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Particle-laden turbulent shear flows are ubiquitous in environmental and indus-

trial flow-systems, and their analysis is thus of prime importance. In this work,

we study the motion of a dilute suspension of particles in a non-stationary ho-

mogeneous turbulent shear flow (HTSF), subject to varying levels of imposed

mean-shear, gravity, and inertia. We use direct numerical simulations (DNS) of

the fluid velocity field (coupled with Lagrangian particle tracking), to assess the

influence of flow-anisotropy and gravity on the motion of the particles.

We first discuss numerical challenges encountered while performing DNS

of HTSF at higher Reynolds numbers. The presence of sharp velocity gradi-

ents in the HTSF flow field is found to cause premature loss of resolution at

the small scales, leading to shortened simulation-times. To counter this, the ex-

isting pseudo-spectral DNS setup is augmented with a Weighted Essentially

Non-Oscillatory (WENO) scheme, enabling numerically-stable HTSF simula-

tions at higher Reynolds numbers. We then consider the motion of individual

particles as they interact with the anisotropic topology of the turbulence. In

contrast to isotropic turbulence, particles are found to collect within vortex lay-

ers, regions where strong vorticity and strain are coupled with low streamline

curvature. Shear-induced anisotropy in the turbulence also leads to reduced

gravitational settling speeds for intermediate-inertia particles, though stronger

gravity overcomes this effect. Particle velocity variances are found to be highly



anisotropic at stronger shear, while gravity now tends to diminish this effect

by limiting the interaction-time between particles and turbulence. Shear and

gravity acting together cause particle acceleration variances to exceed those of

the underlying fluid, corroborating findings from past turbulent boundary layer

experiments. Analytical expressions are derived for the mean velocities and ac-

celerations of the particles, and are in agreement with the DNS results. Finally,

we analyze the relative velocities and clustering characteristics of particle pairs,

and find that stronger shear and gravity suppress path-history effects for parti-

cles with stronger inertia. Shear-induced anisotropy in pair-statistics is affected

by both inertia and gravity, with stronger gravity seen to oppose the action of

shear. Changes in the relative-velocity anisotropy are correlated to the trends

shown by single-particle velocity variances. Particle collision rates increase with

stronger shear, and are found to scale in proportion to the underlying turbulence

timescales.
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CHAPTER 1

INTRODUCTION

1.1 Inertial particles in turbulent shear flows

In this dissertation, we will present a computational study of the motion of in-

ertial particles in a homogeneous turbulent shear flow. The transport and mix-

ing characteristics of such particles are dependent on their interactions with the

wide range of scales that characterize turbulence at high Reynolds numbers.

Turbulent shear flows are inherently anisotropic in nature, and it is reasonable

to expect that this anisotropy imprints itself on particle behavior too. Particles

that are denser than the surrounding fluid can behave in a manner that dif-

fers substantially from inertia-less fluid tracers, and are affected by non-local

path-history interactions. The study of such issues is of great relevance for a

range of environmental and industrial processes, for example, the transport of

aerosols in atmospheric plumes, sedimentation of particles in rivers and chan-

nels, droplet growth in clouds, dispersion of droplets in engine sprays, aerosol

drug delivery devices, etc.

While the study of particle dynamics in homogeneous isotropic turbulence

has advanced greatly in recent years, progress in the analysis of turbulent shear

flows has been slower, primarily due to challenges associated with the numer-

ical methodologies. In addition to the anisotropy of the flow scales, turbulent

shear flows can also be non-stationary in nature; both these factors are indi-

rectly responsible for the relatively low Reynolds numbers currently attainable

in computations studies. Furthermore, the presence of shear induces major

changes in the topology of the turbulent scales, and the dynamic interaction

1



of particles with such structures can be expected to play an important role in

clustering, collision, and agglomeration processes at the small scales.

In the course of the present study, we will address these issues by exploring

particle behavior in a homogeneous turbulent shear flow (HTSF). Such flows

have been widely studied, and provide an ideal environment for analyzing the

effects of flow-anisotropy on particles. The presence of shear leads to substan-

tial changes in the dynamics of the smaller scales of turbulence, which have an

effect on the particle processes prevalent at such scales (clustering and collision).

In view of this, it is important to use a computational methodology that ensures

adequate spatial and temporal resolution at the small and intermediate scales

of flow. We will therefore use direct numerical simulation (DNS) to obtain a

well-resolved flow field, down to the smallest scales of turbulence. It will how-

ever become apparent, that conventional resolution criteria cannot account for

the thin, highly-strained flow structures that form in HTSF at higher Reynolds

numbers. We will then be forced to augment the standard DNS methodology

with a Weighted Essentially Non-Oscillatory (WENO) scheme that can resolve

sharp gradients in the flow, while also maintaining adequate numerical stability.

This modification will allow long-time simulations to be performed, ensuring

we the flow attains an asymptotic state at high Reynolds numbers.

Considering the disperse phase next, it would be ideal if the particle phase

could be resolved completely, though the computational cost involved would

make this approach impractical. Alternately, the Lagrangian point-particle ap-

proach can be used, where the particles are considered to be infinitesimal points

in the flow, which nevertheless retain their inertia. The dilute nature of the sus-

pension implies one-way coupling between the particles and the flow, with the
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flow being unaffected by the presence of the particles. Even with these simplifi-

cations, the computational expenses entailed for simulations at higher Reynolds

numbers are considerable, and will be offset by the use of large-scale parallel

processing techniques.

1.2 Organization of the dissertation

In §2 of the dissertation, we discuss the numerical challenges associated with

DNS of HTSF at higher Reynolds numbers, and suggest a preliminary remedy

(spectral filtering) that enables stable long-time simulations of the flow field.

An improved hybrid pseudospectral-WENO scheme is then implemented (de-

tails in Appendix B), ensuring better numerical resolution of both the small and

the large scales of flow. This new scheme is then used in §3 and §4 to study

the motion of inertial particles in non-stationary homogeneous turbulent shear

flow, both with and without gravity acting normal to the mean shear. In §3

we focus on the spatial distribution of individual particles and particle-pairs

in the flow, analyzing the effects of mean-shear and gravity on isotropic and

anisotropic measures of particle distribution. Finally, in §4 we study the veloc-

ity and acceleration statistics of individual particles, and the relative velocities

of particle-pairs. These pair-statistics are then used for computing the collision

rates of the particles, and studying their anisotropy.
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CHAPTER 2

SIMULATION OF HOMOGENEOUS TURBULENT SHEAR FLOW AT

HIGHER REYNOLDS NUMBERS: NUMERICAL CHALLENGES AND A

REMEDY†

2.1 Abstract

In a recent study, Isaza and Collins [J. Fluid Mech., 637, 213–239, 2009] found the

asymptotic state of homogeneous turbulent shear flow (HTSF) to be sensitively

dependent on the initial shear parameter (S∗ ≡ Sq2/ǫ), and yet be almost inde-

pendent of the initial Reynolds number (Rλ ≡ qλ/ν). The stringent resolution cri-

teria they employed, however, restricted their studies to relatively low Reynolds

numbers. In the current paper, we present higher-resolution direct numerical

simulations (DNS) of HTSF over a wider range of Reynolds numbers, aided

in part by an improved parallelization scheme that utilizes two-dimensional

domain-decomposition. We maximize the time-window for our simulations

by determining appropriate settings for the initial energy spectrum, viscosity,

and domain configuration, thereby ensuring that we attain the highest possi-

ble asymptotic Reynolds number at the chosen grid resolution. In the course

of our study, we find that the pseudo-spectral method suffers from Gibbs os-

cillations while resolving the thin vortical structures that tend to form in HTSF.

The nonlinear growth of these oscillations leads to spurious energy buildup in

the high-wave number region of the spectrum, and contaminates the flow field.

Consequently, the growth of the integral length scale is found to be numerically

†P. S. Sukheswalla, T. Vaithianathan, L. R. Collins. Simulation of homogeneous turbulent
shear flow at higher Reynolds numbers: numerical challenges and a remedy. Journal of Turbu-
lence, 14:60–97, 2013.
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stunted, well before the intended final Reynolds number is attained. The issue

is rectified by the application of exponential-type spectral filters, which stabi-

lize the simulations and extend the run time-window, permitting attainment of

larger asymptotic Reynolds numbers. Various large-scale flow statistics are then

studied, and their dependence on the initial value of the shear parameter and

Reynolds number corroborates the findings of Isaza and Collins.

2.2 Introduction

The fact that homogeneous turbulent shear flows (HTSF) possess several key

flow-features similar to more complicated wall-bounded flows has fueled con-

siderable interest in terms of analytical [119, 24, 42, 114], experimental [18, 41,

116, 117, 118, 25, 30, 97, 29, 51, 120], and numerical [81, 83, 82, 1, 61, 13, 73, 56,

57, 78, 53, 52, 98, 94, 72, 93, 127, 14, 16, 48, 49] studies; however, several funda-

mental questions regarding the asymptotic state of the flow at high Reynolds

numbers remain unresolved [48, 49]. The analysis of HTSF — usually consid-

ered the next step up from homogeneous isotropic turbulence — has proven to

be deceptively complicated.

For an imposed uniform mean shear rate S (see Figure 4.1), HTSF is charac-

terized by two parameters [81, 53, 95], the Taylor mircoscale Reynolds number

Rλ ≡ qλ/ν, and the non-dimensional shear parameter S∗ ≡ Sq2/ǫ, where λ is the

Taylor microscale, q2 ≡ ⟨uiui⟩ is twice the turbulent kinetic energy, ν is the kine-

matic viscosity of the fluid, and ǫ is the dissipation rate. The non-dimensional

time of evolution of the flow is represented by St.

Experimental [116] and semi-empirical studies [114, 76] indicate that q2
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Figure 2.1: Schematic representation of homogeneous turbulent shear flow, with
U as the mean velocity, S the imposed uniform mean shear, and (L1,L2,L3)
representing the domain dimensions.

grows exponentially at long times, a fact supported by most numerical stud-

ies, especially at high-enough shear rates. It has been suggested [81] that the

tendency of the imposed shear to produce anisotropy opposes the natural ten-

dency of turbulence to become isotropic, leading to a structural equilibrium,

and thus to the self-similar evolution of HTSF. If turbulence were single-scaled,

this would imply [114] the universality of flow characteristics, independent of the

initial conditions Rλ0(≡ Rλ(0)) and S∗
0
(≡ S∗(0)). However, the presence of a

spectrum of length and time scales complicates matters considerably, not the

least of which being the non-linear interaction of the imposed mean shear with

the fluctuating vorticity and strain-rate.

Accurate determination of the degree of dependence of the asymptotic state

of HTSF on either or both S∗
0

and Rλ0, is therefore an important issue, and has

been the subject of considerable speculation, with many conflicting predictions.

Figure 2.2, adapted from Isaza and Collins [48], charts the S∗ − Rλ parameter-

space explored by various experimental and numerical studies from the past.

In addition to the obvious scatter in the parameter values, it is also important

to consider the rather wide gulf between the Reynolds numbers reported in the

numerical and the experimental studies.
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Most experiments have found consistent evidence of self-similar regimes,

reporting exponential growth of the turbulent kinetic energy q2, and constant

long-time values of S∗ and P/ǫ, where P ≡ −S⟨u1u2⟩ is the production of the

turbulent kinetic energy. However, no systematic experimental assessment of

the dependence on S∗
0

or Rλ0 was reported until the recent study by Isaza et

al. [51]. They found a sensitive dependence of the large-scale velocity statistics

on S∗
0

, reinforcing the trends implicit in previous experiments. In addition to

reporting the behavior of q2, P/ǫ, and S∗, they highlighted the sensitivity of the

Reynolds stress anisotropy tensor component, b12 ≡ ⟨u1u2⟩/q2. The dependence

of these statistics on Rλ0, however, was found to be rather weak, and it was

noted that a strong dependence on Rλ0 would be inconsistent with a self-similar

regime.

In contrast to experiments, numerical studies have offered fairly contradic-

tory views on the asymptotic state of HTSF. The DNS studies of Rogallo [81] hint

at a dependence on S∗
0

and a weak dependence on Rλ0. The results of Rogers [83]

indicate S∗ approaches an asymptotic value, independent of S∗
0

. The study by

Lee et al. [61] found the asymptotic value of S∗ to be dependent on S∗
0

. Jacobitz et

al. [53] and Jacobitz and Sarkar [52], in their studies of uniformly sheared strat-

ified flows (at near-neutral buoyancy conditions), found sensitive dependence

on both S∗
0

and Rλ0. Shih [98], while studying flow under similar conditions,

additionally found the sensitivity to S∗
0

vanish at sufficiently large Reynolds

numbers (Rλ0 ≥ 80). Yu and Girimaji [127], in their DNS of Couette-flow using

the Lattice-Boltzmann method, found weak sensitivity to S∗
0

and strong sensi-

tivity to Rλ0. In their recent DNS studies, Isaza and Collins [48, 49] identified

the aforementioned inconsistencies, and addressed the issue by studying the

sensitivity of both the large- and small-scale velocity statistics. They report, in
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Figure 2.2: The initial values of the Reynolds number and the shear pa-
rameter used for previous DNS studies (filled symbols), and operational val-
ues for previous experiments (open symbols). DNS: ▲ Rogers et al. [83],
♦ Lee et al. [61], ▼ Jacobitz et al. [53], ∎ Shih et al. [98], ▶ Schumacher [93],
 Yu and Girimaji [127], ◀ Isaza and Collins [48]. Experiments: ∗ Cham-
pagne et al. [18], ◁ Harris et al. [41], ▷ Tavoularis and Corrsin [116], △ Rohr et
al. [84], ◻ Tavoularis and Karnik [118], + De Souza et al. [25], ▽ Garg and
Warhaft [30], × Shen et al. [97], # Ferchichi and Tavoularis [29], ◇ Vanderwel
and Tavoularis [120]. The current DNS runs are represented by☀.

considerable detail, sensitive dependence of the asymptotic state on S∗
0

, and

relatively weak dependence on Rλ0. However, the stringent resolution require-

ments they employed, combined with limited computational resources, forced

Isaza and Collins to terminate their simulations at comparatively short times

(St ∼ 9) and modest values of the final Reynolds numbers (Rλ ∼ 50). The avail-

ability of greater computational resources and a better parallelization strategy

allows the present study to extend these constraints, enabling the DNS of HTSF

to be extended to longer time-periods and higher Reynolds numbers.

The need for turbulence studies at high Reynolds numbers has been well-

articulated by Warhaft [123], who argues that fundamental questions regard-
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ing the effects of large-scale anisotropy on the smaller scales of flow can be an-

swered only through in-depth studies at elevated Reynolds numbers. In addi-

tion to the general relevance of such studies, there are three significant benefits

specific to the study of HTSF at high Reynolds numbers. First, higher-resolution

studies can now be performed to ascertain the validity of past claims [98] relat-

ing to Reynolds-number independence, which were made based on studies that

did not span a wide-enough range of Reynolds numbers. Second, numerical re-

sults can now be obtained at operating conditions that are a lot closer to, or even

overlapping with experimental studies, thus allowing a more direct compari-

son between the two sources of data. Third, data from high Reynolds number

DNS for HTSF would prove valuable in the further development of Lagrangian

fluid-particle PDF models; for example, the stochastic Lagrangian model for

HTSF [77] is found to have a significantly anisotropic diffusion tensor, contrary

to conventional modeling assumptions, and is therefore conjectured to be a con-

sequence of the relatively low Reynolds number DNS data used for calibrating

the model. From a broader perspective, it is also hoped that the benefits from

such studies would cascade down to other closely related work of interest, e.g.

the clustering of inertial particles in HTSF [71].

In view of these motivating factors, it was imperative that the present set

of DNS studies be designed with care: appropriate physical and numerical pa-

rameters were identified and optimized, so that fidelity of the solution could

be maintained for the longest possible simulation time-window. Specifically, it

was ensured that conventional global measures of numerical resolution were

always satisfied at both ends of the length scale spectrum: an adequate num-

ber of the large-scale structures (represented by the integral length scale L11,1)

were accommodated within the simulation domain, and the computational
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grid-spacing was finer than the smallest flow structures (represented by the Kol-

mogorov length scale η). The initial conditions were chosen so as to enable the

simulations to run up to a maximum St, at which point both resolution require-

ments would be violated simultaneously, i.e., L11,1/L1 > 0.1 and κmaxη < 1.2,

where κmax is the largest resolved wave number. The☀ symbols in Figure 2.2

indicate the initial conditions used in the present study, with the high-resolution

simulations being performed at three different initial shear rates, each at two

different initial Reynolds numbers.

Despite the careful setup however, when the simulations were performed,

it was observed that the integral length scales would inevitably stop growing

prematurely (i.e., even while L11,1/L1 ≪ 0.1 and κmaxη ≫ 1.2), necessitating ter-

mination of the DNS, well before the desired asymptotic states could be at-

tained. Some of the high-resolution high Reynolds-number simulations were

also found to become unstable. Eventually, we ascertained that it was the for-

mation of extremely thin and highly-strained small-scale vortical structures in

the flow that was the chief cause of the problems. Past experimental [120] and

numerical [1, 13, 56, 57, 14, 88, 36] studies have shown similar regions of very

high vorticity and strain developing within the mix of coherent vortical struc-

tures. Sudden spurts in turbulent kinetic energy growth have been observed to

be linked to the dynamics of these vortical structures [88, 36].

The pseudo-spectral method generally used for DNS is inherently global

and non-dissipative in nature, and is known to encounter problems resolving

sharp local features [62, 34, 21, 20, 26]. For simulations that are even marginally

under-resolved at small scales, the resulting Gibbs oscillations are compounded

by non-linear effects that contaminate the flow field with high-frequency noise.
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This undesirable effect was found to be even more pronounced at lower vis-

cosities, thus severely restricting the feasibility of high Rλ studies. Making the

computational grid finer in the direction of the high gradients led to very little

improvement, while substantially increasing the computational and memory

costs, especially for the highest Reynolds-number simulations.

A range of specialized techniques exist for reducing or eliminating the ef-

fects of Gibbs phenomenon, including spectral filtering, physical space filtering

using mollifiers, total variation filtering, reconstruction using polynomials, and

a variety of hybrid combinations of these [91]. The most powerful variants of

these methods require specification of the exact location of all discontinuitiesx

or sharp gradients in the solution. For example, Tadmor and Tanner [111] pro-

pose an adaptive spectral filter that optimizes the order of filtering, provided

it is combined with an automated edge detection method [32]. Accurate edge-

detection in a three-dimensional turbulent flow field is difficult and costly, thus

rendering the associated methods impractical. Tools like total variation filtering,

while available in edge-detection free variants [91], are specifically designed for

static post-processing of images, and are difficult to adapt and use for a non-

stationary flow field. Reconstruction techniques, such as the direct and inverse

Gegenbauer [35, 54] and Padé [69] methods, are in general, computationally

costly, suffer from conditioning issues in high-accuracy modes, and are difficult

to implement in higher dimensions.

Considering the significant challenges associated with resolving the non-

stationary HTSF flow field at high Reynolds numbers, standard spectral fil-

tering [34] was found to be the most suitable and robust methodology. With

the filter’s order and application-frequency acting as control parameters, high-
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resolution filtered simulations exhibited monotonous growth of the integral

length scales, thus permitting the attainment of higher asymptotic Reynolds

numbers at around St ∼ 20.

This paper is organized as follows: in Section 2.3, we provide an overview

of the numerical setup and parametric studies, with brief details of the solution

methodology, the numerical/physical parameters involved, and our improved

parallelization strategy. Section 2.4 focuses on issues relating to the loss of nu-

merical resolution due to the presence of thin flow structures, and the resulting

contamination due to Gibbs oscillations. The inadequacy of conventional res-

olution criteria is highlighted, and the spectral filtering methodology is then

discussed. Results from filtered high-resolution simulations are then presented

in Section 2.5, followed by conclusions in Section 4.6.

2.3 Numerical setup and overview of simulations

2.3.1 Governing equations and solution methodology

The governing equations for the flow of an incompressible fluid in a periodic

box are

∂ũi

∂xi

= 0 (2.1)

∂ũi

∂t
+ εijkω̃jũk = −1

ρ

∂(p̃ + 1

2
ũkũk)

∂xi

+ ν
∂2ũi

∂xj∂xj

(2.2)

where ũi is the velocity vector, p̃ is the pressure, ω̃i is the vorticity, ν is the fluid

kinematic viscosity, ρ is the fluid density and εijk is the alternating unit symbol.
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x1, x2, and x3 represent the streamwise, shear, and spanwise directions, respec-

tively. We introduce the Reynolds decomposition, ũi = Ui + ui, ω̃i = Ωi + ωi and

p̃ = P + p, where the uppercase letters denote mean quantities, and the lowercase

letters denote fluctuating quantities. For simple shear flow, we define the mean

velocity and vorticity as U ≡ (Sx2,0,0) and Ω ≡ (0,0,−S), respectively, where S
is the spatially and temporally uniform mean shear rate imposed on the flow.

Invoking homogeneity, and subtracting the terms that involve the mean flow,

we obtain the evolution equation for the fluctuating velocity as follows:

∂ui

∂t
+ Sx2

∂ui

∂x1

+ Sδi1u2 + εijkωjuk = −1
ρ

∂(p + 1

2
ukuk)

∂xi

+ ν
∂2ui

∂xj∂xj

. (2.3)

The presence of uniform shear S in the x2 direction leads to a shear-periodic

boundary condition in the laboratory frame of reference. Forward and reverse

spectral transforms for a generic variable ζ , expressed in terms of the orthogonal

frame of reference, are shown below:

ζ̂(κ, t) =∑
x

ζ(x, t) exp[−i(κixi − Stκ1x2)] (2.4)

ζ(x, t) = 1

N1N2N3

∑
κ

ζ̂(κ, t) exp[i(κixi − Stκ1x2)] (2.5)

where κi is the wave number, Nj is the number of gridpoints in the xj direction,

and i ≡√−1.

As a consequence of the cross-term Stκ1x2 arising out of the shear-periodic

boundary condition, it is not possible to calculate the forward and reverse trans-

forms using a standard three-dimensional Fast Fourier Transform (FFT) rou-

tine. An algorithm developed by Brucker et al. [16] decomposes the three-

dimensional transform into a sum of products of one- and two-dimensional
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transforms, thereby accomplishing the complete transform in O(N3 lnN) op-

erations, where N is the number of grid points in each direction.

Application of the forward Fourier transform to Eq. (3.4) leads to

[ ∂
∂t
+ νκ′

2] ûi = (−δim + κ′iκ
′
m

κ′2
) εmjkF{ωjuk} + 2 κ′i

κ′2
κ1Sû2 − δi1Sû2 (2.6)

where, ûi is the spectral velocity coefficient, κ′i ≡ κi − Stκ1δi2 is the shear-modified

wave number, and κ′2 ≡ κ′iκ
′
i. The operator F{} represents the spectral trans-

form as defined in Eq. (2.4), applied to the product ωjuk.

We perform DNS by solving Eq. (4.3) in Fourier space, following the method

described in Brucker et al. [16], thus avoiding the remeshing step used in the stan-

dard Rogallo algorithm [81]. Recent DNS studies [125] at high shear rates have

highlighted the advantages of Brucker’s algorithm over the Rogallo algorithm.

2.3.2 Parallelization using two-dimensional domain decompo-

sition

For the present study, we use a new version of our pseudo-spectral DNS code

(HiPPSTR) with enhanced capabilities — a detailed description of the code is

provided in Ireland et al. [47]. It is understood that at higher Reynolds numbers,

the range of simulated flow-scales widens appreciably, necessitating a propor-

tionately greater number of grid points in the domain, thus increasing the com-

putational requirements. The availability of supercomputing clusters with large

numbers of processors can now attend to these requirements, provided the nu-

merical method is appropriately structured to support efficient massive paral-

lelization. To this end, the DNS code, which earlier employed a parallelization
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Figure 2.3: Parallelization by decomposition of the simulation domain: two-
dimensional pencils (left), and one-dimensional slabs (right).

strategy of decomposing the simulation domain into slabs along one coordinate

direction [16], has now been improved to allow decomposition into pencils along

two directions, as illustrated in Figure 2.3.

Pencil-decomposition allows the use of up to N2 processors for a domain

with N3 grid points, thereby increasing the granularity of parallelization. In ad-

dition, the simulation domain can now be discretized using different numbers

of gridpoints N1,N2,N3 along each of the x1, x2, x3 directions, providing further

flexibility in terms of directional control of the grid-resolution. While MPI is

used as the communication environment, the detailed bookkeeping for pencil-

decomposition is performed using the P3DFFT library [75], which we employ as

an interface between our DNS code and the FFTW library. The added penalty of

a slight increase in inter-processor communications for pencil-decomposition is

more than offset by the reduction in the overall wall-clock time, allowing longer

DNS runs with fewer restarts.

Figure 2.4 shows the measured scaling performance, with the code demon-

strating excellent scaling efficiency when tested on a parallel cluster with up to
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Figure 2.4: Parallel scaling of the code for grids of size N3, on M processors. The
wall-clock time per step t, is normalized by N3 log2N , the expected scaling for
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2048 processors, for problem sizes up to N3 ∼ 10243. The trend is sustained even

when the code is tested on ∼ 65,000 processors for simulations of homogeneous

isotropic turbulence [47].

2.3.3 Conventional resolution constraints and parameters of

the problem

As discussed in § 4.2, our interest in studying the long-time characteristics of

HTSF necessitates careful setup of the DNS in terms of physical and numerical

parameters, so as to maximize the temporal window (St ≫ 1) over which the

DNS can run with satisfactory accuracy. This is fairly challenging, considering

the fact that at moderately high shear rates, the Reynolds number Rλ increases

rapidly with time. Now since L11,1/η ∼ R
3/2
λ , the integral length scale L11,1 in-
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creases continuously, and at the same time the Kolmogorov scale η keeps de-

creasing, both in unbounded fashion. To ensure that resolution limits are not

violated, DNS runs are always monitored to ensure that they satisfy the follow-

ing constraints at all times during the simulation:

L11,1/L1 < 0.1
κmaxη > 1.2

(2.7)

where, L1 is the size of the simulation domain in the x1 direction, and

κmax ≡max[κiκi]1/2 is the maximum resolved wave number. Past DNS stud-

ies have highlighted the significance of these constraints in considerable detail,

albeit under conditions of decaying isotropic turbulence [23, 121], or for turbu-

lence subject to a straining and destraining cycle [36]. Conventionally [48], it

has been the norm that the DNS run would lose resolution at both the large and

small scales nearly simultaneously, thereby ensuring optimal computational ef-

ficiency.

In view of these constraints, we identify the following parameters as being

relevant to the problem at hand: the physical dimensions of the simulation do-

main, the kinematic viscosity of the fluid, and the location of the peak of the

initial energy spectrum. We seek to determine the optimal settings for these

parameters, which would allow the simulations to attain the maximum pos-

sible asymptotic Reynolds number. To ensure effective use of computational

resources, we plan a systematic analysis of low and medium grid-resolution

simulations with N1 ×N2 ×N3 ∼ 1283, 2563 and 5123, which will provide us with

a coherent road-map for conducting the much costlier high-resolution studies

at N1×N2×N3 ∼ 10243. Table A.3 in the Appendix lists these DNS studies, along

with the parameters used therein; throughout this paper, we refer to these stud-

ies using their unique identifiers (e.g. Run 256 01 etc.).
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Traditionally, for DNS of HTSF, L1 has been set to values larger than 2π (usu-

ally 4π), in order to accommodate the elongated scales in the streamwise direc-

tion [81, 14]. If adequate grid-resolution is then maintained in the x1 direction,

an increase in L1 inevitably leads to greater computational cost: we therefore

set L1 as one of the parameters to be studied to see if an increase helps extend

the duration for which L11,1 increases. The fluid’s kinematic viscosity ν, controls

the size of the smallest scale of flow, the Kolmogorov scale η ≡ (ν3/ǫ)3/4, which

decreases exponentially with time. The initial η has to be large enough to give

it enough time to decay, but small enough to be of the order of the minimum

of the grid dimensions (∆x1,∆x2,∆x3). The last parameter we study is κ0, the

location of the peak in the initial energy spectrum, which controls the growth

of the largest scale of flow, the integral scale. The three dimensional energy

spectrum function for homogeneous turbulence [76] is

E(κ′, t) = ∞

∭
−∞

1

2
Φii(κ′, t) δ(∣κ′∣ − κ′) dκ′, (2.8)

where Φii(κ′, t) is the trace of the velocity-spectrum tensor, and δ() represents

the Dirac delta function. The velocity-spectrum tensor for homogeneous turbu-

lence is,

Φij(κ′, t) = 1(2π)3
∞

∭
−∞

Rij(r, t) exp[−iκ′ ⋅ r] dr, (2.9)

where Rij(r, t) ≡ ⟨ui(x, t)uj(x + r, t)⟩ is the two-point velocity correlation.

Note that while Φij(κ′, t) is a complex quantity, it can be shown to be pos-

itive semi-definite, and its trace therefore is non-negative and real [76], i.e.,

Φii(κ′, t) = Φ∗ii(κ′, t) ≥ 0, where the superscript ∗ represents the complex conju-

gate. Figure 2.5 shows the initial energy spectrum we use, with the expression
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given by [48],

E(κ) = Ckǫ
2/3
0

κ
−5/3
0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(κ/κ0)2 if κ < κ0,

(κ/κ0)−5/3 if κ0 ≤ κ ≤ κη,

0 if κ > κη,

(2.10)

where Ck ≈ 1.5 is the Kolmogorov constant, ǫ0 is the initial rate of dissipation

of the turbulent kinetic energy, κ0 is the location of the peak of the energy spec-

trum, and κη is the dissipation wave number. κη is defined to be consistent with

the dissipation spectrum as

κη

κ0

=
⎡⎢⎢⎢⎢⎣

2ǫ
1/3
0

3νCkκ
4/3
0

+
11

15

⎤⎥⎥⎥⎥⎦
3/4

. (2.11)

The spectrum contains an energy-containing range proportional to κ2, in order

to minimize the time required for the simulation to reach the self-similar state.
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2.4 Sharp gradients, Gibbs oscillations, and spectral filtering

2.4.1 Anomalous behavior of the integral length scale

The integral length scale L11,1 is defined using the two-point fluctuating velocity

autocorrelation [76]

L11,1(t) ≡ 1⟨u1(x, t)u1(x, t)⟩ ∫
L1

0

⟨u1(x, t)u1(x + re1, t)⟩ dr , (2.12)

where e1 is a unit vector in the x1 direction.

It is generally accepted [116, 118] that the lack of an externally-imposed

length scale in HTSF theoretically implies unbounded growth of L11,1. How-

ever, practical computational constraints, e.g. the effect of periodic boundary

conditions, restrict the extent to which the length scale can be allowed to grow,

before the simulation would have to be terminated. In order to get an adequate

statistical sample of the energy-rich large scales, it is advisable [76] to ensure

that the constraint L11,1/L1 < 0.1 is always satisfied during the course of the

simulations.

However, when the DNS studies detailed in § 2.3.3 were performed, L11,1

was observed to stop growing after a relatively short period (Figure 2.6(a)-(b)),

well before the resolution limits for the box size (for the large scales) or the grid-

resolution (for the small scales) were reached (cf. Eq. 2.7). Unbounded growth

of L11,1 is a key measure that ensures the fidelity of HTSF simulations; hence the

moment L11,1 stops growing (i.e., dL11,1/dt ≤ 0), we terminate the simulations.

The issue of stunted growth in L11,1 was observed for every case simulated,

irrespective of the initial conditions or DNS settings. These settings, as stated

earlier, are the grid resolution, the viscosity ν, and the location of the peak in the
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Figure 2.6: Stunted growth of the integral length scale L11,1; (a) Effect of simulta-
neous variations in grid resolution and Reynolds number (Runs 128 01, 256 30,
512 19, and 1024 01); (b) Effect of variation in just the grid resolution, at the
same Reynolds number (Runs 512 20, 1024 01, and 2048 01). Alongside each
curve, the corresponding initial and final Reynolds numbers, Rλ0 and (Rλ)max,
are shown.

initial energy spectrum κ0, the latter two effectively controlling the Reynolds

number. Assessing the effects of these parameters on L11,1 growth yields useful
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clues regarding the origins of the anomalous behavior.

Experience from isotropic simulations suggests there exists a simple relation-

ship between the grid resolution and the maximum allowable Reynolds num-

ber [76]. For example, the resolution criterion for the small scales shown in

Eq. (2.7) implies a scaling relation for forced isotropic turbulence of the form

Rλ ∝ N2/3, where N is the number of grid points in each direction. The same

resolution criterion is often assumed to apply to HTSF, but since the flow is not

statistically stationary, the criterion is used to define the maximum St that can

be achieved with adequate resolution of the large and small scale scales. How-

ever, as can be seen in Figure 2.6(a), simulations at higher Reynolds numbers

fail at earlier times, even though the resolution criteria given in Eq. (2.7) are sat-

isfied by a comfortable margin. This tendency to fail relatively early (St ≲ 10)

prevents high-Reynolds-number simulations from reaching the desired asymp-

totic state. Moreover, the simulation window decreases further with increasing

Reynolds number. This last point can be emphasized by comparing runs with

the same relatively high Reynolds number, but at progressively finer grids —

Figure 2.6(b) shows that doubling or even quadrupling the grid resolution at

such Reynolds numbers leads to no perceptible increase in the run-time dura-

tion.

Figure 2.7 is a plot of the maximum values of Rλ and St that could be

achieved, before the runs had to be stopped due to dL11,1/dt ≤ 0. The close

to 60 different DNS simulations follow the rough trend (Rλ)max ∼ 1500/(St)max.

One of the arguments put forth for studying long-time behavior of HTSF is that

the monotonous increase in Rλ with St would finally lead to fairly large val-

ues of (Rλ)max, thereby allowing a realistic chance of comparison of simulation
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results with experimental data. The goal of increasing numerical resolution is

thus to move toward the upper right quadrant of Figure 2.7. The rather unfortu-

nate trade-off between (Rλ)max and (St)max seems to prevent this by artificially

restricting the parameter space to either short times or low Reynolds numbers.

The anomalous growth of the integral length scale has been observed in sev-

eral past DNS studies [81, 73, 48], but such behavior was usually found to oc-

cur around the time when the small-scales were about to lose resolution, or if

L11,1/L1 ∼ 0.1 in the asymptotic state. However, this was not the case in the cur-

rent set of DNS studies, since L11,1/L1 ≪ 0.1 when the growth of L11,1 stopped,

especially for the higher-resolution simulations. In fact, as will be illustrated

in the next section, we surmise the existence of a second failure mode for DNS

of HTSF due to the generation of localized steep gradients in the velocity field.

At higher Reynolds numbers, this second failure mode can occur in advance of

the traditional resolution problems, leading to simulations that are, by conven-

tional criteria (cf. Eq. 2.7), well resolved, yet they encounter the pathological

attenuation of the integral length scale. Interestingly, increasing the grid reso-

lution by nearly an order of magnitude could not correct this problem. In order

to confirm our findings regarding these resolution issues, a representative set of

simulations were re-run using Rogallo’s DNS code [81], and exactly the same

trend for the (Rλ)max − (St)max parameter space was observed. While our al-

gorithm differs from the one used in Rogallo’s code, both are primarily based

on the pseudo-spectral method, thus indicating that the origin of the problem is

numerical.
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Figure 2.7: (Rλ)max − (St)max parameter space resulting from the DNS runs,
highlighting the trade-off between (Rλ)max and (St)max. The dotted line repre-
sents the empirical curve (Rλ)max ∼ 1500/(St)max

2.4.2 Sharp gradients and Gibbs oscillations

The fact that the anomaly seen in the Rλ − St parameter space becomes more

pronounced with decreasing viscosities (even with a concomitant increase in

grid resolution), suggests issues in the numerical-resolution of the ever-smaller

flow structures. The detailed dynamics governing coherent vortical struc-

tures in HTSF has been the subject of past DNS studies in both the tran-

sient [13, 56, 57, 14], and the steady-state regimes [88, 36], and it has been shown

that multiple pairs of vortex tubes, under certain conditions, are quite effective

at generating extremely strong straining flows around themselves, leading to

the formation of thin vortex layers. In their study, Kida and Tanaka [57] point to

the prevalence of such structures for St ≥ 8, and argue that these vortex layers,

with thicknesses of the order of a few grid points, are thin enough to give rise

24



(a) (b)

(c) (d)

Figure 2.8: Contours of the transverse component of the fluctuating vorticity
vector (−ω3) on the x1 − x2 plane, for Run 256 30. Plots (a)-(d) represent times
St ∼ 0,7,14, and 20, respectively.

to Kelvin-Helmholtz instabilities, which tend to roll up into intense spanwise

vortices. The intensity of these spanwise vortices is thought to be further mag-

nified due to their preferential alignment with the direction in which the mean

vorticity acts. Gualtieri et al. [36] found a correlation between the periodic regen-

eration and dynamics of the vortical structures and the observed growth/decay

cycle of the turbulent kinetic energy. In their recent experimental study of uni-

form shear flow, Vanderwel and Tavoularis [120] claim that their measurements

provide quantitative proof of the presence of horseshoe/hairpin vortices, along

with strong shear layers. They also establish the importance of mean shear in

further strengthening transverse vortical structures.
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(a) (b)

Figure 2.9: (a) Contours of (−ω3) on the x1 − x2 plane for Run 256 38, and (b)
zoomed-in view of small zone outlined in (a), showing in detail a thin vortical
structure, along with the grid overlaid. The thickness of the structure along x2

direction is seen to be only a 2-3 times the smallest grid dimension.

Figure 2.8 is a series of snapshots from Run 256 30, showing the contours of

the transverse component of the fluctuating vorticity field ω3, on the x1 − x2

plane. With increasing St, the vortical flow structures are seen to develop

in the expected sequence, eventually leading to the formation of intensely

strained/flattened vortex layers and transverse vortices at multiple locations

in the field. A zoomed-in view of the contours at one such location is shown in

Figures 2.9(a) and (b), highlighting the steepness of the gradient of vorticity in

the x2 direction. Importantly, as shown in Figure 2.10, a spurt in the growth of

max(ω3) is observed to occur just before the growth of L11,1 stops. Figure 2.11

shows the ω3 contours alongside the actual values of ω3 probed at each grid

point along a line in the x2 direction. Sharp gradients can be clearly seen, and

appear to steepen with time, as the Reynolds number increases.

Pseudo-spectral methods possess exponential convergence rates, but only as

long as the solution is spatially-smooth [34, 35]. The presence of sharp gradients

in the flow field leads to a drop in the order of convergence, with the genera-

tion of Gibbs oscillations around the small-scale under-resolved regions of flow.
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Figure 2.10: The stop in L11,1 growth (dashed lines), is observed to occur imme-
diately following a large increase in the max(ω3) value (dash-dotted lines). Top,
middle, and bottom plots correspond to N1 × N2 × N3 ∼ 2563, 5123, and 10243

(Runs 256 30, 512 19, and 1024 01).

For a non-stationary problem like HTSF, these oscillations can amplify through

nonlinear interactions and contaminate the whole flow field, particularly at high

Reynolds numbers [62]. The connection between this energy contamination and

the stunted growth of L11,1 can be seen in Figure 2.12, which shows the energy
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Figure 2.11: −ω3 values at grid-points (plots on right), extracted along the
dashed line shown on the x1 − x2 plane for −ω3 contours (plots on left). Plots
(a)-(c) represent times St ∼ 16,24, and 29, respectively (Run 256 38).

spectrum

E11(κ1, t) ≡ 1

π
∫
∞

−∞
R11(e1r1, t) exp[−iκ1r1] dr1, (2.13)
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Figure 2.12: One-dimensional energy spectra for a 256 × 256 × 256 simulation
(Run 256 30) at various times, showing the buildup of spurious energy in the
high-wave number region at long times. (Symbols: ∎ St = 4,  St = 8,▲ St = 12,
▼ St = 16, and ♦ St = 20)

as a function of time. The temporal buildup of spurious energy at intermediate

wave numbers (2 ≤ κ1 ≤ 6), leading to a boxier spectrum, is consistent with the

reduced growth rate observed for L11,1 (cf. Figure 2.6(a)).

Further insight into the problem can be gained by calculating ǫ̃, the pseudo-

dissipation of the fluctuating field,

ǫ̃ ≡ ν ⟨∂ui

∂xj

∂ui

∂xj

⟩ , (2.14)

and comparing it with ǫ, the true dissipation. The two quantities are related by

ǫ̃ = ǫ − ν ∂
2⟨uiuj⟩
∂xi∂xj

, (2.15)

and hence for the case of homogeneous turbulence, the difference between ǫ

and ǫ̃ due to numerical errors should be very small [76]. However, as seen in

Figure 2.13(a), while this condition is satisfied early on, the difference increases

rather quickly for St ≥ 4, becoming unacceptably large at later times, indicating

the contamination of the flow field due to Gibbs oscillations. Furthermore, it is
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Figure 2.13: (a) The normalized difference between the pseudo-dissipation (ǫ̃)
and the true dissipation (ǫ) for Run 1024 01, with its increase beyond St ≥ 4

indicating the onset of errors due to Gibbs oscillations; (b) The PDFs of ξ1/ǫ̃,
ξ2/ǫ̃, and ξ3/ǫ̃ at around St ∼ 4, showing the dominance of the ξ2 component.

useful to assess the strength of the velocity gradients in the different directions,

for which we introduce the vector

ξ1 ≡ ν ∂ui

∂x1

∂ui

∂x1

, ξ2 ≡ ν ∂ui

∂x2

∂ui

∂x2

, ξ3 ≡ ν ∂ui

∂x3

∂ui

∂x3

, (2.16)

corresponding to the gradients in the three coordinate directions (x1, x2, x3).
Since ǫ̃ = ⟨ξ1⟩+⟨ξ2⟩+⟨ξ3⟩, the contribution to ǫ̃ from each of the directional quanti-

ties is thus a measure of the steepness of the velocity gradients in the respective

coordinate directions. Figure 2.13(b) shows the normalized PDFs of ξ1, ξ2, and

ξ3, considered at each point over the computational domain. The fact that the

PDF of ξ2 is much wider than those of ξ1 and ξ3 provides further evidence of the

prevalence of sharper gradients in the x2 direction throughout the flow field.

While refining the grid-resolution might seem to be the most straightfor-

ward method of resolving Gibbs oscillations, it has been shown [34] that strong

oscillations would still continue to exist around the sharp gradients, with mag-

nitudes approaching 10% of the magnitude of the gradients. Nevertheless, this

approach was tested at multiple grid-resolutions (cf. Figure 2.6(b) in § 2.4.1),
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and the grid-refinement was found to lead to little or no gain in terms of extend-

ing the time-window of the simulations. For the runs shown in Figure 2.6(b),

the grids were refined uniformly in each direction; since we now know that it is

the gradients in the x2 direction that are relatively higher, we show additional

results where the resolution is increased only in the x2 direction. Figure 2.14

compares the growth of L11,1 for the base case simulation, 512 × 256 × 256 grid

on a 4π × 2π × 2π domain, with two other cases at exactly the same initial condi-

tions, but progressively more refined grids, 512×1024×256 and 512×2048×256.

Even with almost an order-of-magnitude increase in the grid-resolution for the

x2 direction, L11,1 was still seen to stop growing by St ∼ 22. Also shown for

comparison are the results from a viscous Rapid Distortion Theory (vRDT) cal-

culation [48], representing the maximum possible integral length scale. Indeed,

with increasing resolution, the L11,1 curves appear to approach the vRDT curve,

and it is conceivable that for extremely high (but computationally impractical)

resolutions, L11,1 might grow monotonically. The energy spectra obtained from

both the base case and the refined simulations were found to coincide over

nearly the whole range of relevant wave numbers, effectively implying that the

coarser base case simulation was just as well-resolved as the finer ones, and lit-

tle or no advantage was gained by increasing the resolution. The lack of signifi-

cant gains — even after an order-of-magnitude increase in computational costs —

thus makes the grid-refinement option highly impractical, especially for high-

resolution simulations.

While various specialized techniques have been developed for overcoming

or decreasing the effects of Gibbs oscillations, for reasons discussed in § 4.2, we

have chosen spectral filtering to eliminate the spurious high-wave number con-

tamination of the flow field. Spectral filters are easy to implement, and a well-
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Figure 2.14: Grid refinement studies showing L11,1 growth for the same simula-
tion with grids sizes 512×256×256 (#), 512×1024×256 (◇), and 512×2048×256

(△) (Runs 256 34, 256 36, 256 37), along with the growth from an vRDT run ( ⋅ ⋅
). The vRDT run has exactly the same parameter settings as the 512 × 256 × 256

DNS (Run 256 34).

designed low-pass filter should eliminate only the high-wave number noise,

leaving the information at low-wave numbers intact. However, such filters are

generally dissipative at small scales, and their use compromises the inherently

non-dissipative nature of the pseudo-spectral method. It is therefore imperative

that the effects of filtering be studied closely, to ensure that the advantages of

using them outweigh the drawbacks.

On account of filtering, we expect some of the small-scale features of the

flow (corresponding to the dissipation range) to be lost, and it is thus important

to redefine a turbulence Reynolds number based on the larger scales of flow,

RL ≡ qL11,1/ν, that remains reasonably unaffected by the filtering. We note that

under conditions of isotropic turbulence, the Taylor-microscale based and large-

scale based Reynolds numbers are approximately related, RL ∼ (√3/20)R2

λ. In

corresponding fashion, a large-scales based analogue for the shear parameter
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is defined, S∗L ≡ SL11,1/q. The two measures S∗ and S∗L can be shown to be

nominally related, and thus are expected to show similar characteristics at long

times. We note that the large-scales based definition S∗L has been used in past

numerical studies [81, 83], and also in experimental studies [118], when direct

measurements of ǫ have proven difficult.

2.4.3 Spectral filtering and its effects

Spectral filtering has been extensively used to overcome the effects of Gibbs os-

cillations and suppress numerical noise; it is a robust and stand-alone method —

and if properly used — improves accuracy and convergence in spectral simula-

tions, at least away from sharp gradients and discontinuities [34]. Exponential-

type filter functions are generally preferred, in view of their many desirable

characteristics [34], and in the current study we employ the following function,

σ̂(κ;p) = exp [−α(κ
κ c
)p] (2.17)

where, p is a parameter representing the order of the filter, κ ≡ (κiκi)1/2 is the

magnitude of a specific wave number triad (κ1, κ2, κ3), κc ≡ max[κiκi]1/2 repre-

sents the index of the highest resolved mode, and α = − ln(εM) with εM being

the machine precision. Figure 2.15 shows a set of exponential filters of different

orders, as defined by Eq. (2.17).

The filter function is applied to the spectral coefficients of the velocity field

û, and the filtered physical-space velocity is then obtained as

uσ̂
i (x, t) = 1

N1N2N3

∑
κ
′

σ̂(κ;p)ûi(κ′, t) exp[i(κjxj − Stκ1x2)], (2.18)

with the filter order and the filter application frequency controlling the effec-

tiveness with which the Gibbs oscillations are damped.
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Figure 2.15: The exponential-type spectral filters used on the velocity field, at
different order parameters.

Simulations designed for attaining high Reynolds numbers experience the

formation of ever-smaller flow structures with time, leading to sharper gra-

dients, thereby exacerbating the noise problem. This calls for progressively

stronger filters or for increased frequency of filter application, or a combination

of both. Filter parameters need to be set carefully, so that while the noise at the

small scales is eliminated, the spectrum at the large-scales remains minimally

affected. In our study, we considered a range of filters with order parameter p

ranging from 4 to 16 (p = 4 being the strongest filter), and identified the order

most appropriate for a simulation with a given grid-resolution and Reynolds

number. Filter application frequencies of once every 5, 10, and 20 time-steps

were tested for the different filters.

Before considering in detail the effects of filtering on the flow field, we high-

light the improvements resulting from the application of the spectral filter for

a high-resolution simulation (N1 × N2 × N3 ∼ 10243). Figure 2.16(a) shows the

growth in the integral length scales, with and without filtering. As desired,

monotonous growth of L11,1 is observed for a long enough runtime window

(St ∼ 20), with the filter preventing the maximum vorticity max(ω3) from in-
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Figure 2.16: Improvements due to spectral filtering in a ∼ 10243 simulation (Run
1024 01F , dash-dot line, filter order p = 5) compared with same simulation with-
out filtering (Run 1024 01, solid line) for (a) growth of the integral length scale;
(b) the corresponding growth of the maximum value of the fluctuating trans-
verse vorticity, max(ω3); (c) temporal evolution of the Reynolds Number RL; (d)
the final three-dimensional energy spectrum attained, at time St ∼ 20.

creasing in dramatic fashion, Figure 2.16(b). The attainment of higher Reynolds

numbers is thus enabled, Figure 2.16(c) showing RL ∼ 2000 at St ∼ 20, with the

corresponding energy spectrum now observed to grow unhindered at both the

high and low wave numbers, as seen in Figure 2.16(d).

Figure 2.17(a)-(c) shows a comparison of the vorticity contours under unfil-

tered and filtered conditions at three different times for a 2563 simulation. Early

on at St ∼ 16, the flow structures are observed to be very similar in both cases,
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(a)

(b)

(c)

Figure 2.17: Unfiltered (left) and filtered (right, filter order p = 16) contours of
−ω3 on the x1 − x2 plane, for a 256 × 256 × 256 simulation (Run 256 38). (a)-(c)
correspond to times St ∼ 16, 24, and 29.

except for a slight damping of the maximum values in the filtered simulation.

By St ∼ 24, the unfiltered simulation begins to show the effects of Gibbs oscil-
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Figure 2.18: Effect of spectral filtering on the time evolution of (a) the normal-
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Figure 2.19: (a) The effect of spectral filtering on the shear parameter S∗, pre-
venting the attainment of an asymptote; (b) the corresponding behavior of S∗L
during the same simulation, showing the attainment of an asymptote, thus in-
dicating its suitability for use as the shear parameter. (Symbols as shown in
Figure 2.18)

lations and loses coherence, finally resulting in the patchy field at time St ∼ 29.

In contrast, the filtered field retains the organized vortical structures through
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St ∼ 29.

A more quantitative comparison shown in Figures 2.18(a) and (b) highlights

the influence of filtering on flow statistics, namely the normalized kinetic energy

q2/q2
0
, and the normalized dissipation rate ǫ/ǫ0. Results of using progressively

stronger filters (p = 16,12,10,8,6,5) on a 2563 DNS simulation are shown against

the results from an equivalent unfiltered simulation. As expected, the effects of

filtering are more prominent for the dissipation rate than for the kinetic energy.

Also shown are the results from vRDT, where the absence of non-linear interac-

tions is reflected in the curtailed growth of both q2/q2
0

and ǫ/ǫ0 for St ≳ 6.

The shear parameter plays a central role in the present study, and the impor-

tance of using a large-scales based definition for it (S∗L, as defined in § 2.4.2) is

now demonstrated. Since the dissipation rate ǫ is strongly influenced by both

the Gibbs oscillations and the subsequent spectral filtering operation, the tem-

poral development of S∗(≡ Sq2/ǫ), shown in Figure 2.19(a) for a series of filtered

runs, exhibits monotonous growth instead of approaching an asymptotic value.

Moreover, increasing the strength of the filter leads to higher growth rates for

S∗. On the other hand, filtering prevents S∗L from decaying at long times, and

instead causes it to approach an asymptote (cf. Figure 2.19(b)). At long times,

the results above showed little dependence on the filter application frequency;

that is, a milder filter applied very 5 timesteps was not any more effective than

a stronger filter applied every 20 timesteps. Furthermore, trends from the vRDT

simulation are quite similar to those of the more strongly filtered DNS runs.

The above observations guide the choice of filter-order appropriate for our

high-resolution studies. We would like to select the mildest possible filter that,

in addition to ensuring the monotonic growth of L11,1, would also guarantee
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that S∗L approaches an asymptote at long times, consistent with most experi-

ments [41, 116]. Filter-orders p = 5, p = 6, and p = 8 applied once every 20

timesteps satisfy these criteria.

Finally, we investigate the effects of spectral filtering on the energy-spectrum

balance. The energy spectrum function can be written in terms of the spectral

velocity

E(κ′, t) = 1

2
⟨ûi(κ′, t)û∗i (κ′, t)⟩, (2.19)

where the superscript ∗ denotes complex conjugate. Taking the time deriva-

tive of Eq. (2.19) and using the evolution equation for ûi (Eq. (4.3)), we get the
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evolution equation for the energy spectrum

∂E(κ′, t)
∂t

= 1
2
(−δim + κ′iκ

′
m

κ′2
) εmjk [⟨ûiF∗{ωjuk}⟩ + ⟨û∗iF{ωjuk}⟩]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Tκ

− δi1S (⟨ûiû
∗
2
⟩ + ⟨û∗i û2⟩)
2´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Pκ

−2νκ′
2
E(κ′, t)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Dκ

, (2.20)

where Pκ represents the production spectrum, Dκ the dissipation spectrum, and

Tκ the spectral transfer function.

The contribution of each of the terms is seen in Figure 2.20, for a 2563 DNS

run under both unfiltered and filtered conditions, at St ≈ 16. Looking at the un-

filtered case first, Pκ peaks at low wave numbers, highlighting the importance

of the interactions of the largest scales with the imposed mean gradient, while

Dκ peaks in the dissipation range. The transfer term Tκ is negative at lower

wave numbers and positive at higher wave numbers, indicating the extraction

of energy from the larger scales and its transfer to the smaller scales. In the tran-

sient regime of HTSF, direct evaluation of the ∂E/∂t term is difficult and prone

to noise, and we therefore obtain ∂E/∂t using Eq. (2.20); it is seen to be strongly

positive at most wave numbers, confirming the increase in total kinetic energy

with time. For the filtered runs, a reduction in the strength of the production

and dissipation spectra is observed. While the milder filter damps out the spec-

tra at higher wave numbers, with increasing filter strength, the effects are felt

at progressively lower wave numbers. The transfer term adjusts accordingly

across all wave numbers to maintain the overall energy balance and ensure ki-

netic energy growth.
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2.5 Results and discussion

As discussed in § 2.3.3, we utilize preliminary results from low/medium-

resolution studies (listed in Table A.3) to determine the ideal values for the DNS

run-time parameters to be used for the high-resolution filtered studies. The

most effective domain size is found to be L1 × L2 × L3 ≡ 4π × 2π × 2π, with grid

ratios N1 ∶ N2 ∶ N3 ≡ 2 ∶ 1 ∶ 1. Setting the peak in the initial energy spectrum to

κ0 = 14 provides a good compromise between allowing the large scales to grow

unaffected by the periodic box, and having a reasonable separation from the

dissipation scales. Likewise, we set the viscosity ν such that 3 ≲ κmaxη0 ≲ 4, so as

to provide adequate resolution of the Kolmogorov scale (η) over the duration of

the simulation.

In the sensitivity studies that follow, we use three different values for the

initial shear parameter, at two different initial Reynolds number. We set our ini-

tial conditions close to those used by Isaza and Collins [48] in their DNS study,

i.e., S∗
0
≡ Sq2/ǫ = (3,15,27) and Rλ0 ≡ qλ/ν = (45,70). Since we use the alter-

nate, large-scale definition S∗L ≡ SL11,1/q, the corresponding S∗L0 values need

to be obtained: at St = 0, we determine that L11,1 ≈ 0.58(q2/2)3/2/ǫ, which im-

plies SL11,1/q ≈ 0.21Sq2/ǫ. Thus, in our case, we set S∗L0 = (0.63,3.15,5.67). In

similar fashion, the two large-scales based initial Reynolds numbers we use are

RL0 = (110,220), corresponding approximately to Taylor microscale Reynolds

numbers Rλ0 = (50,100). Further details of the parameters used in the filtered

studies are listed in Table A.1. As mentioned in § 2.4.3, filters with orders p = 8,

p = 6, and p = 5 were selected for testing on the 2048 × 1024 × 1024 runs; upon

evaluation, only the filter with p = 5 and application frequency of once every

20 timesteps was found capable of satisfying the desired dual criteria of long-
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Figure 2.21: Effect of S∗L0 and RL0 on the evolution of the normalized turbulent
kinetic energy q2/q2

0
(Symbols: For RL0 = 110, ◇ S∗L0 = 0.63, # S∗L0 = 3.15, and

△ S∗L0 = 5.67; For RL0 = 220, ♦ S∗L0 = 0.63,  S∗L0 = 3.15, and ▲ S∗L0 = 5.67)

time unbounded L11,1 growth and asymptotic S∗L. Consequently, this filtering

protocol was used throughout the remainder of the simulations.

The sensitivity of flow statistics to S∗L0 will first be discussed in terms of the

results from Runs 1024 01F , 1024 03F , and 1024 05F , which use the low initial

Reynolds number RL0 = 110. These results will then be compared with the

corresponding Runs 1024 02F , 1024 04F , and 1024 06F at RL0 = 220, in order to

assess the sensitivity to the initial Reynolds number. In the figures that follow,

unfilled symbols represent the low initial Reynolds number cases, while filled

symbols represent the high initial Reynolds number cases.
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2.5.1 Sensitivity to the initial value of the shear parameter

Figure 2.21 shows the growth of the normalized turbulent kinetic energy q2/q2
0
,

for the three different initial shear parameter values. Exponential growth is

observed, with the growth-rate exponent σ seen to depend on S∗L0. A least-

squares fit of the results, performed using the expression

q2 = q2r exp[σS(t − t0)], (2.21)

where q2r , σ, and t0 are fitting parameters, leads to σ values of 0.12, 0.14, and 0.13

respectively for the low, medium, and high shear cases. Using a combination of

theoretical and DNS results, Isaza and Collins [48] report corresponding values

of 0.12, 0.19, and 0.17. While our studies predict the correct trend, the growth-

rates are slightly lower for the medium and high shear cases, probably as a

consequence of the spectral filtering we perform on the velocity field. In their

DNS studies, Jacobitz and Sarkar [52] found the growth-rates reducing at higher

shear rates, and suggested that at long times, the eventual dominance of linear

effects might cause the kinetic energy to decay, as predicted by vRDT. Our long-

time (St ∼ 20) studies show no such decay in the kinetic energy at high shear,

though a slight reduction in the growth-rate is observed at the highest shear

rate.

Figure 2.22(a) shows the evolution of the shear parameter S∗L itself, for the

three different S∗L0. Beyond St ∼ 15, S∗L is seen to approach three distinct asymp-

totic values, thus indicating a strong dependence on S∗L0; the result also pro-

vides further support for the use of the alternate definition for S∗L, based on

the large scales of the flow. Figure 2.22(b) is a parametric representation of S∗L
against the instantaneous Reynolds number RL, showing that the shear param-

eter maintains sustained asymptotes even at large Reynolds numbers. Previous
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DNS studies have provided a mixed picture on the evolution of S∗, for various

reasons. Though Rogallo [81] and Lee et al. [61] do not explicitly study the ef-

fect of initial conditions, their results suggest the dependence of the final S∗ on

S∗
0

. The DNS of Rogers [83] on the other hand, seem to indicate that S∗ asymp-

totes to a constant value of around 11, regardless of its initial value; it should be

noted, however, that the different S∗
0

values used for Rogers’ simulations were

rather close to each other, and the run-time window was restricted to be rela-

tively short. In their studies of sheared stratified flows, Jacobitz et al. [53] and

Jacobitz and Sarkar [52], show that S∗ attains distinctly different values at long

times, based on the initial conditions. The DNS results of Yu and Girimaji [127],

performed using the Lattice-Boltzmann method, show a relatively mild depen-

dence of S∗ on S∗
0

, though the range covered by their initial shear parameter

value is also fairly small. Isaza and Collins [48] in their DNS show a clear de-

pendence of S∗ on S∗
0

.

We next consider the anisotropic Reynolds stress tensor,

bij ≡ ⟨uiuj⟩⟨ukuk⟩ −
1

3
δij (2.22)

which is known to approach a constant in the self-similar regime of HTSF.

Figures 2.23(a)-(d) show the evolution of b11, b22, b33, and b12, for each of the

three different initial shear parameter settings. All the components are seen

to attain constant values after an initial development period, with the asymp-

totes strongly dependent on the initial condition. With increasing S∗L0 val-

ues, the magnitudes of the normal stress components grow rapidly and attain

higher asymptotic values, indicating the eventual prevalence of one-component

turbulence at the large-scales, i.e., for very large shear rates, b11 → 2/3 and

b22 = b33 → −1/3. On the other hand, the magnitudes of the shear-stress com-

ponent b12, are seen to systematically decrease with increasing initial shear pa-

44



(a)

 0

 1

 2

 3

 4

 5

 6

 7

 8

 0  5  10  15  20

S∗L

St

(b)

 0

 1

 2

 3

 4

 5

 6

 7

 8

 0  500  1000  1500  2000  2500  3000  3500  4000

S∗L

RL

Figure 2.22: Effect of S∗L0 and RL0 on the evolution of (a) the shear parameter S∗L
against St; (b) the shear parameter against the Reynolds number, RL (Symbols:
For RL0 = 110, ◇ S∗L0 = 0.63, # S∗L0 = 3.15, and △ S∗L0 = 5.67; For RL0 = 220,
♦ S∗L0 = 0.63,  S∗L0 = 3.15, and ▲ S∗L0 = 5.67)

rameter, indicating a reduction in the level of anisotropy at higher shear rates,

consistent with the condition b12 → 0 expected in the limit of infinite mean shear

rate. The same general trends in bij are observed in all of the older DNS stud-

ies, with varying degrees of sensitivity to S∗. Some of these studies at relatively
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lower grid-resolution [83, 127] observe a gradual reduction in the anisotropy

at long times, indicating perhaps that bij would return to its isotropic value

for very large Reynolds numbers (at large St). However, Rogers [83] attributes

the perceived isotropy as arising from inadequate scale-separation between the

isotropic small scales and the anisotropic large scales of flow. In the present

study, the use of higher grid-resolutions allows us to resolve a comparatively

larger range of scales, ensuring adequate scale-separation: the asymptotes of bij

are thus seen to maintain their constant anisotropy levels even at long times,

St ∼ 20.

Finally, a flow statistic that represents the intermediate/small scales of flow

— the set of eigenvalues (λ1, λ2, λ3) of the fluctuating strain-rate tensor,

sij ≡ 1

2
(∂ui

∂xj

+
∂uj

∂xi

) . (2.23)

The small-scale structure and dynamics of the flow field can be character-

ized [14, 49] by the alignment of the eigenvalues λi with the components of the

local fluctuating vorticity field ωi. The eigenvalues are organized as λ1 ≥ λ2 ≥ λ3,

and satisfy the incompressibility criteria, λ1+λ2+λ3 = 0. The effect of S∗L0 on λi at

the asymptotic state St ∼ 20 is shown in Figure 2.24, and the PDFs of (λ1, λ2, λ3)

are seen to widen with increasing shear parameter; consequently, the mean val-

ues ⟨λ1⟩ and ⟨λ3⟩ are substantially larger for larger S∗L0. The most probable ra-

tio of the eigenvalues (⟨λ1⟩ ∶ ⟨λ2⟩ ∶ ⟨λ3⟩) in isotropic turbulence is known to be

(3 ∶ 1 ∶ −4) [49], and the presence of a mean shear changes the ratio: we obtain

(7 ∶ 1 ∶ −8) for S∗L0 = 0.63, (11 ∶ 1 ∶ −12) for S∗L0 = 3.15, and (15 ∶ 1 ∶ −16) for

S∗L0 = 5.67. Isaza and Collins [49] reported ratios of (10 ∶ 1 ∶ −11) and (17 ∶ 1 ∶ −18)

for S∗
0
= 3 and S∗

0
= 27, at St ∼ 9. Brasseur and Lin [14], from their DNS study, re-

ported a ratio of (5.6 ∶ 1 ∶ −6.6) for S∗
0
= 2.6 at St ∼ 4. Our results thus confirm the

expected trends at long times, indicating that with increasing S∗
0

, sij is rendered
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Figure 2.23: Effect of S∗L0 and RL0 on the evolution of the components of the
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ever more passive because of the preferred alignment of the fluctuating vorticity

vector with the eigenvector corresponding to λ2.

2.5.2 Sensitivity to the initial value of the Reynolds number

The fact that self-similar regimes are observed in HTSF (i.e., constant growth-

rates after an initial development time), precludes the possibility of a strong

Reynolds number dependence, since the Reynolds number increases continu-
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ally with St. In a recent systematic experimental assessment, Isaza et al. [51]

reported little or no dependence of the asymptotic state on the initial value of

the Reynolds number, confirming the general trend observed in past experi-

ments. Past DNS results, however, have indicated some dependence, ranging

from mild [81, 48] to strong [127], based on the flow statistic considered. The

relatively high Reynolds numbers attained in such studies also pose a challenge

to the DNS simulations: care has to be taken to ensure that the small scales are

resolved adequately at all times. For example, Yu and Girimaji [127] and Isaza

and Collins [48] report ratios of the grid size to the initial Kolmogorov scale,

∆x/η0 ∼ 2.9 and 2.09 respectively, while for the current study, we start with

much better resolution at the small-scales ∆x/η0 ∼ 1.6, and ensure that the ratio

never increases beyond 2.8, even at long times St ∼ 20.

For the normalized turbulent kinetic energy q2/q2
0

evolution shown in Fig-

ure 2.21, the growth-rates for the high Reynolds number cases are found to be

identical to those obtained for the low Reynolds number cases (i.e., σ = 0.12,

0.14, and 0.13, obtained using least-squares fits). The differences between the

curves on the plot are a consequence of the initial development time St0 be-

ing shorter for the high Reynolds number cases. Jacobitz et al. [53] in their

DNS study report a growth rate of 0.12, at initial conditions very close to our

lowest shear case; they too found the growth rates become independent of the

Reynolds number for Rλ0 ≥ 50. The uniform shear flow experiment of Vander-

wel and Tavoularis [120] seems to support this notion, reporting a σ value of

0.12 at Rλ ∼ 150.

The effect of RL0 on shear parameter evolution is seen in Figures 2.22(a)-

(b) — asymptotic S∗L values are observed to be slightly smaller when the initial
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Reynolds numbers are higher (except at the lowest shear rate, for St ≥ 10). The

relatively small change in the final values of S∗L — even with the initial (and

final) Reynolds numbers twice as large as before — implies that the sensitivity

to RL0 is weaker compared to the sensitivity to S∗L0. (It should be noted that the

apparently anomalous trend exhibited at the lowest shear rate is a consequence

of increased spectral filtering; for this case, it was found necessary to increase

the filter-application frequency to once every 5 timesteps, in order to ensure the

DNS calculation did not blow up. With decreasing shear rates, the nonlinear

turbulence-turbulence interaction term in the flow evolution equation [Eq. 3.4]

starts playing a dominant role. We believe that the increased nonlinearity ampli-

fies the problems associated with Gibbs oscillations, thus necessitating stronger

filtering.)

Whether the asymptotic value of S∗L retains its sensitivity to S∗L0 — even at

large Reynolds numbers — is an important question, though care should be

taken while assessing this point to ensure adequate grid-resolution in view

of the large final Reynolds numbers attained. While most early DNS stud-

ies [83, 61] were restricted to relatively low initial Reynolds numbers, Shih et

al. [98], in their stratified-flow DNS studies for larger initial Reynolds numbers

Rλ0 ≥ 80, found S∗ becoming independent of S∗
0

, always attaining a constant

asymptotic value of around 11, at long times. They claimed that with increas-

ing shear, the turbulence timescale q2/ǫ would adjust itself to ensure a universal

value for Sq2/ǫ; it was conjectured that the higher-than-expected dissipation rate

necessary for this to happen was a consequence of the formation and break-up

of thin streaky structures prevalent at high shear rates. However, results from

the present study and most past DNS studies indicate sustained sensitivity to

S∗L0 even at higher initial Reynolds numbers. The stratified-flow study of Ja-
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cobitz and Sarkar [52], performed at Rλ0 ∼ 90, and for a larger range of shear

rates, showed clear differences in the asymptotic values of S∗. Yu and Giri-

maji [127], under similar conditions (Rλ0 ∼ 84) but for unstratified flow, observe

S∗ asymptote to different values. Experimental evidence [116, 118, 51] in the

range 120 ≤ Rλ ≤ 450 shows the attainment of distinct asymptotic values of S∗.

The effect of the initial Reynolds number on the Reynolds stress components

bij is shown in Figure 2.23(a)-(d); for the normal stress components, a slight but

uniform reduction in the magnitudes of the asymptotic values is observed (ex-

cept at the lowest shear rate, for reasons explained above). The effect of RL0 on

bii is generally consistent with previous DNS results, with Yu and Girimaji [127]

arguing that at higher initial Reynolds numbers, the isotropizing non-linear ef-

fects come into play earlier, leading to smaller anisotropies. The magnitude of

the shear component b12, considered to be a sensitive indicator of turbulence
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structure [25], is seen to increase slightly with increasing RL0, showing mild de-

pendence on the Reynolds number. Previous DNS studies [53, 127] have also

concluded that at each particular shear rate, for high-enough initial Reynolds

numbers (Rλ0 ≥ 30), b12 values reach constant asymptotes, independent of Rλ0.

The experimental investigations of Isaza et al. [51] support this view, showing

no evidence of systematic b12 dependence on the Reynolds number for Rλ0 ∼ 250
and 250 ≤ Rλ ≤ 450. Ferchichi and Tavoularis [29] in their experiments, however,

claim to observe a decrease in the magnitude of b12 with increasing Reynolds

numbers (for 140 ≤ Rλ ≤ 660), arguing that it represents decreasing anisotropy

of the flow with increasing Rλ.

Figure 2.24 compares the PDFs of the eigenvalues λi at St ∼ 20, for both

the low and high initial Reynolds number cases. For the medium and high

shear rates, the PDFs are seen to widen slightly at the higher Reynolds numbers,
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indicating the presence of a wider range of flow-scales (the eigenvalue ratios are

inversely proportional to the small-eddy timescale of the flow, and thus tend to

increase when the small-scale timescales decrease). At the smallest shear rate,

the increased frequency of spectral filtering perhaps counters this effect, thus

preventing the PDFs of the eigenvalues from widening.

The presence of significant Reynolds stress anisotropy in HTSF implies [76]

that the shear-stress spectrum,

E12(κ′) ≡
∞

∭
−∞

R{Φ12(κ′)} δ(∣κ′∣ − κ′) dκ′, (2.24)

where R{Φ12(κ′)} represents the real part of the complex velocity-spectrum ten-

sor, would also be anisotropic in the energy-containing range of wave numbers,

where the Reynolds stresses are dominant. In the inertial range, E12(κ′) is ex-

pected to decay at a rate proportional to κ′−7/3, faster than the κ′−5/3 decay rate

for E11(κ′) [63]. Figure 2.25 shows the shear-stress spectrum as a function of

the radial wave number, non-dimensionalized using the shear length LS(≡ q/S)
and a velocity scale uS(≡ [0.21q3/SL11,1]1/2) based on the large scales of flow.

While the effect of the shear parameter is again clearly visible at the low wave

numbers, the initial Reynolds number seems to have little effect on the E12(κ′)
spectrum. The trends seen in Figure 2.25 are reasonably consistent with the cor-

responding wind-tunnel measurements of Saddoughi and Veeravalli [86], al-

though the decay rate for the DNS is higher than the expected κ′−7/3, most likely

due to the spectral filtering.
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Figure 2.26: (a) The evolution of the shear parameter S∗L, and (b) its surrogate
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⟩1/2, compared with experimental data from Champagne et al. [18],

Harris et al. [41], Tavoularis and Corrsin [116], Tavoularis and Karnik [118], De
Souza et al. [25], and Isaza et al. [51]. (Symbols: For RL0 = 110, ◇ S∗L0 = 0.63,
# S∗L0 = 3.15, and △ S∗L0 = 5.67; For RL0 = 220, ♦ S∗L0 = 0.63,  S∗L0 = 3.15, and
▲ S∗L0 = 5.67)

2.5.3 Comparisons with experimental data

Past experimental studies of HTSF [18, 41, 116, 117, 118, 25, 30, 97, 29, 51, 120]

have produced a trove of data on large-scale velocity statistics; while the op-
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erational Reynolds numbers attained in these studies are relatively high, the

shear strengths are restricted to low or medium values due to experimental lim-

itations in independently controlling the turbulence and shear parameter under

homogeneous conditions. Direct comparisons of the data with numerical results

have proven difficult, since simulations have been restricted to comparatively

low Reynolds numbers and short run-times. The present DNS, with their rel-

atively high asymptotic Reynolds numbers and long simulation times, attempt

to bridge this gap, allowing for a fairer comparison with experimental data.

Figure 2.26(a) shows the measured values of S∗L (at the corresponding local

RL) from various experiments, alongside the trends from our DNS study; the
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numerical results are thus seen to encompass a Reynolds number range compa-

rable to experiments. A commonly measured surrogate for the shear parameter,

SL11,1/⟨u2

1
⟩1/2, is shown in Figure 2.26(b), and the numerical results are again

seen to be in good agreement with the measurements.

The distribution of energy among the velocity components is compared

in Figure 2.27(a), with experimental measurements from Tavoularis and

Corrsin [116, 117] at the smallest shear rate. In the asymptotic state, the com-

ponent energies are seen to approach fixed ratios, with clear dependence on

the initial shear parameter. Rogallo [81] suggests that once the shear-induced

anisotropy attains an equilibrium against the natural isotropy of turbulence, the

anisotropy-measure (e.g. bii) would scale linearly with the shear parameter. This

is observed in Figure 2.27(b), where the bii curves from the DNS collapse when

scaled by S∗L. Experimental results from Tavoularis and Corrsin [116, 117] again

show good agreement with the DNS predictions.

The development of the shear-stress correlation coefficient

ρ12 ≡ ⟨u1u2⟩[⟨u2

1
⟩⟨u2

2
⟩]1/2 (2.25)

is shown Figure 2.28, compared with experimental data available at a range of

Reynolds numbers. The constant values attained after the initial development

period provide further evidence of asymptotic states existing at high-Reynolds

numbers. It is interesting to note that most DNS studies, including the current

one, report −0.5 ≥ ρ12 ≥ −0.6, whereas experimental measurements have always

been in the range −0.4 ≥ ρ12 ≥ −0.5. The explanation for this discrepancy is

unknown, although it is noted that the conditions in the wind tunnel and the

simulation do not precisely overlap, since by definition the former has a spa-

tial variation of the turbulence statistics along the length of the wind tunnel,
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implying at least a weak inhomogeneity.

Table 2.1 shows the mean and mean-squared values of the eigenvalues λi,

now normalized by ⟨sijsij⟩. Results from the present study are seen to be in

qualitative agreement, and bridge the gap between the older DNS studies [49]

at lower Reynolds numbers, and the experimental measurements [39, 55] from

high Reynolds-number atmospheric flows.

Given the reported challenges involved in the DNS studies, the preceding

comparisons show that overall the large-scale statistics predicted by the simu-

lations are in reasonable agreement with the experimental data.
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Table 2.1: Normalized means and mean squares of the eigenvalues λi of the
fluctuating strain-rate tensor, and their dependence on the shear parameter and
the Reynolds number. The means are normalized by s2r ≡ ⟨sijsij⟩ = ⟨λ2

1
⟩ + ⟨λ2

2
⟩ +⟨λ2

3
⟩. I09 are DNS results from Isaza and Collins [49]; Runs 01F −06F correspond

to the present DNS study; G07 and K01 correspond to experimental data from
Gulitski et al. [39] and Kholmyansky et al. [55].

S∗L0 RL Rλ ⟨λ1⟩/sr ⟨λ2⟩/sr ⟨λ3⟩/sr ⟨λ2

1
⟩/s2r ⟨λ2

2
⟩/s2r ⟨λ2

3
⟩/s2r

I09 0.63 440 117 0.58 0.08 -0.66 0.39 0.04 0.56
I09 5.67 440 117 0.57 0.07 -0.65 0.41 0.03 0.56
01F 0.63 1100 200 0.56 0.08 -0.64 0.40 0.03 0.56
02F 3.15 2100 380 0.60 0.06 -0.65 0.45 0.03 0.53
03F 5.67 2000 370 0.63 0.04 -0.66 0.47 0.02 0.51
04F 0.63 2900 380 0.56 0.08 -0.64 0.40 0.03 0.56
05F 3.15 3900 490 0.61 0.06 -0.65 0.45 0.03 0.53
06F 5.67 4000 500 0.64 0.04 -0.66 0.47 0.02 0.51
G07 - - 5300 0.51 0.09 -0.60 0.40 0.04 0.56
K01 - - 104 0.47 0.06 -0.53 0.47 0.06 0.53

2.6 Conclusions

In this work, we extend well-resolved DNS of HTSF to longer times, enabling an

improved analysis of the asymptotic state at large Reynolds numbers. Sensitiv-

ity of the asymptotic state to the initial shear parameter and Reynolds number

is then assessed. While determining the optimal settings necessary for extend-

ing our simulations, we identified an important numerical issue affecting the

use of the pseudo-spectral method. In trying to resolve the extremely thin vor-

tical structures found in the HTSF flow field, the numerical method experiences

Gibbs oscillations, with the resulting spurious energy at high wave numbers

contaminating the flow field. Non-physical behavior of flow statistics is ob-

served at long times, thereby restricting the simulation time-window, and pre-

venting the attainment of higher Reynolds numbers.

In order to suppress the noise, we implement a low-pass exponential-type
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spectral filter that stabilizes the method and enables extension of the simulation

to the asymptotic state. The effects of filtering are assessed, and the shear pa-

rameter and Reynolds number are recast in terms of large-scale flow variables,

before high-resolution filtered simulations are performed.

At the high Reynolds numbers now attained, our results indicate the sen-

sitivity of large-scale flow statistics to the initial shear parameter, and show

milder dependence on the Reynolds number, thus corroborating the findings of

Isaza and Collins [48] over a wider range of parameters. Additionally, the shear

parameter is not observed to asymptote to a universal constant at high Reynolds

numbers — distinct asymptotes are maintained based on the initial conditions.

The extension of our simulations to longer times and larger Reynolds numbers

also allows comparisons with past experimental data at similar operating condi-

tions; reasonably good agreement is observed, giving us additional confidence

in the reliability of the large-scale flow statistics from the filtered DNS.

As mentioned in § 4.2, the longterm goal of this work is to investigate the

clustering and collision rates of inertial particles embedded in HTSF, and under-

stand how mean shear complicates the particle dynamics vis-à-vis isotropic tur-

bulence. As most of the clustering occurs at separations below the Kolmogorov

length scale, the accuracy of the small-scale statistics will be of prime impor-

tance to these studies. The negative effect of filtering on the small-scale statistics

is therefore a concern (e.g., see Figure 2.25). In future work, we will consider al-

ternative approaches to filtering that preserve the small scales. For example, the

Weighted Essentially Non-Oscillatory (WENO) schemes apply adaptive sten-

cils for the derivatives to achieve high-order accuracy, while simultaneously

preventing Gibbs oscillations. We will consider hybrid approaches, where both
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spectral and WENO schemes are combined to take advantage of the strengths

of each method.

Acknowledgments

The authors thank P. J. Ireland and M. Henke for several useful discussions

and suggestions. This work was supported by the National Science Foun-

dation (NSF) through grant CBET-0967349. We also acknowledge the high-

performance computing support provided by the Extreme Science and Engi-

neering Discovery Environment (XSEDE) program, which receives its support

from NSF grant OCI-1053575; the Oak Ridge Leadership Computing Facility at

the Oak Ridge National Laboratory sponsored by the Office of Science at the

U. S. Department of Energy under Contract No. DE-AC05-00OR22725; and the

National Center for Atmospheric Research (NCAR) Computational and Infor-

mation Systems Laboratory, sponsored by the NSF.

59



CHAPTER 3

DIRECT NUMERICAL SIMULATION OF PARTICLE-LADEN

HOMOGENEOUS TURBULENT SHEAR FLOW. PART I: THE SPATIAL

DISTRIBUTION OF PARTICLES†

3.1 Abstract

In this paper, we study the effects of imposed uniform mean shear and

gravitational acceleration on the spatial distributions of individual inertial

particles and particle-pairs in homogeneous turbulent shear flow (HTSF).

High-resolution direct numerical simulations are performed using a hybrid

pseudospectral-WENO scheme, enabling attainment of larger Taylor microscale

Reynolds numbers (maxRλ ∼ 225) over extended flow-evolution durations. We

explore the influence of weak, intermediate, and strong mean-shear on the dis-

tribution of particles over a range of Kolmogorov-scale Stokes numbers (St),

with gravitational acceleration acting normal to the mean-flow direction. Flow

non-stationarity is taken into account, causing the evolution of the Stokes num-

bers with time, and also leading to the relative weakening of gravitational set-

tling over time.

The interaction of individual particles with the anisotropic flow-topology is

first analyzed in the absence of gravity. Intermediate-St particles are found to

avoid quasi-streamwise vortices, and instead show a preference for sampling

vortex layers that are prevalent in HTSF. In particular, shear-induced changes

in the fluid rate-of-strain field cause St ∼ 1 particles to preferentially sample re-

†P. S. Sukheswalla, A. D. Bragg, L. R. Collins. Direct numerical simulation of particle-laden
homogeneous turbulent shear flow. Part I: The spatial distribution of particles. In preparation,
2015.
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gions of biaxial-strain instead of uniaxial strain. It is shown that while vortex

layers are associated with regions of strong vorticity, the mean streamline cur-

vature in such regions is relatively small, thus explaining the accumulation of

inertial particles there. The net difference between the rates of strain and vor-

ticity sampled by St ≲ 2 particles is found to reduce with stronger shear, and is

shown to be a consequence of the shorter correlation timescales over which par-

ticles interact with coherent regions of flow along their trajectories. In the pres-

ence of gravity (acting normal to the shear), intermediate- and large-St particles

are found to sample the flow-field more uniformly, though this effect weakens

a bit at stronger shear. The combined action of shear and gravity leads to fur-

ther reduction in the interaction times between the particles and the underlying

flow.

Next, the spatial distribution of particle-pairs is considered, first in terms of

the radial distribution function (RDF) and then using angular distribution func-

tion (ADF), both calculated at different stages of flow evolution. After an initial

transient, the RDFs at different particle sizes are seen to evolve in a manner

consistent with their instantaneous St — peaking around St ∼ 1 and exhibit-

ing power-law scaling for low- and intermediate-St. Stronger shear has a non-

trivial effect on clustering, causing it to reduce at low- and intermediate-St, but

to increase at larger-St. This is attributed to the shortening of the correlation

timescales, and the effect of this on the different clustering mechanisms that op-

erate in the small- and large-St regimes. The effect of gravity on the RDFs is

found to be qualitatively similar to that of shear, and is thought to arise from

the same underlying mechanism. The anisotropy of pair-distribution is quanti-

fied using spherical harmonic decomposition of the ADFs. While at weak shear,

the direction of maximal anisotropy aligns closer to the mean-strain extensional
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axes, stronger shear is found to shift the maximum toward the streamwise direc-

tion. Gravity works to counteract this shear-induced shift, forcing the maximum

back toward the weak-shear limit.

Finally, increasing the Reynolds number leads to a mild reduction in the

anisotropy, reflecting the prevalence of smaller, more isotropic, scales of flow.

Comparisons with high-Rλ experiments show that the simulations capture RDF

scaling trends quite well, and that the effects of disparate scale-separation be-

tween the experiments and DNS can be overcome by appropriate normalization

using the shear length scale LS . Results from the current work, augmented with

those relating to particle velocities and accelerations, will be used in a forth-

coming publication to assess the implications of anisotropic collision rates for

particles in HTSF.

3.2 Introduction

Turbulent shear flows are ubiquitous in nature, and are characterized by the

presence of a mean velocity gradient in the flow, brought about either by inter-

action with a wall (e.g. boundary layer flows and channel flows), or by mean-

velocity differences in fluid remote from walls (e.g. jets, wakes, and mixing

layers). Such flows are generally anisotropic and non-stationary, and one of the

central issues in their study is the exchange of energy between the mean flow

and the underlying turbulence, usually involving the dynamic evolution and

transport of vortical structures due to the imposed shear [119, 22]. The afore-

mentioned canonical examples of shear flow represent conditions prevalent in

a variety of environmental and industrial flows, and their analysis is thus of
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considerable importance.

Of arguably greater practical relevance, however, is the study of particle-

laden turbulent shear flows, especially those involving dilute suspensions of

fine particles that are denser than the fluid. The transport of aerosol in atmo-

spheric plumes, sedimentation of particles in rivers and channels, dispersion

of fuel droplets in engine sprays, distribution of plankton in oceans, and small

water droplets in turbulent atmospheric clouds are but a few examples of di-

lute suspensions in natural and engineering flows [4, 96, 102, 28]. The transport

and mixing of particles in these cases is affected strongly by the nature of their

response to the large and small scales of the underlying turbulent flow; particle–

particle interactions being rare, generally do not play a significant role. In many

of these flows, the anisotropic (and frequently, inhomogeneous) nature of turbu-

lent shear is manifest only in the larger flow scales, and the smaller scales, less

affected by the anisotropy, are considered more ‘universal’ in nature. Hence,

while it is certainly useful to study particle phenomena controlled by the larger

scales (e.g. dispersion and transport), the analysis of particle processes influ-

enced by the smaller scales is more generic, and has wider applicability across

different shear flows [80].

Numerous experimental, computational, and theoretical studies have shown

that the concentration distribution of fine particles in turbulent flows is highly

non-uniform, with local regions of anomalously high or low number-densities

correlated to the action of the underlying turbulent eddies [27, 4]. This effect is

termed the clustering of inertial particles in turbulent flow, and in spite of being

a small-scale phenomena, it is known to have a profound influence on many of

the sub-processes (e.g., collision, agglomeration, gravitational settling etc.) that
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(a) (b) (c)

Figure 3.1: (a) Schematic representation of homogeneous turbulent shear flow,
with U as the mean velocity, S the imposed uniform mean shear, and (L1,L2,L3)
representing the domain dimensions. The gravitational acceleration has a mag-
nitude g, and points in the −x2 direction; (b) The orientation angles α and β for
the fluctuating vorticity vector ω. The corresponding angles for the full vorticity

field ω̃ are similarly defined, but denoted by α̃ and β̃; (c) Spherical coordinate
system characterized by the angles θ and φ, used for measuring spatial orienta-
tion of particle-pairs.

affect the flows mentioned above [110]. An understanding of the mechanisms

that affect clustering, and in particular the role played by the underlying tur-

bulent motion, is therefore of great importance in the study of particle-laden

flows.

A recent theoretical study [9] of clustering in homogeneous isotropic tur-

bulence (hereinafter HIT) has provided a unified description of the different

physical mechanisms that control clustering at the small scales, as a function of

particle inertia. In order to characterize the inertial nature of the particles, the

non-dimensional Stokes number St, based on the smaller (Kolmogorov) scales

of flow is used. The study showed that whereas St≪ 1 particles cluster through

the traditional centrifuge mechanism [66], the clustering mechanism fundamen-

tally changes for St = O(1) particles because of the non-local contribution to the

particle relative-velocities in this regime [9]. Particle pairs arriving at a given

separation r coming from larger separations carry a memory of larger fluid
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velocity differences in their path-history as compared with pairs arriving at r

from smaller separations. This path-history bias breaks the symmetry of the

particle inward and outward motions, creating a net inward drift between the

pair, which leads to clustering. These ideas have been corroborated by recent

high-resolution computational studies [46, 45], where it is also shown that the

same mechanisms can explain the complicated changes observed in the cluster-

ing process in the presence of gravitational acceleration.

Before turning to the question of clustering in turbulent shear flows, we note

that the numerical simulation of such flows at higher Reynolds numbers is rela-

tively challenging, in part due to the anisotropy of the flow scales, and also due

to the possibility of concurrent non-stationarity and inhomogeneity in the flow.

A substantial simplification can be brought about by instead considering the ho-

mogeneous turbulent shear flow (hereinafter HTSF) configuration, as shown in

Figure 4.1(a), where a uniform and constant mean velocity U = (Sx2,0,0) is im-

posed on the turbulent flow, and the spatial gradients for all turbulence quanti-

ties are nominally absent [119]. Here S ≡ dU1/dx2 is the imposed mean velocity

gradient (or mean shear rate), and (x1, x2, x3) represent the streamwise, trans-

verse, and spanwise directions, respectively. HTSF is characterized by two pa-

rameters [81, 53, 95], the Taylor microscale Reynolds number Rλ ≡ qλ/ν, and the

non-dimensional shear parameter S∗ ≡ Sq2/ǫ, where λ is the Taylor microscale,

q2 ≡ ⟨uiui⟩ is twice the turbulent kinetic energy, ν is the kinematic viscosity of

the fluid, and ǫ is the dissipation rate. The non-dimensional time of evolution of

the flow is represented by TS ≡ St. HTSF is a free-shear flow that can be approx-

imately realized under experimental conditions, and various aspects of it have

been extensively studied in the past, providing a fairly detailed understanding

of the transfer of energy from the mean to the turbulence, and its subsequent
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redistribution by pressure forces.

It should be noted that in spite of the simplifications mentioned above,

the rapid growth of turbulent kinetic energy and dissipation rate in HTSF

make high-Reynolds-number simulations of the flow quite difficult, as has been

highlighted recently [109]; consequently, progress in computational study of

particle-laden HTSF has been slower compared to that for HIT. With the concur-

rent availability of high-performance computational resources and the improve-

ments in numerical methods, it is now posible to close this gap. The study of

HTSF not only improves our understanding of more complicated and widely-

used turbulent shear flows (e.g., channel flow, with which it shares key flow-

features), it also provides a convenient test-bed for more fundamental analyses

of how the anisotropy of the large scales affects the particle motion.

Past investigations of particle-laden HTSF have addressed various aspects

of large- and small-scale phenomena: issues pertaining to particle disper-

sion [105, 2, 64], velocity variances [103, 64, 2], preferential concentration [2,

112, 99, 100, 37, 125], relative velocities [38], collision statistics [38], etc, have

been considered, using both single-particle and particle-pair statistics. The ef-

fects of gravitational acceleration acting alongside shear has also been inves-

tigated [2, 99, 100]. By and large, these studies showed that inertial particles

in HTSF preferentially sample the flow, with clustering characteristics that are

roughly comparable to those seen in HIT; also, the concurrent action of shear

and gravity was found to reduce clustering [2, 99, 100]. More recently, the

anisotropic nature of clustering in HTSF was highlighted [37], and the role

played by the mean shear in inducing this anisotropy was investigated using

spherical harmonic decompositions; these results were later corroborated by
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experiments [71], and also shown to be consistent in the first order with theo-

retical models [3]. In similar fashion, the relative velocities of particle pairs in

HTSF were shown to be anisotropic, as was the collision kernel [38].

However, computational constraints, in part, restricted certain aspects of

these studies, either in terms of the artificially-induced stationarity of the flow

field [37, 38], or due to the relatively small range of flow/particle parameters

used [105, 2, 99, 125]. In addition, there exist no prior studies of particle accel-

erations in HTSF, though it is known that particles settling under gravity in a

wall-bounded shear flow exhibit new and interesting acceleration characteris-

tics [31, 59].

In the present work we hope to fill these gaps by performing a comprehen-

sive investigation of the effects of shear and gravity on the positions, veloc-

ities, and accelerations for a range of particle Stokes numbers, both in terms

of single-particle and particle-pair statistics. Wherever possible, we will try to

relate particle-pair statistics to the single-particle behavior, and provide phys-

ical explanations for our observations in terms of the mechanisms mentioned

earlier. Throughout this study, we will compare and contrast our results with

those from recent HIT studies [46, 45], so as to highlight the effects of turbulence

anisotropy on clustering. From a broader perspective, our motivations parallel

those of the HIT studies, with the overall goal of moving toward an improved

understanding of how particle-turbulence interactions eventually affect colli-

sion rates; it is hoped that results from the present HTSF study will help guide

future analysis of collision rates in more general turbulent shear flows. The cur-

rent paper will only focus on the spatial distribution of particles. The statistics

related to their relative velocities and accelerations will be presented in Part II.
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This paper is organized as follows: §4.3 provides an overview of the sim-

ulation parameters and the computational methods used; in §4.4 we consider

single-particle statistics in terms of the vorticity and strain components of the

flow they sample; in §4.5 we assess particle-pair statistics related to cluster-

ing and its anisotropy, utilizing some of the findings from the previous section;

Reynolds-number dependence will also be briefly considered, and preliminary

comparisons will be made with experimental measurements. We end with §4.6,

where conclusions and ideas for future work are provided.

3.3 Overview of Simulations

In this section, we provide an overview of the computational methods used for

the simulation of the fluid and particle fields, along with the relevant physical

and numerical parameters. More detailed descriptions of the algorithms, simu-

lation methodology, and code can be found in previous publications [16, 47].

3.3.1 Fluid phase

We perform DNS of HTSF on a shear-periodic cuboid domain (cf. Figure 4.1(a))

with dimensions L1×L2×L3 = 4π×2π×2π, and a grid resolution of N1×N2×N3 =
2048 × 1024 × 1024. We begin by considering the governing equation of flow for

an incompressible fluid,

∂ũi

∂xi

= 0 (3.1)

∂ũi

∂t
+ ũj

∂ũi

∂xj

= −1
ρ

∂p̃

∂xi

+ ν
∂2ũi

∂xj∂xj

, (3.2)
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where ũi is the velocity vector, p̃ is the pressure, ω̃i is the vorticity, ν is the

fluid kinematic viscosity, and ρ is the fluid density. x1, x2, and x3 represent the

streamwise, transverse, and spanwise directions, respectively. We introduce the

Reynolds decomposition, ũi = Ui+ui, ω̃i = Ωi+ωi and p̃ = P + p, where the upper-

case letters denote mean quantities, and the lowercase letters denote fluctuating

quantities. For simple shear flow, we define the mean velocity and vorticity as

U ≡ (Sx2,0,0) and Ω ≡ (0,0,−S), respectively, where S is the constant uniform

mean shear rate imposed on the flow. Subtracting the terms that involve the

mean flow, and invoking homogeneity, we obtain the evolution equation for the

fluctuating velocity,

∂ui

∂xi

= 0 (3.3)

∂ui

∂t
+ Sx2

∂ui

∂x1

+ Sδi1u2 + uj

∂ui

∂xj

= −1
ρ

∂p

∂xi

+ ν
∂2ui

∂xj∂xj

. (3.4)

We use the pseudospectral method [74] for solving the evolution equation in

spectral space. Introducing the spectral transforms,

ûi(κ′ , t) =∑
x

ui(x, t) exp[−iκ′ixi] (3.5)

p̂(κ′ , t) =∑
x

p(x, t) exp[−iκ′ixi] (3.6)

where κ
′

i ≡ κi − Stκ1δi2 is the shear-modified wave number, with the Brucker

algorithm [16] being used for performing the transforms efficiently in the shear-

periodic direction x2. Applying the Fourier Transform to Eqns. (3.3) and (3.4),

and then projecting out the pressure term, we finally obtain the update equation

for the spectral velocity coefficient ûi,

[ ∂
∂t
+ νκ

′
2] ûi = (−δim + κ

′

iκ
′

m

κ
′2
)F {∂(umuj)

∂xj

} + 2κ′iκ1

κ
′2
Sû2 − Sδi1û2, (3.7)

where κ′2 ≡ κ′iκ′i, and F{} represents the spectral transform operator acting on

the non-linear term.
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Prior studies of HTSF have shown evidence for the eventual formation of

numerous thin, highly strained vortical structures in the flow, leading to the

generation of sharp vorticity gradients in the transverse direction [109]. The

non-dissipative nature of the pseudospectral method makes it difficult to han-

dle these sharp gradients, resulting in numerical instabilities (Gibbs oscillations)

and premature blow-up of simulations at higher Reynolds numbers. While in

the past, spectral filtering of the high-wave number region has been used to

suppress the generation of these sharp gradients, for the present study we use

a Weighted Essentially Non-Oscillatory (WENO) scheme [101], which is a less

dissipative option. We use a 5th-order accurate WENO scheme while evaluat-

ing the non-linear term in physical space, while the other terms are computed

in spectral space, as usual [108]. This supplemented pseudospectral method is

found to act locally in space and prevent generation of sharp gradients, thereby

allowing simulations at higher Reynolds numbers with adequately extended

time windows. Further details regarding the implementation of the WENO

scheme can be found in the Appendices.

As mentioned in §4.3, the two main physical parameters that characterize

HTSF are the Shear parameter S∗, and the Reynolds number Rλ. The initial val-

ues of both parameters are given in Table 4.1. In addition, the strength of gravity

relative to the turbulence is specified through a Froude number Fr ≡ uη/(gτη),
which is the ratio of the Kolmogorov acceleration uη/τη, to the gravitational con-

stant. In the present study, we consider gravity to act in the −x2 direction, mim-

icking the situation seen in HTSF experiments [71].

Simulations are performed at three different shear rates (termed ‘weak’, ‘in-

termediate’, and ‘strong’ shear, respectively), selected to roughly correspond
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Table 3.1: Flow simulation parameters for the present DNS study. All dimen-
sional parameters are in arbitrary units. Parameter definitions are provided in
the text, and the subscript ‘0’ indicates their values at time TS = 0. The fluid vis-
cosity is ν = 3× 10−4 for all runs, and the initial energy spectrum peaks at κ0 = 15
and κ0 = 9 for the low and high Reynolds number simulations, respectively.

Run S S∗
0

Fr0 Rλ0

I 3 7.12 ∞ 62

II 6 14.25 ∞ 62

III 12 28.50 ∞ 62

Ia 3 7.12 0.136 62

IIa 6 14.25 0.136 62

IIIa 12 28.50 0.136 62

IIb 6 14.25 0.068 62

IIc 6 14.25 0.017 62

Ia 3 7.12 ∞ 110

with shear rates observed in wind-tunnel HTSF experiments [50, 71], or in the

outer part of boundary layers [8]. To ensure a wider parameter-sweep, we

vary the shear rate and the gravitational effects independently. The simula-

tions are first performed with gravitational acceleration switched off at each

shear (Runs I, II, and III), and then with an initial Froude number Fr0 = 0.136
(Runs Ia, IIa, and IIIa). The effect of varying the Froude number is considered

for the intermediate shear case (Fr0 = 0.068 and Fr0 = 0.017 in Runs IIb and IIc).

We denote the three gravity settings as ‘low’, ‘medium’, and ‘high’, respectively.

Finally, Reynolds number effects are investigated in Run Ia. Further details re-

garding the numerical setup, parallelization schemes, and the effect of the initial

conditions on HTSF can be found in an earlier publication [109].
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Figure 3.2: Time evolution of fluid statistics at the different shear rates: (a) the
Shear parameter S∗; (b) Reynolds number Rλ; (c) Normal components υ11 (red
lines) and υ22 (blue lines) of the vorticity anisotropy tensor υij , for weak shear
(dashed-dot lines) and strong shear (sold lines); and (d) Froude number Fr (for
Runs Ia, IIa, IIIa).

Before moving on to the setup for the particle phase, we briefly show the

time evolution of the flow field, highlighting the major effects of shear on the

flow. Figure 3.2(a) shows the evolution of the shear parameter at the three

shear rates, and while the weak shear case clearly asymptotes to S∗ ∼ 11 by

TS ∼ 12, with increasing shear, the simulations are seen to take more time to

reach their asymptotic values. The evolution of the Reynolds number in Fig-

ure 3.2(b) reflects the shear-dependent differences in the turbulent kinetic en-

ergy growth rates [48, 109], reaching higher values for greater shear rates. Mov-
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ing to a small-scale statistic, in Figure 3.2(c) we observe the evolution (at weak

and strong shear rates) of the components of the vorticity anisotropy tensor

υij ≡ ⟨ωiωj⟩/⟨ωkωk⟩ − δij/3; the substantial differences in the trends at the two

shear rates shows that the shear has a strong effect on the small-scale vortic-

ity dynamics as a function of time. Finally, Figure 3.2(d) shows the evolution of

the Froude number from Runs Ia, IIa, and IIIa, demonstrating the importance

of the initial shear parameter on the evolution of Fr. Notice that the Froude

number increases with time, implying a diminution of the effect of gravity as

the flow evolves.

3.3.2 Particle phase

We consider the particles to be small and spherical, with particle densities (ρp)

far exceeding that of the fluid (i.e., ρp/ρ ≫ 1). The Stokes number, which is

a measure of particle inertia, is defined as the ratio of the response time of a

particle, to the Kolmogorov timescale of the flow. It is known that except under

cases of extremely weak shear, the Kolmogorov timescales in HTSF reduce with

time [48], leading to the generation of ever-smaller length scales. This implies

a temporal variation in the particle Stokes number, with its instantaneous value

given by,

St ≡ τp

τη
∣
TS

= St0 (η0
η
)2 , (3.8)

where St0 and η0 are the Stokes number and Kolmogorov length scale at TS = 0
(the instant mean shear is imposed on the flow), τp ≡ ρpd2/ρ18ν is the (constant)

particle response time for a particle of diameter d, and η is the Kolmogorov scale

at time TS .
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Table 3.2: Properties of inertial particles used for the present DNS study. All
dimensional parameters are in arbitrary units. Np = 134,217,728 particles from
each of the classes are used in every simulation. Parameter definitions are pro-
vided in the text, and the subscript ‘0’ indicates their values at time TS = 0.

Class τp St0 Sv0

IIa IIb IIc

A 6.45 × 10−3 0.075 0.573 1.103 4.367

B 1.29 × 10−2 0.150 1.147 2.207 8.733

C 3.87 × 10−2 0.450 3.442 6.620 26.199

D 6.45 × 10−2 0.750 5.737 11.033 43.665

E 1.29 × 10−1 1.500 11.475 22.065 87.330

F 3.87 × 10−1 4.500 34.425 66.195 —

A total of six different particle classes was chosen for this study, as listed in

Table 4.2. Following arguments made in comparable HIT studies [46], we will

assume that the particles are only subjected to linear drag forces when interact-

ing with the flow, that the flow is dilute enough to disregard two-way coupling

with the fluid, and that inter-particle collisions can be neglected. More than

1.3×108 particles for each of the six particle classes are used in every simulation,

along with an equal number of fluid tracer (inertia-less) particles.

The simplified Maxey-Riley [67] equations govern the evolution of the iner-

tial particles,

d2
xp

dt2
= dvp

dt
= u(xp(t), t) − vp(t)

τp
+ g, (3.9)

while the motion of inertia-less particles are governed by,

dxp

dt
= u(xp(t), t), (3.10)

where xp(t), vp(t) are the particle position and velocity vectors, respec-
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tively, u(xp(t), t) is the fluid velocity evaluated at the particle position and

g = (0,−g,0) is the gravitational acceleration vector. An 8th-order accurate La-

grangian interpolation scheme is used for transferring fluid velocities from the

fluid grid on to particle positions. Further details regarding the numerical meth-

ods and schemes used herein can be found in previous publications [47, 46].

The effect of gravity on the particles can be characterized by the settling

parameter, which compares the settling velocity of the particle with the Kol-

mogorov velocity of the flow,

Sv ≡ τpg

uη

= Stg(uη/τη) . (3.11)

Since the Kolmogorov velocity uη ≡ (νǫ)1/4 itself evolves with time in HTSF, so

does the settling parameter. Note that the Froude number and the settling pa-

rameter are related, Fr = St/Sv; the initial values of the settling parameters Sv0

(based on uη at TS = 0) for each particle class in Table 4.2 are thus a function of

both the Froude number for a particular simulation, and the Stokes number of

the particle.

Care is taken to ensure realistic initial conditions for the simulations. Before

the uniform shear was imposed, the flow was allowed to undergo isotropic de-

cay in two stages — first without, and then with particles — for a total of half an

eddy-turnover time. This leads to a mildly clustered initial system that is free

of numerical artifacts (e.g. Gaussianity of the fluid/particle fields), and also

mimics the sequence of steps generally used in HTSF experiments [71]. We note

that for Runs IIa, IIb, and IIc, the gravity was switched on during the isotropic

decay phase, and the Froude numbers being different in each Run, leads to the

clustering at the end of the decay phase to be different.

At the end of this preparatory decay phase, the mean velocity is imposed on
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Figure 3.3: (a) Temporal evolution of the instantaneous Stokes numbers St for
the different particles classes, for the low (solid red line), medium (dashed blue
line), and high (black dashed-dot line) shear rate simulations; (b) Evolution
of particle Settling parameter Sv against the instantaneous Stokes number St

for the medium shear rate case, with lines shaded by the instantaneous Froude
number Fr of the flow; (c) Time evolution of Sv, with lines shaded by the in-
stantaneous Froude number.

the fluid field; to ensure consistent initial shear-periodic boundary conditions,

the particle velocities are reinitialized by adding the local fluid mean velocity

(i.e. Sxp
2
(TS = 0)δi1) to the particle velocity.
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Figure 3.3(a) shows evolution of the Stokes number for particles from Runs

I, II, and III, with the temporal change St seen to become especially significant

at higher shear rates. In order to ensure consistency in the results below, we will

report the instantaneous Stokes number for each of the particle classes and the

times at which their properties are compared. As mentioned above, the grav-

itational settling parameter is also a function of time, and Figure 3.3(b) shows

curves representing the concurrent evolution of Sv and St for different particle

classes, for the three different gravity settings (Runs IIa, IIb, and IIc); the curves

are shaded by the instantaneous Froude number value. For the sake of clarity,

the time evolution of the settling parameter is shown separately in Figure 3.3(c),

for particles from the intermediate gravity and intermediate shear case (Run IIb).

The relative weakening of the influence of gravity with time is clearly evident.

3.4 Single-particle statistics: Interaction of particles with tur-

bulence structure

Statistical measures such as the radial distribution function (RDF) provide im-

portant information on the strength and nature (e.g. scale-invariance) of the

clusters formed by inertial particles in turbulence. However, such measures

do not themselves indicate where in the turbulent flow-field the clusters tend to

form; yet, this is also something of interest, especially since such information

yields insight into how the particles interact with the topology of the turbulent

velocity field. In this section we consider results which tell us where the par-

ticles cluster and how they interact with the flow-structure in HTSF, and then

in §4.5 we will consider other statistics which quantify the actual strength and
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nature of the resulting clustering.

Early studies noted the presence of characteristic vortical elements (in both

homogeneous and inhomogeneous turbulent flows) that seemed to effectively

direct the motion of inertial particles based on their Stokes numbers [27]. The

fundamental mechanism governing particle clustering relies on the fact that in-

ertial particles do not follow the local fluid streamlines [66]. It is argued that

St = O(1) particles, which respond strongly to the underlying vortical struc-

tures, are most effectively centrifuged out of the cores of these structures, and go

on to accumulate in surrounding regions of converging flow, characterized by

high strain rate and low vorticity. In contrast, because (St≪ 1) particles follow

the underlying flow closely, and because (St ≫ 1) are insensitive to the small-

scale vorticity field, the centrifuge effect is weak outside of the St = O(1) regime.

It should be noted that although modern theoretical explanations of clustering

have shown that the centrifuge mechanism is not the dominant cause of clus-

tering at St = O(1) [40, 9], this effect does nevertheless control where St = O(1)
particles cluster [11].

Later HIT studies [106, 90] used more sophisticated schemes for classifying

the flow topology [44, 104], so as to enable a more realistic analysis of the inter-

action between particles and the underlying turbulent structure. While we will

address these findings in more detail later on, the overall observation in these

studies has been that particles tend to be transported from so-called ‘rotational

zones’ (or ‘vortex tubes’) into the ‘convergence zones’ (or ‘irrotational dissipa-

tion’ regions) of the flow, where the local strain field is in general stronger than

the rotational field.

In contrast to the isotropic structure of the vorticity field in HIT, the field
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in HTSF is anisotropic and non-stationary in nature, and past DNS stud-

ies [82, 13, 57] have shed light on the temporal development of the topology

of this field vis-a-vis its interaction with the mean shear. These studies dis-

cerned various distinct flow structures (viz. quasi-streamwise vortices, vor-

tex layers, transverse vortices etc), and highlighted the mechanisms respon-

sible for their generation and transport, as a function of time. Subsequent

work [12, 14, 72, 2] has further clarified these ideas in terms of the the small-

scale interaction between the vorticity and the rate-of-strain tensor; more recent

HTSF studies [48, 49] have shown this interaction to be sensitive to the strength

of the imposed shear, while being almost independent of the Reynolds number.

In order to consider how these structural features of HTSF affect the parti-

cle distribution, we assess a range of flow properties (related to the vorticity

and rate-of-strain fields) at locations sampled by the particles. This information

gives insight as to where the particles tend to accumulate in the flow, and how

shear affects this; the insight will be useful later in this study when we con-

sider the clustering of the particles using the radial distribution function (RDF),

which measures the degree of clustering, but without an indication of where

they cluster.

We note that the results presented below are meant to be qualitative in na-

ture, and while some of the higher-order statistics (e.g. probability density func-

tions) are affected by the WENO scheme, we observe that such effects are quan-

titatively small, and do not influence the conclusions we will make below.
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3.4.1 Sampling of the fluid vorticity and rate-of-strain fields

We begin with Figure 3.4, showing the probability density functions (PDFs)

P(ω1, t) and P(ω3, t) which represent the PDFs of the fluctuating stream-wise

and span-wise fluid vorticity components (ω1 and ω3) evaluated at the inertial

particle positions xp(t). We consider the PDFs at each of the three shear rates

and with gravity switched off. While the PDFs for small-St and large-St are

close to those of the underlying fluid tracers, with increasing shear, 0.9 ≲ St ≲ 2.1

particles are seen to preferentially sample regions with larger negative values of

ω3, and at the same time avoid regions with higher ω1. This observation is con-

sistent with past work [112], where it was inferred that St ∼ 1 particles in HTSF

avoid quasi-streamwise vortices, and instead accumulate in the vortex layers

that are formed in the highly strained region between pairs of vortices.

In Figure 3.5(a) we plot ⟨ω3(xp(t), t)⟩ ≡ ∫ ω3P(ω3, t)dω3 against the Stokes

number. For uniformly distributed particles ⟨ω3(xp(t), t)⟩ = 0, and Figure 3.5(a)

shows that ⟨ω3(xp(t), t)⟩ deviates most strongly from 0 for St ∼ 1, consistent

with the notion that such particles are optimally affected by the centrifuge effect

discussed earlier.

The results in Figure 3.5(b) show that gravity significantly affects this behav-

ior; preferential sampling of negative span-wise vorticity decreases for all but

the smallest St particles. The reason for this is that gravitational settling reduces

the interaction time between the particles and the flow structures, reducing their

effectiveness at concentrating the particles outside of the vortices, thus allowing

them to sample the flow field more uniformly. Interestingly, within the range

1 < St < 5, the particles exhibit preferential sampling of positive ω3. While the

reason for this reversal is currently unclear, past studies of flow topology in
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Figure 3.4: Plots of P(ω3, t) (plots on left) and P(ω1, t) (plots on right) at time
TS ∼ 9. The top, middle, and bottom rows of plots correspond to weak, in-
termediate, and strong shear, respectively. Lines represent fluid tracers, while
symbols represent inertial particles. Results with gravitational acceleration not
shown.

HTSF [112] have shown the vortex layers to be surrounded by eddy structures

with positive ω3. Perhaps St ∼ 1 particles settling under gravity preferentially

sample such eddies; this might also be the cause behind changes observed in

the settling velocities of 1 < St < 5 particles. We will return to this question in

Part II of this study.

To further investigate the relationship between the particles and the vorticity
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Figure 3.5: Mean values of the spanwise fluctuating vorticity ω3, as sampled by
particles at time TS ∼ 9 at each shear rate, (a) without gravitational acceleration;
and (b) with gravitational acceleration (Fr0 = 0.136).

field, we now consider the three-dimensional spatial orientation of the vortic-

ity vectors at particle positions. These provide greater insight into the shear-

induced topological changes that take place in the vorticity field, and its conse-

quences on the sampling characteristics of the particles.

The orientation of the fluctuating vorticity vector (ω) is conveniently ex-

pressed in terms of its yaw and pitch angles (α,β) (see Figure 4.1(b)). In similar

fashion, (α̃, β̃) represent the yaw and pitch angles for the total vorticity vector

ω̃(≡ ω +Ω). The Cartesian components for fluctuating vorticity [57] are given

by

ω1 = ∣ω∣ cosα sinβ, ω2 = ∣ω∣ sinα, ω3 = ∣ω∣ cosα cosβ, (3.12)

where ∣ω∣ represents the magnitude of the vorticity vector, and (α,β) = (0○,0○)
corresponds to the −x3 direction, along which the mean vorticity acts.

The joint PDFs of these angles, P(α,β, t) and P(α̃, β̃, t), provide useful in-

formation on the evolution and dynamics of not just the flow structures in

HTSF [82, 57, 14], but also on the underlying flow as sampled by inertial parti-
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Figure 3.6: Plot of P(α,β, t) at time t = TS ∼ 9. The top, middle, and bot-
tom rows of plots correspond to weak, intermediate, and strong shear, respec-
tively. Plots (a,e,i): fluid tracers, Plots (b,f,j): low-St range ≈ (0.09,0.15,0.2),
Plots (c,g,k): intermediate-St range ≈ (0.9,1.5,2.1), Plots (d,h,l): large-St range
≈ (6.1,8.9,10.5). Black contours: gravity switched off; Blue contours: low grav-
ity; Red contours: intermediate gravity; Grey contours: high gravity. Contour
levels are 4 × 10−6, 8 × 10−6, 12 × 10−6, and 16 × 10−6, moving outward from the
peaks.

cles [112]. In the figures that follow, we show P(α,β, t) and P(α̃, β̃, t) for dif-

ferent particle sizes, at each of the three shear rates, both without and with

gravity. In each row, the first plot is for fluid tracers, and the other three are
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for the small-St, intermediate-St, and large-St particles. The PDFs are shown

for time TS ∼ 9, when the vortex layers are fully formed; and in line with past

studies [82, 57], they are weighted by the magnitude of the vorticity ∣ω∣. That

is, P(α,β) cosα∆α∆β is proportional to the sum of ∣ω∣ at each particle loca-

tion where the underlying fluid vorticity ω has orientation angles lying between

(α − 1

2
∆α,α + 1

2
∆α) and (β − 1

2
∆β, β + 1

2
∆β).

Figure 3.6 shows P(α,β, t), and while substantial quantitative differences

are observed at different shear rates, all the plots display certain common

characteristics, namely, the presence of two peaks marked A© (located around

±(45○,120○) for lower shear, and ±(15○,120○) for higher shear) representing

quasi-streamwise vortices, and a central ridge marked B© (around β = 0○ for

higher shear) representing vortex layers. (Details regarding the relation be-

tween the shapes of the contours and the underlying flow structures can be

obtained from past studies [82, 57, 14]).

From the plots for fluid tracers, Figure 3.6(a,e,i), it is seen that higher shear

rates cause the yaw angle to reduce (α ∼ ±15○), indicating further inclination

of the quasi-streamwise vortices toward the streamwise direction; at the same

time, the central ridge around β = 0○ becomes more prominent, indicating the

generation of stronger vortex layers. While the small-St (Figure 3.6(d,e,f)) and

large-St (Figure 3.6(j,k,l)) particles display roughly the same trends as the fluid

tracers, the intermediate-St particles sample less of the quasi-streamwise vor-

tices (region A©) and more of the vortex layers (region B©). This effect is strongest

at the highest shear rate, when vortex layers are prominent, and also corrobo-

rates the preferred sampling of −ω3 observed earlier.

Gravity is seen to affect the particles in different ways, depending on their
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Figure 3.7: Plot of P(α̃, β̃, t) at time t = TS ∼ 9. Sequence of plots is the same as
in Figure 3.6. Contour levels are 4×10−6, 8×10−6, 12×10−6, and 16×10−6, moving
outward from (α,β) = (0○,0○).
inertia. At each shear rate, for the low gravity setting (blue contours), the be-

havior of small-St particles is largely unchanged, while with increasing St, the

joint PDFs of the particles approach those of the fluid tracers. It should be noted

that for the intermediate-St particles, gravity causes a drastic reduction in the

width of the central ridge (implying particles leaving vortex layers) and a slight

increase in the sampling around β ∼ ±(30○,180○), consistent with the spanwise
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vorticity trends observed previously. The largest particles, which are expected

to sample the flow nearly uniformly, have contours indistinguishable from those

of the fluid tracers. Increasingly stronger gravitational acceleration (as seen for

the medium shear case), causes the contours of even the small-St particles to

approach those of the fluid.

Having considered the fluctuating vorticity field, we now consider the PDFs

for total fluid vorticity, P(α̃, β̃, t), shown in Figure 3.7. The central ridge

(marked B©) is now generally more prominent, considering the fact that the

mean vorticity component Ω = (0,0,−S) always points in the (0○,0○) direction.

Also, as expected, St ∼ 1 particles preferentially sample the vortex layers at each

of the shear rates. An additional interesting feature at higher shear rates is the

curvature in the contours around ±(30○,90○), marked C© in the fluid tracer plot

Figure 3.7(c). It is thought that these orientations correspond to the legs of hair-

pin vortices [82, 57], and we note that this particular feature is conspicuous in

its absence from the contours for intermediate-St particles, especially at higher

shear. An analysis [57] of the temporal evolution of the angles (α̃, β̃) for the fluid

field has shown that the total vorticity vector, which originally points in the −x3

direction (β̃ ≈ 0○), slowly moves towards the ±(30○,90○) peaks, before changing

direction and ultimately pointing in the streamwise direction (0○,±90○). This

movement of the ω̃ vector is thought to represent the wrapping or entrainment

of parts of the vortex layers around quasi-streamwise vortices. We infer that

intermediate-St particles are centrifuged out of the parts of the vortex layers

that are being wrapped, and therefore under-sample that region of the flow.

Small-St particles follow the fluid closely, while large-St particles are less sensi-

tive to the underlying flow, and so both these classes still display the distinctive

curved peaks at ±(30○,90○).
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As before, in the presence of gravity the preference for sampling vortex lay-

ers is seen to reduce, and the contours for particles resemble those for the un-

derlying fluid. Also, intermediate-St particles now have a reduced interaction

time with the flow structures, and this diminishes the ability of the wrapped

vortex layers to centrifuge such particles away.

Having considered in detail how particles sample the vorticity field, we now

move on to analyze how they sample the fluid strain field. Ideally, this would in-

volve the evaluation of shear and gravity effects on the orientation of the eigen-

vectors of the fluid strain field at locations sampled by particles. However, this

becomes difficult in view of the fact that the strain eigen-basis at any point in

the flow is constrained not with respect to a fixed frame of reference, but with

respect to the orientation of the vorticity vector at that point [72]. Since the dis-

tribution of this orientation is different for the fluid and for inertial particles, it is

not clear if comparisons can be made in a consistent manner. Additionally, the

orientations of the rate-of-strain eigenvectors would have to be conditioned on

the magnitude of vorticity and strain at the locations sampled by the particles,

so as to distinguish between conditions prevalent in regions of higher strain

from those in regions of lower strain [72].

In view of these difficulties, for the present study we will focus on analyzing

the invariants of the velocity gradient tensor and the rate-of-strain tensor, both

of which have been used in past HIT [89] and shear flow studies [106, 85] to

provide information on the strain field as sampled by the particles. In addition

to reinforcing the observations made above, these results will provide further

information on certain spatial aspects of the field sampled by the particles, and

motivate the assessment of clustering and its anisotropy in further sections.
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Before moving on to our results, we briefly revisit findings from past HIT

studies, to assess sampling characteristics in terms of the underlying strain and

rotation fields. Prior studies [106, 105] used a flow-classification scheme [44]

that divided the flow into four regions: ‘eddies’ (strong swirling flow), ‘conver-

gence zones’ (irrotational straining with stagnation points), ‘streams’ (relatively

fast flow without convergence), and ‘rotational zones’ (significant vorticity, but

without streamline curvature). This classification relies on the conditioning of

the local velocity-gradient tensor and pressure fields using a threshold value. It

was seen that particles were transported into stream zones created between vor-

tical structures, and convergence zones formed when such streams met, leading

to larger particle concentration densities there. More recent studies have used

an alternate (unconditioned) classification scheme [104], with the flow topology

consisting of ‘vortex sheets’ (regions of high-strain and high-rotation), ‘vortex

tubes’ (low-strain and high-rotation), and ‘irrotational dissipation’ areas (high-

strain and low-rotation). It was now noticed that in addition to the conventional

idea of particles being ejected out of vortex tubes and preferentially sampling

regions of irrotational dissipation, particles were also being expelled out from

vortex layers and in to surrounding regions of moderate-strain and rotation.

We will use the unconditioned classification scheme [104], and since we are

interested in comparing the sampling behavior at different shear rates, the effect

of the mean velocity gradient S will be included while calculating the strain

and rotation statistics. The Cartesian form of the total velocity gradient tensor

Ãij ≡ ∂ui/∂xj + δi1δj2S can be decomposed into the corresponding rate-of-strain

tensor S̃ij ≡ (Ãij + Ãji)/2 and the rate-of-rotation tensor R̃ij ≡ (Ãij − Ãji)/2.

We consider the second and third invariants of the velocity gradient tensor
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Ãij and the rate-of-strain tensor S̃ij , evaluated at the particle positions

Q̃A(xp(t), t) ≡ −1
2
Ãij(xp(t), t)Ãji(xp(t), t), (3.13)

R̃A(xp(t), t) ≡ −1
3
Ãij(xp(t), t)Ãjk(xp(t), t)Ãki(xp(t), t), (3.14)

Q̃S(xp(t), t) ≡ −1
2
S̃ij(xp(t), t)S̃ji(xp(t), t), (3.15)

R̃S(xp(t), t) ≡ −1
3
S̃ij(xp(t), t)S̃jk(xp(t), t)S̃ki(xp(t), t), (3.16)

along with their respective discriminants,

D̃A(xp(t), t) ≡ 27

4
R̃2

A(xp(t), t) + Q̃3

A(xp(t), t), (3.17)

D̃S(xp(t), t) ≡ 27

4
R̃2

S
(xp(t), t) + Q̃3

S
(xp(t), t). (3.18)

The joint PDFs of the invariants, P(Q̃A, R̃A, t) and P(Q̃S, R̃S, t), provide de-

tailed information on the local topology of the fluid velocity field at particle

positions [89].

In Figure 3.8 we plot P(Q̃S, R̃S, t) which provides information about the

structure of the rate-of-strain field, and the way the particles interact with it.

Before considering the contours, we note that the left arm of the tent-like D̃S = 0
curve in the plot represents the axisymmetric-compression limit, while the right

arm represents the axisymmetric-expansion limit. In terms of the ratios of the

rate-of-strain eigenvalues, the compression limit corresponds to 1 ∶ −1 ∶ −2, and

the expansion limit to 1 ∶ 1 ∶ −2, while the most probable ratio in turbulent flows

is approximately 3 ∶ 1 ∶ −4 (biaxal strain). With increasing shear, we first note

that the contours for the fluid tracers shift away from the axisymmetric limit,

and toward the curve representing the biaxial strain ratio 3 ∶ 1 ∶ −4. As has

been reported before [49], this represents increased alignment between the fluid

vorticity vector and the intermediate eigenvalue of the rate-of-strain tensor, and
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Figure 3.8: Data for P(Q̃S, R̃S, t) at time t = TS ∼ 9. Sequence of plots is the
same as in Figure 3.6. Contour levels are 10−5, 10−4, 10−3, 10−2, and 10−1, moving
outward from the origin. On each plot, the tent-like dotted lines on the left and
right represent arms of the zero-discriminant curve D̃S = 0, while the line in the
middle corresponds to the biaxial strain configuration with an eigenvalue ratio
of 3 ∶ 1 ∶ −4.

indicates the shear-induced shift in turbulent kinetic energy production from

non-linear interactions to a more linear production mechanism. Inertial parti-

cles reflect this behavior in general, and at low shear rates, St ∼ 1 particles show

a strong preference for sampling more of the axisymmetric strain, which is as-
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Figure 3.9: Data for P(Q̃A, R̃A, t) at time t = TS ∼ 9. Sequence of plots is the same
as in Figure 3.6. Contour levels are 10−5, 10−4, 10−3, 10−2, and 10−1, moving out-
ward from the origin. The dotted lines represent the zero-discriminant curve,
D̃A = 0.

sociated with high-strain/low-rotation regions of flow (cf. Figure 3.12). At the

highest shear, the particles instead have a preference for sampling further along

the 3 ∶ 1 ∶ −4 curve, in regions associated with vortex layers.

In Figure 3.9 we plot P(Q̃A, R̃A, t), and the results show the familiar tear-

drop shape, with the contours mainly straddling the quadrants where Q̃A >
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0, R̃A < 0 (denoted as ‘QII’) and Q̃A < 0, R̃A > 0 (denoted as ‘QIV’), which de-

note rotation-dominated (tube-like) and strain-dominated (sheet-like) regions,

respectively. For the fluid particles, higher shear rates lead to a higher peak

value at the origin (0,0), where the stain and rotation are equivalent, implying

the prevalence of vortex layers in the flow field. For St ∼ 1 particles, at low shear

rates, the contours shift away from ‘QII’ and into ‘QIV’, indicating preferential

sampling of strain-dominated regions at the expense of rotation-dominated re-

gions. While this effect is still apparent at medium shear, something different

is observed at the highest shear — particles move out of ‘QII’, but instead of

moving into ‘QIV’, they move closer to the origin (0,0), indicating their accu-

mulation in vortex layers. As before, these effects are weaker for weak-inertia

and strong-inertia particles.

Having considered in detail how particles sample the vorticity and strain

fields separately, we now move on to analyzing how they sample these fields

collectively. The relative sampling of strain and vorticity is important, because

preferential sampling of regions of high strain over regions of high vorticity

(which is caused by the action of the centrifuge mechanism), gives rise to an in-

ward drift between particle pairs, thus leading to their clustering in the regime

St≪ 1 [19, 9]. Recent work has shown that although at St = O(1) the centrifuge

mechanism is not the basic cause of the particle clustering, it still influences

where the particles cluster through the way it causes the particles to preferen-

tially sample the turbulence along their trajectories [11].

In order to examine the sampling effects we consider P(S̃2, R̃2, t), the joint

PDF of S̃2 ≡ S̃ijS̃ij and R̃2 ≡ R̃ijR̃ij evaluated at the particle positions. In Fig-

ure 3.10 we plot the data for P(S̃2, R̃2, t), for each of the shear rates without
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Figure 3.10: Data for P(S̃2, R̃2, t) at time t = TS ∼ 9. Sequence of plots is the same
as in Figure 3.6. Contour levels are 2×10−6, 4×10−6, 6×10−6, and 8×10−6, moving
outward from the peaks.

and with gravity. Before addressing the behavior of inertial particles, we note

that the flow itself (as sampled by fluid tracers) shows a marked change with

increasing shear rate. While at low shear, the contours sampled by fluid trac-

ers resemble those observed in HIT [46, 45], at higher shear an elongated narrow

ridge is seen to form, signifying greater probability of near-equal values of strain

and rotation, which are associated with the vortex layers [56].
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As an interesting aside, at this point we briefly highlight qualitative simi-

larities between the invariants of the HTSF flow field at different shear rates,

and the invariants from an inhomogeneous turbulent channel flow (hereinafter

ITCF) study at different wall-normal distances. In an ITCF, the effective shear

rate increases with decreasing wall-normal distance y+, and the changes ob-

served in the joint PDFs of the invariants (cf. Figure 6 in Blackburn et al. [8])

as y+ decreases (from the wake-region to the buffer layer to the log-law region)

are very similar to those observed in HTSF as the shear rate increases. In partic-

ular, both flows show a preference for the formation of vortex layers at stronger

shear; this is evidenced by the strain rate tensor invariants aligning with bi-

axial strain instead of axisymmetric expansion, and also by the diagonal ridge

observed in P(S̃2, R̃2, t). It is thus clear that the strain and rotation fields in

HTSF computations (at higher shear rates) are — at least qualitatively — rep-

resentative of the buffer and log-law regions of a wall-bounded flow. These

observations further corroborate past studies [61] that have noted the close re-

semblance in the instantaneous structures and statistical correlations between

HTSF and ITCF.

Moving now to inertial particles, first at the low shear rate, we observe a

decrease in the sampling of high-rotation/moderate-strain regions, and a con-

current increase in high-strain/low-rotation regions. This effect is strongest for

intermediate-inertia St ∼ 1 particles, and the same trend is seen with increas-

ing shear, though at the highest shear rate St ∼ 1 particles now sample high-

strain/high-rotation regions at the expense of all other regions of flow. This

provides further confirmation of our previous observations regarding vortex

layers being preferentially sampled by St ∼ 1 particles. Finally, the effect of

gravity is similar to that seen in the past, only mildly affecting weak-inertia par-
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ticles, while forcing larger particles to sample the flow more uniformly, causing

their contours to approach those of the underlying fluid field.

That the inertial particles show a preference for accumulating in vortex lay-

ers, containing large amounts of vorticity, may appear to be in conflict with

the centrifuge mechanism, but this is not necessarily so. It is typical to state

that through the action of the centrifuge mechanism, inertial particles cluster in

regions of low vorticity. However, more accurately stated, the centrifuge mech-

anism implies that particles are ejected from regions with strong streamline cur-

vature. In HIT such regions tend to be associated with regions of strong vor-

ticity, however in HTSF this may not be the case since the vortex layers, which

contain strong vorticity, may not exhibit strong streamline curvature.

In order to consider this further, we examine the streamline curvature asso-

ciated with different regions of the flow. To calculate the curvature of a fluid

streamline at a particular location x and time t in the flow, we first consider the

total fluid acceleration,

u̇ ≡ du

dt
= ∂u

∂t
+u ⋅ ∇u, (3.19)

where u is the total fluid velocity at (x, t). Defining t ≡ u/∣u∣ as the tangent

vector to the streamline, we calculate the curvature magnitude as the difference

between the total acceleration and its tangential component [15, 92],

κc ≡ [u̇ ⋅ u̇ − (t ⋅ u̇)2]1/2
u ⋅u

. (3.20)

In order to consider how the particles preferentially sample the fluid stream-

line curvature, we compute κc using u̇ evaluated at xp(t) and consider the PDF

P(κc, t). First assessing P(κc, t) for fluid tracers, in Figure 3.11(a) we find that

with increasing shear rates, the curves shift such that there is greater probabil-

ity of low curvature and smaller probability of high curvature trajectories. We
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Figure 3.11: (a) PDF of trajectory curvature magnitude κc, as sampled by fluid
tracers at weak-shear (red circles), intermediate-shear (blue circles), and strong-
shear (black circles); (b,c,d) Zoomed-in views of the PDF peaks for the weak-
, intermediate-, and strong-shear cases, with lines showing κc as sampled by
St ∼ 1 particles, without gravity (solid lines) and with increasingly stronger
gravity (dashed lines); (f) Conditional distribution of κc, conditioned on the
mean strain- and rotation-rates for fluid tracers; and (g) inertial particles St ∼ 1.
Red and yellow dots signify signify greater curvature, and deeper blue signifies
lower curvature.
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also note that in addition to the expected power-law scalings κ1
c and κ

−5/2
c vis-

ible in the low-curvature (κcη ≪ 1) and high-curvature (κcη ≫ 1) limits, a new

intermediate range is observed (10−6 ≤ κcη ≤ 10−1) with the power-law relation

κ
−3/2
c , not reported in previous studies. This intermediate range is seen to widen

with increasing shear, and our data indicates (not shown here) that in the limit

S → 0, this region disappears, consistent with known data for HIT [124]. The

scaling κ
−3/2
c is likely therefore a consequence of the quasi-streamwise vortices

generated by the effect of the mean shear [124]. Likewise, the region around the

peaks probably corresponds to vortex layers.

In Figure 3.11(b,c,d) we consider in detail the zone around the peak, and

the PDFs for St ∼ 1 inertial particles are now shown alongside those for fluid

tracers, for each shear rate. In each case, the PDF for the particles are seen to be

to the left of the PDF for the fluid tracers, implying that they sample portions

of the flow where the streamlines exhibit weaker curvature, and this effect is

seen to become stronger with increasing shear. The PDFs for smaller and larger

particles are closer to the those of the fluid tracers, as expected. The action

of gravitational acceleration leaves the PDF of the smaller particles unaffected,

while those of St ≥ 1 particles again approach the fluid tracer PDFs.

Figure 3.11(e) next shows details from the intermediate- and high-curvature

regime (κcη > 10−4), and the inertial particle PDFs are now seen to lie slightly

below those of fluid tracers, implying that particles sample such regions with

lower probability. In view of the tremendously wide range spanned by the

intermediate- and high-curvature regime (more than six orders of magnitude),

even the small difference between the fluid and particle PDFs might lead to

substantial changes in their behavior overall.
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Finally, in Figure 3.11(f,g) we consider the curvature κc conditioned on the

mean values of strain and rotation, as sampled by fluid tracers and by St ∼ 1

particles at the strongest shear. As expected, along the diagonal ridge where

the strain and rotation values are equivalent, the curvature (represented by

blue shading) is lower, whereas regions of high-strain/low-rotation or low-

strain/high-rotation have generally much higher curvature (red/yellow shad-

ing).

Having considered the reasons why inertial particles accumulate in vortex

layers at higher shear rates, we now return to the strain and rotation statistics.

It is known that in the regime St≪ 1, the quantity ⟨S̃2(xp(t), t) − R̃2(xp(t), t)⟩ is

related to the particle pair relative drift velocity which generates their cluster-

ing [19, 9]. In Figure 3.12(a), we plot this quantity as a function of the Stokes

number for each of the shear rates. Note that while all our past results have

been shown at the intermediate time TS ∼ 9, we now highlight how this dif-

ference evolves in time, for one particular class of particles at each shear rate.

To provide a point of reference, results from the DNS of HIT are also shown,

and we note that in view of their isotropic, statistically stationary nature, these

HIT results should be viewed as the limiting condition approached by HTSF

simulations at vanishingly small shear.

Figure 3.12(a) shows that the difference ⟨S̃2(xp(t), t) − R̃2(xp(t), t)⟩ peaks in

the range 0.6 ≤ St ≤ 1 for each of the three shear rates. For St ≤ 2 particles,

⟨S̃2(xp(t), t) − R̃2(xp(t), t)⟩ reduces for a given St with increasing shear rate,

while for heavier particles the results are largely insensitive to changes in the

shear rate. The systematic reduction with increasing shear is due in part to

the increased probability of particles sampling vortex layer regions, where the
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Figure 3.12: The normalized difference between the mean strain- and rotation-
rates as sampled by different particles at TS ∼ 9. (a) Weak-, intermediate-,
and strong-shear cases, with gravitational acceleration switched off; (b) Weak-,
intermediate-, and strong-shear cases, with gravitational acceleration switched
on, Fr0 = 0.136; (c) Intermediate-shear case with increasingly stronger gravita-
tional acceleration (Red, black, and blue points represent Fr0 = 0.136, 0.068, and,
0.017, respectively). Time evolution trajectories are shown for one particle class
from each shear rate.

strain and vorticity are of equal order. Additionally, it could also be caused by

shear decreasing the timescales of the strain and rotation fields experienced by

the inertial particles, something we will consider in the results below. We note
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that the temporal evolution of ⟨S̃2(xp(t), t) − R̃2(xp(t), t)⟩ is non trivial, likely

reflecting the complex topological changes occurring in the fluid velocity field

with time.

We now evaluate the effect of gravity on ⟨S̃2(xp(t), t) − R̃2(xp(t), t)⟩. Fig-

ure 3.12(b) shows the case when particles at each of the three shear rates

are subjected to the same low gravitational acceleration. A reduction in

⟨S̃2(xp(t), t) − R̃2(xp(t), t)⟩ is observed at each of the shear rates for St ≥ 0.6, and

as discussed before, this is because such particles are now forced to sample the

flow uniformly. We note that the reductions are greatest for the lowest shear

rate case, and attribute this to differences in the instantaneous Froude numbers

of the flows. As discussed in §4.3.2, even when the gravitational acceleration

g is is fixed for all shear rates, the Froude number Fr ≡ uη/(gτη) grows with

time, indicating a relative weakening of gravitational effects with time. This rel-

ative weakening is slowest for the lowest shear rate case, thereby leading to the

strongest effect on ⟨S̃2(xp(t), t) − R̃2(xp(t), t)⟩. The reference results from HIT

show reductions that are much greater, which is a consequence of the stronger

gravitational acceleration in that case (cf. §4.3.2 for details).

Finally, in Figure 3.12(c) we consider the effect of varying the gravitational

acceleration on results of the medium shear rate case. A substantial reduction

of ⟨S̃2(xp(t), t) − R̃2(xp(t), t)⟩ is observed, and the trends for the highest gravity

case are quite similar to those from the HIT study, with almost no preference in

sampling of strain over rotation for St ≥ 1.

As explained earlier, the reduction in the preferential sampling effect when

gravity acts on the particles is a consequence of gravity reducing the interaction

time between particles and the vortical structures. It is also possible that in-
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creased shear also reduces these timescales, which would explain the reduction

of ⟨S̃2(xp(t), t) − R̃2(xp(t), t)⟩ for St ≤ 2 with increasing shear rate observed in

Figure 3.12(a).

To consider this, we compute the Lagrangian strain and rotation timescales

measured along inertial particle trajectories at each of the shear rates, with and

without gravity. For the particle dynamics, it is the backward-in-time timescales

that are physically relevant, and the strain timescales are computed using the

expression

T
S̃
p
ij
S̃
p

kl
(t) ≡ t

∫
0

⟨S̃ij(xp(t), t)S̃kl(xp(t′), t′)⟩
⟨S̃2

ij(xp(t), t)⟩1/2⟨S̃2

kl(xp(t′), t′)⟩1/2 dt′, (3.21)

and the rotation timescales T
R̃ijR̃kl

(t) computed in corresponding fashion.

The timescales are evaluated at three different reference points correspond-

ing to different stages of flow evolution, namely t = TS = 4,10,16, and we present

results for the case where t = 10. The anisotropic nature of shear flow implies

that the timescale components are not equal. Since we are mainly interested

in the qualitative effect of the shear on the timescales, we consider the average

timescales T
S̃S̃
(t) and T

R̃R̃
(t), constructed by averaging over the components of

T
S̃ij S̃kl
(t) and T

R̃ijR̃kl
(t), respectively.

Figure 3.13(a)-(f) shows the timescales (normalized by the Kolmogorov

timescale τη) at each of the three shear rates, and we assess each case, first with-

out and then with gravity. For the weak shear case, while the normalized strain

timescale increases only mildly with St, the normalized rotation timescale re-

duces drastically, meaning that St > 1 particles spend less time interacting with

regions of higher rotation. We note that the these timescales are qualitatively

and quantitatively similar to those observed in HIT simulations [45]. With in-
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creasing shear, while the trends with St still remain roughly the same, the nor-

malized values of both the strain and the rotation timescales seem to increase

slightly. This unexpected increase is however, only a consequence of the nor-

malization factor τη being different at each shear rate, and a comparison of the

un-normalized timescales T
S̃S̃

and T
R̃R̃

shown in Figure 3.13(g,h) does indeed

prove that stronger shear tends to decrease the timescales.

The effect of gravity is to cause a substantial reduction in T
S̃S̃

and T
R̃R̃

at

each shear, especially for the larger St particles. Particles now have a larger

velocity component in the direction of gravity (−x2), and this again reduces their

interaction time with turbulent eddies. For the intermediate shear case, higher

levels of gravity lead to reductions in timescales at smaller St, indicating an

effect on the preferential sampling mechanism. As in the case without gravity,

the trends in our results are quite similar to those in observed in particle-laden

HIT subject to gravity [45].

Interestingly, the results above indicate that shear and gravity influence the

timescales in a qualitatively similar manner, and this provides us with a useful

analogy for later in this study, when we analyze particle clustering.

3.5 Particle-pair statistics: particle clustering and its anisotropy

In the previous section, we considered the relationship between the particle con-

centration field and the fluid velocity field in HTSF. Here, we turn our attention

to particle pair statistics, which provide a direct measure of particle clustering.

Particle-pair statistics are also important for the calculation of collision rates be-

tween particles in turbulent flows [110]; in the present paper, we will focus our
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attention on the spatial distribution of the particle-pairs, leaving the study of

their relative velocities and collision rates to Part II.

As noted earlier, the non-stationary nature of HTSF leads to a temporal vari-

ation of the particle Stokes numbers. As particle clustering is known to be a

strong function of the Stokes number in HIT, it is expected that particles with a

fixed τp will experience a considerable variation in the level of their clustering

with time. This highlights the need for tracking clustering as a function of the

instantaneous Stokes numbers of the particles.

Recent computational [37] and experimental [71] studies have made

progress in quantifying shear-induced clustering anisotropy in HTSF, though

the detailed influence of the strength of the shear, or that of gravity acting along-

side shear, has yet to be investigated. It is known that the uniform imposed

mean shear in HTSF can be decomposed into its time-invariant ‘pure-strain’

and ‘pure-rotation’ components [119]. The spatial orientations of the exten-

sional/compressional axes of the pure-strain component are defined in terms

of the polar and azimuthal angles θ and φ of a spherical coordinate system, Fig-

ure 4.1(c); the extensional axis is always aligned along the (θ, φ) = (90○,45○)
direction from the origin, and the compressional axis is normal to it, along the

(θ, φ) = (90○,135○) direction. While this preferred orientation of the underlying

mean-strain field is thought to imprint itself on the the particle clusters, the role

played by the fluctuating strain field (which changes at each point in space and

time) is unclear, as is the role of the rotational component of the mean shear. Re-

cent HIT studies have shown that gravity acts to induce clustering anisotropy

along its axis [45, 6], though how this change would manifest itself in HTSF is

not clear. In the results below, we will attempt to address these issues.
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To quantify particle clustering in this study, we use the radial distribution

function (RDF), and its anisotropic analogue, the angular distribution function

(ADF), both of which will be defined shortly. While other measures have been

used for evaluating the spatial distribution of particles in turbulent flows, most

notably Voronoı̈ diagrams [68], Minkowski functionals [17], and Single-point

Tensors [125], they are either inherently biased by the number of particles used

in the calculations [45], or are unable to provide precise directional information

when measuring anisotropy. Further details regarding the suitability of various

methodologies can be found in past studies [70].

In the sections below, we analyze clustering statistics in two stages: first, in

§3.5.1 the RDF from our simulations is presented, and while studying how this

directionally-averaged measure evolves under the action of shear and gravity,

we also broadly compare our results with those from HIT simulations; next, in

§3.5.2 we study the anisotropy in detail, and compare the ADFs for different

particle classes at certain specific points in time, allowing us to isolate the ef-

fects of some of the external factors. Finally, in §3.5.3 we test Reynolds number

dependence of our results, and then compare them with experimental measure-

ments at similar conditions. We continue to follow the comparison sequence

utilized for the single-particle statistics: the effects of shear are evaluated first

with gravitational acceleration switched off, then with the same level of gravita-

tional acceleration at each shear, and finally with three different levels of gravity

for the medium shear rate case.
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Figure 3.14: (a) 3D radial distribution function (RDF) for Class D particles (τp =
6.45×10−2) from Run I, shown at six different instances in time TS = (2.5, 4, 8, 10,
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3.5.1 Directionally averaged statistics: the radial distribution

function

The RDF is defined as the ratio of the number of particle pairs found at a given

separation, to the expected number of pairs if the particles were uniformly dis-

tributed in the flow field [68],

g(r) ≡ N(r)/δV (r)
N/V , (3.22)

where N(r) is the number of particles in a spherical shell of volume δV (r) cen-

tered at radius r from the primary particle, N is the total number of particle

pairs in the flow, and V is the total flow volume. While at large separations

(r/η ≫ 1) the RDF is observed to approach unity (indicating near-uniform con-

centration distribution), it increases rapidly in the dissipation range (r/η ≤ 1),

demonstrating power-law scaling [79],

g(r) ≈ c0 (η
r
)c1 , (3.23)
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with the pre-factor c0 and the exponent c1 both shown to be strongly dependent

on the Stokes number. Numerous HIT studies have shown the scaling exponent

c1 to be largest at St ≈ 0.8, sharply dropping off for smaller and larger St.

While assessing the RDF results below, we will address various questions

regarding the effect of flow non-stationarity, shear, and gravity on the RDF, and

contrast our observations with those from recent HIT computations [46, 45].

Wherever possible, we will connect particle-pair results to the single-particle

statistics from the preceding section. We again note that the RDF, being a lower-

order statistic, is not very sensitive to small-scale velocity gradients [9], and our

use of the WENO scheme in the fluid solver will only have a negligible influence

on particle clustering statistics.

We begin by considering the time evolution of the RDF, and for the sake of

brevity, Figure 3.14(a) shows g(r) just for Class ‘D’ particles at different times

for the weak shear case S = 3. Also shown (inset) is the scaling coefficient c1

as a function of the instantaneous St for the same set of particles at different

times. We note that for this particular particle class, St changes from 0.6 to 1.3

as TS increases from 2.5 to 14; the resulting variation in the RDF at small sepa-

rations is significant, with g(r) at r/η = 0.1 changing by a factor of ∼ 2.5 during

this period. Concurrently, c1 is seen to first increase and then decrease, with a

peak at St ≈ 0.8, quite close to that observed in HIT computations. This implies

that even though the flow is non-stationary, its effect on St = O(1) particles is

small enough to ensure that their clustering behavior does not differ substan-

tially from that in a HIT flow. As will be seen later, this observation becomes

less applicable for St ≫ 1 particles since they retain a longer memory of their

past interactions, and also when the imposed shear rates are higher. It is also
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Figure 3.15: Temporal evolution of the scaling coefficient c1 of the RDF (dur-
ing the period 2 ≲ TS ≲ 16) as a function of the Stokes number Stη, for the weak
shear (solid lines), intermediate shear (dashed lines), and strong shear (dash-
dot lines) cases. Each line segment represents the phase-trajectory in time for
a particular particle class, as marked on the plot. Results from a statistically
stationary HIT computation [46] are shown for comparison. Gravitational ac-
celeration is switched off. (Inset) Detail showing early-time evolution of c1 for
class ‘D’ particles from the common initial condition (TS = 0) for each of the
three shear rates.

relevant to note that while at separations r/η ≤ 1, g(r) first increases and then

decreases, at separations r/η ≥ 10 it is monotonically increasing. This reflects

the longer timescales of flow at which changes take place at larger separations.

Next, Figure 3.14(b) compares the RDFs from HTSF with those from the HIT

computations, at three different St, and while the qualitative trends are similar,

g(r) for HTSF are always seen to be slightly smaller than those from the HIT

computations.

Figure 3.15 shows the evolution of the scaling exponent c1 (cf. Eq. (3.23))
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for each particle class at each shear rate, alongside results from a statistically-

stationary HIT simulation [46]. The general trends show that the variation of c1

with St is qualitatively similar in HTSF and HIT. An interesting observation is

that whereas for smaller St, increased shear decreases c1, the opposite is true for

larger St. This is qualitatively the same effect that gravity has on c1, as observed

in [46], and the explanation given in [46] for the non-monotonic effect of grav-

ity on c1 essentially applies to the shear. In both cases, the non-trivial effect on

c1 arise because increased gravity/shear decreases the correlation timescales of

the flow experienced by the inertial particles (see §3.4.1), and this affects c1 dif-

ferently at different St because of the different clustering mechanisms operating

in these regimes. The explanation is rather involved, and therefore we refer the

reader to a prior publication [46].

We now move on to the question of how well the particle behavior is char-

acterized by the instantaneous St. This is related to the extent to which differ-

ent particle classes cluster when at a particular instantaneous Stokes number

(but at different times in flow evolution). On comparing any two neighboring

particle classes with response times τp1 and τp2 on Figure 3.15, we observe that

c1(St, τp1) = c1(St, τp2) when St≪ 1, but c1(St, τp1) ≠ c1(St, τp2) when St = O(1).
This is expected since only particles with sufficient inertia are affected by their

interaction with the flow at times in the past, whereas small particles are gov-

erned by their instantaneous interaction with the flow. The important conclu-

sion to be drawn from this is that for particles with sufficient inertia, the particle

statistics are not characterized simply by St, as they are in HIT.

We now consider the effect of gravity, acting in conjunction with shear, on

the RDF. As was done previously, we will evaluate the effects of gravity in two

109



0.0

0.1

0.2

0.3

0.4

0.5

0.6

 0.1  1  10

0.0

0.1

0.2

0.3

0.4

0.5

0.6

 0.1  1  10

c1

c1

St

Fr0 = 0.136
S = 3

S = 12

S = 6

S = 6

Fr0 = 0.136
Fr0 = 0.068
Fr0 = 0.017

(a)

(b)

Figure 3.16: The effect of gravitational acceleration on the evolution of c1, for (a)
each shear rate at the low gravity setting (Fr0 = 0.136), (b) intermediate shear
rate with the low, medium, and high gravity settings. Results from a HIT simu-
lation [45] with gravity are shown for comparison. Phase-trajectories are shown
for certain particles, to motivate trends with time.

different ways: first, with particles at each of the three shear rates subjected to

the same (weak) gravitational acceleration, and then for the medium shear case

with increasingly stronger gravity. For the first method, the initial level of clus-

tering is the same at each shear rate, while for the second method, the initial

level of clustering decreases as we go from weak to strong gravity. We also note
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that simulations without gravity have initial clustering levels that are different

from the corresponding cases with gravity. As explained in §4.3.2, these differ-

ences are a consequence of the preparatory isotropic decay phase, and are un-

avoidable; we will keep these differences in mind when making comparisons,

and wherever possible, focus on trends instead of actual values.

Figure 3.16(a) shows the c1 for each particle class at the three shear rates,

subjected to the same weak gravitational acceleration. In order to reduce clutter

in the figure, we show the full phase-trajectories only for a particular particle

class at each shear rate, and plot smaller segments for the other particle classes.

The trends shown by these segments are important, and will help us discern the

changes that c1 undergoes. We also show the scaling coefficient from the HIT

study, effectively representing the weak-shear—strong-gravity limit. Beginning

with the St ≤ 0.4 range, on close comparison to the case without gravity, we

now observe a mild reduction in the clustering. We note that this reduction is

almost entirely due to the initial difference in the levels of clustering, as stated

above, and that our first gravity setting is too weak (in this case) to cause a

substantial reduction in the preferential sampling of these small particles (cf.

Figure 3.6(b)). Moving on to the range 0.4 ≤ St ≤ 1, we find that the (now

larger) initial c1 difference is slowly overcome, as gravity weakens with time,

and particles eventually reach levels of clustering seen without gravity. Finally,

in the range St ≥ 1, we see a major reversal in trends. Not only is the initial c1

larger with gravity, but it continues to evolve such that a substantial increase in

clustering is observed in comparison to the case without gravity, for particles in

the range 1 ≤ St ≤ 6.

These trends at larger St closely resemble those in the HIT simulations,
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where strong gravity enhances the level of clustering in the range 1.5 ≤ St ≤ 3.

It is natural to assume that at higher shear rates, the combined action of shear

and gravity would make these effects even stronger; however, we reiterate that

though the gravity is set to the same initial level for each shear case, its strength

reduces comparatively faster at higher shear rates. This inverse influence per-

haps balances out the additive effect of shear and gravity acting together.

In Figure 3.16(b) we consider the effect of increasing gravity on c1, just for

the medium shear case. As before, the full phase-trajectories are shown only for

a particular class of particles. Notwithstanding the (unavoidable) reductions in

the initial clustering levels, we observe that increasingly stronger gravity tends

to promote clustering substantially for heavier particles, as seen by the trends

in the range 1 ≤ St ≤ 4. Discounting the initial differences, the net increase in

c1 with stronger gravity far exceeds that seen for weaker gravity. At the other

limit, for St ∼ 0.2 particles we see that with stronger gravity, a reduction in the

preferential sampling finally does occur, corroborating the HIT observations,

and also our own single-particle flow sampling results.

3.5.2 Direction-dependent statistics: the angular distribution

function

Anisotropy in the underlying flow of HTSF causes the particle distribution to

also be anisotropic. Extending the concept of the RDF, we can quantify the

anisotropy of particle clusters using the angular distribution function [37, 45]

(ADF),

g(r, θ, φ) ≡ N(r, θ, φ)/δV (r, θ, φ)
N/V , (3.24)
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where N(r, θ, φ) is the number of particles in an element of a spherical shell

centered at radius r from the target particle, δV (r, θ, φ) ≈ sin(θ)∆θ∆φ[(r+∆r)3−
(r−∆r)3]/6 is the volume of that element, N is the total number of particle pairs

in the system, and V is the total volume of the system. θ and φ are the polar

and azimuthal angles that characterize the spherical coordinate system shown

in Figure 4.1(a). The RDF and ADF are closely related, and at any separation r

from the target particle, the RDF can be obtained by integrating the ADF,

g(r) = 1

4π
∫
Ω

g(r, θ, φ)dΩ, (3.25)

where dΩ(≡ cosθdθdφ) is the unit solid angle at radius r. We also introduce the

spherical harmonic decomposition of the ADF,

g(r, θ, φ) = ∞∑
l=0

+l

∑
m=−l

aml (r)Y m
l (θ, φ), (3.26)

where aml (r) are the coefficients of the unit spherical harmonic basis functions

Y m
l (θ, φ), and l and m are the spherical harmonic degree and order (sometimes

also called the sectoral and zonal indices, respectively). Such decompositions

have been used in the past to study the anisotropy of fluid-velocity increments

in turbulent flows [58, 7], and have recently been introduced for quantifying

spatial orientation of inertial particle clusters [37, 45]. In view of the symmetries

inherent in the mean-strain field of HTSF (as discussed at the start of §4.5), the

clustering anisotropy is expected to be dominated by modes along the φ ∼ 45○
and φ ∼ 0○ directions; these directions are represented by the harmonic modes

Y −2
2

and Y +2
2

, and their respective coefficients, a−2
2

and a+2
2

, will therefore figure

in the results below. The a0
0

coefficient represents the RDF, which is in effect the

leading-order contribution to the ADF.

To provide a quantitative point of reference, past computational studies of

clustering in HTSF [37] have shown St ∼ 1 particle clusters with maximal rel-
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ative anisotropy ∼ 30% aligned approximately along φ ∼ 45○, while experi-

ments [71] have reported milder anisotropy, with cluster inclinations of φ ∼ 35○
for St ∼ 0.3 particles. These studies, at relatively lower shear rates (S∗ ∼ 10),
also found the magnitude of the anisotropy to first increase and then decrease,

as they moved in to smaller separations, indicating a ‘return to isotropy’ for the

clustering at smaller scales. The wide difference between the scales at which

the peak anisotropies were observed in these studies was attributed to the large

Reynolds number difference between the numerics and the experiments.

At higher shear rates, it is possible that both — the maximal value of

anisotropy as a function of separation, and the orientation of this maxima —

might be affected by the transient changes in the underlying strain and vor-

ticity fields, and also by the pure-rotation component of the mean shear. The

presence of gravitational acceleration adds yet another dimension to the prob-

lem; recent HIT simulations [6, 45] with gravity have shown clustering to be

strongly anisotropic, with clusters preferentially aligned along the direction of

gravity. In our simulations, gravity acts normal to the mean-flow direction, and

therefore the effect of the interplay between gravity and shear on the anisotropy

of the particle clusters could be complex.

To help address the above issues, we compute the ADFs and their harmonic

decompositions for all particle classes as the flow evolves, at each of the shear

rates, with and without gravity. The non-stationary nature of HTSF implies

that many of the aforementioned factors evolve simultaneously, making it diffi-

cult to isolate their influence independently. To overcome this issue and ensure

consistency of comparison, we will present the anisotropy results for a carefully

selected subset of particles that satisfy certain common criteria. This will reduce
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to a certain extent the uncertainties associated with concurrent variation of mul-

tiple parameters, and allow us to make more meaningful conclusions regarding

the effects of a particular factor.

In §3.5.2 below, we first compare the ADFs for particles that attain the same

nominal Stokes number at the same stage of flow evolution, but from simula-

tions at different shear rates. This comparison, denoted ‘Set 1’, helps determine

the direct effect of the imposed shear rate on the clustering anisotropy. Next,

in §3.5.2, we pick just the medium shear rate case, and compare ADFs for par-

ticles that attain the same nominal Stokes number but now at different stages

of flow evolution. We denote this ‘Set 2’, and use it for assessing the effect of

flow evolution and path-histories of particles on their clustering anisotropy. The

physical interpretations for these choices, and further details regarding the flow

conditions will be made clear in the respective sections below. Reynolds num-

ber effects and experimental comparisons will then be made.

Set 1: Comparisons at a common St and TS , but different S

As stated above, for the comparisons in this section we first identity one parti-

cle class from each simulation, selected such that they possess certain common

instantaneous characteristics. Referring back to Figure 3.3(a) in §4.3.2, we note

that the following set of particles — Class ‘D’ from Run I (weak shear), Class

‘C’ from Run II (intermediate shear), and Class ‘C’ from Run III (strong shear)

— all attain the same nominal Stokes number St ∼ 1 at the same time in flow

evolution, TS ∼ 9. (The actual Stokes number values are 0.85, 0.91, and 1.05, but

for the sake of the present study they can be considered approximately equiv-

alent, since the RDF does not change appreciably in this range of St). In the
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(a) S = 3, F r0 = ∞ (b) S = 6, F r0 = ∞ (c) S = 12, F r0 = ∞

(d) S = 3, F r0 = 0.136 (e) S = 6, F r0 = 0.136 (f) S = 12, F r0 = 0.136

(g) S = 6, F r0 = 0.136 (h) S = 6, F r0 = 0.068 (i) S = 6, F r0 = 0.017

(j) S = 6, F r0 = 0.017
TS ∼ 9

(k) S = 6, F r0 = 0.017
TS ∼ 12

(l) S = 6, F r0 = 0.017
TS ∼ 15

Figure 3.17: The normalized angular distribution function g(r, θ, φ)/g(r) for
St ∼ 1 particles at separation r/η ∼ 1 and time TS ∼ 9. Plots (a,b,c): weak, inter-
mediate, and strong shear, respectively, with gravity switched off; Plots (d,e,f):
weak, intermediate, and strong shear, respectively, at low gravity; Plots (g,h,i):
intermediate shear at low, medium, and high gravity; Plots (j,k,l): Time evolu-
tion of ADF for intermediate shear case at high gravity.
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paragraphs below, we will first examine the anisotropy statistics for these parti-

cles as a function of the shear and gravity, and then attempt to provide physical

explanations for the trends observed.

We begin by considering the effect of imposed shear on the anisotropy, with

the first row of Figure 3.17 comparing the ADFs (normalized by the respective

RDFs) for the three particle classes (at r/η ∼ 1 and gravity switched off). As

the imposed shear increases, we observe a substantial change in the anisotropy

— its maximal value increases, and the orientation of the maxima goes from

φ ∼ 35○ at low shear to φ ∼ 15○ at high shear. That such large qualitative changes

are observed in the ADF supports our suspicion (as discussed in §4.5 above) that

the anisotropy is controlled not just by the constant ‘pure-strain’ component of

the imposed mean shear, but also by more complicated changes in the dynamics

of the small scales of the flow; and we will return to this aspect shortly. For now,

we quantify the above results using the spherical harmonic coefficients a−2
2

and

a+2
2

of the ADF, shown in Figure 3.18(a)-(b) as a function of r/η. The reduction in

a−2
2

and concurrent increase in a+2
2

with increasing shear, corroborates the change

in the ADF seen above. We also note that the coefficients all approach zero

at large separations, reflecting the lack of clustering (and therefore the lack of

clustering anisotropy) at such separations.

Moving now to the case when weak gravity acts alongside shear (second row

of Figure 3.17), we observe only a mild change from the case without gravity.

This is reflected in the corresponding a−2
2

and a+2
2

coefficients in Figure 3.19(a)-

(b), both of which reduce mildly, meaning that the maximal anisotropy goes

down, while its inclination remains more or less the same.

Finally, as seen in the third row of Figure 3.17, when a particular class of par-
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Figure 3.18: Spherical harmonic coefficients as a function of separation r/η,
for Set 1 particles at TS ∼ 9, with gravitational acceleration switched off. (a)
a−2
2
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coefficient; (b)a+2
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coefficient. Red circles: weak shear; Black diamonds:

medium shear; Blue triangles: strong shear.

ticles (Class ‘C’ medium shear case) is subjected to increasingly stronger grav-

itational acceleration, the anisotropy seems to reduce drastically, especially for

the case when gravity is the strongest. It is important to keep in mind, however,

that this apparent reduction in anisotropy with decreasing Fr0 is only a transient

effect, a consequence of the lower initial levels of clustering for the simulations

with gravity (cf. RDF in Figure 16(b)). That is, at the end of the initial isotropic

decay phase, the influence of turbulence is relatively weak compared to that of

gravity, leading to a very mildly clustered system (with low anisotropy) to start

with. But once shear is imposed on the flow and the underlying turbulence

strengthens, we expect both the clustering — and its anisotropy — to grow.

This is indeed the case, and if we track the anisotropy of this particular class of

particles further in time (fourth row of Figure 3.17), we observe an increase in the

anisotropy, consistent with their increase in St and the RDF; the reorientation of

the inclination angle toward φ ∼ 35○ now even clearer. Thus, if we had started

with identical initial clustering conditions for each of the cases with gravity, we

would have seen an increase in the anisotropy instead of the reduction.
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Figure 3.19: Spherical harmonic coefficients as a function of separation r/η, for
Set 1 particles at TS ∼ 9, with gravitational acceleration switched on. (a, b) a±2
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termediate gravity; Blue diamonds: strong gravity.

Recent HIT studies [6, 45] have reported that particle clusters, under the ac-

tion of strong gravity, orient themselves in the direction of gravity, with maximal

anisotropy on the order of ∼ 25%. They show this to be caused by the combined

action of reduced relative velocities in the direction of gravity, and increased

relative velocities perpendicular to gravity.

In any case, the above results establish that for St ∼ 1, stronger shear tends

to increase maximal anisotropy and change its orientation, while gravity (when

acting alongside shear) works toward reorienting this inclination back to φ ∼ 35○.
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We now try to correlate these trends in particle-pair statistics to certain single-

particle flow-sampling characteristics at the same conditions; it is reasonable to

expect that dynamics of the strain and vorticity fields at the small scales would

play a key role in controlling the anisotropy, in view of their sensitivity to the

shear and gravity seen in §4.4.

It is known that imposed shear modifies the alignment between the fluctuat-

ing vorticity vector (ω) and the eigenvectors (Λi) of the rate-of-strain tensor in a

particular manner [49]; we have also seen in §4.4 that shear changes the way par-

ticles sample the vorticity field. We therefore investigate the vorticity—strain

alignment at the locations sampled by the particles, to check if the changes seen

in this alignment with shear and gravity correlate to the change in orientation of

the anisotropy. Figure 3.20 shows PDFs of the cosine of the angle between ω and

Λi at locations sampled both by the inertial particles as well as by fluid tracers.

Considering first the fluid tracers, we observe that with increasing shear rates,

ω aligns preferentially with the intermediate eigenvector Λ2, while getting in-

creasingly misaligned with Λ1 and Λ3. This is consistent with past studies, and

indicates the inclination of vortical structures in the streamwise direction with

stronger shear. The inertial particles are seen to follow this trend, with the ω–Λ3

misalignment even surpassing that for the fluid tracers; this implies that parti-

cles preferentially sample regions of flow that are more likely to be inclined at

a smaller angle φ. The presence of gravitational acceleration reduces the differ-

ence between the particles and the fluid tracers, reflecting the slight reduction

in clustering anisotropy. Since, in the absence of gravity, the particles cluster

locations are correlated with flow structures, then it seems plausible that these

changes in the orientation of the flow structures are responsible for the changes

seen the ADF inclination.

120



0.0

0.5

1.0

1.5

2.0

0.0

0.5

1.0

1.5

2.0

0.0

0.5

1.0

1.5

2.0

-0.5 0 0.5 -0.5 0 0.5

P
D

F
P

D
F

P
D

F

⟨cos(ω,Λi)⟩p⟨cos(ω,Λi)⟩p

(a)

(b)

(c)

(d)

(e)

(f)

i=1

i=2

i=3

Fr0 = 0.136

Fr0 = 0.136

Fr0 = 0.136S = 3

S = 6

S = 12

Figure 3.20: PDFs of the alignments between the vorticity vector ω and the three
eigenvectors Λi of the rate-of-strain tensor, as sampled by Set 1 particles at time
TS ∼ 9. Lines represent data from fluid tracer locations, while symbols represent
data from inertial particle locations. Extensional eigenvector: Red; Interme-
diate eigenvector: Blue; Compressional eigenvector: Black. The top, middle,
and bottom rows correspond to weak, intermediate, and strong shear rates, re-
spectively. Plots (a,b,c): Without gravitational acceleration, Plots (d,e,f): With
gravitational acceleration.

We end this section by re-assessing some of the anisotropy results in two-

dimensional form. As will be seen below, representing data in this reduced

form makes easier it analyze, and will also prove useful later while comparing
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(a) S = 3, F r0 = ∞ (b) S = 6, F r0 = ∞ (c) S = 12, F r0 = ∞

Figure 3.21: The two-dimensional angular distribution function g(r, φ) for St ∼ 1
particles from Set 1, for separations 0.5 ≤ r/η ≤ 12 and time TS ∼ 9. Plots (a,b,c):
weak, intermediate, and strong shear respectively, with gravity switched off

against experimental measurements.

The ADFs studied in the discussion above are observed to be symmetric

about the vertical plane, i.e., their axis of symmetry always lies in the x1–x2

plane. We can thus represent the anisotropy in terms of the 2D ADFs g(r, φ),
computed over thin slices of the x1–x2 plane. Figure 3.21 shows g(r, φ) for St ∼ 1
particles at each of the shear rates, and we see the expected change in inclination

with increasing shear (cf. ADFs in first row of Figure 3.17).

We use the normalized anisotropy indicator IA(r) as a scalar measure of the

anisotropy [71],

IA(r) ≡
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

2π

∫
0

[g2D(r, φ) − g2D(r)]2 dφ

2π

∫
0

[g2D(r)]2 dφ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

1/2

, (3.27)

where g2D(r) represents the two-dimensional RDF computed in the x1–x2 plane.

Figure 3.22(a) shows IA as a function of the normalized separation r/η, for

the particles at St ∼ 1. The increase in anisotropy with shear is clear, with the

peak in IA for each case observed to lie in the range 4 ≤ r/η ≤ 8. We also note

that IA approaches zero for very small and for very large separations. In the
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Figure 3.22: (a) Anisotropy indicator IA(r) as a function of r/η at the three shear
rates, with the dashed lines showing the shear lenghtscale LS=3.5η, 6.8η, and
10η, for S=3, 6, and 12, respectively; (b) IA(r) as a function of r/η for the inter-
mediate shear case, with different gravity settings; (c) The nominal inclination
angle φA for the 2D ADF as a function of the shear parameter S∗, with grav-
ity switched off; and (d) Inclination angle φA as a function of S∗, with gravity
switched on.

limit r/η ≪ 1, even though the clustering is still strong for St ∼ 1 particles, the

anisotropy of the clustering becomes weaker, which is probably a consequence

of the ‘return to isotropy’ of the underlying fluid flow at those small scales. For

r/η ≫ 1, even though the fluid velocity field is anisotropic, the particle clustering

is quite weak for St ∼ 1 particles (i.e. g(r ≫ η) ≈ 1), and so IA approaches zero

trivially. Consequently, IA → 0 is only dynamically significant for r/η → 0.

The vertical dashed lines near the peaks indicate the locations of the shear
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length scales LS ≡
√
ǫ/S3); these signify the approximate length scales down to

which the influence of imposed shear extends. Considering the wide range of

scales involved, from an order of magnitude perspective, LS is seen to capture

the location of the maximal anisotropy peaks reasonably well. However, while

LS/η is seen to reduce with stronger shear, the peak anisotropy does not seem

to shift toward smaller scales, as would be naively expected. In fact, it can be

argued that since the imposed shear ‘drives’ the turbulence in HTSF, higher

shear rates would lead to an effective increase in the separation of flow scales

between where energy is injected and where it is dissipated. This is in some

sense similar to what is seen when we move to higher Reynolds numbers, and

indeed, higher shear rates do eventually lead to higher Reynolds numbers in

HTSF.

Next, we assess the effects of gravity: as expected, the action of a common

weak gravitational acceleration at each shear leads only to a relatively mild re-

duction in the IA values (figure not shown), and we therefore move on to as-

sessing the effect of progressively stronger gravity for the medium shear case,

Figure 3.22(b). As stated while discussing the 3D ADF results above, caution

should be exercised while interpreting the drastic reduction in IA with gravity,

since the anisotropy for the the higher gravity cases shows a strong transient;

indeed, when IA is plotted for the highest gravity case at later times in the flow

evolution, a substantial increase is observed compared to the case without grav-

ity (figure not shown).

Finally, we consider the nominal inclination angle φA of the maximal

anisotropy for the 2D ADFs. While we previously attempted to link the change

in anisotropy orientation to the small-scale strain—vorticity dynamics (cf. Fig-
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Table 3.3: Properties of pairs of inertial particles selected for the ‘Set 2’ study.

Class τp St TS
A 6.45 × 10−3 0.20 13.5

B 1.29 × 10−2 0.21 6.0

C 3.87 × 10−2 1.07 11.0

D 6.45 × 10−2 1.03 6.0

E 1.29 × 10−1 4.85 15.0

F 3.87 × 10−1 4.68 2.5

ure 3.20), we now present it as a function of the shear parameter S∗, which

represents the larger scales of flow. Figure 3.22(c) shows φA against the instan-

taneous S∗ for the St ∼ 1 from each shear rate, and quantifies our previous obser-

vations. It can be inferred that in the limit of very strong shear S∗ ≫ 1, maximal

anisotropy inclinations for particles might approach those seen for flow struc-

tures (∼ 5○) in past rapid distortion theory studies [57]; on the other hand, in

the weak shear limit S∗ ∼ 1, the inclination would revert back to ∼ 45○, possibly

because the mean shear dominates over the fluctuating component in this limit.

Moving on to the case with gravity next, in Figure 3.22(d) we note that while the

action of weak gravity modifies the inclinations at each shear rate only slightly,

increasingly stronger gravity at the intermediate shear rate leads to φA increas-

ing from ∼ 25○ to ∼ 35○. This increase in φA with gravity can be understood by

noting that in the absence of mean shear (S = 0), gravity acts to cause the particle

clustering to be maximum along its direction of action, i.e. φA = 90○ [46].
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from the Set 2 comparison; number alongside the symbols show the instanta-
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Set 2: Comparisons at a common St and S , but different TS

Having assessed the clustering anisotropy for comparable particles from differ-

ent shear rates at a common point in time, we now move on to investigating
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how the temporal evolution of the underlying flow affects this anisotropy. Our

aim here is to mimic the physical situation existing in an HTSF experiment,

where different-sized particles introduced together upstream, would reach a

particular Stokes number of interest (say St ≈ 1) at very different downstream

locations. We expect that the consequent differences in particle path-histories

and flow evolution would make the clustering anisotropy differ substantially in

each case.

In this particular study we only focus on the medium shear rate case with-

out gravity (Run II), and ensure generality by making comparisons in the low,

intermediate, and high Stokes number ranges. The pairs to be compared are:

‘Class A’ v/s ‘Class B’ (low-St range), ‘Class C’ v/s ‘Class D’ (intermediate-St

range), and ‘Class E’ v/s ‘Class F’ (large-St range). Table 3 lists further details

for these pairs, and the times at which each class in the pair attains the common

St.

Figure 3.23 shows the anisotropy indicator IA(r) for each of the three cases,

and we note that the values of IA are much larger for the strongly clustered

St ∼ 1 particles (Figure 3.23(b)), compared to those for the smaller and heavier

particles (Figure 3.23(a) and (c)), which are weakly clustered. We also make the

additional observation that in each case the larger of the two particles has the

greater anisotropy value, and that with increasing St, the peak in IA shifts to

larger separations 20 ≤ r/η ≤ 40. This observation can be explained by noting

that particles with larger τp values respond to relatively larger scales of flow, and

also retain greater memory of their past interactions with such scales. They thus

show a generally greater level of anisotropy, and cluster at larger separations,

compared to particles with smaller response times.
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To demonstrate this point, we next track the historical time-evolution of

the anisotropy for each of the particle classes shown, starting at an early time

(TS ≈ 2.5) and ending up at the point of comparison. For these comparisons, we

compute ∆IA(r) = [g(r, φA) − g2D(r)]/g2D(r), which is the effective anisotropy

along the angle φA, and then average it over the range of separations 1 ≤ r/η ≤ 10,

where anisotropy is nominally important. Figure 3.23(d)-(f) are phase-plots that

show the time evolution of ⟨∆IA⟩r for each particle class, against the instanta-

neous shear parameter S∗. The trajectories on this plot start at TS ∼ 2.5 and end

at the time of comparison, and their lengths reflect the duration each particle

spends in the flow.

We see that in each of the phase-plots, the anisotropies at the start of the

trajectories differ considerably — this is because of the differences in the initial

levels of clustering, with the particle class that is closer to St ∼ 1 showing the

greater anisotropy. Next, as we move along the trajectories, the anisotropies

first increase with increasing S∗, and later decrease (or stay constant) with de-

creasing S∗; these correlated changes are seen to be substantial for the St ≈ 1

particles. Thus, the situation at the point of comparison is affected by both, the

initial differences and the subsequent shear-induced changes in anisotropy. In-

terestingly, for the two heaviest particle classes, Figure 3.23(c), the particle with

the smaller τp starts off with a larger anisotropy, which then reduces with time,

ultimately ending up being lower than that of the larger τp particle.

The anisotropy trends shown above change in the presence of gravity (plots

not shown), most substantially for larger particles St ≥ 1. Compared to the

case without gravity, the St ≈ 1 particles now show the nearly same level of

anisotropy; this is because both classes are now forced to sample the flow nearly
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uniformly, negating any influence of the particle response time.

3.5.3 Reynolds number effects and experimental comparisons

As noted in §4.3, various computational constraints restrict the Reynolds num-

bers in our HTSF simulations to relatively moderate values (180 ≤ Rλ ≤ 240),

and it is therefore important to check if they at least demonstrate the correct

trends as we approach higher Rλ. In this section, we briefly compare particle-

pair statistics from our baseline case (Run I) with those from a higher Reynolds

number simulation (Run IV), both at the same low shear rate. We then also

check if the increase in Reynolds number leads to our results approaching those

from a particle-laden HTSF experiment performed at Rλ ∼ 530.

A systematic study of Reynolds number effects in HIT [46] has shown parti-

cle statistics to only be moderately affected by variations in the range 90 ≤ Rλ ≤
590; the RDF was seen to increase slightly with Rλ in the range 0.8 ≤ St ≤ 3.

While the difference between the low and high Rλ for our study is relatively

moderate (Rλ ∼ 120 and 180, at the point of comparison), we will still test if

the aforementioned change with Rλ occurs in HTSF. Also, as mentioned before,

at higher Rλ the wider range of turbulent flow scales shield the smaller scales

from the influence of the imposed shear. We therefore expect the anisotropy of

clustering to reduce at the small scales, though it should be kept in mind that

residual effects of shear can continue to exist at the small scales in some form,

even at Rλ ∼ 1000 [97].

Before moving on to the RDFs, we briefly highlight some of the changes
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observed in the flow and particle characteristics as we move to higher Reynolds

numbers. The evolution of the Reynolds numbers for the two simulations is

shown in Figure 3.24(a); note that for the sake of uniformity, all the RDF/ADF

comparisons below will be made at time TS ∼ 7.5, which is the evolution-time at

which experimental measurements are available. While the Kolmogorov scale

η for the high-Rλ simulation is smaller (as expected), Figure 3.24(b), the flow

is still well-resolved at the small scales, since κmaxη ∼ 2. The ratio of the shear

length scale LS to the Kolmogorov scale, Figure 3.24(c), is larger at higher Rλ,

meaning that the scale-separation is now wider. Finally, in Figure 3.24(d) we
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observe small differences in the evolution of the Stokes numbers for the two

cases, a consequence of the slightly different rates at which their Kolmogorov

timescales τη vary.

We now assess the clustering and its anisotropy at the two Reynolds num-

bers; for the sake of convenience, we show the two-dimensional RDF g2D(r)
and the anisotropy indicator IA(r), since the experimental measurements too

are two-dimensional in nature. These results will be discussed only for the

case with gravitational acceleration switched off, though we will briefly dis-

cuss the effects of gravity. Figures 26(a)-(b) show g2D(r) for the four larger par-
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ticle classes (C,D,E,F), which lie in the range 0.5 ≤ St ≤ 6 (Class B particles are

shown in a subsequent plot alongside experimental measurements, and changes

in Class A particles are to small to be relevant). We observe a mild increase in

g2D(r) for each particle class, though this increment weakens with increasing

St. The increments are in agreement with trends seen in the HIT simulation,

implying again a weakening of the path-history effect due to the presence of a

wider range of flow scales. The anisotropy indicator is shown in Figure 3.25(c)-

(d), and for each particle class, IA reduces substantially for the higher Rλ case,

while the peaks shifts toward slightly larger separations. The reductions are

consistent with our expectation that at higher Rλ, the wider gap between LS

and η would lead to a weakening of shear-induced anisotropy at smaller flow

scales, thus also reducing particle clustering anisotropy.

We end this study by comparing the RDF and anisotropy from our results at

low- and high-Rλ with those from the HTSF experiment at Rλ ∼ 530. At the point

of measurement in the experiment (TS ≈ 7.6), the instantaneous shear parameter

and Stokes number are S∗ ≈ 10.5 and St ≈ 0.28, respectively. While the reported

shear parameter matches quite well with ours, unavoidable differences in the

initial and flow conditions mean that the closest instantaneous Stokes number

from our simulations is St ≈ 0.2. Nevertheless, as we shall see, the trends from

our simulations for particles smaller and larger than St ≈ 0.28 approach the

experimental results in a systematic manner.

We begin by investigating the two-dimensional RDFs in terms of their scal-

ing behavior. It is known that g2D(r) does not exhibit power-law scaling in

the dissipation range, and we use a least-squares regression to fit the data in

a form that has been previously used, g2D(r/η) = 1 + c∗
0
(r/η)−c∗ exp[−c∗

1
(r/η)].
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Figure 3.26(a) shows the scaling coefficient c∗ as a function of the instantaneous

Stokes number, and we observe that the data point from the experiment fits

within the trend demonstrated by the computational results quite well.

While the scaling trends from the computations match those in the exper-

iment, the difference in the range of scales becomes apparent when the RDFs

are compared as a function of separation r/η in Figure 3.26(b). Note that in ad-

133



dition to the differences in the St for the DNS and the experiments, the actual

values of g2D are quite small, and the view has been zoomed-in substantially

so as to show relevant details clearly. For the experimental results, a weak but

consistent level of clustering is observed in the range 50 ≤ r/η ≤ 500, and this

is thought to be a consequence of the larger Reynolds number attained. While

St = 0.28 particles are certainly too small to be influenced in a coherent manner

by large inertial-range turbulent eddies, recent computational studies of HIT at

Rλ ∼ 600 have shown that St ≪ 1 particles can experience a weak increase in

clustering with increasing Rλ.

In contrast, it is possible to address the differences in the clustering

anisotropy IA, Figure 3.26(c), which, for the experiment peaks at separations

far larger than those for the computations. This is a consequence of the dif-

ference in the shear length scale between the two cases, and on rescaling the

separations with LS , Figure 3.26(d), the maximal anisotropy in both cases is ob-

served around r ∼ LS , implying a return-to-isotropy for particle clustering at

scales below the shear length scale.

3.6 Conclusions

We have studied the effects of imposed shear and gravitational acceleration on

the dynamics of inertial particles dispersed in non-stationary homogeneous tur-

bulent shear flow (HTSF). High-resolution direct numerical simulations were

performed using a pseudospectral-WENO scheme, allowing the accurate as-

sessment of various flow and particle statistics over a sizable window of flow-

evolution time (0 ≤ TS ≤ 16), at relatively high Reynolds numbers (maxRλ ∼
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225). The effects of shear- and gravity-induced anisotropy on the positions, ve-

locities, and accelerations of individual particles and particle-pairs were stud-

ied, while keeping track of the transient changes in the particle Stokes numbers,

St. While the present paper (Part I) deals with just the spatial distributions of

the particles, the statistics related to their velocities and accelerations are con-

sidered in Part II.

The interaction of individual particles with the turbulent flow-structure was

first analyzed, with various characteristics of the fluid vorticity and strain fields

being assessed at particle positions. It was found that St ∼ 1 particles were

preferentially sampling regions of flow with negative fluctuating spanwise vor-

ticity (ω3), and that this effect became stronger with increasing shear. Further

assessment of vorticity vector orientations showed that St ∼ 1 particles were

being ejected out of ‘quasi-streamwise vortices’, and were collecting in ‘vortex

layers’, which are prevalent in the flow at higher shear rates, and are charac-

terized by the concurrent presence of high-strain and high-vorticity. In addi-

tion, larger particles were also seen to avoid parts of the vortex layers being

‘wrapped’ around quasi-streamwise vortices, implying their being centrifuged

out of these regions. The presence of gravitational acceleration led to a substan-

tial reduction in these sampling characteristics for St ≥ 1 particles, while only

mildly affecting St ≤ 1 particles, except when the gravity was extremely strong.

These findings are consistent with, and extend upon, those from past studies of

particle-laden HTSF [112].

The sampling of the fluid strain field was then addressed in terms of its

invariants, and as expected, particles were found to sample regions of higher

strain; while at weaker shear, uniaxial strain was preferred, with stronger shear
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the preference shifted to bi-axial strain regions, reflecting the prevalence of vor-

tex layers in the flow. The combined action of strain and rotation was considered

next, with the invariants of the velocity-gradient tensor showing preferred sam-

pling of strain-dominated over rotation dominated regions at low shear, but a

shift toward high-strain and high-rotation regions with stronger shear.

In contrast to HIT studies, the results above suggest that inertial particles

in HTSF preferentially sample vortex layers, even though they are associated

with stronger vorticity. To explore this issue, we evaluated the curvature of

fluid streamlines at particle locations, and found that the trajectories sampled

by St ∼ 1 particles had relatively lower curvatures. This showed that even

though vortex layers have high vorticity, these regions are not associated with

high streamline curvature, making them ideal for particles to sample. Addition-

ally, a new shear-induced scaling regime was observed at intermediate curva-

tures, which was seen to broaden with increasing shear.

We then considered the difference between the mean strain and rotation

sampled at different St, a statistic that is known to promote clustering for St≪ 1

particles. Increased shear was seen to suppress this difference for St ≤ 2, while

leaving larger particles unaffected. This effect was attributed partly to the fact

that St ∼ 1 particles sample vortex layers (where the strain and rotation are

equivalent), and partly to the fact that stronger shear reduces the timescales

over which strain and rotation fields are sampled. Under the influence of in-

creasingly stronger gravity, the difference was seen to reduce sharply, especially

for St ≥ 0.3 particles. The correlation timescales of strain and rotation along par-

ticle trajectories were calculated, and were seen to decrease with stronger shear.

A similar reduction in timescales was observed with increasing gravitational
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acceleration.

Having studied the interaction of individual particles with the flow topol-

ogy, we then moved on to studying the influence of shear and gravity on the

spatial distribution of particle-pairs. At weak shear rates, the qualitative trends

in the radial distribution function (RDF) were quite similar to those seen in ho-

mogeneous isotropic turbulent flows, though the non-stationarity of the flow

led to slightly reduced levels of clustering. It was inferred that even though the

flow was non-stationary (and the particle St and RDF changed continuously

with time), the particle behavior was well-characterized by its instantaneous

St, at least for St ≤ 2. With increasing shear, the RDF was seen to reduce for

St ≲ 1, implying a reduction in preferential sampling (since the timescales of

strain and rotation become shorter). For St ≳ 2, however, an increase in the

RDF was observed, with the shear reducing particle relative velocities, thereby

reducing the influence of the path-history mechanism. The influence of gravita-

tional acceleration on clustering for small and large St was quite similar to that

of shear, implying similar mechanisms at work in both cases.

The anisotropy induced in particle clustering by shear and gravity was stud-

ied next, using the angular distribution function (ADF) of clustering and its

spherical harmonic decomposition. To ensure consistency, comparisons were

made in two different ways: first at comparable St and TS for particles subject

to different shear rates (‘Set 1’), and then between particles that reached a given

St at different TS for a given shear rate (‘Set 2’). Set 1 comparisons showed that

while at weaker shear the maximal clustering anisotropy was aligned closer to

the mean-strain extensional axes, with increasingly stronger shear, this align-

ment shifted toward the streamwise direction. A strong correlation was ob-
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served between the instantaneous shear parameter S∗ and the inclination of

maximal anisotropy. The presence of gravity counteracted the effect of shear,

causing the alignment to move back toward the the mean-strain extensional

axes. Set 2 comparisons showed that even when two different particle classes

attain the same instantaneous St, the clustering anisotropy is greater for the

larger particles, since they possess memory of interactions with larger scales of

flow farther back in time. As before, these observations change in the presence

of gravity.

Finally, a brief Reynolds-number dependence study was performed, and the

DNS results compared with those from a high-Rλ experiment (Rλ ∼ 530, St =
0.28). With increasing Rλ, the DNS results showed only a mild change in the

scaling of RDF at small separations, consistent with recent HIT findings [46]. In

addition, the RDF scaling exponent from the experimental results falls within

the trends seen from the DNS results. While the anisotropy in the experimental

data peaks at much larger separations, when the separations are normalized by

the shear length-scale LS , the differences reduce drastically.

As mentioned above, a forthcoming study (Part II) will address the velocity

and acceleration statistics of inertial particles in HTSF; in addition to single-

particle velocities and accelerations, the effects of shear and gravity on the

relative-velocities of particle pairs will be considered. Together with the spa-

tial distribution statistics from the current study, this will allow us to assess the

collision rates of inertial particles in HTSF.
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CHAPTER 4

DIRECT NUMERICAL SIMULATION OF PARTICLE-LADEN

HOMOGENEOUS TURBULENT SHEAR FLOW. PART II: PARTICLE

VELOCITIES AND ACCELERATIONS†

4.1 Abstract

In Part I (Sukheswalla et al. 2015) of this two-part study, we analyzed the spatial

distribution of inertial particles in homogeneous turbulent shear flow (HTSF).

Here, in Part II, we consider the velocity and acceleration statistics for these

particles, obtained from high-resolution direct numerical simulations (DNSs)

for a wide range of particle sizes, shear rates, and gravity settings. Consider-

ing individual particles first, we see that the net transverse drift of particles due

to gravity leads to an increase in their locally averaged velocities in the mean-

flow direction. An analytical expression is derived for particle mean velocities,

and shown to be in excellent agreement with the DNS results. We then assess

the mean gravitational settling speeds themselves, and find that turbulence en-

hances settling speeds for low St, but suppresses them for intermediate St (at

least when gravity is relatively weaker). The variances of single-particle veloc-

ities are then considered, with the streamwise component seen to be dominant

for larger St and stronger shear. Trends in the variances are found to be in good

qualitative agreement with past theoretical predictions. The presence of gravity

leads to reductions in the variances for larger St, a consequence of the particles

sampling the flow more uniformly, and having smaller kinetic energies. Next,

†P. S. Sukheswalla, A. D. Bragg, L. R. Collins. Direct numerical simulation of particle-laden
homogeneous turbulent shear flow. Part II: Particle velocities and accelerations. In preparation,
2015.
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the mean streamwise accelerations of settling particles are seen to be negative,

consistent with the mean velocity observations above, and predictions from our

analytical expression are again found to agree well with the DNS. The corre-

sponding acceleration variances are found to be relatively larger for St = O(1)
particles as compared to tracer particles, corroborating findings from past tur-

bulent boundary layer experiments.

Particle-pair relative velocities are then analyzed, and it is found that when

normalized by the appropriate Kolmogorov-scale velocity, particle relative-

velocities become independent of the shear rate. The scaling characteristics of

the relative velocities are also seen to be similar to those seen in homogeneous

isotropic turbulent flows (HIT), with path-history interactions having a strong

effect on large St particles. In the presence of gravity, these path-history effects

are suppressed, leading to a reduction in the particle relative velocities and an

increase in their scaling exponents. We then consider the anisotropy of relative

velocities, and observe that while their maxima is aligned roughly along the

contractional mean-strain axis for low St, it shifts toward the streamwise direc-

tion for larger St. Stronger shear is also found to cause a similar streamwise shift

in the anisotropy, and this is thought to be a consequence of the single-particle

velocity variances being larger in that direction. Gravity tends to counteract the

effect of shear, leading to a mild reduction in the anisotropy. Finally, we calcu-

late the particle collision kernels, and find that the collision rates increase with

increasing shear and St. However, when normalized by the corresponding Kol-

mogorov timescales, the collision kernels are seen to become independent of

shear, and peak at St = O(1). Gravity leads to a substantial reduction in the

collision rates, due to reduced mean inward relative velocities for large St par-

ticles. Collision kernel anisotropies are found to increase with St and shear, and
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generally reflect the anisotropic nature of the constituent mean inward relative

velocities.

4.2 Introduction

This is the second part of a two-part paper in which we study how shear and

gravitational acceleration influence the dynamics of inertial particles dispersed

in homogeneous turbulent shear flow (hereinafter HTSF, cf. Figure 4.1(a)).

Our overall aim is to quantify the effect of these parameters on the spatial-

distributions, velocities, and accelerations of individual particles and particle-

pairs, for flow conditions that are non-stationary and anisotropic in nature.

From a practical standpoint, this study is motivated by the need for an improved

understanding of the collision rates of particles suspended in a turbulent shear

flow. For a detailed discussion on the background and the motivation for study-

ing particle-laden HTSF, readers are referred to Part I of the study [107], where

we also provide information on the direct numerical simulation (DNS) setup,

and the problem parameters used.

In Part I, our primary focus was on analyzing the spatial distribution of indi-

vidual particles and particle-pairs, and to correlate properties of these distribu-

tions to the anisotropic topology of the underlying turbulence. We found that

with stronger shear, intermediate-inertia particles tend to congregate within

‘vortex layers’, regions of turbulence associated with strong vorticity and strong

rate-of-strain. The fluid streamlines in such regions were found to have rel-

atively lower curvatures, thereby preventing particles from being centrifuged

out. Particles with weaker inertia were seen to undergo ‘preferential sampling’,
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concentrating in strain-dominated regions with weaker vorticity, while strong

inertia particles were found to be largely unresponsive to the underlying tur-

bulence. With stronger shear, the correlation times over which inertial particles

could interact with coherent flow structures were also seen to reduce. With

gravitational acceleration acting alongside shear, intermediate and strong iner-

tia particles were forced to sample the flow more uniformly, while weak inertia

particles were largely unaffected.

Particle-pair statistics were considered next, primarily to assess the effect of

shear and gravity on the clustering of particles due to the turbulence. Radial dis-

tribution functions of particle pairs were first calculated, and at weak shear, the

qualitative trends were similar to those seen in homogeneous isotropic flows.

Strong shear, however, was found to have a non-trivial effect: clustering was

suppressed for weak-inertia particles, while it was enhanced for particles with

stronger inertia. This was thought to be a consequence of the shorter correlation

timescales affecting the different clustering mechanisms that operate for weak

inertia and strong inertia particles. Gravitational acceleration was found to af-

fect pair-statistics in much the same way as shear, implying similar mechanisms

at work in both cases.

The influence of shear- and gravity-induced anisotropy on the clustering

was then assessed, using the angular distribution function of particle-pairs. At

weak shear, the maximal anisotropy was found to align with the extensional

axis of the mean-strain, corroborating past computational [37] and experimen-

tal [71] observations. With stronger shear, the anisotropy was seen orient to-

ward the streamwise direction. Gravity counteracted this shift, making the max-

imal anisotropy move back toward the mean-strain extensional axis. Compar-
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isons between our computations and HTSF experiments showed that Reynolds-

number effects on clustering were quite mild, and that phenomena occurring

over a wider range of scales could be correlated, if properly normalized.

In Part I, it was mentioned that one of the key mechanisms responsible for

clustering of particles was their path-history bias, which breaks the symmetry

between inward and outward relative motions, and leads to a mean inward

drift [9]. The statistics of particle-pair relative motion are thus central to the

understanding of clustering. Furthermore, the mean inward relative velocities

play a key role in particle collision rate calculations in turbulent flows.

Thus, Part II of our study will feature analysis of particle-pair relative ve-

locities, and their dependence on particle inertia (characterized by St ≡ τp/τη),

the imposed shear (characterized by S∗ ≡ Sq2/ǫ), and gravity (characterized by

Fr ≡ uη/(τηg)). Here τp represents the particle response time, τη the fluid Kol-

mogorov timescale, S is the mean shear, q2 the turbulent kinetic energy, ǫ the

dissipation rate, uη is the Kolmogorov velocity, and g represents the magnitude

of the gravitational acceleration. Past studies at weaker shear [38] have shown

that the isotropic component of relative velocities in HTSF is quite similar to that

in HIT. It is unclear, however, if this holds good when shear is stronger, or when

gravity acts alongside shear. These past studies have also shown the relative

velocities to be highly anisotropic, with maximal values orientated along the

mean-strain contractional axis [38]. Again, it is not known how these anisotropy

characteristics change with St and S∗, though going by our findings in Part I,

we expect both these parameters to have a substantial effect. Finally, shear and

gravity acting together might lead to an effect that is very different from the case

when each factor acts alone.
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We will then combine the findings relating to clustering and relative veloci-

ties from Part I and Part II to calculate the collision rates of particles in HTSF. It

is clear that the various factors will affect the collision anisotropy in potentially

competing ways, leading to non-trivial effects.

In addition to pair statistics, here in Part II, we will also assess the velocity

and acceleration statistics of individual particles. The presence of a mean flow

in HTSF leads to interesting changes in the characteristics of particle motion. In

addition to being relevant for transport and dispersion at larger scales, it is pos-

sible that the anisotropy in the motion of individual particles affects their rela-

tive velocities at smaller scales. In addition to the streamwise velocities, we will

also study turbulence-induced changes in the transverse (gravitational settling)

velocities of particles. As seen in Part I, gravity leads to a marked change in the

way St ≳ 1 particles sample the flow, and it thought that this might have di-

rect relevance for their settling characteristics. We will augment the DNS results

by deriving an analytical expression for the streamwise component of particle

mean velocity, that captures the effects of turbulent shear, particle inertia, and

gravitational acceleration on the particles.

The study of particle velocity variances in HTSF has also been of consid-

erable interest in the past [103, 64, 2, 128], primarily to aid the development

of analytical models for particle motion in anisotropic flows. We will compare

our computational results with predictions from one of these analytical mod-

els [129, 128], for a wide range of shear rates and particle inertia. The effect of

gravity on these results will also be shown,

Finally, we will consider the acceleration statistics of particles in HTSF when

subject to gravity. Prior studies of wall-bounded shear flows [31, 59] have
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(a) (b)

Figure 4.1: (a) Schematic representation of homogeneous turbulent shear flow,
with U as the mean velocity, S the imposed uniform mean shear, and (L1,L2,L3)
representing the domain dimensions. The gravitational acceleration has a mag-
nitude g, and points in the −x2 direction; (b) Spherical coordinate system charac-
terized by the angles θ and φ, used for measuring spatial orientation of particle-
pairs.

shown that the concurrent action of shear and gravity leads to substantial

changes in acceleration variances. We will check the behavior of these vari-

ances over a wide range of flow and particle parameters in HTSF. In addition,

our theory for streamwise mean particle velocities will be extended to predict

streamwise mean accelerations.

As stated in Part I, past investigations of particle-laden HTSF have ad-

dressed aspects pertaining to particle velocity variances [103, 113, 2, 65], accel-

erations [31, 59], relative velocities [38], and collision statistics [38], using a com-

bination of single-particle and particle-pair statistics. Our aim in this study is

to utilize utilize improved computational methods and resources to build upon

and extend this past work, so as to further improve our understanding of the

effects of turbulence on the motion of particles in shear flows.

This paper is organized as follows: in §4.3 we provide a brief review of the

computational methods and simulation parameters used; §4.4 then considers

the velocity and acceleration statistics of individual particles, in terms of their
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mean values and variances in the different directions; in §4.5 we then assess

particle-pair relative velocities and their anisotropies, before calculating particle

collision kernels. We conclude with §4.6 and discuss ideas for future work.

4.3 Overview of Simulations

In the sections below, we provide a brief outline of the computational methods

and parameters used for the present study, and further details can be found in

Part I.

4.3.1 Fluid phase

We perform DNS of HTSF on a shear-periodic cuboid domain (cf. Fig-

ure 4.1(a)) with dimensions L1 ×L2 ×L3 = 4π × 2π × 2π, and a grid resolution of

N1 ×N2 ×N3 = 2048 × 1024 × 1024. The governing equations for an incompress-

ible flow are used,

∂ũi

∂xi

= 0 (4.1)

∂ũi

∂t
+ ũj

∂ũi

∂xj

= −1
ρ

∂p̃

∂xi

+ ν
∂2ũi

∂xj∂xj

, (4.2)

where ũi is the velocity vector, p̃ is the pressure, ω̃i is the vorticity, ν is the fluid

kinematic viscosity, and ρ is the fluid density. x1, x2, and x3 represent the stream-

wise, transverse, and spanwise directions, respectively. These equations are

simplified to account for the homogeneous, shear-periodic nature of the flow,

and then transformed to spectral space, with the Brucker algorithm [16] being

used for efficient shear-periodic transforms. This leads to the evolution equa-
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Table 4.1: Flow simulation parameters for the present DNS study. All dimen-
sional parameters are in arbitrary units. Parameter definitions are provided in
the text, and the subscript ‘0’ indicates their values at time TS = 0. The fluid vis-
cosity is ν = 3× 10−4 for all runs, and the initial energy spectrum peaks at κ0 = 15
and κ0 = 9 for the low and high Reynolds number simulations, respectively.

Run S S∗
0

Fr0 Rλ0

I 3 7.12 ∞ 62

II 6 14.25 ∞ 62

III 12 28.50 ∞ 62

Ia 3 7.12 0.136 62

IIa 6 14.25 0.136 62

IIIa 12 28.50 0.136 62

IIb 6 14.25 0.068 62

IIc 6 14.25 0.017 62

Ia 3 7.12 ∞ 110

tion for the spectral velocity coefficient ûi,

[ ∂
∂t
+ νκ

′
2] ûi = (−δim + κ

′

iκ
′

m

κ
′2
)F {∂(umuj)

∂xj

} + 2κ′iκ1

κ
′2
Sû2 − Sδi1û2, (4.3)

where κ′2 ≡ κ′iκ′i, and F{} represents the spectral transform operator acting

on the non-linear term. The pseudospectral method [74] is used for solving

Eq. (4.3), with a WENO scheme being used for evaluating the non-linear term

in physical space, while the other terms are computed in spectral space. This

prevents the generation of numerical instabilities (Gibbs oscillations) and pre-

mature blow-up of simulations allowing for computations at higher Reynolds

numbers over adequately extended time-windows. Further details regarding

the implementation of the WENO scheme can be found in Part I.

The flow simulation parameters, which are identical to those used in Part I,
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are shown in Table 4.1. To reiterate: simulations are performed at weak, in-

termediate, and strong shear rates, first in the absence of gravity, and then

with gravity acting normal to shear (in the −x2 direction). The Froude num-

ber Fr(≡ uη/(gτη)) is used for quantifying the gravitational acceleration with

respect to the Kolmogorov acceleration, and in Part I we show that it increases

with time, implying the relative weakening of the effect of gravity as the HTSF

flow evolves. There we also show the effect of shear on the evolution of shear

parameter S∗, the Reynolds number Rλ, and the vorticity anisotropy tensor

υij(≡ ⟨ωiωj⟩/⟨ωkωk⟩ − δij/3).

4.3.2 Particle phase

We consider the particles to be small and spherical, with particle densities (ρp)

far exceeding those of the fluid (ρp/ρ≫ 1). The Stokes number, which is a mea-

sure of particle inertia, is defined as the ratio of the response time of a particle, to

the Kolmogorov timescale of the flow. It is known that except under cases of ex-

tremely weak shear, the Kolmogorov timescales in HTSF reduce with time [48],

leading to the generation of ever-smaller length scales. This implies a temporal

variation in the particle Stokes number, with its instantaneous value given by,

St ≡ τp

τη
∣
TS

= St0 (η0
η
)2 , (4.4)

where St0 and η0 are the Stokes number and Kolmogorov length scale at TS = 0
(the instant mean shear is imposed on the flow), τp ≡ ρpd2/ρ18ν is the (constant)

particle response time for a particle of diameter d, and η is the Kolmogorov scale

at time TS .

A total of six different particle classes is chosen for the study, as listed in
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Table 4.2: Properties of inertial particles used for the present DNS study. All
dimensional parameters are in arbitrary units. Np = 134,217,728 particles from
each of the classes are used in every simulation. Parameter definitions are pro-
vided in the text, and the subscript ‘0’ indicates their values at time TS = 0.

Class τp St0 Sv0

IIa IIb IIc

A 6.45 × 10−3 0.075 0.573 1.103 4.367

B 1.29 × 10−2 0.150 1.147 2.207 8.733

C 3.87 × 10−2 0.450 3.442 6.620 26.199

D 6.45 × 10−2 0.750 5.737 11.033 43.665

E 1.29 × 10−1 1.500 11.475 22.065 87.330

F 3.87 × 10−1 4.500 34.425 66.195 —

Table 4.2, with their respective τp and St0. Following arguments made in com-

parable HIT studies [46], we will assume that the particles are only subjected to

linear drag forces when interacting with the flow, that the flow is dilute enough

to disregard two-way coupling with the fluid, and that inter-particle collisions

can be neglected. More than 1.3× 108 particles for each of the six particle classes

are used in every simulation, along with an equal number of fluid tracer (inertia-

less) particles.

The simplified Maxey-Riley [67] equations govern the evolution of the iner-

tial particles,

d2
xp

dt2
= dvp

dt
= u(xp(t), t) − vp(t)

τp
+ g, (4.5)

while the motion of inertia-less fluid particles (tracers) are governed by,

dxp

dt
= u(xp(t), t), (4.6)

where xp(t), vp(t) are the particle position and velocity vectors, respec-
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tively, u(xp(t), t) is the fluid velocity evaluated at the particle position and

g = (0,−g,0) is the gravitational acceleration vector. An 8th-order accurate La-

grangian interpolation scheme is used for transferring fluid velocities from the

fluid grid on to particle positions. Further details regarding the numerical meth-

ods and schemes used herein can be found in previous publications [47, 46].

The effect of gravitational acceleration on the particles is characterized by

the settling parameter, which compares the settling velocity of the particle with

the Kolmogorov velocity of the flow,

Sv ≡ τpg

uη

= Stg(uη/τη) . (4.7)

Since the Kolmogorov velocity uη ≡ (νǫ)1/4 itself evolves with time in HTSF, so

does the settling parameter. Note that the Froude number and the settling pa-

rameter are related, Fr = St/Sv; the initial values of the settling parameters Sv0

(based on uη at TS = 0) for each particle class in Table 4.2 are thus a function of

both the Froude number for a particular simulation, and the Stokes number of

the particle.

As part of the initialization routine, we allow the flow to undergo an

isotropic decay phase before imposing the mean shear, so as to rid the system

of any artificial the initialization effects. Details regarding the subsequent time

evolution of various particle parameters (St, Sv, and Fr) can be found in Part I.

The simulations listed above are performed using the Stampede Cluster

at XSEDE, and further details regarding the numerical setup, parallelization

schemes, and the effects of initial condition in HTSF can be found in previous

publications [47, 109].
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4.4 Single-particle Statistics

In Part I, we studied the spatial distribution of individual particles to gain an un-

derstanding of where they go in a HTSF. We now consider the velocity and ac-

celeration statistics of individual particles, so as to better understand their mo-

tion when interacting with the underlying turbulence. We expect these statistics

to demonstrate considerable anisotroy, since the particles are subject to a stream-

wise mean shear, and also a mean transverse gravitational drift. As will be seen

below, the combined action of these two factors leads to interesting behavior in

the motion of inertial particles.

We begin by considering velocity statistics in §4.4.1 below. Streamwise mean

velocities (§4.4.1) are assessed first, and the DNS results are compared with a

theoretical model that we derive for the velocities. Next, turbulence-induced

changes in the mean gravitational settling velocities (§4.4.1) are considered. Fi-

nally, variances of velocities are assessed (§4.4.1), and compared with predic-

tions from past theoretical models. Then in §4.4.2, we consider the mean stream-

wise acceleration (§4.4.2) and its variances (§4.4.2), comparing our findings with

those from recent studies of particles settling in wall-bounded shear flows. Re-

sults from our theoretical model for the mean acceleration are also presented.

4.4.1 Velocity statistics

Particle mean velocities in the streamwise direction

The anisotropic nature of the flow field implies that particle mean velocities

in HTSF are direction-dependent. While the imposed shear imparts a mean
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Figure 4.2: The streamwise mean velocity profile of inertial particles and the
fluid field, as a function of the transverse direction for the case (a) without grav-
itational acceleration, Fr0 = ∞; (b) with gravitational acceleration, Fr0 = 0.136

and Fr0 = 0.068; (c,d,e) The excess of particle streamwise mean velocity com-
pared to that of the fluid, ∆ ≡ [⟨vp

1
⟩x2
− ⟨u1⟩x2

+ Sτp⟨u2(xp)⟩], shown against par-
ticle inertia, for the three shear rates (Symbols represent DNS results, and
dashed lines represent analytical predictions from Eqn. (4.10)).

velocity to the particles in the streamwise (x1) direction, the presence of gravity

alongside shear leads to an additional drift in the −x2 direction. It is conceivable

that the relative strengths of the shear and gravity would have a role to play in

controlling the eventual mean velocities. In this section, we first assess the mean

velocities in the streamwise direction, and then in the transverse direction.

In the absence of gravity, there would be no reason for the streamwise mean

velocity profiles of the particles vp
1
(x2) not to be the same as that of the underly-
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ing fluid u1(x2). This is seen in Figure 4.2(a), where v
p
1
(x2) coincides with u1(x2)

for each St at each of the shear rates. When gravity is switched on however,

we find the particle mean velocities exceed those of the fluid, Figure 4.2(b), and

this excess is seen to be a function of the particle inertia, the imposed shear,

and the strength of the gravity. Before we investigate this effect in greater de-

tail below, a simple physical interpretation is in order: inertial particles in the

current configuration would experience a net gravitational drift in the −x2 di-

rection, in addition to their streamwise velocities; on an average therefore, a

particle at any point in the flow would have a memory of past encounters with

fluid streamwise velocities that were much larger, and would thus itself retain

a larger streamwise velocity. This effect would get stronger for particles with

greater inertia, since they would settle faster and also retain a memory of their

past interactions farther back in time; increasing gravitational acceleration and

stronger shear would likewise strengthen this effect.

These observations can be quantified in a straightforward manner for a lami-

nar shear flow [112], since in the limit t≫ τp, the evolution equation for particles

(Eqn. (4.5)) reduces to,

⟨vp
1
(t)⟩x2,l = ⟨u1(t)⟩x2,l + Sτ 2p g

= Sx2 + Sτ 2p g
(4.8)

which further simplifies to ⟨vp
1
⟩x2,l = ⟨u1⟩x2,l in the absence of gravity (g = 0).

In a turbulent shear flow however, the dynamics of inertial particles are af-

fected by their interaction with the underlying turbulence [9], and the simple

expressions given above cannot be used. Instead, we begin with the expression
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for particle velocity as a function of the underlying fluid velocity [9],

v
p(t) = 1

τp

t

∫
0

[ũ(xp(s), s) + τpg] e−(t−s)/τp ds, (4.9)

where ũ(xp(s), s) is the fluid velocity at the particle positions for times s ≤ t.

In Appendix A below, we provide a detailed derivation for the solution of the

particle streamwise mean velocity in HTSF for the limit t≫ τp,

⟨vp
1
(t)⟩x2

= ⟨u1(t)⟩x2
+ Sτ 2p g − ⟨u2(xp)⟩

= Sx2 + Sτ 2p g − Sτp⟨u2(xp)⟩. (4.10)

Compared to Eqn. (4.8) for the laminar shear case, we now note the presence of

the additional term Sτp⟨u2(xp)⟩, which involves the transverse fluid velocity u2

as sampled at particle positions xp. The fact that ⟨u2(xp)⟩ affects ⟨vp
1
⟩ is not sur-

prising, since (as will be seen in the next section) this new term exactly accounts

for the turbulence-induced enhancement or reduction of the gravitational set-

tling velocity, thus directly controlling the streamwise velocity excess. In the

absence of gravity, ⟨u2(xp)⟩ = 0, leading again to the condition ⟨vp
1
⟩x2
= ⟨u1⟩x2

.

Figures 4.2(c,d,e) show the difference ⟨vp
1
⟩x2
− ⟨u1⟩x2

+ Sτp⟨u2(xp)⟩ as a func-

tion of the particle inertia, with excellent agreement seen between the DNS re-

sults and analytical expression Eqn. (4.10).

Particle mean velocities in the transverse direction

We next consider the x2-direction mean velocities of particles under the action of

gravity in HTSF, and contrast our findings with those from HIT studies, where

turbulence-induced changes in setting velocities have been studied in detail,

both experimentally and computationally [33, 45].
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Figure 4.3: The mean settling velocities of inertial particles with gravity, shown
as a function of St. Turbulence-induced enhancements show up as positive val-
ues, while reductions are negative values. (a) The effect of different shear rates,
at a common (weak) gravity setting; (b) The effect of stronger gravity, at a com-
mon (intermediate) shear rate. The results shown for time TS ∼ 9, and are nor-
malized by the instantaneous Kolmogorov velocity uη at each shear rate.

For HIT, experiments have shown that for low and intermediate St, turbu-

lence can lead to enhanced settling velocities compared to those in quiescent

flow, while for heavier particles the settling velocities are suppressed. However,

DNS computations under similar conditions have only observed turbulence-

induced enhancements in settling (termed ‘fast-tracking’), and not the suppres-

sion (termed ‘loitering’) at larger St; it is thought that the use of a linear Stokes-

drag model in the DNS leads to a relatively lower drag on large-St particles,

and thus prevents loitering from occurring [33, 45].

For the case of particle-laden HTSF, we will now check if the anisotropic

nature of the underlying turbulence has an influence on particle settling speeds.

To quantify our observations, we define and compute the gravitational settling

speed,

−⟨∆v⟩p ≡ ⟨vp(t)⟩ − τpg, (4.11)

where τpg = (0,−τpg,0) is the settling speed in quiescent flow [45], with the sign
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convention chosen such that turbulence-enhanced settling speeds are calculated

to be positive, and vice-versa.

Figure 4.3(a) shows the normalized velocity enhancements ⟨∆v⟩p/uη for in-

ertial particles at each of the three shear rates, at the same low gravity setting

Fr0 = 0.136. In each case, we observe fast-tracking for small to intermediate St,

and loitering for intermediate to large St, while very large particles (St ≥ 8) are

seen to be largely unaffected by the turbulence. In contrast to the HIT study,

the loitering effect is now observed to be quite strong, even though the linear

Stokes-drag model is used in the present study. We now try to correlate this

effect with observations in Part I, where the presence of gravity leads to a ma-

jor change in way 1 ≲ St ≲ 6 particles sample the underlying fluid field — the

mean spanwise vorticity (ω3) sampled along particle paths is now mildly posi-

tive, instead of being strongly negative (cf. Figure 5 in Part I). It is thought that

this change is a consequence of the particles being forced to sample parts of the

vortex layers being wrapped around quasi-streamwise vortices (cf. Figure 7 in

Part I).

With increasing shear, we observe a reduction in the fast-tracking at small

St and an increase at intermediate St; concurrently, the loitering of larger St

particles increases with shear. We also note that even though the initial Froude

number at each shear rate is the same, the relative strength of gravity (compared

to the Kolmogorov acceleration) is strongest at the lowest shear rate. There-

fore, even small-St particles can undergo fast-tracking at the lowest shear rate,

whereas at stronger shear rates this effect is stronger only for intermediate-St

particles. Note also, that while the plot only shows results at TS ∼ 9, the same

trends are observed at other times.
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Figure 4.3(b) shows the effect gravity at just the intermediate shear rate, with

a reduction in loitering with stronger gravity for 1 ≲ St ≲ 4, and a concurrent in-

crease in fast-tracking for St ≲ 0.5 particles. Stronger gravitational acceleration

inhibits loitering, probably by forcing particles to fall through turbulent eddies.

In addition to the differences in the relative strength of gravity, with increas-

ing shear rates, changes in the underlying flow topology can affect the spatial

distribution of particles.

Particle velocity variances

Having assessed the mean values of particle velocities in the different direc-

tions, we now consider their variances. These variances are essentially mea-

sures of particle kinetic energy, and their analysis provides useful information

on the transport and dispersion of particles in turbulent flows. Being large-scale

statistics, we expect the variances to be affected significantly by the shear- and

gravity-induced anisotropy. We note that numerous computational studies of

variances in HTSF have been conducted in the past [126, 103, 113], and have

been useful in the development and verification of theoretical studies, based ei-

ther on Reynolds stress modeling (RSM) [103, 60, 113, 65] or probability density

function modeling (PDF) [129, 128]. We will compare our DNS results with pre-

dictions from one such theoretical model [128], over a wide range of flow and

particle parameters.

We first consider the particle velocity variances with gravity switched off,

with Figure 4.4(a,b) showing the streamwise, transverse, spanwise, and mixed

components, as a function of the normalized particle response time τpS . The use

of τpS allows for a unified representation of results from all particle-sizes at each
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Figure 4.4: Particle velocity variances in the absence of gravity, as a function of
the normalized shear/inertia timescale Sτp. (a,b): Components of the particle
variances normalized by the respective fluid variances; (c,d): Components of
the anisotropy tensor of the particle velocity variances ⟨bij⟩p (cf. Eqn.(4.12)).

of the shear rates. Predictions from a PDF method based theoretical model [128]

are also shown, for each of the components. The normalized streamwise com-

ponent ⟨v12⟩p/u1
2 is seen to be dominant, maintaining a near-constant value over

the range of particle sizes and shear rates used, while the other components all

reduce with increasing inertia.

The dominance of the streamwise component ⟨v12⟩p is attributed to the fact

that the transfer of energy from the mean shear to the underlying turbulence

(and thence to the particle) takes place via the streamwise component of the
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turbulent kinetic energy. In addition, we observe that for τpS ⋘ 1, each of

the particle variances exceed the underlying fluid variances. The same obser-

vation has been made in past HIT studies [90, 47], and has been attributed to

the fact that low-St particles preferentially sample regions of flow with higher

strain, where the turbulent kinetic energy is higher. At larger particle sizes

however, in contrast to HIT, it is now seen that the streamwise component re-

mains large (⟨v12⟩p ≈ u1
2), while the other two components reduce substantially

(⟨v22⟩p < u2
2) and (⟨v32⟩p < u3

2). Past HTSF studies [103, 129] have attributed

this to the absence of a mechanism for the distribution of particle kinetic energy

from the steamwise to the transverse or spanwise directions, unlike that for the

underlying fluid field (where pressure forces redistribute the energy from the

streamwise component to the other directions). We now offer an alternate ex-

planation for the observations, based on the anisotropy of the flow timescales

in different directions. The presence of the streamwise mean velocity causes the

fluid timescales in the x1 direction to be much larger than those in the trans-

verse or spanwise directions. Consequently, the Lagrangian timescales of fluid

velocity as sampled by inertial particles are larger in the x1 direction. The effec-

tive Stokes number of the particle Str constructed using these Lagrangian fluid

timescales would therefore be smaller in the x1 direction, i.e., Str,x1
≪ Str,x2

.

Thus, the streamwise variances of the particle would behave much like the

underlying fluid variances, while in the other two directions, the effective Str

would be much larger, leading to variances that are much smaller than those of

the underlying fluid variance.

For very large particles τpS ≥ 10, we would expect inertial filtering to

lead to a reduction in the variance [46], since the particles would respond on

timescales much larger than those of the underlying fluid. While the theoretical

160



0.0

0.2

0.4

0.6

0.8

1.0

1.2

10
-1

10
0

10
1

10
2

10
-1

10
0

10
1

10
2

10
-1

10
0

10
1

10
2

StStSt

⟨v12⟩p/u1
2 ⟨v22⟩p/u2

2 ⟨v1v2⟩p/u1u2

Fr0=∞
Fr0=0.136
Fr0=0.068
Fr0=0.017

(a) (b) (c)

Figure 4.5: Particle velocity variances as a function of St, for different values of
gravitational acceleration. Variance components in the (a) Streamwise direction;
(b) Transverse direction; (c) Mixed component.

model [128] is seen to capture the trends quite well over a wide range of particle

sizes, differences between it and the results from the present and past compu-

tational studies (especially for the ⟨v12⟩p component at τpS ∼ 10) arise from the

data used for obtaining the various parameters used in the model, e.g., the ratio

of the Eulerian to Lagrangian timescales of the under flow.

Next, we briefly consider the anisotropy tensor of the particle fluctuating

velocities [129],

⟨bij⟩p = ⟨vivj⟩p⟨vkvk⟩p −
δij

3
, (4.12)

which provides a measure of the anisotropy of the dispersed phase velocities at

the asymptotic state of the flow. Figure 4.4(c,d) show the components of ⟨bij⟩p
against τpS , alongside the predictions from the theoretical model [128]. The

diagonal components ⟨bii⟩p are seen to grow monotonously with particle inertia

and shear rate, with the streamwise component exceeding the other ones; as has

been mentioned above, this is a consequence of the transfer of energy from the

mean shear to the underlying turbulence [129]. Our results are also consistent

with the theoretically-predicted non-monotonous evolution of ⟨b12⟩p, which is
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seen to reduce in magnitude for τpS ≥ 1; under these conditions, the timescale

associated with shear (1/S) becomes smaller than the particle response time (τp),

leading to a more ‘two-dimensional’ configuration for the particle velocities.

Finally, in the limit τpS → 0, the results asymptotically approach the anisotropy

usually observed for the underlying fluid velocities in HTSF.

We end this section by considering particle velocity variances in the pres-

ence of gravitational acceleration. Figure 4.4(a)-(c) show variances at the inter-

mediate shear rate, with progressively stronger gravity seen to lead to reduc-

tions in the variance components for St ≳ 1. These observations are qualita-

tively similar to those seen in HIT computations with gravity [45], where the

variances are shown to be inversely proportional to the product of St and Sv.

While the structure of large-scale turbulence in HTSF is quite different from that

in HIT, the analogy still holds when the gravity is strong enough to dominate

the shear. From a physical perspective, large St particles settling under strong

gravity have shorter timescales of coherent interactions with turbulent eddies

(as shown in Part I), and thus cannot respond to the rapid fluctuations in the

underlying fluid.

4.4.2 Acceleration statistics

We now move on to analyzing acceleration statistics for inertial particles in

HTSF, and highlight some of the interesting characteristics exhibited by to the

concurrent action of shear and gravity. In the sections below, we will restrict

attention to the streamwise component of acceleration, first assessing the PDFs

and mean values, and then the variances.
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ent values of St. (a,b,c): Data for the three shear rates without gravity; (d,e,f)
Data for the three shear rates with gravity.

Particle streamwise acceleration PDFs and means

Figure 4.6(a)-(e) show the normalized PDFs of streamwise acceleration a1 for

inertial particles and fluid tracers at each shear rate, first without and then with

gravity. While more quantitative assessments of the properties of these PDFs

will be made below, we make the following qualitative observations. In the
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absence of gravitational acceleration, the PDFs for particles are near-symmetric,

and get narrower compared to those of the underlying fluid with increasing

inertia. This signifies that the mean accelerations in this direction are zero, and

the variances get smaller with increasing St, as in past HIT studies [90]. The

presence of gravity however, leads to substantial changes, noticeably for large

St particles, for whom the PDFs are seen to shift toward negative mean values;

for smaller particles, the PDFs are seen to be more negatively skewed. As will

also be seen below, the variances for a1 increase under the action of gravity, and

can even be larger than those of the underlying fluid.

Figures 4.7(a)-(b) show the time evolution of the mean, ⟨a1⟩p, for different-

sized particles at the weak and intermediate shear rates, with the accelerations

approaching negative asymptotic values at later times. The physical interpreta-

tion for this effect follows from the earlier observation, where we saw settling

particles continually finding themselves at transverse locations where the local

fluid velocities are smaller than those they encountered in the recent past. The

process of relaxing to the new local conditions causes a sudden reduction in

their streamwise velocities, leading to the observed deceleration. This effect has

been identified in past experimental [31] and computational [59] studies of par-

ticles settling in a boundary-layer type flow, where the relative orientations of

shear and gravity were similar to the one in the present study.

Using the theoretical expression shown for mean velocities in §4.4.1, we ob-
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tain the particle mean acceleration in the x1 direction for t≫ τp,

⟨ap
1
(t)⟩x2

= τ−1p (⟨u1(xp(t))⟩x2
− ⟨vp

1
(t)⟩x2

)
≈ τ−1p (Spx2 − Sp(x2 + τp[τpg − ⟨u2(xp(t))⟩]))
= −τpSpg + Sp⟨u2(xp(t))⟩
≈ −τpSg + S⟨u2(xp(t))⟩,

(4.13)

and in addition to the dependence of ⟨a1⟩p on τp, S , and g, we again note the

presence of the u2, implying influence of fast-tracking/loitering on particle ac-

celeration statistics.
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At long-enough times (TS ≥ 10), the DNS results (symbols) are seen to ap-

proach the theoretical predictions (lines). Excellent agreement is seen in Fig-

ure 4.7(c,d,e) between the DNS and the expression from Eqn. (4.13) at all St,

shear rates, and gravity settings.

Particle streamwise acceleration variances

We conclude the analysis of single particle statistics with an assessment of the

variances of particle acceleration in the streamwise direction. Figure 4.8(a)-(b)

show the temporal variation of ⟨a12⟩p/aη2 for inertial particles and fluid tracers,

first without and then with gravity.

Before we consider inertial particles, we note that for fluid tracers, the un-

normalized ⟨a12⟩p values increase rapidly with time and shear rate, as a conse-

quence of the rapid growth of the turbulent dissipation rate. However, upon

normalization by the instantaneous Kolmogorov acceleration aη, the variances

for tracers at each shear rate are seen to approach near-asymptotic values for

TS ≥ 10.

Moving on to inertial particles, in the absence of gravity the normalized vari-

ances are seen to reduce with increasing St, and are always smaller than the

fluid variance. With gravity on, however, ⟨a12⟩p/aη2 for inertial particles exceed

that of the fluid, at least at early times, before they too asymptote to constant

values. These observations are consistent with findings from recent experimen-

tal and computational studies of particles settling in a turbulent boundary layer

flow.

We now consider these aspects in further detail at the asymptotic state

166



(TS ∼ 16), with Figure 4.8(c)-(e) showing the normalized variances as a func-

tion of St for each shear rate and gravity setting. While the eventual increment

in variances is rather small at the low gravity setting, for stronger gravity, a

substantial increase is observed for St ∼ 1 particles.

Similar observations were made in a recent study of particles subjected to

gravity in HIT [45], where the increased variances were attributed to the ‘grav-

itational trajectory effect’. This phenomenon arises when small-St particles,

which respond almost instantaneously to the underlying flow, are forced by

strong gravity to sample different regions of flow, increasing their acceleration.

The particle fluctuating acceleration can be approximated by the derivative of

the fluid velocity along the inertial particle trajectory [5, 45],

a
p(t) ≈ dup

dt
= ∂u(xp(t), t)

∂t
+ vp(t) ⋅ ∇u(xp(t), t). (4.14)

For small St, u(xp(t), t) ≈ vp(t), and the particle acceleration is approximately

equal to the underlying fluid acceleration. As St increases (and gravitational

effects become important), the particle velocity vp(t) increases, thus leading to

an increase in ap(t). For very large St, particles have a diminished response to

the underlying flow due to the inertial filtering effect, and thus the accelerations

eventually decrease. These gravity-induced changes in the accelerations cause

the variances components to change accordingly, thereby explaining the results

seen in Figure 4.8(c)-(e).

4.5 Particle-pair statistics

Having considered the velocity and acceleration statistics of individual particles

in HTSF, we now move on to assessing the relative velocity statistics of parti-
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variances as a function of St, at the three shear rates with gravity.

cle pairs. Along with the clustering statistics considered in Part I, the relative

velocities play an important role in the calculation of collision rates.

In the sections below, we will assess the effects of shear and gravity on var-

ious aspects of the relative velocities, first in terms of directionally-averaged

statistics (§4.5.1), and then in terms of their anisotropic spatial distribution

(§4.5.2). These findings will be utilized to finally evaluate particle collision rates

in §4.5.3.
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4.5.1 Relative velocities: directionally averaged statistics

We begin by providing various definitions to be used henceforth, and for the

sake of uniformity, closely follow the nomenclature used in recent theoretical

and computational studies of HIT [9, 10, 46]. The relative velocities for inertial
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particle pairs in HTSF are defined as,

w
p

∥,⊥(t) ≡ [vp

(2)
(t) − vp

(1)
(t)] ⋅ ep

∥,⊥(t), (4.15)

where v
p

(1)
and v

p

(2)
are the fluctuating velocities for each particle in the pair,

separated at time t by a distance rp(t) = ∣rp(t)∣; the symbols ∥ and ⊥ denote the

longitudinal and transverse components of the relative velocities with respect

to the separation vector, with e
p

∥,⊥(t) being the unit vector in the corresponding

directions. While the difference between the longitudinal and transverse com-

ponents of relative velocities (and their moments) play an important role in the

drift of small-St particles in HIT [46], the significance of this difference in the

presence of a mean shear is still unclear. We will therefore only show results

pertaining to the longitudinal components, though both components have been

calculated.

Next, we define the n-th order moment of the longitudinal relative velocity

component,

S
p

n∥(r, t) ≡ ⟨[wp

∥(t)]n⟩r , (4.16)

where ⟨⋅⟩r denotes an ensemble average conditioned on rp(t) = r. For the colli-

sion kernel calculations to be used later, the longitudinal mean inward relative

velocities are defined as,

S
p

−∥(r, t) ≡ −∫ 0

−∞
w∥ p(w∥∣r) dw∥, (4.17)

where p(w∥∣r) = ⟨δ(wp

∥ − w∥)⟩r is the PDF of the particle relative velocity condi-

tioned on rp(t) = r, at a time t.

We start by noting that path-history effects cause inertial particles to expe-

rience a symmetry-break between their inward and outward motions, leading
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Figure 4.10: The skewness of relative velocities at r ∼ η as a function of St, for (a)
different values of shear rates, without gravity; (b) different values of gravity at
the intermediate shear rate.

to a net inward drift between particle pairs, especially for St = O(1). This im-

plies that the PDFs of relative velocities w
p

∥, would be negatively skewed. This

is indeed the case, as seen qualitatively in Figure 4.9(a)-(c), where St ∼ 1 parti-

cles have greater probability of an inward relative velocity (negative w
p

∥) at each

of the shear rates. It is also noted that with increasing St the PDFs get wider,

since large-St particles arrive from larger separations and carry a memory of

larger fluid-velocity differences in their path histories. We observe that once the

PDFs at the different shear rates are normalized by the respective Kolmogorov

velocities uη, the effect of shear is minimal.

These observations are quantified in Figure 4.10(a), where the skewness of

the PDFs are shown, and as expected, the skewness takes on a maximal nega-

tive value around St ≈ 0.8, with the effect of shear being almost negligible. For

the limit St ≪ 1, the skewness is seen to approach -0.5, the measured value of

the underlying fluid velocity gradient [115], while for very large St the particles

move essentially in ballistic fashion, independent of the small-scale fluid mo-

tion. The kurtosis of wp

∥ (not shown) also peaks at intermediate-St, indicating
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that the extreme events in the PDF are strongest in this range of Stokes num-

bers. All the results are in close qualitative agreement with those from past HIT

computations [122, 46], implying that the imposed shear has a relatively mild

effect on these statistics.

We also note that the PDFs shown in Figure 4.10(a) are non-Gaussian in na-

ture, since the ratio S
p

−∥/(Sp

2∥)1/2 as obtained from our simulations (not shown)

was found to be much smaller than 0.4, which is the approximate value for a

Gaussian distribution. This is seen to be true at all shear rates, with the max-

imum degree of non-Gaussianity seen to occur for St = O(1). These results

agree closely with those from past HIT computations [46], and have implica-

tions for theoretical approaches, many of which assume the relative velocities

to be Gaussian in nature.

We now consider the case when gravity is switched on (Figure 4.9(d)-(f)),

and the PDFs for St ≥ 2 are seen to approach a Gaussian distribution, implying

a significant reduction in the extreme values of wp

∥. This is partly because St ≥ 2
particles possess a common (and large) gravitational settling speed, and also

because they have relatively shorter correlation times over which they interact

with the underlying turbulent structure. At higher shear rates, gravitation accel-

eration gets weaker compared to Kolmogorov acceleration relatively faster (Fr

increases faster), thus leading to a weaker effect on the PDFs. In Figure 4.10(b),

we consider the skewness from just the medium shear case, but at increasingly

stronger gravitation acceleration. For St ≪ 1 the skewness is seen to reduce,

while for St ≳ 1 it is seen to increase. This non-trivial effect is qualitatively sim-

ilar to that observed in the RDF (cf. Part I, Figure 16(b)), and it is thought that

stronger gravity counteracts the path-history effects at larger St, leading to this
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skewness and thus promoting clustering in this range. Note that Figure 4.10(b)

shows the results at a relatively later time in flow evolution (TS ∼ 16), so as to al-

low the dynamics to recover from the effects of the initial isotropic decay phase,

where the particle relative velocities become very small.

Having clearly established the asymmetry of the longitudinal relative ve-

locities, we will now further assess properties of the mean inward longitudinal

component Sp

−∥, and the second-order moment Sp

2∥, as functions of the separa-

tion r/η, Stokes numbers, shear, and gravity.

The variation of S
p

2∥ with St is shown Figure 4.11(a), for just the medium

shear rate case. While the inertia-less particles are seen to follow the r2-scaling

of the underlying flow in the dissipation range (r/η ≤ 10), with increasing St

the path-history effect starts dominating, leading to large S
p

2∥ even at r/η ∼ 10−1.

As mentioned before, large-St particles retain a longer memory of their past

interactions with energetic larger flow scales; it is thus possible for two such

particles to approach the same position in the flow field, but with very differ-
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ent velocities. Moving on to larger separations (r/η ≳ 30), inertia-less particles

now demonstrate a (narrow) range of r2/3 scaling, the pair-wise motion of larger

particles is relatively less correlated at such distances, and leads to a reduction

in S
p

2∥. Analysis of the mean inward relative velocities S
p

−∥ (not shown) reveals

the same general behavior, though now the underlying fluid velocities scale as r

and r1/3 at small and large separations, and S
p

−∥ for larger St deviate from these

limits.

The effect of shear is assessed next, with Figure 4.11(b) showing S
p

2∥ for St ≈ 1
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particles at the three different shear rates. To make the effect clear, the S
p

2∥ values

are not normalized by the respective Kolmogorov velocities. With increasing

shear, we observe a monotonic increase in S
p

2∥ at all separations, reflecting the

general increase in the particle velocity variances. When normalized by their

respective Kolmogorov velocities (not shown), the curves collapse on to each

other.

Figures 4.12(a) and (b) provide a succinct overview of the observations made

above, showing results for each of the Stokes numbers and shear rates, at small

(r ∼ η), intermediate (r ∼ 10η), and large (r ∼ 50η) separations. We observe that

at each separation, the normalized results are independent of the shear rate. At

small separations, both S
p

−∥ and S
p

2∥ become larger with increasing St, signifying

the dominance of the caustics effect, while at intermediate separations, large-

St particles decouple from the underlying flow, leading to almost no increase

in S
p

−∥ and S
p

2∥. At large separations, the relative velocities are seen to decrease

with increasing St.

The scaling behavior of the velocities at small separations is studied next,

with Figures 4.12(c) and (d) showing the scaling exponents ζ−∥ and ζ2∥ , which

arise from the relations S
p

−∥ ∝ r
ζ−
∥ and S

p

2∥ ∝ r
ζ2
∥ . It is seen that for small-St,

the both the exponents approach their respective Kolmogorov scaling limits for

inertia-less (St = 0) particles, i.e., ζ−∥ = 1 and ζ2∥ = 2. For St ≳ 0.3, the effect

of caustics is seen to cause substantial reductions in the exponents, and they

approach zero for St ≳ 10. Results at the different shear rates are again seen to

collapse, and are generally in very good agreement with the scaling observed in

HIT [46]. This agreement is significant, since the exponents play an important

role in controlling mechanisms that affect clustering in HIT. It is inferred that
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Figure 4.13: Effect of gravity on the longitudinal relative velocity variances
shown as a function of the radial separation (a) for St ≈ 1 particles at the three
shear rates with gravity Fr0 = 0.136; and (b) for St ≈ 3 particles with various
gravity levels at the intermediate shear rate.

the qualitative similarities seen between clustering in HTSF and HIT (cf. Part I)

arise due to the agreements in the relative velocities seen above.

Next, we briefly analyze how the relative velocities are affected by gravi-

tational acceleration acting alongside shear. As seen previously in Figure 4.9,

relative velocities reduce with increasing particle inertia. This is partly due

to the common transverse settling velocity that the particles possess, and also

due to gravity reducing the correlation timescales of individual particles with

the underlying flow (cf. Part I). Figure 4.13(a) shows S
p

2∥ for St ≈ 1 at each

of the shear rates, and at the low gravity setting. We see that the curves at

each shear rate no longer collapse, even though S
p

2∥ is normalized by the respec-

tive Kolmogorov velocities. As has been mentioned earlier, the effect of gravity

is relatively stronger at the weakest shear, leading to the larger reduction in

S
p

2∥. Figure 4.13(b) shows the effect of progressively stronger gravity on S
p

2∥ for

St ≈ 3 particles, and in addition to the expected reduction in the relative veloc-

ity variance, we also observe that it now tends to exhibit r2-scaling at smaller
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separations, approaching the scaling properties of the underlying fluid. This

is a consequence of gravity reducing the effectiveness of path-history interac-

tions for St ≳ 1, thus negating the effect of caustics. The mean inward velocities

(not shown) demonstrate similar behavior under the action of gravity, with S
p

−∥

for St ≳ 1 approaching the r-scaling tendency of the underlying fluid. These

gravity-induced effects are quantified in Figure 4.14 as a function of St, and

we observe S
p

−∥/uη and S
p

2∥/u2
η monotonically reduce with stronger gravity for

St ≳ 0.3, with the scaling exponents ζ−∥ and ζ2∥ also starting to deviate at around

that St.

We end this section by considering a simple anisotropic measure of rela-

tive velocity variances, one which has been used in experimental studies of

HTSF [71] to assess anisotropy of the fluid field. The analysis here is brief, and

will motivate the more thorough treatment of anisotropy to be performed in

the next section. Since experimental measurements are usually restricted to be

along the streamwise direction, we will temporarily redefine variances based on

particle pairs whose separation vectors are aligned along the x1 direction. This

is in contrast to the variances we calculated previously, using Eqn. (4.16), where

contributions from all spatial direction were considered. The streamwise, trans-

verse, and mixed relative velocity variances (measured along the streamwise

direction) are thus,

S̃
p

2∥(r1, t) ≡ ⟨[wp

∥(t)wp

∥(t)]⟩r1
S̃
p
2⊥(r1, t) ≡ ⟨[wp

⊥(t)wp
⊥(t)]⟩r1,r2

S̃
p

2∥⊥(r1, t) ≡ ⟨[wp

∥(t)wp
⊥(t)]⟩

r1,r2

(4.18)

where ⟨⋅⟩r1 denotes an ensemble average conditioned on rp(t) = r1 only along

the x1 direction, while ⟨⋅⟩r1,r2 additionally restricts the transverse component wp
⊥

from being evaluated only along the x2 direction.
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Figure 4.14: The effect of gravity on (a) the mean inward relative velocities,
and (b) the variance of the relative velocities, both shown as functions of St at
separation r ∼ η for the intermediate shear rate. The effect of gravity on the
scaling exponents (c) ζ−∥ (measured from S

p

−∥), and (d) ζ2∥ (measured from S
p

2∥),
both as functions of St at separation r ∼ η for the intermediate shear rate.

Using these definitions, we can then compute the relative velocity anisotropy

indicator [71],

IV (r1, t) ≡ −S̃
p

2∥⊥(r1, t)
[S̃p

2∥(r1, t)S̃p
2⊥(r1, t)]1/2

, (4.19)

which takes on large positive values when the anisotropic component

−S̃
p

2∥⊥(r1, t) is strong. Before considering the effect of shear on the inertial par-

ticles, we first assess anisotropy for inertia-less tracers. Figure 4.15(a) shows

IV (r1) for tracer particles at the intermediate shear rate, as a function of the
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Figure 4.15: (a) Temporal evolution of the relative velocity anisotropy indicator
for inertia-less particles as a function of separation, at the intermediate shear
rate; (b) the relative velocity anisotropy indicator for inertial particles as a func-
tion of separation, at the intermediate shear rate and TS ∼ 9. The anisotropy
indicator as a function of St for (c) different shear rates, at separation r = 0.5η;
(d) different values of gravity, at the intermediate shear rate.

streamwise separation r1/η. It is seen that the anisotropy reduces at smaller

separations (implying a ‘return to isotropy’ for the fluid at these scales), consis-

tent with experimental observations [71]. However, as the flow evolves, IV (r1)
at the small scales is seen to increase, implying that the transfer of anisotropy

from the larger to the smaller scales is perhaps a transient process.

We then move on to determine how IV (r1) changes with St at time TS ∼ 9,

again for the intermediate shear rate. From Figure 4.15(b), it is seen that for all
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separations, the anisotropy increases with increasing St, implying that the cross-

correlation −S̃p

2∥⊥(r1, t) is stronger because of the inertia of the particles. From

the trends seen, it is also reasonable to expect that relative velocity anisotropy

persists at sub-Kolmogorov scales for inertial particles.

To test the effect of shear at small separations, we extrapolate IV (r1) to

r1 = 0.5η, and in Figure 4.15(c) it is shown as a function of St at TS ∼ 15. The

anisotropy is seen to increase with St (as expected), and the results are largely

independent of the strength of the shear. The same results assessed at earlier

times (TS ≲ 10) showed the anisotropies to be larger for the stronger shear, but

they eventually seem to approach a common limit at later times.

Finally, the effect of gravity is considered, with Figure 4.15(d) showing

IV (r1 = 0.5η) for the medium shear case. With increasingly stronger gravity,

the anisotropy for St ≳ 1 particles is seen to increase, while smaller particles are

largely unaffected.

4.5.2 Relative velocities: direction dependent statistics

Having considered the directionally averaged relative velocity statistics, we

now consider their direction dependence. We will primarily be concerned with

assessing how shear and gravity affect the anisotropy of the mean inward rel-

ative velocities, since they will feature in the collision rate calculations to be

performed later. Results for relative velocity variance anisotropy are similar to

those of the inward velocities, and will not be shown.

We begin by defining the directionally dependent longitudinal mean inward
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relative velocities,

S
p

−∥(r) = Sp

−∥(r, θ, φ) ≡ −∫ 0

−∞
w

p

∥ p(wp

∥∣r, θ, φ) dwp

∥, (4.20)

where p(wp

∥∣r, θ, φ) is the PDF of the relative velocity conditioned on the sep-

aration r, the polar angle θ, and azimuthal angle φ. The n-th order moment

of the directionally-dependent longitudinal relative velocities can be similarly

defined,

S
p

n∥(r) = Sp

n∥(r, θ, φ) ≡ ⟨[wp

∥(θ, φ)]n⟩r , (4.21)

where ⟨⋅⟩r denotes an ensemble average conditioned on rp(t) = r.

As was noted in the introduction, past studies of HTSF have found the ve-

locity variances are maximal approximately along the contractional axis of the

imposed mean-strain field [38]. This orientation is roughly perpendicular to the

direction in which the anisotropy of clustering is maximal [107, 37]. These ob-

servations hint at a plausible physical explanation for the motion of particles in

HTSF: particles pairs are flung in along the mean-strain contractional axis, and

the resulting clusters tend to elongate along the mean-strain extensional axis.

It is possible that the orientation mechanism mentioned above is sensitive to

changes in the shear rate and/or particle inertia, and we will explore this aspect

further in the results below. Later, we will also consider the effect of gravity

(acting alongside shear) on the anisotropy, and compare our observations with

those of recent HIT studies. To aid our understanding, we will also provide

the angular distribution functions of particle clustering alongside some of the

relative velocity results.
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Figure 4.16: The direction-dependent mean inward relative velocities Sp

−∥(r, θ, φ)
for (a) St ≈ 0.12, (b) St ≈ 1.2, (c) St ≈ 8.1, at the intermediate shear rate and r ∼ η.
The velocities are normalized by the spherically averaged mean inward relative
velocity S

p

−∥(r), and projected on to a unit sphere. (d,e) The spherical harmonic

coefficients a−2
2

and a+2
2

of S
p

−∥(r, θ, φ), shown as a function of r/η for various
values of St at the intermediate shear rate. (The Red—Blue color scheme for the
spatial distributions represents the range 1.6—0.4)

We begin by considering the effect of St on the anisotropy of the mean in-

ward velocities. While it is known that at small separations (r ≲ η), the mean

relative inward velocities increase with increasing St (cf. §4.5.1, Figure 4.12),

it is not clear if the direction at which the particles approach each other also

changes. Figure 4.16(a)-(c) shows Sp

−∥(r, θ, φ) (normalized by its mean value) for

different St, all at the same intermediate shear rate. We find that with increas-

ing St the orientation of maximal anisotropy shifts away from the contractional

mean-strain axis, and toward the streamwise direction. It is thought that this

effect is a consequence of the anisotropy generated between the different com-
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Figure 4.17: The normalized angular distribution function g(r, θ, φ)/g(r) for St ≈
1 particles at shear rates (a) S = 3, (b) S = 6, (c) S = 12, shown on a unit sphere
for r ∼ η. The normalized direction-dependent mean inward relative velocities
S
p

−∥(r, θ, φ)/Sp

−∥(r) for (d) S = 3, (e) S = 6, (f) S = 12, shown on a unit sphere for

r ∼ η. (g,h) The spherical harmonic coefficients a−2
2

and a+2
2

of Sp

−∥(r, θ, φ), shown

as a function of r/η for St ≈ 1 at the three shear rates.

ponents of the single-particle velocity variances, especially at larger St. As seen

in Figure 4.4 (§4.4.1), the streamwise component of the variance becomes much

greater than the other two components for St ≳ 1.

To quantify these observations as a function of separation r, we introduce
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Figure 4.18: The normalized angular distribution function g(r, θ, φ)/g(r) for
St ≈ 3 particles, with gravity settings (a) Fr0 =∞, (b) Fr0 = 0.136, (c) Fr0 = 0.068,
(d) Fr0 = 0.017, shown on a unit sphere for r ∼ η. The normalized direction-
dependent mean inward relative velocities S

p

−∥(r, θ, φ)/Sp

−∥(r) for St ≈ 3 par-
ticles, with gravity settings (e) Fr0 = ∞, (f) Fr0 = 0.136, (g) Fr0 = 0.068, (h)
Fr0 = 0.017 shown on a unit sphere for r ∼ η. (i,j) The spherical harmonic coeffi-
cients a−2

2
and a+2

2
of Sp

−∥(r, θ, φ), shown as a function of r/η for St ≈ 3 at the three
shear rates.

the spherical harmonic decomposition of the mean inward velocity,

S
p

−∥(r, θ, φ) = ∞∑
l=0

+l

∑
m=−l

aml (r)Y m
l (θ, φ), (4.22)

where aml (r) are the coefficients of the unit spherical harmonic basis functions

Y m
l (θ, φ), and l and m are the spherical harmonic degree and order, respec-

tively. Just like for the angular distribution function of clustering (cf. Part I),
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the anisotropy of S
p

−∥(r, θ, φ) is dominated by the harmonic modes Y −2
2

and

Y +2
2

, though now the coefficient a−2
2

would be negative, signifying a maxima

along the contractional mean-strain axis. The a0
0

coefficient represents isotropic

leading-order contribution, i.e., the directionally-averaged mean inward veloc-

ity S
p

−∥(r).
Figure 4.16(d)-(e) show the coefficients as a function of r/η for a range of

different St. With increasing St, a clear increase in the streamwise component

(a+2
2
) is observed, with a concurrent decrease in the component along the con-

tractional axis (a−2
2
). It should be noted that in the limit St → 0, the particles

would have maximal anisotropy along the contractional axis of the mean-strain.

We next consider the effect of shear, and Figure 4.17(a)-(c) shows the nor-

malized S
p

−∥(r, θ, φ) for St ≈ 1 particles at each of the three shear rates. We again

observe a slight tendency for the anisotropy to shift in the streamwise direc-

tion, though now the peak stays close to the contractional axis, with the distri-

bution being more skewed and broader. The corresponding coefficients of the

harmonic decomposition, Figure 4.17(g)-(h), reflect these changes, and it is seen

that the streamwise shift coefficient is strongest at the smallest separations.

Finally, the effect of gravity on the normalized S
p

−∥(r, θ, φ) is shown in Fig-

ure 4.18 for St ≈ 2.8 particles at the medium shear rate. With stronger gravity,

a broadening of the anisotropy distribution is seen to occur at this St, counter-

acting the effect of shear. This implies that inward relative motion is no longer

confined along the φ ∼ 90○ azimuthal plane, and that particles can now approach

each other from a broader range of spatial orientations.
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Figure 4.19: (a) The kinematic collision kernel at contact, shown as a function of
St for different shear rates; (b) The non-dimensional collision kernel K̃(d) as a
function of St for different shear rates; (c) K̃(d) as a function of St for different
shear rates, now with gravity; (d) K̃(d) as a function of St at the intermediate
shear rate, for different values of gravity.

4.5.3 Collision Kernels

We end this study by determining the effect of St, shear, and gravity on the

collision statistics of inertial particles in HTSF. We will utilize our findings re-

lating to the mean inward velocities (from § 4.5.1 and § 4.5.2 above), with those

relating to particle clustering (from Part I). We first consider the directionally

averaged collision statistics, and then study their anisotropy.

We begin by defining the kinematic collision kernel for a mono-disperse dis-
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tribution of particles [110],

K(d) ≡ 4πd2g(d)Sp

−∥(d), (4.23)

where d represents the distance between particle centers at contact, with S
p

−∥(r =
d) and g(r = d) being the mean inward relative velocity and the RDF at contact.

While we use the point-particle approximation in this study, following previous

work [46], we can determine the effective particle diameter d using the St and

the density ratio ρp/ρf .

Figure 4.19(a) shows K(d) (normalized by d2) as a function of St for each

of the shear rates. K(d) is seen to increase rapidly in the range St ≲ 2, before

tapering off to a near-constant value for St ≳ 6. These trends in K(d) reflect the

combined effect of the changes in the RDF and the mean inward velocities with

increasing St.

For St ≳ 1, we also observe that K(d) increases with increasing shear rate,

a consequence of the larger mean inward velocities prevalent at higher shear

rates. At this point, we note that the mere presence of mean shear in the flow

also induces a geometric collision kernel [43],

KS(d) = 4

3
Sd3. (4.24)

For the present study, it was observed that the geometric kernel was many or-

ders of magnitude smaller than the kinematic kernel (KS(d) ≪ K(d)) for all

particles, even at the highest shear rate. We infer that in our simulations the

timescale associated with the geometric kernel, 1/S (the reciprocal of the mean

shear rate), is much larger compared to that associated with the kinematic ker-

nel, τη. This implies that for the kinematic kernel to dominate the geometric

kernel, the condition Sτη ≪ 1 holds true, and we believe that for most practical

turbulent shear flows at high Reynolds numbers, this would be the case.
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Figure 4.20: The anisotropic collision kernel K(r, θ, φ)/K(r) at contact, for par-
ticles with (a) St ≈ 0.85, (b) St ≈ 1.2, and (c) St ≈ 8.1, shown for the intermediate
shear rate. (d,e) The spherical harmonic coefficients a−2

2
and a+2

2
of Sp

−∥(r, θ, φ),
shown as a function of r/η for the different values of St, at the intermediate
shear rate.

Next, we normalized K(d) using the Saffman-Turner [87] isotropic collision

kernel for fluid elements, K0(d) ≡ (8π/15)1/2d3/τη, to obtain K̃(d) =K(d)/K0(d).
As seen in Figure 4.19(b), K̃(d) now peaks at St = O(1), and the results at the

different shear rates collapse. This collapse occurs because we calculate the nor-

malizing factor K0(d) using a Kolmogorov timescale τη that is specific to each

shear rate.

Moving on to the effect of gravity, Figure 4.19(c), we now observe that K̃(d)
reduces for St ≳ 1 particles, with the reduction seen to be greatest for weak

shear case (when the effect of gravity is felt the strongest). St ≲ 1 particles are

largely unaffected, since gravity in this case is too weak to influence the RDF and

188



the inward relative velocities substantially. The effect of progressively stronger

gravity is shown in Figure 4.19(d), where we observe a substantial reduction

in the collision kernel for St ≳ 0.5 particles. This is a direct consequence of the

reduced mean inward relative velocities and RDFs in the presence of gravity.

The results for K̃(d) shown above are in very good qualitative and quantitative

agreement with those seen in HIT computations [46, 45].

Having assessed the directionally averaged collision kernel, we now con-

sider properties of the anisotropic collision kernel,

K(r, θ, φ) ≡ 4πr2g(r, φ, θ)Sp

−∥(r, φ, θ), (4.25)

where S
p

−∥(r, φ, θ) and g(r, φ, θ) are the angular distributions of the mean inward

relative velocity and the RDF. We will assess K(r, θ, φ) as a function of St, shear

rate, and gravity.

Figure 4.20(a)-(c) shows K(d, θ, φ)/K(d) at particle contact for different St at

medium shear. We see that the collision kernel anisotropy is higher along the

mean-strain contractional axis, implying that particles are much more likely to

collide along this direction. With increasing St, the anisotropy increases, and the

direction of its maximal value is seen to shift towards the streamwise direction,

mimicking the behavior of Sp

−∥(r, φ, θ).
We perform the spherical harmonic decomposition of the anisotropic colli-

sion kernel,

K(r, θ, φ) = ∞∑
l=0

+l

∑
m=−l

aml (r)Y m
l (θ, φ), (4.26)

and plot the coefficients a−2
2

and a+2
2

as a function of the separation r/η in Fig-

ure 4.20(d)-(e). The streamwise tilt in the anisotropy is clearly evidenced by the

a+2
2
/a0

0
coefficient being larger at large St.
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Figure 4.21: The anisotropic collision kernel K(r, θ, φ)/K(r) at contact, for St ≈ 1
particles at shear rates (a) S = 3, (b) S = 6, and (c) S = 12, shown projected on a
unit sphere. (d,e) The spherical harmonic coefficients a−2

2
and a+2

2
of K(r, θ, φ),

shown as a function of r/η for St ≈ 1 particles, at different values of the shear
rate.

The effect of shear is assessed next in Figure 4.21, and the maximal

anisotropy for St ≈ 1 particles is again seen to tilt the towards the streamwise di-

rection. We have seen in the previous section that both g(r, θ, φ) and S
p

−∥(r, θ, φ)
align closer to the streamwise direction with increasing shear, leading to the

anisotropy observed in the collision kernel.

Finally, Figure 4.22, considers the effect of increasingly stronger gravity at

the intermediate shear rate, and the collision kernel anisotropy essentially re-

flecting the behavior of the underlying mean inward relative velocity. It is im-

portant to note that while the anisotropy levels at each gravity setting differ by

only a small amount, the actual value of the collision kernel reduces by an order

190
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Figure 4.22: The anisotropic collision kernel K(r, θ, φ)/K(r) at contact, for St ≈
2.8 particles, with gravity settings (a) Fr0 = ∞, (b) Fr0 = 0.136, (c) Fr0 = 0.068,
(d) Fr0 = 0.017 shown on a unit sphere for r ∼ η. (e,f) The spherical harmonic
coefficients a−2

2
and a+2

2
of Sp

−∥(r, θ, φ), shown as a function of r/η for St ≈ 2.8 at
the three shear rates.

of magnitude or more (cf. Figure 4.19(d)).

4.6 Conclusions

In this study, we explored the effects of shear and gravity on the velocity and

acceleration statistics of particles dispersed in HTSF, augmenting the analysis

of particle spatial distributions considered in Part I. Both single-particle and

particle-pair statistics were analyzed, using the same dataset as in the prior

study; as before, the effect of different shear rates was considered, first in the

absence of gravity and then at a common gravity setting for each shear. The
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influence of increasingly stronger gravity was then assessed at the intermediate

shear rate. The flow- and particle-field settings were identical to those used in

Part I.

The mean velocities of inertial particles were evaluated, first in the stream-

wise direction. Under the combined action of shear and gravity, particle mean

velocities were seen to exceed the underlying fluid velocities, a consequence of

their encountering smaller fluid mean-velocities when settling in the transverse

direction. An general analytical expression was derived for the particle stream-

wise mean velocity in HTSF (cf. Appendix C), and its predictions were found to

match our DNS results very well. In the absence of the underlying turbulence,

the theory was seen to correctly revert to the laminar shear flow limit.

Next, the effect of turbulence on particle transverse mean velocities (i.e., set-

tling speeds) was analyzed. While the settling speeds for small-St particles

were found to be enhanced by the turbulence (‘fast-tracking’), under certain

conditions (weak gravity and intermediate shear), we observed reduced set-

tling speeds (‘loitering’) for 3 ≲ St ≲ 6. The loitering was thought to arise due to

changes in the flow-sampling characteristics of particles when settling in HTSF

(the mean spanwise vorticity sampled being positive instead of negative, cf.

Part I §3.1). With increasing gravitational acceleration, this loitering effect was

found to vanish, leading to results that were qualitatively similar to those ob-

served in past HIT computations.

Particle velocity variances were assessed next, and it was found that with in-

creasing shear and particle-inertia, the streamwise variances were far in excess

of those in the other two directions. The DNS results were found to be in qual-

itative and quantitative agreement with predictions from available theoretical
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models [128], for a wide range of particle sizes and shear rates (10−2 ≲ Sτp ≲ 101).
In the presence of gravity, the variances in each of the directions were seen to

reduce for St ≳ 1 particles, reflecting the shorter correlation times available for

such particles to interact with the turbulence.

Acceleration statistics were then considered, and in the presence of both

shear and gravity, particle mean streamwise accelerations were seen to be nega-

tive. The theory previously derived for particle mean velocities was extended to

predict mean streamwise accelerations, and the predictions were found to be in

excellent agreement with our DNS results. In particular, the theory accurately

captured the effect that fast-tracking and loitering have on the mean streamwise

acceleration.

While in the absence of gravity, streamwise acceleration variances mono-

tonically reduced with St, non-monotonic behavior was observed with increas-

ingly stronger gravity, with the variances increasing up to St = O(1), and then

decreasing. This observation is in agreement with recent studies of particles

settling in wall-bounded shear flows [31, 59].

We then moved on to study various aspects of the relative velocities between

particle pairs. The PDFs of these relative velocities were shown to be negative

skewed, implying a mean inward drift due to the path-history effects for large

St. The maximal negative skewness occurred around St = O(1), and was seen

to be independent of the imposed shear. The effect of gravity was non-trivial:

the skewness steadily increased with time for St ≳ 1 particles, corroborating

the enhanced levels of clustering observed in that range; while for the range

St ≲ 0.3, it was seen to decrease with time, leading to slightly reduced levels of

clustering (cf. Part I, §4.1).
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Next, the relative velocity variance and the mean inward relative velocities

were studied as a function of the separation distance. At small separations,

both these quantities were observed to increase with increasing St, reflecting

the effects of caustics. When normalized by the corresponding Kolmogorov ve-

locities, the relative velocities at all separations were found to be independent

of the shear. In the presence of gravity, the dissipation-range scaling trends for

large-St particles were found to approach those of the underlying fluid. The

mixed (streamwise—transverse) relative velocity variances are seen to increase

with St, implying that relative velocity anisotropy persists even at small sepa-

rations. While these variances were found to be independent of shear, stronger

gravity was seen to lead to an increase, especially at larger St.

The spatial orientations of the relative velocities are then analyzed, and for

small-St both — the mean inward relative velocities and the relative velocity

variances — were found to be maximal roughly along the mean-strain contrac-

tional axis. This maxima was found to shift with increasing St, becoming more

aligned along the streamwise direction. This was thought to be a consequence of

the streamwise single-particle velocity variances (at large-St) being much larger

that those in the other directions. With increasing shear, a similar but less obvi-

ous streamwise shift was observed, causing a skewed distribution in the max-

ima. Increasing gravity, however, seemed to counteract this shift, with a general

tendency for the maxima to return back to align with the maximal mean-strain

contractional axis.

Finally, we used the RDF data (from Part I) along with the relative velocities

to calculate kinematic collision kernels for particles at contact. The collision ker-

nels showed a rapid increase with St (for St ≲ 3), and were also found to increase
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stronger shear. The dependency on shear was seen to vanish when the kernels

were normalized by the respective Saffman-Turner collision rate. The presence

of gravity was found to cause a strong reduction in the collision kernel for St ≳ 1,

primarily due to reduced mean inward relative velocities. The anisotropy of the

collision kernel was seen to be highest roughly along the contractional mean-

strain axis, and the changes with St, shear, and gravity were found to be simi-

lar to those of the mean inward relative velocities. The shear-induced geomet-

ric collision kernels were found to be orders of magnitudes smaller than the

turbulence-induced kinematic collision kernels.

The results above were seen to be largely independent of the Reynolds num-

bers (in the moderate Rλ range that we assessed), with mild reductions ob-

served in the maximal values of the anisotropy. This study provides a stepping

stone for future work involving analysis of bi-disperse populations of particles

in HTSF.
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APPENDIX A

TABLES LISTING DNS RUN DETAILS (SPECTRAL-FILTERING STUDY)

The three tables shown below provide a listing of the numerical/flow pa-

rameters used for the study in Chapter 2, where we assessed issues related

to the loss of numerical resolution for HTSF at higher Reynolds numbers. Ta-

ble A.1 shows simulations with the recommended spectral filtering remedy in

place, which leads to numerically-stable results. Simulations were also per-

formed without spectral filtering, to help determine how the different param-

eters contributed to the premature loss of resolution. Table A.2 shows the list

of low-resolution simulations (N3 ∼ 1283,2563), while Table A.3 shows the high-

resolution simulations (N3 ∼ 5123,10243,20483). For further details, please refer

to Chapter 2.

Table A.1: The list of DNS simulations performed with spectral filtering in place.
The initial shear parameter S∗L0 and Reynolds number RL0 listed here are based
on large-scale flow variables.

Run N1 N2 N3 2π/L1 2π/L2 2π/L3 ν κ0 S∗L0 RL0

1024 01F 2048 1024 1024 0.500 1.000 1.000 6 × 10−4 14 0.63 110

1024 02F 2048 1024 1024 0.500 1.000 1.000 3 × 10−4 14 0.63 220

1024 03F 2048 1024 1024 0.500 1.000 1.000 6 × 10−4 14 3.15 110

1024 04F 2048 1024 1024 0.500 1.000 1.000 3 × 10−4 14 3.15 220

1024 05F 2048 1024 1024 0.500 1.000 1.000 6 × 10−4 14 5.67 110

1024 06F 2048 1024 1024 0.500 1.000 1.000 3 × 10−4 14 5.67 220
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Table A.2: The list of N3 ∼ 1283,2563 DNS simulations performed for the study
in Chaper 2; these simulations do not involve spectral filtering.

Run N1 N2 N3 2π/L1 2π/L2 2π/L3 ν κ0 S∗
0

128 01 256 128 128 0.629 1.259 1.259 4.40 × 10−3 14 12.50

256 01 256 256 256 0.629 1.259 1.259 1.68 × 10−3 20 3.50

256 02 256 256 256 1.000 1.000 1.000 1.40 × 10−3 15 13.10

256 03 256 256 256 0.396 1.587 1.587 1.40 × 10−3 15 13.20

256 04 256 256 256 0.396 1.587 1.587 2.00 × 10−3 5 32.70

256 05 256 256 256 0.396 1.587 1.587 3.00 × 10−3 5 31.10

256 06 256 256 256 0.396 1.587 1.587 4.00 × 10−3 5 29.00

256 07 256 256 256 0.396 1.587 1.587 5.00 × 10−3 5 27.50

256 08 256 256 256 0.629 1.259 1.259 5.00 × 10−3 5 27.00

256 09 256 256 256 0.629 1.259 1.259 5.00 × 10−3 5 11.00

256 10 512 256 256 0.250 2.000 2.000 4.00 × 10−3 3 48.60

256 11 512 256 256 0.396 1.587 1.587 4.00 × 10−3 5 18.90

256 12 512 256 256 0.396 1.587 1.587 4.00 × 10−3 3 27.50

256 13 512 256 256 0.250 2.000 2.000 2.00 × 10−3 3 25.20

256 14 512 256 256 0.250 2.000 2.000 4.00 × 10−3 3 24.10

256 15 512 256 256 0.629 1.259 1.259 5.00 × 10−3 8 20.00

256 16 512 256 256 0.396 1.587 1.587 4.00 × 10−3 3 17.40

256 17 512 256 256 0.396 1.587 1.587 4.00 × 10−3 20 3.53

256 18 512 256 256 0.396 1.587 1.587 4.00 × 10−3 10 5.42

256 19 512 256 256 0.250 1.000 1.000 4.00 × 10−2 4 3.50

256 20 512 256 256 0.250 1.000 1.000 4.00 × 10−2 12 1.10

256 21 512 256 256 0.250 1.000 1.000 1.00 × 10−2 12 2.11

256 22 256 256 256 0.396 1.587 1.587 1.40 × 10−3 15 7.10

256 23 256 256 256 0.396 1.587 1.587 1.40 × 10−3 15 4.10

256 24 256 256 256 0.396 1.587 1.587 2.00 × 10−3 15 12.00

256 25 256 256 256 0.396 1.587 1.587 2.00 × 10−3 15 3.64

256 26 256 256 256 0.396 1.587 1.587 2.50 × 10−3 15 11.50

256 27 1024 256 256 0.125 1.000 1.000 2.00 × 10−3 15 12.00

256 28 256 256 256 1.000 1.000 1.000 2.50 × 10−3 15 11.30

256 29 256 256 256 1.000 1.000 1.000 2.00 × 10−3 15 2.00

256 30 256 256 256 1.000 1.000 1.000 2.00 × 10−3 15 11.90

256 31 512 256 256 0.500 1.000 1.000 2.50 × 10−3 14 11.42

256 32 512 1024 256 0.500 1.000 1.000 3.00 × 10−3 14 11.54

256 33 512 256 256 0.500 1.000 1.000 3.00 × 10−3 14 11.32

256 34 512 256 256 0.500 1.000 1.000 3.00 × 10−3 14 11.17

256 35 512 512 512 0.500 1.000 1.000 3.00 × 10−3 14 11.40

256 36 512 1024 256 0.500 1.000 1.000 3.00 × 10−3 14 11.49

256 37 512 2048 256 0.500 1.000 1.000 3.00 × 10−3 14 11.30

256 38 256 256 256 1.000 1.000 1.000 3.00 × 10−3 14 15.10
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Table A.3: The list of N3 ∼ 5123,10243,20483 DNS simulations performed for the
study in Chaper 2; these simulations do not involve spectral filtering.

Run N1 N2 N3 2π/L1 2π/L2 2π/L3 ν κ0 S∗
0

512 01 512 512 512 0.396 1.587 1.587 6.68 × 10−4 20 13.50

512 02 512 512 512 1.000 1.000 1.000 6.68 × 10−4 20 11.60

512 03 512 512 512 0.396 1.587 1.587 6.68 × 10−4 15 15.00

512 04 1024 512 512 0.198 1.587 1.587 6.68 × 10−4 15 15.00

512 05 512 512 512 0.250 2.000 2.000 6.68 × 10−4 15 15.00

512 06 512 512 512 0.250 2.000 2.000 3.20 × 10−4 15 16.60

512 07 1024 512 512 1.000 1.000 1.000 6.68 × 10−4 15 14.80

512 08 512 512 512 0.396 1.587 1.587 2.00 × 10−3 10 18.00

512 09 512 512 512 0.396 1.587 1.587 2.00 × 10−3 5 33.00

512 10 512 512 512 0.396 1.587 1.587 2.00 × 10−3 3 29.00

512 11 512 512 512 0.396 1.587 1.587 2.00 × 10−3 3 23.19

512 12 512 512 512 0.396 1.587 1.587 4.00 × 10−3 1 89.40

512 13 512 512 512 0.396 1.587 1.587 6.68 × 10−4 15 6.90

512 14 512 512 512 0.396 1.587 1.587 6.68 × 10−4 15 11.50

512 15 512 512 512 0.396 1.587 1.587 1.00 × 10−3 15 14.30

512 16 512 2048 1024 0.500 1.000 1.000 3.00 × 10−3 14 11.43

512 17 1024 512 512 0.500 1.000 1.000 3.00 × 10−3 14 11.43

512 18 1024 512 512 0.500 1.000 1.000 2.00 × 10−3 14 11.43

512 19 1024 512 512 0.500 1.000 1.000 1.20 × 10−3 14 11.43

512 20 1024 512 512 0.500 1.000 1.000 6.00 × 10−4 14 11.80

1024 01 2048 1024 1024 0.500 1.000 1.000 6.00 × 10−4 14 11.80

2048 01 4096 2048 2048 0.500 1.000 1.000 6.00 × 10−4 14 11.80
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APPENDIX B

IMPLEMENTATION AND VALIDATION OF THE HYBRID

PSEUDOSPECTRAL-WENO SCHEME

B.1 Hybrid Pseudospectral-WENO Scheme: Motivation & Im-

plementation

In Chapter 2, we showed that shear-induced vorticity gradients in the HTSF

flow field (at higher Reynolds numbers) were leading to the loss of numerical

resolution at the small scales, resulting in the stunted growth of the large flow

scales. The inherently non-dissipative nature of the pseudospectral method was

thus preventing the long-time asymptotic analysis of the flow, since the simula-

tions had to be stopped prematurely. The use of a spectral filter to smooth-out

the sharp gradients was suggested, and tested. Though the large-scale flow

properties of the filtered simulations were found to be in good agreement with

past studies, the accuracy of small-scale statistics were affected by the filtering.

To ensure adequate resolution at the small scales — and yet maintain numer-

ical stability — we proposed the use of a Weighted Essentially Non-Oscillatory

(WENO) scheme [101] alongside the pseudospectral setup. WENO methods en-

compass nonlinear finite-volume or finite-difference schemes used for numer-

ically approximating the solutions of convection-dominated problems. They

provide high-order accuracy in smooth regions of the flow, and an essentially

non-oscillatory transition whenever discontinuities are encountered [101]. We

will augment the pseudospectral DNS setup by using the WENO scheme for

evaluation of certain terms that give rise to the sharp gradients. The imple-
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mentation of this hybrid scheme is briefly discussed below, and its perfor-

mance is evaluated against the spectral filtering scheme. Further details on the

background and properties of WENO schemes can be found in prior publica-

tions [101].

We begin with the equation for the evolution of the spectral velocity coeffi-

cient ûi (cf. Chapter 3, Section 3.3.1),

[ ∂
∂t
+ νκ

′
2] ûi = (−δim + κ

′

iκ
′

m

κ
′2
)F {∂(umuj)

∂xj

} + 2κ′iκ1

κ
′2
Sû2 − Sδi1û2, (B.1)

where κ′2 ≡ κ′iκ′i, and F{} represents the spectral transform operator acting on

the non-linear term. Note that we now use the conservative form of the Navier-

Stokes equations, since we expect the flow field to have sharp gradients.

The non-linear term in Eqn. (B.1), ∂(umuj)/∂xj , is evaluated in physical

space, and is primarily responsible for the generation of gradients. We will use

the WENO scheme for the evaluation of just this term, while the other terms in

Eqn. (B.1) will be evaluated as before, in spectral space.

For our implementation, we select the component-wise finite-difference for-

mulation of the WENO scheme, with 5th-order spatial accuracy in smooth re-

gions, and 1st-order accuracy in regions with sharp gradients. This form of the

implementation is easy and inexpensive, with practically no tuning required

for the numerical parameters. It is noted, however, that the component-wise

implementation cannot remove Gibbs oscillations completely, since these nu-

merical disturbances can cross across the characteristics of the system [101]. An

alternate, more sophisticated implementation is the characteristic-wise setup,

where the flow field has to be transformed to the characteristic space before

the gradients can be resolved. These transformations require numerous eigen-

decompositions, and can get numerically expensive, though the Gibbs oscil-
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Figure B.1: Physical-space grid for the fluid field, showing the upstream (S+j )
and downstream (S−j ) stencils used for the 5th-order WENO scheme.

lations are now fully removed. In view of the complexity of implementation

and the high cost associated with the characteristic-wise setup, our use of the

component-wise scheme is justified.

We now give a brief overview of the numerical discretization and parameter

settings used for the implementation in one dimension. The same discretization

rules are applied for gradients in each of the three directions. Assuming φ ≡
uiuj is defined at each point on the nominal one-dimensional grid shown in

Figure B.1, the spatial derivative of φ at grid-point i can be discretized using the

conservative finite-difference scheme,

∂φ

∂x
∣
i

=
(φ̂i+ 1

2

− φ̂i− 1

2

)
∆x

=
(φ+

i+ 1

2

+ φ−
i+ 1

2

) − (φ+
i− 1

2

+ φ−
i− 1

2

)
∆x

, (B.2)

where flux values at the intermediate locations (φ̂i± 1

2

) are split using the local

Lax-Friedrich flux-splitting scheme [101], and ∆x is the grid spacing.

The quantities φ±
i± 1

2

can be expressed as weighted combinations of φ± from
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the grid points on each of the stencils shown in Figure B.1,

φ+
i+ 1

2

= w+0 [2φ+i−2 − 7φ+i−1 + 11φ+i6
] +w+1 [φ+i−1 + 5φ+i + 2φ+i+16

] +w+2 [2φ+i + 5φ+i+1 − 1φ+i+26
]

φ−
i+ 1

2

= w−0 [11φ−i+1 − 7φ−i+2 + 2φ−i+36
] +w−1 [2φ−i + 5φ−i+1 − φ−i+26

] +w−2 [−φ−i−1 + 5φ−i + 2φ−i+16
]

φ+
i− 1

2

= w̃+0 [2φ+i−3 − 7φ+i−2 + 11φ+i−16
] + w̃+1 [φ+i−2 + 5φ+i−1 + 2φ+i6

] + w̃+2 [2φ+i−1 + 5φ+i − 1φ+i+16
]

φ−
i− 1

2

= w̃−0 [11φ−i − 7φ−i+1 + 2φ−i+26
] + w̃−1 [2φ−i−1 + 5φ−i − φ−i+16

] + w̃−2 [−φ−i−2 + 5φ−i−1 + 2φ−i6
]

(B.3)

where the non-linear weights are defined as,

w±k =
α±k

α±
0
+ α±

1
+ α±

2

, α±k = ck(ξ + β±k )2 , for k = 0,1,2

w̃±k =
α̃±k

α̃±
0
+ α̃±

1
+ α̃±

2

, α̃±k = ck(ξ + β̃±k )2 , for k = 0,1,2
(B.4)

and are formed using the smoothness indicators β±k and β̃±k for each of the sten-

cils [101]. The linear weights ck are set to

c1 = 1

10
, c2 = 6

10
, c3 = 3

10
, (B.5)

and satisfy the constraint c1 + c2 + c3 = 1. The parameter ξ is a small positive

number, chosen to avoid division by zero.

The smoothness indicators used in the calculation of the weights are defined

as follows,

β+0 = 13

12
(φ+i−2 − 2φ+i−1 + φ+i )2 + 1

4
(φ+i−2 − 4φ+i−1 + 3φ+i )2

β+1 = 13

12
(φ+i−1 − 2φ+i + φ+i+1)2 + 1

4
(φ+i−1 − φ+i+1)2

β+2 = 13

12
(φ+i − 2φ+i+1 + φ+i+2)2 + 1

4
(3φ+i − 4φ+i+1 + φ+i+2)2

(B.6)

β−0 = 13

12
(φ−i+1 − 2φ−i+2 + φ−i+3)2 + 1

4
(3φ−i+1 − 4φ−i+2 + 3φ−i+3)2

β−1 = 13

12
(φ−i − 2φ−i+1 + φ−i+2)2 + 1

4
(φ−i − φ−i+2)2

β−2 = 13

12
(φ−i−1 − 2φ−i + φ−i+1)2 + 1

4
(3φ−i−1 − 4φ−i + 3φ−i+1)2

(B.7)
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β̃+0 = 13

12
(φ+i−3 − 2φ+i−2 + φ+i−1)2 + 1

4
(φ+i−3 − 4φ+i−2 + 3φ+i−1)2

β̃+1 = 13

12
(φ+i−2 − 2φ+i−1 + φ+i )2 + 1

4
(φ+i−2 − φ+i )2

β̃+2 = 13

12
(φ+i−1 − 2φ+i + φ+i+1)2 + 1

4
(3φ+i−1 − 4φ+i + φ+i+1)2

(B.8)

β̃−0 = 13

12
(φ−i − 2φ−i+1 + φ−i+2)2 + 1

4
(3φ−i − 4φ−i+1 + φ−i+2)2

β̃−1 = 13

12
(φ−i−1 − 2φ−i + φ−i+1)2 + 1

4
(φ−i−1 − φ−i+1)2

β̃−2 = 13

12
(φ−i−2 − 2φ−i−1 + φ−i )2 + 1

4
(φ−i−2 − 4φ−i−1 + 3φ−i )2

(B.9)

Based on the definitions above, a large value of the smoothness indicator at

a given point implies the presence of a sharp gradient, and the weight assigned

to the data at that point automatically diminishes.

B.2 Hybrid Pseudospectral-WENO Scheme: Testing

The implementation shown above was verified using standard test cases,

and then used for performing DNS of HTSF at three different shear rates

(S = 3,6,12), at initial Reynolds numbers (Rλ0 ∼ 50). The simulations were suc-

cessfully run to asymptotic state TS ∼ 20, with maximum Rλ ∼ 230 for the high-

est shear rate. In the figures below, we compare the performance of the hybrid

scheme against results from pseudospectral and spectrally-filtered simulations

at similar settings. Both large- and small-scale flow statistics will be shown,

alongside some experimental data. We will denote results from the pseudospec-

tral DNS as ‘Spectral scheme’, those from the filtered DNS as ‘Spectral-Filter

scheme’, and those from the new hybrid setup as the ‘Spectral-WENO scheme’.
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We begin by considering Figure B.2, where the plot on the left shows evolu-

tion of the maximum spanwise vorticity max ∣ω3∣, for each of the schemes at the

medium shear rate. While max ∣ω3∣ for the spectral scheme is seen to increase

dramatically by TS ∼ 7, leading to the blow-up of the DNS, use of the Spectral-

Filter scheme causes the growth to be substantially damped. The Spectral-

WENO scheme is intermediate between the two, since the WENO setup only

suppresses oscillations in regions with high gradients, leaving smooth parts of

the flow unaffected. As a consequence, the integral length scale L11,1 (Figure B.2,

right) is now able to evolve slowly into the asymptotic state without decreasing.

We next turn to the dissipation rate of the turbulent kinetic energy ǫ, with

Figure B.3 showing the evolution at each of the three shear rates. For TS ≳ 5, the

growth of ǫ for the Spectral-Filter scheme (left plot) is no longer exponential in

nature, dropping off sharply at each of the three shear rates. In contrast, ǫ grows

exponentially for the Spectral-WENO scheme (right plot), closely following the

experimentally determined growth-rates at each shear. At the intermediate to

small scales, the Spectral-WENO scheme is thus far less dissipative compared to

the Spectral-Filter scheme. A consequence of this is that the ratios of turbulent

kinetic energy production to dissipation (P/ǫ) attain distinct asymptotes when

the Spectral-WENO scheme is used (Figure B.4 (right)), agreeing well with past

experimental measurements.

Now considering small-scale statistics, in Figure B.5 we show the skewness

of the velocity gradient ∂u1/∂x2 as a function of Rλ as the flow evolves. Ex-

perimental measurements (and a curve-fit) are compared with results from the

Spectral-WENO (at each of the shear rates) and Spectral-Filter scheme. Results

from the Spectral-WENO scheme show excellent agreement with the experi-
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Figure B.2: Comparison of the time evolution of the maximum fluctuating span-
wise vorticity max ∣ω3∣ (left), and the integral length scale L11,1 (right), using the
Spectral, Spectral-Filter, and Spectral-WENO schemes.
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Figure B.3: Comparison of the time evolution of the dissipation rate ǫ, using the
Spectral-Filter scheme (left) and Spectral-WENO scheme (right).

ments in the low-Rλ range, with the trends evolving correctly with time, unlike

the highly dissipative Spectral-Filter scheme. A direct comparison of the PDFs

of ∂u1/∂x2 in Figure B.6 clearly show the strong positive skewness for Spectral-

Filter scheme, deviating substantially from the experimental measurements.
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Finally, in Figure B.7 we show the evolution of the vorticity anisotropy ten-

sor,

υij ≡ ⟨ωiωj⟩⟨ωkωk⟩ −
δij

3
, (B.10)

where ωi represents the fluctuating vorticity components. The normal compo-

nents of this tensor υii are closely related to the transient topological changes

that occur in HTSF [57], and are a good measure how the imposed mean-shear

affects the underlying vorticity. At high shear rates (S = 12 in our case), the

υ11 component is known [57] to first increase sharply at the expense of the

υ33 component, indicating the formation of quasi-streamwise vortices. Later

(3 ≲ TS ≲ 10), the υ33 component grows, indicating the formation of strong vor-

tex layers. But beyond TS ∼ 10, these vortex layers are known to lose coherence

and roll up into spanwise vortices, eventually leading to small values of υ33 in

the flow field. While the Spectral-WENO scheme (Figure B.7, right) captures
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these trends accurately, the dissipative nature of the Spectral-Filter scheme (Fig-

ure B.7, left) forces υ33 to attain a constant value beyond TS ∼ 10.

The results in this section demonstrate that the Spectral-WENO scheme cor-

rectly captures the trends for both large- and small-scale flow statistics in HTSF.
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APPENDIX C

ANALYTICAL DERIVATION FOR MEAN VELOCITIES AND

ACCELERATIONS OF INERTIAL PARTICLES IN HTSF

In the absence of gravity, the velocity of an inertial particle at any time t

can be expressed as a function of the of the underlying fluid velocities sampled

along its path history [9],

v
p(t) = 1

τp

t

∫
0

ũ(xp(s), s)e−(t−s)/τp ds. (C.1)

The mean particle velocity in HSF where u′ is homogeneous and ⟨ui(x, t)⟩ =
δi1Sx2 is then given by

⟨vp(t)⟩x2
= 1

τp

t

∫
0

⟨ũ(xp(s), s)⟩x2
e−(t−s)/τp ds. (C.2)

Denoting ⟨u⟩p as the mean fluid velocity evaluated at the particle position (not

the mean of the fluid velocity at the particle position) then

⟨ũ(xp(s), s)⟩x2
= ⟨⟨u⟩p⟩x2

+ ⟨u′(xp(s), s)⟩x2
. (C.3)

Now in HSF, since ⟨u2(x, t)⟩ = 0 and since u′ is homogeneous, then far away from

the domain boundaries, the distribution of xp
2
(s∣x2, t)will be Gaussian with a mean

⟨xp
2
(s∣x2, t)⟩ = ⟨xp

2
(s)⟩x2

= x2 and correspondingly ⟨u′
2
(xp(s), s)⟩x2

= 0. It is likely

that the entire vector ⟨u′(xp(s), s)⟩x2
is also zero; we will assume it is but proof

is needed. With this assumption, for HSF (C.3) becomes

⟨ui(xp(s), s)⟩x2
= δi1S⟨xp

2
(s)⟩x2

= δi1Sx2. (C.4)

Substituting this into (C.2) and solving the integral gives

⟨vp
1
(t)⟩x2

= Sx2(1 − e−t/τp). (C.5)
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Therefore, for t ≫ τp, ⟨vp
1
(t)⟩x2

→ ⟨u1(x2)⟩. Note that the above derivation as-

sumed vp(t = 0) = 0. With vp(t = 0) ≠ 0 it is straighforward to show that

⟨vp
1
(t)⟩x2

= ⟨vp
1
(0)⟩x2

e−t/τp + Sx2(1 − e−t/τp), (C.6)

which again for t ≫ τp, generates ⟨vp
1
(t)⟩x2

→ ⟨u1(x2)⟩. Interestingly, (C.6)

suggests that if ⟨vp
1
(0)⟩x2

= Sx2, i.e. equal to the fluid mean velocity, then

⟨vp
1
(t)⟩x2

= ⟨u1(x2)⟩ for all t.

Now the above result for ⟨vp
1
(t)⟩x2

assumes that we are considering x2 suffi-

ciently far away from the boundaries. If there were solid boundaries (or if the

particles were ‘elastically reflected’ at the boundaries back into the domain) at

x2 = 0 then for x2 = 0, ⟨xp
2
(s)⟩x2

≥ x2, and if at x2 = H (H is height of domain)

then for x2 = H , ⟨xp
2
(s)⟩x2

≤ H . Consequently, according to the above analysis,

⟨vp
1
(t)⟩x2

would be larger than ⟨u1(x2)⟩ for x2 near 0 and smaller than ⟨u1(x2)⟩
for x2 near H . However in the HSF simulations, a periodic boundary condition

for the fluid and particle phases is used. What implication does this have for

⟨vp
1
(t)⟩x2

near the boundaries?

Consider x2 = 0. Particles with x
p
2
(s∣x2 = 0, t) may have come from x2 > 0

or x2 ≤ 0. Those which come from x2 ≤ 0 are really those which where moving

towards x2 =H but which have been reintroduced at x2 = 0 through the periodic

boundary condition. What values of u does these ‘periodically reintroduced’

particles have in their path history? To answer this we note that the periodic

boundary condition for the particle velocity is that a particle at x2 = H moving

upwards is reintroduced at x2 = 0 with velocity vp(t, x2 = 0) = ⟨vp(t)⟩x2=0 +

vp′(t, x2 = H) where vp′(t, x2 = H) is the fluctuating velocity the particle had at

x2 =H . This should be computed relative to the particle mean velocity at x2 =H ,

i.e. vp′(t, x2 = H) = vp(t, x2 = H) − ⟨vp(t)⟩x2=H . With this linear transformation,
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particles with x
p
2
(s∣x2 = 0, t) which have been periodically reintroduced have a

x1 direction fluctuating velocity solution given by

v
p′
1
(t, x2 = 0) = 1

τp

t

∫
0

[u1(xp(s∣H, t), s) − ⟨u1(xp(s∣H, t), s)⟩]e−(t−s)/τp ds

= 1

τp

t

∫
0

u′1(xp(s∣H, t), s)e−(t−s)/τp ds.
(C.7)

Since u′ is periodic in x2 with period H then this is equivalent to

v
p′
1
(t, x2 = 0) = 1

τp

t

∫
0

u′1(xp(s∣H, t) −H , s)e−(t−s)/τp ds. (C.8)

where H = (0,H,0), which does in fact correspond to a particle moving towards

x2 = 0 from x2 < 0 as desired. However the total particle velocity with which it

is reintroduced a x2 = 0 is given by (C.8) plus ⟨vp(t)⟩x2=0. For a particle moving

towards x2 = H and reintroduced at x2 = 0 to be truly equivalent to a particle

moving towards x2 = 0 from x2 < 0 (this is required in order to demonstrate that

⟨vp
1
(t)⟩x2=0 = ⟨u1(x2 = 0)⟩ = 0) we would require ⟨vp(t)⟩x2=0 = ⟨vp(t)⟩x2=H , which

of course is not true for HSF.

There is however another linear transformation that would give the desired

result, namely

v
p(t, x2 = 0) = vp(t, x2 =H) − ⟨u(x2 =H)⟩(1 − e−t/τp), (C.9)

which is equivalent to

v
p
i (t, x2 = 0) = 1

τp

t

∫
0

[⟨ui(xp(s∣H, t), s)⟩ + u′i(xp(s∣H, t), s) − ⟨ui(x2 =H)⟩]e−(t−s)/τp ds

= 1

τp

t

∫
0

[δi1S(xp
2
(s∣H, t) −H) + u′i(xp(s∣H, t), s)]e−(t−s)/τp ds.

(C.10)
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This corresponds exactly to the solution for a particle moving towards x2 = 0

from x2 < 0 as desired. Therefore the linear transformation in (C.9) is the trans-

formation one should use to reintroduce the particle at x2 = 0. The correspond-

ing transformation to use to reintroduce the particle at x2 = H (i.e. when a

particle has arrived at x2 = 0 and has vp
2
(t) < 0) is

v
p(t, x2 =H) = vp(t, x2 = 0) + ⟨u(x2 =H)⟩(1 − e−t/τp). (C.11)

Using the transformations (C.9) and (C.11) will generate ⟨vp(t)⟩x2=0 = ⟨u(x2 = 0)⟩
and ⟨vp(t)⟩x2=H = ⟨u(x2 = H)⟩, which together with ⟨vp

1
(0)⟩x2

= Sx2, gives the

solution that ⟨vp
1
(t)⟩x2

= ⟨u1(x2)⟩ for all t and all x2.

We now consider the case with gravity, for which

⟨vp(t)⟩x2
= ⟨vp(0)⟩x2

e−t/τp +
1

τp

t

∫
0

[⟨u(xp(s), s)⟩x2
+ τpg]e−(t−s)/τp ds. (C.12)

With g = (0,−g,0), i.e. perpendicular to the mean fluid flow direction, gravity

makes no explicit contribution to the mean particle velocity in the x1 direction.

Now in HSF with gravity, since ⟨u2(x, t)⟩ = 0 and since u′ is homogeneous,

then far away from the domain boundaries, the distribution of x
p
2
(s∣x2, t) will be

Gaussian with a mean ⟨xp
2
(s∣x2, t)⟩ = ⟨xp

2
(s)⟩x2

. In the present case with gravity

⟨u′
2
(xp(s), s)⟩x2

may not be zero, which is related to the fast tracking and loiter-

ing phenomena. However the corrections to ⟨xp
2
(s)⟩x2

due to ⟨u′
2
(xp(s), s)⟩x2

≠ 0
will be small (relative to the terminal settling velocity effect) and will not change

the qualitative behavior of ⟨xp
2
(s)⟩x2

with s. We therefore ignore it in view of the

fact that we are here simply seeking to understand how gravity qualitatively

affects the mean particle velocity. Under this assumption

⟨xp
2
(s)⟩x2

≈ x2 + τpg(t − s), 0 ≤ s ≤ t, (C.13)
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with which

⟨ui(xp(s), s)⟩x2
= δi1S[x2 + τpg(t − s)]. (C.14)

We therefore have

⟨vp
1
(t)⟩x2

= ⟨vp
1
(0)⟩x2

e−t/τp +
1

τp

t

∫
0

S[x2 + τpg(t − s)]e−(t−s)/τp ds
= ⟨vp

1
(0)⟩x2

e−t/τp + Sx2(1 − e−t/τp) + Sgτp[τp(1 − e−t/τp) − te−t/τp].
(C.15)

Notice that this implies that even if ⟨vp
1
(0)⟩x2

= Sx2, ⟨vp1(t)⟩x2
will still go through

a transient before it reaches an equilibrium value at t≫ τp. However it should be

noted that the above result will not exactly describe the transient behavior since

(C.13) does not account for the transitory behavior of the particle velocities (it

assumes the terminal velocity). In the limit t≫ τp,

⟨vp
1
(t)⟩x2

= S[x2 + gτ
2

p ], (C.16)

which means that the particle mean velocity is greater than that of the fluid,

which is perhaps a surprising result since gravity is not acting in the x1 direction.

That ⟨vp
1
(t)⟩x2

≥ ⟨u1(x2)⟩ in HSF with gravity arises because by virtue of the net

drift of the particles in the x2 direction under gravity, particles at a given x2

location will have a bias towards values of the fluid mean velocity at larger x2

values in their path history.

With respect to the periodic boundary conditions for the particles, it is

straightforward to show that the linear transformations in (C.9) and (C.11) are

also the correct transformations in the present case with gravity. Consequently

(C.15) correctly describes the behavior for all x2 in the simulated domain.

In the presence of gravity we make the approximation ⟨u1(xp(s), s)⟩x2
≈

Sp⟨xp
2
(s)⟩x2

, where Sp may not be the same as S because of the fast tracking
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effect. In order to account for the fast-tracking we replace (C.13) with

⟨xp
2
(s)⟩x2

≈ x2 + [τpg − ⟨u2(xp(s), s)⟩](t − s), 0 ≤ s ≤ t, (C.17)

where we have assumed the sign convention for the coordinate system is such

that fast tracking generates ⟨u2(xp(s), s)⟩ < 0. Following the same analysis as in

the previous section we arrive at the result for t≫ τp

⟨vp
1
(t)⟩x2

= Sp(x2 + τp[τpg − ⟨u2(xp(s), s)⟩]). (C.18)

We may then use this to derive the result for the mean particle acceleration in

the x1 direction

⟨ap
1
(t)⟩x2

= τ−1p (⟨u1(xp(s), s)⟩x2
− ⟨vp

1
(t)⟩x2

)
≈ τ−1p (Spx2 − Sp(x2 + τp[τpg − ⟨u2(xp(s), s)⟩]))
= −τpSpg + Sp⟨u2(xp(s), s)⟩
≈ −τpSg + S⟨u2(xp(s), s)⟩.

(C.19)
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