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This work contains several contributions supporting the idea that everyone can 

use mathematics to mold a personal niche in the social milieu by interpreting 

mathematical notions and results in one’s own way.  I include an autobiographical 

piece about my mathematical experience; a literature review of authors who 

influenced my thinking; a description of a seminar I designed to teach and test my 

views on interpreting mathematics; some applications to mathematical topics; and a 

list of references. 

Interpreting mathematics reflects the personal perspective of each individual 

on a particular piece of mathematics, on mathematics as a whole, or on everything 

mathematical in between; it has nothing to do with truth—it can be as plausible as the 

mathematics it concerns but it can also be fiction, eventually.  The ability to interpret 

mathematics is different from the learning of mathematics per se—and it is a gateway 

to entrepreneurial uses of mathematics. 
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Introduction 

 

 

I recall my first contradictory thoughts about school and schooling.  I was about eleven 

years old, commuting daily from my native village to a city fifteen miles away, where I attended 

middle school every late afternoon and evening, Mondays through Saturdays.  One night, 

returning home on the bus overcrowded with blue-collar workers, I overheard heart-breaking 

stories of life problems.  I was exhausted, almost asleep, resting my forehead on the back of the 

seat in front of me, when suddenly, unexpectedly, by some untraceable and improbable 

association, I realized that schools were woefully inadequate as preparation for life—but it was 

wonderful to be in school.  That predicament, gained at such an early age and in such a 

serendipitous situation, stuck with me to this day; in this Introduction I offer it as a unifying 

thread for the collection that follows, hoping to give the pieces bound here the coherence they 

apparently lack in subject matter, in tone, and in method. 

My whole school experience was unusual, due to an always-shifting combination of 

happenstance, good luck, and conditions I deliberately created.  Perhaps the biographical details 

that contributed to those circumstances are intriguing, but here I will limit myself to mentioning 

the broad lines that led me to the consequential aspects relevant to my views on mathematics and 

mathematics instruction. 
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Although I attended school just as other children did, I always learned independently, 

with little or no guidance, checks, or constraints—and quite often I disregarded the advice I 

received from my well-intended teachers.  Since at home I was taught to be always respectful to 

people, I never displayed outright rebellion or defiance in my independent school attitude, 

although my stance was unambiguous for all, in my actions; I paid attention to what my teachers 

said but I met their advice with detached and comprehensive skepticism.   I just felt that 

experiencing my path to learning was more important than following other people’s directions, 

even if my path was convoluted.  I never looked for quick results; regardless of outside pressure I 

kept doing things my way, steadily and thoroughly, flexible at the seams, relaxed and adaptable, 

trying and retrying.  In contrast, the school teachers seemed to arrange everything rigidly, by 

strict rules and ready-recipes for learning.   Most of the time they gave me ‘facts’—but I was not 

interested in ‘facts’, since I could easily find and state a lot more ‘facts’ than the teachers could.  

Finding out the facts on my own was always more engaging than receiving them from someone 

else.  Fact-telling by most teachers’ method is feeble, anodyne, unmemorable; interpreting facts, 

on the other hand, is a mark of personality.  I was always on the lookout for my teachers’ 

personal touch on what they taught, and I appreciated when they offered it, when they spoke 

about their lives and learning and about how learning changed their lives.  When they did it I 

viewed them as authentic conveyers of formative experiences, not anodyne actors fulfilling a role 

on the stage. 

For some reasons impossible to reconstitute, in my young mind school resembled a 

theater.  School was the place where grown-ups, the teachers, were supposed to prepare me for 

life.  But my early observations of the world led me to suspect that at school I could only get a 

faded glimpse of the complicated reality out there.  School was a distraction (a pleasant one 
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indeed) which I could not take seriously as preparation for life.  Most of the time I listened to my 

teachers in disbelief, unsure whether they took themselves seriously when they made certain 

claims and purported to enlighten us with ‘knowledge’.  After all, my impressions, acquired at 

the city public library, always differed from what I was hearing from the teachers.   I reached my 

skepticism quite early. 

For much of my school career the rigid pedagogy I encountered did not bother me; I 

observed it with amusement and an air of surprisingly mature condescension but otherwise I 

ignored it, making sure it did not affect how I spent my time.  I loved ideas and people’s rapport 

with ideas, and I disliked the rules, the mechanics, the customs, and the bureaucracy of 

schooling.  A lot more was going on for me out of school than at school; school was relaxing 

time, spectacle time.  Out of school I read earnestly and I learned enormously, at my own choice.  

My motivation was fully intrinsic.  I did not care about grades, tests, exams, diplomas, degrees—

not even in the slightest; they were not worth my time, trouble, and attention.  When my peers 

fretted under psychological duress, I remained indifferent, neither excited nor stressed.  I took 

the tests and the exams smilingly, aware that they were social conventions whose use and utility 

were no longer questioned by those who administered them or by those who took them.  I never 

did the homework or the assignments doled out by teachers, despite my affection for my 

teachers’ work and my admiration for them as human beings.  Instead, I followed my natural 

inclination to do other things, most of them not required at school.  Occasionally I excelled in 

doing those other things and eventually people took notice—some quickly and encouragingly, 

others slowly and reluctantly.  I always did what I thought was best for my instruction—and, to 

the astonishment of the teachers baffled by my refusal to follow school requirements, after a 

while it became obvious that my instruction was at least as good as most of my peers’ 
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instruction.  To many of my teachers I was the quintessential slacker, undoubtedly set on an 

erroneous course, and headed for disaster; that generalized misperception only increased my 

amusement and made me wonder at the relativity of assessment and the ubiquity of error in 

appreciation.  Slackness from outside was eagerness on the inside.  How did they not see that 

exactly by doing nothing of the official requirements I managed to do a lot more than everyone 

else, overall?  When I received compliments and awards for my accomplishments it always 

struck me that people overlooked how I achieved the good I have done: I achieved it by flunking 

the official school order, not by upholding and following it.  That’s why I tended to view official 

recognition with circumspection, suspecting that it was a form of institutionalized hypocrisy. 

In my mind the schools were not places of gaining ‘knowledge’, learning, and 

preparation for life, but only of hearing about such things—hearing various stories that fit 

loosely to the complicated reality ‘out there’.  Yet, despite the shortcomings I found in school, 

there was no better place to prepare me for life than the school.  In our city’s majestic public 

library I could find lots of books with exciting, strange, or puzzling ideas, with descriptions of 

exotic places and extraordinary deeds, but books alone and the ideas I found in them lacked the 

vividness that struck me when I observed, at school, the inexhaustible range of human 

peculiarities, interactions, and the rapport between people and ideas.  I could see that, compared 

to the harshness of most other professions, making a living by playing a role in a school 

environment was tame, easy, convenient, and desirable.  My teachers always interested and 

inspired me for their character, not for their knowledge; for their humanity, not for their learning.  

They surely advised me well, always with noble intentions—but, I thought, not well enough for 

my independent inclinations.  Later in life I learned (sometimes in dramatic circumstances) that I 
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underestimated the scope of the advice I received from the people around me; yet I still held on 

to an unconventional course of action even if it meant enduring hardship and inviting adversity. 

These kinds of thoughts led me, early on, to see the school as an experimental ground, fit 

for taking risks and trying out possibilities for learning.  Admittedly this is an unusual view, 

compared to the values promoted and upheld by most schools—but for the time I spent in school 

it worked well for me; I made the most of the learning conditions I have had and I chose my 

course responsibly, consistent with my circumstances. 

* * * 

Since I liked mathematics more than anything else, my peculiar experience with 

institutionalized secondary education impacted the most on the way I learned mathematics. 

The education system and the preparation of teachers are different in Romania and in the 

United States How?  From what I know and what I have seen, in this country most mathematics 

teachers are hyper-specialized, not only by teaching one branch of mathematics but often doing it 

for a particular year of studies (a majority of the undergraduates coming to Cornell say that they 

have had twelve mathematics teachers previously, according to surveys I took occasionally in my 

classes).  In Romania, good mathematics teachers are competent in all branches of school-level 

mathematics and normally teach to the same students for several successive years.  During my 

middle and secondary education I had only two teachers of mathematics, each for four years—

one in the middle school and one in the high school.  In middle school my interest in and my 

facility with mathematics came to the fore, allowing me to spend gradually more and more time 

learning mathematics, while skipping some other school duties with impunity.  In high school the 

situation became a lot starker; my mathematical preoccupations, now well-known and well-

recognized, soon led me to take full control of my time and schedule, to a degree hardly 
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conceivable for a student enrolled in a public educational institution (the only kind of education 

available in Romania at that time). 

My high school mathematics teacher, a highly respected figure in our city, quickly 

understood that I read ahead, that I liked doing mathematics, and that I learned little in class.  He 

not only encouraged my independent tendencies but, for four years, gave me full autonomy, co-

opted me in teaching, and deftly assured that I was not punished for flouting various school 

requirements, effectively exempting me from abiding by the normal school regulations.  I took 

full advantage of that situation by reading widely, unencumbered—mathematics, sciences, 

literature, history, philosophy, politics, geography.  I started to accumulate a personal library that 

over time grew to several thousand volumes, a majority of which I recently donated to the 

Cornell University Library. 

Despite wide interests, my focus during those years remained on mathematics.  I learned 

by reading books, not by listening to the teacher or by following the school curriculum.  I saw 

that curricula are arbitrary and unnatural, products of social conventions; they are oblivious to 

individual differences and pay lip service to the oversold preconception holding that 

mathematical content has to be introduced in a certain succession and at a certain time for all 

students.  I was entirely self-directed—and happy to be so.  On my own I learned in leaps and 

bounds, reading on topics I was supposed to study at school only years later, or never.  I did not 

care for the school menu.  I learned a lot of mathematics beyond and besides school topics; some 

of it never came up in school or in the university, but that did not make me less curious in 

reading it.  I learned gratuitously, for enjoyment, for sheer pleasure, and for the thrill of knowing, 

feeling internal reward.  Doing mathematics felt like living a real life; it made me proud and 

enabled me to make a difference for others.  By learning mathematics I honed a general 
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observational acuity that served me well in everything else I read, learned, and did.  I was not 

driven by achievement goals, at all.  The trappings of institutionalized conventions did not 

concern me.  My good performance at school and in mathematical competitions followed 

effortlessly, as corollaries, not as deliberate aims.  When the time came to choose a university, it 

was a non-issue; of course I went to study mathematics at the best university in the country, since 

I had a facility in learning mathematics and I liked teaching it. 

By the time I left high school I had an optimistic philosophy and a bright outlook.  I was 

a confident and overly mature young man with an unclouded blueprint for life: I would study and 

teach mathematics to make a living; since I mastered these skills, I could profess them easily, 

thus enjoying plenty of time to pursue other interests.  I felt a tonic sense of effectiveness in 

learning, of growing the mind; I believed that learning pays off, that it empowers me to decide 

for myself and to influence other people for good.  I had no doubt that my competence and 

contribution will be fairly considered and valued, giving me a decent measure of dignity, respect, 

and personal freedom, while sheltering me at least in part from the harshest travails of life and 

helping me to elude the vast pockets of stupidity common in social and political life.  

Mathematics looked like a comfortable space of safe refuge, to which I could always retreat 

when venturing in other intellectual pursuits proved hazardous.  More than anything, I held that 

mathematics connected to everything I was doing by a sort of tacit personal interpretation which 

I was going to explore for life and eventually to explain to others. 

I could not foresee during that time that years later all these tenets, which I considered to 

be sound pillars for the foundation of my life philosophy, will crumble and dissolve, becoming 

bare wrecks under the onslaught inflicted by successive disappointing experiences.  I did not 

anticipate that my untroubled expectations rested on sandy ground, with the chief problematic 
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element hidden precisely in my views on mathematics—and that I was bound to hit a wall when 

people whose views differed from mine had the power to shut me off and to derail me.  I did not 

envision myself living the shock of unscrupulous indignities and surviving it, to tell the story.  I 

did not consider that experimental life is prone to unexpected ups and downs.  Most of my ups 

have been buffered, while some of my downs have gone very deep! 

* * * 

Beginnings of my doubts and troubles did not wait for long.  Soon after finishing high 

school I went to a place where non-conformism was unacceptable, defying the system was out of 

the question, and my every minute was meant to be under someone else’s control: to the Army.  

In communist Romania military service was compulsory; every male had to do it.  As a future 

undergraduate, the length of my term was shorter than normal, nine months instead of two years; 

nevertheless, it was intense military service, with all its rigors.  There I met The Rule, The Order, 

The Authority—the unchallengeable discipline that challenged the complete freedom I had 

known.  Even before the start I knew that a clash of wills would ensue but I did not know in what 

form and with what outcome.  Strangely—or maybe not so strangely given my previous school 

regimen—I held that my passion for mathematics will give me the upper hand in the 

confrontation; this turned out to be partly true but it shook the pillars of my confidence that 

mathematics is the unassailable protective refuge I had imagined. 

On day one I already stood out, on public display.  When I told an officer that I was not 

used to taking orders, that I preferred doing mathematics to loading rubbish in trucks (as they 

had me do as soon as I reported for service, the previous evening), and that I went to the army 

against my wish, he blurted out that he will cure me of all those ills, in short order.  In the chilly 

air of the early morning, hundreds of solders arranged in a neat U-shape formation behind me 
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burst into laughter—and that deafening roar almost scared me, indeed; a threatening officer 

meant little but the unexpected acclaim that sanctioned his oratory concerned me.  Love of 

mathematics hit back at me, like a boomerang.  The scene, I thought, could have happened in an 

absurd play or on the set of a movie.  Dialogues from plays by Samuel Beckett and Eugene 

Ionesco rung into my ears, mixed with the laughter of the soldiery crowd.  Yet this was real, with 

me at the center; I was in danger zone.  Disputing an officer-clown was one thing but being the 

laughing stock of a mob with whom I had to live all the time for nine months was quite another.  

My self-preserving instincts awoke memories of my history readings: of mob lynching, of 

multitudes making mince-meat of the individuals they disliked, and of pyres burning. 

My situation was not that dramatic, of course.  I was already used to being taken as a 

rookie; it had happened before and it was going to happen more, later.  I was not easily put down 

or swayed; intimidation as a form of control did not yet target my vital anchors.  I stood my 

composure and for the future I learned to keep my mouth closed, my eyes on the lookout, my 

ears on guard, and my love of mathematics confidential.  Obviously, I had erred in investing 

mathematics with too much prestige.  So what?  I was determined to transform my error into yet 

another experiment.  From that point on I made it a habit to stay mostly silent, letting the smarter 

talk.  In the army I encountered examples of irremediable idiocy which I could not avoid, 

because their designers and impersonators pointedly directed them at me, so that eluding frontal 

attack was not an option.  I met camaraderie and callousness at the same time, among people 

living together in a harsh environment—and I watched the latter aghast, psychologically 

unprepared to see humans acting toward other humans without any scruples; instead of fending 

off such behavior when it targeted me, I coolly faced it and I scrutinized it with astonishment, 

trying to glimpse its roots and underpinnings.  Cognitively, those soldiers were among the 
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brightest in society, since they all were set to become undergraduate students at technical 

universities.  This troubled me.  I have held that education in general and mathematics in 

particular improve human beings; empirical observations showed now otherwise.  I had an 

inkling that maybe mathematics meant different things for different people, that the effect it had 

on me was unlike the effect it had on others.  I did not yet have a perspective broad enough on 

this issue, so I remained confused, unsettled on it. 

I could not do mathematics in the army; I just thought about it.  For once it became clear 

that it was possible to live without doing mathematics but that life of the mind was impoverished 

and dull.  Here was a place where being good at mathematics didn’t count; nobody cared about it 

or rather treated it with disdain.  Stupidity prevailed by default and questioning it was a sucker’s 

play; even not acquiescing with it meant self-relegation to ridicule.  I lived in a hostile 

environment and I was powerless to change it.   At the time I thought I was observing the 

isolated symptoms of a pathological environment circumscribed to there-and-then and that the 

use of the lessons I was accumulating was restricted to that time and place; I failed to take full 

note of them for later use and reference.   In any case, my time in the army and my 

(mis)adventures there—to which I barely alluded here—stood as convincing evidence that 

mathematics doesn’t carry any weight in certain places.  In my mind this was a slight but 

undeniable diminution.  Yet the bright side, the hopes, the grand expectations, prevailed.  Yes, I 

was incurring scars but this was a brief interlude, was it not?  It was a fateful wake-up call good 

to shake my most naïve illusions but surely once I was out of the army, in the civilian life, things 

would return to normal.  

* * * 
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The ‘normal’ I was seeking in civility proved to be elusive.  After I finished the military 

service I went to the university in Bucharest to continue my mathematical studies.  The rules of 

the game at university were different from the rules of my game with mathematics.  To be sure, 

mathematics instruction in Romania was (and remains) remarkably strong, one of the best in the 

world, due to a solid tradition and dedicated people.  Something must be going right to produce 

such a venerable school of mathematics, consistently over several decades.  By my taste though, 

and by my views of mathematics, things were going too well at the university. 

The lectures were monotonic, long, arid, demanding, charged.  I wasn’t bothered by the 

reasoning rigors of proof but the quantity, the pace, and the purpose of the proofs overwhelmed 

me after a while.  They sucked out my initial enthusiasm.  In high school I had read on my own a 

lot of advanced mathematics; but now, gobbling up proofs of several major mathematical results 

daily, for three months running, and being required to memorize them for the comprehensive 

end-of-semester examinations, was too much.  I finished my first year at the university with 

maximum grades in all mathematics courses but I was disgusted as never before.  I felt 

miserable, guilty, a traitor to my values and principles; I had sold out my soul to the gods of 

performance, I had joined the achievement crowd.  My love of mathematics was rapidly 

depleting, assaulted by the formal ways of practicing it at the university.  Doing mathematics no 

longer felt like living a real life; all the enjoyment, the sense of reward gained from learning, the 

pride of doing good for others, were gone. 

I spent the following summer in intense soul-searching, living alone in the mountains and 

reading many books, none on mathematics.  I felt tired of mathematics, hesitant, unsure whether 

I would continue doing it, ever.  I lost the sense that mathematics mattered for me.  I used to see 

in mathematics a path for training the mind for seeking supra-relational, multiple kinds of 
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understanding, best for equipping me to answer not only how and why questions but also to 

inquire what are the implications, in the most extensive sense of exploring connections and 

consequences, past, present and likely (and that meant all discernable connections, even if they 

stretched the imagination)—but the practice of mathematics as I encountered it at the university 

was useless for that kind of aspirations.  I stood on the edge of major decisions, ready to abandon 

mathematics for good. 

When I returned to school the next fall, the story continued where it had stopped, in the 

same vein: more monotonic lectures, more seminars on narrow and highly specialized topics, 

more time pressure, and more competition with exceptionally talented peers who showed every 

sign of excitement for coping brilliantly with the unending marshaling of increasingly cryptic 

symbols.  I could not escape noticing my reversal of attitude with respect to mathematics—a 

reversal that sprang from my consistency in views toward mathematics but inconsistency in 

means for approaching it; in high school I did not care for conventions and I was always relaxed, 

in contrast to all others around me; to the contrary, at the university I started out caring for the 

conventions and I felt stressed, while others, who were used to following directions, charged 

ahead undisturbed.  Everyone did the same thing at the same time, most of the time, eerily 

similar to the Army regimen; only here we did it at our own will.  There was no freedom, no 

improvisation, no imagination, no invention, no choice, no longer problem-posing opportunities; 

I was receiving everything readily-packaged and I was supposed to absorb it quickly in order to 

be rewarded with a good grade at the end of the semester—a reward that meant nothing to me.  

My love of mathematics was becoming an ordeal.  The unspoken but unanimously accepted 

assumption was that we studied in order to do well on exams, to earn a degree, and to secure a 

job in a profession—not because we liked it, or it intrigued us, or it enticed us to make it part of 
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our exploration of the world.  In all that intense mathematical instruction an unobstructed 

positivism reigned, while doubt was in short supply—and I had always savored some doubt in 

the mix of life!  Most disturbing yet was the lack of connections, bridges, and bi-ways between 

the pure mathematics we were learning and everything else.  No one ever stopped, relaxed, and 

asked why we were studying what we were studying and how it related to other things we know 

or would like to know, and what does it all mean. 

Most accounts of the nature of mathematics hold that mathematics is universal and ‘the 

same’ for all of us; this philosophy is marked by a corresponding ‘mainstream’ philosophy of 

teaching, which I illustrate with one example in the next section, along with alternative view.  I 

see this conception suspiciously, as un-interpretive teaching of mathematics akin to 

dogmatism—that is, teaching mathematics in ways that preclude individual understanding, as 

contrasted to uniform group understanding.   My experience led me to think of mathematics as 

my mathematics, a mind domain I liked to customize, to skew it if I wanted, to arrange it as I 

pleased.  With such views I gradually became a closet heretic among people whom I appreciated 

and I had befriended for many years.  They, my friends (some of whom are good mathematicians 

in America, today), were used to doing mathematics in that intensive way, but I was not.  I saw 

that most mathematicians chose academic careers or ‘applied’ their mathematical knowledge in 

industry or technology; that was wonderful, I could see its value and utility.  But to me it looked 

unsatisfying; these common careers based on mathematics obstructed the more general fact that 

mathematics enables people to build personal niches in the social milieu and some of these 

niches are extreme in originality—a lot more exciting than teaching or just ‘applying’ 

mathematics. 



 

14 

 

During my second year at the university I loosened my exclusive grip on mathematics 

and I begun to skip lectures and seminars.  Surreptitiously, I started attending non-mathematics 

courses and I returned to my medley of preoccupations.  I frequented meetings of writers, I went 

to concerts and plays, and I spent several hours every day in the magnificent library of the 

university, reading all sorts of things except mathematics.  I returned to the freedom of inquiry I 

had known a few years before, this time in a much larger city, with many more resources.  I was 

content all over again, brimming with ideas, even though my grades in the mathematics courses 

slipped.  I thought up a lot of interdisciplinary research projects.  With my balance of interests 

re-established, I remained to study mathematics at the university until I graduated, quite 

reluctantly.  Gaining that degree in mathematics left me with ambiguous feelings; I knew I was a 

failed mathematician by competitive standards but I was a rescued lover of mathematics. 

An important political component entered the picture about that time but I will not insist 

on it here, for its comparatively weak relevance in the economy of this Introduction.  Suffice it to 

say that during my time as an undergraduate student in Romania, in late 1980s, the ideological 

climate in the country stifled markedly, the political propaganda took an ever more strident tone, 

the hardships of the material life accentuated, and the seeds of the upcoming upheaval grew more 

potent.  By then I placed my experience in a broader reflection on the world and I made notes for 

various projects.  When the communist government fell, in December 1989, the press became 

free overnight.  I immediately started to write for various periodicals and I published a book 

appropriately titled The Liberty to Participate.   

* * * 

In late 1992 I landed in New York, where my wife (at the time) was studying for a 

doctoral degree.  I could not understand any English.  Every late night I picked up discarded 
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bundles of newspapers on Madison Avenue and I read them the next day, using a dictionary.  I 

achieved comprehension of written English fairly easily but speaking was a much bigger 

problem, since English is not a phonetic language.  I learned to speak by chatting with strangers 

in Central Park, mostly friendly retirees with plenty of time to spare.  When my interlocutors 

understood my exertions, they advised me to approach New York City schools and to offer my 

mathematics teaching skills—and so I did, convinced that mathematics was now coming to my 

rescue.  I had heard that teaching mathematics well was valued and sought after, in America; I 

was more than hopeful, I was confident that things would work out easily.  But when I inquired 

at schools not one of the persons I approached was interested in my ability to teach.  Instead, 

they wanted to know whether I had ‘certification’ to teach and proper work visa—issues I 

considered trifling and unrelated to the matter at hand, which was that I could teach mathematics 

and I was eager to do it.  The scenario repeated everywhere I went, increasing my sense of 

uselessness, idleness, and waste of time.  My love of mathematics seemed irrelevant to my 

condition; despite the hearsay, it made no difference.  So it went for two years, exasperating me.  

To top it up, a Romanian friend of mine was brought all the way from Romania to America to 

teach mathematics, at the expense of a school district; disappointed that he was not given the 

respect he enjoyed at home, he returned to Romania after one year, only a third of the time into 

his supposed stay here.  Yet I was in America and I could not teach mathematics because 

bureaucratic formalities stood in the way.  Walking on the streets aimlessly, day after day, once 

again I felt the absurd echo of my readings from Camus, Beckett, and Ionesco. 

With no chance to improve my lot by gaining employment, I turned to possibilities for 

formal education, again—although, as an alien, I could not afford educational loans.  In line with 

my publishing adventure in Romania and with my later interest in political ideas, I tried first to 
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apply to graduate programs in political science and foreign affairs, but the luminaries I 

approached for letters of recommendation (specialists in Romanian politics able to read my 

book) were not impressed that my previous credentials were in mathematics, even though the 

Romanian consul in New York at the time was a mathematician.  I did not obtain the letters, so I 

had to give up on those plans.  Then I had what I thought to be a great idea: I would go to a 

business school.  Where else could I put together my many interests better than in business?  At 

the business school I was going to meet brilliant peers, intent on making the world better—and 

even more brilliant professors, receptive to my personal way of interpreting mathematics.  I 

chose New York University’s Stern School of Business, since one third of the students there 

were foreigners, the financially-minded faculty basked in excellent press and connections, and 

the location was close to Wall Street (where I intended to take my novel ideas).  I received a 

maximum GRE score in mathematics and Stern admitted me, despite my weak English.  I felt 

elated and re-energized.  I borrowed a lot of money to pay for the first semester but I was sure 

that it was worth it, that it would pay off later. 

The MBA program started with an introductory talk given by a faculty with extensive 

expertise in marketing, both in industry and in the academia.  To my amazement, the gentleman 

spoke engagingly for two hours about marketing successfully a newly-invented tooth-pick.  

Coming from a communist country, I was impressed by the speaker and overall enthusiastic.  But 

toward the end of the talk he had some advice for us, the freshly-starting MBA students.  He said 

that the business school was not for doubting and philosophizing but for acting and working 

hard.  “Don’t ask why, just do it”—he said.  Questioning what we were asked to do was counter-

productive; just work as hard as you can and things will be good for you, he conveyed.  This 

sounded similar to the old-time ideological propaganda I had heard in communist Romania.  This 
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man was telling us that, even if we happen to be treated as morons in that distinguished place, we 

should remain cool, steely, unfazed—and continue ‘working hard’; he electrified us to a mood of 

“Yes, we can!” regardless of the circumstances; he played with our youthful self-confidence by 

subverting our critical judgment.  The school had not yet started and I felt that there might be 

trouble ahead for me, since I was an inquiring type.  I was moored in such conflicting thoughts 

when rapturous applause burst in the auditorium sweeping away my hesitations—and I joined in, 

telling myself that for once I should discard my philosophy and do, in this so-smart a place, what 

I was required to do. 

A few days later I received a letter from the school telling me that I need to improve my 

writing.  Quite likely I was the only MBA student there to have already published a book (a bit 

later I published several articles in the students’ paper at Stern; even later, at Cornell, I taught 

writing seminars) but that did not matter at Stern; they did not get that my English was weak, not 

my writing ability.  Things only got worse, blow after blow.  I was compelled to take a statistics 

course, even though I could teach such a course.  The assignments were not only worthless but 

damaging, since they contradicted common sense thinking.  Much of the assigned work was 

group work, done in teams.  To me it appeared that the most unworkable idea that came up 

during team meetings seemed to prevail; if not, one that certainly sounded good on paper but had 

no chance to be carried out in practice.  Every time I said something in classes, usually 

connecting apparently disparate ideas, an embarrassing silence took hold, followed by a timid 

rebuff and a call to stick to the narrow matter under discussion.  But the matters under discussion 

often concerned applying mathematics to inappropriate contexts and that was, in my view, an 

abuse of mathematics.  Don’t they see, I thought, that after several centuries of disciplinary 

fragmentation, the problem has become putting things together again in a coherent way, not 
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pulling them ever further apart?  Human affairs are different from natural phenomena and the 

mathematics of human affairs should be different from the mathematics of natural sciences; the 

mathematics of human affairs is worse than worthless without adequate interpretation; it is 

misleading.  The interpretation entails specifying the conditions, the assumptions, and the 

potential perils of using mathematics; un-interpreted mathematics applied to human affairs is 

intrinsically risky—that is, it implicitly magnifies the risk when it is employed in risk assessment 

of any kind. 

All this was reasoning, it was questioning— reasoning and questioning are anathemas in 

a business school.  Big-shots from the banking and brokerage industries were regularly brought 

in for lectures and, regardless of their topic, all had the same basic message: work hard; none of 

them encouraged us to think hard; I felt that there was a moratorium on hard thinking in business 

school but a mandate on blind, unreasoned action.  The pleasure and the habit of reasoning, both 

bi-products of doing mathematics, turned against me—and this time they almost crushed me.  

The more I spoke at business school, the stranger the atmosphere became.  For a while I lingered 

there, surrounded by bristled silence, polite condescension, and impatient tolerance.  The 

denouement came when a faculty asked me why I went to that school if I thought I was so smart.  

The message, one of the many ensconced in that interpellation, was unmistakable: if you happen 

to have some ideas (and made the dumb error to come here by borrowing a lot of money), better 

be careful how you handle them.  The next morning I was out of there, at staggering financial 

loss.  I hit a new low in this free country—but much worse was in store for me, still hidden in the 

uncertain and distant future.  Far from being an asset, loving mathematics proved to be a burden. 

The perplexing aspect of that business school adventure was its absurdity.  As I walked 

the New York streets not knowing what to do next, I could find no meaning in the turns my story 
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was taking.  I had come to a free country and foolishly borrowed a lot of money to attend a high 

profile business school—only to be told that I do not know how to write, to be forced to take 

classes I could have better taught, to be shut up when I had something to say, to be assigned 

senseless ‘projects’ that took full days and nights to complete and served no purpose but 

indoctrination.   

* * * 

Back on the day I finished high school, my philosophy teacher pulled me from the 

celebratory crowd and asked me to go on a brief walk with him.  After a bit of small talk he told 

me that he knew I was not the slacker I always seemed to be and that, as I was leaving into the 

wide world, he wanted me to remember a thought from him.  “People,” he said gravely, “can 

take away from you everything, except what is on your mind.”  With that he drifted away and I 

never again heard from him.  But those few words were so unexpected and startled me so much 

that I walked the streets for hours, trying to understand the message he wanted to convey to me.  

I could interpret his words in many ways but nothing in my life circumstances up to then 

persuaded me to accept that he conveyed the most dramatic of the meanings I could have drawn 

from his farewell message.  Over the years I recalled his words many times, no less puzzled than 

I was when he spoke them; yet their ultimate meaning remained obscure. 

Then, twenty-two years later, I understood.  I had to admit to myself that, indeed, my 

teacher’s words were advice for the most difficult times I might encounter.  Those words had to 

do with survival, in the most basic sense of the word ‘survival’.  They were survival advice for 

the eventual case that (who knows) I fail in everything I try, I lose all material possessions, I live 

among strangers, and I might see all my past, present, and future in ruins.  Twenty-two years 

after I heard my teacher’s last words addressed to me, I recalled them again—and this time I 
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needed them.  At 41, by most criteria a well-learned man, I found myself utterly destitute, 

penniless, jobless, homeless, and treated with the utmost indignity by a handful of professionals 

whose chief preoccupation was to send me fat bills and to make sure I knew that fees and interest 

will be added if I did not pay up in time. 

This is not the place to detail the events that led to that situation.  But getting trashed in 

the choreographed circus of the family court shook my remaining confidence in the probity and 

competence of professional people who wave their high ‘qualifications’; my own qualifications 

and my life-long quest for learning did not count at all.  I realized in shock that many people 

brandish academic degrees to cover up incompetence.  There are exceptions, of course; thinking 

of the exceptions I am hard pressed not to think of the academic degree-awarding system as a 

gigantic entitlement racket whose palpable result is supporting its beneficiaries to rise above 

their highest level of their competence.  Academic degrees are social conventions that confuse 

ethical matters; they are part of the social machinery of the contemporary world but that does not 

improve their moral standing.  Some of the most daunting circumstances in my life, some of the 

meanest behavior I have seen, some of the most absurd ideas I encountered, and some of the 

most fallacious arguments I heard originated with people who hold Ph.D.s.  My divorce and 

child custody experience, together with living in the Red Cross shelter of Ithaca for almost half 

year and working as a cashier at Wegmans Food store even though my learning qualified me for 

much better endeavors, deepened my suspicions that the American maelstrom functions as an 

immense roulette doling out winning and losing life tickets randomly, with little or no care for 

people’s efforts and dignity.  My views on the role of mathematics in building characters 

received a renewed double slap when a court-designated psychologist confessed that his major 

back in college (long ago) was mathematics.  When this Ph.D.-holder showed me ambiguous 
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drawings I was to decode, administered me tests with only yes/no answers to life questions that 

can never be answered with unqualified yes/no, asked me to ‘prove’ that I was not the monster 

parent I was accused of being, and wrote in a report that despite the absence of the evidence he 

sought, he was still making recommendations based on hearsay—all my illusions that 

professionalism stands for competence and integrity evaporated. 

* * * 

 With the mood reflected by such thoughts and happenings I started my graduate work at 

Cornell, first in the Master of Arts in Teaching program and then in the Ph.D. program.  I started 

this work not from conviction or motivation (those sentiments were by then superseded by 

cynicism toward academic degrees in general) but to survive.  I had reached an abyss and I had 

only my mind to climb out of it.  The advice I received decades ago from one of my high school 

teachers saved me.  I was also lucky, as few others are.  Again I will not detail here the peculiar 

circumstances of that beginning, even though they make for a great story of their own.  The 

relevant point is that, somehow, mathematics, which I almost despised for a few years, helped 

me indeed, this time; and once out of the deepest troughs of dangers, my interest in it rekindled, 

similar to a slow Phoenix rebirth from the dead. 

Connecting with the people who animate mathematics, the teaching of mathematics, and 

the promotion of mathematics for public reception in this country I have contradictory feelings 

all over again.  It seems to me that everybody is both right and wrong, at the same time, and in 

various respects.  On one hand, my impression is that mathematics teaching, as it is practiced 

today in most educational institutions, is akin to indoctrination and in certain ways is similar to 

medieval scholastics and to political propaganda; the thinker with the most influence and the 

most powerful imprint on the mathematical learning and teaching practices is the Russian 
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psychologist Ivan Pavlov; most students are taught mathematics not to reason but to acquire 

certain desirable reflexes, mainly conditioned reflexes (answering test questions, applying 

formulas, cooking the homework according to the recipe, etc.).  On the other hand, I discovered 

that aspects of my unusual past experience with mathematics are theorized, promoted, and 

defended under doctrines called the Moore method, problem posing, learning by inquiry, 

humanistic mathematics, teacher identity and such; clear affinities send me gravitating toward 

these clusters of ideas and practices but my ingrained skeptical bent safely keeps my total 

devotion to them at bay.  My experiences enriched my views of mathematics beyond all neatly 

confined characterizations.  I hold an open view for possibilities, an inclusive vision that 

underlies my editing of The Best Writing on Mathematics series.  In learning and teaching, this 

translates into a methodological blend which, at first, looks surprising and discomforting for the 

untrained mind—yet it led me to teach well not only standard courses but also several courses I 

made up from scratch, most importantly the writing seminar for first year students. 

From my enthusiastic years of learning mathematics I distilled a certain way of thinking 

about teaching as a mixture of cooperative and autonomous enterprise.  In the next section I 

review the ideas of the authors who influenced me.  The key tenet of my conception of teaching 

is that the students and I are partners in learning.  They learn from me and I learn from them.  

We are in active interaction and all of us gain from it.  Teaching and learning in an institutional 

environment have common features with acting.  The classroom is in certain ways similar to a 

stage.  We succeed or fail together on this stage.  As instructor, I am the main actor of a highly 

collaborative performance that happens to be played in a classroom but it is part of the much 

vaster life stage.  And, just as life is unpredictable, my teaching is sometimes unpredictable.  I 

never play by a rigid script in the classroom.  I aim to enable my students to open up their 
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potential toward the implications mathematics has on the wider stage of life, to give them 

persuasive elements that stimulate the reconstruction of their worldview, and to prompt them to 

consider some of the many ways in which every one of us can use mathematics to build a 

personal niche in the social milieu.  If mathematics is not the ideal subject for such a task, then 

what is it?  And what else is it for? 

 The students learn from me that mathematics is multifaceted and has a personal side 

involving the whole of our life experience.  From this follows that understanding mathematics is 

different for each person—and this further leads to my main goal in the classroom and in my 

overall interaction with the students: to mobilize the array of disparate experiences available to 

us in order to make sense of the mathematics we study and to enhance our understanding of the 

world at large. 

 On my part, I learn from my students new ways of looking at mathematics—some valid, 

crisp, and original; others erroneous, dull, or uninteresting.  Each new group of students presents 

me with a multitude of unspoken and occasionally incompatible ideas about mathematics.  My 

job is to bring alive this diversity of implicit beliefs and unuttered assumptions, exposing 

students to the interpretive richness of mathematics, encouraging them to make mathematics 

learning a part of their developing personality, and engaging them in a dialogue meant to 

influence their evolving worldview.  

To be sure, the active interaction between me and the students plays out on many levels. 

It requires a delicate balancing of the human characters that come to me with astonishingly 

different backgrounds and sensibilities.  Over the years I learned a bit of this fine art, and I 

learned to perfect it as I am teaching more—thus gaining the confidence that makes teaching a 

pleasure. 
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* * * 

 I will now comment briefly on each of the pieces presented between these covers. 

 

A journey of ideas, from the mainstream out (literature review) 

 

 In this literature review I mention the writings of authors who influenced my thinking 

about mathematics education over the years—either by inspiring me to build on their ideas or by 

stimulating me in a polemical manner. 

 

A counterfactual assignment (report on a first year writing in mathematics seminar) 

 

 Teaching the Writing in Mathematics seminar for first year students at Cornell turned out 

to be the most important professional experience of my last several years.  I made up a course 

unique in goals, dynamic, and expectations.  Continuing in the experimental vein that always 

shaped my rapport with mathematics, I tried out ideas I had mulled over for many years but I 

have not had the chance to test.  I taught the seminar five times, each time on a similar template 

but with significant content differences, to suit the particular group of students in the class.  Most 

of my students were majors in mathematics, computer science, sciences, or engineering, 

therefore among the best in the school, in mathematics. Yet they had read little about 

mathematics, were unfamiliar with the literature on mathematics, or were not even aware that it 

exists. That surprised me and convinced me that giving more attention to this literature can have 

a positive impact on mathematics instruction generally. 
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 For the last several centuries the disciplines of the mind have drifted apart.  In the 

interspaces thus created new academic disciplines appeared, leading to the bewildering array of 

academic subjects available today.  This process leads to ever more specialized areas of research.  

For all its benefits, this long-term trend has drawbacks.  Among other things, the ability to place 

particular disciplines in the wider context of cultural, social, and political ideas has almost 

vanished—for mathematics even more than for other disciplines.  Synthesis is hard to achieve 

and the ability to see the large picture is rare.  In my seminar I aimed to point toward such lines 

of inquiry, hoping that some of the students will follow up later on their own. 

 

Problem posing in action (or: On the nature of zeros for real polynomials) 

 

 I sketched the main mathematical ideas of this article long ago.  For several years I 

posted problems on a wall panel in my high school.  Every week I came up with about a dozen 

problems for each of four grades, nine to twelve.  My delight was not only to select problems 

from books but also to make up new problems and to offer them to peers (and to teachers) for 

solving.  I learned mathematics by posing problems just as well as by solving problems.  I made 

up perhaps thousands of problems and I posted them on that board, or I accumulated them in a 

huge hoard.  That’s what mathematics meant for me, that’s how I learned it.  Many of the 

problems were simple applications to well-known mathematical results—but some were 

remarkably difficult, including applications to results I had found.  The piece I include here with 

the main title “Problem Posing in Action” is an example of how I used to combine known 

problems into new results and how I used the new results to formulate more new problems. 
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A geometric pattern in calculus 

 

 For a few years my graduate student stipend consisted of teaching assistantships for a 

multivariable calculus course.  The matters studied in that class are important not just for their 

many applications in science, technology, and engineering but also for the mathematical thinking 

of the students.  The 19-year olds who made it to Cornel University and take such a class already 

have learned a lot of mathematics, spending thousands of hours doing homework and other 

mathematics assignments, to the extent that they have become conditioned to see mathematics as 

an instrumental affair concerned with giving answers to problems.  I have seen many students 

who never encountered difficulties in learning mathematics but struggled when they reached the 

multivariable calculus; others, who did well in this class, still told me that they “don’t quite get 

it” as they used to “get it” at lower levels of calculus.  I asked myself why—and I came to think 

that a concerted set of difficulties make the multivariable class challenging for the students and 

for the instructors.  At Cornell, over the years, people made a sustained effort to turn around the 

dry teaching of the multivariable calculus and to enliven it by connecting the subject with its 

applications; I have been part of that effort for a few years and that experience helped in shaping 

my view on this matter.  In the text proposed here, I elaborate on these general thoughts and I 

offer one example which the students find surprising and illuminating for the matters they learn 

in the multivariable calculus course. 

 

Conclusion 
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My views of mathematics are rooted in my mathematical experiences; they never 

cease(d) to change.  Some leitmotifs are apparent in my life-long interaction with mathematics: 

experimentation, intrinsic motivation, trial and error, improvisation, connections with non-

mathematical endeavors, interpretation.  Over the years I made some fortunate choices and a lot 

more mistakes; I learned a lot more from the latter than I learned from the former and I would 

not be here without good and bad luck. 

I am acutely aware that to speak about ‘mathematics’ is almost meaningless.  

Mathematics is an intellectual behemoth.  It’s huge.  It’s impossible to define.  It’s impossible to 

‘know’ it all.  At core I am a skeptic and a doubter.  I am embarrassed to formulate and propose 

my views on mathematics and mathematics education as ‘theories’ and to pass them on to others; 

I take it as obvious that all theories are false or will be shown to be false, sooner or later.  I don’t 

expect anybody to agree with me and I don’t seek agreement and approval for my ideas.  I don’t 

find it exciting to tell others what I think; for me the excitement is in having ideas, not in 

spreading them; my ideas are likely to be (or to become) non-sense, sooner or later—so why 

should I harm other people by spreading them?  I rarely try to convince anybody of anything; 

sometimes I perceive such activity as a waste of time. 

Yet none of these tenets is set in stone.  I might change—as surely I changed in many 

respects over time (and surely I did not change in others). 
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A journey of ideas, from the mainstream out 

 

You may infer from the Introduction that the most consequential influences on my ideas 

about the learning and the teaching of mathematics came from my varied experiences over many 

years and from certain readings not concerned with mathematics education.  That would be a fair 

conclusion, indeed—but slightly lopsided.  Certain academic authors did influence me or, if it 

did not happen upon reading them, some of my ideas are certainly affine to theirs.  Since I 

already mentioned some of my personal avatars, in this section I will refer to ideas and 

connections with professional literature.  This means that I will not reference here authors who 

influenced major aspects of my thinking but are not researchers making a career by studying 

mathematics education; I will not detail those influences because I would be compelled to make 

connections too far away from issues of mathematics instruction, into matters of philosophy of 

life—and the picture would become blurred, too complicated; that story is for the future, 

eventually.  For now I will discuss at some length authors concerned with mathematics 

instruction and I will point out either my polemical stand toward their positions or my affinity 

with the ideas they have contributed. 

 

The mainstream: one example 

Defining the ‘mainstream’ of mathematics education is no easy task; I will not attempt it 

here; perhaps it is not possible to define it in terms that command wide agreement.  Yet some 
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characteristics of the ‘mainstream’ of mathematics education are discernible in the teaching 

practices of most schools and universities around the world and in the writings of major authors 

who write on mathematics, its learning, and its teaching (although cultural and temporal 

variability are significant). 

 I will make my task manageable by picking one significant text on this subject—a text 

that can be safely considered ‘mainstream’ (Dieudonné 1973).  Jean Dieudonné wrote “Should 

We Teach ‘Modern’ Mathematics?” as a comment on René Thom’s article “’Modern’ 

Mathematics: An Educational and Philosophic Error?” (Thom 1971). As we will see, 

Dieudonné’s text is rich in ideas about mathematics and its teaching, helps me point out some 

‘mainstream’ features of thinking about mathematics instruction, and makes it easy for me to 

comment on these features.  I will quote extensive passages from Dieudonné, to make sure I do 

not alter the meaning by selective quoting.  Although the article is polemical with reference to 

Thom, it can be read as an independent text, freely-standing. 

Dieudonné says that “… his [Thom’s] paper contains some keen insights into the nature 

of mathematical thought—such as would be expected from this first-rate mathematician—and 

some sound common sense, together with some curious misconceptions and pronouncements 

which, for lack of better word, I can only label ‘parochial’.” (Dieudonné 1973, p. 16) 

Right from the start we note some of Dieudonné’s assumptions and contradictions.  He 

implies that, in general, “a first rate mathematician” necessarily has “keen insights into the nature 

of mathematical thought”—although that does not preclude such a person from having “curious 

misconceptions and pronouncements.”  Dieudonné’s value attributions to an author’s opinions on 

mathematics are dependent on whether the author is “a first-rate mathematician” or not.  Then 
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Dieudonné “label[s]” Thom’s ideas “parochial”; as we shall see, Dieudonné displays plenty of 

‘parochialism’ himself. 

Dieudonné “fully” agrees with an idea Thom never states explicitly in his article, an idea 

irresistibly formulated by Dieudonné in stark terms: 

“Underlying Thom’s opinions in this subject is the belief—which I 

fully share myself—that the important mathematical ideas came from a 

handful of mathematicians.  I am convinced that, since 1700, 90 percent of 

the new methods and concepts introduced in mathematics were imagined 

by four or five men in the eighteenth century, about thirty in the 

nineteenth, and certainly no more than a hundred since the beginning of 

our century.” 

Now this is puzzling.  First, it is not immediately clear why 90% (or any other number) is 

a relevant proportion in this context.  Second, Dieudonné’s elitist view of the development of 

mathematics can just as well be formulated with respect to arts (music, painting, sculpture) or 

other endeavors (political thought, technological innovations, wars and warriors); Dieudonné’s 

observation is not relevant to mathematics in particular.  Human events and our reconstruction of 

history are always prone to selective biases.   

Dieudonné continues: 

“These creative scientists are distinguished by a vivid imagination 

coupled with a deep understanding of the material they study.  This 

combination deserves to be called ‘intuition’, although it has nothing in 

common with what is usually meant by that word in ordinary language, 
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since it applies to ‘objects’ which, in general, have no image in the world 

of our senses.” 

Imagine that we replace the word “scientists” with the word “artists;” here is the new 

paragraph: “These creative artists are distinguished by a vivid imagination coupled with a deep 

understanding of the material they study.  This combination deserves to be called ‘intuition’, 

although it has nothing in common with what is usually meant by that word in ordinary 

language, since it applies to ‘objects’ which, in general, have no image in the world of our 

senses.”  This paragraph seems plausible to me!  It is enough to think of Salvador Dali, for 

example, to see that he had “vivid imagination coupled with a deep understanding of the 

material” he studied and he applied his artistic intuition to objects “which, in general, have no 

image in the world of our senses”!  Again, Dieudonné does not say something specifically 

concerned with mathematics in this paragraph; he borrows a general, obscure, nebulous, 

ambiguous metaphysics of ‘genius’ and transmutes it to describing the mathematical community. 

Dieudonné continues: 

 “One might therefore suggest the view that it is only what these 

people are doing that really matters—that the creation and transmission of 

mathematics could entirely be done within a small company of geniuses, 

much in the way, we are told, that Egyptian priests or the Pythagoreans 

transmitted their traditions by oral communication to a chosen few.  In this 

ideal situation, the concept of ‘rigor’ could very well be the one that Thom 

advocates, with few if any harmful consequences to the development of 

mathematics.” 
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Dieudonné implies that mathematics can be carried out as an isolated and autonomous 

phenomenon, as if it were an a-social realm.  Quite a parochial view! But we can ask: from 

where did the geniuses of the past spring up? How can anyone know who is going to be a 

genius—and when, and where?  Dieudonné’s crass elitism is of course false, as becomes obvious 

by recalling a few historical examples—but it has tremendous consequences for his vision and 

recommendations with bearing on mathematics instruction, as we shall also see shortly.  For now 

let’s ask how should we judge Fermat’s role in the history of mathematics?  Fermat can hardly 

be considered a visionary or a mathematical genius.  He was an amateur—yet one brilliant 

insight certainly impacted enormously the history of mathematics.  It is likely that genial people 

remained unknown and/or unrecognized; ideas get lost for many circumstances: poverty, lack of 

motivation to convey, ignorance of value, discrimination, loss of cultural patrimony, cultural 

isolation, contemporary and subsequent oversight, personal vendettas, etc. For instance, we know 

by chance that Galois was a mathematical visionary—a genius no doubt by Dieudonné’s 

terminology—because of the momentous inspiration that made him scribble feverishly his 

thoughts before going to the duel in which he was killed. 

Dieudonné takes then an unexpected turn, full of condescension toward those who have 

no choice but to practice teaching and learning mathematics under “careful presentation”: 

“Unfortunately, such a utopian dream does not seem compatible 

either with our present social system or with any foreseeable evolution of 

that system.  Communication between mathematicians by means of a 

common language must be maintained . . . and the transmission of 

knowledge cannot be left exclusively to the geniuses.  In most cases it will 

be entrusted to professors, who, in Thom’s words, are ‘adequately 
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educated and prepared to understand [the proofs].’  As most of them will 

not be gifted with the exceptional ‘intuition’ of the creators, the only way 

they can arrive at a reasonably good understanding of mathematics and 

pass it on to their students will be through a careful presentation of their 

material, in which definitions, hypotheses, and arguments are precise 

enough to avoid any misunderstanding, and possible fallacies and pitfalls 

are pointed out whenever the need arises.” 

Do I deeply understand Dieudonné here?  Mathematical genius is definitely above the 

“professors,” since professors have no access to the intuition of the “creators.”  To make sure 

that these professors do not mess up the mathematics they teach, formalism is necessary in order 

to convey mathematics free of any mishaps.  In Dieudonné’s opinion, mathematicians are closet 

Platonists: 

“What most working mathematicians and professors understand by 

that word [‘axiomatization’] is not a scrutiny of the foundations of 

mathematics, for which most of them care very little (contrary to what 

Thom thinks); they really share his Platonic view of mathematics, even if 

they will not publicly say so.  What they mean by an axiomatic theory is a 

rational and ordered way of presenting definitions and theorems that 

clarifies ‘intuition’ rather than suppress [sic] it.” (p. 17) 

Dieudonné’s proposed solution is to practice insincerity and posing in teaching: 

“The ultimate goal of teaching mathematics at any level certainly 

is to give the student reliable ‘intuition’ of the mathematical objects he has 

to deal with.  But experience shows that this can only be attained through 
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a long familiarity with the material and repeated attempts to understand it 

from every possible angle.  A professor who has long ago acquired that 

familiarity risks a complete breakdown in communication if he thinks he 

can dispense with precise statements when he tries to share his ‘intuition’ 

with his students.  In other words, I think that the progress toward 

‘intuition’ necessarily passes through a period of purely formal and 

superficial understanding which will only gradually be replaced by better 

and deeper one.” (p. 18) 

Let’s put together Dieudonné’s opinions, noted so far: teaching mathematics should aim 

at developing intuition but, since the people who teach mathematics do not possess intuition or 

cannot “dispense” it other than in unclear ways, mathematics must be taught by prescribed rigid-

logical steps that insure against eventual troubles that might ensue.  Dieudonné has no nuances to 

offer for the individual differences among the teachers and among the students.  “Intuition” can 

only be gained the way he envisions—and it is the same for all.  The intuitive professor (an 

impossibility, mind you) is so high-up-in-the-sky that he necessarily cannot communicate to his 

students (who are still down on the ground below).  What is to be done?  Let students have some 

“purely formal and superficial understanding”!  So much for blaming Thom for parochialism.  

Dieudonné is nothing if not parochial. What about Abel, Galois? 

 I agree with Dieudonné that 

“… it is much easier to teach abstract mathematics than, for 

instance, to communicate a good intuition of classical analysis.  And so 

you have the proliferation of categories, lattices, fancy rings, or spaces of 

every imaginable type, which bolster the ego of those who are proficient 
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in these esoteric matters but who, at the same time, may be utterly 

ignorant of number theory, algebraic geometry, differential topology, or 

functional analysis.” 

 But is not “intuition” (Dieudonné’s holy grail of mathematics, so rare and difficult to 

attain), pushed ever farther away from students precisely by the formalism seen (and advised) as 

inevitable by Dieudonné? 

Dieudonné has a “90 percent” fixation: 

“… it is quite clear that for 90 percent of schoolchildren of that 

level [elementary through high school], their need in adult life for any 

mathematics above elementary arithmetic will be nil.  So one may very 

well argue that no mathematics at all should be taught after age fifteen, 

say, except for those students who plan to go into a scientific or technical 

profession.  However, because it is quite hard to discern future scientific 

abilities in children below that age, they certainly should all be exposed to 

some amount of scientific facts and thought adapted to their immaturity…. 

The main goal should be to show a child how the raw and amorphous 

consciousness of space and time may gradually be organized into some 

logical structure.” 

Here Dieudonné makes clear that we should teach mathematics to indoctrinate the 

youngsters into the existing scientific dogma (which he calls “logical structure”)—not as a 

means to enable them to discern anew features of their experience, including by making their 

own discoveries and reinterpreting the discoveries made by others.  In addition, according to 

Dieudonné, the “exposure” to “some amount of scientific facts and thought” must be calibrated 
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down to the “immaturity” of the students.  How is that done?  Logic becomes a subterfuge and 

panacea for ‘deep’ understanding: 

“If many university teachers already have a deplorable tendency to 

emphasize abstraction at the expense of intuition, one should not be 

extremely surprised at the fact that high school teachers, who have no 

possibility of grasping the deep motivation behind the introduction of new 

mathematical concepts, should adhere to the letter of the new curriculum 

instead of understanding the spirit which made it necessary. Just like their 

colleagues at the university, they also have discovered that it is far easier 

to teach the manipulation of abstract concepts, even to very young 

children, than to give them an intuitive grasp of the realities behind these 

abstractions.  Hence their relish for logic in particular—and the inordinate 

amount of it they are prone to include in their teaching.” (p. 19) 

 For Dieudonné the school level at which someone teaches mathematics is an indication of 

how well that person “grasps” the concepts.  Yet in a flagrant contradiction Dieudonné holds that 

all who teach (will) find relief in teaching by rote and by substituting rote for the much more 

demanding (perhaps impossible?) task of conveying the deep intuition (which eludes most 

teachers and professors anyway, since they are not among the few mathematical geniuses who 

possess it). 

Despite providing an explanation for the proliferation of logic in the teaching of 

mathematics, and despite justifying it, Dieudonné’s skepticism on the virtues on logic is clear: 

“Of course one may contend that training in logical thought has 

some usefulness; while only wide-eyed idealists truly believe that logic 
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can and will one day govern human behavior, it can readily be admitted 

that a little more of it might do no harm in the general populace.  But the 

ludicrous examples that Thom stigmatizes at length should convince 

educators to limit Boolean algebra strictly to where it belongs, namely, 

mathematics and science in general.  Even within those limits, educators 

should beware of mistaking it for a panacea instead of a tool.  Logic is no 

more mathematics than atom smashers are nuclear physics; if you are 

clever enough to imagine a proof, it will help you carry it through, just as 

the nuclear physicist needs complex and costly apparatus to show that his 

insight into the nature of atomic forces is correct.  In both cases, 

imagination always is the irreplaceable initial spark.” 

Thus, according to Dieudonné, we are condemned to teach mathematics by defective 

means; moreover, attempting anything else than the efficient formalization recommended by 

Dieudonné is unaffordable:  “With the pressure of science and technology on human affairs 

steadily increasing, we cannot afford to let future managers and technicians spend most of their 

precious years of school life absorbing useless knowledge taught by obsolete methods, even if 

we recognize the necessity for some element of ‘play’ in the curriculum.” 

 Isn’t this stunning, coming from one of the top mathematicians of the 20th century?  

Dieudonné recognizes the limits of emphasizing logic in the teaching of mathematics; 

nevertheless he contends that there is no alternative to its prevalence, because of the competitive 

environment of the contemporary world (one supposes that at societal level and perhaps at the 

state level), which renders alternative methods of teaching “obsolete.” 



 

38 

 

 What I am to make of Dieudonné’s opinions?  I am not a “first-rate mathematician,” as 

Dieudonné would like it—therefore my opinions do not matter much anyway! 

 

 

Alternatives to the mainstream: select examples 

 

Since Dieudonné wrote his article, almost half a century ago, much has changed and 

much has stayed the same in mathematics education.  New people, new publications, new 

approaches made their way in the educational landscape of mathematics, first hesitantly at 

secondary level (Zoltan Paul Dines was a remarkable precursor in that respect), later more 

assertively at college level.  Over the last three to four decades mathematics educators whose 

views differ from the mainstream found (and founded) ever more avenues of practicing and of 

expressing their ideas.  Journals such as For the Learning of Mathematics, Journal of Humanistic 

Mathematics (preceded by the newsletter-bulletin Humanistic Mathematics Network [exact title 

?]), Journal of Mathematical Behavior, have contributed to the dissemination of novel views on 

the teaching of mathematics.  Occasionally mainstream journals such as The American 

Mathematical Monthly, Educational Studies in Mathematics, The College Mathematics Journal, 

Mathematics Teaching, Mathematics Teacher, and many others, also published unconventional 

points of view. 

 I cannot provide here a full review of the non-mainstream mathematics education 

literature.  I will limit my exemplification to several authors relevant to my work.  Even in those 

cases I will mention only quotes and passages from their work cogent to my views.  I gained my 
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insights (for whatever they are worth) quite independent of the literature mentioned here but 

reading these authors reassured me on following my path and supported my inquiries in a 

confirmatory role. 

The capsules that follow are ordered alphabetically. 

 

Steven Ira Brown 

Stephen Brown is a prolific and distinguished writer on mathematics education.  He has 

had a powerful impact on the profession of educating mathematics educators through the non-

conformism of the ideas he advanced about the nature of mathematics instruction and about the 

propitious student dispositions in which it takes place. 

 Brown’s writing is always intriguing, but a few pieces stand out.  The one that surprised 

me the most for Brown’s unusual perspective is Toward a Pedagogy of Confusion (Brown 1993).  

Brown starts by observing that “unity, coherence, and clarity are illusions that appeared to be 

conveyed . . . in most bureaucratized settings from media communication through the 

supermarket milieu to the organization of schools.  It is an illusion which is prized by both the 

hosts and the recipients of these services” (Brown 1993, p. 107).  He then notes that we supplant 

the sharp discrepancy between our daily living experience and our educational experience by 

occasionally acknowledging the inadequacy of schooling, yet we lack the linguistic gravity fit to 

the context: 

“As has happened numerous times in the past, we appear once 

more to be in a state of transition in education, one in which we are 

attracted to a more humanistic mode of interaction in general, but we are 
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not quite capable of creating the language to express that new vision with 

force and consistency.  We seem not to know how to talk sensibly about 

the roles of question-asking, explaining, testing, and empathizing in our 

reconstructed vision of teaching.  We seem incapable of appreciating what 

it means to be confused, what virtues may follow from it and what kind of 

pedagogy may make use of it.  Perhaps few of us have honestly reflected 

upon the way in which confusion has contributed to our own experiences 

both in and out of formal educational settings” (p. 180). 

 For Brown the ideal engagement with mathematics is a full-personality affair.  He decries 

that most theoretical approaches to mathematics education, including the most elaborated 

theories of problem solving, do not address adequately the subtle rapport between the person 

learning and doing mathematics and the manner in which mathematics is presented to him/her: 

“To think of taking on a problem as entailing risks, as being 

intensely personal and passionate, as having the potential to jeopardize 

one’s sense of self, all suggest educational dimensions that are a quantum 

leap removed from the essentially cognitive and metacognitive 

conceptions of problem solving that are proposed even by most radical 

mathematics educators.  They are highly personal dimensions, and, even if 

philosophers of science can persuade us that they are dimensions that do 

not reside in the concept of problem itself, they surely belong to the 

discourse of education in relationship to problem-solving.  What kinds of 

mathematically derived problems would we have to make available to our 

students and how would we talk about their connections with these 
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problems (no less their efforts to solve them) if we were sensitive to how it 

is that problems have the potential to jeopardize one’s sense of self?” (p. 

131). 

Just why is the theoretical insistence on problem solving in mathematics education 

inadequate?  Brown explains that 

“The dominant heuristic view of problem and problem-solving 

among educators surely suffers from a false sense of aesthetic unity.  

Problem-solving within which heuristics are emphasized tends to have the 

following components: 

- Problems are generally clearly stated. 

- They are assigned with little context and rationale. 

- There is little choice offered regarding the student’s 

inclination to receive the problem. 

- They are expected to be solved within a relatively short 

period of time with machinery that has already been 

created. 

- They are not designed with the intention of raising 

important human questions of a personal or interpersonal 

nature. 

Perhaps one might argue that, while the above might be true, the 

implied criticism is irrelevant since it is the nature of mathematics 

to depersonalize one’s relationship with it.” (p. 113-114). 
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 According to Brown, learning in a non-mechanical way is likely to be an uncomfortable 

(even strenuous) experience: 

“Now doubt, hesitation, perplexity, ambiguity, mental difficulty[,] 

are states of mind that are associated with a degree of unpleasantness.  

One has to be ready to be placed in a state of confusion if problem-solving 

is to be handled in a non-mechanical way.  In addition, one has to acquire 

and learn to cope with a variety of associated emotions. . . . [and] to be 

prepared to be disappointed, frustrated, angry, as one comes to appreciate 

not only that schemes and plans lead to dead ends, but that a supposed 

problem being investigated may make little sense” (p. 114). 

 Brown pleads for acknowledging the insecurities involved in doing mathematics—both 

on the teacher’s side and on the student’s side.  He is skeptical of instruction meant to supply 

students with convenient recipes or ready-programmed solutions:  

“Though one may not be in a position to provide a blueprint for a 

teaching regimen that orchestrates the cultivation of emotions and  

cognitions associated with problem-solving, it is hard to imagine that 

cognitive competence can be acquired in a training program that 

essentially ignores psychological components and that creates the illusion 

that the trip is one of clear sailing and that navigation is the primary 

responsibility of the teacher. . .  While we as teachers may create a state of 

angst by hiding our legitimate mathematical and pedagogical confusions, 

we run a greater risk of misrepresenting the lived experience of inquiry 

when we discourage students from honoring their own doubts, 
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ambivalence, disharmonies.  No field of inquiry grows in the absence of 

perceived anomalies; neither does the individual develop in a non-

problematic environment” (p. 114-115). 

In other texts, as we will see, Brown suggests that de-emphasizing problem solving and 

promoting more problem-posing by the students changes the dynamic of learning, by increasing 

the involvement of positive emotions but also by changing the motivation for doing mathematics, 

from passive/responsive to active/creative.  That has been my experience as a student, indeed—

and I designed the writing seminar on mathematical topics (described in one of the pieces 

included between these covers) precisely as a reconceptualization of the role of mathematics in 

the development of the students’ worldview. 

“As part of the process of personalizing mathematics concepts, we 

need to find ways to encourage students to cope with problems that may 

not be clearly stated at all.  There are many ways of achieving that goal, 

but one pedagogical avenue for such realization would be to encourage 

and to teach students not only to solve but to pose problems of their own.  

Such pedagogy would be supported by an organization of the environment 

that provides greater opportunity for students to locate what may be 

personally and epistemologically interesting and important (as well as dull 

and unilluminating) about problems that they or their colleagues find 

worth investigating; and that encourages collaboration in all aspects of 

mathematical thinking and experiencing” (p. 115). 

 Brown notes that the lessons of unique educational events are more instructive than the 

mechanical repetition of experiments: 
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“One incident with one child, seen in its richness, frequently has 

more to convey to us than a thousand replications of an experiment 

conducted with hundreds of children.  Our preoccupation with replicability 

and generalizability frequently dulls our senses to what we may see in the 

unique unanticipated event that has never occurred before and may never 

occur again.  That event can, however, act as a peephole through which we 

get a better glimpse at a world that surrounds us but that we may never 

have seen in quite that way before” (Brown 1981a, p. 11). 

 The acts and action of educating are more complicated and perhaps subtler than we 

customarily admit.  Brown pin-points some of the questions that would help us become more 

adequate in our quest for a better understanding of what we are doing when we teach: 

“What are the occasions upon which we analyze what takes place 

in our classes?  What are the categories of analysis we bring to bear to 

help us understand what takes place?  What methods do we use to enable 

us to carry out the analysis?  of course these questions need to be better 

posed than we have so far accomplished, and certainly the answers will 

wary depending upon the role of the analyst (e.g., teacher, researcher, 

parent, student) and the purposes of asking these questions as well” 

(Brown 1982, p., 125). 

Brown continues by stressing the irreducible individual nature of educational events: 

“To find a practical application for a theoretical structure is at least 

to draw a set of implications.  Now I suspect that most people do not 

understand the creative nature of drawing implications from a set of 



 

45 

 

‘givens’.  I suspect it is popularly held that such acts are essentially 

mechanical in nature, and all that is required to make leaps is abundant 

knowledge—something we teachers have and our students lack.  This 

grossly distorted picture of the nature of implication is perhaps attributable 

in part to the study of texts (and concomitant teaching) which draw a small 

number of ‘relevant’ and ‘mainstream’ conclusions based upon well 

accepted assumptions. . . .  Furthermore, part of what is involved in the 

creative act of drawing implications in matters of personal concern is 

paying attention to details that differ significantly from one person to the 

next.  To draw practical implications from philosophical categories 

requires that each person attend carefully to the details of one’s own life” 

(p. 131). 

In a different article Brown glosses over the importance of treating student error(s) in a 

radically different way than the methods instilled by the tradition of stressing problem-solving.  

He asks what would be the educational contexts in which error ceases to be a ‘mistake’: 

“Errors and mistakes become important category primarily when 

the concept of correct, right, proper, and true, dominate our curriculum 

concerns.  I fear that our present inter-national preoccupation with 

problem solving in the curriculum may have the ironic effect of subtly 

entrenching some of these values to the exclusion of others.  The 

dominance of these categories in mathematics classes suggest that 

important parts of one’s emotional and intellectual education are being 

neglected. 
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What are the kinds of issues, problems, situations, questions, that 

might legitimately be explored in the context of a mathematics classroom 

for which the concept of ‘being mistaken’ or committing an ‘error’ might 

not apply at all?  (Brown 1990, p. 37). 

His answer refers us to his long career of mathematics education innovator: 

One obvious (only because I have thought about it for 20 years) 

candidate is that of student problem generation.  Given a conjecture, a 

physical object, a situation, a definition, a[n] hypothesis, a theorem or 

whatever, one can invite students to pose problems or ask questions about 

the phenomenon.  Though the concept of ‘better’ or ‘more interesting’ 

prevails with regard to problems posed by students, and though one might 

wish to educate students in creating problem posing strategies, the concept 

of ‘right’ and ‘wrong’ do not apply in problem posing as they do in 

mathematical activity which focuses upon proof, propositions, procedures, 

and even problem solving.” 

My experience is compatible with this perspective and the type of learning environment 

envisioned by Brown; I learned by posing problems just as much (or more) than by solving 

problems.  This is also the point to stress (as I do in more detail in a subsequent piece) that I 

designed my writing seminar on mathematical topics in such a way that, as instructor, I do not 

punish or penalize ‘error’ but make it an integral part of the thinking process about mathematics.  

With the seminar and with the counterfactual approach I use in it I respond, over many years, to 

Brown’s interrogation on the role of the notion of error in mathematics instruction.  Brown 

continues: 
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“We as teachers and teacher educators do not have ready-made 

strategies for dealing with categories of teaching mathematics that defy the 

concept of error.  Even when we are clever enough to pass the mantle to 

our students . . . we tend to reify dialogue that further acknowledges such 

a perspective on the nature of mathematical thinking. 

. . . What is there of intellectual and personal worth that we ought 

to be doing in mathematics classroom for which the concept of error 

(regardless of how imaginatively we deal with it) makes little sense? (p. 

38). 

 

Dorothy Buerk 

Dorothy Buerk published little but her work proved influential in mathematics education.  

Her pieces are often quoted in the research literature; they stand out for conveying the firm 

cohesion and the tonic sense of Buerk’s discoveries during her explorations of students’ 

experiences with learning mathematics. 

 Buerk engaged in semester-long conversations with her students and sought to lead 

students toward a self-discovery of the humanistic side of learning mathematics.  A typical such 

dialogue is in Buerk and Szablewski 1993, a piece co-written by Buerk with her student Jackie 

Szablewski, in alternating sections.  Jackie uses a course journal to retrace her unfortunate 

mathematical experience over the years.  She says that “Mathematics has a public image of an 

elegant, polished, finished product, which obscures its human roots. It has a private life of human 
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joy, challenge, reflection, puzzlement, intuition, struggle, and excitement.” (Buerk and 

Szablewski 1993, p. 151) 

 In a journal entry Jackie assails the discrepancy in her rapport with mathematics during 

her school education to the gap between the mathematical results conveyed coolly by the 

teacher(s) and the absence of a feeling for them. She writes to an imaginary Future Math 

Teacher: 

“I realize that in order to help us realize all that already exists in 

the world, in order to guide us through all the worlds of mathematics, you 

must keep to a strict itinerary. If you didn’t we would not be exposed to all 

we must be exposed to in order to reach the destination of 

‘mathematician’, ‘chemist’, ‘well-rounded person’.  But don’t you see that 

in your well-intended efforts to show us all the ‘landmarks’ of those 

worlds, you are not allowing us to touch?  How can we come to say that 

we believe in a thing, a concept, an idea, if we ourselves do not know it is 

real?” (p. 152) 

 What strikes me here is the oppression of the given, of the established (science and 

mathematics) “that already exists” and underlines all our teaching in schools—the rarely 

disputed expectation than through teaching we firstly ‘transmit knowledge’ rather that educate 

for thinking.  Jackie diagnoses her fear of mathematics as a “phobia” and, examining herself as if 

she were an outsider clinician, seeks to overcome it “as in the case of other phobias; though you 

would rather be afraid of heights rather than face the challenge of a roller coaster, you might find 

the roller coaster appealing after gaining the courage to try it.  In the same way, one may find the 
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concepts of math exciting and exhilarating after building up enough courage to at least attempt to 

open the mind.” 

 The teacher (Buerk) guides the students toward discovering a new rapport with 

mathematics, a kind of “subjective knowledge”: 

“Subjective knowing is particularly important since it does offer 

students the opportunity to look inward, to trust their own inner voice, to 

begin to acquaint themselves with their own needs and desires.  The 

internal voice present in the subjective knowing marks the emergent sense 

of self and sense of agency and control, so important to learning.” (p. 154) 

Now this interpretation, in which Buerk ascribes “the emergent sense of self and sense of 

agency and control” to subjective elements of learning clashes with the widespread belief that 

mathematics is a tool of “agency and control” to those who wield it, regardless of the way they 

acquired it.  Buerk asserts that the power of mathematics is not immanent but mediated by each 

individual’s reception.  This personal element is lost in most of the teaching methods practiced in 

institutional settings, leading to the alienation from mathematics of many students.  Buerk offers 

teaching advice to serve as antidote: 

“I have developed the following strategies to enhance the 

learning of mathematics for those who would prefer not to study it. 

Since they grow out of misconceptions that people have a bout 

mathematics, these strategies will enhance the understanding of 

those who enjoy mathematics as well. 
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o Provide time to experience and clarify a problem 

(situation) before focusing on solution.  Let each 

person think about the question before anyone 

speaks.  Respond to questions about interpreting the 

problem.  This would include providing background 

for applications outside of the student’s field.  

Focus on resolutions only after each person ‘sees’ 

the problem (question) clearly. 

o Include the historical perspective to help students 

become aware of the person-made quality of 

mathematics.  Concepts as ‘simple’ as zero and 

negative numbers were controversial and adopted 

with great difficulty and yet students are expected to 

accept them without question. 

o Acknowledge and encourage alternative methods 

and approaches, approximation, guessing, 

estimation, partial solutions, and the use of 

intuition. 

o Answer questions with questions that both clarify 

the students’ questions and that help the students 

realize their own potential as problem solvers and 

problem posers. 
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o Encourage students to share ideas, partial solutions, 

and different interpretations of problems with each 

other.  Establish a work mode that encourages 

collaboration and the pooling of ideas to reach 

solutions and/or new questions.  Sharing authority 

in the classroom is invaluable to the improvement 

of student learning. 

o Encourage the asking of new questions and create 

an atmosphere where both teacher and student are 

free to wonder out loud. Students need to see their 

teachers asking, thinking, puzzling, and 

conjecturing out loud in class. 

o Make concerted attempts to avoid absolute 

language. 

o Set as a goal the development of each student’s 

internal sense of power, of confidence, and of 

control over the material.  Help students realize that 

mathematics can be learned by thinking, not only by 

memorizing. 

o Offer opportunities for students to reflect on paper 

about their ideas and feelings about mathematics.  

often after acknowledging negative feelings and 

reactions a student can move on as if relieved of a 
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burden.  Writing out one’s thoughts often brings a 

deeper clarity and/or a new insight and with these 

comes a new sense of confidence. 

o Don’t rush closure. It is important to continue to 

think about a topic, a problem, an idea, a question, 

and even a possible answer, and often to leave 

resolution until the next or an even later class.  

(Buerk 1985, p.69) 

Following Carol Gilligan’s (1982) writings, Buerk likes alternatives to teaching 

mathematics by rote: 

“It is a way of thinking about mathematics that is global, that is 

contextual and intuitive, and that considers the relationships of ideas and 

the limitations of solutions.  While this reasoning style is consistent with 

the way many mathematicians do mathematics, it is inconsistent with most 

teaching methods and most curricular expectations” (Buerk 1986, p. 28). 

 

Jere Confrey 

Over more than three decades Jere Confrey made a sustained effort to discern the nature 

of student conceptual understanding, with particular attention to mathematics.  Her publications 

on this subject are too numerous to consider here as a whole; I will limit my comments to a few 

related to my research. 
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 Confrey finds four major elements to be examined in connection with understanding 

concepts: “I have summarized four characteristics of concepts: having public/private roles, going 

beyond particular instances, being embedded in configurations, and relating intimately with 

language.” (Confrey 1981a, p. 10)  From an educational standpoint, as far as I am concerned the 

first aspect, the duality/polarity between the public and the private character of the concepts, is 

the most consequential.  Confrey writes: 

… “one discovers that each of these characteristics highlights the 

fact that concepts have processes and content merged in them.  What I am 

suggesting here is that if one scrutinizes each of these characteristics of 

concepts, embedded in it is not only meaning but also process.  The 

private/public roles of concepts [for instance] do not simply entail dual 

functions, but suggest a process of movement between these two roles.  

Expanding on this, one can see highlighted in this view of concepts the 

need to focus on the processes of movement by which students 

successfully negotiate the transition from their private concepts to more 

public ones.” 

I distil several aspects worth mentioning in this paragraph.  The foremost is the doubly-

paired characterization given in the polarities public/private and process/content; Confrey notes 

here a feature of mathematics (and mathematical instruction) which I generalized to many other 

conceptual and practical ‘polarities’.  It seems to me that Confrey’s description is veridical, with 

the caveat that the precise “movement” she observes between the extremes of these conceptual 

polarities and the exact transitions from one view of concepts to another are impossible to pin-

point accurately in real-life situations, for particular individuals; most students are unable to ‘see’ 
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when they change views from privately held to publicly shared—and their instructors are hardly 

better at it.  Yet the notion that such an enforcement mechanism takes place during instruction is 

a remarkable insight. 

Interestingly (and, for me, somehow disappointingly) Confrey offers a guided path for 

bringing students’ private vies of concepts into the public fold: 

  “. . . a [conceptual instruction] theory might start with the 

following plan: 

1. Identify relevant concepts to be taught; 

2. Determine students’ alternative, private conceptions of the 

concepts, perhaps through their responses to a problem; 

3. Identify terminology and symbols attached to those public 

concepts, and to those private conceptions; 

4. Propose possible routes from private to public concepts 

through a series of development stages—these should be both 

conceptual and linguistical stages; 

5. Apply a theory of conceptual change.  One possible method is 

to construct or search out problems that unite the concepts to 

be learned and to pose these as challenges.  To be effective 

problems for the students it’s likely that these should conflict 

with the students’ privately held conceptions; 

6. Devote attention to the processes necessary to form the 

concepts, such as generalization, prediction, abstraction, 

curtailment, etc. 
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7. Assess the students on problems that involve flexible and 

original instances of the concepts, and that require problem 

solving strategies as well as recall of previous instances.” 

(p.12) 

By giving this recipe Confrey appears to agree with the mainstream practice of resolving 

the conflict between private and public views of mathematical concepts; her procedure leads 

everyone to a unified, enforced, consensual view of mathematics and mathematical concepts—a 

goal I reject as untenable, both as a matter of fact and as a goal of instruction.  I see no need for 

such enforcement; a convergence of views might eventually happen during mathematics 

instruction but it should not be the goal of the teacher to achieve it; in fact, even if a conceptual 

convergence does occur, the teacher should encourage students to search for their own 

interpretations of mathematical concepts. 

Still, Confrey notes (at point 5 above) that the conflict of views is an important tool to 

evidence the differences between publicly and privately held vies of concepts—a methodology I 

use extensively, as I described in some of the pieces included here. 

Elsewhere Confrey is concerned with “the integral relationship between identifying 

educational content and deciding how to make it available to young people” (Confrey 1981b, p. 

243).  She makes here the important point that the practice of teaching is inseparable from the 

mindset of the teacher with respect to the nature of mathematics.  This brings Confrey to 

important observations on the philosophical implications ensconced in the discussions 

concerning curriculum choices: 

“In the phrase the ‘the identification of content’ is buried an 

assumption about the nature of knowledge which is fundamentally 
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unsound, and which, if accepted, can lead to the fragmentation of the 

curriculum field . . . The assumption is that knowledge exits as an 

immutable, objective, and eternal body existing as independent from 

people.  If this assumption is accepted, then the task of the curriculum 

specialists is to select the appropriate knowledge from that body, and it is 

only in this selection that questions of value, purposes, and authority in 

education get injected” (Confrey 1981b, p. 244). 

Confrey rejects the patronizing relationship between those who ‘choose’ a certain 

curriculum content and the students subjected to learning it.  She explains that the state of affairs 

in this respect is subtler: 

 “In the philosophy of science, one can distinguish the evolution of 

three theories of knowledge which I will refer to as absolutism, 

progressive absolutism, and conceptual change.  Absolutism portrays 

knowledge as cumulative and has roots in empiricism and positivism. . . . 

[In Popper’s] progressive absolutism knowledge progresses by the 

successive replacement of theories by more powerful and all-

encompassing theories. . . .  [while in] conceptual change [Kuhn] 

acknowledges that theories do replace other theories, but suggests that no 

objective critical experiment exists to determine the superiority of one 

theory over the other, because these competing theories each rely on 

different data and interpretations of the data”  (p. 244-245). 

Confrey shows that one’s epistemological stance is always reflected in one’s pedagogical 

practice, starting with the choice of content: 
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 “If one adopts the absolutist theory of knowledge, then the 

curriculum theorist is free to select the content at will, depending on 

his/her purpose in education.  However, if one adopts the conceptual 

change approach to knowledge, then the decision to select any particular 

piece of knowledge for content carries with it an implicit decision to 

support a particular system of conceptual beliefs, or research program.  

The point is that the determination of content is not a value-free endeavor, 

and this is not only because education inherently involves values, but also 

because knowledge too must be redefined to include fundamental 

epistemological commitments, which are not value-free.”  

Thus educators who accept that their role is to transform students’ worldview, rather than 

serving them ready-made theories and ‘facts’,  implicitly accept that it is their responsibility to 

choose the appropriate content they teach and the manner in which they do it.  People drive the 

educational process, through the full engagement and participation of the scholars, not abstract 

and rigid educational ideals: 

 “It should also be emphasized that the acceptance of a conceptual 

change approach to knowledge not only injects values into ideological 

questions, but it recognizes that progress in a discipline is through its 

community of scholars, and hence, sociological, psychological, and 

political influences are inherent in the body of knowledge.  It exists 

through its scholars, not independent of them.” 
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After this general discussion, Confrey looks more closely at mathematics and 

mathematics education.  She notes that historical misconceptions about the nature of 

mathematics explain the dominant features of mathematics teaching: 

“Most people conceive of mathematics as absolutist.  Historically, 

mathematics was heralded as the epitome of certainty, immutable truths, 

and irrefutable methods.  Its claims were secure through the infallibility of 

its supreme method, deduction.  It is common to see mathematics 

portrayed as eternal, unassailable, and exact. . . . Concepts in mathematics 

do not develop, they are discovered, and the impression is given that their 

structure is unchanging.” 

She goes on to examine what I means from a pedagogical standpoint to adopt a non-

absolutist view of mathematics: 

“The view of mathematics which results form a conceptual change 

portrays mathematics as having competing theories which are the result of 

attempts to solve outstanding problems. . . .  Its truth is not external to its 

scholars but is the result of the interactions between competing theories, 

expectations, intellectual ideals, and previous knowledge” (p. 248-249). 

By deciding to convey his or her own vision of a learning discipline instead of a standard 

version imposed by others, the educator becomes responsible for the choice of content.  S/he will 

adopt the content best suited to his or her perspective on the subject: 

 “The implication of accepting a conceptual change theory is that 

the selection of content requires one to portray one’s discipline accurately.  
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The assumption here is not that there exists a singular accurate portrayal of 

a discipline, but that if one thinks that controversial conceptions of a 

discipline exist, then the controversy is also appropriate content. . . .  The 

objective is to understand how knowledge changes, not to search for 

particular pieces of knowledge which appear to remain static as truth.  

This attention given to the development of knowledge is the basis of the 

tie between knowing and learning.” (p. 249, 253) 

Within the institutional constraints in which I worked, my teaching reflects in many ways 

Confrey’s views of education generally and of mathematics education particularly.  When 

teaching standard mathematics courses I stayed with the curriculum adopted by others.  But I 

took maximum freedom with content choices every time I had the opportunity to do so, for 

instance when teaching the writing courses or the seminars I was asked to do at the local high 

school for several years.  

 

David W. Henderson 

David Henderson’s contribution to mathematics education is also outside the mainstream, 

for the uncommon ideas and practices he advocates, as well as for the direct style of confessing 

his classroom experiences. 

When starting to teach calculus, Henderson is shaken by realizing that students often 

speak in a different register than he does: 

“I tried to listen to the people in the class.  I tried to understand 

what their questions were.  I found that some people were not thinking 
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clearly because of emotional problems or because of rigid reactions that 

came from previous conditionings.  But other people were obviously 

thinking clearly and I tried to understand what they were seeing.  In many 

cases I found this terribly difficult—my gut reaction was that it couldn’t 

possibly be right—it felt like nonsense.  I felt threatened—here was 

something which I couldn’t see in an area I felt certain about.” (Henderson 

1981a, p.12) 

This paragraph and a few others that follow make an overwhelming impression.  It is 

astonishing for a teacher (a math teacher after all) to admit to insecurities prompted by the fear of 

not understanding the questions posed by students.  Henderson is almost always shy to 

generalize but when I read this paragraph I cannot help but think of the many teachers who 

indeed cannot grasp their students’ questions but feel no remorse because of that.  Showing 

empathy to students takes a willingness to self-examine critically, perhaps ruthlessly, one’s 

assumptions about teaching: 

“Gradually, after much persistence and with the help of friends, I 

began to sense that I had blinders on—that my ways of understanding 

calculus had blinded me to other ways of perceiving.  I saw that many of 

the people in the class had real questions about the meaning of limits and 

derivatives—questions which I could not answer or questions which then I 

started to explore for the first time.  I lost a certain narrow feeling of 

certainty but gained a broader perspective.  Now I perceive calculus in a 

different way.” 
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 Henderson is against the “rote ways that lock [learners] into conditioned responses that 

limit their creativity.”  In negative echo (or direct but unnamed reference) to Dieudonné, 

Henderson charges that “this situation has been systematically reinforced by our culture which 

views mathematics as only accessible to a talented few”—and affirms, to the contrary, that 

“mathematics can be part of every person’s understanding and can have an important role in the 

liberation of human beings” (idem).  Henderson leaves no doubt that 

“I make the assumption that mathematics is accessible to everyone.  

Specially, my assumption is that every person who needs some part of 

mathematics in order to understand some aspect of their experience can 

grasp that part of mathematics in a very short time.  All that is needed is 

confidence in their thinking and in their perception.  This assumption 

applies, I believe, regardless of the person’s mathematical background.” 

[the emphasis in the quote is as in the original] 

There cannot be greater contrast between two philosophies of learning and teaching mathematics 

than this one, displayed by Dieudonné and Henderson.  On the one hand Dieudonné 

parsimoniously imparts the elevated mathematical “intuition” to a select chosen few, as if it was 

a rare commodity; on the other hand Henderson allows for everyone to make a valuable 

contribution to mathematics even while learning it, according to their experience.  Reading such 

opposing views one wonders whether these two authors have the same idea of ‘mathematics’.  in 

fact they do not—but the distinction, even if successfully pinned down, is less consequential than 

the abyss that separates their views on who is entitled to contribute to mathematics. 
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Henderson redefines for himself what it means to be a mathematics teacher (or, at least a 

calculus teacher) by admitting to learning through listening to his students and pursuing what he 

hears: 

“As I listen to people in my classes, the same gut reaction of ‘that’s 

nonsense and can’t possibly be right’ still comes up.  But now I know that, 

if I do not act on the basis of this reaction, and instead persist, I will 

perceive something new or in a new way.  Both the other person and I will 

gain.” (p. 12-13) 

Now Henderson steps further and rethinks the role of mathematics in our lives: 

“For me the overall goal of mathematics is to further each person’s 

liberation by expanding their ways of understanding and perceiving 

reality.  There are many diverse ways of trying to understand our universe 

and we all perceive our experience differently.  Nevertheless, it seems 

possible for us to get a sense of when our understanding and perception is 

expanding and when it isn’t. 

I relate correctness to the goal by saying that something is correct 

to the extent it moves an individual or group of individuals in the direction 

of an expanded understanding and perception of reality.  I claim that my 

above assumption that mathematics is accessible to everyone is correct 

according to this criterion. 

I apply this same criterion to any statement in mathematics.  In 

particular, an argument is correct to the extent that it expands a person’s 
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understanding and perception.  So what’s correct depends both on reality 

and on the individual. 

I claim that this is what we all naturally try to do whenever we are 

involved in understanding and communicating mathematics.  How do we 

view mathematical arguments?  When do we call an argument good?  

When do we consider it convincing?  When we are convinced!  Right? 

When the argument causes us to see something we hadn’t seen before.  

We can follow a logical argument step by step and agree with each step 

but still not be satisfied.  We want more.  We want to perceive something” 

(p. 13). 

Among the people who teach mathematics, Henderson’s view is shared by a tiny 

minority, as far as my experience goes.  Why is that?  The full answer is perhaps impossible to 

find and formulate but much of its weight would fall on the received stereotypical ideas about 

mathematics that find their way from generation to generation.  Thinking about the students and 

their feelings in the classroom as they voice their questions about the incongruities of learning 

calculus concepts for the first time, Henderson zeroes in on the devastating effect of lack of 

empathy from the teachers: 

“It is a hurtful experience to have someone whom you see as an 

authority not understand a real question of yours.  When this and other 

distressful experiences happen to people enough times over the years, they 

feel stupid, they feel they can’t think about mathematics.  They then react 

to mathematics through fear or in rigid, rote ways.  Their reactions are 

reinforced by the cultural view that mathematics can only be understood 
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by a select few.  This view becomes, in part, a self-fulfilling prophecy.” 

(p. 12) 

Describing a geometry course he has taught for decades, Henderson shows how he 

encourages students to rebuild in their own mathematical way the experience of encountering 

mathematics in life and thought: 

“Most semesters they [students] came up with three or more 

definitions of ‘straightness’ and ‘angle’ and [up to] seven versions of the 

parallel postulate. . .  Rather than settling on one we glorified in the 

diversity and richness of that these notions gave us.  It seemed natural to 

hold and explore the complexity and interrelations.  We were comfortable 

with the collection of definitions and axioms and our sense of connections 

among them.  It was not so much that the differing definitions and axioms 

contradicted each other, but rather, that they enriched and supplemented 

each other and pointed out differing points of view and aspects of our deep 

experiences of ‘straightness’, ‘angle’, and ‘parallel’.  (Lo, Gaddis, and 

Henderson 1996, p. 39) 

Henderson rejoices in the plurality of outcomes in the mathematics he sees students 

doing, all built on a plurality of premises accepted by the students when invite to make their own 

sense of the primary notions of mathematics; yet he requires that each personal reconstruction be 

meaningful and built on plausible assumptions: 

“There may be more than one possible starting point, but that does 

not mean that the stating points are arbitrary.  Differing contexts and 

differing points of view bring with them a demand for differing starting 
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points.  If the choice is arbitrary, then that does away with the need for any 

discussion.  In many discussions about mathematics there is an easy slide 

from ‘if it is not absolute’ to ‘then everything is completely 

relative/arbitrary’.  In many of these discussions there does not appear to 

be any middle ground that might allow choice among alternatives, or 

allow the decision not to choose.  In the geometry course we chose not to 

choose but rather to hold onto the complexity of the multiple definitions 

and axioms.  Our understanding was enriched by seeing other points-of-

view, but there was a demand (requirement) that a point-of-view must be 

meaningful.” 

Being constantly aware of each individual’s rapport, reaction, and subsequent response to 

the mathematics s/he encounters is an arduous task for the teacher—yet another direct challenge 

to the mainstream prescription (see Dieudonné above) for teaching mathematics by ‘easy’ formal 

methods: “It is a constant challenge to understand students’ mathematical insights.  Often 

students’ ideas are tentative and fragile and the students lack the self-confidence to push forward 

their ideas. But the instructor must also overcome obstacles that interfere with listening to and 

hearing students’ ideas.” 

Searching for the roots of the discrepancy between the lived experience of learning 

mathematics by his students and the tenets of the mainstream practices entrenched across most of 

the profession, Henderson discerns and details the multi-pronged negative effect of the 

formalization of teaching in mathematics education: 

“I see the formal-system view (which I take as starting roughly a 

hundred years ago) of mathematics as harmful for several reasons. 



 

66 

 

- It encourages what I think are incorrect beliefs. … 

- Much interesting and useful geometry is either not taught at 

all or is presented in a way that inaccessible to most 

students. … 

- Important notions in mathematics are formally defined in 

ways that separate them from the students’ experiences. … 

- Many important and useful questions are not asked. … 

- Mathematicians are being harmed. … 

- Students are being harmed. … 

- Mathematics is being harmed. …”  

(Henderson 2006, p. 252-260). 

After rejecting so comprehensively the prevalent, abstract way of doing and teaching 

mathematics, Henderson proposes to bring mathematics alive by a radically different 

method/practice of teaching, with the following characteristics: 

- Alive mathematical reasoning includes both abstraction and 

intuition. 

- Alive mathematical reasoning includes “living proofs”—

that is, convincing communications that answer the 

question “Why?” and employs alive human proofs that: 

o communicate 

o convince 

o answer the question “Why?” 
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- Alive mathematical reasoning is using a variety of 

mathematical contexts. 

- Alive mathematical reasoning is combining together all 

parts of mathematics. 

- Alive mathematical reasoning is applying mathematics to 

the world of experiences. 

- Alive mathematical reasoning is using physical models, 

drawings, images in the imagination. 

- Alive mathematical reasoning is making conjectures, 

searching for counterexamples, and developing 

connections. 

- Alive mathematical reasoning is always asking ‘WHY?’ 

 (adapted from Henderson 2006, p. 263-265) 

 

Other authors 

 Every now and then I read insightful articles or books written by authors whose other 

works I have not read yet but the singular piece (or few pieces) that come to my attention 

leave(s) a lasting impression on me.  In this section I group some examples of this type. 

* * * 

In an article on class lessons observed by mathematics teachers, David Fielker makes 

penetrating considerations on teacher (and student) behavior with respect to mathematical errors 

in the classroom.  He links his treatment of the issue to his minimalist view of teacher role in the 
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classroom: “A consequence [of the] principle that one does not tell children what they can 

deduce for themselves, is that one does not correct mistakes” (Fielker 1990, p. 19).  Narrating 

one such episode, Fielker notes the reaction of the teachers who observed his demonstrative 

lesson:  “The children later retired and I faced the barrage of angry comments from the teachers.  

It was among their principles that mistakes should be corrected immediately, before children 

assimilated them as correct, and that on no account should incorrect statements be written down, 

because that was how children would remember them” (p. 20). 

Then Fielker sketches a broader perspective in which the treatment of errors should be 

placed, one in which pupils are encouraged to discover their errors on their own, tracing a 

contradiction or a dissonance to the original point of error—and learning from the process: 

 “The principle of not correcting errors is not solely due to general 

ideas about who has control of learning, though this is obviously 

important; it also has considerations peculiar to mathematics.  It relates to 

the principle of children being able to deduce things for themselves, 

because . . . it is possible to deduce errors from subsequent contradictions 

that arise; and this, I believe, is a skill that children should be allowed to 

develop, from when they first start to learn mathematics.” 

For Fielker, going along with students’ errors without correcting them on the spot has 

collateral benefits, including a social-critical component: 

It is also desirable that children develop a critical approach to other 

people’s mathematics.  so it was a natural part of my teaching always to 

invite ideas from the class, and then to ask for judgments about the ideas 

offered, with criticism and justification, argument and counter-argument.  



 

69 

 

They had to decide what was correct or not, and my role, after the 

presentation of the initial problem or situation, became more that of a 

chairperson than even that of arbiter.” 

* * * 

Fielker’s considerations on errors in mathematical instruction do not go far—but surely 

are far-sighted and contrary to the most common teacher practices.   Raffaella Borasi undertook 

a more ambitious study of errors in mathematics education.  She notes that even a narrow span of 

attention given to mathematical errors of the students in the classroom leads to instructional 

gains, but that this topic deserves a much closer analysis: 

“. . . errors can be a powerful tool to diagnose learning difficulties 

and consequently direct remediation. Research using this interpretation of 

the role of errors has provided valuable contributions to mathematics 

education, such as an increase awareness of individual differences and 

difficulties in learning mathematics, and the realization of the inefficiency 

of remediating errors by simply explaining the same topic over again or 

assigning additional practice exercises.  However, most of these studies 

still share a rather limited conception of errors, one in which errors are 

seen as signals that something has gone awry in the learning process and 

that remediation is needed” (Borasi 1987, p. 2) 

Invoking works by philosophers and historians of science, Borasi asserts that “errors have 

a much more fundamental role in the growth of a discipline. . . . [and] that it is possible to 

capitalize on errors in various ways, regardless of any tendency to repeat or eliminate them.  

Sometimes, failure to meet an initial goal has led to unexpected and revolutionary results.”  She 
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brings examples form the history of mathematics, with emphasis on the role of errors in the 

growth of mathematical knowledge but also on “the use that mathematicians make of their own 

errors in every day research.  Incorrect conjectures, unjustified guesses, and partial results are all 

necessary and valuable steps in the creation of new mathematical results.” 

Then Borasi turns to the educational side of the context and contends that 

 “… geniuses and professional mathematicians are not the only 

ones who could, and should, make use of the potential of mathematical 

errors, both as springboards for problem solving and problem posing and 

as grist for critical thinking on the nature of mathematics itself.  

Mathematics students, at their own levels and dealing with more 

elementary areas of mathematics, could profit from an interpretation of 

errors as the motivation and means for exploration in mathematics.” 

She further strengthens her claim by writing that 

“an interpretation of errors solely as tools for diagnosis and 

remediation would [have] only partially exploit[ed] the educational 

potential of the error … [and] only teachers and researchers would be 

involved in the process of analyzing the error.  Thus the students 

themselves would be deprived of the opportunity of engaging in the 

activity of attempting to ‘explain’ and ‘fix up’ their own errors—an 

activity that could prove to be highly motivating and challenging.” 

 The practical problem with this understanding of student errors is that it conflicts with 

most practices and goals currently prevalent in American schools and universities.  There might 
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be exceptions (and an exceptional one I will mention shortly) but as long as the ultimate and 

paramount objective of teaching and learning mathematics is high performance on tests, there is 

little (or no) room for reconsidering the role of errors in institutional mathematics.  The one 

salient exception I am aware of, since I participated in it for several years, is Maria Terrell’s 

requirement that students in her multivariable calculus classes write detailed exam corrections to 

their mistakes, after the first round of grading. 

 Borasi goes further: “In addition, the creativity of the researchers … would be 

constrained by their limited focus on finding the causes of students’ error so that they could 

eliminate them.  Thus they see the error necessarily as a deviation from an established body of 

knowledge, and do not even allow themselves to consider it as a possible challenge to the 

standard results…” (p. 4).  Then she adds more reasons to see student errors in a positive light, as 

a topic deserving more careful attention than it usually receives: 

“Errors present a natural stimulus to action, since they provide 

evidence that the expected result has not been reached, and that something 

else has to be done.  Errors may also provide very valuable information 

about the causes of such failure, and thus suggest alternatives … More 

importantly, errors also point to strengths and limitations of available 

strategies.  Errors may also help us identify specific characteristics of the 

context, and thus show that the original goal was inadequate and it needs 

to be redefined. 

… As a result, we may not only overcome our original difficulties, 

but also gain a better understanding of the problem in question, of the 
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situation in which it is embedded, of alternative strategies of solution, and 

even of ourselves as learners of mathematics.” 

Borasi ventures even more, to exploring the consequences of slightly counterfactual 

questions: 

 “An even more radical way of making use of the potential of 

errors to motivate exploration will occur if, instead of analyzing the causes 

of our ‘failure’, we challenge the context of the error itself by questioning: 

- What would be the consequences in mathematics, if the result 

of our error were accepted as correct? 

- Could a mathematical system be created so that our result 

would be correct in such context?” (p. 4-5). 

In my writing seminar, as I explain in a subsequent piece, I offer my students 

counterfactual challenges that point precisely in this direction—of considering errors not as 

mistakes, but as opportunities to explore new aspects of mathematics.  Borasi emphasizes the 

intriguing cognitive dissonance introduced by every error situation: 

“To explain the potential of errors for problem generation, we can 

first of all observe that the mere presence of errors naturally generates a 

contrast, since errors are recognized as such because they do not respond 

to our original expectations. … error can sometimes be interpreted as the 

result of an involuntary change of attributes or assumption, and thus they 

may naturally provide the stimulus and starting point for inquiry. 
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Besides involving the learner in the original exploration of a non-

standard mathematical situation, challenging an error can eventually help 

one to gain a deeper understanding of more standard elements of 

mathematics” (p. 5). 

Many student errors in mathematics learning are ‘partial’ errors, in the sense that they are 

not errors if certain conditions are satisfied.  This opens up excellent opportunities for asking 

questions and posing impromptu problems when such errors occur: “Errors also show “the 

possibility of conducting inquiry at a different level of abstraction … [and] the possibility of 

having mathematical rules that are wrong in one context but right in another.”  Along this idea, 

Borasi theorizes that 

 “There are at least two major directions along which errors can be 

used to motivate reflection and inquiry about the nature of mathematics: 

1) Errors can be used to investigate the nature of 

fundamental mathematical notions such as ‘proof’, 

‘algorithm’, or ‘definition’. … 

2) An analysis of the variety of ‘degree of wrongness’ 

among mathematical errors can help clarify the nature 

of ‘truth’ in mathematics. … 

Errors can thus help us investigate abstract issues regarding the 

nature of mathematics that would otherwise be difficult to approach.  This 

makes use of the contrast provided by the error, as well as of its 

informational content, though with a different focus and at a higher level 
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of abstraction than when we employ errors as springboards for technical 

explorations of a mathematical topic.” 

Borasi makes the important observation that a judicious analysis of errors goes beyond 

the immediate circumstances of the error, opening toward holistic questions concerning 

mathematics: 

 “Using errors as motivation and means for inquiry into the nature 

of mathematics could improve students’ understanding of mathematics as 

a discipline. … It includes understanding its philosophy, the methodology 

employed, the scope and limitations of the discipline.  It may also involve 

developing positive attitudes toward the discipline.  This kind of 

understanding is unfortunately not very common, especially in 

mathematics, and gaining it would be extremely important for both 

students and teachers” (p. 7). 

Then she nuances further the educational potential of studying errors: 

“To fully appreciate the educational potential of errors as 

springboards for inquiry, at both the levels identified, it is also important 

to realize the variety of questions and explorations that can be motivated 

by different kinds of mathematical errors.  In fact, though most people 

seem to identify mathematical errors with the misuse or misunderstanding 

of a rule, mathematical errors can present quite different characteristics at 

least with respect to: 
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- The degree of wrongness—besides ‘wrong’ results, we can in 

fact have partial or approximate results, right results obtained 

through unacceptable or inefficient procedures, results that can 

be considered correct in certain contexts but not in others, 

problems for which no solution has yet been reached, and so 

on. 

- The mathematical context—i.e., whether we are dealing with 

problems, algorithms, theorems, definitions, models, etc.” 

In a cautionary note, Borasi mentions that using errors in educational settings is 

conditional on the context and leaves the matter open for further study:  

“It is an open question whether the use of mathematical errors as 

‘springboards’ for exploration is possible or appropriate for all audiences.  

Indeed it is evident that the depth to which one can analyze an error, as 

well as the choice of errors to study, is influenced at least by the level of 

technical knowledge, i.e. of mathematical preparation of the audience, and 

the level of ‘maturity’ of the audience.  Philosophical and empirical 

research would be necessary to better determinate what level of these 

requisites is necessary to pursue certain questions, and what influence they 

could have on the use of specific errors.”  

Borasi’s discussion of the educational value of errors is sensible, advances the 

contributions made by other authors (Brown and Fielker mentioned here), and has been 

continued in different directions by other researchers (see, for instance, Kapur 2008, 2010, 2011, 

2012, and 2014).  I come to this subject from a radically different direction, with a perspective 
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and an outlook of the topic not restricted to the impact of errors on the students and teachers in 

the educational environment but extended to their broad worldview. 

* * * 

 I move on now to a short article packed with common-sense insights, penned by Peter 

Taylor.  As if in a polemic with Dieudonné’s urge not to allow students and teachers to engage in 

the “obsolete” methods of mathematical ‘play’, Taylor writes that “in my third-year course, the 

problems we work with involve mathematics that most of the students have seen before but they 

are challenging in the sense that one has to play quite a bit in order to begin to see what sort of 

strategies might work” (Taylor 2014, p. 34). 

 Taylor is struck by finding that few students have had the experience of tinkering with 

mathematical concepts throughout their careers: 

 “What I discovered from students’ journals is that this experience 

of digging deeply, of taking things apart to see how they work and then 

putting them back together, of constructing simple concrete examples as a 

way of playing with ideas, was new to most students.  Remarkably 

enough, after 14 years of formal learning, they have spent almost no time 

in play.” 

There are exceptions, but even those students who did have such experiences at some 

point, “get schooled out” of them: 

 “That’s not quite right. A number of our students, perhaps a 

quarter, have certainly spent a lot of time in their lives in mathematical 

play.  When kids are young, they bend the rules and twist things into the 



 

77 

 

wrong shape just to see what happens—that’s their job as kids.  But later 

on this natural behavior seems to get schooled out of many of them, and 

they increasingly adopt safe strategies which seem to offer short-term 

gain.  Only a few resist these temptations and keep right on playing.” 

Educational outcomes are ever certain—and Taylor admits as much, cheery for the 

minority of students who have had the opportunity to learn mathematics by tinkering: 

 “Who knows what makes the difference?  Perhaps some early 

success, a key learning experience, an unusual teacher, or just a natural 

appetite for risk-taking.  In any event such students do well in 

mathematics partly because they develop powerful learning strategies, but 

also simply because they’ve put in the time, because they find playing 

with mathematics more fun than texting.” 

But what should we do with the others, the majority of the students who have given up on 

mathematics, partly because they have never truly known it? 

“It’s the remaining, say, 75 % of our students that I am interested 

in here.  I have no doubt that these students have the capacity for serious 

play, but somehow, in theirs early years, they abandoned it, and it’s hard 

for them to get started again.  I know that there is considerable work being 

done on the question of how to get more students to keep on with that 

mathematical play.” 

Taylor now takes a surprising position, explicitly saying that he is not concerned with the 

simple transmission of knowledge but with interpreting it: 
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 “I don’t mean to disparage ‘the product of mathematical thought’ 

(more simply described as ‘mathematics’).  It’s real knowledge, 

particularly in a world in which much of what passes as knowledge is 

suspect.  It’s solid and eternal and has beauty and structure to die for.  

Nothing else in the knowledge world comes close to touching it.  But my 

primary job as teacher is not to convey knowledge (narrowly interpreted), 

but to interpret, to transform, to bring to life.” 

Taylor takes issue with misrepresentations of the methods of teaching mathematics based 

on inquiry: 

 “The most extreme misconception [about ‘discovery learning’] is 

that it expects students on their own to rediscover hundreds of years of 

hard-won knowledge.  For me, discovery learning is best described as a 

style of communication.  It begins with a problem or more generally with 

a narrative or story that is ‘open’ in the sense that it invites exploration and 

further development” (p. 35), 

Further, he points out the nuances brought to the learning of mathematics by inquiry—

even for the branches of mathematics that have been standardized into courses for which the 

content is widely accepted: 

 “In fact ‘playing with ideas’ is not what it might seem.  Ideas are 

abstract and play is concrete.  We discover things by mucking about, by 

getting our hands around things, shapes, numbers, equations, concrete 

things as simple as we can make them without losing the piece of structure 

that has bedeviled us.  Our first year students can learn a lot simply by 
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watching us reinvent examples, by witnessing that hands-on analogical 

process at work.” 

Not only students are constrained (and indeed feel constrained) by rigid curricula, but the 

teachers, too: 

“I find a yearning for freedom in some of what my students have 

written [in their journals]: the freedom that comes from being in control 

and maybe even being a bit out of control.  Anyway, the freedom of 

having your hands on the wheel and your foot on the accelerator.  As a 

teacher, I also find myself looking for that kind of freedom and I know 

that other teachers do too.  The hard thing about mathematics teaching, 

except at the advanced level, is that so much of the mathematics we teach 

is not really the mathematics that we ourselves love and seek to spend 

time with.  My students deserve better than that.” 

 Taylor’s polarity ‘control’ versus ‘out of control’, along with the one above between 

abstract versus concrete, immediately catch my attention.  As I noted many times, pairs of 

contrasting features are common to mathematics, doing mathematics, learning mathematics, and 

teaching mathematics. 

* * * 

William Thurston also has some penetrating observations about mathematics education, 

both on its systemic organization and at individual scale.  He notes that the stratification and 

compartmentalization of mathematics teaching at different levels of instruction, as well as the 

fragmentation of the mathematics teaching and research community in the United States, imped 
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the formation of a coherent view of deficiencies, the formulation of necessary reforms, and their 

implementation.  Since mathematics is a “tall subject [in] which concepts build on previous 

concepts” (Thurston 1990, p. 845), hidden but silent lacunae accumulated by students at low 

levels of mathematics instruction, compounded with the heterogeneous background of the 

students, cause difficulties at higher levels of instruction.  The curriculum, increasingly 

accelerated over many years, inevitably leaves untouched many mathematical subjects and sub-

subjects (“side-branches”), obscuring the broad nature of mathematics, ill-preparing students for 

inter-subject connections and making them vulnerable:  “The shape of the mathematics education 

of a typical student is tall and spindly.  It reaches a certain height above which its base can 

support no more growth, and there it halts or fails” (idem). Standardized tests put further pressure 

on all people, from school district superintendents to students; high scores on tests become goals 

that pervert the content of the courses and the methods of teaching; instead, “the long-range 

objectives of mathematics education would be better served if the tall shape of mathematics were 

de-emphasized, by moving away from a standard sequence to a more diversified curriculum with 

more topics that start closer to the ground” (p. 846). 

 



A Counterfactual Assignment

July 27, 2015

Abstract

In this article I describe the centerpiece counterfactual assignment of

a writing seminar on mathematical topics, my motivations in propos-

ing it to the students, and the observations I drew from the student

activities centered on it. The ability to imagine alternative scenarios is

a key component of critical thinking and decision making; it should be

stimulated in all subjects. In this contribution I describe how I do it for

mathematics. Mathematical reasoning is to a large degree solipsistic. I

find it important to expose students to uncommon thought experiments

that reveal and challenge the hidden assumptions we hold when learn-

ing and doing mathematics. Such preparation is a healthy exercise for

interpreting mathematics, an activity distinct from mathematics but

interdependent with it.

Keywords: mathematics, interpreting mathematics, learning, error, counter-

factuals
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1 INTRODUCTION

Cornell University’s Knight Institute for Writing in the Disciplines (from here

on referred to as the ’Institute’) is responsible for administering several hun-

dred writing seminars every semester. All Cornell undergraduates, regardless

of major field of studies, are required to take two writing seminars during their

first academic year. The Institute maintains close links to most departments in

the university, seeking to offer a variety of writing seminars as wide as feasible.

With few exceptions, the semester-long seminars are taught by Cornell gradu-

ate students. Before becoming instructors for a writing seminar the graduate

students undergo special preparation by taking an intensive one-week summer

workshop; once ready to teach, they are free to choose the topic and the con-

tent of the seminars; only the broad structure of the course is suggested by

the Institute (the number, pace, and length of assignments).

For many undergraduates whose main areas of interest are mathematics,

sciences, engineering, and/or technology, the writing seminars are major hur-

dles. It is safe to infer from incidental discussions that a majority of these

students prefer a rigorous-technical course to an imaginative-humanistic one;

many of them dread writing and surely want to have the choice of taking a

writing seminar on a topic similar to their major.

Soon after I started the PhD program in mathematics education I proposed

to the Institute to let me teach a writing seminar on mathematical topics. The

reception was not only excellent but went beyond my expectations, in the form

of a substantial scholarship that allowed me one paid semester just to prepare

the course. I titled the seminar Certainty and Ambiguity: A Writing Seminar

on Mathematical Topics. The seminar was always oversubscribed; I taught it

five times, each time to a full class capped at eighteen students, each time with
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considerable content variations adapted to the particular group I had in the

classroom. I am not giving here a full account of the seminar but a glimpse of

the entire course followed by a more detailed analysis of the issues surrounding

one of the assignments. Even so, I cannot cover in the space available many

theoretical and practical issues raised by this assignment.

2 MATHEMATICS AND INDOCTRINATION

I designed the writing seminar as an antidote to what I consider to be perva-

sive, inadvertent (but nevertheless pernicious) youth indoctrination through

the unexamined learning and teaching of mathematics in the school system.

Exceptional teachers and professors do accompany the mathematical content

they convey to the students with an extraneous perspective (historical, philo-

sophical, or practical) but the rule for the others is that such additions to the

mathematics curriculum are unnecessary.

By ’unexamined’ learning and teaching I mean at least the following prac-

tices widespread in organized mathematics instruction at all levels (listed in no

particular order): systematic neglect of working assumptions and conventions

incumbent to learning, teaching, and doing mathematics; patronizing promo-

tion of uncritical ideas about the success of mathematics in applications; ab-

sence in school mathematics of alternatives to the standard curriculum; tacit

denial of a formative role for the personal experience in learning, teaching, and

doing mathematics. Each of these practices would deserve a detailed discussion

but this is not the proper place for it.

My observations of high-achieving undergraduates lead me to note that

after at least twelve years of studying mathematics, most students hold sim-

plistic ideas about mathematics and its relation with the human mind, with
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the natural world, and with the social context. Part of the explanation for

the cliché-driven views of mathematics that dominate students’ thinking is

cognitive, related to age (William Perry’s decades-old research on this subject

remains pertinent). But another part is indoctrination served by the educa-

tional environment in which they grow and study.

The global economic competition that drove governments to promote tech-

nical education on a massive scale after the World War II, in order to create

a sizable class of specialists working in scientific and technological enterprises,

impacted mathematics education in numerous ways, from content to profes-

sional practices. Again the details of this topic fall outside my circumscribed

topic for this article. Still, when I teach, I have in mind the broad historical

background that brings me, the instructor, among a group of young people who

are preparing to face the world at large. I see in my students’ thinking about

mathematics the consequences of the hyper-specialization of teaching—which

leads teachers, professors, and their students to a lack of broad perspective

on the human environment in which we learn and to which we often ’apply’

mathematics. Teaching mathematics to many students, by many qualified

people, is indubitably a desirable societal pursuit. Yet this impressive quanti-

tative growth has inevitable drawbacks on the mathematics currently taught

in schools and in universities; it makes mathematics easier to teach by the

adoption of conventions and shortcuts, it brings loss of subtlety, it promotes

misunderstanding of the nature of mathematical activity. In a boomerang

effect, simplification and standardization of the curriculum, and of the teach-

ing styles, lead to simplistic and standardized conceptions of the nature of

mathematics.

In my writing seminar I set out to make my students aware of (and to

counter with my means) the tendencies I just mentioned. Challenging stereo-
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types is never easy. In education, it presents hightened risks. Yet taking the

risks is overwhelmingly rewarded by a unique exploration into the interpretive

possibilities offered by mathematics.

3 PANORAMIC VERSUS PAROCHIAL VIEWS

OF MATHEMATICS

My main resource for the seminar consists in the vast available literature about

mathematics—a diverse, amorphous, unequal genre, difficult to survey in its

entirety and to categorize. Ever since I was a teenager learning mathematics

in the competitive tradition of the Romanian school of mathematics, I also

read much about mathematics. I kept my habit after coming to the United

States, just in time to notice that popularizing mathematics is flourishing here

lately, in a way akin to the phenomenon common to the countries of the for-

merly communist bloc. The more writings about mathematics I encounter,

the more I see that this kind of literature is precious for instruction but it is

mostly ignored in schools and universities. Few students and faculty are even

aware that this abundant literature exists. Discovering this state of affairs led

me to start and to edit The Best Writing on Mathematics series published by

the Princeton University Press, after many (mis)adventures. Searching for,

finding, and reading about mathematics (a genre authored not only by peo-

ple familiar with mathematics but also by outsiders), changed my views on

mathematics. The wider I cast the net, the more compelling evidence I find

that opinions about mathematics diverge in every respect I choose to look at,

to such disconcerting degree that I can point out a well-argued case for each

side of opposite or complementary viewpoints. In contrast to parochial views
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that claim for mathematics well-defined and parsimonious qualities, I now see

mathematics panoramically, as a vast domain of thinking that benefits and

grows from the interaction with contexts that either have or do not have qual-

ities immediately similar to mathematical reasoning. In my writing seminar I

seek to convey to my students a syncretic view of mathematics that accommo-

dates apparent contradictions—and to do it in a non-intrusive manner, with

my minimal overt intervention.

4 BRIEF DESCRIPTION OF THE COURSE

When my proposal to teach a writing seminar on mathematical topics was

accepted, the people at the Institute asked me to resist transforming such a

course into a mathematics course; they wanted me to teach a real writing

course. I take their concerns to heart; my preoccupation matches the purpose

of the seminar: to teach writing, not mathematical ’truth’. This is an impor-

tant point to remember throughout this article, even though I do not detail

here the writing aspects of the instruction. I detail the mathematics-related

side of the course and my plan to change students’ thinking about mathemat-

ics. When I teach the seminar I do not intend to convert my students to my

views about mathematics, to give students thinking recipes, or even to com-

pel them to agree with a set of preconceived ideas. I just want to give them

excellent opportunities they can mold, eventually, into making up their minds

on what to think about mathematics—opportunities so vivid and exceptional

that they will never encounter them in a similar manner. It is up to the stu-

dents to make the most of this experience, based on what they read, hear, say,

discuss and debate, based on the exposure I give them to many different views

on mathematics.
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As soon as we meet around the large conference table I ask students to

write freely what comes to their minds when they think about mathematics:

what it means to them, what are its features, why mathematics is important,

etc. I want an impromptu snapshot of my students’ ideas about mathematics

at the biographic/historic moment we meet. I want to see what they bring

to my seminar, what they were told and what they came to believe about

mathematics. Usually, the students write for 15-20 minutes and I write along

with them. When everybody comes to a stop I collect the papers and we move

on to the business of our first class meeting, as if the writing activity did not

happen; most students soon forget that that free-writing activity did happen

at the beginning of our seminar. I do not. In fact, I use that first activity

to reshape the content of the semester-long seminar. I re-model the seminar

according to what the students tell me about mathematics. Here is how I do

it.

Following our first meeting I transcribe all the writing I collect from the

students, usually coming up with about one hundred ideas concerning mathe-

matics, many of them repeated with slight variations but ultimately distilled

into several leading statements and a few auxiliary ones. For my own enjoy-

ment I call this compilation ”Aha!” transcriptions. As I read what students tell

me about mathematics, I search my memories and recollections of thousands

of writings about mathematics and I say to myself: ”Aha! He believes that,

so let me give them this to read”; and so on. This way I pick as readings for

the semester a well-chosen collection of texts that make compelling arguments

for aspects of mathematics that differ sharply from the opinions held by my

students. Then I remake the syllabus and I redistribute it in an innocuous

manner, at the next class meeting.

The idea here is that I improvise much of the content of the course in
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response to what the students tell me about mathematics. I work with the

unexpected. I create opportunities based on the opportunities I encounter.

It is a fluid give-and-take which I adapt to what is coming at me from the

group of students I have. I am going to give them a lot of authoritative but

antagonizing readings—of course without stating it openly in those terms,

since that would be a fatal strategy to try with late teenagers.

Before I zoom in on the assignment that is the subject of this article, I

briefly sketch the structure of the whole course.

Throughout the semester I ask the students to write a sequence of six

major interrelated assignments, two style essays, and many short free-writing

exercises (the latter in class, not collected). I read and I comment on successive

drafts of the long essays. I adhere to a philosophy of teaching writing by

guiding the students during the process of writing, not just looking at the final

product—but I make a partial exception from this rule with the assignment

discussed below, for reasons that will become clear. I also ask students to read

and comment on some of their peers’ productions.

Assigned readings are up to three per class, depending on length and

difficulty—never exceeding 75 pages per week (classes meet twice weekly, each

time for 75 minutes). Most class discussions are based on the readings and

are led by a student, in rotation. For each class meeting we have a ’scribe’, a

student who takes notes of the discussion and sends it electronically to every-

body else after the class; we do this also by rotation, with the scribe being the

student who led the discussion the previous class meeting. The scribe frees

everybody else from taking class notes and lets them pay attention to what is

going on in the classroom.

Every semester I invite as guests several faculty from the Department of

Mathematics, to share with us their experience in mathematical research and
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teaching, and to speak about what it means to them to be a mathematician.

We spend one class meeting at the division of rare books and manuscripts

of the Cornell Library, to hear a lecture about (and to see) Babylonian tablets

inscribed with mathematical writing, old and famous mathematics books, old

mathematical instruments and other marvels of applied mathematics.

I do not grade at all my students during the semester, despite abundant

feedback on writing; they will self-grade. At the end of the semester I have a

20-minute individual conversation with each of them; it starts with the student

self-grading and telling me why I should assign the grade (s)he proposes and by

giving me reasons why the grade should not be higher or lower. Then I ask their

opinions about various aspects of the course and I take notes. After I meet all

students individually, I compare all the grades they have self-assigned, carefully

considering discrepancies and unfairness. If necessary I change grades, to bring

them in line with my perception of the overall performance of each student.

Usually that happens in only two or three cases in a class of eighteen students;

most students know where they stand and what grade they deserve.

The most exciting activity of my writing seminar on mathematical top-

ics, both for the students and for me, is the second major assignment in the

sequence of six—what comes to be called throughout the semester ’Essay 2’.

5 THE ’ESSAY 2’ ASSIGNMENT

I deliver Essay 2 assignment in a slightly choreographed manner, to heighten

students’ awareness that it is unusual. I do it at the end of a class meeting. I

put the page with the written assignment face down in front of each student,

giving a few instructions. The students should leave the room without reading

the assignment; they should read it only when they have at least a few minutes
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available for that task only, undisturbed by other preoccupations; they should

not talk to each other or to anyone else about this assignment, at least until

they write the first draft; as soon as they read the assignment prompt they

should start writing a private and thoroughly honest diary, recording accu-

rately their thoughts engendered by the assignment—even if those thoughts

are self-contradictory, or incoherent, or disrespectful to me (I don’t care, I don’t

take things personally, I have been through a lot worse than being sneered at

by a bunch of teenagers!)

By recommending the diary I seek to make it possible for the students to

retrace, later, their initial reaction to this assignment and their subsequent

variations in thinking about mathematics and about the rapport they have

with mathematics. My hope is that their minds will change significantly over

the course of the semester; accepting, examining, and documenting that change

is almost impossible after the changes occurs; the personal journal is meant

to help in that process of reconstruction.

After hearing my short instructions, the students leave the classroom. The

experiment is, for the moment, out of my control and at a crucial juncture.

At this point I feel some anxiety for the direction it will take; we all meet the

unexpected.

When the students have a bit of exclusive time available (if that’s ever

possible for first-year undergraduates), they look at the assignment paper.

Here is what they read, exactly as I present it to them in my writing seminar:

Essay 2 assignment excerpt (the prompt):

The topic of this essay is a hypothetical choice you must make, in one of

the following situations:

a) Suppose you are given the choice to eliminate one number, and it has to
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be either the number zero (0) or the number one (1). The number you choose

to eliminate will cease to exist for people, starting immediately. Which of the

two would you keep and which would you eliminate? Why? Make a case,

explain your choice.

b) Suppose you are given the choice to eliminate one geometric shape, either

the triangle or the circle. The shape you choose to eliminate will no longer be

known to people. Which one would you keep? Why?

c) Suppose you are given the choice to eliminate one arithmetic operation,

either addition or multiplication. Once again, the one you choose to eliminate

will no longer exist for people. Which one would you choose and why?

6 REACTION

When the students read this assignment they are shocked, invariably and

understandably. The assignment does not make sense to them; they don’t

see its point. They have never been asked before in a mathematics-related

context to do such an open-ended, thoroughly counterfactual task. Initially

they are lost, confused; they do not know how to proceed. They rush to find a

’solution’ to the assignment—then they balk, hesitate, rethink, and eventually

re-understand what the assignment is about. This takes time, perhaps several

days. Usually I receive a few pleas for clarification, to which I reply in minimal

terms, assuring students that it is not a joke, that it is a serious assignment.

When we meet in class within the two weeks they have for writing a first draft,

I avoid discussing the assignment with them; I offer students no help, no clue.

I leave them completely on their own. I seem to be excited about the topic up

for discussion that day, not about their open assignment. I can see that the

students are mystified, puzzled—and, strangely, they also keep quiet about
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the assignment.

7 BEYOND THE PROMPT

The assignment is serious. The disorientation shown by the students facing it

is one of the elements I seek to exploit pedagogically. Among other aims, I want

my students to reimagine the world with a different mathematics, in order to

grasp some of the preconceptions they acquired uncritically over the years. I

want them to question the basic tenets we hold, consciously or unconsciously,

about mathematics. I want to build a certain classroom environment for the

remaining of the semester—since, unbeknownst to the students, I intend mas-

sive change of mind in the way they think, achieved with subdued intervention

from me; I can do that only in a certain class atmosphere fashioned by the

outcome of this assignment.

You can see that I am not primarily interested in what dilemma the stu-

dents choose and what choice they make—although, of course, I am looking for

how they structure the essays and I assist them to improve their writing. What

I am really after is the outcome we have for the entire group—the classroom

environment that results from all students answering the assignment. When

I give this assignment I aim to demolish certain rigid targets associated with

mathematics, in order to create conditions for rebuilding students’ conceptions

of mathematics on new foundations. Here are several such targets:

o Fear of errors. Sounds paradoxical (but it is not) to say that of all our

students, the weakest in mathematics have made the fewest mistakes while

doing mathematics, cumulatively throughout their student careers. They are

the most afraid of erring, because they do too little mathematics and they did

not achieve the proper mindset to learn mathematics. Learning mathematics
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is not possible without erring. If we want students to learn more and bet-

ter mathematics we should make sure they are at ease with making mistakes,

learning from mistakes, getting over mistakes, moving on and making other

mistakes. Errors educate, errors are instructive. To the perspicuous learner

errors are memorable, errors teach by themselves. Erring awakens students’

attention more than being ’right’; to the contrary, not erring can be boring

and sterile. The range of possible and actual student errors for each particular

piece of mathematics we teach is a lot larger than we, the instructors, expect

(or even can think of); students’ imagination in erring always surpasses our

expectations. Errors offer us a vast material to work on, to appreciate, to

make acceptable, to turn positive toward instructive goals—not to punish and

penalize. Fear of error paralyzes students. Mathematics professors, teachers,

instructors, tutors, are often allergic to seeing students err and to finding mis-

takes in student work—be it homework, quizzes, exams, classroom activities.

I treat errors differently. To me errors in educational settings are not only

desirable, but indispensable teaching tools. In response to the Essay 2 assign-

ment students have no choice but to err. I make error inevitable, mandatory,

similar to an inoculation. I reward error.

o Fear of intellectual adventure. Many of our students learn math-

ematics by rote memorization. I despise rote memorizing but I accept that

probably it works well for some students, up to a point—therefore I am not

belittling it here. Rote memorization is so widespread that to stigmatize it as

unacceptable is a perilous position, risking to undermine the trust necessary

to promote change. Yet every time we encourage rote memorization we take

our students farther away from the intellectual adventure that mathematics

can open up for everybody, at any time. That adventure includes risk taking

with(in) our imagination, exercised on the mathematics available to us. It may
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also include improvisation, humor, fantasy—all acceptable to me in response

to Essay 2.

o Analogical thinking. This one is hard to argue convincingly to the

readers of this article and I will not attempt to do so in all the breadth it

deserves. I will say only that learning mathematics in the school system (in-

cluding in the universities) is so much centered on imitation, on similarity,

on analogy, on repeating procedures shown by the teacher/professor, or on

duplicating what the textbooks show—that we eradicate one of the impor-

tant outcomes that should be a byproduct of the learning of mathematics:

the ability to assail the unique features of a question, a problem, a (math-

ematical) notion, a context (mathematical or not), along with the acuity to

perceive the opportunities afforded by that uniqueness. In learning and in do-

ing mathematics we should seek to balance the virtues of analogical thinking

by pursuing, or at least by mentioning, out-of-curriculum subjects, alternative

topics, non-standard ways of working with mathematics, unexpected examples

and counterexamples, other means that suggest to the students that mathe-

matics is a repository of surprises, many of them baffling and in disaccord

with the simplistic ideas we tend to attribute to the mathematical realm. The

most valuable opportunities in learning mathematics, as in life, are in the un-

repeatable cases ensconced among the multitudes. My Essay 2 assignment

encourages the students to come up with unconventional scenarios for mathe-

matics. It is an assignment they cannot ’solve’ by analogy; it is an answerable

but unsolvable assignment.

o The hierarchy of mathematical knowledge in the classroom. In

a famous line from the movie Stand and Deliver (1988) Jaime Escalante says

that ”Math is the great equalizer.” I can wage with my personal story and

my misadventures that the saying admits of gross exceptions—but I will con-
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cede, for the sake of argument, that being good in mathematics improves

life prospects for most who try hard; it allows them to come ahead from be-

hind. This is the standard, the politically correct line and I will not argue

with it here. Yet that is the motivating perspective from the viewpoint of

the weak students who struggle to get better. To most students who are more

mathematically knowledgeable than their peers, the impetus to dominate class

discussions is irrepressible—and that inhibits other students. A pecking or-

der always exists in the mathematics classroom, with the end tails tending

toward self-reinforcement; good students race ahead ever faster while laggards

fall behind relentlessly. My Essay 2 assignment is so startling in questioning

the basic notions of our mathematical equipment that it levels the field in the

classroom; it brings all students to ground zero, regardless of their level of

mathematical knowledge; it gives each student the chance to interpret mathe-

matics (rather than reproduce a bit of it) in an original way, with all students

starting on equal footing. This temporization of differences in the level of

mathematical achievement has a tonic effect on the participation of all in class

activities. The students good in mathematics are almost always overconfident,

since mathematics is associated with the ideas of power, control, prediction;

yet those connotations aren’t of much help in responding to Essay 2. With

equalizing the students also comes the equal chance for each of them to strike

a personal note on interpreting mathematics, depending on how they respond

to Essay 2. I will return to this aspect.

o The language/culture barrier(s). Every time I teach my writing

seminar, about half of the students in the class have English as a second

language (I am in that category myself, having come to the U.S. in my late 20s,

unable to speak English). Most are Asians, with an educational background

not used to open-ended assignments, especially in relation to mathematics.
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With Essay 2 they experience such assignment for the first time.

8 SELECTED THEMES FROM STUDENTS’

ESSAYS

Perhaps at this point you are curious what kind of essays I receive from my

students in response to the prompt in Essay 2. I will give an idea of the

diversity of responses by describing briefly a few of them. As I mentioned, I

will not comment on the writing quality of the essays or on the teaching of

writing aspects of this course. Rather, I insist here on the strategy behind

using such a counterfactual prompt, on how it generally plays out in my class,

and on what are its consequences for students’ thinking about mathematics.

One student reasoned that we surely can live without the number zero, since

the Romans did not have the concept of zero; nevertheless, they conquered

Europe and were marvelous engineers. Another student (in the same class!)

came up with something on these lines: look at the history of the Romans;

they conquered Europe but they lost it, because they didn’t have the concept of

zero; their engineering prowess hit a wall, since its difficult to multiply numbers

using the Roman characters for numerals; just try XXVII times XLIII, for

instance! Thus, lacking the number zero, the Roman society decayed and the

empire disintegrated.

A student made an affirmative case for ’keeping’ the number zero (implic-

itly eliminating the number one) because his Buddhist religion extolls empti-

ness within this world, all beings and happenings are nothing in themselves,

and nothingness is in fact plenitude of positive and negative aspects joined

together—and vice-versa.
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A few students planning to major in engineering defended the triangular

shape, extolling it for giving structural stability to most of our constructions.

But one student made the case against the triangle by saying the we are

surrounded by and live in a sort of architectural stupidity—and that’s precisely

because our building techniques ultimately rest on the stable triangular shape;

wouldn’t it be a lot more exciting if our buildings were curved? (At the time

I was reading Walter Isaacson’s biography of Steve Jobs and I was delighted

to find out that shortly before dying Jobs approved designs for all-curved

Apple headquarters to be built in Palo Alto. Now that’s the mind of a college

drop-out entrepreneur—he didn’t like straight lines, while teachers probably

tormented him for years with Euclidean geometry!)

Another student wrote a critical essay about the triangle, exemplified by

various pyramids of power—from tent to democracy, through the USDA—all

resting on the oppressive triangular shape.

I received a remarkable essay in which the author set up a court of law.

Famous dead mathematicians of the past made the case for defending the

triangular shape by mentioning their mathematical discoveries related to tri-

angles, while on the opposite side other famous mathematicians made the case

for defending the circular shape and mentioning their discoveries related to

circles—with a judge ruling on the two sides of the argument. (Four years

later that student went on to law school; I wrote a letter of recommendation

for him.)

An easy way out for some students who received this assignment is to

write on the theme ’multiplication is repeated addition’. That always leads

to interesting readings and class discussions, from which students learn that

defining multiplication for real numbers is a much trickier business than it

looks at first glance, that it is a complicated theoretical issue that ignited
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spirited debates among past mathematicians well into the 18th century.

These are some topics I easily recall from my students’ choices in my sem-

inar, but there were many others, most of them intriguing—and most of them

apt to offer excellent themes for class discussions on topics that never come

up in regular mathematics courses.

9 COMMENTS

In the previous section you just read a panoply of errors—of ingeniously

crafted, ridiculously absurd, and occasionally insightful errors. Every possible

answer of Essay 2 assignment is erroneous, how else could it be? There is no

right answer, of course. Yet this invitation to mandatory error on mathemati-

cal topics generates in the classroom a most rewarding sequence of discussions

about mathematics—always original, always unexpected, and always different

with different groups of students, according to the peculiar views of mathe-

matics they bring to the table. As I already mentioned, mathematical ’truth’

is not my priority during this seminar. It interests me a lot more to give the

students a stimulating environment for writing and for voicing their thoughts.

I cannot teach students how to think about mathematics but I can offer them

excellent opportunities to see unusual aspects of mathematics. Yet, while

picking up on these opportunities we have had genuine classroom contexts for

discussing such topics as projective geometry, infinitesimals, barycentric coor-

dinates, paradoxes, the rational trigonometry of N. J. Wildberger, applications

of the theory of curves to mechanisms, and other mathematical subjects never

or rarely touched on in standard courses.
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10 SURPRISES

When I assigned this prompt for the first time I was uncertain of the outcome.

I took a risk in teaching, as I often do. The experiment turned out well, with

surprises for my students and for me. Here are some of theirs:

o Students see that preferences, choices, and peculiar interpretations can

be associated with mathematics.

o They see that people can differ a lot in these preferences, choices, and

interpretations.

o Once they make a choice in Essay 2, they think it’s the most reasonable

choice, the ’right’ one, the best—and believe that most other peers made the

same choice.

o They are amazed by the choices made by other peers and by the ar-

guments supporting those choices. In discussions some students express such

surprise by saying that a particular bent taken by some peer would have never

occurred to him/her.

o After hearing/reading/discussing cases made by peers, some students are

persuaded by arguments contrary to their initial choice.

o They see that there are many conventions and unspoken assumptions

in mathematics (which they never before noticed) and in their rapport with

mathematics.

And now some of my surprises. I was surprised that . . . :

o this assignment is so well received by the students, despite being absurd

from the ’truth’ standpoint.

o an open-ended assignment with unpredictable student outcome always

turns out to be rich in educational experiences.

o many students’ impulse is not to be original and inventive, even if en-
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couraged to be so; to the contrary, they make efforts to remain conformist;

they try to solve the assignment, ’logically’; after all, it’s about mathematics,

therefore it must have a ’solution’.

o I can change people’s minds indirectly, without stating it as a goal; the

peer factor here is important, since the class discussions and the evidence of

alternative choices made by peers induce change in thinking, not my interven-

tion.

o seeing students change their mind makes me reflect on my own changes

of mind, past and present.

o many students resist changing their minds on mathematics even when

given compelling arguments to do so—and they do not recognize an own change

of mind when it occurs. If faced with the obvious proof of their mind-change,

the students at first feel awkward and try to reconcile old and new views. It

takes some time until they fully admit their change of mind.

o students with a strong mathematical background are often most stubborn

in holding on to their preconceptions about mathematics. Up to a tipping

point they are the most inflexible—but beyond that they become enthusiastic

for the much more nuanced views of mathematics that results from considering

alternative perspectives. This surprise made me suspect that a certain type of

rigid indoctrination runs deep in the nature of mathematical instruction.

o learning mathematics unquestioningly does not pose problematic issues;

bringing up for discussion such issues initially ruffles some students.

o experiencing a shock course on interpreting mathematics in unusual ways

has a powerful immediate impact but the effects relapse in time. I observed

this by staying in touch and discussing later with my former students, during

the few more years they spend on campus.
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11 WHAT’S THE POINT?

With this assignment, as with other features of the seminar, I induce starkly

divergent choices made by the students, on subjects related to mathematical

topics. This is rare for the mathematics classroom—too rare, in my view.

Imagining alternative scenarios is a major component of critical thinking and

decision making; it should be encouraged in all subjects, including mathemat-

ics. In addition, holding in mind contrary ideas at the same time and deciding

based on the prospective consequences suggested by their comparison is a

hallmark of maturity. With the counterfactual assignment I presented in this

article I disrupt certain comfort-patterns in thinking about mathematics, for

instance (but not only) the ideas that in mathematics every question/problem

has one and only one right answer/approach; that mathematics necessarily

consists of solving problems; that mathematics is ’equations and formulas’,

that mathematics is ’the language of the universe’; that mathematics ’is logic’;

that mathematics ’is beautiful’; that mathematical contexts are not subject to

individual choices and preferences; that interpretation and personal experience

do not play a major role (or any role) in mathematical understanding; that

being good at mathematics necessarily improves your lot in life . . .

Why is it important to disrupt such patterns? These ideas are received by

the students throughout their enculturation into mathematics and are never

challenged despite poignant evidence that they do not hold to thorough ex-

amination. These ideas lead to uniformity in thinking about mathematics, to

paucity of imagination related to the possibilities engendered by mathematics,

and to conformity in the manner of doing matahematics; overturning them en-

courages young people to think independently and to take for granted nothing

related to mathematics.
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Mathematics is a powerful tool for formulating and understanding certain

laws of nature but its effectiveness in modeling phenomena of the social world

is much more questionable. My method rests on this dichotomy. Students (and

not just students) often conflate incompatible ideas of applicability in differ-

ent realms. Interpreting mathematics in original ways gives us the flexibility

necessary to overcome contradictions, by finding meanings according to our

personal experience; it opens up inexhaustible paths toward individual niches

informed by mathematics. This educational outcome contrasts with the dull

and drab teaching of mathematics as if it were a set of ’facts’ to be acquired

by algorithmic procedures, with the prospect of getting a job in the future.

You might be tempted to see my writing seminar as a critique to the main-

stream methods of teaching mathematics in schools and universities. I do not

view it that way; I see it as complementary instruction. Adepts of ’critical

mathematics education’ often advocate for social justice and target the in-

equities engendered by the current realities of schooling. These are not my

objectives, despite sympathizing with such goals. I advocate a different aspect

of teaching mathematics. I am saying that interpreting mathematics is con-

comitantly egalitarian and elitist, since an original interpreter receives instant

distinction through the act of interpretation, whether shared or held private.

In my seminar I point out interpretive aspects that never enter the economy

of regular mathematics courses. And, while mathematics instruction is geared

almost inevitably toward preparing technocrats, interpreting mathematics is

for the entrepreneurial minds. I encourage an entrepreneurial mindset toward

mathematics, as opposed to a bureaucratic mindset. Entrepreneurs are accus-

tomed to holding opposites in mind and with making risky choices habitually.

I prompt students to venture in taking risks with mathematical ideas, aiming

to bring close to each other habits of mind that traditionally stand opposed
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in our inventory of logical categories: on the one hand the univocal diktat of

mathematical reasoning and, on the other hand, the multi-valence of meaning

attribution. This coupling opens up unlimited novel opportunities for every-

one who likes mathematics, studies mathematics, teaches mathematics, thinks

mathematically.

12 INTERPRETING MATHEMATICS

Interpreting mathematics is a further stage of thinking mathematically—not

a ’higher’ stage or a ’lower’ stage, just an essentially different one. Every

personal account of a particular mathematical trivia, of mathematics as a

whole, or of anything mathematical in between (from a singular notion to all-

encompassing theories), including metaphoric and fictional accounts, qualifies

as interpreting mathematics. Interpreting mathematics is not about mathe-

matical truth (or any other truth); it is a personal take on mathematical facts.

In that it can be true or untrue, or it can even be fiction; it is vision, or it is

rigorous reasoning, or it is pure speculation—all occasioned by mathematics.

It is imagination on a mathematical theme. It is a genre, it goes back several

millennia, and it is flourishing today. Interpreting mathematics is a creative

domain, inclusive but also competitive—and certainly potent, despite its ne-

glect in academic settings. Interpreting mathematics points toward Protean

qualities of mathematics not immediately obvious in doing mathematics per

se. A mathematical result is merely the egalitarian premise from which each of

us can part with the commonly shared view by interpreting it idiosyncratically,

as we please or as it suits us. While mathematics is a ”great equalizer” in a

sociological sense, interpreting mathematics is a subtle individual ability, as

much competitive as it is differential. Interpretation sets each of us apart, even
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when we speak about the same mathematical thing. Interpreting mathematics

applies to a part of human affairs where opportunities rule, not constraining

mathematical rules. Someone might understand a mathematical theory (or

notion, or convention, or result) but not be able to see its non-mathematical

implications; someone else might not be fully familiar with the mathematical

content of a mathematical theory (or notion, or convention, or result), yet be

able to interpret it, or misinterpret it, or apply it, or use it, or gloss over it

in brilliant ways—perhaps with life-changing consequences for all of us, for

instance by inventing online searches (in the case of Google) or by developing

spying software (in the morally ambiguous case of the NSA scandal).

To speak about interpreting mathematics sounds odd; it seems odd only

because the customary indoctrination served by our school system pervades

the common views of mathematics, among mathematicians and among the lay

public. The long-term penury of talented authors able to interpret mathe-

matics in original ways has affected the interaction between mathematics and

domains in which mathematical methods were coopted. Through interpreting

mathematics, mathematics itself is entering (or perhaps returning to) a flour-

ishing era of story-telling that reconnects the reasoning rigors with our vital

proclivity toward finding meaningful illusions. In my seminar (and with the

series of books I edit), I aim to show that the interpretive aspects of mathemat-

ics contribute in major ways to the role of mathematics in the contemporary

world. I set up favorable conditions for my students, in which they can mold

mathematics into their personal peculiarities by interpreting it in ways never

done before.
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13 CONCLUSION

My writing seminar is difficult to teach and to take. All who participate, in-

cluding me, face their preconceived ideas about mathematics and must discern

what mathematics means for themselves and for others. Such examination can

be uncomfortable; it requires giving up control over (the clarity of) educational

outcomes and opening the gates of skepticism in a domain whose trademark

is its supposed certitude. In elevating error to the role of catalyst I point out

directions never taken along the usual paths to learning mathematics through

’correct’ procedural steps. I overturn entrenched habits of studying mathe-

matics and I force students (and myself) to deal with the uncertainty that

follows from their choices.

Despite these difficulties, taking this seminar and teaching it provides my

students and me with satisfaction. My course was always rated well by the

students. In my discussion with them at the end of the semester (and in

some cases over subsequent years) the students expressed bafflement at the

unexpected but rich format and content of the seminar. Yet all, without

exception, told me to keep it close to the template I used when they took the

class. During this seminar I manage to know my students very well, I build a

trustful and mutually helpful cooperation, therefore I value their advice.
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Problem Posing in Action—or, On the

Nature of Zeros for Real Polynomials

July 27, 2015

’Posing and solving relate to each

other as parent to child, child to

parent, and as siblings as well.’

[6, p. 127]

Abstract

In this article I find simple arithmetic conditions sufficient for assur-

ing that not all zeros of a real polynomial are real; along the way I give

related examples and applications, with a concern for the pedagogic

aspects involved in doing mathematical research. The conditions I find

are similar but more general than the conditions given by Descartes in

his Rule of Signs for polynomial equations. Throughout the article I

assume P (x) =
∑n

k=0 akx
k, with ak ∈ R, k = 0, 1, 2, ..., n, and I count

all zeros as many times as their respective order of multiplicity.
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1 INTRODUCTION

For a few centuries solving polynomial equations was at the forefront of math-

ematical advances, with much effort going into it. In 1895 Joseph Louis La-

grange wrote, in his brief work Leçons élémentaires sur les mathematiques

that ”Vieta and Descartes in France, Harriot in England, and Hudde in Hol-

land, were the first after the Italians to perfect the theory of equations, and

since their time there is scarcely a mathematician of note that has not applied

himself to its investigation, so that in its present state this theory is the result

of so many different inquiries that it is difficult in the extreme to assign the

author to each of the numerous discoveries which constitute it” ([7], p. 65).

Among the ”numerous discoveries” alluded at by Lagrange, one stood out for

its intriguing connection between the succession of signs of the coefficients of

the polynomial equation and the nature of the zeros of the respective polyno-

mial. The result, called Descartes’s Rule of Signs, and its consequences, still

appears in pre-calculus textbooks today (for instance in [3]). In the book I

just mentioned Lagrange considers Descartes’s Rule of Signs to be well-known

and does not even enunciate it. Descartes gave the rule without proof, in the

following words: ”We can determine the number of true and false roots that

any equation can have, as follows: An equation can have as many true roots

as it contains changes of sign, from + to - or from - to +; and as many false

roots as the number of times two + signs or two - signs are found in succes-

sion” (in [8] p. 160). By true roots Descartes meant real zeroes and by ”false”

roots he meant complex zeroes of the polynomial. He goes on to show how the

rule works on some particular quartic equations and how changing the signs

of some coefficients of the polynomial changes the nature of its zeroes.

Descartes’s Rule of Signs has been refined and generalized in several ways
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by Fourier, Budan, and Sturm (for a presentation of these results see [9],

chapter X), but stating all its extensions involves calculus notions. The results

I prove in this article are formulated without the notion of derivative–althoug

I use calculus to prove them. The study of polynomial zeroes is of importance

to an array of mathematical branches, for instance to dynamical systems (see

[10]), computational analysis (see [11], especially chapter 6), and others (see

[12], and for advanced applications, [13]).

In the mathematics education literature the learning of mathematics by

experiential practice carried on by a student (either alone or in cooperation

with peers) is variosly called ’problem posing’, ’inquiry-based’, ’question ask-

ing’, etc. Irrespective of the label, such learning can be characterized by saying

that the student has the initiative in learning, while the teacher shadows in

an advising, guiding, or overseeing role. The psychological drive to learn is

assumed to come primarily from internal motivation or mild forms of friendly

external persuasion, not from outside forms of coercion. Supporters of this

manner of learning offer an impresive range of arguments to back up their

claims.

On a recent visit to my native country I recovered some mathematical

notes I have not seen for almost three decades. This paper is an attempt to

reconstruct, from recollections and reminiscences, a fragment of my learning

experience as a high school student—an experience quite unusual by many

standards—and to draw in some points made by several theorist of mathe-

matics education.

I learned mathematics mostly on my own, free of guidance, supervision, or

constraints. I acquired and read many books. I was internally motivated, dilli-

gent, and disciplined, but I completely ignored curricula and outside advice—
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even when the advice offered to me came with the best intentions. I did

everything at my own pace, I deliberately avoided being at someone else’s

beck and call. In middle school, high school, and university, I kept respectful

and amicable rapport with my teachers and professors (most of them great ed-

ucators and some of them extraordinary characters), trying to surprise them

on my terms—but I never did homework, fretted about exams and grades, or

worried about the consequences of my freely-adopted libertinism.

There was neither arrogance nor slackness in my attitude. It was just

the belief that my relation with mathematics was personal and it could not

have been otherwise—to the extent that, instead of ’mathematics’, I always

refered to ’my mathematics’ and ‘his/her mathematics’, whenever I thought

about myself or someone else learning, teaching, doing, making mathematics.

I enjoyed my instructors’ teaching as an observer1, not as a learner—and I

marveled about their rapport with mathematics a lot more than I cared about

the mathematical content they presented. Learning was mine to master.

In the grand scheme of teaching mathematics at university level, the study

of polynomial equations is one of the most natural ways to transition from

school mathematics to higher, more abstract fields. The theory of polynomial

equations of one variable with integer coefficients is well articulated today,

with results so well established that we consider it for granted, teach the most

accessible of its elements in secondary schools, and continue to teach its most

advanced propositions in undergraduate abstract algebra courses. In hindsight

(as happens with most progress in mathematics), it appears inevitable that the

theory of equations had to develop the way it did; yet that course is debatable,

since elaboration of the ideas that later led to the coherent theory depended

1Yogi Bera’s quip ’You can observe a lot just by watching’ beats the sophsticated theories

of attention I have read.
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on the fortunate insights and on the key intermediary steps made by some of

the many mathematicians who exercised themselves on these matters.

2 On the Nature of Zeros for Real Polynomi-

als

The following considerations concern simple arithmetic conditions that impact

the nature of zeroes, for polynomials with real coefficients.

Let’s start with a polynomial

P (x) =
n∑
k=0

akx
k ∈ R[x], an 6= 0.

For all k = 0, 1, 2, ..., n we designate its derivative of order k by P (k)(x).

Using the Leibniz-Newton formula for derivating a product of functions

and considering the equality

(xn)(n−k) =
n!

k!
xk,

we have

(xnP (x))(n) =
n∑
k=0

(xn)(n−k)
(
n

k

)
P (k)(x) =

=
n∑
k=0

(
n!

k!
xk
)(

n

k

)
P (k)(x) = (n!)

n∑
k=0

1

k!

(
n

k

)
xkP (k)(x).

If all n zeros of the polynomial P (x) are real, all 2n zeros of the polynomial

xnP (x) are real, therefore all n zeros of the polynomial (xnP (x))(n) are real.
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We thus proved the following:

Lemma 1. If a polynomial P ∈ R[x] of degree n has n real zeros, all zeros

of the polynomial

Q(x) =
n∑
k=0

1

k!

(
n

k

)
xkP (k)(x)

are real. ♦

Since

P (k)(x) =
n∑
p=k

ap
p!

(p− k)!
xp−k,

with the identity
k∑
j=0

(
n

j

)(
k

j

)
=

(
n+ k

k

)

(see [2], p. 183) we have

Q(x) =
n∑
k=0

(
n

k

)
xk

k!

n∑
p=k

ap
p!

(p− k)!
xp−k =

n∑
k=0

(
n

k

) n∑
p=k

ap

(
p

k

)
xp =

=
n∑
k=0

akx
k

k∑
j=0

(
n

j

)(
k

j

)
=

n∑
k=0

ak

(
n+ k

k

)
xk.

Thus, with Lemma 1 as intermediary, we proved the following result:

Theorem 1. If a polynomial P (x) =
∑n

k=0 akx
k ∈ R[x], an 6= 0 has n real

zeros, all zeros of the polynomial
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R(x) =
n∑
k=0

(
n+ k

k

)
akx

k

are real. ♦

If we choose in Theorem 1 P (x) = (1 + x)n, for instance, we obtain the

following result:

Application 1. For all numbers n ∈ N, all zeros of the polynomials

R1,n(x) =
n∑
k=0

(
n

k

)(
n+ k

k

)
xk

are real. ♦

A slightly more sophisticated application results by considering the poli-

nomial P (x) = (x2 − 1)n, which has all its 2n zeros real.

With the binomial formula, we write

P (x) =
n∑
k=0

(−1)n−k
(
n

k

)
x2k

and apply Theorem 1 to this polynomial of degree 2n. The result is the

following (after a slight adjustment of the minus sign):

Application 2. For all numbers n ∈ N, all zeros of the polynomials

R2,n(x) =
n∑
k=0

(−1)k
(
n

k

)(
2n+ 2k

2k

)
x2k

are real. ♦

Now for n ∈ N, n ≥ 3, consider the equation (with real coefficients)

(x− i)n + (x+ i)n = xn. (1)
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Let’s prove that all solutions of this equation are real (see [1], p. 141).

With the substitution x = cotα, the equation (1) becomes

(cosα− i sinα)n + (cosα + i sinα)n = sinn α

which leads, after applying De Moivre’s formula, to

2 cosnα− sinn α = 0. (2)

Solutions in the interval [0, π) for this trigonometric equation lead to real

solutions for the algebraic equation (1). Let’s show that there are n of them.

If we define f(a) = 2 cosna− sinn a, we have

f(0) = 2 > 0,

f
(π
n

)
= −2− sinn

π

n
< 0,

f

(
2π

n

)
= 2− sinn

2π

n
> 0,

...

f

(
(n− 1)π

n

)
= (−1)n · 2− sinn

(n− 1)π

n
> 0,

and

f(π) = (−1)n · 2.
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The signs of the values of the continuous function f(α) defined on [0, π)

alternate at the extremities of all n subintervals we chose. According to the

Intermediate Value Theorem, the equation (2) must have one solution, say αk,

in each of the intervals
(
0, π

n

)
,
(
π
n
, 2π
n

)
, ...,

(
(n−1)π

n
, π
)

. From this follows that

the equation (1) of degree n has n real solutions xk = cotαk, k = 1, 2, ..., n.

After transforming the left side of the equation (1) with the binomial for-

mula, we deduce, based on the preceding statement, that the polynomial of

degree n

P (x) = 2

[n2 ]∑
k=0

(−1)k
(
n

2k

)
xn−2k − xn

has all zeros real—therefore we can apply to it Theorem 1.

We obtain that the polynomial

R(x) = 2

[n2 ]∑
k=0

(−1)k
(
n+ 2k

2k

)(
n

2k

)
xn−2k − xn

has all zeros real, which means (after reversing to an algebraic equation),

that we proved the following:

Application 3. For n ∈ N, n ≥ 3, the equation of degree n

2

[n2 ]∑
k=0

(−1)k
(
n+ 2k

2k

)(
n

2k

)
xn−2k = xn

has n real solutions. ♦

Now let’s work a bit more with a general real polynomial P (x) =
∑n

k=0 akx
k, an 6=

0, that has all n zeros real.
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Suppose m and p are two non-zero natural numbers. Then, since all the

zeros of P (x) are real, the same is true for the polynomial

xmP (x) =
n∑
k=0

akx
m+k,

therefore all zeros of the polynomial:

Sm,1 = x(xmP (x))(1) = x
n∑
k=0

(m+ k)akx
m+k−1 =

n∑
k=0

(m+ k)akx
m+k

are also real.

If we repeat the procedure for this latest polynomial, we obtain that all

zeros of the polynomial

Sm,2 =
n∑
k=0

(m+ k)2akx
m+k,

are real. We iterate this procedure up to a total of p times and we obtain

the following result:

Theorem 2. Suppose all zeros of the real polynomial P (x) =
∑n

k=0 akx
k

of degree n are real and m, p are natural numbers, m, p ≥ 1.

Then all zeros of the polynomial

Sm,p(x) =
n∑
k=0

(m+ k)pakx
k

are real. ♦

If we rticularize in Theorem 2 P (x) = (1 + x)n, we obtain the following

result:

115



Application 4. For n,m, p ∈ N∗, all zeros of the polynomial

Sn,m,p(x) =
n∑
k=0

(m+ k)p
(
n

k

)
xk

are real. ♦

*

Now let’s change the pespective, in order to find some sufficient conditions

assuring that not all zeros of a polinomial are real.

Suppose a real polinomial P (x) =
∑n

k=0 akx
k ∈ R[x], an 6= 0 of degree n ≥

2 is such that three consecutive of its coefficients are in geometric progression.

That is, for some j = 0, 1, ..., n− 2, we have aj = qaj+1 = q2aj+2, with q ∈ R∗.

Then we have

(x− q)P (x) =
n∑
k=0

akx
k+1 − q

n∑
k=0

akx
k =

=
n∑

k=j+2

akx
k + aj+1x

j+2 + ajx
j+1 +

j−1∑
k=0

akx
k+1−

−
n∑

k=j+3

qakx
k − aj+2qx

j+2 − aj+1qx
j+1 −

j∑
k=0

qakx
k.

In this polynomial, due to the equalities implied by the geometric progres-

sion, the coefficients of the powers xk+1 and xk+2 are null; the polynomial has

a gap between the powers xk and xk+3 therefore, according to a consequence

of Descartes Theorem for the number of real and non-real zeros of real poly-

nomials (see [3], p. 206) not all zeros of the polynomial (x − q)P (x) can be

real, conclusion that transfers to P (x), since q is real.
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We thus proved the following statement (see also [1], p. 100):

Lemma 2. Not all zeros of a real polynomial that has three consecutive

coefficients in geometric progression can be real. ♦

Now we can put together some of the results presented so far.

If all n zeros of a real polynomial of degree n, P (x), are real, according to

Theorem 1, all n zeros of the polynomial

R(x) =
n∑
k=0

(
n+ k

k

)
akx

k

are real. But using Lemma 2, it follows logically that, if three consecutive

coefficients of the polynomial R(x) are in geometric pregression, R(x) (and by

implication P (x)) cannot have all zeros real. Thus we have the following:

Theorem 3. If n ≥ 3 and a n-degree polynomial P (x) =
∑n

k=0 akx
k ∈ R[x]

is such that three consecutive of the numbers(
n+ k

k

)
ak, k = 0, 1, ..., n

are in geometric progression, P (x) must have some non-real zeros. ♦

Observation. The condition for geometric progression in Theorem 4 can

be written in this form:

aj−1aj+1

a2j
=

(j + 1)(n+ j)

j(n+ j + 1)
(3)

for some j = 1, 2, ..., n− 1. ♦

For instance, if we take n = 10, j = 5, and a4 = 6, a5 = 4, a6 = 3, the

equality (3) is satisfied, therefore we just proved the following:
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Example 1. Any polynomial of degree ten having the central coefficients

equal to 3, 4, and 6 cannot have all ten zeros real. ♦

For n = 4 and j = 2 we have

(
5

1

)
= 1,

(
6

2

)
= 15,

(
7

3

)
= 35. Since the

numbers 21 · 5, −7 · 15, and 3 · 35 are in geometric progression, according to

Theorem 3 we have:

Example 2. For all λ, µ ∈ R∗, the polynomial

P (x) = λx4 + 3x3 + 7x2 + 21x+ µ

cannot have four real zeros. ♦

From Lemma 2 and Theorem 2, we so deduce the following:

Theorem 4. For n ∈ N, n ≥ 2, consider a real polynomial P (x) of degree

n. If, for some m, p ∈ N∗, three consecutive numbers from the set (m+ k)pak,

with k = 0, 1, ..., n, are in geometric progression, at least some zeros of P (x)

are not real. ♦

Observation. Theorem 4 is much more general than Theorem 3, despite

the similarities in the two statements they contain—since the munbers m and

p in Theorem 4 are independent of the polynomial P (x). ♦

If we choose m = 2, p = 1, and k = 7 in Theorem 4, we prove the following:

Example 3. Any real polynomial of degree n ≥ 8 with a8 = 9, a7 = 20,

and a6 = 45 cannot have only real zeros. ♦

Now suppose that a real polinomial P (x) of degree n ≥ 3 is such that four

consecutive of its coefficients are in arithmetic progression. That is, for some

p = 3, 4, ..., n, we have ap−3 − ap−2 = ap−2 − ap−1 = ap−1 − ap = r. Then
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it’s easy to see that the polynomial (x − 1)P (x) has the coefficients of the

powers xp−2, xp−1, and xp equal to r, therefore, according to Lemma 2, not

all its zeros are real. This property transfers to P (x), therefore we have the

following result (see also [1], p. 141):

Lemma 3. At least some zeros of a real polynomial that has four consec-

utive coefficients in arithmetic progression are not real. ♦

Just as we did with polynomials that contain geometric progressions among

their coefficients, we can formulate the following results pertaining to coeffi-

cients in arithmetic progression:

Theorem 5. If n ≥ 3 and a n-degree polynomial P ∈ R[x] is such that

four consecutive of the numbers(
n+ k

k

)
ak, k = 0, 1, ..., n

are in arithmetic progression, P (x) must have some non-real zeros. ♦

Similarly:

Theorem 6. For n ∈ N, n ≥ 3, consider a real polynomial P (x) of degree

n. If, for some m, p ∈ N∗, four consecutive numbers from the set (m + k)pak,

with k = 0, 1, ..., n, are in arithmetic progression, at least some zeros of P (x)

are not real. ♦
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A geometric pattern in calculus

July 27, 2015

1 INTRODUCTION

The commonly used formulas for the length of a curve in plane and for the

area of a surface in space look very different from each other and are taught

separately, at different times and in different calculus contexts. In this note

I rewrite them as one formula and I discuss briefly this striking geometric

similarity.

2 The surface area formula

Toward the end of the Calculus III course for undergraduates, usually placed

between the Green’s Theorem and the Stokes’ Theorem, stands a formula for

calculating the area of a surface S, defined by the 3-variable implicit function

F over a closed and bounded domain R ⊂ R2 ([1] p. 949):

area =

∫ ∫
R

|∇F |
|∇F · p|

dA (1)

where ∇F is the gradient of F at (x, y, z) ∈ S, p is the unit vector per-

pendicular on the domain of integration R, and F is such that ∇F · p 6= 0 on
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R.

This formula deserves detailed discussion. Students eventually apply it

correctly without necessarily understanding its meaning.

To begin, suppose the domain R is the interior of a simple closed curve in

the horizontal plane xy and a point P (x, y, z) on the surface S has the vertical

projection at P
′
(x, y) ∈ R. Then immediately p = k, since in formula (1) p

is chosen perpendicular on the planar domain R.

If the surface S is almost (or indeed) horizontal on a small neighborhood of

P ∈ S, the vector ∇F is almost (or precisely) vertical on that neighborhood;

the angle between ∇F and k is small (or zero), therefore the denominator

|∇F · p| in formula (1) is close in value to (or equals) the numerator |∇F |,

which means that the integrant is close to (or precisely) one. For such an

orientation of the surface S in a neighborhhod of P , there is only little (or

not at all) adjustment coming for the ’steepness’ of S at P and the integral

formula conveys that the area of S on a neighborhood of P differs only by

little (or not at all) from the corresponding area of R around P
′
.

If, on the other hand, the surface S is ’steep’ on a small neighborhood

of Q ∈ S, the gradient of F at Q makes a ’big’ angle with k (that is, an

angle closer to π
2

radians), therefore the denominator |∇F · p| in (1) is small

compared to the numerator |∇F |, making the fraction under the integral ’big’

around Q. The greater the steepness of S at a point Q ∈ S, the greater

the adjustment induced by |∇F · p| in the integrant around the corresponding

point Q
′ ∈ R in formula (1)—where Q

′
is the projection of Q on the domain R.

For steep regions of S, a big area accumulates even above a small horizontal

projection.

We now rewrite formula (1) to reflect the discussion so far. For a given

surface S defined implicitly by the function F and for each (x, y) ∈ R, let
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α = α(x, y) be the angle formed by ∇F and by the vertical unit vector k.

Since

|∇F · k| = |∇F | |k| cos(∇F,k) = |∇F | |k| cosα

and |k| = 1, the formula for the area of the surface becomes

area =

∫ ∫
R

1

cosα
dA. (2)

Below we write other well-known formulas in this form, thus illustrating a

pattern that holds more generally. We do it for two simpler situations, making

it obvious that the formula (2) is the direct generalization to the surface area

of the formula for curve length in plane.

3 A high school intermezzo

Formula (2) is so simple that immediately reminds of the geometric definition

for the cosine function. Suppose a straight line segment of length l is projected

onto a straight line segment of length a and the angle between them is α. From

cosα = a
l

we have

l =
a

cosα
=

∫ a

0

1

cosα
dx,

which can be written as

l =

∫
[0,a]

1

cosα
dx, (3)

an expression strikingly similar to the one in (2). To make the parallelism

perfect suffices to observe that the ’gradient’ of the segment l (the perpendic-

ular on l) makes the angle α with the vertical axis (which is perpendicular on
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the direction of the segment a). Therefore the meaning of the angle α in for-

mula (3) is similar to the meaning of α in (2)—with the important observation

that α is a constant in formula (3), while in formula (2) it is a function of the

position of P
′ ∈ R ⊂ R2.

4 The formula for the length of a graph

Now suppose a real differential function is defined on [a, b] ⊂ R. Usually in

Calculus II courses a formula for the length of the graph of f between the

points (a, f(a)) and (b, f(b)) is given as

length =

∫ b

a

√
1 + [f ′(x)]2dx. (4)

Let’s rewrite this formula differently. The derivative f
′
(x) for some x ∈

[a, b] is f
′
(x) = tanα, where α is the slope of the tangent to the graph of f

at the point (x, f(x)). Here α varies along the graph of f , so we think of it

as α = α(x). Replacing the tangent expression of the derivative in (4), we

immediately obtain

length =

∫
[a,b]

1

cosα
dx, (5)

the same expression as in formulas (2) and (3). Once again, the angle α

has similar meaning, since the perpendicular on the tangent to the graph of f

at (x, f(x)) makes the angle α with the vertical axis.
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5 Concluding observations

The formulas (2), (3), and (5) express the same geometric fact: that the

lenght of a segment, the length of a curve, and the area of a surface give the

accumulated inclination of the segment, the curve, and the surface relative to

their projections. This unifies the three contexts, making it easy to perceive

intuitively and to comprehend the nature of the notions of curve length and

surface area as dynamic extensions of the notion of orientation relative to their

projections.

In each of these formulas α is a function of position; in (3) it is a constant, in

(5) it depends on x ∈ [0, a], and in (2) it depends on (x, y) ∈ R ⊂ R2—but in all

three formulas α has the same geometric significance. Therefore the identical

form of the formulas is important for the understanding of the concepts of

integral in one variable, integral in multiple variables, line integral and surface

integral. Written this way, the formulas show that the length/area integrals

express the cummulated geometry of the curve or the surface. Emphasizing

the similarity in these formulas connects different contexts of studying them

in calculus and gives more unity to the subject.

6 References

G. B. Thomas. Thomas’ Multivariable Calculus, 12th edition, Addison-Wesley,

Boston, MA, 2010.
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