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ABSTRACT 

 

This paper develops a mathematical model and solution procedure to identify an 

optimal zonal pricing scheme for automobile traffic to incentivize the expanded use of 

transit as a mechanism to stem congestion and the social costs that arise from that 

congestion. The optimization model assumes that there is a homogenous collection of 

users whose behavior can be described as utility maximizers and for which their utility 

function is driven by monetary costs.  These monetary costs are assumed to be the 

tolls in place, the per mile cost to drive, and the value of their time. We assume that 

there is a system owner who sets the toll prices, collects the proceeds from the tolls, 

and invests those funds in transit system improvements in the form of headway 

reductions. This yields a bi-level optimization model which we solve using an iterative 

procedure that is an integration of a genetic algorithm and the Frank-Wolfe method. 

The method and solution procedure is applied to an illustrative example. 
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1.0 Introduction 

Congestion was estimated to cost on the order of $124 billion in 2013 and is projected to rise to 

about $186 billion by 2030 (Forbes, 2014). The Texas Transportation Institute estimates that (TTI, 

2012) in 2011 urban Americans traveled about 5.5 billion additional hours and purchased an extra 

2.9 billion gallons of fuel as a result of congestion. They also estimate that travelers in congested 

areas needed to set out an hour earlier for a trip that should have taken only 20 minutes in free flow 

traffic conditions. While freeway incident management, freeway ramp metering, arterial street 

signal coordination, arterial street access management and high-occupancy vehicle lanes are 

estimated to save 374 million hours of travel delay and $8.5 billion of congestion cost, public 

transportation is estimated to save about 865 million hours of travel delay and $20.8 billion in 

congestion costs. It is the opportunity to more fully exploit the benefits of public transportation that 

motivates this research. 

 

One mechanism to spur the use of public transportation is to increase automotive costs through 

congestion pricing. Congestion pricing schemes often face political opposition. In 2008 New York 

City abandoned congestion pricing efforts for Manhattan (The New York Times, 2008). Similar 

proposals have been abandoned in Greater Manchester, UK, Hong Kong, China, for example. Some 

congestion pricing schemes have been implemented however; including Stockholm, London and 

Singapore as well as Orange County in California , and San Diego in the United States.   

 

An important characteristic in assessing the likelihood of adoption of a congestion pricing scheme is 

the perceived equity in that scheme. Volpe and the U.S. DOT report (Rand Corp and Volpe National 

Transportation Systems Center, 2007) that travelers in the more busy direction during rush hour 

under congestion pricing schemes are wealthier. Further, when only some lanes are priced, they 

indicate that on average, wealthier drivers make use of the priced lanes. One mechanism to offset 

the equity challenges associated with congestion pricing is to make use of the revenues generated to 
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improve the transportation options of lower income groups. It is this very strategy that is behind the 

requirement that 18% of the funds generated from congestion pricing in the San Francisco Bay Area 

(DOT, 2008) be used to subsidize bus transportation.  Similarly, some of the proceeds from the 

London congestion fee are earmarked for investment in public transit services. Those proceeds 

amounted to about £1.2 billion over the first 10 years in which the pricing scheme was in effect 

(Lydall, 2013). 

 

Given the opportunity to stem congestion via congestion pricing, the criticality of controlling 

inequity in the pricing scheme developed as well as the demonstrated benefit of public 

transportation to control congestion, we focus on the development of a mathematical model to 

identify roadway prices and service improvements in an associated transit system so as to maximize 

the social welfare of the population.  

 

The remainder of this paper is organized into five sections. Section 2 presents relevant literature. 

Section 3 formulates the bi-level optimization model.  The upper level model focuses on 

establishing the prices and the use of those funds to improve transit services. The lower level is a 

traffic assignment model over the highway and transit networks.  Section 4 gives the solution 

procedure to the formulation given in Section 3. Finally Section 5 gives an illustrative example. 

Section 6 gives conclusions and opportunities for future research. 

 

2.0 Literature Review 

There is a large theoretical and empirical literature focused on congestion pricing. For a 

comprehensive literature review see Liu (2011). First-best pricing, also known as marginal cost 

pricing, is to set toll fees equal to the negative congestion externality users impose to each other 

(Walters, 1961; Yang et al., 1998; Verhoef et al., 2008). However, the first-best pricing scheme 

requires that charges are assigned to every link in the network so as to achieve the system optimum 
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solution. Practical considerations often make this approach impossible to implement. Allowing only 

a proportion of links to be charged, known as the second-best pricing scheme was first proposed by 

Marchand (1968).  

 

The second-best pricing problem is formulated as a hierarchical network game (Shimizu et al., 1997; 

Bard, 1998) with a single network owner looking for prices to minimize the total travel time where 

a large number of competing users choose paths by optimizing over toll fees and travel cost. This is 

essentially a Stackelberg game (Basar et al., 1998), and can be expressed as a mathematical 

programming model with equilibrium constraints (MPEC) (Luo et al., 1996). This basic structure 

has been extended in several important ways including heterogeneous users (Cole et al., 2003), and 

stochastic demands (Liu, 2011). Bergendorff, Hearn and Ramana (Hearn et al, 1998) allow link tolls 

to be positive or negative, with negative tolls indicating a subsidy is warranted for travel on those 

links. Conceptually, this is similar to using toll revenues raised to subsidize other users, including 

those making use of transit.  

 

Parry and Bento (1999) made the suggestion to reduce labor taxes through congestion tax revenue to 

offset the negative effects on the labor force caused by the congestion pricing scheme. Similarly, 

Small (Small, 1992) designed a package of expenditures that would use one-third of congestion 

pricing revenues to improve the transportation system in the congested area, and returns the 

remainder of the funds to travelers via tax reductions and access allowances (e.g. program of 

employee commuting allowances).   

 

Regarding to the concept of cross-subsidization as discussed in Bergendorff, Hearn and Ramana, 

Fielding (1995) argues that non-peak period commuters have already cross-subsidized peak users 

because it is the peak users that create the need for additional lanes (and therefor higher charges). 

Hence one could argue that charges should be levied against the users in congested periods to 

cross-subsidize disadvantaged users who are forced to choose alternatives modes. Other authors 
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including Litman (1996) examined the economic efficiency, equity, and political feasibility of 

aspects of congestion pricing and claimed that road pricing revenue should be used to benefit 

low-income drivers and non-drivers. Other papers in this same vein include Goodwin (1989), Poole 

(1992), Bernstein (1993), Arnott et al. (1994) DeCorla-Souza (1995), Adler and Cetin (2001), 

Eliasson (2001) and Kalmanje and Kockelman (2004). 

 

Based on these arguments, we focus on optimizing both the pricing scheme and the use of the 

resultant funds to cross-subsidize public transportation.  This paper, to the authors’ knowledge, is 

the first paper to jointly optimize road toll prices and investments in a related mode of transportation, 

transit.  Yang et al. (2004), Nie et al. (2009), and Liu et al. (2009) all consider road and transit 

networks simultaneously but their focus is on the return of congestion pricing funds to the transit 

ridership via transit fee refunds or direct fare reductions whereas our is on improving the quality of 

transit services.  

 

3.0 Formulation 

This section develops a bi-level optimization model to optimize zonal prices for automobiles in an 

urban transportation network where there is the opportunity to substitute transit for automotive trips. 

We assume that individual travelers select the mode and path using a network (N, A) where N is the 

set of nodes and A is the set of arcs in the network, which maximizes their utility.  We assume that 

the system owner wants to maximize the social welfare of the individuals making use of the 

facilities. They do this by making use of a zonal pricing scheme for automobiles which gives prices 

for automobiles to make use of specific links in the network. The funds raised from these tolls are 

assumed to be invested in the transit system to reduce the headways thereby reduce travel times in 

the transit system. 

 

The remainder of this section gives the resultant bi-level optimization problem. The first subsection 

gives the network assignment model given fixed prices on each of the arcs (which is a user 
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equilibrium model with variable demand as given in Sheffi (1985)).  This is the lower level model. 

The second subsection gives the optimal pricing problem for the system owner. This is the upper 

level problem. 

 

3.1 Mode and Arc Assignment 

We assume that the utility for transit verses automobile is a function of difference in the monetary 

costs between the modes in addition to other individual preferences which are not directly 

observable, quantifiable or measureable. To address the inadequacies in the data available to 

estimate the utility function, we assume that given the monetary costs of each of the modes for each 

origin-destination pair, the logit function can be used to estimate the mode split. 

The total cost of traveling as defined by Cesario (1976) is the sum of cost of travel time, cost of 

travel distance, and cost of visiting. We therefore correspondingly assume the monetary cost of 

using automobile is composed of three parts: monetary value of travel time, distance-based driving 

cost, and toll prices on selected arcs. Hence the monetary cost by adopting path k on road network is 

formulated as  

� + ∑ [ � + � ��,�]�                         (1) 

where �  is the travel time from r to s that use path k in the automobile network,  is the value of 

time, � is the toll price on arc a,   is the per mile driving cost, � is the length of link a, and ��� take on a value of one if arc a is on path k from r to s and is zero otherwise. 

Further, let’s assume that the cost to take transit from origin r to destination s, assuming the 

headways and in-vehicle travel times are fixed, are as given in equation (2)  ̂                         (2) 

where ̂  is the travel time from origin r to destination s using transit where we assume that the 

transit travel time is the sum of in-vehicle travel time and waiting time. In a transit network where 

there are multiple routes that are available from r to s, ̂  corresponds to the travel time of the 

route that has the shortest travel time. For the purposes of this analysis, we assume that travelers 

always wait half the headway for the transit vehicle to arrive and for each origin-destination pair 
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they select the shortest path through the transit system and do not make use of any information that 

may become available as the transit trip unfolds. Notice that there is no fare to take transit in this 

formulation but it could be easily added if needed. 

Assuming   is the monetary cost for the cheapest path from origin r to destination s, which can 

be expressed as = min� � + ∑ [ � + � ��,�]�                          (3) 

Hence the logit function adopted to estimate the automotive share is  = + ∅(� − �̂ )                             (4) 

where is the total number of trips from origin r to destination s,  is the number of trips from 

origin r to s by automobile, �̂ is the travel time via transit from origin r to destination s, which 

is the function of transit headway, H, and ∅ is a population specific parameter.   

Using equations (1) – (4), at optimality we can see that equation (4) must hold 

= + ∅( − �̂ ) 

− = ∅( − �̂ ) 

�̂ + ∅ � − =                        (5) 

Equation (5) implies that the monetary cost at optimality for the cheapest path from origin r to 

destination s in the automobile network must equal the cost in the transit plus this additional term, 

∅ � ( − ). Hence we represent the transit choice between origin r and destination s as a directed 

link from node r to node s with the volume to delay curve given on the left-hand side of equation 

(5). 

Let � be the set of arcs in the network that are part of the automobile network; hence � ⊆ �.  For 

each arc ∈ �, we assume that the travel time takes the following form. 

� ( + � ��� ��)                        (6) 
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where � is the free flow time, �� is the volume on arc �, �� is the capacity of arc a and � and 

� are link specific parameters. Therefore, the cost to use automobile arc � is as follows 

� ( + � �� ��) + � + �               (7) 

With this as preparation, the formulation of the equilibrium traffic assignment problem, where the 

toll prices, � , and the transit headways are fixed is as follows. min �̃ �, ̂ =  

∑ ∫ [ � ( + � �� ��) + � + �] � + ∑ ∫ (� � �−� + �̂ )̂���∈ �   (8) 

Subject to  ∑ � + ̂ = ̅�                             ∀ , ,                 (9) 

 �� = ∑ � ����                           ∀�              (10) 

   � ≥                                  ∀ , ,         (11) < ̂ < ̅                                   ∀ ,                  (12) 

3.2 Optimization for Systems Owner 

Next we formulate the system owner’s optimization. We let ̂  be a vector of the tolls prices, 

where �is the toll instituted on arc a; hence ̂  = � . Further we assume that the headways are 

a function of the toll revenue collected; hence the origin to destination travel times via transit are a 

function of the headways and therefore the toll revenue collected. This yields the following 

objective function for the system owner 

min ∑ �� ̂ � ( + � �� ̂� ��) + ∑ ̂ ̂ � ̂�∈ .   (13) 

The non-negativity restrictions on the prices must also be satisfied. That is equations (13) below 

must hold. 

� ≥             ∀�                  (14) 

Recall that the link flows �� ̂  and the number of trips for each origin-destination pair, ̂ , that 

make use of transit must be in equilibrium, as given by equations (7)-(11) for the optimal ̂ . 
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4. Solution Procedure 

It is important to notice that in the upper level problem, if the headway is fixed, the only decision 

variables that remain are those associated with the toll prices. If the optimal toll prices generate 

revenues that are sufficient to cover the costs of the headway assumed, then we have a feasible set 

of toll prices and associated headway. If insufficient funds result then that particular value of for the 

headway is discarded. Hence, this solution procedure is based on identifying all possible values for 

the headway, then for each of these values finding the optimal toll prices. Across all sets of feasible 

optimal toll prices and associated headways, we then select that set which minimize societal costs 

(as estimated by the objective function for the upper level problem as given in Equation (12)). 

 

For a given headway, we solve the resultant formulation given in Section 3 via a genetic algorithm. 

The chromosome is a vector of toll prices, one for each link that can have a positive toll. If the toll 

prices are given, For a given chromosome, the Frank-Wolfe algorithm is used to solve the lower 

level problem (Sheffi, 1985) and the upper level objective is then computed.  

We randomly generate the first generation.  That is, for each individual in the population we 

randomly generate a toll for each arc that may have a positive toll. We use a single uniform 

distribution to do this with a lower and upper bound for the toll price on any arc.  

In each generation we use tournament selection to identify parents based on the fitness value of an 

individual, where the fitness is determined using the objective in Equation (12). Each pair of parents 

that result from the tournament process yields two offspring using arithmetic crossover.  More 

specifically, let C and D be the offspring of parents A and B. Let �� be the toll price on arc a in 

chromosome k. The toll price for arc a for offspring child chromosomes C and D are then as 

follows: 

� = � � + − � �                    (15) 

� = − � � + � �                  (16) 

 

where � is a user defined parameter that is greater than zero and less than one (i.e. < � < ). 
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Mutation of a gene occurs with a user defined probability added to the population and the two least 

fit members of the population are removed. 

5.0 Illustrative Case Study 

5.1 Road Network 

To illustrate the formulation and solution procedure given above, we develop an example using the 

highway network structure for the cordon-based Electronic Road Pricing (ERP) system in 

downtown Orchard Road, Singapore (Liu. Z., 2011). The structure of that network and the pricing 

boundary are indicated in Figure 1.  The road network has 104 links and 33 nodes.  

The dashed line represents the pricing cordon: during the morning peak, any vehicle that passes the 

cordon to enter the zone is charged, whereas in the evening peak, the vehicles that exit the zone via 

the cordon are charged. There are a total of 12 links with tolls in the network. We use Figure 1 only 

to show the scenario of morning peak, thus those 12 charged links are indicated with bold arrows 

pointing inside the zone.  

 

Figure 1. Topological Structure of the Orchard Road Network 

Instead of using the link attributes from the referred site directly, we enlarged the network by 

increasing the free-flow travel time on each link by a factor of four. This modification is done to 

make transit more desirable because the original headways in the transit system are on the order of 
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20 minutes. The modified free-flow travel time, along with the capacity and distance of each link 

are given in Appendix A. It is important to notice that the links are not drawn to scale in Figure 1. 

For example, the distance from node 8 to node 17 is 3.3 miles while the distance from nodes 9 to 18 

is 5 miles. 

To compute link travel times, we use the BPR formula with  and to 0.15 and 4, respectively and 

as given in Equation (17).  

� ( + . 5 ��� 4)                                 (18) 

Since the pricing mechanism will only be implemented during the peak hours, we use wages to set 

the value of time. U.S. average hourly earnings (Bureau of Labor Statistics, 2015) are about $24.78 

per hour. Hence we assume that   is $24.78.  Moreover, the per mile cost to drive, , is 

assumed to be fifty cents (AAA, 2013). We assume that toll prices are no more than $6 per link. 

Table 2 gives the morning origin-destination table. We assume that the evening origin-destination 

table is simply the reverse.  Notice that there are only 9 origin-destination pairs of similar scale per 

hour. 

Table 2. Parameters in the Travel Demand Function 

OD pair 

r-s 

Travel demand 

 rsq (vehicles) 

3  14 5,000 
33  19 9,000 
1  14 6,000 

30  17 7,000 
3  30 7,000 

27  22 8,000 
30  11 4,000 
1  22 7,000 
2  19 7,000 

 

5.2 Transit Network 

The transit network is assumed to have at least one route available per origin-destination pair. 

http://ycharts.com/indicators/sources/bls
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Figure 2 gives the transit network and illustrates its geographical relationship with the road network. 

The transit network is presented by the thick dark lines and circles, with all lines indicate 

bidirectional connections. The transit network includes 5 routes, and the detailed route maps are 

shown in Figure 3.  

 

 

Figure 2. Transit network for study site 

We assume that there are no capacity constraints for each route in the transit system (i.e. the 

individual trains have sufficient capacity to accommodate riders).  The operational speed of the 

transit system is assumed to be 30 miles per hour (Andrew., 2009).  In addition, the transit 

headway is assumed as 20 minutes on each of the 5 routes. Thus, the transit network attributes are 

given in Table 3. 

Table 3. Transit Network Attribute 

Route  

No. 
Start-End  

r-s 

Transfer  

Available 

Stop duration  

at each stops (sec) 

In-vehicle Travel Time 

 (min) 

Headway 

(min) 

1 10 ↔ 3 1, 2 20  27 20 
2 2 ↔ 30 14, 22 20 29 20 
3 18 ↔ 27 14, 17 20 34 20 
4 3 ↔ 19 17, 22 20 36 20 
5 11 ↔ 33 30 20 32 20 
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Figure 3. Transit Network Route Map 

5.3 Investments to Improve Headways 

As indicated in Table 3, we assume that with no toll revenue, each route has a 20 minute headway. 

Figure 4 gives the function of � ̂  , which illustrates the relationship between certain amounts 

of toll revenue and transit headway reduction. Assume that an additional �  million dollar 

investment allows the headways on each route to be reduced to +   of the original headway where � is the cost to half the existing headway.  Hence, we assume that the only valid values for the 

headway are those associated with multiples of  �.  For this specific case, it is assumed that the 
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toll revenue would be collected for the morning peak and evening peak (which are both assumed to 

be three hours in duration) during the week days and therefore at the end of a year, the costs would 

have been recovered. The next sub section investigates the impact of different values for  �. 

Toll Revenue 

(million dollar)

Transit Headway 

(min)

20.0

10.0

6.7

5.0
4.0

n 2n 4n 5n 6n

3.3

2.5

3n 7n

2.9

8n

Figure 4. Toll Revenue and Transit Headway deduction 

5.3 Illustrative results 

The parameters for the GA are as follows: the population and the number of generations are each 

100, the tournament size is 5 for each parent, � is assumed to be 0.25, the mutation rate is 5%. If a 

mutation is to occur, a random value that is normally distributed with a mean of 0 and variance of 2 

is added to the existing price of the toll to be mutated.   

We run the algorithms for four cases of  � as in Figure 4. The four values are 20, 18, 12, and 7. 

The resultant optimal toll prices for each case are shown in Table 4. The average travel cost for each 

origin-destination pair and the optimal headway for each case are given in Table 5. Table 6 gives the 

travel time by mode and origin-destination pair for each case. Table 7 gives the parallel information 

for travel costs by origin-destination pair for each case.  Table 8 gives the number of trips by 

origin-destination pair and mode for each case.  

As shown in Table 3, the initial headway used was 20 minutes per route. Using the toll prices 

identified via the optimization and given in Table 4, the transit headways are reduced to 6.7 minutes, 
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5 minutes, 4 minutes and 2.9 minutes corresponding to  � = , � = , � = , and � =  as 

given in Table 5.  

In Table 5, it is useful to notice that the average travel cost decrease as n declines because the costs 

to reduce the headways are declining. This trend holds for each origin-destination pair except for 

OD pair 30 to 17. The average cost when � =  is $8.70, in contrast to when � =  the 

average cost is $9.28. For both cases, all 7,000 travelers choose the road network with 730 travelers 

taking path 30-22-23-24-16-17 and 6,270 travelers taking path 30-22-23-15-16. Only link 30-22 has 

a toll, which is $0.6 when n=20 but $1.20 when n is 18.  This difference in toll is the same as the 

difference in travel cost between the two solutions.   
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Table 4. Optimal Toll Prices for Different Levels of Investment Costs 

Toll Link 
Toll Price 

n = 20 n = 18 n = 12 n = 7 

6 – 14 $1.70 $3.30 $4.00 $3.20 
31 – 23 $1.20 $5.40 $1.40 $3.10 
5 – 13 $1.30 $6.00 $3.40 $2.30 

30 – 22 $0.60 $1.20 $0.70 $0.70 
32 – 24 $0.70 $0.60 $1.10 $0.70 
7 – 15 $3.40 $1.40 $2.80 $2.20 
10 – 11 $3.60 $4.10 $2.10 $2.80 
8 – 17 $1.20 $1.10 $0.60 $1.30 

18 – 17 $3.10 $5.20 $3.90 $1.30 

 

Table 5. Average Travel Cost over Modes for Before & After Tolling 

Avg Cost Before After 

Cases No investment n = 20 n = 18 n = 12 n = 7 

Headway 20 min 6.7 min 5 min 4 min 2.9 min 

OD Pairs Average Travel Cost of each OD ($) 

3  14 
33  19 
1  14 

30  17 
3  30 

27  22 
30  11 
1  22 
2  19 

$18.90 $13.88 $13.20 $12.78 $12.31  
$29.41 $21.68 $20.66 $20.04 $19.34  
$17.3 $12.79 $12.11 $11.69 $11.22  
$8.63 $8.70 $9.28 $8.66 $8.65  

$21.75 $16.44 $15.75 $15.34 $14.83  
$11.13 $11.77 $11.75 $11.34 $10.89  
$8.72 $8.71 $8.38 $8.18 $7.94  

$20.66 $15.67 $14.99 $14.57 $14.10  
$24.95 $19.58 $18.86 $18.48 $18.00  

Average 
Cost ($) 

$18.65 $14.90 $14.39 $13.99 $13.51 
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Table 6. Travel Time by Mode Before & After Tolling 

TIME Before: Travel Time (min) After: Travel Time (min) 

Investment No Investment n = 20 n = 18 n = 12 n = 7 

Headway 20 min 6.7 min 5 min 4 min 2.9 min 

OD Pair Auto Transit Average Auto Transit Average Auto Transit Average Auto Transit Average Auto Transit Average 

3  14 28.39 46.89 28.39 17.34 33.56 33.56 16.62 31.89 31.89 16.74 30.89 30.89 16.27 29.75 29.75 

33  19 43.71 72.44 43.71 28.75 52.44 37.47 25.72 49.94 34.94 22.47 48.44 36.03 22.59 46.73 35.69 

1  14 26.32 44.22 26.32 14.67 30.89 30.89 14.67 29.22 29.22 14.67 28.22 28.22 14.67 27.08 27.08 

30  17 11.51 38.00 11.51 10.61 24.67 10.61 10.06 23.00 10.06 10.57 22.00 10.57 10.07 20.86 11.47 

3  30 34.71 53.20 38.36 19.31 39.87 29.57 17.95 38.20 30.92 18.13 37.20 29.74 17.47 36.06 36.06 

27  22 15.74 43.33 15.74 14.09 30.00 14.09 14.27 28.33 15.11 11.65 27.33 13.65 10.85 26.19 14.30 

30  11 11.20 27.67 11.20 10.23 21.00 18.39 9.63 20.17 20.17 10.14 19.67 19.67 9.88 19.10 19.10 

1  22 30.39 51.22 30.39 18.32 37.89 37.89 18.67 36.22 36.22 18.05 35.22 35.22 17.95 34.08 34.08 

2  19 42.32 60.76 46.49 23.94 47.43 28.22 21.14 45.76 29.66 20.89 44.76 26.61 21.21 43.62 27.06 

Avg Travel Time 29.18 min 27.01  min 26.65 min 25.85 min 26.40 min 

 

 

 
Table 7. Travel Cost by Mode Before & After Tolling 

Travel Cost 
Before After 

Investment No Investment n = 20 n = 18 n = 12 n = 7 

Headway 20 min 6.7 min 5 min 4 min 2.9 min 

OD Pair Auto Transit Auto Transit Auto Transit Auto Transit Auto Transit 

3  14 $18.95 $19.39 $15.26 $13.88 $14.74 $13.2 $14.31 $12.78 $14.78 $12.31  
33  19 $29.41 $29.91 $21.70 $21.65 $20.68 $20.62 $20.09 $20 $19.40 $19.29  
1  14 $17.31 $18.30 $13.89 $12.79 $15.50 $12.11 $16.19 $11.69 $15.36 $11.22  

30  17 $8.63 $15.74 $8.70 $10.23 $9.28 $9.55 $8.67 $9.13 $8.65 $8.66  
3  30 $21.71 $21.91 $16.48 $16.4 $15.79 $15.72 $15.39 $15.3 $15.78 $14.83  

27  22 $11.13 $17.93 $11.77 $12.42 $11.75 $11.74 $11.34 $11.32 $10.90 $10.85  
30  11 $8.72 $11.48 $8.77 $8.73 $9.13 $8.38 $8.88 $8.18 $8.76 $7.94  
1  22 $20.66 $21.18 $16.13 $15.67 $18.81 $14.99 $17.27 $14.57 $17.05 $14.10  
2  19 $24.93 $25.02 $19.59 $19.51 $18.88 $18.83 $18.5 $18.41 $18.02 $17.94  
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Automobile Share Transit Share

Figure 5. Number of Trips by Mode for Before & After Tolling 

Table 6 gives the travel time by mode before and after the implementation of tolls for each of the 

four cases. The last row shows the average travel time for all travelers for all cases. It is important to 

notice that the average travel time is decreasing as the costs to reduce headways declines, except for 

the last case where � = . The average travel time for each OD pair when  � =  is higher 

mainly due to OD pairs 3 to 30. Table 7, which gives the travel cost by mode, illustrates that for OD 

pairs 3 to 30, � =  the travel cost for using automobile increasing while the travel cost for using 

transit decrease and therefore no trip adopt automobile as illustrated by Figure 6. However, as 

indicated in Table 6, transit travel time is higher than automobiles, therefore the average travel time 

for OD pairs 3 to 30 increases. 

Figure 5 gives the share of trips for each origins-destination pair by automobile and transit. It is 

useful to notice that prior to the implementation of the tolls, transit is only attractive to two 

origin-destination pairs. For each origin-destination pair, an increasing number of trips move to 

transit as the investment needed to reduce the headways declines The number of trips on transit is 

about 3,000 before tolling, and is about 29,000, 33,000, 34,000, and 38,000 when � = , � =, � = , and � = , respectively. Notice that the number of trips we use here and following are 

only for one peak.  

Figure 6 and Figure 7 give the link volumes in the road and transit network before and after the tolls 

are implemented when � = . It is obvious that transit becomes more attractive after tolls are 

instituted on the road network and the headways are adjusted. Before the implementation of the tolls 

and related investments, only routes 2 and 4 are adopted by travelers, and the number of trips on 
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both routes is about 2,900. However, in the case when � = , all five routes are used and the 

number of trips on routes 1, 2, 3, 4 and 5 is about 13,000, 29,400, 6,800, 19,600 and 4,000, 

respectively. Similarly, as shown in Figure 7, it is clear that tolls have reduced the congestion in the 

road network substantially. As shown in Figure 7, among the 103 links in the networks, while 2% of 

the links have higher volume, 32% of the links experience volume reductions of at least 90%. For 

about 40% of the links the reduction exceeds 50%, and for about 48% of the links the reduction 

exceeds 30%. 
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Figure 6. Transit Volumes Before & After for Case n = 7 

 

 

Figure 7. Traffic Volumes in the Road Network Before & After for n = 7 
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6.0 Conclusions and Next Steps 

We develop a bi-level optimization model to address the challenges in congestion pricing, including 

establishing prices and addressing inequities that can stem from those prices.  The upper level 

model maximizes social welfare by choosing toll price and investment levels in an associated transit 

network.  The lower level computes the mode split and link assignment. The solution procedure is 

an integration of a genetic algorithm with the Frank-Wolfe method. We apply both the model and its 

solution procedure to an illustrative example. There is empirical research that has established the 

benefit of public transportation in alleviating congestion. The illustrative example also confirms this 

opportunity. This illustrative example, also demonstrates the opportunities associated with jointly 

planning pricing for the road network with investments in alternative forms of transportation. 

There are opportunities for future research in at least five areas. First, we focus on an average value 

of time. In practice different individuals have different values for time. Because neighborhoods are 

often stratified by this value of time, it may be important to let the value of time vary by 

origin-destination pair and make the fare price a subject of the optimization. Second, people value 

waiting time differently than in-vehicle time. Expanding the modeling to address these differences is 

likely to prove useful. Third, we assume that the demands are static and deterministic. In practice, 

they are dynamic and stochastic. Similarly, the transit schedule is assumed to be fixed over the day 

and all routes are assumed to have the same headways. In practice, transit schedules should be 

allowed to vary across time periods and headways should be route specific. Also, additional routes 

should be considered for inclusion. Fourth, we use an expected transit travel time and users make no 

use of dynamic information while navigating the transit system. In large transit systems, users often 

adopt policies of what trains to take based on dynamic estimates of remaining travel time on 

different routes as they navigate the transit system. Finally, we make use of a genetic algorithm as 

part of the optimization. As the networks get more complicated it may be important to use a more 

computationally efficient approach. 
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Appendix A 

 

Table A1. Data for the Link Attributes 

Start node End node Free-flow travel time;  �  (Seconds) 
Capacity �� (Vehicles/hour) 

Distance � (mile) 

1 2 240 5400 3.33  
1 4 160 5400 2.22  
2 1 240 5400 3.33  
2 3 400 5400 5.56  
2 6 320 7200 4.44  
3 2 400 5400 5.56  
3 8 288 3600 4.00  
4 1 160 5400 2.22  
4 5 360 3600 5.00  
4 10 320 5400 4.44  
5 4 360 3600 5.00  
5 6 168 3600 2.33  
5 13 220 3600 3.06  
6 5 168 3600 2.33  
6 2 320 7200 4.44  
6 7 640 1800 8.89  
6 14 320 7200 4.44  
7 6 640 1800 8.89  
7 8 480 1800 6.67  
7 15 480 1800 6.67  
8 3 288 3600 4.00  
8 7 480 1800 6.67  
8 9 240 3600 3.33  
8 17 240 3600 3.33  
9 8 240 3600 3.33  
9 18 360 3600 5.00  
10 4 320 5400 4.44  
10 11 64 5400 0.89  
10 27 240 5400 3.33  
11 10 64 5400 0.89  
11 12 160 5400 2.22  
11 19 96 1800 1.33  
12 5 220 3600 3.06  
12 11 160 5400 2.22  
12 13 96 5400 1.33  
12 20 80 5400 1.11  
13 12 96 5400 1.33  
13 14 192 5400 2.67  
13 21 120 3600 1.67  
14 6 320 7200 4.44  
14 13 192 5400 2.67  
14 15 160 5400 2.22  
14 22 240 7200 3.33  
15 7 480 1800 6.67  
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15 14 160 5400 2.22  
15 16 48 5400 0.67  
15 23 48 3600 0.67  
16 15 48 5400 0.67  
16 17 240 5400 3.33  
16 24 48 3600 0.67  
17 8 240 3600 3.33  
17 16 240 5400 3.33  
17 18 240 5400 3.33  
17 25 400 3600 5.56  
18 9 360 3600 5.00  
18 17 240 5400 3.33  
18 26 80 5400 1.11  
19 11 96 1800 1.33  
19 20 320 1800 4.44  
19 28 96 1800 1.33  
20 12 80 5400 1.11  
20 19 320 1800 4.44  
20 21 80 5400 1.11  
20 29 48 5400 0.67  
21 13 120 3600 1.67  
21 20 80 5400 1.11  
21 22 192 5400 2.67  
22 14 48 7200 0.67  
22 21 192 5400 2.67  
22 23 80 5400 1.11  
22 30 240 7200 3.33  
23 15 48 3600 0.67  
23 22 80 5400 1.11  
23 24 112 5400 1.56  
23 31 64 3600 0.89  
24 16 48 3600 0.67  
24 23 112 5400 1.56  
24 25 240 5400 3.33  
24 32 72 5400 1.00  
25 17 56 3600 0.78  
25 24 240 5400 3.33  
25 26 240 5400 3.33  
26 18 80 5400 1.11  
26 25 240 5400 3.33  
26 33 240 5400 3.33  
27 10 240 5400 3.33  
27 28 80 5400 1.11  
28 19 96 1800 1.33  
28 27 80 5400 1.11  
28 29 160 5400 2.22  
29 20 48 5400 0.67  
29 28 160 5400 2.22  
29 30 360 3600 5.00  
30 22 72 7200 1.00  
30 29 360 3600 5.00  
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30 31 240 3600 3.33  
31 23 64 3600 0.89  
31 30 120 3600 1.67  
31 32 240 3600 3.33  
32 24 72 5400 1.00  
32 31 240 3600 3.33  
32 33 384 5400 5.33  
33 26 240 5400 3.33  
33 32 384 5400 5.33  

 
 
 


