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Motivation

I Our proposed methodology is motivated by the American Community
Survey (ACS): An ongoing survey administered by the U.S. Census
Bureau that provides timely information on several key demographic
variables.

I The ACS produces various multi-year “period-estimates,” and
corresponding margins of errors, for the published demographic and
socio-economic variables recorded over predefined geographies (source
support) within the United States.

I It is often of interest to data users to be able to specify user-defined
spatial supports (target support).

I Example: The Department of City Planning in New York City (NYC) use
ACS period estimates of poverty, demographics, and social
characteristics. They are interested in obtaining estimates of these
variables defined on community districts (target support), but instead use
aggregate census tracts (source support).



Motivation Continued
 (a) Community District Boundaries in NYC  (b) Census Tract Boundaries in NYC

(c) NYC PUMA/Community District Overlap



Motivation Continued

I This problem is known as spatial change of support (COS) (e.g. see
Gelfand et al., 2001; Gotway and Young, 2002; Wikle and Berliner, 2005).

I We consider modeling count-valued survey data using a Poisson

distribution.

I Simple areal interpolation (Flowerdew and Green, 1989).

I Partitioning the source support with the target support (Mugglin
and Carlin, 1998; Mugglin et al., 1998).

I We interpret Poisson count-valued data in small areas as an aggregation
of events from a spatial point process.

I Bradley, JR, Wikle, CK, and Holan, SH. (2014) Bayesian spatial change of
support for count-valued survey data. (arXiv preprint arXiv:1405.7227)



Hierarchical Statistical Modeling

Cornerstone of hierarchical modeling is conditional thinking. Joint distributions
can be represented as products of conditionals.

Often for hierarchical multiscale spatial models, like the ones considered here, it
easier to express conditional models than full joint models.

Basic rule of probability: [A,B,C ] = [A|B,C ][B|C ][C ]

Thus, for complicated problems:

[data, process, parameters] can be factored and thus the model can be thought
of in several stages (e.g., see Cressie and Wikle, 2011):

I Stage 1. Data Model: [data|process, parameters]×
I Stage 2. Process Model: [process|parameters]×
I Stage 3. Parameter Model: [parameters]

We are interested in: [process, parameters|data] – Bayes Theorem

[process, parameters | data] ∝ [data | process, parameters][process | parameters]

× [parameters].



The Statistical Model: Data Model

I We model an element of the generic n`-dimensional count-valued data
vector Z` by

Z(A`,i )|δ(·), p(·) ind∼ Poisson

∫
A`,i

δ(u)p(u)du

 , ` = 1, . . . , L, i = 1, . . . , n`,

where,

I p(u) denotes the probability that an event is observed at u ∈ D.

I δ(·) represents the unobserved population density in D, which
implies that N`,i ≡

∫
A`,i

δ(u)du, i = 1, . . . , n`.

I We order the spatial scales ` = 1, . . . , L from the finest resolution to the
coarsest resolution (e.g., ` = 1 and ` = L might correspond to census
tracts and states respectively).

I A necessary assumption for this setting is that for s ∈ A1,i ,
p(s) ≡ p1,i ; i = 1, . . . , n1.



The Statistical Model: Data Model Continued
I Since the survey-based variance estimates of var{Z(A`,i )|µ(A`,i )},

denoted σ2
`,i , are provided by the ACS, we would like to incorporate this

information into the statistical model to improve our estimates of µ(A`,i ).

I The typical data-user has some knowledge of what to expect from the

sampling distribution of {σ2
`,i}. For example, it would be reasonable to

expect:

I the sampling distribution of variance estimates to be unimodal and
skewed right;

I the median of the distribution of σ2
`,i to be (hopefully) close to the

true variance of Z(A`,i )|µ(A`,i ) (i.e., µ(A`,i ));

I and both σ2
`,i and Z(A`,i ) to be dependent (since they both depend

on the same confidential microdata).

I Hence, we consider the following model for σ2
`,i :

log(σ2
`,i ) = log(µ(A`,i )) + ε`,i ; i = 1, . . . , n`, ` = 1, . . . , L,

where ε`,i are independent normal random variables with mean zero and
unknown variance σ2

ε,`,i .



Spatial Change of Support

I Consider new spatial areas (i.e., a target support) Bj ; j = 1, . . . ,m.

I The process of interest is given by:

µ(Bj) ≡
∫
Bj

p(u)δ(u)du; j = 1, . . . ,m

I If we partition Bj into its potential overlap with all A1,i then

µ(Bj) =

n∑̀
i=1

µ1,i
|Bj ∩ A1,i |
|A1,i |

; i = 1, . . . , n1, j = 1, . . . ,m.

I Then, we have µ(Bj) = hB(j)′µ1 ; j = 1, . . . ,m,

I hB(j , i) ≡ |Bj ∩ A1,i |/|A1,i |,
I the n1-dimensional vector hB(j) ≡ (hB(j , 1), . . . , hB(j , n1))′,

I the n1-dimensional random vector µ1 ≡ (µ1,i : i = 1, . . . , n1)′.

I Note that this implies that µ(A`,j) = h`(j)
′µ1 for ` = 2, . . . , L and

j = 1, . . . , n`, and h` is defined similar to hB.



The Statistical Model: Process Model

I The unobserved process {Y`,i : i = 1, . . . , n`} is modeled as

Y1,i ≡ log(µ`,i ) = x′`,iβ + S′
`,iη + ξi ; i = 1, . . . , n1,

where,

I The p-dimensional covariate vector x`,i is known,

I β ∈ Rp is the associated fixed and unknown p-dimensional
parameter vector.

I The r -dimensional random vector η is assumed to be Gaussian with
mean-zero and unknown precision matrix K.

I The r -dimensional real vector S`,i is specified to be the Moran’s I
basis functions – see Hughes and Haran (2013).

I The random variable ξi is specified to be normal with mean zero
and variance σ2

ξ; i = 1, . . . , n1.



The Statistical Model: Parameter Model

I We propose a novel extension of the spatial random effect covariance
parameter model from Hughes and Haran (2013) to allow for more
flexibility.

I Hughes and Haran (2013) set K = φ× S′QS, where

I φ > 0,

I The n` × r matrix S ≡ (S`,i : i = 1, . . . , n`)
′,

I The n` × n` matrix Q ≡ diag(A1)− A, with 1 denoting a
n`-dimensional vector of ones.

I Using the spectral decomposition of S′QS we have K = ΦQ(φ×ΛQ)Φ′
Q ,

where ΦQ is a r × r known orthogonal matrix and ΛQ is a r × r known
diagonal matrix with nonnegative entries.

I We extend this parameter model by letting K = Φ(φ×ΛQ)Φ′ and by
adding a prior distribution on Φ.

I We use the Givens rotator product (Yang and Berger, 1994)
decomposition to specify a prior. Details can be found in Bradley, Wikle,
and Holan (2014).



Simulated Example

I We start by generating a collection of “pseudo-households” denoted by

the set {uj : j = 1, . . . ,N}, as follows.

1. Divide D ≡ {u : u = (u1, u2)′, u1 ∈ [1, 12], u2 ∈ [1, 12]} ⊂ R2 into a
6× 6 grid. Then randomly select 3 grid-cells (using a discrete
uniform distribution) to represent “hot spots” – colored black.

2. For each grid-cell j that is colored black (there are 3 such grid-cells)
sample 5, 000 points uniformly within a circle with radius 2 and
center equal to the center of the j-th grid-cell.

3. For each grid-cell j that is colored white sample 1, 000 points
uniformly within the j-th grid-cell.

Discretization Scheme

u1

u
2



Simulated Example Continued

I Each “pseudo-household” in the set {uj : j = 1, . . . ,N} references a
dichotomous variable denoted {w(uj) : j = 1, . . . ,N}.

I To generate the values for w(·), we let the outcome w(u) = 1 have
probability 0.5 for each u ∈ {w(uj) : j = 1, . . . ,N}.

I In practice, it is not always possible to observe w(·) at all N households.
Thus, a sample n ≤ N of the psuedo-households is taken, which we
denote as {si : i = 1, . . . , n} ⊂ {uj : j = 1, . . . ,N}. We randomly select
half of the locations in the set {uj : j = 1, . . . ,N} to obtain the set
{si : i = 1, . . . , n}.

(b) Observed w(⋅)



Simulated Example Continued

I Can compute statistics for stratified random samples (Lohr, 1999)

Z(A`,i ) =
N`,i
n`,i

∑
s∈A`,i

w(s); i = 1, . . . , 90,

σ2
`,i =

(
1− n`,i

N`,i

)
N2
`,i

p̂`,i (1− p̂`,i )

n`,i − 1
; i = 1, . . . , 90.

where,

I p̂`,i represents the sample proportion of {w(s) : s ∈ A`,i} that equal
1,

I N`,i represents the number of elements in the set
{uj : j = 1, . . . ,N} ∩ A`,i ,

I n`,i represents the number of elements in the set
{si : i = 1, . . . , n} ∩ A`,i ; i = 1, . . . , n.



Simulated Example Continued

(a) Source Support (c) Simulated Survey Data

 

 

0

50

100

150

200

250

300

(d) Survey Variance

 

 

0

200

400

600

800

1000

1200



Simulated Example Continued

I Suppose a practitioner is interested in obtaining estimates and measures
of uncertainty defined on a different support (i.e., a target support).

(e) Target Support (f) Overlap of Supports

I Set x`,i ≡ 1, r equal roughly to 10% of the number of positive eigenvalues
of the Moran’s I operator, and the prior parameters to be vague.

I A Metropolis-within-Gibbs algorithm was run for 15,000 iterations with a
burn-in of 5,000 iterations. Convergence of the MCMC algorithm was
assessed visually using trace plots of the sample chains, with no lack of
convergence detected.



Simulated Example Continued

(a) Posterior Mean (Target Support)
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(b) Truth (Target Support)
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(c) Posterior Variance (Target Support)
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(d) Posterior Mean (Source Support)
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(e) Truth (Source Support)
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(f) Posterior Variance (Source Support)
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Simulated Example Continued
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(g) Plot of Predicted and Truth (Source Support)
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(h) Plot of Predicted and Truth (Target Support)



A Simulation Study
I Our BHM is currently the only stochastic modeling approach for spatial

change of support of count-valued survey data (CS).

I The primary (non-stochastic) modeling approach that one can directly
apply to survey data is simple areal interpolation (SI). Thus, we compare
the CS model to SI.

I We consider an alternative “variance removed” (VR) model that removes
the model for the survey variance from the BHM.

I We propose a Givens angle prior to provide greater flexibility for modeling
spatial covariances. To determine whether this added model complexity is
beneficial we compare to a BHM that uses the Moran’s I prior (MI).

I To evaluate these models over multiple replicates of the randomly
generated survey data we define the paired absolute deviation (PAD),

PAD(MD,Z) ≡ 1

M

M∑
m=1

abs {µ(Bm)− EMD(µ(Bm)|Z)}

− 1

M

M∑
m=1

abs {µ(Bm)− ECS(µ(Bm)|Z)} ,

where EMD(µ(Bm)|Z) is the posterior expectation of µ(Bm) with respect
to model MD={VR, MI, SI} and {µ(Bm) : m = 1, . . . , 36} is known from
the simulation.



A Simulated Study Continued

When PAD is positive for a given replicate of the field
{Z(A1,i ) : i = 1, . . . , 80}, then the CS based estimate of
{µ(Bm) : m = 1, . . . , 36} is considered “better than” the MD based estimate.
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Note: All computations were carried out in Matlab using a Dell Optiplex 7010
Desktop Computer with a quad-Core 3.40 GHz processor and 8 GB of memory.



Application to ACS

I The Department of City Planning in NYC use ACS period estimates of
poverty, demographics, and social characteristics. They are interested in
obtaining estimates of these variables defined on community districts
(target support), but instead use aggregate census tracts (source
support), since ACS data are not available on NYC’s community districts.

I We use the proposed spatial COS methodology to change the spatial
support of the 2012 5-year period estimates of poverty from census tracts
(source support) to community districts (target support).

I Specifications of the model are set such that x`,i ≡ 1, r is equal roughly
to 10% of the number of positive eigenvalues of the Moran’s I operator,
and the prior parameters are vague.

I A Metropolis-within-Gibbs algorithm was run for 15,000 iterations with a
burn-in of 5,000 iterations. Convergence of the MCMC algorithm was
assessed visually using trace plots of the sample chains, with no lack of
convergence detected.



Application to ACS Continued

(a) Poverty by Census Tracts in NYC
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(b) Survey Variance by Census Tracts in NYC
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(c) Scatterplot of log Count versus log Survey Variance
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Application to ACS Continued
The posterior predictive p-value (using the likelihood ratio as the discrepancy
measure) is 0.60, which indicates no lack of fit; i.e., that we are obtaining a
reasonable fit to the data.

(a) Posterior Mean by Census Tracts in NYC
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(b) Posterior Variance by Census Tracts in NYC
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(c) Posterior Mean by Community District in NYC
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Application to ACS Continued

DCP estimated poverty (PUMA)
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Discussion

I We have developed a spatial change of support (COS) methodology to
analyze count-valued survey data with known survey variances.

I There are two key motivating features behind the proposed model.

1. We account for the variability of the survey variances.

2. Count-valued data in a small area are interpreted as an aggregation
of an inhomogeneous spatial point process (Cressie and Wikle,
2011).

I In addition to incorporating survey sampling error, we introduce a BHM

that accounts for the variability of the latent process and the parameters.

I The latent process is modeled using a spatial generalized linear
mixed model framework that includes a spatial random effect.

I We extend the spatial random effects covariance parameter model
from Hughes and Haran (2013), by allowing for additional model
complexity in the spatial covariance.

I Although the spatial COS methodology differed from the simulation
model, the results of the simulation demonstrate that one can accurately
estimate the “true” unobserved mean (known from the simulation).

I The posterior predictive p-value and comparisons to the DCP
approximation suggest that we are obtaining reasonable estimates.
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Scott H. Holan
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