X-RAY FLUCTUATION CORRELATION
ANALYSIS: SINGLE-PARTICLE STRUCTURE AND
SHORT-RANGE ORIENTATIONAL ORDER

A Dissertation
Presented to the Faculty of the Graduate School
of Cornell University
in Partial Fulfillment of the Requirements for the Degree of
Doctor of Philosophy

by
Zhen Wah Tan
August 2015

c 2015 Zhen Wah Tan
ALL RIGHTS RESERVED

X-RAY FLUCTUATION CORRELATION ANALYSIS: SINGLE-PARTICLE
STRUCTURE AND SHORT-RANGE ORIENTATIONAL ORDER
Zhen Wah Tan, Ph.D.
Cornell University 2015

Spatial correlations of X-ray scattering intensity have been applied in determining (1) the structure of single particles, and (2) local orientational order in disordered systems. While the mathematical treatment of diffraction data is almost
identical in both cases, vastly different theories have been used to interpret the
results in the two regimes. In (1), theories presented by Kam, Kirian, Saldin, and
co-workers begin with the assumption that interference effects can be neglected
in dilute systems. Interference effects at finite densities were not studied. On
the other hand, in (2), the theory presented by Wochner, Altarelli, Kurta, and coworkers explicitly accounts for interference effects in dense systems. However,
in this theory, physical interpretation of the data is difficult, and has progressed
only slightly beyond phenomenological descriptions.
We have developed an overarching 2D theory for intensity correlation analysis, merging ideas from theories in both (1) and (2), with mathematical simplicity close to Kirian’s theory. A book-keeping device has also been developed, in
which intensity correlations are represented by a graph expansion. Ensembleaveraging rules have been laid down to enable the calculation and interpretation of individual contributions to signal and noise. Key results on the effects
of interference in single-particle structure determination have been verified in
simulations. Through our new theory, we have also performed a preliminary
assessment of the feasibility of studying orientational order in ambient water.
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Summer, when the fields were dyed a soft white,
I saw, in a distance, a grand tree at the utmost height.
Its captivating beauty moved his hands,
As his novice fingers shifted to capture the sight, on pen.
Nothing was good enough.
Every leaf he drew would have made his master laugh.
“For every grand portrait, every detail must be excellent,” he taught.
Every attempt he made — they resembled the real tree not.
He tried to peek at the tree again, but didn’t foresee the coming of
winter.
Piercing white streaked across the skies, and submerged the fields in
bitter.
The grand tree was still out there, he was sure,
But no goal in sight, he sank into a deep slumber.
“Teacher, how did you draw that leaf?” This question still lingers.
Laughing as a father at his son’s curiosity, he said, “Come, watch
and learn as I hold your fingers.”
As he felt the warmth of his hand, and his strokes of mastery,
His eyes opened, and before him was an outline of a good leaf — a
great mystery.
v

Remembering how his fingers moved, he worked to complete this
one leaf he had still;
Believing that the grand tree was not a mere dream, he tried to make
it a reality, this side of the hill.
When he had finally finished that one leaf, he lifted his eyes
And saw the tree once again, with the fields dyed a soft white.
Alas, he had to journey forth,
And this tree must be left for another to draw.
However, he believes
That the teacher, who calls each man to his work, will make a complete masterpiece.
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CHAPTER 1
INTRODUCTION

1.1 Molecular structure determination

In scientific attempts to understand biochemical processes, structural information often constitutes an important part of the puzzle. Often, it is through
a knowledge of physical structures that we can step beyond mere semantic
or phenomenological descriptions, into a more concrete understanding of the
processes. However, owing to the complexity of most biologically significant
molecules, it turns out that the structure problem itself is an enigma. A great
variety of techniques have been developed to probe structure at the molecular
level, each focusing on different parts of the structure sub-puzzle, before information from various approaches can be pieced together to form pictures with
ever finer detail.
Broadly, spatial structure of biomolecules may be determined via two classes
of experiments: On one end, nuclear magnetic resonance (NMR) provides information about the chemical environment of individual atoms, which can then be
pieced together as in a 3D jigsaw puzzle. On the other, direct imaging methods
seek to provide overall density maps that, when done at high enough resolution,
can be combined with sequence data to give a 3D molecular structure. As it is
generally understood that high-resolution direct imaging offers much cleaner
structural information than NMR1 , much effort has been put into improving the
resolution in direct imaging.
1

NMR structures generally have too many degrees of freedom/uncertainty to be useful for
analysis of structural effects in reactions.

1

Imaging techniques can be further categorized according to the type of probe
beam (X-rays, electrons, or neutrons), and the mode of measurement (transmission, or diffraction/scattering). The choice of probe beam type is largely systemdependent, due to significant differences in scattering cross sections.
While the incident beam may be scattered by a wide range of physical mechanisms, the special case of elastic scattering offers a route to probing overall
densities, with surprising mathematical simplicity. Moreover, since the mathematical models for all beam types are nearly identical, elastic scattering methods
may be treated analogously, at least in theory. In this thesis, we focus our attention on elastic X-ray scattering, and briefly touch on elastic electron scattering
2

.

1.2 X-ray scattering techniques

In the subdomain of X-ray scattering for imaging, crystallography is the method
of choice, in part because of its high signal-noise ratio. More importantly, with
crystallography, ab initio structure determination can be performed by using a
reconstruction algorithm to solve the phase problem. However, this is not always an option, as the crystallization of biological molecules is no easy task.
Despite heroic efforts by the crystallization community, large crystals of most
proteins are still unavailable. The relative ease of growing protein nanocrystals
has spurred the growth of the field of nanocrystallography, in both experimental
technique and algorithm development.
2

For the rest of this Introduction, we will drop the adjective “elastic”, and assume that is the
only mechanism we are looking at.

2

In crystals, the molecules are arranged periodically, and have fixed relative
orientations. Particles in solution, however, are arranged randomly, and solution scattering techniques often yield only limited, rotationally averaged information. With the advent of X-ray free electron lasers (XFELs), which offer
beam intensities orders of magnitude higher than that of synchrotrons, an ambitious project has been embarked upon by a community of researchers around
the world — single-particle imaging. Although this technique suffers greatly
from low signal-noise ratios, it is theoretically possible, through advanced algorithms, to perform ab initio 3D reconstructions[36, 6] (at least at low resolution,
with current beam capabilities). Significant progress has been made in this direction over the years, and holds great promise in furthering our understanding
of biomolecular structure.
In this thesis, however, we pursue a slightly different direction. In 1977, Kam
[20] proposed a theory that allowed for ab initio reconstructions from solution
scattering data, by considering spatial correlations in the scattering intensity.
While intriguing, this theory eventually lost momentum, possibly because image resolution was limited by low beam intensities. The development of XFELs
also spurred some groups of researchers to reconsider this technique, and we
had sought to approach this subject from a computational perspective.

1.3 Ab initio reconstruction from intensity correlations

To date, the theory adopted in most simulation and experimental studies takes
the form of Correlated X-ray Scattering (CXS), as presented by Kirian in a wellthought out tutorial [22]. This theory assumes that interference effects can be
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neglected for sufficiently dilute samples, or by sampling momentum space intensities at a lower resolution3 . While these assumptions make sense intuitively,
our simulation studies have indicated that interference terms do play a significant role, even when the stated conditions are met. Our findings concur with
that in an experimental study by Pedrini and co-workers [43].
To seek an explanation for our findings, we have attempted to incorporate
the theory of a closely-related method, dubbed X-ray Cross Correlation Analysis
(XCCA) by Wochner [56], Altarelli [1], and co-workers. Applied in the analysis
of dense, disordered systems, XCCA performs a very similar analysis on intensity correlations, with one exception — the theory of XCCA tries to incorporate
interference effects. However, current XCCA theory offers little more than a
phenomenological description of the system, because of the convoluted expressions involved.
The main contribution of this thesis is to present an overarching theory that
incorporates ideas from both CXS and XCCA, and we seek to offer new insight
in both classes of experiments through this new theory.

1.4 Roadmap

In Chapter 2, we introduce the basics of scattering theory to first Born approximation, as applied to direct imaging. In Section 2.1, we derive a fundamental
result in diffractive imaging: scattered intensities form a Fourier space map of
the target structure, for photons at off-resonance energies, and for electrons. In
Section 2.2, we investigate the effects of partial beam coherence, and derive key
3

Loosely speaking, this means using larger detector pixels.
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results on partial coherence used in later chapters.
In Chapter 3, we begin by reviewing state-of-the-art theories of CXS (Section
3.1) and XCCA (Section 3.2), highlighting the challenges faced in each case. In
Section 3.3, we take a step back from CXS, and attempt to evaluate the conditions proposed for neglecting interference effects. Following that, we begin to
develop the theory of X-ray Fluctuation Correlation Analysis (XFCA) to investigate the effects of interference, neglected in CXS. In Section 3.4, we introduce
a graphical representation of XFCA theory, with which ensemble-averaging can
be done easily. By representing correlation harmonic signals as an expansion of
graphs, the physical significance of individual terms can be made clearer.
In Chapter 4, we apply our newly-gained insight about interference effects,
back in the context of CXS. After describing implementation details for data
processing (Section 4.1) and reconstruction (Section 4.2) algorithms in CXS, we
return to the issue of interference in Section 4.3. Considering the scaling properties of interference terms, we propose a method for removing interference effects, via simple linear regression and extrapolation. In Section 4.4, this suggestion is evaluated using a simple test structure.
In Chapter 5, we return to a fuller treatment of XFCA in 2D, and derive some
results that are verifiable, at least in simulations. In Section 5.1, we calculate the
ensemble-averaged correlation harmonics . In particular, the scaling behavior of
individual terms are determined, and the effects of interference are investigated
in detail. In Section 5.2, we calculate the dominant components of noise intrinsic
to the theory — that is, before experimental considerations. In Section 5.3, we
close our discussion of 2D XFCA theory by suggesting possible directions and
complications in extending the theory to 3D.

5

In Chapter 6, we apply the theory of XFCA to dense systems, with preliminary attempts to adapt the theory to structural heterogeneity in Section 6.1.
Following that, we investigate the use of XFCA in probing the local structure of
water — the primary solvent in biological systems. To that end, in Section 6.2,
we work with a toy model of water as groups of O atoms arranged in a tetrahedron. In Section 6.3, we attempt to calculate XFCA correlation signals for water
structures obtained from molecular dynamics (MD) simulations. We close the
chapter with the conclusion that, even with current XFEL capabilities, it is still
not possible to probe water structure with XFCA.
In the concluding chapter, we review the advances that our new theory of
XFCA can bring to current theories of CXS and XCCA, and offer an assessment
of the possibility of biomolecular imaging in ambient conditions.
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CHAPTER 2
SCATTERING THEORY

In this chapter, we introduce the fundamental physics behind singlescattering1 experiments: How does the scattering signal relate to the structure
of interest? Is there any difference between scattering photons and electrons?2
In Section 2.1, we provide a full derivation on how light scattering at different
energies (except near absorption edges) all lead to the idea that the (first) Born
approximation to scattering implies Fourier intensity sampling.
In Section 2.2, I move on to discuss the effects of finite beam coherence on
sampled intensities. In particular, I introduce a simple way of simulating the
effects of finite beam coherence, and attempt to prove its validity. Finite beam
coherence will prove essential in scattering correlation studies, a point that will
be further elaborated on when we begin discussing interference between particles.

2.1 Scattering in different regimes: Fourier sampling

A fundamental question regarding light-matter interactions is: How does light
scatter off a target? In the following, we consider the mechanisms behind scattering phenomena over a wide range of light frequencies, focusing on elastic,
coherent scattering. By elastic, we mean that the incoming and outgoing waves
1

By that, we mean the case where each incident photon/electron is scattered at most once by
the target.
2
It is, perhaps, unfortunate that in many graduate-level condensed matter physics courses,
elastic scattering is often relegated as the last (optional) chapter that is seldom taught in detail,
despite its great importance as a structural probe. It seems most students have little to rely on,
apart from treatments of crystallography in the Bragg and von Laue formulation, or problem
sets on calculating scattering amplitudes from a central potential.
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have the same frequency (energy). By coherent, we mean that waves scattering
off different parts of the target have a defined phase relationship3 .
We shall see that, in the low- and high-energy regimes, the mathematical expressions for scattered wave amplitudes are Fourier transforms of some property field of the target. To complete the discussion, a mathematical analogy is
drawn between the case of light scattering off classical dielectrics or bound electrons in atoms, and free electrons scattering off an electrostatic potential.

2.1.1 Classical dielectric polarization
When photon energies are too low to effect transitions between atomic and
molecular orbital states (on the order of 1eV, or λ ∼ 1µm), quantum effects are
not significant, and the target may be treated as a classical dielectric medium.
The incident electromagnetic wave produces oscillating electric and magnetic multipoles, which then produce a radiation field far from the target. This
radiation field can be calculated using a multipole expansion, as in standard
electrodynamics textbooks, and constitutes the scattered wave. In the following, I will reproduce key steps in Jackson [17, pp. 463-465], highlighting the
assumptions involved.
Consider scatterers as perturbations on a uniform isotropic medium with
average permittivity ǫ and permeability µ, such that we now have non-uniform
ǫ(~x), µ(~x).
Using Maxwell equations with ρ = 0 and ~j = 0, and assuming harmonic
3

The meaning here will be clearer when we discuss the effects of finite transverse coherence.
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~
time-dependence of fields, we can obtain the equation for D:


~ = −∇ × ∇ × (D
~ − ǫ E)
~ − iǫω∇ × (B
~ − µH)
~
∇2 + µǫω2 D

(2.1)

The linear operator on the LHS is that in a Helmholtz equation (for k2 =
~
µǫω2 ). However, because the “source term” on the RHS is dependent on D,
this equation is not directly solvable. One step forward is to convert (2.1) to an
integral equation, with the boundary condition G(~x, ~x′ ) → 0 as |~x − ~x′ | → ∞. The
appropriate Green’s function is:
′

1 eik|~x−~x |
G(~x, ~x ) =
4π |~x − ~x′ |
′

(2.2)

~ ≡ µH.
~ With these, the
Consider, also, that for most materials µ ≡ 1, and B
integral form of (2.1) is:
~ x) = D
~ (0) (~x) + 1
D(~
4π

Z

′
i
eik|~x−~x | h ′
′
~ − ǫ E)
~ ,
d ~x
∇
×
∇
×
(
D
|~x − ~x′ |

3 ′

(2.3)

~ (0) is the solution to the homogeneous Helmholtz equation,
where D



~ (0) = 0
∇2 + µǫω2 D

(2.4)

In the far field, at ~x = rn̂ where r ≫ |~x′ |, we have |~x − ~x′ | ≈ r − n̂ · ~x′ , so we can
write:
ikr
~ x) = D
~ (0) (~x) + 1 e
D(~
4π r

Z

h
i
′
~ − ǫ E)
~
d 3 ~x′ e−ikn̂·~x ∇′ × ∇′ × (D

(2.5)

The scattered wave corresponds to the second term on the right hand side.
It can be seen as a continuous source emitting spherical waves (the factor eikr /r),
′

with relative phase eikn̂·~x . We can factor out the spherical-wave part, and define
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the scattering amplitude A~ sc as4 :

~ sc = 1
A
4π

Z

h
i
′
~ − ǫ E)
~
d 3 ~x′ e−ikn̂·~x ∇′ × ∇′ × (D

(2.6)

~ x), we have
Beginning with the definition of the displacement field D(~
~ = (ǫ + δǫ)E~
D
~ − ǫ E~ = δǫ E~ =
D
≈

(2.7)

δǫ ~
D
ǫ + δǫ

δǫ ~ (0)
D ,
ǫ

(2.8)

~ ≈D
~ (0) .
where the last line uses the approximations δǫ ≪ ǫ and D
Considering the incident plane wave
~ (0) (~x) = ŝ0 D0 eikn̂0 ·~x
D
and wavevector change (momentum transfer)
~q = k(n̂ − n̂0 )
and some vector calculus, we get the following expression for the scattering
amplitude
D0 k 2
~
ŝ0
A sc =
4π

Z

3 ′

x′ )
−i~q·~x′ δǫ(~

d ~x e

ǫ

.

(2.9)

Note that in general the incoming ( ŝ0 ) and scattered ( ŝ) wave polarizations are not equal. For a linearly polarized scattered wave, the scalar wave
4

We have yet to consider the polarization of the scattered wave. For any outgoing wavevector kn̂, consider the two orthogonal linear polarizations ŝ1 , ŝ2 independently. In each case, it is
evident that only the component of E-field oscillations parallel to the polarization axis ŝ con~ with D
~ · ŝ. This
tributes, so we could have replaced vectors (from as early as (2.1)), such as D,
was not done for clarity, but it is straightforward to see that incorporating polarization effects
only results in a simple factor — that will be extracted out when we get to (2.10).
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~ sc . It is useful to extract the polarization-dependent factor
amplitude is ŝ · A
f ( ŝ, ŝ0 ) = ŝ · ŝ0 , and define the scalar scattering amplitude as:
D0 k 2
AClassical (~q) =
4π

Z

d 3 ~x′ e−i~q·~x

′

δǫ(~x′ )
ǫ

(2.10)

The result here is simple: The scattering amplitude off a classical dielectric,
represented as a perturbation δǫ(~x), is just a Fourier transform of the dielectric
“constant”.
In the following sections we will consider only the scalar scattering amplitude.

2.1.2 Quantum mechanical treatment: Time-dependent perturbation
As photon energy increases, and approaches the transition energies between
atomic/molecular states, we expect the classical model to break down due to
quantum effects. This transition point is around energy ~ω ∼ 1eV, or wavelength λ ∼ 1µm. To formulate the problem, we treat the incoming and outgoing
light as a time-dependent perturbation on electrons in a single atom / molecule,
and assume that electrons behave as independent particles. In the Schrödinger
picture, we write the electron Hamiltonian
H = H0 + V S

(2.11)

with unperturbed Hamiltonian, and eigenstates/eigenvalues
H0 =

|~p|2
+ eV(~r), H0 |ni = E n |ni = ~ωn |ni
2m
11

(2.12)

and interaction
VS = −

2

2
e  ~
~ r, t) .
~∗ (~r, t) · ~p + e A(~
~p · A(~r, t) − A
2m
2m

(2.13)

Consider now the interaction operator in the interaction picture (Dirac representation), transformed from the Schrödinger operator, referenced from time t0 :
VI = eiH0 (t−t0 )/~ VS e−iH0 (t−t0 )/~

(2.14)

Suppose the system is in an initial state |0i, and denote the electronic state as
a function of time as |Ψ(t)i. The probability amplitude of transitioning to state
|ni, up to second order in perturbation theory, is given by:
1
hn|Ψ(t)i = hn|0i +
i~

Z

1
= hn|0i +
i~

Z

t

dt′ hn|VI |Ψ(t′)i

t0
t

(2.15)

X 1 !2 Z t Z t′
dt′′ hn|VI |qihq|VI |0i + . . .
dt hn|VI |0i +
dt′
i~
t0
t0
q
′

t0

(2.16)
Consider an incoming wave k~1 and outgoing wave k~2 , with polarizations
ŝ1 , ŝ2 , such that the total field is5 :
~ r, t) = A1 ŝ1 ei(k~1 ·~r−ω1 t) + A2 ŝ1 ei(k~2 ·~r−ω2 t)
A(~
| {z } | {z }
incoming

(2.17)

outgoing

The only relevant terms in the interaction Hamiltonian VS are those describing a transition from the A1 -term to the A2 -term. We thus have:
 e2
e 
~ ~
i(k~1 ·~r−ω1 t)
∗ −i(k~2 ·~r−ω2 t)
A1 ~p · ŝ1 e
+ A2 e
ŝ2 · ~p +
VS = −
A1 A∗2 ŝ1 · ŝ2 ei((k1 −k2 )·~r−(ω1 −ω2 )t)
2m
2m
(2.18)
5

Scattering to/from superpositions of different wavevectors of the field can be treated independently in the two-photon/single-scattering approximation, by selecting relevant terms in
the interaction Hamiltonian.
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(a)

(b)

Figure 2.1: An illustration of terms in the single-scattering interaction
Hamiltonian VS in (2.18). The left and right vertices in (a) represent the absorption (A1 ) and emission (A2 ) parts of the first
term, while the single vertex in (b) represents the second (A1 A2 )
term.

~
The second (A2 ) term contributes at first order in (2.15), whereas the first (~p· A)
term gives zero at first order, and contributes at second order. Physically, we can
see the first term as absorption/emission of a single photon (scattering would
involve one absorption and one emission, with frequencies ω1 , ω2 respectively),
whereas the second term corresponds more to an elastic collision picture (see
illustrations in Figure 2.1). With these, we may write the transition amplitude
hn|Ψ(t)i = hn|0i

Z t
1 e2
′
′
′
~ ~
∗
+
A1 A2 ŝ1 · ŝ2
dt′ ei(ω2 −ω1 )t eǫt hn|ei(k1 −k2 )·~r |0i ei(ωn −ω0 )t
i~ 2m
t0
X 1 !2 e2
+
A A∗
2 1 2
i~
4m
q
Z t Z t′

′
′′
~
~
′′
′
dt hn|~p · ŝ1 ei(k1 ·~r−ω1 t ) |qihq|e−i(k2 ·~r−ω2 t ) ŝ2 · ~p|0i
·
dt
t0

t0

−i(k~2 ·~r−ω2 t′ )

+hn|e

i(k~1 ·~r−ω1 t′′ )

ŝ2 · ~p|qihq|~p · ŝ1 e

· ei(ωn −ωq )t ei(ωq −ω0 )t eǫ(t +t ) eǫ(t +t ) ,
′

′′

′

′′

′

′′


|0i
(2.19)

where ǫ → 0+ , ǫ ≪ 1/t is a small parameter to represent a gradual turn-on for the
perturbation (with t0 → −∞), and the limit t → ∞ taken after that. Writing the
~
momentum transfer as ~q = k~2 − k~1 , applying the dipole approximation eik·~r ∼ 1 to
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the second term6 in (2.19), and taking the limits ǫ → 0+ , t0 → −∞, and t → ∞ (in
this order), we get:
hn|Ψ(t)i = hn|0i

1 e2
A1 A2 ŝ1 · ŝ2 δ(ω2 − ω1 + ωn − ω0 ) hn|e−i~q·~r |0i
i~ 2m
X 1 !2 e2
A1 A2 δ(ω2 − ω1 + ωn − ω0 )
+
i~ 4m2
q
#
"
hn|~p · ŝ1 |qihq|~p · ŝ2 |0i hn|~p · ŝ2 |qihq|~p · ŝ1 |0i
+
·
ω2 + ωq − ω0
ωq − ω0 − ω1

+

(2.20)

The delta functions simply represent energy conservation: for elastic scattering, we have ω1 = ω2 , ωn = ω0 . In particular, consider the case where |ni = |0i,
where the scattering process produces no change in the electron state. The firstorder term in (2.20) is proportional to the orbital form factor h0|e−i~q·~r |0i, or the
Fourier-transform of electron density. If we apply the dipole approximation to
this term as well, we obtain the Kramers-Heisenberg cross section[26].
It is evident that the high- and low-energy behaviors differ sharply, with a
crossover in the regime of electronic state energies. In this transition region, resonance effects are significant and singularities show up in the scattering amplitude at these resonant energies. Analytical expressions for the hydrogen atom
have been calculated by Gavrila[13]. Many techniques have been developed to
probe structures by tuning near the absorption edges, such as the use of anomalous scattering ([55] is a great review with helpful references therein; for more
recent work see, for example, [25]), to image molecules by holographic methods [54]. However, due to the difficulty in collecting X-ray measurements below 6keV[40, Section 2.2], resonant effects in biologically important elements (in
particular, N, C, and O) are out of reach7 .
6
7

This approximation will be justified later.
Note, however, that significant work has been done in this area by making use of resonant
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In the following, we discuss (a) the low frequency limit, known as Thomson
scattering, and (b) the high frequency, off-resonance, and non-relativistic regime,
which we will simply refer to as X-ray scattering, before (c) briefly discussing the
relativistic case of Compton scattering.

Thomson scattering

In (2.20), there is no requirement that ω1 = ω2 = ω ≥ |ωq − ω0 | for scattering to
~ term, which was described in terms of photon absorpoccur (even for the ~p · A
tion/emission). We can then consider the limit where ω ≪ |ωq − ω0 |. Also,
note that typical wavelengths associated with electronic state transitions are
λ ∼ 1µm ≫ a0 , the Bohr radius. Therefore, in this low-frequency limit the
external field is essentially constant over the atom/molecule, and we can apply
~
the dipole approximation eik·~r ≈ 1 + i~k · ~r ≈ 1. With these, given that energy

conservation is satisfied, the scattering amplitude A sc ∝ h0|Ψ(t)i − 1 is
1 e2
A1 A∗2 ŝ1 · ŝ2
A sc ∝
i~ 2m
#
"
X 1 !2 e2
p · ŝ1 |qihq|~p · ŝ2 |0i h0|~p · ŝ2 |qihq|~p · ŝ1 |0i
∗ h0|~
+
.
A1 A2
+
i~ 4m2
ω + ωq − ω0
ωq − ω0 − ω
q

(2.21)

Taylor-expanding the second term in the small quantity ω/(ωq − ω0 ), and
applying the relation ~p = (m/i~)[~r, H0 ], we find that the zeroth order term exactly
cancels out the first term in (2.21), and the lowest-order scattering amplitude is:


X h0|~r · ŝ1 |qihq|~r · ŝ2 |0i + h0|~r · ŝ2 |qihq|~r · ŝ1 |0i 
2
 .
(2.22)
AT homson ∝ ω 
ω
−
ω
q
0
q
The ω2 -dependence is consistent with (2.10), but the dependence on ŝ1 · ŝ2 is
not obvious. However, by considering the symmetry of the operator ~r, we can
effects in transition-element ligands, or heavy counter-ions in buffers
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show that the summand has a factor of ŝ1 · ŝ2 , and so our result is consistent
with the classical treatment. To draw an analogy with the classical treatment,
an elementary exercise to show the radiation field’s “polarizing effect” on the
molecular orbitals would be to consider, for a hydrogenic atom, the dipole transitions for ŝ1 = ŝ2 = ẑ, between states |0i ≡ |l = 0, m = 0i and |qi ≡ |l = 1, m = 0i.
In this (low-frequency) limit, the exact expression for the matrix elements is
not important for our purposes — instead, it is the relative density of scatterers,
~

together with the relative phase eik·~r between scatterers8 , that give rise to the
Fourier transform in (2.10).

X-ray scattering

At high photon energies (above absorption edges), where |ωq − ω0 | ≪ ω ≪
500keV ∼ mc2 , we see that the third term in (2.20) becomes negligible. We therefore have the scattering amplitude
AT homson ∝ ŝ1 · ŝ2 h0|e−i~q·~r |0i.

(2.23)

The matrix element is just the orbital form factor9
−i~q·~r

h0|e

|0i =

Z

2 −i~q·~r

d~r|ψ0 (~r )| e

=

Z

d~rρ(~r)e−i~q·~r = F [ρ(~r)],

(2.24)

where ρ(~r) is the electron probability density. Therefore, we see that in this
regime, the scattering amplitude is a simple Fourier transform of the electron
8

We have ignored this phase factor while looking at single atoms/molecules, via the dipole
approximation. This is perhaps better known as the structure factor S (~q), in the language of
crystallography.
9
If we considered the many-electron wavefunction by taking a symmetrized superposition
of single-electron orbitals, we will get the full atomic/molecular form factor.
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density of the target. In particular, for biological samples, x-ray photon energies around 10keV are above absorption edges for most biologically relevant
elements (E . 5keV), and are not high enough for relativistic effects to enter.

Compton scattering
A full treatment of elastic scattering of photons in this regime, where ~ω & mc2 =
511keV, will require the formalism of quantum electrodynamics10 . One may
model both the photon and electron fields, and then integrate out the electron
field to determine the photon scattering amplitudes.
Although we have not attempted to derive this here, it is interesting to note
that early theories of scattering in this regime were formulated in terms of relativistic corrections to the atomic form factor, relating back to our non-relativistic
treatment above. For a (somewhat) more modern approach, we refer interested
readers to an article by Bergstrom and co-workers [2] for a treatment in the independent particle approximation.
Note, however, that there are other elastic11 scattering mechanisms that need
to be considered in the relativistic case: nuclear elastic scattering, pair-creation
in the nuclear field (Delbrück scattering), among others.
10

Note that the Compton scattering formula for free electrons, an elementary exercise in special relativity, gives a decrease in outgoing photon energy at nonzero scattering angles. This
approach is evidently inappropriate for the physical scenario we are trying to model here —
where incoming and outgoing photon energies are equal.
11
By that, again, we mean that the incident and scattered photons have the same energy.
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2.1.3 Electron scattering by an electroscatic potential
In this section, we see how a coherent electron beam scatters (elastically) off
the electrostatic potential. Here, instead of tracking changes in the bound electron, we construct a Hamiltonian for the free electron beam, treating the target
as a weak electrostatic potential V(~r). We can write the Schrödinger equation
(assuming harmonic time-dependence, and energy ~ω = ~2 k2 /2m) as:


2m
∇2 + k2 ψ = 2 Vψ.
~

(2.25)

This is identical in form to (2.1). Following the steps leading to (2.10), we find
the electron scattering amplitude
2mk2
Aelectron (~x) = − 2
~

Z

d 3~r′ e−i~q·~r V(~r′ )
′

(2.26)

with outgoing wavevector ~k′ = k x̂, and momentum transfer ~q = ~k′ − ~k.
To probe structures on the atomic scale, the electron beam would have to be
accelerated to relativistic speeds. By considering the Klein-Gordon equation instead of the Schrödinger equation12 , we are essentially adding a constant mass
term to H0 . While the prefactor in (2.26) changes, the amplitude is still proportional to the Fourier transform of V(~r).

2.1.4 Elastic scattering as Fourier intensity mapping
From the earlier sections of this chapter (summarized by Equations (2.10, 2.23,
2.24, 2.26)), we see that elastic scattering amplitudes far from resonance correspond to a Fourier transform of some property — which we may treat as a local
12

We refer interested readers to the work by Riley and co-workers [46] for a more authoritative treatment. In this article, numerically computed scattering cross sections are presented for
relativistic electron-atom scattering.
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scattering density, or density for short — of the material. In a real experiment,
only scattering intensities I = |A|2 are observed, thus elastic coherent scattering
experiments can be seen as a means of sampling Fourier space intensities of the
target.
This technique is widely employed to probe crystal structures, where the
translational crystal symmetry causes scattered intensities at wavevectors commensurate with the period (Bragg peaks) to be amplified. Besides determining
crystal symmetry from the geometry of intensity peaks, the relative intensities
(and extinctions) of these peaks are routinely used to probe the structure of the
unit cell. This Fourier-intensity mapping property has also been utilized in solution small-angle X-ray scattering (SAXS), as a tool for structure determination
at low resolution.
Having established that observed scattering intensities (of both x-rays and
electrons) are Fourier transforms of the scattering density, we now turn to the
case where the incident beam has finite transverse coherence, and investigate
the effect on scattering intensities.

2.2 Finite beam coherence
In general, the incident wave at any target point ~r′ at time t′ is not a perfect
~

plane wave ei(k·~r −ωt ) — it carries a fluctuating phase factor eiδφ(~r ,t ) . The scattering
′

′

′ ′

amplitude also inherits this phase factor. The full scattering amplitude from a
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(~r, t)

~r − ~r1′

~r − ~r2′

(~r1′ , t′(~r1′ ))

(~r2′ , t′(~r2′ ))
Figure 2.2: A diagram showing incident waves scattered at two points
~r1′ , ~r2′ (blue circles), and interfering at point ~r (red circle). Waves
reaching ~r at time t were scattered from the points at different
times t′, where t = t′ (~r1′ ) + |~r − ~r1′ |/c = t′(~r2′ ) + |~r − ~r2′ |/c.

scattering density ρ(~r′ ) is then13
A(~q) =

Z

d~rρ(~r)e−i~q·~r1 eiφ̃(~r,t(~r)) ,

(2.27)

where we have waves scattering from point ~r′ at time t′ (~r′ ), as illustrated in
Figure 2.2. The scattered intensity is thus14
2

I(~q) = |A(~q)| =

Z

d~r1′ d~r2′ ρ(~r1′ ) ρ∗ (~r2′ ) e−i~q·(~r1 −~r2 ) ei(δφ(~r1 ,t(~r1 ))−δφ(~r2 ,t(~r2 )))
′

′

′

′

′

′

(2.28)

Now, consider the beam to have a finite pulse duration T . The average scattered intensities recorded by the detector is:
Idetector (~q) =

Z

A

E
D
′
′
′
′
′
′
d~r1′ d~r2′ ρ(~r1′ ) ρ∗ (~r2′ ) e−i~q·(~r1 −~r2 ) ei(δφ(~r1 ,t0 +t(~r1 ))−δφ(~r2 ,t0 +t(~r2 )))

13

t0

(2.29)

For simplicity, I will drop all scalar prefactors in scattering amplitudes/intensities, and dimensionality of spatial integrals.
14
We have neglected effects of polarization in this treatment. It should be noted that the
scattered intensity carries a factor P(kˆ′ , û) = 1 − (kˆ′ · û)2 for linear polarization along û, and
P(kˆ′ ) = (1 + (kˆ′ · ẑ)2 )/2 for unpolarized light. As these factors can be easily removed through
post-processing, we can safely ignore them in our treatment.
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For a fully coherent beam,
Idetector (~q) =

Z

=

Z

d~r1 d~r2 ρ(~r1 ) ρ∗ (~r2 ) e−i~q·(~r1 −~r2 )
A
2

d~r ρ(~r) e

−i~q·~r

,

(2.30)

A

as expected in the discussion in Sec. 2.1.4. For a partially coherent beam, the
averaged phase factor


f (~r1,~r2 ) = exp i δφ(~r1 , t0 + t(~r1 )) − δφ(~r2 , t0 + t(~r2 ))

t0

(2.31)

generally decays as δr12 = |~r1 − ~r2 | increases. Often, however, transverse and
longitudinal coherence have different length scales, so f (~r1 ,~r2) is not a function
of δr12 only.
Next, we will derive a key result in the case of (isotropic) Gaussian phase
coherence15 .

2.2.1 Gaussian beam coherence
As the coherence factor f (~r1,~r2 ) in (2.31) decreases with increasing δr12 , it acts
like a low-pass filter in (2.29). It would thus seem that by applying smoothing
operations on detector frames, one can determine the scattering profile for a
partially coherent beam. To make this concrete, we demonstrate this formally
for an isotropic Gaussian coherence profile.
Claim.

Consider fully coherent scattering from a density ρ(~r): the scattering

intensity, I(~q), is given by (2.30). Finite isotropic Gaussian beam coherence can
be simulated by applying a Gaussian filter to the scattering intensity grid.
15

I will discuss its applicability for anisotropic coherence at the end of Section 2.2.1.
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Sketch of proof

Write down analytically the density autocorrelation a(~r) = F [I(~q)] of the system,
using either finite beam coherence or smoothed scattering intensities. The expressions are precisely equal, and thus these two cases are indistinguishable in
the measured quantity I(~q) = F −1 [a(~r)].

Finite beam coherence

Consider a beam with isotropic Gaussian coherence, so the coherence factor
(2.31) is simply
2

2

f1 (~r1 − ~r2 ) = e−|r~1 −r~2 | /2Rc ,

(2.32)

where Rc is the coherence length.
Substituting this in (2.29),
Icoh (~q) =

Z

d r~1

Z

2

d r~2 ρ(~
r1 )ρ∗ (~
r2 ) ei~q·(r~1 −r~2 ) e−|r~1 −r~2 | /2Rc

2

(2.33)

The Fourier transform of the resultant intensity profile is
acoh (~r) =

Z

d~q

Z

d r~1

Z

2

d r~2 ρ(~
r1)ρ∗ (~
r2 ) ei~q·(r~1 −r~2 −~r) e−|r~1 −r~2 | /2Rc

2

(2.34)

Smoothed scattering intensities

To apply a Gaussian filter to the intensity grid, we essentially take a Fourier
transform of I(~q), multiply the result by a Gaussian factor f2 (~r) = exp(−|~r |2 /2σ2 ),
then inverse-Fourier transform. Schematically:
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f ilter

FT

IFT

I(~q) −−→ F [I(~q)] = a(~r) −−−→ a(~r) f2 (~r) = asm (~r) −−−→ F −1 [asm (~r)] = Ism (~q)

(2.35)

From (2.30), we see that:

a(~r) =

asm (~r) =

Z

Z

d~q

d~q

Z

Z

d r~1

Z

Z

d r~2 ρ(~
r1 )ρ∗ (~
r2 ) ei~q·(r~1 −r~2 −~r) e−|~r| /2σ

d r~1

d r~2 ρ(~
r1)ρ∗ (~
r2 ) ei~q·(r~1 −r~2 −~r)

(2.36)

2

2

(2.37)

which is almost identical to (2.34).

Comparing acoh , asm

Proof of claim. By simply integrating out the variable ~q, we obtain a delta function that directly equates the two autocorrelation values, with σ = Rc :

acoh (~r) =
=

Z

Z

d r~1
d r~1

= asm (~r)

Z

Z

2

2
d r~2 ρ(~
r1 )ρ∗ (~
r2 ) δ r~1 − r~2 − ~r e−|r~1 −r~2 | /2Rc
2

2
d r~2 ρ(~
r1 )ρ∗ (~
r2 ) δ r~1 − r~2 − ~r e−|~r| /2σ

Therefore, Icoh = F −1 [acoh ] = F −1 [a sm ] = Ism : i.e., the resultant scattering intensity profiles are identical.
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Anisotropic coherence

When the coherence profile is an anisotropic Gaussian, we can start by treating the integrals along each principal axis x̂′ , ŷ′ , ẑ′ independently. The analysis above follows through for each integral, and the result is as expected:
An anisotropic Gaussian filter on the intensity grid simulates the effects of
anisotropic Gaussian coherence with corresponding length scales. More generally, any reasonable coherence profile f (~r) may be simulated by convolving
the intensity grid I(~q) with its Fourier transform F [ f ](~q).

2.2.2 Application: Intensity cross-correlation noise reduction
Consider scattering intensity correlation-based methods, aimed at determining
molecular structures in solution or local structures in a disordered environment.
Long-range density correlations across separate “local structures” (LSs)—that
provide no information about LSs16 acts as a source of noise when we are interested in the local structure. Unlike hardware challenges, this source of noise is
intrinsic to the nature of the sample: structures in solution.
Damping out the contributions from long-range density correlations (for
instance, with finite beam coherence) will reduce the noise in intensity crosscorrelations, significantly. However, as beam coherence is important in achieving high beam intensity, physically decreasing the coherence length will generally be detrimental to the experimental signal-noise ratio. However, if it were
possible to “simulate” a diffraction pattern (DP) with finite coherence — using
16

Actually, they do contain information about LSs, but the signal is heavily modulated by the
random relative positions of LS pairs (as multiplicative noise), and cannot be easily extracted in
a useful form.
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a DP from a fully coherent beam — we may be able to reap the benefits of both
high photon counts and decreased noise from long-range density correlations.
This is what we’ll attempt to do, by smoothing DPs.
Note that in 2D systems17 , smoothing the 2D DP readout would correspond
exactly to the procedure I(~q) → Ism (~q) = Icoh (~q) as outlined in (2.35).
In 3D systems, at small scattering angles (flat Ewald sphere approximation),
smoothing the 2D DP only amounts to simulating finite transverse coherence
— that is, in 2 dimensions. Finite longitudinal coherence cannot be simulated
by this procedure, but we would have still reduced the contribution of longrange density correlations by a factor of ∼ V 2/3 . In the case of large scattering
angles (finite Ewald curvature), the DP-smoothing procedure will have to be
done using convolutions, in a slightly more complicated fashion18 .

17

And also in 2D projection imaging of 3D objects (aligned parallel to the beam) on the plane
normal to the beam, where we’re only interested in the density of structures projected onto the
plane.
18
The smoothing kernel will not be a simple Gaussian, but will have weights depending on
distances |δ~q| between the points in momentum space, corresponding to detector pixel pairs.
These can be calculated analytically, and maps can be easily constructed to perform the DPsmoothing procedure on a computer.
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CHAPTER 3
X-RAY FLUCTUATION CORRELATION ANALYSIS: THEORY

In this chapter, we build on the mathematical formalism of coherent X-ray
scattering, and introduce two closely related fields in structural imaging, both of
which are encompassed by our theory of X-ray Fluctuation Correlation Analysis
(XFCA).
The basic idea behind XFCA is to use correlations in azimuthal fluctuations
of scattered intensities to probe symmetries of the target. In the case of identical structures suspended in a solution, this method also holds the promise of
obtaining enough structural information for ab initio structure determination of
single particles. In Sec. 3.1, we review basic ideas behind the theory as first developed by Kam [20], dealing with solution scattering of macromolecules in 3D.
A more-constrained system — molecules aligned about a fixed axis — has also
been considered recently by other groups [10, 22], and we lay out the mathematical results for that in an analogous derivation. Current research is focused on
development of data processing and reconstruction algorithms, and in applying
this technique to more challenging targets.
Parallel to that, Fourier analysis of angular correlation data has been applied
to disordered systems, in an attempt to probe local orientational order. Much
success has been attained in this direction. In Sec. 3.2, we will cover the current
theoretical formalism, as described by Altarelli and co-workers [1].
It will be evident that these two methods, though known by different names
in the literature, are in fact very similar, and identical in 2D — except that in
Kam’s method, interference terms in the scattered intensity are explicitly ne-
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glected. In Sec. 3.3, we will investigate the conditions for this treatment, and
demonstrate that the currently-proposed options are, in fact, insufficient for canceling out interference effects.
In light of the inadequacies of current theory for structure determination,
we propose the use of our theory of XFCA, in which interference terms and
partial coherence are treated explicitly. Our theoretical framework also unifies
the mathematical treatment of scattering correlation analysis in determining (a)
single-particle structure and (b) local orientational order.
A drawback of the XFCA framework is that a large variety of terms, each
with different scaling behavior, need to be tracked. In Sec. 3.4, we will introduce
the use of graphs as a book-keeping device, and to aid in calculating ensemble
averages.

3.1 Low concentration: Molecular structure determination

This theory/method is known by many names in the literature: fluctuation correlation imaging, correlated X-ray scattering (CXS), and so on. In this section,
we first lay out Kam’s original theory for correlations of solution-scattering data,
before listing a few algorithmic challenges that arise when applying this method
to ab initio structure determination. After that, we perform a similar derivation
of the case where molecules are aligned parallel to a fixed axis. Discussion of
algorithmic considerations for this case will be postponed to a later section. In
summary, we will review attempts that have been made to implement this technique, in simulations or experiments.
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3.1.1 Kam’s method: 3D rotational freedom
In the original theory developed by Kam [20], the target system is an ensemble
of identical and randomly oriented macromolecules suspended in solution. We
represent molecular orientations by the variable ω, and define ω = 0 to be a
reference orientation. Let Rω denote a 3D rotation matrix going from orientation
0 to ω. We can then write the scattering amplitude and intensity from a single
molecule as:
A(1) (ω, ~q) = A(1) (0, Rω−1~q)
I (1) (ω, ~q) = A(1) (ω, ~q)

(3.1)

2

(3.2)

The total scattering intensity from a sample of N molecules is given by:

 N
 N
X


X (1)

~
~

A (ωi , ~q)ei~q·Ri  
A(1)∗ (ω j , ~q)ei~q·R j 
I(~q) = 
i=1

(3.3)

j=1

where molecule i is in orientation ωi , centered at R~i . We may rewrite the expression as:
It (~q) =

N
X
i=1

=

N
X
i=1

Iii(1) (~q)

+

N
X

Ii(1)
q)
j (~

i, j

2

A(1) (ωi , ~q) +

N
X

~

~

A(1)∗ (ωi , ~q)A(1) (ω j , ~q) ei~q·(Ri −R j ) ,

(3.4)

i, j

where the time index t is used to distinguish between data frames.
Kam made the assumption that interference between molecules may be neglected1 , thus simplifying the total intensity to a sum of single-particle intensities:
I(~q) =

N
X

I (1) (ωi , ~q)

i=1

1

I will review the physics behind this assumption in Sec. 3.3.
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(3.5)

The recorded intensity would fluctuate about the SAXS value:
Z
N
dω I (1) (ω, ~q)
I(q) = 2
8π

(3.6)

At any time/frame, let the number of molecules near orientation ω be2
Nt (ω) =

 N

+
α
(ω)
dω,
t
8π2

(3.7)

where αt (ω) represents a fluctuation in orientation density, with mean zero and
mean-square proportional to N:
hαt (ω)it = 0,

D

E
αt (ω)2 = aN

(3.8)

t

The correlation between I(~q1 ) and I(~q2 ) is then given by:
C(~q1 , ~q2) = It (~q1 )It (~q2 ) t − I(q1 )I(q2 )
Z
= aN dω I (1) (ω, ~q1 )I (1) (ω, ~q2 )
Z
= aN dω I (1) (ω, ~q1 )I (1)∗ (ω, ~q2).

(3.9)

(3.10)

To extract information on single-particle intensities I (1) (~q) from the correlation, we take advantage of the symmetry in rotational degrees of freedom, and
rewrite the single-particle intensity using a spherical harmonic expansion:
I (1) (0, ~q) =

X

(1)
Ilm
(q)Ylm (q̂)

I (1) (ω, ~q) =

X

(1)
Ilm
(q)Ylm′ (q̂)Dlmm′ (ω),

lm

(3.11)

lmm′

where Dlmm′ (ω) are Wigner rotation matrices. Noting orthogonality relations for
D:

Z
2

2

dω

′
Dlmm′ (ω)Dlnn′ (ω)

8π2
δll′ δmn δm′ n′
=
2l + 1

(3.12)

Parametrizing orientations ω by the axis-angle formulation gives a normalization factor of

8π .
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and the spherical harmonic addition theorem:
l
X

Ylm (q̂1 )Ylm (q̂2 ) =

m=−l

2l + 1
Pl (q̂1 · q̂2 ),
4π

(3.13)

we can express the correlation function (3.10) in terms of the spherical harmonic
decomposition of single-particle intensities:
Z

dω

= 2πaN

X

C(~q1 , ~q2) = aN

XX

lmm′ l′ nn′

lm

(1)
l∗
∗
Ilm
(q1 )Ylm′ (q̂1 )Dlmm′ (ω)Il(1)∗
′ n (q2 )Yl′ n′ (q̂2 )Dnn′ (ω)
′

(1)
(1)∗
Ilm
(q1 )Ilm
(q2 )Pl (q̂1 · q̂2 )

(3.14)

We can extract information for individual values of l using the orthogonality
relation for Pl :
Z

1

−1

dx Pl (x)Pl′ (x) =

2
δll′ .
2l + 1

(3.15)

Defining ψ = cos−1 (q̂1 · q̂2 ) to be the angle between ~q1 and ~q2 , we have:
Cl (q1 , q2) ∝ (2l + 1)
∝

X

Z

π

0

dψ C(~q1 , ~q2 )Pl (cos ψ) sin ψ

(1)
(1)∗
Ilm
(q1 )Ilm
(q2 )

(3.16)
(3.17)

m

We note here that in an elastic scattering experiment, the sampling of ψ poses
a significant challenge, which we will discuss in Sec. 3.1.2. For the rest of this
section, we assume that sampling the full range of ψ can be achieved.
For any given l, we may treat Cl as a Hermitian matrix, with rows/columns
(1)
representing q1 /q2 . Representing Ilm
as a column vector, we see that Cl has rank

(2l + 1), and is given by:

Cl =

l
X

m=−l
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(1) (1)†
Ilm
Ilm

(3.18)

(1)
The eigenvectors Ilm
may then be determined by numerical diagonalization

of Cl . Note that this spherical harmonic decomposition is not uniquely constrained by correlation data. We will discuss how to handle this problem in the
following section, among other practical considerations in using this technique
for ab initio molecular reconstructions.

3.1.2 Algorithmic challenges for solution structure determination
Sampling ψ = cos−1 (q̂1 · q̂2 )
The sampling over ψ can be achieved experimentally by sampling scattering
intensities by using an array of detectors, such as a CCD-array detector, integrating over all possible combinations of momentum transfer ~q1 , ~q2 . However,
with a finite curvature of the Ewald sphere, the maximum ψ that can be sampled
will generally be much smaller than π.
Kam noted that this problem cannot be overcome easily, and suggested that
in the case of monochromatic beams, using experimentally measured Cl (~q1 , ~q2 ),
as in ( 3.10) as a figure of plausibility for proposed structures3 would be the best
one can do. He had suggested an experimental scheme using polychromatic
sources to overcome this problem, but no theoretical justification or experimental verification had been provided.
3

For instance, consider the way structural modeling is typically performed with SAXS data,
as in the ATSAS software package [44]. By tuning various parameters (such as the positions
of C-α atoms in a protein), a general search routine is used to obtain a structure that best fits
experimental data I(q).
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While little work has been done on ab initio structural determination using
3D solution diffraction, the correlation methods developed by Kam have been
applied to electron microscopy of particles randomly oriented in 3D. Fouriertransforming 2D projections of individual particles gives the complex scattering
amplitude along the flat Ewald plane normal to the beam direction — this allows
us to sample the full range of ψ directly. Indeed, Kam had applied this technique
successfully in simulation [21] and experiments on virus particles [18].
A slightly different approach, in the case of small Ewald sphere curvature,
would be to use extrapolation to fill in values for the range of ψ where correlations that cannot be measured. We can then treat the errors as noise in the
single-particle spherical harmonics, then try to correct for that in an iterative
reconstruction scheme.

(1)
Non-uniqueness of Ilm

(1)
Given Cl (q1 , q2 ) from experiments, the decomposition into eigenvectors Ilm
is not
(1)
unique, by the following argument: Consider a different set of vectors Ilm
in a
′

rotated reference frame ωl :

(1)′
Ilm

=

X
m′

(1) l
Ilm
′ Dmm′ (ωl )

(3.19)

Note the orthogonality relation for D:

X
m

Dlmm′ (ω)Dl∗mm′′ (ω) = δm′ m′′
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(3.20)

The sum of rank-1 matrices formed from this new set of vectors gives (compare with (3.18)):

l
X

(1) (1) †
Ilm
Ilm =
′

′

XX

m m′ m′′

m=−l

=

X

(1) l
(1)† l∗
Ilm
′ Dmm′ (ωl )Ilm′′ Dmm′′ (ωl )

(1) (1)†
Ilm
Ilm

m

= Cl (q1 , q2 )

(3.21)

(1)
Hence, after obtaining Ilm
from diagonalization, a critical task is to deter-

mine a set of rotations {ωl } such that the different l-subspaces are correctly oriented with respect to one another to give the full Fourier intensity profile. While
Kam used higher-order correlations on electron microscopy data to provide additional constraints for ωl in an iterative scheme[18], it has not been proven that
these higher-order correlations provide sufficient information generally.
Without considering higher-order correlations — which would naturally be
subject to more experimental noise — we now turn to the critical issue of information content, in the high-signal limit.

Constraint strength of Cl (q1 , q2 )
It is evident that in getting from Cl (q1 , q2 ) to Ilm (q), there are unknown parameters that need to be determined, corresponding to the rotational degrees of
freedom for each m, within each l-subspace. Does knowing Cl (q1 , q2), through
(3.21), provide enough constraints for an ab initio reconstruction of general 3D
structures?

33

Via a simple constraint-counting argument, Elser showed [9] that starting
with only Cl (q1 , q2 ), the system of equations is underconstrained: (number of
constraints) / (number of unknowns) ∼ 0.698. On the other hand, it is known
that ab initio phase retrieval problems require the system to be overconstrained
for unique reconstruction. To perform reconstructions from Cl (q1 , q2) data, additional constraints will need to be imposed on the system. Examples of these
include: icosahedral symmetry [47], constant-density molecular envelope approximation [49], and bead models [34]. For well-studied structures, it is possible to impose even stronger constraints — such as parametrized molecular
motion, as in [45] — for structure refinement and time-resolved studies.
Will reducing the dimensionality of the system solve the problem of information deficiency? One obvious direction that has been pursued is to image
2D projections along the beam. We now repeat the analysis of Sec. 3.1.1 for
molecules free to rotate about a fixed axis, before specializing to projection imaging.

3.1.3 Simpler case: Axial alignment and 2D projection imaging
In this section, we develop the general formalism for 3D molecules aligned axially, before finally specializing to the imaging of 2D projections.
For the case where molecules are aligned about a fixed axis (set as the z-axis),
with a single rotational degree of freedom denoted by φ, we have the following
expressions for scattering amplitude and intensity:
A(1) (φ, ~q) = A(1) (φ, (qr , qz , φ′ )) = A(1) (0, (qr , qz , φ′ − φ))
2

I (1) (φ, ~q) = A(1) (φ, ~q) ,
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(3.22)
(3.23)

where ~q = (qr , qz , φ′ ) is momentum transfer in cylindrical coordinates.
The scattering intensity from N molecules is given by:
I(~q) =

N
X

2

(1)

A (φi , ~q) +

A(1)∗ (φi , ~q)A(1) (φ j , ~q)

(3.24)

i, j

i=1

→

N
X

N
X

I (1) (φi , ~q),

(3.25)

i=1

where interference terms are ignored in the last line. Consider the rotational
average
N
I(qr , qz ) =
2π

Z

dφ I (1) (φ, ~q).

(3.26)

Consider also an orientation density Nt (φ) = N/2π + αt (φ) at each frame t, such
E
D
that hαt (φ)it = 0 and αt (φ)2 = aN. We then have:
t

C(~q1 , ~q2 ) = It (~q1 )It (~q2 ) t − I(qr1 , qz1)I(qr2 , qz2 )
Z
= aN dφ I (1) (φ, ~q1)I (1)∗ (φ, ~q2 )

(3.27)

Now, rewrite I (1) (φ, ~q) according to the cylindrical symmetry in the rotational
degree of freedom, using a simple Fourier transform along the φ′ -coordinate to
obtain intensity harmonics In(1) :
Z

1
′
dφ′ e−inφ I (1) 0, ~q
=
2π
Z

1
′
=
dφ′ e−inφ I (1) 0, (qr , qz , φ′ )
2π
 X (1)
′
0, ~q =
In (qr , qz )einφ

In(1) (qr , qz )

I (1)

(3.28)

n

I (1)

 X (1)
′
φ, ~q =
In (qr , qz )einφ e−inφ

(3.29)

n

In plugging (3.29) back to ( 3.27), we define ~q1 = (qr1, qz1 , φ′), ~q2 = (qr2 , qz2, φ′ +
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∆φ′ ):
C(~q1 , ~q2 ) = C(qr1 , qz1 , qr2, qz2, ∆φ′ )
Z
X
i(n−n′ )φ′ −in∆φ′ i(n′ −n)φ
= aN dφ
In(1) (qr1,qz1 )In(1)∗
e
e
′ (qr2 , qz2 )e
nn′

= aN

X

In(1) (qr1 , qz1)In(1)∗ (qr2 , qz2)e−in∆φ

′

(3.30)

n

Note that the final expression in (3.30) is only dependent on the azimuthal
angle ∆φ′ between ~q1 and ~q2 , and not on φ′1 , φ′2 individually. Finally, we can
single out contributions from each m by defining correlation harmonics Cn :
Cn (qr1 , qz1, qr2, qz2 ) = In(1) (qr1 , qz1)In(1)∗ (qr2 , qz2)
Z
′
∝
d∆φ′ein∆φ C(~q1 , ~q2 ),

(3.31)

where C(~q1 , ~q2 ) in the last line may be sampled over different φ′1,2 in a single DP,
or across different DPs. Considering discrete samples of qr , qz in momentum
space, we can see Cn as the outer product of the column vector In(1) with itself:

Cn = In(1) In(1)†

(3.32)

The intensity harmonics In(1) may thus be found by matrix diagonalization,
up to an overall phase factor:

In(1) = In(1) eiαn
′

(3.33)

In the simplest case of imaging 2D projections, the alignment axis is assumed
to be parallel to the beam axis, and the flat Ewald sphere approximation is used.
Essentially, we would be sampling only at qz = 0, and multiple samples of
Cn (qr1 , 0, qr2, 0) at different φ′1,2 can be taken from a single DP.
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3.1.4 Development of XFCA structure determination theory
In the early years since the development of the original form of Kam’s theory,
the method has found limited applicability in the X-ray community. The primary concern was the small scattering cross-sections for biologically relevant
elements, and synchrotron sources were not able to deliver a high enough beam
intensity4 . However, it is straightforward to adapt this analysis method to electron microscopy, where scattering signals are much stronger. Further development of this technique had shifted almost entirely to electron microscopy (at
least, judging from a search of the literature).
With the development and construction of large-scale X-ray free-electron
laser (XFEL) facilities, the first of which is the LCLS in Stanford (opened in 2009),
much interest has grown in the new possibilities this technology would bring.
Saldin, Kirian, Spence and co-workers published several articles (the earliest
ones include [50]) that suggested the use of Kam’s theory in X-ray scattering at
XFELs. In particular, [48] posted details about implementing an algorithm for
structural determination, and demonstrated its feasibility in 2D projection imaging at high signal. Subsequently, Kirian and co-workers performed a signalnoise analysis [24] to study the effects of shot noise. On the other hand, Elser
proposed an algorithm [10] for 3D reconstruction of aligned particles, and also
demonstrated its feasibility with a simple 2D structure.
For simplicity, two issues have been neglected in theoretical studies: solvent
4

In determining the beam intensity required, it is useful to consider the following heuristic:
for any given particle, for single-particle intensity correlations to be measured on it, at least 2
photons per DP must be recorded. Requiring 2 photons per particle on average, synchrotron
radiation was about orders of magnitude too weak for typical proteins in the 100 kDa range.
(Note however that this heuristic criterion is not absolute, as total number of scattered photons follows a Poisson distribution, and particles scattering 2 or more photons still register a
correlation signal.)
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scattering correlations, and interference terms. I will return to these issues in
Section 3.3. For now, we will first describe a very similar method proposed
by Wochner and co-workers [56], outline key points of the theory presented by
Altarelli and co-workers [1], and elucidate the relationship between these two
theories.

3.2 High concentration: Local orientational order

In this section, we will outline the theory of a method currently known as X-ray
cross correlation analysis (XCCA), noting the difficulties that surface when interference terms are not ignored. When writing down expressions for intensity
and correlation harmonics, we will narrow down the treatment to 2D systems,
so as to keep the treatment simple — a full treatment of 3D XCCA is beyond the
scope of this thesis5 .
XCCA was developed as a technique to probe short-range (and possibly
transient) order in disordered systems, for which the formation of local structures (LSs) is the key feature. Therefore, the theory was formulated with a LS as
the “molecule” being probed. In this thesis, we refer to “imaging molecules” as
XFCA for structure determination (CXS), and “detecting LSs” as XFCA for local
order determination in disordered systems (XCCA).
For concreteness, in this section we will call the basic structural unit a
molecule, assuming that the molecules are identical up to rotation6 .
5

However, we will make a preliminary attempt to extend insight from 2D systems to the 3D
case.
6
Structural heterogeneity has not been explicitly dealt with in current treatments of XCCA.
We will make a preliminary step in that direction using XFCA in Section 6.1. There, we begin from the fact that 2D projections of identical 3D LSs can have very different symmetries,
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Consider a sample of N randomly oriented molecules, where the i-th
~ i . The total
molecule has (rotated) density ρ(1)
r), and is centered at position R
i (~
density, scattering amplitude, and scattering intensity are:
ρ(~r) =

N
X
i=1

A(~q) =

N
X

e

i=1

I(~q) =

N
X



~ i −R
~j
i~q· R

e

i, j=1

=

N Z
X

~i
−i~q·R

Z

~i)
ρ(1)
r−R
i (~

(3.34)

Z

(3.35)

d~r ρ(1)
r )e−i~q·~r
i (~

d~r1d~r2 ρ(1)∗
r1 )ρ(1)
r2 )ei~q·(~r1 −~r2 )
i (~
j (~
~ 12

d~r1 d~r2 ρ(1)∗
r1 )ρ(1)
r2 )ei~q·Ri j ,
i (~
j (~

(3.36)
(3.37)

i, j=1

~ 12 = R
~ i + ~r1 − R
~ j − ~r2 .
where R
ij
From this point onwards, consider a 2D target with the beam normally incident, in the flat Ewald sphere (small-angle) approximation. We can rewrite
~ 12 = (R12 , φ12) in polar coordinates. Consider then the Fourier transform of
R
ij
ij
ij
I(~q) = I(q, φ′ ) with respect to the φ′ -coordinate:
Z
1
′
dφ′ I(q, φ′ )e−inφ
In (q) =
2π
X
= in
Lnij (q),

(3.38)

ij

Lnij (q)

1
=
2π

Z

12

−inφi j
d~r1d~r2 ρ(1)∗
r1 )ρ(1)
r2 )Jn (qR12
i j )e
i (~
j (~

(3.39)

Defining correlation harmonics Cn in the same way as (3.31), we have7 for
depending on the axis of projection.
7
In the treatment by Wochner, Altarelli and co-workers, intensity harmonics In (q) are normalized by the SAXS signal I0 (q).
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n > 0:
Cn (q1 , q2 ) = In (q1 )In∗ (q2 )
X
=
Lnij (q1 )Ln∗
kl (q2 )

(3.40)

i jkl

This equation takes into account of all interference terms, buried in the term
Lnij (q). Altarelli and co-workers attempted [29] to elucidate properties of terms
with different combinations of particle indices i jkl, but little physical insight has
been gleaned from the treatment. A broad survey of current literature indicates
that

• Little progress has been made with regards to interpreting the signal
Cn (q1 , q2 ) theoretically, even at q1 = q2 .
• Experiments, both in X-ray diffraction and electron microscopy, have almost exclusively focused on the diagonal q1 = q2 terms, with the exception
of a handful8 , and
• Simulations have indicated [27] that interference effects are significant at
the diagonal q1 = q2 , but not for off-diagonal terms.

It is interesting to note that in the field of structure determination using CXS, the
current theory is significantly more developed in the first two aspects. In view
of the mathematical similarity behind current theories for determining singleparticle structure and local orientational order, using CXS and XCCA respectively, we have attempted to bridge the two theories by considering CXS with
interference. To that end, we will first investigate the significance of interference, which is omitted from most treatments of CXS.
8

For instance, Li et al. [33] investigated the covariance in TEM scattering signals at q1 , q2 .
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3.3 XFCA: Analysis of interference effects

In this section, we begin by discussing some reasons for the assumption that interference terms can be neglected. We will then argue semi-quantitatively, and
with simulated data, that these conditions cannot effectively suppress interference effects in the lower harmonics.
Next, we will develop a formalism — slightly different from the 2D projection case in Sec. 3.2 — where interference terms may be analyzed in greater
detail. While interference terms in intensity harmonics In (q) do average out to
negligible values, we will demonstrate that the same is not necessarily true for
correlation harmonics Cn (q1 , q2 ).

3.3.1 Removal of interference effects
Dilution

Since the development of the original theory by Kam, interference have been
assumed to be negligible, to keep the theory simple. Discussion of interference
terms has often been limited to a single sentence, or a footnote. In Kam’s 1977
paper [20, footnote 1], he mentions that “[interference] can usually be decreased
in x-ray and neutron scattering at high enough dilutions.” In a later paper, he
investigates the effects of interference using a laser light experiment [19], but
did not go further in this direction.
With inter-particle distances much larger than the coherence length, Ri j ≫ Rc ,
interference terms are suppressed by the gaussian factor exp(−R2i j /2R2c ), and can
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be neglected in dilute solutions. However, dilution enhances the relative contribution of solvent scattering — a source of noise especially at small length scales.
In particular, as we approach length scales close to intermolecular distances in
the solvent, the assumption of a solvent without structure9 breaks down.
Water is the most commonly used solvent in biological samples, and several models have been put forth to describe the local arrangement of water
molecules. To investigate if angular intensity correlations are present in the water signal, we performed XFCA on simulated MD water boxes10 with different
potential models (TIP3P and TIP4P-Ew), at about 300K.
From Figures 3.1-3.4, we see significant off-diagonal angular correlation in
the water signal at n ≤ 6, up to about 3Å. Also, the fluctuation in solvent correlations11 is extremely high at these length scales, so subtracting out the solvent
correlations may be difficult. Further discussion about water correlation signal
and noise, and the difficulties in measuring these experimentally, is postponed
to Section 6.3.
Diluting sample solutions to match beam coherence lengths may be feasible
for low-resolution imaging (where the solvent correlation signal is small). However, a theory that neglects solvent will be inapplicable at small length scales
due to solvent correlations. A way to avoid increasing the solvent signal while
suppressing interference terms would be to simulate partial coherence through
post-processing of diffraction images, as was described in Section 2.2.
9

Also known in the small-angle scattering literature as the “isotropic solvent assumption”.
Credits to Serdal Kirmizialtin for TIP3P simulations, and Dave A. Case for TIP4P-Ew simulations.
11
This refers to the fluctuation in Cn across different water boxes.
10
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Figure 3.1: Water correlation signal Cn (q1 , q2 ) Data was obtained from MD
simulation boxes calculated with the TIP3P potential, at 298K.

Selection of intensity sampling resolution

More recently, Kirian [22, Section 5.2] suggested a slightly different condition
for neglecting interference: by having “sufficiently large particle spacings so
that interference fringes are much smaller than the size of a Shannon pixel.”
While sampling at lower k-space resolution does cause interference fringes to
be washed out, we suggest that the smoothing out of fringes does not decrease
interference effects significantly at low harmonics (which are usually the most
important). To show this, we take a step back and consider the angular intensity
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Figure 3.2: Water correlation signal Cn (q1 , q2 ) Data was obtained from MD
simulation boxes calculated with the TIP4P-Ew potential, at
300K.

correlations12 C(q1 , q2, ∆φ′ ), at q1 = q2 .
It has been observed experimentally that C(q, q, ∆φ′) shows two sharp
peaks13 at ∆φ′ = 0, π with 30 particles per frame [43], and our simulations of simple structures confirm that these autocorrelation peaks have values ∼ |I0 (q)|2 =
N 2 |I0(1) (q)|2 .

Figure 3.5 show simulated high-signal data on 3-fold symmetric test particles, and demonstrates how the q1 = q2 = q (diagonal) correlation signal changes
as defined in (3.30) for qz1 = qz2 = 0
The presence of the ∆φ′ = π peak is, evidently, an effect of Friedel symmetry in the collected
diffraction patterns. With nonzero Ewald sphere curvature, there is only one peak at ∆φ′ = 0.
12

13
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Figure 3.3: Signal-noise ratio in water correlation signal Cn (q1 , q2 ). Data
was obtained from MD simulation boxes calculated with the
TIP3P potential, at 298K. Axis labels correspond to length
scales in Angstroms.

as the number of particles N increases. Tests were done with N = 1, 10, 100, 1000,
corresponding to different colors on the plots.
Panel (a) shows the correlation signal C(q, q, ∆φ′ ), normalized14 . Note that
the single-particle oscillatory signal, featuring prominently in the N = 1 (blue)
case, gets suppressed relative to the correlation peaks at ∆φ′ = 0, π as N increases. Also, the peak height scales as a constant multiple of |I0 (q)|2 .
On the other hand, panel (b) shows the corresponding correlation harmonic
We scaled C(q, q, ∆φ′) with respect to the SAXS signal-squared, to show the scaling behavior
of peak correlation values.
14
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Figure 3.4: Signal-noise ratio in water correlation signal Cn (q1 , q2 ). Data
was obtained from MD simulation boxes calculated with the
TIP4P-Ew potential, at 300K. Axis labels correspond to length
scales in Angstroms.

magnitudes |Cn (q, q)| in each case, also normalized15 . Note that the strong 6-fold
and 12-fold correlations for N = 1 are also reflected in the corresponding plot
in panel (a). As N increases, |Cn | increases by an amount proportional to N 2 —
a result of the correlation peaks (of height ∝ N 2 ) at ∆φ′ = 0, π observed in panel
(a).
In the no-interference picture, correlations coming from i = j terms in the
intensity scale only as N 1 . The N 2 scaling comes, we suggest, from interference
terms. These spikes in C(q, q, ∆φ′) produce large values of Cn (q, q) over all even
We normalized |Cn (q, q)| with respect to NI0 (q)2 , such that the contribution of single-particle
correlation harmonics stays fixed as N varies.
15
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Figure 3.5: Plots showing the how correlations in the same ring, q1 =
q2 = q, change with number of particles at full beam coherence. Data is taken of a 3-fold symmetric test object, between
the first and second speckle rings. (a) shows the correlation
function C(q, q, ∆φ′) normalized by I0 (q)2 , and panel (b) shows
the magnitude of correlation harmonics Cn (q, q) normalized by
NI0(1) (q)2 . Colors represent total number of particles: (Blue)
N = 1; (Green) N = 10; (Red) N = 100; (Cyan) N = 1000. Successive plots in (a) were shifted by 1.0 for clarity.

n. Having larger Shannon pixels widens the peaks with respect to ∆φ′ , which
amounts to applying a low-pass filter to Cn (q, q) across n. While interference
effects are suppressed at higher harmonics n (as with the single-particle signal),
this has little effect on the lower harmonics.
As partial coherence results in the smoothing (via a Gaussian filter) of
diffraction images, the above argument applies exactly to the effect of partial
coherence as well. Is one method better than the other? To test this, we have
simulated sample boxes with varying numbers of particles N and densities ρ,
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for different Shannon pixel sizes, and different coherence lengths. Results of a
simple test case are shown in Figure 3.6, and discussed below.

Comparing partial coherence and large pixels
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Figure 3.6: Plots showing the how correlations in the same ring, q1 =
q2 = q, change with beam coherence and detector pixel size.
Data is taken of a 3-fold symmetric test object, between the
first and second speckle rings. Top: (a) shows the correlation
function C(q, q, ∆φ′) normalized by I0 (q)2 , and panel (b) shows
the magnitude of correlation harmonics Cn (q, q) normalized by
NI0(1) (q)2 . Colors: Fully coherent beam, 1 × 1 pixels; (Magenta)
finite coherence, 1 × 1 pixels; (Orange) full coherence, 6 × 6 pixels. This data set was taken with N = 64 particles per box.
Beam and detector parameters are tuned according to the suggestions of Kam and Kirian (details in text). Successive plots in
(a) were shifted by 1.0 for clarity.

A series of simulation trials were performed to test the effects of having finite
beam coherence or larger pixels. Figure 3.6 summarizes the results when beam
48
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or detector parameters are tuned to fit the suggestions of Kam or Kirian, on
coherence and pixel size, respectively.
The base case is shown by the black plots, with N = 64, full beam coherence,
and Shannon pixel size dq = 0.1Å−1 , corresponding nearly to the simulation
box length of 80Å. The inter-particle distance is approximately l ∼ 10Å. The
magenta, orange plots were calculated with coherence length Rc = 10Å, and
Shannon pixel size dq′ = 0.6Å−1 , respectively.
Firstly, note that in panel (a), imposing finite coherence and decreasing sampling frequency both had the effect of dramatically decreasing the correlation
peak values at ∆φ′ = 0, π, and broadened these peaks. Secondly, panel (b) shows
that both treatments significantly decreased the extra signal with increasing N,
observed in panel Figure 3.5(b), hypothesized to be due to interference. Thirdly,
the magenta plot shows a slight decrease in |Cn (q, q)| with respect to n, consistent with the expectation that finite coherence produces a smoothing effect on
intensity profiles, thereby suppressing the higher harmonics. These results suggest that the conditions proposed by Kam and Kirian — inter-particle spacing l
greater than the beam transverse coherence length Rc , or sampling with Shannon pixel sizes dq > 2π/l — do decrease the effects of interference on the diagonal correlation harmonic signal Cn (q, q).
However, it must be noted that interference effects are not negligible, especially in the sub-dominant harmonics, such as n = 2, 4 in the case presented.
Further tests (data not shown) with larger simulation boxes and different densities, with finite coherence, were also performed. The results indicate that the
relative significance of the coherence spike (compared to the single-particle signal) goes as ∼ ρR2c at fixed N, where ρ is the density. This makes sense, as the
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number of neighbors within a coherence length is proportional to ρR2c .
In the above, we have given semi-quantitative arguments for the significance
of interference terms in the correlation signal Cn (q1 , q2 ). Does interference, which
is merely treated as a source of noise in the angular-averaged SAXS signal, really
give a nonzero ensemble-averaged correlation signal? In the following sections,
we develop a formalism in 2D projection imaging, for which the effects of interference on intensity and correlation harmonics will be made clear.

3.3.2 Noise in intensity harmonics
Consider the scattering amplitude and amplitude harmonics of a single reference molecule, using 2D polar coordinates16 ~q = (q, θ), ~r = (r, φ):
(1)

(1)

A (~q) = A (q, θ) =
A(1)
n (q) =
A(1) (q, θ) =

Z

−i~q·~r (1)

d~r e

ρ (~r ) =

Z

Z

dθ −inθ (1)
e A (q, θ)
2π

X

inθ
A(1)
n (q) e

rdrdφ e−iqr cos(θ−φ) ρ(1) (r, φ)

(3.41)

(3.42)

n

A rotation by φi , of a single particle, has the following effect on the amplitude
16

We apologize for the change in notation: In previous sections, we tried to keep to the conventions of angle labels in the scattering literature. However, from this point on keeping the
same notation would result in a confusing overuse of the symbol φ, so we took the liberty to
change the momentum angular coordinate to θ.
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harmonics (3.22):
A(1)
i (q, θ)

=

Z

d~r e−i~q·~r ρi (~r)

Z

rdrdφ e−iqr cos(θ−φ) ρ(1) (r, φ − φi )
Z
Z
dθ −inθ
(1)
Ai,n (q) =
rdrdφ e−iqr cos(θ−φ) ρ(1) (r, φ − φi )
e
2π
Z
Z
dθ −inθ
′
=
rdrdφ′ e−iqr cos(θ−φ −φi ) ρ(1) (r, φ′ )
e
2π
Z
Z
dθ′ −in(θ′ +φi )
′
′
rdrdφ′ e−iqr cos(θ −φ −φi ) ρ(1) (r, φ′)
e
=
2π
=

−inφi
= A(1)
.
n (q) e

(3.43)

(3.44)

Assuming full beam coherence, the total scattering amplitude and intensity of N
rotated, translated molecules i can be written as:
N
X
X
X
X
~i
~
in(θ−φi )
inθ
−i~q·R
A(1)
A(1)
(q)e
=
e
A(~q) =
e−i~q·Ri
n (q)e
i,n
n

i

2

I(~q) = A(~q) =

XX

i

~

(3.45)

n

~

(1)∗
e−i~q·(Ri −R j ) ein1 (θ−φi ) e−in2 (θ−φ j ) A(1)
n1 (q)An2 (q).

(3.46)

i j n1 n2

~i −
In calculating the full intensity harmonics, it helps to express the vector R
~j = R
~ i j = (Ri j , Φi j ) in polar coordinates. Also, consider i = j and i , j terms
R
separately:
X X Z dθ
(1)∗
e−inθ e−iqRi j cos(θ−Φi j ) ein1 (θ−φi ) e−in2 (θ−φ j ) A(1)
In (q) =
n1 (q)An2 (q)
2π
i, j n1 n2
Z
XX
dθ −inθ i(n1 −n2 )(θ−φi ) (1)
+
e e
An1 (q)A(1)∗
n2 (q)
2π
i n1 n2
Z
XX
dθ′ −i(n−n1 +n2 )(θ′ +Φi j ) −iqRi j cos θ′
(1)
(1)∗
−in1 φi in2 φ j
e
e
=
An1 (q)An2 (q)e
e
2π
i, j n1 n2
XX
(1)∗
+
e−inφi A(1)
n1 (q)An1 −n (q)
i

=

n1

XX

(1)∗
−in1 φi in2 φ j −(n−n1 +n2 ) −i(n−n1 +n2 )Φi j
A(1)
e i
e
Jn−n1 +n2 (qRi j )
n1 (q)An2 (q)e

i, j n1 n2



X



+ In(1) (q)  e−inφi  ,

(3.47)

i
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where Jn (x) is the Bessel function of the first kind, of integer order n. The i = j
terms form a phasor sum multiplied by single-molecule intensity harmonics, as
would arise if we followed a similar treatment in Sec. 3.1.3, ignoring interference terms.
Here, we encounter the first difficulty with interference terms. At large
x = qRi j , Jn (x) ∼ x−1/2 , and as the average number of molecules at distance R
scales linearly in R, the contributions over distinct pairs will increase with distance. This is necessarily the case for a fully coherent beam, and as mentioned
in previous sections, a trick that can be used to limit the effect of interference
terms is to introduce partial beam coherence, either by tweaking the beam17 , or
post-processing of data frames. If we incorporated partial (Gaussian) beam coherence in (3.46), the interference terms in (3.47) would gain an extra factor of
exp(−R2i j /2R2c ). The contribution of interference between distant molecules can
thus be reduced. The importance of partial coherence will be demonstrated in
Chapter 4, and fully explained in Chapter 5.
Because the average of the phasor sum s =

P

i

exp(−inφi ) is zero, naively

averaging In (q) over DPs just gives zero for n = 0. However, if there is a way
of rotating individual DPs such that s is real and positive for each DP18 , it is
possible to find In(1) (q) by averaging over these rotated DPs. Interference terms
would still average to zero in such a scheme, and can thus be treated merely as
a source of noise, that can be eliminated by sufficient data frames.
However, is this also true for correlation harmonics Cn (q1 , q2 ) = In (q1 )In∗ (q2 )?
A detailed analysis shows that some interference terms do not average to zero
17

This may be achieved through experimental controls.
For simple structures with a dominant harmonics n∗ , this may be done by tracking the phase
of In∗ , or more sophisticated image processing algorithms. However, this is probably impractical
except for very small N.
18
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in general, at finite density. Interference should be seen as a “systematic error”
in calculating single-molecule correlation harmonics, rather than as a “random
noise” that can be eliminated through ensemble averaging. We will illustrate
that point with a specific term in the correlation harmonic expansion, in the
next section.

3.3.3 Systematic error in correlation harmonics
From this section onwards, we will be considering Gaussian beam coherence,
with a coherence length of Rc . For clarity, rewrite (3.47) as:
In (q) =

XX

(1)∗
−in1 φi in2 φ j
A(1)
e
n1 (q)An2 (q)e

i j n1 n2

2

2

· i−(n−n1 +n2 ) e−i(n−n1 +n2 )Φi j Jn−n1 +n2 (qRi j )e−Ri j /2Rc ,
|
{z
}

(3.48)

δ(n−n1 +n2 =0) if i= j

so that the correlation harmonics can be written as:

Cn (q) = In (q1 )In∗ (q2 )
X X
(1)∗
(1)∗
(1)
−in1 φi in2 φ j in3 φk −in4 φl
=
A(1)
e e e
n1 (q1 )An2 (q1 )An3 (q2 )An4 (q2 )e
i jkl n1 n2 n3 n4

2

2

· i−(n−n1 +n2 ) e−i(n−n1 +n2 )Φi j Jn−n1 +n2 (qRi j )e−Ri j /2Rc
|
{z
}
δ(n−n1 +n2 =0) if i= j

2

2

· i(n−n3 +n4 ) ei(n−n3 +n4 )Φkl Jn−n3 +n4 (qRkl )e−Rkl /2Rc
|
{z
}

(3.49)

δ(n−n3 +n4 =0) if k=l

We will develop a graphical approach to represent these terms in a more
lucid manner in Sec. 3.4, but for now, we will focus on the terms with i = k, j =
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l, i , j. The sum of these terms can be rewritten:
X X

(1)∗
(1)∗
(1)
i(n1 −n3 )φi i(n2 −n4 )φ j
A(1)
e
n1 (q1 )An2 (q1 )An3 (q2 )An4 (q2 )e

i, j n1 n2 n3 n4
2

2

· i−(n1 −n2 −n3 +n4 ) ei(n1 −n2 −n3 +n4 )Φi j Jn−n1 +n2 (qRi j )Jn−n3 +n4 (qRi j )e−Ri j /Rc

Ensemble averaging involves integrating over all orientations {φi } and relative positions {Φi j }, {Ri j }. Averaging over angles gives delta functions that simplify the sum to:

XX

2

2

−Ri j /Rc
(1)∗
(1)∗
(1)
A(1)
n1 (q1 )An2 (q1 )An3 (q1 )An2 (q2 )Jn′ (q1 Ri j )Jn′ (q2 Ri j )e

i, j n1 n2

where n′ = n − n1 + n2 . Averaging over {Ri j } is a little more involved. Note
first that the Gaussian factor ensures that large-Ri j contributions fall off rapidly,
so that as long as the sample size is large compared to Rc , we may extend the
range of Ri j to [0, ∞). Taking the molecule density ρ into consideration, to have:

D

−R2i j /R2c

Jn′ (q1 Ri j )Jn′ (q2 Ri j )e

E

{Ri j }

= 2πρ

Z

∞

0

2

2

dRi j Jn′ (q1 Ri j )Jn′ (q2 Ri j )Ri j e−Ri j /Rc

(3.50)

The integral on the RHS of (3.50) can be evaluated numerically, and is not
zero everywhere. In particular, its value is significant along the diagonal q =
q1 = q2 : along this line, the integral is given by
Z

∞
0

2

2

dRi j Jn′ (q1 Ri j )Jn′ (q2 Ri j )Ri j e−Ri j /Rc = R2c exp(−(qRc )2 /2)In ((qRc )2 /2),

(3.51)

where In (x) are modified Bessel functions of the first kind. Further discussion of
the interference terms is deferred to Section 5.1.2.
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In the next section, we will develop a systematic, graphical approach to represent each of the N 4 terms in the particle index expansion19 (3.49), which would
aid in calculating ensemble averages.
While a comprehensive treatment of all terms is required to prove the point,
it should be clear, by now, that even while interference can be treated as random
noise20 in the scattering intensity harmonics In (q), the same is not necessarily
true of correlation harmonics Cn (q1 , q2 ).

3.4 Proposal: Graphical book-keeping

In this section, we will develop a graphical approach for representing terms that
arise from analyzing scattering intensity harmonics of an ensemble of identical,
randomly-oriented molecules in 2D. We begin by representing the total scattering intensity harmonics, before going into correlation harmonics. In each case,
we will (a) illustrate how to represent each term in the series graphically, (b) list
the different terms, and (c) show how ensemble averaging can be done with this
graphical tool.

3.4.1 Scattering intensity harmonics
Consider a graph with N vertices, each labeled with an index i. These vertices
represent individual molecules, with an orientation parameter φi that fluctuates
across frames. We associate the factor Vi(1) (q) with each vertex i:
19

where each intensity correlation term — a 4-point density correlation — is labeled by 4
particle indices i jkl.
20
with zero ensemble average
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Vi(1) (q) =

X

A(1)
i,nα (q) =

nα

X

−inα φi
A(1)
nα (q) e

(3.52)

nα

Graphical representation

Figure 3.7: A sample term in In (q1 ). Each vertex i represents a factor Vi(1) (q),
and each edge i → j represents a factor E i(2)
j (q). Combining factors with appropriate complex conjugation, this graph repre(1)∗
sents the term T i j = Vi(1) (q)E i(2)
j (q)V j (q).

To represent intensity terms (which are essentially two-point density correlations) between molecules i and j, consider a single directed edge joining vertices
i, j, labeled with the momentum q. Also, include harmonic indices n1 , n2 on the
start and end of the edge, respectively. If i , j, we associate the edge with a
factor E i(2)
j (q):

2

2

−(n−n1 +n2 ) −i(n−n1 +n2 )Φi j
E i(2)
e
Jn−n1 +n2 (qRi j )e−Ri j /2Rc
j (q) = i

(3.53)

If i = j, we have a loop associated with the factor:

E ii(2) (q) = δ(n − n1 + n2 = 0)
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(3.54)

(1)∗
For each edge i → j, combine the factors as T i j = Vi(1) (q)E i(2)
j (q)V j (q). Finally,

all vertices that are not connected to an edge are ignored.
Putting Eqs. 3.52-3.54 together, we have for an edge connecting distinct
points i , j:

(1)∗
Vi(1) (q)E i(2)
j (q)V j (q)
Xh
(1)∗
−in1 φi in2 φ j −(n−n1 +n2 ) −i(n−n1 +n2 )Φi j
=
A(1)
e i
e
n1 (q)An2 (q)e
n1 n2

2

2

· Jn−n1 +n2 (qRi j )e−Ri j /2Rc

i

(3.55)

Alternatively, for loops i = j we have:

Vi(1) (q)E ii(2) (q)Vi(1)∗ (q)
X
(1)∗
−i(n1 −n2 )φi
=
A(1)
δ(n − n1 + n2 = 0)
n1 (q)An2 (q)e
n1 n2

=

X
n1

(1)∗
−inφi
A(1)
n1 (q)An1 −n (q)e

(3.56)

Each term in (3.47) involving particles (i, j) can be represented by the singleq

edge graph (i →
− j), and the total scattering intensity harmonics In (q) of a sample
data frame can be represented as a sum of all possible single-edge graphs.

Enumeration of graphs

There are only two types of single-edge digraphs: the loop, and the non-loop,
as shown in Table 3.1.
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Ne

Nv

Nc

1

1

1

2

1

A

Table 3.1: Catalog of directed, labeled graphs for intensity harmonics In (q).
Graphs are organized by the number of edges Ne , number of vertices Nv , and the number of connected subgraphs Nc . Directed,
labeled graphs are named according to the convention D-Ne -Nv Nc - followed by a letter A − Z for further differentiation. For example, the top and bottom graphs are D-1-1-1-A and D-1-2-1-A,
respectively.

Ensemble averaging

Ensemble averaging involves averaging over {φi , Φi j , Ri j }, which is performed
formally by integrating over these variables. With this graphical representation,
these integrals can be evaluated through simple rules we now describe21 :

Averaging {φi }: Vertex rule
Averaging over φi yields a delta function involving harmonic indices nα ,
and can be expressed by the following equation:
X

nα =

X

nβ

(3.57)

nβ out

nα in

Example: Graph D-1-2-1-A. Averaging over φi gives δ(n1 = 0), and similarly,
averaging over φ j gives δ(n2 = 0).
21

This list contains only basic rules needed for single-edge graphs. We will refine and augment the rules for more complicated graphs in Sec. 3.4.2.
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When loops are present, it is sometimes helpful to incorporate the delta
function in E ii(2) (q), giving the modified vertex rule:
X

nα in

nα −

X

nβ out

nβ = (# loops on vertex i) × n

(3.58)

where harmonic indices for loops are ignored on the LHS.
Example: Graph D-1-1-1-A Averaging over φi gives δ(n1 = n2 ). Combining
that with the loop factor δ(n − n1 + n2 = 0), we get δ(n = 0).
Averaging {Φi j }: Edge rule 1
When integrating over Φi j , we get a delta function relating harmonic indices on all edges i → j. For each edge e, define the combined harmonic
index ne as follows:
ne = n − nstart + nend

(3.59)

With this, the delta function relation for Φi j can be written succinctly as:
X

ne = 0

(3.60)

e(i→ j)

Note that integrals over Φi j necessarily set the exponent of i appearing
in the edge factor E i(2)
j (q) (see (3.55)) to zero, so these factors of i can be
ignored in ensemble averages.
Example: Graph D-1-2-1-A. With combined index ne = n − n1 + n2 , averaging
over Φi j gives δ(n1 − n2 = n).
Averaging {Ri j }: Edge rule 2
This step involves integrals over combinations of Bessel functions and a
Gaussian, most of which cannot be evaluated analytically. Please refer to
Appendix A for a full list of these integrals, µi (. . .).
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For any two directly connected vertices i, j, the integral over Ri j involves
the product of all Bessel functions (of order ne ) attached to the edge factors
E i(2)
j . Denoting the momentum index on edge e by qe , we get the integral:
ρ

Z

∞

RdR

0

Y h

Jne (qe R)e−R

e(i↔ j)

2 /2R2
c

i

(3.61)

Example: Graph D-1-2-1-A. Here, ne = n − n1 + n2 . Integrating over Ri j gives
the factor:

ρ

Z

0

∞

2

2

RdR Jn−n1 +n2 (qR)e−R /2Rc = µ1 (n − n1 + n2 , q)

When writing down ensemble-averaged values of each term, we simply
P
(1)
multiply the scattering amplitude harmonics A(1)
(with appropriate
nα in Vi
complex-conjugations) by the delta functions and integrals above. This is best
illustrated with examples:
Example: Graph D-1-1-1-A. This is the i = j term:



X
 X

(1)∗
 

 · δ(n − n1 + n2 = 0) · δ(n = 0)
A(1)
A
(q)
n1 (q)
n
2

n1

=

X
n1

n2

2
|A(1)
n1 (q)| · δ(n = 0)

= I0(1) (q) · δ(n = 0)
Example: Graph D-1-2-1-A. This is the i , j term:
X
n1 n2

(1)∗
A(1)
n1 (q)An2 (q) · δ(n1 = 0) · δ(n2 = 0) · δ(n1 − n2 = n) · µ1 (n − n1 + n2 , q)

2
= |A(1)
0 (q)| µ1 (0, q) · δ(n = 0)
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Since µ1 (0, q) = R2c exp(−(qRc )2 /2) is negligible22 , we can conclude that interference terms average out to zero in In (q), leaving only the SAXS signal I0(1) (q), as
expected.

3.4.2 Scattering correlation harmonics
Graphical representation

Recall that Cn (q1 , q2 ) = In (q1 )In∗ (q2 ). In the previous section, I have described
how terms in In (q1 ) can be represented as directed edges. For complex-conjugated
factors, we need to adopt a different convention, as illustrated by the red edge
in Figure 3.8.
(1)
Each conjugated edge i → j represents a factor T i∗j = Vi(1)∗ (q)E i(2)∗
j (q)V j (q).

From this point on, we refer to normal (blue) edges as positive, and conjugated
(red) edges as negative, for reasons that will become evident in ensemble averaging.
It is straightforward to show that each term in (3.49) can be represented as a
graph with one positive edge (i → j) of momentum q1 , and one negative edge
(k → l) of momentum q2 .

Enumeration of graphs

There are 15 different 2-edge digraphs, as shown in Table 3.2.
22

This is true when probing length scales smaller than Rc : See Appendix A for more details.
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Figure 3.8: A sample term in Cn (q1 , q2) = In (q1 )In∗ (q2 ). As in Figure 3.7, In (q1 )
is represented by the blue edge i → j. The conjugated intensity
harmonic, In∗ (q2 ), is represented by the red edge k → l, corresponding to a factor T i∗j = Vk(1)∗ (q)E kl(2)∗ (q)Vl(1) (q). Note the difference in edge label and harmonic index conventions.

62

Ne

Nv

Nc

2

1

1

2

1

A

B

C

D

E

2

3

1

4

2
Table 3.2: Catalog of directed, labeled graphs for correlation harmonics
Cn (q1 , q2 ).

F

Ensemble averaging
Averaging {φi }
As long as the labeling of harmonic indices on negative edges is consistent with Figure 3.8, the vertex rule (3.57) still applies. However, to apply
the modified rule (3.58) involving loops, note that the negative loops are
counted — as the name suggests — negatively.
Averaging {Φi j }
There are two points to note here. First, the combined index n∗e of negative
edges are defined differently from positive edges in (3.59):
n∗e = −n − nstart + nend

(3.62)

Second, when two or more edges connect distinct points i, j in opposite
directions (as in Graph 2-2-1-B), note that Φi j = Φ ji + π, so the two angles
are not independent and must be integrated at the same time. For each
positive edge e that runs counter to a preferred direction (it does not matter which), include a factor of eiπne = (−1)ne — or in the case of negative
∗

edges, (−1)ne .
Apart from these, the first edge rule (3.60) applies as before.
Example: Graph D-2-2-1-F. Let i → j be the preferred direction with which
we’ll work. The negative edge then incurs a phase factor, and the integral
over Φi j then gives (−1)−n+n3 −n4 δ(n1 − n2 − n3 + n4 = 0).
Averaging {Ri j }
The second edge rule, as described in (3.61), may be applied without modification even with negative edges.
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Example: Graph D-2-2-1-E. The integral over Ri j gives:

ρ

Z

0

∞

RdR Jn−n1 +n2 (q1 R)J−n+n3 −n4 (q2 R) e−R

2

/R2c

Incorporating the delta functions from integrating over {φi } will lead to the
integral expression µ2 (n − n1 + n2 , q1, q2 ).
In the above, we have shown that terms in the particle index (4-point density correlation) expansion of correlation harmonics Cn (q1 , q2 ) in (3.49) can be
represented graphically, and demonstrated how ensemble averages can be performed for each term using simple rules. The multiplicity of each term is just a
combinatorial factor for selecting vertices, and writing down the ensemble average of the full correlation expansion is straightforward (though tedious). We
will resume treatment of these topics in Chapter 5.

3.4.3 Higher order correlations and noise
It is obvious that this approach can be extended to the analysis of general higherorder correlation harmonics, but that is beyond the scope of this thesis. The
greatest use of this approach, in analyzing 4-point density correlations (2-edge
graphs), is the ability to calculate the variance — which involves 8-point density
correlations (4-edge graphs).
Before diving into a full-blown signal-noise analysis, consider the following:
In the above, we endeavored to show that the common assumptions behind
the no-interference approximation do not, in fact, justify treating interference as
random noise. However, there have been several successful applications in 2D
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projection imaging, in which XFCA — in the no-interference approximation —
has been used for reconstructing simple nanoparticle structures [34, 52, 48]. At
what point does interference become significant?
In the next chapter, after introducing data processing and reconstruction algorithms, we will review simulations and experiments in the CXS literature. We
will also attempt to address why, for most studies, interference contributions
were not observed. We then perform simulations to investigate the feasibility
of XFCA where interference is significant, at least in the high-signal limit, and
propose a way of removing interference effects.
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CHAPTER 4
X-RAY FLUCTUATION CORRELATION ANALYSIS: STRUCTURE
DETERMINATION

As we have seen in the previous chapter, interference has a significant effect on the correlation harmonics obtained in XFCA. We have also attempted
to display some characteristics of the interference terms via simulations, and introduced a more comprehensive theoretical framework than is currently used in
the literature for XFCA structure determination. In this chapter, we switch gears
and discuss how XFCA structure determination can be carried out in practice,
and consider how interference effects may be removed. In the first two sections
of this chapter (on data processing/reconstruction algorithms), we first assume
that interference effects have been eliminated from the correlation harmonics.
In Sec. 4.1, we lay out essential aspects of the data processing algorithms
for calculating the single-particle intensity harmonics In(1) (q) from many-particle
diffraction patterns. While the problem is mathematically identical for 2D projection imaging and 3D structures with axial alignment, there are several key
challenges in the 3D case that must be overcome, and we present some possible
(though not necessarily optimal) solutions.
After obtaining single-particle intensity harmonics In(1) (q), the next step
would be to reconstruct the molecular structure by solving the phase problem.
In Sec. 4.2, we describe the phasing algorithm first presented by Elser [10].
The approach follows the spirit of divide-and-concur, and the difference map
method [8, 7] is chosen for rapid convergence.
Having described the process of getting from diffraction patterns (without
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interference) to single-particle structures, we return to the problem of interference in correlation harmonics. In Sec. 4.3, we begin by discussing the significance of interference in published literature. We will then investigate the effects
of interference on the single-particle intensity harmonics In(1) (q) obtained from
the algorithm in Sec. 4.1. We will discuss a possible way of removing the interference term in Cn (q1 , q2 ), and evaluate its effectiveness for a simple test structure. A full derivation of the theoretical considerations behind this approach
will be postponed to chapter 5.
Finally, we will demonstrate the application of XFCA structure determination on a variety of target particles. In Sec. 4.4, we will present reconstructions
based on simulated data, for a simple test structure.

4.1 Data processing algorithm

In this section, we provide a layout of algorithms for processing diffraction
frames in 2D projection imaging (Sec 4.1.1) and in 3D imaging with axial alignment (Sec. 4.1.2). In each case, we (a) begin with a brief description of the experimental setup, and (b) describe the processing steps involved conceptually.
In Sec. 4.1.2, we will also highlight difficulties that arise due to large array
sizes, and suggest workarounds suitable for systems with limited memory.

4.1.1 2D projection imaging
Sample structures/molecules are assumed to be aligned parallel to the beam
direction, either by mounting on a substrate (for certain asymmetric macro-
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molecular structures or fabricated nanoparticles), laser alignment (in the case
of small, polarizable molecules), or other techniques applicable to the sample
investigated. The incident X-ray beam is assumed to be parallel to the axis of
alignment.
X-rays diffracted off the sample are collected by a pixel-array detector. After
post-processing steps involving background subtraction and detector response
scaling, diffracted intensities (in photon counts) in the p-th diffraction pattern
(DP) can be represented as a 2D array, I(p) (x, y), as a function of pixel position
(x, y). The corresponding position for each pixel in momentum space, (q x , qy ),
can be calculated easily from the sample-detector geometry. In the flat Ewald
sphere approximation, normally used in 2D projection imaging, (q x , qy ) k (x, y).
From DPs I(p) (q x , qy ) represented as a 2D array in momentum space, a
straightforward application of the procedure outlined in Sec. 3.1.3 will in fact
lead to a memory- and time-consuming algorithm. This is because, fortunately,
that in 2D projection imaging each diffraction pattern samples the full qz = 0
Fourier space slice we are interested in. As such, it is possible to calculate
Cn (q1 , q2 ) for each DP, by following these steps:
interpolate/bin

Cartesian grid I(p) (q x , qy ) −−−−−−−−−−−→ Polar grid I(p) (r, φ′ ) →
outer product

FT

−−→ Intensity harmonics In,(p) (q) −−−−−−−−−−→ Correlation harmonics Cn,(p) (q1 , q2 )
Polar intensity grid I(p) (q, φ′ )
Beginning with a cartesian intensity grid I(p) (q x , qy ), we can find an equivalent polar representation I(p) (q, φ′) by simple interpolation or binning.
Interpolation may be a viable method at very small momentum transfer ~q
— such that individual speckles are several pixels wide — and is optimally
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efficient for a fully-covered detector array. However, imperfections such as
the beamstop and malfunctioning pixels need to be treated with caution.
Figure 4.1 is a schematic showing radial sampling bins (red) overlaid on
the detector grid, typically represented as a cartesian grid1 .

Figure 4.1: A picture of detector pixels (black/white), arranged on a cartesian grid, with a radial sampling bins (red) laid over. Detector
imperfections and gaps between pixels result in regions where
intensity readouts are unavailable or unreliable (black pixels).
In each red bin, the useful (white) pixel readouts are averaged
to give the radial intensity grid, I(p) (r, φ′).

Moreover, with XFCA, the sample is usually comprised of many identical particles randomly spread out in space, and speckles may be too small
to be resolved by the pixel array — in order for interpolation to be re1

Note that this is an idealization. Typically, large array detectors are in fact formed by a
“mosaic” of smaller pixel arrays, which may not be arranged in an exactly regular fashion. The
detector mask shown in Figure 4.1 is derived from an older run at LCLS, SLAC.
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liable. On the other hand, for particles of size a, we are interested in
single-particle correlations C (1) (~q1 , ~q2 ) across “momentum space distances”
|~q1 − ~q2 | & 2π/a. This is certainly much larger than the speckle sizes. Attempting to sample DPs with higher momentum resolution, just to resolve
speckles properly for interpolation, seems like a lot of work for little improvements.
On the other hand, using a binning operation to decrease momentum
space resolution has several advantages in XFCA2 :
• This reduces the need to achieve a detector spatial resolution higher
than what is actually needed to probe single-particle correlations.
• This corresponds to Kirian’s suggestion of using larger pixels to reduce interference effects.
• Algorithmically, it is easier to ignore pixels with missing data in a
binning operation, than to extrapolate into these regions.
• When photon shot noise is significant, sampling total photon counts
in large bins gives a better signal-noise ratio than interpolating over
individual, small pixels.
Intensity harmonics In,(p) (q)
From the polar intensity grid, intensity harmonics for the p-th DP can be
evaluated easily by discrete Fourier transform over φ′ , for which FFT is an
efficient algorithm.
Correlation harmonics Cn,(p) (q1 , q2 )
2
We propose that there are advantages in this specific method, at the risk of sounding heretical to experts in detector technology.
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The correlation harmonics can be obtained easily from intensity harmonics
by taking an outer product, as in (3.32).

Finally, the single-particle correlation harmonics Cn can be estimated by averaging over DPs — after removing interference contributions. The sample variance of Cn,(p) can also be tracked easily in this algorithm, enabling one to validate
if the average signal has converged. More will be said on interference-removal
and noise estimation in later sections.
From the single-particle correlation harmonics Cn(1) (q1 , q2 ), the single-particle
intensity harmonics In(1) (q) can be approximated by the dominant eigenvector
(principal component) when noise in the correlation signal is low. In the matrix
notation of (3.32), we can write
Cn(1) = In(1) In(1)† + ǫ

(4.1)

Singular value decomposition (SVD, also known as principal component
analysis, PCA) of the Hermitian matrix Cn(1) essentially breaks it down into rank-1
components:
Cn(1) =

X

λni Vni Vni† ,

(4.2)

i

where Vni are normalized eigenvectors (principal components), and λni are the
corresponding eigenvalues. With no signal noise (ǫ ≡ 0), SVD yields only one
√
nonzero eigenvalue, with eigenvector In(1) = λn0 Vn0 . At low noise, SVD is effective in picking out the dominant rank-1 representation of a wide variety of
systems. A simple estimate of the error in the dominant eigenvector can be
PN
obtained by considering the ratio of eigenvalues: error ∼ λn0 /( i=0q λni ).
Note that for n = 0, I0 (q) is simply the SAXS signal, and there is no need to
consider C0 .
72

As mentioned in Sec. 3.1.3, the intensity harmonics so obtained carry arbitrary phase factors, which need to be determined in the reconstruction procedure.

4.1.2 3D imaging with axial alignment
The experimental setup for 3D imaging of axially-aligned structures is almost
identical to that of 2D projection imaging, with one exception: data needs to be
taken over different angles θ between the sample axis and beam axis. Applying
also the flat Ewald sphere approximation here, and assuming a real-valued contrast (i.e., no absorption)3 , sampling over the range 0 ≤ θ ≤ π/2 will cover the
full correlation array C(qr1 , qz1, qr2 , qz2, ∆φ′ ) as defined in (3.30). Given two points
(q x1 , qy1 ) and (q x2 , qy2 ) at tilt angle θ, the corresponding polar coordinates are:
zi = xi sin θ
q
ri = x2i cos2 θ + y2i

(4.3)

φ′i = arctan(xi cos θ, yi )

(4.5)

∆φ′ = φ′2 − φ′1 ,

(4.4)

(4.6)

where arctan(x, y) ≡ arg(x + iy).
It is evident that for most polar-coordinate pairs (qr1 , qz1), (qr2, qz2 ), data from
a range of tilt angles θ is needed to sample the full range of ∆φ′ , and that the
simple algorithm in the 2D case is not applicable here. It is necessary to combine and average correlation data over all DPs to get the 5-dimensional array
C(qr1 , qz1 , qr2, qz2, ∆φ′ ), before performing a discrete Fourier transform on ∆φ′ to
get Cn (qr1 , qz1 , qr2, qz2). This is obviously a memory-intensive operation.
3

Such that Friedel symmetry applies.
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Polar correlation array C(qr1 , qz1 , qr2, qz2, ∆φ′ )
A straightforward way to combine DP data would be to create a 5D
cartesian correlation array C(θ, q x1 , qy1 , q x2 , qy2 ) to store averaged correlation data, and then interpolating to obtain C(qr1 , qz1, qr2, qz2 , ∆φ′ ) using (4.34.6). However, this approach turns out to be memory-consuming and
computationally slow, where the latter is possibly due to inefficient use
of cache memory.
An alternative approach would be to map each detector pixel pair (at some
tilt angle θ) to corresponding bins in a coarse-grained 5D polar correlation
array C(qr1 , qz1, qr2, qz2 , ∆φ′). This avoids having to store a second 5D array,
and bypasses the ponderous interpolation step.
One key point that must be highlighted here, which was not mentioned in
Elser’s proposal [10], is that the angular coordinate ∆φ′ should be sampled
at regular intervals. While introducing the Jacobian factor in the change
of coordinates (from cartesian (q x , qy , θ) to polar (qr , qz , ∆φ′ )) works analytically, doing that for a discrete sum often produces artifacts large enough
to affect the correlation signal significantly.
Correlation harmonics Cn (qr1, qz1 , qr2, qz2 )
From the polar correlation array, correlation harmonics can be evaluated
easily via FFT.

While it is difficult to quantify the noise in correlation harmonics obtained
with this algorithm, the signal-noise ratio of correlation signals at individual tilt
angles θ may offer a reasonable estimate, and enable experimenters to project
how many DPs are required for convergence.
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As with 2D projection imaging, single-particle intensity harmonics In(1) can
be approximated by the dominant eigenvector of the single-particle correlation
harmonics Cn(1) , which can be calculated efficiently by SVD.

4.2 Reconstruction algorithm

In this section, we introduce the reconstruction procedure first proposed by
Elser, inserting comments on issues that require special attention for anyone
interested in performing this reconstruction procedure. The formalism in this
section will follow that of 2D projection imaging, and the generalization to 3D
axially-aligned structures is trivial.
This algorithm can be formulated as a constraint satisfaction problem. The
objective is to find the intersection of two constraint manifolds, one on the real
space density4 ρ(~r), and the other on Fourier space intensity I(~q). Projection
operations can be defined that map points to individual constraint manifolds.
However, as the intensity harmonics In (q) each carry a random, unknown phase
eiαn , the intensity constraint has to be handled differently. The different projections can be implemented using a divide and concur approach [15].

4.2.1 Divide and concur
In this reconstruction procedure, our objective is to find the particle density ρ(~r),
and we are given constraints on the intensity harmonics In (q), and can impose a
Throughout this section, we drop the superscript label in ρ(1) and I (1) for clarity, since it is
assumed we are looking at single particle data.
4
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reasonable constraint that the structure has a finite support s(~r) ∈ {0, 1}. In this
process, the phases eiαn for individual harmonics need to be determined.
We can consider searching for a solution {ρ̃(~q), I(~q)} in Fourier space, where
ρ̃(~q) is the Fourier transform of density ρ(~r), and I(~q) is the Fourier intensity.
They are essentially “copies” of each other, except that ρ̃ contains phase information. Following a divide and concur approach, we can perform the support
and intensity harmonic projections on ρ̃ and I separately, and enforcing the concurrence constraint |ρ̃|2 = I.
As the (intensity harmonic) data and support projections operate on separate subspaces, they may be treated as a single projection Pds . The concurrence
projection Pc operates on both subspaces. With these, the problem reduces to
constraint satisfaction involving two projection operations. The following Euclidean metric can be used in defining projection operations:


1
d {ρ̃, I}, {ρ̃′, I ′ } = dρ (ρ̃, ρ̃′) + dI (I, I ′ )
w
X
1X
2
2
I(q x , qy ) − I ′ (q x , qy )
ρ̃(q x , qy ) − ρ̃′ (q x , qy ) +
=
w q ,q
q ,q
x

x

y

(4.7)

y

where w is a weight factor of units [w] = [I] = [ρ̃]2 .
In the following, we describe the implementation of each constraint projection.
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Intensity harmonic projection

This projection is comprised of 4 steps: (a) transforming intensity coordinates
from cartesian (q x , qy ) to polar harmonics (n, q), (b) Calculating optimal phase
shift eiαn for each harmonic n, (c) project to data harmonics I¯n (q) with phase shift,
(d) transforming intensity coordinates back to cartesian.

Coordinate change I(q x , qy ) → In (q)

This operation can be accomplished efficiently by interpolating I(q x , qy )
onto a polar grid I(q, φ′ ), and then 1D Fourier-transforming with respect
to φ′ .
Calculating optimal phase shift eiαn

Given input harmonics In (q), the projection operation maps these intensity
harmonics to the data harmonics multiplied by a phase,

In (q) → In′ (q) = eiαn I¯n (q)

(4.8)

In this step, we find the phase angles αn that move the intensity by the
minimum distance dI (I, I ′ ). By considering the polar equivalent of (4.7)
and Parseval’s theorem, the distance can be rewritten as:

dI′ (I, I ′ ) =

X
n,q

In (q) − eiαn I¯n∗ (q)

2

(4.9)

It is easy to show that the distance-minimizing phase angles are, for all n,
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X
In (q)I¯n∗ (q)
αn = arg 

(4.10)

q

Implementation tip: When working with experimental data, there may be
points at which no reliable intensity harmonic information can be extracted (e.g., within the beamstop). As the harmonics at these values of
q have no known constraints, these points should be ignored5 in the projection operation, and omitted from the sum in (4.10).
Projecting to data harmonics I¯n (q)

After finding αn , projection onto data harmonics is done simply by replacing the array values In (q) → eiαn I¯n (q).
Coordinate change In (q) → I(q x , qy )

This operation can be done efficiently by 1D Fourier-transforming back to
a polar grid, and then interpolating to the cartesian grid.
Implementation tip: When interpolating between cartesian and polar grids,
large interpolation errors would occur for linear interpolation at small q —
unless a large oversampling ratio of s & 8 is used. A simple workaround
would be to define a beamstop at small q, and leave the relevant cartesian
array elements I(q x , qy ) unchanged by this operation.
5

To handle pixels outside the detector range, an alternative treatment is to introduce a momentum cutoff in the data harmonics, and set I¯n (q) = 0 ∀q > qmax

78

Support projection

The basic implementation of the support projection is straightforward: (a)
Fourier-transforming ρ̃(~q) → ρ(~r) to get the real space density, (b) multiplying
(element-wise) the density by a support array s(~r) ∈ {0, 1}, and then transforming ρ(~r) → ρ̃(~q) back to Fourier space. If the target density is also known to be
non-negative, imposing this constraint here may help with convergence.
To handle structures with unknown size/shape, adaptive support algorithms such as shrink-wrap [37] are good at ensuring the validity of the support constraint, while keeping the support small enough for the problem to be
overconstrained.

Concurrence projection

The concurrence projection, as the name suggests, enforces the condition that
the two “copies” of structural information, ρ̃(~q) and I(~q), must concur with each
other — that is, |ρ̃|2 ≡ I. Given the metric (4.7), it is evident that the values of
ρ̃ and I at each momentum-space point (q x , qy ) are projected independently of
other points6 .
Given input values {ρ̃, I}, we wish to find a real, positive value v such that
the mapping
ρ̃ 7→ vρ̃/|ρ̃|,
I 7→ v2
6

We will drop the momentum coordinates here for simplicity.
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minimizes the distance
d = |ρ̃ − vρ̃/|ρ̃||2 +

1
1
|I − v2 |2 = (|ρ̃| − v)2 + (I − v2 )2 ,
w
w

(4.11)

where w is the weight factor. This amounts to solving the cubic equation
4v3 + (w − 2I)v − 2w|ρ̃| = 0.

(4.12)

A simple routine may be written to (a) solve this using the cubic discriminant, and (b) select the correct solution.
Implementation tip: The choice of weight factor w obviously has an effect on
the relative significance of the ρ̃ and I components. A good way of choosing w would be to consider how noisy we expect the data harmonics I¯n to be.
The weight w should be decreased (and the intensity harmonic projection given
more significance) if data noise is low. Data quality may be inferred indirectly
by seeing if αn of dominant harmonics fluctuate wildly between iterations. Usually, a good starting point is to set w equal to the maximum value of |I0 (q)|.
Having defined the projection operations, we now briefly discuss how these
projections can be combined to arrive at the solution efficiently.

4.2.2 Difference map
The objective of the reconstruction algorithm is to find a point x = {ρ̃(~q), I(~q)}
in the intersection of constraint manifolds. When noise is present in the constraint information (as would be expected in experimentally-derived intensity
harmonics), the problem generalizes to minimizing the distance from constraint
sets.
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This problem is usually formulated in terms of generalized projection onto
the constraint manifolds, with projection operators P1 , P2 , etc. An intuitive way
to find the solution is to simply apply repeated alternating projections [32] (AP)
to the iterate until convergence is achieved: xi+1 = P2 (P1 (xi )), and at convergence
x∗ = P2 (P1 (x∗ )). Note, however, that AP can get stuck at false fixed points x∗ =
P2 (P1 (x∗ )) , P1 (x∗ ).
Fienup’s hybrid input-output (HIO) method [12] offers great improvements,
and is a reliable method that actually works in practice. The difference map
(DM) method is a generalization of HIO, and its advantages over HIO and
AP have been reviewed in detail in [7]. In short, while the DM treatment is
slightly more complicated, it (a) produces faster convergence in general, especially when close to a solution, and (b) is able to escape the false fixed points of
AP.
Up to 3 parameters (α, β, γ) can be used to define the DM iteration process
xi+1 = D(xi ). Given an input iterate xi , a single DM step by the following sequence of operations:

x′i = αxi + (1 − α)Pa (xi )

(4.13)

fi = (1 + γ)P1 (x′i ) − γx′i

(4.14)

ǫi = β(P2 ( fi ) − P1 (x′i ))

(4.15)

x′i+1 = x′i + ǫi

(4.16)

The first step (4.13) has been dubbed a “leashing” operation [35], where the
iterate is kept close to one of the constraint sets a = 1, 2. The error ǫ in each
iteration step is obtained from the distance between projections in (4.15), and
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convergence is achieved when ǫ falls below a threshold.
Note, however, that the solution is not xi , but either P2 ( fi ) or P1 (x′i ) — these
two are equal at convergence.
Implementation tip: The ranges of suitable7 parameter values are α ∈ (0, 1],
β ∈ (0, 1], γ ∈ [1, 2]. For many diffraction imaging problems, default parameter
values of (α, β, γ) = (1, 1, 1) — which reduce to the HIO method produce good
results. However, experience in preliminary trials with simulated data noise,
setting α ∼ 0.8 to leash the iterate to the data/support projection Pds seems to
balance the accuracy of shrinkwrap-updated support and convergence speed.
We now address an issue that is not usually present in overconstrained problems in diffractive imaging, but features strongly in XFCA structure determination. The solution is not a single point, and instead forms a manifold with a
continuous degree of freedom.

Solution degeneracy

From the symmetry of the intensity harmonic constraint, it is evident that given
any solution real-space structure ρ∗ (r, φ), the rotated structure ρ∗ (r, φ + δα) is also
a solution. In particular, if ρ∗ (r, φ) corresponds to a set of harmonic phase angles
αn , it is simple to show that the rotated structure corresponds to harmonic phase
angles αn + δα.
Solution degeneracy8 is unusual in overconstrained diffractive imaging
problems, and must be taken into consideration when deciding if the solution
7

From experience, going outside these ranges had often led to diverging iterates in 2D and
3D CXS reconstructions.
8
Exceptions are trivial, such as translation and Friedel pairs.
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has converged. In practice, even slight errors arising from interpolation errors
can produce rotating solutions.
Implementation tip: With noisy data, it is highly possible that the iterate will
fluctuate randomly around the solution. One trick to reduce these fluctuations
is to average the chosen solution structure (P1 (x′i ) or P2 ( fi )) over several iterations. However, with the solution degeneracy described here, simple averaging
would generally give a cylindrically-averaged structure. A possible trick for
handling this is to rotate solution structures in successive iterates to a reference
orientation before averaging. Phase angles αn of dominant harmonics are generally good in tracking the solution orientation.

4.3 Interference revisited

Having described the steps leading to a reconstruction of target molecules or
structures, we now return to the subject of interference. As highlighted in Section 3.3, partial beam coherence and sampling with larger pixels do not eliminate interference effects. This was demonstrated in high-signal simulations of
Section 3.3.3, and is suggested by the theory proposed in Section 3.4.
To date, most experimental work in XFCA structure determination has been
performed with single-particle (N = 1) images, such as the work by Liu and
co-workers on nanorice particles [34], and by Starodub and co-workers on
polystyrene-sphere dimers [52]. These experiments have successfully demonstrated the feasibility of ab initio structural determination from single-particle
scattering correlations C (1) (q1 , q2, ∆φ′ ), using Kam’s method (Section 3.1.1) to derive information about single-particle intensities I (1) (~q).
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Work with simulations of Kam’s method also have not advanced beyond
few particles (N ≤ 10). For instance, Saldin and co-workers have performed
simulations on 2D projection imaging with the K-channel protein [48], at N =
10. It is not clear if their simulation of DPs had the no-interference assumption
(which was used in the article’s theory section) built in. The use of intensity
correlations in parametrized structure fitting have been demonstrated both in
simulation (such as by Pande and co-workers on the photoactive protein PYP
[42, 41]) and in experiment (such as by Chen and co-workers on cylindrically
symmetric nanoparticles [4]), up to N = 25.
To realize the “dream” of imaging protein molecules in situ, however, much
larger values of N must be considered. With a beam area of 1µm2 , a sample thickness of 1µm (a gross underestimate for micro-fluidic jets/channels), and a low
concentration of 10 millimolar, the estimated number of particles in the beam
is N ∼ 6 × 106 . An interesting study to push the field in this direction was performed by Mendez and co-workers, where intensity correlations for N ∼ 109 silver nanocrystals of size ∼ 20nm were recorded on the Debye-Scherrer rings [38].
There are two possible reasons why interference effects were not observed: First,
the beam coherence length could have been much shorter than inter-particle distances. Second, diffracted intensities from nanocrystals are focused into narrow
Bragg peaks, and without overlapping Bragg peaks from different particles — a
rare event — no interference effects can be observed.
To our knowledge, there has only been one published experimental study
that reported the observation of interference effects. Pedrini and co-workers
performed 2D projection imaging on randomly positioned, 3-fold symmetric
gold nanoparticles [43], with N ≤ 40. They noted that at q1 = q2 = q, spikes
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in correlation C(q, q, ∆φ′) are observed at ∆φ′ = 0, π, with spike heights scaling
as N 2 . After performing a brief analysis on cylindrically symmetric particles (in
the supplementary section), they concluded that these spikes are in fact due to
interference. Little was said on how interference effects were removed in their
subsequent analysis.
Given how little we know about interference effects in XFCA, and how to
remove them, it seems timely for researchers in the field to focus on developing an understanding there. We begin in Section 4.3.1 by demonstrating the
effects that interference would have, if we proceeded with analysis with the nointerference assumption. Then, we introduce a procedure that will enable one
to extract single-particle correlations given correlation data at different sample
densities in Section 4.3.2. While simulation results will be presented here, the
theoretical justification for this method will be left for Chapter 5.

4.3.1 Effects on intensity harmonic estimates
If we had used a theory without interference, the presence of interference terms
in correlation harmonics Cn (q1 , q2 ) would undoubtedly affect estimates of singleparticle intensity harmonics In(1) (q). How serious, then, is this problem? To investigate this, we worked with a simple “molecule” of 3 gaussian blobs, as depicted
in Figure 4.2. We shall refer to this structure as G3.
As a simple test, we simulated 105 boxes of G3 at ρR2c = 1.5. The true singleparticle correlation harmonics are shown in Figure 4.3.
Following the theory of Section 3.1, we diagonalized the Cn (q1 , q2 ) matrices

85

for 2 ≤ n ≤ 12. The estimated single-particle intensity harmonics I¯n (q) are the

dominant eigenvectors. Figure 4.6 compares the estimated (I¯n ) and true (In )

single-particle harmonics, whereas Figure 4.4 shows (a) the raw data correlation
harmonics, and (b) the single-particle correlation harmonics, Cn = I¯n I¯n† , obtained
from estimated intensity harmonics. While the approach of Section 4.1 produces
good results at the dominant harmonic n = 6, the estimates of subdominant harmonics are completely thrown off by interference.
It is evident that interference terms need to be removed from correlation
harmonics Cn before estimating the single-particle intensity harmonics In(1) . Can
this be done, at least in theory?

4.3.2 Removing interference
One possible way of picking out the single-particle correlation signal is to consider the scaling behavior of different terms. Let there be a total of N particles in
the beam, at a density of ρ. Assuming finite beam coherence, the single-particle
terms scale as N 1 ρ0 , whereas interference terms scale as N 1 ρ1 . A rigorous proof
of these will be given in Chapter 5. With this in mind, it seems plausible that
calculating Cn across a range of sample densities can, via linear regression, give
an estimate of the single-particle correlation signal, C̃n(1) . To test this method, I
have performed a series of simulations for G3 at different densities.
With a fixed box size of 80Å, 105 boxes of N = 100, 150, 200, 250 G3 molecules
were simulated at Rc = 10Å. Linear regression was used to extrapolate our
results to Cn (q1 , q2 )/N at ρ = 0. SVD was used to find the rank-1 projection of
the extrapolation, and both arrays are shown in Figure 4.5. To compare the
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estimated single-particle intensity harmonics I¯n directly with the true values,
see Figure 4.6.
Comparing Figures 4.4 and 4.5, the improvement in estimating singleparticle intensity harmonics In (q), by extrapolating to ρ = 0, is evident. While
both approaches yield good estimates of the strongest n = 6 harmonic9 , extrapolation produces much better estimates for the subdominant harmonics
n = 2, 4, 8.
For the higher harmonics n = 10, 12, it should be noted that significant singleparticle correlations (Figure 4.3) show up only around q > 5.0. Any correlations
seen below this threshold are necessarily caused by interference or noise. While
we claim that extrapolation removes interference, it does not eliminate intrinsic noise coming from other terms. To obtain better estimates of these higher
harmonics, it may be necessary to work only with the q > 5.0 subspace10 .
Although it must be admitted that this approach of extrapolating to ρ = 0
would require much more data-taking (over different densities), and more careful analysis (as with higher harmonics), it can yield significantly better estimates
even for subdominant harmonics. As we need more than just a few dominant
harmonics to perform reconstructions (except for the most elementary structures), this method of removing interference effects is a tiny, but significant step
towards ab initio reconstructions from intensity correlation data in realistic systems.
How sensitive is the reconstruction procedure to the noise in data harmon9
It is interesting that the ρ = 0 extrapolation yielded poorer estimates for I6 than plain SVD
at ρR2c = 1.6.
10
The n = 8 harmonic seems like an intermediate case that shows how remnant noise can
break this routine, when noise starts to dominate in the low-q regime. In this case, single-particle
correlations are small for q ≤ 3.5, and noise in this region produces significant errors.
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ics? Is our “cleanup” procedure enough to give good reconstructions? In the
next section, we will attempt to perform XFCA structure determination on G3,
as a test of feasibility.

4.4 Sample reconstruction: G3

In this section, we try to reconstruct the G3 structure using the algorithm outlined earlier in this chapter. As the objective is to test if the noise in data intensity
harmonics is too significant for good reconstructions, we have performed two
sets of reconstructions: one set with the true harmonics (In ), and the other set
with data harmonics (I¯n ), and results are presented in the following subsections.
As pointed out in Section 4.3.2, data harmonics above n = 8 are dominated
by low-q noise, and are hence not reliable estimates of the true harmonics. In
both sets of reconstructions, harmonic projections are performed only up to a
maximum harmonic nmax = 8, even though the polar grid I(q, φ′ ) sampled Nφ′ =
50 points in the azimuthal direction.

4.4.1 Reconstruction from true intensity harmonics
Reconstructions were performed with true harmonics of G3, starting from random initial contrasts in a spherical support. If we define the size of G3 (lG3 ) to
be twice the distance between each gaussian center and the centroid, the oversampling ratio
s = lG3 /Lgrid ,
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(4.17)

where Lgrid is the reconstruction grid size, is chosen11 to be s = 20.
In each run, 1000 iterations of the difference map with (α, β, γ) = (0.5, 0.5, 1.0)
were executed, updating the support using shrinkwrap every 50 iterations after 200. Out of 20 runs, 16 obtained solution structures that were reasonably
accurate, and the results for a sample run are presented in Figure 4.7.

4.4.2 Reconstruction from data intensity harmonics
Reconstructions were performed with extrapolated data harmonics of G3, with
the same conditions used for reconstruction from true harmonics. Out of 20
runs, 14 obtained solution structures that were reasonably accurate, but the solution quality was generally poorer than when using true harmonics. The results for a sample run are presented in Figure 4.8.

4.4.3 Discussion
It is significant that, after removing interference through a simple extrapolation (Section 4.3.2), better estimates of single-particle intensity harmonics can
be obtained — even for subdominant harmonics. In Sections 4.4.1 and 4.4.2 we
have tried to compare the performance of the reconstruction algorithm, with
either true or data harmonics. While the algorithm performs as well as can
be expected12 for true harmonics, the results from data harmonics are not too
11

A large oversampling ratio had to be used, to provide extra constraints to make up for
missing harmonic information for n > 8.
12
We have not attempted to optimize reconstruction parameters or fine-tune the support update procedure to achieve greater accuracy — this tends to be a very involved procedure, and
would not serve our purpose of comparing how different input harmonics affect reconstruction
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far behind. Although noticeable artifacts are present when data harmonics are
used, the general features of G3 are often reconstructed. It will be interesting
to compare reconstruction results using data harmonics from (a) extrapolated
ρ = 0 correlations and (b) simple SVD of correlations at small ρR2c .
While the above study is by no means a thorough evaluation of whether ab
initio XFCA structure determination is actually possible, it does suggest that it
is possible to access subdominant harmonics of structures with high symmetry.
We have proposed a simple method of removing interference effects in the average correlation signal Cn , to obtain more reliable estimates of these subdominant
harmonics.
In this chapter, we have attempted to show how XFCA structure determination can be carried out, from a computational perspective, when only the target
molecules are present in the beam. In experiments, and especially that of biological samples, solvent scattering can play a major role, especially at small length
scales. To investigate the effects of solvent scattering, we need a theory that can
go beyond rigid structures, simply because liquid solvent molecules do move
around. In the next chapter, we discuss the application of XFCA to disordered
structures — in the probing of local symmetries.

results.
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Figure 4.2: Test structure G3, made of 3 gaussians arranged in an equilateral triangle. (Top) The real space density ρ(~r). (Bottom) The
Fourier intensity I(~q). Each gaussian has width 0.3Å, and is located 1Å from the centroid. Simulation boxes are defined on a
400 × 400 grid, with pixel size 0.2Å. In this chapter, plots of ρ(~r)
are zoomed in to an 80 × 80 square.
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Figure 4.3: Single-particle correlation harmonics Cn(1) (q1 , q2 ) for G3. In this
chapter, plots of intensity and correlation harmonics have qaxes labeled in units of Å−1 .
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Figure 4.4: (Top) Raw data correlation harmonics for G3 at density ρR2c =
1.6. The values of Cn near the diagonal q1 = q2 are rescaled
to enable off-diagonal elements to be visible. The brightness
of pixels is scaled such that the maximum brightness on each
panel is 1.0. and (Bottom) estimated single-particle correlation
harmonics Cn (q1 , q2 ) for test structure G3, based on diagonalizing the data correlation harmonics above.
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Figure 4.5: (Top) Extrapolated values of Cn (q1 , q2 ) at ρ = 0. (Bottom) The
rank-1 projection of the above.
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Figure 4.6: A comparison of intensity harmonics estimated from correlation data, against true harmonics In (q) of G3. The plots are
color-coded: (Blue) True harmonics; (Green) Estimated values
from ρR2c = 1.6 correlation harmonics; (Red) Estimated values
after extrapolation to ρ = 0. The top row (a-c) compares data
for n = 2, the middle row (d-f) n = 4, and the bottom row (g-i)
n = 6.
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Figure 4.7: Sample reconstruction of G3 from true intensity harmonics
In (q), up to nmax = 8. The plots are of the (a) contrast at iteration 10, (b) final contrast, (c) final Fourier intensity, and (d)
difference map error ǫ as a function of iteration step.

96

1000

(b)

(a)

(c)

102

(d)

101

100

10-1

0

200

400

600

800

Figure 4.8: Sample reconstruction of G3 from extrapolated data intensity
harmonics I¯n (q), up to nmax = 8. The plots are of the (a) initial,
contrast at iteration 10, (b) final contrast, (c) final Fourier intensity, and (d) difference map error ǫ as a function of iteration
step.
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CHAPTER 5
SIGNAL AND NOISE IN 2D X-RAY FLUCTUATION CORRELATION
ANALYSIS

In Chapter 3, we proposed a theoretical framework that encompasses both
CXS and XCCA, in the determination of single-particle structure and local orientational order. We have also developed a graphical approach in which the
terms in this calculation can be tracked relatively easily. The next question is:
what are the predictions of this theory? In particular, what information can we
gather about the average signal, and noise, in this theory, that can be tested with
simulations and experiments?
The program for this chapter is straightforward: In Section 5.1, I will show
the significant terms after ensemble averaging, and identify characteristics of
the (usually undesired) interference term. Simple selection and counting rules
will also be introduced, before we discuss the scaling behavior of terms. In
Section 5.2, I will attempt to elucidate properties of intrinsic noise in the highsignal regime — this constitutes a fundamental challenge in XFCA, even without experimental difficulties. I will refer frequently to the rules for ensembleaveraging as laid out in Section 3.4. Finally, in Section 5.3, I will briefly discuss
the complications and possible approaches to extend this 2D theory to 3D structures.

5.1 Ensemble-averaged correlation harmonics

Table 3.2 gives the full list of terms in the expansion for correlation harmonics
Cn (q1 , q2 ), and will be our starting point here.
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5.1.1 Negligible terms
First of all, note that from the Vertex Rule and Edge Rule 1 (for averaging
{φi , Φi j }), it can be shown easily that any isolated subgraph with a nonzero total
edge count carries a factor δ(n = 0). Because we are not interested in calculating
C0 in XFCA, these terms can be dropped out of our analysis. This applies to
graphs D-2-2-2-A and D-2-4-2-A.
Next, note that if any two vertices are joined only by a single edge (single bonds), as in i → j in D-2-2-1-A, or i → j in D-2-3-1-A, the integral from
Edge Rule 2 gives µ1 (0, qe ) ∝ exp(−(qRc )2 /2), which is much smaller than multiedge integrals and loops1 . As long as we operate within the regime qRc ≫ 1,
we can safely neglect these terms. This includes: D-2-2-1-A/B/C/D, D-2-3-1A/B/C/D.
In summary:
• Isolated subgraphs with nonzero total edge count carries a factor δ(n = 0),
and can be ignored in XFCA.
• Graphs with single bonds are generally negligible compared to graphs
with only double or higher bonds, and loops.

5.1.2 Significant terms: Properties
The only significant ensemble-averaged terms are:

D-2-1-1-A
1

A more detailed explanation can be found in Appendix A.
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X

n1 ,n2 ,n3 ,n4

(1)∗
(1)∗
(1)
A(1)
n1 (q1 )An2 (q1 )An3 (q2 )An4 (q2 ) ·

δ(n − n1 + n2 = 0)δ(−n + n3 − n4 = 0)
= In(1) (q1 )In(1)∗ (q2 )

(5.1)

D-2-2-1-E

X

n1 ,n2 ,n3 ,n4

(1)∗
(1)∗
(1)
A(1)
n1 (q1 )An2 (q1 )An3 (q2 )An4 (q2 ) µ2 (n − n1 + n2 , q1 , q2 ) ·

δ(n1 = n3 )δ(n2 = n4 )δ(−n1 + n2 + n3 − n4 = 0)
=

X

n1 ,n2

(1)∗
(1)∗
(1)
A(1)
n1 (q1 )An2 (q1 )An1 (q2 )An2 (q2 ) µ2 (n − n1 + n2 , q1 , q2 )

(5.2)

D-2-2-1-F

X

n1 ,n2 ,n3 ,n4

(1)∗
(1)∗
(1)
A(1)
n1 (q1 )An2 (q1 )An3 (q2 )An4 (q2 ) µ2 (n − n1 + n2 , q1 , q2 ) ·

δ(n1 = −n4 )δ(n2 = −n3 )δ(−n1 + n2 + n3 − n4 = 0)(−1)−n+n3 −n4
=

X

n1 ,n2

(1)∗
(1)
(1)∗
A(1)
n1 (q1 )An2 (q1 )A−n2 (q2 )A−n1 (q2 ) µ2 (n − n1 + n2 , q1 , q2 ) ·

(−1)n−n1 +n2

(5.3)

Recall that each edge represents intensity harmonics from correlations between densities of the molecules represented by the start and end vertices. This
naturally leads to the interpretation that graphs comprised of loops (such as D2-1-1-A) are single-particle terms, whereas graphs with non-loop edges (such as
D-2-2-1-E/F) come from interference.
The first question is: what is the multiplicity of each term?
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Scaling of multiplicity

For graphs with loops only, the multiplicity is simply the combinatorial factor
from counting the number of vertices Nv . With a large number of particles N,
N

PNv ∼ N Nv .
For graphs with non-loop edges, however, finite beam coherence causes in-

terference to be suppressed with distance between particles, and a neat way to
represent this in the multiplicity factor would be desirable. Mathematically, it is
possible to extract out physical dimensions from the edge integrals, by switching to the dimensionless variable x = R/Rc — this will be shown in Appendix
A.
Borrowing terminology from random graph models, one may assign a fixed
“bond probability” of p = ρR2c /(N − 1) ≈ ρR2c /N to each bond (be it single, double, etc.) between distinct vertices. Graph multiplicities are then calculated in
conjunction with these probabilities.
Example: D-2-1-1-A. This graph has Nv = 1, and is comprised only of loops.
Its multiplicity is NPNv = N.
Example: D-2-2-1-E/F. These graphs have Nv = 2, and one bond, Nb = 1. Its
multiplicity is NPNv × pNb ∼ NρR2c .
Im summary:

• The multiplicity factor from a graph of Nv vertices is simply NPNv .
• A bond probability of p = ρR2c /(N − 1) is applied to each bond independently.
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• With finite transverse coherence, single-particle terms in Cn (q1 , q2 ) scale as
∼ N, whereas interference terms scale as ∼ NρR2c .
If we had a sample at low-enough density, such that it is possible to have
ρR2c ≪ 1, we would not have to worry about interference at all2 . The remaining
questions are: If dilution is not possible, where will interference effects be most
significant? Are there general characteristics of interference terms, that allow
one to distinguish them from single-particle terms? These are encapsulated in
the double bond integral µ2 (ne , q1 , q2 ), as in (5.2), (5.3).

Interference terms: Double-bond integral µ2
What are some general properties of µ2 (ne , q1, q2 )? First, note that at q1 = q2 =
q, the integral can be solved analytically. Including factors of Rc in the bond
probability, we have
µ2 (ne , q, q) ∼

R2c Ine

!
q2 R2c −q2 R2c /2
e
∼ Rc /q
2

for qRc ≫ 1,

(5.4)

where Ine here is the modified Bessel function of the first kind. Along the diagonal, therefore, interference terms are proportional to the coherence radius Rc .
Relative to the amplitude harmonics of the particle, the interference term carries
an additional decay rate of q−1 .
The off-diagonal terms are not analytically solvable, but evaluating the integral numerically reveals the trend that for all ne , µ2 falls off rapidly away from
the diagonal (as |q1 − q2 | increases). While we have not studied the decay rate in
detail, it is clear from Figure 5.1 that the integral decays faster for larger Rc .
2

Of course, this assumes we don’t have to worry about solvent scattering.
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µ2 (0,q1 ,q2 )

q2 Rc /2π

6
5

5

4

4

3

3

2

2

1
1

2

3

q1 Rc /2π

4

µ2 (6,q1 ,q2 )

6

5

6

1
1

2

3

q1 Rc /2π

4

5

6

Figure 5.1: Plots of the numerically-evaluated integral µ2 (ne , q1 , q2), shown
for ne = 0, 6. Along the diagonal q1 = q2 , the integral has the analytic form (5.4). For all ne , the integral is observed to decrease
rapidly away from the diagonal.

In summary:

• Interference terms are localized along the diagonal q1 = q2 = q, where the
edge integral scales as ∼ Rc /q for qRc ≫ 1.
• Interference effects decay rapidly away from the diagonal, and decay rate
is faster for larger Rc .

Synthesizing these ideas together, we come to the conclusion that for beam
with larger coherence length Rc , even though the interference terms are larger,
its effects are more localized along the diagonal. These indicate that off-diagonal
terms are less affected by interference, as shown in Figure 5.2. Would it be better to use a fully coherent beam, such that (1) interference effects are confined
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to a narrow region along the diagonal, (2) off-diagonal elements are uncontaminated by interference, and (3) diagonal elements can be determined by simple
interpolation?

Ensemble-averaged signal C6
(a)

(b)

(c)
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q2
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q1

5

6
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4

q1
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Figure 5.2: Sample plots of hC6 i for a 3-fold symmetric test particle of size
l ∼ 2.5Å, where n = 6 is the dominant harmonic. Data was
simulated with a periodic box of length 80Å, to . 1% uncertainty. The different plots are for (a) N = 1 particle in box, fully
coherent beam, (b) N = 1000, coherence length Rc = 5.0Å, and
(c) N = 1000, Rc = 40.0Å. Note that correlation magnitudes
along diagonals are rescaled to the same scale as off-diagonal
elements.

The short answer is: no. Up to this point, we have not considered the noise
in measured correlation harmonics. Besides instrumentation issues, there is intrinsic noise in ensemble-averaging also, which we will address first. In the
following, we (a) calculate the dominant contributions to correlation noise, (b)
show that the intrinsic noise scales as δCn ∼ Rc — therefore, full coherence is
a bad idea — and (c) suggest how intrinsic noise may be estimated via online
processing.
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Ne

Nv

Nc

4

1

1

2

1

A

B

C

D

E

F

G

H

I

J

2
3

1
2
3

4

1
2
3
4
Table 5.1: Catalog of undirected, unlabeled graphs for squared correlation
harmonics |Cn (q1 , q2 )|2 , with number of vertices 1 ≤ Nv ≤ 4. Undirected, unlabeled graphs are referenced using the convention UNe -Nv -Nc -(A-Z). Graphs with a red frame represent significant
terms in the ensemble average.

K

L

Ne

Nv

Nc

4

5

1

A

B

C

D

E

F

G

2
3
4
6

2
3
4

7

3
4

8

4

Table 5.2: Catalog of undirected, unlabeled graphs for squared correlation
harmonics |Cn (q1 , q2 )|2 , with number of vertices 5 ≤ Nv ≤ 8. None
of these terms are significant in the ensemble average.

5.2 Noise in correlation harmonics

Intrinsic noise in correlation harmonics, δCn , is defined simply as its standard
deviation with respect to ensemble averaging:

δCn2 = h|Cn |2 i − |hCn i|2

(5.5)

where h. . .i refers to averaging with respect to particle orientations {φi } and
relative positions {Φi j , Ri j }. We have calculated hCn i in the previous section: it
contains only the graphs D-2-1-1-A and D-2-2-1-E/F. The next step is to calculate
the ensemble average of the correlation harmonics-squared:

|Cn (q1 , q2 )|2 = In (q1 )In∗ (q2 )In∗ (q1 )In (q2 )

(5.6)

To this end, we must consider four-edge graphs: one positive edge and one
negative edge with each momentum label q1 , q2 . To list and study all possible
graphs is obviously a gargantuan task. Thankfully, it is possible to infer scaling
behavior from unlabeled, undirected graph projections, and this is where we
will proceed. Tables 5.1, 5.2 together comprise the full list of undirected fouredge graphs, sorted in a convention similar to that of Table 3.2.
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5.2.1 Dominant noise terms
If we apply the selection rules as described in Section 5.1.1, we can identify 9
significant undirected, unlabeled projections in the expansion3 , framed in red in
the tables. Further, if we consider the counting rules in Section 5.1.2, the most
significant terms are U-4-4-2-A and U-4-3-2-A, scaling as N 2 (ρR2c )2 and N 2 (ρR2c )
respectively.
Now, which terms remain in the difference (5.5)? Detailed evaluation of all
terms in δD2n indicates that dominant terms4 can, in fact, be represented as an
outer product of a sum of terms. This is depicted by labeled, undirected graphs
in Figure 5.3. The terms involved are a subset of the following unlabeled, undirected graphs (with multiplicity scaling in brackets):
• U-4-4-2-A [N 2 (ρR2c )2 ]
• U-4-3-2-A [N 2 (ρR2c )]
• U-4-2-2-A [N 2 ]
• U-4-3-1-A [N(ρR2c )2 ]
• U-4-2-1-C [N(ρR2c )]

Finally, we return to the question posed at the end of Section 5.1.2, where
having interference localized to the diagonal — by tuning to large Rc — seems
preferable for probing single-particle correlations. Considering the scaling behavior of µ2 integrals, graph U-4-4-2-A scales as R2c , so δCn ∼ Rc . Localizing
3

Graphs containing 3- and 4-cycles, such as U-4-3-1-C and U-4-4-1-A, are special in that one
set of bond variables (Ri j , Φi j ) is fixed by the others in the cycle. However, a careful calculation of these terms reveals that the other single bonds still produce the usual Gaussian factors,
rendering these terms negligible.
4
The remaining terms are at least one factor of N smaller than the most abundant ones in this
group.
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Figure 5.3: Representation of dominant terms in intrinsic noise δCn2 as an
outer product, of terms involving only one momentum label
each.

interference effects to the diagonal by increasing Rc thus comes at the cost of
increased noise. (Compare Figure Figures 5.4 with 5.2.) For an experiment like
XFCA, in which single-DP signals are extremely noisy, it would seem most economical to reduce the signal noise first, and seek alternative ways for separating out interference effects. (A simple method based on tracking how the signal
changes with density ρ was proposed in Section 4.3.2.)

5.2.2 Estimating intrinsic noise in high-density experiments
When performing large-scale experiments that require data to be taken over
prolonged periods of time, it is desirable to have real-time feedback on signal
quality, and an estimate of how much data — how many diffraction patterns
(DPs) — is required to obtain a high enough signal-noise ratio. It is known
that XFCA experiments are of that nature: while simulations may be carried out
on known structures (prior to experimentation) to estimate the number of DPs
needed, this may not work well when probing unknown structures. While the
issue of shot noise and structural noise is beyond the scope of this thesis, the
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Single DP SNR = C6 /δC6
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Figure 5.4: Log-plot of single-DP signal-noise ratio of trials corresponding
to Figure 5.2(b-c). At fixed box size and particle density, simulations were done with (a) coherence lengths Rc = 5.0Å, and (b)
Rc = 40.0Å.

results in the previous section hint at a method for estimating intrinsic noise in
real time.
Coincidentally, the terms involving each momentum value in Figure 5.3 look
like the non-negligible terms in correlation harmonics Cn , as discussed in Section
5.1 — these terms are exactly equal to Cn (q1 , q2 ) along the diagonal q1 = q2 .
Ignoring other contributions to intrinsic noise, the single-DP signal-noise ratio
is exactly 1, so a mere 104 DPs is sufficient to estimate Cn (q, q) to within 1%.
Would it then be possible to use the diagonal signal to estimate the intrinsic
noise across the correlation harmonic matrix Cn (q1 , q2 )?
This claim was tested on the G3 test structure, in two ways:
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(1)

Cn (q1 , q1 )Cn∗ (q2 , q2 ) was compared qualitatively with δCn (q1 , q2 )2 (Figure 5.5), and
(2) the principal component of δCn (q1 , q2 )2 was compared with Cn (q, q) quantitatively (Figure 5.6(a)). As shown in Figure 5.6(b), the second and smaller principal components of δCn (q1 , q2)2 were typically two orders of magnitude smaller
than the first, indicating a ∼ 1% error in the estimate of noise.

(a)
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Figure 5.5: A series of tests were made to verify if the intrinsic noise δCn is
dominated by the outer product expressed
graphically in Figp
ure 5.3. The plots of (a) δC6 (q1 , q2 ), (b) C6 (q1 , q1)C6 (q2 , q2 ) were
made on the same color scale, and differ by less than 1%. Data
was taken from N f = 105 DPs at N = 1000, ρR2c = 250.

This result might enable experimenters to obtain better signal-noise estimates: a two-step experiment may be conducted. An initial run may be performed to estimate the diagonal signal Cn (q, q) and noise levels. From that, it is
possible to estimate how many more DPs are required to resolve off-diagonal
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Figure 5.6: Tests to verify if intrinsic noise δCn is dominated by terms in
Figure 5.3. (a) compares C6 (q, q) and the principal component
(PC) of δC62 . (b) Shows the distribution of top 10 eigenvalues
λi for δC62 . Data was taken from N f = 105 DPs at N = 1000,
ρR2c = 250.

correlations that are weaker by a factor of ρR2c . However, we note that this result
does not take into account of photon shot noise, or other experimental imperfections.
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5.3 Correlation harmonics in 3D

5.3.1 Solution scattering
So far, we have only considered the imaging of 2D structures, or projection
imaging of 3D structures aligned on an axis. It is evident that extending the
proposed theory for XFCA to 3D will be a difficult task, as it is necessary to consider two other rotational degrees of freedom ψ, χ. This gives rise to a spectrum
of structures with different 2D projections. Incorporating uncountably many
structures ρψ,χ (~r) along these two extra rotations is obviously difficult, but it
is possible to count the number of uncorrelated structures by considering the
single-particle speckle sizes. (A possible complication of this is that the number
of uncorrelated structures will vary with the momentum q being probed.)
Given a diverse population of 2D structures in the beam, single-particle
terms in Cn simply add up independently, as would be expected in the graph
representation. However, interference terms between structures with different
(ψ, χ) will need to be treated with caution. Although intuition (from the English
wording) may suggest that uncorrelated structures would produce net zero intensity correlations, we are inclined to assume that the situation may not be that
simple, and that in-depth investigation should be conducted. In Section 6.1, we
will make preliminary steps in this direction.
In calculating intrinsic noise δCn , a further complication is that structures
(1)
with different (ψ, χ) give different single-particle signals Cψ,χ,n
. Therefore, even

at N = 1, there will be nonzero intrinsic noise δCn . On top of that, the effects of
interference terms (which dominate the intrinsic noise in the single-population
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theory proposed here) are not known yet.

5.3.2 3D imaging of axially-aligned structures
To study experimental scheme for 3D imaging of axially-aligned molecules [10],
our theory of XFCA can be extended in a different direction. While there is still
one rotational degree of freedom φi associated with each molecule, its effect on
scattering amplitudes cannot be expressed as a simple phase factor exp(inα φi ).
In fact, the vertex factor (3.52) would need to be written in a different form.
The vertex rule (3.57), used for integrating over {φi }, would therefore need to be
modified, giving rise to different relations between harmonic indices nα .
Thankfully, the edge rules — which integrate over relative positions — will
not change. Since scaling behavior depends only on the number of vertices,
and edge integrals, results for the relative significance of terms should remain
largely unchanged.
When calculating intrinsic noise in this case, one will also face similar challenges to that in solution scattering.
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CHAPTER 6
X-RAY FLUCTUATION CORRELATION ANALYSIS: LOCAL
ORIENTATIONAL ORDER

Having derived a set of predictions of our theory of XFCA in 2D, we now
launch into an exploratory section of this thesis, by trying to tackle an especially
difficult issue: local orientational order in water. Although some significant
insight has been gleaned from our preliminary studies, the work is far from
complete.
In Chapter 4, we saw how XFCA can be applied in 2D projection imaging,
by imaging ensembles of identical particles, randomly oriented about an axis:
single-particle Fourier intensity angular harmonics In(1) (q) can be determined
from angular correlations in scattering intensity. In disordered/glassy systems
such as colloids and liquid crystals, short-range, anisotropic, and transient local
structures (LSs) often arise due to nearest-neighbor interactions between particles. In these systems, we are usually interested in probing the time constants
and spatial symmetry of these LSs, rather than reconstructing an average structure. On the spatial side, theoretical measures such as bond-orientational order
(BOO) have been extensively studied in the literature. See, for instance, [39, 53].
The definition of order parameters for BOO is based on precise knowledge
of individual particle positions, and was hence not easily accessible for most
nanoscale/atomic systems. However, following initial work by Cantrell [3]
proposing single-scattering intensity correlations (in space and time) as a probe
of local structure, many experimental schemes to obtain such correlation functions have been developed. Clark and co-workers applied visible-light scattering correlations in the study of BOO on a 2D colloidal system [5], while a
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similar correlation analysis was applied to STEM micrographs of amorphous
germanium[16] and carbon[11]. In the ensuing decades, application of intensity
correlations in studying disordered nanostructures has seen significant success
in thin film STEM.
While optical scattering correlation methods have continued to be developed, using single-scattering of X-rays to probe thick samples1 at atomic scales
has been challenging, because of the low scattering cross-section of X-rays. With
the advent of X-ray free electron lasers (XFELs), there has been renewed interest
[56] in using spatial correlations in X-ray scattering to probe the local orientational order of nanoscale LSs in disordered systems.
In more recent years, spatial intensity correlation analysis continues to be
used as a probe of LS symmetries in amorphous thin films in the realm of electron microscopy (for instance, see [14, 57]). On the other end, efforts by Altarelli,
Kurta, Vartanyants, and co-workers [1, 29, 28] have sparked renewed (albeit limited) interest in X-ray scattering correlation analysis probing short range order
in disordered systems. To date, experiments reported in this area have been
at the proof-of-principle level, with the use of synchrotron X-rays in studying
liquid crystals [31, 58] or visible-light lasers for model 2D colloids [51].
While XFCA is often formulated in terms of general momentum-pair values (q1 , q2 ), as introduced in Section 3.2, a common line running through most
reported simulations and experiments is that attention is focused almost exclusively on the autocorrelations of individual resolution rings, i.e. where q1 = q2 .
We suspect that signal-noise issues may be barring researchers from accessing
the “off-diagonal” elements of the correlation harmonic matrices2 . Compared
1
2

As compared to electrons for thin samples.
We have proved the following quantitative results in our discussion of scaling behavior in

116

to off-diagonal terms, which do not scale with density, dominant terms on the
diagonal — which come from long-range interference (inter-LS terms) — scale
linearly with density. In densely-packed disordered systems, the signal-noise
ratios can be orders of magnitude apart.
That said, a few studies have attempted to probe off-diagonal correlation
signals in amorphous structures. Kurta and co-workers [27] pointed out in a
simulation study that diagonal correlation harmonics Cn (q, q) are dominated by
interference terms, whereas off-diagonal terms show significantly diminished
interference effects. While X-ray experiments on off-diagonal terms have not
been published, Li and co-workers performed an experimental study on TEM
images of amorphous carbon, and measured total correlations [33] across resolution rings. However, they did not attempt to perform a harmonic analysis of
the correlation signal.
Currently, there is limited understanding of the XFCA signal in disordered
materials. While the relative magnitude of single-LS scattering and inter-LS
scattering has been studied briefly, a concrete understanding of how these terms
relate to the LSs being probed is still lacking. In Section 6.1, we attempt to provide a means of interpreting the correlation harmonics in XFCA symmetry probing, by bridging to the theory of XFCA structure determination — interference
included. In particular, we consider how identical 3D LDs can have different 2D
projections, essentially producing a heterogeneous mixture of 2D LSs. We will
highlight the limitations of this theory, and encourage further investigation in
these.
To date, several simulation studies have used XFCA to probe local oriChapter 5.
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entational order in simple test structures, such as assemblies of sphericallysymmetric particles with well-defined symmetry. Following this approach as
a proof of principle, we performed a series of simulations to study LSs that are
tetrahedral arrangements of oxygen atoms. A very similar study was presented
by Kurta and co-workers [30] — their study focuses on the stability of the diagonal XFCA signal with respect to perturbations in the tetrahedral structure:
they concluded that the signal was quite robust. In Section 6.2, we will study
the behavior of single-LS and interference terms in the full correlation matrix,
as the density of tetrahedra approaches that of liquid water. Here, we will also
demonstrate the necessity of partial coherence (either physical or simulated) in
accessing off-diagonal correlation matrix elements.
In Chapter 4, we looked at how we might use XFCA to determine biomolecular structures. Since water is the ubiquitous solvent in all biological systems,
it is not possible to avoid dealing with the water correlation signal and noise in
these applications. Does water exhibit significant BOO that will produce a significant signal, at length scales close to the nearest-neighbor distance of 2.81Å, or
longer length scales? If so, what does the correlation signal look like? Perhaps
more importantly, how significant is the noise coming from water scattering?
Within the scientific community, no clear consensus has been reached regarding
the local structure of water, and no studies have been reported thus far on the
correlation signal from water. In Section 6.3, we will take some first steps in
this direction, by considering scattering correlations from MD simulated water
boxes. Through these, we (a) evaluate the feasibility of using XFCA in probing
water structure, and (b) assess the significance of correlation noise due to water
scattering, when performing XFCA on biomolecules under ambient conditions.
We will also briefly discuss the issue of shot noise, especially with regards to
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current XFEL capabilities.

6.1 XFCA local symmetry probing in disordered structures

In Chapter 3, we have already shown that in 2D, the mathematical treatment for
XFCA structure determination and symmetry probing are identical. However,
so far, we have only formulated the theory in terms of identical “molecules”, or
LSs. In disordered systems, this is obviously too strong an assumption.
Usually, it is assumed that we can see the correlation signal as that of an
“average LS” that reflects the dominant symmetry order. For instance, the magnitude of correlations in the n = 6i harmonics was used as a measure of the
6-fold BOO in liquid crystal membranes in the hexatic phase, and “melting” of
these harmonics was studied in connection with the transition to the smectic
phase. This level of analysis serves as a useful phenomenological tool in studying changes in local order, and has been widely applied to 2D systems.
In 3D systems, the situation gets more complex: Even simple LSs, such as
tetrahedra, cubes, and octahedra, display different 2D symmetries when projected3 from different directions. In an attempt to relate the results of XFCA
(which is always in 2D) to 3D structures, we have taken baby steps at trying to
quantify the XFCA signal when 2D LSs with different symmetries are present.
In the following, we try to relate XFCA correlation harmonics to the amplitude
harmonics of constituent LSs.
3

In this section, we will ignore Ewald sphere curvature for simplicity.
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6.1.1 Correlation harmonics of a 2D heterogeneous mixture
Here, we propose a simple extension of the calculations in Section 5.1 to a mixture of two LSs, α and β, with distinct symmetries. In the following, suppose
that species α has relative abundance rα , and for species β, rβ = 1 − rα .
It is obvious, from the graphical representation (see Table 3.2), that singleparticle terms (D-2-1-1-A) Cn(α,β) (q1 , q2 ) are present in stoichiometric ratios:
Cn (q1 , q2) = rαCn(α) (q1 , q2 ) + rβCn(β) (q1 , q2)

(6.1)

Since information about LS symmetries is (see (3.52)) encapsulated in amplitude harmonics A(α,β)
(q), in the vertex factors Vi(α,β) (q), the ensemble-averaging
n
rules are unchanged even when multiple species are present. The only other
significant terms are the D-2-2-1-E/F, as (5.2, 5.3) with corresponding species
indices. Given the scaling behavior with respect to overall density, it may be
possible to remove D-2-2-1-E/F (interference terms) from the correlation harmonics by extrapolating to ρ = 0, as described in Section 4.3.2. It may be possible, then, to use SVD to extract intensity harmonics of each species.
The result is that, if interference effects can be removed by extrapolation,
the resultant correlation harmonics is just a sum of single-particle correlation
harmonics (in stoichiometric ratios), and intensity harmonics of each species
may be identified by SVD. Preliminary simulation tests for this theory have been
planned, due to time constraints, the relevant code has not been written up yet.
While hardly surprising when spelled out, the above paragraph sets the
stage for inferring 3D LS shapes from 2D XFCA data. In particular, we may
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consider different projections of 3D LSs as independent, distinct 2D LSs4 . With
this, the argument for canceling interference effects (by extrapolating to ρ = 0)
carries over, giving us a handle on intensity harmonics In (q) of the 2D projections by generalizing (6.1). We will attempt to do this with simulated data on a
simple LS in Section 6.2.

6.1.2 Limitations of theory in dense systems
It should be noted that, throughout our treatment of XFCA in this thesis, we
have assumed that there are no correlations (in both positions and orientations)
between distinct LSs. Although this is a valid, simplifying assumption at low
densities (in the structure determination regime), this does not hold for densepacked systems. The deviations from our theory can be phrased as two (nonindependent) forms of interaction: (a) excluded-volume, and (b) joined-vertex
interactions.
By volume exclusion, we mean that in real systems, it would not be possible
to have two distinct LSs occupying the same volume. A mathematically simple
way of modeling this phenomenon is to impose a spherical exclusion volume
by setting the lower limit to the integral in Edge Rule 2 (3.61). Preliminary
simulations with spherical exclusion volumes show significant distortions in
the correlation harmonics of 3D tetrahedra (data not shown).
The second interaction, we believe, is a stronger interaction between LSs,
and thus might lead to greater deviations from our simple theory. Unfortu4

Consider an Euler-angle representation for SO(3): the angles ψ, χ define a 2D projection
plane, and the last angle ψ denotes an in-plane rotation of the LS. The parameters ψ, χ may be
discretized to give a finite number of statistically different projections.
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nately, simulating this effect would be computationally challenging, perhaps in
a way analogous to protein folding5 .
Noting these difficulties, however, we sought to see what we can infer about
3D LSs from XFCA correlation harmonics. In the following, we present results
on a toy model of water, and an exploration of MD-simulated water boxes.

6.2 Toy model: 3D oxygen tetrahedra

The local structure of water has been an issue of debate in the previous decades,
with two main competing models: the tetrahedron and chain models. For the
rest of this chapter, we attempt to see if XFCA can provide more direct structural
evidence to resolve this controversy. To start, we simulated boxes of O atoms
arranged in tetrahedra (with 4 atoms of vertices and 1 at the centroid), where
the O-O distance matches the experimentally accepted value of 2.82Å. We will
refer to this structure as TetO.

6.2.1 Simulation results
In our TetO simulations, we used a beam wavelength of 1.0Å, and accounted
for the Ewald sphere curvature. The single-particle correlation harmonics (1 ≤
n ≤ 6) are shown in Figure 5.2.
A series of simulations with different densities were performed, up to the
density of water, assuming no correlations between LSs. 2D diffraction patterns
5

The basic challenge here is: how do we arrange atoms such that all (or most) LSs form
distorted versions of the LS shape we want?
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Figure 6.1: Average single-particle correlation harmonics for TetO.

were processed with an anisotropic filter6 to simulate isotropic gaussian beam
coherence, with correlation length Rc = 8.0Å.
The extrapolation procedure of Section 4.3.2 was applied to data with densities ρ/ρ0 = 0.1, 0.2, 0.3, 0.4, 0.5. In Figure 6.2, estimates of single-LS correlation
harmonics at ρ/ρ0 = 0.1 is compared with estimates from the extrapolated ρ = 0
data.
6

as described in Section 2.2.2
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Discussion

First, extrapolating correlation harmonics to ρ = 0 appears to be a suitable procedure here, as seen by comparing Figures 6.1 and 6.2. Note that if we blindly
applied SVD to the extrapolated harmonics, as a means to remove low-q noise
(which features sharply in the n = 2harmonic), we would obtain rank-1 projections that were quite different from the single-LS picture in Figure 6.1. This is
consistent with our discussion in Section 6.1.1, where freely-rotating, rigid 3D
structures are modeled in terms of a heterogeneous mixture of 2D projections.
Second, it is important to note that in our simulations, TetO LSs were positioned and oriented randomly in the box, independent of other LSs. This means
that, especially at high densities, we may have had LSs with overlapping volumes. To test the effects of exclusion-volume interactions, we have attempted
to simulate boxes where the centers of LSs are required to be at least 4Å apart.
Preliminary results show significant deviations near the diagonal q1 = q2 , but
more detailed analysis is required to draw any conclusions there.

6.2.2 Necessity of partial coherence
In our simulations, we defined correlation noise as the standard deviation of
correlation harmonic pixel values Cn (q1 , q2 ) across diffraction patterns (DPs).
Figure 6.3 shows the single-DP signal noise ratio for TetO boxes at 10% the density of water, ρ/ρ0 = 0.1. The simulations were performed with boxes 80Å in
length. In off-diagonal regions, at which the single-particle signal is significant,
the single-DP signal-noise ratio lies in the range 0.01 − 0.05.
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Recall that, with full beam coherence, correlation noise7 scales as ∼ N 2 =
(ρ · V)2 , where V is the sample volume. Scaling these numbers to a more realistic
sample volume V ∼ 1µm, even if we stay at ρ = 0.1ρ0 , we have an intrinsic (before
shot-noise) signal-noise ratio of 10−14 , which cannot possibly be managed. To
probe dense atomic-level structures such as TetO, or real water, it is absolutely
necessary to reduce correlation noise.
A simple way to do this without sacrificing beam quality is to apply a suitable smoothing filter to DPs, so as to simulate the effects of partial coherence.
Operating with a small coherence length of Rc = 8Å seems to reduce intrinsic noise to a more manageable level, with ∼ 106 DPs giving good estimates of
single-LS correlations. In the next section, we note that even with partial coherence applied by this post-processing trick, we would still need a large number
of DPs to study off-diagonal correlations in disordered material.

6.3 Water structure

In this section, we present correlation harmonics obtained from simulations of
water molecules performed using molecular dynamics (MD), with the TIP3P
and TIP4P-Ew potentials. The simulation box data were kindly provided by
Kirmizialtin and Case, respectively.
7

This result was shown in Section 5.2.
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6.3.1 Results with high beam intensity
Figures 3.1, 3.2 show the correlation harmonics obtained from simulated MD
water molecules. Note that the two potentials yielded structures that produced
sharp differences in the n = 5, 6 harmonics. In Figures 6.4-6.7, we attempt to
illustrate the statistical significance of the differences observed.

6.3.2 Shot noise with current beam capabilities
So far, we have operated in the regime of high photon counts, such that shot
noise is not an issue. However, water is in fact a very weak scatterer of X-rays.
Even with the most intense coherent sources available now, an assembly of 5
water molecules scatters an average of 0.5 photons. While this still gives a 1%
probability of any such assemblies scattering 2 photons (without which intensity correlations cannot be detected), it does indicate that shot noise will be very
significant in an experimental study of water intensity correlations. Preliminary
runs with realistic photon counts appear to indicate that shot noise dominates
the intrinsic noise (which we have been discussing so far) in this regime.
Unfortunately, at the time of completion of this thesis, we have not been able
to ascertain the minimum beam intensity required for shot noise from water
to be manageable. From our simulations with TetO, however, we found that a
minimum of 10 photons per tetrahedron is required, for peak values at n = 6
to be resolved, given 107 DPs. While plans for the construction for LCLS-II
in Stanford8 offers exciting opportunities for work in this area, a more careful
8

Suggested improvements include increased beam intensity, as well as higher data frame
rep-rates.
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study is required to reach firm conclusions about the feasibility and required
conditions.

127

n=1

n=2

n=3

n=4

n=5

n=6

2
3
5
10
2
3
5
10
10 5

3

2

10 5

3

2

10 5

3

n=1

n=2

n=3

n=4

n=5

n=6

2

2
3
5
10
2
3
5
10
10 5

3

2

10 5

3

2

10 5

3

2

Figure 6.2: Estimated single-particle correlation harmonics from different
data sets. (Top) Estimates were obtained by directly performing SVD on data at density ρ/ρ0 = 0.1. (Bottom) Data from
ρ/ρ0 = 0.1, 0.2 . . . , 0.5 was first extrapolated to ρ = 0. SVD was
then applied to extract the rank-1 component as an estimate of
single-particle correlation harmonics.

128

2

n=1

n=2

n=3

n=4

n=5

n=6

3

2
3
5
10

10 5

3

2

10 5

3

2

10 5

3

2

Figure 6.3: A logarithmic plot of single-DP signal noise ratio for correlation harmonics of TetO with full beam coherence, at density
ρ/ρ0 = 0.1. In this case, noise is defined as the standard deviation across different sampled boxes.
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Figure 6.4: A 3D relief plot of the real part of correlation harmonics
Cn (q1 , q2), with TIP3P or TIP4P-Ew water potentials near 300K.
Data for n = 5. Values near q1 , q2 are omitted for clarity.

130

Figure 6.5: A 3D relief plot of the real part of correlation harmonics
Cn (q1 , q2), with TIP3P or TIP4P-Ew water potentials near 300K.
Data for n = 6. Values near q1 , q2 are omitted for clarity.
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Figure 6.6: A plot of the statistical significance of deviations observed in
correlation harmonics from TIP3P and TIP4P-Ew water potentials.The value being plotted is d = ∆Cn /|σ|, and saturated (red)
pixels have d > 5. Data is shown for n = 5. Values near q1 , q2
are omitted for clarity.
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Figure 6.7: A plot of the statistical significance of deviations observed in
correlation harmonics from TIP3P and TIP4P-Ew water potentials.The value being plotted is d = ∆Cn /|σ|, and saturated (red)
pixels have d > 5. Data is shown for n = 6. Values near q1 , q2
are omitted for clarity.
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CHAPTER 7
CONCLUSION

In this thesis, we have reviewed two distinct, but related theoretical treatments of X-ray Fluctuation Correlation Analysis (XFCA), in structure determination or probing local orientational order.
The theory known as Correlated X-ray Scattering (CXS) can be seen as a natural extension of small-angle X-ray scattering (SAXS), by obtaining more structural information through spatial correlations in scattering intensities. CXS assumes that interference between particles can be neglected by either (a) diluting the solution such that inter-particle distances exceed the beam coherence
length, or (b) reducing the momentum space sampling resolution, and thereby
limiting the spatial range for density-density correlations. However, contrary to
intuition, it has been observed experimentally by Pedrini and co-workers that
interference effects are noticeable even in the dilute case.
In Chapter 3, we have developed a theory that incorporates interference
terms. In conjunction with this theory, we developed a graphical tool to calculate interference effects, showing how they vary with beam coherence and
density. We have argued that incorporating interference effects in analyzing
CXS data is probably a more sensible approach experimentally, as it is not practical to dilute the sample (to reduce interference effects) so much that solvent
scattering begins to dominate the correlation signal.
Before discounting the possibility of performing ab initio reconstructions
with single-particle intensity harmonics, as obtained in CXS, we have sought
to find a way of removing interference effects from our correlation signals. In
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Chapter 4, after introducing the reconstruction scheme proposed by Elser, we
have endeavored to show that it was possible to extrapolate data at finite densities back into the single-particle (zero density) limit. This was done using simulated data with different sample densities, and reasonably close estimates of
single-particle intensity harmonics were obtained. We tried also to evaluate the
feasibility of ab initio reconstructions using these estimates, by benchmarking
against reconstructions from known intensity harmonics.
Moving further with our theory, we have performed a systematic calculation
of ensemble averages of intensity correlation harmonics. In Chapter 5 we performed a full calculation of the correlation harmonic signal and intrinsic noise.
It is practically impossible to eliminate water from biological samples (except
perhaps in crystals), so a few critical questions we need to tackle are: What does
the water correlation signal look like? How noisy is it? Is it possible to subtract
out water correlations, to obtain information on solute particles? We have made
preliminary steps to answer these questions, or more accurately, determine if
the solutions to these questions can be found experimentally.
As ambient water is a disordered system, we sought to apply X-ray Cross
Correlation Analysis (XCCA) to the study of water structure. In Chapter 6, we
attempted to supplement the XCCA theory by Altarelli, Kurta, and co-workers
with insight from CXS, through our overarching theory of XFCA. It seems possible that more information can be gathered about local structures than what
has been done. Although it must be admitted that there are significant problems in directly applying this theory to dense systems, it may be a useful step
in furthering our understanding of XCCA data.
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We have performed XFCA simulations of a toy model of tetrahedral water,
and with water structures simulated using molecular dynamics. Some interesting characteristics in the correlation harmonics are noted. In particular, it is
evident the correlation harmonics showed much more pronounced differences
than what has been seen in SAXS data. However, preliminary simulations of
shot noise (based on current X-ray beamline capabilities) indicate that shot noise
is too high for experimental verification of these findings.
It is clear that much more work can be done in the development of theories
to study spatial correlations of X-ray scattering intensities. Kam’s initial proposal began with a dream: to apply this method to imaging biological macromolecules in solution. On some level, significant progress has been achieved in
that direction — CXS has been successfully applied to low-resolution imaging of
simple, strongly-scattering structures. However, currently, it is still impossible
to approach atomic resolution with this technique, due to water scattering.
The dream of ab initio biomolecular imaging under ambient conditions is
still beyond the horizon1 . Perhaps, with ever brighter X-ray sources, and with
higher rep-rates, we would one day be able to solve the great mystery about
the local structure of water, and finally overcome this as-yet insurmountable
barrier.

1

Or perhaps, a more appropriate metaphor would be “a treasure trove submerged deep underwater”.
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APPENDIX A
LIST OF BESSEL FUNCTION INTEGRALS

A.1 Integrals over relative coordinates

The R-integrals from Edge Rule 2, introduced in Section 3.4 have integrands involving Bessel functions Jn (x), and take different forms for bonds with different
numbers of edges, i. For i = 1,
Z

∞

2

2

2πR dR e−R /2Rc Jn′ (qR)
0
Z ∞
2
2
= 2πRc
x dx e−x /2 Jn′ (qRc x),

µ1 (n , q) =
′

0

(A.1)
(A.2)

where x = R/Rc .
For i = 2,
µ2 (n , q1 , q2 ) =

Z

∞

2

2

2πR dR e−R /Rc Jn′ (q1 R)Jn′ (q2 R)
0
Z ∞
2
2
= 2πRc
x dx e−x Jn′ (q1 Rc x)Jn′ (q2 Rc x).

′

0

(A.3)
(A.4)

For i = 3,
Z

∞

2

2

(A.5)
2πR dR e−3R /2Rc Jn′ (q1 R)Jn′′ (q2 R)Jn′ +n′′ (q3 R)
0
Z ∞
2
x dx e−3x /2 Jn′ (q1 Rc x)Jn′′ (q2 Rc x)Jn′ +n′′ (q3 Rc x). (A.6)
= 2πR2c

µ3 (n , n , q1 , q2 , q3) =
′

′′

0

Finally, for i = 4,
µ4 (n′ , n′′ , n′′′ q1 , q2, q3 , q4 )
Z ∞
2 2
=
2πR dR e−2R /Rc Jn′ (q1 R)Jn′′ (q2 R)Jn′′′ (q3 R)Jn′ +n′′ +n′′ (q4 R)
0
Z ∞
2
2
x dx e−2x / Jn′ (q1 Rc x)Jn′′ (q2 Rc x)Jn′′′ (q3 Rc x)Jn′ +n′′ +n′′′ (q4 Rc x).
= 2πRc
0
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(A.7)
(A.8)

A.2 Discussion of solvable integrals
First, we note that A.2 is exactly solvable for qRc > 0, n′ = 0:1
2

µ1 (0, q) = 2πR2c r−(qRc ) /2

(A.9)

In practice, this term is negligibly small when probing distances smaller than
the correlation length, 2π/q < Rc , especially when compared to µ2 (n′ , q, q).
The other integrals, in general, are not solvable analytically. However, for
i = 2, the diagonal q1 = q2 = q integral evaluates to:
µ2 (n , q, q) =
′

πR2c

−(qRc )2 /2

e

In′

!
(qRc )2
.
2

(A.10)

At large, real z = qRc & 20, the modified Bessel functions In′ have the asymptotic
behavior In′ (z) ∼ ez z−1/2 , so µ2 (n′ , q, q) ∼ Rc /q.

1

Because of Edge Rule 1, we are guaranteed to encounter only n′ = 0 in single bonds.
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