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The thesis consists of three essays on Funding Liquidity and Credit Risk De-

composition.

The recent crisis has shown the importance of the illiquidity component

of credit risk. We model, in a multi-period setting, the funding liquidity of a

borrower that finances its operations through short-term debt. The short-term

debt is provided by a continuum of agents with heterogeneous beliefs about the

prospects of the borrower. In each period, the creditors observe the borrower’s

fundamentals and decide on the amount they invest in its short-term debt. We

formalize this problem as a coordination game and show that it features mul-

tiple Nash equilibria. This leads to an ambiguity about the value of the barrier

for the liquid net worth which would trigger the default of the borrower. Re-

moving weakly dominated strategies allows us to eliminate the multiplicity of

equilibria and determine the default barrier. The unique equilibrium is shown

to be of a threshold type, a property assumed in the previous literature.

We then extend the model and show the existence of the equilibria in which

the company holds cash reserves in order to increase its debt capacity. We prove

the existence of the optimal amount of cash on the company’s balance sheet and

offer a theoretical explanation for the cash holding puzzle.

The third part of the thesis connects the sovereign bond spreads and the

Debt-to-GDP ratio for the Eurozone countries. The problem of sovereign

spreads modeling is well studied in the literature, however their dynamics is



rarely considered as a function of macroeconomic parameters. We determine an

explicit dependence of sovereign bond spread on Debt-to-GDP ratio, and, based

on the bonds yield curve, compute the market perception of Debt-to-GDP ratio.
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CHAPTER 1

INTRODUCTION

In the thesis we describe several approaches to model credit risk. Credit risk

is the risk of loss of principal or loss of a financial reward stemming from a

borrower’s failure to repay a loan or otherwise meet a contractual obligation.

A natural approach to credit risk modeling and evaluation is a decomposition

the credit risk into several components. The most important components are

the illiquidity component, that represents the risk to be unable to pay debts as

they fall due in the usual course of business or day-by-day operations and the

insolvency component, that represents the risk of having liabilities in excess of

a reasonable market value of assets held.

The financial crisis that started in 2007 resulted in failures of many fi-

nancial companies in the US, including one of the biggest investment banks,

Lehman Brothers, which held over $600 billion in assets, filed for Chapter 11

bankruptcy protection on September 15, 2008. This bankruptcy remains the

largest bankruptcy filing in the US history. The bankruptcy was preceded by

a $60 billion investors’ run, and resulted in the inability of Lehman Brothers

to meet the short-term obligations. Therefore, the bankruptcy was thought of

being driven by the illiquidity component.

During economic crises, determining the market value of assets held is a

challenging task. Therefore, in general the state of the firms is undetermined,

since the market value of their asset may be unknown and the bankruptcy

claims are triggered by illiquidity.

We develop a model that allows us to investigate an illiquidity component of

the credit risk stemming from the creditor’s beliefs about the borrower’s pefor-
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mance. We introduce the concept of liquid net worth, that is liquid assets minus

all liabilities and prove the existence of the illiquidity barrier for the liquid net

worth of the company.

We then extend the model and prove the existence of the optimal level of

cash for the company, and provide the explanation to a ’cash holding puzzle’: a

firm may hold both debt and a positive cash position, since cash holdings can

increase the debt capacity.

The thesis also covers another credit risk problem: the evaluation of

sovereign bond risks and the dependence of this risks on Macroeconomic pa-

rameters. A natural measure of a sovereign bond risk is a risk spread. In the

thesis we determine an explicit dependence of sovereign bond spread on Debt-

to-GDP ratio.

The thesis is organized as follows. Chapter 1 provides the motivation for the

research presented in the dissertation. In Chapter 2 we introduce the model that

allows us to consider funding liquidity risk from Game Theoretical perspective.

In Chapter 3 we extend the model and investigate the optimal strategies for

the borrower. Chapter 4 stands separately from the previous two chapters and

provides the theoretical model that shows the explicit dependence of sovereign

risk spread on Debt-to-GDP ratio for certain countries. The proofs for the results

of the Chapters 2 and 3 are in the Appendices A and B respectively.

2



CHAPTER 2

LIQUIDITY RISK MODELING

2.1 Introduction

By 2012, sovereign borrowers have accumulated around 50 trillion US dollars in

debt, and the downturns of their economies resulted in more than 10 sovereign

defaults within the last 15 years.

Funding liquidity risk is by no means specific to sovereign borrowers, it is

also a considerable risk to financial institutions that fund a large fraction of their

assets through short term debt (see e.g., (11, 25, 19, 2)). The defaults of Lehman

Brothers and Bear Stearns are the recent examples of the institutions with ade-

quate capital, which failed to meet their obligations when their short-term cred-

itors withdrew funding.

While inability to refinance for a country and for a corporate borrower dif-

fer in many ways, their creditors face a common decision problem: Given the

observation of the borrower’s fundamentals and their beliefs about the future

dynamics of these fundamentals, creditors must decide how much of their cap-

ital they are willing to lend.

To answer this question, we set up a model in which strategic creditors with

heterogeneous beliefs invest into short term debt of a borrower. For models

explaining why a large fraction of the debt is short term, we refer the reader to

e.g., (10, 13). In this thesis, this fact is a model assumption.

Market participants are assumed to be risk neutral and myopic. All credi-

tors observe the same borrower’s fundamentals, but they differ in their beliefs

about the future evolution of the fundamentals. We interpret fundamentals as

an abstraction for public surplus or deficit (for a sovereign borrower) or P&L
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(for a company). For their investment decisions, creditors take into account not

only their own beliefs on the future evolution of the fundamentals, but also on

the higher order beliefs, that is, beliefs about other creditors’ beliefs, etc. In our

model, we assume that higher order beliefs are given via the cross distribution

of first order beliefs, and that this cross distribution is known to each creditor.

We represent the agents’ allocation problem as a multi-period game with

a continuum of agents in which each individual creditor has negligible weight

relative to the total weight of all creditors. We assume that agents do not observe

the strategy of other individual agents. Since coalitions of a finite number of

agents have a negligible outcome on the default time in our setting, creditors do

not form coalitions. At the beginning of a period, agents observe the evolution

of the borrower’s fundamentals up to present time and decide on their current

allocation. At the end of the period, they learn the total short-term debt raised

by the borrower. Since the default time depends not only on the evolution of

the fundamentals, but also on the aggregate creditor decisions, this default time

is a priori not observable for any agent at the time she makes her decision.

As usual in coordination games, the game we consider features multiple

Nash equilibria. A key quantity in the analysis of the Nash equilibria is the

liquid net worth of the borrower. We show existence by explicit construction of

a certain Nash equilibrium. This equilibrium is of a threshold type, in which

agents invest all their available capital if their belief is above the threshold, and

do not invest at all if their belief is below the threshold. The threshold depends

on the borrower’s current liquid net worth and the cross distribution of beliefs.

As soon as the liquid net worth falls below a certain negative value, called the

illiquidity barrier, the short term debt jumps to zero, which corresponds to a run

by the short term creditors, and the borrower defaults.
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We, then, characterize all possible Nash equilibria and assume that the state

of the market is characterized by one of the them. While the set of possible equi-

libria is known, the played equilibrium is not observable for any agent. More-

over, we make no assumptions about the probabilities assigned to these equi-

libria: We say that there is ambiguity about the played equilibrium. We show

that the ambiguity is eliminated, if we assume that creditors do not play weakly

dominated strategies.

Our concept of weak dominance can be explained as follows. Since the cap-

ital of each agent is small compared to the total available capital, the actions of

an individual agent alone cannot affect the strategies played by the others. Con-

sequently, no single agent can have an impact on the equilibrium played by the

other agents. It is therefore natural to assume that when the market is in one

of the equilibria, a reasonable agent will not play strategy A if strategy B gives

her at least the same payoff as strategy A in all equilibria of the other agents, and

a strictly better payoff in at least one such equilibrium. We say that strategy A

is weakly dominated by strategy B in this case, and we call those equilibria in

which agents do not use weakly dominated strategies reasonable.

Therefore, our assumptions that the market is in equilibrium and that agents

do not play weakly dominated strategies imply that this unique reasonable

equilibrium must be the played equilibrium, thereby eliminating equilibrium

ambiguity. This result, consequently, removes the ambiguity about the total

short term debt raised by the borrower.

This model complements two strands of literature: the literature on game

theoretic models on rollover risk and the literature on structural credit risk mod-

els.

Ever since the seminal paper by (17), one of the main problems within the
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literature on game theoretic models on rollover risk has been the existence of

multiple equilibria for the roll-over decisions of the creditors. One approach to

this problem in the literature is the global games framework of (39) and (12),

as for example adapted in (46, 24, 40). In this setting, agents observe funda-

mentals with a noise such that each agent has the same posterior distribution of

the ranking, among all agents, of her observation. Uniqueness of equilibrium

in these models relies on the crucial assumption that strategies are of a thresh-

old type. Recently, (26) introduced a staggered debt structure which leads to a

unique equilibrium. The main assumption which allows uniqueness is the fact

that, at any time, the number of maturing creditors who do not roll over is neg-

ligible, and thus insufficient to cause the borrower to default due to illiquidity.

The amount of debt rolled over is assumed to be observed in continuous time.

Combined, these assumptions imply that the time of default due to illiquidity

is measurable with respect to the information flow generated by the fundamen-

tals. In contrast to these models, our analysis does not require noisy observa-

tions, a threshold structure, or the assumption that a creditor cannot lose her

investment due to immediate illiquidity of the borrower. In our setup, we only

assume that agents do not use weakly dominated strategies; this is sufficient to

obtain a unique equilibrium.

The first generation of structural credit risk models, pioneered by (35)

and (8), assume that default occurs when the net worth reaches an exoge-

nously given barrier. A major merit of the recent work in this direction, e.g.,

(40, 26, 34, 32), is the focus on the interplay between insolvency and illiquid-

ity risk (in the sense of funding illiquidity risk). Here we do not model insol-

vency risk, but we push further the analysis of the strategic interaction among

creditors leading to funding illiquidity. We also obtain an endogenous illiq-
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uidity barrier. However, unlike in previous work, the relevant quantity in our

model is the liquid net worth, and not the net worth. (34, 32) avoid the equilibrium

ambiguity by assuming an exogenous model for the bank run probability. In

our analysis, this model assumption is not needed, and we obtain the bank-run

probability endogenously from the agents’ beliefs about the borrower’s funda-

mentals. Moreover, we do not assume a “representative agent” as in (34, 32), but

we allow heterogeneous beliefs of creditors about the prospects of the borrower

2.2 The model

We consider a large borrower that funds itself through short term debt provided

by a continuum of creditors. We consider a discrete time setup, with a finite

horizon T for the economy. We model creditors as elements of a nonatomic

agent space
(
A = (0, 1),B(0, 1), γ

)
, where γ represents the capital measure of the

agents. For every Borel set B ⊂ A, γ(B) represents the total capital of the agents

in B.

There is a source of exogenous risk in the economy, modeled as a probability

space endowed with a public information filtration and a family of probabil-

ity measures
(
Ω,F , (F )t=1,...,T , (Pa)a∈A

)
. Specifically, we let the stochastic process

(θt), t = 1, . . . ,T with θ1 = 0 model the borrower’s fundamentals, that we can

think of the P&L process for a corporate borrower or as the difference between

government revenues and expenditures for a sovereign borrower in the period

(t − 1, t). We let Ft := σ(Yt), with

Yt := (θ1, . . . , θt), t = 1, . . . ,T. (2.1)

We assume that the “true” measure P and the distribution of the borrower’s

profit and loss θt under P are not known to any agent. Instead, each creditor a
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has a belief on the distribution of the stochastic process θ given by a probability

measure Pa equivalent to P. In other words, creditor a believes that the real-

world measure is Pa. We assume that there exists a map

b : A→ R

such that for any creditor a ∈ A, the random variables θt are iid with normal

distribution N
(
b(a), 1

)
under the probability measure Pa. Slightly abusing the

terminology, we will simultaneously use the term belief for Pa and for the mean

b(a). We let C the image measure of γ induced by the map b, representing the

creditors’ capital distribution across beliefs,

C(b) := γ
(
a ∈ (0, 1)

∣∣∣ b(a) ≥ b
)
, b ∈ R. (2.2)

While no creditor knows the belief of any other creditor, the function C(·) mod-

eling the distribution of beliefs across creditors is known to all creditors.

At each time, each creditor a ∈ A allocates a fraction of her wealth to the

borrower’s debt. We assume that the creditors cannot short the borrower’s debt,

nor can they allocate more than 100% of their wealth to the borrower. We thus

consider the following family of allocation strategies for the creditors (which are

themselves functions of the agents and the trajectory of the stochastic process

Yt)

X := {π = (πt)t=1,...,T | πt : A × Rt → [0, 1], πT (a, ·) = 0}. (2.3)

The creditors select collectively an element of X as an outcome of a non-

cooperative game. In a game theoretic terminology, the creditors are the players,

the family of allocation strategies represents the action profiles, where the actions

of creditor a are given by the set of functions {πt(a, ·) | π ∈ X}. The payoff function

given in Section 2.2.3 will complete the definition of the game.
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A priori there is ambiguity about which element of X will be selected. To

determine this outcome we will not rely on classical control theory, since the

payoff of any creditor depends not only on her selected strategy, but on the

element of X selected collectively. Instead, in Section 2.3, we will determine the

outcome of this game using the standard solution concept of Nash equilibrium

and by introducing a refinement of the concept of weakly dominated strategies in

our setting.

It is a standing assumption that all creditors are rational and know that all

other creditors are rational, where rational creditors can only choose elements of

X which are Nash equilibria and in which no creditor uses weakly dominated

strategies. By showing that there exists a unique such element of X, we will

remove ambiguity.

We assume that the risk free rate is zero, the short term debt offered by the

borrower is r and that all market participants are neutral to the exogenous risk

and myopic. We assume that the borrower takes all the debt that is offered to

it. It would be an important extension of the model to let the borrower control

the amount of debt its takes by using the interest rate as a control. Our focus is

to solve the game of the creditors, and we leave the controlled game for future

research.

In the sequel, capital letters denote random variables, while small letters

denote deterministic functions.

2.2.1 Borrower’s dynamics under a given allocation strategy

Fix an allocation strategy π ∈ X. At time 1, the borrower starts with initial

liquidity x1 ≥ 0. At each time period t = 1, 2, . . .T , each creditor a allocates a

9



fraction πt(a,Yt) of her wealth to the borrower’s debt. Thus, the borrower raises

the following amount short term debt bearing interest rate r which is due at

time t + 1,

Dπ
t :=

∫
A
πt(a,Yt)γ(da) = dπt (Yt), (2.4)

where dπt : Rt → R+ denotes the debt function at time t

dπt (yt) :=
∫

A
πt(a, yt)γ(da), yt ∈ Rt. (2.5)

The borrower then pays back the short term debt due at time t plus the interest

rate r on this debt, i.e., Dπ
t−1(1 + r), to the short term creditors.

We can now define the default time of the borrower. Denote by Mπ
t the to-

tal liquidity available to the borrower at time t. We can observe that the total

liquidity evolves according to the following equation

Mπ
1 = x1 + Dπ

1 (2.6)

Mπ
t = Mπ

t−1 + θt + Dπ
t − Dπ

t−1(1 + r), t ≥ 2. (2.7)

We define the time the borrower becomes illiquid as the first time the total

liquidity available to the borrower becomes negative

T π := inf{t = 2, . . . ,T | Mπ
t < 0},

with the usual convention that inf ∅ = ∞. We assume that the borrower operates

until it becomes illiquid or until time T , whichever comes first. In particular, we

assume that DT = 0.

It will be convenient in the sequel to express the dynamics of the borrower

in terms of the liquid net worth process

Xπ
t = Mπ

t − Dπ
t ,
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which evolves according to the equations
Xπ

1 = x1,

Xπ
t = Xπ

t−1 + θt − rdπt−1(Yt−1), t = 2, . . . ,T π ∧ T.
(2.8)

The default time then fulfills

T π = inf
{
t = 2, . . . ,T | Xπ

t + dπt (Yt) < 0
}
. (2.9)

It is easy to see that the above equations implicitly define (recursively) deter-

ministic functions xπ1 ≡ x1 and xπt : Γt−1(π) × R→ R, where Γ1(π) = {0} and

Γt(π) =
{
yt ∈ Rt

∣∣∣∣ xπk(yk) + dπk (yk) ≥ 0 ∀ k ≤ t
}
, (2.10)

satisfying Xπ
t = xπt (Yt) and {T π > t} = {Yt ∈ Γt(π)}, for t = 1, . . .T . We will call

the set Γt(π) the survival set (up to time t) of the process Yt under the allocation

strategy π. We also define the default sets

∆t(π) :=
{
yt = (θ1, . . . , θt) ∈ Rt

∣∣∣ (θ1, . . . , θt−1) ∈ Γt−1(π), (θ1, . . . , θt) < Γt(π)
}

(2.11)

which represents the set of trajectories of Yt in which the default occurs at time

t.

2.2.2 Creditors’ expected payoff under a given allocation strat-

egy

In the previous section we have expressed the dynamics of the borrower under

a given creditor allocation strategy. We are now ready to specify the creditors’

payoff under a given allocation strategy π ∈ X.

Suppose that t ≤ T π. We assume for simplicity that every creditor receives

zero recovery value in case of default. Zero cash-flows to the creditors in case
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of default is a common assumption in the literature that models the illiquidity

of a borrower, see e.g, (27, 38, 7).

We assume that at time t, every short term creditor consumes the interest

payment. The interest payment equals

Cπ,a
t ={Tπ>t} πt−1(a,Yt−1)r. (2.12)

If default happens at time t, the creditor loses the fraction πt−1(a,Yt−1) and any

additional exposure obtained at time t. Therefore, the creditor’s wealth at time

t + 1 (per dollar at time t) including the interest payment at t + 1 is

Vπ,a
t+1 ={T π=t}

(
1 − (πt−1(a,Yt−1) ∨ πt(a,Yt))

)
+{T π=t+1}

(
1 − (πt(a,Yt) ∨ πt+1(a,Yt+1))

)
+{T π>t+1}

(
1 + πt(a,Yt)r

)
= 1 −{T π=t}

(
πt−1(a,Yt−1) ∨ πt(a,Yt)

)
−{T π=t+1}

(
πt(a,Yt) ∨ πt+1(a,Yt+1)

)
+{Tπ>t+1} πt(a,Yt)r. (2.13)

The expected payoff from allocation strategy π for agent a at time t is given by

Gπ,a
t := Ea[Cπ,a

T + Vπ,a
T+1

∣∣∣ Yt
]

= gπ,at (Yt), (2.14)

for a deterministic function gπ,at : Γt−1(π) × R→ R+.

All quantities defined so far under any given allocation strategy π are σ(Yt)-

adapted, in particular the debt process Dπ
t . We stress that this does not contradict

the assumption that agents do not observe the debt at time t when making their

actual investment decisions at time t. Although Dπ
t is observable to agent a given

the allocation strategy π, the actual strategy played by the agents is not assumed to

be observable to any agent at time t. Indeed, we do not assume any probabilistic

structure or law on the set of allocation strategies X. The actual strategy played

by the creditors will result from the solution of the game.

12



2.2.3 Payoff function for the creditors’ game

To complete the definition of the creditors’ mathematical game, it remains to

specify the payoff function of any agent at any time t = 1, . . . ,T . As standard in

game theory, see e.g, (41), the payoff function takes as an argument an allocation

strategy, i.e., is defined on the set X.

Definition 1. Let a ∈ A. We define the payoff function of agent a as the following map

on X

π 7→ (gπ,at )t=1,...T .

Note that in our setting with a continuum of creditors, two strategies may

lead to the same debt functions and survival sets, even if they are different for a

negligible set of creditors. We therefore identify two allocation strategies if, for

almost all players, they are equal strictly before default, and they yield the same

payoffs at default. We give the following formal definition.

Definition 2 (Identical strategies). Two allocation strategies π and π′ are called iden-

tical if

1. For all t = 1, . . . ,T , we have Γt(π) = Γt(π′).

2. For any 1 ≤ t ≤ T , any yt ∈ Γt(π) and almost all creditors a, we have

πt
(
a, yt

)
= π′t

(
a, yt

)
.

3. For any 1 ≤ t ≤ T , yt ∈ ∆t(π) and almost all creditors a, we have gπ,at (yt) = gπ
′,a

t (yt).

The above definition introduces an equivalence relation on the space of allo-

cation strategies X. From now on we will work under an abuse of terminology,

by identifying an allocation strategy with an element of an equivalence class

and the space Xwith the quotient space.

13



2.3 The solution for the creditors’ game

In Section 2.3.1 we define the Nash equilibria for our model. We provide an

explicit construction of a family of threshold type equilibria in Section 2.3.2. The

key properties of our model’s Nash equilibria are established in Section 2.3.3.

In Section 2.3.4, we introduce the concept of weak dominance, and we show

that there exists a unique equilibrium if creditors do not use weakly dominated

strategies.

2.3.1 Definition of equilibria

We assume that short term creditors are rational, and the outcome of the game

introduced in the previous section is a Nash equilibrium.

From our payoff definition (2.14), we can see that creditors must take into

account the strategies of all other players not only at the current moment, but

also at future allocation times. At any time t, creditors choose an allocation

strategy which is an equilibrium for the subgame of decisions starting from time

t. Such a strategy is a Nash equilibrium. In such an equilibrium, no agent can

increase her payoff by changing her strategy from time t on, if the other players

keep their strategies. This is formalized as follows in our model.

Definition 3 (Nash equilibrium). Let Ā ⊆ A and t ∈ {1, ...,T − 1}. By convention,

any allocation strategy is a Nash equilibrium on Ā at time T . An allocation strategy

π∗ ∈ X is called a Nash equilibrium on Ā at time t if we have that

• it is a Nash equilibrium on Ā at time t + 1, and

• for each a ∈ Ā and any allocation strategy π which satisfies πs(a′, ·) = π∗s(a
′, ·) for

all s = 1, . . . , t − 1 and all a′ ∈ A, and πs(a′, ·) = π∗s(a
′, ·) for all s = t, t + 1, . . . ,T
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and all a′ ∈ A\{a}, we have

gπ
∗,a

t (yt) ≥ gπ,at (yt) ∀yt ∈ Γt−1(π∗) × R. (2.15)

An allocation strategy π∗ ∈ X is called a Nash equilibrium on Ā if it is a Nash

equilibrium on Ā at time 1.

In the following we shall say “Nash equilibrium” or “equilibrium” when we

mean “Nash equilibrium on A” .

2.3.2 Threshold type Nash equilibria

In the sequel, we shall often encounter threshold type allocation strategies of

the form

πt(a, yt) =


1 if b(a) ≥ bt(yt)

0 if b(a) < bt(yt)

for suitable deterministic functions bt(·). Such an allocation strategy depends

on a creditor only through her belief, and the creditor will invest into the short

term debt if and only if her belief is equal or above a critical threshold given by

bt(yt). It then follows from (2.2) and (2.5) that

dπt (yt) = C
(
bt(yt)

)
.

In the following we will identify a family of Nash equilibria of such threshold

type. Define the function

β(q) = rC
(
q
)
− q (2.16)

and note that β(·) is strictly decreasing. We can now state our first main result.

Theorem 1 (Existence of Nash equilibria). Consider a sequence of threshold func-

tions bt(·) for t = 1, ...,T which satisfy the following backward recursion.
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1. For t = T we have

bt(·) ≡ +∞. (2.17)

2. Given bt+1(·) for t < T , with the function C
(
bt+1(·)

)
representing the short term

debt as a function of the liquid net worth, and the function mt+1(·) representing

the total liquidity available to the borrower

mt+1(x) = C
(
bt+1(x)

)
+ x, (2.18)

we assume that bt(·) satisfies

q(t, x) = β−1
(
x − m−1

t+1(0) + Φ−1
( r
1 + r

))
(2.19)

and

bt(x) =


q(t, x) if x + C

(
bt(x)

)
≥ 0,

+∞ if x + C
(
bt(x)

)
< 0.

(2.20)

Define now a threshold type allocation strategy π̄ by

π̄t(a, yt) =


1 if b(a) ≥ bt(xπ̄t (yt))

0 if b(a) < bt(xπ̄t (yt))

}
, yt ∈ Γπt−1 × R, (2.21)

for t = 1, ...,T . (Here the function π̄t in (2.21) is well-defined through recursion since

the function xπ̄t (·) is defined in terms of π̄1, ..., π̄t−1, cf. Section 2.2.1.) Then π̄ is a Nash

equilibrium.

It is not hard to see that equation (2.20) allows multiple solutions for the

threshold function bt(x). Hence there exist multiple Nash equilibria π̄; we will

discuss this phenomenon further below. Note that the allocation strategy π̄t(a, ·)

in (2.21) depends on yt only through the observed liquid net worth xπ̄t (yt). By

(2.21), at any time t, the observed short term debt of the borrower is of the form

Dπ̄
t = C

(
bt(Xπ̄

t )
)
, (2.22)
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i.e., depends on the liquid net worth at time t only. The value m−1
t+1(0) in (2.19) is

well-defined by the following result.

Lemma 1. For any sequence of functions satisfying (2.17) – (2.20) and each t ≤ T , the

function bt(·) is decreasing and mt(·) is strictly increasing. For each x ∈ R, we have that

bt−1(x) ≤ bt(x) and m−1
t (0) ≤ m−1

t+1(0) for all t.

We can interpret the thresholds bt(·) and q(t, ·) in (2.21) as follows. Suppose

first that creditors do not take into account the possibility of default at the time

when they make the allocation, and worry only about the future probability of

default. Remark that in this case, creditors will invest all their capital in the

borrower if, according to their measure, the probability of default in the next

period is less or equal than r
1+r , and they will invest zero capital otherwise. The

threshold q(t, ·) is equal to the mean of θt under the probability measure which

assigns exactly r
1+r to the probability of default in the next period; this is the

critical threshold in case the borrower survives at time t. By next taking into

account the possibility of default at the time of the allocation, creditors finally

reach the equilibrium given by the threshold bt(·).

By (2.22) and (2.18), we have that Xπ̄
t + Dπ̄

t = mt(Xπ̄
t ). So it follows from (2.9)

that the default time for the strategy π̄ is given by

T π̄ = inf
{
t = 1, . . . ,T | Xπ̄

t < m−1
t (0)

}
.

This means that m−1
t (0) is the illiquidity barrier for the liquid net worth process

Xπ̄
t when creditors play the strategy π̄, and by (2.8), the liquid net worth process

has the Markovian dynamics

Xπ̄
t = Xπ̄

t−1 + θt − rC
(
bt−1(Xπ̄

t−1)
)
.

The value of the barrier is computed via the recursion (2.17) – (2.20), and is a
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function of the creditors’ belief and capital distribution C(·), the interest rate r,

and the distance to horizon T − t.

We have already noted that there exist multiple series of threshold functions

bt(·) satisfying (2.17) – (2.20), and hence multiple Nash equilibria by Theorem

1. We now present two extreme examples π̂ and π̆ of the threshold type equi-

libria introduced in Theorem 1. The first example π̂ will play a critical role in

the sequel. In Section 2.3.4, we shall introduce the notion of weakly dominated

strategies, and call an equilibrium reasonable if it is not weakly dominated for

any creditor. In Theorem 3, we will show that equilibria other than π̂ cannot oc-

cur if creditors do not use weakly dominated strategies, or in other words, that

π̂ is the unique reasonable Nash equilibrium.

Definition 4. We define a series of threshold functions b̂t(·) recursively by (2.17) –

(2.19) and

b̂t(x) =


q(t, x) if x + C

(
q(t, x)

)
≥ 0,

+∞ if x + C
(
q(t, x)

)
< 0.

(2.23)

We easily check that the threshold function defined by the backward recursion (2.23)

fulfills (2.20). Letting

π̂t(a, x) :=b(a)≥b̂t(x), (2.24)

d̂t(x) :=C
(
b̂t(x))

)
, (2.25)

we have that the strategy π̂ defined forward recursively by the functions (a, yt) 7→

π̂t(a, xπ̂t (yt)) for t = 1, ...,T , is a Nash equilibrium by Theorem 1, and we have dπ̂t (yt) =

d̂t
(
xπ̂t (yt)

)
.

The next example introduces another Nash equilibrium in which all cred-

itors withdraw their funds as soon as the liquid net worth becomes negative,

causing the borrower to default. This is an equilibrium in which default hap-

pens in every state of the liquid net worth in which it is technically possible.
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We define a series of threshold functions b̆t(·) recursively by (2.17) – (2.19)

and

b̆t(x) =


q(t, x) if x ≥ 0,

+∞ if x < 0.
(2.26)

We easily check that the threshold function defined by the backward recursion

(2.26) fulfills (2.20). The resulting strategy π̆ defined forward recursively by

π̆t(a, yt) =


1 if b(a) ≥ b̆t(xπ̆t (yt))

0 if b(a) < b̆t(xπ̆t (yt))

is a Nash equilibrium by Theorem 1.

One can easily construct infinitely many equilibria for which the illiquidity

barrier lies between the barriers of π̂ and of π̆. Indeed, in any equilibrium as in

Theorem 1, the critical threshold bt(x) jumps from q(t, x) to∞ once the liquid net

worth x crosses the illiquidity barrier from above, and this barrier can be any

value between 0 and the (unique) zero of the function x 7→ x + C
(
q(t, x)

)
.

2.3.3 Properties of Nash equilibria

We have seen in the last section that there exists multiple equilibria. However,

the family of equilibria identified in Theorem 1 does not contain all Nash equi-

libria. In this section, we prove a key result on the set of all Nash equilibria.

We show that the equilibrium π̂ in Definition 4 yields, among all equilibria, the

maximal amount of short term debt for a given liquid net worth.

We start with a result which says that in any Nash equilibrium, no creditor

increases her investment into the short term debt at the time of default.

Lemma 2. Let π a Nash equilibrium at time t, for a time t ∈ {1, ...,T }. For any yt ∈

∆t(π), we have πt(a, yt) ≤ πt−1(a, yt−1) for any creditor a ∈ A.
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As a consequence of Lemma 2 we obtain that in all equilibria in which the

borrower survives at time t, creditors either do not invest at all, or invest all

their capital into the borrower.

Proposition 1. Let π be a Nash equilibrium at time t. For almost all creditors a ∈ A

and all yt ∈ Γt(π) we have πt(a, yt) ∈ {0, 1}. More precisely, on the set {Yt ∈ Γt(π)} we

have

πt(a,Yt) =


1 if Pa[T π > t + 1|Yt] > 1

1+r

0 if Pa[T π > t + 1|Yt] < 1
1+r .

Our second main result says that in any equilibrium, the short term debt is

at most equal to the short term debt in equilibrium π̂ under the same liquid net

worth. Recall the function d̂t(·) in (2.25).

Theorem 2. Let π be a Nash equilibrium at time t, for some t ∈ {1, ...,T }.

We have dπt (yt) ≤ d̂t
(
xπt (yt)

)
for all yt ∈ Γt(π).

We immediately obtain

Corollary 1. Let π be an equilibrium at time t, for a t ∈ {1, ...,T }. On the set {T π > t−1},

we have that Xπ
t < m̂−1

t (0) implies T π = t.

2.3.4 Uniqueness of a reasonable Nash equilibrium

We have seen in Section 2.3.2 that there exist multiple equilibria. We assume

that creditors take into account ambiguity about the actual played equilibrium:

a creditor that observes the played equilibrium only through the past trajectory

of the borrower’s debt and models the allocation strategy of all creditors using

an equilibrium strategy π takes into consideration the fact that she can be mis-

taken and the actual equilibrium allocation strategy is π∗, with π and π∗ indis-

tinguishable from her observation of the past debt trajectory. To hedge against

this uncertainty, the creditor will eliminate dominated strategies.
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In games with a finite number of players it is common to use iterated elim-

ination of dominated strategies to eliminate multiple equilibria. However, in

games with a large number of “small” creditors, this usual iterative procedure

will not work. Indeed, eliminating dominated strategies for one player will

have, by itself, no effect on the set of possible outcomes of the game. Therefore,

it will not prompt the other players to eliminate any of their strategies. In games

with a continuum of creditors in a non-observed equilibrium, any player elim-

inates weakly dominated strategies as if the set of Nash equilibria is exogenously

given by the equilibria reached by the other players. Consider an creditor who is

strictly worse off by playing strategy A, as opposed to strategy B, in at least

one Nash equilibrium of the other players, and is indifferent between the two

strategies in all other Nash equilibria of the other players. We can assume that

in this case any rational creditor who cannot observe the equilibrium played by

the other players, will not play strategy A, which we will call weakly dominated

by strategy B.

Before giving the precise definition of a weakly dominated strategy in the

context of games with a continuum of players, it is helpful to introduce the

following notation for an allocation strategy obtained from another allocation

strategy by modifying the strategy of a single player. Let a ∈ A, π be a strategy

on A, and π∗ be a strategy on A\{a}. We denote by 〈π∗|π(a)〉 the strategy on A

defined by

〈π∗|π(a)〉(a′, ·) =


π(a, ·) if a′ = a

π∗(a′, ·) if a′ ∈ A\{a}.

To distinguish the liquid net worth trajectories resulting from allocation

strategies, the following notation will be useful. Let t ∈ {1, ...,T }. We introduce

the set of allocation strategies consistent with an observation of a trajectory of

the borrower’s fundamentals and a trajectory of the debt up to but excluding
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time t. For yt ∈ Rt and zt−1 ∈ Rt−1 we set

Ot(yt, zt−1) = {π ∈ X | yt−1 ∈ Γt−1(π), dπs (ys) = zs, s = 1, . . . , t − 1}. (2.27)

Remark 1. In particular, note that for a strategy π ∈ X, for a time t ∈ {1, ...,T },

a trajectory yt ∈ Γt(π) and a strategy π∗ ∈ Ot
(
yt, dπ1(y1), . . . , dπt−1(yt)

)
we have that the

liquid net worth trajectory under π∗ coincides with the liquid net worth trajectory under

π,

xπs (ys) = xπ
∗

s (ys), s = 1, . . . , t.

Definition 5 (Weak dominance). Let π ∈ X, and fix some a ∈ A. We say by conven-

tion that π is not weakly dominated at time T , since for all π̃ ∈ X, π̃T (a, ·) = 0. We define

the concept of weak dominance backward recursively for t = T − 1, . . . , 1 as follows.

Let π̃ ∈ X with π̃s = πs for all s ≤ t − 1. We say that π is weakly dom-

inated by π̃ for creditor a at time t if for every yt ∈ Γt−1(π) × R and for every

π∗ ∈ Ot

(
yt,

(
dπ1(y1), . . . , dπt−1(yt−1)

))
which is an equilibrium on A\{a} at time t and is

not weakly dominated for any creditor in A\{a} at any time t = t + 1, . . . ,T we have

g〈π
∗ |π(a)〉,a

t (yt) ≤ g〈π
∗ |π̃(a)〉,a

t (yt)

and if this inequality is strict for at least one such yt and π∗. We say that π is weakly

dominated for creditor a at time t if it is weakly dominated by some strategy π̃ for

creditor a at time t.

We say that π is weakly dominated for creditor a if it is weakly dominated for

creditor a at some time t = 1, . . . ,T − 1.

The base step of the recursion is set at the time horizon T , when by definition

all strategies are set to 0, so by convention no strategy is weakly dominated.

Then, at any time t < T , creditors decide on a multi-period allocation strategy for
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times t, . . . ,T . In order to eliminate multi-period weakly dominated strategies

played at times t, . . . ,T , any creditor compares her strategy at time t against

multi-period Nash equilibria in which the other players are guaranteed not use

weakly dominated strategies starting with time t + 1.

We shall define reasonable Nash equilibria as those equilibria in which

weakly dominated strategies are not played for any t ∈ {1, . . . ,T }.

Definition 6 (Reasonable Nash equilibrium). A Nash equilibrium π∗ on A is called

a reasonable Nash equilibrium if π∗ is not weakly dominated for any creditor a ∈ A.

In this section we show, that π̂ is the unique Nash equilibrium (up to an iden-

tity in the sense of Definition 2) played when creditors do not use weakly dom-

inated strategies. This implies that, when we assume that almost all creditors

a ∈ A do not use weakly dominated strategies, they will make their decisions

according to the strategy π̂(a, ·).

Theorem 3 (Uniqueness). The equilibrium π̂ is the unique reasonable Nash equilib-

rium (up to identity in the sense of Definition 2).

In other words, the strategy π̂ thus represents the unique solution of the credi-

tors’ game, under our solution concept of reasonable Nash equilibrium.

2.4 Conclusions

We have modeled the investment decisions of a large borrower’s creditors as a

dynamic non-cooperative game. We have shown that this game has a unique

solution and we have characterized this solution as a threshold type strategy in

terms of the liquid net worth.
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CHAPTER 3

OPTIMAL CASH HOLDINGS

3.1 Introduction

The cash holdings of US firms stand today at 5 trillion dollars. Financial

institutions, required to hold minimal reserves, have sharply increased these

reserves after the recent crisis. Yet, large cash holdings are not a phenomenon

specific to crises, nor to financial institutions (non-financial institutions hold to-

day roughly 1.5 trillion dollars): over the last decades average ratios of cash-to-

assets have steadily increased.

To explain large cash holdings, the literature has mainly focused on the pre-

cautionary motive. As the reasons for the precautionary hoarding may be struc-

turally different for banks and corporations, they are usually treated separately.

One line of literature, for instance (17), explains hoarding as a method for

reducing bank run risks: The modern version of bank run risk, in the form of

rollover risk, is the rationale behind cash hoarding and restricted term lending

in (3). In (23), banks hoard liquidity in an equilibrium in which they weigh the

risk of future liquidations of an illiquid asset against holding cash.

Like banks that may see their funding not rolled over, firms may also see

their funding restricted, either directly by the debt markets or as the banks re-

stricting lending. The precautionary motive for firms, documented in (6), comes

from the firms’ need to insure against future liquidation of their projects, in pe-

riods of restricted lending. Cash holdings allow firms to pursue investment

opportunities when other sources of funding dry up. (28) propose a theoretical

model in a dynamic setting, where firms’ cash policy, investment and financing

are driven by the (exogenous) risk in the capital supply. (4) verifies empirically
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that the propensity to save cash occurs systematically only for financially con-

strained firms.

Besides the precautionary motive, (21) document a tax motive; (5) document

a competitive motive, i.e., firms often hold cash to rapidly take new investment

opportunities. More recently, the competitive motive is empirically tested in

(20). Contrary to the precautionary motive, which is related to financial con-

straints, the latter motives also apply to firms that do not necessarily need to

raise funds to finance their operations.

Within the literature that relates cash holdings to firm characteristics, (44)

find that firms with lower, more volatile cash flows and higher growth oppor-

tunities also have higher cash holdings, which they interpret as a stronger pre-

cautionary motive for such firms. Focusing on the value of cash holdings rather

than the level, (18) find that the value of cash exhibits wide variation across

firms with strong dependence on the level and quality of governance.

We introduce a static model in which both cash holdings and the debt level

arise endogenously and to give conditions under which the company optimally

chooses to hold a positive level of cash in order to select a creditors’ equilibrium

with higher debt provision. As in (31), the heterogeneity of beliefs is a critical

component of our model. The company is assumed to be optimistic about the

evolution of the risky asset, yet the creditors differ in their beliefs about this

evolution.

This can be interpreted as the company and its creditors having asymmetric

information: in absence of full information on the company’s investment strate-

gies, some creditors assign lower value to the asset. This phenomenon would

disappear if the company released its information. In our model the company

chooses to keep the information private, e.g., for competitive reasons. We can
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also interpret this heterogeneity as disagreement: even under full information,

some creditors are pessimistic. In either case, for a given position in cash and

the risky asset, the valuation of the assets differs from creditor to creditor de-

pending on her beliefs. The optimistic borrower faces the following tradeoff:

the risky asset is the best opportunity for investing all available funds. How-

ever, positive cash holdings increase the value assigned to the borrower’s assets

by pessimistic creditors, thereby, increasing its debt capacity. The cash holding

level acts as a creditors’ equilibrium selection mechanism.

When the distribution of capital across the creditors’ beliefs is diffuse, the

company invests all available funds in the risky asset. More explicitly, the com-

pany is optimistic about the asset and, therefore, buys as many units of the risky

asset as possible. Since the distribution of capital is diffuse, the drop in debt ca-

pacity can be made arbitrarily small by choosing a sufficiently small increase in

the asset position. Therefore, if the company has a non-zero cash position, it is

always optimal to buy an additional positive quantity of the asset, without vio-

lating the capital constraints. The result on zero cash position depends on our

assumption of uniform capital distribution across beliefs, but can be extended

to the case when the capital distribution function decreases superlinearly with

the belief, as opposed to linearly for the uniform case. In all these cases, the

increase of debt capacity with respect to the risky investment is small in relation

to the profits expected by the optimistic borrower by the increase in the risky in-

vestment. In other words, there are not sufficiently many creditors who would

change their strategies in order for the benefit to exceed the cost of holding cash.

In contrast, when the distribution of capital across the creditors’ beliefs con-

tains an atom, representing a “large” creditor, under certain conditions on the

beliefs of the large creditor, there exists an optimal and strictly positive level of
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cash holdings for the company. If the company chooses a higher investment in

the risky asset, i.e, keeps less funds in cash, then the pessimistic large creditor

will withdraw and the smaller creditors will coordinate into a different equilib-

rium. There will be a decrease in debt capacity, even larger than the capital of

the large creditor. In this new equilibrium, the feasible level of investment in

the risky asset declines, which implies a decrease in shareholder value. If, on

the other hand, the company chooses a lower value of investment in the asset,

i.e. keeps more funds in cash, then this is not optimal since the company misses

valuable investment opportunities.

Our findings suggest that firms that exist in markets with a large number of

small investors are less likely to hold cash than firms that borrow from a small

number of large investors. This is a new empirically testable implication that

awaits future testing.

Unlike the previous literature, in our model cash holdings emerge endoge-

nously even in absence of liquidity shocks. Like the precautionary motive, our

theory applies to firms that need to raise external funds for their operations. It

applies particularly to banks and firms with high growth opportunities. Our

model would not apply to firms that do not have funding constraints, where

the tax or competitive motives are more appropriate.

Our work relates to several strands of literature. We have discussed above

our contribution to the literature studying why firms hold cash. Within the

literature on the optimal level of cash holdings and based on a precautionary

motive, (1) propose a model in which cash is used to reduce debt or is saved

in order to hedge against an adverse reduction in debt capacity, which built on

the model introduced in (22) the context of risk management under (exogenous)

risk associated with external funding. In their setting, creditors are not strategic
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and the debt capacity is exogenous.

As in (1), the existence of an optimal level of cash holdings implies that

cash is not a substitute for negative debt, an issue raised in (43). In our model,

cash holdings bear the similarity with moral hazard based capital requirements,

since in equilibrium cash holdings mitigate the risk perceived by pessimistic in-

vestors. Despite this similarity, since cash is not negative debt, cash and capital

are also not fully fungible. Seen as a function of the capital, the optimal level

of cash, in conjunction with an optimal level of debt, implies the existence of

optimal capital ratios, with and without cash subtracted from capital (which are

different in general).

Importantly, the existence of optimal capital ratios is related to the existence

of an optimal capital structure. Our results are obtained by modeling the cred-

itors with different beliefs about the risks inherent not just in the company’s

investment, but in the whole capital structure of the borrower.

There is a large literature on optimal investment under market frictions.

This vast literature began with seminal papers by (14, 15, 48), and continued

with recent monographs (30, 47). Most models in this literature are from the

perspective of a small investor who derives utility from consumption and final

wealth. These models are reduced form models in the sense that the evolution

of prices and the different frictions are exogenous. We complement this litera-

ture by providing an equilibrium model in which an important friction -funding

constraints- is endogenous.

3.2 The model

We consider an optimal investment problem for a company that funds itself

with some initial capital and with debt provided by a continuum of creditors.
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The company can invest in a risky asset and in cash. Without loss of generality

we can assume that the risk-free rate is equal to zero, since the relevant quantity

in our model is the difference between the rate offered by the company and the

risk-free rate.

In the sequel, we fix a probability space (Ω,F ,P) that models the evolution of

the risky asset. A measurable space for the creditors is fixed and given by (A =

(0, 1),B), where B denotes the Borel σ-algebra. The company and all creditors

are referred to as creditors and are all assumed risk-neutral.

We consider a one period setup, t = 0, 1. At time 0 the company starts oper-

ations with an initial capital c > 0. It raises an amount s of debt, due at time 1

and bearing interest rate r > 0. The company invests in y > c units of the risky

asset, whose price at time 0 is normalized to 1. The remaining funds are held in

cash, assumed nonnegative at time 0, i.e.,

m := c + s − y ≥ 0. (3.1)

At time 1 the price of the risky asset changes to a price, assumed positive,

P ≥ 0 and consequently the value of the risky asset holdings of the company

becomes Py. The capital at time 1 is given by

m − s(1 + r) + yP = c − rs + y(P − 1). (3.2)

The company is solvent if the capital is positive and insolvent otherwise. If

the company is insolvent at time 1, it is completely liquidated and the proceeds

distributed to the creditors proportionally to their outstanding debt. It follows

that for each dollar invested in the company’s debt at time 0 the creditors receive

at time 1 an amount

m + yP
s

∧ (1 + r) =
c + s + y(P − 1)

s
∧ (1 + r). (3.3)
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Note that the assumption that P ≥ 0 implies that the asset-to-debt ratio at time

1 is greater than 0. Having established the basic setup, we now establish the

company’s debt capacity and investment in the risky asset that emerges from

strategic interaction with the creditors at time 0.

3.2.1 The creditors

The creditors differ in their beliefs about the future prospects of the borrower, in

their endowed capital, and in their capital allocation strategy. We now describe

these differences.

Creditors’ beliefs. We assume that each creditor a ∈ A has a belief given by

a probability measure Pa under which the random variable P has a log-normal

distribution b(a)exp(N − 1
2 ), with b(a) ∈ R+ and N following a standard normal

distribution. This means that creditors measure events under equivalent prob-

ability measures: they agree about the volatility of the asset, but they disagree

about the expectation of P. Creditor a believes that this expectation is given by

b(a). We assume that the function b is a surjection on R+.

Intuitively, creditor a believes that the real-world measure is Pa. Slightly

abusing the terminology, we will simultaneously use the term belief for Pa and

for the mean b(a).

Borrower’s belief. We assume that the borrower has a belief given by a proba-

bility measure Pb̃ under which P has a log-normal distribution b̃ exp(N− 1
2 ) (with

N a standard normal random variable).

Furthermore, we assume that the borrower is optimistic about the risky as-

set, so b̃ > 1. Therefore the borrower desires as much debt as offered by the

creditors.

30



Creditors’ capital. The creditors are endowed with a capital measure C. We

assume that the image measure of C induced by the map b on
(
R+,B(R+)

)
is

known to all creditors. This image measure represents the distribution of capital

across beliefs and we denote by

S (b) := C({a ∈ A | b(a) ≥ b}), b ∈ R+

the distribution function.

We assume that the company’s initial funds satisfy c > rC(A), which imme-

diately implies

c > rs. (3.4)

This means that the company’s initial capital must be sufficient to pay the

interest on its debt. This simplifying assumption is realistic, since in practice

the short-term interest rate r is very low.

Creditors’ allocation strategies. Each creditor chooses between investing her

capital in riskless cash, or in the borrower’s risky debt which pays interest r > 0.

Definition 3.2.1. We will call a function π : A × R+ → [0, 1] an allocation strategy.

π(a, y) represents for creditor the fraction of the wealth of creditor a, that she

invests into the company’s debt, given the company’s investment in the risky

asset is y.

Under this allocation strategy, the debt that the company raises at time 0

depends on the company’s investment and is given by

s(π, y) =

∫
A
π(a, y)da.

We assume that the company cannot raise more funds than those offered

by the creditors. Moreover, we assume that the investment of the company in
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the risky asset is bounded away from c (otherwise the company does need to

raise debt), in mathematical terms this means that there exists an ε, such that

the investment of the company is greater than c + ε, thus we restrict the domain

of π to A × (c + ε, c + C).

3.2.2 The problem setting

In this section we introduce the definition of a Nash Equilibrium.

We first define the payoff for a given allocation strategy. In the sequel we

consider only allocation strategies under which the debt is bounded from below

by an ε > 0.

Creditors’ payoffs. For a given allocation strategy π, the expected return of

creditor a ∈ A per dollar invested into the company is given, using (3.3), by the

following

Eb(a)
[
c + s(π, y) + y(P − 1)

s(π, y)
∧ (1 + r)

]
.

It will be convenient in the sequel to introduce the function g : R3
+ → R+ that

gives the return per dollar to a creditor with belief x, when the debt is z and the

company’s investment is y.

g(x, y, z) := Ex

[
c + z + y(P − 1)

z
∧ (1 + r)

]
= 1 + r −

1
z
Ex [(c + y(P − 1) − rz)−

]
= 1 + r −

1
z

Put(yx, y + rz − c) (3.5)

where Put(x, k) denotes the Black-Scholes price of a European Put Option,

with initial value of the underlying x and strike k = y+ rz−c (under zero interest
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rate, volatility 1 and time to maturity 1). Note that the strike is strictly positive:

y + rz − c > 0 since we have y > c.

The put option analogy to a creditor’s debt is a well-known idea (ever since

the initial paper of (9) and the subsequent developments by (36)). An important

difference exists in our model because each creditor’s value for the defaultable

bond differs based on their private belief. More importantly, the recovery rate

is endogenous and depends on the equilibrium strategies of the company and

all the creditors. This is similar to the literature that endogenizes a company’s

debt-equity ratio decision, see (49) and the references therein.

We will use the standard notation (for our choice of parameters)

d1,2(x, k) := ln
x
k
±

1
2
,

Φ the cumulative standard normal density function and φ the standard nor-

mal distribution function. Call denotes the price of an European Call Option.

Note that for all y, z ∈ R+ we have x → g(x, y, z) is continuous and strictly

increasing.

Using the return per dollar given in (3.5), we can then write the total payoff

of creditor a under strategy π as a function of y:

Ga,π(y) := π(a, y)g (b(a), y, s(π)) + (1 − π(a, y)). (3.6)

Nash equilibrium. Before defining a Nash equilibrium, we introduce some

notation. We let (π−a, π
′) : (0, 1) × (c, c + C]→ [0, 1] be defined by

(π−a, π
′)(a′, y) =


π′(y) if a′ = a

π(a′, y) if a′ ∈ (0, 1)\{a}.

In other words, the map (π−a, π
′) coincides with the map π on (0, 1)\{a} ×(c, c+

C].
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Remark 3.2.2. Since only one creditor changes her strategy, the total debt stays the

same

s(π, y) = s
(
(π−a, π

′), y
)
.

We now define the Nash equilibrium. In this definition we are concerned

only with creditors’s allocation, for a given choice of the company. Importantly,

we do not impose a constraint on the creditor’s allocation that makes the com-

pany’s investment feasible.

Definition 3.2.3. An allocation strategy π is called Nash Equilibrium (NE) if for every

a ∈ (0, 1), any y ∈ (c, c + C], and any π′ : A→ [0, 1]:

Ga,π(y) ≥ Ga,((π−a,π
′)(y). (3.7)

We let C the set of NE.

In other words, in equilibrium, given the strategy of the company and of the

other creditors, no creditor has an incentive to deviate from her strategy.

We now define the following sets:

Y0 =
{
y ∈ (c, c + C], ∀π ∈ C y ≤ c + s(π, y)

}
(3.8)

Y1 =
{
y ∈ (c, c + C], ∃π ∈ C y ≤ c + s(π, y)

}
(3.9)

Using Equation (3.2) we obtain the company’s expected capital at time 1,

Hb̃,π(y) := Eb̃
[(

c + y(P − 1) − rs(π)
)+]

= Call(yb̃, y + rz − c). (3.10)

We assume that under optimistic scenario the company chooses an invest-

ment that is feasible under any Nash Equilibrium and results into the maximum

expected capital.
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Assumption 3.2.4. The company under optimistic scenario chooses

y∗ ∈ argmax
y∈Y1

(
min
π∈C

Hb̃,π(y)
)
. (3.11)

We assume that under pessimistic scenario the company chooses an invest-

ment that can be feasible under some Nash Equilibrium, and results in maxi-

mum expected capital

Assumption 3.2.5. The company under pessimistic scenario chooses

y∗ ∈ argmax
y∈Y0

(
max

π∈C,y≤c+s(π,y)
Hb̃,π(y)

)
. (3.12)

3.3 Nash Equilibria under a diffuse capital distribution.

The goal of this section is to investigate the properties of the Nash Equilibrium

defined in the previous section. We find the conditions for the existence of a

Nash Equilibrium. We show that the Nash Equilibrium is unique, thus the com-

pany’s policy under optimistic scenario is the same as under pessimistic sce-

nario. We find this unique optimal strategy for the company.

Throughout this section we assume that the capital distribution across beliefs

is diffuse, i.e., we assume that the distribution function S (·) is continuous.

3.3.1 Nash Equilibria Properties

We begin with showing that any NE has the following monotone property: for

any company’s investment y there exists a creditor that invests a positive frac-

tion of her wealth in the company , then any other creditor with higher beliefs

invests all of her wealth in the company as well. Formally, we have the follow-

ing proposition.
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Proposition 3.3.1. Suppose π is a Nash Equilibrium and there exists an creditor a′

such that π(a′, y) > 0. Then π(a, y) = 1 for every creditor a such that b(a) > b(a′).

The proof of the Proposition Threshold type 1 is the Appendix B.

In light of the Proposition 3.3.1, it is natural to consider the type of strategies

under which every creditor with a belief above a threshold invests all her money

in the company, and there are no creditors with the belief below the threshold

that invest in the company.

Definition 3.3.2. The allocation strategy π is said to be of a Threshold Type if it has

the following property: there exists a function b∗ : (c, c + C]→ [0, 1] such that

π(a, y) =


1, if b(a, y) > b∗(y)

0, if b(a, y) < b∗(y).
(3.13)

We will denote this strategy πb∗ and call the function b∗(·) the critical belief function.

For a threshold type allocation strategy πb∗ , the debt provided by the credi-

tors is given using the distribution function:

s(πb∗ , y) = S
(
b∗(y)

)
. (3.14)

Furthermore we have the following payoff for the creditors

Ga,πb∗ (y) =


g (b(a), y, S (b∗)) if b(a) > b∗(y)

1 otherwise.

From Definition 3.3.2 and Proposition 3.3.1, it immediately follows that any

Nash Equilibrium π we can be written as

π = πb∗ ,

where

b∗(y) = inf{b(a) | π(a, y) > 0}.

36



We have the following corollary.

Corollary 3.3.3. If an allocation strategy π is a Nash Equilibrium, then it is of the

Threshold Type.

Let’s fix the company’s investment y and name b∗(y) the critical belief. In

light of this corollary, we can express any Nash Equilibrium in terms of the

critical belief. Intuitively, the critical belief is the belief under which the expected

return per dollar from investing in the company’s debt is the same as the return

under the risk free investment, i.e., it is equal to 1. Note however that the return

per dollar invested does not have a trivial monotonicity in the critical belief,

since the debt itself depends on the critical belief. In general, such a critical

belief is not unique.

The reminder of the section is dedicated to proving the existence of a Nash

Equilibrium and the uniqueness of the company’s strategy under certain con-

ditions. In particular, existence holds when the distribution of capital has full

support, see the Remark 3.3.5.

Proposition 3.3.4. Suppose there exists ε > 0 in the image of S , such that

supy∈[c,c+C] Put(yS −1(ε), y + rε − c)

ε
< r. (3.15)

Then for any y ∈ [c, c + C] there exists a critical belief β < S −1(ε) such that

g (β, y, S (β)) = 1. (3.16)

The proof of Proposition 3.3.4 is in the Appendix B.

Remark 3.3.5. Assumption (3.15) holds when S has full support. Indeed, assuming

that S is differentiable, we have for all y ∈ [c, c + C]
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lim
ε→0

supy∈[c,c+C] Put(yS −1(ε), y + rε − c)

ε
≤ lim

ε→0

Put(cS −1(ε),C + rε)
ε

= lim
ε→0
−cΦ(−d1)S −1(ε)′ + rΦ(−d2)

= 0

where in the first inequality we use the fact that the put option price is decreasing

in its first argument and increasing in its second argument, in the second line we

use l’Hôpital’s rule and in the last line we use limε→0 Φ(−d1(yS −1(ε), y + rε − c)) =

limε→0 Φ(−d1(yS −1(ε), y + rε − c)) = 0.

We now consider the case when the distribution of beliefs has bounded sup-

port, for a sufficiently large bound. In this case, if the distribution of beliefs is

uniform, then there exists a unique critical belief for which the expected return

on the dollar is one and the debt is bounded away from zero.

Proposition 3.3.6. Fix ε > 0. There exists an M = M(ε) > 0 such that the hypothesis

of Proposition 3.3.4 is satisfied for the following uniform distribution of capital across

beliefs, S : [0,M] → R with S (b) = C
M (M − b). Then for any y ∈ [c, c + C] there exists

a unique β < M
(
1 − ε

C

)
such that

g (β, y, S (β)) = 1. (3.17)

The proof of Proposition 3.3.6 is in the Appendix B.

In the sequel we fix ε > 0 and let M(ε) be as defined in Proposition 3.3.6 im-

plying that the uniform distribution is on [0,M(ε)]. We will restrict ourselves to

investment strategies of the company with y ≥ c + ε.
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Proposition 3.3.7. A strategy πb(y) is a Nash Equilibrium if and only if for any y ∈

(c + ε, c + C)

g
(
b(y), y, S

(
b(y)

))
= 1 (3.18)

and S (b) > ε.

The proof of Proposition 3.3.7 is in the Appendix B.

By Proposition 3.3.6 and Proposition 3.3.7, we can conclude there exists a

unique equilibrium for the creditors.

We have the following proposition that states that a debt capacity function

is well defined. By abuse of notation, we will denote this function s.

Proposition 3.3.8 (Existence of a debt capacity function). For every y ≥ c + ε there

exists a unique β(y) such that πβ(y) ∈ C. The debt capacity as a function of y is given by

s(y) := s(πβ(y)) = S (β(y)).

From Proposition 3.3.4 there exists a unique β = β(y) such that

g (β(y), y, S (β(y))) = 1. (3.19)

and S (β(y)) ≥ ε.

From Proposition 3.3.7, we have that πβ(y) is the unique Nash Equilibrium.

3.3.2 The company’s optimal decision

It now remains to study the optimal investment of the company. Recall that

in the previous section we only require that the creditors reach an equilibrium.

In this section we need to first check if the the investment of the company is

feasible, in other words, if the debt offered by the creditors in equilibrium is

sufficient for the company to make its investment.
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We begin by noting that the function β that uniquely determines the cred-

itor’s equilibrium as a function of the company’s investment is a continuous

function. This in turn implies the following proposition.

Proposition 3.3.9. The debt capacity of the company s(y) = S (β(y)) is a continuous

function of y.

The following proposition is critical to determining the optimal choice of the

company. Any choice of the company lies in the set {c < y ≤ c + s(y)}. In this set

we have that more investment in the risky asset decreases the debt capacity.

Proposition 3.3.10. The map y → β(y) is strictly increasing (the map y → s(y) is

strictly decreasing) over the set of feasible strategies of the company {c < y ≤ c + s(y)}.

The proof of Proposition 3.3.10 is in Appendix B.

The company has the following optimization problem.

Maximize
c<y≤c+s(y)

Hb̃,πβ(y)(y)

i.e.,

Maximize
c<y≤c+s(y)

Call(yb̃, y + rs(y) − c) (3.20)

The main result of the paper, namely that there exists a unique solution to

the company’s optimization problem is based on the following proposition.

Proposition 3.3.11. The function y → Call(yb̃, y + rs(y) − c) is increasing over the

feasible set {c ≤ y ≤ c + s(y)}.

The proof of Proposition 3.3.11 is in the Appendix B.

Theorem 1. There exists a unique solution y∗ to the Problem 3.20 given by

y∗ := sup{c < y ≤ c + s(y)} (3.21)
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We have that (πβ(y∗), y∗) is the unique company’s strategy. Moreover, we have that

the unique solution saturates the funding constraint:

y∗ = c + s(y∗). (3.22)

The proof of Theorem 1 is in the Appendix B.

The first part of the theorem states that the optimal choice of the company is

the maximum feasible investment.

Proposition 3.3.10 ensures that the the debt capacity of company decreases

when y increases, and that the debt capacity function s(y) is a continuous func-

tion of y. These imply that at the optimal choice the constraint is saturated,

i.e., the company invests all the available funds in the risky asset. Intuitively,

the company is optimistic about the asset and, therefore, buys as many units of

the risky asset as possible. Since the distribution of capital is diffuse, the drop

in debt capacity can be made arbitrarily small by choosing a sufficiently small

increase in the asset position. Therefore, if the company has a non-zero cash

position, it is always optimal to buy an additional positive quantity of the asset,

without violating the capital constraints.

Of course, that it is optimal for the company to increase the risky asset po-

sition in the first place stems from the first part of Theorem 1, and depends on

our assumptions on the belief distribution. In particular, we rely on Proposition

3.3.11 which states that, under a uniform capital distribution across beliefs, the

increase of debt capacity with respect to the risky investment is small in relation

to the profits expected by the optimistic borrower by the increase in the risky

investment.

Theorem 1 guarantees that the company invests all available funds in the

risky asset. The same results would hold if the company would not commit

to any investment strategy. Note that in this case, the rational creditors would
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assume that all the debt is invested into the risky asset. This is consistent with

the unique optimal strategy of the company, which is to hold zero cash.

In the next section we will study the same problem in presence of a large

creditor.

3.4 Nash Equilibria given a large creditor

In this section we assume that besides “small” creditors, the company can bor-

row money from a “large” creditor α.

The rate for the large creditor is R ≥ r. Creditor α has a belief about the risky

asset given by b(α). The capital available to the large creditor is given by C(α),

while the total capital stays as in the previous setting equal to C.

We let M0 = M
(
1 − C(α)

C

)
. We assume that b(α) ∈ (0,M0). The distribution

function for the capital is given by S : [0,M]→ R+, where

S (b) :=
C −C(α)

M0
(M0 − b) + C(α)b≤b(α). (3.23)

For simplicity, we only consider the case of a single atom. Allowing for

any finite number of atoms would not change our main results concerning the

existence of equilibria with positive cash holdings.

3.4.1 Nash Equilibria Properties

The behavior of the “large” creditor affects the overall debt of the company

and, therefore, significantly affects the decisions of the ”small” creditors. We

investigate the behavior of a “large” creditor and find that she either invests all

of her available capital in the company or invests nothing. More formally we

have the following proposition.
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Proposition 3.4.1. If π is a Nash Equilibrium, then π(α, y) ∈ {0, 1}. Moreover, for

any strategy of the “small” creditors π−α, the “large” creditor maximizes her expected

gain either if she invests nothing or if she invests all her available capital Cb(α) in the

company.

The proof of Proposition 3.4.1 is in the Appendix B.

Similar to the case considered in the Section 3.3, the following monotone

property holds when there is a “large” creditor. If there exists a “small” creditor

that invests a positive fraction of her wealth in the company, then any other

“small” creditor with higher beliefs invests all her wealth in the company as

well. Formally, the modification of Proposition 3.3.1 holds under a non-diffuse

capital distribution.

Proposition 3.4.2. If π is a Nash Equilibrium and there exists a “small” creditor a′,

such that π(a′, y) > 0, then π(a, y) = 1 for every “small” creditor a such that b(a) >

b(a′).

The proof of the statement mimics the proof of Proposition 3.3.1.

3.4.2 Nash Equilibria in non discriminative case

We now consider the case when the company pays the same rate r to the “small”

and “large” creditors.

Proposition 3.4.3. If a strategy π is a Nash Equilibrium, then there exists a function

b∗ : [c + ε, c + C] → R+, such that, given the company’s investment is y, any creditor

a ∈ A with the belief b(a) > b∗(y) invests in the company, while every creditor a′ with

the belief b(a′) < b∗(y) does not invest.
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The proof of Proposition 3.4.3 is in the Appendix B.

It then immediately follows:

Corollary 3.4.4. If a strategy π, is a Nash Equilibrium, then it is of a Threshold Type.

Any Nash Equilibrium can be denoted as πb∗ : the strategy under which,

given the company’s investment y, all creditors with beliefs b > b∗(y) invest

all available money in the company, and all creditors with beliefs b < b∗(y) do

not invest in the company.

Similarly to Section 3.3 the following proposition holds.

Proposition 3.4.5. If a strategy πb is a Nash Equilibrium, for any y ≥ c + ε

g (b, y, S (b)) = 1 (3.24)

and S (b) > ε.

The proof of the proposition mimics the proof of the first part of Proposition

3.3.7 in Section 3.3.

We distinguish the following cases.

Proposition 3.4.6. 1. For any fixed y ≥ c + ε, there exists either one or two roots

b∗ = b∗(y) such that g
(
b∗, y, S (b∗)

)
= 1.

2. If Equation 3.24 has two solutions, b∗ and b∗∗ (b∗ < b∗∗), then b∗ ∈ (0, b(α)],

b∗∗ ∈
[
b(α)+,M0

(
1 − ε

C−C(α)

)]
Proposition 3.4.7. If πβ is a Nash Equlibrium then for any y only following cases may

arise

1. β = b∗ the unique root of Equation 3.24.

2. β = b∗ ∈ (0, b(α)).

3. β = b∗∗ ∈
[
b(α)+,M0

(
1 − ε

C−C(α)

)]
, and g (b(α), y, s(πb∗∗ , y) + C(α)) ≤ 1.
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3.4.3 The company’s optimal decision in non discriminative

case

Similarly to Section 3.3, this section studies the company’s optimal investment

policy given the response of the creditors as a function of the investment policy.

The key difference with a “large” creditor is a discontinuity introduced when

the large creditor invests or not (we have seen in the previous section that she

invests all or nothing of her available capital). Moreover, this discontinuity in

the debt may be larger than the capital of the large creditor due to the presence

of multiple equilibria.

We will show that under certain conditions, the optimal policy of the com-

pany leads to non-zero cash holdings. Indeed, the company will maximize the

investment in the asset subject to the debt capacity constraint. Due to the jump

down in the debt capacity, it will follow that the risky asset investment will not

saturate the debt capacity constraint.

We have to take into account the behavior of the large creditor separately.

We begin by determining the existence of an investment policy of the company

for which the large investor is the critical creditor and an investment policy

for which the large creditor does not invest but all small creditors with higher

beliefs than her invest.

Proposition 3.4.8. There exists at most one y1 > c and respectively at most one y0 > c

such that:

g (b(α), y1, S (b(α))) = 1. (3.25)

g
(
b(α), y0, S (b(α)+)

)
= 1. (3.26)

Moreover, if both Equations (3.25) and (3.26) have solutions y1 and y0, then y1 ≥ y0.

The proof of Proposition 3.4.8 is in Appendix B.
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Note also that g (b(α), y, S (b(α))) > 1, when y1 → c, and g (b(α), y, S (b(α))) is

continuous in the second argument. Therefore if Equation (3.25) does not have

a solution, then g (b(α), y, S (b(α))) > 1, for any y. In this case, we set y1 = c + C.

Similarly, if (3.26) does not have a solution, we set y0 = c + C.

We define two maps corresponding to the debt provided in the two cases

(πb∗ and πb∗∗) of Proposition 3.4.6.

1. y→ β1(y), y→ s1(y): [c + ε, y1]→ (0, b(α)]. We choose β1(y) such that:

g
(
β1(y), y, S (β1(y))

)
= 1. (3.27)

The solution to Equation (3.27) on (0, b(α)] exists since for any y ∈ [c + ε, y1]

g
(
b(α), y, S (b(α))

)
≥ 1,

and

g
(
0, y, S (0)

)
< 1.

From Proposition 3.4.6 the solution is unique. We let

s1(y) = S (β1(y)).

2. y→ β0(y): (y0, c + C]→
(
b(α),M0

(
1 − ε

C−C(α)

)]
. We choose β0(y) such that:

g
(
β0(y), y, S (β0(y))

)
= 1. (3.28)

The solution to Equation (3.28) on
(
b(α),M0

(
1 − ε

C−C(α)

))
exists as for any

y ∈ (y0, c + C].

g
(
b(α), y, S (b(α))

)
≤ 1,

and

g
(
x, y, S (x)

)
> 1,

for x = M0
(
1− ε

C−C(α)

)
. From Proposition 3.4.6 the solution is unique. We let

s0(y) = S (β0(y)).
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The debt capacity functions associated with the possible NEs are thus well

defined. As expected, these debt capacity functions have the following mono-

tonicity property.

Proposition 3.4.9. The maps y → β0,1(y) are strictly increasing (the maps y → s0,1(y)

are strictly decreasing) over the respective sets of feasible strategies of the company {c <

y ≤ c + s0,1(y)}.

The proof of Proposition 3.4.9 mimics the proof of Proposition 3.3.10.

Note that the debt capacity functions have different domains, and the mono-

tonicity property above is stated separately for each function.

However, their domains intersect in the interval (y0, y1], so over this interval

we are able to compare the two debt capacity functions. Indeed, since β1(y) ≤

b(α) < β0(y) for any y ∈ (y0, y1], we have

s1(y) > s0(y), y ∈ (y0, y1]. (3.29)

Proposition 3.4.7, 3 establishes a criterion where the NE, associated with the

debt capacity function s0, is indeed a NE by considering the payoff from a full

investment by the “large” creditor. To be able to verify this criterion we first

establish the following proposition.

Proposition 3.4.10. The equation

g
(
b(α), y, s0(y) + C(α)

)
= 1 (3.30)

has at most one solution y′0 on (y0, y1].

The proof of Proposition 3.4.10 is in the Appendix B.

If Equation (3.30) does not have a solution on (y0, y1], we set y′0 = y0. We are

now able to establish for a y ∈ (y0, y1] which of the two possible debt capacity
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functions corresponds to a NE: y′0 represents the maximum investment amount

of the company under which the smaller debt capacity function s0 (with the

critical belief function β0) does not correspond to a NE. Formally, we have the

following Corollary which follows immediately from Propositions 3.4.6, 3.4.7

and 3.4.10.

Corollary 3.4.11. If πβ is a Nash Equilibrium

1. For every y ∈ (y′0, y1], β = β0(y).

2. For every y ∈ (y0, y′0), β , β0(y).

We assume that the company has the information about the preferences of

the ”large” creditor. We then denote

s̃0(y) =


s1(y), when y ∈ (c0, y′0],

s0(y), when y ∈ (y′0, c + C0],

and

s̃1(y) =


s1(y), when y ∈ (c0, y1],

s0(y), when y ∈ (y1, c + C0].

The function s̃0(y) represents the debt provided by the creditors, given that

the “large” creditor decides not to invest in the company when y > y′0, while

the function s̃1(y) represents the debt provided by the creditors, given that the

“large” creditor decides to invest in the company when y ∈ (y′0, y1].

Under pessimistic scenario the optimization problem (3.11) can be formu-

lated as follows:

y∗ ∈ argmax
π∈C,y≤c+s̃0(y)

(
Gb̃,π(y)

)
, (3.31)

otherwise

y∗∗ ∈ argmax
π∈C,y≤c+s̃1(y)

(
Gb̃,π(y)

)
. (3.32)
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As s̃0(y) is monotonically decreasing function and limy→c s̃0(y) > c and

limy→+∞ s̃0(y) = 0, the problem (3.31) always has a unique solution (π∗, y∗) that

we will call a Nash Equilibrium under pessimistic scenario. If y∗ ∈ [y′0, y1], then

s̃1(y′0) > s̃0(y′0) ≥ y′0 and for any δ > 0, s̃1(y1 + δ) = s̃0(y1 + δ) ≤ y1, therefore the

problem (3.32) has a unique solution (π∗∗, y∗∗), different from (π∗, y∗), that we will

call a Nash Equilibrium under optimistic scenario and y∗∗ ∈ [y′0, y1].

3.4.4 The optimal cash holdings in non discriminative case

It now remains to synthesize the previous results and establish for each possible

investment strategy of the company the debt provided in equilibrium by the

creditors.

If Equation (3.25) does not have a solution, in other words y1 = c+C, then the

results of the optimization problems (3.31) and (3.32) coincide, and the “large”

creditor invests under both scenarios. The company does not hold cash.

Otherwise, we consider the equations:

y = c + s1(y), on y ∈ (c, y1]. (3.33)

y = c + s0(y), on y ∈ (y′0, c + C). (3.34)

Since the maps y → s0,1(y) are strictly decreasing, both equations have not

more than one solution. We have the following case distinctions.

1.

y′0 ≥ c + s1(y′0).

Then there exists a unique y∗ ∈ (c, y′0], such that y∗ = c + s1(y∗), and there is

a unique strategy for the company under both optimistic and pessimistic

scenarios y∗. The company does not hold cash.
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2.

c + s0(y′0) < y′0 < c + s1(y′0),

and

y1 < c + s1(y1).

In this case the solution to the company’s problem under pessimistic sce-

nario is y′0 and under optimistic scenario is y1. The company holds posi-

tive cash in both cases. This is immediate since the inequalities above are

strict so the risky asset investments do not saturate the debt capacity.

Figure 3.1: Case (i) illustration. Figure 3.2: Case (ii) illustration.

3.

c + s0(y′0) < y′0 < c + s1(y′0),

and

y1 ≥ c + s1(y1).

Then there exists a unique y∗ ∈ (y′0, y1], such that y∗ = c + s1(y∗). the solution

to the company’s problem under pessimistic scenario is y′0 and under opti-

mistic scenario is y∗. The company holds positive cash under pessimistic

scenario.

4.

y′0 ≤ c + s0(y′0),
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and

y1 ≥ c + s1(y1).

Then there exists a unique y∗ ∈ [y′0, y1], such that y∗ = c + s0(y∗), and there

exist a unique a unique y∗∗ ∈ (y∗, y1], such that y∗∗ = c + s1(y∗∗). the solu-

tion to the company’s problem under pessimistic scenario is y∗ and under

optimistic scenario is y∗∗. The company holds zero cash under both sce-

narios.

Figure 3.3: Case (iii) illustration. Figure 3.4: Case (iv) illustration.

5.

y′0 ≤ c + s0(y′0),

and

y1 + s0(y1) ≤ y1 < c + s1(y1).

Then there exists a unique y∗ ∈ (y′0, y1], such that y∗ = c + s0(y∗) the solution

to the company’s problem under pessimistic scenario is y∗ and under opti-

mistic scenario is y1. The company holds positive cash under optimistic

scenario.

6.

y1 < c + s0(y1).
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Then there exists a unique y∗ ∈ (y1, c + C), such that y∗ = c + s0(y∗), and y∗ is

a unique strategy for the company under both optimistic and pessimistic

scenarios, when the company does not hold cash.

Figure 3.5: Case (v) illustration. Figure 3.6: Case (vi) illustration.

3.4.5 Discriminative case

In this subsection we consider the case when the company can offer the rate

R ≥ r to a “large” creditor. In Subsection 3.4.4 we illustrated the cases when the

company has positive cash holdings in order to convince the “large” creditor

to invest in the company. Now, it can choose an optimal combination of the

investment y and the rate R. A larger investment leads to a higher payoff of the

company, since it is optimistic about the asset. However, this higher investment

in the asset is accompanied by a decrease in debt capacity, so larger investments

may not be feasible. Higher interest rates allow the company to maintain debt

capacity that it would otherwise lose, but come at a cost. The company must

solve this tradeoff by choosing the optimal pair of asset investment and interest

rate offered to the large creditor. A critical question is whether, this optimal

pair will still lead to positive cash holdings, or, on the contrary, there exists an

interest rate that maximizes the company’s payoff while maintaining its debt
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capacity.

We show that positive cash holdings are optimal even if the company opti-

mizes both y and R. In other words, cash holdings are a powerful tool for the

company to increase its debt capacity and may be preferred to increasing the in-

terest rate beyond a certain point. The company will use a combination of cash

holdings and interest rate increase to convince its large creditor.

For simplicity, we assume C(α) = C, i.e. small creditors do not have any

capital. In this case we assume that r ≥ 0 is the minimum market rate.

We define l : [c + ε, c + C(α)] × [r,+∞)→ R an expected payoff of the “large”

creditor, if she invests in the company, given the investment of the company is

y and the rate is R.

l(y,R) = Ex

[
c + C(α) + y(P − 1)

c + C(α)
∧ (1 + r)

]
C(α)

= (1 + R)C(α) − Put(yb(α), y + RC(α) − c). (3.35)

We define the set of admissible strategies of the companyA ∈ R2.

A =

{
(y,R)

∣∣∣∣l(y,R) ≥ C(α), y ≤ c + C(α)
}

(3.36)

The expected payoff of the company, given the investment is y and the rate

is R

h(y,R) = Eb̃
[(

c + y(P − 1) − RC(α)
)+]

= Call(yb̃, y + RC(α) − c).

The company, thus, solves the following optimization problem.

(y∗,R∗) ∈ argmax
A

(
h(y,R)

)
. (3.37)
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Since h is a bounded function on a compact set A and the function h(y,R)

is monotonically decreasing in R, while the function l(y,R) is monotonically in-

creasing in R, the following result holds.

Proposition 3.4.12. The solution (y∗,R∗) to the problem (3.37) exists and either

l(y∗,R∗) = C(α), or

l(c + C(α), r) ≥ C(α),

and (c + C(α), r) is a solution to the problem (3.37).

The latter Equation corresponds to the case, when the minimum rate r is

sufficient to convince the “large” creditor to invest in the company.

We, now, assume l(c + C(α), r) < 1. We define the set

A1 =

{
(y,R)

∣∣∣∣l(y,R) = C(α), y ≤ c + C(α)
}
,

The problem (3.37) is, then, equivalent to

(y∗,R∗) ∈ argmax
A1

(
h(y,R)

)
. (3.38)

To ensure that there exist positive cash holdings, it is sufficient to show, that

the expected payoff of the company, given zero cash holdings is strictly less,

than the payoff at some point (y0,R0) ∈ A1 (not necessarily optimal), when the

cash holdings are not zero, i.e. the optimization problem (3.38) has an interior

point solution. We consider the following examples.

Example 3.4.13. We consider the following example c = 5, b̃ = 1.03, C(α) = 100,

b(α) = 0.99, r = 0.01, σ = 0.25.

Then if y = c + C(α), R = 25.24%. In this case the payoff of the company is

h(y,R) = 5.23.
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However, if the company offers R0 = 6.77% it can invest y0 = 55 in the risky

asset, and get the payoff of h(y0,R0) = 5.58. This result is robust with respect

to the choice of volatillity, and holds for realistic parameters, as the following

example shows.

Example 3.4.14. We consider the following example c = 5, b̃ = 1.03, C(α) = 500,

b(α) = 0.995, r = 0.01, σ = 0.1.

Then if y = c + C(α), R = 14.34%. In this case the payoff of the company is

h(y,R) = 5.03.

However, if the company offers R04.45% it can invest y0 = 255 in the risky

asset, keeping 250 in cash, and get the payoff of h(y0,R0) = 6.54.

The Examples 3.4.13 and 3.4.14 show that the company has the incentive to

have significant positive cash holdings even if it has an option to optimize the

rate.

3.5 Conclusions

We have introduced a novel theoretical model that explains the cash holdings

puzzle. We set up a static one period model, in which cash becomes a means

to select an equilibrium of creditors with different valuations of the company’s

assets. What drives our results is not the need to protect against adverse future

liquidity shocks as in previous studies, but the role of cash in increasing the debt

capacity: the net debt increases with cash holdings.

In the equilibria with positive cash holdings, any decrease of cash holdings

(or equivalently, any increase in the investment in the asset) may lead to a neg-

ative jump in the debt capacity.

There is an important difference between markets with diffuse investors and
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markets with a large investor. In the former, no single investor can have a suf-

ficiently high impact on the overall debt provision to prompt the borrower to

bear the cost of holding cash. In the latter, the strategy of the large creditor acts

itself as a selection mechanism between different equilibria of the creditors. The

company may choose to hold cash when the large creditor is sufficiently pes-

simistic, and this will have the benefit of keeping the large creditor and also a

positive fraction of the small creditors. Our results hold when the company can

vary the interest rate. We show that cash holdings are a powerful tool for the

company to increase its debt capacity and may be preferred to increasing the

interest rate beyond a certain point.
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CHAPTER 4

SOVEREIGN RISK SPREAD MODELING

4.1 Introduction

Sovereign credit risk modeling is a common and well-studied topic, and

many new modes have appeared in the recent years. As the sovereign credit

risk is influenced by various factors, such as Debt-to-GDP ratio, political sta-

bility, unemployment rate, the amount of the outstanding debt, availability of

the certain instruments of financial control and many others, searching for an

explicit dependence on these parameters is a challenging task, and, is typically

omitted in the models.

The classical example is provided in (42), the first parsimonious model,

where the yield and, thus, the price, depend on the time to maturity only. The

model has a lot of flexibility but cannot match all yield curves, however the

simplicity made it very popular among practitioners and inspired various ex-

tensions.

If we look at the factors that affect the sovereign bond prices closer, we will

see that some of the factors are country-specific, while the others are global.

The recent works (33), (37) and (45) show the significant impact of the global

factors on the bond prices. However during the latest European Credit Crisis

the variation of the European countries’ long-term yields raised from less than

2% in October, 2009 to over 20% in November, 2011, that shows the importance

of studying the influence of the country-specific factors.

The influence of the certain internal factors is studied in (29), where the au-

thors analyze the consequences of the default, such as change in the country’s

export, GDP growth and unemployment rate, and, then, allow the government
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to default if it is profitable for the country. The model directly links the internal

parameters with the default risk, however the recent European Crisis showed

that the political risks that were hard to quantify could noticeably influence the

country’s choice whether to default or not, making the decision much more

complicated than the bareer-type default problem. We, thus, do not study the

mechanism of sovereign default, due to complexity of the event.

In order to investigate the dependence of the yield curve on macroeconomic

parameters we decompose the sovereign credit risk into two independent com-

ponents, one is responsible for the risk-free rate and the other for the risk spread.

We use the results of , (42) that expands the setting from (50), and connect the

inflation and the unemployment rate with the risk-free rate, and study the risk

spread component only.

The work (16) shows that the risk spreads for the developing countries’

bonds, that are issued in foreign currency have a significant correlation with

Debt-to-GDP ratio. The authors claim that for the developed countries like the

USA, the UK or Canada this correlation is not statistically significant, however

this correlation for the Eurozone countries is similar to the developing coun-

tries, not to developed non-Eurozone ones. We, thus, consider the risk spread

as a function of Debt-to-GDP ratio.

We model both the dynamics of the sovereign spread and the Debt-to-GDP

ratio. The Debt-to-GDP ratio data is updated once a year, and, therefore it is rea-

sonable to model it as a piecewise constant function. The risky spread dynamics

cannot be observed directly from the market data, which makes calibration and

pricing a challenging task.
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4.2 The model

4.2.1 Introduction

We decompose the instantenious sovereign bonds rate to the sum of the risk-

free rate and the risk spread. The price of zero-coupon bond traded at time t

with the maturity T will be

B(t,T ) = EQ
[
exp

( ∫ T

t
(−rs − λs)ds

)]
.

The risk spread depends on many parameters, however we assume that the

parameter Rs = Ds
Xs

, which represents the ratio of the Debt-to-GDP, is the most

important one.

We consider the risk spread as λs = f (Rs, s). Since the dependence of the

default events and, thus, the risk spread on the Debt-to-GDP ratio has a non

trivial nature, we do not model it explicitly.

We make the following assumptions

1. The economy faces the shocks according to compound Poisson process

with the rate κ1(s,R).

2. Each shock has a magnitude that is random and follows exponential dis-

tribution with the parameter κ2.

3. The economy can absorb any small shock, i.e. any shock with the magni-

tude less than C(R).

4. The country declares default on the bonds of a certain type and enters the

restructuring procedure, if the shock is large, i.e. larger than C(R).

5. The higher the Debt-to-GDP ratio is, the more vulnerable the country to

default as a result of a shock. We assume Cs(R) = −C′sR + C′′s (t), where

C1
s > 0 and s + t is a maturity of the bond.
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6. Usually, the shocks and their magnitude represent the global problems

and, therefore, their intensity do not depend on R, i.e. κ1(s,R) = κ1(t) and

κ2(t,R) = κ2.

7. For simplicity, we assume that the investor receives nothing, if the restruc-

turing procedure has been launched. This assumption does not affect the

results and can be relaxed.

If we denote the default time as τ, we can find:

P(τ < T ) =

+∞∑
n=0

e−
∫ T

0 κ1(s)
∫ T

0

(
κ1(s)

(
1 − e−κ2Cs(Rs)

))n
ds

n!
= exp

(
−

∫ T

0
κ1(s)e−κ2Cs(Rs)ds

)
.

(4.1)

On the other hand, risk-neutral pricing requires:

B(t,T ) = EQ
[
exp

( ∫ T

t
(−rs − λs)ds

)]
= EQ exp

[∫ T

t

(
− κ1(s)e−κ2Cs(Rs) − rs

)
ds

]
, (4.2)

where
∫ T

t
exp(−r̄s)ds is the price of a zero coupon bond, issued at time t, that

matures at time T , and r̄s = rs + λs is the total rate.

Equation (4.2) is valid for any t and T , therefore:

λs = κ1(s) exp(κ2Cs(Rs)). (4.3)

Equation (4.3) yields the following dependence of the implied and actual

risk spread from the Debt-to-GDP ratio:

λs = C1(s) exp(C2Rs). (4.4)

60



4.2.2 Macroecomic parameters modeling

Since the values of Rs are updated once a year, we assume that it can be de-

scribed as a piecewise constant function of time.

Rs = Ri, for s ∈ [i, i + 1). (4.5)

The risk spread dynamics is represented through the Equation (4.4), how-

ever the dynamics of λs affects the Debt-to-GDP ratio. Since λs is a continuous

function, while Rs makes jumps at the integer points, the Equation (4.4) yields

that C1(s) must also make jumps in the integer points.

We assume that at any integer point i: C1(i) = C1(0).

We then assume that R0 is known and

Ri+1 =
1

C2
ln

λi

C1(0)
(4.6)

Equation (4.6) shows the explicit dependence of the Debt-to-GDP ratio on

the risk spread.

4.2.3 Parameters’ dynamics

We consider the Vasicek model for C1(s). We again assume that for any integer

i:

C1(i) = C1(0), (4.7)

and for s ∈ [i, i + 1):

dC1(s) = θ(µ −C1(s))ds + σdWs. (4.8)

Equations (4.4) and (4.8) yield:
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dλs = θ(µ exp(C2Rs) − λs)ds + σ exp(C2Rs)dWs (4.9)

The long term dynamics of the Debt-to-GDP ratio is a process that can be

found recursively.

Ri+1 = C(0)e−θ + µ(1 − e−θ) +

√
e2θ − 1

2θ
W1 (4.10)

For s ∈ [i, i + 1):

Rs = Ri (4.11)

4.3 Pricing technique

We have shown the recursive dynamics of the Debt-to-GDP ratio, however the

analytical solution of a zero-coupon price is a challenging task, and in this sub-

section we are considering the quantities Ri as model parameters.

Then, if t ∈ [0, 1) and T ∈ [i, i + 1), a zero-coupon bond B(t,T ) can be priced.

We denote:

A(T1,T2) =
1 − e−θ(T2−T1)

θ
(4.12)

D(T1,T2) =

µ exp
(
C2RT1

)
−

(
σ exp

(
C2RT1

))2

2θ2

(A(T1,T2) − (T1 − T2)
)
−

(σ exp
(
C2RT1

))2A(T1,T2)2

4θ
(4.13)

Then the following integrals can be evaluated as follows:

1. If T ′ ∈ (t, 1]:

I(t,T ′) = EQ
[
exp

∫ T ′

t
−λsds

]
= exp

[
−A(t,T ′)C1(t) exp(C2R0) + D(t,T ′)

]
,

(4.14)
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2. For any integer j:

I( j, j+1) = EQ
[
exp

∫ j+1

j
−λsds

]
= exp

[
−A( j, j + 1)C1(0) exp(C2R j) + D( j, j + 1)

]
,

(4.15)

3. If T ′ ∈ [i, i + 1):

I(i,T ′) = EQ
[
exp

∫ T ′

i
−λsds

]
= exp

[
−A(i,T ′)C1(0) exp(C2Ri) + D(i,T ′)

]
,

(4.16)

If we assume no recovery and no risk-free interest zero-coupon bond price

can be found as follows:

If t < 1 ≤ i ≤ T < i + 1:

BRF(t,T ) = I(t, 1)I(i,T )
j=i−1∏
j=1

I( j, j + 1) =

I(t, 1)I(i,T ) exp

 j=i−1∑
j=1

(
− A( j, j + 1)C1(0) exp(C2R j) + D( j, j + 1)

) (4.17)

The price of a Zero Coupon Bond with the recovery rate δr and non zero risk

free rate is

BZCB(t,T ) = (1 − δr)BRF(t,T ) + δr (4.18)

If the bond pays annual coupons Ca, then the total bond price is

B(t,T ) =



BZCB(t,T ) + Ca
∑ j=i−1

j=0 BZCB(t,T − j) + Ca(T − t − i)BZCB(t,T − i),

when T − i > t,

BZCB(t,T ) + Ca
∑ j=i−2

j=0 BZCB(t,T − j) + Ca(T − t − i + 1)BZCB(t,T − i + 1),

when T − i < t.

(4.19)
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If the bond pays semestial coupons Ch, then the total bond price is

B(t,T ) =



BZCB(t,T ) + Ch
2

∑ j=2i+1
j=0 BZCB(t,T − j

2 ) −Ch(i + t + 1 − T ),

when T − i − 0.5 > t,

BZCB(t,T ) + Ch
2

∑ j=2i
j=0 BZCB(t,T − j

2 ) −Ch(t − i + 1
2 − T ),

when T − i − 0.5 ≤ t < T − i,

BZCB(t,T ) + Ch
2

∑ j=2i−1
j=0 BZCB(t,T − j

2 ) −Ch(t + i − T ),

when T − i ≤ t.

(4.20)

4.4 Calibration

4.4.1 Overview and methodology

We model the market perceptions of the Debt-to-GDP ratio. We use a sequential

scheme to estimate the model parameters.

1. We fix the quantities Ri at the level that was observed at the time of trade

and the speed of mean-reversion θ at 1.

2. We consider the coupon bonds that mature within 4 years and solve the

optimization problem for µ, σ and C2.

3. We search for an implied Debt-to-GDP ratio, that gives the best match to

the market data.

4. We assume Debt-to-GDP ratio is a piecewise constant function of time,

that can be characterized with 6 numbers: current Debt-to-GDP ratio, the

ratio in 1 year, the ratio between years 2 and 5, the ratio between years 6

and 10, the ratio between years 11 and 15, and the ratio after 15 years.
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4.4.2 Results

We analayze Italian and Spanish bonds’ prices data from 2006 to 2014 and esti-

mate the market perception of Debt-to-GDP ratio over time.

The figures 4.1 - 4.6 shows the model predictions and the actual yields to

maturiy for Italian and Spanish bonds in 2013-2014, and the figures 4.7 - 4.10

show the market perception of Debt-to-GDP Ratio for Italy and Spain.

Figure 4.1: Yield To Maturity, Italy, April 2013

MSE= 0.323 (on 100 scale)
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Figure 4.2: Yield To Maturity, Italy, May 2013

MSE= 0.322 (on 100 scale)

Figure 4.3: Yield To Maturity, Italy, September 2013

MSE= 0.324 (on 100 scale)
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Figure 4.4: Yield To Maturity, Italy, April 2014

MSE= 0.333 (on 100 scale)

Figure 4.5: Yield To Maturity, Spain, May 2013

MSE= 0.327 (on 100 scale)
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Figure 4.6: Yield To Maturity, Spain, October 2014

MSE= 0.348 (on 100 scale)

Figure 4.7: Italy, Market Perception of Debt-to-GDP Ratio, 2013-2014
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Figure 4.8: Spain, Market Perception of Debt-to-GDP Ratio, 2013-2014

Figure 4.9: Italy, Market Perception of Debt-to-GDP Ratio, 2007-2014
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Figure 4.10: Spain, Market Perception of Debt-to-GDP Ratio, 2006-2014
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APPENDIX A

Before we come to the proof of Theorem 1 we first provide the

Proof of Lemma 1. First note that the function bt(·) is decreasing for each t since

β(·) and hence β−1(·) is decreasing. Hence C
(
bt(·)

)
is increasing, and hence mt(·) is

strictly increasing by (2.18) for each t.

By definition, bT (·) = ∞. Set m−1
T+1(0) := ∞. We show by backward induction

on t ≤ T that bt−1(x) ≤ bt(x) and m−1
t (0) ≤ m−1

t+1(0). The initial step t = T is clear.

Now let t < T and assume bt(x) ≤ bt+1(x) and m−1
t+1(0) ≤ m−1

t+2(0). Then

mt(x) = C
(
bt(x)

)
+ x ≥ C

(
bt+1(x)

)
+ x = mt+1(x)

for all x. So 0 = mt
(
m−1

t (0)
)
≥ mt+1

(
m−1

t (0)
)

and thus m−1
t+1(0) ≥ m−1

t (0) since m−1
t+1(·)

is increasing. This implies bt(x) ≥ bt−1(x) since β(·) is decreasing, finishing the

induction step.

We next show that under an allocation strategy π̄ of the structure as in Theo-

rem 1, no creditor increases her investment into the short term debt at the time

of default.

Lemma 3. If yt ∈ ∆t(π̄), t > 1, then for any creditor a, we have π̄t−1(a, yt−1) ≥ π̄t(a, yt).

Proof of Lemma 3. Since mt(·) is strictly increasing, yt ∈ ∆t(π̄) and (2.18) imply

xπ̄t (yt) < m−1
t (0),

xπ̄t−1(yt−1) ≥ m−1
t−1(0).

Combined with Lemma 1 these equations imply

xπ̄t (yt) < m−1
t (0) ≤ m−1

t−1(0) ≤ xπ̄t−1(yt−1).
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Therefore again from Lemma 1, we obtain

bt−1(xπ̄t−1(yt−1)) ≤ bt(xπ̄t−1(yt−1)) ≤ bt(xπ̄t (yt)),

which proves the statement.

Proof of Theorem 1. We prove the claim by backward induction. The induction

base at T holds by convention. Assume now that π∗ is an equilibrium at time

t+1. Fix a ∈ A, and take any allocation strategy πwhich satisfies πs(a′, ·) = π̄s(a′, ·)

for all creditors a′ and all s = 0, . . . , t − 1, and πs(a′, ·) = π̄s(a′, ·) for all creditors

a′ , a and all s = t, t + 1, . . . ,T . The strategy π is obtained from π̄ by modifying

the strategy of player a alone, from time t on.

We have to show that

gπ̄,at (Yt) ≥ gπ,at (Yt)

for each Yt ∈ Γt−1(π̄) × R. First note that since the set {a} has measure zero,

changing the strategy of a single player will have no impact on the default time,

that is,

T π = T π̄. (A.1)

By (A.1), and since consumption depends only on allocations up to t−1 by (2.12),

we obtain Cπ̄,a
t = Cπ,a

t , so it suffices to show

Ea[V π̄,a
t+1 |Yt] ≥ Ea[Vπ,a

t+1 |Yt]. (A.2)

We now distinguish two cases.

Case i) Suppose that Yt ∈ ∆t(π) = ∆t(π̄). By Lemma 3 we have π̄t−1(a,Yt−1) ≥

π̄t(a,Yt), and the allocations π and π̄ are the same until time t − 1. It follows that

Ea[V π̄,a
t+1 |Yt] = 1 −

(
π̄t−1(a,Yt−1) ∨ π̄t(a,Yt)

)
= 1 − π̄t−1(a,Yt−1)

≥ 1 −
(
π̄t−1(a,Yt−1) ∨ πt(a,Yt)

)
= 1 −

(
πt−1(a,Yt−1) ∨ πt(a,Yt)

)
= Ea[Vπ,a

t+1 |Yt].
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So we have (A.2).

Case ii) Suppose that Yt ∈ Γt(π) = Γt(π̄). On {T π̄ = t + 1}, we have 0 > Xπ̄
t+1 +

C
(
bt+1(Xπ̄

t+1)
)

= Xπ̄
t+1 + C

(
bt+1(Xπ̄

t+1)
)
. Hence bt+1(Xπ̄

t+1) = ∞ and thus π̄t+1(a,Yt+1) = 0

on {T π̄ = t + 1} by (2.21). So

Ea[V π̄,a
t+1

∣∣∣ Yt
]

= 1 + Ea[ −{T π̄=t+1} (π̄t(a,Yt) ∨ π̄t+1(a,Yt+1)) +{T π̄>t+1} π̄t(a,Yt)r
∣∣∣ Yt

]
= 1 + Ea[ −{T π̄=t+1} π̄t(a,Yt) +{T π̄>t+1} π̄t(a,Yt)r

∣∣∣ Yt
]

= 1 + π̄t(a,Yt)
(
Pa[T π̄ > t + 1

∣∣∣ Yt
]
(1 + r) − 1

)
. (A.3)

Since T π = T π̄, we have that Pa[T π > t + 1
∣∣∣ Yt

]
and Pa[T π̄ > t + 1

∣∣∣ Yt
]

coincide, so

as in (A.3) we obtain

Ea[Vπ,a
t+1

∣∣∣ Yt
]

= 1 + Ea[ −{Tπ=t+1} (πt(a,Yt) ∨ πt+1(a,Yt+1)) +{T π>t+1} πt(a,Yt)r
∣∣∣ Yt

]
≤ 1 + Ea[ −{Tπ=t+1} πt(a,Yt) +{Tπ>t+1} πt(a,Yt)r

∣∣∣ Yt
]

= 1 + πt(a,Yt)
(
Pa[T π > t + 1

∣∣∣ Yt
]
(1 + r) − 1

)
= 1 + πt(a,Yt)

(
Pa[T π̄ > t + 1

∣∣∣ Yt
]
(1 + r) − 1

)
. (A.4)

We also have the equivalence

T π̄ > t + 1⇔ Xπ̄
t+1 + Dπ̄

t+1 ≥ 0

⇔ Xπ̄
t+1 + C

(
bt+1(Xπ̄

t+1)
)
≥ 0

⇔ Xπ̄
t+1 ≥ m−1

t+1(0)

⇔ Xπ̄
t + θt+1 − rC

(
bt(Xπ̄

t )
)
≥ m−1

t+1(0)

⇔ −θt+1 + b(a) ≤ Xπ̄
t − rC

(
bt(Xπ̄

t )
)
− m−1

t+1(0) + b(a)

which yields

Pa[T π̄ > t + 1 |Yt] = Φ
(
Xπ̄

t − rC
(
bt(Xπ̄

t )
)
− m−1

t+1(0) + b(a)
)
. (A.5)

Since T π̄ > t we have Xπ̄
t +C

(
bt(Xπ̄

t )
)

= Xπ̄
t +C

(
bt(Xπ̄

t )
)
≥ 0 and thus bt(Xπ̄

t ) = q(t, Xπ̄
t ).
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So it follows from (A.5) that we have the equivalence

Pa[T π̄ > t + 1|Yt] ≥ 1
1+r

⇔ Φ−1( r
1+r

)
≥ −Xπ̄

t + rC
(
q(t, Xπ̄

t )
)

+ m−1
t+1(0) − b(a)

⇔ b(a) ≥ −Xπ̄
t + rC

(
q(t, Xπ̄

t )
)

+ m−1
t+1(0) − Φ−1( r

1+r

)
= q(t, Xπ̄

t ) = bt(Xπ̄
t )

⇔ π̄t(a,Yt) = 1, (A.6)

where we used (2.16) and (2.19) in the first of the last two equalities, and (2.21) in

the last equivalence. Combining (A.3) and (A.4) with (A.6) and πt(a,Yt) ∈ [0, 1]

yields (A.2).

Proof of Lemma 2. We prove the statement by contradiction. Let yt ∈ ∆t(π). As-

sume that there exists an creditor a ∈ A such that πt(a, yt) > πt−1(a, y−1) and con-

sider the strategy

π′t(a, yt) =


πs(a, ys) if s , t,

πs−1(a, ys−1) if s = t.

Then we have

gπ,at (yt) = 1 − πt(a, yt) < 1 − πt−1(a, yt−1) = g〈π|π
′(a)〉,a

t (yt)

in contradiction to the definition of a Nash equilibrium.

Proof of Proposition 1. On the set {T π > t}we have

Ea[Vπ,a
t+1

∣∣∣ Yt
]

= 1 + Ea[−{T π=t+1}(πt(a,Yt) ∨ πt+1(a,Yt+1)) +{T π>t+1} πt(a,Yt)r
∣∣∣ Yt

]
.

Since π is an equilibrium at time t, Lemma 2 yields

{T π=t+1}(πt(a,Yt) ∨ πt+1(a,Yt+1)) ={T π=t+1} πt(a,Yt)
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and therefore we obtain

Ea[Vπ,a
t+1

∣∣∣ Yt
]

= 1 + πt(a,Yt)Ea[ −{T π=t+1} +{T π>t+1}r
∣∣∣ Yt

]
= 1 + πt(a,Yt)

(
Pa[T π > t + 1

∣∣∣ Yt
]
(1 + r) − 1

)
. (A.7)

If Pa[T π > t + 1|Yt] > 1
1+r , then πt(a,Yt) = 1 maximizes the right hand side of

(A.7), hence we have πt(a,Yt) = 1.

If Pa[T π > t + 1|Yt] < 1
1+r , then πt(a,Yt) = 0 maximizes the right hand side of

(A.7), hence we have πt(a,Yt) = 0.

For the remained of this appendix, let bt(·), mt(·) and q(t, ·) denote the func-

tions defined by the recursion (2.17) – (2.19) and (2.23).

Proof of Theorem 2. We prove the assertion by backward induction on t = T, ..., 1.

For t = T the assertion is trivial. So let t < T and assume the assertion is true

for t + 1. On {Yt ∈ Γt(π)}, we have the sequence of implications (using that Xπ
t+1 =

xπt+1(Yt+1))

Yt+1 ∈ Γt+1(π)⇔ Xπ
t+1 + dπt+1(Yt+1) ≥ 0

⇒ Xπ
t+1 + d̂t+1(Xπ

t+1) ≥ 0

⇔ Xπ
t+1 ≥ m−1

t+1(0)

⇔ Xπ
t + θt+1 − rdπt (Yt) ≥ m−1

t+1(0)

⇔ −θt+1 + b(a) ≤ Xπ
t − rdπt (Yt) − m−1

t+1(0) + b(a), (A.8)

where the “⇒” in the second step follows from Yt+1 ∈ Γt+1(π) and the induction

hypothesis. Now (A.8) yields

Pa[T π > t + 1|Yt] ≤ Φ
(
Xπ

t − rdπt (Yt) − m−1
t+1(0) + b(a)

)
.
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Combining this with the equivalence

Φ
(
Xπ

t − rdπt (Yt) − m−1
t+1(0) + b(a)

)
<

1
1 + r

⇔ b(a) < rdπt (Yt) + m−1
t+1(0) − Φ−1( r

1+r

)
− Xπ

t =: ht(Yt),

we obtain the implications

b(a) < ht(Yt) ⇒ Pa[T π > t + 1|Yt] < 1
1+r ⇒ πt(a,Yt) = 0,

of which the last follows from Proposition 1. Therefore

dπt (Yt) ≤ C
(
ht(Yt)

)
= C

(
rdπt (Yt) + m−1

t+1(0) − Φ−1( r
1+r

)
− Xπ

t
)
.

Setting z = Xπ
t − m−1

t+1(0) + Φ−1( r
1+r

)
and s = dπt (Yt), Lemma 4 below then implies

dπt (Yt) ≤ C
(
β−1(Xπ

t − m−1
t+1(0) + Φ−1( r

1+r

)))
. (A.9)

Since T π > t, we obtain that 0 ≤ Xπ
t + dπt (Yt) ≤ Xπ

t + C
(
β−1(Xπ

t − m−1
t+1(0) + Φ−1( r

1+r

)))
= Xπ

t + C
(
q(t, Xπ

t )
)
. This implies b̂t(Xπ

t ) = β−1(Xπ
t − m−1

t+1(0) + Φ−1( r
1+r

))
and hence

(A.9) becomes dπt (Yt) ≤ d̂t(Xπ
t ), finishing the induction step.

Lemma 4. Fix z ∈ R. The function

f (s) = s −C
(
rs − z

)
is strictly increasing in s ∈ R, and its zero is given by s = C

(
β−1(z)

)
.

Proof. Clearly f (·) is strictly increasing, and we have

f (s) = 0⇔ rC
(
rs − z

)
− rs = 0

⇔ β(rs − z) = z

⇔ s = 1
r

(
β−1(z) + z

)
= C

(
β−1(z)

)
,
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where the last equation follows from (2.16).

In the following, we shall use the notation

π̂(a, yt) := π̂t
(
a, xπ̂t (yt)

)
with the function π̂t(a, x) introduced in (2.24). For the proof of Theorem 3, we

shall use the following two immediate propositions.

Proposition 2. Suppose that yt ∈ Γt(π̂). Then for all a ∈ A, we have

g〈π̂|π̂(a)〉,a
t (yt) > g〈π̂|π̃(a)〉,a

t (yt)

for any π̃t(a, yt) , π̂t(a, yt).

The following Proposition states that given that from time t + 1 strategy π̂ is

played, and conditional on survival at time t, the strategy π̂ is the best response

at time t for any agent.

Proposition 3. Let π ∈ X and t ∈ {1, ...,T } such that for all s ≥ t+1 and ys ∈ Γs−1(π)×R

we have πs(·, ys) = π̂s(·, xπs (ys)). Suppose that yt ∈ Γt(π). Then for all a ∈ A, we have

g〈π|π̂(a)〉,a
t (yt) > g〈π|π̃(a)〉,a

t (yt)

for any π̃t(a, yt) , π̂t(a, xπt (ys)). Moreover, if π is an equilibrium at time t then πt(·, yt) =

π̂t(·, xπt (ys)).

The last statement of Proposition 3 follows by Theorem 2.

Proof of Theorem 3. For t = 1, . . . ,T , let Πt be the set of strategies which are

equilibria at time t and not weakly dominated for any a at times s = t, . . . ,T .

We shall first prove the following statement (Ht) by backward induction on t =

T, . . . , 1.
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(Ht) We have that π̂ ∈ Πt. Conversely, any π ∈ Πt which is an equilibrium at

time t − 1 fulfills

Γt(π) = {yt−1 ∈ Γt−1(π), xπt (yt) ≥ m−1
t (0)}, (A.10)

πt(a, yt) :


= π̂t(a, xπt (yt)) if yt−1 ∈ Γt−1(π) and xπt (yt) ≥ m−1

t (0),

≤ πt−1(a, yt−1) if yt−1 ∈ Γt−1(π) and xπt (yt) < m−1
t (0)

(A.11)

if t ≥ 2, and π1 ≡ π̂1. Note that (A.11) immediately implies for any yt−1 ∈

Γt−1(π) that

g〈π|π̂(a)〉,a
t−1 (yt−1) = g〈π̂|π̂(a)〉,a

t−1 (yt−1).

Clearly (HT ) is true since any equilibrium π fulfills πT ≡ 0 by definition. For the

induction step, let 1 ≤ t < T and assume that (Ht+1) is true. We will now prove

(Ht) in the following steps.

Step 1) Let us show that π̂ ∈ ΠT . By the induction hypothesis, π̂ is not weakly

dominated at times t+1, ...,T . We shall now show that π̂ is not weakly dominated

at time t. Suppose, for a contradiction, that there exists a strategy π̃ with π̃s = π̂s

for all s ≤ t − 1, such that π̂ is weakly dominated by π̃ for some creditor a at time

t. Then we have the following two statements.

a) For all trajectories yt ∈ Γt−1(π̂) × R we have π̂ ∈ Ot

(
yt,

(
dπ̂1(y1), . . . , dπ̂t−1(yt−1)

))
with π̂ ∈ Π∗t+1 and we have

g〈π̂|π̂(a)〉,a
t (yt) ≤ g〈π̂|π̃(a)〉,a

t (yt). (A.12)

b) There exists a trajectory yt ∈ Γt−1(π̂) × R and a strategy π∗ ∈

Ot

(
yt,

(
dπ̂1(y1), . . . , dπ̂t−1(yt−1)

))
with π∗ ∈ Π∗t+1 such that

g〈π
∗ |π̂(a)〉,a

t (yt) < g〈π
∗ |π̃(a)〉,a

t (yt). (A.13)
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For yt and π∗ as in b), if yt ∈ Γt(π∗), we have by Theorem 2 that yt ∈ Γt(π̂). Now

the induction hypothesis implies that g〈π
∗ |π̂(a)〉,a

t (yt) = g〈π̂|π̂(a)〉,a
t (yt) and g〈π

∗ |π̃(a)〉,a
t (yt) =

g〈π̂|π̃(a)〉,a
t (yt), and so (A.13) yields the inequality g〈π̂|π̂(a)〉,a

t (yt) < g〈π̂|π̃(a)〉,a
t (yt), in con-

tradiction to the statement of Proposition 2. Therefore we must have yt ∈ ∆t(π∗)

and (A.13) becomes

1 −
(
π̂t−1(a, yt−1) ∨ π̂t(a, yt)

)
< 1 −

(
π̃t−1(a, yt−1) ∨ π̃t(a, yt)

)
.

Since π̃t−1 = π̂t−1, it follows that π̃t(a, yt) < π̂t(a, yt), so in particular π̂t(a, yt) > 0 and

hence yt ∈ Γt(π̂) by definition of π̂. Since π̂ is an equilibrium, using Proposition

2, this is a contradiction to (A.12).

Step 2) Now suppose t > 1, and fix any π ∈ Πt. Since Γt(π) ⊆ {yt−1 ∈ Γt−1(π),

xπt (yt) ≥ m−1
t (0)} by Theorem 2, to show (A.10) it is sufficient to show that

{yt−1 ∈ Γt−1(π), xπt (yt) ≥ m−1
t (0)} ⊆ Γt(π). (A.14)

Step 2a) We first prove that for all yt ∈ Γt−1(π) × R, we have

πt(a, yt) ≥ min (πt−1(a, yt−1), π̂t(a, xπt (yt))). (A.15)

To this end, take any a ∈ A and assume, for a contradiction, that there exists a

trajectory ỹt ∈ Γt−1(π) × R such that

πt(a, ỹt) < min (πt−1(a, ỹt−1), π̂t(a, xπt (ỹt))). (A.16)

Since π̂t is {0, 1}-valued, and πt−1 is {0, 1}-valued for almost all creditors by

Proposition 1, for almost any creditor a which satisfies (A.16) we have that

min(πt−1(a, ỹt−1), π̂t(a, xπt (ỹt)) = 1, which yields

πt−1(a, ỹt−1) = π̂t(a, xπt (ỹt)) = 1, (A.17)

πt(a, ỹt) < 1. (A.18)
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Define the allocation strategy π̃ by

π̃s(a, ys) =


1 if y = ỹ and s = t,

πs(a, ys) otherwise.
(A.19)

Then π is weakly dominated by π̃ for creditor a at time t. To prove this, let

yt ∈ Γt−1(π) × R and consider a strategy

π∗ ∈ Ot

(
yt,

(
dπ1(y1), . . . , dπt−1(yt−1)

))
(A.20)

which is an equilibrium on A\{a} and is not weakly dominated for any creditor

in A\{a} at times t = t + 1, ...,T . Since {a} has measure zero, we can extend π∗ to

an equilibrium on A, again denoted by π∗, which is not weakly dominated for

any creditor in A at times t = t + 1, ...,T . We first have to show that

g〈π
∗ |π(a)〉,a

t (yt) ≤ g〈π
∗ |π̃(a)〉,a

t (yt). (A.21)

If y , ỹ, then π̃ = π and we have equality in (A.21). So we now assume y = ỹ.

First, observe that T 〈π
∗ |π(a)〉 = T 〈π

∗ |π̃(a)〉 = T π∗ . Since π̃t−1(a, ỹt−1) = πt−1(a, ỹt−1), we

have C〈π
∗ |π(a)〉,a

t = C〈π
∗ |π̃(a)〉,a

t . We now distinguish two cases.

i) Suppose that ỹt ∈ ∆t(π∗).

Since π̃t−1(a, ỹt−1) = πt−1(a, ỹt−1) = 1 by (A.17), (A.19), it follows from (2.12) –

(2.14) that g〈π
∗ |π̃(a)〉,a

t (ỹt) = g〈π
∗ |π(a)〉,a

t (ỹt) = 0.

ii) Suppose that ỹt ∈ Γt(π∗).

By the induction hypothesis, we have π∗t+1(a, yt+1) = π̂t+1(a, xπ
∗

t+1(yt+1)) when-

ever yt ∈ Γt(π∗) and xπ
∗

t+1(yt+1) ≥ m−1
t+1(0), and π∗t+1(a, yt+1) ≤ π∗t (a, yt) whenever

yt ∈ Γt(π∗) and

xπ
∗

t+1(yt+1) < m−1
t+1(0).
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By Proposition 3, we have that π̂t(a, xπ
∗

t (ỹt)) is a strict maximizer over π(a) of

g〈π
∗ |π(a)〉,a

t (ỹt). By (A.17), (A.18), (A.19), and the consistency condition (A.20)

(see Remark 1), we have

π̃t(a, ỹt) = 1 = π̂t(a, xπt (ỹt)) = π̂t(a, xπ
∗

t (ỹt))

πt(a, ỹt) < 1 = π̂t(a, xπt (ỹt)) = π̂t(a, xπ
∗

t (ỹt)).

Therefore

g〈π
∗ |π(a)〉,a

t (ỹt) < g〈π
∗ |π̃(a)〉,a

t (ỹt).

So we have shown (A.21).

Consider now a strategy ρ defined recursively by ρs(a, ·) = πs(a, ·) for s < t

and ρs(a, ys) = π̂s(a, x
ρ
s(ys)) for s ≥ t and ys ∈ Γs(ρ). We have by Step 1 that ρ ∈ Πt.

We have π̂t(a, x
ρ
t (ỹt)) = π̂t(a, xπt (ỹt)) = 1. This implies that ỹt ∈ Γ(ρ). So for π∗ = ρ

we are in case ii) above, and the inequality in (A.21) is strict for yt = ỹt. This

shows that π̃ weakly dominates π for creditor a at time t, in contradiction to our

assumption. Hence we have (A.15).

Step 2b) Let Yt−1 ∈ Γt−1(π). It follows immediately from step 2a) that Dπ
t ≥

min
(
d̂t(Xπ

t ),Dπ
t−1

)
. Set

µt−1(yt−1) := max
(
m−1

t (0),−dπt−1(yt−1)
)
.
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We then have

T π > t ⇔ Xπ
t + Dπ

t ≥ 0

⇔ Xt + dπt (Yt−1, Xπ
t ) ≥ 0

⇐ Xπ
t + C

(
bt(Xπ

t )
)
≥ 0 and Xπ

t + dπt−1(Yt−1) ≥ 0

⇔ Xπ
t ≥ m−1

t (0) and Xπ
t ≥ −dπt−1(Yt−1)

⇔ Xπ
t ≥ µt−1(Yt−1) (A.22)

⇔ Xπ
t−1 + θt − rdπt−1(Yt−1) ≥ µt−1(Yt−1)

⇔ −θt + b(a) ≤ Xπ
t−1 − rdπt−1(Yt−1) − µt−1(Yt−1) + b(a), (A.23)

where the “⇐” in the third line follows from Dπ
t ≥ min

(
d̂t(Xπ

t ),Dπ
t−1

)
. Now (A.23),

using that −θt + b(a) ∼ N(0, 1) under Pa, yields

Pa[T π > t|Yt−1] ≥ Φ
(
Xπ

t−1 − rdπt−1(Yt−1) − µt−1(Yt−1) + b(a)
)
.

Combining this with the equivalence

Φ
(
Xπ

t−1 − rdπt−1(Yt−1) − µt−1(Yt−1) + b(a)
)
>

1
1 + r

⇔ b(a) > rdπt−1(Yt−1) + µt−1(Yt−1) − Φ−1( r
1+r

)
− Xπ

t−1 =: ht−1(Yt−1), (A.24)

we obtain the implications

b(a) > ht−1(Yt−1) ⇒ Pa[T π > t|Yt−1] > 1
1+r ⇒ πt−1(a,Yt−1) = 1, (A.25)

of which the last follows from Proposition 1. Therefore

dπt−1(Yt−1) ≥ C
(
ht−1(Yt−1)

)
= C

(
rdπt−1(Yt−1) + µt−1(Yt−1) − Φ−1( r

1+r

)
− Xπ

t−1
)
.

Setting z = Xπ
t−1 − µt−1(Yt−1) + Φ−1( r

1+r

)
and s = dπt−1(Yt−1), Lemma 4 then implies

dπt−1(Yt−1) ≥ C
(
β−1(Xπ

t−1 − µt−1(Yt−1) + Φ−1( r
1+r

)))
. (A.26)
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Since T π > t − 1, we have Xπ
t−1 + dπt−1(Yt−1) ≥ 0. Suppose, for a contrac-

tion, that −dπt−1(Yt−1) > m−1
t (0). It would follow that Xπ

t−1 ≥ −dπt−1(Yt−1) =

max
(
m−1

t (0),−dπt−1(Yt−1)
)

= µt−1(Yt−1), and so we would obtain β−1(Xπ
t−1−µt−1(Yt−1)+

Φ−1( r
1+r

))
≤ β−1(Φ−1( r

1+r

))
since β−1 is decreasing. With (A.26) we get

dπt−1(Yt−1) ≥ C
(
β−1(Φ−1( r

1+r

)))
≥ C

(
b̂t(m−1

t (0))
)

= −m−1
t (0),

where the last inequality follows from β−1(Φ−1( r
1+r

))
≤ β−1(m−1

t (0) − m−1
t+1(0) +

Φ−1( r
1+r

))
= q

(
t,m−1

t (0)
)
≤ b̂t

(
m−1

t (0)
)
. This contradicts our assumption. Hence

we have

−dπt−1(Yt−1) ≤ m−1
t (0)

and thus µt−1(Yt−1) = m−1
t (0). Now (A.22) reads as (A.14), which implies (A.10).

Step 3) Let us now complete the induction step by showing (A.11).

First suppose that t > 1. If Yt ∈ Γt−1(π) × R and Xπ
t < m−1

t (0), the inequality in

(A.11) follows from Lemma 2 and Theorem 2. If Yt ∈ Γt−1(π)×R and Xπ
t ≥ m−1

t (0),

then Yt ∈ Γt(π) by (A.10), so as in (A.7) we have

Ea[Vπ,a
t+1

∣∣∣ Yt
]

= 1 + πt(a,Yt)
(
Pa[T π > t + 1

∣∣∣ Yt
]
(1 + r) − 1

)
= 1 + πt(a,Yt)

(
Pa[Xπ

t+1 < m−1
t+1(0)

∣∣∣ Yt
]
(1 + r) − 1

)
, (A.27)

where the second equation follows from the induction hypothesis. Since π is an

equilibrium at time t, maximizing the above expectation with respect to πt(a,Yt)

yields πt(a,Yt) = π̂t(a, Xπ
t ) for almost all a, and we obtain (A.11).

Next suppose that t = 1. Since Y1 = 0 ∈ Γ1(π), we have (A.27) as in the case

t > 1, and again we obtain π1(a, y1) = π̂1(a, y1) for almost all a. This concludes the

induction step, and so we have proved (Ht) for all t = 1, . . . ,T .

To complete the proof of the theorem, first note that π̂ is a reasonable Nash

equilibrium by (H1). Conversely, let π be any reasonable Nash equilibrium. For-
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ward induction and (A.10) immediately yield Γt(π) = Γt(π̂). So we have condi-

tion 1 of Definition 2. Equation (A.11) yields condition 2 of Definition 2, and

condition 3 of Definition 2 follows from (A.11) and Lemma 2. Hence π and π̂ are

identical.
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APPENDIX B

Proof of Proposition 3.3.1: Let’s first consider the allocation strategy (π−a′ , π
′),

where π′(a′, y) = 0 (creditor a′ does not invest). Since (π, y) is a Nash Equilib-

rium, we have that

Gb(a′),π(y) ≥ Gb(a′),(π−a′ ,π
′)(y) = 1,

where the equality Gb(a′),(π−a′ ,π
′)(y) = 1 holds since the payoff of an creditor who

does not invest is equal to 1.

Therefore,

π(a′, y)g
(
b(a′), y, s(π, y)

)
+

(
1 − π(a′, y)

)
≥ 1.

This yields, since π(a′) > 0

g
(
b(a′), y, s(π, y)

)
≥ 1. (B.1)

Let’s assume, by way of contradiction, that there exists a s.t. b(a) > b(a′) and

π(a, y) < 1. Consider then the strategy (π−a, π
′′), where π′′(a, y) = 1. Under this

strategy, the payoff of creditor a is given by

Ga,(π−a,π
′′)(y) = g (b(a), y, s(π, y))

> g (b(a), y, s(π, y))

≥ 1,

where the strict inequality in the second line stems from the monotonicity of

the function g in its first argument and the last inequality holds from Equation

(B.1).

Note now that

Ga,π(y) = π(a, y)Ga,(π−a,1)(y) +
(
1 − π(a, y)

)
< Ga,(π−a,π

′′)(y),
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since Ga,(π−a,π
′′

(y) > 1 and π(a, y) ∈ [0, 1).

This contradicts the definition of a Creditors’ Nash Equilibrium.

Proof of Proposition 3.3.4: Define the function h : S upp(S )→ R

h(x) := g (x, y, S (x)) . (B.2)

The function h has the following properties.

1. It is a continuous function, as g is continuous in the first and the third

argument and S (x) is continuous in x (under the non-atomic capital distri-

bution) .

2. h(S −1(ε)) > 1. This follows directly from Assumption (3.15) and using (3.5),

since

h(x) =1 + r −
Put(yx, y + rS (x) − c)

S (x)
. (B.3)

3. h(x) < 1 for sufficiently small x. From Equation (3.5)

h(x) = 1 + r − rΦ(−d2) +
1

S (x)
(yxΦ(−d1) − (y − c)Φ(−d2))

On the other hand

lim
x→0

Φ(−d1) = lim
x→0

Φ(−d2) = 1, (B.4)

therefore,

lim
x→0

1
S (x)

(yxΦ(−d1) − (y − c)Φ(−d2)) = −
1
C

(y − c) < 0,

which implies

lim
x→0

h(x) = 1 −
1
C

(y − c) < 1.
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The statement now follows.

Proof of Proposition 3.3.6:

For the uniform distribution with support [0,M], we have S −1(ε) = M
(
1− ε

C

)
. We

have that

lim
M→∞

supy∈[c,c+C] Put(yM
(
1 − ε

C

)
, y + rε − c)

ε
≤ lim

M→∞

Put(cM
(
1 − ε

C

)
C + rε)

ε

= 0

There exists therefore M(ε) such that the hypothesis of Proposition is satis-

fied 3.3.4 for the uniform distribution on [0,M(ε)]. By Proposition 3.3.4 we have

that for any y ∈ [c, c + C] there exists a critical belief β < M
(
1 − ε

C

)
such that

g (β, y, S (β)) = 1. We now show uniqueness of such a critical belief.

We let

h1(x) := (1 − h(x))S (x) = Put(yx,K(x)) − rS (x) : [0,M]→ R, (B.5)

with K(x) = y + rS (x) − c. The function h1 represents the expected aggregate loss

of the creditors.

We immediately have

∂

∂k
Put(yx,K(x)) = Φ(−d2)

and

∂

∂x
Put(yx,K(x)) = −yΦ(−d1).

We obtain using K′(x) = − rC
M

d
dx

h1 =

[rC
M
−

rC
M

Φ(−d2) − yΦ(−d1)
]

=

[rC
M

Φ(d2) − yΦ(−d1)
]
. (B.6)
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and thus

d2

dx2 h1 =

[
φ(d2(x, z))

rC
M

+ yφ(d1(x, z))
] [1

x
+

1
K(x)

rC
M

]
> 0.

Since the function h1 is strictly convex and we have that h1(0) > 0 and

h1

(
M

(
1 − ε

C

))
< 0, it follows that the root β is unique on

[
0,M

(
1 − ε

C

)]
.

Note, however, that since limx→M,x<M
Put(yx,y+rS (x)−c)

S (x) = ∞ there is a second root

on the interval
(
M

(
1 − ε

C

)
,M

)
with the property that the debt provided is strictly

smaller than ε.

Proof of Proposition 3.3.7: 1. (Necessity). If πb is a Nash Equilibrium, then

Equation (3.18) holds. The statement will be proven by contradiction.

It is sufficient to consider two cases.

(a)

g (b, y, S (b)) > 1

Since g is a continuous function in its first argument, there exists b′ <

b, such that g (b′, y, S (b)) > 1. Since the belief function b is a surjection,

there exists an creditor a′ such that b(a′) = b′. Consider the allocation

strategy (πb−a′ , π
′), where π′(a′, y) = 1 in which a′ invests fully. Then

Ga′,(πb−a′
,π′)(y) = g

(
b′, y, S (b)

)
) > 1 = Ga′,πb(y),

where the last inequality holds since, by definition, in the equilib-

rium πb we have that π(a′) = 0. We thus obtain a contradiction to the

definition of a CNE.
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(b)

g (b, y, S (b)) < 1

Similarly as above we obtain that there exists b′ > b, such that

g (b′, y, S (b)) < 1 and there exists creditor a′ such that b(a′) = b′. Con-

sider the allocation strategy (πb−a′ , π
′′), where π′′(a′, y) = 0 in which a′

does not invest. Then

Ga′,(πb−a′
,π′′)(y) = 1 > g

(
b′, y, S (b)

)
= Ga′,πb(y),

which again contradicts to the definition of CNE.

2. (Sufficiency). If Equation (3.18) holds, then (πb, y) is a CNE. In order to

verify the statement we will consider two cases.

(a) If b(a) ≥ b, by the monotonicity of g in its first argument we have

g (b(a), y, s(πb, y)) ≥ 1. Then for any π′ < 1, using that s(πb, y) =

s((πb−a , π
′), y) = S (b), we obtain

Ga,(πb,y) = g (b(a), y, S (b)) = g (b(a), y, S (b))

≥ π′g (b(a), y, S (b)) +
(
1 − π′

)
= Ga,((πb−a ,π

′),y) (B.7)

(b) If b(a) < b, then similarly as above we obtain for any π′ > 0

Ga,(πb,y) = 1 < π′(a)g (b(a), y, S (b)) +
(
1 − π′(a)

)
= Ga,((πb−a ,π

′),y), (B.8)

since g (b(a), y, S (b)) < 1.

The statement immediately follows from Equations (B.7) and (B.8).

To prove Proposition 3.3.10 we will need the following Lemma.
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Lemma B.0.1. The function h1, defined in (B.5), has the following property.

dh1 (x, y, S (x))
dy

> 0.

Proof.

Put
(
yx,K(y)

)
= (y + rS (x) − c)Φ(−d2) − yxΦ(−d1) > 0.

−y
(
xΦ(−d1) − Φ(−d2)

)
> (c − rS (x))Φ(−d2) > 0,

where the second inequality follows from (3.4), which implies

dh1 (x, y, S (x))
dy

= −
1

S (x)
(
xΦ

(
− d1

)
− Φ(−d2)

)
> 0.

Proof of Proposition 3.3.10: From Lemma B.0.1, if y1 < y2 and

g (x1, y1, S (x1)) = g (x2, y2, S (x2)) = 1,

then

h1 (x1, y1, S (x1)) = h1 (x2, y2, S (x2)) = 0.

On the other hand:

h1 (x2, y2, S (x2)) = h1 (x1, y1, S (x1)) < h1 (x1, y2, S (x1)) ,

which yields

h1 (x1, y2, S (x1)) > 0.

From Proposition 3.3.4 the equation h1(x, y, S (x)) = 0 has a unique root for any

fixed y and h1(x, y) < 0 for sufficiently large x, therefore x2 > x1.
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Proof of Proposition 3.3.11: Let y1 < y2 with c ≤ y1,2 ≤ s(y1,2). By Proposition 3.3.10

we have that s(y1) > s(y2), since both strategies are feasible. Then

Call(y1b̃, y1 + rs(y1) − c) < Call(y1b̃, y1 + rs(y2) − c) (B.9)

For a fixed z ≥ 0 consider the function

y→ Call(yb̃, y + rz − c).

We obtain, since b̃ > 1 (recall that the company is optimistic about the asset)

d
dy

Call(yb̃, y + rz − c) = b̃Φ(d1) − Φ(d2) > 0. (B.10)

Since y2 > y1, it follows from the above (with z = s(y2)) that

Call(y1b̃, y1 + rs(y2) − c) < Call(y2b̃, y2 + rs(y2) − c)

Combined with (B.9), this yields

Call(y1b̃, y1 + rs(y1) − c) < Call(y2b̃, y2 + rs(y2) − c).

Proof of Theorem 1: We first consider the problem where the set of feasible strate-

gies for the company is {c ≤ y ≤ c + s(y)}.

Maximize
c≤y≤c+s(y)

Call(yb̃, y + rs(y) − c) (B.11)

We will show that this problem has a unique solution that does not saturate

the first constraint. Therefore its solution will be the unique solution to Problem

3.20 and is given by

1. Existence is guaranteed since the feasible set is compact (the function s is

continuous and bounded) and the objective function is continuous.
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2. Proposition 3.3.11 identifies the unique maximizer (B.11) as sup{c ≤ y ≤

c + s(y)}.

3. It remains to be shown that this maximizer in is not y = c.

Consider the function

y→ inf
b≥0

g(b, y, s(y)) : [c,∞)→ R+. (B.12)

The value of this function is given by infb≥0 g(b, y = c, s(c)) > 1. Indeed since

the company invests its own capital in the risky asset and keeps the rest

of the funds in cash, any creditor can expect a strict gain on investment

(since the price of the asset is strictly positive).

Due to the continuity, we obtain that there exists y2 > c such that for any

c ≤ y < y2 we have

inf
b≥0

g(b, y, s(c + ε)) > 1,

and therefore s(y) = C for c ≤ y < y2.

On the set c ≤ y < y2 we have, from (1) (with z = C) that the company’s

payoff is strictly increasing. Therefore the maximizer in (B.11) cannot be

not be y = c.

It now remains to prove that the funding constraint is saturated.

We first show that y∗ is a solution to (3.22). Suppose by way of contradiction

that

y∗ < c + s(y∗).

We consider the function h : [c,∞)→ R+

h(y) := c + s(y) − y. (B.13)
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From Proposition 3.3.9 we have h(y) is a continuous function and h(y∗) > 0,

therefore there exists ε > 0, such that h(y∗ + ε) > 0, then y∗ + ε < c + s(y∗ + ε), in

contradiction with (3.21).

Since any solution to equation (3.22) is feasible, uniqueness follows directly

from Proposition 3.3.10.

Proof of Proposition 3.4.1: Let (π, y) be a Creditors’ Nash Equilibrium.

For notational simplicity we let s = s((π−α, 0)) the total debt provided by

the small creditors in the equilibrium (π, y). Since (π, y) is a Creditors’ Nash

Equilibrium, the large creditor cannot increase her expected wealth by altering

her strategy. We therefore have

Gα,(π,y) ≥ Gα,((π−α,0),y) = C(α),

which implies, and that s(π) = s + π(α)C(α),

f (π(α)C(α)) ≥ C(α),

where the function f gives the expected payoff of creditor α, given that she

invests an amount x ≤ C(α) in the company

f (x) := Rx −
x(1 + R)

s(1 + r) + x(1 + R)
Put(yb(α),K(x)) + C(α), (B.14)

for a strike K(x) := y + rs + Rx − c.

Since (π, y) is a CNE, we have π(α)C(α) is a maximizer of the function f . Sup-

pose, by way of contradiction, that π(α) ∈ (0, 1), i.e., it is an interior maximizer.

This implies
d f (x)

dx

∣∣∣∣
x=π(α)C(α)

= 0. (B.15)

93



We will show for a contradiction that f ′(x)|x=π(α)C(α) > 0.

We denote by l(x) = (1 + R) − 1+R
s(1+r)+x(1+R) Put(yb(α),K(x)), the return per dollar,

estimated by a “large” creditor, given her investment is x and the investment of

“small” creditors is s.

f (x) = xl(x) + C(α) − x (B.16)

Using the standard Black and Scholes formulas we obtain

dl(x)
dx

=
(1 + R)2(

s(1 + r) + x(1 + R)
)2 Put(yb(α),K(x)) −

R(1 + R)
s(1 + r) + x(1 + R)

∂Put(yb(α),K(x))
∂K

=
(1 + R)(

s(1 + r) + x(1 + R)
) (1 − l(x) + RΦ(d2))

where in the last equality we used the symmetry of the standard normal distri-

bution function (1 − Φ(−d2) = Φ(d2)).

Therefore, we can expand

f ′(x) = l(x) + x
dl(x)
dx
− 1 =

(
h(x) − 1

)
+

x(1 + R)
s(1 + r) + x(1 + R)

(
RΦ(d2) −

(
h(x) − 1

))
= (l(x) − 1)

(
1 −

x(1 + R)
x(1 + R) + s(1 + r)

)
+ R

x(1 + R)
x(1 + R) + s(1 + r)

Φ(d2)

Since l(x) − 1 ≥ 0 we have

f ′(x)
∣∣∣∣
x=π(α)C(α)

> 0, (B.17)

in contradiction to (B.15).

Proof of Proposition 3.4.3: The statement follows through for all “small” creditors

a, s.t. b(a, y) > b(a′, y) using the same proof as for Proposition 3.3.1. We consider
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the case b(α, y) > b(a′), and show that π(α, y) = 1. In light of Proposition 3.4.1, it

suffices to show that π(α, y) > 0.

Assume by way of contradiction that the large creditor does not invest, i.e.,

π(α, y) = 0. In this case we have Gα,π(y) = 1.

Since g is strictly increasing in the belief we have

g
(
b(α), y, s(π, y)

)
> g

(
b(a′), y, s(π, y)

)
≥ 1,

where the last inequality holds from the assumption that π(a′) > 0 in equilib-

rium.

By continuity of g in the debt, there exists ε > 0 such that

g
(
b(α), y, s(π, y) + ε

)
> 1.

Therefore, if we denote πε the function, such that πε(α, y) = ε

Gα,(π−α,πε )(y) = εg
(
b(α), y, s(π, y) + ε

)
+ (1 − ε) > 1 = Gα,π(y).

This contradicts the definition of Nash Equilibrium and concludes the proof.

Proof of Propositions 3.4.6 and 3.4.7: The proof is similar to the proof of Proposi-

tion 3.3.4. We begin by stating the following Lemma:

Lemma B.0.2. If g (b(α), y, S (b(α)+)) > 1, then g (b(α), y, S (b(α))) > 1.

Proof. From the assumption g (b(α), y, S (b(α)+)) > 1, there exists an ε ∈
(
0,C(α)

)
such that g (b(α), y, S (b(α)+) + ε) > 1. Therefore, if we consider the function f :

[0,C(α)]→ R+, with f (x) := xg
(
b(α), y, S (b(α)+) + x

)
+ (C(α) − x) we obtain

f (ε) > f (0) = 1.

From Proposition 3.4.1, f attains its maximum on
[
0,C(b(α)

]
either at 0 or at

C(α). From the inequality above, the maximum is attained at C(α) and we have
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f (C(α)) > 1. This implies that g (b(α), y, S (b(α))) > 1.

We consider the function h(·) defined in (B.2).

1. We begin by showing that the equation h(x) = 1 has a solution.

In the proof of Proposition 3.3.4 we have shown that:

(a) h(x) > 1 for x = M0
(
1 − ε

C−C(α)

)
.

(b) h(x) < 1 for sufficiently small x.

We consider three cases.

(a) h (b(α)) = 1, then g (b(α), y, S (b(α))) = 1.

(b) h (b(α)) > 1. Since h(·) is a continuous function on (0, b(α)], there exists

b∗ ∈ (0, b(α)) such that h(b∗) = 1.

(c) h (b(α)) < 1. From Lemma B.0.2, h(b(α)+) = g (b(α), y, S (b(α)+)) < 1.

Since h(·) is a continuous function on
(
b(α),M0

(
1 − ε

C−C(α)

))
, there exists

b∗ ∈
(
b(α),M0

(
1 − ε

C−C(α)

))
such that h(b∗) = 1.

Proposition 3.3.6 states that under uniform capital distribution there exists

a unique solution to h(x) = 1 in which the debt is larger than ε. In the

presence of an atom, we consider 2 cases:

2. We now show that there exists not more than one solution to the

equation h(x) = 1 on (0, b(α)] and not more than one solution on(
b(α),M0

(
1 − ε

C−C(α)

))
.

(a) Suppose there exist two solutions to the equation h(x) = 1: b∗ and

b∗∗ on (0, b(α)]. Then there exist two solutions to this equation if the

capital has the uniform distribution function S (b) = C
M (M − b), in con-

tradiction to Proposition 3.3.6.
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(b) Suppose there exist two solutions to the equation h(x) = 1: b∗ and

b∗∗ on
(
b(α),M0

(
1 − ε

C−C(α)

))
. Then there exist two solutions to this

equation if the capital has the uniform distribution function S (b) =

C−C(α)
M0

(M0 − b), in contradiction to Proposition 3.3.6.

This concludes the first statement of the proposition.

Let now b∗ the smallest solution to h(x) = 1 and b∗∗ if there is a second

solution. We have the following cases.

3. b∗ ∈ (0, b(α)]. Then g (b, y, S (b∗)) ≥ 1 for all b ≥ b∗, and g (b, y, S (b∗)) < 1

for all b < b∗. Therefore, no creditor (“small” or “large”) can increase her

expected gain by unilaterally changing her strategy. Therefore (πb∗ , y) is an

NE.

If there exists a second solution b∗∗ ∈
(
b(α)+,M0

(
1 − ε

C−C(α)

))
to h(x) = 1,

then:

(a) If g(b(α), y, s(πb∗∗ , y) + C(α)) > 1, then the “large” creditor can increase

her expected payoff by investing all her money. Therefore b∗∗ is not a

CNE.

(b) Suppose now, by way of contradiction, that g(b(α), y, s(πb∗∗ , y)+C(α)) ≤

1 and b∗∗ is not a CNE. Since no “small” creditor can increase her pay-

off by unilaterally changing her strategy, it follows that the “large”

creditor can increase her payoff with a positive investment. From

Corollary 3.4.1 her maximum expected payoff is achieved if she in-

vests all available money, therefore g(b(α), y, s(πb∗∗ , y)+C(α)) > 1. Con-

tradiction. Therefore b∗∗ must be a NE.
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4. b∗ > b(α). In this case we have

g
(
b(α), y, S (b(α)+)

)
< 1. (B.18)

Similarly to the previous part, no ”small” creditor can increase her ex-

pected gain, by unilaterally changing her strategy. Since the “large” cred-

itor can change the debt structure of the company, we consider her sepa-

rately. We prove the statement by contradiction. From Corollary 3.4.1, the

“large” creditor achieves the maximum expected payoff when π(α) ∈ {0, 1}.

Therefore, if she can increase the expected payoff with changing the strat-

egy, the following inequality holds:

g (b(α), y, S (b∗) + C(α)) > 1. (B.19)

We consider three cases.

(a) C(α) < S (b(α)+) − S (b∗). Then there exists β ∈ (b(α), b∗), such that

C(α) = S (β) − S (b∗), therefore, as g is increasing in the first argument:

g (β, y, S (β)) = g (β, y, S (b∗) + C(α)) > g (b(α), y, S (b∗) + C(α)) > 1,

therefore there exists b∗∗ ∈ (b(α), β) ⊂ (b(α), b∗), such that

g (b∗∗, y, S (b∗∗)) = 1. Since (3.24) has a unique root, we obtain a contra-

diction.

(b) C(α) > S (b(α)+) − S (b∗). In this case (B.19) writes

g
(
b(α), y, S (b(α)+) + (C(α) − S (b(α)+) + S (b∗))

)
> 1.

Since the maximum payoff of the large creditor is not interior it fol-

lows from the above and from (B.18) that

g (b(α), y, S (b(α))) > 1.
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Therefore, there exists b∗∗ ∈ (0, b(α)), such that g (b∗∗, y, s(πb∗∗ , y)) = 1.

Since (3.24) has a unique root, we obtain a contradiction.

(c) C(α) = S (b(α)+) − S (b∗), then (B.19) writes g(b(α), y, S (b(α)+)) > 1 in

contradiction to (B.18).

Proof of Proposition 3.4.8: The first part of the proposition follows from Lemma

B.0.1 which states that the function (1−g)S is increasing in its second argument,

and thus g is decreasing in its second argument. From Lemma B.0.1

∂g (b(α), y, S (b(α)+))
∂y

< 0. (B.20)

Therefore, for any ε > 0

g
(
b(α), y0 − ε, S (b(α)+)

)
> 1.

Lemma B.0.2 implies then

g (b(α), y0 − ε, S (b(α))) > 1. (B.21)

Since (B.21) is valid for any ε > 0,

g (b(α), y0, S (b(α))) ≥ 1. (B.22)

The last statement of the proposition now follows from (B.20) and (B.22).

Proof of Proposition 3.4.10: We again consider the function g defined in (3.5).

g(x, y, z) = 1 + r −
1
z

Put(yx, y + rz − c).
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dg
(
b(α), y, S (β0(y)) + C(α)

)
dy

=
∂g

(
b(α), y, S (β0(y)) + C(α)

)
∂y

+

∂g
(
b(α), y, S (β0(y)) + C(α)

)
∂z

∂S (β0(y))
∂y

.

∂g(x, y, z)
∂z

∣∣∣∣
g(x,y,z)=1

=
r
z
(
1 − Φ(−d2)

)
> 0.

Therefore:

∂g
(
b(α), y, S (β0(y)) + C(α)

)
∂z

∂S (β0(y))
∂y

∣∣∣∣
g
(

b(α),y,S (β0(y))+C(α)
)
=1
< 0.

Therefore:
dg

(
b(α), y, S (β0(y)) + C(α)

)
dy

∣∣∣∣
g
(

b(α),y,S (β0(y))+C(α)
)
=1
< 0

Therefore Equation (3.30) has not more than one solution y′0 on (y0, y1].
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