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Kleene algebra (KA) is an algebraic system that captures completely the laws of
equivalence for regular expressions. It is also useful for reasoning about a mul-
titude of computationally interesting structures. Of central interest in KA is
a “star” operation that typically describes some kind of repetition or iteration.
A combination of Kleene algebra with Boolean algebra has been proposed un-
der the name of Kleene algebra with tests (KAT). This logical system can model
the conventional programming constructs of imperative iterative programs, e.g.
while loops and conditionals, and it has proven useful for various program ver-
ification tasks.

In this dissertation we investigate variations and extensions of KA and KAT
that are useful for program verification and for reasoning about mathematical
structures that appear in computer science. At a technical level, we are inter-
ested in establishing completeness theorems, which assert that a proposed logical
system is strong enough to capture all properties that are true in a mathemati-
cal structure or in a class of mathematical structures. Such results assure us of
the quality of a logical system, and their proof often (certainly for the systems
that we study here) reveals a systematic way of creating proof objects that certify
properties of interest.

The first part of this thesis explores generic extensions of KA and KAT with
extra equational assumptions. Such extensions are meant to capture in the context

of program verification some crucial properties of the domain of computation.



We present a very general completeness meta-theorem that instantiates into sev-
eral useful concrete completeness results.

The second part focuses on extensions of KAT with extra mutable state that
enable many useful semantics-preserving program transformations. The trans-
formations we intend to cover are motivated by classical examples from the area
of program schematology. We offer a rigorous and mathematically appealing
algebraic approach, which replaces the typical combinatorial arguments about
flowchart schemes with equational reasoning.

Finally, a typed variation of KA is investigated that intends to capture prop-
erties of mathematical structures that appear in domain theory. The main result
is that our proposed typed KA with products is strong enough to establish all
the abstract properties of parametric fixpoints in the standard semantic model

CPO, which is the category of w-CPOs and w-continuous maps.
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CHAPTER 1
INTRODUCTION

1.1 Kleene Algebra

Kleene algebra (KA) is an algebraic system that captures axiomatically the prop-
erties of a wide range of structures that arise in computer science and logic.
It is named after Stephen Cole Kleene, who invented regular expressions and
proved their equivalence to finite automata in his seminal work from the 1950’s
[58,159]. Kleene algebra is the algebraic theory of these fundamental structures,
but (as we will discuss later) it is not restricted only to these interpretations.
The name Kleene algebra was coined by John H. Conway, who developed signif-

icantly in his monograph [31] the algebraic theory.

Already in the aforementioned work of Kleene [58]159] the issue of axiomati-
zation is touched upon. More specifically, Kleene identifies in his paper several
valid equivalences that can be used for “algebraic transformations of regular
expressions”. The notion of equivalence he refers to is that of language equiva-
lence, that is, two expressions are considered to be equivalent if they denote the

same regular set of words.

Kleene algebra has many more natural interpretations besides the standard
language-theoretic one. Kleene algebras arise in the context of relational algebra
[97, 124], as well as in the context of the standard relation-theoretic semantics
of imperative computation (based on binary relations on a state space) and the
respective logics of programs [106} 107,108, 65,109]. Many more models can be

found in the areas of automata and formal language theory (see, for example,



[89] for a generalized treatment using semirings and formal power series).

Interestingly, Kleene algebras also arise in the design and analysis of algo-
rithms. They offer a convenient level of abstraction at which one can describe
generic algorithms for computing reachability (i.e., reflexive transitive closure)
and shortest paths in directed graphs [86} 15, 95| 37]. For the case of reachability,
the algebra of n x n Boolean matrices is considered. For computing all-pairs
shortest paths, the so called (min, +) algebra is used. A Kleene algebra of con-
vex polygons, with an operation for the vector sum of two polygons and an
operation for the convex hull of the union of two polygons, has been used to

solve a cycle problem in directed graphs [56].

1.2 Dynamic Logic

Kleene algebra forms an essential component of Propositional Dynamic Logic
(PDL) [35, 36], which is a propositionally abstracted logical system that can
describe partial correctness, equivalence, and termination. PDL is the propo-
sitional counterpart of Pratt’'s Dynamic Logic (DL) [106, 50, 51] (see also
[47,183] 48, 49] for general references). The main idea is to integrate programs in
an assertion language that combines Boolean logic and modal operators [15]. If
f is a program and p is an assertion, then the expression |[f]p is a new assertion
whose meaning is that “whenever f is executed, the assertion p holds upon ter-
mination.” So, for every program f we have a “box” modal operator [f]. A dual
“diamond” modal operator (f) is given by (f)p = —[f]—p. The meaning of (f)p

is that “the program f can terminate in a state satisfying p.”

Kleene algebra can be regarded as an equational subsystem of PDL. For prac-



tical applications in program verification, many simple program transforma-
tions do not require the full power of PDL, but can be modeled in a purely
equational system using the axioms of KA. We note that the Boolean algebra
component of PDL is essential for programs, because it is necessary for model-
ing the guards of conditionals and while loops. A combination of Kleene algebra
and Boolean algebra was proposed in [71} [72]], which is particularly convenient
for reasoning about conventional imperative programming constructs such as
conditionals and while loops. This variant of KA, which we will define later, is
called Kleene algebra with tests (KAT) and it subsumes traditional approaches to

program verification such as Floyd-Hoare logic [38} 52, 53,32, 8} 9} 75].

1.3 Program Schematology

A program schema is an abstract algorithm or program, where the meaning of
the primitive operations is left unspecified. A program schema is also called
an uninterpreted program, because the base functions lack a fixed interpretation.
The theory of program schematology has a rich history that goes back to the
early work of Ianov [55], which is also reported by Rutledge in [115]. One of the
goals of this line of research is to study problems like program equivalence and
partial correctness (which are undecidable for general programs) in an abstract
setting. The hope is that these unsolvable problems might become solvable for

such abstract models of computation.

The program schemes of Ianov represent only the sequential and control
properties of iterative programs, and they disregard almost all information

about the nature of the primitive operations. This massive abstraction sacri-



fices a large part of the essential structure of programs, and it leaves us with a
model of computation that is little more than finite automata [111]. The benefit,
however, is that a decision procedure for the equivalence of such schemes can

be obtained.

An enormous amount of work has appeared on schematic models of com-
putation that extend Ianov’s model with more features, see for example [99] 100,
93,133,157,190,102,1101), 40, 41, 26,11,194,110]. In Ianov’s model the state space of a
program is seen as one indivisible entity and the program actions are modeled
as unary functions that act on the entire program space. Unfortunately, even
the seemingly innocuous extension of the schematic language to allow several
distinct program variables z,y, z, . . . that subdivide the program space and un-
interpreted actions that can read from and assign to variables individually (e.g.,
an assignment y < f(z,z) that only changes the value of y) gives rise to un-
decidable reasoning problems [90, 110]. This devastating negative result meant
that it was fundamentally impossible to realize the goal of obtaining decision
procedures for reasoning about rich uninterpreted models. As a result, the area
of program schematology focused largely on questions related to expressiveness
and translatability between different models [102} 122} 123} 121}, 30, 26]], thus il-
luminating the relative power of programming features. More recent papers
that essentially study partial-correctness properties for propositional program

schemes (with some extensions) are [84, 91, 92].

Program schemes are typically presented as directed graphs, where the ver-
tices are labeled with atomic actions (e.g., variable assignments) or tests, and the
edges represent the flow of control. Unfortunately, this formalism is not com-

positional, and typical arguments for establishing scheme equivalence involve



complicated “surgery” on graphs [94]. Kleene algebra, which replaces combi-
natorial reasoning on graphs by algebraic manipulation [7,44], can offer a much

more satisfying approach to the problem of scheme equivalence.

1.4 KA and KAT

A Kleene algebra is an algebraic structure (K, +,-,*,0,1) that consists of a
nonempty set K, together with distinguished binary operations + (sum) and
- (multiplication), a unary operation *, and constants 0 and 1 that satisfy certain
properties. An important example of a Kleene algebra is the family Reg(X) of

regular sets over a finite alphabet > with the operations U, -, * () and {e}, where
A-B={xy|ze€ Aandy € B} A® = {e}
A* = UnzOA” ATl = A A

We write € above to denote the empty string. The equational theory of Reg(X),

which was first studied by Kleene [58,59], is called the algebra of reqular events.

The problem of finding a “good” axiomatization for the algebra of regular
events has a long and rich history. The finitary axiomatic systems of Salomaa
[118] are sound and complete for the equational theory of Reg(X), but they con-
tain special rules of inference that are unsound for other natural interpretations.
It was shown by Redko that the algebra of regular events can have no finite
equational axiomatization [113]. A refinement of this negative result to the case
of a unary alphabet was presented in [2]. Conway contributed significantly to
the development of the algebraic theory in his monograph [31], but his treat-
ment is mostly infinitary. A finitary complete axiomatization involving only

equations and equational implications was presented in [69, 70] by Kozen. This



axiomatization has the advantage over Salomaa’s that it is sound for several
important interpretations in addition to the standard one. The axiomatizations
by Krob [87, 88] and Bloom-Esik [16] involve infinitely many equations given

schematically.

Throughout this thesis, the notion of Kleene algebra that we use will be that
of Kozen [69]70]. So, a Kleene algebra is an algebraic structure (K, +,-,*, 0, 1) that
is a model of the equations and equational implications of Figure where we
write x < y to abbreviate z + y = y. All axioms are implicitly universally
quantified. We often elide the operation - and write xy instead of = - y. The
axioms of Figure|l.1|that do not involve * are those of idempotent semirings. The
rest of the axioms say, informally, that * behaves like the Kleene star operator of
language theory or the reflexive transitive operator on relations. Three useful

properties that hold in all Kleene algebras are:

sliding rule : z(yx)* = (zy)*z (1.1)
denesting rule : (z+y)* = 2% (y2™)* (1.2)
bisimulation rule : ry=yz= a1y =yz* (1.3)

The main result of [69, 70] is that the axiomatization of Figure[1.1|is sound and
complete for the algebra of regular events. That is, two regular expressions e
and f over ¥ denote the same regular set in Reg(X) iff the equation e = f is
a logical consequence of the axioms. An equivalent way to state this result is
that Reg () is the free Kleene algebra on generators X. This major completeness

result has recently been formalized in the Coq proof assistant [24) 25]].

Motivated from applications to program verification, a combination of
Kleene algebra with Boolean algebra was presented in [71} [72]. A Kleene alge-

bra with tests (or KAT) is a two-sorted algebra (K, B, +,-,*,0, 1, =) with carriers



(x+y)+z=a+(y+2) (zy)z = z(y2)

r+0=x lx =2
r+y=y+t+uw rl==
r+rx=x
Oxr =20 1+ zz™ <z*
z0=20 14+ 2%z < z*
w(y +2) = xy +xz vy <y=a*y<y
(z+y)z =2z +yz yr <y=yz* <y

Figure 1.1: Axiomatization of Kleene algebras.

B C K and — : B — B such that the reduct (K, +,-,*,0,1) is a Kleene algebra
and (B, +,-,0, 1, ) is a Boolean algebra. The elements of B are called fests. The
operation — is called negation and we also write p to mean —p. The familiar pro-
gramming constructs of sequential composition, conditionals, and while loops can

be modeled in KAT as follows:

fig=1fg  ifpthenfelseg=pf+pg  whilepdof=(pf)*p
There is a semantic justification of the above encodings using the standard

relation-theoretic semantics of imperative programs [83].

1.5 Thesis Overview

The work presented in this thesis builds upon previous completeness results
on Kleene algebra [69] 70] and Kleene algebra with tests [71} 72} 82]. We study
variations and extensions of Kleene algebra that are useful for reasoning about
computer programs and other structures of computational interest. The results
that we present attest to the versatility of KA and KAT, and confirm that classical

equational reasoning is appropriate for a wide range of verification tasks. The



technical material that follows in Chapters and [ is largely based on the
publications [80, 44, [79].

In Chapter[2] we investigate extensions of KA and KAT with extra equational
assumptions. The purpose of such extensions in the context of program verifica-
tion is to capture some properties of the domain of computation that are neces-
sary for a given verification task. In more technical terms, we identify sufficient
conditions for the construction of free language models for systems of Kleene
algebra with additional equations. The construction applies to a broad class of
extensions of KA and provides a uniform approach to deductive completeness.
Our theorem is general enough to give as easy corollaries numerous known and

new completeness results.

Chapter 3| explores extensions of KAT with extra structure that enables clas-
sical constructions from the field of program schematology. It is known that
certain program transformations require a small amount of mutable state, a fea-
ture not explicitly provided by KAT. In this paper we show how to axiomatically
extend KAT with this extra feature in the form of mutable tests. The extension is
conservative and is formulated as a general commutative coproduct construc-
tion. We give several results on deductive completeness of the system, as well

as a significant example illustrating its use.

In Chapter 4{we develop a typed equational system that subsumes both iter-
ation theories (see the work of Bloom and Esik [17]) and typed Kleene algebra
[74] in a common framework. Our approach is based on categories with bi-
nary products endowed with extra structure to handle nondeterminism. We
show that our typed variant of Kleene algebra extends conservatively the gen-

eral “(in)equational theory of parametric fixpoints,” which is characterized by



the standard CPO model.

Each of the Chapters and [ is self-contained and can be read indepen-

dently of the rest.



CHAPTER 2
KLEENE ALGEBRA WITH EXTRA EQUATIONS

2.1 Introduction

Kleene algebra (KA) is the algebra of regular expressions. Introduced by
Stephen Cole Kleene in 1956, it is fundamental and ubiquitous in computer sci-
ence. It has proven useful in countless applications, from program specification
and verification to the design and analysis of algorithms [7, 14, 27, 28,29, 72,81,
ol.

One can augment KA with Booleans in a seamless way to obtain Kleene alge-
bra with tests (KAT). Unlike many other related logics for program verification,
KAT is classically based, requiring no specialized syntax or deductive appara-
tus other than classical equational logic. In practice, statements in the logic are
typically universal Horn formulas

S1=11 > So=1o =+ =8, =1, = 85=1,
where the conclusion s = ¢ is the main target task and the premises s; = ¢; are
the verification conditions needed to prove it. The conclusion s = ¢ may en-
code a partial correctness assertion, an equivalence between an optimized and
an unoptimized version of a program, or an equivalence between a program
annotated with static analysis information and the unannotated program. The
verification conditions s; = ¢; are typically simple properties of the underlying
domain of computation that describe how atomic actions interact with atomic
assertions. They may require first-order interpreted reasoning, but are proven
once and for all, then abstracted to propositional form. The proof of the conclu-

sion s = t from the premises takes place at the propositional level in KAT. This

10



methodology affords a clean separation of the theory of the domain of computa-
tion from the program restructuring operations. It is advantageous to separate
the two levels of reasoning, because the full first-order theory of the domain of
computation may be highly undecidable, even though we may only need small
parts of it. By isolating those parts, we can often maintain decidability and de-

ductive completeness.

A typical form of premise that arises frequently in practice is a commutativity
condition pb = bp for an action p and a test b. This captures the idea that the action
p does not affect the truth of b. For example, the action p might be an assignment
x := 3 and b might be a test y = 4, where x and y are distinct variables. It is clear
that the truth value of b is not affected by the action p, so it would be the same
before as after. But once this is established, we no longer need to know what p
and b are, but only that pb = bp. It follows by purely equational reasoning in
KAT that pib = bp; — -+ = p,b = bp, — gb = bg, where ¢ is any program built

from atomic actions p1, ..., p,.

In some instances, Horn formulas with premises of a certain form can be
reduced to the equational theory without loss of deductive completeness or de-
cision efficiency using a technique known as elimination of hypotheses [27, 182}, 45].
One important class of premises for which this is possible are those of the form
s = 0. The universal Horn theory restricted to premises of this form is called
the Hoare theory, because it subsumes Hoare logic: the partial correctness asser-
tion {b}p{c} can be encoded as the equation bpc = 0. Other forms that arise
frequently in practice are bp = b, which says that the action p is not necessary
if b is true, useful in optimizations to eliminate redundant actions; and pg = ¢p,

which says that the atomic actions p and ¢ can occur in either order with the

11



same effect, useful in reasoning about concurrency. Unfortunately, KAT with

general commutativity assumptions pg = ¢p is undecidable [77].

As a case in point, the NetKAT system [6] incorporates a number of such
equational premises as part of the theory, which are taken as additional axioms
besides those of KAT. Proofs of deductive completeness and complexity as given
in [6] required extensive adaptation of the analogous proofs for KA and KAT.
Indeed, this was already the case with KAT, which was an adaptation of KA to

incorporate an embedded Boolean algebra.

Although each of these instances was studied separately, there are some
striking similarities. It turns out that the key to progress in all of them is the
identification of a suitable class of language models that characterize the equa-
tional theory of the system. A language model is a structure in which expres-
sions are interpreted as sets of elements of some monoid. The language models
should form the free models for the system at hand. For KA, a language model
is the regular sets of strings over a finite alphabet, elements of a free monoid; for
KAT, the regular sets of guarded strings; for NetKAT, the regular sets of strings
of a certain reduced form. Once a suitable class of language models can be deter-
mined, this opens the door to a systematic treatment of deductive completeness.
It is also clear from previous work [6), 39, 44, 114, 22] that the existence of coal-
gebraic decision algorithms also depends strongly on the existence of language
models (although we do not develop this connection here). The question thus
presents itself: Is there a general set of criteria that admit a uniform construc-
tion of language models and that would apply in a broad range of situations

and subsume previous ad hoc constructions? That is the subject of this chapter.

Alas, such a grand unifying framework is unlikely, given the negative results

12



of [77] and of However, we have identified a framework that goes quite
far in this direction. It applies in the case in which the additional equational
axioms are monoid equations or partial monoid equations (as is the case in all
the examples mentioned above) and is based on a well-studied class of rewrite
systems called inverse context-free systems [23]. We give criteria in terms of these
rewrite systems that imply the existence of free language models in a wide range

of previously studied instances, as well as some new ones.

This chapter is organized as follows. In we present preliminary defini-
tions and our negative result limiting the applicability of the method. In
we establish a connection between the classical theory of string rewriting and
Kleene algebra. We recall from [23] the definition of inverse context-free rewrite
systems and the key result that they preserve regularity. The original proof of
[23] involved an automata-theoretic construction, but we show that it can be
carried out axiomatically in KA. In and we give examples of total and
partial monoid equations and give a general construction that establishes com-
pleteness in those cases. These constructions are special cases of the more gen-
eral results of but we start with them as a conceptual first step to illustrate
the ideas. However, we can already derive some interesting consequences in
these special cases. In we establish completeness for typed monoid equa-
tions. This is the most general setting covered here. We give the completeness
proof in along with several applications in In we present conclu-

sions, future work, and open problems.
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2.2 Preliminaries and a Negative Result

A monoid is an algebraic structure (M, -, 1), where the multiplication operation -
is associative and 1 is a left and right unit for multiplication. That is, a monoid
M satisfies
(x-y)-z=a-(y-2) l-z=x r-l=ux

for all elements x,y, z in M. For a subset S C M, define (S) to be the smallest
subset of M that contains S and 1 and is closed under multiplication. We say
that S is a generator of M (or that S generates M) if M = (S). We say that M is
finitely generated if it has a finite generator. For a set ¥ of symbols, we write ©*
for the set of words (strings) over X.. The monoid (X%, -, £) consists of the carrier
¥*, together with the operation - of string concatenation and the empty string e
as unit. We say that (X%, -, ¢) is the free monoid generated by . A more general
method of defining a monoid is by a presentation. For a presentation we specity
a set X of generators and a binary relation R C ¥* x ¥* on strings. We also write
a pair (u, ') in R as an equation u = «’. Define =5 to be the smallest congruence
(equivalence relation and congruence with respect to concatenation) of ©* that

contains R. The congruence class of a string u is
[ulp = {ve X" |u=gv}
Now, define
M= (S| R)=%*/R
to be the monoid whose carrier is the set {[u]g | © € X*} of =g-congruence
classes. Multiplication is given by [u]g - [v]g — [uv]g, and the unit is [¢]zr. We
say that (X | R) is the (presented) monoid with generators 3 and equations R.

If ¥ and R are finite, we say that they constitute a finite presentation, and that

(X | R) is a finitely presented monoid.

14



Assumption 1 (Finite Alphabet). For the rest of the chapter, even when it is not
explicitly noted, we will be assuming implicitly that an alphabet X of letters is

finite.

Example 2 (Commuting Letters). Let X = {a, b} be a finite alphabet with letters
a and b. We consider only the commutativity equation ab = ba. The finitely
presented monoid
M = (a,b | ab = ba)

is isomorphic to the monoid N x N, where N is the set of natural numbers,
with multiplication (mg, my), (1, M) = (Mg + na, My, + np,) and unit (0,0). The
mapping h : M — N x N is the unique monoid homomorphism given by
h(a) = (1,0) and h(b) = (0, 1). It is also surjective and injective, thus witnessing
the claimed isomorphism.

Definition 3 (Regular Expressions and Language Interpretation). We define reg-
ular expressions over the finite alphabet ¥ to be the terms given by the grammar
ex=acY|1|0|etel|ee]|e”

We can interpret a regular expression as a subset of a monoid M = (¥ | R) with

multiplication - and identity 1), = [¢]gz. The function R, called the language

interpretation in M, sends a regular expression to a set of elements of M:

Ru(a) = {la]r} Ru(er +e2) = Rar(er) U Ru(es)
Ru(1) = {1m} Ru(er; e2) = Rar(er) - Ru(ez)
R (0) =0 Rar(€¥) = UpsoRu(e)"

where - is lifted to subsets of M as A- B ={u-v | u € A,v € B}, and the n-fold
product A" is defined inductively as A” = Rj,(1) and A"+t = A™ - A.

The image of the interpretation R ), together with the operations U, -, *0,

{1} is the algebra of regular sets over M, denoted by Reg(M). If M is the free

15



monoid X*, then R, is the standard language interpretation R of regular ex-

pressions.

Example 4. As in Example 2, consider the two-element alphabet ¥ = {a, b} and
the monoid M = (a, b | ab = ba). The language (in M) denoted by the expression
a; (b;a)* is

Rau(a; (b;a)%) = {la(ba)"] | n > 0} = {[a" "] | n > 0}.
We have made use of the fact that a(ba)” = a"*'b", which can be shown using

ab = ba.

It is known that the algebra of regular sets Reg(X*) is the free Kleene algebra
generated by ¥ [70]. This is equivalent to the completeness of the axioms of KA
for the standard language interpretation R of regular expressions. That is, for
any two regular expressions ey, e; over 3, if R(e;) = R(ez) then KA F e; = es.
The question then arises if this result extends to the general case of Reg(M) for
a (finitely) presented monoid M = (X | R). We ask the question of whether
Ru(e1) = Ru(es) implies provability of e; = e, in a system of KA augmented

with (at least) the equations corresponding to R.

In general, the answer to the question posed in the previous paragraph is
negative. That is, there exists a finitely presented monoid M = (X | R) such
that the equational theory of Reg(/) is not recursively enumerable, and there-
fore not recursively axiomatizable. The equational theory of the Kleene alge-
bra Reg(M) is the set of equations between regular expressions that are true

in Reg(M) under the interpretation Ry, i.e., the set
{61 = €9 | RM(el) = RM(€2)}

We show this negative result using the ideas developed in [73] [77]. The proof

specifies a way to construct effectively the monoid whose existence we claim.
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Theorem 5. There exists a finitely presented monoid M such that the equational

theory of Reg(M) is not recursively enumerable.

Proof. We define the Turing machine M, which takes as input a pair of natural
numbers (n,u). The number n is interpreted as the index of a Turing machine
M,,, and the number u is meant to be given as input to the machine M,,. In
order to encode (n, u) as a string, we take as input alphabet the set ¥ = {a, #}.
The pair (n,u) is encoded as the string a"#a". We describe now the algorithm

that M implements. Let x be the input string.

1. If the input string x is not of the appropriate form a"#a" then halt.

2. From the index n compute the description of the Turing machine M,,.

3. Simulate the execution M,,(u) of the machine M,, on input u. If the com-
putation M, (u) halts, then erase the tape (by filling it with blank symbols)

and halt at a special halting state.

Recall now the totality problem TOTAL = {n | M,, halts on every input}, which

is known to be I13-complete, and observe the equivalence:
n € TOTAL <= My(n,u) halts for all u > 0.

It is shown in [73] [77] that for every Turing machine M, there exists a finitely
presented monoid M = A*/F, which intuitively encodes the computations of
the machine. For every input string « there exists an effectively computable
equation e;; z; e; = e such that M halts on input x iff A*/E | ej; 2560 = e. All

expressions ey, es, € are strings.

Suppose now that the monoid M = A*/E is the one corresponding to the

machine My described in the previous paragraph. The index n belongs to TO-
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TAL iff
Reg(M), Ry = e1;a"#a"; e = ¢, forallu > 0 <
Reg(M), Ry = e1;a"#a";e5 < e, forallu > 0 <~
Reg(M), Ry |= e1;a"#a™; ey < e.

The last statement says that the equation eq; a"#a*; e; < e belongs to the equa-
tional theory of Reg(A*/E). It follows that this equational theory is I19-hard and

therefore not recursive enumerable. ]

This negative result says that we can only hope to identify subclasses of
monoid presentations M/ = (X | R) such that the algebra Reg()/) of regu-
lar sets over M is axiomatizable. The idea is to first restrict attention to those
monoid presentations for which the equations can be oriented to give a con-
fluent and terminating rewrite system. This allows one to consider as canonical
representatives the irreducible strings of the congruence classes. Then, we focus
on a subclass that allows two crucial algebraic constructions: a “descendants”

automata-theoretic construction, and an “ancestors” construction.

Note that Theorem [5|is a strengthening of [77, Theorem 4.1(ii)]. The theorem
of [77] gives a uniform II3-lower bound when the monoid is considered part of
the input, whereas Theorem [5 gives a IIJ-lower bound for the theory of a fixed

monoid.

2.3 String Rewriting Systems

In this section we establish a connection between the classical theory of string

rewriting systems and Kleene algebra. More specifically, we recall a result re-
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garding the preservation of regularity: for every inverse context-free system R
and a regular set L, the set of the R-descendants of L is also regular [23]. This re-
sult involves an automata-theoretic construction, which can be modeled in KA,
because an automaton can be represented as an appropriate KA term [31}, [70].
We show here that the combinatorial arguments of the construction can then
be replaced by equational reasoning in KA. As it turns out, this connection will

allow us to obtain powerful completeness metatheorems in later sections.

A string rewriting system R over a finite alphabet > consists of rewrite rules
¢ — r, where ¢ and r are finite strings over X. This extends to the one-step rewrite
relation — g, given by xzly — g xry, for strings x,y and rule { = rof R. If z =g y
then we say that y is an R-successor of x, and z is an R-predecessor of y. We write
— 7 for the reflexive-transitive closure of — g, which is called the rewrite relation
for R. If u, v are strings for which v —} v we say that v is an R-descendant of u,

and that v is an R-ancestor of v. For a set of strings L we put:

Descr(L) = {v | 3u € L. u — 5 v}

Ancer(L) = {u|Fv € L.u =} v}
So, Descp(L) is the set of all the R-descendants of the strings in L, and similarly
Ancegr(L) is the set of all R-ancestors of the strings in L. The inverse system R™!
of R is the system that results by taking a rule » — / for every rule ¢/ — r of R. If

u is an R-ancestor of a string v, then u is an R~'-descendant of v. We define the

symmetric relation
g = {(zuy, zvy) | u — v or v — wis an R-rule}.

We write <>}, for the reflexive transitive closure of ++5. The relation <7, is an
equivalence relation on Y*. In fact, it is a left and right congruence, because it

satisfies additionally for all strings u, v, z,y: u <% v implies that zuy <% zvy.
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Equivalently, we can define <7, to be the smallest congruence on X~* that con-

tains {(u, v) | v — v is an R-rule}. The congruence class of a string u is denoted
by [u].

Remark 6. Let R be a string rewrite system over ¥ that has rules of the form
a — r, where a € ¥ is a single letter, as well as rules of the form ¢ — r. Let zy be
a string. We claim that every R-descendant of xy is of the form uv, where u (resp.
v) is an R-descendant of x (resp. y). This claim can be expressed equivalently
with the equation

Descr(zy) = Descg(z) - Descr(y).
We can then prove its generalization Descr(L - L") = Descg(L) - Descg(L’) to sets

of strings.

Lemma 7. Let R be a rewrite system consisting of rules of the form ¢ — r and
a — r, where a is a letter. Assume further that all sets Descy(c) and Descg(a) are

regular with
R(e.) = Descg(e) R(e,) = Descg(a)

for some regular expressions e. and e,. Consider the substitution ¢, defined

inductively by
0(a) = e, 6(e1 + e2) = O(er) + 6(e2)
9(1) = €¢ 9(61; 62) = 9(61)7 9(62)
6(0) =0 0(e*) =e. +0(e)*

Then, Descr(R(e)) = R(6(e)) for every regular expression e. For the particular

case where Descy(c) = {¢}, we can simplify the substitution by putting 6(e*) =

O(e)*.

Proof. The proof is by induction on the structure of e. We only give the argument
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for the case of ¢*, because it is the most interesting one. First, we claim that
Descr(R(e)") = R(O(e))" for every n > 0.

This is shown by induction on n, using the property of Remark 6l Now, we have

for e*:
Descr(R(e*)) = Descr({e} U, R(€)") [def. of R]
= Descp(e) U, - Descr(R(e)") [def. of Descg]
= R(ec) UU,5R(0(e))" [hyp. & claim]
= Rles) Ufet U, R(0(e))" [e € Re.)]
= R(e.) UR(H(e)™), [def. of R]

which is equal to R(e. +6(e)*) = R(A(e*)). In the fourth equality above we have

made use of the fact that ¢ —7% &, which implies that ¢ € Descg(e) = R(e.). O

Example 8. Let R be the rewrite system over ¥ = {qa,b} that consists of the

single rewrite rule @ — aa. The set Descg(a) = {a™ | n > 0} is regular and equal

to R(e,), where e, = a;a*. Clearly, Descg(b) = {b} is also regular and we put

e, = b. We consider the (simplified) substitution § of Lemma [/}, which gives us
0(a: (b;a)*) = a;a™; (bya;a™)".

Lemma [7|now says that Descr(R(a; (b;a)*)) = R(a; a™*; (b;a; a™)*).

Example 9. Suppose that the rewrite system R over ¥ = {a, b} consists of the

rewrite rule ¢ — aa. We observe that the set Descg(¢) = {(aa)” | n > 0} is

regular and equal to R(e.), where e. = (a;a)*. Moreover, we see that
Descg(a) = {a(aa)" | n > 0} Descr(b) = {(aa)"b(aa)" | n > 0}

are regular. We put e, = a;e. and ¢, = e.; b; e.. The hypotheses of Lemma [7|are

satisfied.

Let R be a rewrite system. We say that R is terminating if there is no infinite
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rewrite chain ry —g ©1 —r 22 —r ---. If R has rules of the form ¢ — r with
|| < |¢| then it is terminating, because every rule application strictly reduces
the length of the string. A string z is called R-irreducible if no rule of R applies
to it, that is, there is no y with + —5 y. We say that R is confluent if u —>}"2 T
and u —% y imply that there exists z with x —% z and y —% 2. It is said that
R has the Church-Rosser property (we also say that “R is Church-Rosser”) if for
all strings x,y with z <}, y there exists z such that  —% zand y —% 2. Itisa
standard result that confluence and the Church-Rosser property are equivalent
[23]. A system R is said to be locally (or weakly) confluent if for all strings u, x,y
with u —x z and u — g y, there exists a string z such that x —7, z and y =, 2. If

R is both locally confluent and terminating, then R is confluent [23} 12].

Suppose that R is confluent and terminating. We map each string u to the
unique R-irreducible string nfz(u) that results from rewriting v as much as pos-
sible. For strings u, v, it holds that u % v iff nfr(u) = nfg(v). So, two strings
are congruent iff they can be rewritten to the same R-irreducible. For every con-
gruence class [u] of <33, we choose as canonical representative (normal form) the

R-irreducible string nf z(u).

Note 10. If R is a terminating rewrite system, then it is easy to see that the empty
string ¢ is irreducible. Assume for contradiction that R has a rule ¢ =% x. Then
we can obtain the infinite rewrite chain ¢ - © —r 2 —r xxT — g -+ Which

contradicts termination.

Definition 11 (Total Coalesced Product). Let R be a confluent and terminating
rewrite system over X, and Iy be the set of R-irreducible strings. Define the
operation ¢ on I by

uo v = nfgr(uv).
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We call this operation the coalesced product with respect to R. We also lift the

operation to sets of R-irreducible stringsas A¢ B ={ucov|u € A, v e B}.

The structure (1, ¢, €), as defined above, is a monoid. In fact, it is isomorphic
to the monoid (¥ | R), where R in the presentation are the equations ¢ = r

corresponding to the rules ¢ — r of the system.

Example 12. Let R be the rewrite system over ¥ = {a, b} with the single rule
ba — ab. The R-irreducible strings are I = {a™b" | m,n > 0}. The total
coalesced product is

a"b' o a™b" = nfgr(aFbla™b") = o™ TH

The monoid (Ig, ¢, ¢) is isomorphic to (X | ab = ba).

Definition 13 (4" and ¥). Let R be an arbitrary string rewrite system over the

alphabet X. For a language L C ¥*, we define
Cr(L) = U, lu] = {v|3ue L.v i ul.

Assume additionally that R is confluent and terminating, so that the function

nfr is well-defined. For L C ¥*, we define 9z(L) = {nfr(u) | u € L}.

The intuition for the above definitions is that the map %% closes a set of
strings under the congruence relation <}, and ¥ reduces every string to its
normal form (R-irreducible). We note that ¢z (L), which is a set of strings, is not
equal to {[u] | v € L}, which is a set of equivalence classes of strings. Equiva-
lently, we can define ¢r(L) to be the smallest set that contains L and is closed

under <.

Lemma 14 (¢ and ¢). For a confluent and terminating rewrite system R over >
1. 6r(L) = €r(9r(L)), for alanguage L C X*.
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2. 9r(L) = 9r(€r(L)), for alanguage L C ©*.
3. Yr(L) = 9p(L) iff €r(L) = €r(L'), for languages L, L' C ¥*.
4. €r(L) = Ancer(Descg(L)), for a language L C X*.

Proof. For Part (1), we use the fact that u <} nfg(u), which implies [u] =

[nfr(u)]. So,

Cr(L) = U{[u] | uwe L} = U{Infr(u)] | u € L}
= U{[v] | v € Gr(L)} = Cr(¥r(L)).
For Part (2), we first notice that L C %j(L) and hence
Gr(L) € Gr(Cr(L)) = {nfr(u) | u € Cr(L)}.

For the reverse containment, consider an arbitrary v € ¢z (L). We have to show
that nfp(u) isin @x(L). Since u € Gr(L), there exists some v’ € Lwithu <5 u'. It
follows that nfg(u) = nfr(u') € ¥xr(L). Part (3) is an immediate consequence of
(1) and (2). Finally, the idea for Part (4) is that by closing L under R-descendants
we obtain the normal forms. So, if we also close under R-ancestors we get the

congruence class of every element of L. O

A rewrite system R is said to preserve reqularity if for every regular language
L, the R-descendants Descp (L) form a regular set. A system R is called inverse
context-free if it only contains rules of the form ¢ — r, where |r| < 1. That is,
every right-hand side of a rule is either a single letter or the empty string. A
classical result of the theory of string rewriting is that inverse context-free sys-
tems preserve regularity (see Chapter 4 of [23] for a detailed proof). The proof of
this fact uses a construction on finite automata, which we briefly present here.
We will be referring to it as the descendants construction. Suppose that L is a

regular language, recognized by an automaton .A. The automaton is possibly
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nondeterministic and it may have e-transitions. We will describe a sequence
of transformations on .4. When the sequence reaches a fixpoint, we obtain an

automaton (nondeterministic with e-transitions) that recognizes Descy(L).

e Suppose that the system R has a rule / — a, where a is a single letter, and
0 =Ully- -, is a string of length m. We assume that there is an /-path from

the state ¢ to the state g, of the automaton. That is, a sequence
T xTo xs3 ITn—1 In
o —>q1 —>q2 —> " —> (qn-1 — n,

where each z; is a letter or ¢, @y - ¥9 - ... - @, = ¢, and each ¢;_1 —= ¢, is
a transition of the automaton. We add the transition ¢g — ¢,. The idea is
that if the automaton accepts the string x{y, then it should also accept the
R-descendant xay.

e Similarly, suppose that the system R has a rule ¢ — ¢, where ¢ is the empty
string, and that there is an /-path from the state ¢, to the state ¢,,. Then, we

add the e-transition ¢y — ¢, to the transition table of the automaton.

This process is iterated until no new transitions are added. We know that a
tixpoint is always reached because there are only finitely many transitions that
a finite automaton can have. The resulting automaton accepts exactly the set of

R-descendants Descy(L).

Theorem 15 (The Descendants Construction Algebraically). Let R be an in-
verse context-free rewrite system and e a regular expression whose interpreta-

tion is L = R(e). We can construct effectively a new regular expression é s.t.
KAgpte=¢é and R(é) = Descgr(L).

KAp is the system KA augmented with an equation ¢ = r for every rewrite rule

¢ — rof R.
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Proof. In [31] it is shown how to perform the construction of Kleene’s theo-
rem, which builds a finite-state automaton from a given regular expression,
in terms of matrices. The automaton is possibly nondeterministic and may
have e-transitions, so for the expression e there is a matrix form u; M*; v with
KA e = u; M™; v, where wis a 1 x n matrix, M is an x n matrix, and visan x 1

matrix. The matrix M is of the form
M = M(e) + ¥, a- M(a),

where a ranges over the alphabet 3 and a - — denotes scalar multiplication. Each
n x n matrix M (a) encodes the transitions of the automaton on input symbol a.
The entries of M (a) are either 0 or 1, hence the entries of a - M (a) are either 0 or
a. Similarly, the entries of M (¢) are either 0 or 1 and they give the e-transitions

of the automaton.

We will show in KAy that for a transformation step from the automaton
w; M*;v to the automaton u; N*;v we have that KA - u; M*;v = u; N*;v.
Suppose that { — aisarule of R, { = {,{5---{,,, and there is an /-path from ¢

to ¢, in the automaton:
1 o Tn—1 Tn
qo —>q1 — * —7> Qn—1 — Qp,

with 1 -2g - - - Zp_1 -, = {. Since each ¢;_; — ¢, is a transition of the automaton,
we get

row(q;_1); M (z;);col(g;) = 1.

The above equation says that the (¢;_1, ¢;)-indexed entry of M(z;) is equal to
1. We write row(q) for the row vector (1 x n matrix) that contains 1 at the ¢-
indexed position and 0 in the rest of the positions. Similarly, col(g) is the column
vector (n x 1 matrix) with 1 at position ¢ and 0 elsewhere. It is easy to see that

row(g); col(q) = 1, and col(g;); row(g;) is equal to the nxn matrix with 1 at position
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(¢i, ¢;) and 0 elsewhere. So, the inequality

col(g;—1); row(q;) < M(z;)
is another way of expressing the fact that ¢;_, 25 ¢ is a transition of the au-
tomaton. We define N(a) so that N(a) = M(a) + col(qo); row(q,). This means

that

N =M +a - col(qp); row(gy).

Since M < N, it follows by monotonicity of * that M* < N* and hence

w M*; v < u; N*; .

Now, we have to show that u; N*;v < u; M™; v, which is implied by N* <
M*. In order to make our exposition more understandable, we give the proof
using a specific example. Suppose we have the rule / — a, where ¢ = ab, and

the (-path we consider is
a b
do — 1 — @2 — g3

We add the transition ¢y — g3 to the automaton. So, N(a) = M(a) +
col(go);row(gs), and N = M + a - col(gp); row(gs). Observe the provability of

the following:

a - col(qo); row(gs) = a - col(qp); row(qy); col(q1); row(gz); col(gs); row(gs)

IA

a- M(xy); M(z2); M(z3)

a;b- M(a); M(e); M(b)
= aM(a); M(e); bM(b)
< M;M;M.
In the second equation above we have used the axiom ab = a, because the rule

ab — ais in R. Tt follows that N < M + M; M; M, and therefore N* < (M +
M; M; M)* < M*,
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If the original automaton form is u; M ;v, the descendants construction

gives us a finite sequence of matrix forms u; M v, u; M5 v, ..., u; M}*; v with
KARl—U;M(;k;UEu;Ml*;UE EU;M:;U.

No new transition can be added to the last automaton. So, the last automaton

form of the sequence gives us all the descendants of R(e). That is,
R(u; M ;v) = Descr(R(u; M ;v)) = Descr(R(e)),

because KA F e = u; M;v. We put é = u; M;"; v, and the proof is complete. [

Theorem [15/says that the descendants construction, which is combinatorial,
can be modeled algebraically in the system of KA with extra equations that
correspond to the rules of the rewrite system. This is a central technical result

that will be useful later for establishing our completeness theorems.

24 Completeness: Monoid Equations

In this section we present our first completeness metatheorem, from which we
can prove the existence of free language models for systems of KA with extra
monoid equations. Our metatheorem is not only a conceptual first step towards
the more general partial monoid and typed monoid cases, which we investigate
in and respectively, but it also allows us to obtain previously unknown
completeness results. As a concrete novel application, think of the assignment
statement = := ¢, where cis a constant. The action = := cis idempotent, meaning
that the effect of the program z := ¢;x := c is the same as the effect of z := c.
We express this fact with the monoid equation aa = a, where a is a single-letter

abstraction of the assignment. KA can be augmented with any number of such
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idempotence equations, and our metatheorem implies the existence of a free

language model (see Example 2T).

Definition 16 (Language Interpretations G and C). Let R be a confluent and ter-
minating rewrite system. The corresponding coalesced product is . We define

the function Gy that sends a regular expression to a set of R-irreducibles:

Gr(a) = {nfr(a)} Gr(e1 +e2) = Gr(er) UGg(e2)
QR(O) =0 QR(€1; 62) = QR(€1) <& 93(62)
Gr(1) = {e} Gr(e®) = U,209r(e)™

where, for a set A of R-irreducibles, A™ is defined by A” = Gx(1) and A"V =
Al & A. We also define the interpretation Cr(e) = Gr(R(e)) = Uner e [ul-

Remark 17. Let R be a confluent and terminating system over ¥, and M = (X |

R) be the corresponding monoid. For a regular expression ¢, we have that
Ru(e) = {lu] | ueGrle)} and Gr(e) = {nfr(u) | [u] € Rale)}.
It follows that Rys(e1) = Ras(es) iff Gr(e1) = Gr(es). Thatis, Ry and Gg have

the same equational theory. So, our investigations of completeness can be w.r.t.

Gr instead of R ;.
Lemma 18 (G and C). For a confluent and terminating rewrite system R over >

1. Gr(e) = 9r(R(e)), for an expression e.
2. QR(e)

3. Cr(e) = Anceg(Descr(R(e))), for an expression e.

Gr(€') iff Cr(e) = Cgr(€), for expressions e, €.

Proof. Part (1) is shown by induction on the structure of e. For parts (2) and (3)

we make use of Lemma [14] O]

Definition 19 (Well-Behaved Rewrite System). Let R be a rewrite system over

Y. We say that R is well-behaved if it satisfies the following properties:
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1. R consists of rules of the form ¢ — r with |r| < 1and |¢| > 1.

2. Ris confluent.

3. Regqularity: For every z in XU{e}, the R-ancestors Ancep(x) = {u | u =5 =}
of x form a regular set R(e,) for some regular expression e,.

4. Provability: For every z in ¥ U {¢}, the equation e, = z is provable in KA.

For x = ¢ the equation instantiates to e. = 1.

Condition (1) implies that every rule application strictly reduces the length of a
string. Thatis, R is length-reducing and hence terminating. So, given Condition
(1), we can require equivalently that R is locally confluent instead of having
Condition (2). This result is known as Newman’s Lemma (see [23] [12]). Recall
that KAy is the system of KA extended with equations corresponding to the

rules of R.

Intuitively, the definition of well-behavedness for R enables two important
algebraic constructions. First, the special form of the rules allows the automata-
theoretic descendants construction (described in §2.3), which can be modeled in
KA, because automata can be encoded as matrices. Then, the regularity require-
ment for the sets of R-ancestors implies that we can apply a homomorphism to
obtain all the ancestors of a regular set. We can thus “close” a regular expression

under the congruence induced by R.

Theorem 20 (Completeness). Let R be a well-behaved rewrite system over .

For all expressions e; and ey, Gr(e1) = Gr(e2) implies that KA - e; = es.

Proof. Consider the following transformation steps on an arbitrary regular ex-

pression e:
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1. Descendants Construction: As described in Theorem [15/ we obtain an ex-
pression ¢’ with KAr F e = ¢ and R(¢') = Descg(R(e)).
2. Ancestors Construction: We describe below a transformation that gives us a

new regular expression e” with KAy - ¢’ = ¢” and R(e”) = Anceg(R(¢')).

We thus have KAy e = ¢” and R(e”) = Ancer(Descr(R(e))), which is equal to
%r(R(e)) by Lemma [14(4). It follows that R(e”) = Cg(e) (see Definition [16).

Now, we apply the constructions (1) and (2) described above to the expres-

sions e; and e, to obtain the expressions ¢ and e with:
KArFe =¢f  Crler) = R(€)) KArRF ey =ey  Cgrle) = R(ey)

From the hypothesis Gr(e1) = Gr(e2) and Lemma [18(3) we get that Cr(e;) =
Cr(es). It follows that R(e]) = R(e}), and by completeness of KA for the stan-
dard interpretation R [70] we get that KA I- e] = €}. Since we have proved in
KAR the equations

—— no_— _n [/
€1 =¢ €1 =€y €y = €9

we conclude by transitivity that KAg - e; = e.

It remains to describe Step (2) of the above transformation to complete the
proof. If u is an R-ancestor of a string v, then u is an R~'-descendant of v (and
conversely). Since R is well-behaved, the system R™! only contains rules of the
form ¢ — r and a — r, where a is a letter. Moreover, for every z in ¥ U {¢} we
have:

Ancer(x) = Descr-1(x) = R(e)

for some expression e, with KAr - e, = x. Define the substitution ¢ as in
Lemmal7 So,
Ancer(R(€')) = Descp-1(R(€")) = R(6(€")).
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We put ¢’ = 0(e’). We have already shown that R(e”) = Ancer(R(€’)). It remains
to see that KA - ¢/ = ¢’ = 0(¢’), which is implied by the provability assumption

KAR - e, =z, for every = in ¥ U {¢} (since R is well-behaved). N

We will see now how the general completeness meta-theorem we have
shown above (Theorem 20) can be used to obtain several concrete completeness

results for the regular algebras of some simple finitely presented monoids.

Example 21 (Idempotence Hypotheses). Consider the monoid M = (a,b | aa =
a). The rewrite system R contains only the rule aa — a. In order to invoke

Theorem 20| we have to verify that R is well-behaved (Definition [19):

e For the only rule ¢ = aa — a = r of R, we have that |r| = 1 and |¢| > 1.

e To show confluence of R, it is sufficient to show local confluence, since R is
terminating. We have the following critical-pair lemma: Suppose that u — «
and u — y. If © = y, we are done. If x # y, then u,z,y must be of the
following forms:

+1 n+1 +1 +1

U =va" " va" " vg T = v1a"vea™ " s y = v1a" " vea" vy

Notice now that =,y — v1a™wv2a™v3, which establishes local confluence.
e For the R-ancestors of the letter a, we see that Anceg(a) = {a" | n > 0} =
R(eq), where e, = a; a™. Reasoning in KA we show that a < a;a™ and
a;a* a<=aa<a4+=a;a=a.
We have thus shown that KAz - ¢, = a.
e For ¢ and the letter b, we have Ancer(b) = {b} = R(b) and Anceg(c) = {c} =
R(1).

Since the rewrite system R satisfies the conditions of Theorem 20, we get com-

pleteness of KA together with the equation a;a = a for the interpretations Gr
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and R ;.

Example 22 (Self-Inverse Action). We consider the monoid M = (a,b | bb = ¢)
and the rewrite system R with the rule bb — <. We verify that R is well-behaved
(Definition [T9). It is easy to observe that the rules of R are of the appropriate
form, and that R is confluent. For the regularity and provability assumption,
we have Anceg(e) = {(bb)" | n > 0} = R(ey), where e, = (b;b)*. Reasoning in
KAR we have e, = (b;b)* = 1* = 1. By Theorem 20| we get completeness of KA

extended with b; b = 1 for the interpretations Gr and R ;.

2.5 Completeness: Partial Monoid Equations

We would like to generalize our result in a way that allows us to designate
certain strings as being non-well-formed or undefined. Any string with a non-
well-formed substring has to be discarded from the interpretation. For a string
a; - - - a over the alphabet, we declare it to be non-well-formed using the equa-

tion a; - - -ay = L, where L is a special “undefined” symbol not in the alphabet.

We define a partial monoid to be an algebraic structure (A, -, 15, L) satisfy-
ing the monoid axioms, as well as the equations z- Ly = Ly and Ly -2 = L.
The identity is 1,7, and L, is called the undefined element of M. In a presentation

of a partial monoid
M, =3|nn=p,22=1y...,1=L,z0=1,...)

we allow equations = = y between strings over X (call the collection of these R),
as well as equations of the form z = L, where z is a string over £ (L isnotin ¥).
Call R, the set of all equations of the presentation. In order to give a concrete

description of the partial monoid, we consider the strings over the extended
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alphabet X U {_L}. Let ~ be the smallest congruence on (X U {L})* that contains
R, as well as the axioms v = 1 and Lz = L for every z in ¥ U {L}. The
partial monoid M is the monoid of strings (X U { L })* modulo the congruence
~. The identity is the ~-congruence class [¢], and the undefined element is the

class [L].

Assumption 23. We collect a list of assumptions for (3, R, Z), where ¥ is a fi-
nite alphabet, R is a rewrite system over 3, and Z C ©* is a nonempty set of

“undefined” strings.

1. Ris confluent and terminating.
2. Seamlessness property: If zzy is a string with z € Z, then every R-
successor of xzy is of the form z'z'y’ with 2/ € Z. In other words, if x

has a substring in Z then every R-successor of = has a substring in Z.

Intuitively, seamlessness says that if a string contains a non-well-formed sub-
string, then no R-rewriting can make it well-formed. So, R interacts well with

undefinedness.

Note 24. Without loss of generality we can require that the undefined strings of
Z are nonempty, i.e., not equal to €. This is because if ¢ € Z, then the monoids

we define later become trivial (the identity is equal to the undefined element).

Example 25. Consider the alphabet ¥ = {a,a,b,b} and the rewrite system R
with rules aa — a and bb — b. The set Z = {aa,bb} contains the undefined
strings. Arguing as in Example 21| we see that R is terminating and confluent.
For the seamlessness property, we consider the case of a substring aa (the case
for bb is analogous). Every R-rewriting of zaay gives a successor z’aay’, so we

are done. Therefore, (3, R, Z) satisfies Assumption 23]
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If we added the rule ba — b to R, then the seamlessness property would be

violated, because baa — ba by applying the newly introduced rule.

Definition 26 (Partial Coalesced Product). Let (3, R, Z) satisfy Assumption 23]
Let Ir C ¥* be the set R-irreducible strings and Jg = Iz \ (X% - Z - ¥*). That is,

Jr = {u € ¥* | uis R-irreducible and has no substring in Z}.
Define the (partial) coalesced product ¢ on elements of Jy as follows:

nfr(uv), if nfr(uv) hasno substring in Z;
uov =

1, if nf z(uv) has a substring in Z.
As defined, ¢ is of type Jg x Jg — Jr U {L}. Extend it to a binary operation on

JrU{L}:
lol=1 uol =1 Lou=_1
for every u € Jr. We lift the product ¢ into a total operation on subsets of Jg:
AoB={uov|uov#L,ue A ve B},

where A, B C Jg. The structure (JpU{_L},o,¢, 1) is said to be the partial monoid

(see Lemma 27 below) that corresponds to the triple (¥, R, Z).

Lemma 27 (Partial Monoid From Rewrite System). Let (3, R, Z) satisfy As-
sumption Then, the structure (Jz U {L},0,e, 1) is a partial monoid and
is isomorphic to (¥ | R, ), where R, contains equations for the rules of R and

an equation z = L for every z € Z.

Proof. The proof that Jr U {1} is a partial monoid relies on properties of normal

forms. Now, we define the map h : (XU {L})* — Jr U {L} as follows:
(

1, if x contains an occurrence of |

hz) =< 1, if z € ¥* and nfg(z) has a substring in Z

nfr(z), if z € ¥* and nfg(z) has no substring in Z
\
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Claim 28. For all strings =,y over ¥ U {_L}, it holds that h(zy) = h(x) o h(y).

Recall that ~ is the smallest relation that contains the pairs (u, v) of R, the pairs
(z2,1) for all z € Z, the partial monoid axioms (zL, L) and (Lz, L) for x €
Y U{Ll}, and is closed under the rules of equational logic (reflexivity, symmetry,

transitivity, congruence).

Claim 29. For every pair (z,y) of ~ we have that h(z) = h(y).

The above claim asserts that / has the same value on members of an equivalence
class of ~. So, we define the map / : (SU{L})*/~ — JRU{L} by [z] — h(z). We
also claim that / is a partial monoid homomorphism from (X | R, ) to Jz U {L}.

Indeed, we have:

~ ~

W[z - [y]) = h(ley]) = h(ay) = h(z) o hly) = h([z]) o Aly)),
as well as h([¢]) = h(e) = e and h([L]) = h(L) = L. Thatis, » commutes with
the partial monoid operations. Clearly, / is surjective. Finally, we claim that

it is injective. Consider strings =,y over ¥ U {_L} with h([z]) = h([y]), that is,
h(x) = h(y).

— Ifh(z) =h(y) = Lthenz ~ L and y ~ L, hence x ~ y and [z] = [y].
— If h(x), h(y) # L then nfr(x) = nfr(y), hence x ~ y and [z] = [y].

We have thus established that / is an isomorphism. O

Definition 30 (Language Interpretations). Suppose that (X, R, Z) satisfies As-
sumption 23| Define [L]s; = Anceg(S* - Z - £*) and for a string u over X:

Ancer(nfg(u)), if nfr(u) has no substring in Z

[u]s =
[L]s, if nfz(u) has a substring in Z
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For a language L C X* we define ¢, (L) C Jg and %, (L) C X* as follows:

4 (L) = {nfr(u) [ue L} \ [L]s C1L(L) = [Lls UU,epluls

Now, the interpretation G, sends a regular expression to a subset of Jx:

Gi(a) =% ({a}) Giler+e) =Gi(e1) UG (e2)
QL(O) =0 gj_<€1§ 62) = gj_(el) <o QL(€2)
Gi(1) ={e} Gi(e") = UG (e)™

where A = G, (1) and A™*Y = AM o A, Define C,(e) = €. (R(e)). The

interpretation G, discards the undefined strings, but C, adds them all in.

Lemma 31. Let (3, R, Z) satisfy Assumption 23] For all languages L, L' C £*:

The above are the analog of Lemma (14} As an analog of Lemma 18, we have:

5. Gi(e) =9.(R(e)), for an expression e.
6. Gi(e) =G, (¢)iff Ci(e) = C.(€¢), for expressions e, €.

7. Ci(e) = Anceg(Descr(R(e))) U [L]s, for an expression e.

Proof. Similar to the proofs of Lemma[14and Lemma O

Definition 32 (Well-Behaved). Let (%, R, Z) satisfy Assumption We say that

it is well-behaved if it satisfies additionally the following properties:

1. R consists of rules of the form ¢ — r with |r| < 1and |¢| > 1.
2. Regularity: For every x in XU{e}, the R-ancestors Anceg(z) = {u | u =} x}

of x form a regular set R(e,) for some regular expression e,.
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3. Regular undefined set: There is a regular expression e; with R(ez) = Z.

4. Provability: For every z in ¥ U {¢}, the equation e, = x is provable in KA.

We will write KA | for the system KAy extended with the equation e; = 0. No-
tice that if (X, R, Z) is well-behaved, then so is R (in the sense of Definition [19).

Lemma 33 (Undefined Class). Let (X, R, Z) be well-behaved. The set [L]s of
undefined strings is regular. For the corresponding expression e, is holds that

KA, Fe =0.

Proof. Recall that [ L]y = Ancep(X* - Z - ©*) from Definition Part of the
definition of well-behavedness is that Z is regular, where R(ez) = Z for some
expression ez. It follows that the set ©*- Z-X* is also regular. The corresponding
expression is e = ey; ez; ey, where ey = (3, @)™ is the universal expression with
R(er) = ¥*. Since the rewrite system R is well-behaved, the inverse system
R~! satisfies the conditions of Lemmal[Zl Let 6 be the substitution defined in the

lemma. We then have
[L]s = Ancer(R(e)) = R(6(e)).

Since R is well-behaved, we get from the provability condition that KAy I e =
6(e). Finally, we put e, = 6(e). Reasoning in KA |, we prove the equations:

e; =0(e)=e=ey;ez; ey = ey; 0;ep = 0.
We have thus established KA, e, = 0, and the proof is complete. ]
Theorem 34 (Completeness). Suppose that (X, R, Z) is well-behaved. For all

expressions e; and ey, G, (e1) = G (e2) implies that KA e = es.

Proof. Consider the following transformation steps on an arbitrary regular ex-

pression e:
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1. Descendants Construction: As described in Theorem [15, we get an expres-
sion ¢/ with KAg F e = ¢’ and R(¢’) = Descg(R(e)).

2. Ancestors Construction: Define the substitution 6 by € — e. and a — ¢, for
every letter a € ¥. As in Theorem R0t KAy F ¢ = 0(¢/) and R(0(¢)) =
Ancer(R(€")).

3. Undefined Class: It was shown in Lemma [33| that there is an expression e
such that KA, e, =0and R(e,) = [L]s. Weputé =0(e') +e,.

Combining the above steps we get KA, Fe=¢ =0(e) =0(¢') + e, = ¢é,and
R(€) = R(0(e")) UR(er) = Ancer(Descr(R(e))) U [L]s,
which is equal to C, (e) using Lemma B1(7). We have thus shown that R(¢) =
C, (e). We apply this construction to the expressions e; and e, to obtain é; and
€, with:
KALFer=é  Ci(er) =R(é) KALFea=é  Ci(es) =R(é2)

The hypothesis G, (e1) = G (e2) and Lemma BI(6) imply C, (e;) = Ci(ep). It
follows that R(é;) = R(é;) and by completeness of KA for the interpretation R

we get that KA - é; = é;,. We conclude that KA | F e; = e. l

2.6 Completeness: Typed Monoid Equations

We further generalize the partial monoid setting of §2.5 by assuming even more
structure on the strings and the rewrite system. One major difference from the
partial monoid case is the introduction of a new category of primitive symbols,
the subidentities, which allow the encoding of Booleans. Using this general typed
framework, we will show later how to cover several examples, among which:

plain KAT, KAT with simple Hoare hypotheses b; p; c = 0, KAT with hypotheses
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c;p = ¢, and NetKAT. These examples attest to the generality and wide applica-

bility of our technique.

Assumption 35. We collect a list of assumptions for (P, Id, R, Z). The sets P and
Id are finite alphabets which we call the action symbols and subidentities respec-
tively. We write p, ¢,r, ... to vary over actions symbols, and «, 3,7, ... to vary

over subidentities. We put
Y=IdU{app|pe€ Pand o, € Id},

and we call ¥ the aggregated alphabet. We write a, b, c, ... to vary over arbitrary
letters of 3. Examples of nonempty strings over ¥ are: o, acr, apf, a8, aapf,

aBpyo, apB Bqy~y, and so on. £t denotes the set of nonempty strings over X.

Let R be a string rewrite system over ¥, and Z C X be a nonempty set of

nonempty strings (the “undefined” ones). We require the following;:

1. The rules of R involve nonempty strings. R includes at least the rules:

aa — aapf — apf apB B — app

for all subidentites «, 5 € Id and every action symbol p € P.
2. Ris confluent and terminating.

3. The set Z of undefined strings contains at least the following:

af (a#p) afpy (a#p) apBy (B#7) apBygd (B#7)

4. Seamlessness property: If © € ¥T has an undefined substring (in Z), then

every R-successor of x also has an undefined substring.

As in Assumption 23, Condition (4) says that R preserves non-well-definedness.

An immediate consequence of the seamlessness property (described above)

is the following closure property for Z: If the subidentity « is in Z, then apf and

40



fpa are also in Z for every subidentity 3 and every action symbol p.

Example 36 (Kleene algebra with tests). Let P be a finite set of actions symbols,
and Id be a disjoint finite set of atoms. Suppose that R contains only the required
rules, and Z contains only the required undefined strings. For confluence of
R, we simply observe that all critical pairs are trivial. For the seamlessness

property we examine all the cases where an undefined string is part of a redex:

for o # 3 : aafl —gpaf apff—raf

for 8 # v : apB By —r apBy Bypd =k Bpd
fora # 3 : aafBpy —r afpy afpyy —r aBpy
for g #~: apB B0 —r apByqd

forf/7:  aapBipd—onapdipd  apdypdd —n apBipd

The underlined parts in the reductions above are the undefined substrings. The
cases for apfB~ are analogous to the ones for a Spy. Generally, no application
of a rule of R can eliminate a part ...a ... with a # 3. So, the quadruple

(P, 1d, R, Z) satisfies Assumption

Definition 37 (Typed Coalesced Product). Let (P, Id,R,Z) satisfy Assump-
tion[35] Let Iz C ©* be the R-irreducible strings of £+ and Jp = I\ (X% Z-£%).
That s,

Jr = {u € ¥ | uis R-irreducible and has no substring in Z}.

Define the (untyped) coalesced product ¢ as in Definition 26, For z in Jg, we write
x : o — [ to mean that x starts with o and ends with 3. The expression o — /3
is said to be the type of x. Observe that a : @« — a for every subidentity o and
apf : o — B for the composite letters of . We introduce a family of undefined

symbols 1,3 : o — [ for all subidentities o, 3. We define the typed coalesced
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product ¢ as:

nfr(zy), if nfr(zy) has no substring in Z
TOY =

Loy, if nfz(zy) has a substring in Z

forz:a — fandy: 8 — vin Ji. Extend the operation to account for undefined

operands:
x:a—>ﬁ_mJR y:ﬁ—>’y_1nJR Logo Ly = Lag
l’OJ_g,y = J—oe'y Lagoy— J—ow

Observe that ¢ can also be seen as a family (¢4p,)a.5c14 Of Operations indexed

by types.

Observation 38 (Typed Partial Monoid). Let (P, Id, R, Z) satisfy Assumption[35]

Notice that this quadruple gives rise to a typed monoid (i.e., a small category):

— The objects (types) are the subidentities /d.
— The elements of type a —  are Hom(«, 8) = {r € Jg |z : a = } U{Las}.

— The typed coalesced product ¢ is the composition operation of the category:

x in Hom(a, B) y in Hom(53, v) z in Hom(~, §)
(xoy)oz=x0(yo2)

The associativity of ¢ relies on the confluence of R and the seamlessness
property.

— For every subidentity «, we have an identity element & € Hom(«, ) of the
category:

r in Hom(a, B3) z in Hom(q, j3)
aor==x rof==x

For the first equation above, we examine the cases where x is equal to «
or of the form apa’z’. Since R contains the rule aa — «, we have that
aoa = nfp(aa) = nfr(a) = . Similarly, a ¢ apa’z’ = nfr(aapa’s’) =

nfr(apa’ ') = apa’ 2/, since capa’ — g apa’.
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— Every hom-set Hom(«, 3) contains a distinguished undefined element 1.5 :
a— f.

x in Hom(, ) r in Hom(f, )
ZEO_LQW,:J_CW LQBOZE:LCW

The above constants and operations constitute a typed partial monoid, i.e., a small

category with a distinguished undefined element for every homset.

Definition 39 (Language Interpretations). Let (P, Id,R,Z) satisfy Assump-
tion[35 Define [L]s = Ancer(S* - Z - £*), and for a string u € ©F we put:
Anceg(nfg(u)), if nfr(u) has no substring in Z

[u]s =
[L]s, if nfp(u) has a substring in Z

For a language L C ¥t we define ¥, (L) C Jgand %, (L) C S as follows:

Y (L) = {nfr(u) |u e L}\ [L]s (L) = [Lx UUueLluls

Now, the interpretation G, sends a regular expression over X to a subset of Jx:

Gi(a) = {nfr(a)}\ [L]s Gi(er+ea) =Gi(er) UG, (e2)
QL(O) =0 gJ_<61§ 62) = gj_(el) <o gJ_(GQ)
G.(1) =9, (Id) Gi(e") = U,2091(e)™

We define C, (e) = € (R(e)) for an expression e with R(e) C X*. As in Defini-
tion the interpretation G, discards the undefined strings, but C, adds them

all in.

Lemma 40. Let (P, Id, R, Z) satisfy Assumption For L, L’ C X" we have:

1. %.(L) = 6L (Y1),
G.(L)=9.(€.(L)).
J_(L):gj_([//) lff%ﬂj_( ) CgJ_(L/)

)

4. €\ (L) = Anceg(Descr(L)) U [L]s.
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The above are analogous to Lemmas|14|and 31} For all expressions e, ¢’ we have:

5. G1(e) = User(e) 91 (@)

6. Gi(e) =9 (R(e)).

7. Gi(e) =G.(¢)iffCi(e) =Cu(€).

8. C,(e) = Anceg(Descr(R(e))) U [L]s.

For the parts (6), (7), and (8) we have the implicit assumption that R(e), R(e") C
¥*. For a string ajas - - - a,, we write G, (a1as . ..a,) to mean G, (ai;as; -+ ; an).

Moreover, G (¢) is notation for G, (1).

Proof. Similar to the proof of Lemma O

Definition 41 (Well-Behaved). Let (P, Id, R, Z) satisfy Assumption 35 We say

that it is well-behaved if it satisfies additionally the following properties:

1. R consists of rules of the form ¢ — r with |r| = 1 and |¢| > 1.

2. Regularity: For every letter a in ¥, the R-ancestors Anceg(a) = {u | u =% a}
of a form a regular set R(e,) for some regular expressions e,.

3. Regular undefined set: There is a regular expression ez with R(ez) = Z.

4. Provability: For every letter a in ¥, the equation e, = a is provable in KA.

KA|q denotes the extension of KA with the equationse; =0and ), a = 1.

Example 42 (Kleene algebra with tests). Consider the quadruple (P, Id, R, Z) of
Example 36, which satisfies Assumption We claim that it is, in fact, well-
behaved. The rules are of the right form. For the regularity condition, we have:

Anceg(a) = R(e,), where e, = a; o

Anceg(apf) = R(eaps), Where eqps = a™; apfs; f*
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The set Z of undefined strings is finite and hence regular. We put

€7 =D 0ip O B+ D asny O BPY + D0 5y DBV + D sy s OB VGO
For the provability condition, we first show KAp - o = a; ™ as in Example

Reasoning in KAg, we also have that
— A% CRR = k. . B R3F = . . AR =
Capp = & 705p676 = 7a7ap67ﬁaﬁ :Oé,Oépﬁ,B:OépB.

We have used above equations of R, as well as the proved a = e, and 3 = e;.

Theorem 43 (Completeness). Suppose that the quadruple (P, Id, R, Z) is well-
behaved. For all expressions e; and e; over X, G, (e;) = G| (e2) implies that

KA[d H €1 = éq.

Proof. The proof is very similar to the one for plain partiality (see Theo-
rem [34). The only noteworthy difference is that we need to account for the
case where R(e;) or R(ez) contains the empty string, in order to be able to in-
voke Lemma 40, So, we need to transform an arbitrary regular expression e into
¢ with KAy e = ¢ and R(e/) € X*. Wepute = (3, .,;,a);e and we see
immediately that

KApFe=lie= (3 cya)ie=e.

For an arbitrary language L C Jr we have that I[doL = L, and therefore G, (¢’) =
G (e). By virtue of these observations, we can assume without loss of generality
that R(e;) and R(ez) are contained in ¥*. The proof then proceeds exactly as in

Theorem O
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2.7 Applications

Theorem 43| gives us four completeness results as corollaries. First, we show
that KAT is complete for the standard interpretation of KAT terms as sets of
guarded strings. We then consider the case of KAT extended with simple Hoare
hypotheses b; p; ¢ = 0 (tests b, ¢, atomic action p), and with hypotheses ¢;p = c.

We conclude with a completeness proof for NetKAT.

2.7.1 Kleene algebra with tests

We consider an alternative presentation of Kleene algebra with tests (KAT) in
reduced form. The primitive symbols are either actions p, ¢,r, ... in P or atoms

a, 3,7, ...in Id. Reduced KAT extends KA with the extra axioms:

o= a; =0, ifa#p Yonen @ =1
We want to give now another equivalent presentation of KAT where the primi-

tive symbols are from ¥ = IdU{apf | a, § € Id}. We propose the axiomatization

for KAT over :
oo =« a, =0, ifa#p apB;vqd =0, if 5 #~
o; apfl = apP o; fpy =0, if a # 3 Daca @ =1

apf; f = apf apB;y =0, i 3 #y
Notice that this axiomatization is essentially the same as KA, for the quadruple

(P, Id, R, Z) which we considered in Examples 36/ and

Theorem 44. Let Gar be the standard interpretation of Reduced KAT expres-
sions as sets of guarded strings [82]. Then, Gkar(e1) = Gkat(ez) implies e; = e

in Reduced KAT.
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Proof. Let (P,1d, R,Z) be the rewrite system of Example which is well-
behaved (proved in Example [42). Now, we define the substitutions ¢ and 6~
as follows:

0:p— 2,508 0! apB s a;p; B
The substitution ¢ translates from the language of Reduced KAT to the language
of KAT over %, and 0~ goes the other way. Let i be the function that transforms
a guarded string to the corresponding R-irreducible string of Jp:

h @ coproapaeg - - - 1Pty — Qg QOP1IOY QP2 -~ + + 1Py

For an expression e over %, we have G, (e) = h(Gkat(6~*(e))). Reasoning in

Reduced KAT:

P=Lp 1= (X 0en@);p; (ZﬁeAt B) = Za,ﬁezd a;p; B.
It follows that we can show ¢ = 67'(f(e)) in Reduced KAT. By soundness

of Reduced KAT for the interpretation Gxar we also obtain that Gkar(e) =
Grat(071(6(e))). So,
Grat(e1) = Grat(e2) == Grat(07'(0(e1))) = Gra (07" (0(e2)))
= h(Grat (07 (0(e1)))) = h(Grar (07" (6(c2))))
= G1(0(er)) = GL(0(e2))
—> KAT I 60(e1) = 0(es).
The last implication is by Theorem 43| Since the (translations of) all the axioms

of KAT over ¥ are provable in Reduced KAT, we conclude that e; = e, is also

provable. O
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2.7.2 KAT with simple Hoare hypotheses

A simple Hoare assertion is an expression of the form {b}p{c}, where b, c are tests
and p is an atomic action. It can be encoded in KAT with any one of the follow-
ing equations

b;p; e =0 b;p = b;p;c b;p < p;c

The equation b;p; -¢ = 0 is equivalent to the conjunction of the equations
B;p;v = 0, where (3, are atoms with 5 < b and v < —¢. So, without loss of
generality we restrict attention to assertions of the form f3; p;y = 0, where 3, v

are atoms and p is an atomic action.

Let Z), be a finite collection of strings of the form ~pd, where +, § are atoms
and p is an action symbol, and H be the set of equations v;p; § = 0 for every ypd
in Z;,. We write KAT+H for the extension of KAT with extra axioms H. We also
define the interpretation G, by G, (e) = Grar(e) \ W, where W is the set of strings

containing some ypd in Z,.

Theorem 45. The system KAT+H is complete for the interpretation Gj,.

Proof. Consider the tuple (P, Id, R, Z) of Example (36, modified so that Z con-
tains additionally Z,. To verify that is satisfies Assumption 35 we need to
check seamlessness: for an undefined vpd € Z;, we have that yypd —r ypd and
vpd & — g ypd. In fact, the tuple is well-behaved as seen in Example (the set Z
is still finite hence regular). Arguing as in the proof of Theorem {44}, Theorem

gives us the desired completeness result. O
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2.7.3 Redundant actions

We consider now equations of the form ¢;p = ¢, where c is a test and p is an
atomic action. We claim that ¢;p = c is equivalent to the conjunction of v;p = v
for v < c. Suppose that c; p = c and notice for y < cthaty;p = v;¢;p = v;c = 7.

For the converse, we assume that v;p = v for every v < c and we show:
D= (e VP ED e P =D V= C

So, without loss of generality, we can restrict our attention to equations of the

form v; p = ~, where ~ is an atom, and p is an atomic action.

Let X be a finite set of strings of the form yp, where 7 is an atom and p is
an atomic action symbol, and H, be the set of equations ~; p = + for every yp in
X. For an atomic action symbol p, define the set of atoms A(p) = {v | yp € X}.
Intuitively, A(p) is the set of atoms after which it is redundant to execute the
action p. Let G, be the interpretation that differs from Ggar only for the base case

of atomic action symbols:

Gr(p) = A(p) U{ypd | v ¢ A(p) and ¢ is atom}.

We write KAT+H, for the extension of KAT with extra axioms H,..

Theorem 46. The system KAT+H, is complete for the interpretation G,.

Proof. Fix an equation v;p = v in H,. We claim that it is equivalent to the con-
junction of the equations v; p; ¥ = v and v; p; § = 0 for § # ~. For the left-to-right
direction, we assume v; p = v and show 7v;p;y = v;v =~vand v;p; 6 = v; 6 = 0.
For the right-to-left direction:

VD =P (Y + D5y O) VDY A D5, ViDI0 =

We define the tuple (P, Id, R, Z) so that R contains the base rules as well as
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vpy — 7 for every vp € X, and Z contains the standard undefined strings as
well as ypd for every yp € X and § # . First, we claim that the tuple satisfies

Assumption 35 We examine critical pairs:

Yy — 7Y Yy — TPy
! ! ! !
Y ——7 Y ——7

It follows that R is confluent and terminating. For the seamlessness condition
we simply verify that yypd —r ypd and ypé§ — g ypd. It remains to show that
(P, 1d, R, Z) is well-behaved. Fix an atom « and define Px(«a) = {p | ap € X}.
That is, Px(«) is the set of all atomic actions that are redundant when « holds.
The R-ancestors of « are

Anceg(a) = R(e,), where e, = (a+ > Px(a))™.

We have already seen that KAg - a = ot (Example . So, reasoning in KAg:

eo = (4> Px(a)t=(a+a)t =at

a.
For a letter apf in ¥, its R-ancestors are Anceg(apf3) = €43, Where

caps = (a0 + 30 Px(a))*;apB; (B + 3 Px(B))*.
We also have that KAg F eqs = a™;apB; 8* = apB. We have thus verified

well-behavedness and Theorem 43| says that KA, is complete for G,. But G, is

essentially the same as G,, and KA, is essentially the same as KAT+H,. O

2.7.4 Mutable tests

Let Id be a finite set of atoms, and suppose that the atomic actions are P = {p, |

a € Id}. The intuition is that p, makes the atom « true. Consider axioms:

Pa = Pas & AP = O DasPp = D3
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The first axiom says that « is true after executing p,. The second axiom asserts
that p, is redundant when « is true. Finally, the third axiom says that pg over-
rides the effect of p,. These axioms together with KAT constitute a reduced
presentation of the system B!, which is studied in [44]. Let us call this reduced
system MutKAT. We define an interpretation G,,, which sends an expression to

a set of strings of the form apgf.

ng(O‘) = {apaoz} Qm(pﬂ) = {Oépgﬁ | a € fd} apﬁﬁoﬂp77 = ap,y
The coalesced product ¢ is undefined for operands aps and ypsd with 3 # ~.

A string apg[3 is essentially a pair («, 3) of atoms.

Theorem 47. The system MutKAT is complete for the interpretation G,,.

Proof. First, we observe that MutKAT can be given equivalently by extending
KAT with

wpaia=a  apgy=0,forB#y (g B); (Bipyiv) = aspasy
We define (P, Id, R, Z) with additional rules ap,a — « and apsf Bp,y — ap,7,

and Z with additional undefined strings apgy where 3 # ~. We examine critical

pairs:
QP — o aapgB Bpyy — @apyy apaoapg3
| l ! | | N
AP —— applB Bpyy —— apyY aapgf — apgB
APat — o v apgf Bpyyy — APV Y appf BppB
| l ! | l N
APal — o apgf Bpyy —— APy apgfB B — apgf

apgB Bpyyypsd — apgfB Bpsd
| |

apyY VP50 ——— apsd

So, R is confluent and terminating. For seamlessness, we check the nontrivial
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cases:

fora # 3 ap,aB —raf for a # B : aBpyyypsd —r @ Bpsd

fora # B :aBpsB —r af fory # 0 : apsBBp,yd —r ap,y o

for a # 1 apa fpyy =R o By for B # v : apaBypsd 0pcC —r apsfypcC

for 8 # v : apgBypyy —r apsBy for v # & - appB B,y dpcC — r apyY 0DcC

We have underlined above the undefined substrings. First, we consider the R-

ancestors of the letter aps3, where o # (. The claim is that:

Anceg(apgfl) = R(eapys), where
Capss = row(a); (M + D* M; (M +1)*;col(B).
The expression row(«) above is a matrix of type 1 x Id (row vector) with 1 at the
a-indexed location and 0 elsewhere. Similarly, the expression col(f3) is a matrix

of type Id x 1 (column vector) with 1 at the 3-indexed location and 0 elsewhere.

The square matrices M and I are both of type Id x Id. We define M and I as:

M(y,0) = yps0 I(v,7) =~ 1(7,0) =0, fory #0
Informally, the matrix M describes transitions from one atom to another, and
I describes the e-transitions. The intuition for the definition of the expression
€apsp 15 that it represents all paths from a to 3 with at least one “strict step” of
the form yp;6. We define the 1 x Id matrix N by N(v) = ap,v and we reason as

follows in KAg:

— Claim: M + I = M. Notice that (M + I)(~,v) = vpyy +7v = M(v,7) and for
v # 6 we have that (M + I)(v,d) = ypsd + 0= M(v,7).

— Claim: row(«); M = N. It holds that (row(a); M)(v) = M(a,vy) = ap,y =
N ().

— Claim: row(a); M™ = row(a) + N. The inequality row(a) + N < row(a); M*
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follows easily from the previous claim and KA. It also holds that
row(a); M* < row(a) + N <= (row(a) + N); M < row(a) + N
< row(a); M + N; M = row(a) + N
<= N+ N <row(a)+ N,
which is is provable.

— Claim: N;M = N. This holds because (N;M)(y) = > sN(0); M(d,7) =

> s aps0; 0p,y, which is provably equal to ap,y = N (7).

Using the claims we have just proved, we continue to reason in KAg:
row(a): (M + I)*; M; (M + I)*; col(5) = row(a): M*; M: M*; col(5)

= row(av); M™*; M; col(3)
= (row(a) + N); M; col(3)
= row(a); M;col(B) + N; M; col(B)
= N;col(f) + N;col(B),

which is provably equal to N(8) = apzf. Now, the R-ancestors of an atom « are

Ancer(a) = R(e,), where e, = a™ + eapa

It also holds that KAg - e, = o +eap.a = a+ap,a = «. Finally, the R-ancestors

of a letter apzy with 3 # v are given as follows:
Ancer(apsy) = R(€apsy), Where eqy.y = (14 €4); appy; (14 ey).

So, (P, 1d, R, Z) is well-behaved and Theorem {43|says that KA, is complete for

G .. Notice that G, is essentially G,, and KA, is equivalent to MutKAT. l
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2.7.5 NetKAT

The case of NetKAT [6] is an extension of MutKAT, which was studied previ-

ously in We have a set Id of atoms, and the atomic actions are now
P = {dup} U{ps | @ € Id}.

So, the language of NetKAT extends the language of MutKAT with the addi-
tional atomic action dup that satisfies the axiom «;dup = dup;«. This axiom
asserts that the action dup preserves the atom that currently holds true. Let G,

be the language interpretation for NetKAT that is defined in [6].

Theorem 48. The system NetKAT is complete for the interpretation G,.

Proof. NetKAT can be presented equivalently by extending KAT as follows:
O; Pay 0 = a;pg;y =0, for § # v

(a;p; B); (B pyi7) = i pyiy a;dup; 5 =0, for o # 8
Define the rewrite system (P, Id, R, Z) as in the case of MutKAT (see proof of
Theorem 47) with the only difference being that Z here contains additionally
the strings adupf for atoms « # . In order the establish well-behavedness, the
only extra obligations concern the R-ancestors of adupf3. Indeed, we have

Ancep(adupfl) = R(€adups), Where eadups = (a + apa)™; adupf; (8 + BpsB)™.

Similarly to the proof of Theorem @ it holds that KAg F eqdups = adupfs. We

can now invoke Theorem (43, which completes the proof. O
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2.7.6 Test commutes with action

We consider the case of KAT with extra equations of the form p; b = b; p, where
b is a test and p is an atomic action. We claim that the equation p;b = b;p is

equivalent to the conjunction of the following equations:
B;p;v =0 (for f < b,and vy < —b)
v;p; 8 =0 (for v < =b,and 5 < b)

For one direction of the claim, we observe that:

Pib =3 can g ViPi B = (Zyghﬁgb ;D 6) T2 b g VDB =D 5 Vi i B

bip =3 pcpren Bipiy = (Zﬁgb,'ygb B; p; 7) D ety BiDIY = D5 B D5 Y

It follows that p; b = b; p. For the other direction of the claim, we have:
forf<band~y < -b:0ip;y <bp;y=p;bjy=0 = Bip;y =0
fory<-band B <b:7;p;B < vip;b=7;bp=0 = ;p; 8=0

So, without loss of generality we can consider equations of the form 3;p;y =

0, for atoms (3,7 and atomic action p. This is exactly like the case of Hoare

hypotheses, and so we obtain a completeness theorem as in §2.7.2

2.8 Conclusion

We have identified sufficient conditions for the construction of free language
models for systems of Kleene algebra with additional equations. The construc-
tion provides a uniform approach to deductive completeness and coalgebraic
decision procedures (although we do not pursue this connection here). The cri-

teria are given in terms of inverse context-free rewrite systems [23]. They imply
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the existence of free language models in a wide range of previously studied in-
stances, including KAT [72] and NetKAT [6], as well as some new ones. We
have also given a negative result that establishes a limit to the applicability of

the technique.

For the future, we would like to investigate the possibility of develop-
ing a uniform approach to coalgebraic bisimulation-based decision procedures
[6], 139 44, 114, 22]]. Such decision procedures typically involve some variant of
Brzozowski derivatives and are highly dependent on the existence of language

models.
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CHAPTER 3
KAT WITH EXTRA MUTABLE TESTS

3.1 Introduction

Kleene algebra with tests (KAT) is a propositional equational system that com-
bines Kleene algebra (KA) with Boolean algebra. It has been shown to be an
effective tool for many low-level program analysis and verification tasks involv-
ing communication protocols, safety analysis, source-to-source program trans-
formation, concurrency control, and compiler optimization [7, 14, 27, 28 29, 72,
81]. A notable recent success is its adoption as a basis for NetKAT, a foundation

for software-defined networks (SDN) [6].

One advantage of KAT is that it allows a clean separation of the theory of the
domain of computation from the program restructuring operations. The former
typically involves first-order reasoning, whereas the latter is typically proposi-
tional. It is often advantageous to separate the two, because the theory of the
domain of computation may be highly undecidable. With KAT, one typically

isolates the needed properties of the domain as premises in a Horn formula
s1=ti1 N Ns,=1t, > s=t,

where the conclusion s = ¢ expresses a more complicated equivalence between
(say) an unoptimized or unannotated version of a program and its optimized or
annotated version. The premises are verified once and for all using the proper-
ties of the domain, and the conclusion is then verified propositionally in KAT

under those assumptions.
Certain premises that arise frequently in practice can be incorporated as part
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of the theory using a technique known as elimination of hypotheses, in which
Horn formulas with premises of a certain form can be reduced to the equa-
tional theory without loss of efficiency [27, 82] 45]. However, there are a few
useful ones that cannot. In particular, it is known that there are certain program
transformations that cannot be effected in pure KAT, but require extra struc-
ture. Two paradigmatic examples are the Bohm-Jacopini theorem [21] (see also
[10, 98| 103, 112} 125]) and the folklore result that all while programs can be

transformed to a program with a single while loop [46] 96].

The Bohm-Jacopini theorem states that every deterministic flowchart can be
written as a while program. The construction is normally done at the first-order
level and introduces auxiliary variables to remember values across computa-
tions. It has been shown that the construction is not possible without some kind

of auxiliary structure of this type [10, 60, (61} 85].

Akin to the Bchm-Jacopini theorem, and often erroneously conflated with
it, is the folklore theorem that every while program can be written with a sin-
gle while loop. Like the proof of the Bohm-Jacopini theorem, the proof of [96]
(as reported in [46]) is normally done at the first-order level and uses auxiliary
variables. It was a commonly held belief that this result had no purely proposi-
tional proof [46], but a partial refutation of this view was given in [72] using a

construction that foreshadows the construction of this chapter.

One can carry out these constructions in an uninterpreted first-order ver-
sion of KAT called schematic KAT (SKAT) [7, 78], but as SKAT is undecidable in

general [76], one would prefer a less radical extension.

We investigate here the minimal amount of structure that suffices to perform
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these transformations and show how to incorporate it in KAT without sacrific-

ing deductive completeness or decidability. Our main results are:

o We show how to extend KAT with a set of independent mutable tests. The
construction is done axiomatically with generators and additional equa-
tional axioms. We formulate the construction as a general commutative
coproduct construction that satisfies a certain universality property. The
generators are abstract setters of the form ¢! and ¢! and testers t? and ¢? for
a test symbol t. We can think of these intuitively as operations that set and
test the value of a Boolean variable, although we do not introduce any

explicit notion of storage or variable assignment.

e We prove a representation theorem (Theorem [58)) for the commutative co-
product of an arbitrary KAT K and a KAT of binary relations on a finite

set, namely that it is isomorphic to a certain matrix algebra over K.

e Asa corollary to the representation theorem, we show that the extension is
conservative; that is, an arbitrary KAT K can be augmented with mutable
tests without affecting the theory of K. This is captured formally by a
general property of the commutative coproduct, namely injectivity. It is
not known whether the coproduct of KATs is injective in general, but we
show that it is injective if at least one of the two cofactors is a finite KAT,

which is the case in our application.

e We show that the free mutable test algebra on generators ¢;, 1 < i < n, is

isomorphic to the KAT of all binary relations on a set of 2" states.

e We show that the equational theory of an arbitrary KAT K augmented
with mutable tests is axiomatically reducible to the theory of K. In partic-

ular, the free KAT, augmented with mutable tests, is completely axioma-
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tized by the KAT axioms plus the axioms for mutable tests.

e We demonstrate that the folklore result about while programs can be car-

ried out in KAT with mutable tests.

Balbiani et al. [13] present a related system DL-PA (which stands for Dy-
namic Logic of Propositional Assignments), a variant of propositional dynamic
logic (PDL) with mutable tests only. Their system corresponds most closely to
our free mutable test algebra. However, the semantics of DL-PA is restricted to

relational models.

Outline This chapter is organized as follows. In §3.2] we introduce the theory
of mutable tests and prove that the free mutable test algebra on n generators is
isomorphic to the KAT of all binary relations on a set of size 2". In we in-
troduce the commutative coproduct construction and prove our representation
theorem for the commutative coproduct of an arbitrary KAT K and a finite rela-
tional KAT. In we present our main completeness results, and we apply the
theory to give an axiomatic treatment of a significant application involving pro-
gram transformations, namely the folk theorem on while programs mentioned

above. In §3.5/we present conclusions and open problems.

3.2 Mutable Tests

Let T,, = {t1,ts,...,t,} be a set of primitive symbols, which should be thought
of as representing distinct Boolean variables. We write ¥, = {¢!, ¢! | t € T,,} for
the set of action symbols that informally set and reset the Boolean variables. So,

we think of ¢! as saying “make ¢ true” and of ¢! as saying “make t false”. We also
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have corresponding tests B, = {t7, {7 | t € T,,}, where t? performs the test “is ¢
true?” and similarly ¢? performs the test “is ¢ false?”. In Figure 3.1 we introduce
a finite collection Mut,, of equational axioms which capture the essential prop-
erties of mutable tests over T,. Let us give some intuitive explanation for some

of the Mut,, axioms:

The equation ¢!;t? = t! says that the action ¢! makes a subsequent test ¢?

true.

e The equation t7;¢! = t? says that if ¢7 is already true, then the action ¢! is

redundant.

e The equation t!; 7! = ¢! says that setting a variable with ¢! overrides a pre-

vious assignment ¢! to the same variable.

e The equations s!;t! = t!;s! and s!;t? = t7; sl say that actions and tests on

different values are independent.

The theory MutKAT; refers to the equational consequences of the above axioms

along with the axioms of KAT on terms over ¥,, and B,,. The equations
tht! =t t?: tl =t t? = ¢! tht? =tht?: 7 =t;0=0

follow from the axioms. So, t!;t! = t! and ¢!; 7 = 0 are in MutKAT ..

Example 49 (Negation). The equations —t? = t? and —t? = t7 are in MutKAT,.

Proof. Using both KAT axioms and equations from Mut, we get the sequences

of equations:
—t? = —t? 1 = =t (87 +17) = 5t + b7 17 = 04—t 17 = 7 17

2=t 1 =17, (17 + ~t?) =287+ 17, ~t?7 = 0+ 17, —t? = 17, 7
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Positive & negative literals t7;t7 =0 t7+t? =1

Redundant test tht? =t tht? =t
Redundant action 17t =17 1t =17
Variable overwriting th ! = 1! tht! = 1!
Write-write commutation (s # t) slit! = tl; ! slit! = ¢l s!
slit! =t!; 8 sl: ¢! =t!; 8
Write-read commutation (s # t) slit? =17 s! slit? =17 s!
51:t7 =7 8! 51:t7 = t7; 8!

Figure 3.1: The essential equational properties of mutable tests.

Since tests commute, we get that -7 = ¢?. It follows that ——t? = —t? and hence

t? = —t?. ]

A T,-assignment is a map p : T,, — 2, where 2 = {0,1}. So, p gives us for
every variable ¢t whether it is true (p(¢) = 1) or false (p(t) = 0). Now, for such
a function p : T,, — 2 we write test(p) for the test that checks whether every
variable has the value prescribed by p. Similarly, we write set(p) for the action
that sets each variable so that its value is equal to the one given by p. More

formally, we define
test(p) = 017,057+ 10,7 set(p) = (11 lol; -+ ;0]
where ¢; = tif p(t;) = 1 and ¢; = ¢ if p(t;) = 0. A term of the form test(p) is

called a complete test, and similarly a term of the form set(p) is called a complete

assignment.

Lemma 50 (Reduced Axioms). Let p and o be T,-assignments. The following

are consequences of Mut,, and KAT:

>, test(p) =1 set(p); test(p) = set(p)
test(p); test(p) = test(p) test(p); set(p) = test(p)
test(p); test(o) = O when p # o set(p); set(o) = set(o)
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Proof. All the above properties follow easily from the axioms for mutable tests

given in Figure For example, let us derive the first equation:

1=1;1;---;1 [KA axioms]
= (017 +017); (82?7 +127); -+ 5 (T + 1,7) [axiom ¢7 + 17 = 1]
=17t T 0T T, [distributivity]
= >, test(p) [same term]

where p in the sum above ranges over all 7),-assignments. We omit the proofs

for the rest. ]

Now, we claim that every primitive test and action can be written equiva-

lently using complete tests and complete assignments as base terms:

7 =73, 1)= test(p); set(p) tl=>_ test(p);set(p[t — 1]) (3.1)
£ =3 o test(p); set(p) tl=73" test(p);set(p[t — 0]) (3.2)
The above equations can be established easily using the properties of Lemma[50}

For example,
1= (zp test(p)) il =Y test(p); ! = 3, test(p); set(p); !

= Zp test(p); set(p[t — 1]).

Deriving the rest of the equations is equally straightforward, and we thus omit

the proofs.

We have seen so far that the complete tests and assignments can be written
using the primitive tests and assignments, and vice versa. Lemma [50|says that
the given set of reduced axioms (in terms of complete tests and assignments) fol-
lows from the original axioms. It is also the case that the original axioms follow
from the reduced axioms. So, the original axiomatization Mut and the reduced

axiomatization of Lemma 50| are equivalent given the axioms of KAT.
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3.2.1 Free KAT Generated by Mutable Tests

Let K, be the free KAT generated by the actions ¥,, and the tests B,, modulo the
equational consequences of Mut,, and KAT. This algebra arises from a standard
construction, which we outline here for the sake of completeness. First, we
define the sets of test-terms Trmg(7},) and (general) terms Trm(7;,), for which

the containment Trmg(7},) € Trm(7,) holds.

0.1 ¢ Tms(T,) _teT, p,q € Trmg(T,)
t?, 1?7 € Trmg(7T,,) p+4q, p;q, ~p € Trmg(T,)

p € Trmg(T,,) teT, f,9 € Trm(T,)
p € Trm(T,,) t!, ' € Trm(T,,) f+g, fig, f*€Tm(T,)

Recall that we defined MutKAT " to be the smallest set of equations that contains
the Mut,, axioms of Figure 3.1|and is closed under the axioms and rules of KAT
and Horn-equational logic. It follows that the equations of MutKAT;, describe a
KAT-congruence on Trm(7;,). We denote by [f] the congruence class of a term f

in Trm(7,,). Now, we define the carriers B,, C K, as follows:
K, 2 Tm(T,)/MutkKAT = {[f] | f € Tm(T},)}
B, £ Trmg(T,,)/MutKAT, = {[p] | p € Trmg(T,,)}

Since MutKAT,, describes a KAT-congruence, we can define the KAT operations

on the congruence classes:
0, = [0] 1+ 19 =[f +4l 1= 117
L, = [1] [£1;lg] = [f: 9] =[p] = [-p)
The algebra (K, B, +,;,", 04, 1,,, ) is called the free KAT over mutable tests T,,.

Lemma 51 (Canonical Forms). For every term f in Trm(7T;,) there is a finite col-

lection (p;, 0;); of pairs of T,,-assignments such that the equation

f= 2 ;test(pi); set(0y)

belongs to the equational theory MutKAT;,.
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Proof. By Boolean reasoning we know that every test p can be rewritten equiv-
alently so that negation only appears in front of the primitive tests ¢? and 7.
Since —t? = 7 and —¢? = ¢? are provable (see Example[49), we can assume with-
out loss of generality that negation does not appear at all in the terms, except in

the form of an overbar on primitive symbols

Now, the proof proceeds by induction on the structure of terms. The base
cases t7, t7, t! and t! have already been handled in Equations (3.1) and (3.2).

Moreover, 0 is the empty sum and

1= Zp test(p) = EP test(p); set(p)

is provable by Lemma 50, The step case for choice + is trivial. For the case of

composition ; we first observe (using equations of Lemma [50) that

test(p); set(o); test(o); set(r) = test(p); set(o); test(7); set(v) =
test(p); set(o); set(7) = test(p); set(co); test(o); test(7); set(v) =
test(p); set(7) test(p);set(0); 0;set(v) = 0 (when o # 1)

are provable, hence using distributivity we are done. Finally, for the case of
iteration, we observe that every term of the form f* can be written equivalently
as a finite sum 1 + f + f2 + --- + f™ for some m, since there are finitely many

T,-assignments. By the previous cases, we are done. [

Definition 52 (Relational KAT With Mutable Tests). Let S be a nonempty set.
We represent a binary relation on S as a function of type S — P(S), where P(.5)
is the powerset of S. We use letters ¢, 1, x, . . . to range over binary relations and
p,0,T,...torange over elements of S. We define for every o € S the test 07 and

the action ¢! as follows:

a?(p) = 0ifp# o a?(0) £ {0} al(p) & {o}

The constants 0g and 1 are given by 0s(p) = 0 and 15(p) = {p}. The operations

65



of composition ;, binary choice +, arbitrary choice > |, and iteration * are defined

in the usual way:

(@59)(P) = Upeq(p (o) (32 91)(p) = Ui(p)
¢+v =3 {d. v} D DR
where ¢" is the n-fold composite of ¢, that is, " = 15 and ¢"™' = ¢"; ¢. For a
relation ¢ < 1g, define —¢ < 1g to be the unique relation satisfying ¢ + —¢ = 1g
and ¢; ~¢ = 0g. The set S — P(5) together with the above operations forms a

KAT of binary relations.

Consider now the particular case where S is equal to the set 7,, — 2 of T,,-
assignments. We define for every ¢ € T, the tests (t7)s and (£7)s as well as the

actions (t!)s and (!)s as follows:

(s() 2 {plt = 1) (s() £ {plt = 0)
, ifp(t) =1 0, ifp(t)=1
s 2 Y @)stp) 2 "
0 itp(=0 o} i) =0

For elements p and o in S, notice that the relation p7;0! : S — P(95) is the
smallest relation that contains the pair (p, o). More formally, (p?;0!)(p) = {o}
and (p?;0!)(p') = 0 when p’ # p. Moreover, every relation ¢ : S — P(S) can be

writtenasasum ¢ = > ) p7iol.

Call Kg the KAT described in the above definition. We remark that Ky is
isomorphic to the algebra Mat(S,2) of (S x S)-indexed matrices with Boolean
values. The composition operation in Mat(S, 2) is matrix multiplication, choice

+ is componentwise addition, and * corresponds to reflexive transitive closure.

Theorem 53 (Representation). The free KAT K,, over the mutable tests 7), is

isomorphic to the KAT of all binary relations on a set of size 2".
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Proof. We write S as abbreviation for the set 7,, — 2 of T,,-assignments, and we
denote by Kg the KAT of all binary relations on S (see Definition [52). Define
H :Tm(T,) — Kg by:

H(0) = 0 H(1) =15 H(f;g)=H(f); H(g)
H(t?) = (t7)s H(t?) = (t7)s H(f+g)=H(f)+ H(g)
H(t!) = (t)s H(t!) = (t)s H(f*)=H(f)"

We claim now that for every equation f = g in the theory MutKAT; we have
H(f) = H(g). This is shown by induction on the construction of the theory
MutKAT,,, and it hinges on the fact that K5 is a KAT and the distinguished el-
ements (t?)s, (t?)s, (t!)s and (#!)s of the algebra satisfy the equations Mut,, of
Figure For example, the equation t!;t? = t! is satisfied because
(()s; (17)s)(p) = (t)s(plt = 1)) = {plt = 1]} and  (#1)s(p) = {p[t — 1]}

for every T),-assignment p. Since H agrees on terms f,g for which f = g is
in MutKAT,,, we can define H, : Trm(7},)/MutKAT;, — Kg on the equivalence
classes by H([f]) = H(f). In fact, H, is a KAT homomorphism from K, to K
that also preserves the distinguished constants for the symbols ¢?, 7, ¢!, and ?!.

For example, commutation with + is shown by

Hy([f]+[9]) = Hu([f +9]) = H(f +9) = H(f) + H(g) = H:i([f]) + Hi([9)),

and the rest of the operations are handled similarly.

Now, we wish to show that the homomorphism H; : K, — Ky is surjective.

For this, notice that every relation ¢ : S — P(S) can be written as a finite sum

¢ = ZaEqﬁ(p) ptio!
= o Hitest(p)); Hset(o))

—H (ZaGd)(p) test(p);set(0)> :
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because for the relations p? and ¢! (Definition 52) we have p? = H (test(p)) and
ol = H(set(0)).

Finally, the map H, : K, — Kg is injective by virtue of Lemma 51, which
gives us provably equivalent canonical forms. Let f and g be arbitrary terms.
We also assume that H;([f]) and H;([g]) are equal. Lemma [51|says that there
exist finite collections (p;, 0;); and (7;,v;); of pairs of T,-assignments such that

the equations

f=>",test(p;); set(o;) and g= Zj test(7;); set(v;)
belong to the theory MutKAT, . From the hypothesis H;([f]) = Hi([g]) we obtain
H(f)=H(g) = >_; Hltest(p;); set(oy)) = 3 ; H(test(r;); set(v;))
= Y pilol =310,
which implies that the sets {(p;,0;) | i} and {(7;,v;) | j} are equal. So,
with simple reasoning in KAT, we see that the terms ), test(p;);set(o;) and

>_; test(7;); set(v;) are provably equivalent. It follows that the equation f = g is
in MutKAT, and therefore [f] = [g]. O

Corollary 54 (Completeness). Let Ks be the KAT of all binary relation on the
finite set S of T),-assignments. The system KAT-+Mut,, is complete for the equa-
tional theory of K. In other words, if the terms f and g of Trm(7},) denote
the same relation in K¢ (under the canonical interpretation), then the equation

[ = g is provable.

Proof. The canonical interpretation H : Trm(7,,) — K sends t? to (¢7)s, and so
on. For terms f and ¢, if H(f) = H(g) then we have by the isomorphism Kg =
K, (Theorem 53) that [f] = [g]. So, the equation f = g belongs to MutKAT, , and
is therefore provable in KAT+Mut,,. l
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3.3 The Commutative Coproduct of KATs

In this section we will present our central commutative coproduct construction.
Let (K, B, +,;,*,0x, 1x, ) be an arbitrary KAT. For every element x € K we
introduce a constant symbol c,. We define the set of test-terms Trm(B) and (gen-

eral) terms Trm(K’) as follows:

0,1eTm(B) —LEB p:q € Tm(B)
’ ¢, € Trm(B) p+4q, p;q, ~p € Trm(B)
reK f,9 € Tim(K)

¢ € TM(K)  fg, fig, [* € TM(K)
Of course, the containment Trm(B) C Trm(K) holds, because we have that B C

K. The function H : Trm(K) — K is the unique homomorphism from Trm(K)
to K given by H : ¢, — z for every element x € K. The diagram of K, denoted

Ak, is the set of equations between terms in Trm(X) that hold in K. That is,
Ax2{f=g]|f,gecTm(K)and H(f) = H(g) in K}.

In other words, A is the kernel of the homomorphism H. It follows from gen-

eral considerations of universal algebra that Trm(K)/Ax = K.

Definition 55 (Commutative Coproduct of KATs). Let K and K’ be KATs, which
without loss of generality have disjoint carriers. Suppose that their test carriers
are B and B’ respectively. We write Trm(kK, K') for the set of mixed terms over
the union of the carriers of K and K’, and similarly Trm(B, B’) is the set of test-

terms over B U B'.

0.1 Tm(B. B) be BUB p,q € Tim(B, B')
’ ’ ¢, € Trm(B, B’) p+q, p;q, ~p € Trm(B, B')
re KUK’ f,9 € Trm(K, K')

c; € T'm(K, K') f+g, f;9, f*€Tm(K, K"
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The above definitions imply that the following containments hold:
Tm(B, B') C Trm(K, K') Trm(B), Trm(B’) € Trm(B, B')
Trm(K), Trm(K') C Trm(K, K')
The sets A and Ak are the diagrams of K and K’ respectively. We also define
D= {c,;c,=c e, |r€ Kandy € K'}.

We call D the set of commutativity equations, which say informally that the ele-
ments of K and K’ commute with respect to composition. Now, let Ex ;' be
the smallest set of equations between terms of Trm(X, K”) that contains the dia-
grams A g and Ag- and the commutativity equations D, and that is additionally
closed under the axioms and rules of KAT and Horn-equational logic. Now, we
define the commutative coproduct K B K’ of K and K’ to be the quotient algebra

KBK £Tm(K,K')/Ex k.

Of course, KH K’ is a KAT, since the set Ex -+ of equations contains all instances

of equational KAT axioms and is closed under all instances of KAT implications.

We define the maps left coprojection v, : K — K H K’ and right coprojection v, :
K' — KB K'by v(z) = [¢;] and t2(u) = [¢,], where [¢,] is the congruence class
of ¢, in KB K'. Itis easily verified that both ¢; and ¢, are KAT homomorphismes.

For example, we have

u(@y) = lewy] = leas ] = [ealsley] = 1) (y),

because the equation c¢,; ¢, = c,,, is in the diagram Ay C E /. Moreover,

n(2);02(y) = [cal; [ey] = [eas ] = ey ) = [ey]; [ea] = 12(y); 11 ()

forx € K and y € K’, because the commutativity equation c,; ¢, = cy;c, isin D.

Lemma 56 (Canonical Forms). Let K be a KAT and F' be a finite KAT. Every
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element of K H I’ can be expressed as a finite sum

2 uer tr(@(w)); ta(u)

for some function z : F' — K.

Proof. Every element of K B I is of the form [f] for some term f € Trm(K, F).
The proof is by induction on the structure of the term f. The base cases c, for
x € K and ¢, for v € F are trivial. The case of + is easy, and for ; we use
commutativity (equations in D) and distributivity. The case of negation does
not need to be handled separately, because — can be pushed down to the leaves

of the terms and —[cy] = [c—p] in K B F for a test b.

Finally, we handle the case of iteration [f*] = [f]*, which is the most inter-
esting case. The induction hypothesis gives us that the element [f] € K B F'is

of the form
[f] =2 uer ti(@(w)); ta(u)

for some z : F' — K. Consider the finite alphabet ¥ = {a, | u € F'}, and define

the functions:
g:Xp— KHBF h:Yr— K tioh:YXp > KHBF
ay > 1 (z(w)); ee(u) ay +— x(u) ay > 1 (z(u))

Let Reg(Xr) be the algebra of regular sets over ¥, which is the free KA on gen-
erators X5 [69, 70]. Since both K H F' and K are Kleene algebras and ¢; is a KA-

homomorphism, the functions g, h, and ¢; o h extend to KA-homomorphisms:
g:Reg(¥p) > KHF  h:Reg(Xp) > K t10h:Reg(Xp) - KBF

We know that a KA-homomorphism lifts to a KA-homomorphism between the
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matrix algebras:

g : Mat(F,Reg(XF)) — Mat(F, K B F)

>

h(Mst)

>

: Mat(F, Reg(Xr)) — Mat(F, K) h(M),,
i1 : Mat(F,K) — Mat(F, K B F) (M) 2 11 (M)
where Mat(F', K) is the KA of (F' x F')-matrices over K. Define the matrix A by
Ag 2> {a, |u € Fand s;u =tin F} for s, tin F.
We consider A to be an element of Mat(F,Reg(Xr)) (we have slightly abused

notation above). We can also think of A as representing an automaton with

states /" and having a a,-labeled transition s — ¢ for every u with s;u = t. It

follows that:
9 A)st = 9(Ast) = 9D gume @) = Dogumy 9(au) = Doy t1(@(w)); 2(u)
h(A) g = h(Ay) = h(Zs;uzt ay) = Zs;u:t h(ay) = Zs;u:tx<u)

(10 h)(A)st = 12(A(A))st = t1(A(A)sr) = 11 (h(Aa)) = 32,y 1 (w(w))
We also define the matrix M in Mat(F, K H F') as follows:
Mssébg(u) MstéOKEEF fOI'S?ét

We claim that M - g(A) = (i; o h)(A) - M. Indeed, for all s and ¢ in F we have:

(M - g(A)st = 2 uer Mou; §(A)ut

= M,5;9(A)st

= 12(8); 2 grumr () ); 12(u)
=2 sue 2(8); (@(u)); 2(u)
= 2t 1 (@(w)); 12(8); 12(u)
= D=t 1 (@(w)); 1a(t)

=2 uer(f1 0 h)(A)su; Mt

= (Zl o B)(A)st; My,

(710 h)(A) - M)y

72

[matrix multiplication]
[definition of M]

[definition of M and g(A)]
[distributivity]

[cs; Ca(u) = Cawy; €s I D C Eg ]
[cs;cy = in Ap C Ek pl
[matrix multiplication]

[definition of M]



= (Soucna(w(u)) tialt)  [def. of (7 0 h)(4) and M]
=D g t1(()); 12(t) [distributivity]

Since Mat(F, K H F) is a KA, we have by the bisimulation rule of Kleene

algebra the following implications:

M-g(A) = (foh)(A)- M = [bismulation rule]
M-g(A)* = (foh)(A)* M = [homomorphisms]
M- g(A*) = (510 h)(A®) - M — [matrices]

(M - g(A*))g = ((T1 0 h)(A™) - M), forall s,t € F = [definition of M]
Mg g(A™) g = (5y 0 h)(A®)g; My, forall s,t € FF —> [definition of M]
12(5); G(A*) gt = (71 0 h)(A™)g; 12(t) for all s, € F.
We instantiate the above equation for s = 1 and get
G(A™) 1 = (710 h)(A®)1g; 00(t).

Now, we have that

15 = (e 1 (x(w)); 1a(u))* linduction hypothesis]
= (X uerglan)” [definition of ¢]
= 9((XCuer a)®) [¢ homomorphism]
= 93 1er(A")1e) [automaton A]
= > ier 9((A%) 1) [g homomorphism]
=Y e G(A )1 [definition of 7]
= > ier (10 ) (A%) 155 00(t), [see claim above]
= 2ier t1(h(A%)1); 12(). [11 on matrices]

Since the final sum is of the desired form

Yter t1(M(A ) 10); 12(t) = 3o pep 1 (y(1)); 12(t)
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where y : F — K is given by y(t) = h(A*),;, we are done. H

In the following lemma, we specialize the setting of Lemma [56by consider-

ing the coproduct with a finite KAT of all binary relations over a finite set.

Lemma 57 (Canonical Forms). Let K be a KAT and F' be the KAT of all binary
relations over a finite set S (see Definition[52). Every element of K B F can be

expressed as a finite sum

> poesti(z(p0));a(p?;0l)

for some functionz: S x S — K.

Proof. From Lemma [56|we know that every element of K B F is of the form

> ser 1(y(9)); 12(9)
for some function y : F' — K. For every relation ¢ € F we define the map
g S xS = {0p, 1r} by z4(p,0) = 1p iff p?; 0! < ¢. It is then easy to see that ¢

can be written as a finite sum
¢=2>,,%s(p;0);pT5 0

Since the coprojections ¢; : K — K H F and ¢y : F — K B F are KAT homomor-

phisms, we have:

> ser 1(y(9));a(9) = [expand ¢]

Ser 1 5(0))i 12 (3,0 6, 0); p% 1) = [12 homomorphism]
>ser 1(U(9)); 2, 5 ta(24(p, 0)); 12(p?5 01) = [distributivity]
Socr Xpo 1U(0)): 126, 0))s 127 01) = [rearrange sum]

Y po 2oser 1 (U(9)); ta(xe(p, 0)); 12(p?; 01) = [distributivity]

Y (Coer 10(0)): 2(w0(p.0)) ) s12(p% oY) = [11 homomorphism]

> po 1(2(p,0)); 2(p7; 0l),
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where z(p,0) = > {y(9) | zs(p. o) = 1r} = 3 e ¥(®)- O

Theorem 58 (Representation). If K is a KAT and F' is the KAT of all binary

relations on a finite set S, then K B F' = Mat(S, K).

Proof. Recall that the KAT F' of binary relations on a finite set S is isomorphic
to Mat(9S, 2x) where 2y = {0k, 1x}, and hence it is a subalgebra of Mat(S, K).
Define the map

h:Tm(K, F) — Mat(S, K)

by putting h(c,) = 21mar(s k) (Where the operation here is scalar multiplication)
and h(c,) = ¢. Note that for every equation f = g in Ax U Ay it holds that
h(f) = h(g) in Mat(S, K). For example, if z,y € K then the equation c,; ¢, = ¢,y
is in the diagram Ax and we have
h(cs;ey) = h(cz) - hey) = (T1mar(s.x)) * (YlMar(s, i) = (T5Y) Imat(s, i) = R(Cay)-

For a commutativity equation c;; ¢y = c4; ¢, in D observe that:

h(cz;cp) = hlca) - hlcs) = (2lmar(si) - @ = 2

h(cgi cz) = h(cy) - hlce) = ¢ - (Tlmars,x)) = ¢
Since Mat(S, K) is a KAT, it follows that for every equation f = g in Exp
we have h(f) = h(g) in Mat(S, K). So, we can define the homomorphism

hy : KB F — Mat(S, K) on the equivalence classes. We claim that h, is sur-

jective. Indeed, we have for every matrix A in Mat(S, K):

hy (ZM 1 (M,o); ta(p?; o!)) =Y, Myo(p?i0t) = M.
It remains to show that h, is injective. Let f, g be terms of Trm(K, F') with
hi([f]) = hi([g]). We know from Lemma57|that there are functions z,y : Sx.S —
K such that:

1= 2200 t1((p, 0)); 12(p?; 0!) 9] = 22,0 11(y(p; 0)); 12(p7; )
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The function = and y are, in fact, elements of Mat(S, K'). From the assumption

we get:
h([f]) = h(lg) = >2,,z(p.0)(p%i0!) =32, y(p,o)(p?;0!)
= x(p,0) =y(p,0) forall p,o
— z=y.
It follows that [f] = [¢], and the proof is thus complete. O

Corollary 59. If K is a KAT and F' is any KAT of binary relations on a finite set
S, then K B F is isomorphic to a subalgebra of Mat (.S, K).

Proof. Let F' be the KAT of all binary relations on S, which means that there is an
injective homomorphism k : F' — F'. This lifts to an injective homomorphism
k: KBF — KHBF'. Since KB F' = Mat(S, K) by Theorem 58, K B F is

isomorphic to a subalgebra of Mat(S, K). O

Corollary 60 (Injectivity). Let K be an arbitrary KAT and F' be a finite KAT.
Then, the coprojection map ¢; : K — K H F'is injective, i.e., t;(z) = 11 (y) implies

that x = y.

Proof. The isomorphism h, : K F — Mat(F, K) that we defined in the proof of
Theoremsends v1(x) to the matrix z1yvae(r k). SO, the assumption ¢, (z) = ¢1(y)

implies that 1 (¢1(z)) = h1(11(y)), and therefore = = y. O

If we instantiate the finite KAT F' of Corollary 60| to the free KAT K,, over
the mutable tests T}, (see Theorem , then we obtain that every KAT K can be
conservatively extended with n mutable tests. So, this extension K H K,, does

not affect the theory of K.
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3.4 KAT and Extra Mutable Tests

Using the commutative coproduct construction of the previous section and the
crucial representation result (Theorem[58), we will obtain easily several concrete

completeness theorems.

Let (K, B,+,;,*,0,1,-) be an arbitrary KAT. We consider expressions that
involve constants for the elements of K as well as extra mutable tests 7},. The

grammar is:
testterms p, ¢ :=0|1|c,forbe B|t? | t? |p+q|p;q| —p
terms f, g n=testtermp |c,fora € K | f+g | fig]| [*

We write Trm(K, T,,) for the set of all these terms.

Claim 61 (Commutativity Equations). For every element z € K and every term
f € Trm(T7,,), the equation ¢,; f = f;¢c, is provable in KAT+D,,, where D,, con-

sists of the equations
C; 1?7 =17 ¢y coit? =17 ¢y et =t e, et =t ey

foreveryz € Kandt € T,,.

Proof. The base cases for t7, ¢7, t!, and ¢! are immediate from D,. Moreover,

ce;l =c¢; = cp;1and ¢,;;0 = 0 = 0; ¢, for the constants 1 and 0 respectively. For

the step cases of choice and composition, we see (using the induction hypothe-

sis) that ¢,; f;9 = ficai9 = [ 95 ¢o and
ai(ftg)=ciftaig=fict+gea=(+g)c

Finally, for iteration we observe that c,; f* = f*;c, is implied by c,; f = f; ¢,

(bisimulation rule[I.3), which is provable by the induction hypothesis. O
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Theorem 62 (Completeness). The axioms KAT+Mut,,+A g +D,, are complete for
the equational theory of K H K,, where K, is the free KAT over the mutable

tests 1,,.

Proof. Theorem [53|says that we can assume without loss of generality that the
algebra K, is the KAT of all binary relations on the set S of T, -assignments
T, — 2 (see Definition 52). The term translation function [ -] : Trm(K,T,) —
Trm(K, K,,) is defined as:

(o] =coforz e K [t?] =cuny [t =cays [t =cwys [B] = cays
The canonical interpretation H : Trm(K, K,,) — K B K, is specified by H(c,) =
ti(z) for z € K and H(cy) = 12(¢) for ¢ € K,,. We will establish completeness
with respect to the interpretation

Ho[-1:Tm(K,T,) —» K BK,.
Let f and g be terms in Trm(K,T,,) for which it holds that H([f]) = H([g]).
By definition of K H K, this implies that the equation [f] = [¢] is provable in

KAT+Ag+Ag,+D, where D consists of the equations c,;cy = c4;¢, forz € K
and ¢ € K,,.

We know that there is a proof in the system KAT+Ax+Ag,+D for the
equation [f] = [g]. We replace in the proof every symbol c, with the term
> ocop) test(p);set(o). Now, the resulting proof is actually a proof in the system
KAT+Mut,+Ag+D,. This is because every equation c,;cy = cy;c, of D cor-
responds to a provable equation of the form c,; f = f;c, given by Claim
Moreover, every equation of the diagram Ag, can certainly be simulated in the

system KAT+Mut,,, because it is complete for the equational theory of K,,. O

Corollary 63 (Completeness). Let B and X be finite alphabets of primitive tests

and actions respectively. We write K for the free KAT on generators B and .
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The axioms KAT+Mut,,+D", where D" consists of the equations
pit!l=thp pit!=thp —p;t! =t —p —p;t! =t —p
a;t? =t a a;t? =1t7;a a;t! =t a a:t! =t a

forp € B,a € ¥ and t € T, are complete for the equational theory of K B K,,.

Proof. The axioms of D" are sufficient to prove the equations

fit? =17 f fitr =10 f fitt =t f fitt=tsf

for every term over B and ¥. Theorem [62]then gives us easily the result. O

3.4.1 A Folk Theorem of Program Schematology

In this section we illustrate how the system KAT+Mut+D can be used in prac-
tice. We will show, reasoning equationally in KAT+Mut+D, a classical result
of program schematology: Every while program can be simulated by a while
program with at most one while loop, assuming that we allow extra Boolean

variables.

We work with an imperative programming language that has atomic pro-
grams X (written a, b, ...), the constant program skip, atomic tests B, as well
as the constructs: sequential composition f; g, conditional if pthen f else g, and
iteration whilep do f. These programming constructs are modeled in KAT as fol-

lows:
skip =1 if ethen felseg =ef + ég
fi9=1"rg whileedo f = (ef)*e
We omit the sequential composition symbol ; in our KAT terms to reduce the

notational clutter, and we write € to mean —e. There is a semantic justification
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for these translations, using the standard relation-theoretic semantics for the

input-output behavior of while programs.

The intuition for the construction we will present is that we need to in-
troduce extra Boolean variables that encode the control structure of the pro-
gram. These variables are modeled in KAT+Mut+D using extra mutable tests

t1,t9,t3, ..., which are disjoint from B and .

Commutativity axioms: The collection D of axioms, which forms part of the

system KAT+Mut+ D, includes the following equations:

pt! =tlp pt! =tlp pt!l =tlp pt! =tp

at? =t?a at? = t?a at! = tla at! = tla

for every primitive test p € B and every atomic program a € ¥. The above ax-
ioms say that the assignments ¢! and ¢! do not affect the truth value of primitive
regular tests. Moreover, a primitive program a € X does not affect the truth

value of mutable tests.

Claim 64 (Test Commutativity). Let p be a test term over B and T’ (i.e., one that
may involve both regular and mutable tests). If the mutable test symbols ¢7 and
t? do not appear in p, then the commutativity equations t!p = pt! and t!p = pt!

are provable in KAT+Mut+D.

Proof. Negations in tests can be pushed down to the leaves, so we assume with-
out loss of generality that only primitive tests p € B can be negated. The proof
proceeds by induction on the test term. For an atomic test p or p with p € B, the
claim follows directly from the axioms of D. The cases of the constants 0 and 1
are trivial. For a mutable test s7, our assumption says that s # ¢ and therefore

tls? = s?t! and t!s? = s7t! are axioms of Mut. The argument is analogous for a
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mutable test 57. For the induction step, consider the case p + g of choice:
thp+q)=tp+tlg=pt!+ qt! = (p + ¢)t!
tNp+q)=tp+tlg=pt+qt! = (p+ )t

The case pq is equally easy: t!pq = ptlq = pqt! and tlpq = ptlq = pqt!. ]

Claim 65 (Commutativity). Let f be an arbitrary term over B, ¥ and 7'. If the
mutable test symbols ¢,7 do not appear in f, then the following equations are

provable in KAT+Mut+D:

17f = ft? 0f = fi? tHf = ft ff = f#

Proof. We only deal with the equation ¢! f = ft!, because for the other equations
the proof is completely analogous. We argue by induction on the structure of the
term f. If the term is a test, then the result follows from Claim[64] For an atomic
program a € ¥, the stipulated axioms in D gives us the equation t!a = at!. For
an assignment s! the hypothesis says that s # ¢ and therefore t!s! = s!t! from
Mut. The argument is similar for an assignment 5!. For composition and choice

we have using the induction hypothesis:

t'fg= ftlg= fqt! thf+g)=tf+tg= ftl+ gt = (f + g)t.
It remains to derive the equation t!f* = f*¢!. By virtue of the bisimulation

rule (1.3), it suffices to see that t! f = ft!, which is the induction hypothesis. [

The main theorem of this section (Theorem [69 below) is a normal form the-
orem, from which the result we want to show follows immediately. Working in
a bottom-up fashion, every while program term is brought in the normal form.
That the transformed program in normal form is equivalent to the original one

is shown in KAT-+Mut+D.
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A normal form is a term u; while pdo ¢; z, where u and ¢ are while-free terms
over X, Band T, p is a test-term over B and 7', and z is of the form ¢;!¢5! - - - #;!.
So, the pre-computation u, the while-guard p, and the while-body ¢ may involve
any of the extra mutable test symbols ¢y, ..., %, 11, ..., {x. The post-computation
z = t1lty) - - t,! “zeroes out” all the extra mutable Boolean variables. Its role is

in some sense to simply project out the extra finite state that was used to model

control-flow.

Claim 66 (Base Case). Every while-free program f over B, Y can be brought to

normal form.

Proof. Suppose that f is a while-free program term, and let ¢ be a fresh mutable
test symbol. Intuitively, ¢? holds if f has not been executed yet, and 7 holds after

[ has been executed. Reasoning in KAT+Mut+D we will prove the equation
f;z =thwhilet?do (f;1!); z, where z = t!.

The main idea is to unfold the expression (¢? ft!)* twice to obtain:

(t2 8" = 14+ 2 fE(¢2 1) [unfold *]
= 14 t2f8(1 + 2 f0(£2 1)) [unfold *]
= 1+ 200 + 202 fE (22 f1)* [distributivity]
=1+t7ftl. [because t!t? = 0]

We have used above the property t!t? = ¢!t7t? = t!10 = 0. We tranform the RHS

of the equation:

RHS = #!(t? f#1)* =t 78! [encoding]
= (L7 f1)* 2 [equations —¢7t! = ¢7¢! = ¢7]
= tI(1+¢7fEh)e? [see above]
= tlt? + te? f1lt? [distributivity]
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= tlt? fElt7t! [equation ¢!t? = 0]
= t!ft!t! [equations t!t? = t! and ¢!t7 = ¢!]
= t!ftl. [equation t!¢! = t!]
Since the symbols ¢ and ¢ do not appear in the term f, we can derive by virtue
of Claim [65|the equations ¢! ft! = ftlt! = ft! = f; 2. O
Claim 67 (Conditional). Let f and g be while programs over X, B. Suppose that
the equations
fi1 2z =wu;whilepdo ¢; z g; 2 = u;whilegdov; 2
are provable (where the right-hand side of each equation above is a normal
form). Then,
(if ethen felse g); z; 1! = if ethen (¢!;u)else (¢!; v);
while ((t? A p) V (t7 A q)) do (if t7 then ¢ else 1));
z; t!

is provable, where t is a fresh symbol for a mutable test.

Remark. The intuition for the given translation is that the fresh variable ¢
records the branch of the conditional that should be taken. So, ¢? holds when f

should be executed, and ¢? holds when g should be executed.

Proof. The while-free pre-computation in the normal form translation is equal to

etlu+ etlv. The guard of the while loop is t7p 4 ?¢, and the body is t?¢ + 7¢. So,
(t? Ap)V (2 N q)); (if t?then pelset)) = (t7p + tq) (17 + 7))
= {7pt?¢ + t7pt?) + tqt?o + tqt?Y
= t7pp + t7q1).
The negation of the guard of the loop is

—(t?p +t7q) = (t7 4+ p)(t? + q) = £ + t?p + pg.
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First, we claim that t?(t?pg)*™ = t?(pg)*. Since t? < 1 and * is monotone, we
have that (t7p¢)* < (p¢)*, and therefore t?(t?pp)* < t?(pg)*. In order to show
that t7(pp)™ < t?2(t7pg)*, it suffices to see that t? < t?(t?pg)*, and that

t2(t7p9) pd = t2(1 + (t7pd) *t7pd)p¢ [unfold *]
= 17p¢ + 1?2 (t7po) *t1pdped [distributivity]
= 177pg + t2(t7pd) * L pped [equation t7t? = t7]

= 127pg + t2(t7pd) *t?pdt e [t not in p, ¢]

= 17(1 + (t?pd) *t?pd)t?pd [distributivity]
= 1?2(t7pp) *t7po [fold *]
< t2(t7pg)*. [inequality v*z < 2]

Now, we want to show that t?(t?pg + t7q)* = t?(t?p¢$)*. By monotonicity of *,
the right-hand side is less than or equal to the left-hand side. For the other part,

we need to show that

t2(t7pd)* (t2pg + 12q0)) = [equation t7t? = #7]

22 (t2pd)* (t7pp + 2qup) = [previous claim]

t202(po)* (17pg + 12q1)) = [t not in p, ¢]

t2(ped)*t? (Lo + F2quh) = [distributivity and ¢7¢7 = 0]
t2(pp)*t7pp = [previous claim]
t2(t7pg)*t?pg,

which is < ¢?(t?p@)*. Let W abbreviate the entire while loop of the normal form

translation. We have already seen that W = (t?p¢ + £7qp)*(¢£?G + t?p + pg) and
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therefore

W = t2(t7pg)* (£2G + 7D + pq) [previous claim]
= 12(pp)* (£2q + t7p + pq) [previous claim]
= (po)*t2(£2q + t?p + pq) [t not in p, ¢]
= (po)* (177G + 247D + 17pq) [distributivity]
= (po)*(t?p + t7pq) [£7%7 = 0 and t7¢? = t7]
= (po)*t7p. [because t7pg < t7p]

We denote by RHS the right-hand side of the equation we want to prove, and

we observe:

eRHS = e(etlu + etlv) W zt! [encoding]

= etluW zt! [ee = e and ee = 0]

= etlt?7uV zt! [equation ¢!¢7 = t!]

= etlut?W zt! [t does not appear in ]

= etlu(pp)*t?p2t! [previous claim]

= eu(pep)*pzt!, [t notin u, p, ¢, z and t1t7t! = tlt! = ¢!]

which is equal to efzt! by the induction hypothesis. Similarly, the equation

eRHS = égzt! can be derived. We thus conclude that

RHS = (e + &)RHS = eRHS + eRHS = efzt! + egzt! = (ef + eg)zt!,
which is equal to (if e then f else g); z; ¢!, namely the left-hand size of the desired
equation. [
Claim 68 (Composition). Let f and g be while programs over ¥, B. Suppose that
the equations

fi; 2 =wu;whilepdo ¢; 2 g; 2 = u;whilegdov; 2
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are provable (where the right-hand side of each equation above is a normal
form). Then, the equation
frgizmtl = thu
while (£7 V (t7 A q)) do
if ¢7 then (if pthen ¢ else (z; t!; v)) else 1);
2t

is provable, where ¢ is a fresh symbol for a mutable test.

Remark. The idea for the translation is that the fresh variable ¢ records the
position of the execution. That is, ¢? holds while f is being executed, and ¢?

holds while g is being executed.

Proof. The negation of the guard of the while loop is =(t?+7¢) = t?(t?+q) = 17q.
The body of the loop is equal to t?(p¢ + pztlv) + t7 = t7p¢ + t?pztlv + 7. So,

the Fisher-Ladner encoding of the while loop is

[(£? 4+ 12q) (t7pg + t7p2tlv + T24)] 127G = [distributivity]

[t2pp + t7pztlv + L2qup]* 17 = [abbreviation]

(A4 B2q)*t2q = [denesting rule (1.2)]
AX(E2qp A%)*12q,

where we put A = t7p¢ + t?pzthv.

From t?A = £2(t7p¢ + t7pztlv) = 0 < £? we obtain that {?A* < #?. Moreover,
t?7 < t?A* and hence t?7A™ = 1?. It follows that ?qA™ = qut? A* = qit?. Now,
we claim that (qit?)*t? = #?(qy)*. The inequality (qut?)*t? < ?(qy)* follows
from monotonicity of *. For the inequality £?(q¢))* < (qut?)*#? we need to show

that

(quE?)*T2q = (qt?) " qut? = (qut?)*qut?e? < (qui?)*?
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We have thus shown that the while loop is equal to A*(qt?)*t?7q = A*t?(q)*q.

Now, we focus on simplifying the expression t? A*{? = ?(t?pg + t?pztlv) *17.

First, we observe that unfolding (¢?pztlv)* twice gives us the equation

(t?pztlv)™ = 1 + t?pztl. (3.3)

Moreover, £7(t?pp)* = £7(1 + t?pp(t?pp)™) = 7. Therefore, using the denesting

rule, we obtain

t2A*E? = 12(t7pp + t7p2tlv)*E?

= 12(t7pp) " (t7p2tlv(t7pd) ) * 17

= 12(t7pp)* (1 7pt 0t (t7pg) * ) *E?

= 12(t7pp) ™ (t7p2tlvt?) *1?

= 1?2(t7pg)* (t7pztlv) *1?

= 12(t2pp) ™ (1 + t?p2tW0)E?

= 12(t7pg) 17 4 t2(t7pp) *t 1 patlvt?

= 12(t?pg) *t?ptivt?

= 17(pg)*pztlv.

[definition of A]
[denesting rule]

[t! = t!t? and t not in v]
[claim above]

[t notin v and ! = t!¢7]
[equation 3.3]
[distributivity]

[first term 0]

[because t?(t7pp)*t? = t?(pgp)*]

Finally, we can work on the right-hand side of the equation we want to establish:

RHS = tuA*t?(qy)* gzt

= thut? A*1? (qy) * g2t

= tlut?(po)* pztiv(qy)* g=1!

= u(pg)*prv(q)*gat!,

[while loop is A*#?(q)*q]
[t! = t1t? and t not in u]

[claim above]

[tnOtinu7p7(b7Z7/U7q7w]

which is equal by the assumptions to fzgzt! = fgzzt! = f;g; z; t. N

Theorem 69 (The Folk Theorem). For every while program f over X, B, there

are while-free u, p, ¢ and a finite collection ¢, . .

., 1 of extra mutable tests such



that f;z = u;whilepdo ¢; 2z is provable in the system KAT+Mut+D, where z =

Proof. The proof is by induction on the while program. Claim [66 Claim [p7] and
Claim |68| already cover all the base cases, as well as the inductive cases of con-
ditionals and sequential composition. It remains to consider the case of while
loops. So, we suppose that

f;z =wu;whilepdo¢; 2 (equivalently, fz = u(pp)*p2)

is provable, where the right-hand side of the equation is a normal form. First,
we derive

(whileedo f); z = (whileedo (f; 2)); 2.

The left-hand side is equal to (ef)*éz, and the right-hand side equal to (efz)*ez.
Since the test ¢ contains no mutable symbols, it suffices to show that (ef)*z =
(efz)*z. Now,

(ef2)"2 < (ef)*z =ef2(ef)"2 < (ef)*z,
which holds because efz(ef)*z = ef(ef)*zz < (ef)*2. Now, we observe that
(efz)*z = z(efz)* by the bisimulation rule (I.3), because (efz)z = z(efz) (both
are equal to efz). So,

(ef)"z < (ef2)"z e=ef(ef2) 2 < (ef2)"z,

which holds because ef(efz)*z = ef(efz)*zz = efz(efz)*2 < (efz)*2. Using
the claim we have just proved, we can bring the program in a more convenient

form:

(whileedo f); 2 = (ifethen (u; while (e + p) do (if pthen ¢ else (z; u)))) ;2.
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The right-hand side of the above equation is provably equal to
éz + eul(e + p)(pg + pzu)|* (e + p)z = €z + eulepd + epzu + pg|*epz
= ez + eu(pp + epzu) *epz,
because epp < pg. Using the denesting rule (z + y)* = 2*(yz™)* and the sliding
rule (zy)*z = z(yx)*, we see that this term is equal to
ez + eu(pd + epzu)*epz = ez + eu(pd)™ (epzu(pp)™) *epz
= &z + eu(pg)* (pzeu(pe) ™) epz
= &z + (eu(pp)*pz) “eu(pp)*epzz
= ez + (ef2)*eu(po)*prez
= ez + (ef2)*(efz)ez
= (1+ (ef2)*(ef2))e,
which is equal to (efz)*ez = (whileedo (f;2));2 = (whileedo f); 2. But we al-

ready know how to deal with conditional statements, so we use Claim [p7] and

we are done. [l

3.5 Conclusion

We have shown how to axiomatically extend KAT with a finite amount of addi-
tional mutable state. This extra feature allows certain program transformations
to be effected at the propositional level without passing to a full first-order sys-
tem. The extension is conservative and deductively complete relative to the
theory of the underlying algebra. We have given a representation theorem of

the free models in terms of matrices.

An intriguing open problem is whether the commutative coproduct of two
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KATs is injective. We have shown that it is if one of the two cofactors is a KAT

of binary relations on a finite set.
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CHAPTER 4
KLEENE ALGEBRA AND THEORIES OF FIXPOINTS

4.1 Introduction

In the realm of equational systems for reasoning about iteration, two chief com-
plementary bodies of work stand out. One of these is iteration theories (IT), the
subject of the extensive monograph of Bloom and Esik [17] as well as many other
authors (see the cited literature). The primary motivation for iteration theories
is to capture in abstract form the equational properties of iteration on structures
that arise in domain theory and program semantics, such as continuous func-
tions on ordered sets. Of central interest is the dagger operation , a kind of
parameterized least fixpoint operator, that when applied to an object represent-
ing a simultaneous system of equations gives an object representing the least
solution of those equations. Much of the work on iteration theories involves
axiomatizing or otherwise characterizing the equational theory of iteration as
captured by f Complete axiomatizations have been provided [42, 20, 34] as

well as other algebraic and categorical characterizations [3, 4} [120].

Bloom and FEsik claim that “...the notion of an iteration theory seems to
axiomatize the equational properties of all computationally interesting struc-
tures...” [19]. This is true to a certain extent, certainly if one is interested only
in structures that arise in domain theory and programming language semantics.

However, it is not the entire story.

Another approach to equational reasoning about iteration that has met with

some success over the years is the notion of Kleene algebra (KA), the algebra of
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regular expressions. KA has a long history going back to the original paper
of Kleene [59] and was further developed by Conway, who coined the name
Kleene algebra in his 1971 monograph [31]. It has since been studied by many
authors. KA relies on an iteration operator * that characterizes iteration in a
different way from T. Its principal models are not those of domain theory, but
rather basic algebraic objects such as sets of strings (in which * gives the Kleene
asterate operation), binary relations (in which * gives reflexive transitive clo-
sure), and other structures with applications in shortest path algorithms on
graphs and geometry of convex sets. Complete axiomatizations and complexity
analyses have been given; the regular sets of strings over an alphabet A form
the free KA on generators A in much the same way that the rational X, -trees

form the free IT on a signature .

Although the two systems fulfill many of the same objectives and are re-
lated at some level, there are many technical and stylistic differences. Whereas
iteration theories are based on Lawvere theories, a categorical concept, Kleene
algebra operates primarily at a level of abstraction one click down. For this
reason, KA may be somewhat more accessible. KA has been shown to be use-
ful in several nontrivial static analysis and verification tasks (see e.g. [81} [62]).
Also, KA can model nondeterministic computation, whereas IT is primarily de-

terministic.

Nevertheless, both systems have claimed to capture the notion of iteration
in a fundamental way, and it is interesting to ask whether they can somehow be
reconciled. This is the investigation that we undertake in this chapter. We start
with the observation that ITs use the objects of a category to represent types.

Technically the objects of interest in ITs are morphisms f : n — m in a category
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whose objects are natural numbers, and the morphism f : n — m is meant to
model functions f : A™ — A" (the arrows are reversed for technical reasons).
Thus ITs might be captured by a version of KA with types. Although the pri-
mary version of KA is untyped, there is a notion of typed KA [74], although
it only has types of the form A — B, whereas to subsume IT it would need
products as well. The presence of products allows ITs to capture parameterized

fixpoints through the rule

fin—=>n+m
ffin—-m

giving the parameterized least fixpoint T : A™ — A" of a parameterized func-
tion f : A™ x A" — A". This would be possible to capture in KA if the typed
version had products, which it does not. On the other hand, KA allows the
modeling of nondeterministic computation, which IT does not, at least not in
any obvious way. Thus to capture both systems, it would seem that we need to
extend the type system of typed KA, or extend the categorical framework of IT

to handle nondeterminism, or both.

The result of our investigation is a common categorical framework based
on cartesian categories (categories with products) combined with a treatment
of nondeterminism based on closure operators on the homsets. Types are rep-
resented by objects in the category, and we identify the appropriate axioms in
the form of typed equations that allow equational reasoning on the morphismes.
Our framework captures iteration as represented in ITs and KAs in a common
language. We show how to define the KA operations as enrichments on the

morphisms and how to define T in terms of *.

Our main contributions are as follows.
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e Nondeterminism from closure operators. To accommodate nondeter-
minism, we consider a base category of “maps with possibly unde-
fined /diverging components” and we represent the available nondeter-
ministic choices with certain closed sets of morphisms. We axiomatize the
relevant properties for these base categories and the closure operators, and
we describe a general model-theoretic construction that gives rise to a non-
deterministic category with an infinitary choice operation. The structure of
binary products (pairing and projections) of the underlying category can
be lifted in a smooth way to corresponding operations in the nondeter-
ministic category.

e Distinguishing the deterministic arrows. Within our nondeterministic
categories, certain properties work only for deterministic computations.
We show how to capture the necessary properties of determinism by intro-
ducing a unary predicate D that distinguishes the deterministic elements
of each homset. We axiomatize properties that concern the preservation of
determinism, as well as properties of pairs that hold only in the determin-
istic part.

e Continuity and Nondeterminism. We specialize our construction of con-
servative extension with nondeterminism to the case where the base cat-
egory is w-continuous. This case is particularly relevant because such w-
continuous categories, which include standard domain-theoretic models,

can be equipped with least fixpoint operators.

e Capturing IT and KA. The equational theory |T of parametric fixpoints is
the set of equations between terms involving ' that are true in the stan-
dard CPO model of w-complete partial orders (w-CPOs) and w-continuous

maps. Our goal is to capture this theory axiomatically using a typed vari-
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ant of KA. For this, we consider the KA operations, including * and a
weakened axiomatization of nondeterministic categories that includes all
the axioms of KA (except the strictness axiom). We show that our typed
KA with products extends conservatively the theory IT. This is our main

result.

Model theory. Finally, our results imply that two particular constructions,
the lowerset-closure construction on the category Pposet (of pointed posets
and monotone maps) and the ideal-closure construction on the category
CPO (of w-CPOs and w-continuous maps), provide natural concrete mod-
els in that they give rise to nondeterministic categories, and hence to typed

KAs with products.

A detailed account of related work is given in

4.2 Nondeterministic Structure from Closure Operators

As a first step in the development of our category-theoretic framework, we de-

fine axiomatically the class of pointed ordered categories with products (Def. [70| be-

low), where the notion of undefinedness (or divergence) appears explicitly in

the language as the constant 1. The homsets of these categories are partially

ordered by <, where the order is to be understood informally as follows: f < g

when f has more undefined components that g (“f is less defined than ¢”).

The stipulated axioms capture properties of non-strict pairs (i.e., lazy or non-

strict evaluation of pairs), which means intuitively that forming a pair (v, L)

with an undefined element allows one to recover the other component. So,
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product (X,Y)— X xY left projection  m X xY — X
identity idy : X — X right projection 75" : X xY =Y
bottom lxy : X =Y

f: X—=>Y g:Y =7

composition Fg X 7
. f:X—=>Y g: X —=Z
pairing
(f,g) : X =Y xZ
. . / /
produet fX=Y g¢g: X' =Y

fxgé<7rl;f,7rg;g>:XXX’%YXY’

Figure 4.1: Constants and operations for categories with binary products, where
the homsets have additional pointed poset structure.

a non-strict pair with an undefined component is not itself necessarily unde-
fined. Ordinarily, in the case of eager pairs, a pair (v, L) would be equal to L
by strictness. Intuitively, the computation of an eager pair (v, L), where v is
a value and L denotes a diverging computation, would also be diverging, i.e.,
(v, L) = L. This makes it impossible to recover the left component v of the pair:

(v, L);m = L;m = L.

Our goal in this section is to describe a general model-theoretic construction
that enriches any such pointed ordered category C with additional nondetermin-
istic structure. The idea is that we can model a nondeterministic program as a
“closed” set of C-arrows, where the elements of the set describe the available
nondeterministic choices. For this we need to consider a family cl of closure
operators for the homsets of C that interact reasonably with the category. Our
main result is that the base category C and the closure operators cl give rise to
a structure C, that comes equipped with an infinitary nondeterministic operation.
Moreover, there is an embedding from C into Cy and the image of this embed-

ding is to be understood as the deterministic subcategory of Cq.
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A typed algebraic structure C consists of a class Cy of objects, a class C; of ele-
ments, and the maps dom, cod : C; — C called domain and codomain respectively.
For an element f € C; we write f : X — Y to denote that dom(f) = X and
cod(f) = Y. We then say that the expression X — Y is the type of f. The class
C(X,Y), called a homset, consists of all elements of C that are of type X — Y. In
this paper we only consider typed structures whose homsets are sets, perhaps

endowed with extra algebraic or order-theoretic structure.

Definition 70. A pointed ordered category C with (binary) products is a typed alge-
braic structure with the operations of Figure 4.1{and a partial order < on every

homset, that is a model of the following universal Horn axioms:

(f;g);h=fi(g;h)forf: X =Y,g:Y - Zandh:Z - W (4.1)
dy;f=fforf: X =Y (4.2)

fiidy =fforf: X =Y (4.3)
(fg);mi? =fforf: X -Yandg: X = Z (4.4)
(f.g);m¥? =gforf: X -Yandg: X = Z (4.5)
(hyn¥Z hmy?y =hforh: X =Y x Z (4.6)
f<fforf:X =Y 4.7)
f<gANg<h = f<hforfgh:X =Y (4.8)
f<ghg<[f = [f=gforfgh:X—=>Y (4.9)
Ilyy < fforf: X —>Y (4.10)

f<fAhg<¢g = fig<figforf f:X—Yandg,¢g:Y —Z (4.11)
f<FANg<gd = (fig) < (f.g)forf,f': X =Yandg,¢g: X = Z (412)
f;J_YZ:szfOI'fIX—}Y (413)

<J—XY7J—XZ> = J_vaxz X =Y xZ (414:)

97



The above axiomatization consists of: the axioms (£.1)—(4.6) of categories with
binary products, axioms (4.7)—(4.10) asserting that the < is a partial order with
least element L, axioms {.11)-(4.12) stating that composition and pairing are
monotone with respect to the partial order, as well as some additional axioms

(4.13)—(4.14) for the interaction of L with composition and pairing.

Example 71 (Category Pposet). A pointed poset is a partial order (X, <) with a
least element, which we typically denote by L x. We call Pposet the category of
pointed posets and monotone functions. The product X x Y of two objects X, Y
is the cartesian product together with the pointwise partial order: (z,y) < (2',¢/)
iff » <2’ and y < y/. The least element of X x Y is the pair L xxy = (Lx, Ly) of
the least elements | x and Ly of X and Y respectively. The projections and the

pairing operation are defined in the expected way:

mzy) =z mzy)=y  (f,9)(x)=(f(2) 9(z)) forallz ¢ X
for maps f € Pposet(X,Y) and g € Pposet(X,Z). The partial order < on
Pposet(X,Y) is defined pointwise: f < giff f(x) < g(x) for all x € X. The least
element | yy of Pposet(X,Y) is the constant mapping given by Lxy(z) = Ly
for all z € X. We observe that all constants idy, ¥, 75, L xy are monotone
maps, and the operations ; and (-, -) preserve monotonicity. It is easy to ver-

ify that Pposet is a pointed ordered category with binary products, that is, it

satisfies all axioms of Definition

Example 72 (Category Partial). Let A be a base type, and define the set of types

X.,Y,...tobe given by the grammar X,Y = A | X x Y. Let S be a nonempty

base set, and define the interpretation [-] of types as posets in the following way:
[A] = SU{Ls} [X > Y] = [X] x [Y]

where 1 g is a fresh symbol denoting undefinedness. The order on [A4] is given

by Lg < zforallz € S, and the order on [ X xY] is defined componentwise from
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the orders on [X] and [Y]. We will define now the typed structure Partialg of
partial functions with lazy products (over the base set S) . The objects of Partialg
are the (syntactic) types we defined before. The homset Partialg(X,Y") consists
of formal triples of the form f : X — Y, where X, Y are types and f is a mono-
tone function of type f : [X] — [Y]. The constant elements id, 71, 72, L and the
operations ; and (-, -) are defined as in Pposet. Since Partialg is (isomorphic to)

a substructure of Pposet, it is also a pointed ordered category with products.

Definition 73 (Closure Operator). Let cl be a function of type p X — X, where

©X is the powerset of the set X. We say that cl is a closure operator on X if it is:

1. Increasing: A C cl(A) for every subset A C X.
2. Monotone: For all subsets A, B C X, if A C B thencl(A) C cl(B).
3. Idempotent: cl(cl(A)) = cl(A) for every subset A C X.

For an element © € X, we write cl(z) to mean cl({z}). A subset A C X is
said to be closed (with respect to the closure operator cl) if it satisfies cl(A) = A.
Assuming that X is partially ordered by <, we say that cl respects the order if

x < yimplies cl(z) C cl(y) forall z,y € X.

Observation 74. Let (X, <) be a partial order and cl be a closure operator on
X that respects the order. We observe that every cl(A4) for A C X is closed

downwards, thatis, y € cl(A) and = < y imply that z € cl(A).

Let (X, <) be a partial order and A be a subset of X. We define
A2 {2’ € X |2/ < zforsomex c A}.

If x is an element of X, we put |z = [{z}.

Example 75 (Lowersets). Let X be a pointed poset. Define the operator cl :
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pX — pX as
cdx(A) &2 {lx}ulAa (4.15)

for a subset A C X. Equivalently, we can define cl(A) to be the smallest
nonempty subset of X that contains A and is closed downwards. It is easy to
see that cl3 is a closure operator that respects the order < of X. The closed sets
w.r.t. to cl5 are the nonempty subsets of X that are closed downwards. For an

element x € X in particular, we have that cl5 (z) = Jx.

As mentioned before, we want to model nondeterminism using “closed sets”
that describe the available nondeterministic choices. Below, we put forward
a list of desired properties for closure operators cl on the homsets of a base
category C. These properties say that the operators cl give rise to a reasonable

notion of nondeterminism.

Definition 76 (Category With Closure Operator). Let C be a pointed ordered
category with products, and suppose that we are given a closure operator clyy
on every homset C(X,Y). We say that the operators cl interact well with the

category C if the following are satisfied:

1. Every operator clxy respects the order of C(X,Y") (see Definition [73).
2. For all elements f,g € C(X,Y), clxy(f) = clxy(g) implies that f = g.

3. The closure operators interact well with the composition of the category:
D£FCCX,Y) 0#GCC(Y,2)
fed(F)Aged(G) = figed(F;G)
4. The closure operators interact well with the binary products of the category:
D#£FCCX,Y) 0+GCC(X,2)
fed(F)Aged@) = (f.g) cd((F.G))

Notation. We have used above composition and pairing operations lifted to sets
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of morphisms:
FCCX,Y) GCC,2) FCC(X,Y) GCC(X,2)
F;G2{f;g|feFandgeG} (F,G) 2 {{f,9)| f € Fand g € G}
Moreover, we use the abbreviations f; G = {f};G and F;g = F; {g}.

Let us try to give now an intuitive explanation for some of the properties
listed in the above definition. We demand that cl respects the order, because we
want the nondeterministic choice operation to be compatible with the “less de-
fined than” order < of the category C. Property 3 about the interaction between
cl and composition ; says informally the following: Suppose that one possible
way to resolve the nondeterminism of the nondeterministic programs ¢ and
is described by the (deterministic) C-arrows f and g. Then, the C-arrow f;gis a

possible way to resolve the nondeterminism of the composite nondeterministic

program ¢; 1.

Lemma 77 (Lowersets Interact Well). Let C be a pointed ordered category with
products. The family cl= of lowerset closure operators cl%,- (see Example 75| for

the definition) on every homset C(X, Y') interacts well with C.

Proof. The homset C(X,Y) is partially ordered by < and its least elementis L yy-.

First, let us recall the definition of the operator cl%y on C(X,Y):
iy (F) ={Llxy}UlF ={Llxy}U{f € C(X,Y) | f' < f forsome f € F}

for a subset F* C C(X,Y). For the particular case where F' is nonempty, the
definition becomes cl% (F) = |F. We have already discussed in Example
that cl%, is a closure operator that respects the order. For all elements f and ¢
of C(X,Y), the equality cl(f) = cl(g) means that | f = |g, which in turn implies

that f = g.
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Now, we show that cl= interacts well with composition. Consider nonempty
subsets ' C C(X,Y) and G C C(Y, Z) and elements [’ € cI5(F) and ¢’ € cI*(G).
There are f € F'and ¢ € G such that f/ < f and ¢ < g¢. It follows that
f[i9 € F;G Ccl*(F;G) and f’;¢' < f;g by monotonicity of composition. Since
cl*(F; Q) is closed downwards, we conclude that f’; ¢’ is also in cI*(F; G). We
can show analogously that cl* interacts well with the pairing operation (-, -)

making use of the fact that pairing is monotone in both arguments. O

As we outlined before, a base category C and an appropriate family cl of
closure operators on the homsets of C are sufficient to model a kind of nonde-
terminism. We give now the precise definition of the category C. of nondeter-

ministic arrows that corresponds to our previous intuitive descriptions.

Definition 78 (Nondeterministic Structure from Closure Operators). Let C be a
pointed ordered category with products, and clxy be a family of closure oper-
ations that interact well with C. We define the typed structure C, where each
homset C(X,Y) is the set of all closed subsets of C(X,Y), together with the
following constants and operations:
nx = cl(idy) F;G2c(F;G)for FCC(X,Y)and G C C(Y, Z)

Lxy = c(Lxy) (F,G) = cl({F,G)) for F CC(X,Y)and G C C(X, 7)

oY 2d(rY) Y FEd(Ui F) for F; CC(X,Y) withi € 1
XY & (XY

Ws T2
Every homset C is partially ordered by C. Finally, define Dyy to be the subset
of Cy(X,Y) that contains the sets of the form cl(f) where f € C(X,Y’). We think
of Dxy as a unary predicate consisting of the deterministic arrows of type X ~» Y.

The axiomatic definition of a “nondeterministic category with products and
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product (X,Y)— X xY left projection @’ i X XY ~ X
identity nx X~ X right projection @y : X XY ~ Y
bottom Iyxy: X ~Y

¢ X ~Y VY ~ 7

composition 50 X = Z

. p: X ~Y VX~ 4
airin
patting (6,0) X =Y x Z
product p: X~V AR Shedt §

PRY = (w30, @) X x X'~ Y x Y
nonempty collection ® of morphisms X ~+ Y
SO X Y

Qi X ~Y index set [
Da@éz{@\iET}inY

arbitrary sum

indexed sum

binary sum f’ AR Sk
p+v =3 {p v} X~ Y
. . (Z5 X X A A
iteration where ¢ = nx and ¢" ! = 975 ¢
Qb* = ZnZO qb”

Figure 4.2: Constants and operations for nondeterministic categories with prod-
ucts and joins.

joins” that we give below (Definition [79) collects the main properties that we ex-
pect to be satisfied by nondeterministic programs with non-strict pairs. We have
chosen only those properties that are relevant for our later development. In par-
ticular, the given axiomatization is sufficiently strong to see that the deterministic
subcategory of a nondeterministic category is a model of the axiomatization of

Definition [Z0l

Definition 79 (Nondeterministic Category). Consider a typed algebraic struc-
ture with the operations of Figure4.2land a unary predicate D on every homset.
We say that the structure is a nondeterministic category with (binary) products and

(arbitrary) joins if it is a model of the following infinitary universal Horn axioms:

D(nx)  D(wi") D(w;')  D(lxy) (4.16)



D(¢) ND(y) = D(¢s¢)for¢: X ~Yandy:Y ~ Z
D(¢) ND(¥) = D({¢,v)) for¢: X ~»Yand ¢ : X ~ Z
(30)sx =5 (V3x) forgp: X~ Y, Y ~ Zand x : Z ~ W
nx;¢=¢forg: X ~Y
Gsny = ¢forg: X ~ Y
(¢, 0);001 = pforg: X ~Yand): X ~ Z
(¢, 0);m9 = for¢: X ~ Y and ¢p : X ~ Z
(G xsm2) = xforx : X~ Y xZ
D(x) = (o, x;m) =xforx: X ~Y x Z

D(¢) = ¢5(v1,102) = (31, 93 ¢9)
forg: X ~Yand v, : Y ~ Z;

(D1, D2); (V1 @ 1ha) = (D131, P23902) for ¢ : X ~» Yiand o; : Vi ~ Z;
(0.0} (w2, 1) = (v, ¢) for ¢ : X ~» Yand ¢ : X ~ Z
(&, w2); (1, wa) = ({b, w2); 0, w2) for ¢, : X x Y ~» X
Lyy <g¢forg:X ~Y
¢ Llyz = Lxzforg: X ~Y
(Lxy, Lxz) = Lxyxz
> Aot =¢forg: X~V
220 0i5) = 2 bigfor ¢y - X~ Y
(X di)s =2 9ispforg;: X ~Yandy:Y ~ Z
¢ (3, vi) =2 dsviforg: X~ Yand gy Y ~ Z
(3200 00) = > {di, ) for ¢ : X ~» Yand ¢ : X ~ Z
(6,210 = S, ) for = X ~ Y and ¢y - X ~» Z

where the partial order < is induced by + as follows: ¢ < ¢ iff ¢ + ¢ =
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Axioms (4.34)—(4.38) the indexes range over nonempty index sets. We say that D
is the predicate of deterministic morphisms. Axioms say that the constants
nx, @Y, wyY and I yy are deterministic, and Axioms and say that
composition and pairing preserve determinism. We stress that the operations

X, w1, w2, (-, -) do not give rise to categorical products.

Claim 80. Every nondeterministic category with products and joins satisfies:

<<W1, ¢>>; <<w17¢>> = <<w17 <<w17¢>>;¢>> for ¢>¢ X XY Y (439)
(0. nv); (b, @2) = (&, v )s ¥, my) for ¢ : Y ~ Xand ¢ : X XV ~ X (4.40)
<<77Xa¢>>; <<’W1,7,D>> = <<an <<77Xa¢>>7w>> fOI'qb P X Yand’(/} X XY Y (441)

(¢, 2)* = ((¢, ) * 301, 0) forall ¢ : X x Y ~» X (4.42)

Proof. We show the claim by making crucial use of the axioms (4.28) and (4.29)

of nondeterministic categories. O

Theorem 81 (First Embedding Theorem). Let C be a pointed ordered category
with products, and clxy be a family of closure operators that interact well with
C. Then, the typed structure C is a nondeterministic category with products

and joins. Moreover, the map
c: felC(X,)Y)cxy(f) € Cq(XY)

from the category C to the category C. is an injective order-preserving homo-
morphism. In other words, C is isomorphic to the deterministic subcategory of

Ca.

Proof. Before showing the soundness of the axioms of Definition we will
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establish the following useful properties:
cd(F);c(G) =c(F;G)for # F CC(X,Y)and ) £ G CC(Y, Z) (4.43)
(cI(F),c(@)) =c((F,G)) for 0 # F CC(X,Y)and 0 # G CC(X,Z) (444)
(U, cl(F)) = (e, Fr) for F; € C(X,Y) withi € I (4.45)
For the first equation, consider nonempty subsets /' C C(X,Y)and G C C(Y, Z).
We expand the definition of ; and the equation becomes cl(cl(F);cl(G)) =
cl(F'; G). The operator cl is increasing, so we know that ' C cl(F') and G C cl(G).
It follows that F';G C cl(F);cl(G) and therefore cl(F;G) C cl(cl(F);cl(G))
(since cl is monotone). For the reverse containment, it suffices to show that
c(F); cl(G) C cl(F; G) (because of idempotence of cl), which is a reformulation
of the hypothesis that cl interacts well with the composition ; of C. Similarly, we
can also show:
c(F;c(@)) =c(F;G) c(c(F); G) = cl(F; Q)
With analogous arguments (involving that cl interacts well with (-, -, )) we get:
cl((F,cl(@))) = cl((F, G))
c({cl(F), &) = cl({F, G))
cl({cl(F), cl(@))) = d((F, G))
for all nonempty F' C C(X,Y) and G C C(Y, Z). The equation (cl(F'),cl(G)) =
cl((F, G)) follows. The third equation follows just from properties of the closure

operation.

Immediately from their definitions, we see that the constants nx, 1 xy, @wi*

and wy¥ are deterministic. Now, we see that the operation ; preserves de-
terminism: cl(f);cl(g) = cl(f;g) for f € C(X,Y) and g € C(Y,Z). Sim-
ilarly, we can show that the pairing operation (-,-) preserves determinism:

(cI(f),cl(g)) =cl({f,g)) for f e C(X,Y)and g € C(X, Z).
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Using the properties that we proved in the first paragraph of the proof, we
continue to show the soundness of axioms (4.19)-.38). We expand the defini-
tion of the partial order for elements ¢ and ¢ of Cy(X,Y): ¢ < Y iff ¢ + ¢ = o
iff Y {¢p, v} =viff cl(pU) = iff Uy C o iff ¢ C op. We write F, F;, G, G, H
below to range over nonempty subsets of C-morphisms of the appropriate type,

and f, h to range over C-morphisms.
(F5G); H = cl(F;G); H = cl(cl(F;G); H)
=c((F;G); H) = c(F; (G; H))
F3 (G5 H) = F;d(G; H) = c(F; (G H)) = cl(F; (G; H))
nxs F = cl(idx); F = cl(cl(idy); F) = cl(idx; F) = cl(F)
Fyny = Ficl(idy) = cl(F; cl(idy)) = cl(F;idy) = cl(F)
(F,G); @1 = c((F,G)); cl(m) = c((F, G);m) = cl(F)
(H; @, Hyws) = (Hjcl(m), Hycl(ma)) = {cl(H; cl(m)), cl(H; cl(m)))
= (cl(H;m), cl(H;m)) = cl((H;m, H;m2)) 2 cl(H)
{cl(h); 1, cl(h); 2) = (cl(h); cl(m), cl(h); cl(ms)) = {cl(h; m), cl(h; m2))
= cl((h; 71, h; m2)) = cl(h)
c(f); (G1, G2) = cl(f); cl((G1, Ga)) = cl(f; (Gh, Ga)) = cl({f: G, [; Ga))
(cl(f); Gr, cl(f); G2) = {cl(cl(f); G1), l(cl(f); G2)) = {cI(f; G1), cl(f; G2))
= cl((f; G1, f1G2))
(F1, F2); (G @ Ga) = (Fy, Fo); (w15 G, wa; Ga))
= d((F1, F2)); {cl(m1; G1), cl(ma; Ga))
= d((F1, F2)); cl((m1; G1, 725 Ga))
= cl((F1, Fo); (m1; G, m2; Ga))

— c|(<F1; Gy, Fy; G2>)
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(F15 Gy, Fo; Ga) = (cl(Fy; Gh), cd(Fy; Ga)) = cl((Fy; Gh, £33 G))
(F, G); (w2, 1) = cl((F, G)); cl((m2, m1)) = cl((F, G); (m2, 1))
=c((G,F)) =(G, F)
(F,@2); (G, m2) = cl((F, m2)); cl({G, m2)) = cl((F, m2); (G, m2))
= d(((F, m2); G, m2))
({F,@2); G, @) = {cl((F,m2)); G, @2) = (l((F, m2); G), @2)
= c(((F,m); G, m2))
c(F) = cd(Upep{f}) = dUysercl(f))
2 cl(Usepcl(Lxy)) = cl(Lxy)
Fs Lyz = Fic(Lyz) = d(F;c(Llyz)) = c(F; Lyz)
=cl(Lxz) = Lxz
(Lxy, Lxz) = {c(Lxy),cl(Lxz)) = cl({Lxy, Lxz))
=cl(Lxyxz) = Lxyxz
> A{c(F)} = cl(c(F)) = cl(F)
> (02 dl(Fy)) = 22 l(Ud(Fy)) = 32 (U Fy) = el(Uiel(U;F55))
= d(UU;Fj) = (U, F55)
>y cl(Fiy) = (U, jel(Fy)) = cl(U; ;)
(32 Fi); G = (U F); G = dl(cl(U; F): G) = (U, F1); &) = (U Fis G)
2 Fis G =52 d(F; G) = d(Uel(F; G)) = d(UF3; G)
(32 Fi, G) = {(U; F), G) = cl({cl(U;£3), G))
= d((U; £, G)) = cl(Ui(Fi, G)
>lF G) = 32 d((F,G)) = d(Ud((F, G))) = d(Ui(Fi, G))

So, C is a nondeterministic category with binary products and arbitrary joins.
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That the map cl is injective follows immediately from Condition (2) in Def-
inition The map cl is order-preserving because it respects the order: f < g
implies that cl(f) C cl(g). To show that cl is a homomorphism, we have to see

that it preserves the constants and operations:
cl(idx) = nx c(m™) ==y " cl(f;9) =cl(f);cl(g)
cl(Lxy) = Lxy cl(my ™) ==y c({f,9)) = {cl(f), cl(g))

The above equations follow from the definition of the constants for C. and from

the properties of cl that we established in the beginning of the proof. O

Corollary 82 (Embedding With Lowersets). Let C be a pointed ordered category
with products, and cI* be the family of lowerset closure operators on C. Then,
C,< is a nondeterministic category with products and joins, and the map f —

C

cl(f) embeds C into C<.

Proof. Immediately from Theorem [81]and Lemma O

The main result of this section (Theorem [81] and Corollary [82) is a model-
theoretic conservative extension of an arbitrary pointed ordered category with
products into a structure that possesses nondeterminism. In the next section we
will consider the case where the base category is w-continuous, which induces

an additional parametric least fixpoint operation.

4.3 Continuity, Least Fixpoints and Nondeterminism

In the previous section we showed how a very general class of ordered typed
structures with products can be conservatively extended with nondetermin-

ism. Here we restrict our attention to the smaller class of w-continuous typed
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structures, whose homsets are w-CPOs and composition is w-continuous in both
arguments. This subclass is particularly interesting because in every such w-
continuous category we can define a least fixpoint operation in terms of suprema
of countable chains. In particular, our standard model CPO (the category of w-
CPOs and w-continuous functions) belongs to this subclass. We will describe in
this section a new model-theoretic construction that conservatively extends any
w-continuous category with nondeterministic structure. We make use of some
of the results of but the setting of this section is more specific and we can

thus prove more useful results.

An w-complete partial order (w-CPO) is a pointed poset (X, <) with least el-
ement Ly that is w-complete: every w-chain (countably infinite chain) z, <
1 < --- has a supremum sup, z; in X. If X,Y are w-CPOs, then so is their
cartesian product X x Y under the componentwise order. For an w-chain

(ZE(), y0> < (1’1, yl) < (l’g, yg) < .- in X x Y we have that

sup; (z;, i) = (sup; @, sup; y;)-
A function f : X — Y between w-CPOs X and Y is called w-continuous if it
preserves suprema of w-chains: for every w-chain zp < z; < 2y < .-+ in X,

it holds that f(sup, ;) = sup, f(x;). It is easy to see that every w-continuous

function is monotone.

Definition 83. An w-continuous category with (binary) products is a pointed or-
dered category C with binary products whose homsets are w-CPOs and satisfies

additionally the equations:
(sup; fi); g = sup;(fi; g) forw-chain f; : X - Yandg:Y — Z (4.46)
f; (sup,; g;) = sup;(f;g;) for f : X - Y and w-chaing; : Y — Z (4.47)

The above equations say that composition is w-continuous in both arguments.
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Observation 84 (Pairing Is Continuous). Let C be an w-continuous category with

products. We claim that the pairing operation (-, -) is w-continuous in both ar-

guments:
(sup; fi, g) = sup;{f;, g) for w-chain f; : X - Yandg: X —» 7 (4.48)
(f,sup; g;) = sup,(f, g;) for f : X — Y and w-chain g, : X — Z (4.49)

We show how to derive Equation .48 using the axioms we stipulated for C:

(sup;(fi: 9)); m = sup;((fi 9); m) = sup; fi

(sup;(fi; 9)); w2 = sup;((fi; 9); m2) = sup; g = g
which imply the desired equation by the uniqueness axiom for pairing.
The proof for Equation [4.49|is analogous and we therefore omit it.

Example 85 (Category CPO). For w-CPOs X and Y, we denote by [X — Y] the
w-CPO of all w-continuous functions from X to Y ordered pointwise. We have
to verify that [X — Y] is closed under suprema of w-chains. The supremum of
an w-chain fy < fi < fo < -+ in [X — Y]issup, f; = Az € X. sup, f;(x) and it is

w-continuous:

(sup, f)(sup, ;) = sup,(fi(sup, ;) [definition of sup, /]
= sup, sup; fi(z;) levery f; is w-continuous]
= sup, sup; fi(z;) [interchange sups]
= sup; (sup; f;)(7;) [definition of sup; f;]

for a chain zg < x; < 29 < --- in X. The w-continuous functions on w-CPOs are
closed under well-typed composition and pairing and contain all identities and
projections. Moreover, composition is w-continuous in both arguments. Thus,
w-CPOs and w-continuous maps form an w-continuous category with binary

products denoted CPO.
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Definition 86 (Ideals and Closure). Let X be an w-CPO. A subset I C X is called
an ideal of X if it is nonempty, closed downwards, and closed under suprema of
w-chains. We define the operator cl3, : pX — pX as follows: cl%(A) is the small-
est ideal of X that contains A. For an element x € X we have that cl3.(z) = |z,
because |z is closed under suprema of w-chains. Immediately from the defini-
tion of cl%,, we obtain that it is a closure operator that respects the order. For a
subset A C X, define 5up(A) to be the set of suprema of all w-chains in A:
sup(A) £ {sup, 7; | w-chain (z;);-, in A}. (4.50)
Now, we define the operator 7 on X as 7(A4) = JAUsup(A) for A C X and the
sequence:
To(A) £ {Lx}UA Tat1(A) £ T(Ta(A)) T (A) £ Ua</\Ta(A) (4.51)
for a limit ordinal A. It holds that A C 7(A) and therefore the transfinite se-
quence (7,(A))acora is increasing: o < § implies 7,(A) C 73(A). Finally, we

have the equivalent definition

clx(4) = UscoraTa(4);
where Ord is the class of all ordinals.
Lemma 87 (Ideals Interact Well). Let C be an w-continuous category with prod-

ucts. The family cl? of closure operators cl%;,- on every homset C(X,Y) interacts

well with C (Definition [76).

Proof. We introduced the definition of the ideal closure operator cl” in Defini-

tion [86l We argue as in Lemma [77] that cI” respects the order, and also that

clP(f) = cl’(g) implies f = g.

Now, we have to show that cl’ interacts well with composition. Consider

arbitrary nonempty subsets /* C C(X,Y) and G C C(Y, Z). Since the sets F
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and G are nonempty, we can consider here a slightly simpler definition for the
sequence 7, than the one of Equation (4.51)), with the only difference being that

now 7y = A. We will establish the claim: for every ordinal «,

fem(F)Ng e 1,(G) = f;g€1.(F;G).
The proof is by transfinite induction. The base case is trivial: f € 7y(F") = F' and
g € 10(G) = G imply that f;¢g € F;G = 19(F; G). For the case of a successor
ordinal, we suppose that f € 7,41(F) = 7(7.(F)) and g € T,41(G) = 7(7(G)),

and we examine cases:

1. Case: f < f’ for some [’ € 7,(F) and g < ¢ for some ¢’ € 7,(G). From the
induction hypothesis we know that f’; ¢’ € 7,(F; G) and from monotonic-

ity of ; we get that f; g < f’; ¢'. It follows that

19 €1lra(F;G) C7(1a(F; Q) = Tar1 (F; G).

2. Case: f < f’ for some f' € 7,(F) and g = sup, ¢g; for an w-chain (g;); in
7o(G). The induction hypothesis says that every f’; g; is in 7, (F; G). Since
; is monotone, the sequence (f’; ¢;); is an w-chain in 7, (£; ). But C is an w-
continuous category (Definition [83), which implies that composition is w-
continuous in the right argument and hence sup; f'; ¢; = f';sup; g: = f'; g.
So, we conclude that f; g is in Sup(7,(F; G)) C 7as1(F; G).

3. Case: f = sup, f; for an w-chain (f;); in 7,(F) and g < ¢ for some ¢ €
7.(G). The proof is analogous to the one given in the previous case, where
now we use the fact that composition is w-continuous in the first argument.

4. Case: f = sup, f; for an w-chain (f;); in 7,(F) and ¢ = sup, g; for an
w-chain (g;); in 7,(G). Composition is w-continuous in both arguments,

which gives us that
f;9 = (sup; fi); (sup, g;) = sup,(fi;sup; g;) = sup; sup; fi; g; = sup; fi; gi-
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From the induction hypothesis we get that every f;; g; is in 7,(F; G), so
(fi; 9i)i is an w-chain in 7, (F; G). We thus obtain that f; g = sup; f;; g; is in
m(Ta<F; G)) - Ta—i-l(F; G)

From the claim we have just proved, we easily obtain the desired property: f €
c’(F) and g € cl’(G) imply that f;¢ € cl’(F;G). The hypotheses say that f €
T.(F) and g € 73(G) for some ordinals a and (. Take any ordinal v with a, 5 <
7. It follows that f € 7,(F) and ¢ € 7,(G) and by our claim we deduce that
f;9 €m(F;G) CclP(F;G).

We also have to prove that cl” interacts well with the pairing operation (-, -).
Since C is w-continuous, we know that pairing is monotone and w-continuous in

both arguments. The proof proceeds exactly as in the case of composition. [

Of central interest in the present work is the dagger T operation, which is
interpreted in the standard CPO model as follows: fT(y) is the least fixpoint of
the mapping f, : « — f(z,y) for a CPO-function of type f : X x Y — X. More
abstractly, we consider below in Definition |88 an axiomatically-defined class of
ordered categories with a dagger operation that satisfies some typical properties

of least fixpoints.

Definition 88 (Category With Parametric Least Fixpoints). Let C be a pointed
ordered category with products (Definition [70). We say that C has parametric

least fixpoints if it has additionally a dagger operation T with the typing rule

f:XxY =X
iy - X
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that satisfies the following three universal Horn axioms [34]:
(fllidy);f< fiforf: X xY = X (4.52)
(giidy);f<g = fi<gforf:XxY = Xandg:Y — X (4.53)
g fi<lidxy xg);f]iforg: Z -Yand f: X xY = X (4.54)

The three axioms for ' are called pre-fixpoint inequality, least pre-fixpoint implica-

tion or Park induction rule, and parameter inequality respectively.

In the observation below, we see that every w-continuous category with bi-
nary products has parametric least fixpoints. In particular, the category CPO
of w-CPOs and w-continuous functions (see Example has parametric least
tixpoints. As expected, because of w-continuity least fixpoints can be defined in

terms of suprema of countable chains.

Observation 89 (Least Fixpoints As Suprema of Countable Chains). Let C be an
arbitrary w-continuous category with products. We define the parametric least
fixpoint operation T as follows:

fT = SUDp >0 Un Vo = Lyx Un+1 £ <Um idY>§ / (4.55)
for an arrow f : X xY — X. A straightforward inductive argument establishes
that the sequence v, is increasing. We show that the ' operation satisfies the
pre-fixpoint inequality:

(fYidy); f = (sup,, va, idy); f = (sup,, (vy, idy)); f
= sup,, (U, idy); f = sup,, vn41 < f.
For the least pre-fixpoint implication, assume that (g, idy); f < g. We claim that

v, < g for every n > 0. The base case Ly x < g is trivial. For the induction step
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we have:
Upy1 = (Up,idy); f [definition of v]
<(g,idy); f [induction hypothesis, monotonicity of ; and (-, -)]
<g. [assumption]

So, g is an upper bound of the sequence (v,),, and therefore fT = sup, v, < g.

Finally, for the parameter inequality we have the definition:

[(idx x g); fIT =sup, v, vy = Lzx Uy = (U, idz); (idx x g); f = (v),,9); f
We claim that g; v,, = v], for every n > 0. Indeed, g; vy = ¢; Lyx = Lzx = v, for

the base case, and for induction step we have:

G Unt1 = G; (Un,idy )s [ = (g v, 9); f = (Ul 9); [ = Ul

So, we conclude that g; fT = g; (sup,, v,,) = sup,, g; v, = sup,, v, = [(idx x g); f]'.

The embedding theorem that follows (Theorem [90) is a variation of the pre-

vious Theorem [81| that is specifically about the subclass of w-continuous cate-
gories. We use here the more elaborate construction of ideals (instead of lower-
sets) so that the induced nondeterministic category satisfies an additional prop-
erty for the preservation of determinism. This will turn out to be crucial for
the central result of this chapter, which is the (proof-theoretic) conservative ex-
tension of the theory of T in the standard CPO model. Theorem (90| also in-
troduces the definition of dagger in terms of star in nondeterministic models
(Equation [4.57).
Theorem 90 (Second Embedding Theorem). Let C be an w-continuous category
with products (Definition [83), and consider the family cl%, of ideal-closure op-
erators for every homset C(X,Y’) described in Definition[86] The universal Horn
implication

D) ADW) A <3 = D30 ) forgp:Y ~Yandy: X ~Y (4.56)
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is true in the nondeterministic category C; (recall Def.[78). Moreover, the map
P felC(X,Y)— iy (f) €Cp(X,Y)

preserves the operation of parametric least fixpoints, which is defined in C 5 as

oT & (Lyx,ny); (¢, @2)*; w1 for ¢ € Cp(X x Y, X). (4.57)

In fact, the mapping cl’ is an order-preserving injective homomorphism (em-

bedding) whose image is the deterministic subcategory of C_.

Proof. First, let us observe that the category C and the family cl? of closure op-
erations satisfy the conditions of Theorem So, the category C_5 (see Defi-
nition is a nondeterministic category with products and joins. Moreover,
we already know that cl” is order-preserving and commutes with all operations

except for dagger, which we have to consider here.

To establish the truth of Axiom (4.56) in C_,5, we consider arbitrary mor-

phisms f € C(Y,Y) and g € C(X,Y’), and we make the assumption that

cP(g) € cP(g);cl(f) = cP(g; f).
We want to show that the following element of the category C_; is deterministic:
cl?(9); P (f)* =cP(9); X soc(f)"  [definition of * in Cy;]
=m0 (9);c(f)"  [Theorem 81} Axiom (4.35)]
= >0 (g; f) [Theorem[81] cI” homomorphism]
= P (Upzocl (g5 ) [definition of 3 in C ]
=cP({g; " |n>0}) [Equation (4.45)]
From our hypothesis c’(g) = }g C (g; f) = cP’(g; /) we deduce that g < g; f. It

follows that the sequence (g; f"),>0 is an w-chain in C(X,Y"). So, we have that

Clj(9)§cp(f)* =’ ({g; f" In>0}) = (sup,>o g5 f7) = Clj(supnzo 9 "),
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which proves the desired conclusion that cl’(g); cl?(f)* is deterministic.

For the second part of the theorem, we only need to prove that the map
cl’ commutes with the parametric least fixpoints operation given the results of
Theorem 81} Consider an arbitrary element f : X x Y — X of C and recall the
definitions

fT=sup,5ovn v = Lyx
cP(H)F = (Lyx,m ) (P (f), @2) ™51 Unt1 = (Un,idy); f

We want to show that cl?(f1) = cI?(f)T. For this, we first establish the claim that

(Lyx,ny); (P (f), @2)" = (P (vn), nv)

for every n > 0. For the base case n = 0, we simply observe that:

(Lyx,my); (P (f), @2)° = (Lyx,nv)snxxy = (Lyx,nyv)

(cl(vo), my) = (P (Lyx),mv) = {(Lyx,nv)

For the induction step, we make use of the induction hypothesis and several

axioms from Definition
(Lyx,ny); (P (f), o)™ = [definition of f"!]

(Lyx,ny); {cP(f), )" {clP(f),m2) = [induction hypothesis]

(P (vn), nv); (P (f), w2) = [Equation #.40|in Claim [80]
((cP(vn), v ); P (f),my) = [Theorem 81} cI” homomorphism]
(cP ({vn,idy); f),ny) = [definition of v,, ]

(P (Vni1),mv)-

Finally, we use the claim we have just proved and properties of nondeterminis-
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tic categories:
clj(f)T = (ULyx,ny); (cP(f), w2>>*; ™ [definition of T in Col

= (Lyx,ny); (an()((clj(f), @y)") ;1 [definition of * in C 5]

= > solLyx,my); (P (f), @2)"s @1 [distributivity]

= ol (va), ny); [previous claim]
=250 (vn) [projection]

= P (U0 (vn)) [definition of 3~ in C_s]
= clP({v, [ n > 0}), [Equation (&.45)]

which is equal to | sup,,>o v, = LfT = cl’(f7). So, clI” commutes with the dagger

operation. O

Observation 91 (Parametric Least Fixpoints and Determinism). Let C be a non-
deterministic category with products and joins that satisfies additionally the

universal Horn implication
D(@Q)ADW) A <ap3¢p = D(h;0™)for¢g:Y ~Yand e : X ~ Y.

An immediate consequence is that parametric least fixpoints preserve determinism,
that is,

D(¢) = D(pN)forp: X xY ~ X

is derivable, where T is defined from * as in Equation (#.57).

Proof. We assume that ¢ is deterministic. Since w, is deterministic and ; pre-

serves determinism, it suffices to show that the arrow ( Ly x,ny); (¢, w@2)™ is
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deterministic. By virtue of the extra axiom we have stipulated, we need to show:

(Lyx,ny); (o, @2) = ((Lyx,nv); ¢, (LLyx, ny); @)
= ((Lyx,nv); o,mv)
> (Lyx,ny).

The first equality above is justified by the fact that (_Ly x,7y) is deterministic.
O

The results of this section have brought us a lot closer to our final goal of
showing that we can reason about fixpoints using properties of nondetermin-
ism and star. We have shown that for all w-continuous categories with products
there is an ideal-closure construction that enriches the categories with nondeter-
ministic structure. This construction is a conservative extension that allows us

to define parametric fixpoints using star.

4.4 Typed Kleene Algebra With Products

In this section we propose the central axiomatization of typed Kleene algebras
with products. It is a finitary system consisting of Horn implications that in-
volve the equality predicate as well as a deterministic subtype unary predicate
that distinguishes the deterministic elements. This axiomatization intends to
capture several key properties of nondeterministic categories (recall the infini-
tary axiomatization of Definition [79) in a weaker system. For this we include the
crucial axioms for * of Kleene algebras [69,[70], as well several additional axioms
for the interaction between products and nondeterminism. Our main result here

is that these Kleene algebras with products possess sufficient structure to define
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product (X,Y)— X xY left projection " X XYV~ X
identity idy : X~ X right projection 75" : X XY ~ Y
bottom lxy : X ~Y

f:X~Y g:Y ~ 7

composition
p fig: X~ 27
airin f:X~Y g: X ~Z
P 8 (fig) : X ~Y xZ
. . / !
product f:X~Y g: X' ~Y

fxgE{m;fimg) : X x X ~Y xY'
f:X~Y g: X ~Y
f+g: X ~Y
XX
f i X~ X
f: X XY ~X
f12 (Lyx,idy); (f,mo)*m Y o~ X

nondeterministic choice

nondeterministic iteration

dagger

Figure 4.3: Constants and operations for typed Kleene algebras with products.

a parametric least fixpoints operator ' from * that satisfies the desired properties
of Definition |88, We stress that the defined ' operator extends to all elements of

the appropriate type, not just the deterministic ones.

Definition 92 (KA With Products). A typed Kleene algebra K with (binary) products
is a typed algebraic structure with the operations of Figure 4.3/ and a unary de-
terminism predicate D on every homset such that K is a model of the following

universal Horn axioms:

D(idx) D(m) D(my") D(Lxy) (4.58)
D(f)ND(g) = D(f;g)forf: X ~Yandg:Y ~ Z (4.59)
D(f)yAND(g) = D((f,g))for f: X ~Yandg: X ~ Z (4.60)

(f;9);h=fi(g;h)for f: X ~Y,g: Y~ Zandh:Z~W (4.61)

dx;f=fforf: X ~Y (4.62)
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fiidy = ffor f: X ~~Y
(f,g);m=fforf: X ~Yandg: X ~ 7
(f,g);ma=gforf: X ~Yandg: X ~ Z
(h;m,h;me) > hforh: X ~Y x Z
D(h) = (h;m,h;mg) =hforh: X ~Y x Z

D(f) = fi{91,92) = (s 91, f; 92)
forf: X ~Yandg:Y ~ Z

(f1, f2): (g1 X g2) = (f1;:91, f2; g2) for f; : X ~~ Yiand g; 1 Y; ~ Z;
(f,g);(mo,m)={g,f)for f: X ~Yandg: X ~ Z
(fima); (g, m2) = ((f,m2); 9, ma) for f,g: X x ¥V~ X

Ixy <fforf: X ~Y
[ilyz=1xzforf: X ~Y
(Lxy,Llxz) = Lxyxz
(f+g9)+h=f+(g+h)for fgh: X ~Y
f+g=g+fforfg: X ~Y
f+f=fforf: X ~Y
(fi+ fa);g=fi;9+ fasgfor fi: X ~»Yandg:Y ~ Z
filgm+g)=fig+ figafor f: X ~Yandg : Y ~ Z
(fi+f29)=(f1,9) +({fo,g)for fi: X ~Yandg: X ~ 7
(frg1+92) =(frq1) +(fg2) for f: X ~Yand g;: X ~ Z
idx + f; f* < fffor f: X ~ X
idx + f* f < fffor f: X~ X
fig<g = ffg<gforf: X~ Xandg: X ~Y

gf<g = g ff<gforg: X ~Yandf:Y ~Y
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(fyma)™ = ((f,ma) 50, (f,m2) ™ ma) for 2 X XY ~» X (4.86)
where the partial order < is induced by + as follows: f < giff f + g = g. We
also consider a dagger operation that is defined from * as follows:

P& (Lyx,idy); (f,m) mfor f: X XY ~ X. (4.87)

We remark for Equation that it is some kind of extension of the pairing-

uniqueness axiom to nondeterministic elements of a special form.

The theorem that follows says that our axiomatization of Kleene algebras
with products is strong enough to entail the desired properties of the defined
T operation. The standard four axioms for * as well as Equation for the

interaction between * and products play a crucial role in the proof.

Theorem 93 (Parametric Least Fixpoints in KA). Let K be a typed KA with prod-
ucts. The defined dagger operation ' of Equation satisfies the axioms of
parametric least fixpoints (recall Definition [88):
(flidy)i f < flfor f: X x Y~ X
(giidy); f<g = fi<gforf:XxY ~Xandg:Y ~ X

g fT<[(idx x g); f]iforg: Z~Yand f: X x Y ~» X

Proof. Throughout the proof we write f to range over an arbitrary element of

type X x Y ~ X.

First, we will show the equation (f,m)™;m = m. Since idxxy < (f,m2)*
and ; is monotone, we obtain that my < (f, m)™;m. It remains to see that
(f,m)™;ma < my, which is implied by (f, m);m < m. The last inequality is

true because m < .
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Now, we are ready to prove the first property (f7,idy); f < f1 for the dagger

operation. Using the claim of the two previous paragraph we see that:

1= (Lyx,idy); (f, m)*;m [definition of ]
= (Lyx,idy); (14 (f, m)™; (f, m2)); ™1 [unfold *]
= (Lyx,idy); (71 + (f, m)*; f) [right distributivity]
= Lyx + (Lyx,idy); (f, m)™; f [left distributivity]
= (Lyx,idy); (f,m)*; f [Axiom (4.72)]
(ffidy) = ((Lyx,idy); (f, m)™; 71, idy) [definition of ']

= ((Lyx,idy); (f, m)*;m, (Lyx,idy);m)  [projection]

= (Lyx, idy); ((f, ma)™; 71, 7m2) [Axiom (4.68)]
= (Lyx,idy); ({f, m)*; w1, (f, m) ™ ) [previous claim]
= (Lyx,idy); (f,m)* [Axiom (£.86)]

and therefore (fT,idy); f = (Lyx,idy); (f,m2)™; f = f1. For the least pre-fixpoint
implication we suppose that (g, idy); f < g where g : Y ~» X. We claim that:

(Lyx.idy); (f,m)" < (g,idy) <=

(Lyx,idy) < (g,idy) and (g, idy); (f, ™) < (g, idy) <2

(g.idy); {f,m2) < ((g,idy); [, (g, idy); m2) = ({g,idy); [, idy) < (g,idy),
which holds because of our assumption that (g, idy); f < ¢. Finally, we consider

an arbitrary element g : Z ~~ Y. To show the inequality ¢; fT < [(idx x g); f]" is

suffices to establish

g3 (Lyx,idy); (f, ma)* < [Axiom (4.66)]
(g5 Lyx, gsidy); (f, m)™ = [Axiom (4.73)]
(Lzx,g); (f,m)* < [to show]

(Lzx,idz); {(idx x g); f,m2)™; (idx % g),
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which is 1mp11ed by <J_Z)(,g> < <J—ZX7 Idz>7 (IdX X g) = <J—ZX79> and

(Lzx,idz); ((idx x g); f,m)™; (idx x g); (f, m2) < [Axiom (4.66)]
(Lzx,idz); ((idx x g); f,m2)™; ((idx x g); f, (idx x g);m) = [projection]
(Lzx,idz); ((idy x g); f,ma)™; ((idx x g); f,m2;9) = [Axiom (4.69)]

(Lzx,idz); ((idx x g); f,m2)™; ((idx x g); f,ma); (idx x g) < [2%;2 < 2]
(Lzx,idz); ((idx x g); f,m)™; (idx x g).
We have thus established all three properties of parametric least fixpoints for

arbitrary nondeterministic elements of type X x Y ~» X using only the axioms

of typed KA with products. O

4.5 The Theory of Parametric Fixpoints

We have already developed in the previous sections all the technical machinery
we need to establish proof-theoretic conservativity results for the equational the-
ory of T (denoted IT7), as well as for the theory of valid inequalities for T (denoted
IT=). These results essentially say that can reason about parametric fixpoints us-
ing the language of regular expressions with products and an appropriate typed
variant of KA. So, the * operation of Kleene algebra, which can be characterized
in terms of least fixpoints, should not be considered as being merely a special
case of fixpoints. Our results show that * is versatile enough to allow the faithful

encoding of general parametric fixpoints.

First, consider the typed algebraic language of categories with binary prod-
ucts and parametric least fixpoints. We fix a set €2 of base types. We write A, B, . ..

to range over these base types. The set Types(€2) of all types over (2 is given by
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the following grammar:
X,Y n=Dbasetype Ac Q| X xY.

We use letters X, Y, Z, ... to range over arbitrary types. A typed term is an expres-
sion of the form f : X — Y, where f is a term and X, Y are types in Types(2).
We also say that X — Y is the type of f. The constant symbols and constructors
for typed terms are the following;:

dy : X 2 X 77 XxY =X w7 XxY=Y Llxy: X—=Y

f:X—=Y g:Y —>Z f: X—=>Y g: X =7 f: X xY =X
fi9: X —>Z (f,g): X =Y xZ iy = X

As usual, we assume that we have a countable supply of variables of each type.

For the typed language of KA with products, we write f : X ~ Y for an
arbitrary typed term. The constants and constructors for typed KA terms are as

in the previous paragraph, except that the rule for ' is replaced by the rules

f: X~Y g: X ~Y f:X~X
f+g: X~Y f* i X~ X

for nondeterministic choice + and nondeterministic iteration *.

Definition 94 (Translation). We define the translation [-] from the language of
categories with ' to the language of KA with products. All variables and con-
stants remain the same. For example, [u : X — Y] =u : X ~» Y for a variable,
and [m; : X XY — X] =m : X xY ~» X for the left projection constant. The

dagger is translated as

1] = (Lyx,idy); ([f], m2)™; w1

The translation function |-] commutes with the rest of the operation symbols.

For the rest of this section, we will use the term extended KA (with products) to

refer to the axiomatization that extends the one for Kleene algebras with prod-
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ucts (Definition 92) with
D(fYAND(g)ANg<g:f = D(g;f*)forf:Y ~Yandg: X ~Y. (4.88)

The above implication is an additional property about the preservation of de-
terminism. We will write KA™ to denote the equations that are provable in ex-
tended KA. Moreover, we write IT~ for the equations f = g that are valid in

CPO, and IT= for the valid inequalities f < g.

Theorem 95 (KA* Conservatively Extends IT=<). For an inequality f < g in the
language of categories with T, we have that CPO | f < giff [f] < [g] is a

theorem of KA*.

Proof. First, we observe that for every term f in the language of ITS, we can
show in extended KA that D([f]), which says that [f] is deterministic. This
is because all the constants id, m;, m, and L are deterministic, the operations
; and (-, ) preserve determinism, and the additional axiom implies that T also

preserves determinism (see Observation 91)).

For the completeness part of the theorem, we assume that CPO = f <
g and we show that [f] < [g] is in KA™. By previous results of Esik in [34],
we know that the axiomatization of categories with parametric least fixpoints
(Definition[88)) is complete for the theory of CPO. Since the translations of typed
terms are all provably deterministic, it suffices to observe that all (translations
of) the axioms of Definition|70|and [88|are provable in extended KA. Most of the
work for this has been already done in Theorem 93]

For the soundness part, suppose that [f] < [¢] is provable in extended KA.
Since CPO is an w-continuous category (Definition [83), the category CPO;

that arises from the ideal-closure construction satisfies all axioms of extended
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KA by virtue of Theorem It follows that CPO_; = [f] < [g]. But both
[f] and [g] denote deterministic elements of CPO 3, and we also know from
Theorem [90| that the deterministic part of CPO_; is isomorphic to CPO. We
thus conclude that CPO | f < g. O

Corollary 96 (KA* Conservatively Extends IT™). For an equation f = g in the
language of categories with T, we have that CPO = f = g iff [f] = [¢g] is a

theorem of KA*.

Proof. This is an immediate consequence of Theorem 95 O

We have presented above two syntactic conservativity results, which were ob-
tained by considering the categories satisfying the so called “Park axiomatiza-
tion” of Definition Even though our model-theoretic constructions do not
apply to all models of IT~ (the categories that are called iteration theories by
Bloom and Esik) or IT< (the ordered iteration theories), we have shown that our
typed variant of KA captures faithfully the basic syntactic theories of parametric

tixpoints.

4.6 Related Work

There is a long line of work, primarily by Bloom and Esik, under the name
of “iteration theories” or the “(in)equational theory of iteration” (see e.g.
[17, 19| 20, 34, 120] and references therein), which is intimately related to the
work on Kleene algebra [31} 168,169, 70} 72,62} 81, 74] in general and the present
work in particular. The axioms of iteration theories capture the equational prop-

erties of fixpoints in several classes of structures relevant to computer science.
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For example, they capture the equational theory of w-continuous functions be-
tween w-CPOs, where the algebraic signature includes symbols for composition,
pairing, and parametric fixpoints. Several different infinite equational axioma-
tizations have been considered in the literature, all of which require substan-
tial effort to parse and understand. By allowing quasi-equations, much sim-
pler (finite) axiomatizations can be found. Many examples of iteration theo-
ries involve functions on posets, so it is a natural question to look for complete
axiomatizations of the valid inequalities over classes of structures that are of
interest, e.g., structures of w-continuous functions over w-CPOs. One such uni-
versal Horn axiomatization is given in [34]. This axiomatization includes two
inequalities and one implication for the T operation, which are both intuitive
and easy to memorize. We note that in the work on iteration theories, the issue
of how (non)determinism interacts with (non-strict) pairs, which is central in

the present work, is handled in a way that excludes many natural models.

Of particular relevance to the relationship between iteration theories and
Kleene algebra are the works on the so-called matrix iteration theories [18}[17] 20].
They are cartesian categories in which the homsets are commutative monoids
with respect to an operation +, which distributes over composition. This also
induces cocartesian structure and allows an easy translation between the dag-
ger (parametric fixpoint) operation and Kleene star. However, this translation is
not sound for the classes of structures we consider. In particular, the + symbol
cannot be generally understood as nondeterministic choice when (-, -) is inter-
preted as pairing: the axioms imply the property (a, L) + (L, b) = (a,b), which
is not meaningful for nondeterministic computation with pairs. A program that
nondeterministically returns either a pair (a, L) (right component diverging) or

a pair (_L,b) (left component diverging) is not equal to the program that returns
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the pair (a, b) (both components non-diverging). The translation of the dagger
operation in the language of KA that we give here is crucially different, and
is in fact sound for the class of matrix iteration theories as well. The star-to-
dagger translation of [18] can be recovered as a simple degenerate case in our

framework where all arrows are deterministic.

The work of Plotkin and Power on algebraic operations (see e.g. [105] for an
overview) provides a uniform semantics of computational effects by consider-
ing primitive operations of type fx : (PX)" — PX, where P is a monad, that
are the source of effects. Their framework can be instantiated with a monad for
nondeterminism, but their investigations are very general and they do not offer

any technical machinery that can be of help here.

There is a somewhat tenuous connection with the work by Goncharov [43],
who also studies some kind of interaction between nondeterminism and pairs in
an algebraic/categorical setting. He defines additive (strong) monads and Kleene
monads axiomatically. Calculi for an extended metalanguage of effects are de-
fined and completeness/incompleteness results are obtained. Our notions of
nondeterministic categories and typed KAs with products are different from that of
a Kleene monad in that we consider non-strict programs that form lazy pairs.
The absence of the strictness axiom 1 ; f = | from our axiomatization and the
use of lazy pairs are essential for our encoding of fixpoints. In particular, the
axioms stipulated in [43] would force all the parametric fixpoints to be equal to

1, because in that system
<J—7 Id)’ <f7 7T2>*; ™ = J_, <f7 7T2>*; m =L

So, the models we are investigating in the present work are crucially different

from the models considered in [43], in which parametric fixpoints trivialize.
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The work on Hoare powerdomains [1) [104], which give models of angelic
nondeterministic computations, is related. The (lower) Hoare powerdomain of
a domain is formed by taking all the ideals of the domain, where by ideal we
mean here the nonempty Scott-closed (down-closed and closed under suprema
of directed subsets) subsets of the domain. In the present work, we identify
models of the axiomatically defined nondeterministic categories which are some-
what similar to (and much simpler than) the construction of Hoare powerdo-
mains over w-CPOs. We first identify a simple model that arises from lowerset-
closure operators on the category of posets with bottom elements. Then, we also
prove that the ideal-closure operators on the category of w-CPOs give rise to a

model.

Our work here builds directly upon the existing work on Kleene algebra
[31) 68, 69, [70, [72]. The crucial axioms for the iteration operation * are taken
from [69, [70]. The system of KA we present is a typed Kleene algebra in the
sense of [74] extended with products that satisty weaker axioms than those of

categorical products.

4.7 Conclusion

In this chapter we have reconciled the notions of iteration captured by the star
operation * of KA and the dagger operation ' of IT. We have presented and
investigated a system of typed KA with products, in which the notion of a de-
terministic program turns out to be of importance. We work in the framework
of categories with products combined with extra structure to treat (angelic) non-

determinism. We have identified two concrete models that arise from lowerset-
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closure operators on pointed posets and ideal-closure operators on w-CPOs. The
main technical result of our paper is a translation of ' in terms of * that gives
an embedding of the (in)equational theory of ' in a typed variant of KA with
products. Informally, this says that we can reason about the basic equational
properties of fixpoints using the language of regular expressions and the ax-

ioms of Kleene algebra.

This work has been a first step in presenting a higher-order system of typed
Kleene algebra. We would like to investigate what properties of recursion can
be captured in such a higher-order system and how this would relate to the

investigations of [19].

132



CHAPTER 5
CONCLUSION

The general theme of this dissertation has been the study of variations and
extensions of KA and KAT that are useful for the verification of computer pro-
grams. KA and KAT enable equational reasoning for programs, which sub-
sumes other approaches in program verification based on Hoare logic. One of
the features that makes these systems so versatile and useful for verification is
that they can accommodate in a straightforward way extra assumptions, thus

capturing crucial properties of the domain of computation.

We believe that the previous successes of KA and KAT and the results pre-
sented here provide sufficient evidence to support the claim that formal systems
based on KAT can play an increasingly important role in the field of program
verification. A notable example towards this direction has been NetKAT [6],
a KAT-based system that enables equational reasoning for software-define net-
works (SDNs). There are many open questions and opportunities for future
research regarding how to accommodate parallelism and concurrency in KA
[54], how to reason about probabilistic programs equationally [63, 164, 66, 67],

and how to cover many more features of computation.

The connection between language models of (variants of) KA that charac-
terize the equational theory and automata-theoretic models has been explored
in a generalized setting using the framework of coalgebra [116, 117, 119]. Such
operational characterizations in terms of machine models give rise to decision
procedures based on the notion of bisimulation. We believe that these tech-
niques will continue to inspire practical decision procedures for variations of

KA.
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