys
z with

opposite eigenvalues.
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ment that the environment is sensitive to whether the system is in the |Ψ1⟩sys

or |Ψ2⟩sys state. We are interested in the decay probability, e.g. the probability

for the central system to transition between its two eigenstates after interaction

with the environment. Ignoring interactions, one immediately sees that the de-

cay probability for the above Hamiltonian is given by Pdecay(t) = sin2(Γt) ≈ Γ2t2,

where t≪ 1/Γ is used in the last approximation.

To be concrete, let the central system initially be in the state |Ψ1⟩sys. Thus,

the decay probability is given by Pdecay = (1− ⟨σ̂sys
z ⟩)/2. The time evolution of

⟨σ̂sys
z ⟩ is then

d⟨σ̂sys
z ⟩
dt

= i⟨[Ĥ, σ̂sys
z ]⟩+

⟨
∂σ̂

sys
z

∂t

⟩
= 2Γ⟨σ̂sys

y ⟩. (2.8)

Considering the intrinsic evolution of the full system3, |ψ(t)⟩0 = |Ψ1⟩sys |ψΨ1⟩env−
iΓt |Ψ2⟩sys |ψΨ2⟩env +O(Γ2t2), we get

d⟨σ̂sys
z ⟩
dt

≈ −4Γ2t Re[r(t)], r(t) = ⟨ψΨ1 |ψΨ2⟩env . (2.9)

Thus, for short times the decay probability is given by

Pdecay(t) = 2Γ2

∫ t

0

dt′ t′ Re [r(t′)] +O(Γ4t4). (2.10)

For r(t) = 1, the short-time behavior of the isolated system is reproduced. It

follows from Eq. (2.10) that as the decoherence factor approaches zero, the tun-

neling probability stops increasing. The source of this damping, however, is not

immediately obvious. The tunneling rate can be affected when the environment

is arranged in such a way that the energy levels of the central system are shifted.

Then, the decoherence factor changes by a phase eiϕ(t), and the tunneling prob-

3

Here,
∣∣ψΨ1,2

⟩
env is the time evolution of the environment when the system is in the state

|Ψ1,2⟩sys.
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ability is affected even though the central system does not get entangled with

the environment (e.g. the environment may consist of one-level systems). How-

ever, when an environment is considered that interacts but does not shift the

energy levels, the central system leaks information about its state and gets en-

tangled with the environment, such that the absolute value of the decoherence

factor decreases. These two processes, which change the survival probability,

are complementary.

Note that at no point did we have to make reference to the full master equa-

tion for the reduced density matrix that includes the backreaction due to the

intrinsic time evolution. This is because we took the preferred basis of the in-

teraction to be aligned with the states between which the central system tran-

sitions, i.e. [Ĥ int, σ̂
sys
z ] = 0, and because the interaction lasts only for timescales

over which the intrinsic dynamics of the system can be neglected. Let us con-

sider a decoherence factor that decays exponentially with time, say r ∼ e−Γdect,

which resembles repeated ideal measurements with period 1/Γdec. In partic-

ular, repeated ideal measurements can be described by an S-matrix approach

where a detector “scatters” off the system. While these are strong assumptions

that do not hold for many scenarios considered in the previous literature (see

Ref. [19, 20]), it will turn out that they are satisfied for the interactions consid-

ered in this work, namely, gravitational interactions of a true vacuum bubble

with massless de Sitter modes.

2.3 Functional Schrödinger Method and Metastable Vacuum

Decay

In the previous section we observed how decoherence may lead to suppres-

sion of a quantum tunneling process via interactions with the environment4.

To use the same tools to study bubble nucleation we now carefully match the

4

Possible implications of decoherence in cosmology were considered in e.g. Ref. [25, 26].
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field theory problem of bubble nucleation to an equivalent quantum mechanics

problem.

In the following, we will review the functional Schrödinger method which

we will use to derive an effective Hamiltonian that governs the quantum me-

chanics of the nucleating bubble. The scalar field theory we consider has an

O(4)-symmetric solution after rotating to Euclidean space. Thus, the instanton

solution can be parametrized by one variable, λ. Once the bubble solution ϕ(λ)

is found, we are interested in how long it will take for the system to tunnel from

the metastable vacuum to a field configuration from which the bubble solution

can evolve classically. Considering the lowest metastable initial state, for times

τ ≪ τCDL we can approximate the system as a two-level system in quantum me-

chanics. The effective two-level system has a transition time τCDL which needs

to be carefully evaluated as a quantum Zeno effect only occurs for decoherence

times τdec ≪ τCDL. Once we obtain the effective Hamiltonian for the intrinsic

time evolution of the bubble, we turn to determining the coupling to thermal de

Sitter photons. The interaction between the bubble and photons can be treated

in an S-matrix approach using the gravitational cross section of a bubble of crit-

ical size, which is readily available.

2.3.1 Functional Schrödingier approach

We first examine how the field theory problem can be mapped to a quantum

mechanical system (we closely follow Ref. [27, 28]). Consider the scalar field

theory

L =
1

2
∂µϕ∂

µϕ− V (ϕ) , (2.11)

where V (ϕ) can be any potential. For concreteness we consider the special case

of the double well potential

V (ϕ) =
g

4
(ϕ2 − c2)2 −B(ϕ+ c) . (2.12)
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There exists a false vacuum at ϕ = −c and a true vacuum at ϕ = c. The energy

difference between the two vacua is approximately ϵ ≈ 2Bc. The general idea is

the following: first, we map the field theory problem to an equivalent quantum

mechanical tunneling problem in one dimension. Expanding around the false

vacuum solution provides us with the metastable ground state solution that will

tunnel through the effective potential describing the full double well in field

theory. In the vicinity of the metastable vacuum ϕ = −c the potential is given

by

Vcl = c2g(ϕ+ c)2 −B(ϕ+ c) +O(ϕ3) . (2.13)

The theory is quantized by demanding the relation [ϕ̇(x), ϕ(x′)] = −iℏδ3(x−x′).

The resulting functional Hamiltonian is given by

H =

∫
d3x

(
−ℏ2

2

(
δ

δϕ(x)

)2

+
(∇ϕ)2

2
+ V (ϕ)

)
. (2.14)

Considering the Hamiltonian (2.14) we can define an effective potential

U(ϕ) =

∫
d3x

(
1

2
(∇ϕ)2 + V (ϕ)

)
. (2.15)

Using the ansatz Ψ(ϕ(x)) = A exp(−iS(ϕ(x))/ℏ) and expanding in powers of

ℏ, such that S = S0(ϕ) + ℏS1(ϕ) + . . . , we can write the functional Schrödinger

equation at leading and next to leading order

∫
d3x

[
1

2

(
δS0(ϕ)

δϕ

)2

+
1

2
(∇ϕ)2 + V (ϕ)

]
= E , (2.16)∫

d3x

[
−iδ

2S0(ϕ)

δϕ2
+ 2

δS0

δϕ

δS1

δϕ

]
= 0 .

We are interested in the most probable escape path (MPEP), that is, the path

ϕ(x, λ) that continuously interpolates between the false and the true vacuum

as the parameter λ is varied such that the action is minimized in the transverse

directions. Let ϕ(x, λ) be a path and define a length along this path in field space
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as ds2 =
∫
d3x [dϕ(x, λ)]2. We can also write this length in terms of dλ as

ds =

(∫
d3x

[
∂ϕ(x, λ)

∂λ

]2)1/2

dλ . (2.17)

We can define a tangent vector along the path as

δϕ∥ =
∂ϕ

∂s
ds, (2.18)

and a perpendicular vector

δϕ⊥ = δϕ− ads
∂ϕ

∂s
, (2.19)

with a such that ∫
d3x δϕ⊥

∂ϕ

∂s
= 0 . (2.20)

The most probable escape path in ϕ space is chosen such that the variation of S0

vanishes in the perpendicular direction, while the variation does not vanish in

the parallel direction. We can parametrize the MPEP by λ, which leads to [28]

δS0

δϕ∥

∣∣∣∣
ϕ0

=
∂S0

∂λ

(∫
d3x

[
∂ϕ

∂λ

]2)−1
δϕ0

δλ
(2.21)

δS0

δϕ⊥

∣∣∣∣
ϕ0

= 0 . (2.22)

In Ref. [28] it is demonstrated how to solve the WKB equations at leading order

along the MPEP which determines ϕ(x, λ). The Euler-Lagrange equation for ϕ

becomes in the classically forbidden region U(ϕ) > E

∂2ϕ(x, τ)

∂τ 2
+∇2ϕ(x, τ)− ∂V (ϕ(x, τ))

∂ϕ
= 0 , (2.23)

where τ is the Euclidean time can be related to the variable λ parametrizing

the MPEP. Eq. (2.23) allows the O(4) symmetric domain wall solution (in the
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thin-wall approximation)

ϕ(x, λ) = −c tanh
(µ
2
(
√
τ 2 + |x|2 − λc)

)
≈ −c tanh

(
µ

2

(|x|2 − λ2)

2λc

)
(2.24)

where µ =
√
2gc2, λ =

√
λ2c − τ 2, and λc is determined by considering the

balance between the domain wall tension S1 and the vacuum energy:

SE = −π
2

2
λ4 + 2π2λ3S1, (2.25)

with the domain wall tension

S1 =

∫ c

−c

dϕ
√

2V (ϕ) ≈
√
g

2

4c3

3
. (2.26)

Setting the variation of the total action to zero we find the critical radius of the

bubble λc = 3S1/ϵ. Any bubble smaller than λc will decay while any bubble

larger than λc will grow classically.

In the classically allowed region, the solution to the Euler-Lagrange equa-

tion is given by Eq. (2.24) with λ =
√
λ2c + τ 2. Note that in order to have a

continuous parameter that describes the MPEP we are required to have λ2 vary

continuously from negative to positive values. Thus, in the following we choose

λ2 as parametrizing the MPEP. To illustrate the nucleation and expansion of a

bubble via the MPEP, Figure 2.1 shows ϕ(x, λ2) over |λ| where, again, λ2 varies

from negative to positive values in order to capture both the classically allowed

and forbidden regions.

Now that we obtained an explicit approximation for the most probable es-

cape path, we can consider the quantum mechanical problem of tunneling from

the false vacuum to the true vacuum. Substituting Eq. (2.24) in the Hamiltonian

(2.14) gives

H[ϕ(x, λ2)] =
pλ2

2m(λ2)
+ U(ϕ(x, λ2) , (2.27)
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Figure 2.1: Contour plot of ϕ(r, λ), where λ2 varies from negative to positive values.
Red corresponds to the true vacuum ϕ = c while blue corresponds to the false vacuum
ϕ = −c.

where we defined a λ dependent mass

m(λ2) =

∫
d3x

(
∂ϕ

∂λ2

)2

, (2.28)

and the momentum is given by

pλ2 = m(λ2)λ̇2 . (2.29)

Here, we can interpret the variable λ2 as an effective position along which the

wave functional Ψ evolves. Combining (2.27) with (2.29) we find the quantum

mechanical Hamiltonian as

HΨ(λ2) =

[
− 1

2m(λ2)

(
∂

∂λ2

)2

+ U(λ2)

]
Ψ(λ2) . (2.30)

In order to estimate the tunneling probability we can use the WKB approx-

imation and the effective potential in (2.15) to obtain the solution to the func-
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tional Schrödinger equation. For a bubble at critical radius λc one obtains [27]

Ψ(ϕ(x, λc)) = A exp

(
−1

ℏ

∫ λc

0

dλ
√
2m(λ)[U(λ)− E]

)
∼ A exp

(
−π

2

4ℏ
S1λ

3
c

)
.

(2.31)

Thus, the tunneling rate can be written as

ΓCDL ∼ |A|2 exp
(
−π

2

2ℏ
S1λ

3
c

)
, (2.32)

which is precisely the Coleman-de Luccia vacuum decay rate. This result de-

serves some discussion. First, note that while (2.31) is just the same exponential

scaling as found in Ref. [18], we only solved a time-independent one dimen-

sional quantum mechanics problem5. However the present position dependent

mass obstructs some of the intuition from standard quantum mechanics. In par-

ticular, the potential vanishes approximately for λ2 < 0 as this corresponds to

the homogeneous false vacuum solution so it is not clear how to define an initial

state in this potential. In order to avoid the position dependence of the mass we

transform to a new coordinate that absorbs the position dependence. Let

dχ

dλ2
=
√
m(λ2) . (2.33)

With the new variable χ in (2.33) the Hamiltonian (2.30) becomes

H = −1

2

(
∂

∂χ

)2

+ U(λ2(χ)) . (2.34)

Note that m(λ2) ≈ 0 for λ2 < 0 such that λ2 = −∞ can be mapped to χ = 0.

This is a very useful identification as it allows to localize the wave function

corresponding to the false vacuum solution at finite χ. Using the potential (2.12)

and the most probable escape path (2.24) we can evaluate the mass and potential

5

Note that the exponential in (2.31) differs from the result for the tunneling rate in Ref. [18] by
a factor of two. This is because we calculated the tunneling amplitude rather than the tunneling
rate.
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in terms of λ2:

U(λ2) ≈ 4πc2
√
λ2µ

3λc
(λ2c − λ2) (2.35)

m(λ2) ≈ 2πc2
√
λ2µ

3λc
.

Using (2.33) we can rewrite these expressions in terms of the rescaled variable χ

χ(λ2) ≈ 4

5

√
2πµc2

3λc
(λ2)5/4 . (2.36)

For the potential this gives with χc = χ(λ2c)

U(χ) ≈
5
√
πµc2√
6

(
χ

χc

)2/5 (
χc −

(
χ4χc

)1/5)
. (2.37)

As mentioned before, the initial metastable vacuum state is given by the ground

state of the effective potential expanded around the false vacuum ϕ = −c. To

evaluate the initial state wavefunction we require the effective potential from

the expansion around the false vacuum Vcl in (2.13)

Ucl(χ) ≈
(
2π56

3µ3

)1/4√
g2c5χc

(
χ6

χc

)1/5

. (2.38)

Now, we fully reduced the tunneling problem to a quantum mechanical prob-

lem in one dimension with constant mass. Solving for the ground state in the

false vacuum effective potential gives the lowest metastable initial state. Sub-

sequently, this state is placed in the full effective potential U(χ) that allows for

tunneling. The initial metastable state can be approximated as the superposition

of two energy eigenstates that are separated by approximately ∆E = ΓCDL. To

illustrate this scenario, the metastable wave function is evaluated numerically

and shown in Figure 2.2 along with the classical and full potentials.

A possible concern is that interference effects from bubbles of different radii

or bubbles at other positions alter the tunneling dynamics. The tunneling rate
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Figure 2.2: The wavefunction of the lowest metastable initial state (black line) is shown
along with the classical potential (dashed, blue line) and the full effective potential (red
line) over the rescaled variable χ.

decreases exponentially with bubble radius. If we are interested in the state of

the system at times of order 1/Γ(λc), bubbles of smaller radius will have van-

ished, while bubbles of larger radius have an exponentially suppressed ampli-

tude. Furthermore, for H ≫ Γ(λc) only one classically expanding bubble is

nucleated per Hubble volume, so that interference effects from other bubbles

can be neglected consistently. Of course, this is only true for potentials that do

not allow for resonant tunneling, in which case the situation may become more

complicated (see e.g. Ref. [27]).

2.3.2 Approximate two-level system

As argued above we are interested in modeling the time evolution of the tun-

neling process as an approximate two-level system. This system evolves from

the homogeneous false vacuum solution to a bubble of critical size. For times

t≪ 1/Γeff we can define the effective Hamiltonian6 (see also Ref. [19, 20])

ĤBubble =
2π

3
R3

c

(
V (ϕtrue)(1 + σ̂z) + V (ϕfalse)(σ̂z − 1)

)
+ Γeffσ̂x , (2.39)

6

We choose our basis such that σ̂zΨfalse = +Ψfalse and σ̂zΨtrue = −Ψtrue.

25



where Γeff is an effective decay rate that depends on the energy spectrum of

the metastable initial state. The description of the bubble nucleation process

as a two-level system relies on the assumption that the non-decay probability

decreases quadratically as Pnon-decay ≈ 1− Γ2
efft

2 +O(Γ4
efft

4). Note also that Γeff ∼
∆Emax, where ∆Emax is the largest energy difference contained in the energy

spectrum of the initial state. To make this statement more precise, note that

we can write the non-decay probability in terms of the energy spectrum of the

initial metastable state σ(µ) as P (t) = |a(t)|2, where (see e.g. Ref. [29])

a(t) =

∫
dµ σ(µ)e−iµt , σ(µ) = | ⟨ϕµ|ψ0⟩ |2. (2.40)

Here, |ϕµ⟩ are the eigenstates of the Hamiltonian. From (2.40) we see that the

non-decay probability is constant at least for times on the order of 1/∆Emax.

The relevant quantity that determines the non-decay probability and thus the

time for which the system can be modeled as an approximate two level system

is the energy spectrum σ(µ) of the initial state. In general, the spectrum needs

to be computed for a specific initial state which leads to some effective decay

rate Γeff. In this work we constrain ourself to the lowest metastable initial state,

i.e. the lowest energy eigenstate of the potential expanded around the false vac-

uum. We numerically verified that the spectrum of the lowest metastable initial

state has a Gaussian spectrum such that it can be modeled as an approximate

two level system with an effective decay rate Γeff ∼ ΓCDL. When considering

an excited initial state that is not the lowest metastable false vacuum state, the

effective decay time τ = 1/Γeff may be small compared to τCDL (which was com-

puted in the zero energy approximation). As we do not attempt any quantitative

analysis but rather illustrate the mechanism of decoherence we do not consider

any excited initial states7.

Now that we have established that false vacuum decay can be modeled by

a two-level system with intrinsic Hamiltonian (2.39), where Γeff = ΓCDL, we are

7

The qualitative results of this work remain valid for an arbitrary initial state but will require
the stronger bound τdec ≪ 1/Γeff.
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in a position to consider additional contributions to the Hamiltonian. Any real-

istic cosmological model allows for fields other than just one isolated scalar. To

capture possible effects on tunneling due to environmental degrees of freedom

we write the full Hamiltonian in the schematic form

Ĥ = ĤBubble + ĤE + Ĥint, (2.41)

where all fields other than ϕ are absorbed in the environmental part ĤE . Note

that by modeling the bubble as an effective two-level system and neglecting the

classical growth after nucleation we underestimate the bubble-photon coupling,

and thus obtain a lower bound on the environment induced decoherence.

2.4 Decoherence and False Vacuum Decay

The conclusions of the previous two sections apply for the lowest metastable

initial state and generic bubble-environment interactions that can be modeled

by an S-matrix approach, i.e. external modes that interact with the nucleating

bubble for a short time during which the intrinsic bubble evolution is negligible.

We now turn to a specific environment, consisting of de Sitter photons coupled

to gravity, to obtain the decoherence rate and demonstrate the emergence of an

efficient quantum Zeno effect. This is a minimalistic approach towards deco-

herence to demonstrate the mechanism. In a generic setup there will be other

massless excitations that lead to far stronger decoherence effects than those due

to de Sitter photons. On the other hand, an excited initial state may decrease the

effective decay time 1/Γeff and requires careful treatment.

2.4.1 Particle Interaction

Consider a nucleating bubble |x⟩ at position x, coupled to an environment of

modes |χ⟩i where the interaction is well described by an S-matrix approach (see
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Ref. [24] for a detailed discussion). Initially, the environment and the bubble are

uncorrelated, so the full density matrix factorizes as

ρ̂(0) = ρ̂B(0)× ρ̂E(0). (2.42)

We are evaluating the decoherence factor in position space: r(x,x′, t). This is just

the quantity we are interested in, as when coherence over a distance |x−x′| = λc

is lost, the MPEP is inaccessible and the bubble nucleation process is highly

suppressed. Remember that the decoherence factor is the off-diagonal element

of the reduced density matrix, which is given by

ρ̂B = TrE ρ̂ =
∫
dxdx′ ρB(x,x

′, 0) |x⟩ ⟨x′| ⟨χ(x′)|χ(x)⟩ . (2.43)

Assuming no momentum transfer, an isotropic distribution of scattering parti-

cles, and a slow intrinsic bubble evolution, the off-diagonal matrix element of

the reduced density matrix is determined by (see e.g. Ref. [24])

∂ρB(x,x
′, t)

∂t
= −F (x− x′)ρB(x,x

′, t), (2.44)

where

F (x− x′) =

∫
dq ν(q)v(q)

∫
dndn′

4π

(
1− eiq(n−n′)(̇x−x′)

)
|f(q,q′)|2 . (2.45)

Here v(q) is the velocity distribution, ν(q) denotes the momentum density of

particles and |f |2 is the scattering amplitude squared. In the long-wavelength

limit, the off diagonal component of the density matrix is given by

ρB(x,x
′, t) = ρB(x,x

′, 0)e−Λ|x−x′|2t , (2.46)

where

Λ =
2π

3

∫
dq ν(q)v(q)q2

(∫
d cos(θ) [1− cos(θ)] |f(q, θ)|2

)
. (2.47)
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Thus, in the long wavelength limit, coherence is lost over a distance ∆x after

times of order tdec ≈ (Λ(∆x)2)−1.

2.4.2 Decoherence from thermal photons

We now use the framework of decoherence developed above to estimate the ef-

fects of interactions with thermal photons on bubble nucleation. Note that all

assumptions made in Section 2.2 about the interaction are satisfied for the case

of gravitational scattering of photons: the interaction timescale is exponentially

small compared to the vacuum decay rate and the preferred basis of the bubble-

photon interaction is aligned with the true and false vacuum configuration. At

this point it becomes important to check if the decoherence time is small com-

pared to the effective vacuum decay rate, i.e. the timescale for which the bubble

obeys quadratic decay and can be modeled as a two-level system. If the deco-

herence time is small compared to the effective decay rate we can neglect the

intrinsic bubble evolution in the master equation, leading to the simple result

for the decay probability found in (2.10). It will turn out that decoherence due

to external modes is dominant compared to interactions with modes sourced by

the tunneling field (see e.g. Ref. [19, 20]).

In order to estimate the decoherence time we evaluate the cross section of

gravitational bubble-photon scattering. Let us consider a static, spherically

symmetric bubble of true vacuum. In the linear approximation such a configu-

ration leads to the metric (η = diag(+,−,−,−))

gµν = ηµν + κhµν(x) = ηµν − 2ϕ(r)(ηµν − 2ηµ0ην0), (2.48)

where κ2 = 32πGN and ϕ is the classical potential. Once ϕ(r) is fixed we consider

the metric to be static. The bubble interacts gravitationally with photons via the

action

S = −
∫
d4x

√
g
FµνF

µν

4
, (2.49)
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where Fµν = ∂νAµ − ∂µAν . Expanding
√
g around flat space gives the vertex for

photon-graviton interactions (see Ref. [30]):

Vµν(p, p
′) =

κhλρ(k)

2

[
ηλρpνp

′
µ − ηµνηλρp.p

′+

+ 2
(
ηµνpλp

′
ρ − ηνρpλp

′
µ − ηµλpνp

′
ρ + ηµληνρp.p

′)] , (2.50)

where hµν(k) =
∫
d3x e−ik·xhµν(x) is the Fourier transform of hµν(x). We now

turn to evaluating the classical gravitational potential inside a bubble. The most

probable size of a non-collapsing bubble is just the critical radius at which the

surface tension is balanced by the smaller energy density inside and the gravita-

tional energy. Assuming a bubble of critical radius, the energy in surface tension

just cancels the volume energy such that the gravitational potential outside the

bubble vanishes. Inside the bubble, the potential is given by ϕ(r) = κ2r2ϵ/24.

After Fourier transforming the potential we find the polarization averaged dif-

ferential cross section to be

dσ

dΩ
=

1

(4π)2
1

2

∑
polarizations

|ϵµr ϵνr′Vµν |
2

= 64π2G2
N|I(R, k)|2E4(1 + cos(θ))2, (2.51)

where I(R, k) =
∫ R

0
dr r2e−ikrr2ϵ/3. Note that the cross section at photon mo-

menta k ≪ 1/R scales as σ ∼ k4. Thus, the leading contribution to the deco-

herence rate is due to modes of wavelengths smaller than the Hubble radius, so

that the flat space approximation we used to obtain the scattering amplitude is

valid.

2.4.3 Quantum Zeno effect for the metastable ground state

As argued in §2.3.2 we can model false vacuum decay of a metastable initial

state as a two-level process using the Hamiltonian in (2.39). This is only valid for

timescales τ ≪ 1/Γeff, where Γeff ∼ ΓCDL for the lowest metastable initial state.
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In the following, we assume the system initially is in the metastable ground

state8. Furthermore, this far we only considered vacuum decay in flat space,

neglecting gravity. Including gravity leads to a different effective potential and

changes the critical radius above which the bubble grows classically. However,

these changes can be directly translated into an equivalent quantum mechanics

problem as only the effective potential changes. It is a reasonable assumption

that the vacuum decay including gravity can also be modelled as an effective

two level system, which we will assume in the following. Under this assump-

tion, Eq. (2.10) applies also including gravity.

To obtain the decoherence rate we can combine the differential cross section

in (2.51) with Eq. (2.46). Considering de Sitter radiation at a temperature T ≪
1/R we find

Γdec ≈
7π × 216

45
G2

Nϵ
2R12T 9. (2.52)

The radius above which a bubble grows classically including gravity is given by

Rc = R0/[1+(R2
0ϵ/(12m

2
pl))] (see Ref. [18]), whereR0 = 3S1/ϵ is the critical radius

neglecting gravity. Substituting the critical radius in Eq. (2.52), the decoherence

rate due to thermal de Sitter photons including gravity is given by

Γdec ≈
7× 35 × 225

√
3S12

1 m
11
pl ϵ

13/2

5π10
(
3S2

1 + 4m2
plϵ
)12 , (2.53)

where we used the de Sitter temperature T = H/(2π) =
√
ϵ/(3m2

pl)/(2π). The

decoherence rate implied by (2.53) is to be compared to the rate of bubble nu-

8

For more general initial states the timescale 1/Γeff may decrease which requires careful eval-
uation of whether the decoherence present in the model plays a significant role.
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cleation including gravity, which is given by [18]

ΓCDL ≈ exp

−
24m4

plπ
2S4

1

ϵ

(
1 +

4ϵm2
pl

3S2
1

)2

 . (2.54)

Note that the approximation in (2.54) for the nucleation rate is only valid for

cases where the expression inside the exponential is large, such that a polyno-

mial prefactor, corresponding to one-loop corrections, can be neglected. The

regime in which the tree level approximation for the nucleation rate is valid is

just the same regime where we have ΓCDL ≪ Γdec. This is because the decoher-

ence time is only polynomially small while the nucleation rate is exponentially

small. To estimate the rate of bubble nucleation including interactions with de

Sitter photons, we can combine (2.10), (2.53) and (2.54) and obtain

Γ = 2Γ−1
decΓ

2
CDL ≈ Γ2

CDL, (2.55)

where we only kept the exponential dependence in the last approximation. This

is the main result of this paper. The decoherence induced by interactions with

massless external modes leads to an additional factor of 2 in the exponent of

the decay rate, indicating a strong suppression of Coleman-de Luccia bubble

nucleation. Furthermore, even though we assumed interactions with de Sitter

photons in the above example, the same qualitative features are expected from

interactions with de Sitter gravitons. This is because for scattering off a clas-

sical gravitational potential, the photon cross section differs only in the angu-

lar dependence from the graviton cross section, leading to the same parametric

scaling of the decoherence factor (see e.g. Ref. [31]). Note that in deriving the

effective nucleation rate we used the thin-wall approximation and we assumed

a bubble much smaller than the de Sitter radius.
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2.4.4 Comparison to previous work

The effects of decoherence on false vacuum decay have previously been dis-

cussed in Ref. [19, 20]. In [19] a tri-linear coupling between a homogeneous tun-

neling field and massless environmental modes is considered, which is given by

the Lagrangian

L =
1

2
ϕ̇2 − V (ϕ) +

1

2
|∂µσ|2 + gsσ

2ϕ . (2.56)

The coupling of the tunneling field ϕ to an environment σ induces decoherence

that naively would lead to a suppression of the tunneling rate. However, be-

cause the field ϕ is assumed to be homogeneous the modes σ never decouple

from the interaction. Furthermore, in contrast to the case of a finite number of

oscillators that induce decoherence, the fact that there are an infinite number

of degrees of freedom requires regularisation that leads to an effect that can be

interpreted analogous to the Casimir effect and causes an enhancement of the

tunneling. The boundary conditions restrict the amount of decoherence that can

occur and the enhancement of the tunneling rate is purely due to the fact that the

σ modes never decouple from ϕ. An enhancement of the tunneling rate would

not be expected in a quantum mechanical treatment as demonstrated in [32],

where interactions with a finite number of environmental degrees of freedom

introduce an effective friction term that suppresses the time evolution.

The scenario considered in [19] is crucially different from the one considered

in this work. Instead of considering excitations that are sourced by a homoge-

neously tunneling field ϕ, we consider an inhomogeneous field configuration

that evolves in a bath of finite temperature excitations. The homogeneous ap-

proximation is good for the case where the whole Hubble volume tunnels simul-

taneously and only fields that are excited by the evolution of ϕ can contribute

to decoherence. Intuitively, this effect is weaker than external measurements as

the environment continuously interacts with ϕ. On the other hand, when ex-

ternal modes scatter of a tunneling system and subsequently are out of causal

contact the coherence of the system is lost irreversibly at the time of the inter-

action. In general, treating the inhomogeneous solution ϕ coupled to external
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modes σ in field theory is a hard problem. Instead, we reduced the situation to

a quantum mechanical tunneling process of a two state system that is periodi-

cally probed by scattering with external modes. As the timescale of scattering is

much smaller than the typical evolution of the background solution ϕ we were

able to neglect the background evolution which allowed us to further simplify

the problem to periodic partial measurements of an evolving two-level system

which leads to a suppression of the tunneling rate.

2.5 Decoherence and de Sitter Recurrence

A possible worry is that any string theoretic description of de Sitter space

becomes inconsistent at timescales larger than the recurrence time (see e.g.

Ref. [33] and references therein). For a single scalar field ϕ the timescale of CDL

decay including gravity is given by tdecay ∼ eS(ϕ)+S0 , where S0 = −S(ϕ0) =

24π2/V0 = log(tr) is the de Sitter entropy and tr is the recurrence time. Expand-

ing (2.54) around small ϵmpl/S
2
1 we have

tCDL ∼ exp

(
24π2m4

pl

ϵ
−

64π2m6
pl

S2
1

)
. (2.57)

If we consider interactions with de Sitter photons, however, we saw in Sec-

tion 2.4 that the CDL decay time is changed to about tdec
decay ∼ t2decay for certain

initial states, which is at risk of exceeding the limits set by Poincaré recurrence.

In the following we demonstrate how, despite this apparent inconsistency, the

timescale of vacuum decay does not exceed the recurrence time even when in-

teractions with photons and the resulting quantum Zeno effect are included.

There are two possible decay channels through which a false vacuum can

decay. For Coleman-de Luccia decay a bubble of true vacuum forms that sub-

sequently grows classically. On the other hand, for Hawking-Moss decay the

whole universe tunnels homogeneously out of the false vacuum. For Hawking-
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Moss decay the typical timescale is given by [33]

tHM ∼ exp

(
24π2m4

pl

ϵ
−

24π2m4
pl

V1

)
, (2.58)

where V1 is the de Sitter maximum of the potential. In Section 2.4 we demon-

strated how the scattering of external modes provides an efficient mechanism

for inducing decoherence. At late times we found a decoherence factor that

decreases exponentially with time. This mechanism, which can only occur for

CDL tunneling, is very efficient, because after the scattering the detector is out

of causal contact with the system, so that coherence cannot be restored. On

the other hand, if we consider HM decay in which the whole causal patch tun-

nels homogeneously, the S-matrix approach is not applicable anymore, as there

are no external states. The scenario of continuous system-environment interac-

tion was studied in Ref. [19, 20], where it was found that the decoherence factor

decreases polynomially at late times, which is insufficient to induce a strong

quantum Zeno effect.

At this point it becomes important to check that a single causal patch can be

treated as a closed quantum system that is independent of any physics beyond

the horizon. Following Ref. [34] let us consider the example of 3 dimensional de

Sitter space with symmetry group SO(3, 1). There are three rotations and three

boosts. However, only one rotation (spatial rotations) and one boost (time trans-

lation) preserve the causal patch. In Ref. [34] it is demonstrated how the other

four symmetries that do not preserve the causal patch are not consistent with

assigning a finite amount of entropy to a causal patch in de Sitter space, and

need to be broken if the holographic principle holds. Thus, from the observer’s

point of view a causal patch can be treated as an isolated quantum system that

does not interact with any degrees of freedom outside the horizon. This indi-

cates that the S-matrix approach to decoherence is not applicable for the case of

HM vacuum decay. Hence, we expect the decoherence factor to decrease poly-

nomially with time such that the exponential scaling of the HM vacuum decay

rate is not changed by including interactions with other degrees of freedom.
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Now that we have argued that HM decay is not significantly affected by

decoherence we can reevaluate for what ranges of parameters HM decay dom-

inates over CDL decay, including environmental interactions. Using Γdec
CDL ∼

Γ2
CDL and Γdec

HM ∼ ΓHM as argued above we find (in Planck units)

tdec
HM

tdec
CDL

= exp

[
8π2

(
16

S2
1

− 3

V0
− 3

V1

)]
, (2.59)

which indicates that for 3/V0 + 3/V1 > 16/S2
1 , HM tunneling is the dominant

decay channel. The HM decay rate is not changed by decoherence, so any de

Sitter vacuum will decay before its lifetime exceeds the limits set by Poincaré

recurrence.

2.6 Conclusions

We have demonstrated that the timescale of Coleman-de Luccia decay is highly

dependent on external modes to which the tunneling scalar field is coupled.

Choosing a generic model of a tunneling scalar field and photons coupled to

gravity, we have shown that for the lowest metastable initial state even de Sit-

ter radiation is sufficient to induce an efficient quantum Zeno effect that sup-

presses vacuum decay significantly. We exploited the fact that the environmen-

tal modes are not sourced by the tunneling field itself, so that we were able to

model the bubble-photon interaction using an S-matrix approach. Not only did

the use of external modes greatly simplify the problem, it was also a crucial in-

gredient for obtaining efficient decoherence. While Coleman-de Luccia decay is

strongly suppressed, we found that Hawking-Moss decay is not as significantly

affected by interactions with the environment. Thus, the lifetime of de Sitter

space does not exceed the limits set by the Poincaré recurrence time, even when

environmental interactions are included. In this work we considered the lowest

metastable initial state of the effective wave function. In more general scenar-

ios with other initial states and potentials the significance of decoherence may

change dramatically and needs to be evaluated carefully.
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The strong suppression of the vacuum decay rate has a broad range of pos-

sible implications. In this paper we discussed one specific model of coupling

the tunneling field to environmental modes gravitationally. In more realistic

cosmological models one expects a far richer pool of fields that couple more

strongly to a nucleating new vacuum. We suggest that a far greater suppression

of the vacuum decay rate is achievable in such scenarios, e.g. by considering

couplings to dark matter or CMB photons. It would be interesting to charac-

terize what the constraints on the stability of a de Sitter vacuum are when these

decoherence effects are included. In particular, one might expect an effective de-

cay rate that is increasing with time as the universe gets more and more dilute

and decoherence loses efficiency.
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CHAPTER 3

SUPERSYMMETRIC VACUA IN RANDOM SUPERGRAVITY

Abstract1

We determine the spectrum of scalar masses in a supersymmetric vacuum of a general

N = 1 supergravity theory, with the Kähler potential and superpotential taken to be

random functions of N complex scalar fields. We derive a random matrix model for the

Hessian matrix and compute the eigenvalue spectrum. Tachyons consistent with the

Breitenlohner-Freedman bound are generically present, and although these tachyons

cannot destabilize the supersymmetric vacuum, they do influence the likelihood of the

existence of an ‘uplift’ to a metastable vacuum with positive cosmological constant. We

show that the probability that a supersymmetric AdS vacuum has no tachyons is for-

mally equivalent to the probability of a large fluctuation of the smallest eigenvalue of

a certain real Wishart matrix. For normally-distributed matrix entries and any N , this

probability is given exactly by P = exp(−2N2|W |2/M2
susy), with W denoting the super-

potential and Msusy the supersymmetric mass scale; for more general distributions of

the entries, our result is accurate when N ≫ 1. We conclude that for |W | ≳ msusy/N ,

tachyonic instabilities are ubiquitous in configurations obtained by uplifting supersym-

metric vacua.

3.1 Introduction

Supersymmetric vacua of four-dimensional supergravity provide a computable

stepping stone toward realistic non-supersymmetric vacua of string theory. Su-

persymmetry secures vacuum stability, and also opens powerful analytic per-

spectives, such as the AdS4/CFT3 correspondence, that are unavailable in de

1

This chapter is published as T. C. Bachlechner, D. Marsh, L. McAllister and T. Wrase, “Super-
symmetric Vacua in Random Supergravity,” JHEP 1301, 136 (2013) [arXiv:1207.2763 [hep-th]],
reprinted with permission.
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Sitter solutions. AdS vacua have played a prominent role in the development of

mechanisms for moduli stabilization, as exemplified by [35]: a supersymmetric

AdS vacuum serves as a controllable foundation, and a source of supersymme-

try breaking is introduced to lift the energy density to positive values. However,

tachyons are abundant in supersymmetric AdS vacua, and may pose significant

obstacles to uplifting AdS solutions to metastable de Sitter vacua.

In this work we use random matrix theory to obtain the scalar mass spec-

trum in a supersymmetric vacuum of a generic four-dimensional N = 1 super-

gravity. We take the Kähler potential K and superpotential W to be random

functions of N complex scalar fields, in a sense made precise in [36]. The Hes-

sian matrix H is a particular combination of the derivatives of W and K, and

the techniques of random matrix theory can be used to determine the spectrum

of eigenvalues of H, i.e. the scalar mass spectrum. Strong correlations among

the eigenvalues make large fluctuations — for example, a fluctuation resulting

in a tachyon-free spectrum — extremely unlikely at large N .

The key results of this work are statements about the prevalence of tachyons

in supersymmetric AdS vacua. AdS supersymmetry (see [37] for a review) en-

sures that the real and imaginary parts of each complex scalar field have distinct

masses [38], with splitting proportional to the AdS scale, set by |W |. The mass

spectrum therefore consists of two branches. We show that the spectrum of

each branch is determined by the eigenvalue spectrum of a particular ensemble

of real Wishart matrices, and we give an analytic result for the full spectrum.

The mass spectrum critically depends on the ratio of the AdS scale to the su-

persymmetric mass scale, denoted msusy: for msusy/|W | → ∞ all scalars have

positive mass-squared, with spectrum given by the Marčenko-Pastur law [39],

while for msusy/|W | → 0 tachyons are endemic and the spectrum asymptotes to

that of the Altland-Zirnbauer CI ensemble [40].

Using a result of Edelman [41], we obtain the probability P of a fluctu-

ation that renders all scalars non-tachyonic, in terms of the probability of a

corresponding fluctuation in the associated Wishart ensemble: we find that
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P = exp(−2N2|W |2/M2
susy). Then, building on results from the Coulomb gas for-

mulation of random matrix theory, we obtain the mass spectrum resulting from

such a fluctuation. We conclude that AdS vacua with m2
susy ≪ N2|W |2 are over-

whelmingly likely to contain tachyons allowed by the Breitenlohner-Freedman

(BF) bound. Finally, we determine the probability that a de Sitter critical point

obtained by uplifting a supersymmetric AdS vacuum is metastable, for a range

of uplifting scenarios (see also [42]).

Our results for the prevalence of tachyons in random supergravity theories

serve as a starting point for studying the distribution of tachyons in compact-

ifications of string theory. The analysis presented here does not incorporate

specific structures in K and W that can arise in classes of string compactifi-

cations: for example, in the KKLT scenario [35] the complex structure moduli

masses are much larger than the Kähler moduli masses, and the two sectors

are partially decoupled, leading to modified stability properties.2 The general

methods described in this work are applicable to ensembles characterized by

special structures in K and W , but the corresponding results may differ from

those presented here. Using random matrix theory to characterize the incidence

of tachyons in effective supergravity theories arising in well-motivated string

compactifications is an important problem for the future.

The organization of this paper is as follows. In §3.2 we present the structure

of the Hessian matrix in a supersymmetric AdS vacuum. After briefly review-

ing the Wishart ensemble [43] and the Altland-Zirnbauer CI ensemble [40], we

show that the eigenvalue spectrum of the Hessian matrix is determined by the

spectrum of the Altland-Zirnbauer CI ensemble, which in turn can be related to

the spectrum of a particular ensemble of Wishart matrices. In §3.3 we compute

the spectrum of the Hessian matrix and determine the probability of fluctua-

tions of its smallest eigenvalue. We then study the distribution of tachyon-free

supersymmetric vacua and argue that a fraction ∝ 1
N2 of the parameter space

contains no tachyons at all. In §3.4 we describe the implications of our results,

2

For a discussion of the effects of this structure on vacuum stability, see [36].
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focusing on instabilities in uplifted vacua. We conclude in §3.5. In the appendix

we present the results of extensive numerical simulations that confirm our ana-

lytic findings.

Unless otherwise specified, we work in natural units with M−2
Pl = 8πGN = 1.

3.2 The Hessian Matrix in a Supersymmetric Vacuum

We begin in §3.2.1 by presenting the structure of the Hessian matrix in a super-

symmetric vacuum. Then, in §3.2.2, we briefly recall two relevant ensembles of

random matrices, the Wishart ensemble and the Altland-Zirnbauer CI ensem-

ble, and we express the eigenvalues of the Hessian matrix in terms of those of

the Wishart and Altland-Zirnbauer CI ensembles.

3.2.1 Supersymmetric vacua in N = 1 supergravity

Supersymmetric points satisfying Fa = DaW ≡ (∂a + ∂aK)W = 0 are critical

points of the N = 1 supergravity F-term potential, VF = eK
(
FaF̄

a − 3|W |2
)
.

The Hessian matrix at such a point is given by

H =

(
∂2
ab̄
V ∂2abV

∂2
āb̄
V ∂2ābV

)
= HZ − 2|W |21 , (3.1)

where

HZ =

(
Z c̄

a Z̄b̄c̄ −ZabW

−Z̄āb̄W Z̄ c
ā Zbc

)
, (3.2)

and Zab = Zba ≡ DaDbW is the supersymmetric fermion mass matrix. Here Da

denotes the geometrically and Kähler covariant derivative, and we have spe-

cialized to a Kähler gauge in which ⟨K⟩ = 0 at the critical point. The effect of
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the contribution proportional to the unit matrix is to shift the entire spectrum to

more negative values by an amount 2|W |2. Therefore, finding the spectrum of

the Hessian in a supersymmetric vacuum amounts to determining the spectrum

of the matrix HZ , which will be the focus of much of this work.

To simplify HZ , we first write Z = UΣUT , where U is a unitary matrix whose

columns are orthonormal eigenvectors of ZZ̄, Σ = diag(λ1, . . . λN), and the λa
are real and nonnegative, with λ2a the eigenvalues of ZZ̄ [44]. This Takagi fac-

torization exists for any complex symmetric matrix Z. Performing the 2N × 2N

unitary transformation

HZ → U †HZ U with U =

(
U 0

0 U∗

)
, (3.3)

the matrix HZ can be written as

HZ =

(
Σ2 −ΣW

−ΣW Σ2

)
. (3.4)

After rearranging the rows and columns in an obvious way, HZ takes the block

diagonal form

HZ =



λ21 −Wλ1 0 0

−Wλ1 λ21 0 0

0 0 λ22 −Wλ2

0 0 −Wλ2 λ22
. . .


. (3.5)

The spectrum of each block of HZ is

ωa± ≡ λ2a ± |W |λa . (3.6)

Thus, the scalar mass spectrum in a supersymmetric vacuum is fully deter-
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mined by the vev of the superpotential, W , and by the spectrum of eigenvalues

λ2a of ZZ̄.

The eigenvalue ωa− is minimized by λa = |W |/2, which gives ωa− =

−|W |2/4. So the smallest possible eigenvalue of H is

m2
min = −|W |2

4
− 2|W |2 = −9

4
|W |2 = −3

4
|V | = m2

BF , (3.7)

where we have used that V = −3|W |2 at a supersymmetric minimum, and mBF

denotes the Breitenlohner-Freedman bound [45, 46].

3.2.2 Classical ensembles

In §3.3, we will obtain the spectrum of the Hessian matrix using the methods

of random matrix theory. In this section, we review the essential properties of

the two matrix ensembles that are relevant for the analysis of §3.3: the Wishart

ensemble and the Altland-Zirnbauer CI ensemble.

The Wishart ensemble

The ensemble of Wishart matrices W [43] takes the form

W = AA† , (3.8)

where A is an N×M real or complex matrix whose entries are independent and

identically distributed (i.i.d.) random variables drawn from a statistical distri-

bution with mean zero and variance σ2, which we denote by Ω(0, σ). The prob-

ability density of the eigenvalues of W depends on the ratio M/N , and for our

purposes it will suffice to consider the case M ≥ N .

Since a Wishart matrix is the Hermitian square of another matrix, it is nec-

essarily positive semidefinite. Upon changing variables to an eigenbasis of W ,
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the Jacobian of the transformation induces ‘interaction terms’ between the dif-

ferent eigenvalues µa. For entries drawn from a normal distribution,3 the joint

probability density is (cf. [52])

f(µ1, . . . , µN) = C exp

(
−β
2

(
1

σ2

N∑
a=1

µa − 2
N∑
a<b

ln|µa − µb| − ξ

N∑
a=1

lnµa

))
,

(3.9)

where ξ = M − N + 1 − 2/β, and β = 1, 2 for real and complex matrices, re-

spectively. In the Coulomb gas picture in which the joint probability density is

interpreted as an exponential of the free energy of an ensemble of N interacting

particles, the non-negativity of a Wishart matrix corresponds to the presence of

a hard wall at µ = 0.

The probability density function (pdf) for the eigenvalues of W is given by

the Marčenko-Pastur law [39],

ρMP (µ) =
1

2πNσ2µ

√
(η+ − µ)(µ− η−) , (3.10)

where

η± = Nσ2(1±√
η)2 , (3.11)

and η =M/N ≥ 1.

In §3.3, we will be led to focus on a specific ensemble of Wishart matrices in

which M = N +1, so that A is ‘almost square’. By an abuse of language, we will

likewise refer to the associated Wishart matrices W as ‘almost square’, though

of course W is square for any M,N . For this ensemble, η = 1 + 1/N , so that to

lowest order in a 1/N expansion, with σ = 1/
√
N , we have η− ≈ 0 and η+ ≈ 4.

A plot of the eigenvalue spectrum for this almost square case is shown in Figure

3.1.

3

Universality implies that more general distributions yield equivalent results at sufficiently
large N [47, 48, 49, 50, 51], which we have verified directly in our simulations.
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Figure 3.1: The eigenvalue spectrum ρ(λ) for an almost square Wishart matrix
with M = N + 1 = 6 and σ = 1/

√
N .

The Altland-Zirnbauer CI ensemble

The Altland-Zirnbauer CI ensemble [40] consists of matrices of the form

M =

(
0 Zab

Z̄āb̄ 0

)
, (3.12)

where Zab is a complex symmetric matrix with independent entries distributed

as

Zab ∈ Ω(0, σ) for a ̸= b and Zaa ∈ Ω(0,
√
2σ) (no sum on a) . (3.13)

Equivalently, the Altland-Zirnbauer CI ensemble can be defined as the matrix

ensemble satisfying

TMT † = M∗ , (3.14)

CMC† = −M , (3.15)

PMP † = −M , (3.16)
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Figure 3.2: The normalized eigenvalue spectrum ρ/ρmax of the Altland-
Zirnbauer CI ensemble for N = 100.

for some unitary transformations C,P, and T satisfying T⊤ = +T , C⊤ = −C
and P⊤ = +P , acting on a Hermitian matrix M. For CI representations of the

form (3.12), we identify C = σ2, P = σ3, and T = −iσ1, where σi denote the

Pauli matrices that act on the N ×N block matrices of M.

The eigenvalue spectrum of M is reminiscent of the Wigner semicircle law,

but the 2N eigenvalues of M come in opposite-sign pairs ±νa, with 0 ≤ ν1 ≤
. . . ≤ νN . Taking Ω(0, σ) to be a normal distribution, the joint probability density

of the N positive eigenvalues is given by

f(ν1, . . . , νN) = C exp

(
− 1

2σ2

N∑
a=1

ν2a +
N∑
a<b

ln|ν2a − ν2b |+
N∑
a=1

ln νa

)
. (3.17)

In the Coulomb gas picture, the term
∑N

a=1 ln νa encodes a repulsive force be-

tween each mirror pair of eigenvalues, ±νa. In the eigenvalue spectrum this

leads to a cleft at the origin, which is a subleading 1/N effect. The eigenvalue

spectrum is shown in Figure 3.2.

The Altland-Zirnbauer CI ensemble has played a prominent role in the

study of critical points in supergravity [53]: the critical point equation ∂aVF = 0
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may be written as an eigenvalue equation for a matrix M of the form (3.12),4

where Zab = Zba ≡ DaDbW is the fermion mass matrix. For example, in the

complex structure moduli sector of type IIB flux vacua [54], it is well-motivated

to take the distribution (3.13) of the entries of Zab, i.e. Ω(0, σ), to be uniform with

support up to the flux scale. However, by universality only the first few mo-

ments of the distribution Ω(0, σ) are important at large N [47, 48, 49, 50, 51], and

the exact distribution of the entries of Zab is therefore of little significance.

With this identification of Zab, we immediately see that the positive eigenval-

ues νa of M are identical to the diagonal entries λa of the Takagi factorization

of Z presented in §3.2.1. Thus, the scalar mass spectrum in a supersymmetric

vacuum can be expressed in terms of the eigenvalue spectrum of the Altland-

Zirnbauer CI ensemble. We will find it useful to relate the latter to the spectrum

of a certain Wishart ensemble, as we now explain.

The relation between the CI ensemble and the Wishart ensemble

To conclude this review, we will point out a formal equivalence between the

squares of the eigenvalues of the CI distribution, and the eigenvalues of an

almost square real Wishart matrix. The joint probability measure of the CI en-

semble (3.17) is

f(ν1, . . . , νN)dν1 . . .dνN = 2−NC exp
(
− 1

2σ2

N∑
a=1

ν2a +
N∑
a<b

ln|ν2a − ν2b |
) N∏

a=1

dν2a .

(3.18)

Defining µa = ν2a and C̃ = 2−NC, this takes the form

f(µ1, . . . , µN)dµ1 . . .dµN = C̃ exp
(
− 1

2σ2

N∑
a=1

µa+
N∑
a<b

ln|µa−µb|
) N∏

a=1

dµa , (3.19)

4

Our equation (3.12) differs from the definition of M in [53] by the phase of W , cf. equation
(3.56), but the distinction is unimportant here.
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which is the joint probability measure for the Wishart ensemble (cf. equation

(3.9)) with β = 1 and ξ = 0. Since ξ = M − N + 1 − 2/β, this implies that

M = N +1, so that the distribution of the squares of the eigenvalues ν of the CI

ensemble is equivalent to the distribution of the eigenvalues µ of the ensemble

of real, almost square Wishart matrices.

A further clarification is appropriate. The matrix ZZ̄ is the Hermitian square

of the square matrix Z, so one might incorrectly suppose that with the entries of

Z distributed according to (3.13), the ensemble of matrices ZZ̄ corresponds to

the complex Wishart ensemble with M = N . However, Z is symmetric, while

the matrix A appearing in the defining relation (3.8) has no special symmetry

properties. What we have just seen is that in fact the ensemble of matrices ZZ̄

corresponds to the real Wishart ensemble with M = N + 1.

3.3 The Spectrum of the Hessian Matrix

In the preceding section we showed that the scalar mass spectrum in a super-

symmetric vacuum is completely determined (for fixed vev |W |) by the eigen-

value spectrum of the Altland-Zirnbauer CI ensemble, which in turn can be

obtained from the spectrum of the real Wishart ensemble with M = N + 1. In

this section we will use existing results for the Wishart ensemble to obtain an

analytic expression for the scalar mass spectrum.

In §3.3.1 we will show that an AdS vacuum with N ≫ 1 and W ≈ Zab has

a large number of BF-allowed tachyons, which may be problematic for model

building. In §3.3.2 we compute the fraction of vacua in which there are no

tachyons, and we obtain the mass spectrum in these rare vacua.
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3.3.1 The spectrum of HZ from the Marčenko-Pastur law

From (3.6) we note that the spectrum of HZ interpolates between that of

Marčenko-Pastur (for small vevs of |W |), and that of the CI ensemble (for

|W | → ∞). More precisely, this interpolation is controlled by the dimensionless

ratio Msusy/m3/2, where Msusy is the supersymmetric mass scale, i.e. the scale of

the entries of Zab, and5 m3/2 = |W |/M2
Pl. To be fully explicit, we will temporarily

reinstate factors of MPl, and we factor out a scale Msusy from the tensor Zab as

Zab =Msusy Ẑab , (3.20)

where Msusy is determined so that6 Ẑab = Ẑba ∈ Ω(0, 1/
√
N), for a ̸= b, and

Ẑaa ∈ Ω(0,
√

2/N). Finally, we introduce the notation

|W | = m3/2 M
2
Pl =Msusy Ŵ M2

Pl , (3.21)

for a dimensionless parameter Ŵ . The eigenvalues of the matrix M̂ = M/Msusy

are correspondingly denoted by λ̂, and we note that the spectrum of each 2× 2

block of HZ can be written as (by here and henceforth suppressing indices)

ω± ≡M2
susy ω̂± =M2

susy

(
λ̂2 ± |Ŵ |λ̂

)
, (3.22)

with λ̂ ≥ 0. We will now obtain the distribution of ω± for arbitrary values of

|Ŵ |.

5

Recall that in each vacuum the expectation value of the Kähler potential has been set to zero.

6

Choosing the standard deviation of Ẑab to be proportional to 1/
√
N yields mass spectra that

are N -independent to leading order in 1/N ; the standard deviation of the Zab can then be
changed by rescaling Msusy.
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The probability that ω̂± is smaller than a given value â is given by

P (ω̂± ≤ â ∈ D±) = P
(
λ̂2 ± |Ŵ |λ̂ ≤ â

)
= P

(∣∣∣λ̂± |Ŵ |
2

∣∣∣ ≤√â+ |Ŵ |2
4

)
= P

(
λ̂ ≤ ∓ |Ŵ |

2
+

√
â+ |Ŵ |2

4

)
− P

(
λ̂ ≤ ∓ |Ŵ |

2
−
√
â+ |Ŵ |2

4

)
, (3.23)

where the domains of support for the probability density functions of the two

branches of HZ are given by D+ = [0,∞) and D− = [−|Ŵ |2/4,∞), respectively.

Due to the positivity of λ̂, the last term of (3.23) does not contribute to the prob-

ability of the positive definite branch, and it only contributes to the ω̂− branch

for â < 0.

Equation (3.23) demonstrates how the probability density of the eigenvalues

of the supersymmetric Hessian matrix is completely specified by the distribu-

tion of λ̂, which is given by the Altland-Zirnbauer CI ensemble. But as shown

in §3.2.2, the joint probability density of the squares of the eigenvalues in the CI

ensemble is equivalent to that of the eigenvalues of ‘almost square’ (M = N+1),

real Wishart matrices, as in equation (3.19). Thus, the probability distribution

of the eigenvalues of the Hessian matrix may be written in terms of the Wishart

eigenvalue µ̂ ≡ λ̂2 as

P (ω̂+ ≤ â ∈ D+) = P
(
µ̂ ≤ β̂−

)
, (3.24)

where β̂− = |Ŵ |2
2

+ â− |Ŵ |
√
â+ |Ŵ |2

4
, and

P (ω̂− ≤ â ∈ D−) = P
(
µ̂ ≤ β̂+

)
− P

(
µ̂ ≤ β̂−

∣∣∣â < 0
)
, (3.25)

with β̂+ = |Ŵ |2
2

+ â+ |Ŵ |
√
â+ |Ŵ |2

4
. The probability density of the two branches

of eigenvalues of HZ is then given by

ρω+(â) =
dP (ω̂+ ≤ â)

dâ
=
dβ̂−
dâ

dP (µ̂ ≤ β̂−)

dβ̂−
=
dβ̂−
dâ

ρMP (β̂−) , (3.26)
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for â ∈ D+, and

ρω−(â) =
dP (ω̂− ≤ â)

dâ
=
dβ̂+
dâ

dP (µ̂ ≤ β̂+)

dβ̂+
− dβ̂−

dâ

dP (µ̂ ≤ β̂−|â < 0)

dβ̂−

=
dβ̂+
dâ

ρMP (β̂+)−Θ(−â) dβ̂−
dâ

ρMP (β̂−) , (3.27)

for â ∈ D−, where ρMP (β̂±) is given by (3.10) for M = N + 1. The spectrum of

the ensemble of HZ matrices expressed in terms of â (i.e. in units of the super-

symmetric mass scale) is then given by

ρHZ
(â) =

1

2

(
ρω+(â) + ρω−(â)

)
=

1

2

(
dβ̂+
dâ

ρMP (β̂+) + Θ(â)
dβ̂−
dâ

ρMP (β̂−)−Θ(−â) dβ̂−
dâ

ρMP (β̂−)

)

=
1

2

[(
1 + |Ŵ |√

4â+|Ŵ |2

)
ρMP (β̂+) + sgn(â)

(
1− |Ŵ |√

4â+|Ŵ |2

)
ρMP (β̂−)

]
,

(3.28)

which has support in the domain â ∈ D− = [−|Ŵ |2/4,∞). Upon including the

shift given in equation (3.5), the probability density of the scalar mass spectrum

is

ρH(m
2) = ρHZ

(
m2 + 2|W |2

)
, (3.29)

where ρHZ
is given in equation (3.28). This is one of our principal results.

Some features of this distribution of supersymmetric masses are worth extra

attention. First, we have shown that the spectrum of the Hessian matrix is given

in terms of a certain Marčenko-Pastur law, and features of the Wishart spectrum

give rise to characteristic features in the spectrum of HZ and of the Hessian H.

Expanding the edge positions η± given in equation (3.11) to leading order in

1/N , ρMP (µ̂) of equation (3.10) for M = N +1 is nonvanishing only between the

‘hard edge’ at µ̂ = 0 and the ‘soft edge’ at µ̂ = 4. Since ω̂± = µ̂ ± |Ŵ |
√
µ̂, this
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means that the positive branch of HZ has support for

0 ≤ ω+ ≤ 4M2
susy + 2|W |Msusy , (3.30)

to leading order in 1/N . The domain of support of the negative branch depends

on |W |: for |W | > 4Msusy, the probability density function is nonvanishing for

4M2
susy − 2|W |Msusy ≤ ω− ≤ 0 , (3.31)

while for |W | ≤ 4 Msusy, the spectrum develops a hard edge at ω− = −|W |2/4,

and has support in the range

− |W |2

4
≤ ω− ≤ Max(0, 4M2

susy − 2|W |Msusy) . (3.32)

In particular, for |W | ≥ 2 msusy the domains of support of the two branches do

not overlap.

The spectrum of the Hessian is given by a simple translation by −2|W |2

of the spectrum of HZ , and by equation (3.7), the hard lower edge of equa-

tion (3.32) corresponds to the BF bound for eigenvalues of the Hessian. Note

that after the shift the negative branch has only negative support if |W | >
Msusy, and for |W | > 2Msusy all masses are tachyonic. Also, by equation

(3.28), for |W | ≤ 4Msusy the probability density ρH(m
2) has a square root di-

vergence at the BF bound, which leads to a substantial amount of tachyons

with masses close to the bound. We have plotted the typical mass spec-

trum for a supersymmetric AdS vacuum for the six different values |W | =

1
100
Msusy,

1
2
Msusy,Msusy, 2Msusy, 5Msusy, 20Msusy in Figure 3.3. One can see that

the shape of the spectrum interpolates between the Wishart spectrum (cf. Fig-

ure 3.1) for small |W | and the Altland-Zirnbauer CI spectrum (cf. Figure 3.2) for

large |W |.

Using equations (3.24) and (3.25), we find that the total fraction of scalar

fields that are tachyonic can be expressed in terms of the Wishart eigenvalue µ̂
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Figure 3.3: The mass spectra ρ, in units of M2
susy, of generic supersymmetric AdS

vacua with N = 100 complex fields. The purple (darker) regions correspond to
the contribution from the positive branch of (3.22), and the blue (lighter) regions
correspond to the contribution from the negative branch. The black vertical line
on the left side is at the BF bound m2

BF = −9
4
|W |2 (not shown for plot 3.3(f)).

as

ftachyons =
1

2

[
P
(
µ̂ ≤ 4|Ŵ |2

)
+ P

(
µ̂ ≤ |Ŵ |2

) ]
, (3.33)

which e.g. for |W | =Msusy is around 80%.
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The cleft in the Altland-Zirnbauer CI spectrum translates into a similar cleft

in the supersymmetric mass spectrum at m2 = −2|W |2. As in the case of the CI

ensemble, the cleft is a subleading effect in 1/N , with a width that is inversely

proportional to N . Moreover, as the probability distribution of ω− goes to zero

at the right edge of the Wishart spectrum at â = ζ+ = 4+O(1/N), there is a kink

in the supersymmetric mass spectrum at m2 = 4M2
susy − 2|W |(Msusy + |W |). We

have verified these features through explicit numerical simulations, as detailed

in the appendix.

3.3.2 Fluctuations to positivity

As we have just shown, typical supersymmetric vacua in supergravity have BF-

allowed tachyons. In anti de Sitter space, these tachyons do not destabilize the

vacuum, but in order to obtain a background with a positive cosmological con-

stant the AdS solution needs to be uplifted. While it is not impossible that a

suitably constructed uplift potential may stabilize several of the tachyons, re-

quiring that the resulting de Sitter critical point is tachyon free is a significant

restriction on string theory model building. It is therefore interesting to consider

the supersymmetric AdS vacua that are free of tachyons, or more generally have

masses only above a certain bound. This subset of solutions would appear more

likely to result in metastable de Sitter vacua after uplifting.

In this section we compute the fraction of supersymmetric vacua with

masses above any given positive bound by mapping the problem of the positiv-

ity of the eigenvalues of the Hessian to that of fluctuations of the corresponding

real, almost square Wishart matrix [55, 56]. We present an analytic formula for

the probability of such fluctuations as a function of the minimal mass squared,

|W |, Msusy, and N , and we derive the corresponding mass spectrum.

54



The probability of positivity

As we have discussed above, the scalar mass spectrum of the ensemble of su-

persymmetric vacua is determined in terms of the eigenvalues of a real Wishart

matrix with M = N+1. At largeN , the eigenvalue spectrum of the Wishart ma-

trix is given by the Marčenko-Pastur law, which is bounded by µ̂ ∈ [η−, η+], as in

equation (3.10). However, while the Marčenko-Pastur law determines the typical

spectrum of eigenvalues, more rare configurations exist. Here, we are interested

in fluctuations of the smallest Wishart eigenvalue µ̂min such that µ̂min ≥ 4|Ŵ |2.
In this case the smallest eigenvalue of the Hessian H is given by

m2
min(µ̂min) =M2

susy ·
(
µ̂min − |Ŵ |

√
µ̂min − 2|Ŵ |2

)
≥ 0 , (3.34)

and the mass spectrum is tachyon free. Note that for |W | ≥ Msusy these fluctu-

ations require that all Wishart eigenvalues fluctuate past the generic right edge

of the spectrum at η+ = 4 +O(1/N).

The probability of a fluctuation to positivity is therefore given by the prob-

ability that the smallest eigenvalue of the corresponding real Wishart matrix,

with M = N + 1, fluctuates to µ̂min ≥ 4|Ŵ |2. In the case of real Wishart matrices

with M = N + 1 for which the entries of A appearing in (3.8) are normally dis-

tributed, Edelman has obtained the exact distribution of the smallest eigenvalue,

making no large N approximation [41]:

ρµ̂min(x) = N2 χ2
2(N

2x) =
N2

2
e−

1
2
N2x . (3.35)

Universality very plausibly leads to compatible results for more general distri-

butions of the entries of A, once N is sufficiently large.

The probability that the smallest eigenvalue µ̂min is larger than some value ζ

is then given by

P (µ̂min ≥ ζ) =

∫ ∞

ζ

dx ρµ̂min(x) = e−
1
2
N2ζ . (3.36)
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Thus, the probability that a random, supersymmetric AdS vacuum has no

tachyons is

P (m2 ≥ 0) = exp (−2N2|Ŵ |2) = exp(−2N2|W |2/M2
susy) . (3.37)

This is one of our main results. Unless |Ŵ | ≲ O(1/N), fluctuations to positivity

are extremely unlikely at large N .

The fluctuated spectrum

The eigenvalue spectrum that results from a fluctuation to positivity can be

computed using the Coulomb gas method as discussed in e.g. [57, 58]. In [56],

Katzav and Perez Castillo studied Wishart matrices for which all eigenvalues

satisfy µ̂ ≥ ζ ≥ η−, finding the eigenvalue spectrum (for σ = 1/
√
N and

M = N + 1)

ρfluc
MP (µ̂) =

(
µ̂− 1

N

√
ζ

g(ζ)

)√
g(ζ)− µ̂

2πµ̂
√
µ̂− ζ

, (3.38)

with

g(ζ) =
4(2 +N(4 + ζ))

3N
sin2

[
π

6
+

1

3
arccot

[√
27Nζ

(2 +N(4 + ζ))3 − 27Nζ

]]
.

(3.39)

At the left, hard edge ζ of the fluctuated Wishart spectrum, the spectrum (3.38)

has a characteristic square root divergence. The right edge of the fluctuated

Wishart spectrum is at µ̂max = g(ζ), which for ζ = 4|Ŵ |2 is at µ̂max = 4(1 +

|Ŵ |2) +O(1/N).

As shown in §3.3.1, the spectrum of HZ is given in terms of the (now fluc-

tuated) spectrum of the corresponding Wishart matrix. By conditioning on

µ̂ ≥ ζ = 4|Ŵ |2, the second term in (3.25) vanishes, so that the fluctuated spec-

56



trum of HZ is given by

ρfluc
HZ

(â) =
1

2

[(
1 + |Ŵ |√

4â+|Ŵ |2

)
ρfluc
MP (β̂+) + Θ(â)

(
1− |Ŵ |√

4â+|Ŵ |2

)
ρfluc
MP (β̂−)

]
,

(3.40)

where again β̂± = |Ŵ |2
2

+ â± |Ŵ |
√
â+ |Ŵ |2

4
, and ρfluc

MP (µ̂) is given in (3.38), (3.39).

From equation (3.5), we note that upon including the shift, the probability den-

sity of the fluctuated scalar mass spectrum is

ρfluc
H (m2) = ρfluc

HZ
(m2 + 2|W |2) . (3.41)

The two branches of eigenvalues of H have support for

ζ ± |Ŵ |
√
ζ − 2|Ŵ |2 ≤

m2
±

M2
susy

≤ 4 + 2|Ŵ |
(
|Ŵ | ±

√
1 + |Ŵ |2

)
. (3.42)

Note that for ζ = 4|Ŵ |2, this means that the branches do not overlap when

|Ŵ | ≥ 2√
5
. The correlation between the two branches leads to two distinct peaks

in the mass spectrum, at each of which the spectrum exhibits a square-root di-

vergence. In Figure 3.4 we have plotted the fluctuated spectrum for ζ = 4|Ŵ |2

and for two different values of |Ŵ |.

3.3.3 The distribution of tachyon-free vacua

Let us conclude this section by considering the full distribution of supersym-

metric vacua, and the constrained distribution of tachyon-free supersymmetric

vacua, in random supergravity. The number of vacua can be computed as [54]

Nvac. =

∫
dP [W,F,Z, . . .] δ(2N)(F ) | det ∂AFB| , (3.43)

where the capital indices A,B run over both holomorphic and antiholomorphic

indices. The measure dP specifies the prior distribution of the fully covariant

Taylor coefficients of the superpotential, and as in the rest of this paper, we
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Figure 3.4: The mass spectra ρ, in units of M2
susy, of supersymmetric AdS vacua

with N = 100 complex fields that have fluctuated to positivity. The purple
(darker) regions correspond to the contribution from the positive branch of
(3.22), and the blue (lighter) regions correspond to the contribution from the
negative branch. Blue curve: analytic result from equation (3.41). Black line:
equilibrium eigenvalue distribution from Metropolis simulation (see Appendix
3.A).

will make the assumption that the integration variables are independent and

identically distributed, while allowing for different standard deviations for |W |,
|Fa| and |Zab|. In particular, this means that the prior measure is separable and,

with some abuse of notation, we write dP[W,F,Z] = dP [W ]dP [F ]dP [Z]. With

these assumptions we have

Nvac. = CN

∫
dP [W ] dP [F ] dP [Z] δ(2N)(F ) | det ∂AFB|

= CN

∫
dP [W ] dP [F ] dP [Z] δ(2N)(F )

∣∣∣∣∣ det
(
Wδab̄ Zab

Z̄āb̄ Wδāb

) ∣∣∣∣∣ . (3.44)

The integral over Zab can be written as an integral over the eigenvalues and

eigenvectors of the matrix M in equation (3.12). By applying the 2N × 2N uni-

tary transformation of equation (3.3), it is easy to see that the above integral
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simplifies to

Nvac. = C̃N

∫
dP [W ]

∫
dP [F ]

∫
dP[λ1, . . . , λN ] δ

(2N)(F )
N∏
a=1

∣∣λ2a − |W |2
∣∣ ,

(3.45)

where the integration over eigenvectors of M is suppressed. The Jacobian fac-

tor
∏N

a=1 |λ2a − |W |2| ensures that each vacuum counts with unit weight in the

integral by canceling the corresponding inverse factor arising from the delta

function.

The frequency of tachyon-free supersymmetric vacua is given by

f =
Nvac.(m

2
min ≥ 0)

Nvac.

(3.46)

=

∫
dP [W ] dP [F ] dP [λ1, . . . , λN ] δ

(2N)(F )
∏N

a=1 |λ2a − |W |2| e−2N2|W |2/M2
susy∫

dP [W ] dP[F ] dP[λ1, . . . , λN ] δ(2N)(F )
∏N

a=1 |λ2a − |W |2|
,

where msusy is determined as in the discussion around equation (3.20).

Of particular interest is the region in which λ1 ≳ |W |, or equivalently

Msusy ≳ N |W |. In this region there is no exponential suppression of tachyon-

free vacua, and in fact tachyon-free vacua are quite common. For dP[W ] being

roughly uniform in the complex W plane, a fraction 1/N2 of all supersymmetric

vacua, and most tachyon-free supersymmetric vacua, occur in this region. The

spectrum in this more stable region consists of two overlapping branches ap-

proximately following the Marčenko-Pastur law, as illustrated in Figure 3.3(a).

However, the absence of BF-allowed tachyons in a supersymmetric solution

does not guarantee the existence of an uplift to a metastable de Sitter vacuum,

as we will now discuss.
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3.4 Instabilities of Uplifted Vacua

Our results so far concern the prevalence of tachyons in supersymmetric vacua,

but the question of primary physical interest is the likelihood of tachyonic in-

stabilities in a realistic vacuum with positive cosmological constant. The ‘uplift’

paradigm advanced in [35] suggests dividing the problem into two parts: ascer-

taining the mass spectrum in a supersymmetric vacuum, and incorporating sta-

bilizing or destabilizing effects of the supersymmetry-breaking energy. In §3.3

we have given a comprehensive treatment of the first point for N = 1 super-

gravities that are ‘random’ in the sense of [36], and we now turn to quantifying

the effects of uplifting.

Instabilities of random critical points in various models of a supergravity

landscape have been studied in a number of works, which we briefly review for

completeness. The original analysis of [59] modeled the mass matrix at a critical

point as the sum of a real Wigner matrix and a positive definite diagonal matrix,

and quantified the probability of instability in terms of the size of the Wigner

component. More recently, [42] worked with a similar model of the mass matrix,

motivated by constructions in type IIA string theory. The stability of de Sitter

vacua resulting from spontaneous breaking of supersymmetry by an F-term was

the subject of [53, 36]. In those works the supersymmetry breaking was taken

to result from the same W and K that gave rise to the moduli potential, rather

than through an uplifting due to supersymmetry breaking in another sector. In

general, explicit uplifting from a supersymmetric solution to a de Sitter solution

can arise by integrating out the supersymmetry breaking sector of a theory with

spontaneously broken supersymmetry, but not all conceivable uplifts need to be

of this form.

Given the mass spectrum in a supersymmetric vacuum, the crucial question

is whether the source of uplifting introduces new instabilities, cures existing

instabilities,7 or leaves the mass matrix unchanged. A very simple and presum-

7

If the Kähler-invariant function G ≡ K + log|W |2 takes a particular separable form, then
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ably unrealistic picture that is often invoked in the literature is a ‘rigid’ uplift,

in which the cosmological constant is increased but the mass matrix is unmodi-

fied. In this case, our counting of tachyons in supersymmetric vacua translates

directly to the de Sitter critical points resulting from uplifting.8

In particular, in view of equation (3.37), the probability that a rigidly-uplifted

de Sitter configuration is metastable is

P (m2 ≥ 0) = exp
(
−2N2|W |2/m2

susy

)
, (3.47)

so that metastability is extremely rare for |W | ≫ msusy/N .

3.4.1 Wigner uplift

While modeling the uplift as rigid serves as a simple starting point, models in

which the uplift potential has a nontrivial field dependence are more general.9

For a general function Vup of N complex scalar fields, the contribution to the

Hessian is given by

Hup =

(
∂2
ab̄
Vup ∂2abVup

∂2
āb̄
Vup ∂2ābVup

)
, (3.48)

where ∂2
ab̄
Vup = (∂2ābVup)

∗ is an N × N Hermitian matrix and ∂2abVup is an N × N

complex symmetric matrix. We will take the entries of ∂2
ab̄
Vup to be distributed as

the i.i.d. entries of anN×N Hermitian matrix with the natural scale Vup ≈ 3|W |2,

uplifting can reduce instabilities [60, 61]. We thank A. Achúcarro for bringing [60, 61] to our
attention.

8

We remind the reader that, as explained in the introduction, our analysis governs a random
supergravity theory in the sense defined in [36], and would require modification to apply to
an effective supergravity theory that enjoys special structures — such as decoupled sectors, or
approximate symmetries — in K and W . Applying our findings to KKLT compactifications of
string theory would require careful attention to such structures.

9

Uplift potentials arising from supersymmetry breaking by a stack of anti-D3 branes at the
bottom of a warped throat in type IIB compactifications exhibit a rather simple Kähler moduli
dependence, but we defer the study of specific compactification scenarios to the future.
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and the entries of ∂2abVup to be distributed as the i.i.d. entries of anN×N complex

symmetric matrix of the same scale.

We note that Hup is ‘time-reversal’ symmetric,

THupT
† = H∗

up , (3.49)

under the unitary time-reversal operator T = +T⊤ = σ1 acting on the N × N

block matrices. Since this is the only symmetry of Hup, we identify Hup as a

representation of the AI symmetry class [62, 40], more commonly known as

the Gaussian orthogonal ensemble. Thus, although we have taken Vup to be a

function of complex scalars, Hup is in the symmetry class10 of a real symmetric

matrix, just as in the model of [59].

Supersymmetric vacua in whichmsusy ≪ N |W | have many tachyons in AdS,

and as a Wigner uplift potential of the form (3.48) serves to disperse the super-

symmetric spectrum, these vacua will predominantly uplift to unstable critical

points in Minkowski or de Sitter space. The probability of obtaining special

configurations that enjoy a larger likelihood of uplifting to a metastable vac-

uum was discussed in §3.3.2, and here we simply note that in order to produce

a vacuum once the uplift potential is taken into account, the spectrum of the

AdS vacuum typically has to fluctuate far enough so that the left edge of the

spectrum is well above zero, which is extremely unlikely in general.

A much more interesting region occurs for |Ŵ | ≲ 1/N , in which case the

AdS vacuum is typically tachyon free, and the uplift potential will only produce

a minor perturbation in the spectrum. We find it convenient to parametrize the

standard deviation of the entries of Hup as σHup = c22m
2
susy/N

2, for a dimension-

less constant c2, and we parametrize |Ŵ | as |Ŵ | = c1/N . Note that the natural

scale Vup ≈ 3|W |2 corresponds to c1 ≈ c2. Specializing to a basis in which the

10

In our numerical treatment we have simulated matrices of the form (3.48) and found perfect
agreement with the Gaussian orthogonal ensemble, strongly suggesting that these matrices are
in fact in the same universality class.
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supersymmetric Hessian is diagonal, H = diag(m2
l ), it is easy to compute the

eigenvalues of the total Hessian, Htot = H + Hup, to second order in perturba-

tion theory:

(m2
tot)l = m2

l + (Hup)ll −
∑
i̸=l

|(Hup)il|2

(m2
i −m2

l )
+ . . . , (3.50)

where the ellipsis includes terms of higher order in Hup. The typical size of the

smallest eigenvalue can be estimated from (3.34), using the fact that from (3.35),

the mean of the smallest eigenvalue of the associated Wishart matrix is 2/N2:

⟨(m2
tot)min⟩ = m2

susy

(
2

N2
−
√
2
|Ŵ |
N

− 2|Ŵ |2 −
√
2
σHup

M2
susy

)
+ . . .

≈
M2

susy

N2
(2− α) , (3.51)

where α ≡
√
2c1+2c21+

√
2c22, and the quadratic corrections have been neglected.

Thus, to leading order a typical de Sitter critical point arising from uplifting

remains stable if c1, c2 ≪ 1.

It remains to check that higher order corrections are subleading. For small

|Ŵ |, the eigenvalues m2
l are nearly doubly degenerate, and the two smallest

eigenvalues are split by ⟨m2
2 − m2

1⟩ = 2
√
2|Ŵ |M2

susy/N = 2
√
2c1M

2
susy/N

2. For

c1 ≪ 1 this is the smallest difference of eigenvalues in the spectrum, and the

expectation value of the quadratic correction to the smallest eigenvalue can be

approximated by (cf. (3.50))

⟨∑
i ̸=1

|(Hup)i1|2

(m2
i −m2

1)

⟩
≈ c42
N4

M2
susy

2
√
2c1/N2

≈ c42
c1

M2
susy

2
√
2N2

, (3.52)

so that higher order corrections are indeed subleading for c1 ≈ c2.

We have verified these analytic result through extensive numerical simu-

lations. The probability of the absence of tachyons in the mass spectrum of

Htot = H +Hup for different values of c1 and c2 is shown in Figure 3.5.
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Figure 3.5: The probability of the absence of tachyons in Htot = H + Hup for
|Ŵ | = c1/N , versus c1 for N=10 and c2 = 2
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3.4.2 D-terms

Although it is plausible that many sources of supersymmetry breaking and up-

lifting will introduce instabilities, as described in the preceding section, we now

point out that the presence of D-terms can contribute a stabilizing effect. A com-

prehensive treatment of D-terms in random supergravity is beyond the scope of

this work, and we will content ourselves with a few observations.

For an N = 1 supergravity with the product gauge group G = G1 × G2 ×
. . .×Gn, the scalar potential contains the additional term

VD =
1

2
(Ref)−1 ij DiDj , (3.53)

where fij denotes the holomorphic gauge kinetic function, and Di is the D-term

for the gauge group Gi, which (for field configurations with W ̸= 0) is given by

[63]

Di =
i

W
DaW Xa

i , (3.54)

where ϵiXa
i is the variation of the field ϕa under an infinitesimal gauge transfor-

mation Ai → Ai + dϵi. Here, Xa
i denotes the components of the Killing vector

of the corresponding isometry of the Kähler geometry, which for linearly real-

ized gauge symmetries is given by Xa
i = −iTiϕa, where we have suppressed the
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gauge indices for the generator Ti and for ϕa.

A supersymmetric solution satisfies DaW = 0, so that it follows from (3.54)

that VD vanishes at any supersymmetric critical point. For this reason D-terms

cannot be used to uplift an F-flat minimum. However, the D-term potential

can change the masses of the scalar fields. In particular, since VD is positive

semidefinite and vanishes at a supersymmetric vacuum, it can only contribute

positively to the eigenvalues of the Hessian, and may therefore decrease the

likelihood of tachyons. However, the presence of D-terms restricts the con-

tribution to the Hessian matrix arising from VF as follows: since the D-terms

are real, (∂aDi)
∗ = ∂āDi, which for supersymmetric solutions implies that11

ZabX
b
i = −δab̄WX̄ b̄

i , where we have specialized to Kab̄ = δab̄ at the point in

question. This consistency condition can be written as an eigenvalue equation

for the 2N component vectors X̃±
i = (X̄ ā

i ,±Xa
i )

⊤ as

M̃X̃±
i = ∓|W |X̃±

i , (3.55)

where

M̃ =

(
0 Zab e

−iϑW

Z̄āb̄ e
iϑW 0

)
(3.56)

has the same spectrum as the matrix M of equation (3.12), and was identified in

[53] as the matrix governing the critical point equation of spontaneously broken

F-term supergravity. Here ϑW denotes the phase of the superpotential, W =

eiϑW |W |. It follows from equation (3.6) that the contribution to the Hessian from

the F-term potential will have eigenvalues 0 and −2|W |2 in the directions X̃±
i .

Using DaW = 0 and redefining the fields Ai to set Refij = δij at the point in

question, we find the D-term contribution to the Hessian in a supersymmetric

11

This relation may also be obtained directly from the Killing equation.
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vacuum:

HD =

(
X̄iaX

i
b̄

−X̄ia X̄
i
b

−XiāX
i
b̄

Xiā X̄
i
b

)
=

n∑
i=1

(
X̄ia

−Xiā

)(
X i

b̄ , −X̄
i
b

)
=

n∑
i=1

X̃−
i X̃−i† ,

(3.57)

where the indices a, b are lowered by the metric and the index i is raised by the

gauge kinetic function. The D-term contribution to the Hessian for any given

Gi is thus of rank one, with a nonvanishing contribution only in the directions

specified by X̃−
i .

We conclude that for n ≪ N , D-terms do not substantially alter the results

described in §3.4.1, but do lead to the existence of special directions along which

the eigenvalues of the Hessian are given by 0 and −2|W |2 + ||X̃−
i ||2.

In cases where n ≳ N , contributions from the D-terms may have a substan-

tial impact on the mass spectrum and the number of tachyons. In order for the

D-terms to affect the stability of the Hessian arising from the F-term potential, a

substantial fraction of the N scalar fields have to carry charges under the gauge

groups Gi. Understanding the extent to which this condition is met in well-

motivated compactifications is an interesting problem that we will not address

in this work.

3.5 Conclusions

We have computed the scalar mass spectrum in a supersymmetric vacuum of

a general four-dimensional N = 1 supergravity theory, with the Kähler poten-

tial and superpotential taken to be random functions of N ≫ 1 complex scalar

fields. By relating the spectrum of the Hessian matrix to the spectrum of an as-

sociated Wishart matrix, we showed that a fraction f = exp(−2N2|W |2/M2
susy) of

AdS vacua are tachyon-free. Then, using results from the Coulomb gas formu-

lation of random matrix theory, we obtained the scalar mass spectrum resulting

from a fluctuation to positivity. We performed extensive numerical cross-checks
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of our analytic expressions for the fluctuation probability and mass spectrum,

with perfect agreement.

A clear implication of our results is that for this class of general supergravi-

ties, uplifting a supersymmetric vacuum with |W | ≳Msusy/N through the addi-

tion of positive-energy sources is overwhelmingly likely to lead to an unstable

de Sitter critical point, not a metastable de Sitter vacuum. The likelihood of up-

lifting to a de Sitter vacuum can be increased by making the supersymmetric

mass scale Msusy large compared to |W |. For Msusy ≳ N |W | and N ≫ 1, the

probability that uplifting a supersymmetric AdS vacuum leads to a metastable

de Sitter vacuum can be vastly larger than the probability that a general de Sitter

critical point with spontaneously broken supersymmetry is metastable, cf. [36].

Our results are applicable when the superpotential and Kähler potential are

accurately described as random functions of N complex fields. Determining the

prevalence of tachyons in AdS vacua in more general theories with multiple

sectors or special structures in K and W is an interesting problem for the future.
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APPENDIX

3.A Numerical results

In §3.3 we obtained an analytic expression for the supersymmetric mass spec-

trum HZ and computed the probability of a fluctuation to positivity. The sim-

plest and most direct check of these results, the direct diagonalization of a large

sample of Wishart matrices, is a computationally intensive task: most of the pa-

rameter space of interest corresponds to large fluctuations that are extremely

rare (i.e. |Ŵ | ∼ 1 and N ≫ 1 in (3.37)). A more efficient approach utilizes Monte

Carlo methods to obtain both the fluctuation probability and the spectrum of

fluctuated eigenvalues. In the following, we present two numerical techniques

to obtain these quantities.

To begin, we will review a few elements of the Coulomb gas formulation of

random matrix theory [62, 64], which underlies the analytic results presented in

§3.3.2, but also serves as an efficient starting point for simulations [58].

Recall that the joint probability density function of the eigenvalues of a

Wishart matrix is given by (3.9). The integral over this joint pdf can be in-

terpreted as the partition function of a gas of interacting particles undergoing

Brownian motion in one-dimensional space at finite temperature. The eigen-

values are then interpreted as the positions of particles that are confined by a

linear background potential and repel each other with a force that is inversely

proportional to the distance between any pair of particles.12 The Hamiltonian

of this N particle system is then given by

H =
1

σ2

N∑
a=1

µa − 2
N∑
a<b

ln|µa − µb| − ξ

N∑
a=1

lnµa , (3.58)

12

This force may be interpreted as a two-dimensional Coulomb interaction between equally
charged particles moving in one-dimensional space, hence the name of the formalism.
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where we impose the constraint µa > 0, which corresponds to a hard wall at

µ = 0. The temperature of the gas is given by 2/β — recall that β = 1, 2 for real

and complex Wishart matrices, respectively.

The Coulomb gas formalism suggests that techniques and intuition from sta-

tistical mechanics can be useful in the study of random matrices. In fact, by

rewriting the partition function in terms of the empirical eigenvalue density

ρ(µ) = 1
N

∑N
i=1 δ(µ − µi), and taking the continuum limit, the partition func-

tion can be written as a path integral over the scalar field ρ, and saddle-point

evaluation can be used to find the equilibrium distribution (3.10).

Moreover, saddle-point evaluation can be used to find the probability den-

sity of the eigenvalues of constrained configurations, such as those in which the

smallest eigenvalue is larger than some cutoff ζ , as well as the probability of

obtaining such a configuration. In §3.3.2, we used solutions of the fluctuated

Wishart spectrum obtained in [56] to find the spectrum of fluctuated eigenval-

ues of the Hessian matrix analytically. In this appendix, we confirm these find-

ings by numerical simulation of the N -particle Coulomb gas.

The probability of obtaining a fluctuated solution is given by

P (µmin ≥ ζ) =
ZN(ζ)

ZN(−∞)
, (3.59)

where the constrained partition function ZN(ζ) is given by

ZN(ζ) =

∫ ∞

ζ

dµ1

∫ ∞

ζ

dµ2 . . .

∫ ∞

ζ

dµN exp

(
−β
2
H(µ)

)
. (3.60)

As in [58], the integral in (3.60) can be computed numerically via Monte Carlo

sampling by considering the average ⟨·⟩ζ , where the µa > ζ are randomly cho-

sen from a uniform distribution. This leads to the probability of the smallest

eigenvalue

P (µmin ≥ ζ) = lim
Λ→∞

(
Λ− ζ

2Λ

)N
⟨
e−βH(µ)/2

⟩
ζ

⟨e−βH(µ)/2⟩−Λ

, (3.61)
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Figure 3.A.1: The probability of a fluctuation to positivity of HZ for |Ŵ | = 1, ver-
sus the number of complex scalar fieldsN . The curve is the analytic result given
in equation (3.37), and the dots correspond to 6 × 1010 Monte Carlo samplings
with 3σ error bars.

where the prefactor captures the average spacing between the sampling points.

We used 6 × 1010 Monte Carlo samplings to evaluate the fluctuation probabil-

ity numerically and obtained excellent agreement with the analytical result, as

shown in Figure 3.A.1.

While the method of evaluating the partition function directly via Monte

Carlo integration captures the fluctuation probability, it does not provide the

probability density function of the eigenvalues. In particular, we are interested

in the pdf of a fluctuated spectrum, as computed in (3.38). However, these fluc-

tuations are extremely rare for the parameters of interest, and are essentially in-

accessible by direct diagonalization of matrices. Instead, we will take advantage

of the Coulomb gas picture and numerically simulate the equilibrium distribu-

tion.

A popular algorithm to thermalize classical particles in an arbitrary potential

is the Metropolis algorithm [65]. This algorithm shifts one particle at a time to

obtain the equilibrium distribution in the following way: (1) select one particle,

(2) obtain the energy cost for performing a random step, (3) if the energy cost

is negative, keep the step. Otherwise, keep the step with probability e−β∆E/2.

In order to avoid artifacts from the simulation, the size of each step should be
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small compared to the typical particle spacing. When starting with an arbi-

trary particle distribution there is a typical number of steps nthermalize required

after which the initial correlations decay and the gas reaches thermal equilib-

rium. In our simulations we chose a fixed number of steps nsteps ≫ nthermalize

to avoid correlations from the initial configuration but still observe any thermal

fluctuations. While implementing the Metropolis algorithm for the Hamilto-

nian in (3.58) leads to a generic random distribution of eigenvalues, we can

further constrain the Hamiltonian by introducing a hard wall at µ = ζ , allowing

us to access the eigenvalue distribution for large fluctuations. The result from

Metropolis simulation, along with the analytic result, appears in Figure 3.4.
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CHAPTER 4

D-BRANE BREMSSTRAHLUNG

Abstract1

We study the dynamics of ultrarelativistic D-branes. The dominant phenomenon is

bremsstrahlung: mild acceleration induced by closed string interactions triggers ex-

tremely rapid energy loss through radiation of massless closed strings. After char-

acterizing bremsstrahlung from a general k-dimensional extended object in a D-

dimensional spacetime, we incorporate effects specific to D-branes, including velocity-

dependent forces and open string pair creation. We then show that dissipation due to

bremsstrahlung can substantially alter the dynamics in DBI inflation.

4.1 Introduction

In the application of string theory to cosmological model-building, moving D-

branes have played a distinctive role. For a probe D-brane in nonrelativistic

motion in a fixed supergravity background, the Dirac-Born-Infeld and Chern-

Simons actions govern the evolution, and the dynamics is well-understood.

However, violent motions of branes, including relativistic collisions, are com-

monplace in cosmological models, and relativistic D-brane scattering differs in

important ways from the scattering of point particles or of strings. In particular,

massless bremsstrahlung from an extended object is qualitatively different from

that from a point particle, and pair production of massive open strings stretched

between colliding D-branes can substantially alter the dynamics.

In this paper we study ultrarelativistic D-brane scattering, incorporating

1

This chapter is published as T. C. Bachlechner and L. McAllister, “D-brane Bremsstrahlung,”
JHEP 1310, 022 (2013) [arXiv:1306.0003 [hep-th]], reprinted with permission.
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closed string exchange, radiation of massless closed strings, and pair produc-

tion of massive open strings. We find that supergravity interactions of widely-

separated D-branes induce modest acceleration, which then triggers intense

bremsstrahlung of massless closed strings, leading to rapid deceleration. Open

string pair production [66, 67, 68] generally sets in at much smaller separations

than bremsstrahlung, and can therefore be neglected early in the scattering pro-

cess.

One interesting implication of our findings is that bremsstrahlung provides

an important source of dissipation in the DBI scenario [69, 70], and can al-

ter the evolution of the background and perturbations. We find that for a

range of reasonable parameter values, bremsstrahlung dramatically affects the

trajectory. However, there are also controllable parameter regimes in which

bremsstrahlung can be neglected and the DBI model receives no corrections

from our considerations.

The organization of this paper is as follows. In §4.2 we determine the rate of

energy loss from bremsstrahlung for a k-dimensional extended object undergo-

ing an accelerated motion in a D-dimensional spacetime (for D even). Then, in

§4.3 we compute the effect of bremsstrahlung on relativistic D-brane scattering,

and demonstrate that a very small acceleration induced by velocity-dependent

interactions triggers massive energy losses to closed string radiation. In §4.4

we discuss implications for DBI inflation, and we conclude in §4.5. In Appendix

4.A we characterize open string pair production, which can become important if

the scattering D-branes reach a small separation while remaining relativistic. In

Appendix 4.B we present a few details of the calculation of the critical frequency

for synchrotron radiation in an even-dimensional spacetime.

4.2 Bremsstrahlung from Extended Objects

Two D-branes approaching each other at relativistic speeds experience a radial

potential from closed string exchange (see §4.3). As we shall see, the mild accel-

73



eration that results triggers intense bremsstrahlung2 in the forward direction,

substantially decelerating the branes. In this section we will characterize this

effect in general, determining the rate at which energy is lost to bremsstrahlung

when a k-dimensional extended object moving in a D-dimensional spacetime

undergoes a specified acceleration. In generic situations in which the forces in

the directions parallel to and transverse to the direction of motion are of the

same order, radiation due to transverse acceleration is dominant, as in syn-

chrotron radiation in four dimensions. However, in certain cases the force can be

nearly parallel to the velocity — for example, this arises in DBI inflation with a

purely radial potential, see §4.4 — and in this situation the radiation due to lon-

gitudinal acceleration can dominate. In this work we will consider both purely

transverse and purely longitudinal acceleration.

There are several important differences between the present problem and

the familiar case of synchrotron radiation in four-dimensional electromag-

netism: scalar and gravitational radiation play an important role, the acceler-

ated source is a k-dimensional3 extended object, and the ambient spacetime is

D-dimensional. Even so, to provide intuition we will make extensive use of

comparisons to electromagnetism.

We begin in §4.2.1 with the general formalism for spin-s radiation by a point

particle, determining the total power and spectral distribution. In §4.2.2 we

use this information to obtain the contribution of high-frequency radiation to

the total power radiated by a k-dimensional extended object, considering the

special cases of transverse and parallel acceleration in an even-dimensional4

2

We remark that the process termed ‘brane bremsstrahlung’ in Ref. [71] corresponds to produc-
tion of open string modes as a consequence of the masses of these modes being time-dependent.
In the present work bremsstrahlung has the standard meaning of radiation emitted by an accel-
erated object.

3

Radiation in four dimensions from particles corresponding to D-branes wrapping cycles of a
toroidal compactification has been studied in Ref. [72], while here we determine the radiation
from spatially extended D-branes.

4

Odd-dimensional spacetimes present additional technical complications, essentially due to
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Minkowski spacetime. It turns out that in the ultrarelativistic limit the radi-

ation is phase-space suppressed, necessitating a careful treatment of the low

frequency spectrum, which we present in §4.2.3. Finally, in §4.2.4 we consider

the emission of massive strings by an accelerating D-brane.

Throughout our analysis, the primary large number in the system will be the

Lorentz factor γ = cosh η, where η is the rapidity. Correspondingly, a key task is

to determine the scaling with γ of the radiated power density dP/dVk:

dP/dVk ∝ γΘ(D,k,s) , (4.1)

where the exponent Θ may depend on k, D, and the spin s of the field being

radiated, and Vk denotes the volume of the extended object.

4.2.1 General formalism for rank s radiation from a point

source

The first step is to determine the total power that a point source moving on a

general trajectory in D dimensions loses to radiation of integer spin s. Consider

a field Aµ1...µs that is sourced by a point of charge e moving along some given

trajectory rµ(τ) with D-velocity vµ = ∂τr
µ, where τ is the source’s proper time.

Following Ref. [73, 74], the corresponding wave equation can be written

□Aµ1...µs(x) = Jµ(x), Jµ(x
′) = e

∫
dτ δD[x′ − x(τ)]vµ1 . . . vµs . (4.2)

the fact that the Green’s function has support in the interior of the past light cone, and will not
be treated here. Although we assume Minkowski spacetime throughout this work, our results
remain valid for more general spacetimes with curvature radii that are large compared to the
typical wavelength of the radiation.
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The solution to (4.2) is given in terms of the D-dimensional retarded Green’s

function Dr(x− r) as

Aµ1...µs(x) = e

∫
dτ Dr(x− r)vµ1 . . . vµs . (4.3)

Up to an overall D-dependent prefactor, which we will suppress throughout,

the retarded Green’s function in even dimensions is

Dr(x− r) = θ(x0 − r0)δ
(D/2−2)

(
(x− r)2

)
. (4.4)

where the exponent (D/2 − 2) on the delta function denotes a corresponding

derivative with respect to the argument. For the field Aµ1...µs one finds

Aµ1...µs(x) = e

∫
dτ θ(x0 − r0)

vµ1 . . . vµs

d
dτ
(x− r)2

d

dτ
δ(D/2−3)

(
(x− r)2

)
=

e

2D/2−1

(
1

R · v
d

dτ

)D/2−2
vµ1 . . . vµs

R · v
, (4.5)

where we performed D/2− 2 partial integrations, and defined Rµ = (x− r)µ =

(R,Rn). In our conventions, the R in any dot product refers to the D-vector Rµ,

while R = |x− r| otherwise. Note that any contribution from derivatives of the

Heaviside step function involves a factor δ(x0 − r0). Combined with the second

delta function, there is no contribution unless R = x0 − r0 = |x− r| = 0, so that

we can ignore this contribution away from the source.

In a similar way one can show that to leading order in 1/R,

∂µAµ1...µs(x) = − e

2D/2−1
Rµ

(
1

R · v
d

dτ

)D/2−1
vµ1 . . . vµs

R · v
. (4.6)

To examine the stress energy tensor, we work in the Lorenz gauge, defined by

∂µsAµ1...µs = 0. At leading order in 1/R and neglecting derivatives of R (see also
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Ref. [73]),

∂µsAµ1...µs = e

(
1

R · v
d

dτ

)D/2−1

vµ1 . . . vµs−1 ̸= 0 for s ≥ 2 . (4.7)

This indicates that for s ≥ 2 the forces responsible for driving the particle on the

assumed trajectory rµ(τ) will have significant backreaction on the total power.

This effect is well-known in general relativity; our result agrees with Refs. [75,

76], where the amount of gravitational radiation due to stresses on the source is

found to be comparable to the radiation from the source itself.

Neglecting for the moment the radiation due to forces acting on the source,

we find the stress-energy tensor

T s
µν = e2RµRν

[(
1

R · v
d

dτ

)D/2−1
vµ1 . . . vµs

R · v

]2
. (4.8)

The power radiated per unit solid angle is given by

dPD,s

dΩD−2

= lim
R→∞

RD−2
[
T0in

i
] R · v
Rγ

, (4.9)

which reduces to the well-known Larmor formula for s = 1.

To find the spectrum, note that the total energy radiated, I0D,s, obeys5

dI0D,s

dΩD−2

=

∫
dt lim

R→∞
RD−2

[
T0in

i
]

ret

= lim
R→∞

RD

∫
dω |eAD(ω)|2 , (4.10)

where we have defined

AD(ω) =

∫
dt eiωt

[(
1

R · v
d

dτ

)D/2−1
vµ1 . . . vµs

R · v

]
ret

. (4.11)

5

See also Refs. [77, 78].
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The spectrum of radiation is then given by

d2I0D,s

dωdΩD−2

= lim
R→∞

RD|eAD(ω)|2 . (4.12)

To bring this into a useful form, we recall that the derivatives are evaluated

at the retarded time t = t′ + R(t′) ≈ t′ + x − n · r(t′). Changing variables of

integration, we have6 [73]

AD(ω) =

∫
dt′ eiω(t

′−n·r(t′))R · v
γR

[(
1

R · v
d

dτ

)D/2−1
vµ1 . . . vµs

R · v

]
. (4.13)

To obtain the energy spectrum in any even dimension we perform D/2− 2 par-

tial integrations in (4.13) and use d/dτ = γd/dt′ to arrive at7

AD(ω) = ω(D−4)/2R1−D/2

∫
dt′ eiω(t

′−n·r(t′)) d

dτ

vµ1 . . . vµs

R · v
. (4.14)

The remaining integral is, up to angular dependence, just the Fourier-

transformed amplitude in four dimensions. Combining (4.14) and (4.12), we

find the energy spectrum

d2I0D,s

dωdΩD−2

= lim
R→∞

ωD−4 [eA4(ω)]
2 , (4.15)

which relates the energy spectrum radiated in four dimensions to the energy

spectrum in any even dimension, up to angular dependence and numerical

prefactors. Note in particular that the critical frequency above which the spec-

trum decreases exponentially is independent of the spacetime dimension D.8

6

Useful relations for this evaluation are R · v = Rγ(1− n · β(t′)) and dt/dt′ = 1− n · β(t′).

7

One subtlety is that (4.14) only applies when the integration is taken over all time, so that the
boundary terms in the partial integration vanish. This is a legitimate assumption for transverse
acceleration of a source that remains on a circular orbit, but is not appropriate for a purely
longitudinal acceleration: see §4.2.2.

8
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4.2.2 Radiation by a k-dimensional source in D dimensions

Having understood radiation from a point particle in D dimensions, we

now characterize the power density dP k
D,s/dVk of spin s radiation from a k-

dimensional extended object in D dimensions.

To obtain the energy spectrum radiated from an extended object we need

to integrate the Fourier-transformed field, (4.6), over the k spatial dimensions

parallel to the object:

∂µAµ1...µs(ω) =

∫
dVk ρ sin[ω(t+ ϕ(rk))]RµAD(ω) , (4.16)

where ϕ is a phase, rk parameterizes the position along the extended object, ρ is

the charge density of the source, and AD is the radiation amplitude in frequency

space given in (4.13). The resulting radiated energy spectrum is

d2IkD,s

dVkdω
= lim

R→∞
RD−k

∫
dVD−2−k

⟨
|∂µAµ1...µs(ω)|

2⟩ , (4.17)

where the brackets indicate a time average. Now let r0 parameterize the position

of an arbitrary fixed point on the extended object, so that we can write r =

r0(t
′) + rk. The time average of the squared amplitude then takes the form

⟨
|∂µAµ1...µs(ω)|

2⟩ = lim
R→∞

ρ2
⟨∣∣∣∣∫ dt′dVk sin[ω(t

′ + ϕ(rk))] e
iω(t′−n·r(rk,t′))R · v

γR
×

×

[(
1

R · v
d

dτ

)D/2−1
vµ1 . . . vµs

R · v

]∣∣∣∣∣
2⟩

.

(4.18)

Considering radiation that is peaked in the forward direction, we can model

the angular dependence of the amplitude by the dimensionless function f(Ω) ∼

We have checked this result by numerically evaluating the power spectrum for scalar and
vector radiation in diverse spacetime dimensions. Further analytical evidence comes from a
WKB approach to the radiated power spectrum, following Ref. [79], as detailed in Appendix
4.B.
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e−|θ|/θc , where θc is the angle beyond which emission is negligible, and we as-

sume isotropic radiation along the parallel directions. Denoting the solid angle

within which emission occurs as Ωc, we have

⟨
|∂µAµ1...µs(ω)|

2⟩ ≈ [ρAD(ω)]
2
Ω=Ωc

⟨∣∣∣∣∫ dVk sin[ω(t+ ϕ(rk))]f(Ω)

∣∣∣∣2
⟩
, (4.19)

where we have kept the leading terms in ωrk. The time average in (4.19) can be

evaluated in spherical coordinates, using ϕ(rk) ≈ r/(2R) and θ ≈ r/R:

⟨∣∣∣∣∫ dVk sin(ω(t+ ϕ(rk)))f(Ω)

∣∣∣∣2
⟩

=

⟨∣∣∣∣∫
Vk

dΩk−1drr
k−1sin

[
ω
(
t+

√
R2 + r2

)]
e−θ(r)/θc

∣∣∣∣2
⟩

≈ λkRk

2
. (4.20)

Combining the time average in (4.20) with (4.17) and approximating the angular

distribution as uniform for θ < θc, we find that for ω ≫ 2π
θ2c R

,

d2IkD,s

dVkdω
≈ λk

2θkc

ρ2

e2
dI0D,s

dω
, (4.21)

with λ = 2π/ω. The result (4.21) is physically sensible: two points on the brane

that are separated by a distance d radiate coherently at wavelength λ if and only

if d≪ λ. Thus, the full power radiated at wavelength λ is the sum of the power

radiated by patches of volume λk, leading to the factor of λk in (4.21).9 The

dependence on the critical angle arises by observing that interference effects do

not depend on θc, so that a factor θ−k
c from the point particle angular distribution

remains in the final result.

9

We thank H. Tye for helpful explanations of this point.
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Circular trajectories

In the previous section we obtained general expressions for radiation from

sources on arbitrary trajectories. We now use these results to characterize the

spectrum of scalar, vector and gravitational synchrotron radiation emitted by

an ultrarelativistic source on a circular trajectory of radius r0 in D dimensions.

Note that there are additional subtleties for the case of gravitational radiation,

as the gauge-fixing condition (4.7) is not satisfied (see also Ref. [76]).

The spectrum of spin s radiation from an accelerated point particle of charge

e in four-dimensional spacetime is well known and can be summarized as [79,

75, 76]:
dP 0

4,s

dω
= e2ω0γ

(
ω

ωc

)1−2s/3

e−2ω/(3ωc) , (4.22)

where ω0 is the angular frequency of the circular trajectory, and the critical fre-

quency is given by ωc = γ3ω0. The critical angle θc within which most of the

radiation is emitted is

θc ∼


(
ω0

ω

)1/3 for ω0 ≪ ω ≪ ωc ;

γ−1 for ω ∼ ωc .
(4.23)

Combining (4.22) with (4.15), the power spectrum of a point particle in an even-

dimensional spacetime is

dP 0
D,s

dω
= e2ω0θ

D−4
c ωD−4γ

(
ω

ωc

)1−2s/3

e−2ω/(3ωc) . (4.24)

Integrating over all frequencies, we have

P 0
D,s ∼ e2(γ2ω0)

D−2 , (4.25)

which is just the D-dimensional Larmor formula. Equipped with the power

spectrum (4.24) for a point particle we can use (4.21) to obtain the power spec-
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trum of a k-dimensional extended object:

d2P k
D,s

dVkdω
∼ (2π)kρ2

2
ω0(θcω)

D−4−kγ

(
ω

ωc

)1−2s/3

e−2ω/(3ωc) . (4.26)

Finally, to obtain a lower bound on the power density radiated by an extended

object we will only take the high frequency10 contribution into account:

dP k
D,s

dVk
=

∫ ∞

0

dω
d2P k

D,s

dVkdω
≳
∫ ∞

ω0

dω
d2P k

D,s

dVkdω
. (4.27)

Using Eqs. (4.22), (4.23), and (4.21) in (4.27) we find that the power density lost

to radiation is (omitting numerical coefficients)

dP k
D,s

dVk
≳ ρ2γω0

∫ ∞

ω0

dω (θcω)
D−4−k

(
ω

ωc

)1−2s/3

e−2ω/(3ωc)

≈ ρ2(γ2ω0)
D−2−k . (4.28)

This is a key result for our analysis: the power of γ that appears in (4.28) con-

trols the importance of bremsstrahlung in relativistic D-brane dynamics. Note

that the power density emitted from a k-dimensional object in D-dimensional

space scales exactly like the power from a point particle in D−k dimensions, as

expected from the symmetries of the problem.

Linear acceleration

Having understood the comparatively straightforward case of circular motion,

we now turn to computing the total power radiated by an extended object un-

dergoing linear acceleration, as well as the cutoff frequency ωc of this radiation

and the critical angle θc within which the radiation is confined.

10

The power density from low-frequency radiation is not necessarily insignificant, but is more
subtle, as we will explain.
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We consider a particle with constant acceleration as measured in the comov-

ing frame: this could be a particle in a constant electric field, as considered in

Ref. [80]. The potential is given by

V (x) = V1x. (4.29)

The resulting hyperbolic trajectory is given in terms of the proper time τ as

x =
m

V1

(
cosh

(
τ
V1
m

)
− 1

)
, t =

m

V1
sinh

(
τ
V1
m

)
. (4.30)

In particular, the acceleration is a = V1/(mγ
3).

To understand some of the subtle aspects of linear acceleration emission,

consider a non-relativistic particle that enters a linear potential at t = 0 with

velocity v(0) and leaves it with velocity v(T ) at time t = T . Following Ref. [81],

the spectral distribution of the energy radiated by this particle is given by

dI04,1
dω

=
2e2

3π

1

ω2
|v̈(ω)|2 . (4.31)

This leads to the spectral distribution

dI04,1
dω

=
8e2

3π

V 2
1

m2

1

ω2
sin2

(
ωT

2

)
. (4.32)

Only frequencies of order ωc ∼ 1/T contribute to the spectrum. In particular, in

the limit of constant acceleration, T → ∞, one has ωc → 0, which corresponds

to a constant electric field, rather than to radiation. Even so, the total energy

radiated per unit time is

I04,1
T

=
2e2

3

V 2
1

m2
=

2e2

3
a2 , (4.33)

which is just the Larmor formula. As Schwinger put it, “Facetiously, we may

say that a uniformly accelerated charge radiates because it is not uniformly acceler-
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ated” [81]. This summarizes an important (and long-studied) subtlety of lin-

early accelerated systems: as the acceleration and rapidity change constantly,

one cannot assign an instantaneously radiated power — the spectrum crucially

depends on the whole history of the particle’s trajectory. In the following, we

will carefully take this into account.

For simplicity we will give explicit results for the power spectrum and angu-

lar distribution of scalar radiation from linearly-accelerated point particles. The

generalization to vector radiation is straightforward, but as noted above, the ex-

tension to gravitational radiation is nontrivial: one cannot consistently neglect

radiation from the stresses that cause the acceleration.

The power radiated per unit solid angle is given by (4.9) with the energy

momentum tensor (4.8). Combining these two results for linear acceleration,

we find that in four dimensions11

dP 0
4,0

dΩ2

=
e2 cos2(θ1) cos

2(θ2)β̇
2

γ2 (1− cos(θ1) cos(θ2)β)
5 . (4.34)

Using (4.34) we can solve for the critical angle θc within which most of the radi-

ation is confined in the ultrarelativistic limit: we find θc ≈
√
2
√
1− β ≈ 1/γ. It

is easy to check that the total power agrees with the Larmor formula:

P 0
4,0 =

dP 0
4,0

dΩ2

∣∣∣∣
Ω=Ωc

θ2c ∝ e2γ8β̇2γ−2 = e2γ6maxβ̇
2 . (4.35)

Note that the critical angle can depend on the frequency. Using intuition from

the case of transverse acceleration, we expect that the critical angle increases

significantly at low frequencies. Furthermore, the radiation of scalars is peaked

in the forward direction for any even spacetime dimension. This is different

from vector radiation, which vanishes in the strictly forward direction but is

still constrained to lie within a critical angle θc ∼ 1/γ.

11

One readily finds analogous results in any even dimension.
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To obtain the power spectrum we need to evaluate

dI04,0
dωdΩ2

= lim
R→∞

R4|eA(ω)|2 , (4.36)

where

A4,0(ω) =

∫ T

t′=0

dt′ eiω(t
′−n·r(t′))R · v

γR

[(
1

R · v
d

dτ

)4/2−1
1

R · v

]
. (4.37)

Note that unlike the transverse acceleration case, we need to introduce a time

cutoff T at which we evaluate the radiation. This is because the spectrum con-

stantly changes while the particle is accelerated. We therefore consider a particle

that accelerates linearly for 0 < t < T , and evaluate the spectrum at time T . We

find

dI04,0
dωdΩ2

= e2
∣∣∣∣∫ T

0

dt′
cos(θ1) cos(θ2)

γ (cos(θ1) cos(θ2)β − 1)2
eiω(t

′−cos(θ1) cos(θ2)x(t′))

∣∣∣∣2 . (4.38)

To illustrate the spectrum of vector and scalar radiation from a point particle,

one can evaluate (4.38) numerically for linear acceleration in four dimensions.

The resulting spectrum is shown in Figure 4.1.

A direct analytic evaluation of the integral in (4.38) is difficult. Let us there-

fore examine the Fourier transform in the limit γ ≫ 1 at θ1 = θ2 = 0 and change

variables to integration over γ. This gives

dI04,0
dωdΩ2

≈ 16e2

∣∣∣∣∣∣−e− iωm
2V1 + e

− iωm
2V1γmax γmax +

iωmΓ
[
0, iωm

2V1

]
2V1

−
iωmΓ

[
0, iωm

2V1γmax

]
2V1

∣∣∣∣∣∣
2

.

(4.39)

Evaluated at ω = 0 we have
dI04,0
dωdΩ2

∣∣
ω=0

= 16e2γ2max. On the other hand, expanding
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Figure 4.1: Radiated power spectrum from a point particle in four dimensions, (4.38).
The solid blue line represents vector radiation, while the dashed red line represents
scalar radiation.

the power spectrum at high frequencies gives

dI04,0
dωdΩ2

≈ 64e2V 2
1 γ

4
max

m2ω2
. (4.40)

Now solving
dI04,0
dωdΩ2

∣∣∣
ωc

∼ 1

2

dI04,0
dωdΩ2

∣∣∣
ω=0

(4.41)

gives the critical frequency

ωc ∼
4V1
m
γmax = 4aγ4max , (4.42)

where we inserted the acceleration from above. To perform a consistency check

we can compute the total radiated power,

P 0
4,0 ≈ θ2cωc

dγmax

dt

d

dγmax

dI04,0
dωdΩ2

∣∣∣
ωc

∼ 1

γ2max

V1
m
γmax

V1
m
e2γmax ∼ e2γ6maxa

2 , (4.43)

and recognize that this agrees precisely with the Larmor formula.

Finally, we are in a position to obtain a lower bound on the radiation emit-

ted from extended objects. As in the previous section, we will only take into
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account high frequency radiation. However, due to the fact that the whole tra-

jectory contributes to the radiation at a time T and we cannot take T → ∞,

the result for the spectrum (4.15) of a point source in higher dimension has lim-

ited applicability, and we do not have a simple expression for the critical angle

θc(ω) at small ω. Due to these limitations we only consider frequencies ω ≳ ωc,

as this contribution does not depend parametrically on the precise form of the

spectrum at low frequencies. We find

dP k
D,s

dVk
=

∫ ∞

0

dω
d2P k

D,s

dVkdω
≳
∫ ∞

ωc

dω
d2P k

D,s

dVkdω
≡

(
dP k

D,s

dVk

)high

∼ ρ2(γ3maxa)
D−2−k , (4.44)

where we have used the facts that dP 0
D,s/dω ∝ e−2ω/(3ωc), θc(ωc) = 1/γ and ωc =

aγ4max. We have checked numerically that these results hold for other, nonlinear

potentials.

4.2.3 Validity of the classical approximation

Until now we have considered classical radiation from a source on a fixed back-

ground trajectory. For a point particle, the approximation of classical radiation

breaks down when the energy carried by the emitted radiation ωc becomes com-

parable to the total energy12 Emax = γm of the source [80, 82], so that the source

recoils substantially upon emitting one high-frequency quantum. A useful pa-

rameter to characterize the importance of quantum effects is ζ ≡ ωc/Emax. When

ζ ≪ 1, the classical approximation is applicable without correction, for the entire

range of frequencies in which the radiation is substantial. On the other hand,

for ζ ≫ 1 there is substantial radiation at frequencies where quantum effects are

important, and a proper treatment requires quantizing the fields and comput-

ing the appropriate matrix element for radiation emission, including the phase

12

For an extended object the relevant energy scale depends on frequency, and is given byEmax =
γµλk, where µ is the tension of the object in its rest frame.
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space factors. Such a calculation is beyond the scope of the present work. In-

stead, we will evaluate the classical amplitude at low energy, where it applies,

and cut off the radiation spectrum below the energy scale Emax = γm where

quantum effects become significant. This leads to a conservative lower bound

on the radiation emitted.

Let us therefore place a lower bound on the total power emitted by an ex-

tended object undergoing linear acceleration in the regime ζ ≫ 1, where the

classical approximation of §4.2.2 breaks down.13 We cut off the energy spectrum

at the maximum energy Emax, which in general depends on the frequency. Us-

ing (4.15), one finds that the energy spectrum of a point particle at time T is

approximately

d2I0D,s

dωdΩD−2

∼ lim
R→∞

ωD−4 [eA4(ω, T )]
2 θ [Emax(ω)− ω] . (4.45)

The total power radiated is then given by

P 0
D,s = ∂T

∫ Emax

ω=0

dω

∫
dΩD−2 lim

R→∞
ωD−4 [eA4(ω, T )]

2 . (4.46)

Because the spectrum is approximately flat at low frequencies, and Emax ≪ ωc

in the regime of interest, we can approximate the integral in (4.46) as

P 0
D,s = Emaxθ

D−2
c

d

dT

[
lim
R→∞

ωd−4 [eA4(ω, T )]
2
]
ω=Emax

∼ Emaxe
2aD−3γ3(D−2)−4, (4.47)

where we used the fact that the emission cone has opening angle θc, which is

evaluated at energy Emax. To confirm the scaling with γ we have evaluated the

integral numerically: the numerical result is shown along with (4.47) in Figure

4.2.

13

The case of transverse acceleration is conceptually similar and omitted for brevity.
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Figure 4.2: Power spectrum at low frequencies as a function of γ. The dashed red
lines indicate the numerical evaluation of (4.46), while the solid blue lines represent the
estimate (4.47), up to a constant factor, for D = 4, 6, 8.

Combining (4.47) and (4.21), we find that the power density emitted by an

extended object takes the form

dP k
D,s

dVk
∼
∫
dΩD−2

∫ Emax

ω=0

dω
1

ωkθkc

d2P 0
D,s

dωdΩD−2

. (4.48)

To obtain a very conservative14 parametric estimate of the power density, we

may perform a small slice of the integral, in a region ω0 ≪ ω ≪ Emax, which

gives

dP k
D,s

dVk
∼ Emaxθ

D−2−k
c

d

dT

[
lim
R→∞

ωD−4−k [ρA4(ω, T )]
2
]
ω=Emax

∼ Emaxθ
−k
c E−k

max
dP 0

D,s

dω

∣∣∣∣
ω=Emax

. (4.49)

We conclude that in the ultrarelativistic15 limit, the power density emitted

14

The estimate is parametrically correct for all k, but is conservative only for k > 1.

15

Note that ζ ∝ γ2.
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by a linearly-accelerated object with k spatial dimensions has the parametric

scaling

dP k
D,s

dVk
≳ Emax

1

Ek
maxθ

k
c (Emax)

ρ2aD−3γ3(D−2)−4 =

(
Emax

ωc

)1−k
(
dP k

D,s

dVk

)high∣∣∣∣
ωc

≈
(
γµ

ωk+1
c

) 1−k
k+1

(
dP k

D,s

dVk

)high∣∣∣∣
ωc

, (4.50)

where the high-frequency contribution was defined in (4.44), and we have used

θc(Emax) ∼ 1/γ. For k > 1 the power in low-frequency radiation is parametri-

cally larger than the power in high-frequency radiation, as a result of coherence

effects. Note, however, that this conclusion is valid only if the timescale over

which the trajectory of the radiating object changes significantly is much longer

than the wavelength of the radiation. Thus, the above estimate breaks down for

very long wavelengths.

4.2.4 Emission of massive strings

Our results so far have described the massless radiation from a general ex-

tended object undergoing acceleration during ultrarelativistic motion. How-

ever, quanta of massive fields of mass m can be emitted when the spectrum

of massless radiation reaches frequencies ω ≳ m. When the accelerating ob-

ject is a D-brane,16 emission of excited closed strings could become significant

if ωc exceeds a critical value of order 1/
√
α′, as we now show. (Note that since

ωc = γ3ω0, cf. Appendix 4.B, ωc ∼ 1/
√
α′ corresponds to ω0 ≪ 1/

√
α′, and thus

a ≪ 1/
√
α′, so that the accelerations in question are far below the string scale.)

To obtain the power spectrum of a scalar field with mass m we can use the re-

sults for a massless field and substitute ω →
√
ω2 +m2. The power radiated in

16

For simplicity we state the results here for an accelerating D0-brane, but the generalization is
trivial.
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a field of mass m2 = 4n/α′ therefore obeys17

P >

∫ ∞

ωc

dω
dP

dω

∣∣∣∣
ω→

√
ω2+4n/α′

≳
∫ ∞

√
ω2

c +4n/α′
dω

dP

dω
. (4.51)

Summing over the string spectrum, we obtain

P >

∞∑
n=0

dn

∫ ∞

√
ω2
c+4n/α′

dω
dP

dω
, (4.52)

where the level degeneracy dn for closed superstrings is (see Ref. [83])

dn ∼ n−11/2e4π
√
2n for n≫ 1 . (4.53)

Using
dP

dω

∣∣∣∣
ω=ωc

∝ exp

(
−

√
1 +

4n

α′ω2
c

)
, (4.54)

and comparing to (4.53), we learn that the emitted power diverges when ωc >

ωH, where ωH is given by

ωH =
1

2
√
2π

· 1√
α′
. (4.55)

We recognize that ωH is precisely equal to the Hagedorn temperature TH for

closed superstrings. In this estimate we assumed that the classical radia-

tion power spectrum is valid, i.e. ωH ≪ Emax, which corresponds to gs ≪
23(k+1)/2π1+kγ and does not pose a strong constraint.

We conclude that a D-brane subject to an acceleration18

aH =
1

2
√
2πγ3

=
TH

γ3
(4.56)

17

In this section we assume ωc ≪ Emax, so that quantum effects do not play a role.

18

The acceleration aH given in (4.56) is parametrically smaller than the critical acceleration for
fundamental strings obtained in Ref. [84].
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sources a divergent power density of bremsstrahlung of massive closed strings.

More physically, we expect that dissipation from bremsstrahlung will make it

impossible for a D-brane to reach the Hagedorn acceleration aH. On the other

hand, for ωc ≪ ωH the number of massive strings emitted is negligible, and the

leading contribution to the radiated power comes from massless strings.

4.3 D-brane Deceleration from Bremsstrahlung

In the preceding section, we characterized bremsstrahlung from an accelerated

extended object compelled by an unspecified outside force to follow a fixed tra-

jectory: that is, we neglected radiation reaction. We will now specialize to the

case of a D-brane pair interacting via velocity-dependent forces, and determine

the radiation reaction force that results from the emission of bremsstrahlung.

We will find that radiation reaction dramatically alters the dynamics of rela-

tivistic D-branes.

For simplicity, we will work in the regime where the classical emission spec-

trum is valid, i.e. ωc ≪ Emax, as discussed in §4.2.3.

4.3.1 Interactions between moving D-branes

The first step is to characterize the interactions of D-branes in relativistic relative

motion. Consider a scattering process in which two Dk-branes approach each

other with impact parameter b and initial relative velocity v. As a first step we

will study a simplified model in which the relative velocity v remains constant,

i.e. any energy loss due to bremsstrahlung or other interactions is not incor-

porated. Of course, as our interest is in how losses affect a D-brane scattering

event, we will ultimately discard this approximation.

The system of moving D-branes at constant relative velocity can be mapped

to a pair of branes at rest that are misaligned by an imaginary angle ϕ, which is
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related to v by iϕ = tanh−1(v) ≡ η. Evaluating the resulting annulus diagram

is then a textbook problem [85]. T-dualizing as needed, one finds the following

interaction amplitude for Dk-branes that move relative to each other:

A = VDk

∫ ∞

0

dt

t
(8π2t)−k/2 exp

(
−tb

2

2π

)
θ11(ηt/2π, it)

4

θ11(ηt/π, it)ηD(it)9
, (4.57)

where VDk is the volume of the Dk-brane, and we have set α′ = 1. We have used

the same definitions of the theta functions as in Ref. [68], but we have denoted

the Dedekind η function by ηD to avoid confusion with the rapidity η.

The real and imaginary parts of (4.57) correspond to massless19 closed string

exchange and open string pair production, respectively. Closed string exchange

becomes significant at much larger separations than those relevant for open

string pair creation, and we defer a detailed treatment of open strings to Ap-

pendix 4.A.

To compute Re(A), we write A =
∫∞
0
dz A(z), and then consider a suitable

closed contour in the complex z plane. We take the contour formed by the

segments γ1, γR+ , and γResi , where the ray γ1 is parameterized by Reiϵ, with

R ∈ (∞, 0) and ϵ ≪ 1; γR+ = {x ∈ R+\{nπ/η, n ∈ N}}; and γResi is a small

semicircle above the ith singularity on the real axis. Taken together with an arc

at infinity, these segments parameterize a closed contour around a region that

contains no poles, implying that

0 = Re

[(∫
γ1

+

∫
γR+

)
dz A(z)− 2πi

2

∑
j

Resj∈N

[
A

(
jπ

η

)]]
. (4.58)

The residues of the poles along the real axis are purely real, so that

Re

[∫
γR+

dz A(z)

]
= −Re

[∫
γ1

dz A(z)

]
=

∫ ∞

R=0

dR A(Reiϵ) , (4.59)

19

Massive closed string exchange is Yukawa suppressed, and can be neglected at distances large
compared to the string scale.
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where the imaginary part of the last integral vanishes because limy→0 Im[A(x +

iy)] = 0 for x ̸= nπ/η, n ∈ N. It remains to evaluate the integral over γ1, which

is given by

Re(A) =

∫
dτ V (τ)

=

∫
dτ dRVDk

e−iϵ/2(8π2ϱ)−k/2

√
2π2R

exp

(
−ϱr

2

2π

)
θ11(ηϱ/2π, iϱ)

4

θ11(ηϱ/π, iϱ)ηD(it)9
,

(4.60)

where ϱ = Reiϵ, and we have introduced dependence on a new variable, τ , with

r2 = τ 2 tanh2(η) + b2.

Following Ref. [85], V (τ) can be interpreted as the interaction potential in the

frame in which one of the D-branes is at rest. The integrand in (4.60) decreases

exponentially with R, and the characteristic scale of this decrease is given by

Rc ≈ 2π/r2. Moreover, the first pole along the real axis appears at Rsing = π/η.

Thus, for η ≪ r2/2 – which we shall assume throughout our analysis – the

integral is well-approximated by integrating along the real axis up to some R⋆

with Rc ≪ R⋆ ≪ Rsing.

Using the asymptotic expression

θ11(ηt/π, it) ≈

− 2η√
t
exp

(
− π

4t
− tη2

π

)
for t≪ 1, η ≪ 1;

− 1√
t
exp

(
− (π−2tη)2

4πt

)
for t≪ 1, η ≫ 1 ,

(4.61)

the potential V can be written as

V (r) ≈ −22−2kπ5/2−3k/2VDkΓ

[
7− k

2

]
tanh(η)η3

r7−k
(4.62)

for η ≪ 1, and

V (r) ≈ −23−2kπ5/2−3k/2VDkΓ

[
7− k

2

]
tanh(η)eη

r7−k
(4.63)
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for 1 ≪ η ≪ r2. The nonrelativistic result (4.62) matches the result given in

Ref. [85], where the integrand is first expanded in small η and then integrated.

However, the method used above also allows us to obtain the potential in the

highly relativistic case, given in (4.63).

4.3.2 D-brane deceleration

Equipped with an understanding of the forces between relativistic D-branes,

we can now determine the acceleration a of the scattering branes, and then use

(4.28) to compute the power that is radiated into closed strings.

We work in the ‘fixed target’ frame in which one D-brane is at rest, and

we orient our coordinates so that the moving brane’s initial velocity is parallel

to x̂, with impact parameter bŷ. As in the preceding sections, η denotes the

rapidity, η ≡ tanh−1(v), associated to the relative velocity of the two D-branes.

The corresponding Lorentz factor is γ = cosh η ≈ 1
2
eη. We consider Dk-branes

with 0 < k < 7, and set D = 10. Let ρ̇closed = dP k
10/dVk denote the power density

lost into radiation of massless closed strings, let ρDk = γTDk denote the energy

density of the moving D-brane, and let V denote the interaction potential given

in (4.63).

For small vy, the acceleration in the x̂ direction can be approximated by ax ≈
4η̇e−2η . Using energy conservation one finds

η̇ ≈ − ρ̇closed + V̇

ρDk

. (4.64)

The acceleration in the ŷ direction is then fixed by angular momentum conser-

vation, as we now explain. We use a time variable τ , with τ = 0 at the point

of closest approach, and define τbrem as the time at which the energy lost to

bremsstrahlung becomes comparable to the initial kinetic energy. A convenient

parameterization is

τbrem ∝ exp
(
∆(k) η0

)
, (4.65)
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where ∆(k) is a constant that depends only on k, and we retain only factors

exponential in the initial rapidity η0. Manifest in (4.65) is the approximation

that τbrem is exponentially large, which we confirm below is self-consistent: see

(4.69). Specifically, we make the consistent approximation that |τbrem| ≫ 1, and

that correspondingly V ≪ ρDk. With these preliminaries, one readily finds that

ay ∼ − b

τ

V̇

ρDk

. (4.66)

Comparing ax and ay, we find that the former is suppressed by a factor of e−2η,

so that unless b ≲ τe−2η0 (corresponding to an exponentially small regime of pa-

rameters that we will omit in the remainder), the acceleration in the transverse

direction dominates.20

The analysis leading to (4.66) neglected the angular momentum stored in

any open string pairs that are produced, which is an excellent approximation:

we show in Appendix 4.A that the density of open strings is exponentially small.

On the other hand, bremsstrahlung does carry away angular momentum, but

this effect cancels in (4.66).

Combining (4.66) with the closed string interaction potential (4.63) and us-

ing (4.28), we finally obtain the rate at which energy density is lost due to

bremsstrahlung:

ρ̇closed ≈ σ(k)G10T
k−6
Dk b8−kτ (9−k)(k−8) exp

(
2(8− k)η

)
, (4.67)

where σ(k) ≈ 2(k−8)(2k−3)π(k−8)(3k−5)/2Γ[9−k
2
]8−k, and we remind the reader that

we have set α′ = 1. Equation (4.67) is one of our main results. The power den-

sity lost to radiation scales with the Lorentz factor γ in the fixed target frame as

ρ̇closed ∝ γ2(8−k), from which it follows that bremsstrahlung provides an extremely

strong dissipative effect in ultrarelativistic D-brane scattering. Note that this result

20

Note that the radiation due to transverse acceleration is dominant only for impact parameters
b ≲ τe−η0 , because of the higher power of γ in the Larmor formula for linear acceleration.
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only provides a lower limit on the power density radiated: only the high fre-

quency part of the spectrum, with ω > ωc, was used in obtaining (4.67). More-

over, we have not included acceleration induced by radiation reaction, which

will in general induce additional bremsstrahlung.

Knowing the power radiated in massless closed strings,21 we can determine

the timescale for deceleration from bremsstrahlung, i.e. the time τbrem at which

the rapidity is reduced by one: η(τbrem) ≡ η0 − 1. Integrating (4.67) and setting

η → η0 one finds22

τbrem ≈ −
(

2σ(k)

(8− k)(9− k)− 1
G10T

k−7
Dk b8−ke(15−2k)(η0−1)

) 1
(8−k)(9−k)−1

. (4.68)

We learn in particular that

∆(k) =
15− 2k

(8− k)(9− k)− 1
, (4.69)

so that τbrem is an exponentially long time in the ultrarelativistic limit, as anticipated

in (4.65). Correspondingly, bremsstrahlung first becomes significant when the

D-branes are very widely separated.

The fact that a large amount of energy is radiated at τbrem does not imply

that the branes decelerate to nonrelativistic motion immediately. Instead, rapid

losses due to bremsstrahlung quickly decelerate the D-brane to the critical ra-

pidity

η(τ) ∼ 1

2k − 15
log
[
(8− k)(9− k)− 1

2σ(k)
G−1

10 T
7−k
Dk bk−8|τ |(8−k)(9−k)−1

]
, (4.70)

for which the energy radiated in a given time interval is of order the D-brane

21

As the acceleration is much smaller than the Hagedorn acceleration found in §4.2.4, emission
of massive closed strings is negligible.

22

(4.68), (4.70), and (4.71) hold for τ ≫ b and receive corrections for τ ∼ b.
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Figure 4.1: Normalized energy, versus time measured in units of τbrem, for η0 = 26
and b = 10 ls. The solid green curve shows the kinetic energy of the branes, while the
dot-dashed blue curve indicates the energy lost to closed string radiation. The dashed
red line marks the analytical estimate, obtained from (4.70), of the kinetic energy of the
branes.

T
im

e

Figure 4.2: Stages of ultrarelativistic scattering. The dotted arcs indicate the separa-
tions at which closed string radiation becomes relevant. As the branes approach each
other, the rapidity decreases and the radii of the circles decrease. The green pancakes
represent the D-branes and their bremsstrahlung; the latter accounts for most of the
initial energy, and does not substantially outpace the corresponding source by τ = 0.
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Figure 4.3: Regions of the parameter space. In the white region, the energy lost to
bremsstrahlung is insignificant. In the green region, bremsstrahlung is important and
the approximations made in our analysis are consistent. In the red region, the closed
string exchange potential, (4.63), breaks down. The case gs = 0.1 and k = 3 is shown.

kinetic energy at the beginning of this interval. Thus, the rapidity η decreases

as

η̇(τ) ∼ (8− k)(9− k)− 1

15− 2k
· 1
τ
. (4.71)

We are now able to estimate the critical impact parameter bint above which

the scattering process does not lead to a significant loss of kinetic energy in

bremsstrahlung. To obtain an upper limit on the radiated energy density we

note that ay ≲ ar = ∂V (r)
∂r

/ρDk(τ), where the bound is saturated in the limit of

large impact parameters. Using (4.28) we define bint by

∫ ∞

−∞
dτ G10T

2
Dk ·

(
γ2ar(b = bint)

)8−k ≡ γ TDk , (4.72)

from which we find

bint ∝ exp

(
(15− 2k)η

(8− k)(9− k)− 1

)
, (4.73)

which is exponentially large in the ultrarelativistic limit. Combining (4.73) and

(4.68), we conclude that ultrarelativistic D-branes experience rapid energy loss

to bremsstrahlung even when their transverse and longitudinal separations are
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very large in string units.

Thus far we have neglected energy lost to open string pair production, em-

phasizing the critical role of bremsstrahlung. This is a consistent approxima-

tion: for large initial rapidity η0, bremsstrahlung becomes significant at dis-

tances τbrem that are exponentially large in string units, and open string pair

production is entirely negligible at such large separations: see Appendix 4.A.

Thus, closed string radiation dramatically decelerates the D-brane pair long be-

fore open string pair production becomes significant.23

We have numerically evolved the system including the effects of gravi-

tational bremsstrahlung, finding excellent agreement with the analytic result

(4.70), as shown in Figure 4.1 for the parameter choice η0 = 26 and b = 10 ls.

A further consideration is the possibility that, for impact parameters b

smaller than some critical value bBH(η), the final state of the scattering D-brane

pair is a black hole. We will not obtain a complete description of the late-time

dynamics, but will estimate bBH(η) using the cross section for black hole forma-

tion in high-energy particle scattering. The cross section in the center of mass

frame is given by σBH ∼ π(R⊥
s )

2 [88, 89], where R⊥
s is the Schwarzschild radius

associated to the total energy E in the center of mass frame, E ≈ 2TDkγCOM =

TDke
η0/2. Explicitly, we have [90]

(
R⊥

s

ls

)7−k

= gs

(
7− k

8− k

)
(2π)7−ksk · γCOM , (4.74)

where sk = 25−kπ(5−k)/2Γ((7 − k)/2). Thus, for b ≲ R⊥
s (η0), the final state is

plausibly a black hole.

One might object that bremsstrahlung dramatically reduces the kinetic en-

ergy of each of the branes, and hence reduces R⊥
s . However, most of the

bremsstrahlung is very forward, and is contained within a cone of opening an-

23

It would be interesting to understand whether bremsstrahlung affects the closely related pro-
cess of flux discharge by pair production, as described in Refs. [86, 87].
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gle θc ∼ 1/γCOM. Moreover, the bremsstrahlung does not substantially outpace

the D-brane that emitted it: at τ = 0, the longitudinal distance from the horizon

of the moving brane to the leading edge of the radiation it emitted at τ = τbrem

is parametrically smaller than R⊥
s . For b < bint and η0 ≫ 1, one finds from (4.69)

and (4.74) that the majority of the energy radiated forms a thin pancake of trans-

verse size ∼ R⊥
s at τ = 0. Thus, an order-unity fraction of the initial energy of

the system fits inside a region of maximum diameter ∼ R⊥
s .

We summarize the stages of the scattering process as seen from the center

of mass frame in Figure 4.2, and in Figure 4.3 we display the regions of the

parameter space in which our approximations are applicable.

4.4 Dissipation in DBI Inflation

We have shown above that even a small acceleration of an ultrarelativistic D-

brane leads to efficient energy loss through bremsstrahlung. This effect may

alter the dynamics of inflationary models involving relativistic D-branes, most

notably DBI inflation [69, 70] (see also [91]). In this section we will consider the

consequences of bremsstrahlung for the DBI model.

The best-understood realization of DBI inflation involves a D3-brane in a

warped throat region of a compactification, and for concreteness we will re-

strict our attention to this scenario. The idea is that a strong potential impels

the D3-brane to move radially inward, toward the tip of the throat, at a speed

that approaches the local limiting speed. The result is a period of accelerated

expansion, with distinctive signatures in the primordial perturbations.

A D3-brane in a compactification with stabilized moduli experiences a po-

tential induced by Planck-suppressed couplings to the moduli-stabilizing en-

ergy sources. For a D3-brane in a warped throat region — for definiteness, let

us consider a Klebanov-Strassler throat [92] — the structure of this potential is

well-understood [93]. The potential is a function of all six coordinates of the
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throat, and in particular the potential in the angular directions is nonvanish-

ing.24 The characteristic scale of the masses in the radial and angular directions

is the Hubble scale H . For successful DBI inflation, one needs a vastly larger

radial mass, to drive the D3-brane to relativistic speeds. Although such a mass

seems hard to obtain [94] in the moduli potential computed in Ref. [93], for the

present analysis we will grant the existence of a suitable potential in the radial

direction.

In light of our results so far, there are two natural questions concerning

bremsstrahlung in the DBI scenario. First, do the angular forces resulting from

a natural moduli potential necessarily cause the infalling D3-brane to accelerate

transverse to its radial trajectory, and thus to lose a large fraction of its energy

in bremsstrahlung? Second, does the purely radial potential itself lead to signif-

icant bremsstrahlung due to longitudinal acceleration?

To develop intuition for this problem we observe that there is a very well

known electromagnetic analogy: a charged particle accelerated along a curv-

ing trajectory by an electromagnetic field, e.g. in a synchrotron, reaches a max-

imum velocity when the rate of energy loss in synchrotron radiation balances

the energy input from the electromagnetic field. In the DBI example, the curv-

ing trajectory is a consequence of nonvanishing angular gradients of the moduli

potential, which as we explained above are unavoidable in stabilized compacti-

fications. Although the essential physical question is the same, the DBI problem

has important differences from the electromagnetic problem: the object in mo-

tion has spatial extent; the four-dimensional spacetime is expanding; and the

radiation spreads25 in a six-dimensional compact space.

The significance of bremsstrahlung from either transverse or parallel acceler-

24

This can be understood simply on symmetry grounds: the compact bulk cannot respect any
exact continuous isometries, and the corresponding lifting of the isometries that are present in
the noncompact limit leads to angular gradients of the supergravity fields in the throat region.

25

One can check that even the longest wavelengths used in our estimates of the total radiated
power are much smaller than the radius of the extra dimensions.
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ation can be assessed by determining the limiting speed set by radiative losses,

or equivalently the limiting γ factor γbrem, and comparing this to the γ factor γDBI

that is obtained by neglecting radiation. When γbrem ≲ γDBI, bremsstrahlung sets

the most stringent upper limit on the speed, and radiative losses control the dy-

namics. We now consider the transverse and parallel contributions in turn.

4.4.1 Radiation from transverse acceleration

We will write the D3-brane potential in the form [93]

V (r,Ψ) =
m2

DBI

2
ϕ2 + µ4

∑
Q

cQ(ϕ/ϕUV)
∆(Q)fQ(Ψ) , (4.75)

where ϕ =
√
TD3r is the canonically normalized radial field, with r the radial

coordinate; ϕUV is the location of the top of the throat; and Ψ parameterizes the

five angles.

The indexQ represents possible quantum numbers under the angular isome-

tries; ∆(Q) is then related to the corresponding operator dimension, fQ(Ψ) is an

order-unity function of the angles, and cQ is the associated Wilson coefficient.

The first term, m2
DBIϕ

2/2, is a significant mass term that controls the radial evo-

lution. The remaining terms are contributions from sources in the bulk of the

compactification, and the scale µ4 measures the significance of these effects.

We will consider only a single bulk contribution with ∆ = 2,26 writing

V (ϕ, ψ̂) =
1

2
m2

DBIϕ
2 +

1

2
m2

Bψ̂
2 , (4.76)

where ψ̂ = ϕψ is the canonically-normalized field corresponding to the dimen-

26

In the case of the Klebanov-Strassler geometry, there are terms with ∆ = 1 and ∆ = 3/2
that correspond to parametrically stronger angular forces, but for a conservative, general, and
analytically simple estimate we take ∆ = 2.
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sionless angular coordinate ψ, andmB ∼ µ2/ϕUV sets the scale of the bulk effects.

As demonstrated in Ref. [69], the DBI model with a quadratic potential of the

form V (ϕ) = 1
2
m2

DBIϕ
2 leads to prolonged inflation if m2

DBI ≳ gsM
2
p/λ, where

λ is the ’t Hooft coupling. The total number of e-folds that result in such a

potential is [70]

Ne =

√
λm2

DBI

6gsM2
p

. (4.77)

We assume that the massesmB induced by compactification have the natural

scale mB ∼ H ≪ mDBI , where H is the Hubble parameter. (This property has

been checked in a wide range of configurations and is explained in detail in

Ref. [93].) Thus, the angular motion is not heavily damped by Hubble friction,

and the angular acceleration is approximately

a ≈ m2
B ϕ√
TD3γ

. (4.78)

The reader may wonder why the D3-brane does not slide to the minimum

of the angular potential and then proceed radially inward without undergoing

further angular acceleration. The point is that there are many contributions

to the potential that scale differently with the radial coordinate ϕ, so that the

location of the instantaneous minimum in the angular directions depends on ϕ.

Thus, the simple model (4.76) describes the angular potential for a small range

of ϕ, and — unless mB ≳ mDBI , which is uncommon — the D3-brane does not

track the instantaneous minimum of the angular potential. The resulting picture

is rather similar to a wiggler in a synchrotron.

The rate at which bremsstrahlung dissipates energy, for a given Lorentz fac-

tor and transverse acceleration a, is given by (4.28) as

Pbrem = G10T
2
D3γ

10a5 . (4.79)
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For a D3-brane experiencing a quadratic potential in a warped throat, the

Lorentz factor γDBI is given, for Ne ≫ 1, by [69, 70]

γ2DBI ≈
4

(2π)3
N2

e

(
Mp

ϕ

)4

. (4.80)

The maximum rate at which the radial potential can supply kinetic energy is

Pinfall = ϕ̇ ∂ϕV , (4.81)

while the speed limit set by the DBI kinetic term is

ϕ̇max =
ϕ2

√
λ
g1/2s (2π)3/2 , (4.82)

where we use the conventions of Ref. [95] for the DBI Lagrangian. Thus,

Pinfall =
m2

DBIg
1/2
s (2π)3/2√
λ

ϕ3 . (4.83)

We would like to understand whether, for some values of the parameters,

Pbrem is comparable to Pinfall, so that losses to bremsstrahlung can equal or ex-

ceed the rate of energy input from the gradient of the radial potential. For this

purpose, it will prove useful to incorporate the COBE normalization, in order to

specify the inflationary Hubble scale H in terms of the remaining parameters.27

One can show that (see e.g. Ref. [95])

H

Mp

=
4π

γ ϕ
·
√
PR , (4.84)

where PR = 25
4
· (1.91 · 10−5)2.

27

Our goal is to give a parametric description of dissipation in the DBI scenario, not to specify
choices of microphysical parameters that are consistent with all observations. Nevertheless, it is
sensible to use the COBE normalization in order to set the inflationary scale in the general range
that is appropriate for a large-field model.
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Now, setting mB ≈ H and using (4.78) and (4.84) in (4.79), and combining

this result with (4.83), (4.80), and (4.77), we find that Pbrem(ϕ) ≈ Pinfall(ϕ) for

ϕ ≲ ϕ⋆, where

ϕ⋆ = 4 · 1011 · N
7/2
e

g
1/2
s α′5/2M4

pλ
3/4

. (4.85)

Because Pbrem,trans ∝ ϕ5 and Pinfall ∝ ϕ3, the dynamics is controlled by

bremsstrahlung for ϕ ≳ ϕ⋆, while for ϕ ≲ ϕ⋆ bremsstrahlung can be neglected.

Because of the large prefactor, ultimately arising from the COBE normalization

(4.84), we easily see that (4.85) does not present a meaningful constraint on the

DBI scenario. In short, angular forces of the natural magnitude do lead to dis-

sipation through radiation from transverse acceleration, but this dissipation is

generally small compared to the energy supplied by the steep radial potential.

4.4.2 Radiation from longitudinal acceleration

Having seen that angular forces of the natural scale expected in a stabilized com-

pactification do not lead to dramatic losses due to transverse acceleration, we

now turn to a very similar analysis for losses due to longitudinal acceleration.

At first sight one might expect radiation from transverse acceleration to pro-

vide the dominant loss mechanism, and this expectation would be correct if the

radial and angular forces were comparable. However, in the DBI scenario the

radial potential is necessarily rather steep compared to the natural scale (which

is the Hubble scale H), and in fact we will find that longitudinal acceleration

leads to substantial losses.

We now have a purely quadratic potential,

V (ϕ) =
1

2
m2

DBIϕ
2 , (4.86)

leading to the acceleration

a ≈ m2
DBI ϕ√
TD3γ3

. (4.87)
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Using our result (4.50) for the power radiated28 in longitudinal acceleration, we

have

Pbrem = G10T
3/2
D3 γ

45/2a7 . (4.88)

As in the case of transverse acceleration, Pbrem,long. ∝ ϕ5 and Pinfall ∝ ϕ3, but now

the overall magnitude of the radiated power is larger: we find that Pbrem,long. ≈
Pinfall at

ϕ⋆ ≈ 2 · 10−8 · λ11/2

π37/4g
19/2
s α′8M15

p N
27/2
e

. (4.89)

Radiation from longitudinal acceleration controls the dynamics for ϕ ≳ ϕ⋆.

We conclude that a systematic treatment of bremsstrahlung is a prerequisite

for a reliable computation of the trajectory at ϕ ≳ ϕ⋆. On the other hand, neglect-

ing bremsstrahlung is not necessarily consistent in the complementary regime

ϕ ≲ ϕ⋆: in obtaining (4.89) we did not solve the fully backreacted equations of

motion, and our estimates of radiated power were conservative throughout.

4.4.3 Constraints from bremsstrahlung

Thus far our calculation has not depended on specific properties of the com-

pactification: we have simply assumed that the radial and angular potentials

are quadratic, and used the natural relation mB ≈ H . However, it is very in-

structive to impose the microphysical constraints that arise in a warped throat

region: in particular, the maximum value ϕUV of the ϕ coordinate can be related

to the volume of the compactification. Following Ref. [95], we write the total

warped volume Vα′3 of the compactification as

Vα′3 = (V w
6 )throat + (V w

6 )bulk ≡ (1 + σ)(V w
6 )throat = (1 + σ)

N

4
G10 ϕ

2
UV , (4.90)

28

Recall that (4.50) is a conservative estimate that includes only that portion of the radiated
power that is well-described by classical emission.
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where N is the D3-brane charge of the throat. Moreover, we have the usual

relation M2
p = Vα′3/G10, with

G10 =
1

2
(2π)7g2sα

′4 , (4.91)

so that

M2
p = (1 + σ)

N

4
ϕ2

UV . (4.92)

Finally, in a Klebanov-Strassler throat, we have λ = 27
4
πgsN . Combining the

above results, the critical location ϕ⋆ can be expressed in the form

ϕ⋆

ϕUV
≈ 1037 · g

12
s N

6(1 + σ)1/2

N
27/2
e V8

, (4.93)

and we remind the reader that ϕ⋆

ϕUV
corresponds to the warp factor at the location

ϕ = ϕ⋆. As an example, taking the conservative values29 gs = 0.5, Ne = 60,V =

1000, N = 100, and σ = 10, we find ϕ⋆/ϕUV ≈ 8 ·10−3. In this case the warp factor

decreases by about two orders of magnitude before the (instantaneous) effect of

bremsstrahlung can be neglected as a correction to the dynamics. Moreover,

even for ϕ ≪ ϕ⋆ the actual trajectory will differ from that computed by neglect-

ing dissipation: the velocity at ϕ⋆ is diminished by the history of dissipation.

We conclude that for DBI inflation driven by a quadratic potential in a

warped throat region, bremsstrahlung can provide a significant dissipative ef-

fect. In some parameter regimes this presents a strong constraint, while in others

it is self-consistent to neglect radiative losses.

29

Evidently, at weak coupling and large volume, holdingN fixed, the impact of bremsstrahlung
is dramatically increased.
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4.5 Conclusions

We have shown that in the ultrarelativistic limit, D-brane scattering involves

extremely rapid dissipation via bremsstrahlung of massless closed strings. The

initial trigger for this process is the velocity-dependent force arising from closed

string exchange. Except in special cases, the density of open string pairs remains

small, with nearly all the initial energy lost to bremsstrahlung.

In the course of our analysis, we characterized radiation from a k-

dimensional extended object undergoing relativistic accelerated motion in an

even-dimensional background spacetime. We obtained a lower bound on the

rate of energy loss in this system due to bremsstrahlung, and we determined

the critical Hagedorn acceleration beyond which the power radiated from a D-

brane diverges due to emission of massive closed strings.

The intense dissipation experienced by ultrarelativistic D-branes has impli-

cations for cosmological models involving D-brane motion. We have shown

that bremsstrahlung provides a drag force in DBI inflation [69, 70], and that in

reasonable compactifications this effect can significantly alter the cosmological

evolution. It would be worthwhile to understand the implications of our results

for models involving repeated interactions, such as trapped inflation [96] or un-

winding inflation [87], which yield novel contributions to the primordial scalar

and tensor perturbations (see also Refs. [97, 98, 99, 100, 101]). When the scatter-

ing events are relativistic, bremsstrahlung will very plausibly increase the rate

of energy loss, and could lead to modified signatures.
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APPENDIX

4.A Energy Loss from Open String Pair Creation

In this appendix we review the production of open strings in relativistic D-brane

scattering, following Ref. [68]. Considering D-branes on fixed trajectories and

neglecting losses to bremsstrahlung, we obtain the pair production rate and the

time τopen at which the energy stored in open string pairs is comparable to the

initial kinetic energy. As |τopen| ≪ |τbrem|, bremsstrahlung takes effect at para-

metrically larger distances than those relevant for open string pair creation, so

that it is consistent to neglect open string pair production for most of the scatter-

ing process, as we have done in the main text. Even so, open string pairs may

become significant near the time of closest approach, for certain initial condi-

tions.

We stress that neglecting closed string radiation is not generally a consistent

approximation. With radiation losses turned off, relativistic scattering induces

exponentially large densities of open strings [68], but on trajectories decelerated

by bremsstrahlung, radiation of closed strings can absorb energy so quickly that

a dense population of excited open strings never arises. Nevertheless, focusing

on open strings alone allows us to place an upper bound on the rate of energy

loss to open strings, which is required to establish the consistency of the approx-

imation of neglecting open string pair production that was made in §4.3.

We begin by examining the imaginary part of the amplitude (4.57), following

Refs. [66, 67, 68]. First, we evaluate the integral over the complex t plane [67]:

Im(A) = 2π
∑
j

Resj∈N

[
VDp

j

(
8π3α′j

η

)−p/2

e
− jb2

2ηα′ θ11(j/2, ijπ/η)
4

θ11(j, ijπ/η)ηD(ijπ/η)9

]

=
VDp

(2π)p

∞∑
j=1,3,...

1

j

(
η

2πjα′

)p/2

exp
(
− b2j

2α′η

)θ410 (0, iπjη )
η12D

(
iπj
η

) . (4.94)
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Recognizing the final ratio as the partition function Z as in Ref. [68],

Z
(
i
jπ

η

)
=
θ410

(
0, iπj

η

)
η12D

(
iπj
η

) =
∞∑
n=0

N(n) exp
(
−2π2nj

η

)
, (4.95)

we can write Im(A) in the suggestive form

Im(A) =
VDp

(2π)p

∞∑
j=1,3,...

1

j

(
η

2πjα′

)p/2 ∞∑
n=0

N(n) exp

(
−2π2

η
j

[
b2

4π2α′ + n

])
.

(4.96)

This expression is reminiscent of Schwinger’s famous formula [102] for the rate

at which electron pairs are produced in a constant electric field, with two nov-

elties: (4.96) contains a sum over the string level n, weighted by the degeneracy

N(n); and the factor of η in the exponential is suggestive of relativistic correc-

tions to the mass of the produced pairs. To make this point precise, and to

obtain the instantaneous rate30 of pair production of massive open strings, we

will relate the total pair production derived from the annulus calculation, (4.94),

to the corresponding result in quantum field theory, where the instantaneous

pair production rate can be computed by standard methods. Thus, the idea is

to describe open string pair production in the field theory arising from level

truncation. The primary subtlety that arises is that the mass spectrum of open

strings stretched between D-branes in relativistic relative motion is rescaled in

comparison to the spectrum of open strings stretching between D-branes at rest.

We now proceed to a careful treatment of this point, building on and extending

the results of Ref. [68].

Consider the field theory described by the Lagrange density

L =
1

2
∂µϕ∂

µϕ̄+
1

2
∂µχ∂

µχ̄− 1

2
m2

χχχ̄ . (4.97)

30

One might be tempted to state that by the optical theorem, the rate of production of open
strings stretched between the two branes is related to Im(A). In fact, because of the Wick rotation
relating branes in motion to branes at a complex relative angle, Im(A) is related to the total
number of strings produced in the scattering process, rather than to the rate of production.
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A mode uk with momentum k obeys the wave equation

[
∂2t + k2 +m2

χ

]
uk = 0 . (4.98)

To represent the string spectrum, we consider a collection of fields χn, with

mχn =

(
|ϕ|2

4π2α′2 +
n

α′

)
, (4.99)

where ϕ(t) = ib + vt, and we take the number of fields χn at level n to be N(n).

We will take the χn to interact much more strongly with ϕ than with each other,

so that the pair production rates of each species are simply additive. For any

finite maximum level nmax, this quantum field theory corresponds to the level-

truncated string field theory whose mass spectrum is that of open strings be-

tween Dp-branes at rest at separation b.

With some foresight, we now introduce the rescaling

k2 +m2
χn

→ v2

η2
(
k2 +m2

χn

)
. (4.100)

We can now use the WKB approximation to find an approximate solution to the

rescaled wave equation, for a given n:

uink ∝ exp

[
−i
∫
t

v

η

√
k2 +

(
b2 + v2t′2

4π2α′2 +
n

α′

)
dt′

]
, (4.101)

where the integral is taken over a large semicircle below the real axis in the

complex t′ plane. The integral in the exponential determines the ratio of the

reflected and transmitted amplitudes, corresponding to the particle density nk.

At large t we can expand,

v

η

√
k2 +

b2 + v2t′2

4π2α′2 +
n

α′ ∼
v2t′

2πηα′ +
π

ηt′

(
k2α′ +

b2

4π2α′ + n
)
. (4.102)
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For a single species, this gives (see Ref. [103] for a more detailed treatment of

this point)

nk = exp

(
−2π2

η

[
k2α′ +

b2

4π2α′ + n

])
. (4.103)

Including the level degeneracy N(n), the total number of particles in p dimen-

sions is thus

Ntot =
∞∑
n=0

N(n)
1

(2π)p

∫
dpk nk

=
1

(2π)p

( η

2πα′

)p/2 ∞∑
n=0

N(n) exp

(
−2π2

η

[
b2

4π2α′ + n

])
. (4.104)

This field-theoretic result agrees precisely with the j = 1 term of the string the-

ory result (4.96). The terms at higher j in (4.96) correspond to multi-instanton

effects (see e.g. Ref. [104]), and can likewise be obtained in field theory, though

we will not do so here.

We therefore conclude that the result of (4.96) for open string pair production

in relativistic D-brane scattering is simply described by summing field-theoretic

results over the accessible species of open strings, provided that we use correct

spectrum of string states. Namely, the rate given in (4.96) is precisely repro-

duced in a field theory in which the energies of excited open strings are sup-

pressed according to the rescaling of the effective energy31

E(n)2 =
v2

η2

(
n

α′ +
b2 + v2τ 2

4π2α′2

)
, (4.105)

so that pair production of highly-excited strings is substantially enhanced com-

pared to a naive computation based on the spectrum of strings stretched be-

tween branes at rest [68]. The rescaling (4.105) can also be understood in the

T-dual picture of open strings in an electric field, as reviewed in Ref. [105].

31

This result is stated incorrectly in the JHEP version of Ref. [68], but is stated correctly in the
arXiv version. We thank M. Kleban for drawing our attention to this discrepancy.
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We remark that the energy given in (4.105) corresponds to the energy of an

open string as measured in the fixed target frame in which one of the branes is

at rest, just as the time variable τ measures the time in that frame — this can

be checked in the T-dual electric field picture. This leads to a correction to the

stopping length computed in Ref. [68], but the main conclusions of Ref. [68] are

unchanged.

Equipped with the total amount of string production, we now turn to de-

termining the time-dependent production rate that is consistent with the total

string production (4.94) and with the non-adiabaticity ξ ≡ ω̇/ω2. The idea is to

write a physically-motivated model of the time-dependence and verify numer-

ically, in the quantum field theory case where time-dependent production can

be computed directly, that the model gives dynamics in good agreement with

the full treatment. Following Ref. [68], we write

Im(A) =

∫ ∞

−∞
dτ ζξ2(τ)

v

2π

VDp

(2π)p

∞∑
j=1,3,...

1

j

(
η

2πj

)(p−1)/2

×

× exp
(
−(b2 + v2τ 2)j

2η

)θ410 (0, iπjη )
η12D

(
0, iπj

η

)
≡

∫ ∞

−∞
dτ Γprod(τ) , (4.106)

where a Gaussian dependence on the separation and a quadratic dependence on

the non-adiabaticity parameter ξ = ω̇/ω2 were introduced. The normalization

constant ζ can be determined by stipulating that the total amount of open string

production agrees with the annulus calculation.

As explained above, bremsstrahlung leads to rapid deceleration even at

large distances, so that a D-brane pair undergoing scattering will generally have

a nonrelativistic relative velocity by the time that the separation is small enough

for open string pair production to be relevant. For the remainder of this ap-

pendix we therefore focus on open string pair production in the case η ≪ 1.
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(The case η ≫ 1 is treated in Ref. [68].) Using the asymptotic relation

θ410 (0, is)

η12D (is)
= 16 +O(e−2πs) (4.107)

for s≫ 1, the production rate Γprod(τ) may be written as

Γprod(τ) ≈ ζξ2(τ)
16VDp

(2π)p

( v
2π

)(p+1)/2

exp
(
−b

2 + v2τ 2

2v

)
for η ≪ 1 . (4.108)

Knowing the production rate of open strings, it is straightforward to obtain the

rate at which open string production absorbs energy. The open string number

density and energy density are related by [68]

ρopen ≈
√
b2 + v2τ 2

2πη
νopen for

√
b2 + v2τ 2 ≫ η . (4.109)

Using (4.108) and (4.109) we find that the rate of change of the energy in open

strings is

ρ̇prod ≈ ζξ2(τ)π4

(2π)(3p+3)/2

√
b2 + τ 2 η(p−11)/2 exp

(
η − b2 + τ 2

2η

)
for

√
b2 + v2τ 2 ≫ η .

(4.110)

Strong evidence for the energy loss rate given in (4.108) comes from comparing a

simulation based on (4.108) to a simulation that directly incorporates the instan-

taneous production rate, as in Ref. [103]. We display the resulting trajectories,

which agree very well over many orbits, in Figure 4.A.1.

The open string production rate given (4.108) is strictly applicable only for

trajectories with constant rapidity: when η varies with time, the T-dual config-

uration used in the derivation of the annulus amplitude no longer involves a

constant angle. However, Figure 4.A.1 shows that interpreting (4.108) as a func-

tion of varying η is an excellent approximation in the corresponding field theory

model, and we expect it to be applicable in level-truncated string field theory as

well.
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Figure 4.A.1: Plot of the D-brane trajectories for the initial conditions v0 = −1, x0 = 10,
y0 = 0.3, g =

√
20. The blue curve is the QFT solution from Ref. [103], and the red curve

is the solution obtained from the analytical model, (4.110), of the rate of energy loss to
open strings.

In scattering processes that lead to production of a high density of excited

open strings, the late-time dynamics is not amenable to analytic treatment: the

full problem involves quantum production, cascade decay, and annihilation of

a diverse population of open strings, as well as the growth of spatial inhomo-

geneities. Moreover, the angular momentum stored in open strings can have a

significant impact on the evolution. A rough expectation is that the D-branes

will initially enter an elliptical orbit, but the orbital timescale is often much

longer than the Jeans time, so that the homogeneous approximation fails before

many orbits are completed. This is a system similar to Branonium, as described

in Ref. [106], with the addition of a high density of strings stretched between the

branes.

Thus far we have assumed that open string pair production can be described

as a spatially homogeneous process, but a finite density of pairs necessarily

involves inhomogeneities on short lengthscales. Consider the nucleation of a

single open string pair at a given location on an initially homogeneous Dp-

brane that is moving relativistically toward another Dp-brane, which we take

to be fixed. The creation of the open string pair absorbs momentum from a

small patch of the moving Dp-brane, so that the Dp-brane cannot remain spa-

tially homogeneous. The resulting acceleration triggers bremsstrahlung, induc-
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ing further deceleration, so that a roughly spherical shock-wave of acceleration

and bremsstrahlung propagates outward (within the p spatial dimensions of the

brane) from the nucleation point. Recalling that the critical acceleration given

in (4.56) is aH = (2
√
2πγ3)−1, which is very small in string units for an ultra-

relativistic D-brane, we find that the creation of an open string pair leads to

an expanding shock that may be strong enough to trigger emission of massive

closed strings. A proper treatment of inhomogeneous pair creation would be

interesting, but is beyond the scope of this work.

4.B Critical Frequency for D-dimensional Synchrotron Radia-

tion

In this appendix we give a few details of the calculation of the critical frequency

ωc for scalar and vector32 synchrotron radiation in a spacetime of even dimen-

sion D. We will show that for γ ≫ 1 the critical frequency ωc does not depend

on the spacetime dimension D. Our analysis closely follows Ref. [79], where the

special case D = 4 was considered.

The wave equation for a massless scalar ϕ with coupling αD to the stress-

energy of a source takes the form

□ϕ(xµ) = αDT . (4.111)

The field ϕ can be written as (see Ref. [107])

ϕ(t, r, θi) =
∞∑

ℓ1=0

ℓ1∑
ℓ2=0

...

ℓD−4∑
ℓD−3=0

ℓD−3∑
m=−ℓD−3

∫
dω ϕℓ1...ℓD−3m(r)Hℓ1...ℓD−3m(θ1, ..., θD−2)e

−iωt ,

(4.112)

where θi are the D−2 angular directions {θi ∈ [0, 2π) ∀ i < D−2, θD−2 ∈ [0, π)},

32

An explicit calculation of the tensor spectrum of an ultrarelativistic particle in a spacetime of
arbitrary dimension D is beyond the scope of this work.
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and Hℓ1...ℓD−3m are hyperspherical harmonics on SD−2. The D-dimensional

d’Alembertian is

□ = − ∂2

∂t2
+ r2−D ∂

∂r

(
rD−2 ∂

∂r

)
+

1

r2
∆SD−2 , (4.113)

where the hyperspherical harmonics satisfy ∆SD−2Hℓ1...ℓD−3m = −ℓ1(ℓ1 + D −
3)Hℓ1...ℓD−3m. Using the substitution ϕℓ1...ℓD−3m = uℓ1...ℓD−3m/r

(D−2)/2, the equation

of motion for the Fourier components takes the form

(
∂2r + ω2 − U(r)

)
uℓ1...ℓD−3m = 0 , (4.114)

for r > r0, where ω2 = m2ω2
0 = m2v2/r20, and

U(r) =
ℓ1(ℓ1 +D − 3)

r2
+

(D − 4)(D − 2)

4r2
. (4.115)

Our goal is to obtain the critical frequency ωc above which the spectrum falls off

exponentially, and we therefore take m≫ 1. A solution at r0 can be obtained by

the WKB method (for ω ≫ ω0):

uℓ1...ℓD−3m(r0) =
1√

U(r0)− ω2
exp

(
−
∫ r+

r0

dr
√
U(r)− ω2

)
, (4.116)

where r+ is the classical turning point: U(r+) = ω2. The radiated power is

related to u(r) by P ∝ |u(r0)|2, so that the leading exponential dependence of

the power spectrum is given by

dP

dω
∝ exp

(
−2

∫ r+

r0

dr
√
U(r)− ω2

)
. (4.117)

It remains to evaluate the integral in order to find ωc. We can solve U(r+) = ω2

for r+:

r+ ≈ r0
v

√
2ℓ1 +D/2− 2

m
− 1 + . . . (4.118)
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(note that ℓ1 ≥ m and m≫ 1, so r+ is real). Using this result in

∫ r+

r0

dr
√
V (r)− ω2 ≈ 1

2
(r+ − r0)

√
V (r0)− ω2 , (4.119)

we conclude that for ℓ1 ≫ 1 and m ≫ 1, the leading contribution to the critical

frequency ωc is independent of the dimension D. Thus, in the relativistic limit the

critical frequency for radiation by a point particle is given by

ωc = ω0γ
3 +O

(
(D − 3)ω0γ

2
)
, (4.120)

and the leading term takes the same form as in four-dimensional electromag-

netism.
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CHAPTER 5

ON GAUSSIAN RANDOM SUPERGRAVITIES

Abstract1

We study the distribution of metastable vacua and the likelihood of slow roll inflation

in high dimensional random landscapes. We consider two examples of landscapes: a

Gaussian random potential and an effective supergravity potential defined via a Gaus-

sian random superpotential and a trivial Kähler potential. To examine these landscapes

we introduce a random matrix model that describes the correlations between various

derivatives and we propose an efficient algorithm that allows for a numerical study of

high dimensional random fields. Using these novel tools, we find that the vast majority

of metastable critical points inN dimensional random supergravities are either approx-

imately supersymmetric with |F | ≪Msusy or supersymmetric. Such approximately su-

persymmetric points are dynamical attractors in the landscape and the probability that

a randomly chosen critical point is metastable scales as log(P ) ∝ −N . We argue that

random supergravities lead to potentially interesting inflationary dynamics.

5.1 Introduction

String theory is the leading candidate for a fundamental theory to describe the

universe we observe. It is crucial that a successful UV theory allows for a so-

lution that is consistent with both historical and current observations. In par-

ticular, the universe appears to have evolved to its current state via a period of

accelerated expansion [108, 109, 110]. The low energy effective theory of string

theory is supergravity. Therefore, it is natural to ask whether a generic four di-

mensional supergravity theory can account for a small positive vacuum energy

and a period of cosmic inflation.

1

This chapter is published as T. C. Bachlechner, “On Gaussian Random Supergravity,” JHEP
1404, 054 (2014) [arXiv:1401.6187 [hep-th]], reprinted with permission.
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The explicit construction of a representative ensemble of low energy theo-

ries directly from string theory is still in the distant future. In order to study

a large, perhaps even representative, class of supergravity theories we divert

to an alternate approach governed by universality. In particular, the idea of a

potential landscape in high dimensional field space marked the beginning of

the study of statistical properties in low energy effective theories that originate

from some unknown UV physics [111, 53, 112, 113, 94]. Effective field theo-

ries arising from string theory typically involve N ≫ 1 scalar fields that en-

ter as moduli of the internal manifold. In such high dimensional field spaces

one expects central limit behavior leading to low energy observables that are

largely independent of the detailed UV physics. A number of works have taken

advantage of universality in Wilsonian effective theories. Some examples are

Refs. [114, 115, 116, 117, 111, 53, 118, 94, 119, 36, 120, 121, 122, 123, 124], in which

a varying degree of structure from the underlying UV theory was taken into

account.

In this work we continue the quest to describe both the local and global prop-

erties of random four dimensional N = 1 supergravity theories with a large

number N of complex scalar fields. In the past, statistical properties of super-

gravity theories were primarily studied locally [116, 111, 53, 36, 121, 42, 125,

126]. The investigation of properties beyond isolated points in random land-

scapes, such as inflationary trajectories, was limited to a discrete choice of the

potential and a small number of active fields, which obscured the structure of

the effective supergravity potential. In this work we take a step towards describ-

ing local and global properties of high dimensional random supergravities, both

analytically and numerically. We consider two types of random landscapes: the

first landscape consists of a Gaussian random potential that is divorced from

any underlying supergravity theory, while the second landscape is what we call

a Gaussian random supergravity. The Gaussian random supergravity we con-

sider arises by considering a superpotential comprised of a Gaussian random

field while restricting to flat field space. Our ultimate goal is to understand

the distribution of metastable vacua and properties of inflationary trajectories
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in high dimensional random supergravities.

Before we continue let us pause to precisely define the types of questions

one may be interested in when discussing the vacuum distribution of random

landscapes. Bousso and Polchinski observed in Ref. [115] that the possibility

to choose fluxes in the internal manifold leads to a vast ensemble of potential

landscapes2. Assuming flux quanta N i ∈ Z, where i = 1. . . . , K and some ef-

fective metric gij on moduli space the landscape can be schematically written as

[115, 112]

VN⃗ = V0(ϕ⃗) +
∑
i,j

gij(ϕ⃗)N
iN j . (5.1)

Assuming that each potential, corresponding to a unique choice of flux, has a

minimum value at ϕ⃗∗, it is easy to see that the number of vacua with vacuum

energy less than Λ∗ is given by the number of flux lattice points within a sphere

of radius R2 = |V0|+Λ∗. Thus, the distribution of cosmological constants scales

exponentially with K [112]. By this logic, string theory is consistent with an ex-

ponentially large number of vacua that can in principle account for the observed

fine-tuning of the cosmological constant. The Bousso-Polchinski argument is a

statement about the ensemble of landscapes consistent with string theory (dif-

ferent flux choices) while referring only to local properties (the assumed exis-

tence of one vacuum). Note however that this argument counted potentials and

assumed the existence of one (metastable) vacuum at ϕ⃗∗. A metastable vacuum

is a critical point at which the Hessian matrix is positive definite. Therefore, a

more complete analysis should consider the fluctuation probability of Hessian

eigenvalues at critical points to compute the relevant probability

Pensemble(metastable c.p.) =
⟨P (metastable c.p.)⟩

⟨P (c.p.)⟩
, (5.2)

where ⟨. . . ⟩ indicates the ensemble average. That is, Pensemble(metastable c.p.) is

the probability that a randomly chosen critical point from a randomly chosen

2

See also Ref. [114] for a different approach to obtain a small quantized unit in the effective
cosmological constant.
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landscape is metastable. This quantity is a local property of the ensemble as

only one point for each landscape is considered and the global structure (the

existence of nearby vacua) is irrelevant. The study of local properties is relevant

to answer the question of whether the Bousso-Polchinski argument in principle

can account for the vast fine-tuning of the cosmological constant. However,

such an approach does not yield any information about the vacuum distribution

in a single realization of the landscape. Therefore, another important quantity

is the abundance of metastable critical points for one particular flux choice. We

can define

Pflux(metastable c.p.) =
⟨# of metastable c.p.⟩

⟨# of c.p.⟩
, (5.3)

where again ⟨. . . ⟩ indicates the ensemble average but now all critical points

within a single landscape (i.e. single choice of flux) are counted. Furthermore,

for both definitions of the metastability probability we can impose specific con-

straints. In particular we will focus on three cases: P generic gives the probability

that a generic critical point is metastable, P approx. SUSY gives the probability that

a critical point in the regime of approximate supersymmetry is metastable and

P susy gives the probability that a supersymmetric point is metastable. Having

defined the meaning of metastability we point out that in this work we only con-

sider ensemble probabilities of metastability, defined in Eq. (5.2). The methods

introduced in this work yield powerful tools to study the global metastability

properties for a single flux choice and it will be interesting to investigate those

properties in future work.

We develop and apply two separate sets of tools: a local random matrix

description for random potentials and a novel, efficient method for the simula-

tion of high dimensional random fields. A key observation is that the various

derivatives of random fields are correlated. This correlation strongly affects the

statistical properties of the resulting landscape. In Ref. [36] it was observed

that the probability for metastability at generic points in a random supergravity

scales as

log[P
generic
ensemble(metastable c.p.)] ∝ −N2 , (5.4)
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which led to the conclusion that a vanishingly small fraction of generic critical

points are metastable vacua. However, if there exists some non-generic class

of critical points that has a larger probability for metastability, this species may

dominate the ensemble of metastable points. Indeed, in this work we find that

due to a particular correlation between the potential and the Hessian matrix, the

probability for metastability approaches unity for relatively low lying critical

points. This correlation is described by an intuitive statement: minima are low,

maxima are high and saddles are at generic positions. The matrix description

we introduce yields statistical properties that remain valid at non-generic points

and thus allows for a detailed study of the ensemble of metastable vacua. In

order to understand consequences for inflationary physics we propose a method

to simulate high dimensional Gaussian random fields. The tools presented in

this work will enable an efficient study of high dimensional random landscapes,

including landscapes with non-trivial field space geometries.

We find that the stability of critical points depends on the relative sizes

of supersymmetry breaking and supersymmetric masses, in agreement with

Ref. [36]. Furthermore, we find that at generic points where supersymmetry

is badly broken metastability is unlikely. However, points of approximate su-

persymmetry are dynamical attractors where the probability for metastability is

dramatically increased, yet still small. This provides an interesting mechanism

for a decreasing vacuum energy as a metastable vacuum is approached. For the

inflationary slow roll parameters we find ⟨ϵ⟩ ∼ ⟨η⟩ ∼ M2
Pl/Λ

2
h, where Λh is a

horizontal scale in the superpotential. The landscape is schematically depicted

in Figure 5.1.

The organization of this paper is as follows. In §5.2 we begin by defining a

Gaussian random landscape and a Gaussian random supergravity. These land-

scapes require a detailed understanding of the statistical properties of Gaussian

random fields. Therefore, in §5.3 we introduce a random matrix description of

the various derivatives in Gaussian random fields and propose a novel mech-

anism for their numerical simulation. In §5.4 we apply these new tools to a

simple ensemble of Gaussian random supergravities and study the distribution
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Figure 5.1: Schematic depiction of the effective potential over a path starting at a
generic point leading into a metastable minimum.

of metastable vacua. We discuss the possibility of slow roll inflation in the su-

pergravity models in §5.5. We conclude in §5.6.

5.2 Landscaping Effective Field Theories

In this section we will discuss two examples of random potentials that arise in

effective field theories. In §5.2.1 we define an effective potential that is a Gaus-

sian random field and briefly discuss some previous studies of similar land-

scapes. In §5.2.2 we define a random landscape originating from four dimen-

sional N = 1 supergravity with a Gaussian random superpotential.

Ultimately, we will be interested in statistical properties of the effective

potential to study possible inflationary consequences and the distribution of

metastable vacua. In order to simplify the study of Gaussian supergravities we

discuss how the effective potential at generic points is related to a simple Gaus-

sian random field.
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5.2.1 A Gaussian random landscape

On general grounds, any potential for N canonically normalized scalar fields

can be written in the form

V (ϕ⃗) = V0 + Λ4
vf

(
ϕ⃗

Λh

)
, (5.5)

where f is a dimensionless real function. In general, f is not restricted to be

of order one. However, in the absence of any additional known structure it is

common to constrain f to be of order one such that Λ4
v represents the vertical

scale of a random potential, centered around some mean V0 [117, 127, 119, 123].

It remains an open question as to what the expected mean and energy scales

of a generic low energy effective potential are. In particular, it is not clear if V0
scales with the number of fields. While in most of the literature ⟨V ⟩ ≪ Λ4

v is

assumed, this choice is far from obvious. Naively, one might expect ⟨V ⟩ ∼ Λ4
v ≲

M4
Pl. However, in a Wilsonian effective quantum theory V0 is a renormalized

quantity that receives contributions from all masses in the theory. Therefore, if

we consider a theory with N species, it is not obvious that the expected value

of V0 is N independent. For example, Dvali et al. argue in Refs. [128, 129] that a

theory with a large number of species at scale Λ is technically unnatural unless

M2
Pl ≳ NΛ2 . (5.6)

In this work we leave V0 as a free parameter that may depend on the number

of fields N . This choice will become clear once we consider effective potentials

arising from random supergravities. In these theories of local supersymmetry

we will observe that the mean potential at a generic point scales with the num-

ber of fields: V0 ∝ N .

While the precise form of the potential is determined at high energies, it is

essentially a random function at low energies. In the absence of any further

information we are free to choose a landscape that is described by a stationary,
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isotropic Gaussian random field:

⟨V (ϕ⃗)⟩ = V0 (5.7)

⟨(V (ϕ⃗)− V0)(V (ϕ⃗′)− V0)⟩ = c(|ϕ⃗− ϕ⃗′|) , (5.8)

where c(|ϕ⃗− ϕ⃗′|) is the covariance function, determining the correlations within

the landscape. Although most results will generalize to more general cases we

choose to consider a Gaussian covariance function in this work:

c(|ϕ⃗− ϕ⃗′|) = Λ8
ve

−|ϕ⃗−ϕ⃗′|2/Λ2
h . (5.9)

Gaussian random fields are often expressed in terms of a superposition of

Fourier modes [127, 119, 123]. We find such a representation impractical. To

evaluate statistical properties analytically, the defining relations in Eq. (5.7) are

sufficient and easy to work with. More importantly, any decomposition in terms

of Fourier modes on a lattice of size L of dimension N requires on the order of

LN evaluations to obtain a numerical result. This is clearly impractical for the

high dimensional potentials that we are interested in. Instead, in §5.3.3 we pro-

pose different tools to study high dimensional Gaussian random fields numeri-

cally, without referring to a Fourier decomposition on a lattice.

The choice of the landscape as a Gaussian random field with covariance (5.9)

leaves us with three free parameters that define the ensemble of potentials: the

mean of the potential V0, the horizontal scale Λh and the vertical scale Λv. In

this work we will explore the distribution of metastable vacua and consider the

likelihood of inflation in Gaussian random landscapes, depending on the three

scales. To implement such a study we will develop the required tools in §5.3.

127



5.2.2 Defining a Gaussian random N = 1 supergravity

In the previous section we defined a landscape consisting of a Gaussian random

field. In this section we discuss a landscape arising from the F-term potential of

four dimensional N = 1 supergravity with N complex scalar fields.

The F-term potential is given by

V = eK/M2
Pl

(
FaF̄

a − 3

M2
Pl

|W |2
)
, (5.10)

where a = 1, . . . , N labels the fields and Fa = DaW = (∂a +Ka/M
2
Pl)W . Deriva-

tives of the Kähler potential are written as ∂aK = Ka and the Kähler metric is

given by ∂a∂b̄K = Kab̄. Furthermore, we define the matrices of second and third

derivatives as

Zab ≡ DaFb and Uabc ≡ DaDbFc . (5.11)

The F-term potential is fully defined in terms of the holomorphic superpotential

and the Kähler potential, which we now address in turn.

While we are mostly agnostic about the UV physics that leads to the ensem-

ble of effective supergravities, we now motivate the choice of superpotentials by

considering N = 1 supersymmetric Calabi-Yau flux compactifications in type

IIB string theory. The flux superpotential is linear in the flux and can be written

as [130, 116]

W (ϕ) =

∫
M

Ω ∧G3 = N ·Π(ϕ) , (5.12)

where Π are the periods of the holomorphic three form Πα =
∫
Σα

Ω and N are

the flux quanta. In explicit examples the periods Π can be computed. However,

when considering a large number of contributions, the superpotential W (ϕa) is

composed of a large number of essentially random terms and will obey central

limit behavior, such that the distribution of W can be approximated by a Gaus-

sian random variable3. Therefore, we propose to model the superpotential as a

3
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Gaussian random field defined by

⟨W (ϕ)⟩ = W0

⟨(W (ϕ)−W0)(W (ϕ̄′)−W 0)⟩ = c(ϕ, ϕ′)eK/M2
Pl , (5.13)

where the first factor on the right hand side defines the correlation function

and the second factor ensures the correct behavior of the superpotential under

Kähler transformations4. The model of the superpotential in Eq. (5.13) deserves

some discussion. First, the hope is to interpret the ensemble of superpotentials

as effective data arising from UV physics. A stationary Gaussian random field is

the appropriate description of a random process that at each point is described

by a Gaussian random variable of constant mean. However, if the UV physics

gives rise to heavy tails in the data the central limit theorem does not apply

and the superpotential, despite being a large sum of random terms, will not

converge to a Gaussian random variable. Furthermore, the correlation function

c(ϕ, ϕ′)eK/M2
Pl crucially defines the statistical properties of the superpotential en-

semble. Therefore, the resulting low energy physics may depend heavily on the

choice of the correlation function. It is beyond the scope of this work to deter-

mine the precise statistical properties of superpotentials arising from consisten

string theory compactifications. Rather, we study a particular ensemble of su-

perpotentials to study high dimensional random supergravity theories.

For small ϕa, ϕ̄ā we can expand the Kähler potential around flat field space

K(ϕa, ϕ̄ā) =
N∑
a=1

ϕaϕ̄
a +

∑
n>2

On(ϕa, ϕ̄ā)

Λn−2
K

, (5.14)

where On is an operator of dimension n and ΛK is a mass scale. Thus, for

Here we assume that the individual terms do not have heavy tails in their probability distri-
butions such that the central limit theorem applies.

4

Ref. [116] suggests a natural ensemble of superpotentials of the form ⟨W (ϕ)W (ϕ̄′)⟩ =

eK(ϕ,ϕ̄)/M2
Pl . In this work we ignore the precise form of the Kähler potential and therefore we

are free to choose a different ensemble of superpotentials.
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|ϕa| ≪ ΛK the metric is just given by Kab̄ = δab̄. For simplicity we ignore

non-trivial contributions to the Kähler potential and choose ΛK → ∞. This

is a strong constraint on the models considered in this work. In typical flux

compactifications the scale of higher order operators in the Kähler potential is

small, ΛK ≪ MPl [131]. While the study of more general Kähler potentials is

interesting and will be the subject of a future work, here we constrain ourselves

to a trivial Kähler potential

K(ϕa, ϕ̄ā) =
N∑
a=1

ϕaϕ̄
a , Kab̄ = δab̄ , (5.15)

with |ϕ| ≲MPl.

After fixing the Kähler gauge we now choose the two-point function of the

superpotential to be

⟨W (ϕ)⟩ = W0 , ⟨(W (ϕ)−W0)(W (ϕ̄′)−W 0)⟩ = Λ6
ve

−|ϕ−ϕ′|2/Λ2
h , (5.16)

where Λv is a mass scale determining the typical height of the superpotential,

Λh determines the horizontal scales and W0 is the mean of the superpotential

that is invariant under translations of ϕ and may be fixed by the UV physics.

This choice of superpotential is equivalent to takingW to be a Gaussian random

holomorphic section with respect to the Kähler connection, as done in Ref. [111].

To have a well defined effective field theory we require Λv,Λh ≲ MPl. Here, we

fixed the Kähler transformations, such that K = 0 at the origin. With this the

Kähler covariant derivative for |ϕ| ≪MPl is given by

DaW =

(
∂a +

ϕ̄a

M2
Pl

)
W ≈ ∂aW , (5.17)

and the effective potential simplifies to

V (ϕ, ϕ̄) ≈ |∂aW |2 − 3

M2
Pl

|W |2 . (5.18)

130



The first and second derivatives of the effective potential are given by [53]

∂aV = (∂a∂bW )∂bW − 2

M2
Pl

(∂aW )W (5.19)

∂a∂bV = (∂abcW )∂cW − 1

M2
Pl

(∂abW )W (5.20)

∂a∂b̄V =
δab̄
M2

Pl

(
(|∂aW |2 − 2

M2
Pl

|W |2
)
− 1

M2
Pl

∂aW∂bW + (∂a∂
c̄W )(∂b̄∂c̄W ) .

(5.21)

Note that by choosing to model the superpotential as a Gaussian random

field and limiting the discussion to a trivial Kähler metric, we are only left

with three free parameters: Λv, Λh and the mean of the superpotential W0.

In a metastable vacuum these three scales will set the supersymmetric masses

and the scale of the supersymmetry-breaking soft masses. The supersymmetric

masses, denoted by Msusy, are set by the scale of the eigenvalues of ZZ̄, which

generically is given by

Msusy ∼
√
N

Λ3
v

Λ2
h

. (5.22)

At a metastable vacuum it is convenient to use the physical scale of supersym-

metric masses, rather than the abstract quantity Λh. The supersymmetric mass

scale is related to Λh by

Λ2
h ≡

√
N

Λ3
v

Msusy
. (5.23)

In §5.2.1 we argued that in the absence of any underlying structure a generic

landscape can be modeled as a Gaussian random field. We now imposed addi-

tional underlying structure, i.e. the supergravity effective potential, and follow-

ing the reasoning of universality we should expect that at non-supersymmetric

points we will recover a simple Gaussian random field description that breaks

down as supersymmetric points are approached and the underlying structure

becomes important. Indeed, in §5.4 we will find for the mean and variance of
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the random supergravity landscape at generic points

⟨V ⟩ = 2N
Λ6

v

Λ2
h

(5.24)

σV =
√
8N

Λ6
v

Λ2
h

. (5.25)

Furthermore, we will find σ|∂aV | =
√
8N Λ6

v

Λ3
h

. Therefore, we can approximate a

random supergravity landscape in terms of a Gaussian random field Ṽ as

⟨Ṽ ⟩ = Ṽ0, ⟨(Ṽ (ϕ)− Ṽ0)(Ṽ (ϕ′)− Ṽ0)⟩ = Λ̃4
ve

|ϕ−ϕ′|2/Λ̃2
h , (5.26)

where

Ṽ0 = 2N
Λ6

v

Λ2
h

, Λ̃4
v =

√
8N

Λ6
v

Λ2
h

, Λ̃h = Λh . (5.27)

In this manner, the landscape originating from supergravity can be viewed as a

Gaussian random field in the non-supersymmetric limit. However, it is impor-

tant to note that this approximation is only valid at generic points. Due to the

various correlations in the supergravity landscape, the Gaussian random field

approximation breaks down as a metastable vacuum is approached. We will

find in §5.4 that at metastable vacua supersymmetry becomes important, which

is consistent with the observation that the underlying structure of supergravity

becomes relevant.

5.3 Statistics of Gaussian Random Fields

In this section we will develop the tools required to investigate the statistical

properties of Gaussian random fields both analytically and numerically. To

study a Gaussian random field at a point, we develop a random matrix model

that captures all correlations between derivatives of the field and allows for an

analytic study in terms of random matrix ensembles (see e.g. Ref. [132] for a

pedagogical introduction to random matrix theory). While a random matrix
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model allows us to study Gaussian random fields at points, we are also inter-

ested in simulating high dimensional fields along trajectories. Therefore, we

propose an efficient numerical algorithm to construct Gaussian random fields

in high dimensional spaces.

We will find that at generic points the model of a GOE landscape introduced

in Ref. [123] is a good approximation to the Hessian matrix of a Gaussian ran-

dom field. However, away from generic points the Hessian matrix of a Gaussian

random field exhibits correlations that dramatically change statistical observ-

ables5. We will find that the vast majority of metastable critical points belongs

to a species of non-generic points that have fluctuated to large or small values.

Therefore the GOE landscape does not capture the vacuum statistics of Gaus-

sian random fields.

5.3.1 Random matrices in Gaussian random fields

Suppose we have a stationary, isotropic and centered6 random Gaussian field

V (ϕ⃗) in N dimensions. The statistical properties of the field are fully specified

by

⟨V (ϕ⃗)⟩ = 0 (5.28)

⟨V (k⃗)V ∗(k⃗′)⟩ = (2π)NδN(k⃗ + k⃗′)P (k) , (5.29)

where we used the Fourier expansion of the field V (ϕ⃗):

V (ϕ⃗) =
1

(2π)N

∫
dN k⃗ eik⃗·ϕ⃗V (k⃗) , (5.30)

5

These correlations were observed before using a different approach in [133, 134, 135].

6

This condition is easily relaxed by implementing a global, shift of the field.
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and k = |⃗k|. The two-point function in Eq. (5.29) can be rewritten as

⟨V (ϕ⃗)V ∗(ϕ⃗′)⟩ = c(|ϕ⃗− ϕ⃗′|), P (k⃗) =
∫
dN ϕ⃗ eik⃗·ϕ⃗c(|ϕ⃗|) . (5.31)

Using Eq. (5.30) we can now express the Hessian matrix Vab = ∂a∂bV (ϕ⃗) in terms

of the Fourier components:

Vab = − 1

(2π)N

∫
dN k⃗ kakbV (k⃗)eik⃗·ϕ⃗ , (5.32)

which gives for the covariance tensor of the Hessian

⟨Vab(ϕ⃗)V ∗
cd(ϕ⃗)⟩ =

1

(2π)N

∫
dN k⃗ kakbkckdP (k)

∝ δabδcd + δadδbc + δacδbd . (5.33)

A plausible choice to model the Hessian matrix is the Wigner ensemble, i.e.

the Hessian matrices are invariant under orthogonal transformations and the

entries are independent and identically distributed random numbers [59, 118,

36, 121, 136, 122, 123]. The covariance tensor of the Wigner ensemble is given by

⟨Hab(ϕ⃗)H
∗
cd(ϕ⃗

′)⟩ ∝ δadδbc + δacδbd , (5.34)

where H is a Wigner matrix. Comparing Eq. (5.34) to Eq. (5.33) we observe

that the first term of the covariance tensor in a Gaussian random field is absent

under the approximation that the Hessian matrix is in the Wigner ensemble.

To understand this discrepancy, remember that the Wigner matrix was chosen

under the assumption that the Hessian is independent of all other properties of

the landscape. To relax this assumption let us consider the ensemble of Hessian

matrices under the condition that the field V takes on a particular value:

V (ϕ⃗0) = V0 . (5.35)
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Once the field is constrained to take on a particular value at ϕ⃗0, the eigenvalues

of the Hessian are no longer drawn from the unbiased ensemble that is well

approximated by a Wigner matrix with vanishing mean, but rather, by a new

ensemble that is conditioned on our prior knowledge.

In order to evaluate expectation values for the ensemble under the constraint

(5.35) we need to rescale the field in order to satisfy Eq. (5.31) at ϕ⃗0

Ṽ (ϕ⃗) =
Λ4

v

V0
V (ϕ⃗) , (5.36)

such that

⟨Ṽ (ϕ⃗0)⟩V0 = Λ4
v, ⟨Ṽ (ϕ⃗)Ṽ (ϕ⃗0)⟩V0 = c(|ϕ⃗− ϕ⃗0|) , (5.37)

where we denote the average of the ensemble that satisfies (5.35) as ⟨. . . ⟩V0 . For

the original field we immediately have the ensemble average

⟨V (ϕ⃗)⟩V0 =
c(|ϕ⃗− ϕ⃗0|)

Λ8
v

V0 , (5.38)

as expected. Using Eq. (5.38) and the definition of the field we readily find the

ensemble average of the Hessian matrix at points conditioned to V (ϕ⃗0) = V0:

⟨Vab⟩V0 |ϕ⃗=ϕ⃗0
= −V0

Λ4
v

δab
(2π)NΛ4

v

∫
dN k⃗ k2ae

ik⃗·ϕ⃗P (|⃗k|)

= V0
c′′(0)

Λ8
v

δab . (5.39)

This is a key result. Eq. (5.39) indicates that the eigenvalue spectrum of the

Hessian matrix in a Gaussian random field is directly correlated with the value

of the field. This is a crucial result as this diagonal contribution dominates the

probability for all eigenvalues to fluctuate to positivity. Using the same relations
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as above we find for the covariance tensor of the Hessian

⟨Vab(ϕ⃗)V ∗
cd(ϕ⃗)⟩V0 |ϕ⃗=ϕ⃗0

=

(
V 2
0

Λ8
v

δabδcd + δadδbc + δacδbd

)
c(4)(0)

3
(5.40)

∝ V 2
0

Λ8
v

δabδcd + δadδbc + δacδbd . (5.41)

This result makes it more apparent under which condition the approximation

that the Hessian matrix is indeed a Wigner matrix is applicable. Only at vanish-

ing V0 the Hessian is indeed precisely a Wigner matrix. At any other point the

Hessian receives a diagonal contribution that reproduces the covariance tensor

(5.33).

Repeating the same computation as above for the ensemble average of the

gradient gives

⟨Va(ϕ⃗)⟩V0 |ϕ⃗=ϕ⃗0
= 0 , ⟨Va(ϕ⃗)V ∗

b (ϕ⃗)⟩V0 |ϕ⃗=ϕ⃗0
= −c′′(0)δab . (5.42)

Note that the gradient Va is independent of both the zeroth and second deriva-

tive of the field. However, for the third derivative one finds a correlation with

the gradient, where we now consider the ensemble where the gradient at ϕ⃗0 is

given by V 0
a

⟨Vabc⟩V 0
a
=
c(4)(0)

3c′′(0)
(δabV

0
c + δacV

0
b + δcbV

0
a ) . (5.43)

This again signals an important correlation within the potential. For the covari-

ance tensor of third derivatives in the unconstrained ensemble we have

⟨VabcV ∗
def⟩ =

c(6)(0)

15
(δabδcdδef + perm.) . (5.44)

5.3.2 Distribution of vacua

In the previous sections we derived some simple statistical properties for corre-

lations between various derivatives of Gaussian random fields: the zeroth and
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second derivatives are correlated via Eq. (5.39) and the first and third deriva-

tives are correlated7 via Eq. (5.43). The covariance tensor of the Hessian is given

by Eq. (5.40), where neglecting the first term is equivalent to taking the approx-

imation that the Hessian is a Wigner matrix.

Using the random matrix model described above we can estimate the prob-

ability of extrema in Gaussian random fields8. From Eq. (5.40) we find that the

Hessian is well described by a Wigner matrix with variance σ2 = 2c(4)(0)/3,

shifted by an amount λ0 = V0c
′′(0)/Λ8

v. The eigenvalue density of a shifted

Wigner matrix is given by the famous Wigner semi-circle law:

ρ(λ) =
1

πNσ2

√
2Nσ2 − (λ− λ0)2 . (5.45)

Thus, once the eigenvalue distribution is shifted far enough to positive values so

that the eigenvalue spectrum has vanishing overlap with negative eigenvalues,

nearly every critical point at that field value will be a minimum. The field value

Vc that satisfies this constraint is given by

0 = 2Nσ2 − λ20 =
4Nc(4)(0)

3
−
(
Vcc

′′(0)

Λ8
v

)2

, (5.46)

or

Vc = −
√

4Nc(4)(0)

3

Λ8
v

c′′(0)
. (5.47)

In Ref. [135] the density of minima in high dimensional Gaussian random fields

has been calculated and the critical field value below which nearly all critical

points are minima agrees with Eq. (5.47).

Now that we have obtained a rough estimate for the scale at which nearly all

7

Of course, there exist correlations between higher order derivatives that we are not interested
in.

8

See also Ref. [135] for an equivalent approach using the Coulomb gas picture of random ma-
trix theory.
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critical points will be minima we can make an estimate of the typical distance to

a minimum from a generic point. To make this estimate we assume Euclidean

field space and assume that the covariance function decays over a typical length

scale Λh, such that points separated by a distance much greater than Λh will

be uncorrelated. This allows for a rough estimate of the typical distance to a

minimum. A volume V contains a number Nc critical points9:

Nc ∼
V
ΛN

h

e−N . (5.48)

Any critical point with a field value V ≲ Vc will most likely be a minimum. The

probability that the field at a random critical point is less than the critical field

is given by

P (V ≲ Vc) =

∫ Vc

−∞
dV

1√
2πΛ8

v

e
− V 2

2Λ8
v . (5.49)

Assuming a Gaussian covariance function we have for the critical field value

Vc = −2
√
NΛ4

v . (5.50)

This gives at large N

P (V ≲ Vc) ≈
1√
8πN

e−2N . (5.51)

Thus, the typical distance to a minimum is given by

Xc ∼
(√

8πNΛN
h e

3N
)1/N

→ Λhe
3 , (5.52)

where in the last step the limit N → ∞ is taken. Thus, even though the prob-

ability that the Hessian fluctuates to positivity at generic points is extremely

small, because of additional correlations the typical distance to a minimum is

of the same order as the correlation length of the field. This finding agrees with

Ref. [135], where a different approach has been used to estimate the average

9

Note that we only keep the exponential scaling.
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distance between minima.

5.3.3 A numerical approach to high dimensional Gaussian ran-

dom fields

So far, we have only kept track of local properties of Gaussian random fields:

the random matrix approach allows us to evaluate ensemble averages of various

properties of the landscape. We now turn to understanding how to efficiently

probe global properties of random fields.

One direct way to generate a Gaussian random field is to pick a basis of

functions on a discrete lattice of size L (corresponding to some IR and UV cutoff

of the truncated Fourier series as L = ΛUV/ΛIR) and consider a superposition

with random weights. This approach has been chosen in a series of works, see

Refs. [117, 127, 119]. While it allows to generate a globally defined potential,

it is impractical to study N ≫ 1 dimensional fields: the total number of terms

required scales as LN .

Marsh et al. proposed another, more efficient algorithm to generate random

landscapes in Ref. [123]. In Ref. [123] a GOE landscape is defined by demand-

ing that the Hessian matrix is in Wigner’s Gaussian orthogonal ensemble and

evolves over field space via Dyson Brownian motion [132, 137]. This approach

specifies the Hessian matrix along an arbitrary path, while the field itself is ob-

tained by successive quadratic approximations. As the field is only specified

along a trajectory, this approach requires only a relatively small number of eval-

uations, allowing for the study of high dimensional potentials. While Dyson

Brownian motion has obvious computational advantages, it is important to re-

call that it imposes a very special structure on the potential and in general the

potential is not well defined. Considering self intersecting paths leads to an

inconsistency as Dyson-Brownian motion gives different values of the field for

the same point. Furthermore, the potential is poorly bounded, as can be seen

from a simple estimate: the probability for an eigenvalue fluctuation to posi-
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tivity scales as P (λmin > 0) ∼ e−N2 . Assuming a typical horizontal scale in the

potential Λh, at a generic point the distance to the closest minimum scales as

dminumum ∼ Λhe
N . This is radically different from the result for a Gaussian ran-

dom field, where the closest minimum is within a distance dminumum ∼ Λh. This

discrepancy was expected from §5.3.1 where we saw that the GOE ensemble

does not capture statistics at extrema of Gaussian random potentials.

In the following, we propose a novel method for efficiently simulating high

dimensional, globally well defined Gaussian random fields.

Progressive construction of Gaussian random fields

As a first step towards studying inflationary trajectories that potentially include

many fields and terminate in a (meta) stable vacuum, we consider the special

case of multi-field evolution in a random Gaussian landscape defined by an

arbitrary power spectrum. Recall that a stationary, isotropic Gaussian random

field is defined by10

⟨V (ϕ⃗)⟩ = 0, ⟨V (ϕ⃗)V ∗(ϕ⃗′)⟩ = c(|ϕ⃗′ − ϕ⃗|) , (5.53)

where the vertical scale is set by
√
c(0) = Λ4

v. In order to numerically study the

statistical properties of a GRF with an N dimensional parameter space, where

N ≫ 1 it is impractical to generate an explicit ensemble of fields over a fixed

lattice as for any N ≳ 4 the number of points required for evaluation becomes

very large. Instead, in the following we demonstrate how to efficiently evaluate

a GRF at any arbitrary point.

A collection {V (ϕ⃗1), V (ϕ⃗2), . . . } is called a stationary, isotropic Gaussian ran-

dom field if the properties (5.53) are satisfied. Thus, we can generate such a

collection iteratively, for any arbitrary ϕ⃗i. Under the assumption of isotropy we

10

For simplicity we set the ensemble average of V to zero. A non-zero but stationary average is
trivially achieved by adding a constant to the field.
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can arbitrarily choose an initial point ϕ⃗1. As no other points are specified, V (ϕ⃗1)

is required to be a Gaussian variable satisfying

⟨V (ϕ⃗1)⟩ = 0, ⟨V (ϕ⃗1)
2⟩ = Λ8

v , (5.54)

i.e. it has a density function

ρV [x] =
1√
2πΛ8

v

e−x2/2Λ8
v . (5.55)

We abbreviate this by writing V (ϕ⃗1) ∼ Ω(0,Λ8
v). To add a new point to the

collection we use the following ansatz:

V (ϕ⃗i+1) =
i∑

j=1

ϕjV (ϕ⃗j) + Ω(0,
√
Φ) , (5.56)

where we introduced the i+ 1 unknown variables ϕi and Φ. Assuming that the

i elements V (ϕ⃗i) form a GRF, we find with Eq. (5.53)

⟨V (ϕ⃗i+1)⟩ = ⟨
i∑

j=1

ϕjV (ϕ⃗j) +Ω(0,
√
Φ)⟩ =

i∑
j=1

ϕj⟨V (ϕ⃗j)⟩+ ⟨Ω(0,
√
Φ)⟩ = 0 . (5.57)

Furthermore, from the second constraint in Eq. (5.53) we have i + 1 equations.

For k = 1, . . . , i we have

⟨V (ϕ⃗i+1)V
∗(ϕ⃗k)⟩ =

⟨(
i∑

j=1

ϕjV (ϕ⃗j) + Ω(0,
√
Φ)

)
V ∗(ϕ⃗k)

⟩

=
i∑

j=1

ϕjc(|ϕj − ϕk|) . (5.58)

Defining the matrix Cij = c(|ϕi − ϕj|) and the vector Ci+1
k = c(|ϕi+1 − ϕk|) we

find

ϕj = (Cjk)
−1Ci+1

k , (5.59)
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the sum over k is implicit. Thus, the parameters ϕj can be determined by solving

a system of i linear equations. The last parameter Φ is found by considering the

equation

⟨V (ϕ⃗i+1)
2⟩ = ⟨(ϕjV (ϕ⃗j) + Ω(0,

√
Φ))2⟩

= Φ+
i∑

l=1

ϕlC
i+1
l ,

= Λ8
v , (5.60)

where we used Cnn = Λ8
v and Eq. (5.59). Thus, we have for the parameter Φ:

Φ = Λ8
v −

i∑
l=1

ϕlC
i+1
l . (5.61)

Concluding, if we have the first i elements satisfying the requirements for a

Gaussian random fields, the i + 1st element is given by Eq. (5.56), where the

parameters are the solutions of i + 1 linear equations Eq. (5.59) and Eq. (5.61).

This allows for an efficient iterative construction of a GRF in an arbitrary num-

ber of dimensions. Note that this approach applies for an arbitrary field space

geometry when the metric is known.

Numerical Study of Hessian statistics in Gaussian Random Fields

Now that we have established an efficient method to simulate a Gaussian ran-

dom field iteratively, avoiding the large computational cost in high dimensional

spaces, we are in a position to compare the analytic results of §5.3.1 to direct

simulations. The goal of this section is to confirm the result that the Hessian

of a Gaussian random field is given by a Wigner ensemble that is shifted by an

appropriate amount to satisfy Eq. (5.39) and Eq. (5.40).

In the following we consider the specific Gaussian covariance function

c(|ϕ⃗|) = Λ8
ve

−|ϕ⃗|2/Λ2
h , (5.62)
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Figure 5.1: Normalized Hessian eigenvalue probability density function ρ/ρmax for a
shifted Wigner ensemble from Eq. (5.65) (red) and 104 numerically constructed Gaus-
sian random landscapes with N = 20 and V0/Λ

4
v = −8,−4, 0, 4, 8. The spectrum has

been normalized by
√
2Nσ2.

where Λ4
v sets the overall scale of the potential considered, while Λh sets a hor-

izontal scale. Let us consider a point ϕ⃗0 at which the potential is given by

V (ϕ⃗0) = V0. Using Eq. (5.39) we expect for the mean of the entries of the Hessian

matrix

⟨Vab⟩V0 |ϕ⃗=ϕ⃗0
= −2

V0
Λ2

h

δab , (5.63)

and for the covariance tensor with Eq. (5.40)

⟨Vab(ϕ⃗)V ∗
cd(ϕ⃗)⟩V0|ϕ⃗=ϕ⃗0

= 4
Λ8

v

Λ4
h

(
V 2
0

Λ8
v

δabδcd + δadδbc + δacδbd

)
. (5.64)

The probability density function of the Hessian eigenvalues λ is given by

ρ(λ) =
Λ4

h

8πNΛ8
v

√
16N

Λ8
v

Λ4
h

− (λ+ 2
V0
Λ2

h

)2 . (5.65)

We compare the analytic probability density function for the Hessian eigenval-

ues to direct simulations of a Gaussian random field, assuming identical bound-

ary conditions, in Figure 5.1. The difference of the tail behavior is due to the fact

that the Wigner semicircle law is only obtained in the large N limit. While this

limitation is present in the analytic expression for the semicircle law, the ran-

dom matrix model still accurately describes a Gaussian random field, including

small N effects. To demonstrate this, the left part of Figure 5.2 shows the proba-

bility density function of the smallest eigenvalue for the random matrix model
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Figure 5.2: Left: Probability density function ρ of the smallest Hessian eigenvalue for
N = 10, V0 = 8Λ4

v, shifted by the appropriate amount (red), along with numerical data
from the Wigner ensemble (blue). Right: Negative logarithm of the fluctuation proba-
bility P of the smallest Hessian eigenvalue to the right by ∆λ. All data is normalized
by

√
2Nσ2.

and a direct simulation of a Gaussian random field ensemble. The right part of

Figure 5.2 shows the fluctuation probability of the smallest eigenvalue in both

the random matrix model and the direct simulation.

To confirm Eq. (5.39) we fit the mean of the eigenvalues of the Hessians to

the model ⟨λ⟩ = −µ V0

Λ2
h

and find numerically

µ = 2.000± 3× 10−3 . (5.66)

It is clear from the data shown above that the random matrix model precisely

matches the statistical properties of the Hessian matrix in Gaussian random

fields. This was expected, as we constructed the random matrix model such

that all correlation functions match.

So far we only evaluated the Hessian constrained to a particular value of

the field. In order to obtain the distribution of the Hessian eigenvalues at a

randomly chosen point we are required to evaluate the distribution of the vari-

able λ = λWig +λshift. This distribution is given by the convolution of the Wigner

semicircle distribution with the Gaussian distribution determining the potential
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Figure 5.3: Normalized probability distribution ρ/ρmax of the Hessian eigenvalues at
random points in a GRF with N = 50, along with the analytically obtained probability
distribution in Eq. (5.67). All data is normalized.

at a random point:

ρ(λ) =

∫
dµ ρWigner(µ)ρGaussian(λ− µ) (5.67)

=

√
N

(8πNΛ8
v/Λ

4
h)

3/2

∫ ∞

−∞
dµ
√

16NΛ8
v/Λ

4
h − (µ+ 2/Λ2

hV0)
2e−(µ−λ)2/(8/Λ4

hΛ
8
v) .

Note that this expression clearly signals that the ensemble of Hessian matrices

of a Gaussian random field at a random point is not given by a Wigner ensemble.

In particular, the large fluctuation probability of Hessian eigenvalues scales as

e−N and is dominated by the correlation to the field value. We numerically

evaluate the integral in Eq. (5.67) and compare it to a simulation of random

Gaussian fields in Figure 5.3.

5.4 Random Matrix Theory for Gaussian Supergravity

In this section we make use of the formalism introduced in §5.3 to study the sta-

tistical properties of Gaussian random N = 1 supergravities, defined in §5.2.2.

In §5.4.1 and §5.4.2 we discuss analytical and numerical results for the distribu-

tion of the potential and gradients, as well as a random matrix model for the

Hessian matrix. In §5.4.3 we impose the critical point condition and study the

vacuum distribution and stability of critical points.

Recall that from Eq. (5.18) the effective F-term potential in N = 1 super-
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gravity under the assumption of a Gaussian random superpotential and trivial

Kähler potential is given by

V ≈ |F |2 − 3

M2
Pl

|W |2 , for |ϕ| ≪MPl , (5.68)

where we defined Fa = DaW ≈ ∂aW = Wa and used Kähler transformations to

set the potential to zero at |ϕ| ≪MPl.

5.4.1 Statistics at non-critical points

As a first step, we obtain the probability distribution function of the potential

at a random point. The statistical properties of the superpotential are given by

Eq. (5.16). As discussed in §5.3.1 the gradient of the superpotential is correlated

with the matrix of third derivatives but is independent of both the value of W

and the Hessian matrix. Using Eq. (5.42) leads for N ≫ 1 to the distributions

ρ|F |2(x) =
1√

16πN

Λ2
h

Λ6
v

exp

−(x− 2Λ6
v

Λ2
h
N)2

16NΛ12
v /Λ

4
h

 (5.69)

ρ−3|W |2/M2
Pl
(x) =

1√
−6πxΛ6

v/M
2
Pl

ex/(6Λ
6
v/M

2
Pl) for x < 0 , (5.70)

where we used the central limit theorem to approximate the chi-squared distri-

bution of |Fa|2 by a Gaussian distribution. It is clear that for large N the second

term in the potential is negligible, such that the probability distribution of the

potential is given by

ρV (x) ≈
1√

16πN

Λ2
h

Λ6
v

exp

−(x− 2Λ6
v

Λ2
h
N)2

16NΛ12
v /Λ

4
h

 for N ≫ Λ2
h/M

2
Pl . (5.71)
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Thus, we have for the ensemble average and standard deviation of the potential

at generic points

⟨V ⟩ = 2N
Λ6

v

Λ2
h

(5.72)

σV =
√
8N

Λ6
v

Λ2
h

. (5.73)

Note that for Gaussian random fields both the mean and the variance are in-

dependent of the field space dimension. Therefore, a Gaussian supergravity

landscape is qualitatively different from a Gaussian random field.

To evaluate derivatives of the potential we require the statistical properties

of the matrix Wab = ∂a∂bW . With the correlation function of the superpotential

in Eq. (5.16) and the covariance tensor in Eq. (5.40) we have

⟨WabWab⟩W =
4Λ6

v

Λ4
h

(δab + 1) +
4|W |2

Λ4
h

δab . (5.74)

We can model Wab by a complex symmetric matrix Zab = ẐabΛ
3
v/Λ

2
h − 2W/Λ2

h1

with independent entries of Ẑab distributed as

Ẑab ∈ Ω(0,
√
4) for a ̸= b and Ẑaa ∈ Ω(0,

√
8) (no sum on a) . (5.75)

The norm of the gradient is given by Eq. (5.19). Assuming N ≫ 1 and |W | ≪
√
NΛ3

v such that the shift of the Hessian due to large values of the superpotential

is negligible, the probability densities of the individual terms are given by11

ρ∂a∂bW∂bW
(x) ≈ 1√

16πNΛ12
v /Λ

6
h

e
− x2

16NΛ12
v /Λ6

h (5.76)

ρ 2

M2
Pl

(∂aW )W ≈ 1√
16πΛ12

v /(Λ
2
hM

4
Pl)

e
− x2

16Λ12
v /(Λ2

h
M4

Pl
) . (5.77)

11

Here the leading contribution to Wab comes from entries with standard deviation
√
4Λ3

v/Λ
2
h

and vanishing mean.
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In the large N limit the contribution from ∂a∂bW∂bW in Eq. (5.19) is dominant

such that by using the asymptotic form of the chi distribution we have for the

norm of the gradient

ρ|∂aV | ≈
1√

2πσ2
|∂aV |

e
− (x−⟨|∂aV |⟩)2

2σ2
|∂aV | , ⟨|∂aV |⟩ =

√
8N

Λ6
v

Λ3
h

, σ|∂aV | =
√
8N

Λ6
v

Λ3
h

. (5.78)

Finally, we are interested in a random matrix description of the Hessian matrix.

Using Eq. (5.20) we can write the Hessian as

H =

(
∂2
ab̄
V ∂2abV

∂2
āb̄
V ∂2ābV

)
(5.79)

=

 Z c̄
a Z̄b̄c̄ − 1

M2
Pl
FaF̄b̄ UabcF̄

c − 1
M2

Pl
ZabW

Ūāb̄c̄F
c̄ − 1

M2
Pl
Z̄āb̄W Z̄ c

ā Zbc − 1
M2

Pl
F̄āFb

+

+
1
M2

Pl

(|F |2 − 2

M2
Pl

|W |2) , (5.80)

where we defined Uabc = ∂3abcW . Recall that from Eq. (5.43) and Eq. (5.44) the

tensor of third derivatives of the superpotential Uabc is correlated with Fa and

has a covariance tensor

⟨Uabc⟩Fa = − 2

Λ2
h

(δabFc + δacFb + δcbFa) (5.81)

⟨UabcUdef⟩ = 8
Λ6

v

Λ6
h

(δabδcdδef + perm.) . (5.82)

Thus, we can model Uabc as a tensor

Uabc = ÛabcΛ
3
v/Λ

3
h −

2

Λ2
h

(δabFc + δacFb + δcbFa) , (5.83)
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where Ûabc is a complex, totally symmetric tensor with entries distributed as

Ûabc ∈ Ω(0,
√
8) for a ̸= b , b ̸= c , a ̸= c

Ûaab ∈ Ω(0,
√
20) for a ̸= b

Ûaaa ∈ Ω(0,
√
120) , (5.84)

where no sum is implied. While this non-trivial structure within the U tensor

makes it hard to study the spectrum of the Hessian analytically, we can consider

the limit where N ≫ 1, such that the leading contributions in the Hessian are

ZZ̄, and UF̄ . The matrix UF̄ has the following statistical properties

(UF̄ )ab ∈ Ω(0, 4
√
N + 5

Λ6
v

Λ4
h

) for a ̸= b (5.85)

(UF̄ )aa ∈ Ω(−4(N + 2)
Λ6

v

Λ4
h

,
√
72N + 456

Λ6
v

Λ4
h

) .

To obtain a rough estimate for the smallest eigenvalue of the Hessian, note that

the matrix ZZ̄ is positive definite. Ignoring the block diagonal component of

the Hessian and approximating (UF̄ )ab by a Wigner matrix we have for the left

edge at fixed W =W0 and12 |F | = |F0|

λmin|W0 = −

(
4

Λ2
h

√
1 +

5

N
− 1

M2
Pl

)
|F0|2 +

(
4

Λ4
h

− 2

M4
Pl

)
|W0|2 . (5.86)

5.4.2 Numerical results non-critical points

In the previous section we obtained some analytic results for statistical proper-

ties of the effective potential at generic points. We made a number of approxi-

mations. In particular, we used N ≫ 1 throughout, had to neglect the particular

correlations of various quantities and were only able to make statements about

generic points. However, it is interesting to see how the smallest eigenvalue

12

Note that by Eq. (5.69) the typical scale of F is |F |2 ∼ 2NΛ6
v/Λ

2
h.
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Figure 5.1: Normalized probability distribution ρ/ρmax of the effective potential λ at
generic points in units of ⟨V ⟩ = 2NΛ6

v/Λ
2
h with N = 20, see also Eq. (5.71).

of the Hessian may be correlated to other quantities, such as the value of the

potential. These effects are difficult to obtain analytically. We now present a

numerical study of the statistical properties of the potential at generic points.

Here, we directly implement the Hessian matrix in Eq. (5.79), including correla-

tions between variables given in Eq. (5.75) and Eq. (5.83). These results will be

particularly interesting for the study of inflation, as they allow an estimate for

the slow roll parameters in the potential considered. Note that it is computa-

tionally most efficient to implement the various quantities as random matrices

even though we presented an algorithm to construct the potential iteratively in

§5.3.3. As we currently are concerned only with local statistical properties of

the potential there is no reason to construct a global potential. We point out,

however, that all results from matrix models are in excellent agreement with

full simulations of the landscape.

Figure 5.1 shows the distribution of the effective potential in units of the av-

erage potential in Eq. (5.72). The numerical results are in excellent agreement

with the analytical results for the mean and standard deviation of the poten-

tial. Figure 5.2 shows the spectrum of the eigenvalues of the Hessian matrix

at generic points in units of the analytical result for the smallest eigenvalue,

Eq. (5.86). Note that Eq. (5.86) agrees within 2% with the numerical result for

the smallest eigenvalue. Figure 5.3 shows the smallest eigenvalue of the Hessian

over the value of the potential. The smallest eigenvalue is correlated with the
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Figure 5.2: Spectrum of the eigenvalues of the full Hessian matrix H in Eq. (5.79) for
N = 20 in units of analytical result for the smallest eigenvalue, Eq. (5.86).

Figure 5.3: Normalized distribution of smallest Hessian eigenvalue ρ/ρmax in units of
λmin in Eq. (5.86) over the effective potential in units of ⟨V ⟩ = 2NΛ6

v/Λ
2
h with N = 20.

potential, as expected. As observed for Gaussian random fields, the Hessian is

shifted towards more positive eigenvalues with decreasing potential such that

low lying critical points enjoy enhanced stability.

5.4.3 Stability and distribution of critical points

In this subsection we discuss the distribution and stability of critical points

in Gaussian random supergravities. It will turn out that the precise statisti-

cal properties at metastable critical points are hard to obtain. In this work we

only present a first step towards studying realistic random supergravity theo-
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ries. In particular, we neglect any contributions from non-trivial Kähler poten-

tials, therefore we do not attempt any serious study of the vacuum distribution.

Rather, we consider some heuristic arguments that hint towards an interesting

vacuum distribution that warrants further study.

With Eq. (5.19) the critical point equation ∂aV = 0 can be written in matrix

notation as

ZF̄ =
2

M2
Pl

WF . (5.87)

Combining Eq. (5.87) with its complex conjugate we have a condition on the

eigenvectors and eigenvalues of Z:

ZZ̄F =
4|W |2

M4
Pl

F . (5.88)

This imposes a constraint on the values of W that are likely to be critical points:

if 4|W |2/M4
Pl is outside the support of the eigenvalue spectrum of ZZ̄ then we

have an additional suppression of the probability to find a metastable critical

point, compared to that discussed in the previous subsection. Let us obtain an

expression for the support of the matrix ZZ̄. Recall that from Eq. (5.75) we can

write

Z = ẐΛ3
v/Λ

2
h − 2W/Λ2

h1 , (5.89)

where Ẑ is a Wigner matrix. We now have

ZZ̄ = Ẑ ˆ̄Z
Λ6

v

Λ4
h

− 2
Λ3

v

Λ4
h

(W ˆ̄Z +WẐ) + 4
|W |2

Λ4
h

1 . (5.90)

To obtain an estimate for the support of the eigenvalue spectrum note that the

first matrix is a Wishart matrix with σ
Ẑ ˆ̄Z

=
√
4Λ3

v/Λ
2
h. The eigenvalue spectrum

of a Wishart matrix is given by

ρ
Ẑ ˆ̄Z

(λ) =
1

2πNσ2

Ẑ ˆ̄Z
λ

√
(4Nσ2

Ẑ ˆ̄Z
− λ)λ . (5.91)

The second term in Eq. (5.90) is a real Wigner matrix with σWig = 2
√
8|W |Λ3

v/Λ
4
h
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and eigenvalue spectrum

ρWig(λ) =
1

2πNσWig

√
4Nσ2

Wig − λ2 . (5.92)

Combining the two spectra with the shift given by the last term in Eq. (5.90) we

have for the support the eigenvalue distribution of ZZ̄

[8Λ6
v/(Λ

4
hN), 16NΛ6

v/Λ
4
h] ; |W | ≪

√
2NΛ3

v

[4|W |2/Λ4
h − 8

√
2N |W |Λ3

v/Λ
4
h, 4|W |2/Λ4

h + 8
√
2N |W |Λ3

v/Λ
4
h] ; |W | ≫

√
2NΛ3

v .

(5.93)

Outside the support of ZZ̄ the probability to satisfy the critical point condition

is exponentially suppressed. On the other hand, if 4|W |2/M4
Pl is within the sup-

port of ZZ̄, the critical point equation does not pose a significant constraint. We

now estimate the value of the superpotential at points that correspond to a pos-

itive definite Hessian matrix. The probability to satisfy the stability condition

λmin > 0 can be written with Eq. (5.86) as

P (λmin > 0) ∝ P (σF |F |2 < x)P (σW |W |2 < x) , (5.94)

where

σF =

(
4

Λ2
h

√
1 +

5

N
− 1

M2
Pl

)
, (5.95)

and

σW =
4

Λ4
h

− 2

M4
Pl

. (5.96)

The parameter x is chosen to maximize the fluctuation probability. Using

Eq. (5.69) and taking the large N limit we have

P (σF |F |2 < x) ∼ xΛ2
h

4
√
NπΛ6

vσF
e−N/4 , (5.97)
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and

P (σW |W |2 < x) ∼
√

2σWΛ6
v

πx
e−x/(2σWΛ6

v) . (5.98)

Using |W |2 = x/σW and |F |2 = x/σF we obtain an approximate expression for

the probability distribution at metastable critical points

ρVmetastable(x) ∼
M3

PlΛ
3
h

√
x√

2πΛ9
v

(
4M4

Pl − Λ2
h

4M4
Pl − 12M2

PlΛ
2
h + Λ4

h

)3/2

×

× exp

[
− M2

PlΛ
2
h(4M

2
Pl − Λ2

h)

2(4M4
Pl − 12M2

PlΛ
2
h + Λ4

h)
x

]
.

(5.99)

From this probability distribution we obtain the ensemble average of the poten-

tial at metastable vacua

⟨Vmetastable⟩ ∼ 3
4M4

Pl − 12M2
PlΛ

2
h + Λ4

h

4M4
PlΛ

2
h −M2

PlΛ
4
h

Λ6
v . (5.100)

At generic metastable vacua the superpotential takes on a generic value |W |2 ∼
Λ6

v. The above approximation of neglecting the critical point condition is consis-

tent only when 4|W |2/M4
Pl is within the support of the eigenvalue spectrum of

ZZ̄. Therefore, we obtain with Eq. (5.93) the consistency condition for the above

analysis

N ≫ 4

3

M4
Pl

Λ4
h

. (5.101)

Assuming for now that N ≫ 4
3

M4
Pl

Λ4
h

we see from Eq. (5.100) that the mean po-

tential at metastable critical points is independent of the number of fields. In

particular, ⟨Vmetastable⟩ ≪ ⟨Vgeneric⟩. This implies that metastable critical points

occur at parametrically small values of the potential, while generic points in the

potential will not be metastable. We are now in a position to compare this esti-

mate to numerical simulations of the random matrix model for N ≫ 4
3

M4
Pl

Λ4
h

. The

results are shown in Figure 5.4.

For the case where N ≲ 4
3

M4
Pl

Λ4
h

we can only make qualitative statements. In

this case the critical point equation imposes that one eigenvalue of ZZ̄ is smaller

than that of a typical Wishart matrix, introducing additional instability. There-
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Figure 5.4: Normalized distribution of the effective potential ρ/ρmax at generic
metastable points of potential λ in units of ⟨Vmetastable⟩ in Eq. (5.100) N = 8 along with
the analytical estimate in Eq. (5.94), evaluated including small N effects.

fore, we expect the distribution of metastable critical points to peak at smaller

values of the potential than estimated above. This finding is in qualitative agree-

ment with the results of Ref. [126].

5.4.4 Approximate supersymmetry in Gaussian supergravity

In the previous subsection we obtained an approximate distribution of

metastable critical points in a Gaussian supergravity landscape. We found that

for N ≫ 4
3

M4
Pl

Λ4
h

the majority of such metastable points has a positive effective po-

tential and a fine tuned value of |F |. It was pointed out previously, that such ap-

proximately supersymmetric points lead to enhanced stability. Ref. [36] argued

that while the probability of metastability at generic points scales approximately

as e−cN2 it is conceivable that a tiny subclass of finely tuned critical points enjoys

an enhanced likelihood of stability, such that this species would dominate the

landscape of metastable vacua. Denef and Douglas found in Ref. [53] that there

exists an interesting species of critical points that are approximately supersym-

metric, i.e. the F-terms are small compared to Msusy:

√
3|W | < F ≪ |Zab| ∼ |Uabc| . (5.102)
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We can compare this hierarchy to the expected values of the F-terms and the

superpotential at metastable critical points from Eq. (5.97) and Eq. (5.98):

⟨|F |⟩metastable ∼

√
2M4

Pl − Λ4
h

4M2
Pl − Λ2

h

√
6Λ3

v

MPlΛh

, (5.103)

and

⟨|W |⟩metastable ∼
√
3Λ3

v . (5.104)

Comparing the scale of supersymmeic masses in Eq. (5.22) with Eq. (5.103) im-

plies exactly the hierarchy of approximate supersymmetry found by Denef and

Douglas in Ref. [53]: |F | ≪ Msusy. Approximate supersymmetry enhances the

likelihood of stability. Note that while |F | is necessarily suppressed at a stable

critical point, the above analysis only took into account the leading behavior

around generic |F | and, in particular, did not incorporate the requirement that

the critical point equation be satisfied. Thus, we expect that the hierarchy found

only gives a rough condition for metastable vacua. For example, AdS vacua

with negative effective potentials (i.e. |F | <
√
3|W |) may constitute a large frac-

tion of vacua for N ≲ 4
3

M4
Pl

Λ4
h

, when the analysis of §5.4.3 becomes unreliable. The

details are complicated and will be studied in future work.

5.5 Towards Inflation in Random Landscapes

In the previous sections we considered the spectrum of Hessian matrices in ran-

dom landscapes. We now can consider a naive estimate for the possibility of

inflation in high dimensional random landscapes. This question has been ad-

dressed in a series of previous works by assuming that the Hessian matrix is

well approximated by a Wigner ensemble (see Refs. [123, 59, 122, 119, 138]).

This choice of Hessian ensemble made inflationary trajectories exponentially

suppressed in the limit of a large number of scalar fields. In the following, we

briefly review these arguments and consider the likelihood of inflation in Gaus-

sian random landscapes.
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We can roughly categorize the inflationary dynamics into two classes of

models: large field models in which |∆ϕ| ∼ Λh ≫ MPl and small field models

with |∆ϕ| ∼ Λh ≪ MPl. In §5.2 we found that the typical range of field evo-

lution |∆ϕ| is not parametrically different from the typical length scale in the

landscape. Therefore, we restrict the discussion to small field inflation models.

This is a crucial difference compared to GOE landscapes considered in previous

works [123, 59, 122]. In GOE random potentials, the typical evolution is over a

distance parametrically larger than Λh until the fields settle into a minimum.

Let us start out with a flat FRW universe. Using local transformations to

canonical kinetic terms we have the equations of motion for N real scalar fields

ϕ̈a + 3Hϕ̇a + Va = 0 , (5.105)

− 1

2M2
Pl

N∑
a

(ϕ̇a)2 = Ḣ , (5.106)

1

2

N∑
a

(ϕ̇a)2 + V (ϕa) = 3H2M2
Pl . (5.107)

To obtain a first approximation for inflationary background dynamics in the

case of small field inflation where |∆ϕ| ≪ Λh we only consider the quadratic

expansion of the potential around a point in the landscape. For ϕ ≲ Λh, we can

expand the potential as

V (ϕa) =

(
V0 + Vaϕ

a +
1

2
Vabϕ

aϕb

)
, (5.108)

where Va = ∂aV . The equations of motions can be rewritten in terms of deriva-

tives with respect to the number of e-folds dN = Hdt

ϕa′′ + (3− ϵ)ϕa′ +
1

H2

∂V

∂ϕa
= 0 (5.109)

V

M2
PlH

2
+

1

2M2
Pl

N∑
a=1

(ϕa′)2 = 3 . (5.110)

157



The slow roll parameters ϵV and ηV are given for motion in the a direction by

ϵV =
M2

Pl

2

(
Va
V

)2

, ηV =M2
Pl

Vaa
V

. (5.111)

It would be very interesting to explore the full dynamics of inflationary tra-

jectories in both Gaussian random landscapes and Gaussian random supergrav-

ities. While in principle in this work we presented all tools required for such

a task, we delay the detailed study of full trajectories to a forthcoming work.

Here, we merely introduce the tools and evaluate ensemble averages of the slow

roll parameters, which will motivate a more detailed study of the classical and

quantum evolution of the trajectory.

5.5.1 Slow roll inflation in Gaussian random fields

In order to estimate the likelihood of slow roll inflation in a landscape modeled

by a Gaussian random field we can consider a field with average V̄ :

⟨V (ϕ)⟩ = V̄ , ⟨(V (ϕ)− V̄ )(V (ϕ′)− V̄ )⟩ = Λ8
ve

−|ϕ−ϕ′|2/Λ2
h . (5.112)

To estimate the slow roll parameters we expand the potential as

V (ϕa) = Λ4
v

(
V̂0 +

V̂a
Λh

ϕa +
1

2Λ2
h

V̂abϕ
aϕb

)
+ V̄ . (5.113)

Using the slow roll equations of motions we have for the slow roll parameters

ϵ ≈ M2
Pl

2Λ2
h

|V̂a|2

(V̂0 + V̄ /Λ4
v)

2
∼ N

M2
Pl

Λ2
h(1 + V̄ /Λ4

v)
2
, (5.114)

η ≈ M2
Pl

Λ2
h

(Min(Eig(V̂ab))− 2V̂0)

V̂0 + V̄ /Λ4
v

∼ −M
2
Pl

Λ2
h

2(2
√
N − 1)

1 + V̄ /Λ4
v

. (5.115)
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To simplify the discussion from now on, we only consider two cases for the shift

of the potential. First, if V̄ /Λ4
v ≳ 4

√
NM2

Pl/Λ
2
h the slow roll parameters are sup-

pressed: ϵ, η ≪ 1 as required for inflation. However, in this scenario the shift

of the potential exceeds the critical potential height in Eq. (5.47) Vc ∼ Λ4
v2
√
N ,

above which nearly all critical points will be extrema. Thus, any slow roll infla-

tion occurring due to a high mean of the potential will terminate in eternal in-

flation with a large positive cosmological constant. On the other hand, choosing

the potential to be centered around zero with V̄ = 0 we can estimate how likely

it is that the initial conditions for slow roll inflation are met. Following Ref. [123]

there are two regimes in which the slow roll parameters are suppressed. Either

inflation occurs by falling down a high slope, where the initial potential takes

an unusually high value while the gradient and masses are of typical size, or

inflation occurs at typical potential values while the gradient and masses fluc-

tuate to allow for slow roll inflation. Note, however, that due to the additional

shift of the smallest eigenvalue for high values of the potential in Eq. (5.115),

inflation down a high slope will never occur for typical masses and Λh ≲ MPl.

This leaves fluctuations towards small gradients and masses as the only option

for slow roll inflation. Assuming we require ϵ ≲ ϵ̄ and η ≲ η̄ with V̄ = 0 and

typical initial potential of V0 ∼ 1 we have

|V̂a|2 ≲ 2Λ2
h

M2
Pl

ϵ̄ , (5.116)

Min(Eig(V̂ab)) ≲ η̄
Λ2

h

M2
Pl

− 2 . (5.117)

The probability for this to occur is given by

P

(
|V̂a|2 ≲

2Λ2
h

M2
Pl

ϵ̄

)
P

(
Min(Eig(V̂ab)) ≲ η̄

Λ2
h

M2
Pl

− 2

)
∼
(

4Λ2
hϵ̄

NπM2
Pl

)N/2

e− log(3)N2/4 ,

(5.118)

up to and order one constant and we expanded the exponential assuming

−η̄Λ2
h/M

2
Pl + 2V̂0 ≪

√
N . Therefore, in a high dimensional Gaussian random

landscape, inflationary points are extremely unlikely. To illustrate the proba-

bility distribution of the slow roll parameters, Figure 5.1 shows the probability

159



0 5 10 15 20
0.00

0.05

0.10

0.15

�

✏

⇢

⌘

Figure 5.1: Probability density ρ of typical slow roll parameters. Blue: ϵ Red, dashed:
η

distribution for ϵ and η for Λh =MPl, V̄ = 0 and N = 10.

5.5.2 Slow roll inflation in Gaussian random supergravity

We now turn towards examining the possibility for slow roll inflation in Gaus-

sian supergravity landscapes, defined in §5.2.2. As in the previous subsec-

tion, we can evaluate the slow roll parameters at generic points and find using

Eq. (5.71) and Eq. (5.76)

ϵ =
M2

Pl

2

⟨|Va|2⟩
⟨V ⟩

∼ M2
Pl

Λ2
h

(5.119)

η = M2
Pl

⟨Min(Eig((H))⟩
⟨V ⟩

∼ 4
M2

Pl

Λ2
h

. (5.120)

Comparing these slow roll parameters for a Gaussian supergravity to those of

a Gaussian random field in Eq. (5.114) shows that the slow roll parameters are

smaller by a factor N in the supergravity case. However, successful slow roll

inflation requires η ≪ 1. To examine if the likelihood of inflation is parametri-

cally increased in the supergravity case we can consider the slow roll parameter

at fixed |F | and |W | using Eq. (5.86) in the N ≫ 1 limit

η =M2
Pl

λmin

V
∼ |F |2M2

PlΛ
2
h(4M

2
Pl − Λ2

h)− 2(Λ4
h − 2M4

Pl)|W |2

Λ4
h(|F |2M2

Pl − 3|W |2)
, (5.121)
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which implies that for Λh ≪ MPl the η parameter at generic points is never

is small enough to support a significant amount of inflation13. In the estimate

for the smallest eigenvalue we assumed non-fluctuated random matrices and

generic points in the landscape. As the regime of approximate supersymme-

try is approached the estimate for the smallest Hessian eigenvalue begins to

break down as the subleading contributions to the Hessian become important.

Therefore, the possibility for inflation at approximately supersymmetric points

warrants further investigation. While Λh ≳ MPl allows for η ≲ 1 and inflation

at generic points it is not clear that the supergravity approximation is valid in

this regime.

We argued above that in the simple setup of a Gaussian random superpoten-

tial with trivial Kähler potential inflationary points are non-generic for Λh ≪ 1.

However, this may not be the final answer for more realistic random supergrav-

ities. The introduction of a non-trivial Kähler potential leads to additional con-

tributions to all (Kähler covariant) derivatives and to the Hessian matrix [36].

Furthermore, in this work we did not consider D-terms. A systematic study

of these additional contributions is beyond the scope of this work and will be

treated in a future project.

5.6 Conclusion

We studied the vacuum distribution and inflationary properties of high dimen-

sional random landscapes. We considered landscapes consisting of a Gaussian

random field and a toy four-dimensional N = 1 supergravity withN ≫ 1 scalar

fields and F-term supersymmetry breaking where the superpotential is a Gaus-

sian random field and the Kähler potential is trivial. We constructed a random

matrix model to study local properties of Gaussian random landscapes and pro-

13

While we only consider a centered Gaussian random superpotential, i.e. ⟨W ⟩ = 0, it is easy
to see from Eq. (5.79) that a non-centered superpotential can only increase the η parameter by
shifting the smallest eigenvalue to lower values and decreasing the effective potential.
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posed a novel algorithm that allows for an efficient numerical construction of

high dimensional Gaussian random fields.

The various derivatives of a Gaussian random field are locally captured by

correlated random matrix ensembles. In particular, we showed that the Hes-

sian matrix is given by the Gaussian orthogonal Wigner ensemble with a diag-

onal contribution proportional to the value of the potential, while the tensor of

third derivatives is correlated to the gradient of the potential. These correla-

tions are crucial for the likelihood of a metastable vacuum: at a generic point

the probability to encounter a metastable vacuum scales as e−cN2 for some or-

der one constant c, while at points that are low in the potential the probability

for metastability approaches unity. This comprises one of the crucial differences

between Gaussian random fields and GOE landscapes introduced in Ref. [123],

where the Hessian is chosen to be an uncorrelated Wigner matrix. In the GOE

landscape the distance to the closest minimum at a generic point scales as ecNΛh,

where Λh is a horizontal length scale, while in Gaussian random fields, the dis-

tance to the closest minimum is roughly Λh. Therefore, GOE landscapes do not

describe the approach to a minimum of a bounded random landscape. In this

work we introduced an efficient algorithm to study trajectories within Gaus-

sian random fields numerically. An interesting application for the future is to

consider inflationary dynamics in high dimensional Gaussian random fields.

Turning towards the example of a simple Gaussian random supergravity,

we studied the likelihood for metastable vacua. We found that at generic

points where supersymmetry is badly broken by the F term, the probability for

metastability is extremely suppressed and corresponds to a very unlikely ma-

trix fluctuation. Based on heuristic arguments from random matrix theory we

expect

log[P
generic
ensemble(metastable c.p.)] ∝ −N2 (5.122)

at generic points. On the other hand, at points of approximate supersymmetry,

where the supersymmetry breaking masses are small compared to the super-

symmetry scale the probability of metastability is greatly enhanced and reduces
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to the study of the approximately supersymmetric regime in Ref. [53, 36] where

log[P
approx. SUSY
ensemble (metastable c.p.)] ∝ −N . (5.123)

These points of approximate or exact supersymmetry occur at values of the po-

tential that are low compared to generic points. Therefore, the vast majority of

metastable vacua lie in dynamical attractor regions of approximate supersym-

metry. It would be interesting to investigate the relative abundance of vacua

with approximate and exact supersymmetry for a single choice of flux.

Considering the inflationary properties of a Gaussian supergravity land-

scape we find that ϵ ∼ η ∼ M2
Pl/Λ

2
h at generic points. While these parameters

are small compared to the slow roll parameters in a Gaussian random land-

scape, where ϵ ∼ NM2
Pl/Λ

2
h, it turns out that a fluctuation to small slow roll

parameters either requires horizontal correlation lengths on the order of the

Planck scale or a large matrix fluctuation that is statistically extremely costly.

Therefore, we conclude that small slow roll parameters are non-generic in the

Gaussian random supergravity presented in this work.

To study random supergravities we chose a trivial Kähler potential and a

Gaussian random superpotential. Generically, a non-trivial Kähler potential

will enter both the statistical ensemble of the random superpotential via the

two-point function and the effective potential and its derivatives via Kähler and

geometric covariance. These additional contributions may well affect the results

found in this work and will be considered in a future investigation.

We developed a set of tools that can be applied to the further study of more

realistic effective random landscapes and potential consequences for multifield

inflation. We found that the inflationary slow roll parameters are not necessar-

ily large at generic, high points in the landscape where no metastable minima

exist. This suggests an interesting structure of the landscape where high in the

potential there are inflationary trajectories while metastable minima accumulate

at very small potential values. This promising structure merits further study of
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more realistic supergravity models.
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CHAPTER 6

A NEW ANGLE ON CHAOTIC INFLATION

Abstract1

N-flation is a radiatively stable scenario for chaotic inflation in which the displacements

of N ≫ 1 axions with decay constants f1 ≤ . . . ≤ fN < MP lead to a super-Planckian

effective displacement equal to the Pythagorean sum fPy of the fi. We show that mixing

in the axion kinetic term generically leads to the phenomenon of kinetic alignment,

allowing for effective displacements as large as
√
NfN ≥ fPy, even if f1, . . . , fN−1 are

arbitrarily small. At the level of kinematics, the necessary alignment occurs with very

high probability, because of eigenvector delocalization. We present conditions under

which inflation can take place along an aligned direction. Our construction sharply

reduces the challenge of realizing N-flation in string theory.

6.1 Introduction

Inflationary scenarios producing detectable primordial gravitational waves are

extraordinarily sensitive to Planck-scale physics, motivating the understanding

of these models in theories of quantum gravity. The recent observation of B-

mode polarization at degree angular scales by the BICEP2 collaboration [139]

provides the prospect of direct experimental study of large-field inflation, if the

signal is established as primordial in origin (cf. [140, 141, 142]).

Among the best-motivated scenarios for large-field inflation in string theory

are axion inflation models, including string-theoretic variants of natural infla-

tion [143], in which shift symmetries protect the inflaton potential (for a recent

1

This chapter is published as T. C. Bachlechner, M. Dias, J. Frazer and L. McAllister, “Chaotic
inflation with kinetic alignment of axion fields,” Phys. Rev. D 91, no. 2, 023520 (2015)
[arXiv:1404.7496 [hep-th]], reprinted with permission.
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review, see [144]). In the effective field theory description, axionic shift sym-

metries with large periodicities, i.e. with decay constants f ≫ MP , can ensure

radiative stability of large-field inflation, but whether such symmetries admit

completions in quantum gravity is a delicate question that requires knowledge

of the ultraviolet theory. By embedding axion inflation in string theory one can

address this problem through well-defined computations.

A general finding about axions in presently-understood string vacua is that

the decay constants f are small, f ≪ MP , in all regions in which the perturba-

tive and nonperturbative corrections to the effective action are under parametric

control [145]. At the same time, axions are very numerous, with O(102)−O(103)

independent axions appearing in typical compactifications. To achieve large-

field inflation in string theory, one could therefore consider a collective excita-

tion of N ≫ 1 axions ϕi, i = 1, . . . , N , with effective displacement ∆Φ larger

than the displacements ∆ϕi of the individual fields. This proposal, known as

N-flation [14], builds on the idea of assisted inflation [146].

If the fields ϕi are canonically-normalized axions with periodicity 2πfi then

the diameter of the field space is

Diam = 2π
√∑

f 2
i ≡ 2πfPy , (6.1)

where fPy denotes the Pythagorean sum of the fi. To achieve N-axion inflation

in string theory using (6.1), one must find a string compactification containing

N ≫ 1 axions with fN ≥ . . . ≥ f1 ≳ 0.1MP . Because this is not technically

feasible at present, N-flation’s status as a scenario for chaotic inflation in string

theory has been questioned [147, 148].

The field range (6.1) has been widely understood as the maximum attain-

able in a theory with N axions. In this Letter we show instead that for generic

axion kinetic terms, the field range is actually parametrically larger than (6.1),

and one can achieve a large displacement ∆Φ ≈
√
NfN even if f1, . . . , fN−1 are

very small. This general result transforms and sharply simplifies the problem
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Figure 6.1: N-flation with and without alignment, for N = 2. The outer box shows a
fundamental domain in the dimensionless θ coordinates with period 2π. The shaded
rhombus and rectangle depict the physical size of the fundamental domain with and
without alignment, respectively. The green and red vectors show the semidiameters in
the aligned and unaligned cases. The inset is not to scale.

of realizing N-flation, both in field theory and in string theory.

6.2 The Action for N Axions

Consider a field theory containing N axion fields θi corresponding to N inde-

pendent shift symmetries θi → θi + ci. We take the symmetries to be broken

nonperturbatively by the potential

V (θ1, . . . θN) =
∑
i

Λ4
i

[
1− cos(θi)

]
+ . . . (6.2)

to discrete shifts θi → θi + 2π, where Λi are dynamically-generated scales, and

the ellipses indicate terms at higher orders in the instanton expansion. The po-

tential (6.2) breaks the GL(N,R) symmetry of the perturbative Lagrangian: the

periodic identifications define a lattice in the field space. Without loss of gener-

ality, we have taken the periodicities of the dimensionless fields θi to be 2π, so
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that a fundamental domain is a hypercube of side length 2π in RN . We refer to

the corresponding basis, which is simply the usual Cartesian basis of RN , as the

lattice basis.

Including the kinetic term, the Lagrangian takes the form

L =
1

2
Kij∂θ

i∂θj −
∑
i

Λ4
i

[
1− cos(θi)

]
, (6.3)

where Kij has mass dimension two. We will refer to the dimensionless field

space parameterized by the θi as Mθ, and the physical field space with metric

Kij as MK . We refer to the basis in which Kij is diagonal as the kinetic basis.

There is no reason to expect that Kij should be diagonal in the lattice basis:

instead, the lattice basis and the kinetic basis will typically be related by a rota-

tion.2

In a model with a single axion θ, the axion decay constant f can be defined

by changing coordinates to write the Lagrangian in the form L = 1
2
(∂ϕ)2−Λ4[1−

cos(ϕ/f)]. The periodicity of the canonically-normalized field ϕ is then 2πf . In a

model withN axions, but for which the lattice basis is proportional to the kinetic

basis (a non-generic circumstance), the Lagrangian can be put in the form

L =
1

2
(∂ϕi)

2 −
∑
i

Λ4
i

[
1− cos(ϕi/fi)

]
, (6.4)

where f 2
i is the ith eigenvalue of Kij . But in a general model with N axions,

where the lattice and kinetic bases are not proportional, the Lagrangian cannot

be brought to the simple form (6.4). Instead, if the kinetic term is written as
1
2
(∂ϕi)

2, the cosines will depend on nontrivial linear combinations of the canon-

ical fields ϕi. In this case we will still define f 2
i to be the ith eigenvalue of Kij ,

2

Although our considerations are general, a concrete example may be helpful. In flux compact-
ifications of type IIB string theory, the kinetic terms for the axions appearing in Kähler moduli
multiplets are determined by the intersection numbers, while a nonperturbative potential arises
from Euclidean D-branes. The four-cycles associated to the leading instanton terms are gener-
ally nontrivial linear combinations of the coordinates in which the Kähler metric is diagonal, so
that the lattice basis differs from the kinetic basis.
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even though none of the single cosine terms has period 2πfi.

6.3 Kinetic Alignment

The fundamental limitation on field displacements in the theory (6.3) comes

from the periodicity of the axion potential. In the absence of monodromy, which

we will not invoke, the maximum rectilinear displacement that could be used

for inflation is half the diameter of the fundamental domain in the field space.

Here we have in mind a fine-tuned trajectory moving simultaneously from the

maximum to the minimum of each independent cosine in V . More realistically,

validity of the quadratic expansion around a minimum permits displacements

∆Φ ∼ 0.1 ·Diam.

Displacements in Mθ are related to meaningful physical displacements in

MK by the metric on field space, Kij . If no rotation is required to relate the

lattice basis to the kinetic basis, the hypercube of side length 2π in Mθ is mapped

by the metric information to a rectangular box with side lengths 2πfi: see figure

6.1. The maximum (rectilinear) displacement of a canonical field in MK is then

πfPy.

We will be interested instead in the generic situation where the lattice ba-

sis and the kinetic basis are related by a nontrivial rotation. For achieving a

large field range, it is advantageous to have the metric assign as much physical

distance as possible to a given dimensionless displacement along the particular

direction in which Mθ has its maximum diameter (namely, 2π
√
N ). The opti-

mal case is then that the eigenvector ψN of Kij with the largest eigenvalue, f 2
N ,

points along a long diagonal, e.g. along 1√
N
(1, 1, . . . 1) in the lattice basis. We

refer to this circumstance as (perfect) kinetic alignment. In this case the physical

diameter of the fundamental region of MK is 2π
√
NfN .
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6.4 Mechanisms for Kinetic Alignment

Although kinetic alignment might appear unlikely at first glance, it is essen-

tially inevitable in a wide range of systems. Consider an ensemble of theories

of the form (6.3); the associated Kij then form an ensemble E of N ×N matrices.

Suppose that E is statistically rotationally invariant, so that the corresponding

normalized eigenvectors ψa point in directions that are uniformly distributed

on SN−1. Then in the large N limit, the components ψ(i)
a , i = 1, . . . , N , are dis-

tributed as ψ(i)
a ∈ 1√

N
N (0, 1), with N (0, 1) denoting the normal distribution. In-

tuitively, a single component of order unity is possible only if many other com-

ponents are atypically small. More geometrically, nearly all eigenvectors point

approximately along a diagonal direction in some hyperoctant, rather than be-

ing nearly parallel to a Cartesian basis vector. This is not surprising, since there

are 2N diagonals but just N basis vectors.

This general phenomenon is known as eigenvector delocalization in random

matrix theory, and has been proved to hold in a number of random matrix en-

sembles [149, 50]. We will focus on the well-motivated case in which Kij be-

longs to a canonical ensemble of positive definite random matrices known as

the Wishart ensemble: we take

K = A⊤A, with Aij ∈ Ω(0, σ) , (6.5)

where Ω(0, σ) is a statistical distribution with mean zero and variance σ2. Given

suitable bounds on the moments of Ω(0, σ), Tao and Vu have proved that with

overwhelming probability, the eigenvectors ψa of A⊤A have components ψ(i)
a ≲

O(1/
√
N), up to corrections logarithmic in N [50]. This result is universal, in

the sense that it does not depend on the details of Ω(0, σ). We conclude that

essentially every eigenvector of a Wishart matrix is nearly parallel to a diagonal

direction in a hyperoctant.

If the kinetic matrix Kij is well-approximated by a Wishart matrix — an as-

sumption that is natural on the grounds of universality and symmetries, and is
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substantiated by investigations of random Kähler metrics, both in mathemat-

ics [150] and in string compactifications [151] — then the eigenvector ψN with

eigenvalue f 2
N points along a nearly diagonal direction [50], along which Mθ

has diameter 2π
√
N . As a result, the diameter of the physical field space MK is

Diam ≈ 2πfN
√
N , (6.6)

where the ≈ becomes an equality in the case of perfect alignment. This is one of

our main results. We emphasize that the diameter of the field space is given by

(6.6) unless Kij violates eigenvector delocalization: the Wishart model given as

a concrete example is well-motivated, but (6.6) applies to a much wider range

of kinetic terms.

6.5 Masses and Misalignment

Thus far we have established that displacements of order
√
NfN are generically

possible in systems withN axions. Whether large-field inflation can occur along

such a direction depends on the form of the scalar potential, which we now

consider.

Expanding (6.2) to quadratic order around the minimum at θi = 0, we have

V ≈ 1
2
Λ4

i θ
2
i ≡ 1

2
ML

ijθ
iθj with ML = diag(Λ4

i ). Rotating and rescaling to canonical

fields ϕ⃗ = diag(fi)S⊤
K θ⃗, where S⊤

KKSK = diag(f 2
i ), the Lagrangian takes the

form

L =
1

2
(∂ϕi)

2 − 1

2
MC

ijϕ
iϕj . (6.7)

Diagonalizing MC via S⊤
MCM

CSMC = diag(m2
i ), we have

L =
1

2
(∂Φi)

2 − 1

2
m2

iΦ
2
i , (6.8)

with θ⃗ = SKdiag(1/fi)SMCΦ⃗. In the special case that Λi = Λ ∀i, so that

ML = Λ41, the masses of the Φi are given bym2
i = Λ4/f 2

i , while Φ⃗ = diag(fi)S⊤
K θ⃗.
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The maximal displacement then corresponds, in this simple case, to motion pre-

dominantly by the lightest field.

The extent to which the potential disrupts alignment depends on the precise

relation between θ⃗ and Φ⃗, and hence on the relation between Kij and ML
ij . We

will begin by presenting an explicit example with N = 2, assuming perfect

alignment in the absence of mass terms, and keeping both the eigenvalues of the

kinetic matrix and the diagonal entries of ML general: K = SKdiag(f 2
1 , f

2
2 )S

⊤
K

and ML = diag(Λ4
1,Λ

4
2), where SK is a rotation by π/4. Assuming that f1 < f2

and Λ4
2 > Λ4

1, and writing α = f 2
1 /f

2
2 , we find that for

8α+
√
2α2 −

√
2

1 + 6α + α2
≤ Λ4

1

Λ4
2

≤ 1 , (6.9)

a displacement proportional to (0, 1) has a cosine ≳ 0.86 with the diagonal di-

rection. This implies that for f1/f2 ∼ O(1) there is a tight constraint on the

hierarchy allowed in the mass matrix in order to preserve alignment. However,

for f2/f1 sufficiently large, there is no constraint on the hierarchy of Λ4
1/Λ

4
2. We

conclude that large hierarchies in the Λi can spoil the alignment mechanism:

for some ranges of masses, the dynamical trajectory may not be aligned with a

diagonal direction in field space.

In general models with N ≫ 1 axions, approximate alignment3 persists at

the level of (6.8) if the hierarchies in the fi are sufficiently large compared to the

hierarchies in the dynamically-generated scales Λi. We have checked numeri-

cally that for Kij a Wishart matrix, the effective number of fields contributing to

inflation equals the number of the Λ4
i within a factor ∼ 2 of the smallest of the

Λ4
i . While a closely-spaced spectrum of this form is not a generic expectation in

field theories withN axions, approximate equality of many Λi could be achieved

through moderately fine-tuned choices of flux in a string compactification. We

leave a systematic study of this point for the future.

3

A sufficient condition for perfect alignment is that ML is diagonalized by the eigenvectors of
K−1

ij .
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6.6 Dynamics and Predictions

The dynamics in aligned N-flation depends on the mass matrix, and in partic-

ular on the relative sizes of the Λi. In the simple case where Λi = Λ ∀i, the

field that admits the largest displacement is automatically the lightest field. In-

flation arises very naturally in this setting, for a wide range of initial condi-

tions: the heavier fields relax toward their minima, leaving the lightest field,

which then drives single-field inflation: see figure 6.1. For f1, . . . fN−1 ≪ fN ,

the heavy fields relax quickly, and the resulting effective description is simply
1
2
m2ϕ2 chaotic inflation [152], albeit underpinned by N shift symmetries. We

then have ns ≈ 0.967 and r ≈ 0.13 for Ne = 60.

More general realizations of aligned N-flation will manifest multi-field be-

havior. Provided the slow-roll approximations hold and an adiabatic limit is

reached before the end of inflation, we have [153, 154, 155, 156]

Pζ =
H2

4π2
Ne, ns − 1 = −2ϵ− 1

Ne

,

α = −8ϵ2 − 1

N2
e

+ 4ϵiηi, r =
8

Ne

, (6.10)

where we have setMP = 1, all quantities are to be evaluated at horizon crossing,

ϵ ≡
∑
ϵi, ϵi ≡ 1

2
(V ′

i /V )2, ηi ≡ V ′′
i /V and 3H2 ≈ V =

∑
Vi, where Vi ≡ 1

2
m2

iΦ
2
i (no

sum), primes represent differentiation with respect to the corresponding field,

and the index i indicates summation over the light fields active during inflation.

When a few fields are active, the power spectrum, spectral index and running

depend on the mass hierarchy and on the initial conditions, but the single field

result still corresponds to an attractor [156]. Excitations of heavier fields provide

the prospect of novel signatures.
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N e
=
55

f 1
f 2

Figure 6.1: Attractor behavior for N = 2, with axes as in fig. 1. The red (green) curves
are inflating (non-inflating) trajectories. Curves beginning outside the circle yield Ne ≥
55.

6.7 Conclusions

We considered a theory containingN axions with decay constants f1 ≤ . . . ≤ fN ,

and asked whether the maximum collective displacement ∆Φ can exceed the

Pythagorean sum fPy of the fi (in the absence of fine-tuning of the relative sizes

of the fi, as in [157, 158, 159]).

The allowed region of field space is defined by the fundamental periodicities

of the dimensionless axions; without loss of generality, this region can be taken

to be a hypercube in RN . To convert dimensionless displacements to physical

displacements requires the use of the metric on field space. If the metric on

field space has eigenvectors that align with the edges of the hypercube then the

diameter is 2πfPy, and ∆Φ ≈ fPy. But if instead the eigenvector of the metric

with largest eigenvalue f 2
N is aligned with a (long) diagonal of the hypercube,

the diameter is 2π
√
NfN , so that ∆Φ ≈

√
NfN , which is considerably larger

than fPy in the generic case in which the fi are distinct. We referred to this sit-

uation as kinetic alignment. Approximate kinetic alignment is equivalent to the

phenomenon of eigenvector delocalization in random matrix theory, which has

174



been proved to hold in a number of relevant cases [50]. At the level of kinemat-

ics, kinetic alignment is almost inevitable in a system with N ≫ 1 axions and a

general kinetic term. Although our arguments did not rely on string theory, and

hold in an effective field theory with generic axion kinetic mixing, the necessary

structures readily arise in string theory.

We then argued that the axion potential (6.2) can be compatible with large-

field inflation along an aligned direction. As an example, if Kij is a Wishart

matrix and P ≤ N of the dynamically-generated scales Λ4
i fall within a range

of size ∼ 2, then P fields participate in the alignment, and the effective range

is
√
PfN . Alignment is possible for more general potentials, but we leave a

systematic analysis for the future.

Despite the simplicity of these observations, the implications are profound.

Achieving N-flation with the range (6.1) by arranging for N ≫ 1 axions to have

decay constants fi as large as O(0.1)MP is a serious challenge for the construc-

tion of models of N-flation in string theory (cf. e.g. [14, 118, 147, 160]): pertur-

bative control of the gs and α′ expansions generally enforces fi ≪MP [145], and

while accidental cancellations may permit a few of the fi to be larger, points in

moduli space with many fi large are not presently computable. However, ki-

netic alignment allows for successful large-field inflation even if only one axion

has large (but sub-Planckian) decay constant, dramatically reducing the diffi-

culty of embedding N-flation in string theory. The only price is that one must

adjust the Λi to achieve dynamic alignment; since this amounts to changing the

volumes of cycles that are well inside the Kähler cone, it is readily computable

in the supergravity approximation.

Beyond the context of inflation, our finding implies a significant modifica-

tion of the geometry of field space in theories with many axions. Characterizing

the consequences of kinetic alignment for the astrophysical and gravitational

signatures of multiple axions [161] is an important problem for the future.
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CHAPTER 7

PLANCKIAN AXIONS IN STRING THEORY

Abstract1

We argue that super-Planckian diameters of axion fundamental domains can naturally

arise in Calabi-Yau compactifications of string theory. In a theory with N axions θi,

the fundamental domain is a polytope defined by the periodicities of the axions, via

constraints of the form −π < Qi
jθ

j < π. We compute the diameter of the fundamen-

tal domain in terms of the eigenvalues f21 ≤ . . . ≤ f2N of the metric on field space,

and also, crucially, the largest eigenvalue of (QQ⊤)−1. At large N , QQ⊤ approaches

a Wishart matrix, due to universality, and we show that the diameter is at least NfN ,

exceeding the naive Pythagorean range by a factor >
√
N . This result is robust in the

presence of P > N constraints, while for P = N the diameter is further enhanced by

eigenvector delocalization to N3/2fN . We directly verify our results in explicit Calabi-

Yau compactifications of type IIB string theory. In the classic example with h1,1 = 51

where parametrically controlled moduli stabilization was demonstrated by Denef et

al. in [162], the largest metric eigenvalue obeys fN ≈ 0.013MPl. The random matrix

analysis then predicts, and we exhibit, axion diameters > MPl for the precise vacuum

parameters found in [162]. Our results provide a framework for achieving large-field

axion inflation in well-understood flux vacua.

7.1 Introduction

An important class of inflationary models are those involving super-Planckian

displacements of the inflaton field. These ‘large-field’ scenarios yield a

1

This chapter is published as T. C. Bachlechner, C. Long and L. McAllister, “Planckian Axions
in String Theory,” arXiv:1412.1093 [hep-th], reprinted with permission.
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detectably-large spectrum of primordial gravitational wave fluctuations, and

can therefore be tested in the coming generation of CMB polarization exper-

iments. The predictions of large-field models depend sensitively on the cou-

plings of the inflaton ϕ to the degrees of freedom comprising the ultraviolet

completion of gravity (see [163] for a review). As a result, to formulate a large-

field model one must make explicit or implicit assumptions about quantum

gravity.

A leading proposal for controlling the ultraviolet sensitivity of large-field in-

flation is to incorporate a weakly broken shift symmetry, ϕ→ ϕ+const., in order

to protect the inflaton potential over a super-Planckian range. From the view-

point of the low-energy effective field theory for ϕ, the shift symmetry is an

internally-consistent assumption that renders small renormalizable couplings

of ϕ radiatively stable. However, general reasoning about the absence of ex-

act continuous global symmetries in quantum gravity, and specific results from

string theory, strongly suggest that not every shift-symmetric effective field the-

ory coupled to gravity admits an ultraviolet completion. To provide a micro-

physical foundation for large-field inflation, one must therefore establish the

existence of a suitable symmetry in a computable regime of quantum gravity.

A well-motivated strategy is to take the inflaton field(s) to correspond to one

or more axions in a compactification of string theory. Axions are numerous in

Calabi-Yau compactifications, and in the absence of specific fluxes and branes

that introduce monodromy, the potential for each axion vanishes to all orders

in perturbation theory. The leading potential then arises from nonperturbative

effects, and is sinusoidal. For a single dimensionless axion θ, the Lagrangian

takes the form

L =
1

2
f 2(∂θ)2 − Λ4 (1− cos(θ)) , (7.1)

where Λ is a dynamically-generated scale, and the parameter f is known as the

axion decay constant. The canonically-normalized field with mass dimension

one is then ϕ ≡ fθ. In vacua of string theory involving small numbers of axions,

the axion decay constants are typically small, f ≪ MPl, in the regime of weak
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coupling and large volume where perturbative computation of the effective ac-

tion is valid [145] (see also [6]). The fundamental domain for ϕ has diameter

2πf , and as a result (7.1) does not give rise to a realistic inflationary model in

the absence of monodromy.

The purpose of this paper is to compute the diameter of the fundamental

domain in an extension of (7.1) to a totally general system with N ≫ 1 axions,

keeping track of all factors parametric in N . This may sound straightforward,

but influential early works [15, 16] as well as more recent analyses [164, 165,

159, 166, 167, 168, 169, 170, 171] — including our own works on the subject —

captured only fragments of the full field range that is present in generic large N

systems, including explicit string compactifications. In this work we unify the

field range enhancements arising in N-flation [16], including kinetic alignment

from eigenvector delocalization [170], with the full field range arising from the

decay constant alignment mechanism of Kim, Nilles, and Peloso [15]. We then

argue that enhancements of the field range by a factor ∼ N compared to the

naive expectation are automatically present in a broad class of theories. Finally,

we illustrate our results in a completely explicit compactification of type IIB

string theory.

The organization of this paper is as follows. In §7.2 we review the defini-

tion of the fundamental domain in a system of N axions and give an intuitive

estimate for its diameter, along with an overview of our results. In §7.3 we com-

pute the diameter of the fundamental domain and describe the mechanism of

kinetic alignment. Dynamic alignment is described in §7.4. In §7.5 we discuss

the embedding of axions in supergravity and estimate the leading coupling to

saxions in a supersymmetric vacuum. Then, in §7.6 we analyze the diameter of

the fundamental domain in the F-theory compactification described in [162]. In

§7.7 we explain how our approach gives a unified picture for the geometry of

axion field spaces. We conclude in §7.8. In appendix 7.A we briefly review a few

facts about random matrix theory that are needed in this work. In appendix 7.B

we give examples of nontrivial fundamental domains arising in string compact-

ifications on Calabi-Yau hypersurfaces in toric varieties.
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7.2 The Diameter of the Fundamental Domain

Consider a theory of N axions θi that at the perturbative level enjoy the contin-

uous shift symmetries θi → θi + const., so that a general two-derivative action

for the θi can be written

L =
1

2
Kij∂θ

i∂θj , (7.2)

where Kij is a metric2 on the field space M, which is diffeomorphic to RN .

Nonperturbative contributions from instantons give rise to a potential that

is a sum of sinusoidal terms,

L =
1

2
Kij∂θ

i∂θj −
N∑
i=1

Λ4
i

[
1− cos

(
Qi

jθ
j
)]
, (7.3)

where Q is an N × N matrix with integer entries.3 This potential breaks the

continuous shift symmetries to discrete shifts. The associated periodic identifi-

cations,

Γi : Qi
jθ

j ∼= Qi
jθ

j + 2π , (7.4)

define N pairs of identified hyperplanes in RN . By the fundamental domain, we

mean the intersection of all the identifications, MΓ ≡ M/Γ1∩· · ·∩M/ΓN ⊂ RN ,

i.e. the region inside all pairs of hyperplanes. For the problem of large-field in-

flation, an interesting invariant quantity is the diameter of MΓ, measured in

units where MPl = 1 (which we shall use for the remainder). This diameter,

which we will denote by D, corresponds to the magnitude of the maximal rec-

tilinear displacement that the canonical field Φ can undergo (in the absence

of monodromy, which would allow traversing multiple copies of MΓ, as in

2

In a supersymmetric theory, Kij arises from the Kähler metric on field space, but our argu-
ments apply with or without supersymmetry.

3

Throughout this work we will assume that the number P of nonperturbative terms is at least
N ; that is, all axions are stabilized. In the present discussion we take P = N for simplicity,
describing the case P ≥ N in §7.3.
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[172, 173].) As such, D is a proxy for the field range relevant for large-field

axion inflation. Clearly, D depends on the identifications Γi: the fundamental

domain is bounded by adjacent maxima of each of the sinusoidal terms.

To compute D, it is convenient to first perform the GL(N,R) transformation

ϕ = Qθ . (7.5)

In the ϕi basis, the hyperplanes defining the identifications are orthogonal, and

form the faces of an N -cube of side 2π. The kinetic matrix is then given by

Ξ = (Q−1)⊤KQ−1 , (7.6)

and the Lagrangian takes the form

L =
1

2
∂ϕ⊤Ξ ∂ϕ−

N∑
i=1

Λ4
i [1− cos (ϕi)] , (7.7)

At the perturbative level, the metric on field space is independent of the ax-

ions, so Ξ is a constant matrix, up to nonperturbatively small corrections. How-

ever, Ξ is in general not diagonal in the ϕi basis. Thus, the ϕ are related to the

canonically-normalized fields Φ by a further GL(N,R) transformation (i.e., a di-

agonalization of Ξ by an orthogonal transformation, combined with a rescaling

by the eigenvalues ξ2i of Ξ).

We should stress the elementary but crucial point that writing Q = 1 in the

θi basis is not equivalent to beginning with a theory for which Q ̸= 1 in the

θi basis, and then performing the transformation (7.5) that renders MΓ hyper-

cubic. In the former case, the metric on MΓ is K, while in the latter case it is

Ξ = (Q−1)⊤KQ−1. Because Q is generally not orthogonal, the eigenvalues of Ξ

differ from those of K.4

4

The fact that the axion field range is large when the smallest eigenvalue of Q⊤Q is small is
the core of the Kim-Nilles-Peloso (KNP) mechanism for decay constant alignment [15], which
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To summarize, the task is to determine the invariant diameter D of the fun-

damental domain MΓ. To do so, one must specify the identifications Γ, but these

are not invariant under changes of coordinates: there is a preferred ‘lattice’ basis

ϕi in which the periodic identifications are defined by the faces of a hypercube

of side length equal to (say) 2π. This matters, because GL(N,R) transformations

in systems with N ≫ 1 can readily change the eigenvalues of matrices — in-

cluding the kinetic matrix, as we shall show — by factors that are parametric in

N . One must therefore be careful to specify the metric K and the identifications

Γ in the same basis, and then proceed to compute the invariant distance D.

Thus far all of our statements have been deterministic, and amount to say-

ing that in a theory that specifies Q ̸= 1 and K, it is obviously incorrect to

take Q = 1 when computing D. We now turn to making statistical arguments,

based on the phenomena of universality, eigenvalue repulsion, and eigenvector

delocalization in random matrix theory. We will argue that D ≫ D|Q=1, with

an enhancement that is parametric in N . The precise degree of enhancement

depends on the forms of Q and K, as we will explain below.

Because the argument involves a number of independent computations of

the behavior of N × N matrices at large N , here we will give an accessible

overview of main steps of the calculation. The complete calculation follows in

§7.3, while background on relevant results from random matrix theory appears

in appendix 7.A.

To compute D, it is convenient to work in the ϕi basis, where MΓ is an N -

cube of side 2π. Hypersurfaces in M of constant invariant distance r from the

origin are ellipsoids Er defined by

ϕ⊤Ξϕ = r2 . (7.8)

The diameter D is then given by D = 2rmax, where rmax is the largest value of r

for which Er intersects MΓ.

was generalized to the case N > 2 by Choi, Kim, and Yun in [158] and explored by Higaki and
Takahashi in [174, 175]. See the discussion in §7.7.
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The largest possible D arises if the shortest principal axis of Er, correspond-

ing to the eigenvector ΨΞ
N of Ξ with the largest eigenvalue ξ2N , is parallel to a

diagonal of the N -cube. In that case we have

Dmax = 2πξN
√
N . (7.9)

In general, ΨΞ
N will not point precisely along a diagonal, but due to vast number

of diagonals in a hypercube, ΨΞ
N is with high probability very nearly parallel to

a diagonal, so that (7.9) is an accurate estimate.

In order to estimate the typical diameter, we first assume that the metric on

field space is trivial, K = f 21, and that the matrix Q is sparse and contains

random integers5 with r.m.s. size σQ. Even though Q is sparse, when a fraction

≳ 2/N of its entries are non-vanishing the matrix Q⊤Q approaches its universal

limit of a random matrix in the Wishart ensemble. In this random matrix en-

semble, strong eigenvalue repulsion forces the smallest eigenvalue λ1 to obey

λ1 ≲ σ2
Q/N . If the non-vanishing entries of Q have scale O(1), the minimum

scale of the matrix Q is given by σQ ≈ 2/
√
N . In this case, from (7.9) we find

that

D ≳ N3/2f . (7.10)

In §7.3 we extend this logic to cases in which the metric is either a Wishart ma-

trix or a heavy-tailed matrix, as well as to the general case where the number of

constraints, P , exceeds the number of axions, so that Q is rectangular. Further-

more, we will show in §7.4 that the lightest canonical field is generically aligned

with the largest diameter of the fundamental domain.

5

Our results are independent of the sign of the integers.

182



7.3 Kinetic Alignment

In the previous section we outlined our strategy for determining the diameter

of MΓ. We now turn to a more detailed analysis and derive the main results of

this work.

Let us consider an action for N axions whose potential is generated nonper-

turbatively, and is periodic in the axions. This action will be further motivated

in §7.5, when we discuss embeddings of our results in supergravity theories

that arise as effective theories in string compactification. We assume that there

are P ≥ N nonperturbative terms in the potential, so that the most general La-

grangian for the axions θ is given by

L =
1

2
Kij∂θ

i∂θj −
P∑
i=1

Λ4
i

[
1− cos

(
Qi

jθ
j
)]
, (7.11)

where we chose units such that each of the axions has the shift symmetry

Qi
jθ

j → Qi
jθ

j + 2π, and the entries of the P ×N matrix Q are integers. Without

loss of generality we can decompose Q as

Q =

(
Q

QR

)
, (7.12)

where Q is a square, full rank matrix and QR is a rectangular (P−N)×N matrix.

Now, define fields ϕ as

ϕ = Qθ , (7.13)

such that

Qθ =

(
1

QRQ
−1

)
ϕ . (7.14)

Here we are making a field redefinition to simplify N terms in the potential,

while P −N terms will depend on linear combinations of the ϕi. Therefore, the

fundamental domain is given by an N -cube of side length 2π, cut by 2(P − N)

183



hyperplanes that constitute the remaining constraints:

− π ≤
(
QRQ

−1ϕ
)i ≤ π ∀ i . (7.15)

Some comments are in order. If the matrix Q were square, then this field re-

definition would be unique, and would uniquely define what we mean by an

axion: a field that appears in the potential as the argument of a cosine. In the

rectangular case there are more cosines than fields, so the definition of an axion

is not physical, but depends on a choice of basis. However, the diameter of the

fundamental domain is physical and basis-independent. In terms of the axions

ϕi the Lagrangian becomes

L =
1

2
∂ϕ⊤Ξ ∂ϕ−

N∑
i=1

Λ4
i

[
1− cos

(
ϕi
)]
−

P−N∑
i=1

Λ4
i

[
1− cos

((
QRQ

−1ϕ
)i)]

, (7.16)

where, as before,

Ξ = (Q−1)⊤KQ−1 (7.17)

is the kinetic matrix of our choice of axions ϕi, with eigenvalues ξ2i . So far, we

have performed a field redefinition so that the fields ϕ appear as the arguments

of N of the cosines. Finally, the canonically normalized fields are given by

Φ = diag(ξi)S⊤
Ξ ϕ , (7.18)

where S⊤
Ξ diagonalizes Ξ,

S⊤
Ξ ΞSΞ = diag(ξ2i ) . (7.19)

We will use (7.18) in order to determine canonically normalized distances on

moduli space.

In general, no closed form expression is available for the maximal diame-

ter of the polytope defining the fundamental domain MΓ. Instead, to obtain
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a lower bound on the maximal diameter, we will compute the diameter D of

MΓ along the direction of a particular unit vector v̂ in the ϕ basis. A useful

choice is to take v̂ to be the direction defined by a linear superposition of ki-

netic matrix eigenvectors ΨΞ
i , weighted in proportion to the square roots ξi of

the corresponding eigenvalues ξ2i :

v =
∑
i

ξiΨ
Ξ
i . (7.20)

We now define an operator ϖQ(w) that rescales a vector w to saturate the con-

straint equations (7.15) of the fundamental domain:

ϖQ(w) ≡ 2π

Maxi ({|(QQ−1w)i|})
×w . (7.21)

In the geometric picture of §7.2, w ends on an ellipsoid Ew at invariant distance

rw from the origin, and (7.21) rescales w → ϖQ(w) so that EϖQ(w) just intersects

MΓ.

Using the rescaling operator and (7.18), we find that the canonically normal-

ized diameter of the fundamental domain along the direction v̂ is

D =
∥∥diagξi S⊤

ΞϖQ(v̂)
∥∥ = ∥ϖQ(v̂)∥

√√√√ N∑
i=1

ξ4i , (7.22)

where we used that the eigenvectors are orthonormal:
∑

i S
⊤
ΞξiΨ

Ξ
i = S⊤

Ξ SΞ ξ =

ξ. As a check, in the special case of Q = 1 and K = f 21, we can evaluate (7.22)

analytically and obtain the familiar N-flation result: D = 2π
√
Nf .

While (7.22) gives an analytic expression for the diameter of the fundamen-

tal domain along an arbitrary direction, it is only useful once the periodicities

and the kinetic matrix are defined. We now turn to evaluating the diameter of

a generic fundamental domain. To that end, we assume that the integer entries

of the matrix Q are independent and identically distributed (i.i.d.). For a suffi-

ciently large number of non-vanishing entries, the matrix Q⊤Q then approaches
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its universal limit of a Wishart distribution6 [47, 48, 49, 50, 51]. In particular, as-

suming the entries of Q are of similar scale, the universal limit is reached when

a fraction ≳ 2/N of the entries in Q are non-vanishing. In the following, we

will assume that the universal limit has been reached and Q consists of random

integers of similar scale. We will consider three different models for the metric

on field space: the identity matrix, a Wishart matrix, and a heavy-tailed matrix.

The above assumptions are motivated by compactifications of type IIB string

theory, as we discuss in §7.6. Furthermore, metrics of Wishart and heavy-tailed

type are compelling models for metrics on Kähler moduli spaces [151].

7.3.1 Diameter estimates

In order to evaluate the diameter of the fundamental domain (7.22), we need an

estimate for the quantity ∥ϖQ(v̂)∥ that corresponds to the dimensionless diam-

eter in the direction v̂. In general, we can compute the diameter directly from

the entries of the matrix Q and the metric K. In order to obtain the typical diam-

eter for a generic matrix Q, we assume that its integer entries are i.i.d. random

variables. The scale of the matrix Q is set by σQ = ⟨Q⟩r.m.s.. In the resulting en-

semble of kinetic matrices Ξ, which is approximately rotationally invariant, the

eigenvectors ΨΞ
i are uniformly distributed on the unit sphere, so that the unit

vector (7.20) has normally distributed entries with standard deviation 1/
√
N ,

v̂i ∈ N (0, 1/
√
N) . (7.23)

This phenomenon is known as eigenvector delocalization. The median size of

the largest entry evaluates to

Max({|v̂i|}) =
√
2 erf−1(2−1/N)√

N
≡ ℓN√

N
. (7.24)

6

See also appendix 7.A for a brief review of basic facts from random matrix theory.
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For the case of a square matrix Q = Q, the constraints for the fundamental

domain simply become Max|vi| ≤ π and therefore (7.21) immediately becomes

∥ϖQ(v̂)∥ =

∥∥∥∥ 2π

Maxi ({|v̂i|})
× v̂

∥∥∥∥ =
2π

ℓN

√
N . (7.25)

The result in (7.25) can be understood intuitively from the fact that a high-

dimensional hypercube has vastly more diagonal directions than faces, and

therefore a randomly-selected direction is nearly aligned with a diagonal di-

rection, giving a diameter enhanced by
√
N .

For the case where the number of constraints P is larger than the number of

axions, Q is rectangular. The first N constraints are again Max|vi| ≤ π, while

the remaining constraints are given by Max({|QRQ
−1v̂|i}) ≤ π. By extensive

numerical simulation we observe that the entries of QRQ
−1v̂ for fixed Q are

Gaussian distributed and the typical standard deviation is given by
√
2, inde-

pendent of σQ, N , and P . Therefore, the typical size of the largest-magnitude

entry of the vector QRQ
−1v̂ is given by

Max({|(QRQ
−1v)i|}) ≈ 2 erf−1(2−

1
P−N ) ≈

√
4 log(P −N) ≡ lP−N . (7.26)

These entries are typically much larger than the entries of v, so whenever the

number of constraints is larger than the number of axions, the diameter is lim-

ited by the additional constraints. The typical diameter then is given by

∥ϖQ(v)ϕ∥ =

∥∥∥∥ 2π

Maxi ({|vi|})
× v̂

∥∥∥∥ =
2π

lP−N

, (7.27)

and the enhancement of the diameter originating from the presence of diagonals

is lost.

The loss of enhancement from the presence of diagonals can be understood

geometrically, as illustrated in Figure 7.1. The addition of a large number of con-

straints is defined in terms of P − N hyperplanes, typically located a distance

1/(
√
2NσQ) from the origin and with normal vectors uniformly distributed on
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Figure 7.1: The fundamental domain in the presence of P ≫ N constraints, for N = 2.
The square shown is the domain |v1,2| ≤ π, and the lines are 100 hyperplanes defined by
|(QQ−1v)1,2| = π, where the elements of QQ−1 are Gaussian distributed with standard
deviation

√
2. The black circle illustrates the typical location of hyperplanes, while the

dashed, red circle illustrates the analytic estimate (7.27) for the size of the fundamental
domain.

the sphere. The resulting fundamental domain is described by an approxi-

mately spherical region around the origin, of diameter 2π/
√
2.

7.3.2 Unit metric

We now proceed to evaluate the diameter of the fundamental domain in physi-

cal units, first assuming the metric to be the identity matrix K = f 21. Then, we

have for the kinetic matrix Ξ:

Ξ = f 2(QQ⊤)−1 = f 2SQ⊤Q diag(Q−2
i )S⊤

Q⊤Q , (7.28)

where

S⊤
Q⊤QQ⊤QSQ⊤Q = diag(Q2

i ) . (7.29)
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In the second equality in (7.28) we have used the fact that eigenvectors do not

change upon inversion. Therefore, we can use eigenvector delocalization of the

Wishart ensemble. Considering the diameter in the direction ΨΞ
N , from (7.22)

we obtain the conservative bound

D ≥ ξN∥ϖQ(Ψ)Q
⊤Q

N ∥ . (7.30)

The largest eigenvalue of Ξ, ξ2N , obeys (see appendix 7.A)

ξN = f
1

Min(Qi)
. (7.31)

In the large N limit, the median size of the smallest eigenvalue of the Wishart

matrix Q⊤Q is given by Q2
1 = Cσ2

Q/N , where C ≈ 0.3 (cf. (7.104)). Finally, the

field range is given by

D ≈ f

√
N√

CσQ
∥ϖQ(Ψ

Q⊤Q
N )∥ ≲

fN3/2 for P = N

fN for P > N
, (7.32)

where we used (7.111) in the last inequality to set σ−1
Q ≲

√
N .

7.3.3 Wishart metric

To consider a more general metric, let K be a Wishart matrix that is diagonalized

by SK and has maximum eigenvalue f 2
N . The kinetic matrix Ξ is then given by

Ξ = Q⊤diagf 2
i Q , (7.33)

where Q = SK(Q
−1). While (7.33) is not an inverse Wishart matrix, a reasonable

guess for the kinetic matrix is to approximate it as a rescaled inverse Wishart

matrix,

Ξ = Q⊤diag(f 2
i )Q ∼ σf2

i
(Q⊤Q)−1 , (7.34)
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where the scale of the eigenvalues is given by σf2
i
= ⟨f 2

i ⟩r.m.s. ≈ f 2
N/4. Therefore,

Ξ−1 is approximately an inverse Wishart matrix of scale σΞ−1 = σQ/
√
σf2

i
, and

the typical largest eigenvalue of Ξ is given by

ξN =
1√
σ2
Q

σ
f2
i

C

N

=

√
N/C

2σQ
fN , (7.35)

where we used again that σf2
i
≈ f 2

N/4. The physical field range is then given by

D ≈ fN
2

√
N√

CσQ
∥ϖQ(Ψ

Q⊤Q
N )∥ ≲

fNN3/2 for P = N

fNN for P > N
, (7.36)

We have verified this result through extensive simulations.

7.3.4 Heavy-tailed metric

For a heavy-tailed metric K, the eigenvalues f 2
i are distributed with a poly-

nomial fluctuation probability, so the scale σf2
i

is not defined. While there are

many distinct ensembles of matrices exhibiting heavy tails, a simple model that

we will adopt is one where one of the metric entries dominates over all others,

so the metric takes the schematic form

K11 = f 2
N , Kij ≪ f 2

N ∀ i ̸= 1 or j ̸= 1 . (7.37)

See [151] for examples of heavy-tailed Kähler metrics in explicit string compact-

ifications.

Thus, for the matrix Ξ = (Q−1)⊤KQ−1, Q−1
1j /∥Q−1

1j ∥ is a unit eigenvector cor-

responding to the eigenvalue f 2
N∥Q−1

1j ∥2, while all other eigenvalues are much

smaller. The matrix Q has entries of scale σQ and is otherwise random, so that

190



the elements of the inverse matrix obey

∑
i

(Q−1)1iQi1 = 1 , (7.38)

where we can approximate the entries of Q as Gaussian random variables with

vanishing mean and standard deviation σQ. The entries of the matrix Q−1 are

then approximately distributed according to the inverse Gaussian distribution

with standard deviation
√
N in order to satisfy (7.38). It is then plausible that

the sum σ2
Q∥Q−1

1j ∥2 = σ2
Q
∑

i(Q
−1)21i is inverse chi-squared distributed with unit

standard deviation:

σ2
Q|Q̃−1

1j |2 = σ2
Q

N∑
i=1

(Q−1)21i ∈ χ−1(1) . (7.39)

While we will not prove this relation, we have verified (7.39) numerically, find-

ing an excellent match. The median of ∥Q−1
1j ∥2 is then given by

λ̃ =

(
1√

2σQ erfc−1(1/2)

)2

. (7.40)

Therefore, we have for the square root of the largest eigenvalue of Ξ

ξN ≈ 1√
2 erfc−1(1/2)

fN
σQ

. (7.41)

Using Eq. (7.22) we find the diameter

D ≈ fN√
2 erfc−1(1/2)σQ

∥ϖQ(Ψ)Q
⊤Q

N ∥ ≲

fNN for P = N

fN
√
N for P > N

. (7.42)

Finally, Figure 7.2 illustrates numerically the approach to universality and the

scaling of the kinematic range with N .
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Figure 7.2: Left: Diameter versus the number of fields for a fixed number P = 4N of
non-vanishing entries in Q. Right: Kinematic range vs. P/N for fixed N = 100. Dashed
lines illustrate numeric results, and the solid lines are the analytic results. From top to
bottom, red: unit metric (7.32); green: Wishart metric (7.36); gray: non-square Q matrix
(7.36) with P −N = 3; orange: heavy-tailed metric (7.42); blue:

√
N for comparison.

7.4 Dynamic Alignment

So far we have evaluated the typical diameter of the fundamental region, which

we found to be parametrically larger than the typical scale of the metric eigen-

values. However, in order to realize large field chaotic inflation within one fun-

damental domain,7 the diameter in the light directions of the potential is re-

quired to be large.8 In this section we consider the diameter for a displacement

of the lightest canonical field. We will find that universality generically leads to

an alignment of the largest direction with the lightest canonical field.

Let us again consider the Lagrangian (7.16) for the fields ϕ. Well inside the

fundamental domain, with −π ≪
(
QQ−1

R ϕ
)
i
≪ π, we can expand the potential

to quadratic order,

L =
1

2
∂ϕ⊤Ξ ∂ϕ− 1

2
ϕ⊤M2

ϕ ϕ , (7.43)

7

Inflation could proceed beyond one fundamental domain, as we will discuss, and could span
many fundamental domains in the presence of monodromy.

8

In [170] it was shown that for a trivial Q matrix the direction of largest field space diameter is
generically misaligned with respect to the lightest canonical field.
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where

M2
ϕ = diag(Λ4

1,...N) + (QR)
⊤diag(Λ4

N+1,...P )QR , (7.44)

is the mass matrix in the ϕ basis. The canonically normalized fields Φ are given

by

Φ = diag(ξi)S⊤
Ξ ϕ , (7.45)

and the Lagrangian becomes

L =
1

2
∂Φ⊤∂Φ− 1

2
Φ⊤M2

ΦΦ , (7.46)

where

M2
Φ = diag(1/ξi)S⊤

Ξ M2
ϕ SΞ diag(1/ξi) . (7.47)

To obtain a lower bound on the typical arc length traversed during the ap-

proach to the vacuum, we consider a scan over random initial conditions, uni-

formly distributed over the boundary of validity of the quadratic approxima-

tion,9 i.e. we examine an initial point

ϖQ(v̂), (7.48)

where v̂ is a unit vector with uniform probability density on the sphere SN−1.

The semidiameter of the fundamental domain in the direction v̂ is a lower

bound for the dynamical field range, and is given by

1

2
Dv̂ =

1

2
∥diagξi S⊤

ΞϖQ(v̂)∥ . (7.49)

Because the initial points ϖQ(v̂) are uniformly distributed on SN−1, the dis-

placements ϖQ(v̂) will typically have overlaps of 1/
√
N with the direction cor-

responding to the maximum diameter of the fundamental domain. Thus, the

9

Note that most of the volume of anN -polytope is concentrated at the boundary, so a scan over
initial positions that is uniform throughout the polytope would yield displacements similar to
those from a scan over the boundary.
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typical displacement from the vacuum in a scan over random initial conditions

is given by

Dv̂ ≈ 1√
N
D . (7.50)

In the above estimate we considered the typical field range when scanning

over initial conditions uniformly distributed in the fundamental domain. How-

ever, one might also be interested in the maximum field range over which the

quadratic approximation is valid, along the direction of the lightest field. To an-

alyze this, we assume that the hierarchy in the eigenvalues of the kinetic matrix

Ξ is much larger than the hierarchy of the entries in the rotated mass matrix

S⊤
Ξ M2

ϕ SΞ .10 The mass matrix for the canonically normalized fields Φ is then

dominated by the ξ contribution:

M2
Φ = diag(1/ξi)S⊤

Ξ M2
ϕ SΞ diag(1/ξi) ≈

Λ4
Mϕ

ξiξj
, (7.51)

where Λ4
Mϕ

is the typical scale of the entries of S⊤
Ξ M2

ϕ SΞ , so that the lightest

direction is given approximately by

v̂Φ =
vΦ

|vΦ|
∼ (0, . . . , 0, 1) , (7.52)

which approximately coincides with the direction giving the maximum diame-

ter. This alignment occurs because in the ϕ basis the light direction corresponds

to ΨΞ
N , the eigenvector corresponding to the largest axion decay constant. Using

(7.49), we find that the diameter in the direction of the lightest field is

Dlight ≈ D . (7.53)

10

For the case of a Wishart metric K we have verified numerically that the hierarchy of the
entries of S⊤

ΞM
2
ϕ SΞ is parametrically smaller than the hierarchy in the matrix ξiξj , by a factor

of order N2 independent of the Λi, leading to dynamic alignment.
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Figure 7.1: Contour plot of a two-dimensional axion potential, along with the region
of validity of the quadratic expansion and a set of randomly chosen inflationary trajec-
tories. The axes are canonically normalized fields.

We have observed a generic enhancement to the diameter of a single fun-

damental domain of the potential, due to eigenvector delocalization and the

nontriviality of the Q matrix. This is a promising setting for realizing chaotic

inflation. Starting the system with a displacement along the lightest direction

can lead to single-field slow roll inflation in a quadratic potential:

V (Φ) =
1

2
m2Φ2 , (7.54)

which yields a large number of e-folds,

Ne =
1

4
|∆Φ|2 ≳ 1

16N
D2

light , (7.55)

where we used the estimate from (7.53). For example, taking the metric on mod-

uli space to be a Wishart matrix, we find the scaling

Ne ∝ N3 f
2
N

M2
Pl

. (7.56)

195



Although single-field inflation is a possibility in this system, it is not a

generic outcome. Instead, the more massive fields will decay first, with the

lighter fields settling into their minima later. This process is illustrated in Figure

7.1. A number of features are worth noting. While kinetic alignment allows the

diameter of one lattice domain to be super-Planckian at large N , this does not

imply that the inflationary trajectory remains within a region where a quadratic

approximation to the potential is valid. In particular, although the large hierar-

chy in the axion decay constants leads to an approximate alignment of the least

massive direction with the kinematically largest direction, a slight misalignment

can lead to an evolution into a neighboring minimum. This does not spoil the

possibility of inflation: there is still a large field displacement, and inflation can

proceed driven during the approach to the neighboring minimum. These ef-

fects, in particular the multifield dynamics during the onset of inflation, can

give rise to interesting physical phenomena, such as non-adiabatic perturba-

tions or even domain walls. A full analysis of these effects is beyond the scope

of this work.

7.5 Axions in Supergravity

Our discussion so far has been at the level of a low-energy effective field theory

containing N axions. However, because high-scale inflation is extremely sensi-

tive to physics at the Planck scale, it is important to inform the effective descrip-

tion with the data of an ultraviolet completion. We will therefore explain how

our considerations extend to axions in string theory. As a bridge between our

general analysis and specific string theory constructions, we now discuss axions

in four-dimensional N = 1 supergravity theories, incorporating the structures

of the effective supergravity theories that arise in the flux compactifications of

type IIB string theory described in §7.6. The effective supergravities presented

here generically exhibit kinetic and dynamic alignment.
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7.5.1 Hessian matrix

We will now examine the scalar potential in an N = 1 supergravity theory, with

an eye towards the Kähler moduli sector of Calabi-Yau compactifications of type

IIB string theory. The Lagrangian of the chiral superfields ϕA is given by

L = KAB̄(ϕ
C , ϕ̄D̄)∂µϕ

A∂µϕ̄B̄ − V (ϕC , ϕ̄D̄) , (7.57)

with the F-term potential11

V (ϕC , ϕ̄D̄) = eK
(
KAB̄DAWD̄B̄W − 3|W |2

)
. (7.58)

In the above equations KAB̄ is the Kähler metric on moduli space, which is in-

dependent of the axions at the perturbative level, and W is the holomorphic

superpotential. In the case of type IIB string theory, the indices A and B̄ run

over the dilaton, the complex structure moduli, and the Kähler moduli, such

that A = 1, . . . , h1,1 + h2,1 + 1. As stated before, we will concern ourselves with

the case in which the complex structure moduli and dilaton are integrated out

supersymmetrically at a high scale, so we will henceforth restrict ourselves to

an effective theory for the Kähler moduli T j = τ j + iθj , labeled by the indices

i, j. A consistency requirement for our analysis is that the motion of the inflaton

does not destabilize any fields that we have assumed to be set at their minima.

We will therefore examine the cross-coupling terms in the Hessian, and ensure

that these are not large enough to push a previously-stable saxion away from its

minimum so as to destabilize the configuration.12 At a supersymmetric critical

11

We omit the D-term potential, because in the constructions that we will discuss, the D-terms
do not involve the axions to leading order, and can be safely ignored in analyses of inflationary
dynamics.

12

A discussion of this problem in the context of N-flation appears in [147]; see also [160].
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point we can write the potential in terms of small fluctuations as

V (T, T̄ ) = V (T0) +
∑
ij

∂i∂jV T
iT j = V (T0) +

(
T̄ T

)
H

(
T

T̄

)
, (7.59)

where i, j run over unbarred and barred indices and T denotes the fluctuations

about the minimum. The Hessian matrix is given by

H =

(
∂2iȷ̄V ∂2ijV

∂2ı̄ȷ̄V ∂2ı̄jV

)
= HZ − 2|W |2

(
Kiȷ̄ 0

0 Kı̄j

)
, (7.60)

where

HZ =

(
Z Ā

i Z̄ı̄Ā −ZijW

−Z̄ı̄ȷ̄W Z̄ A
ı̄ ZjA

)
, (7.61)

and ZAB = ZBA ≡ DADBW . Here DAVB = ∂AVB +KAVB −ΓC
ABVC , and we have

used Kähler transformations to set K = 0 at the critical point.

We can transform the Hessian matrix into a (τ θ) basis via

(
T

T̄

)
=

(
1 1i

1 −1i

)(
τ

θ

)
= U

(
τ

θ

)
, (7.62)

such that

V (τ, θ) = V (τ0) +
(
τ θ

)
U†HU

(
τ

θ

)
. (7.63)

We then have

Hτθ = U†HU , (7.64)

which evaluates to

Hτθ = 2

(
ZZ̄ − 2|W |2K − 1

2

(
WZ +WZ̄

)
i
2

(
WZ −WZ̄

)
i
2

(
WZ −WZ̄

)
Z̄Z − 2|W |2fK + 1

2

(
WZ +WZ̄

) ) .

(7.65)
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Here ZZ̄ is contracted using the Kähler metric. Let us now consider the cou-

plings between the saxions τ i and the axions θi. In [121] it was shown that

tachyons allowed by the Breitenlohner-Freedman bound are ubiquitous in AdS

vacua, and will render an uplifted solution unstable, unless |W | ≪ msusy/N .

Here, msusy is the scale of the supersymmetric fermion mass matrix Zij . There-

fore, the scale of the masses of τ i is given by ZZ̄ ∼ M2
τ2 ∼ m2

susy, while the

couplings between τ and θ are given by M2
τθ ∼ WZ̄ ∼ Wmsusy. Then the con-

straint |W | ≪ msusy/N leads to

M2
τ2 ≫

1

N
M2

τθ , . (7.66)

To leading order in τ and θ, the displacement of the minimum for τ can be

estimated by solving ∂τV (τ, θ)|τ=τmin
= 0, which gives

∥∆τmin∥ = ∥
(
M2

ττ

)−1
Mτθ∆θ∥ ∼ 1

N
∥∆θ∥ . (7.67)

Here we have considered only the leading order contributions to the τ -θ mix-

ing terms in the Hessian. In general there will be higher-order contributions,

but when our expansion is valid these are not large enough to destabilize the

vacuum.

We now turn to a more specific effective supergravity theory, in which the

superpotential takes the form

W = W (S, χ) +
∑
j

Aj(χa)e
−qjiT

i

= W (S, χ) +
∑
j

Aj(χa)e
−qji(τ

i+iθi) . (7.68)

In the last equality we have expressed the complex chiral scalar in terms of its

real saxion and axion components. If the Kähler potential is independent of the

axions, at least to the order at which we are working, then the axion potential

can be written

V = C +
∑
j

Bj cos(qji θ
i − θW ) +

∑
j<k

Bjk cos(qjiθ
i − qkiθ

i) . (7.69)
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In this formula, C,Bj , and Bjk depend on the saxions but not on the axions. In

§7.6, we will consider the KKLT moduli stabilization scheme in type IIB string

theory, which requires solving the F-flatness constraints Fi = 0, ∀ i. In general

the Ai prefactors in each nonperturbative term will be complex, and will con-

tribute a phase to each exponential. When we have N axions we can simply

perform a shift to absorb each Ai phase, and can therefore take the Ai to be real.

In addition, we can perform a Kähler transformation to make W0 real and nega-

tive. For the remainder of this work we will assume that these transformations

have been performed.

To extract the axion-saxion coupling at the supersymmetric minimum we

need to compute the matrix ZAB = DADBW , where DA is the geometrically co-

variant and Kähler covariant derivative, and DB is the Kähler covariant deriva-

tive. At a supersymmetric minimum DAW ≡ FA = 0, so we can write

ZAB = DADBW = ∂AFB +K,AFB + ΓC
ABFC = ∂AFB, . (7.70)

Writing FB = (∂B +K,B)W , we have

ZAB = ∂2ABW +K,B∂AW +K,ABW . (7.71)

This is not manifestly symmetric in the induced A and B, but we can fix that by

multiplying the critical point equation by K,A:

K,A∂BW = −K,AK,BW . (7.72)

Therefore, we find

ZAB = ∂2ABW +K,ABW −K,AK,BW . (7.73)
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Figure 7.1: Normalized probability distribution ρ of the eigenvalue spectrum of Q⊤Q
along with the analytic Wishart eigenvalue spectrum.

Applying this to (7.68) we find

Zij =
∑
k

Ak

(
qki q

k
j

)
e−qkiT

i

+ (K,ij −K,iK,j)W . (7.74)

The scale of the inflaton mass is approximately set by the scale msusy/N . If

the axions are stabilized at θi = 0, then the superpotential will be real at the

minimum, as will the matrix Z. Therefore, from the form of equation (7.65), the

axions and the saxions will be decoupled to leading order, and we do not need

to worry about destabilizing the saxions during inflation, as long as each axion

does not move too much. For this reason we will focus on the θi = 0 vacuum.

7.5.2 Approach to universality

The full effective potential in (7.69) has P cosine terms appearing due to the

nonperturbative superpotential and an additionalN2 terms of the form cos(ϕi−
ϕj), appearing as cross terms with Q matrix Qcross. The full Q matrix is then

given as

Q =

(
Q

Qcross

)
. (7.75)
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Note that the additional constraints on the fundamental domain originating

from the cross terms decrease the diameter found by considering only super-

potential periodicities by at most a factor of 2, because only differences ϕi − ϕj

appear. Therefore, the cross terms contain no new physical enhancement of,

or limitation on, the diameter of the fundamental domain. However, the ef-

fective potential contains the full matrix Q and picking an arbitrary full rank

N × N matrix can be used to define the axions. The metric on field space and

its decay constants, however, do depend on the choice of axions. In particular,

because there is a large number of possible full rank matrices, with essentially

random entries, the metric on field space approaches that of an inverse Wishart

matrix, independent of the periodicities in the nonperturbative superpotential.

This approach to universality is illustrated in Figure 7.1. Here we chose Q = 1,

K = 1f 2, N = 51 and defined the axions ϕ = Qθ in terms of a full rank matrix

Q that consists of N randomly chosen rows of the full matrix Q. Due to univer-

sality, the metric on moduli space approaches an inverse Wishart distribution

with potentially large eigenvalues. This observation is purely due to the fact

that the definition of the axions and the associated metric is arbitrary. Despite

the presence of very large metric eigenvalues, in this example the field range

is not enhanced compared to the trivial case Q = 1. This is a consequence of

the fact that the axion lattice domains are defined by the periodicities of the

superpotential.

7.6 Diameter in an Explicit String Compactification

It will be instructive to verify that the kinetic alignment mechanism we have

described can occur in a UV-complete theory, at large N . Weakly-coupled string

theory is, at the moment, our best tool for testing whether a particular mech-

anism is consistent with a theory of quantum gravity. In this section we will

discuss an explicit compactification of type IIB string theory with moderately

large N and a nontrivial Q matrix. Our findings suggest that the kinetic align-

ment discussed above can occur very naturally in compactifications of type IIB
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string theory on certain Calabi-Yau orientifolds.

We will examine a state-of-the-art string compactification, with h1,1 =

51, that was introduced by Denef, Douglas, Florea, Grassi, and Kachru

(DDFGK) [162]. Their construction is almost completely explicit: quantized flux

values are specified to stabilize the complex structure moduli and dilaton at

weak coupling, and the Kähler moduli are stabilized by nonperturbative effects,

which are known to be present and to provide non-vanishing contributions to

the superpotential. The only piece that is not completely explicit are the Pfaffian

prefactors of the nonperturbative superpotential terms, which are set to unity.

7.6.1 Axions in type IIB string theory

Type IIB string theory compactified on a Calabi-Yau threefold X3 yields an

N = 2 d = 4 effective theory. In the absence of branes, the massless fields

are the h2,1 vector multiplets, which include the complex structure moduli, and

h1,1 hypermultiplets, which include the Kähler moduli. We are interested in a

N = 1 theory, which can be obtained by orientifolding, resulting in an N = 1

supergravity theory with an internal space X̂3, the orientifold of the threefold

X3. For simplicity we will assume that all of the divisors are even under the ori-

entifold action (general at present, but specified in the example of §7.6.2). The

complex structure moduli are lifted by a tree-level Gukov-Vafa-Witten flux su-

perpotential [130], while the Kähler moduli are massless at leading order, due to

the shift symmetry of the imaginary part of the Kähler moduli. The perturbative

continuous shift symmetries are broken to discrete shifts by nonperturbative ef-

fects, such as Euclidean D3-branes wrapping internal four-cycles, or gaugino

condensation on stacks of D7-branes wrapping such cycles. At large volume,

the masses of the complex structure moduli are hierarchically larger than those

of the Kähler moduli, so that the complex structure moduli can typically be in-

tegrated out, yielding an effective theory for the Kähler moduli.

At large volume, the leading order action is determined by the classical
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Kähler potential for the Kähler moduli, and by the leading order contributions

to the nonperturbative superpotential. The classical Kähler potential takes the

form

K = −2 log(V ), V =
1

6

∫
J ∧ J ∧ J . (7.76)

Here the Kähler form is expanded as J = tiωi, where ωi ∈ H1,1(X,Z). The Kähler

moduli have a natural interpretation as the volumes of four-cycles. These vol-

umes combine with periods of the Ramond-Ramond four-form to form chiral

superfields. The complex scalar components take the form:

T j =
1

2

∫
Dj

J ∧ J + i

∫
Dj

C(4) ≡ τ j + iθj . (7.77)

We will write the general nonperturbative superpotential as

W =W0 +
∑
i

Aie
−qijT

j

. (7.78)

Here W0 is the value of the flux superpotential with the complex structure fields

set at their minima, and the Ai are one-loop determinants.

7.6.2 The compactification

The geometry (before orientifolding) is a resolution of the orbifold T 6/Z2 × Z2,

which has 51 Kähler moduli and 3 complex structure moduli. T 6 = (T 2)3 has

three Kähler moduli, which descend to the so-called “sliding divisors” {Ri}, i =
1 . . . 3. The orbifold action is

z1 z2 z3

α + − −
β − + −

α ◦ β − − +

204



There are 48 fixed lines under the orbifold action, whose resolution in-

troduces 48 exceptional divisors, denoted by {Eiα,jβ}, where i = 1 . . . 3, α =

1 . . . 4, i < j. We will consider what DDFGK refer to as the “symmetric res-

olution.” There are 12 fixed divisors under the orientifold action, resulting in

12 O7-planes. An SO(8) stack of D7-branes is placed on each O7-plane. The

D7-brane divisors will be denoted by Diα. In the compact model the Diα are

disjoint, so there is no massless bifundamental matter arising from intersections

of D7-branes. In addition, the Diα are rigid, so there is no adjoint matter, and

the gauginos will condense. The Diα can be expressed in terms of the sliding

divisors and exceptional divisors. For example,

D1α = R1 −
∑
β

E1α,2β −
∑
γ

E3γ,1α . (7.79)

Each exceptional divisor is rigid, and supports a Euclidean D3-brane, which

generates a superpotential of the form

∆W ∼ e−2πτiα,jβ . (7.80)

The gaugino condensates generate superpotentials of the form

∆W ∼ e−2πτiα/6 , (7.81)

where we have used the fact that the dual Coxeter number of SO(8) is 6. Ex-

panding the Kähler form as

J = riRi − t1α,2βE1α,2β − t2β,3γE2β,3γ − t3γ,1αE3γ,1α , (7.82)

205



the volume of the orientifold can be written as

V = r1r2r3 −
1

2

(
ri
∑
βγ

t22β,3γ + . . .

)
− 1

3

(∑
αβ

t31α,2β + . . .

)

+
1

4

(∑
αβγ

t1α,2βt
2
2β,3γ + t1α,2βt

2
3γ,1α + . . .

)
− 1

2

∑
αβγ

t1α,2βt2β,3γt3γ,1α . (7.83)

The areas of the generators of the Mori cone are

Ai,jβ = ri −
∑
α

tiα,jβ ,

A++−
αβγ =

1

2
(t1α,2β + t2β,3γ − t3γ,1α) , (7.84)

plus cyclic permutations of the latter. DDFGK found a particularly symmetric

critical point by setting

tiα,jβ = t, ri = r , (7.85)

through which the curve areas and divisor volumes simplify greatly:

V = r3 − 24rt2 + 48t3 ,

Viα,jβ = VE = rt− 3t2 ,

Viα = VD = r2 − 8rt+ 16t2 ,

Ai,jβ = Ar = r − 4t ,

Aαβγ = At =
t

2
. (7.86)

Under the assumption that the one-loop determinants can be set to unity, a min-

imum was sought where the phases vanish. The superpotential can then be

written as

W = W0 + 48e−2π(tr−3t2) + 12e−2π(r2−8rt+16t2)/6 . (7.87)

DDFGK explicitly stabilized the complex structure moduli using flux, finding

that W0 ∼ −0.3, which gives a supersymmetric local minimum with the Kähler
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parameters

r ≈ 4, t ≈ 0.4, (7.88)

yielding volumes of

V ≈ 55, VE ≈ 1, VD ≈ 6, Ar ≈ 2.5, At ≈ 0.2 . (7.89)

These values are not parametrically large, and one should ask whether addi-

tional perturbative and nonperturbative effects are important in this regime of

parameters. DDFGK directly demonstrated that the leading known corrections

are controllably small, as we now explain. There are nonperturbative correc-

tions to both the Kähler potential and the superpotential. There could be a

contribution to the superpotential from multi-wrapped or fluxed instantons,

but these contributions will be suppressed by higher-order powers of the ex-

ponential that is already present. Since the values of these exponentials are

e−2πVE ∼ 5 × 10−4 and e−2πVD/6 ∼ 2 × 10−3, these contributions are expected

to shift the minimum by a very small amount. The corrections to the Kähler

potential are a bit more complicated, especially given the small volumes of the

exceptional curves. First, there are perturbative α′ effects, which correct the

Kähler potential to

K = −2 log

(
V +

ξ

g
3/2
s

)
, ξ ≡ −χ(Y )ζ(3)

8(2π)3
≈ −0.06 . (7.90)

In this formula, χ(Y ) is the Euler characteristic of the “upstairs” Calabi-Yau.

This correction gives a percent-level correction to the volume, and can there-

fore be consistently neglected. Nonperturbative corrections can be estimated

through the corresponding correction to the underlying N = 2 prepotential:

∆F ≈ 1

(2π)3

∞∑
n=1

1

n3
e−2π

√
gs(2At)n ≈ 10−3 . (7.91)
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Here we have restricted to a sum over worldsheets wrapping exceptional

curves, since these will give the leading order contribution. We have also in-

cluded a factor of two relevant in moving from the upstairs space to the down-

stairs space. There are 192 minimal exceptional curves, which in turn provide

a percent-level correction to the Kähler potential. In addition, since gs ≈ 0.27

is moderately small, string loop corrections should not significantly shift the

minimum. More details on these results can be found in [162].

We will consider this point in moduli space as a toy model. It is, of course,

not a realistic model for inflation, as the minimum is a supersymmetric AdS

vacuum. However, it is still instructive to demonstrate kinetic alignment in a

completely explicit and well-controlled string compactification. To compare this

example to the rest of the paper, we write the nonperturbative contributions to

the superpotential in the form
∑

iAie
−qijT

j

, so that the eigenvalues of the kinetic

matrix correspond to axion decay constants. The matrix q is then given by
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q =
π

3



1 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1
0 1 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1
0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6



.

(7.92)
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7.6.3 Field space diameter

We are now in a position to determine the diameter of the fundamental domain

in the DDFGK compactification. The diameter is given by (7.49),

Dlight = 2π|diagξi S⊤
ΞϖQ(v̂)| , (7.93)

where v̂ = SΞ diag(ξ−1)ΨMΦ

1 . Using the Hessian matrix for the axions in (7.65),

the q matrix (7.92), and the Kähler metric on moduli space, we numerically find

that the diameter along the lightest direction13 is

Dlight = 1.13MPl . (7.94)

This can be compared to the results of §7.3, where the field space diameter

was obtained analytically. As we argued in §7.3, it is reasonable to approximate

the kinetic matrix Ξ as an inverse Wishart matrix. We can test this assump-

tion by comparing the largest eigenvalue of the kinetic matrix obtained from

the Kähler potential (7.90) to the typical largest eigenvalue of a Wishart matrix

given in (7.35). Using the scale of the q matrix (7.92), σQ ≈ 0.18, and the largest

metric eigenvalue fN ≈ 0.013MPl, (7.35) gives ξWishart
N ≈ 0.49MPl, while numer-

ically we typically14 find ξDDFGK
N ≈ 0.18MPl. According to (7.36), the field space

diameter is obtained by rescaling the largest eigenvalue of the kinetic matrix by

∥ϖQ(v̂)∥, which takes into account the additional P −N = 9 constraints. From

(7.27) we expect that for random choices of constraints, ∥ϖQ(v̂)∥ ≈ 2.5, while

we observe numerically that for the direction v̂ corresponding to the lightest

13

Note that by using different choices of q, corresponding to different coordinates, the eigen-
values of the kinetic matrix change. We have observed examples in which ξN ≈ 16MPl, which
might naively be interpreted as a super-Planckian axion decay constant. However, as the defi-
nition of the axions is ambiguous in this example, this does not correspond to a physically large
diameter.

14

Note again that the kinetic matrix is basis dependent. We obtained a typical value by evalu-
ating ξN for a large number of random basis choices.
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canonically normalized field, ∥ϖQ(v̂)∥ ≈ 6.3. It is encouraging that our large N

estimates based on universality and eigenvector delocalization are accurate, in

this example, to within factors of order a few.

Finally, (7.36) gives an analytic estimate for the field space diameter from

random matrix theory of

D =

√
51

2 + log(4)− 2
√

1 + log(4)

π

2 erf−1 (2−1/9)

fN
σQ

≈ 1.21MPl . (7.95)

This matches the actual diameter (7.94) rather well.

7.7 A Unified Theory of Axion Diameters

Our results unify a number of effects identified in prior works, as we will now

explain.15 The very special case K = diag(f 2
i ), Q = 1 corresponds to the sim-

plest construction of N-flation [16] (a version of assisted inflation [146]), for

which the field range is given by the Pythagorean sum ∆Φ = 2π
√∑

i f
2
i . In the

much more general circumstance where K is not diagonal in the basis where

Q = 1, eigenvector delocalization causes the eigenvector ΨK
N with the largest

eigenvalue f 2
N to point in an approximately diagonal direction, leading to the

range ∆Φ = 2π
√
NfN [170]. The result of the present work is closely parallel

to that of [170]: we have seen that when Ξ = (Q−1)⊤KQ−1 is not diagonal in

the basis where Q = 1, eigenvector delocalization causes the eigenvector ΨΞ
N

with the largest eigenvalue ξ2N to point in an approximately diagonal direction,

leading to the range ∆Φ = 2π
√
NξN .

To understand the crucial distinction between ξN and fN , it is useful to work

in the concrete case of Calabi-Yau compactifications of type IIB string theory. In

this setting we notice that K can be computed in terms of classical data, namely

15

For simplicity of presentation we take P = N in this discussion.
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the intersection numbers. At this level, the axion field space is RN ; the axions

have vanishing potential, have infinite range, and do not decay. Meaningful

statements about axion decay constants require specifying the nonperturbative

effects that break the continuous shift symmetries to discrete shifts, which are

encoded in Q. For this reason, for any N > 1, a computation of the eigenvalues

f 2
i of the Kähler metric K defined by the classical Kähler potential does not de-

termine the physical field range.16 In particular, an upper bound on fN does not

provide an upper bound on the possible axion displacement during inflation,

for two reasons. First, ∆Φ/fN is parametrically large at large N — as large as

O(N3/2) — for generic K and Q. Second, even for N = 2, there is the possibility

that the smallest eigenvalue λQ
⊤Q

1 of Q⊤Q is accidentally small in comparison to

its expected size ⟨λQ
⊤Q

1 ⟩ in an ensemble of Q matrices with the same symmetries

and with entries of the same r.m.s. size.

The possibility that λQ
⊤Q

1 ≪ ⟨λQ
⊤Q

1 ⟩ is the foundation of the Kim-Nilles-

Peloso (KNP) mechanism of decay constant alignment [15]. The proposal of

KNP, described for N = 2 in [15] and generalized to N > 2 in [158], is to take

K = diag(f 2
i ) in a basis where Q is nontrivial, and to take Q⊤Q to have an ac-

cidentally small smallest eigenvalue. Such an accidental enhancement is plau-

sibly realizable in the landscape of string vacua, but for N = 2 — and indeed

for any N that is not large — this occurs infrequently [174]. The increased like-

lihood at large N of large enhancements from small λQ
⊤Q

1 /⟨λQ
⊤Q

1 ⟩ was observed

by Higaki and Takahashi in [174] (see also [175]), and a slightly different per-

spective on enhancements at large N, also building on [15], was given by Choi,

Kim, and Yun in [158].

Here we have not relied on λQ
⊤Q

1 ≪ ⟨λQ
⊤Q

1 ⟩, but have instead shown that

for Q matrices of the form that arise in actual string compactifications, ⟨λQ
⊤Q

1 ⟩
itself is small, because of eigenvalue repulsion. Thus, the field range computed

16

The bound on the diameter of axion moduli space obtained for simplicial Kähler cones in
[148] uses only the data of K, taking Q = 1, and does not apply in the general case where
Q ̸= 1.
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in this work is the the generic circumstance, not a fine-tuned possibility.17

A potential obstruction to achieving a super-Planckian displacement in a

theory with an extremely large number of axions is that renormalization of the

Planck mass (cf. [16]) reduces the effective range ∆Φ, measured in renormalized

Planck mass units. General reasoning suggests

(M ren.
P l )2 − (Mbare

Pl )2 ≡ δM2
Pl ∼

N

16π2
Λ2

UV , (7.96)

where ΛUV is the ultraviolet cutoff. However, (7.96) is manifestly ultraviolet sen-

sitive, and a more meaningful approach is to examine the leading correction that

arises in string theory. Compactifying type IIB string theory on a six-manifold

X6 with Euler characteristic χ(X6) and volume V , and including the four-loop

σ-model coupling quartic in ten-dimensional curvature [176, 177], one finds

δM2
Pl =M2

Pl ×
ζ(3)χ(X6)

8(2π)3g
3/2
s

(ls)
6

V
, (7.97)

where V is the Einstein frame volume of the orientifold, and we are using the

conventions of [162]. If the axions in question arise in the Kähler moduli sector,

so that N = h1,1, the correction (7.97) has the same parametric scaling as (7.96),

if h1,1 is taken large with h2,1 fixed. However, in typical Calabi-Yau compactifi-

cations, (7.97) is a modest correction, δM2
Pl ≲ M2

Pl, and does not parametrically

alter the field range. In the example of DDFGK, δM2
Pl/M

2
Pl = 0.008. We conclude

that renormalization of the Planck mass does not present a serious obstacle to

achieving super-Planckian axion diameters in reasonable Calabi-Yau compact-

ifications through our approach, though it would become problematic at the

very large values of N needed in N-flation models [16] with Q = 1.

17

The range we have exhibited is an ‘enhancement’ compared to prior expectations, but it
would be more accurate to say that those prior works that considered only the fi, rather than
the ξi, underestimated the typical diameter of field space.
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Q⊤Q (P = N) Q⊤Q (P > N)

K Unit Wishart Wishart

Unit
√
Nf N3/2f Nf

Wishart
√
NfN N3/2fN NfN

Heavy Tailed fN NfN
√
NfN

Table 7.1: Parametric scaling of the maximum diameter of the axion fundamen-
tal domain for different choices of metrics K and axion constraints Q. P is the
number of constraints, N is the number of axion fields, and f 2

N is the largest
eigenvalue of K.

7.8 Conclusions

We have computed the diameter D of the axion fundamental domain in a gen-

eral field theory with N axions, with the Lagrangian

L =
1

2
Kij∂θ

i∂θj −
N∑
i=1

Λ4
i

[
1− cos

(
Qi

jθ
j
)]
, (7.98)

where Q is a P × N matrix of integers defining the periodic identifications of

the axions. One key result is the diameter (7.22) along a particular direction,

which gives a deterministic lower bound on the maximal diameter. We evalu-

ated (7.22) in various regimes using results from random matrix theory, leading

to approximate lower bounds that hold with high confidence at large N . The

resulting scalings with N are shown in Table 7.1.

We substantiated our general findings by computing the diameter of the ax-

ion fundamental domain in explicit Calabi-Yau compactifications of string the-

ory. We focused on the vacuum of F-theory constructed in [162], where all mod-

uli are fixed in a regime where known higher-order corrections are controllably

small. The nonperturbative superpotential generated by Euclidean D3-branes

and by gaugino condensation on D7-branes defines a specific 51 × 60 q ma-

trix (7.92) for the h1,1 = 51 Ramond-Ramond axions that complexify the Kähler

moduli. For the precise vacuum parameters taken in [162], where higher order
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corrections are parametrically controlled, the largest metric eigenvalue obeys

fN ≈ 0.013MPl. Our random matrix results predict D ≳ MPl, and by direct

computation we have confirmed that D ≳ 1.1MPl.

Let us close by discussing the potential implications of our results. There are

a number of arguments against the possibility of arbitrarily large displacements

∆Φ of scalar fields in effective theories that admit completions in quantum grav-

ity.18 However, it has proved difficult to sharpen general quantum gravity ar-

guments to place accurate limits ∆Φ < MPl, as contrasted with ∆Φ < ∞: the

maximal ∆Φ in a given theory depends on the details of the ultraviolet comple-

tion, and existing general arguments are not precise enough to capture factors

of order π. Moreover, there are mechanisms implying the plausible existence

of counterexamples — constructions of large-field inflation in string theory —

based on effects such as decay constant alignment [15], N-flation [16], or mon-

odromy [172, 173]. These proposals have not yet led to universally acknowl-

edged existence proofs of large-field inflation in string theory, because of the

difficulty of embedding these mechanisms into explicit and parametrically con-

trolled compactifications with stabilized moduli.

Our findings present a way forward: they provide a framework for exhibit-

ing super-Planckian axion displacements in well-understood vacua of string

theory, without fine-tuning of parameters, and without working at extremely

largeN ≳ 103. By unifying the decay constant alignment effect of KNP [15] with

the eigenvector delocalization described in [170], and arguing that both effects

are generically present, we have shown that the diameter of axion field space is

parametrically larger in N ≫ 1 than was anticipated in the context of N-flation

[16, 170]. Our results hold in a broad class of theories in which Q is a somewhat

sparse matrix, and we argued that many flux compactifications on Calabi-Yau

orientifolds fall into this category. While our field theoretic arguments apply for

any N ≫ 1, in this work the largest number of axions we have examined in an

explicit vacuum of string theory is N = h1,1 = 51, in the case of the DDFGK

18

See e.g. [145, 178], as well as the recent review [163].
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compactification of F-theory [162]. Because D ≈ MPl in this example, we an-

ticipate that displacements suitable for large-field inflation, ∆Φ ≳ 10MPl, could

be achieved in a compactification with similar structures but with h1,1 of order

a few hundred, comfortably inside the range of known Calabi-Yau threefolds.

Exhibiting an example of this sort is an important problem for the future.

We have argued that in a theory consisting solely of N axions, inflationary

evolution can rather naturally proceed along the super-Planckian diameters that

we have identified. However, in compactifications with spontaneously broken

supersymmetry, including the example of [162], the couplings of saxions to ax-

ions may lead to instabilities that preclude inflation. This is a general difficulty:

even in vacua of string theory that admit super-Planckian axion displacements,

the uncontrolled evolution of moduli fields presents a challenge for any candi-

date construction of large-field inflation. The theories we have described here

are a promising arena for grappling with this fundamental problem.
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APPENDIX

7.A Results from RMT

In the study of theories withN ≫ 1 scalar fields, relevant matrix quantities such

as the metric on field space and the Hessian matrix approach a universal limit

that is governed by random matrix theory. This emergent behavior is a powerful

tool for studying random supergravity theories [36, 121, 179]. In this section we

review a few results from random matrix theory that are needed in this work.

A more comprehensive review of random matrix theory and its application in

physics can be found in [180, 132, 52].

7.A.1 Classical ensembles

Random matrix ensembles can be classified by their symmetry properties. Two

classes of physical relevance are the Hermite (Wigner) and Laguerre (Wishart)

β-ensembles. Consider a random N × N matrix A with entries that are inde-

pendent, identically distributed (i.i.d.) random numbers of variance σ2. The

ensemble of Wigner matrices with β = 1, 2 are defined by

MH = A+A† , (7.99)

while the Wishart ensemble is defined in terms of an M ×N matrix A

ML = A ·A† , (7.100)

where β = 1 corresponds to real entries in A, while β = 2 corresponds to com-

plex entries. These are rotationally invariant ensembles of random matrices. In

the large N limit, the precise probability distribution for the entries of A loses

relevance (as long as its variance is sufficiently bounded), and a universal limit
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β Invariance Joint eigenvalue distribution

Hermite

GOE Wigner 1 M → Q�MQ

GUE Wigner 2 M → U†MU

Laguerre

Real Wishart 1 M → Q�MQ

Complex Wishart 2 M → U†MU

Table 2. Caption

Consider a random N × N matrix A with entries that are independent, identically

distributed (i.i.d.) random numbers of variance σ2. The ensemble of Wigner matrices

with β = 1, 2 are defined by

MH = A+ A† , (A.1)

while the Wishart ensemble is defined in terms of an M ×N matrix A

ML = A · A† , (A.2)

where β = 1 corresponds to real entries, while β = 2 corresponds to complex entries in

A. These are rotationally invariant ensembles of random matrices that we will make

extensive use of. In particular, in the large N limit, the details of the probability

distribution by which the entries of A are distributed lose relevance (as long as its

variance is sufficiently bounded) and a universal limit is approached. In this limit,

the symmetry properties of the ensemble define the statistical observables such as the

eigenvalue and eigenvector distribution. Table B lists some properties of the Wigner

and Wishart ensembles in large N limit [? ].

Note in particular that the joint eigenvalue distribution of both the Wigner and the

Wishart ensemble can be interpreted as the probability distribution of a classical, one-

dimensional gas at finite temperature 1/β with Coulomb interactions. The probability

is given by ρ(λi) = eβH . In the large N limit, the eigenvalue spectrum of the Wigner

ensemble approaches the famous Wigner semicircle law

ρ(λ) =
1

2πNσ2

√
4Nσ2 − λ2 , (A.3)
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distribution by which the entries of A are distributed lose relevance (as long as its

variance is sufficiently bounded) and a universal limit is approached. In this limit,

the symmetry properties of the ensemble define the statistical observables such as the

eigenvalue and eigenvector distribution. Table B lists some properties of the Wigner

and Wishart ensembles in large N limit [17].

Note in particular that the joint eigenvalue distribution of both the Wigner and the

Wishart ensemble can be interpreted as the probability distribution of a classical, one-

dimensional gas at finite temperature 1/β with Coulomb interactions. The probability

is given by ρ(λi) = eβH . In the large N limit, the eigenvalue spectrum of the Wigner

ensemble approaches the famous Wigner semicircle law

ρ(λ) =
1

2πNσ2

√
4Nσ2 − λ2 , (A.3)

while the eigenvalue spectrum of the square Wishart ensemble is given by

ρ(λ) =
1

2πNσ2λ

√
(4Nσ2 − λ)λ . (A.4)

The typical scale of the largest eigenvalue in the large N limit is given by λWis
N = 4σ2N .

By interpreting the random matrix ensembles as an interacting gas at finite temperature

with repulsive Coulomb interactions, it is immediately clear that fluctuations of all

Wishart eigenvalues towards large values are extremely rare. Due to the repulsive

interactions, a fluctuation of the smallest eigenvalue to scales of the typical eigenvalue

Nσ2, corresponds to a configuration with free energy H ∼ N2/2 and therefore is super-

exponentially suppressed e−N2
. The precise probability density function for the smallest

eigenvalue is known analytically in terms of Hypergeometric functions and for β = 1,
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Note in particular that the joint eigenvalue distribution of both the Wigner and the

Wishart ensemble can be interpreted as the probability distribution of a classical, one-

dimensional gas at finite temperature 1/β with Coulomb interactions. The probability
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with repulsive Coulomb interactions, it is immediately clear that fluctuations of all
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Table 7.A.1: Summary of Hermite and Laguerre random matrix ensembles [180].
The matrix Q represents an orthogonal transformation, while U represents a
unitary transformation. In the joint eigenvalue distribution, the constant ξ is
given by ξ =M −N + 1− 2/β.

is approached. In this limit, the symmetry properties of the ensemble define sta-

tistical observables such as the eigenvalue and eigenvector distributions. Table

7.A.1 lists some properties of the Wigner and Wishart ensembles in largeN limit

[180].

Note in particular that the joint eigenvalue distribution of both the Wigner

and the Wishart ensemble can be interpreted as the probability distributions

of a classical, one-dimensional gas at finite temperature 1/β with Coulomb in-

teractions. The probability is given by ρ(λi) = eβH . In the large N limit, the

eigenvalue spectrum of the Wigner ensemble is given by the Wigner semicircle

law,

ρ(λ) =
1

2πNσ2

√
4Nσ2 − λ2 , (7.101)

while the eigenvalue spectrum of the square Wishart ensemble is given by

ρ(λ) =
1

2πNσ2λ

√
(4Nσ2 − λ)λ . (7.102)

The typical scale of the largest eigenvalue in the large N limit is given by

λWis
N = 4σ2N . By interpreting the random matrix ensembles in terms of an in-

teracting gas at finite temperature with repulsive Coulomb interactions, it is im-
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mediately clear that fluctuations of all Wishart eigenvalues towards large values

are extremely rare. Due to the repulsive interactions, a fluctuation of the small-

est eigenvalue to scales of order the typical eigenvalue, Nσ2, corresponds to a

configuration with free energy H ∼ N2/2, and is therefore super-exponentially

suppressed, with probability ∼ e−N2 . The precise probability density function

for the smallest eigenvalue is known analytically in terms of hypergeometric

functions; for β = 1 and N ≫ 1 one finds [41, 181]

ρλmin
(λ) =

1

2σ2

(√
Nσ2

λ
+N

)
exp

(
−
√
Nλ

σ2
− Nλ

2σ2

)
. (7.103)

It follows that the median size of the smallest eigenvalue is λ̃min = Cσ2/N , where

C = 2 + log(4)− 2
√

1 + log(4) ≈ 0.30 . (7.104)

Using (7.103) we immediately have the probability distribution of the inverse of

the smallest eigenvalue:19

ρ(λ)Wis1/min =
1

2(λσ2)3/2

(√
N +

N√
λσ2

)
exp

(
−
√

N

σ2λ
− N

2σ2λ

)
. (7.105)

This scales as 1/λ3/2 for large λ, so the distribution is heavy-tailed. On the other

hand, a fluctuation to small inverse eigenvalues is heavily suppressed. There-

fore, the smallest eigenvalue can easily be much smaller than its typical value,

but not much larger. (In the context of our analysis of the diameters of axion

fundamental domains, this fact about the smallest eigenvalue of a Wishart ma-

trix implies that the diameter can significantly exceed the lower bounds derived

in this work.)

Another useful property follows from the rotational symmetries inherent to

the Wigner and Wishart ensembles: eigenvector delocalization (cf. [50]). Given

19

The probability distribution of the inverse of a random variable with distribution ρ(λ) is given
by ρ−1(µ) = 1/µ2ρ(1/µ).
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a collection of matrices drawn from the Wishart ensemble, the eigenvectors are

with high probability uniformly distributed on the sphere SN−1. As a result, the

entries of normalized eigenvectors are are normally distributed with vanishing

mean and variance 1/N . The median size of the the largest-magnitude entry of

a delocalized eigenvector immediately evaluates to

Max({|ψi|}) =
√
2 erf−1(2−1/N)√

N
≡ ℓN√

N
, (7.106)

Thus, up to logarithmic corrections, which we capture in the factor ℓN , the

largest entry of the eigenvector is given by 1/
√
N [182].

This result also holds for the inverse of a rotationally symmetric matrix, be-

cause the eigenvectors of a diagonalizable matrix are unaffected by taking the

inverse. Furthermore, one can verify numerically that matrices of the form

A = B⊤CB (7.107)

obey eigenvector delocalization, as long as the matrices B⊤B form a rotation-

ally invariant ensemble, independent of the properties of C. We will encounter

potentially non-rotationally invariant matrices C, appearing in the form (7.107),

where eigenvector delocalization of A still holds.

7.A.2 Approach to universality

It is important to address the conditions under which random matrices ap-

proach the universal regime. In particular, the classical random matrix ensem-

bles are defined in terms of non-heavy tailed entries, i.e. the cumulative distri-

bution function of the entries decays at least exponentially. However, there are

more general matrices that still approach universality.

Let us consider the example of a N × N unit matrix that is perturbed by

a matrix δQ, where δQ is a random matrix with real i.i.d. elements with the
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Gaussian distribution N (0, σδQ):

Q = 1 + δQ . (7.108)

The matrix Q⊤Q is given by

Q⊤Q = 1 + (δQσδQ
+ δQ⊤

σδQ
) + δQ⊤

σδQ
δQσδQ

, (7.109)

in which the first term has eigenvalues of order 1, the second term is a Wigner

matrix with eigenvalues of order
√
8Nσ2

δQ, and the third term, which is a

Wishart matrix, has eigenvalues of order 4σ2
δQN . The matrix Q⊤Q is well ap-

proximated by a Wishart matrix for σδQ ≳ 1/(2
√
N). While this parametric scal-

ing is confirmed by numerical studies, we observe that the smallest eigenvalue

actually approaches the Wishart result for σδQ ≳
√
2/
√
N .

Let us consider the example of Q = 1 + δQ, where δQ consists of a matrix

with NδQ random entries equal to one, with all other entries vanishing. The

quadratic norm of the entries of δQ evaluates to (for NδQ ≪ N2)

σ2
δQ = NδQ/N

2 . (7.110)

As we noted above, the matrix Q⊤Q approaches universality for σ2
δQ ≳ 2

N
,

which is satisfied for

NδQ ≳ 2N . (7.111)

Therefore, we have a lower limit for σδQ (assuming only unit entries of Q),

σδQ ≳
√

2

N
, (7.112)

which corresponds to NδQ = 2N . Thus, the universal regime is approached by

perturbing a unit N ×N matrix by 2N random elements.

221



7.B Q in Calabi-Yau Hypersurfaces in Toric Varieties

In this appendix we briefly explore the form of q in two examples of Calabi-Yau

hypersurfaces in toric varieties. We will simply demonstrate the nontriviality

of certain q, and not concern ourselves with explicit orientifold involutions, etc.

All reflexive polytopes in four dimensions are available in the Kreuzer-Skarke

database [183]. Triangulation of the corresponding polytope yields a simplicial

toric variety with at most pointlike singularities [184], which are missed by a

generic Calabi-Yau hypersurface. We use the algorithm presented in the ap-

pendix of [151] to triangulate the polytopes and define the toric variety. For

each ray vi in the fan that defines the toric variety there is a corresponding ho-

mogeneous coordinate x0, the vanishing of which defines a divisor Di. The Di

are called the toric divisors, and define irreducible hypersurfaces in the toric

variety. In the following we will refer to both the divisor and its cohomological

dual as Di. A subset of the Di form a basis for H1,1(X3,Z). To see which linear

combinations ofDi contribute to the nonperturbative superpotential we need to

compute certain Hodge numbers of the toric divisors. This can be done using

the program cohomCalg [185], an implementation of the algorithm suggested

and proved in [186, 187, 188], which uses the Koszul sequence to calculate line

bundle topology in toric varieties. We then calculate the leading order contri-

butions to the nonperturbative superpotential, which defines the q matrix. As a

first example, we consider the Calabi-Yau hypersurface in the toric variety given

in Table 7.B, which we denote by VA.

The Stanley-Reisner ideal is given by

SR = {x1x6, x1x10x3x8, x0x9x2x9, x2x7, x7x8, x0x2, x0x8, x4x5, x5x6, x10x4,

x1x5x6, x3x4x9, x3x6x9, x3x9x10, x3x4x7, x3x6x7, x3x7x10, x0x1x5} .(7.113)

This toric variety defines a Calabi-Yau hypersurface with h1,1 = 7. We

take Di = {D10, D9, D8, D7, D6, D5, D4} as a basis for divisors. The divi-

sors {D10, D9, D6, D5, D4} are rigid toric divisors. Moreover, the combinations
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x0 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 p

−1 0 0 1 0 −2 0 1 0 0 1 0

0 0 0 0 −1 0 0 1 1 −1 0 0

0 0 0 0 0 1 1 0 0 0 −2 0

0 0 0 0 1 0 −1 0 0 0 1 1

0 0 1 0 0 0 0 0 −2 1 0 0

0 1 0 −1 0 2 0 1 0 −1 0 2

0 1 0 0 −1 0 1 0 0 0 0 0

Table 7.B.1: Charges for VA.

D9 +D7, D9 +D8 are rigid. The q matrix is then given by

q =

D10 D9 D8 D7 D6 D5 D4



W1 1 0 0 0 0 0 0

W2 0 1 0 0 0 0 0

W3 0 1 1 0 0 0 0

W4 0 1 0 1 0 0 1

W5 0 0 0 0 1 0 0

W6 0 0 0 0 0 1 0

W7 0 0 0 0 0 0 1

.

Here each Wi, i = 1 . . . 7, denotes the ith contribution to the nonperturbative

superpotential. We have kept only the leading contributions to the nonpertur-

bative superpotential, neglecting higher-order terms, e.g. from the rigid cycle

D10 +D9.

The Kähler cone conditions present a difficulty in this example. If we de-

mand that each of the holomorphic curves, given by generators of the Mori

cone, has area of at least 1, then the four-cycles that appear in the superpo-

tential are forced to become very large. As a result, the nonperturbative su-

perpotential — and correspondingly, the scalar potential — become extremely

small in Planck units, precluding moduli stabilization near the GUT scale. For
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x0 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 p

−1 0 1 0 −1 0 0 1 0 0 1 1

−1 1 1 0 0 3 0 0 −1 0 0 3

0 0 −1 −1 1 0 0 0 1 0 0 0

0 0 0 0 0 0 −2 0 0 1 1 0

0 0 0 1 0 −1 1 0 0 −1 0 0

0 0 1 −1 −1 0 0 0 0 1 0 0

0 1 1 1 0 0 0 −2 −1 0 0 0

Table 7.B.2: Charges for VB.

the purpose of constructing models of large-field inflation, one would like to

find Calabi-Yau manifolds with “mild” topology, by which we mean that the

divisor volumes do not grow rapidly with the curve areas. The DDFGK com-

pactification described in §7.6 is one such example, but it would be valuable to

characterize this issue more generally.

As a second example, we consider the Calabi-Yau hypersurface in the toric

variety in Table 7.B, denoted VB. The Stanley-Reisner ideal is given by

SR = {x4x8, x6x8, x8x9, x10x8, x2x6, x2x9, x0x3, x3x6, x10x3, x5x7, x0x9,

x10x9, x1x4, x0x6, x1x2x3, x1x2x5, x0x4x5, x1x10x2, x10x2x7, x0x7x8} . (7.114)

This toric variety defines a Calabi-Yau hypersurface with h1,1 = 7. We

take Di = {D10, D9, D8, D7, D6, D5, D4} as a basis for divisors. The divisors

{D10, D9, D8, D5, D4} are rigid toric divisors, while {D7, D6} are exact Wilson

divisors with h0,1 = 1. Moreover, the combinations D6 + D9, D4 + D7, and

D10 +D6 are rigid. The q matrix is then given by
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q =

D10 D9 D8 D7 D6 D5 D4



W1 1 0 0 0 0 0 0

W2 0 1 0 0 0 0 0

W3 0 0 1 0 0 0 0

W4 0 0 0 1 0 0 1

W5 0 1 0 0 1 0 0

W6 0 0 0 0 0 1 0

W7 0 0 0 0 0 0 1

W8 1 0 0 0 1 0 0

.

Again each Wi, i = 1 . . . 8, denotes the ith contribution to the nonperturba-

tive superpotential. Note that at leading order there are eight contribution to W

for seven divisors.

To build a vacuum of string theory in which inflation can occur, one must

take into account many more details, such as a consistent orientifold with tad-

pole cancellation and moduli stabilization. Here we have simply demonstrated

the nontriviality of q at moderate h1,1. A statistical study of the form of q at

moderate to large h1,1 would be an interesting direction for the future.
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CHAPTER 8

PLANCKIAN AXIONS AND THE WEAK GRAVITY CONJECTURE

Abstract1

Several recent works [189, 190, 191] have claimed that the Weak Gravity Conjecture

(WGC) excludes super-Planckian displacements of axion fields, and hence large-field

axion inflation, in the absence of monodromy. We argue that in theories with N ≫ 1

axions, super-Planckian axion diameters D are readily allowed by the WGC. We clar-

ify the nontrivial relationship between the kinetic matrix K — unambiguously defined

by its form in a Minkowski-reduced basis — and the diameter of the axion fundamen-

tal domain, emphasizing that in general the diameter is not solely determined by the

eigenvalues f21 ≤ . . . ≤ f2N of K: the orientations of the eigenvectors with respect to

the identifications imposed by instantons must be incorporated. In particular, even if

one were to impose the condition fN < MPl, this would imply neither D < MPl nor

D <
√
NMPl. We then estimate the actions of instantons that fulfill the WGC. The lead-

ing instanton action is bounded from below by S ≥ SMPl/fN , with S a fixed constant,

but in the universal limit S ≳ S
√
NMPl/fN . Thus, having fN > MPl does not immedi-

ately imply the existence of unsuppressed higher harmonic contributions to the poten-

tial. Finally, we argue that in effective axion-gravity theories, the zero-form version of

the WGC can be satisfied by gravitational instantons that make negligible contributions

to the potential.

8.1 Introduction

Understanding possible realizations of large-field inflation in string theory is

an important problem. A leading idea is to take the inflaton to be an axion

field enjoying perturbative shift symmetries, as in [192]. In axion monodromy

1

This chapter is published as T. C. Bachlechner, C. Long and L. McAllister, “Planckian Axions
and the Weak Gravity Conjecture,” arXiv:1503.07853 [hep-th], reprinted with permission.
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scenarios [172, 173], multiple traversals of a sub-Planckian fundamental period

lead to a super-Planckian displacement. In this work we will be concerned with

axion inflation scenarios without monodromy, so that large-field inflation is pos-

sible only if the fundamental domain for the axion — or axions — has a super-

Planckian diameter.

Many authors have argued that general properties of quantum gravity

should exclude super-Planckian decay constants f for individual axion fields

(cf. [145]). Very recently, several papers [189, 190, 191] have presented argu-

ments that are rooted in, or parallel to, the zero-form version of the Weak Grav-

ity Conjecture (WGC) [13], and that claim, with varying levels of finality, to ex-

clude large-field axion inflation in quantum gravity, even in systems withN > 1

axions. In this work we will carefully examine the field range limits implied by

the WGC [189, 191], and by the contributions of gravitational instantons [190].

We will first point out that the diameter D that is relevant for large-field

inflation is not solely determined by the eigenvalues of a matrix of charges, or of

the kinetic matrix: as shown in [193], the orientations of the eigenvectors of the

kinetic matrix with respect to constraints imposed by periodic identifications

strongly affect the diameter. The problem of computing the diameter amounts

to intersecting an ellipsoid of constant invariant distance from the origin with

the polytope defining the fundamental domain. The orientation of the ellipsoid

clearly affects the answer. One consequence is that the limits obtained from

the WGC by [191], which take the form of bounds2 on eigenvalues of a certain

matrix of charges, do not imply that D < MPl (nor that D <
√
NMPl).

Next, we consider gravitational instantons in an effective theory of axions

coupled to Einstein gravity, as in [190]. We note that gravitational instantons

fulfill the WGC, in the sense that the convex hull of their charge-to-mass vec-

tors z⃗ contains the unit ball. We then ask whether such gravitational instantons

2

The bounded quantities, termed ‘decay constants’ and denoted by fn in [191], and by f [3]n here,
differ from the quantities we denote by fi in this work (and in [193]): here fi are the eigenvalues
of the kinetic matrix K, expressed in a Minkowski-reduced basis, cf. (8.1).
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necessarily contribute unsuppressed higher harmonics to the potential. In the

theory of a single axion with decay constant f , one expects gravitational instan-

tons with action S ∼ MPl/f to make unsuppressed contributions for f ≳ MPl.

Generalizing this expectation to theories of N axions is nontrivial. The mini-

mum instanton action is determined by the length of the shortest vector in the

lattice of charges, with metric given by K−1. Surfaces of constant instanton ac-

tion are ellipsoids determined by the eigenvectors and eigenvalues of K−1, and

in particular the length of the semi-major axis is fN . In the highly non-generic

case where K−1 is diagonal, so that the ellipsoid is aligned with the lattice, one

has Smin ∼ MPl/fN . But a more general possibility is that the ellipsoid does not

point directly towards any lattice site, and Smin can be far larger. Thus, as in the

diameter problem described above, determining the minimum instanton action

requires information about the eigenvectors of K. We use Minkowski’s theorem

to obtain an upper bound on Smin, and then argue that this bound is nearly sat-

urated in generic large N theories, with Smin ≳
√
NMPl/fN . As a result, in such

theories the contributions of gravitational instantons can be neglected even for

fN ∼MPl.

The situation is illustrated in Figure 8.1: a number of leading instantons give

rise to the leading non perturbative potential, but by themselves do not satisfy

the convex hull condition. Other instantons do satisfy the convex hull condition

but do not contribute significantly to the potential. This scenario was antici-

pated in [189, 190, 191].

The organization of this paper is as follows. In §8.2 we describe the geome-

try of the axion fundamental domain, building on our previous work [193], and

carefully explain how to avoid ambiguities that have presented problems in the

literature. In §8.3 we review the constraints obtained from the WGC and from

gravitational instantons, following [189, 190, 191], and verify that gravitational

instantons fulfill the unit-ball form of the WGC. We combine these ideas in §8.4,

solving the shortest lattice vector problem that determines the dominant instan-

ton, and establishing that higher harmonic contributions to the potential need

not be present even when fN ∼MPl. Our conclusions appear in §8.5.
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Figure 8.1: The unit ball, contained in the convex hull of the charge-to-action vectors
of four leading instantons (red) with action prefactor Sleading and eight subleading in-
stantons (blue) with action prefactor Ssubleading.

8.2 Geometry of the Axion Fundamental Domain

We will begin by reviewing the geometry of axion field space, following our

previous work [193], and precisely defining the diameter of field space that is

relevant for assessing whether large-field inflation can occur. There has been

some confusion in the literature because of ambiguities in the definition of an

axion decay constant, and because of oversimplified pictures of the relationship

between the eigenvalues of the metric on field space, and the diameter of field

space. In this section we will clarify these points in order to lay the ground-

work for assessing constraints from the WGC, and from gravitational instan-

tons. However, the statements in this section are independent of the WGC, and

are deterministic: we defer statements about the typical diameter of field space,

as defined in specified ensembles of N -axion theories, to §8.4.

8.2.1 Diameter of the fundamental domain

Consider a theory of N axions θi with discrete shift symmetries θi → θi + 2π.

We can write the Lagrangian in a reduced3 basis, including nonperturbative

3
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contributions from instantons, as

L =
1

2
Kij∂θ

i∂θj −
∑
i=1

M4
Ple

−Si [
1− cos

(
Qi

jθ
j
)]
, (8.1)

where Kij is a metric on field space, and Qi corresponds to the integer charge

vector of the ith instanton with Euclidean action Si = Si
CL + δSi, where Si

CL is

the classical Euclidean action and δSi represents corrections, for example from

one-loop determinants. We order the instanton terms by their size, with S1 ≤
S2 ≤ . . . The charge vectors for canonically normalized fields are then given by

Qi = QiSKdiag(f−1
i ) . (8.2)

To understand whether this theory can support large-field inflation, we need

to evaluate the maximum invariant displacement that is possible in field space,

i.e. the invariant diameter D of the axion field space. As remarked in the intro-

duction, we will not consider monodromy in this work, so the relevant diameter

is that of a fundamental domain for the periodic identifications

Γi : Qi
jθ

j ∼= Qi
jθ

j + 2π , (8.3)

imposed on the axions. In other words, we are interested in the maximal in-

variant distance measured along a straight line that does not pass beyond the

maxima of any of the cosine terms in (8.1). For the problem of large-field in-

flation we are only interested in the leading potential contributions; suppose

that these are the first P terms of the instanton sum, for some P ≥ N , and that

the remaining terms are small enough to be neglected. We then ask whether

the fundamental domain, now defined by the intersection of the P relevant pe-

riodic identifications, admits a super-Planckian diameter. This question was

addressed in [193].

A reduced basis consists of N linearly independent, shortest vectors Qi in (8.2) that form a
primitive basis: see §8.4.1.
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We begin by writing the P relevant entries of Q as

Qi
∣∣
i=1,...,P

=

(
Q

QR

)
, (8.4)

where Q is a full rank set of vectors (see §8.2.2 below for a discussion of ambi-

guities related to the choice of Q), and QR is a rectangular matrix consisting of

all remaining P −N elements. Redefining fields as

ϕ = Qθ , (8.5)

we obtain the Lagrangian

L =
1

2
∂ϕ⊤Ξ ∂ϕ−

N∑
i=1

M4
Ple

−Si [
1− cos

(
ϕi
)]

−

−
P−N∑
i=1

M4
Ple

−Si+N
[
1− cos

((
QRQ

−1ϕ
)i)]

, (8.6)

where the metric Ξ with eigenvalues ξ2N ≥ · · · ≥ ξ21 is now given by

Ξ = (Q−1)⊤KQ−1 . (8.7)

The fundamental domain MΓ is a polytope defined by the P constraints Γi:

in terms of the fields ϕi, MΓ is an N -cube,

− π ≤ ϕi ≤ π ∀ i , (8.8)

cut by the 2(P −N) remaining constraints

− π ≤
(
QRQ

−1ϕ
)i ≤ π ∀ i . (8.9)

While in general no closed form expression exists for the diameter D of MΓ,
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we obtained a lower bound in [193] by computing the diameter along the direc-

tion ΨΞ
N , corresponding to the eigenvector of Ξ with eigenvalue ξ2N . Following

[193], we can define an operator ϖQ(w) that rescales a vector w to saturate the

constraint equations (8.8) and (8.9) defining the fundamental domain:

ϖQ(w) ≡ 2π

Maxi ({|(QQ−1w)i|})
×w . (8.10)

We then obtain the diameter [193]

DΨΞ
N
=
∥∥diagξi S⊤

ΞϖQ(Ψ
Ξ
N)
∥∥ =

∥∥ϖQ(Ψ
Ξ
N)
∥∥ ξN . (8.11)

Evaluating (8.11) in any given example is straightforward, and the form (8.11)

will be particularly useful when we study ensembles of theories, with metrics

defined by random matrix models, in §8.4.

8.2.2 Eigenvalues vs. the diameter

While in this work we will be concerned with the implications of the WGC for

general N-axion theories, rather than the construction of individual examples,

it may nevertheless be helpful to clarify an apparent conflict in the literature.

Finding an example of an explicit flux compactification in which the axion fun-

damental domain has a super-Planckian diameter D — which according to [191]

is incompatible with the WGC — is not difficult [193]. The resolution proposed

by [191] is that the example of [193] must receive corrections from some new

source, e.g. non-BPS instantons omitted in [194], that reduce the size of the ax-

ion field space in order to make it compatible with the WGC. But there is a more

immediate resolution: the bound obtained in [191] from the WGC constrains

the largest ‘axion decay constant’ f [3]
N , as defined in [191], to obey f [3]

N < Mp. As

we explain below, the notion of a decay constant is ambiguous in this context,

but let us temporarily grant the proposition that the WGC obliges the quan-

tity f
[3]
N to obey f

[3]
N < Mp. This proposition does not imply that the diameter D of
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the axion fundamental domain is sub-Planckian. As such, it does not, in itself, ex-

clude large-field axion inflation, and does not necessitate corrections to [194]

(although quantifying possible corrections would nevertheless be valuable). In

particular, the f [3]
N obtained in [193] obeys f [3]

N = 0.02MPl, easily obeying the

bound claimed by [191], while realizing an axion diameter D = 1.13MPl.

When determining an inflationary trajectory, it is most practical to refer to

the invariant diameter of the fundamental axion domain, as computed in [193]

and reviewed above. This diameter is not given directly by the eigenvalues f 2
i

of K, since this information alone is ignorant of the axion periodicities given

by the potential.4 The diameter is also not directly related to the eigenvalues

ξ2i , as the choice of the matrix Ξ in (8.6) is not unique. The metric K is related

to the metric Ξ by a general linear transformation, so the eigenvalues ξ2i can be

much larger (in particular, parametrically larger in N ) than the eigenvalues f 2
i .

In equation (8.4), we made an arbitrary choice of a full-rank matrix Q to set N

cosine arguments to be the fields ϕi. The choice of a full-rank square matrix

Q from the rectangular matrix Q is not unique in general, and the metric Ξ de-

pends on this choice, while the diameter D does not. Thus, even though the first two

terms in (8.6) could be identified as the Lagrangian of a theory of N axions with

precisely N instanton terms, and decay constants ξi, there are additional terms

that contain P − N linear combinations of the fields ϕi. A different choice of Q

would then yield different ξi, and therefore the eigenvalues ξi are not physical,

invariant quantities. Said differently, we have different choices of Q, some of

which may yield very large metric eigenvalues ξ2i , but only one invariant field

space diameter.

The term “axion decay constant” may appear to refer to a well-defined phys-

ical quantity, because the relevant notion is unambiguous in the case N=1. How-

ever, in more general settings with N > 1, and especially with P > N , there are

significant ambiguities, and it is problematic to refer to metric eigenvalues as

4

For example, in classes of theories defined in [193] we found D ∼ NfN , which is parametri-
cally larger than the Pythagorean sum of the fi.
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“axion decay constants”, unless these are specified by a unique and invariant

definition. Due to the persistent ambiguities in the literature we refrain from

using the term altogether.

8.3 Gravitational Instantons & the Weak Gravity Conjecture

In the previous section we reviewed the geometry of the axion fundamental

domain and clarified terminology. We now turn to a precise formulation of the

Weak Gravity Conjecture for zero-forms and obtain conditions under which it

is satisfied by instantons. We will then estimate the instanton action to verify

that instantons that fulfill the WGC need not spoil the flatness of the potential.

8.3.1 The Weak Gravity Conjecture

The Weak Gravity Conjecture [13] is the principle that gravity is the weakest

force in a quantum gravity theory. The weak (or ‘mild’) version of the WGC

asserts that there exists a particle whose charge to mass ratio Q/M exceeds that

of an extremal black hole, while the strong version of the WGC asserts that for

the lightest charged particle, Q/M exceeds that of an extremal black hole. The

WGC was motivated by a number of ideas about quantum gravity, but most

directly emerges from the stipulation that the number of exactly stable particles

(in any fixed direction in charge space) should be finite: this requirement im-

plies the mild form of the WGC. In this work we will assess the implications of

the strong and mild forms of the WGC for axion inflation, but provide no new

evidence for or against the WGC as a candidate principle.

For our purposes it will be important to extend the logic of [13] to cases with

multiple gauge groups, as developed in [195]. Consider a theory containing

particle species i with charge vectors q⃗i and masses mi, and define the vector

z⃗i ≡ q⃗i/mi, in units where an extremal black hole has |z⃗BH | = 1. The mild form
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of the WGC is then equivalent [195] to the statement that the convex hull of the

vectors z⃗i contains the unit ball.

To generalize the WGC from gauge theories to axions, it is necessary to iden-

tify the analogues, in the axion context, of charge and mass. Roughly speaking,

the WGC for a single axion with decay constant f and instanton action S states

that Sf ≲ MPl [13]; cf. [189]. A proposal for a more precise formulation, for

axions arising in string theory, was obtained by Brown et al. [191] via T-duality.

In a theory of axions descending from p-forms, with charges Qi and instan-

ton actions Si, mild WGC is the condition that the convex hull of the vectors

zi ≡MPlQi/Si contains the ball of radius rp, where rp = 1 for p odd, r4 = 1, and

r2 = 2/
√
3 [191].

8.3.2 Gravitational instantons

Montero et al. [190] have recently proposed that constraints parallel to, but inde-

pendent of, the WGC arise from the effects of gravitational instantons. The claim

of [190] is that in theories with sufficiently large super-Planckian axion decay

constants, gravitational instanton contributions to the axion potential lead to

unsuppressed higher harmonic terms that preclude inflation. In a single-axion

theory this result aligns with earlier arguments [145] against super-Planckian

decay constants. However, we will show below that in theories of N ≫ 1 ax-

ions, the constraints from gravitational instantons do not present an obstacle to

large-field inflation. Moreover, we will argue that there is a direct connection

to the WGC: the convex hull of the charge-to-mass vectors corresponding to

gravitational instantons contains the unit ball. Gravitational instantons there-

fore ensure that the zero-form WGC is obeyed, and so presents no remaining

constraint on non-gravitational instantons, which are generally the dominant

terms in the axion potential.

We begin by examining gravitational instantons in low-energy theories of

axions coupled to general relativity, closely following [190] and [196], in or-
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der to obtain the correctly normalized gravitational instanton action expressed

in terms of integer axion charges. Consider, therefore, the Euclidean Einstein-

Hilbert action coupled to a real Euclidean pseudoscalar:

S =

∫
d4x
√

−|g|
(
−M

2
Pl

2
R +

f 2

2
gµν∂µϕ∂νϕ

)
. (8.12)

The goal is to find a solution of the Euclidean equations of motion following

from (8.38), with the asymptotic profile

ϕ(r) → n

4π2f 2

1

r2
. (8.13)

To determine the quantization condition on the parameter n, we follow [190]

and consider expanding the axion action about a charge-n instanton solution

ϕ = ⟨ϕn|+⟩φ:

Sϕ =
f 2

2

∫
(d ⟨ϕn|∧⟩ ∗ d ⟨ϕn|+⟩ dφ ∧ ∗dφ+ d ⟨ϕn|∧⟩ ∗ dφ+ dφ ∧ ∗d ⟨ϕn|)⟩ . (8.14)

The interaction of a charge-n instanton with the axion is

Sn = f 2

∫
dφ ∧ ∗d ⟨ϕn| =⟩ f 2

∫
φ(d ∗ d ⟨ϕn|)⟩ , (8.15)

where in the last equality we have dropped a total derivative. Now consider

shifting φ by a constant α. The change in the action is

∆Sn = f 2α

∫
d ∗ d ⟨ϕn| ⟩ . (8.16)

Applying Stokes’ theorem yields

∆Sn = f 2α

∫
S3

∗d ⟨ϕn| =⟩α
∫

n

2π2
dΩ3 = nα . (8.17)

We conclude that the potential for the axion has period 2π/n: Vn ∼ cos (nϕ), and
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so n can be identified as an integer charge.

With a spherically symmetric ansatz for the metric,

ds2 = f(r)dr2 + r2ds2S3 , (8.18)

the Einstein equations have the wormhole solution [190]

f(r) =
1

1− a
r4

, dϕ(r) =
n

2π2f 2

√
f(r)

dr

r3
, a ≡ n2

3π3

G

f 2
. (8.19)

Tracing the Einstein equations we have R = −8πGT , where T = f 2(∂ϕ)2. We

can now evaluate the action. Note that the instanton action will be half of the

action quoted above, since a wormhole can be thought of as an instanton—anti-

instanton pair. The instanton action is therefore

S inst =
1

2

∫
d4x
√
|g|
(
−M

2
Pl

2
R +

f 2

2
gµν∂µϕ∂νϕ

)
=
f 2

2

∫
d4x
√

|g|(∂µϕ∂µϕ) .

(8.20)

Integrating over the S3 yields a factor of 2π2. The radius of the instanton a1/4

provides a small-length cutoff of the solution, so the action becomes

S inst = π2f 2

∞∫
a1/4

f(r)−1/2r3(ϕ′(r))2dr =
n2

4π2f 2

∞∫
a1/4

√
f(r)

r3
dr =

√
3πn

16f
√
G
. (8.21)

The reduced Planck mass is given by 1/MPl =
√
8πG, so we can finally write the

instanton action as5

Sinst =

√
6πn

8

MPl

f
, (8.22)

where as noted above, n ∈ Z. In the case of N > 1 axions, the action takes the

form

S =

∫
d4x
√

−|g|
(
−M

2
Pl

2
R +

1

2
gµν∂µϕ⃗K∂νϕ⃗

)
, (8.23)

5

This result is half as large as the action given in [190]; the difference stems from what appears
to be an error in the second equality in their (3.13).
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where K is the metric on the field space. The solution of the Einstein equations

takes the same general form, with the modifications

a =
n⃗K−1n⃗⊤

3π2
G, ∂rϕ⃗K∂rϕ⃗ =

n⃗K−1n⃗⊤

4π4

f(r)

r6
. (8.24)

Evaluation of the gravitational instanton action with integer charges n⃗ yields

Sinst =

√
6π

8
MPl

√
n⃗K−1n⃗⊤ . (8.25)

8.3.3 The convex hull condition for gravitational instantons

Let us now consider the convex hull of the instantons with classical action of the

form

Si
CL = SMPl

√
(Qi)K−1(Qi)⊤ , (8.26)

where S =
√
6π/8 ≈ 0.96 for gravitational instantons. The zero-form version of

the Weak Gravity Conjecture now requires that the convex hull of the vectors

zi =
Qi

Si
MPl (8.27)

contains the unit ball. With the charges (8.2) we have

zi =
QiSKdiag(f−1

i )

S
√

(Qi)K−1(Qi)⊤
, (8.28)

where Qi are integer vectors. Evaluating the norm ∥zi∥ we immediately find

∥zi∥ =
1

S
. (8.29)

The norm of the vector ∥zi∥ is independent of the charges, so if the charges are

unconstrained integers, the convex hull of the charge to action vectors always

encloses a sphere of radius 1/S. The charges of the gravitational instantons
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considered in §8.3.2 are arbitrary integers and therefore satisfy the convex hull

condition of the zero-form version of the WGC.

From the preceding arguments we cannot conclude that in string theory,

gravitational instantons fulfill the WGC. First of all, it is not clear that nonsin-

gular wormholes analogous to those described in §8.3.2 arise in the low-energy

effective theories arising from string theory, which generally include additional

fields, such as the dilaton — see [196]. If corresponding gravitational instantons

do exist, their actions may have S ̸=
√
6π/8, and in particular could have S > 1.6

8.4 Instanton actions in generic large N theories

In the preceding sections we have emphasized that in theories with more instan-

ton contributions than axions (P > N in our notation), one cannot determine the

diameter of the axion fundamental domain solely from the eigenvalues of the

kinetic matrix; one also requires information about the orientation of the eigen-

vectors of the kinetic matrix with respect to the boundaries resulting from peri-

odic identifications. When the number of significant instanton contributions to

the potential is large, computing the diameter becomes difficult.

At the same time, it is precisely in the case P > N that the WGC fails to

constrain axion alignment mechanisms [15, 16, 170] that could give rise to super-

Planckian diameters in theories obeying the WGC [189, 191]. The idea, which

we will make precise below, is that the convex hull condition resulting from the

WGC may be fulfilled by instantons beyond the first N , therefore rendering the

first N instantons terms unconstrained by the WGC. In such a case one could

say that the WGC is neutralized by (some of) the P − N additional instanton

terms, as anticipated in [189, 190, 191].

However, the additional instantons that fulfill the WGC might introduce

6

Even for S =
√
6π/8, gravitational instantons cannot fulfill the convex hull condition with

radius r2 = 2/
√
3 [191] that pertains to two-forms in four dimensions, because

√
6π/8 < 3/

√
2.
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leading order terms in the potential, producing new hyperplane-pair bound-

aries of the fundamental domain, and reducing the diameter. In this setting, one

might expect — as argued in [189, 190, 191] — that achieving a super-Planckian

diameter is difficult or impossible. To correctly assess this, one needs to know

how many instantons make relevant contributions to the potential; that is, when

is the WGC satisfied by instantons that can be neglected in the potential?

Consider the classical Euclidean action of the ith instanton, which takes the

form

Si
CL = S iMPl

√
(Qi)K−1(Qi)⊤ . (8.30)

The prefactor S i is fixed for a given class of instantons, e.g. S =
√
6π/8 for grav-

itational instantons, cf. (8.25). To determine the leading instanton(s), it remains

to compute
√
(Qi)K−1(Qi)⊤, which is the invariant length of a charge vector. We

are interested in how small
√

(Qi)K−1(Qi)⊤ will be in a theory with a given ki-

netic matrix K. This will determine the action of the dominant instanton, once S
has been fixed by specifying the class of instantons (Euclidean Dp-brane, grav-

itational, etc.) under consideration. Naively, one might expect that the typical

smallest action is given by

Min
(
Si

CL

)
= SMPl

fN
. (8.31)

However, this is in fact just a lower bound on the action. Consider the hyper-

surface of constant action in a basis where the lattice is Zn:

qK−1q⊤ ≤ ρ2 , (8.32)

which defines an ellipsoid E with semi-axes of lengths fi. If the eigenvectors

of the metric are aligned with the lattice, i.e. if K is diagonal, then the smallest

action is in fact given by (8.31). However, for a generic metric the ellipsoid

points in some arbitrary direction and may be very elongated. In general, to

estimate the smallest action we have to take into account the geometry of that

ellipsoid. Note that the density of the lattice is unity, while the volume of the
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ellipsoid is given by

Vol(E) = πN/2ρN

Γ(N/2 + 1)

N∏
i=1

fi . (8.33)

Thus, we expect that when the volume reaches Vol(E) ∼ 1, there will typically

exist an integer charge vector q within the ellipsoid. Using Stirling’s approxi-

mation, we then expect typical actions of the scale

SCL ∼ SMPl

√
N

(
N∏
i=1

1

fi

)1/d

. (8.34)

That is, we expect the typical scale of the action to be set by the geometric mean of

the eigenvalues, rather than by the largest eigenvalue. While the above is just a

heuristic argument to determine the scale of the action, below we will arrive at

the same parametric scaling via Minkowski’s theorem, which places an upper

bound on the minimal action.

8.4.1 The dominant instanton and the shortest lattice vector

Computing the minimum size of
√

(Qi)K−1(Qi)⊤, where the entries of Qi are

arbitrary integers, corresponds to solving the shortest vector problem in the

charge lattice. To find a basis of the canonically normalized lattice, we change

coordinates to

Φ = diag(fi)S⊤
K θ , (8.35)

where f 2
i are the eigenvalues of the metric K, and the matrix S⊤

K diagonalizes

the metric

S⊤
K KSK = diag(f 2

i ) . (8.36)

The Lagrangian becomes

L =
1

2
∂Φ⊤∂Φ−

∑
i

M4
Ple

−Si [
1− cos

(
Qi

jΦ
j
)]
, (8.37)
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where

Qi = QiSKdiag(f−1
i ) . (8.38)

While all vectors Qi define the lattice, we are interested in a reduced basis of

shortest vectors Qi
red., where all other elements of Qi can be written as integral

linear combinations of Qi
red. [197]. This basis is called Minkowski reduced, and it

minimizes the volume of the fundamental parallelepiped:

det
(
Q⊤

red.Qred.
)
< det

(
Q⊤

n.red.Qn.red.
)
, (8.39)

where Qn.red. is an arbitrary basis of the lattice that is not related to the reduced

basis by a unimodular transformation. While in general finding a Minkowski re-

duced basis is very difficult, Minkowski’s theorem sets the scale of the problem

by providing an upper bound for the volume of any centrally-symmetric convex

set that does not contain a lattice point. In particular, any centrally-symmetric

convex set of volume greater than 2N det(Qred.) contains a lattice point [197]. By

considering a sphere of invariant radius ρ we have

πN/2

Γ
(
N
2
+ 1
)ρN ≤ 2N det(Qred.) . (8.40)

For the present case, consider the basis Qred. = Qred.SKdiag(f−1
i ), where Qi

red.

consists of N vectors of Qi that form a primitive basis. We then have an upper

bound for the shortest vector in Qred.

Min
(
∥Qi

red.∥
)
≤ Γ1/N

(
N

2
+ 1

)
2√
π
(det (Qred.))

1/N . (8.41)

For the determinant we can write

det (Qred.) = det
(
Qred.SKdiag(f−1

i )
)
=
√
det(K−1) detQred. , (8.42)

To obtain the most stringent bound, we assume that the matrix Qred. has smallest

possible determinant. Because the basis is already primitive, Qred. is a full rank,
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square, integer matrix, so its determinant is integer, and | det(Qred.)| ≥ 1. Let us

assume there exists a matrix Qred. with unit determinant, which gives the most

stringent Minkowski bound:

Min
(∥∥Qi

red.

∥∥) ≤ Γ1/N

(
N

2
+ 1

)
2√
π

(
N∏
i=1

1

fi

)1/N

, (8.43)

so that via Stirling’s approximation we have

Min
(
∥Qi

red.∥
)
≲
√

2N

eπ

(
N∏
i=1

1

fi

)1/N

. (8.44)

While Minkowski’s theorem provides an upper bound, a lower bound is

easily obtained by assuming that the eigenvectors of K are precisely aligned

with the faces of the unit hypercube. In this case we have Mini (∥Qi
red.∥) ≥ 1/fN .

However, when considering rotationally invariant ensembles of metrics K, the

eigenvectors are almost surely not aligned with the faces of the hypercube, and

thus the scale of the invariant length of the shortest charge vectors is set by

(8.43). While the above result is a precise upper bound on the invariant length,

we will find below that in the absence of fine-tuning the shortest lattice vector

indeed approximately saturates the Minkowski bound.

For the case that all metric eigenvalues are equal, fi = f , we have the con-

straint

Mini

(∥∥Qi
red.

∥∥) ≤√ 2

eπ

√
N

f
, (8.45)

which appears to prohibit eigenvalues f ≳
√
NMPl for instantons with S i ≈

MPl. However, the typical scale of the instanton action is set by the inverse ge-

ometric mean of the metric eigenvalues, and so no immediate constraint arises

from Minkowski’s theorem in the general case where the metric eigenvalues

are not identical. Furthermore, as explained in the introduction, in general the

matrix Qred. is not necessarily directly related to the charges that appear in the

effective potential that is relevant for inflation, so that in any case there is no
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direct relation between a constraint on the eigenvalues f 2
i and the diameter of

the fundamental domain relevant to inflation.

8.4.2 Instanton actions in large N ensembles

In the previous section we considered actions of the form

Si
CL = S i

√
(Qi)K−1(Qi)⊤ , (8.46)

and argued that, up to the overall scale S i
CL, the instanton action is bounded by

above by Minkowski’s theorem. While in general this only is an upper bound,

we now examine ensembles of generic axion theories and demonstrate that the

smallest instanton action indeed approximately saturates the bound (8.43).

Let us consider a theory with kinetic term

Lkin =
1

2
Kij∂θ

i∂θj , (8.47)

where the lattice consists of the integer vectors Zn in θ coordinates, i.e. Qred. = 1,

and the metric K is chosen from an ensemble that is invariant under orthogo-

nal transformations. In particular, we will consider random matrices K that

are in the centered Wishart or inverse Wishart ensembles. In order to estimate

the leading instanton contribution, up to the overall scale of the action, we are

interested in finding the charge vector of least invariant length. In canonically

normalized fields, the lattice is defined by the basis

Qred. = SKdiag(f−1
i ) . (8.48)

The basis Qred. may not be Minkowski reduced.7 In general, the problem of

7

Note that the basis Qred. is related to the Minkowski reduced basis by a unimodular transfor-
mation, so the basis determinant, and hence the resulting bound from Minkowski’s theorem, is
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Figure 8.1: Left: Normalized distribution ρ/ρmax of Mini(Qi
R)/ρB for N = 2 (faintest,

rightmost peak) through N = 102 (boldest, leftmost peak), for the Wishart ensemble.
Right: ⟨Mini(Qi

R)/ρB⟩ over N . Evidently, typical shortest lattice vectors are roughly
half the maximum length allowed by the Minkowski bound.

finding a Minkowski reduced basis is NP hard and directly maps to a shortest

lattice vector problem [198]. In this work we employ the LLL algorithm8 to

numerically obtain a reduced basis with arbitrary accuracy [201].

The Minkowski bound is given by (8.43)

ρB = Γ1/N

(
N

2
+ 1

)
2√
π

(
N∏
i=1

1

fi

)1/N

. (8.49)

Figure 8.1 shows the distribution of the ratio Mini(Qi
R)/ρB for the Wishart en-

semble.

For specific metric ensembles where the distribution of eigenvalues is

known, we can evaluate the expected Minkowski bound analytically. For ex-

ample, the determinant of Wishart matrices is distributed as the product of chi-

square variables [202]. Evaluating the expectation value of the resulting product

distribution we have⟨
N∏
i=1

f 2
i

⟩
= σ2NΓ(N + 1) =

(
f 2
N

4N

)N

Γ(N + 1) . (8.50)

unchanged.

8

We used the Mathematica package by van der Kallen et al. [199, 200].
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This gives a typical minimal action of

Si
CL ∼ S i 4Γ

1/N(1 +N/2)√
πΓ1/N(1 +N)

√
NMPl

fN
≈ S i

√
8

π

√
NMPl

fN
. (8.51)

For the case of inverse Wishart matrices, as motivated for string effective theo-

ries in [151], the typical largest eigenvalue is related to the scale of the entries σ

by f 2
N = N/(Cσ2), where [193, 41, 181]

C = 2 + log(4)− 2
√

1 + log(4) ≈ 0.30 . (8.52)

Therefore, we have for metrics in the inverse Wishart ensemble,

Si
CL ∼ S i

√
2

Cπe2
N3/2

fN
. (8.53)

Note that the preceding results give the typical value of the minimal action,

i.e. the value obtained when the metric is a typical member of the corresponding

random matrix ensemble. Considerably larger values of the minimal action are

possible if some of the eigenvalues fi of the metric are atypically small.

8.5 Conclusions

In this work we have assessed the limitations imposed on large-field axion infla-

tion by the Weak Gravity Conjecture, and by the contributions of gravitational

instantons.

We first clarified that the quantities bounded by the WGC — including the

eigenvalues of a certain charge matrix, cf. [191] — are nontrivially related to the

diameter D of the axion fundamental domain, which is the relevant quantity for

a putative field range bound excluding large-field inflation (in the absence of

monodromy). In particular, if f 2
1 ≤ . . . ≤ f 2

N are the eigenvalues of the kinetic
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matrix K, fN < MPl does not imply that D < MPl, or that D <
√
NMPl. The

diameter cannot be computed in general from knowledge of the fi alone: infor-

mation about the eigenvectors of K is necessary in order to determine which

terms in the potential define the relevant boundary of the fundamental domain.

We then argued that gravitational instantons do not preclude large-field ax-

ion inflation. We first showed that in a theory of axions coupled to Einstein

gravity, gravitational instantons alone suffice to fulfill the zero-form version of

the WGC, expressed as the condition that a certain convex hull contains the unit

ball. To determine whether such gravitational instantons necessarily contribute

unsuppressed higher harmonics to the potential, we used Minkowski’s theorem

to estimate the smallest gravitational instanton action, which is specified by the

shortest vector in the charge lattice. In this problem as well, information about

the orientation of the eigenvectors of K was crucial. We found that in generic

large N theories, Smin ≳
√
NMPl/fN , and so gravitational instanton contribu-

tions are under good control even for fN =MPl.

We conclude that in theories of many axions, the limitations obtained to

date from the WGC, and from gravitational instantons, do not exclude axion

displacements as large as the upper bound set by observational limits on the

tensor-to-scalar ratio [203].

Even so, it would be valuable to give a more precise characterization of quan-

tum gravity constraints on axion inflation. As we have shown in this work,

moving from single-axion theories to generic many-axion theories reveals non-

trivial alignment phenomena that deserve continued exploration. Moreover, al-

though the example of a flux compactification with a Planckian diameter [194]

that we analyzed in [193] obeys the WGC condition on the quantities denoted

fi in [191], we have not determined whether the complete set of instantons in

that theory fulfills the convex hull condition required by the WGC. More gen-

erally, understanding how super-Planckian diameters in string theory might be

limited by the WGC remains an important question.
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CHAPTER 9

CONCLUSION

Some of the most pressing questions in theoretical high energy physics pertain

to whether a given class of high energy theories admits low energy solutions

that are compatible with all observations. In particular, the discovery of a pos-

itive cosmological constant and a period of accelerated expansion in the early

universe warrant significant theoretical efforts to understand whether these ob-

servations are compatible with string theory. Despite rapid progress in the field,

the evidence for a large landscape of metastable de Sitter vacua remains indi-

rect as the explicit construction of states with broken supersymmetry presents

a challenging task. Similarly, the microphysics of cosmic inflation remain un-

known and despite many proposed models that implement inflation in string

theory there is no clear theoretical prior for what signatures to expect in upcom-

ing cosmology experiments.

The general theme employed in this thesis was to study generic conse-

quences of specific UV completions of quantum gravity. Two topics in which

applications are immediate are the study of vacuum properties and inflationary

dynamics in generic theories motivated by string theory. For example, we ob-

served that there exists a rich structure in the distribution of metastable, super-

symmetric AdS vacua of N = 1 supergravity theories: the fraction of vacua that

are metastable is exponentially sensitive to the AdS scale, set by |W |. We fur-

ther considered ensembles of random supergravity theories that are defined by

a superpotential consisting of random holomorphic sections and, again, found

a correlation between the scale of supersymmetry and metastability: metastable

vacua are vastly favored in regions where the scale of supersymmetry breaking

is small compared to the supersymmetric fermion masses. The same techniques

can be applied to study whether generic supergravity theories from string the-

ory admit the necessary ingredients to allow for an extended period of cosmic

inflation. One well motivated approach to inflation in string theory consists of

axion inflation models. Effective field theories descending from string theory

generically contain a large number of axion fields that have a potential that is
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protected by a discrete shift symmetry to all orders in perturbation theory. A di-

rect realization of axion inflation requires a super-Planckian field range which

appears to be in conflict with string theory: the axion decay constants fi that

set the scale of the problem are sub-Planckian in regions of perturbative control.

In this thesis we computed the diameter of a flat domain in general field theo-

ries containing a large number of axions and found that the median diameter

scales with a positive power of the number of fields: the diameters are gener-

ically larger than expected based on naive dimensional analysis. Furthermore,

the direction corresponding to a flat potential typically corresponds to the light-

est direction in field space. This significantly improves the status of models of

large field inflation in string theory.

Above, we described two examples in which the complexity of the problem

led to surprisingly simple and unexpected consequences for low-energy observ-

ables. However, both the study of vacuum properties and the analysis of large

field inflation were carried out in simplified toy examples and the results we

obtained point towards many new questions that will shed more light on the

consequences string theory has for low energy physics.

One particular application of the study of vacua in supergravity theories is

the establishment of a link between string theory and the phenomenology of

particle physics. Supersymmetry at the TeV scale has long been advertised as

an elegant solution to the hierarchy problem. With the discovery of the Higgs

boson at 125 GeV and stringent bounds on the stop mass, the “little hierarchy

problem” is rapidly growing. The study of vacua in supergravity theories is

ideally suited to refine conventional notions of naturalness. While we already

observed a correlation between metastability and a low scale of supersymmetry

breaking, a refined approach is warranted to better evaluate the status of cer-

tain solutions of phenomenological hierarchy problems. Again, it is exceedingly

difficult to sample consistent embeddings in string theory directly, but the ap-

proaches advertised in this thesis might immediately apply to determine which

low energy phenomenologies occur in generic random supergravity theories.

While it does not provide a microphysical link between string theory and par-
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ticle phenomenology we can gain insight as to what hierarchies to generically

expect in complicated supergravity theories. This approach will be addressed

in future work.

Finally, the study of large field inflation in string theory is only in its in-

fancy. With the upcoming precision measurements of the polarization of the cos-

mic microwave background, it is a very pressing question to establish whether

string theory would admit models that source observable primordial tensor

modes. While in this thesis we have established that string theory generically

admits super-Planckian diameters of axion fundamental domains it is not clear

whether inflation can proceed in a way that is consistent with a controlled string

theory embedding. First, the large energy density required to drive large-field

inflation contributes to an instability of the overall compactification volume

modulus that can lead to decompactification. It is not clear whether the volume

modulus can be stabilized sufficiently to survive high-scale inflation. Second,

when inflation takes place at a very high energy scale, even Planck suppressed

couplings between the inflaton and hidden sectors that contain an order one

three point function can induce observable non-Gaussianity in the spectrum of

density perturbations. Finally, in complicated theories in which many fields

contribute to inflation the study of multifield inflation becomes important. All

of these topics will constitute an integral part of future research. The use of the

novel tools to model high dimensional landscapes that we developed in this the-

sis allows for a detailed study of non-Gaussianity, the decay of entropy modes,

and domain wall tensions. The study of generic consequences of string theory

compactifications on low-energy physics will facilitate a better understanding

of fine-tuned phenomena.
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