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This thesis derives natural and efficient solutions of three high-dimensional statis-
tical problems by exploiting unbiased risk estimation. They exemplify a general
methodology that provides attractive estimators in situations where classical the-
ory is unsuccessful, and that could be exploited in many other problems.

First, we extend the classical James-Stein shrinkage estimator to the context
where the number of covariates is larger than the sample size and the covariance
matrix is unknown. The construction is obtained by manipulating an unbiased risk
estimator and shown to dominate in invariant squared loss the maximum likelihood
estimator. The estimator is interpreted as performing shrinkage only the random
subspace spanned by the sample covariance matrix.

Second, we investigate the estimation of a covariance and precision matrix,
and discriminant coefficients, of linearly dependent data in a normal framework.
By bounding the difference in risk over classes of interest using unbiased risk
estimation, we construct interesting estimators and show domination over naive
solutions.

Finally, we explore the problem of estimating the noise coefficient in the spiked
covariance model. By decomposing an unbiased risk estimator and minimizing its
dominant part using calculus of variations, we obtain an estimator in closed form
that approximates the optimal solution. Several attractive properties are proven
about the proposed construction. We conclude by showing that the associated

spiked covariance estimators possess excellent behavior under the Frobenius loss.
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CHAPTER 1
INTRODUCTION

The past two decades have seen a phenomenal rise in very large datasets and
have brought much attention to challenges specific to high-dimensional statistics.
In this framework, traditionally successful methodologies to derive estimators, such
as the method of maximum likelihood and the method of moments, often lead to
inadequate solutions. For example, the resulting constructions may fail to reach the
optimal mimimax rate, be inconsistent or, in “p greater than n” settings, simply
fail to exist.

As a consequence, high-dimensional statistical estimation problems have mostly
been dealt with on a case to case basis. Over time, a general methodology devel-
oped around the concept of regularized optimization, which relies on finding a
plausible goodness of fit criterion and minimizing some regularized version. De-
spite its generality, this approach suffers from a few pitfalls. Problematically,
regularization introduces tuning parameters that must be calibrated. In addition,
the estimators rarely possess closed forms, and this can make the study of their
theoretical properties difficult.

A popular but computationally expensive approach to the calibration problem
is cross-validation. In its simplest form, the training set is divided into folds. For
each fold, the model is trained on the complement and evaluated on the fold. The
tuning parameter is chosen as the one that best performed on average.

Recently, there has been a revival of interest in alternative approaches based
on minimizing an unbiased risk estimator (URE). These methods usually require
strong parametric assumptions and are limited to predictive tasks. However, within
these restrictions, these methods usually offer superior performance for tuning pa-

rameter calibration compared to cross-validation, and are computationally light.



Moreover, the selected tuning parameters are more amenable to theoretical anal-
ysis.

This dissertation consists of three chapters that, in different ways, exploits this
idea further. The usual approach is to derive in some way a parametrized esti-
mator and calibrate it using unbiased risk estimation. The three chapters cut the
middle step: in every project we derive estimators by manipulating the unbiased
risk estimator itself. The last chapter is the most sophisticated example, in which
an estimator is obtained by calculus of variations on an appropriate unbiased risk
estimator. But in every case, the resulting estimators turn out to yield big gains
in performance and possess closed forms, which makes them computationally triv-
ial and amenable to theoretical analysis. These three chapters exemplify how,
in our opinion, the unbiased risk minimization approach could succeed as a gen-
eral methodology for deriving high-dimensional estimators, in the same way that
regularization has become.

The second chapter concerns the extension of the James-Stein phenomenon to
the high-dimensional setting where the number of covariates exceed the sample
size. In James and Stein [1961], the natural solution to arguably the simplest
problem in multivariate statistics, the estimation of the mean of a p-dimensional
normal distribution, was shown inadmissible when p > 3. The authors derived
an estimator by an empirical Bayes argument and showed that it dominated the
maximum likelihood estimator. The key to the argument was to express the risk
of the James-Stein estimator using an unbiased risk estimator, and show that its
difference with the risk of the naive estimator had to be negative.

Using a similar manipulation of an unbiased risk estimator, we derive a proper
large-scale analogue of this estimator. Our construction can be thought of as per-

forming shrinkage only on the random subspace spanned by the sample covariance



matrix, which is n-dimensional. In this way, second-moment information is used
to bring the p > n setting down to a classical first-moment problem, in a novel
way. This suggests that novel gains in performance in regularized methods could
be realized through a similar projection.

The third chapter concerns the estimation of covariance matrices, precision
matrices and discriminant coefficients in a singular multivariate normal model.
Using recent results of Tsukuma and Kubokawa [2014], we construct an unbiased
risk estimator for a loss for each problem. We then show how to improve over
naive estimators over different classes by bounding the difference in risk between
the estimators and minimizing this bound to obtain a positive gain.

The fourth chapter concerns covariance matrix estimation. A common theo-
retical setting to study high-dimensional principal components analysis (PCA) is
the spiked model of Johnstone [2001]. An important quantity that must be esti-
mated is the smallest eigenvalue of the covariance matrix, also known as the noise.
A closely related problem is the estimation of the spiked covariance matrix itself
under Frobenius loss, which heavily relies on the estimation of its noise.

An interesting aspect of the second problem is that it admits an unbiased
risk estimator for a large class of interesting estimators. We propose to minimize
this URE with respect to the noise using calculus of variations. Neglecting the
asymptotically negligible part of the optimum that depends on the truth, we obtain
a closed form estimator that performs well in practice. Moreover, we prove that it
is consistent, essentially achieves the minimax rate and is almost asymptotically
normal.

The remainder of this introduction will elaborate on the generic problem of
model calibration that underlies each chapter. We hope these sections can provide

the reader a better understanding of the wider context of this work.



1.1 Framework

A statistical model is some collection of probability measures Py with parameters
6 € ©. One has usually at disposal independent and identically distributed data
Xq,..., X, ~ Py for some 6. Estimation consists in recovering the true parameter 6
that generated our sample. The problem is high-dimensional when the probability
measures Py live on RP for p of the same order, or larger than, the sample size n.
By high-dimensional asymptotics we mean behavior of some underlying statistical
object as both p and n tend to the limit to infinity.

An estimator is some function of the sample é(Xl, ..., X)) that is functionally
independent of #, but is used to approximate it. As there are many possible esti-
mators, one must choose some criterion L(6,6) : © x © — (0,00) to measure per-
formance, called a loss function. The loss of an estimator is a random quantity, so
it is common to focus on the risk of an estimator, defined as R(f, 0) = Ey [L(é, 9)} .
An estimator f; is said to dominate some other estimator 0, if R(6;,0) < R(6,,0)
for all #, with this inequality strict for some 6.

Instead of a single estimator, it is common to consider a family of estimators
6, where A € A is called a tuning parameter. The tuning space A is often finite or
countable. Once the family is chosen to estimate 6, it is common to choose A in a
data-dependent way A to minimize the risk, a step called calibration or selection.
The final estimator is é;\.

The oracle tuning parameter is the data- and truth-dependent value that min-

imizes the loss,
M= M (X), ., X, 0) = AN, ),

and the oracle of the family is the truth-dependent estimator that minimizes the

loss, 0, = é)\*(g). The risk of the oracle puts a lower bound on the quality of the



estimation within the family, called the approzimation error,
Approximation error at § = R(0,,6) < R(éj\, 0).

Since it is usually impossible for a data-dependent scheme ) to achieve the oracle

risk, there is additional estimation error
Estimation error at § = R(Q}\, 0) — R(0,,0) > 0,

so that R(@A;\,G) = Approximation error + Estimation error. Good calibration

schemes minimize the estimation error.

1.2 Calibration as risk estimation

There are many approaches to parameter calibration, but two are particularly

popular: unbiased risk estimator minimization and cross-validation. In both cases,

the scheme selects the tuning parameter by minimizing an estimator of the risk.
The first scheme relies on the existence of an unbiased risk estimator for the

family 65, that is, a functional U(6,) independent of # such that

A~

R(0y,0) = Eq [U(e})} Vo € ©.

Examples include Mallow’s C,, and Akaike’s Information Criterion. Since U/(6))

does not depend on #, the scheme suggests to take
AV = argmin 7(g,).
The heuristic argument that underlies this choice is that
R(f50,0) ~ E, [U(@}U)] — B, [mAm U(e})] ~ [m/\inL(éA, 9)} — R(4,.0).

Therefore, minimizing the unbiased risk estimator should yield performance com-

parable to the oracle as long as the approximations are accurate.



In contrast, the second scheme relies on the existence of a contrast function,

that is, a function ~ such that
L(é,@) — By [y(é,X)]

for X ~ Py, X 1L Xi,..., X,,. Cross-validation proposes to estimate the risk by
repeatedly dividing the data into training and validation sets, namely, by dividing
the n-sample into k folds of size n/k. Popular choices include ten-fold (k = 10),
five-fold (k = 5) and leave-one-out (k = 1). If Iy, ..., Iy C [n] represent the k folds
that partition the sample, i.e. so that [; N I; = () for i # j and ij U; = [n], the

i=1
cross-validative risk estimator is

3I>—‘

iz (r(xalte19),x;).

Now, quite often E [C’V(@A,\)] — R(6,,0) as n and k jointly tend to infinity in some

way. Since CV () does not depend on 6, this suggests to take
\CV _ arg Knin CV(6,)

which is the cross-validated tuning parameter. Similarly to the previous scheme,

the heuristic argument that underlies this choice is that
R(éj\cv, 6) =~ E@ [CV(éxcv)} == Eg [m/\m CV(QAA)] ~ Eg |:Hl)}rl L(é/\, 9)] = R(é*, 0)

Therefore, minimizing the cross-validation risk estimator should yield performance
comparable to the oracle as long as the approximation is accurate.

In both cases, we choose the tuning parameter by minimizing an estimator of
the risk R(fy,6). In the first scheme, the estimator U(fy) is unbiased, in the sense
that E[U(QAA)} = R(fy,0). In contrast, the cross-validation risk estimator C'V (6,
is generally biased, E [C’ V(éA)} + R(0y,0). This leads to some kind of second-order

estimation theory: if the performance of risk estimators is measured in terms of



the mean-squared error [}?(9,\) —R(0,, 0)] ?_then whether cross-validation is more
effective at measuring the risk than URE minimization depends on whether the
variance of C’V(é,\) is small enough to compensate its bias. This varies according
to the problem at hand.

In practice, the functions A — U(#,) and A — CV(6,) can be very difficult to
minimize. They are often non-convex, and even if they are differentiable it might
be very difficult to compute their gradient. Consequently, tuning parameter spaces
are usually kept finite or one-dimensional, and multiple tuning parameters are best
avoided.

In this regard, expressions that minimize risk estimators in closed form are
especially valuable, since they automatically approximate the oracle yet are easy
to compute. This is especially the case in contexts where little methodology to

derive estimators exists, such as in high-dimensional statistics.



CHAPTER 2
IMPROVED MULTIVARIATE NORMAL MEAN ESTIMATION
WITH UNKNOWN COVARIANCE WHEN
P IS GREATER THAN N

2.1 Introduction

Suppose a p-dimensional random vector X is observed which is normally dis-
tributed, with mean vector 6 and unknown positive definite covariance matrix

Y2, and we wish to estimate # under the invariant quadratic loss
L(0,6) = (6 —0)S7(0 — 0). (2.1)

Since the covariance matrix Y is unknown, a random matrix S is observed along
with X, which is assumed to be independent of X, and has a Wishart distribution
with n degrees of freedom, where p > n. In high-dimensional estimation problems,
where p, the number of features, is nearly as large as, or larger than, n, the number
of observations, the ordinary least squares estimator does not typically provide a
satisfactory estimate of 6.

Modern data sets are increasingly becoming characterized by a number of fea-
tures that is much larger than the number of sample units (large-p, small-n) in
contrast to classical data sets where the number of sample units is often much larger
than the number of random variables (small-p, large-n). Modern applications in
the p > n setting include examples from microarrays, association mapping, pro-
teomics, radiology, biomedical imaging, signal processing, climate modeling, and
finance. For instance, in the case of microarray data, the dimensionality is fre-
quently in thousands or beyond, while the sample size is typically in the order of
tens. The large-p, small-n scenario poses challenges in most inferential settings.

We are considering a canonical setting. For the usual multivariate location-scale



estimation problem let W = (W7, ..., W) denote an N x p matrix of data (IV is the
number of observations and p the number of features) where W; are taken from a
p-dimensional normal distribution with mean vector # and covariance matrix =. In
this article we let the X and S be the sample mean and covariance of the features,
respectively. In the context of this notation, ¥ = N"'Z and n = N — 1.

The usual estimator under invariant quadratic loss is do(X) = X. It is minimax
and admissible when p < 2 and p < n. However, when p > 3 and p < n, dy(X)
remains minimax but is no longer admissible. Explicit improvements are known
in the multivariate normal case [James and Stein [1961], Berger and Bock [1976],
Berger et al. [1977], Gleser [1979], Berger and Haff [1983], Gleser [1986]] and in
the case of elliptically symmetric distribution [Srivastava [1989], Fourdrinier et al.
[2003]].

In this article we primarily concentrate on the case p > n and construct a class

of estimators, depending on the sufficient statistics (X, S), of the form
(X, 9) =X+9(X,S) (2.2)

which dominate dy(X) under invariant quadratic loss. Note that, although the loss
in (2.1) is invariant, the estimate in (2.2) may not be (except for do(X)). This
class generalizes several estimators studied previously for the multivariate normal
distribution to the p < n setting [James and Stein [1961], Berger and Bock [1976],
Berger et al. [1977], Gleser [1979], Berger and Haff [1983], Gleser [1986]]. Examples
of estimators we study here in this setting extend the class of so-called Baranchik

estimators and includes a new high dimensional James-Stein estimator

aSSt )

Js _ B
515(X,5) = (1 S in

where 0 < a < ;@;ﬁ; and ST is the Moore-Penrose inverse of S.

The estimation of the inverse covariance matrix, namely the precision ma-

trix X!, of a multivariate normal distribution has been an important problem in



practical situations as well as from a theoretical perspective. But, when p > n,
the Wishart-distributed sample covariance matrix is singular; in this case, one is
tempted to construct estimators using the Moore-Penrose generalized inverse ST.
Recently there has been an increased interest in the problem of estimating the
covariance matrix of large dimension given variables of dimension larger than the
number of observations [Bickel and Levina [2008a], Aspremont et al. [2008], Konno
[2009], Ledoit and Wolf [2004], Levina et al. [2008], Rothman et al. [2008]].

Our method of proof relies on an unbiased estimator of risk difference, say

p(X,S). Specifically, we show that, for g(X,S) of the form —%—f}f‘ﬁX, the
estimator 0(X,5) = X + ¢(X,S) dominates X provided p(X,S) < 0. In the next
section we present the main results and their proofs are given in Section 2.3. We
need Stein’s integration-by-parts identity [Stein [1981]] and the so-called Stein-Haff
identity for the singular Wishart distribution. The Stein-Haff identity was derived
by Haff [1979a] and Stein [1977] for the full rank Wishart distribution. A similar

identity for the elliptically contoured model has been given by Fourdrinier et al.

[2003]. We make some concluding comments in Section 2.4.

2.2 Main results

Let X be a random vector distributed as N, (6, %) with unknown 6 and ¥. Suppose
an estimator of ¥ is available, say S ~ Wishart,(n, ), with S independent of X.
By definition of the Wishart distribution, we can write S = Y'Y for some matrix
normal Y ~ N,+,(0,1 ® ). An elementary property of this distribution is that
S is (almost surely) invertible if p < n, and (almost surely) singular if p > n [cf.
Srivastava and Khatri [1979]].

An usual estimator of 6 is 6°(X, S) = X; however, it turns out that this estima-

tor is inadmissible under quadratic loss. If some estimator S ~ Wishart,(n,X) is

10



available, with n > p > 3, §° is dominated by the so-called James-Stein estimator

78 (p—2)/(n—p+3)
T L TIUE TS )

The main contribution of this article is to extend this type of result to a more
general class of estimators in the p > n setting.
For some positive, bounded, and differentiable function r : R — R, define the

Baranchik-type estimator

B r(X'S*X)SS*
5.(X, ) = (1 s s B

=X +9(X,09)

where I is the identity matrix and S* denotes the Moore-Penrose inverse of S.
This estimator generalizes the usual Baranchik [1970] estimator to the unknown

covariance setting for p > n.
Theorem 1. Let min(p,n) > 3. Suppose that:

’ ) 2 (min(n,p)—2
(i) r satisfies 0 <1 < n+p(*2 rilinlg%m)*?”

(ii) r is nondecreasing; and

(#3) r' is bounded.
Then under invariant quadratic loss, §, dominates 6°.

Throughout the article we will use the expression ¢r(SS™), which of course
equals min(n, p). This notation allows us to simultaneously handle both the p > n
and n > p cases. The condition min(p,n) > 3 merely guarantees that condition
(i) of Theorem 1 holds for some r and is reminiscent of the dimension cut-off in

classical Stein estimation.

11



Proof. The hypotheses of the theorem imply that r is differentiable almost every-
where. Under invariant quadratic loss, the difference in risk between §, and §° is

given by

Ny =FE, [(X +9(X,9) — 6)'271(X +9(X,95) — 9)}
By [(X 0 (X~ 0)]
—25, [g(X, SYSTU(X — 0)] + Ey [g(X. 8)S (X, 9)] . (24)
In order to show the domination result we need to show that under the sufficient

conditions on 7, (2.4) is nonpositive for all §. First, for the left most term of (2.4)

it can be shown that
2By [9(X,S)S7HX — )] = 2B, [divxg(X, S)].

Fourdrinier et al. [2003] give a more general form of this result in their Lemma
1(i); it is essentially an extension of Stein’s classical integration by parts identity.

By using Lemma 2 in Section 3, we have that

, _ r(X'STX)SSHX
2By [divxg(X, S)] = —2Ep [leX ( X/5+)X ]
o e o B(SST) — 2
= —2F, |:2’I“ (X'STX) +r(X S+X)X’S—+X} : (2.5)

For the right term of (2.4), we have

Ey [9(X, )57 g(X, 9)] = tr(Bo [9(X, S)'S"g(X, 5)])
= By [tr (9(X, S)S'g(X, 9))]
= By [tr (Z79(X, 9)g(X, S)')]

+ 1 g+
= E, {tr (2‘15r2(X’S+X)w)] :

(X'S+X)2

12



Through Lemma 3 in Section 3, we will find

+ X X' G+
Ey {tr (ElSTQ(X’SJFX)w)}

(X/S+X)2
StXX'S*HS
(X'S+X)2

SS+X XS+
!/ 2 1 o+
+tr (YVY{T (X'S X)—( X })]

=Fy {n tr (rz(X'S+X)

The finiteness of the risk of ¢, is guaranteed to hold by Theorem 2 in Section 3 for
all p and n.

Now applying Lemma 1 in Section 3, we find
STXX'StS
2 ! o+
Ey [ntr (7“ (X'S X>—(X’S+X)2 )
SSTXX'ST
/ 2 1o+
+tr (Y Vy {7“ (X'S X)—(X’S+X)2 })}
r?(X'STX)
X'StX
p—2tr(SST)+3
X'5tX
n+p—2tr(SS*)+3
X'StX

:E9 |:TL —4T(X,S+X)’T‘,(X,S+X)

+r2(X'STX)

_E, [ﬁ(X’S*X) 4r(X's+X)r'(X's+X)] . (26)

Replacing (2.5) and (2.6) back into (2.4), we obtain

+)
Ag = — 2E9 |:2?",(X,S+X) -+ T’(X/S+X)—tr(ss ) 2:|

X'S+X
n—+p—2tr(SS*T)+3
X'StX

+ Ey {rQ(X’SJFX)

— 47’(X’S+X)'r’(X’S+X)}
n4p—2tr(SST) + 3
X'StX

tr(SSt) —2
X'STX
—4r'(X'STX) {1+ r(X'SJrX)}} :

=F, lrQ(X’SJFX)

—2r(X'S*X)

Since 7 is nonnegative and nondecreasing, —4r'(X'STX){l + r(X'STX)} < 0

13



follows. Finally, for the X and S such that r(X'STX) # 0,

2/ vrar PP —2t0(S5T) +3 - tr(SS*)—2<
P(X'S*X) o 2(X'S*X) ot = <0
o r(X'StX) < 2 (tr(SST) —2) _ 2 (min(n, p) — 2)

“n+p-—2tr(SSt)+3 n+p-—2min(n,p)+3
Therefore, under the three sufficient conditions on r, it follows that Ay < 0 for

any #, that is, the domination result holds. n

In the p > n setting, we obtain the following two corollaries.

Corollary 1. For p > n > 3, 6, dominates 0° under invariant quadratic loss for

all v nondecreasing, differentiable and satisfying
2(n — 2
0<r< =2 (2.7)
p—n-+3
Corollary 2 (James-Stein estimator with large p and small n). For p > n > 3

and a € R, the James-Stein-like estimator

aSS+ ) 28)

Js _ B
515(X,5) = (] S a

dominates 6° under invariant quadratic loss for all

0<a< 222

- T p—n+3
Note that if p is only moderately larger than n, Corollary 1 implies that one
can construct an estimator with substantial improvement over §°. However, in
the ultra-high dimensional setting the denominator in (2.7) could be quite large
and consequently the amount of improvement over 6" could be quite small. The

estimator in (2.8) generalizes the classical James-Stein with unknown covariance

matrix,

5068) = (1 gy ) X

which is restricted to the case p < n, for @ € R,. In this setting, this result is

consistent with previously bounds in Fourdrinier et al. [2003] (where n — 1 is used

instead of our n.)

14



2.3 Technical results and proofs

It remains to clarify several of the somewhat technical computations used in the
proof of Theorem 1. We provide them in this section; these computations are likely
to be of independent interest and showcase several technical maneuvers that the

reader could find useful in dealing with singular Wishart matrices.

Proposition 1. Let Y be an n X p matriz, S = Y'Y, St be its Moore-Penrose

pseudo-inverse, X a p-vector, and F' = X'StX. It then follows that

. oS
(i) {3Ya5 }kl = 0K Yo + 051 Yok;
oF

(ii) v = —2(X'STY") o (STX)g + 2(X'STSTY")o (I — SST)X)g;
af
O{STXX'SS*},
(111) Vo =

(STSTY (I = SST)XX'SST) g

— S (VST X XSS )0y — (STY)4u(STX XSS )
+ (I —85)s(YSTSTXX'SST)y

+ (STXX )rg(YS)ar + (STX XY )1 (ST) 1

+ (STXX'STY")o(I — SST) g

— (STXX'SS)p(Y ST — (STXX'SSTY )i (S1) a1
Proof. First, notice that from the usual chain-rule that

{aYaﬂ }kl - ayocﬁ Skl - aYaﬁ ; }/qk'yql - 5BkYal + 5,3lYozk:‘

This shows (i).

Let A be a symmetric matrix and ¢ € R, then

aA+_ +6A + + 6‘4 + A+ + -‘raA +
o = AT AT (I = AAY) TS AT AT 4 ATAT (1 AAY),

15



This result was, it seems, first proved in Golub and Pereyra [1973], as their The-
orem 4.3, but can be found in standard textbooks on elementary linear alge-
bra. Also, again for A symmetric, we have AAT = ATA and A(I — AAT) =
(I — AAT)A = AT(I — AAY) = (I — AAT)AT = 0. This easily follows from
elementary properties of the Moore-Penrose pseudoinverse.

Since S = Y'Y, notice through a singular value decomposition argument that
SSTY’ =Y’ and thus (I — SST)Y’ = 0. Using (i) we find that

OF 05+
=X X
Weag  OVas

= — Z(X/SJr)k {55kYal + (5,81Yak} (SJrX)l

+ Z X'STSM)i {0 Yar + 0aYar} (I — SSH)X),

- Z (I — SS™)) {01 Yo + 0aYar} (STSTX),
== D (X'ST)Ya(STX) = ) (X'ST)Yar(STX)s

l k

- Z(X's+s+) sYu((I — SSH)X),

+Z X'SST)Yar (I — SSH)X)g

+ Z (I —S557))sYa(STSHX),

+ Z (I —SS™)Yar(STSTX),

= — 2(X'STY")a (S X)5 + 2(X'STSTY")o((I — S57)X)s

which gives (ii).
Using (i) we have that for any conformable matrices A and B

oS ) oS
A B E Aki=—— DBji
( aYa/@ kl aY@B ij

4,J

16



= Z Api{0p:Ya; + 6p:Ya;} B

]

= Z ApYo;Bji + Z AwiYoiBa

J

:Akﬂ (YB)al + (AY/)kaBgl .

Therefore, using again (I — SST)Y’ = 0:

O{STXX'S5H} L. 08
= 2 (I - 88N XX'SST
SV Sts 8Ya5< SSHXX'SS
oS oS
_Qt +XX/ + J— + + +XX/ +
S aYaﬂS SS*T 4 (I —8ST) (Waﬁs S SS
oS oS
+ / + + / + Q+ . +
+S5TXX 6Ya58 + STXX'SSTS 3Ya5([ SST)
—S*XX’SS*a—SS+ +STXX'S(I - SS*)a—SSJFS*}

0Yop y

= (STSTY" (I — SSHXX'SS )4
— S (Y STXX'SS ) — (STY)a(STXX'SSM) g
(I =88V STSTXX'SS )
F(STXX (VS ar + (STXXY ) ra (ST
F(STXX'STY ol — SSH)a

— (STXX'SS) ks (Y ST — (STXX'SSTY )1 (ST) 1
which gives (iii).
Lemma 1. Under the hypotheses of Theorem 1 we have

, L SStX XISt
tr (Y VY {7'2<X SJFX)W})
p—2tr(SST)+3

= —4r(X'STX)(X'STX) +r}(X'STX) T

where Vy is interpreted as the matriz with components (Vy);; = %.
ij
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Proof. To simplify computations in what will follows, we let ' = X'StX. We
then have

+XX/ +
|:YIVY {T2<F) SS F2 S }‘|
)

(SSTXX'SH)s }

_Z "“aYaﬁ{ () F?

OF  (SS*XX'ST)s

-9 Z YiaT(F )8Ya5 7 (2.12)
av; {(SSTXX'ST) 5}

30 - (213)
—2 9L (§S+ X X'SH) s,
, Y, Bij

+ 3 (Yiar?(F) — . (2.14)

To simplify (2.12) and (2.14) we apply Proposition 1 (ii) to get

/ oF /
S0 {2 Lissexws,
a,f of

— QZ )ia(X'STY")a(STX)s(SST X X'ST) s

+2) (X'STSTY)o(Y)ai(STXX'SST);5((I — SST)X)
a3

= — 2X/STX(SSTXX'ST),.

Using this, we get for (2.12)
OF  (SSTXX'ST)s,

2 Z Jiar (F)r(F) g3 F?
— _ar(py ()58 +XFX/S s (2.15)
and (2.14) becomes
Sty B ST
o,
S8 XXS)y 210
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This leaves the term (2.13) to analyze. Using Proposition 1 (iii):

0
S (Y )ia g {(SSTXX'ST)5
a}ﬁ( Jio gy A )ai }
Y X/GG+YL.
LNy, ASTXXSS
Za - Das

=Y {55V jaYaul(I = SS1)X XSS5
.f

— SH(Y)ia(YSTX XSS )ag
— (5%Y");oYai(STXX'SS5T) g5
+ (L= 557)j5(Y")ia(YSTSTXX'S5T )ag
+(STXX")j5(Y)ia(Y'ST)as
F(STXX'Y") 0 Yai(ST) a5
+ (STXX'SHY)joYas (I — SS) 55
— (5TXX'S57)j5(Y)ia(Y S )ap
_ (s+XX’SS+Y’)jaYm(S+)56}

— (STXX'SSH(I — 857))y;
— (SSTXX'S);
— tr(STXX'SST) (55T,
+tr((I = SST)XX'SST)(ST);s
+(SSTXX'ST),;
+tr(ST)(SX XS,
+tr(I = SSH)(SSTXX'ST),
— (SSTXX'ST);
—tr(S*)(SXX'S),;

= (p—tr(SS%) = 1) {SSTXX'ST} — (X'STX) {SS*}, .
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Next applying this computation in (2.13), we obtain

av (SSTXX'S7) 55}

Z(Y/)i 2(F) =
a,B
= (p— ta(55") - () E A
_ TQ(F)ﬂ' (2.17)

Now we can combine (2.15), (2.17) and (2.16) together to complete the proof.

That is, we have

+XX/ +
tr (Y’Vy {rQ(F)—SS = 5 })

(SSTXX'S)y;
- Z { (F) F

(SSTXX'SH)s
F2

+ (p— tr(SST) — 1)r2(F)(

—rz(F)<Si,+>”}

= —4r(F)r'(F) +r*(F)

+ 4r%(F)
SSTXX'SH);
F2

p—2tr(SST)+3
F

as desired. [

Lemma 2. Under the hypotheses of Theorem 1 we have

r(X'STX)SSTX

tr(SS*) —2
X'STX '

X'S+tX

divy 2 (X'STX) + r(X'S*X)

Proof. Again, to simplify computations, let us denote X’S*X by F. We find

, SS+X SS+X),;

w52 T o250
. OF (SSJFX)Z
_zi:r(F)aXi F

ax (957 X))} T (S5TX);

() — () P
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o ) (85+x),
:ZT(F> {aX ;XRXZSM} %

BiXi > e (S5T) i X,
F
{%Xi Dok XleS;;} (SS*X);
—r(F) =
S s+ sty 5
{(X'ST); + (X'ST);} - (SSTX),
2

+r(F)

—r(F)

tr(SS*) —2

= 20/(F) +r(F) ="

as desired. [

The following result is an extension of a result in Konno [2009]. This type
of result was first obtained by Kubokawa and Srivastava [2008] and then was
extended by Konno [2009]. In our generalization we make use of a divergence
version of Stein’s lemma that comes with somewhat weaker moment conditions,
rather than the element-by-element assumptions in Konno [2009]. These weaker

moment conditions allow us to cover the p equals n and n + 1 cases.

Lemma 3. Let Y ~ N,y,(0,1, ® ), let S = Y'Y which has, by definition, a
Wishart,(n,X) distribution, and let G(S) be a p x p random matriz that depends

on S. Let Vy be interpreted as the matriz with components (Vy ), and

_ 0

Y,
for A the symmetric positive definite square root of ¥, define Y = YA™' and
H = AGA='. Then

E [tr(E”SG) } -y [ntr(G) F i (Y'VyGY)
under the conditions

B

div, oy - vEC (?H) H < 00 (2.18)

where vec(M) denotes the vectorization of a matriz M.

21



Proof. Define S =Y'Y = A~'SA~!. Notice that, by construction,

Y ~ Npxp(0, I, ® I,,) which means, by definition of the matrix normal distribution,

that vec(Y) ~ N, (0, I,,,). We can write

Z ?ai?ajHji

E o (SH)| = B

=FE [Vec(f/) - vec (?H)} .

Using the divergence form of Stein’s lemma, which can be found in Lemma A.1
in Fourdrinier and Strawderman [2003], we obtain, under the moment conditions

outlined in (2.18)

E [VGC(Y) - vec (?H)] =FE [divvec(f,) vec (?H)]

o -
—FE Z?Yajﬂj-

LQ,2,])

' - OH,,
—E Z(sinjﬁYajaTJ]

Loi,j a

—E nZH + foaj%f[ﬁ] :

a?l’]

This last expression can be expressed in a compact matrix form as
E [tr (SH)] —F [ntr(H) +tr <(§7/Vf/)/Hﬂ .
Finally, we notice

Eltx (H)] = B [ir (AGA™)]

E i (SH)| = B [tr (A715GA™)]

E [tr ((?,V)})/H)] —E [tr (A(Y’vy)’GA-lﬂ ,
which concludes the proof. O
Theorem 2. Let Y ~ Nyyy(0,1, ® X)) and for A the symmetric positive definite

square root of ¥, let Y = Y A™'. Let r be any bounded differentiable nonnegative
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Junction r : R — [0, Cy] with bounded derivative |r'| < Cy. Define

STXX'S*TS
— 2 Xl —‘,—X
G =r(X57X) (X'S+X)?
and H = AGA™'. Then for all p and n
E Hdz’vvec(y) vec (?H) H < 0. (2.19)

Proof. We first compute div,,y) vec (?H ) As always, to ease notation we shall

write F' = X'STX. We have

a, al

9 {ASTXX'SSHA1}
{T2<F F2 J

—nZH” + Z Y, Agi -

a,B,1,
oF {ASTXX'SSTAY
2r(F)r'(F) = (2.20)
{ OYos F?

r?(F I{STXX'SSt
+ }((_12 ) ZA]k { 8YB }klA 1 (2‘21)
k,l @

25%.
F){ASTXX'SSTA™} ‘*5 . (2.22)

We simplify each part of the expression. For (2.20), using Proposition 1 (ii), we

find
OF {ASTXX'SSTA~ 1}
2 ) Yo Agir(F)r'(F) - =
a,B,i,j of
r(F)r'(F)
= {

a,B,4.j
— (X'STY")o Yoy {ASTXX'SSTAT ) Aip(STX)

+ (XSS Yoy {ASTXX'SSTATY} . Aps((1 - SS+)X)B}
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r(£)r'(F)

=40 (X'STY'YATTASTXX'SSTATTASTX)
+ 4% (X'STSTY'YATTASTXX'SSTAT AT — SST)X)
= —4r(F)r'(F). (2.23)

Similarly, for (2.22)
oF

i 2
> YajApr®(F) {ASTXX'SST AT} %

(2.24)

This leaves us with (2.21). Using Proposition 1 (iii) we obtain

(P D{STXX'SSM Y,
a%;jyajAm F* ;Ajk IYap A

r*(F) y -
= D YoAudpdy!

a767i7j7k7l

(ST )a((T — SST)X XSS
— SH(YSTXX'SS )0

— (STY)ra(STXX'SSH) g

+ (I — SST)s(YSTSTXX'SSH) o
+ (STXX)s(Y ST
F(STXXY ) ra(ST)
+(STXX'STY oI — SST)a

— (STXX'SS)s(Y ST

— (ST XX'SSTY ) ka(ST) a1 }
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Aj(STSTY YaYajAip((I — SSHXX'SST) 0 AL
— Y, (YSTXX'SS) A AisS 3 A

— Ap(STY Vo YajAip(STXX'SST) m A

+ Y (YSTSTXX'SS) Ay  Aig(1 — SST) Ay
+ Y (VST Ay Aig(XX'ST) gr A

+ A (STX XY NpaYa; Aip(ST) Ay

+ A (STXX'STY VoY Aig(I — SST) s At

— Yo (VST ) A Aip(SSTXX'S) 51 Ay,

— Ap(STX XSS Y ) aVaj Ais(S ) Ay |

2
L P(f; ) {tr(ASTSTY'Y A™Y) - tr(A(I — SSH) X X'SSTA™)

—tr(ATY'YSTXX'SSTATTASTA)

—tr(ASTY'Y A H)tr(ASTXX'SSTA™)
+tr(ATY'YSTSTXX/SSTAT AT — SSTA)
+tr(ATY'YSTATTAX X' ST A)
+tr(ASTXX'Y'YA™ ) - tr(ASTA™)
+tr(ASTXX'STY'Y A Ytr(A(I — SST)A™)
—tr(ATY'YSTATTASST X X'ST A)

—tr(ASTXX'SSTY'Y A~ )tr(ASTA™Y)}
r(F)
+ X'STX + X'SSTX - tr(ST)

{-X'STX —tr(SST) - X'STX

—X'STX — X'SSTX -tr(S1)}

_ Tz;F) (1 T tr(SS+)>. (2.25)

Having reexpressed div, ) vec (?H ), we now need to bound it above. By virtue
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of (2.23), (2.24) and (2.25), we have

B [[divyy, vee (V) H
- 2(F)

ntr(H) + 4———=
1
< CH|3—tr(SST)+n|E [F} +40,0,. (2.26)

F

+ (1 + tr(SS*))rQ(—FF) - 4r(F)r’(F)H

It only remains to show that F [%} is finite. By definition of the Wishart ma-
trix distribution we can define a T' ~ Wishart,(n, I,,) such that S = AT A. Let
T = H'DH be the spectral decomposition of T', with D = diag();). Write the

eigenvalues of T as A}, so that D! = diag(\}), and let AT

min

be the small-
est nonzero eigenvalue of TF. The following two identities follow from Tian and

Cheng [2004] [Theorem 1.1, equations (1.2) and (1.4)] and symmetry of 7"

(ATA)" =(TtTATH(ATHT)*

(TYTA)T(TTT) =(TTTA)™ .
Using these identities we have

X'STX =X'(ATA)' X = X' (T*TA"TH(ATTT)* X

=S XA H N
k

> N X(THTA)YH H(ATTT) Y X

min

min

- X(THYTAYN(THT)(ATHT) X
=\t X(TTTA) N (ATTT) T X.

Applying Cauchy-Schwartz provides us the bound

X'(THTANTHTAX < X'(TTTA) (AT T) XX (ATTT)TTTA)X
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so that we then have

11 1 1
F~ X'StX = AL X/(T+TA)*(ATT)*X
o1 X'AT+TAX
S AL X(THTA(THTA)X

To ease notation let us write Q = ATTTA and R = (TTTA)"(T*tTA). Collecting

the results together we bound (2.26) by

M X'RX

min

1 X'QX
§C’12|3—tr(SS+)+n]E[— ¢ }+40102. (2.27)

We now use some independence results. We can write the singular value decom-
position of T"as T'= H'DH, but we can also write it as T' = H] D H;, where H;
is semi-orthogonal (H1H{ = I), and D; is the matrix of the positive eigenvalues
of T. If T has full rank (i.e., n > p) then this coincide with the singular value de-
composition of T'. In the full rank case, Srivastava and Khatri [1979] [Section 3.4,
equation (3.4.3)] provides the joint density of H and D = diag(d;) in the standard
Wishart case (which applies to T') as

fup(H, D)

= C(p,n)| D[z [em« (—%D)] [H(di - dj)] gp(H) (2.28)

i<j

for constants C'(p,n) and functions g,. Therefore, H and D are independent. In
the rank-deficient case (p > n), Srivastava [2003] [Section 3] provides an equivalent

expression which, in the singular Wishart case gives
le,Dl (Hb Dl)

— K(p,n)|Dy [} {emﬂ (—%Dl)] [H(di - dj)] () (2.29)

i<j
for constants K (p,n) and functions g¢,, so again, we find H; and D; indepen-

+

dent by factorization. Now, \[. is a function, in the full rank case (resp. rank-

deficient case), of only D~ (resp. Di'), and we can write 7+T = H'H (resp.
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T+T = H{H;), so AL, and THT are independent. Being functions of S, they are
also both independent of X. Now, the nonzero eigenvalues of T are the inverses of
the nonzero eigenvalues of 7', a general fact about Moore-Penrose pseudo-inverses.
Therefore, denoting the largest eigenvalue of T" as A.x, We can split up the expec-
tations in (2.27) and get the bound

X'QX
X'RX

< CY |3 —tr(SST) + 1| E Aax] B [ } +4C,Cy. (2.30)

Now, it follows from positive semi-definiteness of 7" that E [Apax] < E [tr(T)] . If
n > p, tr(T) ~ x3, (cf. Muirhead [1982], Theorem 3.2.20) and so E [tr(T')] = pn <
oo. If p > n, recall we can write ' = Z'Z for Z ~ Ny, (0,1, ® I,) by definition
of the Wishart distribution; and ZZ' ~ Wishart,,(p, I,,) so that tr(T") = tr(Z2') ~
Xon; S0 again, E [tr(T)] = pn < oo. Therefore, in either case,E [Anay] < pn < oo.

We still have to check that the expectation involving X, @ and R in (2.30) is
finite. Let r = rk(R) = rk(Q) = rk(S) and write the spectral decomposition of
(I'*TA) as UAU', with A = diag(L, 0¢y—,)) where L is the vector of the r nonzero
eigenvalues of (T"T'A). Then R = (T*TA)"(T*TA) = Udiag(I,,0p—r))U’; let us
define the p x (p — r) matrix £ = U [0p—r)xr Lp-r)] i.e. so that RE = 0 and
E has full column rank p — 7. Notice that QE = ATTTAU [0p—rxr Lp—r)] =
AUANU'U [0¢p—r)xr L(p—ry]" = 0. Since @ and R are symmetric positive semidefinite,
we can use results in Magnus [1990] [Theorem 1(i) with A = @ and B = R] to

conclude that

X'QX
E {X/RX

| <o

This concludes the proof of the theorem. n
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2.4 Numerical study

This section provides some numerical results to showcase the improvement in risk
of the minimax estimator over the usual estimator. More precisely, we compared

the James-Stein estimator in (2.8) given by

—9)S5+
5= (1 X
< (p—n+3)X'StX

and the usual estimator §° = X under invariant loss. (In addition, we consid-
ered the positive James-Stein estimator to be discussed in Section 2.5.) The em-
pirical approximations of the invariant risk of these estimators were plotted for
p = 10,20,50 and n = §,p — 1. Three covariance matrix structures were consid-

ered:

Spiked A diagonal matrix with the first p/2 diagonal elements equal to 1, and

the last p/2 equal to 10.

Autoregressive Autoregressive covariance matrices of the form

L p p

p 1 p
M=

p* p 1

for p = 0.5.

Block diagonal Block diagonal matrices with p/2 blocks of the form
L p
for p = 0.5.
p 1

In all cases, the true mean was chosen as 6 < (1, ..., 1).
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We remind the reader that the risk of the trivial estimator is always p, regardless
of 6 or ¥. With this in mind, we see from Figure 2.1 that in all six scenarios
the pattern of domination of the new estimator is similar to one of the usual
James-Stein estimator. Also note that, as predicted by the theoretical results, the

domination decreases as the smaller n tends to p.

2.5 Comments

An interesting property of the Moore-Penrose inverse is that for any A, AAT is
the matrix that projects onto the subspace spanned by A (its column space.) It

follows that the proposed generalized Baranchik estimator can be expressed as

e Cr(X'STX)Y s
5,(X,8) = (I — SST)X + (1 o ) S5TX
1 Q+
— P X + (1 - %) PsX (2.31)

where Pg = SS* and Pg. = I — SS™ are the projection matrices onto the column
space of S and its orthogonal complement, respectively. In terms of the kernel and
image of the symmetric matrix S, Ker(Pg.) = Im(S) and Im(Pg.) = Ker(S™).
When p > n, this means we can interpret our estimator as applying shrinkage only
on the component of X in the subspace spanned by our covariance matrix estima-
tor S. In particular, note that the estimator Psd,.(X,S) = (1 — %) PsX
dominates PsX under invariant loss function (1.1), since R(Psd,,8) — R(PsX,0) =
R(6,,0) — R(X,0) > 0 if r satisfies the conditions of Theorem 1. This suggests
there might be an easier, more abstract proof of Theorem 1, one not relying on
brute computations but on the already known full rank S case, although we have

not been able to obtain such a result.

A natural extension of the James-Stein estimator, 67 in (2.8), is a positive-
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Spiked covariance, James-Stein

Spiked covariance, positive James-Stein
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Figure 2.1: The risk function plots of 75 and §/5* for a = (n —2)/(p — n + 3) are
in the left and right columns, respectively. The lines, from thinnest to thickest,
are for p = 10,20 and 50. The solid and dashed lines are respectively for n = p/2
and n=p—1.
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part-type James-Stein estimator. The form of the estimator in (2.31) suggests

55t = (I—58") X + <1 SSTX, (2.32)

a
- %%,
where by = max(b,0). Simulation evidence from Figure 2.1 suggests that for a =
(n—2)/(p—n+3), §55* dominates §7° under invariant loss.

One of the interesting differences between the n > p and p > n cases is the
reversal of the roles of p and n. This is essentially due to the distribution of the
singular values of S. Recall that for S = ATA, T ~ W,(n,1,). We can write
the singular value decomposition of 1" as T'= H'DH, but we can also write it as
T = H{D1H,, where H; is semi-orthogonal (H;H; = I), and D; is the matrix of
the positive eigenvalues of T'. If T has full rank (i.e., n > p) this coincides with
the singular value decomposition of 7. In the full rank case the joint density of H
and D is given in (2.28), whereas in the rank-deficient case (p > n) joint density
is given by (2.29), from which stems the reversal of the roles of p and n.

In the heteroscedastic normal mean estimation problem, James and Stein [1961]
used the loss function that was weighted by the inverse of the variances, and con-
sequently the problem is essentially transformed to the homoscedastic case under
ordinary squared error loss. Similarly in this article, we used the invariant loss
function in (2.1), therefore skirting a somewhat subtle issue. In the heteroscedas-
tic setting where there are differing coordinate variances, minimax estimation and
Bayes (or empirical Bayes) estimates can be qualitatively different. It turns out
that minimax estimators in general shrink most on the coordinates with smaller
variances, while Bayes estimators shrink most on large variance coordinates. Brown
[1975] shows that the James-Stein shrinkage estimator does not dominate X when
the largest variance is larger than the sum of the rest. Moreover, Casella [1980]
points out that the James-Stein shrinkage estimator may not be a desirable shrink-

age estimator under heteroscedasticity even when it is minimax. Morris and Lysy
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[2009] and Brown et al. [2012] give an excellent perspective on minimaxity of
shrinkage estimator from Bayes and empirical Bayes points of view. Consequently,
it would be of interest to examine the shrinkage patterns of the proposed estimates
in the case of a non-invariant loss function and assess how well the invariant loss
works for p > n applications.

One can imagine an extension of the results of this chapter beyond the normal
distribution setting. Consider a model with the joint density for (X, S) having the

form
£t =7 = 0)(X - 0) + 9]) (2.33)

where the p x 1 location vector 6 and the p x p scale matrix ¥ are unknown.
In the setting of p < n, Fourdrinier et al. [2003] and Kubokawa and Srivastava
[2001] give some results on improved location estimation for elliptically symmetric
distributions. For more on elliptical symmetry and the various choices of f(-)
in (2.33), see Fang et al. [1990]; the class in (2.33) contains models such as the
multivariate normal, t—, and Kotz-type distributions.

Finally, simulation study reveals that, when p is much larger than n, the esti-
mate of ¥ and ¥~! are quite poor. This observation agrees with Kubokawa and
Srivastava [2008], where Haff [1979al-type improved estimates of ¥ are proposed.
It would be of interest to use an improved estimator of 3 in §,(X, S) in (2.3). As
pointed out in the testing context by Srivastava and Fujikoshi [2006] and Srivastava
[2007], a shortcoming of ST is that the associated estimator is only orthogonally

invariant, while the sample mean vector is invariant.
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CHAPTER 3
SECOND ORDER ESTIMATION IN THE SINGULAR
MULTIVARIATE NORMAL MODEL

3.1 Introduction

Classical statistics is often confined to the setting where the sample size of the
data is greater than the number of covariates under consideration. With the recent
explosion of available data, much interest has arisen in degenerate situations where
the number of covariates is greater than the sample size. In this situation, it is
typically assumed that, despite their number, the underlying covariates are linearly
independent, or in other words that their covariance matrix has full rank. However,
little attention has been shown to the situation where linear dependence would hold
between the covariates, that is, where the covariance matrix would be singular.

Recently, Tsukuma and Kubokawa [2014] investigated the problem of estimat-
ing the mean vector of a multivariate normal distribution when the unknown covari-
ance matrix is singular. By deriving an unbiased risk estimator for the quadratic
loss, they were able to express sufficient conditions for an estimator to dominate
the maximum likelihood estimator.

This article is concerned with the same model but three different tasks. Unlike
the mean estimation problem of Tsukuma and Kubokawa [2014], all three concern
second order moments of the distribution. In each case we aim to provide decision-
theoretic results that lead to improved inference. The first task is the estimation of
the singular covariance matrix itself, under an invariant squared loss. This problem
was first considered in the full rank case by Haff [1980], and in the high-dimensional
setting by Konno [2009]. The second task is the estimation of the Moore-Penrose

pseudo-inverse of the covariance matrix, also known as the precision matrix, under
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the Frobenius loss. This problem was first considered in the full rank case by Haff
(1977, 1979b] and in the high-dimensional setting by Kubokawa and Srivastava
[2008]. Finally, we consider the task of estimating the discriminant coefficients
that arise in Linear Discriminant Analysis (LDA), a popular linear classifier, under
the squared loss. This problem was first considered in the full rank case by Haff
[1986] and Dey and Srinivasan [1991]. As far as we know, no work has been done
on discriminant coefficients in a high-dimensional context where the number of
covariates is greater than the sample size.

The presentation of our approach to these problems is divided as follows. The
decision-theoretic results are described in Section 3.2. For each of the three prob-
lems, we construct an appropriate unbiased estimator of the risk (URE) using
Stein’s and Haff’s lemmas [Stein, 1986, Haff, 1979a], and the approach of [Tsukuma
and Kubokawa, 2014]. We then consider the class of estimator given by constant
multiples of a naive estimator, and minimize an upper bound on the difference in
risk to obtain estimators that dominate the naive estimator. Finally, we consider
a larger class given by the sum of this estimator and an appropriate trace, and
again minimize an upper bound on the risk to obtain a dominating estimator.

In Section 3.3, we investigate the amount of improvement provided by the pro-
posed estimators through Monte Carlo simulations. Finally, proofs of the state-

ments of Section 3.2 are provided in Section 3.5.

3.2 Estimation

3.2.1 Model

Our setting is almost identical to the one of Tsukuma and Kubokawa [2014]. We

observe an n-sample X, ..., X,, identically and independently distributed from a
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p-dimensional multivariate normal distribution N,(u, ), where ¢ and ¥ are un-
known. However, the p-dimensional covariance matrix ¥ is rank-deficient with

respect to the dimension and the sample size, in the sense that
r =rk(X) < min(n, p). (3.1)

The resulting singular multivariate normal distribution does not have a density
with respect to the Lebesgue measure on RP, but lives in the r-dimensional linear
subspace spanned by the columns of 3. More details can be found, for example,
in Srivastava and Khatri [1979, Section 2.1].

Define the n x p data matrix X = (X1, ..., X;,)’. The sample covariance matrix
S = (X —-1,XH4(X —1,X") /n then follows a Wishart distribution W,(n—1,%/n)
with n — 1 degrees of freedom. Since ¥ is rank-deficient, it is singular in the
terminology of Srivastava and Khatri [1979, Section 3.1]. We warn the reader that
the expression “singular Wishart” has also been used in the literature to describe
the different situation where the covariance is positive-definite and the dimension
exceeds the degrees of freedom, as in Srivastava [2003]. Let S = O;LO! denote
the reduced spectral decomposition of S, where L = diag(ly, ...,l.) denote the r
non-zero eigenvalues and O is p X r semi-orthogonal.

In this situation, neither S nor ¥ are invertible. Since inverses of covariance
matrix are of considerable interest in multivariate statistical analysis, some gener-
alized inverse of these quantities is desirable. In this article, we will focus on the
Moore-Penrose pseudoinverse, which will be denoted A* for a matrix A. Defini-
tions and theoretical properties can be found in Harville [1997, Chapter 20].

The singular multivariate normal model is amenable to decision-theoretic anal-
ysis through a key insight of Tsukuma and Kubokawa [2014, Section 2.2]. The
authors proved that when (3.1) holds, the subspace spanned by the sample covari-

ance matrix is almost surely constant and matches the subspace spanned the true
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covariance matrix, in the sense that
S8t =¥yt. (3.2)

This fact will be repeatedly used in Section 3.5, and is essential to our derivations.
Let us now turn our attention to the three problems we wish to solve. In terms

of the notation introduced above, these are:

Covariance matriz estimation. The estimation of ¥ under the invariant squared

loss L(%,%) = tr[(8t — 1,)?).

Precision matriz estimation. The estimation of ©* under the Frobenius loss

L(SF,2F) = |£F — =¥

Discriminant coefficient estimation. The estimation of 7 = X under the square

loss L(#),n) = 11 —nll3-

Traditional estimators for p and ¥ are the empirical mean X and the sample
covariance matrix S, which suggests the naive estimators S, S* and S*X for each

respective problem. We will see they are not admissible.

3.2.2 Covariance matrix estimation

The standard estimator for a covariance matrix is the sample covariance matrix
S. An alternative is the unbiased estimator -5, which corrects for the loss in
degrees of freedom from not knowing p. We will look for estimators that improve
over these benchmarks and study their performance.

We first show that an unbiased estimator of the risk holds for orthogonally
invariant estimators, that is, estimators of the form ¥ = O,0O! with U =

diag(¢, ..., ¥,.) twice-differentiable functions of L = diag(ly, ..., [,.).
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Theorem 3 (Unbiased risk estimation for singular covariance matrices). Let 1 <

r <n—1 and define

[ —r—9 40 -
ot = n—r %ju 1/1k+ Zwk %_2 .
n I, n 0l nb#k

Assume the reqularity conditions

n—r—21/zk a¢k Yr —
= p+z n Z@lk nk‘zséb lk—lb = %
[ n—r—21/1k Oy, ¢k—?/)b-
E p+z Zalk nkzﬁ lg — Iy =00

r

D

k=1

*
k

Iy

Yk

2] < 0o and E[Z L

E

l
k=1 |k

] < 0. (3.3)

We then have
Btr([S2t - 1))
n—r 2 (I oYy
e ST R 9 RN

Let us now consider estimators that are proportional to the sample covariance

=E|p

matrix, that is, of the form aS for a constant. The following result provides the

optimal proportionality factor.

Proposition 2. Let 1 < r < n — 1. The optimal estimator of ¥ of the form aS

for a € R a deterministic constant is EHFJ = HLMS, with risk

Btr([Suet = 1,]°)| =p - (nDr

n—+r

In particular i]HF] dominates S, which itself dominates —<S.

Thus =55 and S are inadmissible. We can further extend this result by consid-
ering a larger class of estimators of the form -2 [S + tSS* tr~!(S™)] for ¢ constant.
Estimators of this shape were first considered by Haff [1980]. Although computing
the exact risk of these estimators is difficult, it is possible to bound the difference

in risk with the one of iHFl as follows.
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Proposition 3. Let 1 < r < n — 4. Then the risk of estimators of the form

A~

¥y = A [S+tSST 1 (ST)] for t € R can be bounded by
Blo([Ext - 5]°)| < Blo([Sarst - 1))
n—r)(n—r+2), (n—r)(r—1) tr(S*?)
t—2 t| E . .
+ [ (n+r)? (n+r)? tr?(S+) (35)
The constant that minimizes this upper bound is t = nf;_lﬂ. When r = 1, the
corresponding estimator e = P [S + r-lm SSTtr- (S*)] equals X pri, while

for r > 2 it dominates fJHFJ.

Thus f]HFl is itself inadmissible for » > 1. Although this result does not show

Stire optimal within the class, it might be a good approximation.

3.2.3 Precision matrix estimation

A standard estimator for a singular precision matrix is the Moore-Penrose pseu-
doinverse of the sample covariance matrix ST. Note that by Muirhead [1982, Page

97, Equation (12)] we have

n
E[S+} - mz+

for n —r —2 > 0. Thus in this case an alternative could be the unbiased estimator
”‘TMS+. We will look for estimators that improve over these benchmarks and
study their performance.

We first show that an unbiased estimator of the risk holds for orthogonally
invariant estimators, that is, estimators of the form %t = O1VO0! with ¥ =

diag(11, ..., 1) twice-differentiable functions of L = diag(l, ...,[,).

Theorem 4 (Unbiased risk estimation for singular precision matrices). Let 1 <

|-

r <n—1. Assume the reqularity condition

n—r—2¢ N, Uy — Uy
e[S S D

I — 1l
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Then
B[St - 53]

:Eb:%—211:£§:ﬂ_é @%_Ezfﬁ:? +tr(272).
k=1 k=1

n

Let us now consider estimators that are proportional to the Moore-Penrose
inverse of the sample covariance matrix, that is, of the form aS™ for a constant.

The following optimality result holds over this class.

Proposition 4. Let 1 < r < n —5. The risk of estimators of the form aS™ for

a < ”_:;_2 can be bounded in terms of the risk of _"—7’;—2 St by

E[laSt — SH|3] < E{HEL%%:ES*“E+H1}

+(a—ﬁiﬁ:z)(a—ﬁilif>Eth”ﬂ.(3@

n n

The constant that minimizes this upper bound is a = %‘, and the corresponding

estimator 5, = n=r=d St dominates "=2=2S5", which itself dominates ST.

Thus ”_TT_QS * and ST are inadmissible. Note that our bound on the risk only
holds for a < ”‘TM: presumably, estimators aS™ with a > "‘T’"_Q do not dominate
"‘THSJ“, but we have not been able to prove this hypothesis.

In any case, we can further extend this result by considering a larger class of
estimators of the form 2=2=2 [S* + ¢ SSTtr~!(S)] for ¢ constant. Estimators of this
shape were first considered by Efron and Morris [1976]. It is possible to bound the

difference in risk with the one of ¥, as follows.

Proposition 5. Let 1 < r < n — 5. The risk of estimators of the form f]:r =

nrA (ST 4+ £ SST U (S)] for t € R can be bounded in terms of the risk of Sty =
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214 8% through

BlIgr - 4] < B[ g5 - =

.
+(n—7“—4)7’

- (n—r—4)t* —4(r—1)t|E LI (3.7)
t2(S)

n

The constant that minimizes this upper bound is t = 2-1 and the corresponding

4)

estimator Sy, = 222 [S* 4+ 212185+ 1= 1(S)] dominates Sy,

Thus i, is itself inadmissible. Although these results does not show X,

and 2%1\/{2 optimal within their classes, they might be good approximations.

3.2.4 Discriminant coefficients estimation

A standard estimator for a singular discriminant coefficient is STX. Note that

since X and S are independent, we have

n

E[s*X] = S

n—r—2
for n—r—2 > 0. Thus in this case an alternative could be the unbiased estimator
"’THSJ“X . We will look for estimators that improve over these benchmarks and
study their performance.

We first show that an unbiased estimator of the risk holds for estimators of
the form 7 = O; V0! X with ¥ = diag(¢y, ...,1,) twice-differentiable functions of
L = diag(ly, ..., 1,).

Theorem 5 (Unbiased risk estimation for singular discriminant coefficients). Let
U* = diag(¢5, ..., %) with

o M2 200k Zwk—wb

k n lk n 8lk lk - lb ‘
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Assume the regularity conditions

Zzﬂk] < o0 and E[Z‘wz
k=1 k=1

E

| <=

2 2 _ _
f— HM _E [EtTZ’L + XP0, (2 — 2@*)05}(}

Then

E {
- B[ - R )
Let us now consider estimators that are proportional to the naive estimator,

that is, of the form aS*X for a constant. The following optimality result holds

over this class.

Proposition 6. Let 1 <r < n —5. The risk of estimators of the form aSTX for

a < ”_TH can be bounded in terms of the risk of ”‘TT_?S+X by
2 o — _ 2
}SEMZJ;EyX_ﬂ}
2 n 2

+ (a = R_TH> (a - ”_TM) E(XtS”X). (3.8)

3

E[HaS*X -7

n—r—
n

estimator Nryx; = ”’2’3 St X dominates ”’THSJ“X, which itself dominates STX.

The constant that minimizes this upper bound is a = , and the corresponding

Thus "’THS *and ST are inadmissible. Again, note that our bound on the risk

n—r—2
n

n—r—2

only holds on the subset a < . Presumably, estimators aS™ with a >
do not dominate ”_THS +X, but we have not been able to prove this result.

We can further extend this result by considering a larger class of estimators
of the form 2="=2 [ST 4 ¢ SSTtr~*(S)] X for ¢ constant. Estimators of this shape
were first considered by Dey and Srinivasan [1991]. It is possible to bound the

difference in risk with the one of frk; as follows.
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Proposition 7. Let 1 < r < n — 5. The risk of estimators of the form 7, =

nr=3 16+ + t SS*Ttr~1(S)]| X for t € R can be bounded in terms of the risk of

n

Nrr; = =387 X through

n

Efi = nll3] < B |[frxs - ]

(n—r—23) 9 1
—2 1)t —r=3)t"| E . 3.9
e L RVENCE R Rl s (39)
The constant that minimizes this upper bound is t = —%, and the correspond-

ing estimator Nrxs = "‘2_3 [S+ — %SS*Z?FI(S)} X dominates fry;.

Thus 7tk is itself inadmissible. Although these results does not show 7tk

and 7Tke optimal within their classes, they are hopefully good approximations.

3.3 Numerical study

We investigated the risk performance of the proposed estimator for covariance,
precision and discriminant coefficient estimation through two Monte Carlo simu-

lations.

3.3.1 Autoregressive simulation

We let (n,p) be (150, 100), (200, 100), (200, 150) and (250, 150). For each r from 1
to (n —4) A p, we constructed the true covariance matrix ¥ from an autoregressive
structure with coefficient 0.9 and set its p — r smallest eigenvalues to zero to create
a rank r matrix, as described in Algorithm 1. We then randomly generated 1,000
replications from a multivariate normal distribution with mean p = (1,...,1)
and singularized autoregressive covariance Y, and computed the resulting sample

covariance matrix S = X'X/n.
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Algorithm 1: Algorithm for generating X

Data: p, r

Result: X

fori,j €{1,...,p} do
| %, = 0.5l

end

for k€ {r+1,...,p} do
| (X)) =0

end

For the covariance matrix estimation problem, we computed the Percentage
Reduction In Average Loss (PRIAL) with respect to —=.5 in invariant squared loss

L(%,%) = tr[(X2+ — 1,,)?] for four estimators. The first three are the estimators S,

SHr = =8 and Sy = . [S + nr_;TlHSSWr’l(S*)} considered in Subsection
3.2.2. We also included as fourth estimator the diagonal of the sample covariance
matrix diag(S). The simulation results are given in Figure 3.1. We notice that
ZA]le and EHFQ behave similarly, and both improve substantially on S, while the
diagonal estimator does much worse.

Similarly, for the precision matrix estimation problem, we estimated the PRIAL
with respect to S* in the Frobenius loss L(Xt, XF) = |t — 2|2 for four
estimators. The first three are the estimators 2—=257, i)EMl = n=r=4 g5+ and

n n

S = 2[5 4 2L 95171 (S)] from Subsection 3.2.3. The fourth one is

n—r—4

the inverse of the diagonal of the sample covariance matrix, diag(S)~*. The sim-
ulation results are given in Figure 3.2. We can see that all first three estimators
improve substantially over ST, but do not differ significantly in risk. In contrast,
the diagonal estimator performs well when the true matrix is almost full rank, but
becomes worse and worse for smaller covariance ranks.

Finally, for the discriminant coefficient estimation problem, we estimated the

PRIAL with respect to StX in the square loss L(7,n) = ||f — n||? for four

estimators. The first three estimators are "‘;_QSJFX ., NTK1 = "‘;_3S+)_( and
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Figure 3.1: PRIAL of S, f]HFl, f]HFQ and diag(S) with respect to ”T_lS for esti-
mating ¥ in invariant squared loss.

itk = =2 (ST — L4y 1(S)] X, which were considered in Subsection 3.2.4.

The fourth one is the estimator diag(S)~'X, which has been considered in linear
discriminant analysis when p > n. The simulation results are given in Figure 3.3.
In this case again, all first three estimators have similar risk and substantially
improve on the naive estimator, STX, while the diagonal estimator is acceptable

only when the true covariance matrix is almost full rank and quite bad otherwise.
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Figure 3.2: PRIAL of 2=2=25+ »if S o and diag(S)~" with respect to S for
estimating X1 in Frobenius loss.

3.3.2 NASDAQ-100 simulation

To explore more realistic designs than an autoregressive covariance matrix, we also
considered a setting where the true covariance matrix was constructed from real
data.

The NASDAQ-100 is a stock market index composed of the hundred largest
non-financial companies on the NASDAQ. As of 2015, this is composed of 107
securities, since some companies offer several classes of stock. We computed the

net daily returns of these assets up to March 6, 2015. The newest security is Liberty
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Figure 3.3: PRIAL of ®2=25% X, ij{,c, Mty and diag(S) "' X with respect to STX
for estimating 7 = X"y in squared loss.
Media Corp Series C (LMCK), which was issued to series A and B shareholders as
dividend on July 7, 2014. To avoid missing data issues, we took this date as the
initial time point. This yielded a sample size of 167 trading days. From this data
we computed a 107 x 107 sample covariance matrix of the NASDAQ-100 returns.
We then proceeded with the risk simulation as follows. For every r from 1
to (n — 4) A p, the true covariance matrix ¥ was defined as the NASDAQ-100
sample covariance matrix with its p — r smallest eigenvalues set to zero. We then

randomly generated 1,000 replications from a multivariate normal distribution
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with mean p = (1,...,1) and singular covariance ¥, and computed the resulting
sample covariance matrix S = X*X/n.

For each of the three estimation problems, we computed the PRIAL as in
Subsection 3.3.1. The simulation results are given in Figure 3.4. The results

appear similar to the singularized autoregressive setting.

Figure 3.4: PRIAL for the singularized NASDAQ-100 covariance matrix in the
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three estimation tasks.
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3.4 Discussion

The Tsukuma and Kubokawa technique exposed in Subsection 3.2.1 allows in
essence to change the dimension from p to r. Since r < min(n,p), this in ef-
fect turns the problem into a classical setting where the sample size is greater than
the dimension, and allows the usual theory to be applied.

An interesting extension is the setting where n < r < p. In that case, an
adaptation of the method would yield a high-dimensional context where the true
covariance matrix is full rank, but the sample size n is still smaller than the dimen-
sion p. Recent work, for example by Konno [2009], could allow the construction of
improved estimators analogous to the ones presented in this article.

Recent attention has been given to the notion of the effective rank of a matrix
r(A) = tr(S)/||A|l2, first suggested by Vershynin [2010], in the study of spiked
covariance matrices [Bunea and Xiao, 2012]. Singular covariance matrices can be
regarded as a boundary case of spiked matrices where the noise equals zero. In that
regard, it is interesting to notice that the quantity tr(S™2)/tr?(S™) that appear in

Inequality (3.5) is related to the effective rank of S* through the inequality

tr(ST2) L tr(ST2)

w2 <" =y

The presence of this quantity is likely connected to the orthogonal invariance of
the loss function.

Finally, in applications where a singular covariance matrix is unlikely but a
low-dimensional approximation is desired, it might be beneficial to use one of the
estimators proposed in this article and cross-validate the rank r on the task to ac-
complish. For example, a mean-variance portfolio optimization problem could use
>t (o, 8s precision matrix estimate, with rank r cross-validated on some validation

set. To the best of our knowledge, this methodology has no theoretical grounding

but might nevertheless prove useful in some high-dimensional problems.
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3.5 Proofs

3.5.1 Preliminaries

Before presenting the proofs of the statements from Section 3.2, we explain the
techniques employed by Tsukuma and Kubokawa [2014] to work around the sin-
gularity of the covariates in the model. Define the sample mean and covariance

matrix to be

X =X1,/n ~ N,(p, 2 /n),
S=[X-LXTX-1X]/n ~Wy(n—1,%/n).

Since Y has rank r, we can factorize it as ¥ = BB! for some full rank p x r
matrix B. Let H = B(B'B)~Y/? and Q = BB - then H is p x r semi-orthogonal
H'H = I, and HH! = ¥XF, Qis r x r invertible, ¥ = HQH! and ¥+t = HQ ' H®.
Since ¥ is rank deficient, there must be a Z ~ N,, (0, I,.) such that X = 1,u'+ZB",
and therefore we can write X = 1,u* + Z(B'B)Y?*(B*B)~'/2B* = 1,u* + Y H* for
Y = ZQ % ~ N, ,.(0,9). Define then

Y =Y,/n ~ N,(0,9Q/n),

T=[Y-1YTY -1Y"]/n ~W.(n—1,Q/n).
Notice how T is full rank, since r < n — 1, in contrast with S. Using X =
L.t + Y H', we can see that these constructions are related to X and S through

X =pu+HY, S =HTH'

Recall that SS*T = XX+ almost surely, from Equation (3.2). Since S has rank
r < p, there must be a p x r semi-orthogonal matrix O; such that O'O; = I,,
0,0} = 331 almost surely and S = O;LO} for L = diag(A\(S), ..., A-(S)). The

r X r matrix U = H'O; is easily seen to be orthogonal, and so by T' = H'SH =

20



H'O,LOH' = ULU!, we see that T" and S must share the same r non-zero
eigenvalues, i.e. A\;(S) = \i(T).
These constructions and facts form the basis of our risk estimation procedures

and the notation will be repeatedly used in the following subsections.

3.5.2 Proofs of Subsection 3.2.2

Proof of Theorem 3. Since T and S share the same non-zero eigenvalues, we can
regard ¥ as a function of 7' ~ W, (n — 1,9/n) only. Since r <n — 1 and € is full
rank, we can apply Lemma 1 and 2 of Chételat and Wells [2014] to H'SH = UBU.
On that result, one can also consult Sheena [1995, Theorem 4.1], and in the singular
case Kubokawa and Srivastava [2008, Proposition 2.1] and Konno [2009, Theorem

2.4]. In any case, we get

Bl([S5F - L)°)] = Elp—26(278) + (2t 00+8)]

E[(p—r) +r — 2te(QUWV) + tr (- UOU'Q UV
E

[ oy tr<[U\pU’Q—1 — Ir]zﬂ
:E[(p—r)+r+n_TM§l Z%;p: Z lk_lb]

under the regularity conditions

n—r—21/1k Oy, Y — Uy
£ Z I Zazk sz—lb

k=1

T

E Zn—r—2¢z+2¢k+%z&/}k+2wk

|| o=t n lk —1 alk
1~ U+ 20 — ) — 2 2
—I——Zwk—i_ Yk — Yy — 2y <ooandEZ + lﬁk
Lt by =y k=
But these are satisfied by Inequalities (3.3). This concludes the proof. ]
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Proof of Proposition 2. Let us apply the results of Theorem 3. We have ¢y, = aly,

S0
—r—2 4 2

Y = {ua—k—a%——a(r—l)—Q] alg
n n n

[n—l—r

a— 2] aly,.
n

Then the unbiased risk estimator (3.4) equals

B n—r oy,
U=p Z Zaz: sz—lb

n—r—2{n+r 2 n+r
=p+ a—2|ar+ — a—2|ar
n

n n n
1
— {n—{—ra—Q} ar(r —1)
ni n
-1 -1
U | U GRS o
n n

< 00. Similarly,

|

Clearly, EHUH ’p_ 2 n— 1) a -+ (n— )(nJrr)r 2

- n—r—22/1k M, 1=k —
p+z T Zazk ﬁ; =1,

—r—2 2 -1
n n n
’ (n—1)r
=|pt+———a| <o,
n
r 12 2 r 2
E —k :r{n—i_ra—Q] a’* < oo, E Z % = ra?® < oo.

|l " |l

Thus the regularity conditions of Theorem 3 are satisfied and

(n— 1)ra+ (n—1)(n —I-T’)Ta?

B|u([S2t - 1)°)| =B =p -2
But this is minimized when a = . In particular, notice that since n > r+1 = 2,

Bltr([Sum>t - 1)) =p - (n=Lr

n—+r
<p- ("_T)Tgf_ br = B|ur([s5* - 1))
<p-— % :E{tr([nﬁls? —I,,}Q)} ,
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so Xgr1 dominates S, which dominates 55, as desired.

Proof of Proposition 3. Again, let us apply the results of Theorem 3. Here 1, =

b 4+ t/tr(S7)], so using that - tr(é 5 = litr21(5+) we find
. n—r—Zwk 481/%
W:[Tz R Ph e 1Y
k k ban kTl
oon |n—r—2 14 t . 4 14 t
T ndr| ntr Iitr (ST) n+r Z4r?(S)
2(r—1) t
S T
s {Htrm}
_on 1+n—r—2 t L 4 t ] + t
T+ n+r ltr(ST)  n+r22(st) || (st
n r+1 1 4 1 nt
S Ly H
n+r n+rtr(ST)  n4rLtr2(St) | n+r
n—r—2 1 N 4 1 nt?
n+r Ltr2(St)  n+rB3(St) | n+r
Let us now compute the terms in the URE. We find for the first term:
n—r-— —r—2 n
S >
k=1
n—1r—2« r+1 1 4 1 nt
roree —9
* n ; [ n+rlgtr (ST) * n+rl§tr2(5+)}n—|—r
n—r—2«~[n-—r—2 1 4 1 nt?
* n ; [ n+r [Btr?(STt) * n—l—rl%tr3(5’+)} n+r
—r—2 —r—2 1 4 tr(S*?
__n-r=2 n-or Tt r2(S )t
n+r n+r n+r  n4rtr?(St)
+n—r—2 n—r—2tr(S*?) 4 tr(S*3) 2
n+r n+r tr3(St)  n+rtd(St)
Next, using the fact that al ltrQ(Sﬂ lgtr21(s+) + lgtr32(s+) and that a(? W =
2 3
—mwEn T mwien We find
20U 24~ 0
n ol n olyn+r
L2 ~ 0 NEAN 4 1 nt
n &= Ol n+rtr(St)  n4rLte?(St) | n+r
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L2 ~ 0 [n—-r—-2 1 L4 1 nt?
né= ol | n+r L4*(ST)  n+rRe(ST)n+r
2 n +2T l r+1 1 4 1
néisn+r  n n+r 2t (ST)  n+rZtr?(ST)
4 2 nt_ 2 - n—r—2 1
n+r (ST n+r n i n+r  2tr?(STt)
n—r—2 2 4 2 L 4 3 nt?
n+r B3(St) n+rBe3(St) o n+ret(St)  n+r

2 N 2 [ r+3t(sT?) 8 tr(ST3)
ondr n+r n+rtr? (St)  n+4rtd(St)
2 [ n—r=2t(S*?)  n—r—61tr(S*) 12 tr(S*4) } )

+n+r n+r tr?(St) n+r t*(St)  n+rtrt(ST)
Finally, using that Zk# n 1 <Oand Zk# lkl <Owe can bound
LRI e B
lk—lb N n+7“ n+rtr (S"') T lk—lb n+r
1[n—r—2 1 L=t 4 IR
Sl e S e e L o]
n| n+r tr’(ST) o Iy — 1y n+rtr’(ST) o ly—1U |n+r
<_7’(r—1)‘
- n—+r

Hence the URE (3.4) equals

B n—1r—2xe<1 oYy (P
U=t Zaz: Z

n—r-—2 2 r—1

r— r— r
n+r n+r n+r
+n—7‘—2 _27"—1—1 4 tr(ST?) ,

n+r  n+rtr?(St)

N 2 r+ 3 tr(ST?) 8 tr(S™3)
n+r n+rtr? (St)  n+4+rtd(St)
n—r—2[n—r—2tr($+2) 4 trSH}

k_lb

S p-

n+r

n+r tr}(St) +n+rtr +

n+r

2 n—r—2tr(S*?) n—r—ﬁtr St3) 12 tr(S™)

n—l—r[_ n+r tr2(St) n+r tr*(S ) n+rtr4(S+)
_ _(n—l)r+l_2(n—r—2)(r+1) n—2r—5tr(5+2)

n+r (n+r)? (n+7r)2 tr?(St)
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16 tr(S+3)} [(n—r—Q)(n—r—él) tr(ST2)
(n+7)2tr3 (St) (n+r)? tr2(S+)
n—r—4tr(S*3) 24 tr(STY) ]
(n+7r)2 tr3(S*t)  (n+r)2trt(ST)

Now note that tr(ST3) < trz(S™)trz(S2) < tr(S*2)tr(ST) and tr(SH) <
tr2 (ST6)trz (5+2) < tr(SH3)tr(ST) < tr(ST2)tr2(ST). Then since r < n — 4 and

+2 .
-1< _:§§?S+; we can write

(n—1)r (n—r—=2)(r+1)tr(S?) n—2r —5tr(S*t?)
Us p_n——i-7"+ [_ (n+1)? tr?(S+) (n+r)? tr3(S+)

16 tr(S“)]t {(n—r—?)(n—r— 4) tr(S*?)
(n+r)?tr?(S+) (n+r)? tr2(S+)
n—r—4tr(S*?) 24 )]

(n+7r)2 tr3(S*t)  (n+7) 2tlr (S+)

(n=1r [(n—=r)n—r+2), _(n—r)(r—1)7tr(S)
< p- O [ et ey o

Now, using that gg‘(q;j)), Ejgf;fg, E;(if;; < 1 we find

n—r—Zwk 3% 1 Yk —
kb
n—r—2 t
—E[p—f— n+r ;[1+lktr(5+)}
2 IS
1
n+rk1[ l2tr ] n+rz
—r—2 2 —1
P (1) + (r+t>+M

kb
+r n+r n—+r

n ZT: 14 t n
n+4r e Ltr(ST) ||| n+r

- —2r+1+ 4 tr(ST?)
n+r  n+rtr?(St)

[l B et

n r+1 4 n 4 9
r+ |2 + It| + + t
n-+r n+r n+4r n+r n+4r
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|

< 00,

|+ t] < o0,

T wz n
E —| = B
Zlk n—+r

IN

< 0




and by (3.10)

o] <

t* +
n—+r

(n—1)r n—r)(n—r+2), (n—r)(r—1)
+ { (n+r)? 2 (n+r)?

t} < 0.
Thus all the regularity conditions of Theorem 3 are satisfied, and we find

E[tr([f]tZJr . Ip]Qﬂ — E[U]
(n—1)r N {(n—r)(n—?“+2) 5 (n—r)(r— 1)4 E{tr(S”)] |

n+r (n+1)? vz (n+1)? tr?(S+)

< p-

which proves inequality (3.5). To minimize this upper bound, notice that since

(n=r)(n—r+2) 2 _

E[M] > 0, it is enough to minimize the quadratic coefficient )2

tr2(S+)

2%t. This is achieved precisely when t = ni;_b. When r > 1, this makes

this quadratic coefficient strictly negative, which in view of Proposition 2 guaran-

tees
. N 2 (n—1)r 8 N 2
Bltr([Suet = 1,]7)| <p— S = EBlo([Bum>t - 5)°)]
n-+r
Thus in this case ing dominates inl, as desired. O

3.5.3 Proofs of Subsection 3.2.3

Proof of Theorem 4. Since T and S share the same non-zero eigenvalues, we can
regard U as a function of 7'~ W,(n — 1,Q/n) only. Since r <n — 1 and Q is full
rank we can apply Lemma 2.1 from Dey [1987]. However, the proposition is given
without proof and, more importantly, without the implied regularity conditions
that inevitably come from using Stein’s and Haff’s lemmas. For completeness, we

therefore derive again this result in our context. First, we can write

E[|0,90] — HQ'H'||}] = E[|UYU" — Q7"||3]

= E[tr(UVU") — 2t (Q'UVU")] + tr(Q7?)
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By Lemma 3 of Chételat and Wells [2014], this equals

:EZ%-z( 2+ Z%?: Z zk—zb> (@)
:Ezw’“_Z T_QZ __Z%_ﬁ__zzk—zb (@)

under the regularity condition

n—r—2y O 1~ h—
Bl =

[r=szson, s

The result follows from the fact that tr(Q2) = tr(H'HQ 'H'HQ™) = tr(X72).

O
Proof of Proposition 4. We have ¢y = a/ly, so

zr:zbz = a? zr:lé = a’tr(S™?)

T

n—r—2 n—r—? n—r—2
kz ZZQ = — —n atr(S*?)
Oy, +2
_Z = Z l2 = natr (S™)
- 2 2
— —Zik_fb =—= Z —l —atr 2(ST) — Zatr(S7?).
nkib k b ktb Uk b n

Summing everything, we get the URE

n—r—3
n

U= gatr2(5’+) + <a2 —2 a) tr(ST?).

n

Now notice that

d
e

n—r

n—r—2g 8% 1 Ve — Uy
n Z A Z ol EZ L — I,
k=1 kb

|

’ la| E[tr(S7%)] + %|a| E[tr*(ST)].

|

6r(S72) — Ler2(5)

n—r—23
n n
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Since T~ W,.(n — 1,Q/n), by Theorem 2.4.14 (viii) from Kollo and von Rosen

[2006] we have the bound
E[tr(S*?)] < E[tr*(ST)] = E[tr*(T7")] < (3.11)

when n—r—4 > 0, which holds since » < n—>5. Therefore, the regularity condition

hold and we can apply Theorem 4 to conclude that

ElaS™ — S7F] = E[U]

= 2aB[u(s")] + (a2 - 2”_77”_%) B[tr(5%)]

for any a € R. Thus, in particular, the risk of the unbiased estimator ”’TT’?S

n2

must equal 2272 Bltr?(S+)] — =20 i (5+2)] When a < 222 we can

bound

—r—9 2
Ef|jaS* — $*|2] — E Huﬁ—zﬂ‘
las* - £+1] - || = .

R OB
i
) e

O [

which shows inequality 3.6. This upper bound has a minimum at ¢ = 2=-=4

n Y

which yields

B|[las* - =t} —E[H”_—HS+ —2+H1] < LR < 0.

n n?

Thus *=2=1S* dominates “=2=2S*, as desired. Moreover, the URE of ST is
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24r2(ST) — 2=22=04r(S+2) and so

E“fi%%igs+—z+mﬁ-43MS+—§ﬁH:

" 25 - Wﬁ#trwﬂ] <o,

— B {_2
SO "_THS+ dominates ST, as claimed.
Proof of Proposition 5. We have ¢y, = a[1/l), + ttr=1(S)], so

n - r— 4>2 - 1 2t t*
Zwk oz Zl {E + lptr(S) + tr(S)}
tr(S

_ (TZ,—T_4)2tr(S+2) +92

(n—r—4)2t )+(n—r—4)2rt2 1

n? tr(S) n? tr2(S)
4)

n—7r—2 <= Uk n—r—=2)(n—r-— 1 t
9 AN IR _ 9 L
n ;;h, n2 ;;zz+@uw)

(n—r—=2)(n—r—4) tr(ST)

(n—r—2)(n—r—4)

= —2 tr(ST?) — 2 t
n? H(S5T) n? tr(.S)
e T 4 [ 1 t ]
Z ol, n? ; 2 tr?(9)
n—r— m—r—4r 1
4T () 1y t
n? H(ST) + 2 tr2(9)
__Z¢k—¢b _gnmr—4 =0t
lk — lb n? s lk - lb
n—r—4 n—r—4
=2t 2(ST) = tr(St?)
Summing everything, we get the URE
n—r—4 , n—r—4)(n—r—2) 9
U= QTtr (S+) — n2 tf(S+ )
4] 1 + 42, 1
P Lints L tr(ST) (n—r—4) " .
n? tr?(S)  tr(9) n? tr#(.S)
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Now note, using tr=!(S) < tr(ST)/r? and tr(S™?) < tr?(S™) that

n—r—2¢< &pk

_(n—r— 37)Z(Qn —r— 4) E[tr(SH)] . n_n—7’2_4 E[tr2(S)]
(n—r—2)(n—r—4) tr(ST) (n—r—4)r 1
i e eS| 2 s
< ((n—r—l}l(Qn—r—él)+(n—r—f3:lz—r—4)’t‘
+2”;3—22_4|t|>E[tr2(5+)} < oo,

since E[tr?(ST)] < oo by equation (3.11). Therefore, we can apply Theorem 4 to

obtain
[t -] e
_ 271—”—7”2—4 E[tr2(S1)] — (n—r— 4T)lgn —r—2) E[tr(S*2)]

L T M e

for all t € R. Using that n —r — 4 > 0 and r*tr~!(S) < tr(ST) again, we can

bound the difference in risk as

e - =[] - effha - =[]

(n—r—4)r ) 1
—_— —r—4)t" —4(r - 1)t| E| ——=
n2 (n—r—4) (r=1) tr?(9)
which proves inequality (3.7). There is a minimum in ¢t since n —r — 4 >

0, which is ¢ = 2-=L. In this case the quadratic coefficient and thus the

n—r—4

difference in risk is strictly negative, so the corresponding estimator Seve =

Rt 16 4 2L tr71(S)] dominates St as desired. 0

n
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3.5.4 Proofs of Subsection 3.2.4

Proof of Theorem 5. Since T and S share the same non-zero eigenvalues, we can

Using that 0,0} = HH" almost surely, we find

regard ¥ as a function of T ~ W,(n — 1,Q/n) only. Moreover, X = p + HY.
AL = 2 _ 2
E Mzw - zmH ] —E [Hologoquogoloi[ﬂ +HY]— HQ 'Hiy ] ]
2 2
2
§
Define G = H'+Y ~ N, (H'u,Q/n) and notice it is independent of UWU* since

N

=2E[(G - H'p)'Q'UVU'G] = 2E[tr(Q'UVU'GG)]

—E [HU\IfUt[Htu LY QH Y

X and S are independent. Then

_E {HU\IJUtW Q' HYy,

+E[G'UVU'G] — E[(G — H'w)'Q*(G + H'p)] .

The first term can be handled as follows. By independence of G and UVU?, and

Stein’s lemma [Fourdrinier and Strawderman, 2003, Lemma A.1], we get

2 1!
2E[(G — H'p)'Q'UVU'G] = ~Fq | (G- H'p)' {E] Er [UWU] G

2 2
= ~Fo [VeG'Er [UVU']] = ~FEtr [9]
under the condition

Ec [|VeGEr [U0U1] || = Be || () |] = E[

>
k=1

| <=

Er [(Q'UWU'] = Ep [UV*U'], (3.12)

For the second term, we will make use of the fact that

where W* is defined as the statement. This is the result of a non-singular analogue

of Theorem 2.2 from Konno [2009], or alternatively of a matrix analogue of Lemma
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3 from Chételat and Wells [2014]. By appropriate modifications to the latter result
and the underlying Lemma 3 from Chételat and Wells [2012] on which it depends,

it can be seen that sufficient conditions for equation 3.12 to hold are
Er [|U\I/*Ut\i]} < o0 V1<ij<r
A sufficient condition for this to happen is

max Er [‘U\If Ut| } [ *] < 00
1<4,5<r ]

Then, using the independence of G and T', we can conclude

—2B[tr(Q'UVU'GGY)] = —2tr(Er [Q7'UYU'] Eq [GGY))
= —2tr(By [UT'UY] B [GGY]) = —2B[GUTU'G] .
Thus
[Hzﬂx zmH } = Eltr(¥)] - 2B[G'UVU'G] + B[G'UVAU'G]
—E[(G - H'n)'Q*(G+ H'u)].

But U'G = O'H[H'i + Y] = O'X and (G — H'u)'Q2(G + H'u) = (G —
Hip)HYP?H(G+ Hip) = (X — p)'S2(X + p). Hence

E[HEU‘( Yty

2 2 . _ _
} =F [—tr YT+ X0, (92 - 20%)0L X
2 n
—E[(X =) (X + p)] -
This proves the result. O

Proof of Proposition 6. We have ¢, = a/lj, so

¢Z:”—T—2¢k 2 0y nzwk—%

n lk n@lk k;_lb
_n—r—?l 21a_ltr(5’+)a 11@
n n l2 nl,% n nl2
n—r—31 ltr(SJr)a
N n l2 n I,
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We can bound

g3

k=1

] la| B[tr(S™)] < |al B[tr2(ST)]?,

. ] < n—TT_SW' E[tr(572)] + %|a| Bltr*(S7)],

so by inequality (3.11) and the fact that n —r —4 > 0 these two expressions are

finite. Therefore, we can apply the results of Theorem 5 to obtain

U) S*X =2y } = —aE[tr(S+)]

r o + o
3 (% _on=r=31l 2u(5T) ))a (0:XX'0y),,

= 12 n Z n

SB[ S 4 )

+EB

= 24 E[ir(s™)] + (a2 - 2”‘77”‘%) E[X"5*2X]

+ 20 Bli(SHX'S K]~ B[(X ' 57 (X 4 )]

for any a € R. Therefore, for a < 2==2 we can bound the difference in risk by

b Jasx -] - {H s
= % (a - ”‘T’”_Q) E[tr(S)]
¥ (a2 R = L ‘4>) E[X'S™X]

2 (a - "_—7"_2) E[tr(sﬂ)‘(tsﬂ‘(]
n n

< (a_ ”—_7“—2> (a_ "—_7”—4) E[X"52X]
n n

which proves inequality (3.8). The quadratic coefficient is minimized at a = %=-=3

n Y

at which point we have

M Lt S

—r—_92 2
] —E{H—" r S*X—E*u” ]
2 n 2

< —%E[th“)_(} < 0.
n
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Thus 2==35*+X dominates 2=2=25% X . as desired. Moreover
n n b b

Uiy 2+X]|21 —EU

]

r—|-2 (r+2)(r+4) rojoise
= -2 - E[tr(S1)] - B E[X'STX]
2 _ _
B Y Bl(sHX'sTX] <o,
n
so “=2=2 5% dominates ST, as claimed. ]

Proof of Proposition 7. We will apply 4, and we have here v, =

ttr=1(9)] for 1 <k <, so

n—r—2¢%,

n_;_?’[l/lk +

(n—r—2)(n—r—23)

n lk

[
n? 2 Ltr(S) |’

Oy _
I

n—r—3 _l_ t
l,% trZ(S)’

Z I =1y

_n—r—3il,§l—lb_1_n—r—3 1 tr(Sh)
N n? lk—lb N n? l]% ’

L btk Ik
Therefore,
*_n—'f’—ka 23¢k Yy — Py
wk N n lk n 8lk b;ézk k — lb
(n—r—=32%1 (n—r—=2)(n—r—3) tr 1(9)
— — t
n? 2 n?2 Ui
n—r—3, n—r—3tr(ST)
2 o ttr==(5) - I
We can bound
2 n—r—3 (n—r—23)r _
| + 1
E[;zﬁk] < - E[tr(S1)] + t|E[tr(9)]
(< . n—r—3)? n—r—3
L k=1

+(n—r)(n—r—3)

t| E[tr7*(9)] ,
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so by tr=! < tr(S*)/r?, inequality (3.11) and the fact that n—r —4 > 0 these two
expressions are finite. Therefore, we can apply the results of Theorem 5 to obtain

E[

] _ zn—n_g—?’ ()] +2 L

< n—r—3 +2(n—r—3)2ttr*1(5)

(n—r—23)r

2

Ny —1n tE[trfl(S)]

<"_T_ 3)° VT 72) =209y — 9

n? lk
- B - R )
n—r—3 n—r _
2" ()] ( )
: _(n—r—3)2l n—r—3tr(ST)
+E ;( n? 12 2 n? I,
n—r—3 tr (S n-r—-3  _,
-2 > m 4 > ttr—=(9)
n—r—3)72%., _ _
+<T>t2tr 2(S)> (ngxt()l)kk}

- B - )
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for any t € R. Therefore, the difference in risk can be written
EE=
2 n 2

(-

M — 1
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Note that tr(XX?) = tr(SSTXX?) < trz(92)tr2 ([STXX1?) < tr(9)tr(STX XY,

so we can bound

< o= W] 4 o2 S
L _22_ Vp [tigt(;()]

Next, write the reduced singular value decomposition of X as X = /nV;L'/20,

with Vi n x r semi-orthogonal, V{V; = I,.. Then

1,1! 1,1t
"X> — tr<va "\/1)

n

XX — tr (Xt

n2

1,1¢
< tr(L) Omax (Vf - ”Vl) < tr(S)Omax<

n
Therefore, we can bound by

(n—r—3)

[2(r 1)t (n—r— 3)#} B Lrgs)} |

which proves (3.9). Since n —r — 3 > 0, the quadratic coefficient has a minimum,

at t = —ni;ri?). In this case we have
EMn—r—S{S+ (7’—|—1>t1‘_1(5):|)?_?7 2} _E[“n—r—35+)_(_n"2]
n n—r—3 2 n 2
(r+1)° 1
< — E < 0.
- n? tr(.S)
Thus frxe = "_;_3 [S+ — %trfl(S)} dominates 71, as desired. O
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CHAPTER 4
NOISE ESTIMATION IN THE SPIKED COVARIANCE MODEL

4.1 Introduction

The estimation of covariance matrices in a high dimensional framework has seen a
surge of interest in the past years. The natural estimator, the sample covariance
matrix, is well known to be inadequate in this context. The problem has been well
studied under many sparsity scenarios: for example, zeros in the coordinates of
the matrix [Bickel and Levina, 2008b, El Karoui, 2008b, Rothman et al., 2009, Cai
and Liu, 2011] or its inverse [Meinshausen and Bithlmann, 2006, Friedman et al.,
2008, Cai et al., 2011, Ravikumar et al., 2011, Rothman et al., 2008], bandedness
[Bickel and Levina, 2008a, Bien et al., 2014] and many others. This paper will
focus on the spiked model, first introducted by Johnstone [2001].

In the spiked model, the p X p covariance matrix > has distinct eigenvalues
Y1+ 0% > ... >7,+07% and a smallest eigenvalue 0% of multiplicity p — p. It often
provides good approximations in low and high dimensional settings, with small p
being seen as a form of low rank sparsity in the data. It is also of substantial
theoretical interest, being one of the few non-trivial settings in which random
matrix theory has been extensively studied.

A related problem is principal components analysis. In PCA, one estimates
eigenvectors associated with large eigenvalues of ¥, and perform dimension reduc-
tion using a truncated spectral decomposition. A traditional problem with the
technique is that the number of eigenvectors to retain is not clear. However, if the
true covariance matrix X is spiked, it is natural to associate its spiked rank p with
the ideal number of eigenvectors to select, recasting the selection of the number of

components as a rigorous statistical estimation problem.
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Successful high-dimensional PCA usually requires good estimation of % (see
e.g. Johnstone and Lu [2009]), a problem we will refer to as noise estimation.
Although distinct from estimation of the covariance matrix itself, there is a context
in which these two problems, estimation of ¥ and o2, are analogous.

This context is as follows. Asymptotics are high-dimensional in the sense that
p tends to infinity with the sample size n; for mathematical convenience we focus
on the regime where the ratio p/n tends to a strictly positive constant as n — oo.

The noise estimation problem is to estimate o?

under, say, absolute error loss
L(6% 0%) = |62 — 02|, while the covariance problem is to estimate the spiked ¥
under the Frobenius loss Lp(3, %) = |2 — |2 /p using a spiked estimator. This
normalization is natural in this setting, since under normality the risk E[Lg(S, Y)]
of the sample covariance matrix S tends to a strictly positive constant.

Then, in essence, all that really matters in the covariance estimation problem is
estimation of the noise level. Indeed, consider two spiked estimators S, =D+ 620 ,
1 = 1,2 with asymptotically finite spiked parts fi, which we take to mean that
their ranks p; = rk(f‘i) and largest eigenvalues Al(f‘i) are asymptotically finite.

Then

||21 — 22”% < p1 + P2
’ <

() + A () 0 as (4.1)

n—oo

This means we can interpret the two problems as asymptotically analogous in
practice. This reasoning is short of being a formal result of equivalence, but will
serve as a guiding principle.

We propose a solution to these parallel problems as follows. We first restrict
ourselves to orthogonally invariant estimators of the spiked form; this large class
can be thought as performing spiked corrections of the eigenvalues of the sample
covariance matrix. For this class, there exists an unbiased risk estimator (URE)

in the closely related invariant loss Ly (3%, %) = tr[(XX~" — I)?] /p, which we will
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refer to as the Haff loss. We propose to find an optimal choice of noise estimator
by minimizing this URE using calculus of variations. This approach is close in
spirit to the work of Stein [1975, 1986], where he considers a loss based on a
normal log-likelihood, although it is not specifically high-dimensional. It is also
close to the Bayesian approach of Haff [1991]. More generally, the idea to correct
the eigenvalues of the sample covariance matrix is also found in previous work by
Ledoit and Wolf [2004], El Karoui [2008a], Ledoit and Wolf [2012] and Donoho
et al. [2014].

The URE of the covariance estimator depends on first and second derivatives
of the noise estimator, so directly minimizing the risk would yield an estimator
that depends on the truth. It however happily turns out that the “dominant” part
of this URE does not depend on the derivatives. It is therefore possible to obtain,
in closed form, an estimator optimal for the dominant part of the URE.

We prove that our proposed estimator is well-behaved; for example, it is strongly
consistent for o2, even if the chosen estimators of 7, and p are not. It is moreover
essentially asymptotically normal of rate n, and we prove that this is the optimal
minimax rate for the noise estimation problem. To illustrate concretely why this
approach is interesting, we use it to construct a robust spiked covariance estimator.
It seems to never perform worse than S in general, even in worst-case scenarios;
while it performs remarkably well in spiked settings, and we show its eigenvalues
are consistent.

We reiterate that in contrast with much work in high dimensional covariance
estimation, we do not work with a sparsity assumption that many components
of ¥ or ¥7! are zero. However, one can perfectly think of a spiked structure
as a form of sparsity in itself, with p as sparsity parameter, which fits within

the generally accepted principle that improved estimation in high dimensions is
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difficult unless some form of sparsity holds with the truth. The fact that we can
construct an estimator that can exploit that structure when present, yet be robust
to the assumption is encouraging.

The chapter is divided as follows. The regularity conditions, construction of
the unbiased risk estimator and construction of the noise estimator is in Section
4.2. Investigations of properties of the noise estimator is done in Section 4.3. The
example construction and simulations are in Section 4.4. After some comments in

Section 4.5, we cover the proofs of the claims in Section 4.6.

Notation The following notation will be used throughout. We write H,(R)
for the simplex {x € RP ‘ Ty > > X, > 0}. The real p-dimensional orthogonal
group is denoted O,(R). The Frobenius norm of a matrix A is the sum of its
squared eigenvalues, denoted ||Alr = tr(AZ)l/ ? while the spectral norm is its
largest singular value, denoted || A||2 = omax(A). The notation dpy (s, 12) stands
for the total variation distance between two probability measures i, g on an
underlying measurable space (€2, B), which equals sup 4cp |1 (A) — p2(A)|. The p-
dimensional Wishart distribution with n degrees of freedom and covariance matrix

¥ is written W,(n, ).

4.2 Construction

We work in the following setting. Assume the data is an i.i.d. sample X1, ..., X, ~
N,(0,%,), with n > p and ¥, > 0. For such a sample, one can stack the data
into a matrix X = (X{,..., X)) and let S = X'X/n = OLO', L = diag(ly, ..., 1)
be the decreasing spectral decomposition of the sample covariance matrix, with
ly > ... > [, > 0 its ordered eigenvalues. The random matrix S, which is distributed

as a scaled Wishart n_IWp(n, ¥,), serves as a naive estimator of ¥ upon which
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we wish to improve. The normality and restriction to n > p are necessary for
the construction of the unbiased risk estimator that will follow; extensions will be
discussed in Section 4.5.

As mentioned in the introduction, to adequately discuss high-dimensional be-
havior, we will also let this setting grow in complexity. We focus our attention on
full-rank linear regimes, where a sequence of positive-definite covariance matrices
of growing dimension ¥, Y5, X3, ... is fixed; and p = p,,, as a function of the sample
size, grows in the sense that p,/n — ¢ for some ¢ € (0,1). It will then be assumed
that for every (n,p,), some i.i.d. sample Xj, ..., X,, ~ N, (0,%,,) will be available
and a corresponding sample covariance matrix S constructed.

For such settings, the sequence {¥,} is completely arbitrary beyond the re-
quirement that each member be positive-definite. Of particular interest to us is
the case where the covariance matrices form a spiked sequence, which we define as

follows.

Definition 1. A sequence of covariance matrices {¥,} is spiked if there exists a

2

collection v; > ... > v, > 0 of size p > 0 and a 0° > 0 such that for any p,

¥, = diag(7,0, ...,0) + 021, where v = (71, ...,7,)-

When discussing asymptotics, we will sometimes need that the spiked eigenval-
ues 71, ...,7, be sufficiently large with respect to the noise for efficient estimation
to be possible. In practice, this will mean requiring that v,/0* > /¢, for ¢ the
asymptotic p, /n ratio. The importance of this supercriticality condition for spiked
eigenvalue estimation was first remarked by Baik et al. [2005] before being extended
to the setting we are considering by Baik and Silverstein [2006], Paul [2007] and

Nadler [2008]. They showed that for 1 < k < p, the eigenvalues of the sample
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covariance matrix satisfy

. (1 + 002—“"“;;”2> [vi +0?] i v > /eo?
Iy - , (4.2)

e vere if 7 < o

with the [,41,...,1, asymptotically distributed like a scaled Marchenko-Pastur
0?MP(c) distribution. Therefore, the asymptotic spectrum of S do not contain
any information about those 7; below the critical threshold y/co?. But since their
estimation is mostly tangential to our goals, supercriticality will not always be
necessary, and we will make it clear when it will be.

Let us now turn our attention to the task at hand. The parallel problems we
wish to solve are

(i) the estimation of o under the absolute error loss L(62,0%) = |62 — 02|;

(ii) the estimation of ¥ under the Frobenius loss Lp(3, %) = ||2 — 2||2/p using

spiked estimators.

Under spikedness, these two problems are parallel to each other in the sense of
(4.1). The approach we take begins with aspect (ii) - we seek a good covariance
estimator 3 in spiked form [ +621 , with p = rk(f) small with respect to p, which
we interpret as p a.s. tending to a finite constant. By appealing again to (4.1), it
is clear that for the Frobenius loss, the spiked part [ is asymptotically dominated
by noise estimation. We therefore might as well choose I’ based on convenience:
for example, we can pick one with consistent eigenvalue estimators, or some other
property. A specific choice will be considered in Section 4.4. Alternatively, the
recent results of Donoho et al. [2014] could provide an attractive choice based on
consideration of single eigenvalue corrections, and we comment on this further in
Section 4.5. Once a choice of I is made, we can then look for an optimal 2, which
would simultaneously solve aspects ((i)) and ((ii)) of the problem, while being

asymptotically independent of our choice of I.
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Being quite free in selecting the spiked part, let us focus on mathematically
convenient possibilities. A first restriction is to take I’ orthogonally invariant — that
is, of the form I' = Odiag(%,0) O’ for some estimators 4, > ... > 4, >0and O €
O,(R) the matrix of ordered eigenvectors of S. With this choice, our estimators 3
can be thought as performing spiked corrections on the sample covariance matrix
S.

A second restriction will be necessary. At this point in our discussion the
spiked, rank and noise estimators 4, p, 62 have been essentially arbitrary. This is
too general for the construction of the URE that will follow, so we must to restrict
ourselves to sufficiently regular estimators. The regularity conditions come in two
flavors, weak and strong, and are statements of integrability; these conditions
simply guarantee that expected values appearing in the construction of the URE
are convergent. Combining the invariance and regularity restrictions, we define

the following.

Definition 2. A spiked eigenvalue estimator [ satisfies the weak regularity condi-
tions if it is of the form I' = Odiag(%) O’ for S = OLO’ and satisfies the following.
Let p = rk("). For each 1 < k < p, 4, are a.s. C?(H,(R);R) functions of Iy, ..., 1,
with boundary cases 1[p < k]9, = 0 and 1[p = p|j% = 1[p = p]lx for which both

expectations

~

E[%

I

9(1+¢) 93
] and E[ i

are finite for some € > 0. Similarly, a noise estimator 62 satisfies the weak regularity

conditions for a weak spiked eigenvalue estimator I if it is a C?(H,(R); R) function

based on [y, ..., 1, such that for each 1 <k < p,

~9219(1+€) ~914.5 2~ 2 A9

o 00 . o |0 0%
E|ll— E|l|l— d E 2 —
[ I ] [ oIy ] and B\ [ +6 oz o ]

are all finite for some € > 0.
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The previous conditions assert integrability of quantities associated with the
estimators for a given p, and are dimension dependent. In contrast, the following
conditions assert similar integrability as p grows. To make the dependence explicit,

we superscript the dimension.

Definition 3. A spiked eigenvalue estimator 7 satisfies the strong regularity

conditions if it satisfies the weak regularity conditions for each p > 0, and moreover

2p |9(1+e) ~p (4.5 22D
k M 20N
E [sup max T , E|sup max T , E|sup max |7, oo | |-
1<k< 1<k< 1<k<
| p>0 1<hsp | p>0 1<k<p | Ol p>0 1<ksp | = Ol
[ AP a2 P20 _Ap AP _ Ap |2
E|sup max B/ Sl E | sup max li T e T T e
p>0 1<kA0<p | 1) =10 | | | pso1skd |l = 1) | 10 =18 1) —1¢
L #e<p
2 . 2
P P AP
and E|sup max T— pﬁykp—pbp
p>0 1Sk#b<p<e<p |1 — | I} — 18 1) — ¢

are all finite for some € > 0. Similarly, a noise estimator 62 satisfies the strong
regularity conditions for a strong spiked eigenvalue estimator [ if it satisfies the

weak, and the following holds:

2P 9(1+¢€) o52p 4.5
E [sup max |— , E|sup max |——-
p>0 0<k<p | [} p>0 0<k<p | Ol
(92’?1) 825'2p
and E|sup max [#? + 67| |—£& +
L>131<k<p g | or? o

are all finite for some € > 0.

Careful inspection of the proofs reveal that regularity conditions in this spirit
are inevitable; however, we emphasize that by no means we believe those precise
conditions to be necessary, merely sufficient. In any case, with these conditions
in hand we can formally define the classes of estimators in which we look for an

optimal &2.

Definition 4. For T' a weak (strong) spiked eigenvalue estimator, the associated
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weak (strong) class of spiked corrections to the sample covariance matrix is

V(D)= {f+&21p

6% is f‘—weak} and V,(I') = {f—l—&QIp

62 is f‘—strong} .

We would like to find an optimal estimator over these two classes. Recall we
are evaluating performance in Frobenius loss Lp(3,%) = |2 — 2||%/p. Although
natural and common within the literature, we find it more convenient to move to

the closely related “invariant” loss

This loss was, up to the high-dimensional p~! normalization, mentioned by James
and Stein [1961] early but first thoroughly investigated by Haff [1977], and we
will refer to it as Haff’s loss. A modification of the argument behind (4.1) shows
that estimation of a spiked covariance matrix under this loss can also be thought
as a noise estimation problem, just like for the Frobenius case. In this sense the
problem stays similar.

A great advantage of the Haff loss is that it is one of the few for which an
unbiased estimator of the risk is known, at least in the orthogonally invariant case.
There is a rich body of literature behind that construction [Haff, 1977, 1979a,
1980], in different shapes and under different conditions. A remarkable feature is
that if we collect and split the terms of the URE between the terms of leading
and smaller order, the dominant part does not depend on the derivatives of the

eigenvalue estimators. More precisely, we have this construction.

Theorem 6. Let n > p+ 1. Then for any weak spiked estimator S V;,(f‘) whose
sptked rank p is independent of S, we find its Haff risk to satisfy E[LH(f], Z)} =
E[F + G] with E[|F + G|] < oo, where

L, 04 962 9% 82&2)

F:F(l,ﬁ,ﬁ,ﬁ) and GzG(l,ﬁﬂ,U "ol ol o2 ol
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are functionals that do not depend on Y. In addition, if the estimator is strong in
the sense that . € Vp(f), then asymptotically F' is the dominant term and G the

dominated term, respectively, in the sense that

lim E[|F|} < oo and lim pE[|G|} < 00.
n—o0

n—oo

Explicit expressions for F' and G are given in (4.12)-(4.13).

In practice, we found the decomposition most useful for a deterministic spiked
rank p = r, in which case we might consider estimates of the form T, + o2I; this
is the approach we take in Section 4.4 when constructing a specific estimator. But
it is reasonable to think of a context in which some estimate of the true rank p
based on prior independent data is available, in which case the construction applies
equally.

Now fix a weak spiked eigenvalue estimator I, and consider the task of finding
a 02 that minimizes the Haff risk: minimizing the construction from Theorem
6 makes the task plausible. Since G depends on the derivatives of 62, formally
proceeding with calculus of variations would yield a minimizer that depends on
the unknown density of the eigenvalues which is, of course, unavailable. However
since the dominant part only depends on 62 itself, one can obtain a minimizer of

E[F] whose expression is independent of X.

Proposition 8. Let n > p. If ¥ — E[F| has a minimum over V,(I'), it is given

by ¥ =T + 621, where 62 = A/B where

P 2N
I St N Gl O G 2)2%

P e=1 L np k=1 li
P P oA h o p N
n—p—1 Vi 1 n—p—1 1 A%
+— g R A S — § E -
2 2 —
WS el L O le bk = L
RN N B 3 ;& 1 A
g 2 2 “ e 2
2 — — 7 — =
Py e=p1 e=lely =l n7p k=1 c#d=p+1 b = lelx = la
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k#b c=p+1

nm—p—1Dn—-p—-2)<1 n-— p—1 1
b= n2p 2 2 Z Zl_
e=1 ¢ = e=1

In addition, if n > 2p + 2, a minimum must ezist (and therefore at f})

The matter of whether a minimizer should exist at all in a given context is
delicate. A proof of existence for some large class of covariance matrices would
be quite interesting. In the spiked case, the remarks following Lemma 4 hint at a

plausible approach.

4.3 Properties

The previous chapter was concerned with the construction of a good estimator
o2 that satisfies some optimality property, namely minimizing the dominant part
of the Haff URE over V,(I'). Let us now turn our attention to its performance

2

in estimating ¢~ under spikedness. We will make repeated use of the following

lemma, which extends the results of Nadler [2008].

Lemma 4. Suppose the underlying sequence of covariance matrices {3,} is spiked

and p,/n — c € (0,1).

(i) If v,/0? > \/c, then for any 1 < k < p,

(ii) For any m > 1,

1 1 s 1 1
p—p lm n—soo (1 _C>2m 10-2m'

d=p+1
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o . . . 2 . . .
The supercriticality assumption v,/0® > \/c in (i) is necessary for the expres-
sion to converge. Two remarks are in order. First, as a consequence of this result,

it is easy to show that

1 z”: 1 1

Z as. 1 Tk
p—p La( lk —1y) n=oo 1 —co?(y + co?)?’
a result we will use later in Section 4.4. Second, in connection with the proof of

Proposition 8, we see that when the underlying sequence of covariance matrices

{3,} is spiked

1 "1 as c
— —p—2) = — >0
Llnr-aSg (58] |2 o

by Lemma 4. From (4.15), one would therefore expect the estimator also to be a

minimizer under spikedness. Although we haven’t been successful in formalizing
this intuition, this could be a plausible approach towards proving existence of
minimizers for spiked covariance matrices.

Let us now turn our attention to the behavior of 2. The following theorem

summarizes important aspects of its asymptotic behavior.

Theorem 7. Suppose the underlying sequence of covariance matrices {X,} is
spiked and p,/n — ¢ € (0,1) with v,/0% > \/c. For a given weak T, let &% be

the associated minimizer of Proposition 8. Then

(i) If p a.s. converges to a finite constant, then 6> —" o2.

n—oo

(i) If p is strongly consistent and for all 1 < k < p, 4 a.s. converges to some

finite constant, then we have bounds X, < n(5? — %) < X&' with

_ D _ 2¢(1+¢)? , 2(:(1 +c)?
X — N _ X PN —_— 5
O (lu ’ (1 _ 0)4 L n—00 Iu (1 — 0)4 o)

where p~ and p* have explicit expressions given in (4.27)-(4.28).
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An immediate consequence of this result is that 62 estimates o2 with rate n in
our absolute error loss L(62,0%) = |62 — 0?|. We should mention that, given good
estimators of p and ~;, one could perhaps build approximate high-dimensional
confidence intervals for o with part (ii) of Theorem 7. We will not investigate this
further, but rather turn our attention to minimax rates for the noise estimation

problem. For any spiked sequence {¥,}, define a d-ball of order r as
/ : / )‘i(zp)
B, (3,6) = {0} spiked | [Ni(%,) — M(2)| < 0= Vp> 04

We start with a lemma. Recall that drv stands for the total variation distance

between two probability measures.

Lemma 5. Let {¥,} be a spiked sequence of covariance matrices and M > 0.

Then, as p,/n — c € (0,1),

. n \n cM?
lim sup  dpy( N(0,%,)", N(0,X)" | < 4/1—exp | — 5
)

n=0 51eB.(2,2M

when r = 1, while this limit is zero when r > 1.

Using this result, we now proceed to show a lower bound on the local minimax
rate of convergence for estimating o2, using the classic two-point test argument of

Le Cam [1973].

Theorem 8. Say the underlying sequence of covariance matrices {3,} is spiked

and pp/n — ¢ € (0,1). Let € > 0 and define

M, = \/—glog (1 —a —46)2).

2

Then no estimator can estimate o with speed o?M,/n over the shrinking neigh-

borhoods B(X,,2M,), in the sense that

e . M,
liminfinf ~ sup Py 6% — 0| > 02—1 > €.
n

n—oo 6% yep ($,2M.)
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Thus, the minimax rate of estimation of o2 over n-shrinking neighborhoods
cannot be faster than Op(1/n) (so in particular over, say, fixed neighborhoods.)
Using Theorem 7, we can show our noise estimator 2 essentially achieves this rate,

in the sense that it is op(1/n") over n"-shrinking neighborhoods for any r > 1.

Proposition 9. Let the underlying sequence of covariance matrices {¥,} be spiked
andp,/n — ¢ € (0,1) with~,/0* > \/c. For a given weak T, let 5 be the associated
extremizer of proposition 8. If p is strongly consistent and for all 1 < k < p, Y
a.s. converges to some finite constant, then for anyr > 1 and M > 0, 6% estimates
o? with rate at least a>*M/n" over the shrinking neighborhoods B,.(X,2M), in the
sense that

lim sup Py
N0y e B, (2,2M)

M
6% — 0| > 02—] = 0.
nr

Thus we can conclude that, despite choosing our noise estimator to minimize
a covariance problem, good behavior has been transferred to the noise estimation
problem, which is not surprising in light of (4.1). In particular, we see that by
Theorem 7 (i), strong consistency of the noise estimator follows even when the

eigenvalues of I itself are not consistent — a robustness which is certainly welcome.

4.4 Application

Having built and analyzed our noise estimator, we now proceed to illustrate our
construction by building a specific covariance estimator. We hope this concrete
example will help clarify the approach taken and its behavior in the covariance

problem.
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4.4.1 Example

We build a spiked covariance estimator as follows. The first step is to specify
an asymptotically negligible spiked component [. For r some fixed rank strictly
smaller than p, we take I', = Odiag(5) O’ with

p p lc -1
. zzc<z lm)
c=r+1

c=r+1

for 1 <k <r, and 0 otherwise. These estimators are strongly consistent when
r = p, as we will soon show using Lemma 4; this is the main motivation for our
choice. Note that this choice does not quite fit within the framework considered
by Donoho et al. [2014], since it is not a function of [, only. With this choice of
spiked part, let 62 be the minimizer of Proposition 8 associated with our spiked
component. We then have a family r — %, = I, + 521 for all 0<r <p, which we
naturally extend to the r=p case through f]p = fp =S5.

Next, we select the rank r based on the data. Motivated again by the results

of Lemma 4, we define the rank estimator

2 P
ﬁzargmin{l[r<m<1+v_€ﬂ/n) Sz, }FT+GT\SP+1},

0<r<p by P Pl n

with F,, G, the F, G of Theorem 6 applied to I', and 2. This choice aims
to select the smallest rank that lies both above the critical threshold and yields
improvement in Haff risk over S. Since r = p satisfies both criteria, the set is never
empty and in the worst case we simply do not correct the eigenvalues of S. This
will happen when there is strong departure from spikedness, which means that the
construction is in some sense robust to this situation: it exploits it when present
and reverts to S when not.

Finally, we simply set 5 = 53,5 as our estimator. In practice, the computation

is straightforward, since everything is in closed-form, with polynomial complexity.
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An implementation in R is available at http://stat.cornell.edu/"chetelat.
At the same time, as previously hinted, the estimator has strongly consistent
eigenvalues under spikedness. The proof is a simple application of results from

Section 4.3.

Proposition 10. If the underlying sequence of covariance matrices {X,} is spiked
and p,/n — ¢ € (0,1) with v,/0* > \/c, then p, 6% and ;. for 1 < k < p are all

strongly consistent.

This stands, of course, in contrast with the eigenvalues of the sample covariance

matrix S, which converge to the wrong values (4.2) in spiked settings.

4.4.2 Numerical comparisons

We display the performance of the constructed estimator through simulations. The
setting is as follows. We fix the dimension to sample ratio ¢ at 0.5 and vary n, p.
For each n, p, we simulate data from a normal N(0,X) and approximate its Haff
and Frobenius risk using a law of large numbers approximation with 100 iterations.
Four true covariance matrices > are considered. The first is a spiked setting > =
diag(5,4,3,2,1,...,1), while the other three correspond to autoregressive settings
¥y = kIl for k = 0.05, 0.5 and 0.95. The case k = 0.95 is particularly difficult
for the constructed estimator as it is very far from spikedness.

The risks are computed for S, our estimator ¥ and three benchmark competi-
tors. The first is Stein’s isotonized covariance estimator, with well regarded over-
all performance. We follow the implementation of Lin and Perlman [1985]. The
second is the popular linear shrinkage covariance estimator of Ledoit and Wolf
[2004], specifically designed for high-dimensional settings. The third is a naive

spiked estimator, given by the same estimators of spikes as ¥, the noise estimator
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Figure 4.1: Spiked covariance setting.
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2 1 L
6° = — > l.and p chosen by cross-validation on the Frobenius loss. We plot

c=p+1
the risks and the gain in risk with respect to S, defined as Risk(S)/Risk(3) — 1.

The computations were performed using the R package, and the results are given
as Figures 4.1-4.4. Blue corresponds to S, red to ¥, green to Stein’s isotonized
estimator, yellow to the Ledoit-Wolf estimator and purple to the naive spiked
estimator.

We can see from the results of the simulations that the expected good perfor-
mance in Haff loss of our estimator seems to translate well into the more standard

Frobenius loss. The estimator performs particularly well in supercritical spiked set-
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Figure 4.2: AR(0.05) setting. The sample covariance matrix is omitted.
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tings, with a 23-times improvement over S in Frobenius risk for p = 500, n = 1000
in our setting. In particular, in this setting it outperforms the naive spiked esti-
mator. In addition, the estimator is quite robust to deviations from spikedness,
as even in worst-case scenarios such as an AR(0.95) setting, we do not do worse
than S in Haff or Frobenius risk. There is therefore little to lose by using it rather
than the sample covariance matrix, and as far as such a thing can exist, it could

be advocated as some kind of generic high-dimensional covariance estimator.
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Figure 4.3: AR(0.50) setting.
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4.5 Comments

In this work we considered two parallel high-dimensional problems, the estimation
of noise in principal components analysis under absolute error loss and the estima-
tion of a spiked covariance matrix under Frobenius loss. We proposed a variational
solution, by restricting ourselves to regular estimators and minimizing an unbiased
covariance risk estimator in the invariant analogue of the loss. The resulting noise
estimator was shown to be strongly consistent and almost asymptotically normal
and minimax for the noise problem, and we used the construction to build a ro-

bust spiked covariance estimator with good simulation performance. Beyond this,
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Figure 4.4: AR(0.95) setting.
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however, there are several aspects of our solution that warrant further discussion.

First, we assumed throughout this work that the underlying data was normal,
and the construction and proofs depend quite heavily on it. This could be a point
of discord between practice and the theory outlined here. However, we feel that,
unlike many statistical problems where normality is convenient but unrealistic, it
is quite natural here. Indeed, the construction and its properties only depends
on the data through the eigenstructure of .S, unlike other estimators such as the
one of Ledoit and Wolf [2004]. The sample covariance matrix being an empirical
average, one can expect it to behave asymptotically like a Wishart, and in that

sense the assumption does not appear particularly restrictive.
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Another assumption running through the work is that although we are in high-
dimensions, we keep p < n. The extension to a p > n setting is attractive,
as in addition to the properties described above, a corresponding robust spiked
covariance estimator would be automatically invertible, in contrast with S. The
single obstacle appears to be the absence of an appropriate unbiased risk estimator
for the Haff loss when p > n. This is therefore more an obstruction by knowledge
than mathematics, as if such a construction would be found, the method outlined
in this work could easily be applied.

As we considered minimization of a covariance loss, it might be surprising that
we did not present any results on the behavior of the estimator in the covariance
problem. We strongly believe that the Haff risk must tend to zero under spikedness
since, as some algebra shows, the unbiased risk estimator of our estimate tends
a.s. to zero. This is quite interesting since the Haff risk of S equals, in contrast,
(p+1)/n — ¢ > 0. Unfortunately, we haven’t been able to prove this statement.
Although the literature on the probabilistic behavior of Wishart eigenvalues is
extensive, it is more scant on their L' behavior, and this limits what can be proven
as of now.

In Section 4.2, we considered an invariant analogue of the Frobenius loss Hﬁl —
|2 /p, the Haff loss ||[SX* — I||2/p which allowed for the existence of an unbi-
ased risk estimator. Since our estimator is particularly adapted to this invariant
covariance loss, it might also be of interest to study an invariant noise loss such as
|62 /02 —1].

We did not tackle the problem of selecting the spiked eigenvalue estimators
4, in an optimal way, beyond the suggestion in Section 4.4. The recent work
of Donoho et al. [2014] could offer a solution. The authors consider the spiked

covariance estimation problem where the noise is known and fixed at 0? = 1, and
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look for optimal shrinking of the spiked eigenvalues i, 1 < k < p. In the Frobenius

and Haff losses, their optimal estimators coincide and equal

cly } 1—c/(ly — 1)
b —1] 1+¢/(ly — 1)

%Z[lk—lJr

for I > (1 + +/c)%.. An appealing feature of this estimate is that it accounts for
the deterministic angles between the top sample and population eigenvectors. It
would be interesting to study the behavior of the noise estimator 2 from Theorem
8 applied to these spiked estimators, with perhaps adjustments for not knowing
a2

Finally, we should remark that our construction automatically provides well-
conditioned covariance estimators, which is quite important for applications. There-
fore, when the parameter of interest is the precision rather than the covariance

matrix, using X! as estimator appears reasonable, although we currently do not

have any formal results on its behavior for this problem.

4.6 Technical results and proofs

4.6.1 Proofs for Section 4.2

The following Stein-Haff identity is used to compute an unbiased estimator of risk
for orthogonally invariant estimators in proposition 6. The general identity dates
back to Haff [1979a] and its specialization to orthogonally invariant estimators for
n > p first implicitly used by Sheena [1995]. Unfortunately, the approach taken
by the author requires regularity conditions that are difficult to verify in practice
(conditions 1-3 in his Section 1 and 2). The following lemma follows the approach
of Konno [2009] and Kubokawa and Srivastava [2008] to obtain the same n > p

result, but under weaker, simpler conditions.
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Lemma 6. Let W ~ Wy(n,X) with n > p, and let W/n = OLO’ be the spectral
decomposition of the associated sample covariance matriz. Let ¢ (L), ...,¢,(L) be

differentiable functions of the eigenvalues of W/n satisfying:
n— p_1¢k a¢k Ve — Uy
Bl — Z 'y
[ —1 8lk n s lk — lb
Define ¥ = diag(yn, ...,1p). Then

_ , —1 ) -
E[tr(X7'000)] = E[Z &ﬂ Z 81?: nziﬁl: _Zb]‘
kb

k=1

Proof. We use Lemma 3 in Chételat and Wells [2012]. Decompose W = X'X for
some X ~ N, 4,(0, 1, ® ¥). In the spirit of Lemma 4.1 in Konno [2009], we find
(dX)X + X'dX = d(X'X) = n(dO)LO" + nOdLO" + nOLdO'
= O'[(dX")X + X'dX]O =nO'dOL + nL(dO")O + ndL.

Since 0'dO + (dO")O = 0, we get

O'[(dX)X + X'dX]O =nO'dOL — nLO'dO + ndL,
so that for k # [,

1

/
d =
0'dOy,;, = o lk

ALy = 50’ [(dX')X 4 X'dX] O

O'[(dX")X + X'dX] Oy,

and OldOkk = 0. Then

o, 1 Xis 1 X5
= — 0,.,—~—>X3,0 — 0., X! ~10
0X;; n Z ko dXi; pr ok F n Z ka*taf dXi; vk
a,B,y a,B,y
2
Y
and
IOy 1 1 {8)(;3 e
= — Okcx /a 'YX € , i Oel
8Xij n atl By ll la p 8XZ] v l 0X”
1 0.0z + 0,0
==Y Ot X, (4.5)
a#l,B l «
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Now define X = X242 and H = %21/20171\1/0’2*1/2 — we need to compute
div ) vec (X' H > We find

vec

divye. ) vec <XH) = Z a%m {f(ajHji} = nZHZZ + Z)E'aj%

a,ij at

1 1/2x1/2 —1/2
=Y Xmgtmt aX {oLwo;,} v,
a,Bz]kl

Yy
I
:Z%+ ZX“’“@X (0L 150} (4.6)
w_
L,

ak,l

aow ,
d[L qf] 20,

+- Z X kokﬁTﬁ%ﬁﬁ =D XaiOs [L7 o ax
ak,l,B a,k,l,B @

Using (4.4) and (4.5), we obtain

0! 065 + 0! Olﬁ

@D 1 l € —
:;Tj+ﬁ 2. XarOr= lg—lwv Xoe [L710] 5 O

a,k,l,B,v#B,€
9 [Ys/1s]
L, O

Z onkOkBO»/YlXane'y
a7k7l767’y76

0!,0e5 + 0,0
+ L N XaiOus [L710] O Mooy

n lﬁ—l
a,k,l,By#B€

2l 2 WZ
IO RE ) M s RE D OLES b DY
n—p-—1 w,y (92#7
SO M eI zt_l

By (4.3), we conclude

l,3

E|

dlvVec %) vec (X' H ) H

¢ — 19 o Yp —
:E[Z n _k Zaz: Z/,Z_zf

k=1

|«

Therefore, we can apply Lemma 3 in Chételat and Wells [2012] to G = 2OL™' 00,
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which holds for any (p,n). We obtain that
E[tr(S7'0V0")| = E[tr(L7'0) + tr(X'VxG)]

w’? 1 ! 0 -1 /
E — 4+ — X, ,—OL V0O
27: l’y + n ; ka 3Xaz kl

But the expression inside the expected value is precisely eq. (4.6), so
n— p—lwk S OUe L=t =t
—F LA S .1 N R W

as desired. O

Lemma 7. Let W ~ Wy(n,X) with n > p, and let W/n = OLO' be the spectral
decomposition of the associated sample covariance matriz. Let (L), ...,1,(L) be

twice-differentiable functions of the eigenvalues of W/n, and define the associated

quantities
. n—p—19; oY Y —
W = —l_k _k —zpkz —l fork=1..p
n k bik Iy, b
with V* = diag(v1, ..., ). Assume
E —k < 00 and
k=1 Ik
[| p p p
n—p—1v¢p 20y 1 k=Y
D AISD DL b)) i sy | Il
k=1 k k=1 'k Kt kTP

for some € > 0. Then

E{tr([Z‘lO\PO’]Qﬂ_E[i”_—_l% Z%f: n; b 75].

k=1

Proof. We use Lemma 3 in Chételat and Wells [2012] again. Decompose W =
X'X for some X ~ Nup(0,I, ® %), and define X = XX~/2 and
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H = 12120L7"90'S'OVO'S2. Then

div,ee(x) Vec (XH) = Z 8% {f(ajHji} = nz H; + Zj(aj 2}{([]1

.. ot . . ot
a,t,g 1 a,]

=> %;'0; l”o’ (4.7)

5,3,y

> 1/21/2 1 -1 —1/2
- Z XojSg S aX {oL7'w0's™0v0'},, %,
a/aijkl

/ a — !/ — /
=Y 505 l”o Zxak aXalOL WO, TS 0V, (4.8)
4,5,y
=35 101”70’ +— > 5;0v0,X

%7, zyaklﬁ

8Ok5 /
8Xl [L }ﬂﬂ Oﬁi
oL~
+ E Z Eile\IfO;lXakOkﬁMO/ﬂi
1,7,a.k,0,8
1 -1
=Y B 000 X0 [L7'Y]
1,7,0,k,1,3

1 1 ! 1aOJ
+= > XukOL™'WO,E; X

8
o Ves05
Z’7j7a7k7l

1 ov
= Y XaOL™'W0}, 550557
+ Z k ki~ij “iB aXoal

00
0X

/
i7j7a7kvl

1
+= Y XaOL W0, 050 g

1,5,00k,1

=Y %10, l”o’

4.,y

0,05+ 0.0
1 ~I~eB ye 1B
+ _2 Z ZZ] O\IIO/lXakOk'Y lﬂ _ l'y

i,?k,l,a,ﬁ,'y;éﬁ,e
2 0 [
+ ﬁ Z Zi_jlo\IfO;lXakOkgO;lXanmMOZ%

Xoe [L71Y] 35 OB

1;7j7a7/37’y7€ al,y
1 _ _ 05,05 + O, O
+— > B 0VO0;XakOp [L71W] . O — X
i1,k LB B e A
0!,0.5+0..0
+—ZXakOL 0}, T 0,2 zﬁ—z 1P X W50l
VBB p
2 0
=> XakOL—lwo;iz;jlojﬁoglxaeow%0@
1,J,0,3,77,€ v
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Thus

Since

we get

0,04+ 0.0
+— 3 XakOL WO, S 050 550, X,

zyklaﬂw#ﬁe ls =1

=> %50, l”o’

Bl

4,3,Y
L5 o[y /1]
+ ZE 10]5 . lﬁ)l Oﬁz+ ZE 10]7¢7 a; . O’Yz’
ulb’v#ﬁ ZM
R 1oﬂl¢ﬁ% 0., +— > 5,04 ;Wﬁ 0.,
T 5Bt B BB
0 Uy
+= Zz 10,1, %O’ +— > %5 e - O
wv wﬁwfﬁe
Zz 10, ”0’ + = Zz 101 a%o’
J’Yl 77 ’Y
5,5,y ZJ’Y
(Vy —1bg) -,
+ = ZE lOﬂwv (7_l§ Oi
Bt g

iV, o) vee (XH) H Z 510V 0,
2,7=1
<lg Zp: [L'20'S 0L vi ]
- n —1 kk lk |

€

1 c
B[P0 on | e

*

1+6] 1+e

€ 1

(eorenn ) 5l

k=1 k=1

IA
S
(]

=

=1

IN
SEES

P I+e
[L1/2OZ 1OL1/2} € S (Z‘Ll/Qolz—loLl/Z‘kk>

k=1

hS]

k=1

(L2051 OLY) T = r(5718) 1 ~ (32,

dive. %) vec (X'H) H

E|
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*

) 2F(1+§+?)f+6
-l

L
1+e€ 1+e
]) .

by assumption of the lemma. Therefore by Lemma 3 in Chételat and Wells [2012],

k=

B|tr([2710007")| = E[tr(L7'W) + r(X'V )]

— E[ > 10]#’@0,%

i,7,k=1

-1 / —1 /
+= ZZXak aX OL™'VO;, 5,0V,

alkll

p

1,5,k=1

( by (4.8) ).

Finally, by Lemma 6, we conclude

P e R

k=1

as desired. O

Lemma 8. Letl; > ... > [, > 0 be the eigenvalues of a Wy(n, X)-distributed matriz

Jor some X > 0. If n > p+1, then

(i) foranylgk:gpand0§m<”7§71,E[ 1 ]<oo;
(ii) for any 1 <k#b<pandl<m<2, E[Il |m} < 00;

(111) forcmylgk:;ébyéegpand1§m<2,E[+]<oo.

[0 =L ™ |l —Le|™

Proof. First, notice that in (ii), we can take k < b without loss of generality.

Then

1 1
El— |<B|l—— |
[|lk—lb|m] - {|lk—lk+1|m}

and it would be enough to show the r.h.s. finite for all 1 < k < p to show (ii).
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Similarly, in (iii), we can take b < e without loss of generality, and there are

then three possibilities. Either £ < b < e, in which case

1 1
E <FE ,
[!lk — L™l — le]ml B [|lk — lpya | ler — le\m}

or b < k < e in which case

1 1
E < E
le—lbm‘lk—le’m} B le_lb-i-l‘m‘le—l —le|m]

or b < e < k in which case

1 1
E < E
{|lk—lb|m|lk—le|m} - {|lb—lb+1|m|le—le+1|m]

Thus in any case it is enough to show that

1
E
le — L1 ™|l — lpga |™

< 00

for all 1 <k < b < p to show (iii).

By Muirhead [1982], Theorem 3.2.18, the joint density of l; > ... > [, is given

’ﬂ'p /22 pn’z’_n/Q p n—p—1

fu, lp<l1a--'7lp)_ /2T, (/) Hl 2

I -1 (4.10)

1<i<<p

1
/ etr (——ZUJLH’) dH 1l > ... > 1, > 0] (4.11)
O(p) 2

for L = diag(ly,...,1,). Define Iy = {(i,7)|i < j A (i,5) # (k,k+ 1)} and I3 =
{(6,9) i <jNn(i,5)# (kyk+1),(b,b+1)}. The expressions

Pi(ly, ..., 1, Hz" p- 11"[ (I, — 1;)*

z;ékz 1<j
Py(ly, ..., 1, Hz” | ROk
(i,9)€l2
Ps(ly, ..., 1, Hz” | CE Ak
(4,5)€Is
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ﬂp2/227pn|2‘7n/2
Lp(p/2)Tp(n/2)

Fri (L1, 1) :K 1/2(51,..., L)

1
/etr (——ZIHLH’ dH 1[l; > ... > l, > 0]
O(p)

= K|lp — et | Py (14, ., 1)

and K = can then be defined to write

1
/etr (——Z_IHLH’) dH 1[l; > ... > l, > 0]
O(p)

= K|l — i |lly — lpa | P32 (11, )

1
/etr (——E_lHLH’) dH 1l > ... > 1, > 0].
O(p)

The important point is that since n —p —1 > 0, P;, P» and P; are polynomials
in ll, ...,lp. Define z = lk—i—l — lk, Yy = lk+1 — lb and z = lb — lb+1, so that lk =
lbyi+z4+y+a, lgyr = b1 +2+y and [, = lp11 + 2. (It might happen that k+ 1=b,

something which should be kept in mind.) Then
Po(lhy ooyl + 2,y oo o, s 1),
Py(ly, . lppr + 242, oy lpyr + 2,00, 1) if k+1=0,
Py(ly,.lppr +2t+y+x, sy 24y, sy + 2,00 1) if k+1#0,
must still be polynomials, in {L;}\{lx} U {z}, {L}\{l,ls} U {z,2z} and

{LI\{lk, L1, lp JU{x, y, 2} respectively. Therefore, for some finite degrees Dy, ..., Dy

one can write

E di ., dp
P ll?"‘a A ..... dpll lp )
di+...+dp
<Dy
§ 2 d d d
P2(l17~--;lk+1+x7---7lk+17-~-7lp) = Adl 77777 dplll"‘f]f k"'lpp,
d1+...+dp
<D;

P3(l17 ) lb+1 +z+uw, "'7lb+1 T2, lb)

3 dy dy, dy d : _
S AUt k1=,
di+...+dp
<Dj3
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P3(l1) '“7lb+1 +z+y+uo, "')lb-l-l +z2+Y, .., lb+1 + 2z, lb)

Z 4 d d d d d ‘
Adl .... dplll...mk...yk—o—l...zb...lpP’ lfk;_|_17éb_
d1+...+dp
<Dy
; 1 4
for coefficients Ay o, ... Aq, 4, €R.

..........

If we denote the greatest eigenvalue of ¥ by Apay, then X710 > A~ T 50 that

1 R
etr | —=X'HLH' | dH <exp | — l;
/O(p) ( 2 ) =0 ( 2 Amas ; )

for any [y, ...,1, > 0.

Now, for (i), we can use (4.11) and 1[l; > ... > 1, > 0] < [[i_, 1[l; > 0] to find

1 12 1<

D) <K — P, (L, .1 — E l;
lelm} = we =171 (L1s ey p)eXp< M 2 1
k =

L[l > ...>1,>0]dl---dl,

<K 3 /|4 / 12t P g

di+...+dp
<D

° dy/2—m+ b1 o
/ lkk 2 o lk/2Amax dly, - - / lgp/%—lp/%max dl,,.
0 0

1

Notice that for ¢ # Kk, fooo 15:/2 6=/ dl; < oo for any d; > 0, and

—-m n—p—1
fooo lzk/Q T el /2max I < oo for all dy > 0iF 0 < m < ”‘Tp—l. Thus
E[1/|lx|™] < oo, as desired.
For (ii), we proceed similarly, but though a change of variables (Ig,lx11) —

(lgx1 + x,lx). Then, using

p
]l[l1>...>lk+1+x>...>lk+1>...>lp>0} g]l[a:>0]Hll[li>0],
ik

we obtain

1
e — lpga[™ s

1 p
exp (—m Zl@) 1 > ... > 1, > 0]dl ---dl,
max i=1

P2y, . 1)

97



> lgl/ze_zl/max dly -

<K ) ‘Agl .....

di+...+dp
<Dg
00 00 disr /2
/ /2=l =2 /2Amax [ . / lklj:_l e lh+1/Amax dlypir- -
0 0

/ 1002t/ PAmax ]
0

Then again, for ¢ # k and any d; > 0, the respective integrals are finite; and to
have fooo gtr/2=mA1e=2/2Amax g < o0 for all dj, > 0 requires m < 2. In such a case,
we end up with E[1/|lx — lx+1]™] < 0o, as desired.

For (iii), we must consider separately the cases k+1=1band k+1 # b. In the
first case, one can take the change of variables (Ig, ly, lp41) — (b1 + T+ 2, lp1 +

z,lpy1). Using that

ﬂ{ll>...>lb+1+x+z>...>lb+1+z>...>lb+1>...>lp>0

p
<> 0]1[z > 0] [] 1t > 0],
i#£k,b

we then obtain

1 1
E < K
le — lp|™ [Ty — lb+1|m] I L e [ A

(A )exp<

<K Y /A

2 A max “
=1
d1+...+dp

/ d1/2 _l1/2>\m'1x dl
<Ds

0 %
/ xdk/2*m+1e*$/2)\max dr - - / Zdb/2fm+1€fz/)\max dz - -
0 0

[ee] o0
db+1/2 -3l 2 max dp/2 —lp/2Amax
/ L br1/2hmax g, lpp/ e~ lp/2Ama dl,,.
0 0

p
Zli> 1l > ...> 1, > 0]dl ---dl,

Again, all the integrals converge as long as m < 2, in which case we have
E[l/llk — lb|m|lb — lb+1|m] < 00, as desired.
Finally, for (iii) with & + 1 # b, one can take the change of variables

(s s oy b)) — (n + 2+ y + 2,041 +y + 2,041 + 2,lp11). Then using
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that

1h>..>hat+x+y+z>..>hat+y+z>..>h+2

> >y > >0, >0

p
<1fz>0]1fy>0/1z>0 [] 1[L>0],
ik k+1,b
we obtain
1 1
E <K
l|lk — lpa | ™|y — lb+1|m] R et i | R L

P41/2(l1,...,l )exp(

<K Y /|ad

2)\max -
=1
di+...+dp

/ dl/2 —l1/2>\max dl
<Dy

o) %)
/ Idk/2—m+16—w/2)\max dr - - / ydk/2—m+1e—y/>\max dy .
0 0

p
Zzz) 1l > ... > 1, > 0]dl, ---dl,

oo
_ _ d 2 _
/ Zdb/Q m+1e 33/2>\max dz .. / lbiﬁl/ 2lb+1/Amax dlb+1 ...
0 0

/ [0r/2etp/2hmax ]
0

All the integrals converge as long as m < 2, in which case we have

E[1/|lk = losa ™l — lo+1|™] < 00, as desired. O

Proof of Theorem 6. By independence, it is clear that

so we can treat p as a constant throughout the calculations, without loss of gener-

ality. Define the auxiliary terms 1, = A, + % and

n lk n 3lk lk — lb
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for all 1 < k < p, and consider:

4 Z

k=1 n b ni lk k;éb bk — lb
__(n—p—n2p Eyn p—1 " D
n— -1 1/Jk1/1k n—p—l £ wkad}k
4y EE
?”L2 k;l lk lk - lb } { n? Z lk 8lk
o™~ p —1 Ok Yy
Z T Z (azk ) ZW ol
4 Oy, by — aaqlp: B 8611?
Z 8lk lk — lb n2 Z wk k — lb
k;éb 1 k#b=1
2 < ¢k—¢b)2 n—p—1 o~ Ut —
- - + P S— AL
n2 k;ézb:l ( lk — lb TL2 k;éXb:I lk lk — lb
Ok _ O
nopol s et L
n? Z lk lb> + (7’L2 Z ¢k k — lb
k#b=1 k#b=1
Oy b — Vo - (2 <¢k—¢e %-%)
2 + —
n? Z 6lk lk - lb n2k¢;l lk - lb lk - le lb — le
Z — Uk Ve | 2 i (%-%)2
k;éb;é lk — lb lk — le 7’L2 kb1 lk — lb
_(—p-D-p-2) -~ (-p-1) p—l Z
- n’ k=1 lz =1

Oy, 3% g~ p—l Y Oy,
+ﬁk§( ) nQZwk@p szazk

i p—l Z %l/)k:—@/)b Z Oy Uy —
nz

ol e le—1p ol lk—lb
S B4 g -
+—= Vp—= : Y ——
n’ kAb=1 i — k;éb 1 b=l
2 & - e - e
e 2 zl/jcl @k—f _wzb—f)
k;éb;zéezlk b k e b e
2~ U — Y — e
=D — 1 I —1
kbrte—1
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Now, by Holder’s inequality, we find:

p

—p—1ln—p—2 2
E{]Rll]ém P TLL” P |ZE[%]
k=1 k
_ 013 2 )
n—p—1] [ < vl 8 © OV,
n? sz lk _'_TLQ k:lE 8lk
8 ¥ Pur|] ol —p =1 5~pl|%| 5|24 [*]
+ﬁgE[¢k o + 85— k:1E | F ’a_zk
N ]
kb=1
(Eﬂwkﬁﬁ]hE[mr‘ﬂ*)E ]
A
8 <& Oy, 15 53 4571
=Y (Eua_lk Eflyel*]
k#b=1
Oy | s 457 1= 1 s
+E N E[|vs]™] ETE?HQ
4 D s % 8'1/1k 4.5] 4.5
+—5 > Bllwl™’] ( 'a_zk
kAb=1
a@/)b 45775 1 Tlg
+E 'a—lb E —|lk—lb|1'8
4 D s % 8wk 45| 45
+—5 D Blluf*’] (E 'al
kb=1
31/)1; 4.5] 45 1 Tlg
+E 'azk S ITSAE
A e N S T
n

(Bl ™™ + Efjwel*]) ™) E[

1

1_8] 1.8

(e = o) (ks — L)
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+ 205 (BT B )

1

(B[l )7 + E[jo**) ™) E[

Similarly, consider

n—p—1 R B
By = n ;z Zalk nkgllk—lb’

so that

|

Ol

E[|R2q <Inzp=dl iE[ ki
- n 1 lk

2l
nk:l

(e — 1) (lk — L)

1

1.8] 1.8

1 Ld 1 1 1 Tls
to 30 (B0l + B 2'25)E{\—zk_zbrl~81 |

k£b=1

Moreover, for any € > 0,

2(1+e)]

’n p— 1| wk 2(1+6) 1+e 4 p
w31 | < =ty ] 2
k=1 k=1

— a¢ 1+E 2(1+€) 1‘8(11+5)
-El|— E

_ ol + - %; |lk_lb’181+e)

Y 450+0)] 717 4.5(1 5079 4.5(1 5079

B| | (E[my STy B[y 4209 ]T >

Note that for any 1 < k < p and ¢ > 0,

B[Ju ] < EU@Z’—

1
9(1+6) 9(1+¢€) 1+e
9¢ ] "9
E |:|lk| 1+€j| ’

and for any m > 1, B[L|"° < E[tr(S?)] < tr(%)™"

= tr(Z)mE[(Xip)zm] < 00. Now consider that, for any m > 1,

by [™ < 2 (1A ™ ™)
~2|m
00" o gm1y % 95717
ol ol ol
62¢k m . L 82;}% 82&2
W oz | ~ Tl gr T e
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Therefore, since T satisfies the weak regularity conditions and 3 € V;?(f), we obtain

Vi
=1 lk:

E[|R,|] < 0o, E[|Ry|] < 0o and E[

}<oo.

Therefore, all the regularity conditions of Lemmas 6 and 7 are satisfied, and
we have for U = diag(¢1, ..., ¢,)
- 1
B[L(2.3)] = B[t([51000T") —2tx(270W0) +p]
p

1
= ]_)E[Rl — 2Ry + ]

o |—p=D—p—-2) GV (n—p—1) [~ 2
=FK n2p le n2p <Z lk)

k=1 k=1
8 ~ [0\, 8 Pip | n = p—l " 1y, O
+n_%;(a_lk) +nTka¢’“ aL? ;zka_zk
M p_1 & Ve vn =y O} Pk — Py
k;l lk lk—lb TL2 Z 8lk lk—lb
_ wn k b @Z)n k k
P b =1y n2 Pt b — 1y
4= 2 i wk (¢k_¢e_¢b_¢e>
n2pk7£b7£ lk—lb lk—le lb—le
2 e N N p—l
k;ébz#: lp =1y I —1e ;
__Z%__Z%—@/Jb
np &= Oy np = =1l

We can now collect the terms of order 1 and 1/p, defining

F($) - EEm p_Q)sz—g——”_nfp_l(Z%

S p—1iwm—wb 2 Z — Py P — e

lk lk—lb n2 lk—lb lk—le

k£b=1 Py i
L2 Z”: Vi (m—%_m—%)
n2p ktbre lk — lb lk — le lb — le
ph—p—1 1 (A %

Z lk np k; lk —lb
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and

~ 8 P 8% 0? wk TL D — 1 wk 3%
Z = —— —
G) n2pz <8lk> Z¢k o n2p 2 I, Ol
vr O
Z 3%%—% Zwka_qfk_a_tfb
TL2 k;éb alk lk - lb TL2 k;éb 1 lk — lb
1\~ o
+nTpk%;1¢k e — __Z Ol

so that E[L(f:,z)] - E[F(i)+G(i)], with EHF(EHG@)H < E[|R|] +

2E[|Ry|]] + p < o0, as desired. Plugging in ¢ = 4 + 62 yields, after a bit of

algebra:
A (n—p—1)(n—p—2) 5}
F(T + 6% = -
(n—p=Dn-—p=-2)Fw> (h—p-Dn-p-2) 5,
9 “r
e & oo
n-p—1[<A\ an—p—1gnd
_ LIS I 9 Nk
2
n—p—1 (=06 n—p—1 3% — %
_ 5 R _|_4 5 A
nep el n’p k#lk I — 1y
ply oy b Iy
) Tk
2 _ _
L e lc k=1 = p+1l lk l
2 . Ye — Vo Yo —
+ - Z Z
2 _ _ _ _
npk?éb#_ lk lb lk l npk;éb P p+1lk llb l

/\

U+ 0% A A, + 62
__ZZ =1 h—1 " Z < 1 — . zk—zd

k;;ébc p+1
g/ 2 = % (e A
__Zzlk_llk—ld_l—_p Z lk—lb(lk_le _lb_le
k=1 ctd k;éb;é—
4 Z Z Yo =W Z Y — Y Wk + 07
k;ﬁb 1c= p-l—l lk_lb lk_l k;ébcp—i—l lk_lb lk_lc
n-p-lsgde _n—p-1 Ve — Yk
_2— IR v~
- Zl pkg ly — 1y
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and

. 8 <~ (0% \? O 06 8 &
oreon= B (5) S ERE 5

+38

ol? n’p = Ol

Z o 5%
Uk 8lk

+8n—p—12p:’yk80
n2p —1 lk 6lk
n—p—1< 62062 0A —
48 229 T Z 9k Ve — Vi
n<p —1 lk (‘%k n<p 8lk lk - lb
zzm RSP Pl A
ol I, — lepH ol, I, — 1.
e %? 2 _ o
2 k b N k c
2 k= T o Z Z _
n pk;ébzl o’ n L b =l
k. _ 98° 4 p 962 952
~92 alk 8lc ~92 816 8ld
Z Z tom ), P
_ 2 _
P = P+l b — Lo P sa—pi1 le = la
4+ L — k k 3 Ol Ol
2 — _
n pk;ﬁb*l Ik =l P2 p+1 by — L
Ak 952 p 952 962

Z Z ~20l. Bl
ks_lc

k 1 c=p+1

__Z%_i ~05°
alk npkzl 8lk

4 2o, ol
D M

n
p c#d=p+1

For the second part of the theorem, we see that

. —p—1ln—p—2 2
EHF(E)] <i4lnop ||2n 2= 5| gup max |25 ]
n peN*1<k<p lk
2
In p—llp
5 sup max |—
n peN+* 1<k<p | [}

pen+ 1<k#£b<p

273
] E[sup max

1
2]2

(4.12)

(4.13)



20p—1)(p—2 — |’
n (p )2(19 ) E | sup ()
n peN+ 1<k#b<p | I — 1
2o(p—(p—2) .| ik
+ v )2(p )E sup max % ]
n pEN* 1<k<p lk
1
-E|sup max e 1014—%_%—% |
peEN* 1<k#b#e<p lk — lb lk — le lb — le
—p—1 2(p—1 -
_2—|n P |E sup max Vel _2p =D )E sup = Imax L
n enx 1<k<p | I}, n ens 1<k£b<p | [, — [
and
. 8p ove|’l  8p O*y,
< £ Z 7k - Z R
pefls) <35 s s ]|+ 0 e s
o b b
+8wE sup max Tk E | sup max %
n peNs 1<k<p | [ peN+ 1<k<p | Ol
_ 1 1
8(p—1 o |*]? —h|*]”
—|-(p—2)pE sup max K E|sup max Vi = Yo
n e 1<k<p | Ol pen+ 1<k#b<p | 1 — 1
ap—1p [ a1 ] e (0 OO 2k
+ # E | sup max O E sup max i b 2T
n peN+ 1<k<p | Ik peNs 1<k |l — 1, \ Ol Ol
L . L #b<p
_ ERS 1z
Alp—1 21> L (0 O\ |
+ (p 5 )pE sup max i E | sup max b ( Vi _ wb)
n peN* 1<k<p lk peEN* ;ib§<k lk — lb 3lk alk
K J L <p i

20
ol

E

Again, one can proceed like in the weak case to see that if [ satisfies its strong

4p L
— — E|sup max
n eN* 1<k<p

regularity conditions and 3. € V,(I'), we get lim E [}F(i) } < 00 and

n—oo
lim pE[‘G(f}) ] < oo as lim £ € (0,1), as desired. O
n—oo n—oo

Proof of Proposition 8. First note any element of C:°(H,;R), the space of
smooth, compactly supported functions from H, to R, satisfies the weak regu-
larity conditions of Definition 2 for any weak r. Now, if ¥ is a minimum over

V,(), then for any n € C=°(H”;R) and any t € R, 62 + tn satisfies the [-weak
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regularity conditions too and € — E [F (T + [62 + tn]I )] is smooth over R with a

minimum at ¢ = 0. But we find that the first variation satisfies

0 T gl (= Dm—p—2)
B[P0 +[6* + 1) t:O_E[n (2 pow ; :
(np—lan 1p1'6?yk
2 I M I,

c=1 k=1
N p—1 L A
Zczl n?p ZZM—Z
c= k=1 c=p+1
gﬁ;czp;llk_llb_l ;c;édz;rllk_llk_
6 = G 1 n—p—1 1
+— -2 —
HQP%;c:ﬁH e — 1y U — e np ;lk
:E[nFl[lnaaﬁ/75-2]]
p
:/ n(lla“wlp)Fl[l?ﬁ?’??aj} 'fll ..... lp<llu"'7lp)Hdli7 (414)
Hy =1

where fi, ., (l1,...,1,) stands for the p.d.f. of [y > ... > [,. Now, if this equals
zero for all n € C2°(HY;R), by the fundamental lemma of calculus of variations
(see, say, Giaquinta and Hildebrandt [1996] ch. 2.2) we obtain F} [l,ﬁ,&,&ﬂ .
froay (b, oy 1) = 0, that is, Fi[l,p,7,5%] = 0. This implies 62 = A/B.

For the second statement, notice that by construction, the space of [-weak
noise estimators is convex; let 6% be some arbitrary element. Define H : [0,1] — R

to be the smooth function
H(t) =E|F(I + 6% + t(6 — 52)]1)] .

Notice that, for F} as in eq. (4.14),

107



since 62 = A/B. Moreover,

2
H"(t) = % E [F(I‘T + 52+ (67 — 52)]1)}
n—p-—1 o 2 "1 1\’
= 2n—2pE (6% —d°) (n—p—?);—c— 2 l_ (4.15)
—p— — 9y — Jensen’s
> 2(n P 1)2(712 2p 2)E 5 Zl
np =1 l mequality
> 0,

for n > 2p + 2. Therefore, by integration by parts
E [F(f + &21)] ~E [F(f + 521)]
1
— H(1) - H(0) :/ (1— ) H'(t)dt > 0.
0

2

Since this is true for any [-weak noise estimator & , we conclude that ¥ is a

minimum over V,(I'), as desired. O

4.6.2 Proofs for Section 4.3

Proof of Lemma 4. To simplify notation in what follows, define c = [1 4 /c|*.
In the proof of Theorem 2.3 in Nadler [2008], p. 2807, it is remarked that for 02 = 1
and p = 1, the empirical distribution of Iy, ..., [, converges a.s. to a Marcenko-
Pastur distribution with parameter c. That is, for the truncated empirical spectral
measure dji, = p%p b o1 oy, (where the ¢ are Dirac measures) we have weak

convergence dy, = dip(c) a.S. where

cy —t)(t—c_
dpinp(e) = Vier 273055 >]1 [c_ <t< CJJ dt.

As noted by the author, the argument carries on for p # 1, and if 0 # 1 we can

apply the argument to l,11/0?, ...,1,/0? to obtain du, = dpy2mp(e) a.s., where

V(o2 —1)(t — o2c.)

2meo?t

dplg2np(c) = 1 {020_ <t < 020+] dt.
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Part (i) Applying the results of Baik and Silverstein [2006], Theorem 1.1 to l; /o>

and [,41/0% we obtain:

I 25 (v + %) (3 + co®)

n—oo ’Yk

I a.s. 2
5 p+l ——7 C4 0.
n—oo

We will write I, = (v + 02) (7% + co?) /v to simplify notation. Let the underlying
sample space be denoted €. Since 7y, > \/co?, we have l,—cr0* = M for some M >
0. Therefore, for almost all w € Q, there exists an N;(w) such that Vn > N(w),
L(w)=(w) > ... > [(w) =1, (w) > M/2and B(w) < ... < I}, (w) < cpo®+M/2.
Moreover, for any € > 0, there must be an Ny(w) such that for all n > Na(w, €),

Iy — [8(w)] < e. Notice that we can write, for any n > N;(w) V Ny(w, ),

_ 1 P [Zk — li(w)]_lg(w)
Z 1P (w) — zp (w) p—p;p;l [2(w) — BB(w)][le — E(w)]
t
T /(0,c+02+ ay I — tdﬂp(t w),
and
B p [l — B(w)]i2(w) o 6
p=r c_;q [li(w) - lg(W)][Zk — lg(w)] |:M2 + + M:| : (416)

But 0 < t/(ly—t) < 142cy0?/M ont € (0,cy0?+ &), and it is certainly contin-
uous. Therefore, by the portmanteau theorem of weak convergence of measures,

t t
lim —dp,(t,w / dptg2np (o) (T
n—roo (D,C+O'2+ lk —1 P( ) (0, c+02+M) lk —1 )< )
B /C+“2 t (o2, —t)(t —o2c.) "
e L—t

2mwco?t

2 2
- i . (4.17)

= (c+ 102 + /[l — (e + 10?2 — 4o

But by definition, I, = (vx+02) (v +co?) /7 which can be rewritten as a quadratic

equation in g,

—[(Ix = (c+ 1)o?y + co* = 0.
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The roots are

1

Al — (e + 1)0 — deo,

%[z‘k— (c+1)0%) £ 5

and notice that twice the negative root satisfies

I = (e + 1)0%] = /[l — (¢ + 1)o?]2 — 4co
= [l — (c+ 1)o?
— ([~ (e + 1)o?] = 2v/c0?) ([lx — (c + 1)) + 2/c0?)
< [l = (e +1)0®] = [l = (c+1)o”] +2V/co?

= 2\/co’.

Therefore, 7 cannot equal the negative root, because it would imply v, < /co?,
a contradiction. So 7, equals the positive root, which, plugged in eq. (4.17), yields

t 2
lim dpy,(t,w) = .
n—oo (OC o_2+1\/1) lk —t ’)/k

Hence, for some N3(w, €), we have for all n > N3(w, ¢)

t 02
dpi,(t, w
/(0 cro2+20) lk —1 P( ) Tk

Therefore, from eq. (4.16), we obtain that for n > Nj(w) V Na(w, €) V N3(w, ¢€)

< €.

2

g
= 2 e

c p+1

M? M

4 2
< |=—=cpo?+ = +1
Since € > 0 is arbitrary, we conclude that for almost all w € (2,

p 2
lp o
li E = —

oo p— p p = B(w) - Bw) lp (W) %
as desired.

Part (i) The proof is similar in spirit to the previous one, but simpler. Applying

the results of Baik and Silverstein [2006], Theorem 1.1 to [, /o* we obtain:

l, = c_o”.

n—o0
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Therefore, for almost all w € €, there is a N(w) such that Vn > N(w), I, (w) >
... > [P(w) > c_0?/2. Hence, for n > N(w),
1 & 1 1
— — = —dyu,(t
Z lpm(w) /(0202’00) m :up( ,w),

p_pc:p—l—l ¢

m
Certainly, 0 < 1/t"™ < (6_202> for t € (6*202,oo>, and 1/t™ is continuous there.

Thus, by the portmanteau theorem of weak convergence of measures, we have for

almost all w

1 & 1 / 1
lim —— Y = — djtpenp (o (t)
o p—p S W) () e T
/C*ff? 1 \/(o2c; — 1)t — o2c)
= — dt
e o2 tM 2meo’t
1 1

(1 _ C)mel O-Zm’

which concludes the proof. n

Proof of Theorem 7. Recall the definition of 52 as A/B from proposition 8.

Part (i) It follows easily from the Lemma 4 that

1 1
A2, — and B2, —, (4.18)
n—oo 0'2 n—oo 0'4

The result then follows immediately.

Part (ii) Denote by 7, the a.s. finite limit lim 4. By writing A = 2=2=1 3~ L+E,,
n—oo
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we find

n(e® — o?)
n—p—1 L o2
nl; ; le nk,
(n=p—1)(n—p=2) ¥~ o4 _ (n—p-L)p (l i 0_2)
n?p 12 n? p le
c=1 c=1
o? n—p—1<=o?
= |n|—Y "1
o*B n( np ; l.
1 (n—p—1)(n—p—2) —o*
o (1 — b n’p 2_; 2
(n—p—1p (1 o? ’ =p nk, 119
+n n2 5ZZ 1 _p=p 5 (4.19)
c=1 n

First consider nFE,. We know the asymptotic behavior of all terms except

Z Z ——2-, which we can crudely bound as
=1 c#d=r+1 ke Tk

0<—Z Z

Pz 1 ctd=p+1

lk—llk—ld Z <Zlk—l>2'

c=p+1

Therefore, we obtain that

(1—c)? i Ve 1< Vi Tk
¢ = (wt0?)?(w + co?)? T (Y% + 02) (9 + co?)

=1
_ QL i Ve Vk
2 212
et (Ve + co?)
>  lim nk, >
n—oo
(1—0¢)? i VT L1 i ool
o k+02 k+00'2 O'2 pt k"‘(72 k—i-CUQ)
ol i: W% _ zp: Y (4.20)
o2 (Y + co?)? (Vk —l— 002

£
Il

1 k=

almost surely, using the results of Lemma 4 and Baik and Silverstein [2006], The-
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orem 1.1. Now notice that

n—p—lpcr2
_— ——1

[n—p—l a n—p—1 n—p—1 ]
n|——— -1

np =l n(l-EL) n(l-EF)
D 1) 1 o2 1 n(p+1)
ST E = - 4.21
< n o n [p;lc 1L n—op ( )
and
1 n—p—1)(n—p—2) o’
n<1_£ ( n)2< )le
n p c=1 C
(. (=p-1)n—p-2)
n—p n?(1 — 22)3
(n—p—l)(n—p—Q)_(n—p—l)(n—p—Q)iU_4
n2(1 — p;p):s n2p — [2
p 1 p 2 1 1ot
Sy ST NG P RS N
n on non (1—E22) pe= 2
2 2 2 2 2 2
N on N (7‘+3)n2_(p +3r+ );1 (4.22)
(n=p)(n—p+p) (n=p+p) (n—p+p)
Moreover,

(hn—p—Lp 1 =E
n? (1_u)2_1_u
2
p 1\p 1 o? 1
—(1-£_2)Z N2 -
( n n) n |:<p; lc) (1—E£)2
pn (p+1)pn




pn_ (p+1)pn
n—p+p (n—p+p)?

(4.23)

Now, divide the sample covariance matrix as

11 12
Sp' | Sn

S, =o?

21 22
Su | Sn

with S p x p. Then S22 has a W,_,(n, I) distribution — let py > ... > p,_, be its
eigenvalues and notice that by Cauchy’s interlacing theorem, l; > o%p; > l;,, for

all v =1,...,p — p. Therefore, we have

p—p 1 X1 1 no? on?
n —_— — —_—— —
poo|p—pi e 1-EF ply, (n—p+pp
1 & o2 1
>n|-) —-— — | >
pc:l lc 1_p_n£
. 1 P*Pl 1 P 2 2
b—s, -y (4.24)
p o |p—pipe 1= pe=l. (n—p+pp
and
p—p 1 X1 1 not on’
/)’L _— — —_—— —
P |pmpue (L-E2P Tply (n—ptp)p
1 & ot 1
Zn _20_2_ P=p\3 =
p= 2 (1-52)
p—p P 4 4
p—p 1 1 1 n o pn
|l —Ny = S (RN e e — (4.25
p [p—pc_lui (1—5L)? p;lﬁ (n—p+p)p )

Consequently, let us study the quantities

1 2 1 1 Z
— = — and n ———7
p—p=p. 1-EEF p—p= EE)3

Cc= n

We use Theorem 1.1 in Bai and Silverstein [2004]. First notice that, in our white

Wishart case, what they write F¥ is the c.d.f. of a Marc¢enko-Pastur distribution
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with parameter c. Let ¢, = (p — p)/n - then

[ - [

r [1+/En]?
1 X1 T+ a2 =)t — 1 — /]2
. PP V([ + /el )(2 L-val)
P—p = He 2mept
[1- nl?

and

/idGn(x) =n { ic1lF522(x) —/%dFC"’FI@)}

22 T2

[ [1+ Cn2

| LSt [ Vet VaR)
p—p = e 2ment3
L [1—y/cn]?
[ 1 P=rq 1

=N —_— —_ —
_p_pc—l’ug (1_1%)3

But according to the theorem, as p,/n — ¢ € (0,1)

(/ idGn(az),/édGn(xO 25N, (ﬁ, E)

where the components of i and % are given by eq. (1.6) and (1.7) in the theorem
statement (Bai and Silverstein [2004] p. 558). To compute these, we follow the

arguments of Section 5 from the same paper. According to eq. (5.13) from p. 598,
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we find

~_1[ Lo } 1/[1+f12 dt
ML VR TV T 2y A (1o

1 { 1 1 } 1 Ve dt
1 ) __/ |
SRS | TV D R/ T Tl NIVSMI T/ ry (e pys
and the integrals give, after a Poisson substitution ¢t = 1 + ¢ — 24/ccos ¥,

1 v dt 1 /7r df
2 Ju—yar t\fAdc—(t—1—¢c)?2 27 Jg 1+ c¢—2y/ccosb

_ 1 [ 2 arctan (1 * \ﬁtan(e/z))r

27 [1—c¢ 1—/c 0
1 2w 1
_ — ——0 — ,
2r |1 —c¢2 2(1—c¢)
1 e dt B 1/” df
21 Jn- a2 tz\/4c—(t—1—c)2_27r o (1+c¢—2y/ccosb)?

_ % [?§1_+C)C§ arctan (1t—£tan(9/2)>

N 1 2,/csin 0 "
(1-¢)?1+4+c—2/ccosb],

1 [2(14¢)m 1+c¢
- Tio-0-0l=-—1°
o {(1 —p2 } 21— o)
Therefore, we obtain
_— I+c 1 B c
M- VP VP 21— (-0
_ 1+ 6¢+ c? l+c  clc+3)

BT VTV 20— (-

For the variances, according to (1.16), p. 564, we can write

~ dmldmg
211 - - 27
a1 Jo, 2(ma)z(me)(my —mo)
dmldmg
Sip = P 27
Cor o, Jo, 2(m1)?z(msa)(my — my)

2 % % dmldmg
2=79n o Jo, 2(ma)?z(mo)?(myg —mo)?’

where C, Cy are contours that can be chosen counterclockwise, nonintersecting

and enclosing 1/(c—1) (cf. p. 598), and where z(m) stands for the inverse Stieltjes
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transform of the complimentary Marcenko-Pastur distribution, which has closed

form
1
z(m) = —— ¢
m 1+m
We first find:
% dm1 _ 1 j{ ml(ml + 1) dm1
¢y 2(ma)(my — my)? 1—cJo, (m—mg)>my—1/(c—1)
L 2t 1
(=P me—1/(c—1)¥
7{ dmy 1 j{ mi(my + 1)? dmy
o, 2(ma)*(my —ma)* (1 =¢)* Jo, (my—m2)? [my —1/(c—1)]?
Iy c 1
T U= e — - D
But then,
% de _ 1 f mo (mg + 1)dm2
o, Zma)[me = 1/(c=1)?  1—=c Jg, [m2 —1/(c—=1)P
1
I S
o1 — o) R
?{ dms 1 7{ m3(ma + 1)%*dms
o, 2(m2)?my —1/(c=1)12 (1 —¢)? Jg, [m2 —1/(c—=1)]4
12(1-2/(1—¢)) 1+4c¢
=2 = —4ri——0.
& (1 —¢)? 7TZ(1 —c)?
Therefore,
- 2c ~ 4c ~ 80(1 + C)
11 (1— o 12 1-c an 22 (1—c)p
In summary,
1 1
(/ —dGp(x), / ;dG,&x))
c 5 2c - 4c .
D NQ (l—c) : (l—c) (1—6) ) (426)
n—00 c(c+3) 4c 8c(1+c)
(1—c)* (1-0)®  (1-c)®
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Therefore, going back to eq. (4.19) and ineq. (4.21), (4.22), (4.23), (4.24) and

(4.25), we have the upper bound

n(é? — o?)
o? p 1 1 . o2 1
= — —_——_— — — n —_ _—
o*B n on p= le 1-E2
n(p+1)
n—p

1 < ot 1
”52E‘u—%4
N pn? (2p+3)n*  (p*+3p+2)n?

(n=p)(n—p+p) (n—p+p)? (n—p+p)?

p 1\ p|lo? 1 1 <~ o2 1
1____ - | = R _ _
+( 1L n)n[pglc—i_ — =L np: le 1_%

c=1 1 n c=1
™ (p+1)pn nk,
5| T
n—p+p (n—p+p) B
2 o p—p
<7 (1_2_1)u B ot DU S I Gh
o non) p p—ppe 1-EL n—p

T pm—ptp) —ptp?  (n-ptpP

p 1\ p |1l o? 1
12 _Z)E (2N .
+< n n)n[p;lc+1—u




Now note that

OB

= 1+c, aé"’“ —(1—¢)?,

2(p+1)—1 (2—=c)(1+c)p 1—c22": U’yk

™ 2%
(1—0)? (1= +e)? — (7 + 02)*(k + co?)?

using Lemma 4 and Baik and Silverstein [2006], Theorem 1.1. Therefore, using
Slutsky and eq. (4.26),

" P 4
- _ pn)
[ ng,u 1-c [ ; % l—c +

D 2¢(1 + ¢)?
N it Sl

- (“ =o' )

with
yo2-9ltap  2p-1 (1-cp . o'y
(1—+c)? (1—c)? ¢ = (m+o?)? (et co?)

Therefore, using eq. (4.18) and (4.20) we obtain n(52 — 02) < X with X ——

n—oo
N (/ﬁ, %) where

b (2cp —1)o? (2 —c)(1 + c)po? 1—022’): o® 7k
(1—c)? (1= e)? (e + 0%)2 (9 + co?)?

(1—c)? < Yoo d Vi YRO>
O Y

Yo+ 0% (e + co?)? = (i + %) (9 + co?)

- Qi(%ﬂ (4.27)
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The same argument can be done to obtain a lower bound. Using eq. (4.19), (4.21),
(4.22), (4.23), (4.24) and (4.25) again, we get

N o? 1 1
n(6? — o?) < O'4B< Z__
=1

=
SR

1 nk
p(n) n
+a2 + ) + B
where
5”) 1+ a;n) 23 —(1 0)2,
b(n) a.g. 2C(p + 1) -1 (1 B C)zp I+ec zp: 0-2716
M=  l=vo? ¢ 2+ o2)(ntco?)

Therefore, again using eq. (4.18) and (4.20) we obtain that n(¢% —o?) > X, with
X, PN </UF, M), where

n—o0 (I—o)*

~ Qep—=1o*  (1-0)po®  1+c$ oy,
T -0 o MRy

(1—0? < Viveo! & Vi Yko>
s Y

 ( + 022 (3 + co?)? = (e + 0?) (3 + co?)

This concludes the proof. O

Proof of Lemma 5. Let X' € B,(X,2M), and write \; = \(X), A} = \{(¥)) to
simplify notation. Since the sequences are spiked, there are a finite number of

different eigenvalues as n — oo. We can decompose

p p
= QN0 )", N, %)" = RN, X)".
i=1 =1
Let A be the Lebesgue measure on R. Writing the Hellinger affinity between two

densities f, g as a(f,g) = [ v/fgd\, we have by Cauchy-Schwarz
orv(f0) =4 [ 17 = laV? < (1= al79) (1 +alf.9))
- (1 - Oé(f, 9)2)
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Now for two normals, we have

2ab

2
a(N(0,a*),N(0,0%))" = a? + b2

and since Hellinger affinity distributes over a product of independent densities, we

get

/

Srv (N(O, )", N(0, 2;)">2 <1- ﬁ (2 v M/")

Now note that 2Y2 ~ VIZ2MT g only if \;(1 —2) < 2 < N(1 4+

Nt 1—M/n" v

). By definition, 3 € B,(3,2M) means [\, — N[ < Z for all 4,

so we have the bound

() )

1—M/n" 1—M/n"

over all ¥/ € B,(X,2M). Taking a supremum and a limit yields

2
lim  sup dpy (N(O, )", N(0, Z;)")

N—=0 5By (S,2M)

M2 np/2 )
< i 1-11-—-— = 1 —e M/2
= s [ ( n2(1— M/n>2> ‘

and

2
lim sup Oy (N(O, )", N(O, E;)") =0,

N0 3 eB,(2,2M)

as desired. n

Proof of Theorem 8. Define ¥/, = (1 — %)%, We have

M.

lo* — o”| = 20? (4.29)

Moreover, according to Lemma 5, we have

: n / n CMEQ
lim o7y { N(0,%,)", N(0, 2, )" | S4/1—exp | ——= ) =1—4e

n—oo

121



so for some N, we have 07y < 1 — 2¢ for all n > N.. Now note that Z; €

Bi(%,, 24(|3,]]2). Say for some 62 we have

3/€B1(5,2M.

M.
sup Py [|62 —o?| > o? ] < €. (4.30)
) n

Define the event A = [|6% — 02| < 0?2] - then by (4.29) and (4.30) we find

Py, [A] > 1 — € and Py [A] < e. Therefore,
5TV (N(O, Zp>”’ N(O, 2;7M)”> > PZP [A] — PE;7 [A] >1— 2

which contradicts d7 < 1 — 2¢ for all n > N, - therefore,

M.
sup Py []6% —o¥| > 0? > ¢
SEB(S2M.) n’
for all 62 and n > N, yielding the desired result. O
Proof of Proposition 9. We have:

nT

M M
PE; |:|5_2 . 0_2/’ Z 0271 S PEP |:’6'2 - 0_2/| 2 0,2_:|
n

+

M M
~2 2 ~2 2
Py, l|0 -0’ >0 F] — Py [|0 —oY| >0 FH

— A, + B,.

Choose any ¥’ € B,(3,2M) and write \; = A\i(X), A\j = Xj(¥,). Using Lemma 5,

we find for the second term

lim sup B, < lim sup Oy (N(O, )" N(O, Z;)”)

N0 $eB, (2,2M) N0 S EB (Z,2M)

= 0.

122



For the first term, let us use Theorem 7. Since |0? — ¢?| < 0?M/n", we have

M

nr—l

sup A, < Py, {n ‘62 — 02‘ > g2
YEB(S,2M)

(1—c)? P (1—=c)?(=20%u* + M/n""1)
SP%{wiﬂ+@wﬂX w) > 2v2e(1 + ¢) }

(1-c)? ~ oy (=P (=207 = M/n
%Eu+@ﬂ(x w) < 2v2e(1 + ¢) }

—— 1 — ®(00) + ¢(—00) = 0.

—I—ng{

n—oo

This concludes the proof. O

4.6.3 Proofs for Section 4.4

Proof of proposition 10. We first notice that, from Lemma 4 and Theorem 7,

for any 1 < k£ < p we have

~ a.s. ~92 as. 2
’}/pJg — Yk O'p —> 0. (431)
n—00 n— oo

Denote as usual the unbiased risk estimator of Theorem 6 at fr + 5311, by F.+G,.

By their definitions and Lemma 4, we see that

F,+aG, 2250,

n—oo

Thus there exists a N; (random) such that p € {r||F. +G,| <22} for all
n > Nj. Now note that there is a Ny (also random) such that for all n > Ny,

{ [r<p] (1+\/P/”) Z l, > 1} = {p}. Thus for all n > N; V Ny,

l
Tl c=r+1

p = min{p} = p,

so in particular p — p. Thus, by eq. (4.31) and any € > 0 there exists a Ns
n—o0

random such that for all n > N; V NoV N3, k < pand [y, — Y| = [Fp6 — | < €.

That is, vk % 44. Finally, again by eq. (4.31) for all € > 0, there exists a N
n—oo
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random such that for all n > Ny V Na V N3, |67 — 0% = |65 — 0| = |5, — 0°| <€,

. ~ a.s. .
ie. 62 /= 02, as desired. O
n—oo
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