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Transition mechanisms to turbulence in the unsteady bottom boundary layer

(BBL) driven by a soliton-like pressure gradient in an oscillating water tunnel

(an approximation for the BBL under surface solitary waves) are investigated

in a hydrodynamic instability context. This investigation aims to establish con-

nections across theoretical and numerical analysis and the experimental find-

ings of Sumer et al., 2010 ( J. Fluid Mech. vol. 646, 2010,p. 207). Transition

to turbulence in the surface solitary wave-driven BBL can take place according

to two different scenarios. The primary scenario is associated with the classi-

cal transition resulting from the breakdown of the exponentially growing 2-D

Tollmien-Schlichting waves. The alternative scenario consists of a characteristi-

cally different path to transition resulting from the formation of localized turbu-

lent spots. The formation of these turbulent spots, which are the manifestation

of an algebraic growth of infinite streamwise disturbance, i.e., zero streamwise

wave number, leads to a bypass transition to turbulence.

In regards to the first scenario, a detailed map for the temporal instability

is established. Both linear stability analysis and fully nonlinear two- and three-

dimensional simulations using high-order numerical methods have been car-

ried out. The process of delineation of the stability regions as a function of

boundary layer thickness-based Reynolds number of the temporally evolving

base flow, Reδ consists of two parts. The first part aims to assess the lower limit



of the Reδ range within which the standard, quasi- steady, linear stability analy-

sis is applicable as it considers individual profiles sampled during the base flow

transient evolution. Below this limit, transient linear stability analysis serves as

a more accurate predictor of the stability properties of the base flow.

In the second step, above the Reδ limit where the BBL is determined to be lin-

early unstable, the base flow is further classified as unconditionally stable, con-

ditionally unstable or unconditionally unstable in terms of its sensitivity to the

amplitude and the insertion time of perturbations. Two distinct modes of insta-

bility exist in this case: post- and pre- flow-reversal modes. At a moderate value

of Reδ, both modes are first observed in the wave deceleration phase. The post

flow reversal mode dominates for relatively low Re and it is the one observed

in Sumer et al. (J. Fluid Mech. vol. 646, 2010,p. 207). For Re above a threshold

value of the base flow in the unconditionally unstable regime, the pre-flow re-

versal mode, which has a larger wavelength than its post-reversal counterpart,

becomes dominant. In the same regime, the threshold Reδ value above which

instability is observed in the acceleration phase of the wave is also identified.

In this case, the base flow velocity profiles lack any inflection point, suggesting

that the origin of such an instability is viscous. Finally, the lower Reδ limit above

which quasi-steady linear stability analysis is valid may be independently ob-

tained by adapting to the surface solitary wave BBL framework an instability

criterion which links the average growth rate and wave event timescale, as pre-

viously proposed in studies of the instability of the interior of progressive and

solitary internal waves. This part of the study is a recap to what have been

published by Sadek et al. (2015).

For the second transition scenario, the linear stability analysis is reformu-

lated in the non- modal framework where the three-dimensional nature of the



base flow is considered. By doing such a reformulation, an optimum initial

disturbance is identified. Such a disturbance can lead to very large short-term

energy growth that can not be captured by the classical modal stability anal-

ysis. The optimum initial disturbance is first calculated for different velocity

profiles following a quasi-steady approach where the individual profiles are as-

sumed steady within the wave event. Additionally, the resulting short-term

maximum energy growth is determined as a function of the streamwise (α) and

spanwise (β) wave number. It is shown that the maximum growth is associated

with the disturbance with no streamwise dependence (α = 0). The formation

of streaks is simulated when the three-dimensional DNS is perturbed with the

pre-determined optimum initial disturbance. In order to trigger the transition

to turbulence, a secondary instability is required. The characteristics of this sec-

ondary perturbation is chosen in accordance with the flat plate boundary layer

flow. This approach can successfully simulate the bypass transition. Sample

result from a representative Reδ case are presented in the thesis hereafter.
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CHAPTER 1

INTRODUCTION

1.1 Motivation of the study

Tsunami waves, which can be characterized as transient long waves, have

a massively destructive impact on inundated coastal areas (e.g., 2004 Indian

Ocean tsunami and 2011 Japan Tohoku tsunami). Two of the phenomena re-

lated to such events are the associated sediment deposition and sea bed erosion

(e.g. Liu et al., 2005; Yeh et al., 2007) . Both of these phenomena bear crucial im-

plications for the design of the off- and near- shore structures and for shoreline

protection. These sediment-specific processes are mainly driven by the near-

bed flow characteristics, i.e., turbulence and bottom stresses. To this end, an in-

depth understanding of the near-bottom hydrodynamics and turbulence transi-

tion in the bottom boundary layer (BBL) under such waves is imperative, with

the study of BBL instability being a prerequisite.

Therefore, in section 1.2, a detailed up-to-date review of the studies addressing

the dynamics of the BBL under solitary wave is presented. Additionally, there

will be a review of the studies addressing the stability properties of the BBL

under solitary wave, in specific, as well as under other flow configurations.

1.2 Literature review

This section is divided into three parts: general overview, classical transition

and bypass transition. The general overview summarizes the approach fol-
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lowed, chronologically, to study the long waves as well as its induced boundary

layer in the literature. Additionally, this summary includes the general assump-

tions and limitations that will be reflected on our study. The remaining two

parts introduce the most relevant stability studies for the BBL under solitary

waves and other similar transient base flows. Two main types of transition are

considered in those stability studies. The first one, referred to as classical tran-

sition, results from the breakdown of the exponentially growing 2-D Tollmien-

Schlichting waves. Whereas,in the second type, referred to as bypass transi-

tion, the flow undergoes an early transition to turbulence before the formation

of those 2D coherent structures. One of the main possible scenario of this early

transition, is the formation of localized turbulent spots, subsequent to the break-

down of organized streamwise elongated streaks,that expand spatially to finally

alter the base flow state. This scenario is the one considered in this study and

will be always referred to as the bypass transition. The classical transition of the

flow is governed by the long-term, asymptotic behaviour of the disturbance,

whereas the bypass transition is related to the short term behaviour as well be

shown later in the text.

1.2.1 General overview

The solitary wave has been generally adopted as a canonical model of transient

long waves in both experimental and theoretical studies since the 1970’s. Al-

though this idealization is not exactly representative of actual tsunami waves

(Madsen et al., 2008), Chan & Liu (2012) showed that the leading tsunami wave

can be adequately modeled by a linear superposition of a number of sech2-wave

forms. In this study, as an additional simplification, we will restrict our analysis
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to the simple case where a single solitary wave is used to approximate small

amplitude long waves typical of the coastal ocean.

Liu & Orfilla (2004) used a perturbation approach and the Boussinesq ap-

proximation to derive an analytical solution for the laminar viscous boundary

layer flows under transient waves. Their analytical solution was based on the

linearized boundary layer equations.and can be found in Appendix (A). Sub-

sequently, Liu, Park & Cowen (2007) extended this work to take into account

the nonlinearity in the boundary layer equations and compared both analyti-

cal solutions, linear and nonlinear, with experimental data. They used particle

image velocimetry (PIV) to measure the boundary layer velocity field under a

solitary wave in a wave tank. They found good agreement between the the-

oretical solution and the experimental data. Another significant finding was

that the boundary layer flow reverses its direction, and so does the bed shear

stress, in the deceleration phase of the free stream velocity which always moves

in the same direction of the wave propagation. The flow reversal is a result of

the adverse pressure gradient which is established in the deceleration phase af-

ter the passing of wave crest. This pressure gradient gives rise to an inflection

point in the velocity profile, which is a necessary but not sufficient condition

for inviscid instability (Criminal et al., 2003). In Liu et al. (2007) experiments,

the free-stream Reynolds number, Re, of the experiments examined was O(104)

and the boundary layer flow was always laminar. Specifically, the free-stream

Reynolds number is defined as

Re =
a∗U∗om

ν∗
(1.1)

where U∗om is the maximum wave-induced free-stream velocity, ν∗ is the fluid
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viscosity and a∗ is the half of the wave-induced water particle displacement in

the free-stream region, which is the ratio of maximum free-stream velocity, U∗om,

to the wave angular frequency, ω∗ (to be defined later).

Sumer et al. (2010), hereafter SU10, pursued the experimental investigation

of the boundary layer evolution under solitary waves with higher Reynolds

number. To overcome laboratory limitations in attainable Re, they mimicked

the BBL flow under a solitary wave using a U-shaped water tunnel in which

the flow was driven by a time-varying, spatially independent, pressure gra-

dient induced by a soliton-like wave in the flow direction. In this regard, it

is emphasized that no actual surface solitary wave is present in the particular

experimental study. Using the one-dimensional transient flow to simulate the

inviscid free stream velocity under long waves is a reasonable approximation

because, for very long waves, the spatial variation of the pressure gradient is

small and can be neglected. Using this approach, SU10 were able to increase

their Reynolds number to a maximum value of Re = 2× 106 which is two orders

of magnitude higher than the previously discussed studies. SU10 showed that

the boundary layer flow characteristics changed with increasing Reynolds num-

ber from laminar
(
Re < 2 × 105

)
to laminar with two-dimensional vortex tubes

near the bed
(
2 × 105 ≤ Re < 5 × 105

)
, and finally, to a transitional regime char-

acterized by the appearance of single/multiple turbulent spots
(
Re > 5 × 105

)
.

However, due to the limitation of the experimental facility, SU10 were not able

to reach a Reynolds number that is high enough for the BBL to become fully

turbulent. SU10 demonstrated that their data agree well with the analytical so-

lution of Liu & Orfilla (2004) and the previous wave tank measurements of Liu

et al. (2007) for the laminar Re range (Re < 2 × 105). In the transitional regime,

Re > 5 × 105, SU10 reported the appearance of turbulent spots, which appeared
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as single or multiple spikes in the bed shear stress measurements concurrently

with the vortex tubes. SU10 speculated that at higher Re, i.e., Re > 2 × 106, the

transition to turbulence can take place in the wave acceleration phase, although

they could not explicitly reproduce it due to facility limitations. The mecha-

nism behind the generation of the vortex tubes was interpreted by SU10 as the

result of the inflectional-point shear layer instability similar to the observations

of Carstensen et al. (2010) in oscillatory boundary-layer flows. It is worth noting

that in their experiments, SU10 did not introduce explicitly any perturbation

into their system but rather relied on the naturally available ambient distur-

bances in the laboratory environment.

Additionally, Carstensen et al. (2010) observed also the formation of lo-

cally, in time and space, distributed turbulent spots in their oscillatory base

flow for Re > 1.5 × 105. In order to rule out the dependence on the wall

roughness conditions, they were able to reproduce the turbulent spots for the

same base flow over rough bed but rather at a lower critical Reynolds number,

Re > 4.4 × 104 (Carstensen et al., 2012). Mazzuoli et al. (2011) used DNS to

replicate Carstensen et al. (2010) experiment and specifically the formation of

the turbulent patches. They numerically induced the formation of those spots

using ”microscopic”, O
(
10−4

)
, sinusoidally-shaped wall imperfections with a

wavelength dependence in both span- and streamwise directions. However,

no justification was given for their choice of these wavelength. In the following

two subsections (i.e., 1.2.2 & 1.2.3) a general summary of both types of transition

studies, for the base flow of interest or similar flow types, will be given.

5



1.2.2 Classical transition studies

Driven by the outcomes of Liu & Orfilla (2004) and Liu et al. (2007), Vittori

& Blondeaux (2008) performed a three-dimensional direct numerical simula-

tion (DNS) to simulate the boundary layer under a solitary wave. They dis-

cussed the dependence of the nature of the transition to turbulence on the ratio

of wave amplitude to water depth. Following the SU10 study and motivated by

their findings, Vittori & Blondeaux (2011) employed the same numerical tool,

used in their previous (2008) study, to investigate the development of coherent

structures in the boundary layer and the efficacy of the log-law of the wall in

approximating the structure of the near-bed flow field for a range of wave am-

plitudes. They reported a qualitative agreement between their numerical results

and the experimental observations of SU10. They suggested that the generated

vortices result from the growth of Tollmien-Schlichting waves. In each of the

two studies by Vittori & Blondeaux (2008 & 2011), the base flow was perturbed

by inserting weak random noise, of a relative order of amplitude O(10−4) with

respect to U∗om, into the initially quiescent velocity field. Both studies were un-

able to simulate the formation of the turbulent spots that appeared in the BBL

of the SU10 experiment. The lower bound for the emergence of the coherent

structures was estimated to be somewhere below Re . 5 × 105. Moreover, the

transition to turbulence was suggested to take place immediately above this cut-

off, i.e., Re > 5× 105. They claimed that the discrepancy with the laboratory was

due to the different sources of instability, i.e., bed roughness and vibrations, in

the laboratory experiment in SU10. Furthermore, they indicated that the tran-

sition to turbulence and the formation of the coherent structures always took

place in the wave deceleration phase. Later on, Scandura (2013) studied nu-

merically the characteristics of the two-dimensional vortex tubes generated un-
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der solitary waves within a range of Re equivalent to SU10 experimental range.

Scandura used small-amplitude sinusoidally-shaped imperfections in the bot-

tom boundary with a wavelength equivalent to the wavelength of the most un-

stable mode predicted from the linear stability analysis, as a source of distur-

bances. He showed that the mean spacing between the numerically developed

vortex tubes is close to the one observed by SU10 for the range of Re and it was

approximately constant for the range of the tested Re. The effect of the bottom

wall perturbation is outside the scope of the investigation performed hereafter.

Ozdemir et al. (2003) carried out a number of three-dimensional direct nu-

merical simulations to simulate the transition to turbulence in the BBL under a

solitary wave for Re one order of magnitude higher than SU10. They inserted

a two-dimensional random perturbation noise at the initial quiescent flow field

with amplitudes varying between 1 to 20% of the maximum free stream ve-

locity. Ozdemir et al. observed two possible instability mechanisms within a

wave event: a short-lived non-linear long-wave instability that takes place dur-

ing the acceleration phase for a large disturbance amplitude and a broadband

linear instability which always takes place after the flow reversal during the

wave deceleration phase. Moreover, they discussed the path of transition to

nonlinear chaotic motions, i.e., turbulence, as a function of Re. They used a high

order numerical model. Nevertheless, the transition to turbulence was always

found to follow the breakdown of the spanwise rollers, i.e., vortex tubes, that

results from the growth of the Tollmien-schlicthing waves (T-S) in the decelera-

tion phase. They divided the BBL flow under a solitary wave into four regimes:

laminar, disturbed laminar, transitional and turbulent.

The observations of SU10 and previously discussed numerical studies indi-
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cate that an aspect of the wave-induced BBL which merits further investigation

are its instability properties, namely in the context of BBL response to externally

imposed perturbations. The fundamental feature of these instability properties

is the growth of 2D T-S waves which can be quantified, asymptotically, by solv-

ing the classical Orr-Sommerfeld (OS) equations for a single base flow profile.

From the OS equations, the degree of perturbation amplification can be deter-

mined, either temporally or spatially, for steady parallel/nearly-parallel base

flow velocity profile. A classical example of the application of such a tempo-

ral stability analysis to a BBL flow is the case of the zero-pressure-gradient flat

plate boundary layer (e.g. Drazin et al., 2004). Following SU10’s assumptions,

the BBL flow under solitary waves can be approximated, as previously indi-

cated, as a sequence of temporally varying velocity profiles that are uniform in

space,i.e., x-independent. This spatial uniformity satisfies the condition of the

parallel base flow which allows the application of a temporal growth analysis

focused on the OS equations instead of some other approach such as parabolic

stability analysis (e.g., Herbert, 1997). Nevertheless, as further elaborated in the

next section, the unsteadiness of the BBL base flow must to be accounted for in

the stability analysis. To this end, two approaches are commonly used: Floquet

theory and the quasi-steady approximation. The former is only appropriate for

periodic base flows as previously done for a large number of relevant studies

(e.g. Kerczek 1982 ; blennerhassett & Bassoum, 2002; Poulin et al., 2003 and Luo

& Wu, 2010). The latter, first introduced by Shen (1961) , relies on the assump-

tion that the perturbation growth rate be faster than the rate of change of the

base flow (e.g. Seminara & Hall, 1975 and Hall & Parker, 1976).

Blondeaux et al. (2012) were the first to carry out a quasi-steady linear stabil-

ity analysis of the BBL flow at the bottom of a solitary wave using a ”momen-
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tary” criterion of instability founded on the previously mentioned assumption

of a perturbation development time scale that is much smaller than the time

scale of the wave. Their analysis indicates that the laminar flow is linearly un-

stable for a range of flow parameters smaller than those observed in the SU10

(i.e., in the laminar regime, Re < 2 × 105). They suggested using the growth

of the dimensionless kinetic energy per unit area of the flow perturbations as a

measure for the flow transition from one regime to another (i.e., appearance of

coherent structures). In their study, Blondeaux et al. (2012) reported fair agree-

ment with the SU10 experiment in terms of the most unstable mode. However,

the wave phase value at which the coherent structure appears in the experiment

is much larger than the critical wave phase predicted by their linear stability

analysis. We remark here that this difference could be caused by the fact that

the perturbation amplitude needs some time to grow and reach a significant

level in order to be observed, which contradicts the fundamental assumption of

large separation between the time scale of the wave and that of the perturbation

growth. In all these studies, instability is always observed in the deceleration

phase for the range of wave parameters examined.

Recently, Verschaeve et al. (2014) performed spatial stability analysis of the

boundary layer under surface solitary waves by solving the parabolic stability

equation. This technique allowed them to take into account the non-parallel

effect of the base flow when including the non-linear term in the boundary layer

equations. They also compare those results to the quasi-steady profile analysis,

i.e., the Orr-Sommerfeld equation. Their preliminary results suggest that the

approximation made by all previously referenced studies, i.e., neglecting the

non-linear effect and studying the problem from the temporal point of view, is

valid for the range of Re where the instability is significant. Investigating this
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problem in the spatial framework can be challenging in terms of ensuring the

adequate resolution of the different modes of instability over a long domain.

1.2.3 Bypass transition studies

The term bypass is commonly used to refer to all other routes of transition to

turbulence other than the classical one, i.e., breakdown of the 2D coherent struc-

tures due to a secondary instability (Morkovin, 1969 ). More recently, the term

started to become mostly associated with a specific breakdown scenario where

the transition is induced by free stream disturbances or for transition, observed

in experiments, of asymptotically stable base flow such as for Plane Poisseuille

flow or classical flat plate boundary layer as determined by the classical modal

stability analysis (e.g. Schmid and Henningson, 2001).

The bypass transition can be divided into two stages. The first stage consists

of the formation of elongated streaks of alternating high- and low- speed. The

streaks amplitude grow to reach a sufficiently high value at which non- linear

effects become important. At the end of this stage, a secondary instability of

particular streaks develops which causes a localize breakdown into turbulent

spots. The formation of turbulent spots and their growth leading to a fully tur-

bulent boundary layer has been a subject of interest of multiple studies since the

work of Emmons (1951) (e.g. Riley & Gad-el-Hak, 1985; Zaki, 2013)

In regards to zero-pressure gradient boundary layer studies, the literature is

extensive. The size of the elongated streaks, also known as Klebanoff modes

(Klebanoff, 1971; Kendall, 1991), is of the order of the boundary layer thick-

ness. The explanation of the amplification of these streaks, was given by two
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rather different approaches : rapid distortion theory (Phillips, 1969) or the lin-

early non-modal growth of the optimized initial disturbance (Butler & Farrell,

1992; Andersson et al.,1999 ). From a physical point of view, the ability of the

streamwise elongated vortices to mix high- and low-momentum fluid, creating

the high and low streamwise velocity streaks, is attributed to the well-known

lift- up effect (Landahl, 1980).

The connection between Klebanoff modes and breakdown to turbulence is

not straightforward and its exploration has relied on DNS results (e.g. Jacobs

& Durbin, 2001; Schlatter et al.,2008) and experiments (e.g. Nolan & Walsh,

2012). Different attempts were made in order to explain this transition mech-

anism from different perspectives. Zaki & Durbin (2005) studied this mecha-

nism from the point of view of the interaction of two, low- and high-frequency,

free-stream vortical modes interaction.Using the same methodology, the effect

of pressure gradients (Zaki & Durbin,2006) and interaction between streaks and

discrete instability waves (Liu et al., 2008) were assessed.

As regards the onset of secondary instability1, Hœpffner et al. (2005) per-

formed a linear stability analysis, using the non-modal approach, to study the

transient growth of perturbations imposed on the boundary layer streaks where

the amplitude of these streaks is below the threshold at which the streaks are

linearly unstable. They gauged the energy amplification that results from ap-

plying a time-dependent disturbance to the streaky base flow with either span-

wise symmetric (varicose) or antisymmetric (sinuous) structure. From those

two patterns, the sinuous mode produce higher transient energy growth. Alter-

natively, Vaughan & Zaki (2011) used DNS to assess the stability of boundary

1Unless otherwise stated, the secondary instability will always refer to the perturbation caus-
ing the breakdown of the streaks and leading to the bypass transition.
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layer streaks. They reported that the stability of the streaks is a result of the com-

petition of two modes which they named inner and outer instability modes, in

accordance to the wall normal location of their respective critical layers.

In regards to investigation of bypass transition for unsteady base flow, most

of the studies, either experimental or theoretical, have focused on flows in pipes

or channels: either oscillatory (e.g. Wygnanski & Champagne, 1973 ; Thomas et

al., 2011 ) or pulsatile (e.g. Stettler & Hussain, 1986 ; Fedele et al., 2005 ; Zhao et

al., 2007 ).

On the other hand, the identification of turbulent spots and their lat-

eral boundaries in the laminar flow has never been a straightforward matter

(e.g.Schubauer & Klebanoff, 1956 ; Gad-el-hak et al., 1981 ). Rehill et al. (2013)

compared between six different detection criteria of the turbulent spot from

DNS data for two different base flows. Within the six methos, the Q criterion2

quantity based on the velocity gradient tensor, shows the least sensitivity for

the zero free-stream case and the instantaneous turbulent dissipation criterion

for the streaky boundary layer case. However, for both flow cases, the λ2 crite-

rion3 shows robustness in the identification of the full evolution process of the

turbulent spot. The instantaneous wall-normal velocity criterion was classified

as the most sensitive to threshold level for both flows.
2Q = 1

2

(
||Ω||2 − ||S ||2

)
. where S &Ω are the symmetric and the antisymmetric parts of the

velocity gradient tensor.
3λ2 is the second largest eigenvalue of S 2 + Ω2. it is used to allocate vortex cores as the

pressure is minimal in a 2D plane perpendicular to the vortex core (Jeong & Hussein, 1995).
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1.3 Objective and scope of the study

The main objective of this study is to establish a deep and better understanding

of the different scenarios for transition to turbulence in the BBL under solitary

waves. For the sake of comparison with the laboratory observations of SU10, the

base flow in this study will be approximated according to the corresponding U-

tube experiment: the transient base flow is driven by an uniform soliton-like

wave induced pressure gradient.

The first part of this study, will focus on the classical route of transition. For

this type of transition, emphasis is placed on two-dimensional instability ac-

cording to Squires theorem (Drazin, 2004). The outcome of this first effort con-

sists of producing a detailed map of the 2D instability in the flow’s parameter

space for the BBL flow driven by a solitary wave. The first step towards es-

tablishing such a map is to assess the limits of applicability of the quasi-steady

linear stability analysis proposed by Blondeaux et al. (2012), taking into account

the time-dependent base flow. The next step consists of studying the variation

in the resulting instability response as a function of the inserted noise charac-

teristics (i.e., initial amplitude, insertion phase, etc.) for increasing Re using

a fully non-linear two-dimensional pseudo-spectral code, which neither intro-

duces nor amplifies any numerical noise. Additionally, the difference between

the predicted instability in the theoretical/numerical studies and the one ob-

served in the SU10 experiment is discussed in detail. Only two-dimensional

analysis is performed. This allows one to reach a maximum Re higher than pre-

vious studies and to complete the stability map for the onset of two-dimensional

instability.
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In the second part of this study, the bypass transition is investigated. Ulti-

mately, in order to study this type of transition, the three-dimensional nature

of the flow has to be considered. This investigation consists of performing a

three-dimensional linear stability analysis in order to identify the optimum ini-

tial noise distribution that induces the maximum transient growth for the un-

steady base flow of interest. Fundamentally, this analysis will elucidate the for-

mation of the low- and high- amplitude streaks observed by SU10. Accordingly,

a fully non-linear three-dimensional pseudo-spectral code will be used to ver-

ify the results for the temporally evolving base flow. Additionally, using the

3D DNS code along with the appropriate secondary instability, the subsequent

stage, i.e., evolution of the turbulent spot, can be replicated. Due to computa-

tional resource limitation, this study will focus on a specific Re value guided by

the observation of SU10 .

1.4 Structure of the dissertation

The rest of this thesis is structured as follows. Chapter 2 presents the problem

formulation and governing equations. In chapter 3 a brief description of differ-

ent numerical approaches used in the discretization of the governing equations

is given. In chapter 4, sample results are presented and then followed by a dis-

cussion in chapter 5. The conclusion is given in the last chapter 6. All of the

chapters, will be divided into two main sections: one dealing with the 2D anal-

ysis and the corresponding classical transition while the other section will be

devoted for the 3D analysis and the bypass transition.

14



CHAPTER 2

PROBLEM FORMULATION AND GOVERNING EQUATIONS

2.1 Governing equations in the inviscid region

Consider a two-dimensional solitary wave, that is uniform in the out of plane

third dimension, of height H∗ that propagates in a constant water depth h∗ with

a wavelength l∗0. Hereafter, the (∗) sign indicates dimensional quantity. The

Cartesian coordinate system (x∗, z∗, y∗) is employed, where x∗ points in the wave

propagation direction, z∗ is the vertical coordinate pointing upward with its ori-

gin at the bed and y∗ is the horizontal spanwise direction perpendicular to the

wave propagation direction. Under such a wave, the irrotational velocity field,

i.e., U∗o (x∗, t∗), outside the boundary layer can be determined from potential flow

theory (e.g. Grimshaw, 1971). A simple schematic for such a wave is illustrated

in Fig.2.1

As indicated earlier in (1.3), this study will replicate the flow used in the

U-tube experiment of SU10 as an approximation to the irrotational velocity

component under a surface solitary wave. In this experiment, the generated

free-stream velocity corresponds to the leading order solutions of Grimshaw’s

formulae under the assumption of a small amplitude wave, i.e., (H∗/h∗ → 0),

and neglecting the relatively small spatial variation at any location under a

long wave. Accordingly, the unidirectional horizontal velocity field outside the

boundary layer can be expressed as follows

U∗0(t∗) = U∗0m sech2 (ω∗t∗) (2.1)
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Figure 2.1: Schematic (not to scale) of solitary wave of height H∗ propagat-
ing in a constant water depth h∗ with a wavelength l∗0. U∗o (x∗, t∗)
represents the free stream velocity. BBL is an estimate of the
bottom boundary layer.

where U∗om is the wave amplitude defined as

U∗0m =
√

g∗h∗
H∗

h∗
. (2.2)

and g∗ is the gravitational acceleration.The wave frequency ω∗ is defined as

ω∗ =

√
3g∗H∗

4h∗2
(2.3)

and, hence, a wave period (T ∗) can be defined as

T ∗ =
2π
ω∗

(2.4)

which can be considered as the characteristic time scale of the solitary wave

event.

Hereafter, we will omit the (∗) from the product (ω∗t∗) since this product is

dimensionless. Strictly speaking, a solitary wave starts at ωt = −∞ and ends
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at ωt = +∞. In the following discussion, we shall truncate the entire event to

−180◦ ≤ ωt ≤ 180◦. The free stream starts from rest at ωt = −180◦ and keeps

accelerating until the maximum free stream velocity U∗om is reached, at the crest,

i.e., ωt = 0. This acceleration stage is followed by a deceleration phase where

the free stream velocity is reduced back to effectively zero due to an adverse

pressure gradient.

Outside the BBL, the streamwise pressure gradient from the x-momentum

equation is simply

1
ρ∗
∂p∗0
∂x∗

= −
∂U0 (t∗)
∂t∗

= 2 U∗0m ω
∗ sech2(ωt) tanh(ωt) (2.5)

where ρ∗ is the fluid density. Fig. 2.2 shows a sketch of the free stream velocity

normalized by the maximum free stream velocity
(
U∗om

)
and the corresponding

pressure gradient, normalized by the absolute maximum pressure gradient, un-

der a solitary wave.

2.2 Governing Equations in the boundary layer

The Navier-Stokes (NS) equations describing the motion of a three-dimensional,

incompressible flow in the BBL in vector notation are

∂~u∗

∂t
= −(~u∗ · ∇)~u∗ −

1
ρ∗
∇p∗ + ν∗∇2~u∗, (2.6)

∇. ~u∗ = 0, (2.7)

where ~u∗ represents the velocity vector and ν∗ is the kinematic viscosity. In a

three-dimensional domain (x∗, z∗, y∗), the velocity vector has three components
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Figure 2.2: Sketches of temporal variation of the normalized pressure gra-
dient (dashed line) and free stream velocity (solid line) under a
solitary wave at a fixed spatial location.

(u∗, w∗, v∗). u∗ is the horizontal streamwise component in the x∗−direction; i.e.,

wave propagation direction; w∗ represents the vertical component of the veloc-

ity vector in w∗−direction and (v∗) is the second horizontal velocity component

but in the spanwise y∗−direction. In the two-dimensional problem, the domain

coordinates reduce to (x∗, z∗) with a corresponding velocity vector of two com-

ponents (u∗,w∗). For the 3D problem, the gradient vector is ∇ = ( ∂
∂x∗ ,

∂
∂z∗ ,

∂
∂y∗ ) and

reduces to ∇ = ( ∂
∂x∗ ,

∂
∂z∗ ) in the 2D case.

Consequently, the total pressure (p∗) in Eqs. (2.6) can be divided into two

parts

p∗ = p∗0 (x∗, t∗) + p
′′∗ (x∗, z∗, y∗, t∗) (2.8)
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where p
′′∗ is the dynamic pressure that develops in response to the BBL flow

and later to the velocity perturbation. As in the U-tube experiment, carried out

by SU10, the flow is driven by a pressure gradient ∂p∗0/∂x∗ given in Eqs. (2.5)

that is constant in space yet variable in time.

To nondimensionlize the problem, we use U∗om as a velocity scale and the

Stokes laminar boundary layer thickness δ∗,

δ∗ =

(
2ν∗

ω∗

) 1
2

, (2.9)

as a length scale .

Using the above length and velocity scales, the non-dimensional NS equa-

tions in the BBL in Cartesian coordinates are written as

∇ · ~u = 0, (2.10)

∂~u
∂t

+ (~u · ∇)~u = −∇p +
1

Reδ
∇2~u, (2.11)

where the non-dimensional quantities are non-starred and the BBL Reynolds

number based on the boundary layer thickness is

Reδ =
δ∗U∗om

ν
. (2.12)

We can express the relation between the BBL Reynolds number Reδ and the free

stream velocity based Reynolds number Re, defined in Eq. (1.1), as

Reδ =
√

2Re . (2.13)

From Eqs. (2.2), (2.9) and (2.12), Reδ can be expressed as
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Reδ =

√
16
3

H∗

h∗
h∗

δ∗
. (2.14)

From the equation above, in contrast to previous study of Blondeaux et al.

(2012), it is clear that the parameter space of the problem in hand, following the

assumptions in (2.1), collapses into a single parameter which is the Reynolds

number Reδ.

2.3 Linear stability analysis formulation

Linear stability analysis can be employed to study the stability of a BBL flow un-

der the assumption that the base flow is parallel or nearly parallel. Accordingly,

this section will be divided into two main parts.

The first part, focusing on modal analysis, is associated with the long-term

asymptotic exponential growth and it involves a traditional quasi-steady lin-

ear stability analysis. This analysis is mainly performed in the two-dimensional

framework and it is similar to the one carried out by Blondeaux et al. (2012)

where a “momentary” criterion for instability and a ”frozen” base flow are as-

sumed and an eigenvalue problem is solved. Hence, in order to take into ac-

count the transient nature of the base flow, especially for the relatively low Reδ

regime, an initial value problem is solved in place of the eigenvalue problem.

The second part, focusing on non-modal analysis, considers the short term

maximum transient growth of the disturbance associated with the formation

of the streaks. For this analysis, one is inevitably required to consider the

three-dimensional aspect of the base flow. The outcome of this analysis con-
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sist of identifying the optimal initial disturbance that will potentially undergo

the maximum transient growth and, hence, enable a bypass transition as mani-

fested in the form of turbulent spots.

2.3.1 Governing equation of small disturbance

For the sake of completeness, a brief review of the derivation of perturbation

evolution equations are presented hereinafter for a steady velocity profile (see

Schmid & Henningson 2001) for further details). The flow field is decomposed

into a laminar steady base flow and a fluctuating component as follows

p = P(x) + p̃(x, z, y, t) , (2.15)

~u = (U(z), 0) + (ũ, w̃, ṽ) . (2.16)

In the above Eqs (2.15 & 2.16), the time dependence of the base flow is ne-

glected and P(x) & U(z) represent the quasi-steady base flow mean pressure

and velocity. The unperturbed horizontal velocity in the boundary layer for a

specific ωt, i.e., U(z), is calculated from the analytical solution of Liu & Orfilla

(2004). The tilde indicates the fluctuating component and the uppercase letter

represent the base flow. Substituting Eqs. (2.15) and (2.16) in Eqs. (2.10) and

(2.11), subtracting the leading order balance of the base flow and neglecting the

non-linear terms, results in the following linearized equations.

∂ũ
∂x

+
∂w̃
∂z

+
∂ṽ
∂y

= 0, (2.17)
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∂ũ
∂t

+ U
∂ũ
∂x

+ wU′ = −
∂ p̃
∂x

+
1

Reδ
∇2ũ, (2.18)

∂w̃
∂t

+ U
∂w̃
∂x

= −
∂p̃
∂z

+
1

Reδ
∇2w̃, (2.19)

∂ṽ
∂t

+ U
∂ṽ
∂x

= −
∂ p̃
∂v

+
1

Reδ
∇2ṽ. (2.20)

The (′) denotes derivative with respect to z. Eliminating the pressure terms

in the above equations, the equation for the streamwise vertical velocity (w̃) is

obtained as follows

[(
∂

∂t
+ U

∂

∂x

)
∇2 − U′′

∂

∂x
−

1
Reδ
∇4

]
w̃ = 0. (2.21)

Equation (2.21) is sufficient to describe the two-dimensional flow field. How-

ever, in order to fully describe the three-dimensional field, an additional equa-

tion, together with (2.21), is needed. Thus, the most convenient equation is the

one associated with the normal vorticity, η̃, that can be written as follows

[
∂

∂t
+ U

∂

∂x
−

1
Reδ
∇2

]
η̃ = −U′

∂w̃
∂y
, (2.22)

where η = ∂ũ/∂y − ∂ṽ/∂x.

The boundary conditions w̃ = ∂w̃/∂z = η̃ = 0 both at the bed (z = 0) and in

the far-field (z→ ∞) are required. In this study, the far field upper boundary

of the domain of Eqs. (2.21 & 2.22) is fixed at z = 15 (dimensionless), which
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is sufficiently far from the bed and at this location the flow can be reasonably

assumed to be uniform in the vertical direction.

2.3.2 Modal analysis

In order to determine the most unstable mode, i.e. mode with highest expo-

nential growth rate, a quasi-steady analysis is performed in the modal frame-

work. According to Squire(1933), a two-dimensional disturbance is more unsta-

ble than its corresponding three-dimensional one, at a specific Re, for a steady

parallel base flow in the asymptotic limit when (t → ∞). Henceforth, the two-

dimensional disturbance will only be considered for the eigenvalue problem.

Following the classical modal approach (see Schmid & Henningson, 2001), the

perturbation velocity is decomposed into normal modes as follows

w̃ = w(z) ei(αx−ωpt) (2.23)

where α is the wavenumber in the x direction (α = 2π
λx
, λx is the streamwise

wavelength of the perturbation, which eventually determines the spacing be-

tween the resulting vortex tubes), w is the perturbation wave-like amplitude

and ωp is the perturbation frequency
(
ωp = ωr + iωi

)
. Substituting Eq. (2.23) in

Eq. (2.21) (equivalent to taking the Fourier transform in the horizontal direc-

tions), the well-known OS (Orr, 1907; Sommerfeld, 1908) equation is obtained

−iωp

[
k2

2D − D2
z

]
(w) + [LOS ] (w) = 0 (2.24)

with the OS operator LOS defined as

LOS = iαU
(
k2

2D − D2
z

)
+ iαU′′ +

1
Reδ

(
k2

2D − D2
z

)2
. (2.25)
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In the equation above, Dz is the derivative operator, with respect to z. k2D = α

for the two-dimensional case. For the temporal stability analysis, ωp is com-

plex and it appears as the eigenvalue in the OS equation for each profile. If

ωi > 0, this indicates an unstable mode (i.e., growth in time) whereas ωi < 0

corresponds to a decaying mode.

Five important quantities are used to characterized the instability properties

of a particular Reδ as estimated from quasi-steady linear stability analysis. The

earliest time at which growth contours of ωi cross the zero threshold towards

monotonically increasing positive values is regarded as the critical wave phase,

ωt(critical) which has its corresponding critical wave number α(critical). The maxi-

mum growth rate, ωimax , occurs atωt
(
ωimax

)
and for a corresponding wavenumber

α
(
ωimax

)
.

Recall, from section 1.2.2, that the main assumption of using the quasi-steady

analysis for a transient base flow is that the perturbation growth rate is faster

than the rate of change of the base flow. As will be shown in section 4.1.1, the

applicability of this assumption will be tested for the particular BBL of interest

by comparing both quasi-steady and transient 2D analysis.

2.3.3 Non-modal analysis

In order to evaluate the short-term perturbation dynamics, the perturbation

evolution equations are to be reformulated in the non-modal frame. This can

be simply done by assuming a more general form of the initial perturbation.

Contrary to (2.23), solutions for the vertical perturbation velocity and normal
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vorticity can be assumed as follows

w̃ = ŵ(z, t) ei(αx+ βy), (2.26)

η̃ = η̂(z, t) ei(αx+ βy), (2.27)

where α , as previously mentioned in (2.3.3), is the streamwise wavenumber, β is

the wavenumber in the y direction ( β = 2π
λy
, λy is the spanwise wavelength of the

perturbation, which eventually determines the spacing between the streaks),

ŵ and η̂ are the wave-like amplitudes. Substituting Eqs. (2.26 & 2.27) in Eqs.

(2.21 & 2.22) respectively, following equations are obtained

[
k2 − D2

z

] ∂ŵ
∂t

+ [LOS ] ŵ = 0 , (2.28)

∂η̂

∂t
+

[
LS Q

]
(η̂) = −iβU′ (ŵ) , (2.29)

where the OS operator LOS and the squire operator LS Q are now defined as

LOS = iαU
(
k2 − D2

z

)
+ iαU′′ +

1
Reδ

(
k2 − D2

z

)2
, (2.30)

LS Q = iαU +
1

Reδ

(
k2 − D2

z

)
. (2.31)

In the above system of equations, Dz is the derivative operator, with respect

to z and k =
√
α2 + β2 is the modulus of the wave number vector. From the

incompressibility condition (Eq. 2.17) and the definition of ŵ and η̂, the full

perturbation velocity field can be recovered at any time using the following

relation 
û

ŵ

v̂

︸︷︷︸
q̂

=
1
k2


iαDz −iβ

1 0

iβDz iα

︸                ︷︷                ︸
C

 ŵ

η̂

 . (2.32)
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Moreover, equations (2.28 & 2.29) may be recast in a more compact vector no-

tation by simply introducing the vector

q =

 ŵ

η̂

 . (2.33)

The linear initial value problem equations (2.28 & 2.29) can be then re-written

as

∂q
∂t

= M−1L1 q = L̂ q , (2.34)

where

M =

 k2 − D2
z 0

0 1

 , (2.35)

L1 =

 LOS 0

iβU′ LS Q

 . (2.36)

For the initial value problem, eq. (2.34), its solution can be expressed in the

matrix exponential form as follows

q = exp
(
L̂ t

)
q0, (2.37)

where q0 is simply the initial condition vector, i.e., q (t = 0) = q0. Contrary to

the modal analysis that focus on the perturbation amplitude, the kinetic energy

would be a better measure of the short term perturbation amplification. The

way to construct a standard Eulerian L2 norm as an energy measure will be

shown in more details in Appendix (B).

As indicated earlier, the main goal for the non-modal analysis is to find an

optimum initial condition that leads to the maximum amplification of the per-

turbation kinetic energy. In other words, the interest is in identifying the max-

imum amplification, G (t), of some initial perturbation energy over some given
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time interval for different perturbation initial conditions. Hence, G (t) can be

defined as follows

G(t) = max
q0

||q(t)||2

||q0||
2 = max

q0

||Fexp(L̂ t) F−1Fq0||
2

||Fq0||
2 = ||Fexp(L̂ t)F−1||2, (2.38)

where F is the result for a Cholesky decomposition of the matrix M (see Ap-

pendix (B for more details). Redefining the original operator, L̂, as FLF−1 = L,

the maximum amplification G (t) is simply

G(t) = ||exp(L t)||2. (2.39)

Note that G (t) is a result of an optimization over different initial conditions, q0.

In other words, at any time t, the maximum possible energy amplification, G (t),

corresponds to a different specific initial condition q0. The matrix exponential

solution given in (2.39), can be treated in three different ways, each of which

describes a specific growth trend. Hereafter, these three different approaches

will be briefly described (see Schmid 2007 for more details).

Traditionally, the least stable mode of L reveals the asymptotic growth trend

(t → 0). This least stable mode can be found using an eigen-value decompo-

sition of L, i.e., L = VΛV−1, and hence the most unstable mode is considered as

a characteristic quantity of the exponential operator

G(t) = ||exp(L t)||2 = ||V exp (Λt)︸   ︷︷   ︸
spectral

analysis

V−1||2. (2.40)

The spectral analysis, used to find the least stable eigen-mode, ignores any in-

formation about the eigenfunction of L contained in V . Hence, the least sta-

ble mode is only representative of the norm of the matrix exponential at all

time when V is a unitary matrix, i.e., it has orthogonal eigenvectors. The ma-

trix operator with a set of orthogonal eigenfunctions is referred to as normal
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(Trefethen & Embree 2005). For a non-normal matrix operator, as in the case

of L, a set of non-orthogonal eigenfunctions exist (Reddy et al. 1993) and the

temporal behaviour of G(t) is not well-represented by the least stable mode es-

pecially in terms of the intermediate and initial time limit. Alternatively, the

concept of numerical abscissa (Trefethen & Embree 2005) is used to describe the

early initial transient behaviour at t = 0+. This numerical abscissa can be de-

termined following an expansion of the energy growth rate about t = 0+ for

the matrix exponential solution (Schmid & Henningson 2001;Trefethen & Em-

bree 2005). The aforementioned two trends, describe the initial and the asymp-

totic behaviour of the energy amplification. For the intermediate temporal be-

haviour, the ε − pseudospectra approach (Trefethen 1997) is adopted to quantify

the maximum transient energy growth (Schmid, 2007). In order to illustrate the

different between those three sets, the variation of the energy growth of a gen-

eral disturbance over time is shown as a schematic in Fig.2.3 (similar to Figure

3 in Schmid, 2007). In this schematic, the slope of the initial growth, that is gov-

ern by the numerical abscissa, is highlighted in blue. Whereas the asymptotic

growth trend, governed by the least stable eigenvalue, is highlighted in ma-

genta. Finally, the maximum reachable energy amplification, identified using

the ε − pseudospectra approach, is highlighted in red. In regards to the bypass

transition, as will be shown late in the text, the focus will be of the intermediate

time range to predict the maximum transient amplification.

As G(t) is the representative function of the maximum energy amplification

at any time t over all possible initial conditions, it is crucial to recognize the

optimum initial perturbation associated with an amplification G(t∗) at the given

time, t∗. This initial condition can be recovered using the singular value decom-

position (SVD) of the matrix exponential evaluated at time t = t∗ (Trefethen &
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Figure 2.3: Schematic of the energy growth variation for a general distur-
bance. The colour differentiate between the sets governing the
behaviour at different time limit. The the early initial trend,
t → 0+, governed by the numerical abscissa (blue). The asymp-
totic trend , t → ∞, governed by the least stable eigenvalue
(magenta). In between, 0 < t < ∞, the maximum transient en-
ergy growth, results of a resolvent norm size, is highlighted in
red.

Embree 2005) as follows

S VD
[
exp(L t∗)

]
= YΣWH (2.41)

⇒ exp(L t∗) W = YΣ. (2.42)

As can be interpreted from Eq. (2.42), Σ(1, 1) represents G(t∗) = ||exp(L t∗)||, the

optimal initial condition is the left principal singular vector −→wop = W(:, 1) and the

output condition, i.e., after amplification, is the right principal singular vector

−→y out = Y(:, 1).
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Transient analysis of the two-dimensional modal modes

In order to evaluate the effect of the transient nature of the base flow on the

previously identified asymptotic mode, the perturbation evolution equation is

reformulated similar to the initial value problem (2.34). Nevertheless, for a two-

dimensional perturbation velocity is ought for

w̃ = ŵ(z, t) ei(αx) . (2.43)

Note here, that Eq.(2.43) is equivalent to Eq.(2.26) with β = 0. Substituting Eq.

(2.43) in Eq. (2.21), the general form of the linear initial value problem equation

can be re-written, similar to Eq. (2.34), as follows,

∂ŵ
∂t

= Ln
1ŵ , (2.44)

where L1 = −LOS /
[
k2 − D2

z

]
. It must be emphasized that this transient analysis

can be only performed for one mode at a time. To monitor the energy growth of

the perturbation with time, the vertical perturbation kinetic energy q2D is intro-

duced and, for this two-dimensional case, can be calculated from the integration

of ŵ(z, t) over the domain volume V as follows

q2D(t) =
1
2

∫
V

ŵ2(z, t) dV (2.45)

30



CHAPTER 3

NUMERICAL METHODOLOGY

Since the presentation of our results first explores the linear stability analy-

sis, the corresponding numerical tools are considered first here, followed by

an overview of the computational scheme used within the fully nonlinear flow

solver.

3.1 Linear stability analysis

For the numerical solution of either the classical eigenvalue problem, Eq. (2.24),

or the initial value problem, Eqs. (2.34 & 2.44), a Chebyshev collocation method

(Boyd 2013) is used in the discretization of the linear operators of the vertical

velocity perturbation in Eq. (2.21 ), i.e., D2
z and D4

z , on Gauss-Lobato-Chebyshev

grid points (GLC), as recommended by Orszag (1971), in order to ensure high

accuracy. In the afterwards sections (3.1.1 & 3.1.2), a brief description on solv-

ing both eignevalue and initial value problems will be given. For the initial

value problem, the focus will be on the transient analysis associated with the

2D modal analysis.

3.1.1 Quasi-steady analysis: Eigenvalue problem

After assuming a wavelike solution for the perturbation, according to Eq. (2.23)

the Orr-Sommerfeld equation (2.24) is solved to find the asymptotic solution for

the individual frozen base velocity profiles under the “momentary” condition of
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instability proposed by Blondeaux et al. (2012). The solution of such an equation

consists of computing ωi > 0 according to (2.24)

iωp (w) =
[
k2 − D2

z

]−1
[LOS ] (w) = L1 (w) (3.1)

This equation is solved for each individual base flow velocity profile, assuming

that it is steady, and supplies a growth rate, ωi, as a function of the perturbation

wave number α.

3.1.2 Transient analysis: Initial value problem

Alternatively, for the initial value problem associated with the 2D modal modes,

the evolution of the base flow is first sampled over equally spaced intervals

of small duration ∆ (ωt) = 0.1◦ within which it is safe to assume that the base

flow is nearly steady. The length of this interval, i.e., ∆ (ωt), can be translated

into an equivalent perturbation growth time, i.e., tp, using the problem time

scale (i.e., δ∗/U0m). Within this ∆ (ωt) interval, the linear operator L1 is considered

constant for an individual mode. The Cranck-Nicolson scheme is then used

in the temporal discretization of Eq. (2.44), using an equal time step of ∆tp to

proceed from step n to step n + 1 for the each of the total interval time tp as

follows

ŵn+1 − ŵn

∆tp
=

1
2

(
Ln

1ŵn+1 + Ln
1ŵn

)
(3.2)

This approach takes into account the effect of the transient nature of the base

flow on the cumulative growth of the perturbation. Recall that this analysis is

only performed for a single streamwise mode. However, in this type of anal-

ysis, the transient growth is highly dependent on the vertical structure of the
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initially inserted perturbation fields and on how close it may be to the most un-

stable eigenvector. To eliminate any resulting ambiguity, the evolution of the

perturbation that is ultimately reported is the ensemble average over a total

number of N simulations each of which has a different initial perturbation field

with a random spatial distribution.

3.2 Fully non-linear Simulation

The two- and three- dimensional fully non-linear governing equations (2.10)

and (2.11) are solved in a computational domain equivalent to an idealized box,

corresponding to a fixed observer under the wave, where the velocity field is

driven by a forcing term given by Eq. (2.5). The lateral domain boundaries are

periodic boundary conditions whereas the top and the bottom boundaries are

free-slip and no-slip boundary conditions, respectively. The resulting velocity

field is then perturbed at an appropriately chosen time of insertion with a pre-

scribed numerical noise field

The numerical method used to solve the problem governing equations is

a spectral multidomain penalty method model (Diamessis et al. 2005). This

pseudo-spectral model has been used to examine similar boundary layer flows

associated with internal solitary waves (Diamessis & Redekopp, 2006), albeit

in a rather different problem geometry. More details regarding the numerical

model will be outlined in (3.2.1 - 3.2.3).1

The spatial discretization relies on a Fourier discretization in the horizontal

direction where Nx is the total number of equally spaced grid nodes in the span-

1Taken from Appendix B of Diamessis and Redekopp 2006.
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wise direction, and on a Legendre-polynomial-based single/multidomain dis-

cretization in the vertical. Additionally, explicit spectral filtering is employed in

both spatial directions to eliminate any spurious numerical noise and preserve

the high accuracy of the model (see section (3.2.3) for more details). In all simu-

lations, the horizontal grid spacing, ∆x, is less than δ/3 . In the vertical direction,

at least between 12 and 15 grid nodes are located within one Stokes thickness

δ to enable sufficient resolution of the developing BBL and of the subsequently

generated vortex tubes.

For the purpose of validation, the numerical results of laminar cases, i.e.,

simulations in the absence of any external perturbation, are in a very good

agreement with the analytical solution (see Appendix A).

3.2.1 Navier-Stokes splitting scheme

For the temporal discretization of eqs. (2.6 & 2.7), a high-accuracy pressure

projection scheme is used (Karniadakis et al. 1991). According to this scheme,

if one integrates eqs. (2.6 & 2.7) in time from level tn to tn+1 the following semi-

discrete equations, decomposed into three fractional steps for u, are obtained

(Diamessis et al. 2005):

û −
∑Ji−1

q=0 αqun−q

∆t
=

Je−1∑
q=0

βqN(un−q) , (3.3)

ˆ̂u − û
∆t

= −∇φn+1 , (3.4)

γ0un+1 − ˆ̂u
∆t

= νL(un+1) . (3.5)
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In the above, the forcing term, i.e., transient pressure gradient given in Eqs.

(2.5), have been absorbed into the non-linear operator N(u) (see Eq. 2.11 for

definition of linear and non-linear operator). The values of the coefficients αq,

βq and γ0 for the 3rd order backward differentiation-stiffly stable (BDF3-SS3)

scheme of equations (3.3)-(3.5) may be found in (Karniadakis et al. 1991). The

quantity φn+1: ∫ tn+1

tn
∇ p̃dt = ∆t∇φn+1 . (3.6)

is an intermediate scalar field that ensures that the final velocity un+1 is incom-

pressible. In eq. (3.4), it is assumed ∇ · ˆ̂u = 0 and the Poisson equation is solved

for the pressure:

∇2φn+1 = ∇ ·

( û
∆t

)
. (3.7)

The boundary conditions for u are enforced in eq. (3.5). Equation (3.7) utilizes

the high-order accuracy dynamic boundary condition (karniadakis et al. 1991):

∂φn+1

∂z

∣∣∣∣∣
b

=

Je−1∑
q=0

βqN(w̃n−q)
∣∣∣∣∣
b
−

Je−1∑
q=0

βq[ν∇ × (∇ × w̃)]n−q
∣∣∣∣∣
b
. (3.8)

where |b denotes z = 0,H and the coefficients βq have the same value as in the

SS3 scheme of eqs. (3.3)-(3.5).

The splitting procedure for ˜̃ρ consists of two steps analogous to eqs. (3.3)

and (3.5). The boundary conditions are enforced in the corresponding diffusive

step.

3.2.2 Spectral multidomain penalty methods

In most of the cases simulated throughout this study, specially for the two-

dimensional case, only a single vertical domain, i.e., no subdomains, is em-
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ployed to avoid any numerical instability that may be introduced due to dis-

continuity at the subdomain interface in the highest Re cases considered. That

said, the spectral mutlidomain penalty methods will be described ahereafter for

the sake of completeness.

In under-resolved simulations, the absence of any artificial dissipation in the

spectral discretization scheme leads to instabilities due to aliasing effects (Got-

tlieb & Hesthaven 2001) closely linked to under-resolved numerical/physical

boundary layers (Deville et al. 2002). Specifically, Gibbs oscillations develop,

which are most pronounced at the physical boundaries and subdomain inter-

faces and may generate catastrophically interacting artificial internal waves in a

stratified flow. The crux of penalty methods (Hesthaven & Gottlieb, 1996; Hes-

thaven, 1997) lies in the fact that numerical instabilities arise in under-resolved

simulations because boundary/patching conditions are explicitly enforced and

there is no provision that the equation solved is satisfied arbitrarily close to

the boundary/subdomain interface. By collocating a linear combination of the

equation and boundary/patching conditions (the latter multiplied by a penalty

term) at the corresponding spatial locations, the penalty method produces a

smooth numerical solution with near-negligible error at the boundaries and in-

terfaces. The spectral accuracy of the numerical scheme is negligibly impacted

and one may compute stably the high Re internal dynamics of the flow without

having to resolve the thin numerical/viscous physical boundary layers.

In terms of the splitting scheme outlined in section (3.2.1), the penalty

method is applied at two different levels in the incompressible Navier-Stokes

equations. The explicit non-linear term advancement is treated as a hyperbolic

equation whereas the implicit viscous term treatment as a parabolic equation
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(all subsequent equations in this section, i.e., (3.2.2), are written as a function

of the u-velocity perturbation for the sake of demonstration and without loss of

generality):

∂u
∂t

= N(u) , (3.9)

∂u
∂t

= νL(u) . (3.10)

The temporal derivatives in the equations (3.9)-(3.10) are only approximations

to those appearing in eqs. (3.3)-(3.5). In both cases, the patching conditions are

such that C0 and C1 continuity is enforced only weakly since the interface of two

adjacent subdomains corresponds to the same location in physical space but to

two separate grid-points. Thus, the penalty method is inherently discontinuous

and it is this weak continuity on the numerical grid that allows for a more stable

and smooth numerical solution at the subdomain interfaces.

Consider first eq. (3.9). The boundary conditions, imposed strictly in eq.

(3.5), are not incorporated in the penalty treatment of the hyperbolic problem,

which focuses solely on the subdomain interfaces. The penalty formulation of

(3.9), in physical space, for each subdomain of index-k and uniform order Nk = N

is:

∂uk

∂t
= N(uk) − τk

1Q−k (zk
i )
[
αuk

0 − gk
1(t)

]
− τk

2Q+
k (zk

i )
[
γuk

N − gk
2(t)

]
, (3.11)

where

Q−k (zk
i ) = δi0, Q+

k (zk
i ) = δiN . (3.12)

here δi j is the Kronecker delta function with subscript i corresponding to the

collocation point zk
i . The terms in brackets represent appropriate patching con-

ditions (Diamessis et al. 2005). The values of the coefficients α, γ, τk
1 and τk

2 are
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determined by treating each individual subdomain as a single domain whose

interfaces support patching conditions that act as open boundary conditions

through which information is exchanged with adjacent subdomains. Essen-

tially, the patching conditions are treated as localized open boundary conditions

where each subdomain experiences “inflow” or “outflow” depending on the

value of the vertical interfacial velocities Wk
0 and Wk

N at the previous timesteps

(Hesthaven & Gottlieb, 1996; Hesthaven, 1997; Diamessis et al. 2005).

The penalty formulation of (3.10) is significantly different from that of (3.9)

due to its parabolic nature. After some manipulation (Diamessis et al. 2005),

the discrete form of (3.10) may be written in Fourier space for an individual

longitudinal wavenumber kx as:

u − εD2u = ε
ˆ̂u
ν∆t

= F , (3.13)

where u is the value of the velocity at timestep n + 1. The small parameter ε is

defined as:

ε ≡ (k2
x −

γ0

ν∆t
)−1 . (3.14)

The penalty formulation of (3.13) is now:

εD2u − u + F

− τk
1Q−k (zk

i )
[
αuk

0 − βε
∂uk

0

∂zk − gk
1(t)

]
− τk

2Q+
k (zk

i )
[
γuk

Nk
+ δε

∂uk
N

∂zk − gk
2(t)

]
= 0 , (3.15)

where Q−k (zk
i ) and Q+

k (zk
i ) are defined in (3.12). Again, the terms in the brackets

represent appropriate patching/boundary conditions determined, in this case,

by the elliptic nature of (3.13). At the physical boundaries, g1
1(t) and gM

2 are

determined by the the problem physical boundary conditions. The coefficients
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α, β, γ and δ are set to one at each subdomain interface, and at the physical

boundaries their values are set to satisfy the physical boundary conditions. The

coefficients τk
1 and τk

2 for the discretized equations are determined by by the

type of the boundary/patching condition (Dirichlet, Neumann, Robin) under

consideration (Hesthaven & Gottlieb, 1996; Diamessis et al. 2005).

Finally, the penalty treatment of (3.13) is applied to the Poisson equation for

the pressure (3.7) in spectral space for any given longitudinal Fourier wavenum-

ber kx because (3.7) is a one-dimensional Helmholtz equation, as is the equation

from which (3.13) originated .

3.2.3 Spectral filtering, adaptive interfacial averaging

Penalty methods are most effective in the vicinity of subdomain interfaces. To

ensure stability of an under-resolved simulation in the subdomain interiors

spectral filtering is used. In each subdomain, any function f (z) may be approx-

imated as (Boyd 2013):

f (z) =

Nk−1∑
j=0

f̃ jP j(z) , (3.16)

where f̃ j is the amplitude of the j-th Legendre mode and P j(z) the j-th order

Legendre approximating polynomial (Boyd 2013). The filtered solution f F may

now be expressed in terms of the modes of the numerical solution as:

f F(zi) =

Nk−1∑
j=0

σ(k j) f̃ jP j(zi) , (3.17)
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where k j is the j-th discrete Legendre mode. In this study, an exponential filter

function σ(k j) is used (Gottlieb & Hesthaven 2001):

σ(k) =


1, 0 ≤ k ≤ kc ,

exp
[
− α

(
k−kc
N−kc

)p]
, kc ≤ k ≤ N .

(3.18)

where p is the filter order, kc the filter lag and α = −lnεM with εM being the

machine precision. In all simulations considered in this paper, kc = 0. Ap-

plication of the filter function (3.18) is equivalent to introducing a p-th order

hyperviscous operator in the governing equations (Boyd 1998; Gottlieb & Hes-

thaven 2001). The hyperviscous operator is multiplied by an artificial viscosity

εN ≈ (1/N p−1) (Don et al. 2003). The advantage of the explicit application of a

spectral filter is that it avoids the additional stiffness and subsequent timestep

limitations of a hyperviscous term.

An analogous filtering procedure is applied in Fourier space. In the incom-

pressible spectral simulations in this study, spectral filtering is applied at three

levels when advancing the solution from time level (n) to level (n + 1) as de-

scribed in detail in (Diamessis et al. 2005). The order of the Legendre and Fourier

filters is the same in all three levels.

As shown by the spectral filter functions in figure 3.1, spectral accuracy is

preserved because the direct effect of the filter never extends below the top 50%

of the numerical solution modes in Fourier space and the first 8-9 Legendre

modes in each subdomain. That is, the accuracy of the scheme remains at least

O(∆z)8 in the vertical direction while exponential convergence of the solution is

always guaranteed in the horizontal. Use of an explicit spectral filter does im-

ply an unavoidable reduction of effective Reynolds number. However, such a
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Figure 3.1: Exponential filter functions σ(k/N) for different filter orders p
representative values. The mode number and total number of
available modes (over the full domain in Fourier space and
over a single subdomain in Legendre space) are denoted by k
and N, respectively. The dashed vertical line indicates the nor-
malized wavenumber beyond which the artificial dissipation
of a second-order finite-difference scheme has a direct effect, as
shown by Domaradzki et al. (2002)

consequence is not only limited to higher-order methods (Levin et al. 1997; Slinn

& Riley 1998). Low-order finite difference schemes are not damping-free, even

if no filter is used. In fact, for resolutions typically employed in high Reynolds

number simulations, their inherent artificial dissipation affects a broader range

of resolved scales (Domaradzki et al. 2002) than the spectral filter functions in

figure 3.1, thereby reducing even more the effective Reynolds number. In addi-

tion, no explicit control is possible over the amount of artificial dissipation intro-

duced into the numerical solution. On the contrary, spectral filtering does pos-

sess this capability of explicit control as the filter order may be adjusted to damp

adequately, but not excessively, any numerical noise due to under-resolution.
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Caution is admonished in using the artificial viscosity coefficient , εN sug-

gested by Don et al. (2003) to compute an effective Reynolds number (Winters

& D’ Asaro 1989). Such an attempt would imply attaching a physical signif-

icance to the spectral filter beyond its numerical role as a damper, especially

when it is not totally clear what units should be assigned to the hyperviscos-

ity in the vertical direction where the form of the corresponding hyperviscous

operator is quite complex (Boyd 1998; Don et al. 2003). Computing the actual

effective eddy viscosity as a function of numerical mode is quite an involved

process (Domaradzki et al. 2002) which extends beyond the scope of this study.
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CHAPTER 4

SAMPLE RESULTS

4.1 Classical Transition Analysis

The presentation of our results, in the context of modal analysis, is structured

by our intention to illustrate the instability properties and associated dynamical

response of the transient BBL under examination as a function of increasing Reδ,

much in alignment with the approach of SU10. First, the limits of applicability

of the quasi-steady linear stability analysis, as a means of interpretation of the

perturbation growth characterisers in the linear regime, are explored in the con-

text of the transient nature of the base flow. The fully nonlinear solver is then

used to examine the non-linear phase of BBL evolution which consists of the for-

mation of vortex tubes and any interactions among them. Having demonstrated

agreement with SU10’s findings, we extend our study to a higher Reδ, with a fo-

cus on the connection between the spacing of the observed vortex tubes and the

most unstable mode as established through both linear stability analysis and

fully nonlinear simulations.

4.1.1 Applicability of the quasi-steady linear stability analysis

In their study, Blondeaux et al. (2012) suggest that for small wave non- linearity

(corresponding to small values of H∗/h∗, which they indicate to be the critical

parameter determining the stability characteristics of the solitary wave-induced

BBL) the ” momentary ” criterion of instability is not applicable. Hence, in this

regime, quasi-steady linear stability analysis is not expected to provide accurate
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results. However, the precise upper bound of this regime, expressed in terms of

H∗/h∗, was not specified by Blondeaux et al. (2012).

In this regard, the scaling introduced in Eqs. (2.11 - 2.14) indicates that,

at least for the transient BBL examined in this study, Reδ is the sole non-

dimensional parameter governing its instability response. To illustrate the pres-

ence of an upper bound of Reδ, below which quasi-steady linear stability analy-

sis is not applicable, the case with Reδ = 211 (equivalent to Re = 2 × 104) is now

examined with an emphasis on the disagreement between the quasi-steady and

time-dependent approach. The applicability criterion is to be formally defined

in the next page.

Quasi-steady asymptotic stability analysis is used to construct the contour

map for ωi > 0 throughout the wave deceleration phase as shown in Fig. 4.1.

Recalling the definitions in section 2.3.2, the maximum growth rate is ωi max =

0.0128 and the critical wave phase occurs at ωtc ≈ 40◦. The critical wave phase

happens after the flow reversal which takes place at ωt ≈ 30◦ for all cases.

The next step is to solve the initial value problem associated with the tran-

sient analysis for the same case, i.e, Reδ = 211. As pointed out before, this

type of analysis is only performed for an individual mode at once. Hence, we

shall show the results for the first destabilized mode, i.e., the critical wavenum-

ber, α(critical) = 0.44, as identified by the quasi-steady analysis. Across all Reδ,

the highest growth rates modes,i.e., α
(
ωimax

)
, always lies within the range of

α ∈ [0.43, 0.47]. The critical wave number for Reδ = 211 happens to also be in

this range as shown in Fig. 4.1.

The default approach for the transient stability analysis is to insert the per-
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turbation at ωt = 0◦ since any growth is only anticipated during the wave de-

celeration phase for this relatively low Reδ value. The amplification factor, G2D,

is examined as a measure of the growth of the inserted perturbation amplitude.

G2D is defined as the kinetic energy based on the vertical velocity component,

q2D (t), normalized by the initial energy level, q2D (t0), at the time of insertion.

The evolution of the amplification factor for three modes representative of

the highest growth rate α-interval defined above is shown in Fig. 4.2. The in-

serted perturbation amplitude undergoes an initial steep decay (0◦ ≤ ωt ≤ 4◦),

and is then followed by a mild decay up to ωt = 100◦ and then remains nearly

constant. Although the quasi-steady analysis indicates a considerable perturba-

tion growth, the transient analysis shows no growth but instead a continuous

decay. Results from the corresponding two-dimensional DNS for this case, ini-

tialized with a low-amplitude white noise spectrum, (not shown here) confirm

this continuous decay.

Having illustrated the disagreement between quasi-steady and transient sta-

bility analysis at a particular value of sufficiently low Reδ, the lower limit of ap-

plicability of the former as a reliable descriptor of the instability of the transient

BBL flow is identified through a series of numerical experiments over a range

of gradually increasing Reδ. The following applicability criterion is specifically

proposed: The quasi-steady analysis is deemed to be valid if the degree of per-

turbation growth is such that, at least by the end of the wave event, the pertur-

bation amplitude exceeds its original value. In other words, the amplification

factor of the inserted perturbation has to become equal to one within the period

of the solitary wave. Nevertheless, satisfaction of such a criterion does not guar-

antee the formation/appearance of vortex tubes as will be elaborated in section
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Figure 4.1: Growth contour of ωi > 0 for Reδ = 211 throughout the wave
deceleration (thick solid line ωi = 0, contour value spacing
∆ωi = 0.001 and ωimax = 1.28 × 10−2). Horizontal dashed
lines bound the modes with highest growth rates, i.e., α ∈
[0.43, 0.47]. The table below the figure summarizes the follow-
ing quantities: critical wave phase, critical wavenumber, max-
imum growth rate, wave phase of the maximum growth rate
and the wavenumber with the maximum growth rate (see also
section 2.3.2 for definitions).

4.1.2.

A representative example of amplification factor G2D evolution curves for

different Reδ is shown in Fig. 4.3. The proposed criterion is first satisfied at

Reδ = 350. The growth rate contour for this Reδ case is shown in Fig. 4.4. What

is interesting in this last figure, is that the critical wave phase is ωt(critical) ≈ 30◦

when the flow reversal takes place. Therefore, a consequence of the amplifi-

cation factor based criterion is that the applicability of the quasi-steady linear

stability analysis for the transient base flow is intimately linked to the neutral

curve crosses the near-bed flow reversal development threshold , i.e., ωt ≈ 30◦.
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Figure 4.2: Time series for the normalized kinetic energy throughout the
deceleration phase for Reδ = 211 for three wave numbers: α =

0.43 (dashed line) , 0.45 (solid line) and 0.47 (dotted line).

The applicability limit defined earlier is confirmed using DNS, which shows

trends equivalent to those in Fig. 4.3. In DNS, the amplification factor of dif-

ferent individual modes are monitored. The modes are isolated by Fast Fourier

transformation (FFT) the data in the streamwise direction at every time.

The next question is whether the T-S waves of instability can grow ade-

quately to be noticeable, i.e., vortex tubes actually form. This happens when the

amplitude of the velocity perturbation reaches the same order of magnitude of

the base flow. In this case, the non-linearity will take over and will re-distribute

non-negligible energy across different modes giving rise to the formation of vor-

tex tubes. Vortex tube formation is, of course, hard to identify using any of the

linear stability analysis alone since we neglect the non-linear term [Eqs. (2.18)

and (2.19)] and, consequently, any kind of interaction among individual modes.

The correct reproduction of nonlinear effects motivates the use of DNS to fur-
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Figure 4.3: Times series for the normalized vertical perturbation kinetic
energy for α = 0.45 throughout the deceleration phase for
Reδ = 330 (dotted line), 350 (solid line) and 375 (dash line).
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Figure 4.4: Growth contour of ωi > 0 for Reδ = 350 throughout the wave
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reversal. Table quantities are as defined in the caption of Fig.
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ther explore the parameter range identified as linearly unstable.

4.1.2 Two-dimensional Direct Numerical Simulations

In this analysis, the goal is to identify the Reδ limit above which the velocity

perturbation will grow to an order of magnitude comparable to the base flow.

The base flow then deviates from its laminar state as a result of the formation

of coherent vortex structures. To trigger the instability in the numerical simula-

tions, white noise is inserted with a prescribed small amplitude. This approach

allows the reproduction of a wide range of possible instability modes. The in-

serted noise is designed to satisfy the divergence-free condition which already

holds for the base flow. A sensitivity analysis (not shown here) has indicated

that the two most important parameters associated with the introduced noise

are its initial amplitude and insertion phase.

It is important to note that the initial amplitude of the inserted perturbation

has to be much smaller than that of the base flow at the time of insertion. How-

ever, this was not the case in some previous studies (e.g. Vittori et al. 2011;

Ozdemir et al. 2013). Use of a high initial amplitude noise , as compared to the

base flow at the time of insertion, can induce some premature non-linear effects

and can modify the linear instability response of the base flow in the wave decel-

eration phase. In this regard, the experiments of SU10, where presumably any

ambient perturbations are relatively weak, did not report any deviation from

the laminar state throughout the acceleration phase for their Reδ value range, as

indicated by their time series of the bed shear stress.

On the other hand, in the DNS, the insertion phase of the perturbation
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can significantly impact the time of appearance of the vortex tubes. For in-

stance, when a small perturbation is inserted at the wave initiation phase, i.e.,

ωt = −180◦, the perturbation amplitude will undergo a steady viscous decay

throughout the acceleration phase, namely for relatively lower Reδ values. In

this case, the perturbation amplitude at the critical wave phase is very small.

Although the perturbation will eventually grow after this point, it will not be

able to reach the order of magnitude of the base flow within the time scale of

the wave event and the vortex tubes will never form.

Similarly, SU10 adopted the deviation of base flow from its laminar state

and the associated flow structure to serve as a basis for the classification of

the BBL flow under solitary wave. Such a deviation results from the the base

flow interaction with the same order of magnitude perturbation. This particu-

lar, more qualitative, classification is motivated by the capacity to observe the

manifestation of the well-developed perturbation, in the form of generated vor-

tex tubes, instead of identifying instability more quantitatively, as done using

linear stability analysis through its focus on perturbation growth rates (section

4.1.1). Accordingly, in the discussion that follows, the linearly unstable regime

of flow behaviour, earlier identified from the transient stability analysis, will be

redivided into three regimes:

• Stable or Laminar (S) : no vortex tubes are formed regardless of the per-

turbation growth.

• Conditionally Unstable (CU) : the formation of the vortex tubes within

the wave event is conditional on the initial perturbation amplitude and

insertion phase.

• Unconditionally Unstable (UU) : vortex tubes are formed regardless of the
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perturbation characteristics (i.e., initial amplitude or insertion time).

In the following sections, the results of the two-dimensional DNS analysis

will be presented as an additional confirmation of this qualitatively/visually-

based classification which is consistent with SU10’s observations.

Conditionally Unstable Regime (450 < Reδ < 1900)

During the initial stage of this study, a general destabilization technique similar

to what was adopted in some of the previous numerical studies (e.g. Vittori &

Blondeaux, 2011; Ozdemir et al., 2013) was considered.

As elaborated in the previous section, no perturbations are inserted at the

very initial wave phase, i.e., ωt = −180◦. When low in amplitude, these pertur-

bations simply decay due to viscosity and cannot trigger any instability in the

deceleration phase, whereas, when high, these perturbations can induce unre-

alistic non-linear instability during the acceleration phase that may have some

effect on the subsequent deceleration phase instability as reported in a previous

study (e.g. Ozdemir et al., 2013).

Instead, the perturbation with the desired amplitude is inserted at the wave

crest, i.e., ωt = 0◦, as is done in the transient linear stability analysis (section

4.1.1). The extensive sensitivity analysis performed (not shown) has also in-

dicated that inserting the noise at the initial stage or at the crest will result in

the same response provided that the base flow is stable from the linear stability

point of view. Additional numerical experimentation on our side, has shown

that the appropriate maximum relative initial amplitude of the inserted pertur-

bation is O
(
10−3

)
to avoid the non-linear modification of the base flow.
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Experimental results and observations at Reδ = 920 (equivalent to test num-

ber 8 in SU10, Re = 4.4 × 105) provide a benchmark for comparison with nu-

merical results for the conditionally unstable regime. For this specific Reδ value,

SU10 report the formation of an array of vortex tubes late in the deceleration

phase. They also provide the time series of the bed shear stress measurement

of this test case. In the corresponding numerical simulation, a maximum ini-

tial perturbation amplitude of O
(
10−3

)
, was inserted at the wave crest phase.

The formation of vortex tubes near the bed was observed at ωt = 80◦. The

distance between two successive vortex tubes, which originate from the most

unstable mode, for this Reδ value case is λx ≈ 14.5, which corresponds to

αx = 2π/λx ≈ 0.43. SU10 reported an average spacing between the vortex tubes

λsumer ≈ 14 for this same range of Reδ which is in good agreement with the dis-

tance obtained from our numerical simulations.

From the linear stability point of view, αx = 2π/λx ≈ 0.43 is in close proxim-

ity to both the critical wavenumber and and the one having the largest growth

rate (Fig. 4.5; See also the discussion on highest growth rate modes interval in

section 4.1.1). An even more rigorous comparison is offered in Fig. 4.6, which

shows the time series of both measured and calculated bed shear stress. The

DNS time series of bed shear stress, sampled at different locations along the

bed, agrees well with the corresponding time series from the experiment. More-

over, the phase at which the bed shear stress starts to deviate from the laminar

solution, i.e., ωt ≈ 80◦, is related to the roll-up phase of the vortex tubes.

The other point to address here is the determination of the lower limit of this

instability regime where vortex tubes are observed in the deceleration phase.

Moreover, the source of any discrepancy with the experiment is also pursued.

52



ωt (°)

α

 

 

0 20 40 60 80 100 120 140 160 180
0

0.2

0.4

0.6

0.8

1

ωt(critical) α(critical) ωimax ωt
(
ωimax

)
α
(
ωimax

)
17.00 ◦ 0.38 0.024 61.10 ◦ 0.46

Figure 4.5: Growth contour of ωi > 0 for Reδ = 920 throughout the wave
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Fig. 4.1.
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Figure 4.6: Time series of the normalized bed shear stress for Reδ = 920 at
two different spatial locations. Solid lines represent DNS re-
sults whereas dashed lines represent laboratory measurements
of SU10.
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SU10 identified the lower limit of this regime, i.e., laminar flow with vortex

tubes, as Re = 2× 105 (Reδ = 630). In contrast, Vittori & Blondeaux (2008 & 2011)

identified a slightly higher Reynolds number limit, Re = 5 × 105
(
Reδ = 103

)
. Vit-

tori and Blondeaux suggested that the reason for their higher limit was due to

presence of additional external sources of perturbations in the experiment (i.e.,

vibration, etc.). Although one may partially agree with this explanation, an ad-

ditional interpretation behind their lack of observation of vortex tubes at lower

Re is due to the insertion of their initial O(10−4) perturbation into the initially

quiescent velocity field, at ωt = −180◦. Hence the perturbation undergoes a

strong viscous decay in the acceleration phase as explained earlier. This inter-

pretation has been confirmed by the subsequent work of Ozdemir et al. (2013)

who also inserted the perturbation at the initially quiescent velocity field and

observed the vortex tubes only when the amplitude of the initial perturbation

was relatively high ( approximately 20% of the max free stream velocity U0m).

As for the different Reδ limit identified by SU10 compared to Vittori & Blon-

deaux (2008 & 2011), and apparently this study, a more rigorous explanation

may be offered. Following the same approach adopted for Reδ = 920, i.e., in-

serting the maximum possible perturbation amplitude O
(
10−3

)
at the crest, the

time series of the DNS bed shear stress is plotted against the laminar solution

(Liu et al., 2007) for Reδ = 450 case in Fig. 4.7. This figure is very similar to

figure number 6 in SU10 where they compared the time series of the measured

bed shear stress to the analytical laminar solution for Re = 9.4 × 104 (Reδ = 430)

case. SU10 disregarded their measurements/visualizations for ωt > 100◦ due to

the experimental limitation particular to the generation mechanism of the base

flow driven by a soliton-like wave induced pressure gradient. In Fig. 4.7, the

bed shear stress indeed follows exactly the laminar solution up to ωt = 100◦.
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Figure 4.7: Time series of the normalized bed shear stress for Reδ = 450
for two case: the unperturbed case (i.e., analytical laminar so-
lution, solid line) and perturbed case (dashed line) .

This explains why this Re case was classified by SU10 to be laminar.

However, the distortion observed in the DNS bed shear stress for ωt > 100◦,

reveals an interaction between the amplified perturbation and the base flow.

This interaction manifests itself in a significant distortion of the near-bed par-

allel shear layer giving rise to the very initial stages of formation of a coherent

vortex tube. According to our classification of instability regimes in the begin-

ning of section (4.1.2), this Reδ value is considered unstable. For any Reδ & 450,

with O
(
10−3

)
perturbations introduced at ωt = 0◦, vortex tubes arrays are ex-

pected to form as the result of the breakdown of the shear layer within the time

scale of the wave event.
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Unconditionally Unstable Regime (Reδ > 1900)

In this regime, the perturbation is inserted into the initially quiescent velocity

field of the wave, i.e., ωt = −180◦ ; viscous decay is not sufficiently strong to

damp perturbation growth. Very low amplitude perturbation must be used in

order to avoid the excitation of any non-linear instability in the acceleration

phase. The non-dimensional relative initial perturbation amplitude is O
(
10−12

)
to O

(
10−8

)
. To determine the lower Reδ bound of this regime, a series of numer-

ical runs were performed while increasing Reδ. Since only the two-dimensional

onset of instability and the formation of the coherent structures leading to the

classical transition to turbulence are of interest, the base flow and perturbation

are uniform in the spanwise direction. Hence, the formation of the turbulent

spots, which can be an alternative mechanism to transition as observed in SU10,

can not be simulated.

Starting with Reδ = 1900, the growth rate of the perturbation is high enough

that the vortices will eventually evolve regardless of the initial amplitude of

the perturbation as explained before. The unconditionally stable regime can be

further divided into two main sub-regimes where the difference between them

will be discussed later. The first sub-regime is for the interval 1900 < Reδ < 5000,

whereas the second sub-regime is for the interval Reδ > 5000. In the first sub-

regime, the dominant unstable perturbation mode, i.e., the mode that sets the

spacing between the generated vortex tubes, was found to be also the mode

with the highest growth rate as computed by the quasi-steady linear stability

analysis.

This mode has a wavelength of λx ≈ 15 and it predominantly grows after

the flow reversal. In the second sub-regime, i.e., Reδ > 5000, the wave length
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of the most unstable mode increases to λx ≈ 21. This wavelength corresponds

to the first destabilized mode, although it is not necessarily the fastest growing

one. This longer mode predominantly grows before the flow reversal phase

(i.e., ωt < 30◦). When Reδ ≥ 7900, the base flow starts to be destabilized in the

acceleration phase of the wave, before the occurrence of the adverse pressure

gradient and the associated formation of the inflectional point in the velocity

profile. Such an instability response suggests a viscous origin of the instability,

similar to what is observed in the plane Poiseuille or Blasius boundary layer

flows (see Criminale et al. 2003 for details).

The evolution of the amplification factor GW of each of the most unstable

modes for the different Reδ cases is shown in Fig. 4.8 . GW is the equivalent of

the amplification factor G2D used earlier in the transient linear stability analysis

(section 4.1.1), although it is defined for a particular mode of interest and not

for the entire flow field. The dotted curves in Fig. 4.8 represent the transient

variation of GW for dominant perturbation wavelength, i.e., λx ≈ 15, in the first

sub-regime, i.e., 1900 < Reδ < 5000. The solid curves are representative of the

transient variation of GW in the second sub-regime, i.e., Reδ > 5000, where the

wavelength of the most unstable mode is λx ≈ 21. As shown in this figure, GW

undergoes a consistent growth until it reaches a plateau at the time when the

coherent vortex tubes forms. The figure also shows that the growth rate of the

most unstable mode increases as the base flow Reδ increases, which agrees with

the quasi-steady linear stability analysis (e.g. Figs. 4.4 and 4.5).
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Figure 4.8: Transient growth as characterized by sample curves of ampli-
fication factor GW of the most unstable mode for the two cat-
egories of the unconditionally unstable regime. Dashed lines
correspond to the growth of the λx ≈ 15 mode whereas solid
lines represent the λx ≈ 21 mode.

4.1.3 Three-dimensional Direct Numerical Simulations

The last element, related to the classical transition scenario, is the breakdown of

the developed vortex tubes due to the secondary spanwise instability. In order

to elucidate the breakdown process of the vortex tubes, a characteristic flow

case, Reδ = 1833, will be presented as an example.

The computational domain, for this Reδ = 1833 case, is of size equal to 64 ×

16 × 29 non- dimensional units along (x, y, z) directions, respectively. The grid

size is chosen to be small enough to allow for the formation of smaller scale

instabilities with respect to the secondary spanwise one, though not for the full

spectrum of turbulent motions. Because the flow is evolving with time, the

maximum wall shear stress of the unperturbed laminar case, that takes place
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at ωt = −20◦ (see Fig.4.7), is used a representative value to express the grid

resolution in terms of the wall, +, units. However, the actual value of the bed

shear stress, at the wave phase that corresponds to the transition to turbulence,

deemed to be smaller.

For this specific flow case of Reδ = 1833, the grid size in both uniform

stream- and spanwise periodic directions are ∆x+ = ∆y+ = 11.5. In the non-

homogeneous wall-normal direction, the minimum grid spacing is ∆z+ = 0.22,

adjacent to the bed, and the maximum spacing is ∆z+ = 14.1, located at the mid-

height of the domain (equivalent to z+ ≈ 662). Furthermore, six points exist

within the viscous sub-layer (z+ ≤ 5). The order of the Legendre and Fourier

filters is 8 & 10, respectively (see section 3.2.3).

According to the earlier classification in section (4.1.2), this Reδ case lies

on the limit between the conditionally and unconditionally unstable regimes.

Hence, the instability is triggered following the established method described

earlier, i.e., the base flow is perturbed just before the wave crest, inserted at

ωt = −2◦ in this specific case. However the inserted perturbation has slightly

different specifications. The major difference is related to the induction of the

secondary instability which requires that the inserted perturbation has a span-

wise dependence. Therefore, the inserted perturbation has two components:

a streamwise noise with an initial non-dimensional amplitude of the order of

O
(
10−4

)
and a secondary spanwise periodic noise of initial amplitude of O

(
10−6

)
.

In general, the breakdown process involves four successive stages. The pro-

cess starts with the formation of the 2D coherent structure as an outcome of the

development of the Tollmien-schlicthing wave (T-S), i.e. streamwise perturba-

tion, followed by the induction of a spanwise secondary instability. The mat-
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uration of this secondary instability results in the deformation of the equally

spaced vortex tubes which eventually breaks down into a chaotic flow field.

In order to illustrate these stages, a series of snapshots of the evolution of

the λ2-contours (see section 1.2.3 for definition) are shown for the characteristic

Reδ = 1833 case in Fig 4.9. In Fig.4.9(a), the 2D vortex tubes, uniformly extended

in the y-direction, are equally spaced in the streamwise direction. Fig.4.9(b) il-

lustrates the development of a secondary streamwise instability. This instability

can be viewed as the instability of the developed vortex tubes interacting with

the wall and the image vortex beneath it. This may be some form of elliptic

instability linked to the interaction of two vortices (e.g. Sipp & Jacquin, 2003;

Meunier et al., 2005). Further work is needed to verify this conjecture. In the

middle row of Fig.4.9, i.e.,(c & d), the secondary spanwise periodic instability

grows to the extend that it starts to disrupt the spanwise uniformity of the vor-

tex tubes and gives rise to the formation of tangles of vortex filaments. The

non-linearity of the flow enhances the formation of these tangles of vortex fil-

aments which, eventually, interact among each other leading to a chaotic state

as shown in Fig.4.9(e & f). Some of those vortex filaments takes the form of

Λ−shaped vortices. This will be discussed in more detail later in chapter (5).

4.2 Bypass Transition Analysis

The main aspect of this section is the identification of the optimum initial distur-

bance that will eventually leads to the formation of streamwise streaks. These

streaks breakdown, in response to a secondary instability, and evolve to form

localized turbulent spots that eventually leads to the bypass transition.
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(a) ωt = 45◦ (b) ωt = 59◦

(c) ωt = 70◦ (d) ωt = 75◦

(e) ωt = 85◦ (f) ωt = 95◦

Figure 4.9: Iso-contours of λ2 for Reδ = 1833 case at different wave phase
(ωt).The horizontal and vertical coordinates in each panel are
normalized by the boundary layer thickness δ.
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The non-modal linear stability analysis is first employed to characterize this

initial disturbance and also to demonstrate that, for the transient base flow of

interest, an infinite streamwise disturbance, i.e., α = 0, can have a significant

short-term algebraic growth even when the base flow is deemed to be asymp-

totically stable as per the eigenvalue analysis. The next step consists of perturb-

ing the base flow, in the DNS, using the identified optimum disturbance and

quantifying the overall energy growth and hence the formation of the streaks.

4.2.1 Quasi-steady transient stability analysis

Similarly to the two-dimensional case, the first step in studying the transient

growth of the different modes consists of performing a quasi-steady profile anal-

ysis. In this analysis, the base flow, i.e., a specific ωt profile, is assumed steady

over a total time span t̂p that is linked to the non-dimensional wave period, T ,

according to the following relation

t̂p =

(
1 −

ωt
180

)
×

T
2

(4.1)

where T = T ∗ ×
(
U∗0m/δ

∗
)

(see sections 2.1 & 2.2 for definition). This transformed

non-dimensional time scale, tp, is employed in the linear transient stability anal-

ysis. A schematic that shows the variation of t̂p with respect to the different

ωt−profiles is highlighted in Fig. 4.10 for base flow profiles sampled at different

ωt.

Recall from sec. 2.3.3, the main goal of the non-modal analysis is to identify

the temporal variation of the amplification factor, G, for different combination

of stream- and spanwise wavenumbers, i.e, (α; β), respectively, and hence iden-

tify the most critical combination, in terms of energy amplification, for a specific
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Figure 4.10: Variation of t̂p for different ωt velocity profiles. Colours refer
to the different ωt: −50◦,−40◦,−20◦ & 0◦.

profile. Accordingly, a parametric study of transient growth for a characteristic

sample for Reδ = 1478 case is shown hereafter. Fig. 4.11 portrays the variation

of the amplification factor (G) contours, normalized by the corresponding max-

imum value, as function of (α; β) for six different base flow profiles. In terms of

higher energy amplification, the predominance of the streamwise independent

structures, i.e., α = 0 is observed in Fig.4.11(a-e), specially when no exponential

growth is expected, i.e., the base flow is asymptotically stable. The dark gray

area in α − β plane, shown in Fig.4.11(f), indicates much higher amplification

values that results from an asymptotic exponential growth for those parameter

combinations.

The critical (α; β) combination; i.e., combination with the maximum energy

amplification factor Gmax; can be identified from the contour sub-plots for each

profile. Throughout the time span 0 ≤ tp ≤ t̂p, the temporal variation of the

amplification function G
(
tp

)
, for the six different critical (α; β) combinations, is
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Figure 4.11: Parameter study of the amplification factor G (normalized
by the corresponding maximum value) as a function of the
streamwise (α) and spanwise (β) wave number for six differ-
ent base flow profiles of Reδ = 1478 case. the dark grey area
in the α − β plane in Fig.4.11(f) corresponds to an asymptotic
exponential growth.
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presented in Fig. 4.12. However, for the base flow profile case corresponding

to ωt = 20◦, the amplification function G
(
tp

)
, shown in Fig. 4.12, represents the

maximum algebraic growth rather than the asymptotic growth that produces a

much higher values (dark grey region highlighted in Fig.4.11(f)). The last two

figures, i.e., Figs. 4.11 & 4.12, reveal a few important features:

• An appreciable energy amplification can take place even if the base flow

is asymptotically stable, i.e., in the wave acceleration phase (see Fig. 4.14).

• The highest transient energy amplification response is associated with per-

turbation modes with no streamwise dependence (α = 0) in contrast to

classical results from the modal stability analysis.

• Across the different base flow profiles, the highest transient energy am-

plification is associated with (α = 0) and β ∈ [0.7, 1.0]. This point will be

addressed in more details in 5.2.1.

• The non-modal instability stimulates an early, i.e., in the short term, high

amplification growth followed by an asymptotic decay. Hence, the base

flow is deemed to be stable according to the classical eigenvalue analysis

which is focused on the long term behaviour of the base flow. This high

initial energy growth, using an appropriate secondary instability, can lead

to non-linear state as will be showed later (e.g. 4.2.2).

The last feature is illustrated in Fig. 4.13 where the difference between al-

gebraic and exponential amplification is shown for the base profile correspond-

ing to ωt = 20◦ of Reδ = 1478 case. For the sake of completeness, the two-

dimensional, i.e., β = 0, asymptotic growth rate contour for this Reδ = 1478

case is presented in Fig. 4.14. This figure shows that the mode with the highest
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Figure 4.12: Temporal variation of the amplification function G
(
tp

)
corre-

sponding to the critical (α; β) combination, i.e., combination
leading to the highest algebraic growth, for six different base
flow profiles of Reδ = 1478 case. Critical (α; β) combination
and corresponding base profile wave phase ωt are reported in
the figure legend.
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Figure 4.13: Comparison between amplification function G
(
tp

)
variation

as a result of either algebraic or exponential growth for base
profile corresponding to ωt = 20◦ of Reδ = 1478 case. The
dashed line, sample of exponential growth, corresponds to
(α; β) = (0.3; 0). Whereas the solid line, sample of algebraic
growth, corresponds to (α; β) = (0; 0.7). G-axis in log-scale.
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Figure 4.14: Growth contour of ωi > 0 for Reδ = 1478 throughout the wave
deceleration (thick solid line ωi = 0, contour value spacing
∆ωi = 0.001). Table quantities are as defined in the caption of
Fig. 4.1. Vertical dashed line corresponds to ωt = 20◦.

asymptotic growth for the base flow profile ωt = 20◦, distinguished by a vertical

dashed line lies between 0.3 < α < 0.4 and exactly equal α = 0.35. In addition,

the critical wave phase for the Reδ = 1478 case is found to be ωt(critical) = 12◦

which means that, from a modal point of view, all base flow, prior to this wave

phase, are deemed stable with no growth anticipated for any mode having β = 0

(in contrast to what has been demonstrated in Fig. 4.11).
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4.2.2 Three-dimensional Direct Numerical Simulation of

streak formation

In this analysis, the goal is to employ the findings of the quasi-steady transient

stability analysis to replicate the formation of the streaks, eventually develop-

ing into turbulent spots, for the temporally evolving based flow. As previously

done in section 4.2.1, a representative Reδ case will be explored in detail. In or-

der to complement with the results reported in the previous section 4.2.1, the

Reδ = 1478 case will be adopted hereafter. Additionally, this Reδ value is suscep-

tible to the formation of the turbulent spots (as per SU10 observation).

Optimum initial noise

The first step to induce the streaks formation is by identifying the optimum

initial perturbation that undergoes the maximum energy amplification. The op-

timum initial perturbation can be identified from the quasi- steady transient

analysis for individual profile as described earlier in 4.2.1. This optimum ini-

tial perturbation is associated with the critical (α; β) combination for a specific

ωt profile. However, the persistence of this critical (α; β) combination for suc-

cessive profiles may suggest a cumulative increase similar to what is observed

for the two- dimensional asymptotic analysis (more elaboration in 5.2.1). As an

additional measure of ensuring such cumulative growth, a linearly combination

of four optimum initial perturbation fields will be inserted. Each field of those

four is associated with a combination of (α; β), specifically (α = 0; 0.7 ≤ β ≤ 1.0).

The reasoning behind this approach will be elaborated later in 5.2.1. For the

representative case of Reδ = 1478 shown hereafter, the inserted optimum initial
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perturbation field associated with the ωt = −25◦ profile is shown in Fig. 4.15.

DNS with optimum initial noise

In order to trigger the streak formation, a DNS simulation is conducted where

the predetermined optimum initial disturbance is inserted into the temporally

evolving base flow at a specific wave phase. This insertion phase has to be

earlier then ωt = −25◦ which corresponds to wave phase of the quasi-steady

profile adopted in the optimum disturbance calculation. Therefore, it is chosen

to insert this optimum initial perturbation into the temporally evolving base

flow at ωt = −28.8◦ to allow for flow adjustment to such disturbance before the

anticipated resonant profile, i.e., ωt = −25◦. Additionally, as discussed earlier in

4.1.2, the amplitude of such a disturbance has to be small, relative to the base

flow, to avoid any undesirable non-linear response. Accordingly, the maximum

initial amplitude of this disturbance, for any of the three velocity component

of the disturbance, is of O(10−3) with respect to U∗om. Another measure of the

perturbation amplitude is the total kinetic energy of perturbation, Kepert, which

is defined as

Kepert =

$
V

(
ũ2 + w̃2 + ṽ2

)
dV , (4.2)

where (ũ, w̃, ṽ) are the perturbation velocity component (see 2.3.1). For this case,

the Kepert at the time of insertion is of order O
(
10−6

)
with respect of the unper-

turbed base flow kinetic energy at the time of insertion.

The computational domain adopted for this Reδ = 1478 case, is of size equal

to 61× 13× 23 non- dimensional units along (x, y, z) directions, respectively. Fol-

lowing the same approach described earlier in 4.1.3, the grid resolution for this
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Figure 4.15: Normalized contour plot of the optimum initial disturbance
shape in the y-z plane associated with the maximum energy
amplification for velocity profileωt = −25◦ for Reδ = 1478 case.
Upper panel (a) shows the wall normal perturbation veloc-
ity field ŵ, whereas panel (b) shows the wall normal vorticity
field η̂ (see 2.3.3 for definition). The vertical and spanwise co-
ordinates in each panel are normalized by the boundary layer
thickness δ
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simulation can be expressed in terms of the wall, +, units using the maximum

bed shear stress of the counterpart laminar unperturbed case with the same

Reδ = 1478.

Consequently, the grid size in both uniform streamwise and spanwise peri-

odic directions are ∆x+ = 9.8 and ∆y+ = 8.4. Whereas in the non-homogeneous

wall-normal direction, the minimum grid spacing is ∆z+ = 0.12, adjacent to the

bed, and the maximum spacing is ∆z+ = 9.0, located at the mid-vertical height

of the domain (equivalent to z+ ≈ 490). Furthermore, ten points exists within

the viscous sub-layer (z+ ≤ 5). The order of the Legendre and Fourier filters is 8

& 10, respectively (see section 3.2.3).

Inserting the optimum noise induces the formation of the elongated stream-

wise streaks as anticipated. However, without a secondary instability, the en-

ergy of those streaks eventually diffuses out after it reach the peak. This re-

sponse is very similar to the outcome of the quasi-steady transient analysis for

a steady base profile. In order to destabilize the formed elongated streaks, a

secondary instability is a necessity. Therefore, the next step is to introduce a

secondary perturbation into the flow field with elongated streaks. For this case,

the adopted secondary perturbation is randomly designed with, however, a

wall-normal distribution that is analogous to the distribution of the inner-mode

identified for the flat plate boundary layer flow (see Zaki,2013). Additionally,

the inserted secondary perturbation is localized in streamwise direction with

a periodic distribution in the spanwise direction. The distribution of the sec-

ondary instability, at the insertion time, is shown in Fig.4.16. Additionally, the

three-dimensional distribution of the secondary noise is represented in Fig. 4.17

in terms of λ2 iso-contours. As illustrated in Fig.4.16, the amplitude of the sec-
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Figure 4.16: Initial distribution of the secondary instability employed in
Reδ = 1478 case. The left panel shows the distribution of
the streamwise velocity component of the secondary pertur-
bation on x-y plane located at z=0.25. Whereas the vertical
distribution of the same quantity at (X,Y) = (20; 6) is shown in
the right panel. Coordinates are normalized by the boundary
layer thickness δ and velocity amplitude is normalized by the
maximum free stream velocity Uom.

ondary instability is two orders of magnitude smaller than the primary opti-

mum perturbation inserted at an earlier stage.

In order to compare between the two case, i.e., with and without secondary

disturbance, the temporal variation of the energy amplification is presented in

Fig.4.18. In this last figure, the energy in both cases is normalized by its initial

value which is assumed to be inserted at tp = 0. The point of insertion of the

secondary noise is indicated by a dashed vertical line at tp ≈ 93 and the wave

crest corresponds to tp ≈ 371, indicated by a vertical solid black line. It can be

observed from thsi figure, that both curve almost collapse for beginning till the
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Figure 4.17: Iso-contours of λ2 of the secondary instability initial distribu-
tion employed in Reδ = 1478 case. Coordinates are normalized
by the boundary layer thickness δ.

peak, i.e., 0 ≤ tp < 450.1

After the peak, the energy of the simulation with no secondary perturbation

starts to decay monotonically similar to the quasi-steady transient analysis of

individual profiles. Whereas, the energy of the other simulation starts to in-

crease again at tp ≈ 475 suggestion the initiation of the transition. It should be

noted here, that the starting time of the second growth, i.e., tp ≈ 475, is equiva-

lent to a wave phase ωt ≈ 7◦ which is earlier than ωtcritical for Reδ = 1478 case as

1except the spike which is due some numerical artefact (in the correction process) and doesn’t
affect the flow as will be shown later.
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Figure 4.18: Iso-contours of λ2 of the secondary instability initial distribu-
tion employed in Reδ = 1478 case. Coordinates are normalized
by the boundary layer thickness δ.

highlighted in Fig. 4.14.

In order to have a better interpretation of the energy variations, shown in

Fig. 4.18, a series of snapshots at different ωt that shows the evolution of λ2

iso-contours will be shown in Fig. 4.19 for the Reδ = 1478 case with secondary

noise. Fig.4.19(a) shows the formation of the streamwise elongated streaks. This

result is common between the two different simulation set-up, i.e., with and

without secondary instability. A snapshot of the λ2 iso-contours field, just after

the insertion of the secondary noise, is shown in 4.19(b). Starting from ωt = 0◦,

the secondary instability matures to the level that it starts to breakdown the

uniform streaks into isolated structures as highlighted in 4.19(c). Afterwards,

these isolated structures starts to grow spatially and merges as shown in 4.19(d).

This wave phase, i.e., ωt = 7◦, corresponds to the start of the second growth of

energy stage highlighted earlier in Fig. 4.18. At this point in time, the non-
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linearity enhance this growth by transferring energy from large to scale scale

events which eventually leads to a chaotic state, as shown in Fig. 4.19(e). The

fact that the base flow is evolving continuously and the flow reversal takes place

after ωt = 30◦, give rise to a larger scale event that starts to steer the chaotic flow

with some characteristic streamwise wavelength as shown in Fig. 4.19(e). One

can think of this streamwise large event as a residual of K-H billows. However,

this last observation needs a more careful deliberation.
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(a) ωt = −25◦ (b) ωt = −21.2◦

(c) ωt = 0◦ (d) ωt = 7◦

(e) ωt = 20◦ (f) ωt = 60◦

Figure 4.19: Iso-contours of λ2 for Reδ = 1478 case at different wave phase
(ωt).The horizontal and vertical coordinates in each panel are
normalized by the boundary layer thickness δ.
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CHAPTER 5

DISCUSSION

5.1 Classical Transition

5.1.1 Mode of instability

As previously discussed, depending on Reδ, there are two distinct dominant 2D

instability modes. The first mode, hereafter regarded as M1, is associated with

the highest energy growth rate, which consistently takes place after the flow re-

versal. The wavenumber of this mode is roughly around α ∈ [0.47, 0.42] which

corresponds to a non-dimensional wave length of λx ∈ [13.5, 15]. Above a certain

Reδ threshold, another mode, hereafter regarded M2, is the first to destabilize

before the flow reversal and has a wavenumber of roughly α ≈ 0.30 that corre-

sponds to a non-dimensional wavelength of λx ≈ 21. The maximum growth rate

of M2 is much smaller than the highest energy growth rate associated with M1

throughout the BBL evolution. However, as described in 4.1.2 for Reδ > 5000,

M2 can grow sufficiently fast such that it prevails over M1 as the dominant in-

stability mode.

To further highlight the difference between these two instability modes, the

base flow neutral contour curves, i.e., ωi = 0, are shown in Fig. 5.1 as a func-

tion of Reδ following the calculations of quasi-steady linear stability analysis.

In this figure, the locus of centers of the highest growth contour for the differ-

ent Reδ is represented as a solid ellipse. For the conditionally unstable regime

450 . Reδ < 1900, the first destabilized mode is the one with the highest growth
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rate and corresponds to M1 observed in the two-dimensional DNS (e.g. Fig.

4.8). This numerical observation of M1 dominance fits well with the average

distance between the successive vortex tubes observed in the SU10 study, i.e.,

λS umer ∈ [13, 14.5], and in previous numerical simulations (e.g. Vittori et al., 2011;

Scandura 2013) within this particular Reδ range. In the first sub-regime of the

unconditionally unstable regime, i.e., 1900 < Reδ < 5000, although M2 is the

first destabilized mode, it does not have enough time to grow to a significant

amplitude before the flow reversal and therefore control the formation of the

coherent vortex structures. In this Reδ range, the M1 mode, which always has

the highest growth rate, is the one that sets the spacing between the vortex tubes

formed after the flow reversal. This instability is equivalent to the one reported

for the conditionally unstable regime. Consistently with our findings, Ozdemir

et al. (2013) reported a comparable average distance between the formed vortex

tubes, i.e. λOzdemir ≈ 13.5 for Reδ = 2000 and λOzdemir ≈ 16 for Reδ = 2500.

As Reδ is increased further, the neutral curves start to show a visible pro-

trusion towards a smaller wave-number, that of M2. Eventually, this protru-

sion penetrates into the acceleration phase region. As discussed earlier, for

Reδ > 5000, M2 starts to grow at an earlier phase and it can actually overtake

the high growth rate of M1 that occurs after the flow reversal.

To further illustrate the competition between the two modes, two values of

Reδ, 4000 and 6300, are additionally examined. In Fig. 5.2, the growth contours

for Reδ = 4000 are first plotted. Fig. 5.3 shows the corresponding transient

growth rate of GW for the two modes M1 and M2 . For this latter Reδ value case,

M2 has the highest growth rate prior to the flow reversal, i.e., ωt < 30. After the

flow reversal takes place, M1 dominates, as induced by the increasingly steeper
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Figure 5.1: Variation of the neutral curves (ωi = 0) as a function of Reδ. The
solid ellipse represents the locus of centers of the maximum ωi

of the different cases. The two vertical dashed lines correspond
to the wave crest (left) and the flow reversal phase (right)

slope, and eventually the generated vortex tubes are spaced in agreement with

the quasi-steady instability theory-computed wavelength of M1 (i.e., λx ≈ 15;

see also the left panel of Fig. 5.6 and its discussion).

An additional exercise which further demonstrates the competition between

the two instability modes is conducted at Reδ = 6300 where the perturbation is

intentionally inserted at three different wave phases. The growth rate contours

of this Reδ case, obtained from the linear stability analysis, are plotted in Fig. 5.4.

Three vertical lines, representing the different insertion phases of perturbation:

ωtins = 0◦, 18◦ and 30◦, are also included in this figure.

At the same value of Reδ, Fig. 5.5 shows the transient variation of GW

for each M1 and M2 for the three different times of perturbation insertion

(i.e., ωtins = 0◦, 18◦ and 30◦) where the initial relative amplitude of the inserted
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Figure 5.2: Growth contour of ωi > 0 for Reδ = 4000 throughout the wave
deceleration (thick solid line ωi = 0, contour value spacing
∆ωi = 0.001). Table quantities are as defined in the caption of
Fig. 4.1.
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Figure 5.3: Transient growth of GW for Reδ = 4000 . Dashed lines are for
M1, i.e., λx ≈ 15, whereas solid lines are for M2, i.e., λx ≈ 21.
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different insertion phases. Table quantities are as defined in
the caption of Fig. 4.1.

perturbation is ∼ O
(
10−12

)
. In the calculation of GW for the different cases of

insertion, the kinetic energy of the vertical velocity component for the partic-

ular mode(i.e., qW (ωt)) is normalized by its initial value at the insertion time

qW (ωtins). In the left panel of Fig. 5.5, M2 starts to grow immediately at ωt = 0◦,

as the adverse pressure gradient is established, with a relatively high growth

rate compared to M1. M1 picks up around the flow reversal phase , i.e., ωt ≈ 30◦,

but can not overcome the earlier growth of M2 (as in the case Reδ = 4000 Fig. 5.3)

provided that the perturbation was inserted prior to flow reversal (i.e., ωt ≈ 30◦).

As the perturbation is inserted closer to the flow reversal phase angle, the most

unstable mode changes from M2 to M1 as shown for the ωtins ≈ 30◦ case.

In Fig. 5.6, a comparison between two different Reδ values, i.e., 4000 (figs.
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Figure 5.5: Transient growth of GW for Reδ = 6300 for three different noise
insertion phase cases: ωtins = 0◦ (a), ωtins = 18◦ (b) and ωtins =

30◦(c). M1 is represented by the dashed line whereas solid lines
correspond to M2.

5.6(a) − (c)) and 8000 (figs. 5.6(d) − ( f )) , in terms of of the spatial structure of

instability modes throughout the different development phases of the pertur-

bation, are shown. Stream-depth slices of the perturbation vorticity contour,

computed from both linear stability analysis (Figs. 5.6(a) and (d) ) and DNS

(Figs. 5.6(b), (c), (e) and ( f )), are used to highlight the difference between those

two Reδ cases. In each of these contour plots, the vorticity field is normalized by

the local maximum at the corresponding phase. Figs (5.6(a) and (d)) represent

the vorticity field of the most unstable mode, at the indicated phases, estimated

from the linear stability analysis.

The first two rows of Fig. 5.6 indicate a very good agreement between the

linear stability analysis and the DNS results in terms of the structure of the per-

turbation vorticity field. From these first two rows, two shear layers exist on top

of each other. The upper layer is similar to the classical tanh -profile shear layer
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Figure 5.6: Visualization of the perturbation vorticity field (normalized
by the corresponding maximum value) for Reδ = 4000 (Figs.
5.6(a) − (c)) and Reδ = 8000 (Figs. 5.6(d) − ( f )) at different wave
phase ωt. First row: linear stability analysis. Second and third
rows: DNS results. In the DNS results, only a portion of the
computational domain is shown. In the left column M1 is the
dominant instability mode. In the right column M2 dominates.
The horizontal and vertical coordinates in each panel are nor-
malized by the boundary layer thickness δ.
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whereas the lower one is induced by the no-slip constraint at the wall. As Reδ

increases, the lower layer shape is much sharper, i.e., sheared, and compacted

vertically as the perturbation starts to evolve at earlier times. At a later stage of

the perturbation evolution, the spacing between the formed vortex tubes is set

by the dominant instability as mentioned earlier. M1 dominates for Reδ = 4000

whereas M2 is the dominant mode for Reδ = 8000. The difference in spacing

between the resulting vortex tubes can be observed in the two plots of the last

row, i.e., Figs 5.6(c) and 5.6( f ) where the diameter of the vortex tubes is directly

proportional to the thickness of the base flow shear layer at the rolling up phase

of the vortices. Hence, for lower Reδ and late emergence phase, the diameter of

the vortex tubes is larger than at higher Reδ case.

5.1.2 Similarity with instability properties of other wave-

driven transient flows

The Reδ limit below which quasi-steady instability analysis is not applicable

may be generalized to different wave-induced flows. In particular, this gen-

eralization may be made for flows driven by internal waves, albeit controlled

by a different governing parameter. In this regard, both Troy & Koseff (2005)

and Barad & Fringer (2010) reported an instability criterion based on the non-

dimensional average perturbation growth rate for progressive internal gravity

waves and for internal solitary waves respectively. In both cases, the particu-

lar instability criterion is satisfied when σ̄iTw > 5, where σ̄i is the growth rate

of the instabilities averaged over a time interval Tw during which a parcel of

fluid within stratified water is subjected to a wave-driven background verti-
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Figure 5.7: Non-dimensional average growth rate variation as a function
of Reδ. Stable, •; Unstable, �. Horizontal dash line represents
the applicability limit of the quasi-steady linear stability analy-
sis.

cal shear corresponding to Richardson number (see Thorpe 2005 for definition)

less than 1/4 and the base flow was assumed to be parallel as in the current

study. For the problem at hand, a similar non-dimensional average growth rate

ω̄iTWI may be calculated where ω̄i is average positive growth of the critical wave

number, i.e., α(critical), found to always lies within the highest growth rate modes

interval (section 4.1.1). Whereas the time scale TWI is defined as the period in

which the perturbation growth is positive (i.e., ωi > 0). The variation of this

non-dimensional average growth rate σ̄iTWI as function of Reδ is presented in

Fig.5.7. Although the underlying base flows are quite different (instability of a

surface wave’s BBL vs. instability of internal waves in mid-water), the Reδ = 350

limit of applicability of the quasi-steady linear stability analysis defined in this

study occurs at a value of ω̄iTWI remarkably close to that computed by the two

studies mentioned above, i.e., Troy & Koseff (2005) and Barad & Fringer (2010).
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This agreement between the three different studies suggest that the particular

instability criterion may be universal for a wider range of transient base flows.

5.1.3 Breakdown of the two-dimensional coherent structure

The last component related to the classical transition study is the breakdown

of the developed two-dimensional coherent structures into a chaotic state. This

breakdown is attributed to the manifestation of a secondary spanwise distur-

bance. In order to simulate this transition process, a fully three-dimensional

simulation is required. In this simulation, a secondary random spanwise per-

turbation is inserted in addition to the stream- wise noise. A representative

example for this scenario is shown in 4.1.3 for Reδ = 1833 case. Even though

the flow has not developed into a fully turbulent state for Reδ = 1833 case, the

breakdown process of the vortex tubes is indicative and it follows two combined

pathways to transition.

The first pathway involves the formation of vortex filaments, i.e., rib vor-

tices, that tangle around the developed spanwise vortex tubes. this scenario is

similar to that in free shear mixing layer (e.g. Rogers & Moser, 1992 and 1994).

Alternatively, the second pathway is limited to some of these vortex filament

have a hairpin vortex-like structure which has some similarity with the zero-

pressure gradient flat-plate boundary layer transition (e.g. Head & Bandyopad-

hyay,1981; Zhou et al., 1999 ). In our opinion, the hairpin vortex-like structure

shape results from the interaction between the developed vortex tubes and the

bottom wall. A sample of this hairpin vortex-like structure is shown in Fig. 5.8

for the
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Figure 5.8: Iso-contours of λ2 with hairpin vortex-like structures for Reδ =

1833 case at wave phase ωt = 75.5◦.The horizontal and verti-
cal coordinates in each panel are normalized by the boundary
layer thickness δ.

Ozdemir et al. (2013) reported that these two transition paths can take place

but however separately. The flat-plate like transition is only reported for a lim-

ited range (1500 < Reδ < 2000), whereas the free-shear layer like transition is

dominant for Reδ > 2000. In their result section, they showed the formation of

the hairpin-like structures for Reδ = 2000 case where the amplitude of the initial

inserted perturbation noise is 20% of the maximum free stream velocity. This

high initial perturbation amplitude, inserted into the initially quiescent flow

field, can induce some non-linear effect close to the bottom bed. This non-linear

secondary effect may explain the formation of the hairpin-like vortex structures
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separately from the main vortex tubes. Further work is needed to verify this

conjecture.

5.2 Bypass Transition

5.2.1 Maximum amplification modes

At this point, it has been proven that the largest transient growth takes place

for perturbations, i.e., modes, with no streamwise dependence, i.e., α = 0. As

manifested in section 4.2.1, specially in Figs. (4.11 - 4.12), the modes with the

higher transient growth are characterized by a streamwise wave number α = 0

and spanwise wave number β ranging from 0.7 to 1.0 for the different successive

ωt−profiles. Despite this variation in β of the highest growing mode, summa-

rized in Fig. 4.12, modes identified by α = 0 and β ∈ [0.7, 1.0] have a comparable

high growth rate for a specific ωt−profile. This persistent of the most critical

(α; β) combination may hint a possible cumulative growth effect for the tem-

porally varying base flow as shown for the classical modal analysis. To further

demonstrate this last remark, the different modes energy growth curves for the

particular ωt = −10◦ base profile are shown in Fig. 5.9 as a sample case. As illus-

trated in this figure, the variation, in terms of maximum growth amplification,

among the different β is less than 5%. This finding along with the observations

from Fig. 4.11; lead to the conclusion that the maximum amplification is always

encountered for modes characterized by α = 0 and any β ∈ [0.7; 1.0] regardless

of the different ωt.

The next step is to explore the relation between the maximum amplification,
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Figure 5.9: Temporal variation of the amplification function G
(
tp

)
of four

different modes with no streamwise dependence α = 0 and the
different β are shown in the figure legend. The base flow pro-
file corresponds to the wave phase ωt = −10◦ of Reδ = 1478
case. The solid red line corresponds to the critical (α; β) com-
bination.

i.e., Gmax and the base flow Reδ for the different ωt-profiles. For a single ωt-

profile, distinguished by the same colour, the calculated Gmax for the 4 modes

(α; β) = (0; 0.7 : 1.0) are plotted against Reδ in Fig. 5.10. As discussed earlier,

Fig. 5.10 emphasises the fact that the maximum amplification slightly varies

among the modes characterized by α = 0 and β ∈ [0.7; 1.0] at a given Reδ. The

curve that best fit the scatter data of Gmax versus Reδ,i.e., the dashed lines in

Fig.5.10, satisfies G ∝ Re2
δ relation. This relation agree with what is reported by

Trefethen et al. (1993).
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Figure 5.10: Max. growth amplification as a function of Reδ. Different
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CHAPTER 6

CONCLUSION AND FUTURE WORK

In this study, the two possible mechanisms of transition to turbulence, i.e.,

classical and bypass transitions, are investigated for the bottom boundary layer

(BBL) under a solitary wave. The BBL under solitary wave was approximated

by a flow in an oscillating water tunnel driven by a soliton-like wave induced

pressure gradient similar to Sumer et al., 2010(referred to as SU10). Such an

investigation is founded on a carefully designed linear stability analysis com-

plemented by a fully non-linear two- and three-dimensional simulations, us-

ing high-order accuracy numerical methods, for the temporally varying base

flow. The classical transition consists of the breakdown of the developed two-

dimensional coherent structure, i.e., vortex tubes, triggered by a secondary

spanwise disturbance. Alternatively, an earlier transition, i.e., prior to the for-

mation of the vortex tubes, can take place in the form of isolated patches/spots

of turbulence that expand spatially leading eventually to a full turbulent transi-

tion. Those spots are the manifestation of an optimum initial disturbance with

no streamwise dependence, i.e., α = 0. Additional work is needed, however, to

extrapolate the findings of this study to the actual physical tsunami event.

6.1 Classical transition

This part of the study focused on the two-dimensional investigation of the

asymptotic stability, leading to the classical transition, of the BBL flow under

solitary waves using both linear and non-linear approaches. A temporal insta-

bility map of the bottom boundary layer (BBL) under a solitary wave has been

constructed. In this map, the connections between experimental observations,
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classical stability analysis and fully non-linear numerical simulations have been

established. Both quasi-steady/transient linear stability analysis and fully non-

linear two- and three-dimensional simulations are carried out using high-order

accuracy numerical methods.

The quasi-steady linear stability analysis has been employed to give an in-

sight into the growth rate of the individual modes for each velocity profile ac-

cording to a “momentary” criterion of instability as proposed Blondeaux et al.

(2012). The Reδ threshold above which the quasi-steady assumption holds is

when the perturbation recovers its initial amplitude within the wave event. To

formally identify this threshold, a transient linear stability analysis approach is

adopted, which is also verified using fully non-linear direct numerical simula-

tions (DNS). This lower Reδ limit corresponds to the case where the base flow is

first destabilized before the flow reversal takes place.

The average perturbation growth rate corresponding to the above applica-

bility threshold is then compared to the average growth rate associated with a

a similar instability criterion reported in the literature, albeit for different base

flows, i.e., those driven in mid-water for progressive and solitary internal waves

(Troy & Koseff, 2005; Barad & Fringer, 2010). Good agreement is found across

all studies considered which suggests a possible universality of the particular

instability criterion for a wider range of transient base flows.

After identifying the lower Reδ limit of applicability of quasi-steady linear

stability analysis, two-dimensional fully non-linear DNS have been used to clas-

sify the base flow into three possible regimes: unconditionally stable or laminar,

conditionally unstable and unconditionally unstable. Crucial to this classifica-

tion, is an alternative definition of “stability” which does not rely on pertur-
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Figure 6.1: Instability map of the BBL flow under solitary waves. The flow
is classified in accordance to four criteria: quasi-steady steady
linear stability analysis (upper bar), transient linear stability
analysis (second bar from top), appearance of the vortex tubes
(third from top) and dominant mode of instability (bottom bar).

bation growth rates. Instead, it is more qualitatively/visually-based according

the laboratory observations of (SU10). The map of instability illustrating the

possible classifications of the base flow is shown in Fig. 6.1.

What is regarded as “stability” in the alternative, more visually-oriented,

flow classification approach is the ability of the perturbation to sufficiently grow

in amplitude such that it can alter the base flow. In other words, the perturba-

tion amplitude will be amplified, through linear instability, to the same order of

magnitude of the base flow within the time scale of the wave. Vortex tubes then

emerge as a result of the non-linear interaction of this amplified most unstable
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mode with the base flow. The critical Reδ for the appearance of the vortex tubes,

i.e., lower limit of the conditionally unstable regime, is investigated in more

detail and the discrepancy with the experimental proposed limit is discussed.

For a specific Reδ case in the conditionally unstable regime, a very good agree-

ment was found between numerical simulations and the SU10 measurements

in terms of the bed shear stress and the characteristics, i.e., spacing and time of

formation, of the formed vortex tubes. This lower limit of the unconditionally

unstable regime is found to match the Reδ limit for the transition to turbulence

identified by Ozdemir et al. (2013).

The variation of the shape of the neutral curves with increasing Reδ is also

addressed in this study. An immediate consequence of such a variation is the

existence of two primary modes of instability: post- (M1) and pre-(M2) flow

reversal modes. The dominance of either of these modes and is reflected in the

resulting streamwise spacing between the generated vortex tubes. The post flow

reversal mode, which is related to the instability of the developed shear layer,

is characterized by the highest growth rate and dominates for relatively low

Reδ flows , i.e in the conditionally unstable regime. As the Reδ is increased and

the flow enters the second sub-regime of the unconditionally unstable regime,

the M2 mode, which is longer in wavelength, destabilizes first and can grow

sufficiently fast to dominate, leading to another type of instability different than

the traditional shear layer instability. As Reδ is increased further, M2 establishes

a distinct signature within the the neutral curve which starts to protrude into

the acceleration phase. No inflection point exists within the base flow velocity

profiles during this stage in flow evolution, which suggests a viscous origin of

the instability linked to M2.

94



At the lower end of the Reδ range where M2 is dominant when low initial

amplitude perturbation perturbations are inserted at ωt = 0◦, a competition be-

tween the two modes takes place if one pushes further in time the above time

of perturbation injection. If perturbation insertion is sufficiently delayed, the

high growth of M1 can overcome the early destabilization of M2 and it is what

sets the spacing between the generated vortex tubes. Effectively, another layer

of base flow classification is therefore introduced, as shown in Fig. 6.1. For

sufficiently high Reδ, M2 always dominates regardless of perturbation insertion

time. Finally, for the unconditionally unstable regime, increase of the amplitude

of the insertion perturbation can lead to a non-linear transition to turbulence

well before the flow reversal.

The previously proposed, experimentally-based, classification of the base

flow as function of its Reynolds number has been revisited in a more detailed

manner combined with an extension to larger values of this governing parame-

ter. Another aim of this study is to focuse on establishing a connection between

the linear/non- linear analysis and the experimental observation from the point

of view of the classical transition (two to three-dimensional) transition to turbu-

lence, as observed in most free shear flows (Drazin, 2004). Finally, a complete

classical transition case is presented in which the developed two-dimensional

coherent structures breaks down into chaotic state due to a spanwise secondary

instability.
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6.2 Bypass transition

The second part of this study, focused on the three-dimensional investigation of

the short-term transient energy growth for the BBL flow under solitary waves

using both linear and non-linear approaches. This high initial growth can lead

to the formation of elongated streamwise streaks. These streaks, after being sub-

jected to a secondary instability, develop into isolated patches of turbulence; ”

turbulent spot”. Upon formation, these spatially distinct spots keep expanding

spatially and finally merge into a single energetic patch/region. This scenario,

refered to as bypass transition, takes place prior to the formation of coherent

structures and leads to an early transition to turbulence. Both linear stability

analysis and DNS are employed to investigate such a transition scenario. The

linear stability analysis is, however, reformulated in the non-modal frame where

the three-dimensional aspect of the base flow perturbation is considered.

Similarly to the previously discussed modal analysis, a quasi-steady linear

transient stability analysis is performed for the individual velocity profiles for

different Reδ. This non-modal analysis has revealed two main outcomes:

• The critical (α; β) combination leading to maximum energy amplification,

where αandβ are the stream- and spanwise perturbation wave numbers.

• The optimum spatial distribution of the initial perturbation that induces

the maximum transient energy amplification associated with the critical

(α; β) combination.

This analysis reveals that the largest transient growth is achieved for per-

turbation with no streamwise dependence, i.e., α = 0. This agrees well with

96



what has been reported for similar physical flows (e.g., Poiseuille flow, etc..).

In terms of β, the maximum amplification always takes place for β ∈ [0.7, 1.0]

range for all velocity profiles. Furthermore, the amplitude of the maximum am-

plification slightly varies for β within this narrow range, i.e., β ∈ [0.7, 1.0]. This

self-similarity of the critical (α; β) combination suggests a cumulative growth for

the temporally evolving base flow. It is worth mentioning here that this finding

agrees with the characteristics of the streaks observed in SU10 experiments for

the same base flow. In addition to all of the above, a correlation between the am-

plitude of the maximum amplification and the base flow Reδ is established for

the flow of interest. It is found that the amplitude of the maximum amplification

is proportional to the square of the base flow Reδ.

Afterwards, fully three-dimensional DNS is carried out aiming to reproduce

the turbulent spots. The base flow in those simulations is perturbed using the

optimum initial disturbance identified from the quasi-steady non-modal analy-

sis. In the DNS simulations, two approaches are followed. The first approach

consists of perturbing the base flow using the optimum initial disturbance that

corresponds to a base profile in the wave acceleration phase where the base flow

is deemed asymptotically stable. This first approach simulates the formation of

the streaks successfully and the energy growth calculated from the DNS is com-

parable with the one estimated from the quasi-analysis for the specific profile.

However, the energy decays monotonically after reaching its peak value and the

streaks diffuse over time similar to transient analysis outcomes.

Alternatively, in order to reproduce the turbulent spots and, mainly, the by-

pass transition, a second approach is followed. In such an approach, a sec-

ondary instability is inserted after the streak formation similarly to the flat plate
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boundary layer (e.g. Zaki, 2013). The results for this second approach is shown

for a representative Reδ = 1478 case where the base flow experiences transi-

tion to turbulence before the critical wave phase, ωt(critical), determined from the

asymptotic analysis.

6.3 Future work

Future work will focus on two main directions. The first one concerns the ex-

tension of this study towards answering and clarifying some open questions

related the BBL flow transition under surface solitary wave. The second aspect,

which is a topic of longer-term study, is the implication of the developed insta-

bility, and eventually transition to fully turbulent BL, for the near-bed sediment

suspension and morphology (e.g. Chou & Fringer, 2010). Also, the similarities

between the results of this study and the near-bed instability under the internal

solitary wave of elevation [72, 73], the internal analogue of a surface solitary

wave, can be an additional area of future investigation.

Focusing on physics of BBL transition, with regards to classical transition, a

possible correlation between the wavelength of the coherent structure,linked to

the dominant mode of either M1 or M2, and the resulting streamwise turbulence

length scales is worth investigating. In terms of the bypass transition and spot

formation, a numerous potential aspects need to be explored in greater details.

A short list of those possible aspects is given hereafter:

• Simulate the formation of initially isolated streaky patches by localizing

the optimum initial disturbance within the computational domain. This

replicates the actual bypass transition scenario.
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• Try to identify an accurate optimum initial perturbation distribution for

the temporally evolving base flow rather than using the outcome of the

quasi-steady transient analysis for an individual profile as an approxima-

tion. A suitable approach would consist of solving the adjoint equations

for the system1(see Luchini & Bottaro, 2014 for more details).

• Identify the distribution of the optimum secondary instability of the

streaks for the base flow under consideration.

1The adjoint formulation is useful when one is seeking to obtain one or a few outputs of a
system for a wide range of possible inputs.
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APPENDIX A

ANALYTICAL SOLUTION FOR VISCOUS BOUNDARY LAYER FLOWS

UNDER WEAKLY NONLINEAR TRANSIENT WAVE

This section summarizes the analytical solution of Liu & Orfilla (2004) for the

viscous boundary layer flow under weakly nonlinear transient wave at a fixed

location, i.e., x = 0. They showed that the rotational component of the boundary

layer velocity can be written, in the dimension form, as follows

u∗ (z∗, t∗) = −
z∗
√

4π

t∗∫
0

u∗w (t)√
(t∗ − τ)3

exp
[
−z∗2

4ν∗(t∗−τ)

]
dτ, (A.1)

where u∗w denotes the free-stream velocity at the outer edge of the boundary

layer (in this study, u∗w (t) is simply U∗0 (t∗) in 2.1), z∗ is the vertical coordinate

normal to the bed pointing upward and ν∗ is the fluid kinematic viscosity. The

corresponding laminar bed shear stress, τ∗b, can be calculated as follows

τ∗b (t∗)
ρ

=

√
ν∗

π

t∗∫
0

∂u∗w (t) /∂τ√
(t∗ − τ)3

dτ, (A.2)

where ρ is the fluid density.
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APPENDIX B

PERTURBATION KINETIC ENERGY AND NORMS

As elaborated upon earlier in 2.3.3, the non-modal analysis is founded on the

non-orthogonality of the eigenfunction for the linear operator. An appropriate

inner product, used to compute the angle between the eigenfunctions, provides

a norm to measure the size of the variable vector, i.e., velocity perturbation vari-

ation. For the temporal evolution of disturbances in incompressible shear flow,

the perturbation kinetic energy is deemed a reasonable choice (Schmid & Hen-

ningson, 2001; Schmid (2007). Therefore, in this appendix, the relation between

the perturbation kinetic energy and the chosen variables, which fully describe

the flow field, the wall-normal velocity and vorticity, is highlighted for the sake

of completeness (For more details, see Schmid & Henningson, 2001).

The kinetic energy E of a disturbance described by the state vector q, defined

earlier in Eq. (2.33) as

q =

 ŵ

η̂

 . (B.1)

can be written in terms of the Fourier coefficients of the disturbance variables

as follows (Gustavsson, 1986)

E =

∫
α

∫
β

Ed dα dβ (B.2)

=

∫
α

∫
β

1
k2

z2∫
z1

[
|Dzŵ|2 + k2|ŵ|2 + |η̂|2

]
dz (B.3)

where Ed is the energy density in Fourier space. This energy density can be

related to the weighted inner product of the state vector as follows
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Ed =
1
k2

z2∫
z1


 ŵ

η̂


H  k2 − D2

z 0

0 1


 ŵ

η̂


 dz (B.4)

=
1
k2

z2∫
z1

qH Mq dz = ||q||2, (B.5)

where M is the positive definite weight matrix defined earlier in Eq. 2.35 as

follows

M =

 D2
z − k2 0

0 1

 . (B.6)

It is more convenient to work with the standard L2−norm instead of the

weight matrices based norm. Therefore, the matrix M is decomposed, following

Cholesky decomposition, into M = FHF. Consequently, Eq. B.5 can be written

as follows

||q||2 =
1
k2

z2∫
z1

qHFHFq dz =
1
k2

z2∫
z1

(qF)H Fq dz. (B.7)

Consequently, the maximum amplification factor G (t) (see Eq. 2.38) can be

written as

G(t) = max
q0

||q(t)||2

||q0||
2 = max

q0

||Fq(t)||2

||Fq0||
2 = max

q0

||Fexp(L̂ t) q0||
2

||Fq0||
2 (B.8)

= max
q0

||Fexp(L̂ t) F−1Fq0||
2

||Fq0||
2 = ||Fexp(L̂ t)F−1||2. (B.9)

Defining the linear operator L, mentioned in 2.3.3, as L = FL̂F−1. Conse-

quently, the L2−norm and the L2 inner product can be used conveniently and

the maximum amplification G (t) can be written as in Eq. (2.39) in

G(t) = ||exp(L t)||2. (B.10)
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