
DECISION MAKING AND INFERENCE UNDER
LIMITED INFORMATION AND HIGH

DIMENSIONALITY

A Dissertation

Presented to the Faculty of the Graduate School

of Cornell University

in Partial Fulfillment of the Requirements for the Degree of

Doctor of Philosophy

by

Stefano Ermon

January 2015



c© 2015 Stefano Ermon

ALL RIGHTS RESERVED



DECISION MAKING AND INFERENCE UNDER LIMITED INFORMATION

AND HIGH DIMENSIONALITY

Stefano Ermon, Ph.D.

Cornell University 2015

Statistical inference in high-dimensional probabilistic models is one of the cen-

tral problems of statistical machine learning and stochastic decision making.

To date, only a handful of distinct methods have been developed, most no-

tably (Markov Chain Monte Carlo) sampling, decomposition, and variational

methods. In this dissertation, we will introduce a fundamentally new approach

based on random projections and combinatorial optimization. Our approach

provides provable guarantees on accuracy, and outperforms traditional meth-

ods in a range of domains, in particular those involving combinations of prob-

abilistic and causal dependencies (such as those coming from physical laws)

among the variables. This allows for a tighter integration between inductive

and deductive reasoning, and offers a range of new modeling opportunities.

As an example, we will discuss an application in the emerging field of Compu-

tational Sustainability aimed at discovering new fuel-cell materials where we

greatly improved the quality of the results by incorporating prior background

knowledge of the physics of the system into the model.
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CHAPTER 1

INTRODUCTION

Recent technological advances are rendering the collection, storage, and

communication of massive data sets increasingly economical. As a result, sta-

tistical models of data, systems, and users are becoming a central component

of many scientific and engineering disciplines [14, 57]. In this context, statisti-

cal machine learning techniques have proliferated, and have been shown to be

extremely successful at numerous predictive tasks, from speech recognition to

cancer diagnosis [12]. Given the recent successes of these statistical approaches,

there is a growing interest in the scientific community towards rich and com-

plex models that can represent and extract deeper insights into the data and the

environment that generated it. To capture rich statistical models, many differ-

ent representation languages have been introduced, including graphical mod-

els [99], Markov Logic Networks [81], BLOG [72], and Church [54].

Making reliable and accurate inferences based on complex statistical models,

e.g., to make predictions or to support analytic decision-making, is a key com-

putational problem with a broad range of applications. Unfortunately, most

interesting forms of probabilistic reasoning are extremely challenging from the

computational point of view [64]. In this context, the long-standing goal of de-

veloping practical probabilistic reasoning technology that will allow computers

to act intelligently and adaptively in increasingly complex and uncertain real-

world environments is a key technical challenge. At a high level, we can identify

three major sources of difficulties in achieving this goal:

1. High dimensionality: Real-world systems are typically very complex. Re-

alistic models involve a large number of interconnected variables, can be

1
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1 Figure 1.1: Key challenges encountered in modeling real world systems: this
thesis presents new computational models and algorithmic techniques to deal
with these challenges.

dynamic and spatio-temporal, and may involve multiple self-interested

agents, each with a large number of potential actions with many possi-

ble outcomes. This naturally leads to very high-dimensional spaces, often

combinatorial ones, that we need to consider if we want to build realistic

models.

2. Uncertainty: We typically have limited information about the systems we

are trying to model or control. For example, there could be uncertainty

in the parameters, noisy measurements, or unobserved quantities that we

cannot directly measure. In most applications it is necessary to consider

probabilistic models to achieve a reasonable level of robustness.

3. Preference or utility functions: When we design a system, we are typi-

cally given performance metrics that we wish to optimize for. Other times,

we build models to support decision making. In both cases, it is necessary

to take into account preference or utility functions and optimize for them.

2



This thesis describes our research on developing computational models and al-

gorithmic techniques to to deal with these three fundamental challenges (see

Figure 1.1), specifically in terms of probabilistic reasoning (how can we make

inferences about complex, high-dimensional statistical models) and decision-

making (where we also consider an objective function to be optimized). We

develop new foundational methods by combining rigorous theoretical anal-

ysis with a principled experimental component, drawing upon ideas from

probabilistic reasoning, constraint optimization, information theory, statistical

physics, and approximation algorithms. We further apply and evaluate the

proposed techniques on concrete real-world applications, including ones in the

new emerging field of Computational Sustainability. The first part of the thesis

will highlight some of the foundational contributions we have made in terms

of probabilistic inference and decision-making under uncertainty. In the second

part of the thesis, we will discuss the applications of these ideas to challenging

sustainability problems. An overview of the concrete sustainability problems

we have considered is presented in Figure 1.2.

1.1 Foundations of Probabilistic Inference and Decision Making

Probabilistic modeling of data is the cornerstone of modern statistical machine

learning and statistical applications in general. Probabilistic reasoning — mak-

ing inferences about complex probabilistic models — is needed to make pre-

dictions and learn models from data. General probabilistic reasoning, how-

ever, is computationally intractable, and therefore heuristic strategies and ap-

proximations are often employed in practice. To date, only a handful of ap-

proaches have been proposed. Standard approaches are Markov Chain Monte

3
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Figure 1.2: Overview of our research in Computational Sustainability. The three
challenges of high-dimensionality, uncertainty, and utility functions are also at
the core of many of these domains.

Carlo (MCMC) methods (such as Gibbs sampling) [3, 62, 71], variational tech-

niques (based on approximating complex probability distributions by more

tractable ones) [63, 99], and decomposition methods (based on dynamic pro-

gramming) [66]. MCMC techniques, invented many decades ago (1950s), are

still the most widely used, and are the workhorse of statistical inference. Un-

fortunately, such methods typically do not provide tight guarantees on the ac-

curacy of the results. In the first part of the thesis, we will introduce a fun-

damentally new paradigm for statistical inference which is a very different and

promising alternative to these existing techniques and yields provably accurate re-

sults in a range of problem domains. The method works particularly well when

the underlying statistical models combine probabilistic information with causal

or deterministic constraints arising from domain knowledge (such as physical

laws).

4



The key idea behind MCMC is that one can answer queries about complex

statistical models by drawing a relatively small set of samples (typical scenarios)

from the underlying probability distribution and calculate statistics of interest

by averaging over the samples, which are representative of the entire (exponen-

tially large) state space. The key difficulty of the approach is that to draw proper

samples, one needs to set up a Markov Chain over the entire state space which

has to reach an equilibrium distribution. For many statistical models of interest,

reaching the equilibrium distribution will require exponential time. In prac-

tice, the approach will therefore only give approximate answers. Unfortunately,

there is generally little or no information on the quality of the approximation. In

fact, the Markov Chain may completely miss important parts of the state space

because the chain gets trapped in less relevant areas of the state space.

In our new approach, we also compute statistics of interest by considering

only a relatively small set of representative states (samples) from the statisti-

cal model. However, our samples are not drawn at random from the under-

lying probability distribution using a Markov Chain, rather they are very par-

ticular states that can be discovered using state-of-the-art optimization tools and ran-

dom projections. More specifically, we obtain these special states by randomly

projecting the original high-dimensional space to a lower-dimensional one (us-

ing universal hash functions) and then using optimization to look for “extreme

states” (configurations or states that are the most likely) in the projected sub-

space. Quite surprisingly, we can show that a small collection of such extreme

states is representative of the overall probability distribution and can be used to

answer a range of queries about the original statistical model (e.g., compute the

probability of an event according to the model) with provable accuracy guaran-

tees. Because current optimization tools can handle large problems, often with

5



a million or more variables, we can quickly ”hunt down” the special states and

answer queries much more accurately than other methods.

From a computational complexity perspective, the class of probabilistic in-

ference queries we consider is complete for the #P complexity class [94], a set

of problems encapsulating the entire Polynomial Hierarchy and believed to be

significantly harder than NP. For example, a canonical #P-complete problem is

#-SAT (i.e., the problem of computing the number of satisfying assignments of a

propositional formula), which is believed to be harder than SAT (i.e., the prob-

lem of determining whether a propositional formula has at least one satisfying

assignment). The key idea behind our new method, called Weighted-Integrals-

and-Sums-by-Hashing (WISH), is to reduce the #P-complete probabilistic in-

ference problem to a small number (quasilinear in the dimensionality) of in-

stances of a NP-equivalent combinatorial optimization problem. Each instance of

the optimization problem is obtained by adding a set of randomly generated

parity constraints to the original probabilistic model, thereby projecting to a

lower dimensional subspace. For each instance, we find the most likely state

using combinatorial optimization. We then aggregate the solutions to answer

the original probabilistic inference query, obtaining a provably accurate estimate

with high probability. The rationale behind this approach is that although com-

binatorial optimization is intractable in the worst case, it has witnessed great

success in the past 50 years in fields such as Mixed Integer Programming (MIP)

and propositional Satisfiability Testing (SAT). Finding the most likely state for

a probabilistic model, although NP-hard, can in practice often be approximated

or solved exactly fairly efficiently [21, 86]. In fact, modern solvers can exploit

structure in real-world problems and prune large portions of the search space,

often dramatically reducing the runtime. In contrast, in a #P counting problem

6



such as computing a marginal probability, one needs to consider contributions

from all possible states (variable assignments). Since we can incorporate any

optimization tool, our approach can leverage current and potential future ad-

vances in combinatorial optimization, leading to a method that scales well on

many real world problems and, at the same time, provides approximation guar-

antees. Further, since the optimization instances are independent of each other,

our approach is highly parallelizable and can thus handle problems at a level of

accuracy and scale well beyond the current state of the art.

We further uncover a surprising connection between the optimizations and

random projections used in our WISH scheme and the maximum likelihood de-

coding problem in communication theory [10, 97]. Finding an extreme state for

a randomly projected probabilistic model can be seen as a generalization of the

problem of decoding a message transmitted over a noisy communication chan-

nel using an error-correcting code. Exploiting this connection, we show how

to leverage ideas from popular decoding algorithms based on message pass-

ing and linear programming [38]. These techniques are known to be very suc-

cessful in practice in decoding certain types of codes such as low density par-

ity check (LDPC) codes [40]. By adapting problem encodings and developing

novel preprocessing techniques, we are able to make the optimization problems

generated by WISH significantly easier to solve in practice, drastically reduc-

ing the runtime. We are also able to obtain bounds on the value of probabilistic

inference queries by considering tractable relaxations of the combinatorial opti-

mization problems which can be solved in polynomial time. These bounds can

be further improved using a new, more tractable class of random projections

that we introduced and can be implemented using a construction that resem-

bles that of low-density parity check codes [37]. These bounds are empirically

7



much tighter (often, by several orders of magnitude) than those obtained using

other techniques, and can be iteratively improved in an any-time fashion.

Random projections and optimization techniques can also be used to solve

the problem of sampling from a probability distribution defined over a high-

dimensional space, specified by a graphical model. We introduce a new sam-

pling algorithm, called PAWS, based on an embedding into an even higher-

dimensional space which is then randomly projected (using universal hash

functions) to a lower-dimensional subspace and explored using combinatorial

search methods [33]. Our scheme can again leverage fast combinatorial opti-

mization tools, and the samples produced are guaranteed to be as close as de-

sired to the target probability distribution. The use of powerful complete search

methods allows PAWS to reason about a rich class of models that also include

intricate dependencies among the variables, e.g., as specified by deterministic

or causal relationships representing prior knowledge about the system. In con-

trast, these multi-modal distributions with extreme, near-zero probabilities are

extremely difficult for MCMC and variational techniques. Our approach allows

for a tighter integration between inductive and deductive reasoning, and is es-

pecially useful in scientific data analysis applications where there is often a large

amount of background knowledge that can be incorporated into the model. We

apply this idea to a data analysis problem in materials science where the goal

is to facilitate and speed up the discovery of new solar and fuel cell materi-

als. More specifically, we encode our background knowledge about the phys-

ical and chemical properties of materials using a Satisfiability Modulo Theory

(SMT) reasoning framework. Using state-of-the-art SMT solvers and PAWS, we

are able to automatically analyze X-ray diffraction measurements, generating

interpretations that are physically meaningful and very accurate.
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1.2 Probabilistic Inference and Decision Making for Sustainability

Moving towards a more sustainable society and economy is one of the grand

challenges of the upcoming century. New strategies are urgently needed to ad-

dress the effects of rapidly increasing urbanization, including soaring demands

of natural resources such as energy, water, and land. Solving the complex en-

vironmental, economic, and societal issues of sustainability will require contri-

butions from multiple disciplines, and it is becoming clear that computational

techniques have the potential to play a major role [49]. Addressing sustainability

issues in a quantitative way is however challenging for two reasons. First, we

typically lack accurate models of the complex processes we want to control, and

the models we have are riddled with uncertainties. Second, making inferences,

predictions or devising optimal intervention strategies is difficult because of the

complexity of the models, which typically involve uncertainty, complex spatio-

temporal interactions, and multiple self-interested agents. We have investigated

a number of concrete problems in this space (See Figure 1.2), ranging from find-

ing policies for renewable resource management to the automatic analysis of

X-ray diffraction data to aid materials scientists in the discovery of new fuel cell

materials. Our research in this area is based on collaborations with researchers

in other fields such as resource economics, ecology, and materials science. Be-

low are some of the projects we have worked on at the Institute for Computational

Sustainability; in the second part of the thesis, we will discuss in detail the mate-

rials discovery application.

Sequential decision-making under uncertainty Several problems in sustain-

ability can be formulated as management or control problems for a stochastic

dynamical system, e.g., modeling the dynamics of an ecosystem. Working with
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environmental scientists and resource economists, we introduced a new class

of dynamic bio-economic models that capture many real-world renewable re-

source allocation problems, such as fisheries and forestry management [24, 26].

As a new approach to deal with uncertainty and environmental risks, we in-

troduced a novel game theoretic framework, where the management problem

is equivalent to a dynamic game. By exploiting provable structural properties

of the optimal policy, we devised a fast policy optimization algorithm for this

class of models, and we applied it to a model we constructed for the Northern

Pacific Halibut marine fishery using biological and economic data. We obtained

a policy that is structurally very different from the one currently employed, and

significantly outperforms historical policies in terms of minimizing the risk of an

ecosystem collapse. In follow-up work [30], we generalized this approach with a

new framework to introduce worst-case guarantees in decision theoretic plan-

ning models, providing a fast dynamic programming algorithm to compute an

optimal policy using an admissible heuristic to prune the search space. In a

related project, we showed that we can significantly improve the efficiency of

battery systems in electric vehicles using automatic planning and sequential

decision-making methods [32, 36]. Specifically, we formalized the problem of

optimizing real-time energy management of multi-battery systems as a stochas-

tic planning problem, and we proposed a novel solution based on a combination

of optimization, machine learning, and data-mining techniques. We evaluated

the performance of our new energy management system on a large dataset of

real commuter trips crowd-sourced in the United States, and we showed that

our policy outperforms the leading algorithms that were previously proposed

as part of an open algorithmic challenge, leading to up to 10% increased driving

range with the same energy use.
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Stochastic processes on networks As sensing and computing devices become

ubiquitous, we face a growing need to develop scalable inference methods to

analyze in real-time the large amounts of data they produce. In [25, 28], we

demonstrated the use of message passing and graphical models as a framework

to efficiently solve distributed inference tasks (e.g., tracking a global state from

local information) and study the dynamics of multi-agent coordination. We de-

veloped a novel message-passing inference algorithm that outperforms current

state of the art techniques, such as distributed Kalman filtering. We also revis-

ited the problem of inferring latent network structure given observations from

a diffusion process, such as the spread of trending topics in social media or

animals through a fragmented landscape [100]. We defined a family of novel

probabilistic models that can explain recurrent cascading behavior, and take

into account not only the time differences between events but also a richer set

of additional features. We provided a tractable inference algorithm that scales

to large real-world networks and significantly improves the accuracy compared

to previous approaches.

Combinatorial materials discovery Fuel cells are one of the most promising

enabling technologies for electric vehicles and for renewable energy storage.

However, their efficiency depends crucially on the catalysts used, and there is a

quest among materials scientists to find more effective alternatives to the use of

platinum as a catalyst. One of the most promising approaches is the so-called

combinatorial method, where scientists search for new materials with desirable

properties by obtaining measurements on hundreds of samples in a single high-

throughput batch experiment. As manual data analysis is becoming more and

more impractical, there is a growing need to develop new techniques to au-

tomatically analyze and interpret such data. Working closely with materials
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scientists at the Cornell High Energy Synchrotron, we introduced a novel ap-

proach to the problem of identifying the underlying crystal structure of sample

materials using X-ray diffraction data. The main novelty is that we integrated

domain-specific scientific background knowledge about the physical and chem-

ical properties of the materials into a constraint-based model [31]. We then used

our PAWS technique to analyze the data, using a Satisfiability Modulo Theory

(SMT) solver to search for interpretations of the data that are consistent with

our prior knowledge. By explicitly taking into account the physics of the sys-

tem, our approach provides accurate interpretations of the data, in contrast with

previous approaches that often do not provide physically meaningful results.

Developing successful computational tools to help address sustainability

challenges requires a constant flow of ideas between foundational and applied

research. Research in Computational Sustainability often leads to a whole new

range of computational techniques and applications, benefiting not only the sci-

entific community but also society at large.
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CHAPTER 2

PRELIMINARIES

We begin by providing some background on graphical models [19, 64, 99].

Graphical models are a general framework to specify complex probability dis-

tributions in a compact way. The key idea is to use a graph structure to define

a family of probability distributions that factorize according to the underlying

graph. In this thesis, we will mainly focus on discrete and undirected graphical

models.

2.1 Undirected Graphical Models

Let G = (V,E) be a graph with vertex set V and edge set E ⊆ V × V . We

associate with each vertex i ∈ V a discrete random variable xi where xi ∈ Xi,

and Xi is a discrete set. For any subset α ⊆ V of the vertex set V , we define the

subvector {x}α := {xi, i ∈ α}. Similarly, we define ⊗i∈αXi to be the Cartesian

product ofXi for all i ∈ α. The global random vector x = {xs, s ∈ V } takes value

in the Cartesian product X = X1 × X2 × · · · × XN . We consider a probability

distribution over x ∈ X (also called configurations) that factorizes into functions

defined on the cliques of the graph G. A clique C is a subset of vertices that

are fully connected, that is for all s, t ∈ C, (s, t) ∈ E. Let ψC : ⊗i∈CXi 7→ R+

be a compatibility function associated with clique C. An undirected graphical

model is a collection of distribution for the joint random vector that factorizes

as follows

p(x) = p(x1, · · · , xN) =
1

Z

∏
C∈C

ψC({x}C) (2.1)

where Z is a normalization constant and C is a set of (maximal) cliques. For

compactness we also introduce a weight function w : X → R+ that assigns to
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each configuration x ∈ X its unnormalized probability, namely

w(x) =
∏
α∈I

ψα({x}α) (2.2)

With this notation, the normalization constant Z ensuring that the probabilities

sum up to one, also known as the partition function, is defined as

Z =
∑
x∈X

w(x) =
∑
x∈X

∏
α∈I

ψα({x}α) (2.3)

2.1.1 Factor Graph Representation

We consider an equivalent representation for graphical models in terms of a

factor graph. Let xi, i ∈ V be a collection of N = |V | discrete random variables,

where xi ∈ Xi and Xi is a discrete set. Let p(x) be a joint probability distribution

over x ∈ X

p(x) =
1

Z

∏
α∈I

ψα({x}α) (2.4)

that factors into potentials or factors ψα : ⊗i∈αXi 7→ R+, where I is an index set

and {x}α ⊆ V a subset of variables the factor ψα depends on.The corresponding

factor graph is a bipartite graph with vertex set V ∪ I. In the factor graph, each

variable node i ∈ V is connected with all the factors α ∈ I that depend on

i. Similarly, each factor node α ∈ I is connected with all the variable nodes

i ∈ {x}α. An undirected graphical model can be represented as a factor graph

by letting I index the collection C of cliques.
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2.1.2 Statistical Inference Problems

Given a probability distribution p(x) defined by a graphical model, there are

several statistical inference problems that are of particular interest in statistical

machine learning applications:

1. Marginalization: compute the marginal distribution p(xA) for a subset

A ⊆ V of the variables

2. Partition function: compute the normalization constant or partition func-

tion Z defined as in equation (2.3)

3. Sampling: randomly output an element x ∈ X , where each element x is

selected with probability p(x)

4. MAP Inference: find a mode of p(x), i.e. identify a configuration x̂ ∈

X which is assigned the largest probability by the model, that is x̂ ∈

arg max p(x)

Computational Complexity

All these computational problems are known to be intractable in the worst

case [64]. Specifically, problems (1) and (2) are “counting problems” (they can

be thought as the problem of counting the number of accepting paths of an ap-

propriately chosen Turing Machine) and are known to be #-P complete [83, 94].

Sampling is essentially just as hard, since sampling and counting are known to

be self reducible [62]. Intuitively, if one has access to samples from p(x), statis-

tics of interests such as the partition function Z or marginal probabilities can be

computed via sample averaging (using a Monte Carlo approximation). On the
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A Worst-Case Perspective 
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Figure 2.1: Complexity of various probabilistic reasoning tasks. One of the main
technical contribution of this thesis is a new approach approximate #-P complete
probabilistic inference queries by reducing to a small number of NP-equivalent
combinatorial optimization problems.

other hand, it is easy to generate samples by sequentially sampling individual

variables according to their marginal probabilities. These theoretical reductions

however can be inefficient in practice, so there is interest in developing separate,

specialized algorithms for solving problems (1),(2) and (3) directly. Problem (4)

(MAP inference) is fundamentally different than problems (1),(2) and (3). In

fact, problem (4) is an NP-equivalent optimization problem, a complexity class

believed to be easier in the worst case than #-P, as can be seen in the widely

believed hierarchy of complexity classes reported in Figure 2.1. A key result

of this thesis is to highlight connections between these problems. Specifically,

we introduce a new computational approach where problems (1),(2) and (3) can

be approximated with provable guarantees if one has access to an oracle that

solves problem (4).
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Previous Approaches

There is a vast literature on probabilistic inference methods, and providing de-

tails is beyond the scope of the thesis. We briefly introduce the three main fam-

ilies of inference techniques and provide references for the interested reader:

1. Markov Chain Monte Carlo methods: the idea is to set up a Markov Chain

which converges in the limit to the target distribution p(x). The chain is

designed so that simulating each step is computationally tractable. If one

runs (simulates) the chain for a long enough time, the chain will converge

to the target distribution and it directly provides samples. Unfortunately,

these Markov Chains are guaranteed to converge quickly (rapidly mixing)

only on a very restricted class of probability distributions, and in general

they require exponential time for convergence (consistently with the hard-

ness of sampling). We refer the reader to [62, 71] for an excellent review of

the subject.

2. Variational Techniques: the basic idea is to approximate the intractable

target probability distribution p(x) with one that is more tractable. This

is typically achieved by choosing a distribution from a family of distri-

butions that are computationally easier to work with, and minimizing a

measure of divergence. We refer the reader to [63, 99] for more details.

3. Decomposition-based: the idea is to leverage dynamic programming to

exactly solve the inference problem when the distribution can be decom-

posed in a special way (low three-width condition). The method is exact

but only applies to a restricted number of probability distributions [21, 66].

Variants of the method can be applied to both MAP, partition function and

marginal inference problems.
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2.2 Applications of Graphical Models in AI

The graphical model formalism has been used extensively to study a wide range

of problems in AI. We illustrate two canonical examples in this section.

Constraint Satisfaction Problems

Graphical models are a very powerful modeling language and can be used to

encode general constraint satisfaction problems such as Satisfiability Testing

(SAT), the prototypical NP-complete decision problem.

Let V be a set of propositional (Boolean) variables, where |V | = N . A for-

mula F is said to be in clausal normal form (CNF) form if it is a logical conjunc-

tion of a set of clauses C. A clause C is a logical disjunction of a set of (possibly

negated) variables, such as for example (x1 ∨ ¬x2 ∨ x3). A variable assignment

σ : V → {0, 1} is a function that assigns a value in {0, 1} to each variable in V .

As usual, the value 0 is interpreted as FALSE and the value 1 as TRUE. We say

that σ satises a clause C if at least one signed variable of C is TRUE. Satisfiabil-

ity Testing is the problem of deciding if there exists a variable assignment that

satisfies all the clauses C (equivalently, such that F , which is the conjunction of

the clauses, evaluates to TRUE).

Let F be a formula in CNF over a set V of variables with m = |C| clauses. We

can represent the formula F as a factor graph as follows. We have a collection of

N = |V | discrete binary random variables xi ∈ {0, 1} for each i ∈ V (one random

variable for each variable in the formula F ). We define a probability distribu-

tion using m = |C| factors, one for each clause in the formula F . Each factor
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corresponds to a clause C ∈ C, and is defined as ψC : ⊗i∈C{0, 1} 7→ {0, 1}, where

ψC({x}C) = 1 if an only if the clause C is satisfied by {x}C , and ψC({x}C) = 0

otherwise. For example, a clause (x1 ∨ ¬x2) would have a corresponding fac-

tor ψ(x1∨¬x2) : {0, 1}2 7→ {0, 1}, where ψ(x1∨¬x2)(0, 0) = 1, ψ(x1∨¬x2)(0, 1) = 0,

ψ(x1∨¬x2)(1, 0) = 1, ψ(x1∨¬x2)(1, 1) = 1.

It is easy to verify from equation (2.4) that a variable assignment x ∈ {0, 1}N

is assigned a probability 0 if it violates at least one clause C ∈ C. On the other

hand, a variable assignment x ∈ {0, 1}N that satisfies all the clauses, also called

a satisfying assignment is assigned a probability 1/Z where Z is equal to the num-

ber of distinct satisfying assignments. Therefore, the model can also be thought

as defining a uniform probability distribution over the subset of the Boolean

hypercube {0, 1}N given by the satisfying assignments of F .

The problem of Satisfiability testing, namely deciding whether there exists

at least one satisfying assignment, can be formulated as a MAP inference query

for the graphical model we just defined. Computing the partition function is

equivalent to computing the total number of satisfying assignments, a problem

also known as #-SAT. The marginal probabilities of a variable xi are equal to the

fraction of satisfying assignments having variable xi set to TRUE and FALSE,

respectively.

Error Correcting Codes

Error correcting codes are one of the key tools in communication theory to

improve the reliability of communication networks, including computer, cel-

lular and television ones. Intuitively, error correcting codes are used to add
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some level of redundancy to messages we wish to transmit over noisy com-

munication channels, so that transmission errors can be detected and perhaps

even corrected. As a simple example, suppose Alice wants to send a message

m ∈ {0, 1}N (represented as a vector of N bits) to Bob. The communication

channel is noisy, so that each bit might be corrupted (for example, flipped) with

probability λ during the transmission (independently). To improve the reliabil-

ity of their communication, Alice could add a single redundant bit p1 at the end

of the message m, where p1 is equal to the parity of the bits in m. It is easy to

see that Bob can detect if a transmission error occurred on a single bit, because

in that case the received parity bit will not match the parity of the received mes-

sage. More advanced error correcting codes allow Alice and Bob to identity

(and recover from) a larger number of transmission errors, while minimizing

the overhead (redundancy) introduced by the code.

Important families of error correcting codes can be understood and de-

scribed using the graphical model formalism. Suppose Alice and Bob have

agreed on a valid codebook C ⊆ {0, 1}N , which is a subset of all possible mes-

sages that are considered to be valid. As in the previous example, a common

way to define the codebook is to use a set of h linear equations modulo 2, that is

C = {x ∈ {0, 1}N : Ax = b mod 2}, where A ∈ {0, 1}h×n and b ∈ {0, 1}h.

We can formalize this probabilistic formulation of the communication prob-

lem in the language of graphical models as follows. Let y = (y1, · · · , yN) ∈

{0, 1}N be the (noisy) message that was actually received by Bob. We construct a

graphical model with N binary variables x1, · · · , xN representing the unknown
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message x that Alice has sent to Bob. We then have N factors

ψxi(xi) =

 1− λ , xi = yi

λ , xi 6= yi

Assuming λ < 1/2 (transmission over the channel succeeds more often than

not), this is setting a bias towards values of x that are close (in Hamming dis-

tance) to the message yactually received by Bob. We also know that x must be

a valid codeword, that is x ∈ C. This is encoded using h factors, one for each of

the equations modulo 2 defining C. Let αj denote the set of variables involved

in the j-th equation, namely αj = {i : Aij = 1}. Then for each j = 0, · · · , h − 1

we introduce a factor

ψαj
({x}αj

) =

 1 , if
⊕

i∈αj
xi = bj

0 , otherwise

Given the noisy message y actually received, Bob wants to guess which was the

message m Alice had sent to him. Bob attempts to find what was the (valid,

i.e. in the codebook) message Alice had sent to him by finding the most likely

value of x according to the model, that is solving a MAP inference query for

the graphical model described. This is a famous NP-hard optimization problem

known as MAX-LIKELIHOOD-DECODING. In addition to their importance in

communication and information theory, parity based codes and the maximum

likelihood decoding problems will also play an important role in the new prob-

abilistic inference techniques described in this thesis.

2.3 Universal Hashing

We start with definitions of standard universal hash functions [cf. 93, 48].
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Definition 1. A family of functionsH = {h : {0, 1}n → {0, 1}m} is ε-SU (Strongly

Universal) if the following two conditions hold when H is chosen uniformly

at random from H. 1) ∀x ∈ {0, 1}n, the random variable H(x) is uniformly

distributed in {0, 1}m. 2) ∀x1, x2 ∈ {0, 1}n x1 6= x2, ∀y1, y2 ∈ {0, 1}m, it holds that

P [H(x1) = y1, H(x2) = y2] ≤ ε/2m .

It can be verified that ε ≥ 1/2m, and the case ε = 1/2m corresponds to pair-

wise independent hash functions, defined as follows:

Definition 2. A family of functions H = {h : {0, 1}n → {0, 1}m} is pairwise

independent if the following two conditions hold when H is chosen uniformly

at random from H. 1) ∀x ∈ {0, 1}n, the random variable H(x) is uniformly

distributed in {0, 1}m. 2) ∀x1, x2 ∈ {0, 1}n x1 6= x2, the random variables H(x1)

and H(x2) are independent.

Statistically optimal functions can be constructed by considering the family

H of all possible functions from {0, 1}n to {0, 1}m. It is easy to verify that this

is a family of fully independent functions. However, functions from this family

require m2n bits to be specified, making this construction not very useful for

large n. On the other hand, pairwise independent hash functions can be specified

compactly. They are generally based on modular arithmetic constraints of the

form Ax = b mod 2, referred to as parity or XOR constraints.

Proposition 1. LetA ∈ {0, 1}m×n, b ∈ {0, 1}m. The familyH = {hA,b(x) : {0, 1}n →

{0, 1}m} where hA,b(x) = Ax + b mod 2 is a family of pairwise independent hash

functions.

Pairwise independent hash functions can be constructed more efficiently by

letting A be a random i × n Toeplitz matrix [79]. Specifically, the first column
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and row of A are filled with uniform i.i.d. Bernoulli variables in {0, 1}. The

value of each entry is then copied into the corresponding descending top-left to

bottom-right diagonal. This process requires n + i − 1 random bits rather than

ni = O(n2). Let T (m,n) ⊆ {0, 1}m×n be the set of m × n Toeplitz matrices with

0, 1 entries. Then:

Proposition 2 ([48, 90]). Let A ∈ T (m,n), b ∈ {0, 1}m. The family Hn,m
T =

{hA,b(x) : {0, 1}n → {0, 1}m} where hA,b(x) = Ax + b mod 2 is a family of pair-

wise independent hash functions.

The space C = {x : hA,b(x) = p} has a nice geometric interpretation

as the translated nullspace of the random matrix A, which is a finite dimen-

sional vector space, with operations defined on the field F(2) (arithmetic mod-

ulo 2). We will refer to constraints of the form Ax = b mod 2 as parity

constraints, as they can be rewritten in terms of logical XOR operations as

Ai1x1 ⊕ Ai2x2 ⊕ · · · ⊕ Ainxn = bi.
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CHAPTER 3

PARTITION FUNCTION COMPUTATION

Many probabilistic inference tasks involve the computation of high-dimensional

integrals (see Chapter 2 for more details), where intuitively one has to look at

all possible scenarios, and weight each one according to how likely it is accord-

ing to the model. For example, this is needed to evaluate probabilities of events

(e.g., to make predictions based on the model), and more generally to compute

expectations. Computing integrals in very high dimensional spaces is a funda-

mental and largely unsolved problem of scientific computation [23, 84, 15], with

numerous applications not only in machine learning and statistics but also in

biology and physics. As the volume grows exponentially in the dimensional-

ity, the problem quickly becomes computationally intractable, a phenomenon

traditionally known as the curse of dimensionality [9].

In this chapter, we revisit the problem of approximately computing discrete

integrals, namely weighted sums over (extremely large) sets of items. This

problem encompasses several important probabilistic inference tasks, such as

computing marginals or normalization constants (partition function) in discrete

graphical models, which are in turn cornerstones for parameter and structure

learning [99]. Although we focus on the discrete case, continuous cases can in

principle also be addressed, as they can be approximated using discrete integrals

via numerical integration.

We introduce a randomized scheme that computes with high probability (1−

δ for any desired δ > 0) an approximately correct estimate (within a factor of

1 + ε of the true value for any desired ε > 0) for general weighted sums defined

over exponentially large sets of items, such as the set of all possible variable
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assignments in a discrete probabilistic graphical model. From a computational

complexity perspective, the counting problem we consider is complete for the

#P complexity class [94], a set of problems encapsulating the entire Polynomial

Hierarchy and believed to be significantly harder than NP.

The key idea is to reduce this #P problem to a small number (polynomial in

the dimensionality) of instances of a NP-equivalent1 combinatorial optimization

problem defined on the same space and subject to randomly generated “parity”

constraints. The rationale behind this approach is that although combinatorial

optimization is intractable in the worst case, it has witnessed great success in the

past 50 years in fields such as Mixed Integer Programming (MIP) and proposi-

tional Satisfiability Testing (SAT). Problems such as computing a Maximum a

Posteriori (MAP) assignment, although NP-hard, can in practice often be ap-

proximated or solved exactly fairly efficiently [78, 80, 82, 86]. In fact, modern

solvers can exploit structure in real-world problems and prune large portions

of the search space, often dramatically reducing the runtime. In contrast, in a

#P counting problem such as computing a marginal probability, one needs to

consider contributions of an exponentially large number of items.

Our algorithm, called Weighted-Integrals-And-Sums-By-Hashing (WISH),

relies on randomized hashing techniques to probabilistically “evenly cut” a high

dimensional space. Such hashing was introduced by Valiant et al. [95] (see

also [85, 91]) to study the relationship between the number of solutions and

the hardness of a combinatorial search. These techniques were also applied by

Gomes et al. Gomes et al. [50] and Chakraborty et al. Chakraborty et al. [17] to

uniformly sample solutions for the SAT problem and to obtain bounds on their

number [51]. Our work is more general in that it can handle general weighted

1As hard as the hardest problem in NP, but not harder.
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sums, such as the ones arising in probabilistic inference for graphical models.

Our work is also closely related to recent work by Hazan and Jaakkola [58],

who obtain bounds on the partition function by taking suitable expectations of

a combination of MAP queries over randomly perturbed models. We improve

upon this in two crucial aspects, namely, our estimate is a constant factor ap-

proximation of the true partition function (while their bounds have no tightness

guarantee), and we provide a concentration result showing that our bounds

hold not just in expectation but with high probability with a polynomial num-

ber of MAP queries. Note that this is consistent with known complexity results

regarding #P and BPPNP; see Remark 1 below.

We demonstrate the practical efficacy of the WISH algorithm in the context

of computing the partition function of random Clique-structured Ising models,

Grid Ising models with known ground truth, and a challenging combinatorial

application (Sudoku puzzle) completely out of reach of techniques such as Mean

Field and Belief Propagation. We also consider the Model Selection problem in

graphical models, specifically in the context of hand-written digit recognition.

We show that our “anytime” and highly parallelizable algorithm can handle

these problems at a level of accuracy and scale well beyond the state of the art.

3.1 Problem Statement and Assumptions

Let Σ be a (large) set of items. Let w : Σ → R+ be a non-negative function that

assigns a weight to each element of Σ. We wish to (approximately) compute the

total weight of the set, defined as the following discrete integral or “partition
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function”

W =
∑
σ∈Σ

w(σ) (3.1)

We assume w is given as input and that it can be compactly represented, for

instance in a factored form as the product of conditional probabilities tables.

Note however that our results are more general and do not rely on a factored

representation.

Assumption: We assume that we have access to an optimization oracle that

can solve the following constrained optimization problem

max
σ∈Σ

w(σ)1{C}(σ) (3.2)

where 1{C} : Σ → {0, 1} is an indicator function for a compactly represented

subset C ⊆ Σ, i.e., 1{C}(σ) = 1 iff σ ∈ C. For concreteness, we discuss our setup

and assumptions in the context of probabilistic graphical models, which is our

motivating application.

3.1.1 Inference in Graphical Models

Given a graphical model, we let Σ = X be the set of all possible configu-

rations (variable assignments). Define a weight function w : X → R+ that

assigns to each configuration a score proportional to its probability: w(x) =∏
α∈I ψα({x}α). Z may then be rewritten as

Z =
∑
x∈X

w(x) =
∑
x∈X

∏
α∈I

ψα({x}α) (3.3)

Computing Z is typically intractable because it involves a sum over an expo-

nential number of configurations, and is often the most challenging inference

task for many families of graphical models. Computing Z is however needed
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for many inference and learning tasks, such as evaluating the likelihood of data

for a given model, computing marginal probabilities, and parameter estima-

tion [99].

In the context of graphical models inference (see 2.1.2), we assume to have

access to an optimization oracle that can answer Maximum a Posteriori (MAP)

queries, namely, solve the following constrained optimization problem

arg max
x∈X

p(x | C) (3.4)

that is, we can find the most likely state (and its weight) given some evidence

C. This is a strong assumption because MAP inference is known to be an NP-

hard problem in general. Notice however that computing Z is a #P-complete

problem, a complexity class believed to be even harder than NP.

3.1.2 Quadratures of Integrals

Suppose we are given a quadrature for a continuous (multidimensional) inte-

gral of a function f : Rn → R+ over a high dimensional set S ⊆ Rn

∫
S
f(x)dx ≈

∑
x∈X

w(x) = W

where X is some discretization of S (e.g., grid based), and w(x) approximates

the integral of f(x) over the corresponding element of volume. In this case, we

require a compact representation for w and access to an oracle able to optimize

the discretized function, subject to arbitrary constraints. See, e.g., Figure 3.1.

For simplicity, in the following we will restrict ourselves to the binary case,

i.e., Σ = X = {0, 1}n. The general multinomial case where the sum is over
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Figure 3.1: Visualization of the “thinning” effect of random parity constraints,
after adding 0, 1, 2, and 3 parity constraints. Leftmost plot shows the original
function to integrate. The optimal solution (subject to constraints) is shown in
red.

X1 × X2 × · · · × XN can be transformed into the former case using a binary

representation, requiring dlog2 |Xi|e bits (binary variables) per dimension i.

3.2 The WISH Algorithm

We start with the intuition behind our algorithm to approximate the value of W

called Weighted-Integrals-And-Sums-By-Hashing (WISH).

Computing W as defined in Equation (3.1) is challenging because the sum

is defined over an exponentially large number of items, i.e., |Σ| = 2n when

there are n binary variables. Let us define the tail distribution of weights as

G(u) , |{σ | w(σ) ≥ u}|. Note thatG is a non-increasing step function, changing

values at no more than 2n points. Then W may be rewritten as
∫
R+ G(u)du, i.e.,

the total areaA under theG(u) vs. u curve. One way to approximateW is to (im-

plicitly) divide this area A into either horizontal or vertical slices (see Figure 3.2),

approximate the area in each slice, and sum up.

Suppose we had an efficient procedure to estimate G(u) given any u. Then

it is not hard to see that one could create enough slices by dividing up the x-

axis, estimate G(u) at these points, and estimate the area A using quadrature.
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However, the natural way of doing this to any degree of accuracy would require

a number of slices that grows at least logarithmically with the weight range on

the x-axis, which is undesirable.
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Figure 3.2: Horizontal vs. vertical slices for integration.

Alternatively, one could split the y-axis, i.e., the G(u) value range

[0, 2n], at geometrically growing values 1, 2, 4, · · · , 2n, i.e., into bins of sizes

1, 1, 2, 4, · · · , 2n−1. Let b0 ≥ b1 ≥ · · · ≥ bn be the weights of the configura-

tions at the split points. In other words, bi is the 2i-th quantile of the weight

distribution. Unfortunately, despite the monotonicity of G(u), the area in the

horizontal slice defined by each bin is difficult to bound, as bi and bi+1 could

be arbitrarily far from each other. However, the area in the vertical slice de-

fined by bi and bi+1 must be bounded between 2i(bi − bi+1) and 2i+1(bi − bi+1),

30



i.e., within a factor of 2. Thus, summing over the lower bound for all such

slices and the left-most slice, the total area A must be within a factor of 2 of∑n−1
i=0 2i(bi−bi+1)+2nbn = b0+

∑n
i=1 2i−1bi. Of course, we don’t know bi. But if we

could approximate each bi within a factor of p, we would get a 2p-approximation

to the area A, i.e., to W .

WISH provides an efficient way to realize this strategy, using a combination

of randomized hash functions and an optimization oracle to approximate the bi

values with high probability. Note that this method allows us to compute the

partition function W (or the area A) by estimating weights bi at n + 1 carefully

chosen points, which is “only” an optimization problem.

The key insight to compute the bi values is as follows. Suppose we apply to

configurations in Σ a randomly sampled pairwise independent hash function

with 2m buckets and use an optimization oracle to compute the weight wm of a

heaviest configuration in a fixed (arbitrary) bucket. If we repeat this process T

times and consistently find that wm ≥ w∗, then we can infer by the properties

of hashing that at least 2m configurations (globally) are likely to have weight at

least w∗. By the same token, if there were in fact at least 2m+c configurations of a

heavier weight ŵ > w∗ for some c > 0, there is a good chance that the optimiza-

tion oracle will find wm ≥ ŵ and we would not underestimate the weight of the

2m-th heaviest configuration. As we will see shortly, this process, using pair-

wise independent hash functions to keep variance low, allows us to estimate bi

accurately with only T = O(lnn) samples.

The pseudocode of WISH is shown as Algorithm 1. It is parameterized by

the weight function w, the dimensionality n, a correctness parameter δ > 0, and

a constant α > 0. Notice that the algorithm requires solving only Θ(n lnn/δ) op-
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Algorithm 1 WISH (w : Σ→ R+, n = log2 |Σ|, δ, α)

T ←
⌈

ln(n/δ)
α

⌉
for i = 0, · · · , n do

for t = 1, · · · , T do
Sample hash function hiA,b : Σ→ {0, 1}i, i.e.

sample uniformly A ∈ {0, 1}i×n, b ∈ {0, 1}i
wti ← maxσ w(σ) subject to Aσ = b mod 2

end for
Mi ← Median(w1

i , · · · , wTi )
end for
Return M0 +

∑n−1
i=0 Mi+12i

timization instances (MAP inference) to compute a sum defined over 2n items.

In the following section, we formally prove that the output is a constant factor

approximation of W with probability at least 1 − δ (probability over the choice

of hash functions). Figure 3.1 shows the working of the algorithm. As more and

more random parity constraints are added in the outer loop of the algorithm

(“levels” increasing from 1 to n), the configuration space is (pairwise-uniformly)

thinned out and the optimization oracle selects the heaviest (in red) of the sur-

viving configurations. The final output is a weighted sum over the median of T

such modes obtained at each level.

Remark 1. The parity constraints Aσ = b mod 2 do not change the worst-case

complexity of the optimization problem, which remains NP-easy. Our result is

thus consistent with the fact that #P can be approximated in BPPNP, that is, one

can approximately count the number of solutions with a randomized algorithm

and a polynomial number of queries to an NP oracle [48].

Remark 2. Although the parity constraints we impose are simple linear equa-

tions over a field, they can make the optimization harder. For instance, finding a

configuration with the smallest Hamming weight satisfying a set of parity con-

straints is known to be NP-hard, i.e. equivalent to computing the minimum
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distance of a parity code [10, 97]. On the other hand, most low density parity

check codes can be solved extremely fast in practice using heuristic methods

such as message passing. We will discuss these aspects in much more detail in

Chapter 5.

Remark 3. Each of the optimization instances can be solved independently, al-

lowing natural massive parallelization. We will also discuss how the algorithm

can be used in an anytime fashion, and the implications of obtaining suboptimal

solutions.

3.3 Analysis

Since many configurations can have identical weight, it will help for the pur-

poses of the analysis to fix, w.l.o.g., a weight-based ordering of the configura-

tions, and a natural partition of the |Σ| = 2n configurations into n + 1 bins that

the ordering induces.

Definition 3. Fix an ordering σi, 1 ≤ i ≤ 2n, of the configurations in Σ such

that for 1 ≤ j < 2n, w(σj) ≥ w(σj+1). For i ∈ {0, 1, · · · , n}, define bi , w(σ2i).

Define a special bin B , {σ1} and, for i ∈ {0, 1, · · · , n − 1}, define bin Bi ,

{σ2i+1, σ2i+2, · · · , σ2i+1}.

Note that bin Bi has precisely 2i configurations. Further, for all σ ∈ Bi, it

follows from the definition of the ordering that w(σ) ∈ [bi+1, bi]. This allows us

to bound the sum of the weights of configurations in Bi (the “horizontal” slices)

between 2ibi+1 and 2ibi.
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3.3.1 Estimating the Total Weight

Our main theorem, whose proof relies on the two lemmas below, is that Algo-

rithm 1 provides a constant factor approximation to the partition function. The

complete proof of the theorem and all lemmas may be found in the Appendix.

Lemma 1. Let Mi = Median(w1
i , · · · , wTi ) be defined as in Algorithm 1 and bi as in

Definition 3. Then, for any c ≥ 2, there exists α∗(c) > 0 such that for 0 < α ≤ α∗(c),

Pr
[
Mi ∈ [bmin{i+c,n}, bmax{i−c,0}]

]
≥ 1− exp(−αT )

Lemma 2. Let L′ , b0 +
∑n−1

i=0 bmin{i+c+1,n}2
i and U ′ , b0 +

∑n−1
i=0 bmax{i+1−c,0}2

i.

Then U ′ ≤ 22cL′.

Theorem 1. For any δ > 0 and positive constant α ≤ 0.0042, Algorithm 1

makes Θ(n lnn/δ) MAP queries and, with probability at least (1 − δ), outputs a 16-

approximation of W =
∑

σ∈Σ w(σ).

Proof Sketch. It is clear from the pseudocode that it makes Θ(n lnn/δ) MAP

queries. For accuracy analysis, we can write W as:

W ,
2n∑
j=1

w(σj) = w(σ1) +
n−1∑
i=0

∑
σ∈Bi

w(σ)

∈

[
b0 +

n−1∑
i=0

bi+12i, b0 +
n−1∑
i=0

bi2
i

]
, [L,U ]

Note that U ≤ 2L because 2L = 2b0 +
∑n−1

i=0 bi+12i+1 = b0 +
∑n

`=0 b`2
` ≥ U . Hence,

if we had access to the true values of all bi, we could obtain a 2-approximation

to W . We do not know true bi values, but Lemma 1 shows that the Mi val-

ues computed by Algorithm 1 are sufficiently close to bi with high probability.

Specifically, applying Lemma 1 with T =
⌈

ln(n/δ)
α

⌉
, we can show that with prob-

ability at least (1 − δ), the output of Algorithm 1 lies in [L′, U ′] as defined in
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Lemma 2. Observing that [L,U ] is contained in [L′, U ′] and applying Lemma 2,

we have a 22c-approximation of W . Fixing c = 2 and noting that α∗(2) ≥ 0.0042

finishes the proof.

3.3.2 Estimating the Tail Distribution

We can also estimate the entire tail distribution of the weights, defined asG(u) ,

|{σ | w(σ) ≥ u}|.

Theorem 2. Let Mi be defined as in Algorithm 1, u ∈ R+, and q(u) be the maximum

i such that ∀j ∈ {0, · · · , i},Mj ≥ u. Then, for any δ > 0, with probability ≥ (1− δ),

2q(u) is an 8-approximation of G(u) computed using O(n lnn/δ) MAP queries.

While this is an interesting result in its own right, if the goal is to estimate

the total weight W , then the scheme in Section 3.3.1, requiring a total of only

Θ(n lnn/δ) MAP queries, is more efficient than first estimating the tail distribu-

tion for several values of u.

3.3.3 Improving the Approximation Factor

Given a κ-approximation algorithm such as Algorithm 1 and any ε > 0, we can

design a (1 + ε)-approximation algorithm with the following construction. Let

` = log1+ε κ. Define a new set of configurations Σ` = Σ×Σ× · · · ×Σ, and a new

weight function w′ : Σ` → R as w′(σ1, · · · , σ`) = w(σ1)w(σ2) · · ·w(σ`).

Proposition 3. Let Ŵ be a κ-approximation of
∑

σ′∈Σ` w′(σ′). Then Ŵ 1/` is a κ1/`-

approximation of
∑

σ∈Σw(σ).
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To see why this holds, observe that W ′ =
∑

σ′∈Σ` w′(σ′) =
(∑

σ∈Σ w(σ)
)`

=

W `. Since 1
κ
W ′ ≤ Ŵ ≤ κW ′, we obtain that Ŵ 1/` must be a κ1/` = 1 + ε approxi-

mation of W .

Note that this construction requires running Algorithm 1 on an enlarged

problem with ` times more variables. Although the number of optimization

queries grows polynomially with `, increasing the number of variables might

significantly increase the runtime.

3.3.4 Further Approximations

When the instances defined in the inner loop are not solved to optimality, Al-

gorithm 1 still provides approximate lower bounds on W with high probability.

Similarly, if one has access to upper bounds to the values of the optimization in-

stances, the output of the algorithm using these upper bounds is an approximate

upper bound with high probability.

Theorem 3. Let w̃ti be suboptimal solutions for the optimization problems in Algorithm

1, i.e., w̃ti ≤ wti . Let W̃ be the output of Algorithm 1 with these suboptimal solutions.

Then, for any δ > 0, with probability at least 1 − δ, W̃
16
≤ W . Similarly, let ŵti be

upper bounds for the optimization problems in Algorithm 1, i.e., ŵti ≥ wti . Let Ŵ be the

output of Algorithm 1 using these upper bounds. Then, for any δ > 0, with probability

at least 1 − δ, Ŵ ≥ W
16

. Further, if w̃ti ≥ 1
L
wti for some L > 0, then with probability at

least 1− δ, W̃ is a 16L-approximation to W .

The output is always an approximate lower bound, even if the optimization

is stopped early. The lower bound is monotonically non-decreasing over time,
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and is guaranteed to eventually reach within a constant factor of W . We thus

have an anytime algorithm.

3.4 Experimental Evaluation

We implemented WISH using the open source solver ToulBar2 [1] to solve the

MAP inference problem. ToulBar2 is a complete solver (i.e., given enough time,

it will find an optimal solution and provide an optimality certificate), and it

was one of the winning algorithms in the UAI-2010 inference competition. We

augmented ToulBar2 with the IBM ILOG CPLEX CP Optimizer 12.3 based tech-

niques borrowed from Gomes et al. [53] to efficiently handle the random parity

constraints. Specifically, the set of equations Ax = b mod 2 are linear equations

over the field F(2) and thus allow for efficient propagation and domain filtering

using Gaussian Elimination.

For our experiments, we run WISH in parallel using a compute cluster with

642 cores. We assign each optimization instance in the inner loop to one core,

and finally process the results when all optimization instances have been solved

or have reached a timeout.

For comparison, we consider Tree Reweighted Belief Propagation [98] which

provides an upper bound on Z, Mean Field [99] which provides a lower bound,

and Loopy Belief Propagation [74] which provides an estimate with no guaran-

tees. We use the implementations available in the LibDAI library [73].
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3.4.1 Provably Accurate Approximations

For our first experiment, we consider the problem of computing the partition

function, Z (cf. Eqn. (3.3)), of random Clique-structured Ising models on n bi-

nary variables xi ∈ {0, 1} for i ∈ {1, · · · , n}. The interaction between xi and

xj is defined as ψij(xi, xj) = exp(−wij) when xi 6= xj , and 1 otherwise, where

wij is uniformly sampled from [0, w
√
|i− j| ] and w is a parameter set to 0.2.

We further inject some structure by introducing a closed chain of strong repul-

sive interactions uniformly sampled from [−10w, 0]. We consider models with n

ranging from 10 to 60. These models have treewidth n and can be solved exactly

(by brute force) only up to about n = 25 variables.
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Figure 3.3: Experimental evaluation on log-partition function estimation for
clique-structured Ising models.

Figure 3.3 shows the results using various methods for varying problem size.

We also computed ground truth for n ≤ 25 by brute force enumeration. While

other methods start to diverge from the ground truth at around n = 25, our es-
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timate, as predicted by Theorem 1, remains very accurate, visually overlapping

in the plot. The actual estimation error is much smaller than the worst-case fac-

tor of 16 guaranteed by Theorem 1, as in practice over- and under-estimation

errors tend to cancel out. For n > 25 we don’t have ground truth, but other

methods fall well outside the provable interval provided by WISH, reported as an

error bar that is very small compared to the magnitude of errors made by the

other methods.

All optimization instances generated by WISH for n ≤ 60 were solved (in

parallel) to optimality within a timeout of 8 hours, resulting in high confidence

tight approximations of the partition function. We are not aware of any other

practical method that can provide such guarantees for counting problems of this

size, i.e., a weighted sum defined over 260 items.

3.4.2 Anytime Usage with Suboptimal Solutions

Next, we investigate the quality of our results when not all of the optimization

instances can be solved to optimality because of timeouts, so that the strong

theoretical guarantees of Theorem 1 do not apply (although Theorem 3 still

applies). We consider 10 × 10 binary Grid Ising models, for which ground

truth can be computed using the junction tree method [66]. We use the same

experimental setup as Hazan and Jaakkola [58], who also use random MAP

queries to derive bounds (without a tightness guarantee) on the partition func-

tion. Specifically, we have n = 100 binary variables xi ∈ {−1, 1}with interaction

ψij(xi, xj) = exp(wijxixj). For the attractive case, we draw wij from [0, w]; for the

mixed case, from [−w,w]. The “local field” is ψi(xi) = exp(fixi) where fi is sam-
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(a) Attractive. Field 0.1.
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(b) Attractive. Field 1.0.
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(c) Mixed. Field 0.1.
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Figure 3.4: Estimation errors for the log-partition function on 10× 10 randomly
generated Ising Grids.

pled uniformly from [−f, f ], where f is a parameter with value 0.1 or 1.0.

Figure 3.4 reports the estimation error for the log-partition function, when

using a timeout of 15 minutes. We see that WISH provides accurate estimates

for a wide range of weights, often improving over all other methods. The slight

performance drop of WISH for coupling strengths w ≈ 1 appears to occur be-

cause in that weight range the terms corresponding to i ≈ n/2 parity constraints

are the most significant in the output sum M0 +
∑n−1

i=0 Mi+12i. Empirically, opti-
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mization instances with roughly n/2 parity constraints are often the hardest to

solve, resulting in possibly a significant underestimation of the value of W = Z

when a timeout occurs. We do not directly compare with the work of Hazan and

Jaakkola [58] as we did not have access to their code. However, a visual look

at their plots suggests that WISH would provide an improvement in accuracy,

although with longer runtime.

3.4.3 Hard Combinatorial Structures

An interesting and combinatorially challenging graphical model arises from Su-

doku, which is a popular number-placement puzzle where the goal is to fill a

9 × 9 grid (see Figure 3.5) with digits from {1, · · · , 9} so that the entries in each

row, column, and 3 × 3 block composing the grid, are all distinct. The puzzle

can be encoded as a graphical model with 81 discrete variables with domain

{1, · · · , 9}, with potentials ψα({x}α) = 1 if and only if all variables in {x}α are

different, and α ∈ I where I is an index set containing the subsets of variables

in each row, column, and block. This defines a uniform probability distribution

over all valid complete Sudoku grids (a non-valid grid has probability zero),

and the normalization constant Zs equals the total number of valid grids. It is

known that Zs ≈ 6.671× 1021. This number was computed exactly with a com-

bination of computer enumeration and clever exploitation of symmetry prop-

erties [39]. Here, we attempt to approximately compute this number using the

general-purpose scheme WISH.

First, following Felgenhauer and Jarvis [39], we simplify the problem by fix-

ing the first block as in Figure 3.5, obtaining a new problem over 72 variables
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Figure 3.5: A partially completed Sudoku puzzle.

whose normalization constant is Z ′ = Zs/9! ≈ 254. Next, since we are deal-

ing with a feasibility rather than optimization problem, we replace ToulBar2

with CryptoMiniSAT [88], a SAT solver designed for unweighted cryptographic

problems and which natively supports parity constraints. We observed that

WISH can consistently find solutions (60% of the times) after adding 52 random

parity constraints, while for 53 constraints the success rate drops below 0.5, at

45%. Therefore Mi = 1 in Algorithm 1 for i ≤ 52 and there should thus be at

least 252 · 9! ≈ 1.634× 1021 solutions to the Sudoku puzzle. Although Theorem 1

cannot be applied due to timeouts for larger values of i, this estimate is clearly

very close to the known true count. In contrast, the simple “local reasoning”

done by variational methods is not powerful enough to find even a single solu-

tion. Mean Field and Belief Propagation report an estimated solution count of

exp(−237.921) and exp(−119.307), resp., on a relaxed problem where violating

a constraint gives a penalty exp(−10) (similar results are obtained using a wide

range of weights to model hard constraints). A sophisticated adapative MCMC

approach tailored for (weighted) SAT instances [27] reports 5.6822 × 1021 solu-

tions, with a runtime of about 45 minutes.

42



3.4.4 Model Selection

Many inference and learning tasks require computing the normalization con-

stant of graphical models. For instance, it is needed to evaluate the likelihood

of observed data for a given model. This is necessary for Model Selection, i.e.,

to rank candidate models, or to trigger early stopping during training when the

likelihood of a validation set starts to decrease, in order to avoid overfitting [22].

We train Restricted Boltzmann Machines (RBM) [59] using Contrastive Di-

vergence (CD) [102, 16] on MNIST hand-written digits dataset. In an RBM there

is a layer of nh hidden binary variables h = h1, · · · , hnh
and a layer of nv bi-

nary visible units v = v1, · · · , vnv . The joint probability distribution is given by

P (h, v) = 1
Z

exp(b′v+c′h+h′Wv). We use nh = 50 hidden units and nv = 196 vis-

ible units. We learn the parameters b, c,W using CD-k for k ∈ {1, 10, 15}, where

k denotes the number of Gibbs sampling steps used in the inference phase, with

15 training epochs and minibatches of size 20.

Figure 3.6: Model selection for hand-written digits: confabulations from RBM
models trained with Contrastive Divergence CD-k for k ∈ {1, 10, 15}.

Figure 3.6 depicts confabulations (samples generated with Gibbs sampling)

from the three learned models. To evaluate the loglikelihood of the data and
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determine which model is the best, one needs to compute Z. We use WISH to

estimate this quantity, with a timeout of 10 minutes, and then rank the models

according to the average loglikelihood of the data. The scores we obtain are

−41.70,−40.35,−40.01 for k = 1, 10, 15, respectively (larger scores means higher

likelihood). In this case ToulBar2 was not able to prove optimality for all in-

stances, so only Theorem 3 applies to these results. Although we do not have

ground truth, it can be seen that the ranking of the models is consistent with

what visually appears closer to a large collection of hand-written digits in Fig-

ure 3.6. Note that k = 1 is clearly not a good representative, because of the

highly uneven distribution of digit occurrences. The ranking of WISH is also

consistent with the fact that using more Gibbs sampling steps in the inference

phase should provide better gradient estimates and therefore a better learned

model. In contrast, Mean Field results in scores −35.47,−36.08,−36.84, resp.,

and would thus rank the models in reverse order of what is visually the most

representative order.

3.5 Discussion

We introduced WISH, a randomized algorithm that, with high probability, gives

a constant-factor approximation of a general discrete integral defined over an

exponentially large set. WISH reduces the intractable counting problem to a

small number of instances of a combinatorial optimization problem subject to

parity constraints used as a hash function. In the context of graphical models,

we showed how to approximately compute the normalization constant, or par-

tition function, using a small number of MAP queries. Using state-of-the-art

combinatorial optimization tools, we are thus able to provide discrete integral
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or partition function estimates with approximation guarantees at a scale that

could till now be handled only heuristically. One advantage of our method is

that it is massively parallelizable, allowing it to easily benefit from the increas-

ing availability of large compute clusters. Finally, it is an anytime algorithm

which can also be stopped early to obtain empirically accurate estimates that

provide lower bounds with a high probability.
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CHAPTER 4

SAMPLING FROM COMPLEX PROBABILITY DISTRIBUTIONS

Sampling techniques are one of the most widely used approaches to ap-

proximate probabilistic reasoning for high-dimensional probability distribu-

tions where exact inference is intractable. In fact, many statistics of interest can

be estimated from sample averages based on a sufficiently large number of sam-

ples. Since this can be used to approximate #P-complete inference problems,

sampling is also believed to be computationally hard in the worst case [71, 62].

Sampling from a succinctly specified combinatorial space is believed to

much harder than searching the space. Intuitively, not only do we need to be

able to find areas of interest (e.g., modes of the underlying distribution) but also

to balance their relative importance. Typically, this is achieved using Markov

Chain Monte Carlo (MCMC) methods. MCMC techniques are a specialized

form of local search that only allows moves that maintain detailed balance, thus

guaranteeing the right occupation probability once the chain has mixed. How-

ever, in the context of hard combinatorial spaces with complex internal struc-

ture, mixing times are often exponential. An alternative is to use complete or

systematic search techniques such as Branch and Bound for integer program-

ming, DPLL for SATisfiability testing, and constraint and answer-set program-

ming (CP & ASP), which are preferred in many application areas, and have wit-

nessed a tremendous success in the past few decades. It is therefore a natural

question whether one can construct sampling techniques based on these more

powerful complete search methods rather than local search.

Prior work in cryptography by Bellare et al. [8] showed that it is possible to

uniformly sample witnesses of an NP language leveraging universal hash func-
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tions and using only a small number of queries to an NP-oracle. This is signifi-

cant because samples can be used to approximate #P-complete (counting) prob-

lems [62], a complexity class believed to be much harder than NP. Practical algo-

rithms based on these ideas were later developed [29, 50, 17] to near-uniformly

sample solutions of propositional SATisfiability instances, using a SAT solver as

an NP-oracle. However, unlike SAT, most models used in Machine Learning,

physics, and statistics are weighted (represented, e.g., as graphical models) and

cannot be handled using these techniques.

We fill this gap by extending this approach, based on hashing-based pro-

jections and NP-oracle queries, to the weighted sampling case. Our algorithm,

called PAWS, uses a form of approximation by quantization [47] and an embed-

ding technique inspired by slice sampling [77], before applying projections. This

parallels the work presented in Chapter 3 [35], which extended similar ideas for

unweighted counting to the weighted counting world, addressing the problem

of computing the partition function. Although in theory one could use that tech-

nique to produce samples by estimating ratios of discrete integrals [71, 62], the

general sampling-by-counting reduction requires a large number of such esti-

mates (proportional to the number of variables) for each sample. Further, the

accuracy guarantees on the sampling probability quickly become loose when

taking ratios of estimates. In contrast, PAWS is a more direct and practical sam-

pling approach, providing better accuracy guarantees while requiring a much

smaller number of NP-oracle queries per sample.

Answering NP-oracle queries, of course, requires exponential time in the

worst case, in accordance with the hardness of sampling. We rely on the fact

that combinatorial search tools, however, are often extremely fast in practice,
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and any complete solver can be used as a black box in our sampling scheme. An-

other key advantage is that when combinatorial search succeeds, our analysis

provides a certificate that, with high probability, any samples produced will be

distributed within an (arbitrarily small) constant factor of the desired probabil-

ity distribution. In contrast, with MCMC methods it is generally hard to assess

whether the chain has mixed. We empirically demonstrate that PAWS outper-

forms MCMC as well as variational methods on hard synthetic Ising Models

and on a real-world test case generation problem for software verification.

4.1 Setup and Problem Definition

We are given a probability distribution p over a (high-dimensional) discrete set

X , where the probability of each item x ∈ X is proportional to a weight function

w : X → R+, with R+ being the set of non-negative real numbers. Specifically,

given x ∈ X , its probability p(x) is given by

p(x) =
w(x)

Z
, Z =

∑
x∈X

w(x)

where Z is a normalization constant known as the partition function. We as-

sume w is specified compactly, e.g., as the product of factors or in a conjunc-

tive normal form. As our driving example, we consider the case of undirected

discrete graphical models [99] with n = |V | random variables {xi, i ∈ V }

where each xi takes values in a finite set Xi. We consider a factor graph rep-

resentation for a joint probability distribution over elements (or configurations)

x ∈ X = X1 × · · · × Xn:

p(x) =
w(x)

Z
=

1

Z

∏
α∈I

ψα({x}α). (4.1)
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This is a compact representation for p(x) based on the weight function w(x) =∏
α∈I ψα({x}α), defined as the product of potentials or factors ψα : {x}α 7→ R+,

where I is an index set and {x}α ⊆ V the subset of variables factor ψα depends

on. For simplicity of exposition, without loss of generality, we will focus on the

case of binary variables, where X = {0, 1}n.

We consider the fundamental problem of (approximately) sampling from

p(x), i.e., designing a randomized algorithm that takes w as input and out-

puts elements x ∈ X according to the probability distribution p. This is a

hard computational problem in the worst case. In fact, it is more general than

NP-complete decision problems (e.g., sampling solutions of a SATisfiability in-

stance specified as a factor graph entails finding at least one solution, or decid-

ing there is none). Further, samples can be used to approximate #P-complete

problems [62], such as estimating a marginal probability.

4.2 Sampling by Embed, Project, and Search

Conceptually, our sampling strategy has three steps, described in Sections 4.2.1,

4.2.2, and 4.2.3, resp. (1) From the input distribution p we construct a new dis-

tribution p′ that is “close” to p but more discrete. Specifically, p′ is based on a

new weight function w′ that takes values only in a discrete set of geometrically

increasing weights. (2) From p′, we define a uniform probability distribution p′′

over a carefully constructed higher-dimensional embedding of X = {0, 1}n. The

previous discretization step allows us to specify p′′ in a compact form, and sam-

pling from p′′ can be seen to be precisely equivalent to sampling from p′. (3) Fi-

nally, we indirectly sample from the desired distribution p by sampling uniformly
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from p′′, by randomly projecting the embedding onto a lower-dimensional sub-

space using universal hash functions and then searching for feasible states.

The first and third steps involve a bounded loss of accuracy, which we can

trade off with computational efficiency by setting hyper-parameters of the algo-

rithm. A key advantage is that our technique reduces the weighted sampling problem

to that of solving one MAP query (i.e., finding the most likely state) and a polynomial

number of feasibility queries (i.e., finding any state with non-zero probability) for the

original graphical model augmented (through an embedding) with additional

variables and carefully constructed factors. In practice, we use a combinatorial

optimization package, which requires exponential time in the worst case (con-

sistent with the hardness of sampling) but is often fast in practice. Our analy-

sis shows that whenever the underlying combinatorial search and optimization

queries succeed, the samples produced are guaranteed, with high probability, to

be coming from an approximately accurate distribution.

4.2.1 Weight Discretization

We use a geometric discretization of the weights into “buckets”, i.e., a uniform

discretization of the log-probability. As we will see, Θ(n) buckets are sufficient

to preserve accuracy.

Definition 4. Let M = maxxw(x), r > 1, ε > 0, and ` = dlogr(2
n/ε)e. Partition

the configurations into the following weight based disjoint buckets: Bi = {x |

w(x) ∈
(
M
ri+1 ,

M
ri

]
}, i = 0, . . . , ` − 1 and B` = {x | w(x) ∈ [0, M

r`
]}. The discretized

weight function w′ : {0, 1}n → R+ is defined as follows: w′(x) = M
ri+1 if x ∈ Bi for

i < ` andw′(x) = 0 if x ∈ B`. The corresponding discretized probability distribution
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p′(x) = w′(x)/Z ′ where Z ′ is the normalization constant.

Lemma 3. Let ρ = r2/(1 − ε). For all x ∈ ∪l−1
i=0B`, p(x) and p′(x) are within a factor

of ρ of each other. Furthermore,
∑

x∈B` p(x) ≤ ε.

Proof. Since w maps to non-negative values, we have Z ≥M . Further,

∑
x∈B`

p(x) =
1

Z

∑
x∈B`

w(x) ≤ 1

Z
|B`|

M

r`
=
|B`|
2n

εM

Z
≤ εM

Z
≤ ε.

This proves the second part of the claim. For the first part, note that by con-

struction, Z ′ ≤ Z and

Z ′ =
∑̀
i=0

∑
x∈Bi

w′(x) ≥
`−1∑
i=0

∑
x∈Bi

1

r
w(x) =

1

r

(
Z −

∑
x∈B`

w(x)

)
≥ (1− ε)Z.

Thus Z and Z ′ are within a factor of r/(1 − ε) of each other. For all x such that

w(x) /∈ Bn, recalling that r > 1 > 1 − ε and that w(x)/r ≤ w′(x) ≤ rw(x), we

have

1

ρ
p(x) ≤ w(x)

rZ
≤ w(x)

rZ ′
≤ w′(x)

Z ′
= p′(x) =

w′(x)

Z ′
≤ rw(x)

Z ′
≤ r2

1− ε
w(x)

Z
= ρp(x).

This finishes the proof that p(x) and p′(x) are within a factor of ρ of each other.

Remark 4. If the weights w defined by the original graphical model are repre-

sented in finite precision (e.g., there are 264 possible weights in double precision

floating point), for every b ≥ 1 there is a possibly large but finite value of `

(such that M/r` is smaller than the smallest representable weight) such that B`

is empty and the discretization error ε is effectively zero.
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4.2.2 Embed: From Weighted to Uniform Sampling

We now show how to reduce the problem of sampling from the discrete distri-

bution p′ (weighted sampling) to the problem of uniformly sampling, without

loss of accuracy, from a higher-dimensional discrete set into which X = {0, 1}n

is embedded. This is inspired by slice sampling [77], and can be intuitively

understood as its discrete counterpart where we uniformly sample points (x, y)

from a discrete representation of the area under the (y vs. x) probability density

function of p′ .

Definition 5. Let w : X → R+,M = maxxw(x), and r = 2b/(2b − 1). Then the

embedding S(w, `, b) of X in X × {0, 1}(`−1)b is defined as:

S(w, `, b) =

{(
x, y1

1, y
2
1, . . . , y

b−1
`−1 , y

b
`−1

) ∣∣∣ w(x) ≤ M

ri
⇒

b∨
k=1

yki , 1 ≤ i ≤ `− 1;w(x) >
M

r`

}
.

where
∨b
k=1 y

k
i may alternatively be thought of as the linear constraint

∑b
k=1 y

k
i ≥

1. Further, let p′′ denote a uniform probability distribution over S(w, `, b) and

n′ = n+ (`− 1)b.

Given a compact representation of w within a combinatorial search or op-

timization framework, the set S(w, `, b) can often be easily encoded using the

disjunctive constraints on the y variables.

Lemma 4. Let (x, y) = (x, y1
1, y

2
1, · · · , yb1, y1

2, · · · , yb2, · · · , y1
`−1 · · · , yb`−1) be a sample

from p′′, i.e., a uniformly sampled element from S(w, `, b). Then x is distributed accord-

ing to p′.

Informally, given x ∈ Bi and x′ ∈ Bi+1 with i+1 ≤ l−1, there are precisely r =

2b/(2b−1) times more valid configurations (x, y) than (x′, y′). Thus x is sampled

r times more often than x′. A formal proof may be found in the Appendix.
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4.2.3 Project and Search: Uniform Sampling with Universal

Hashing and an NP-oracle

In principle, using the technique of Bellare et al. [8] and n′-wise independent

hash functions we can sample purely uniformly from S(w, `, b) using an NP or-

acle to answer feasibility queries. However, such hash functions involve con-

structions that are difficult to implement and reason about in existing combi-

natorial search methods. Instead, we use a more practical algorithm based on

pairwise independent hash functions that can be implemented using parity con-

straints (modular arithmetic) and still provides accuracy guarantees. The ap-

proach is similar to [50], but we include an algorithmic way to estimate the

number of parity constraints to be used. We also use the pivot technique from

[17] but extend that work in two ways: we introduce a parameter α (similar

to [50]) that allows us to trade off uniformity against runtime and also provide

upper bounds on the sampling probabilities.

We refer to our algorithm as PArity-basedWeightedSampler (PAWS) and

provide its pseudocode as Algorithm 1. The idea is to project by randomly con-

straining the configuration space using a family of universal hash functions,

search for up to P “surviving” configurations, and then, if fewer than P survive,

perform rejection sampling to choose one of them. The number k of constraints

or factors (encoding a randomly chosen hash function) to add is determined

first; this is where we depart from both Gomes et al. [50], who do not provide a

way to compute k, and Chakraborty et al. [17], who do not fix k or provide up-

per bounds. Then we repeatedly add k such constraints, check whether fewer

than P configurations survive, and if so output one configuration chosen using

rejection sampling. Intuitively, we need the hashed space to contain no more
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than P solutions because that is a base case where we know how to produce

uniform samples via enumeration. k is a guess (accurate with high probability)

of the number of constraints that is likely to reduce (by hashing) the original

problem to a situation where enumeration is feasible. If too many or too few

configurations survive, the algorithm fails and is run again. The small failure

probability, accounting for a potentially poor choice of random hash functions,

can be bounded irrespective of the underlying graphical model.

A combinatorial optimization procedure is used once in order to determine

the maximum weight M through MAP inference. M is used in the discretiza-

tion step. Subsequently, several feasibility queries are issued to the underlying

combinatorial search procedure in order to, e.g., count the number of surviving

configurations and produce one as a sample.

Lemma 5 (see Appendix for a proof) shows that the subroutine COMPUTEK

in Algorithm 2 outputs with high probability a value close to log(|S(w, `, b)|/P ).

The idea is similar to an unweighted version of the WISH algorithm [35] but

with tighter guarantees and using more feasibility queries.

Lemma 5. Let S = S(w, `, b) ⊆ {0, 1}n′ , δ > 0, and γ > 0. Further, let P ≥

min{2, 2γ+2/(2γ − 1)2}, Z = |S|, k∗P = log(Z/P ), and k be the output of procedure

COMPUTEK(n′, δ, P,S). Then, P[k∗P −γ ≤ k ≤ k∗P +1+γ] ≥ 1− δ and COMPUTEK

uses O(n′ ln (n′/δ)) feasibility queries.

Lemma 6. Let S = S(w, `, b) ⊆ {0, 1}n′ , δ > 0, P ≥ 2, and γ =

log
(
(P + 2

√
P + 1 + 2)/P

)
. For any α ∈ Z, α > γ, let c(α, P ) = 1 − 2γ−α/(1 −

1
P
− 2γ−α)2. Then with probability at least 1 − δ the following holds: PAWS(w, `, b,

δ, P , α) outputs a sample with probability at least c(α, P )2−(γ+α+1) P
P−1

and, condi-

tioned on outputting a sample, every element (x, y) ∈ S(w, `, b) is selected (Line 27)

54



Algorithm 2 Algorithm PAWS for sampling configurations σ according to w
1: procedure COMPUTEK(n′, δ, P , S)
2: T ← 24 dln (n′/δ)e ; k ← −1 ; count ← 0
3: repeat
4: k ← k + 1 ; count ← 0
5: for t = 1, · · · , T do
6: Sample hash function hkA,c : {0, 1}n

′ → {0, 1}k

7: Let Sk,t , {(x, y) ∈ S, hkA,c(x, y) = 0}
8: if |Sk,t| < P then /* search for ≥ P different elements */
9: count ← count + 1

10: end for
11: until count ≥ dT/2e or k = n′

12: return k
13: end procedure

14: procedure PAWS(w : {0, 1}n → R+, `, b, δ, P , α)
15: M ← maxxw(x) /* compute with one MAP inference query on w

*/
16: S ← S(w, `, b); n′ ← n+ b(`− 1) /* as in Definition 5 */
17: i← COMPUTEK(n′, δ, γ, P , S) + α
18: Sample hash fn. hiA,c : {0, 1}n′ → {0, 1}i, i.e., uniformly choose A ∈ {0, 1}i×n′ ,

c ∈ {0, 1}i
19: Let Si , {(x, y) ∈ S, hiA,c(x, y) = 0}
20: Check if |Si| ≥ P by searching for at least P different elements
21: if |Si| ≥ P or |Si| = 0 then
22: return ⊥ /* failure */
23: else
24: Fix an arbitrary ordering of Si /* for rejection sampling */
25: Uniformly sample p from {0, 1, . . . , P − 1}
26: if p ≤ |Si| then
27: Select p-th element (x, y) of Si ; return x
28: else
29: return ⊥ /* failure */
30: end procedure

with probability p′s(x, y) within a constant factor c(α, P ) of the uniform probability

p′′(x, y) = 1/|S|.

Proof Sketch. For lack of space, we defer details to the Appendix. Briefly, the

probability P[σ ∈ S i] that σ = (x, y) survives is 2−i by the properties of the hash

functions in Definition 2, and the probability of being selected by rejection sam-
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pling is 1/(P − 1). Conditioned on σ surviving, the mean and variance of the

size of the surviving set |S i| are independent of σ because of 3-wise indepen-

dence. When k∗P − γ ≤ k ≤ k∗P + 1 + γ and i = k + α, α > γ, on average |S i| < P

and the size is concentrated around the mean. Using Chebychev’s inequality,

one can upper bound by 1 − c(α, P ) the probability P[Si ≥ P | σ ∈ S i] that the

algorithm fails because |Si| is too large. Note that the bound is independent of

σ and lets us bound the probability ps(σ) that σ is output:

c(α, P )
2−i

P − 1
=

(
1− 2γ−α

(1− 1
P
− 2γ−α)2

)
2−i

P − 1
≤ ps(σ) ≤ 2−i

P − 1
. (4.2)

From i = k+α ≤ k∗P +1+γ+α and summing the lower bound of ps(σ) over all σ,

we obtain the desired lower bound on the success probability. Note that given

σ, σ′, ps(σ) and ps(σ′) are within a constant factor c(α, P ) of each other from (4.2).

Therefore, the probabilities p′s(σ) (for various σ) that σ is output conditioned on

outputting a sample are also within a constant factor of each other. From the

normalization
∑

σ p
′
s(σ) = 1, one gets the desired result that p′s(x, y) is within a

constant factor c(α, P ) of the uniform probability p′′(x, y) = 1/|S|.

4.2.4 Main Results: Sampling with Accuracy Guarantees

Combining pieces from the previous three sections, we have the following main

result:

Theorem 4. Let w : {0, 1}n → R+, ε > 0, b ≥ 1, δ > 0, and P ≥ 2. Fix α ∈ Z

as in Lemma 6, r = 2b/(2b − 1), ` = dlogr(2
n/ε)e, ρ = r2/(1 − ε), bucket B` as in

Definition 4, and κ = 1/c(α, P ). Then
∑

x∈B` p(x) ≤ ε and with probability at least

(1− δ)c(α, P )2−(γ+α+1) P
P−1

, PAWS(w, `, b, δ, P , α) succeeds and outputs a sample σ

from {0, 1}n \ B`. Upon success, each σ ∈ {0, 1}n \ B` is output with probability p′s(σ)
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within a constant factor ρκ of the desired probability p(σ) ∝ w(σ).

Proof. Success probability follows from Lemma 6. For x ∈ {0, 1}n\B`, combining

Lemmas 3, 4, 6 we obtain

1

ρκ
p(x) ≤ 1

κ
p′(x) =

∑
y:(x,y)∈S(w,`,b)

1

κ
p′′(x, y) ≤

∑
y|(x,y)∈S(w,`,b)

p′s(x, y) = p′s(x)

≤
∑

y:(x,y)∈S(w,`,b)

κp′′(x, y) = κp′(x) ≤ ρκp(x)

where the first inequality accounts for discretization error from p(x) to p′(x)

(Lemma 3), equality follows from Lemma 4, and the sampling error between p′′

and p′s is bounded by Lemma 6. The rest is proved in Lemmas 3, 4.

Remark 5. By appropriately setting the hyper-parameters b and ` we can make

the discretization errors ρ and ε arbitrarily small. Although this does not

change the number of required feasibility queries, it can significantly increase

the runtime of combinatorial search because of the increased search space size

|S(w, `, b)|. Practically, one should set these parameters as large as possible,

while ensuring combinatorial searches can be completed within the available

time budget. Increasing parameter P improves the accuracy as well, but also

increases the number of feasibility queries issued, which is proportional to P

(but does not affect the structure of the search space). Similarly, by increasing

α we can make κ arbitrarily small. However, the probability of success of the

algorithm decreases exponentially as α is increased. We will demonstrate in

the next section that a practical tradeoff between computational complexity and

accuracy can be achieved for reasonably sized problems of interest.

Corollary 1. Let w, b, ε, `, δ, P, α, and B` be as in Theorem 4, and p′s(σ) be the out-

put distribution of PAWS(w, `, b, δ, P , α). Let φ : {0, 1}n → R and ηφ =
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Figure 4.1: Estimated marginals vs. true marginals on 8 × 8 Ising Grid mod-
els. Closeness to the 45 degree line indicates accuracy. PAWS is run with
b ∈ {1, 2}, P = 4, α = 1, and ` = 25 (mixed case) or ` = 40 (attractive case).

maxx∈B` |φ(x)| ≤ ‖φ‖∞. Then,

1

ρκ
Ep′s [φ]− εηφ ≤ Ep[φ] ≤ ρκEp′s [φ] + εηφ

where Ep′s [φ] can be approximated with a sample average using samples produced by

PAWS.

4.3 Experiments

We evaluate PAWS on synthetic Ising Models and on a real-world test case gen-

eration problem for software verification. All experiments used Intel Xeon 5670

3GHz machines with 48GB RAM.

4.3.1 Ising Models

We first consider the marginal computation task for synthetic grid-structured

Ising models with random interactions (attractive and mixed). Specifically, the

58



corresponding graphical model has n binary variables xi, i = 1, · · · , n, with sin-

gle node potentials ψi(xi) = exp(fixi) and pairwise interactions ψij(xi, xj) =

exp(wijxixj), where fi ∈R [−f, f ] and wij ∈R [−w,w] in the mixed case, while

wij ∈R [0, w] in the attractive case.

Our implementation of PAWS uses the open source solver ToulBar2 [1], one

of the winners in the 2010 UAI Approximate Inference Challenge, to compute

M = maxxw(x) and as an oracle to check the existence of at least P different

solutions. We augmented ToulBar2 with the IBM ILOG CPLEX CP Optimizer

12.3 [60] based on techniques borrowed from [53] to efficiently reason about

parity constraints (the hash functions) using Gauss-Jordan elimination. We run

the subroutine COMPUTEK in Algorithm 1 only once at the beginning, and then

generate all the samples with the same value of i (Line 17). The comparison is

with Gibbs sampling, Belief Propagation, and the recent WISH algorithm [35].

Ground truth is obtained using the Junction Tree method [66].

In Figure 4.1, we show a scatter plot of the estimated vs. true marginal prob-

abilities for two Ising grids with mixed and attractive interactions, respectively,

representative of the general behavior in the large-weights regime. Each sam-

pling method is run for 10 minutes. Marginals computed with Gibbs sampling

are clearly very inaccurate (far from the 45 degree line), an indication that the

Markov Chain had not mixed as an effect of the relatively large weights that

tend to create barriers between modes which are hard to traverse. In contrast,

samples from PAWS provide much more accurate marginals, in part because it

does not rely on local search and hence is not directly affected by the energy

landscape (with respect to the Hamming metric). Further, we see that we can

improve the accuracy by increasing the hyper-parameter b. These results high-
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light the practical value of having accuracy guarantees on the quality of the

samples after finite amounts of time vs. MCMC-style guarantees that hold only

after a potentially exponential mixing time.

Belief Propagation can be seen from Figure 4.1 to be quite inaccurate in this

large-weights regime. Finally, we also computed marginals using the recent

WISH algorithm [35] which uses similar hash-based techniques to estimate the

partition function of graphical models. Since estimating each marginal as the

ratio of two partition functions (with and without a variable clamped) would

be too expensive (requiring n + 1 calls to WISH) we heuristically run it once

and use the solutions of the optimization instances it solves in the inner loop

as samples. We see in Figure 4.1 that while samples produced by WISH can

sometimes produce fairly accurate marginal estimates, these estimates can also

be far from the true value because of an inherent bias introduced by the arg max

operator.

4.3.2 Test Case Generation for Software Testing

Hardware and software verification tools are becoming increasingly important

in industrial system design. For example, IBM estimates $100 million savings

over the past 10 years from hardware verification tools alone [76]. Given that

complete formal verification is often infeasible, the paradigm of choice has be-

come that of randomly generating “interesting” test cases to stress the code or

chip with the hope of uncovering bugs. Typically, a model based on hard con-

straints is used to specify consistent input/output pairs, or valid program exe-

cution traces. In addition, in some systems, domain knowledge can be specified
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by experts in the form of soft constraints, for instance to introduce a preference

for test cases where operands are zero and bugs are more likely [76].

For our experiments, we focus on software (SW) verification, using an in-

dustrial benchmark [6] produced by Microsoft’s SAGE system [43, 44]. Each

instance defines a uniform probability distribution over certain valid traces of a

computer program. We modify this benchmark by introducing soft constraints

defining a weighted distribution over valid traces, indicating traces that meet

certain criteria should be sampled more often. Specifically, following Naveh

et al. [76] we introduce a preference towards traces where certain registers are

zero. The weight is chosen to be a power of two, so that there is no loss of

accuracy due to discretization using the previous construction with b = 1.

These instances are very difficult for MCMC methods because of the pres-

ence of very large regions of zero probability that cannot be traversed and thus

can break the ergodicity assumption. Indeed we observed that Gibbs sampling

often fails to find a non-zero probability state, and when it finds one it gets

stuck there, because there might not be a non-zero probability path from one

feasible state to another. In contrast, our sampling strategy is not affected and

does not require any ergodicity assumption. Table 4.3(a) summarizes the results

obtained using the propositional satisfiability (SAT) solver CryptoMiniSAT [88]

as the feasibility query oracle for PAWS. CryptoMiniSAT has built-in support

for parity constraints Ax = c mod 2. We report the time to collect 1000 sam-

ples and the Mean Squared Error (MSE) of the marginals estimated using these

samples. We report results only on the subset of instances where we could enu-

merate all feasible states using the exact model counter Relsat [7] in order to

obtain ground truth marginals for MSE computation. We see that PAWS scales
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Figure 4.2: Experiments on a software verification benchmark: sampling and
marginal estimation.

Instance Vars Factors Time (s) MSE (×10−5)

bench1039 330 785 1710 5.76

bench431 173 410 34.97 4.35

bench115 189 458 52.75 20.74

bench97 170 401 67.03 45.57

bench590 244 527 593.71 8.11

bench105 243 524 842.35 8.56
(a) Marginals: runtime and mean squared error
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(b) True vs. observed sampling frequencies.

to fairly large instances with hundreds of variables and gives accurate estimates

of the marginals. Figure 4.3(b) shows the theoretical vs. observed sampling fre-

quencies (based on 50000 samples) for a small instance with 810 feasible states

(execution traces), where we see that the output distribution p′s is indeed very

close to the target distribution p.
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4.4 Discussion

We introduced a new approach, called PAWS, to the fundamental problem of

sampling from a discrete probability distribution specified, up to a normaliza-

tion constant, by a weight function, e.g., by a discrete graphical model. While

traditional sampling methods are based on the MCMC paradigm and hence

on some form of local search, PAWS can leverage more advanced combinato-

rial search and optimization tools as a black box. A significant advantage over

MCMC methods is that PAWS comes with a strong accuracy guarantee: when-

ever combinatorial search succeeds, our analysis provides a certificate that, with

high probability, the samples are produced from an approximately correct dis-

tribution. In contrast, accuracy guarantees for MCMC methods hold only in

the limit, with unknown and potentially exponential mixing times. Further, the

hyper-parameters of PAWS can be tuned to trade off runtime with accuracy. Our

experiments demonstrate that PAWS outperforms competing sampling meth-

ods on challenging domains for MCMC.
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CHAPTER 5

OPTIMIZATION WITH PARITY CONSTRAINTS: HARDNESS AND

PRACTICAL APPROACHES

In this chapter, we investigate the class of combinatorial search and opti-

mization problems subject to random parity constraints arising from the WISH

and PAWS schemes described in Chapters 3 and 4. These optimization problems

turn out to be intimately connected with the fundamental problem of maximum

likelihood decoding of an error correcting code in information theory [97, 10].

We leverage this connection to show that the inference queries generated by

WISH are NP-hard to solve and to approximate. Although generally hard in the

worst case, message passing and related linear programming techniques [38]

are known to be very successful in practice in decoding certain types of codes

such as low density parity check (LDPC) codes [40]. Inspired by the success of

these methods, we formulate the MAP inference queries generated by WISH

as Integer Linear Programs (ILP). Our ILP formulation empirically provides

very good lower bounds on the optimization problems, while at the same time

providing also upper bounds based on solving a sequence of LP relaxations.

These bounds can in turn be used to obtain a new family of approximate up-

per and lower bounds on the value of the partition function, which are much

tighter than those obtained by tree decomposition and convexity [98]. This is

a significant advance, because other state-of-the-art sampling based algorithms

[51, 101, 46, 45] can usually provide probabilistic guarantees on lower bounds,

but are not able to reason at all about upper bounds.

Finally, we empirically investigate how the length of the parity constraints

(equivalently, their sparsity) affects the empirical hardness of the optimization
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problems corresponding to finding the mode for a graphical model augmented

with random parity constraints (MAP inference). Empirically, we found that

sparse parity constraints, such as the ones used in low density parity check

(LDPC) codes from Gallager [40], tend to be much easier to solve. Motivated

by this observation, we propose a technique to construct equivalent but sparser

(and empirically easier to solve) parity constraints. This connection with low-

density parity check codes and the use of sparse parity constraints in our prob-

abilistic inference schemes and will be studied in depth in the next chapter.

5.1 Max-Likelihood Decoding and Worst Case Analysis

For a problem with n binary variables, WISH requires solving Θ(n log n) op-

timization instances. If these optimizations could be approximated (within a

constant factor of the true optimal value) in polynomial time, this would give

rise to a polynomial time algorithm that gives, with high probability, a constant

factor approximation for the original counting problem (see Theorem 3). Note

that this is a reasonable assumption, because perhaps the most interesting #-P

complete counting problems are those whose corresponding decision problem

are easy, e.g. counting weighted matchings in a graph (computing the perma-

nent). A natural question arises: are there interesting counting problems for which

we can approximate maxσ w(σ) subject to Aσ = b mod 2 in polynomial time?

To shed some light on this question, we show a connection with a decision

problem arising in coding theory:

Definition 6 (MAXIMUM-LIKELIHOOD DECODING). Given a binary m × n

matrix A, a vector b ∈ {0, 1}m, and an integer w > 0, is there a vector z ∈ {0, 1}n

of Hamming weight ≤ w, such that Az = b mod 2?
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As noted by Vardy [97], Berlekamp et al. [10] showed that this problem is

NP-complete with a reduction from 3-DIMENSIONAL MATCHING. Further,

Stern [89] and Arora et al. [4] proved that even approximating within any con-

stant factor the solution to this problem is NP-hard.

These hardness results restrict the kind of problems we can hope to solve in

our setting, which is more general. In fact, we can define a graphical model with

single variable factors ψi(xi) = exp(−xi) for xi ∈ {0, 1}. Let S = {x ∈ {0, 1}n :

Ax = b mod 2}. Then

max
x∈S

w(x) = max
x∈S

n∏
i=1

ψi(xi) = exp

(
max
x∈S

n∑
i=1

logψi(xi)

)

= exp

(
max
x∈S
−H(x)

)
= exp

(
−min

x∈S
H(x)

)
whereH(x) is the Hamming weight of x. Thus, MAXIMUM-LIKELIHOOD DE-

CODING of a binary code is a special case of MAP inference subject to parity

constraints, but on a simple (disconnected) factor graph with factors acting only

on single variable nodes. Intuitively, in the context of coding theory, there is a

variable for each transmitted bit, and factors capture the probability of a trans-

mission error on each bit. Thus there are no interactions between the variables,

except for the ones introduced by the parity constraints Ax = b mod 2, while

in our context we allow for more complex probabilistic dependencies between

variables specified as in Equation (4.1). See Figure 5.1 for a pictorial represen-

tation. We therefore have the following theorem:

Theorem 5. Given a binary m × n matrix A, a vector b ∈ {0, 1}m, and w(x) as in

Equation (2.2), the following optimization problem

max
x∈{0,1}n

logw(x) subject to Ax = b mod 2

is NP-hard to solve and to approximate within any constant factor.
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Figure 5.1: Pictorial representation of the relationship between max-likelihood
decoding and the queries generated by our scheme. While in coding schemes
parity check nodes are used to define valid codewords, in our scheme they are
used to implement a universal hash function which randomly selects a subset of
the original high-dimensional space. Since we are starting from a more general
graphical model, the optimization instances are at least as hard as maximum-
likelihood decoding.

Connections with coding theory is even deeper, and is not just an artifact

of the particular hash function construction used. In fact, there is an intimate

connection and a correspondence between universal hash functions and (bi-

nary) codes, where one can construct hash functions from binary codes and vice

versa [90]. We will show how to exploit this connection in Chapter 6, where we

will introduce a new class of hash functions with useful statistical properties

leveraging ideas and constructions that were previously applied to low-density

parity check codes.

5.2 MAP Inference by Integer Linear Programming

The NP-hard combinatorial optimization problem maxσ w(σ) subject to Aσ = b

mod 2 can be formulated as an Integer Program [11]. This is a promising ap-
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proach because Integer Linear Programs and related Linear programming (LP)

relaxations have been shown to be a very effective at decoding binary codes

by Feldman et al. [38]. Further, the empirically successful iterative message-

passing decoding algorithms are closely related to LP relaxations of certain In-

teger Programs, either because they are directly trying to solve an LP or its dual

like the MPLP and TRWBP [42, 87, 98], or attempting to approximately solve a

variational problem over the same polytope like Loopy Belief Propagation [99].

For simplicity, we consider the case of binary factors (pairwise in-

teractions between variables), where equation (2.2) simplifies to w(x) =∏
i∈V ψi(xi)

∏
(i,j)∈E ψij(xi, xj) for some edge set E. Rewriting in terms of

the logarithms, the unconstrained MAP inference problem can be stated as

maxx∈{0,1}n
∑

i∈V θi(xi) +
∑

(i,j)∈E θij(xi, xj) which can be written as an In-

teger Linear Program using binary indicator variables {µi, i ∈ V } and

{µij(xi, xj), (i, j) ∈ E, xi ∈ {0, 1}, xj ∈ {0, 1}} as follows [99]:

max
µi,µij(xi,xj)

∑
i∈V

θi(1)µi + θi(0)(1− µi) +∑
(i,j)∈E

∑
xi,xj

θij(xi, xj)µi,j(xi, xj)

subject to

∀i ∈ V, (i, j) ∈ E,
∑

xj∈{0,1}

µi,j(0, xj) = 1− µi

∀i ∈ V, (i, j) ∈ E,
∑

xj∈{0,1}

µi,j(1, xj) = µi

∀i ∈ V, (i, j) ∈ E,
∑

xi∈{0,1}

µi,j(xi, 0) = 1− µj

∀i ∈ V, (i, j) ∈ E,
∑

xi∈{0,1}

µi,j(xi, 1) = µj
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5.2.1 Parity Constraints

There are several possible encodings for the parity constraints Aσ = b mod 2,

defining the so called parity polytope over σ ∈ Rn. We summarize them next.

Let J be the set of parity constraints (one entry per row of A). Let N (j) be the

set of variables the j-th parity constraint depends on, namely the indexes of the

non-zero columns of the j-th row of A1. We’ll refer to |N (j)| as the length of the

j-th XOR.

Exponential Polytope Representation

The simplest encoding is due to Jeroslow [61]. It requires that for all j ∈ J ,

S ⊆ N (j), and |S| odd, the following should hold

∑
i∈S

µi +
∑

i∈(N (j)\S)

(1− µi) ≤ |N (j)| − 1

Clearly, this requires a number of constraints that is exponential in the length of

the XOR.

Another representation exponential in the length of the parity constraint is

due to Feldman et al. [38]. For each S in the set Ej = {S ⊆ N (j) : |S| even}

there is an extra binary variable wj,S ∈ {0, 1}. It requires ∀j ∈ J ,
∑

S∈Ej
wj,S = 1

and ∀j ∈ J ,∀i ∈ N (j), µi =
∑

S∈Ej :i∈S wj,S .

Compact Polytope Representation

Yannakakis [103] introduced the following compact representation which re-

1To represent the desired parity of the j-th constraint imposed by bj we use a dummy vari-
able d = 1, and include d in N (j) whenever bj = 1.
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quires only O(n3) variables and constraints, where n is the number of variables.

For each constraint j, define Tj = {0, 2, · · · , 2b|N (j)|/2c} as the set of even num-

bers between 0 and |N (j)|.

• for all j ∈ J and for all k ∈ Tj we have a binary variable αj,k ∈ {0, 1}

• for all j ∈ J and for all k ∈ Tj and for all i ∈ N (j) we have a binary

variable zi,j,k ∈ {0, 1}, 0 ≤ zi,j,k ≤ αj,k

Then the following constraints are enforced:

∀i ∈ V, j ∈ N (i), µi =
∑
k∈Tj

zi,j,k

∀j ∈ J ,
∑
k∈Tj

αj,k = 1

∀j ∈ J ,∀k ∈ Tj ,
∑

i∈N (j)

zi,j,k = kαj,k

For any set of parity constraints, these 3 encodings are equivalent, in the sense

that the subset of {µi} satisfying the constraints is the same [38]. Thus, the cor-

responding MAP inference problems are also equivalent, as the objective func-

tion, by expressing each µi,j in terms of the {µi} variables, can be re-written as

a (possibly non-linear) function of only {µi}.

5.2.2 Solving Integer Linear Programs

Solving ILPs typically relies on solving a sequence of Linear Programming (LP)

relaxations obtained by relaxing the integrality constraints. The solution to the

relaxation provides an upper bound to the original integer maximization prob-

lem. Since LP can be solved in polynomial time, using Theorem 1 and Theorem
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3 we have a polynomial time method to obtain approximate upper bounds on the

partition function which hold with high probability, although without tightness

guarantees. Notice that upper bounds of this form could also be obtained using

message passing techniques such as MPLP or TRWBP [42, 87, 98], which can

also provide upper bounds to the values of the MAP inference queries in the

inner loop of WISH.

IP solvers such as IBM ILOG CPLEX Optimization Studio [60] solve a se-

quence of LP relaxations based on branching on the problem’s variables and

possibly adding cutting planes, iteratively improving the upper bound and

keeping track of the best integer solution found, until lower and upper bounds

match. Thus, one advantage of using an IP solver over standard Message Pass-

ing techniques is that the upper and lower bounds improve over time, and it

is guaranteed to eventually provide an optimal solution for the original integer

problem. In Figure 5.2 we plot the upper bound reported by CPLEX as a func-

tion of runtime for a random 10 × 10 Ising model with mixed interactions. It’s

clear that there is quickly a dramatic improvement over the value of the basic

LP relaxation, which is the value reported by CPLEX around time zero, and that

the upper bound keeps improving although at a slower rate. We note that other

techniques such as by Sontag et al. [87] could also be used to iteratively tighten

the LP relaxation, and might lead to better scaling behavior on certain classes of

very large problems [104].
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Figure 5.2: Upper bound found by solving a sequence of LP relaxations for MAP
inference problems subject to parity constraints, as a function of runtime. Inte-
ger Linear Programming solvers obtain a sequence of upper bounds that im-
prove over time and are guaranteed to eventually reach the global optimum of
the original optimization problem. This solving strategy naturally provides a
tradeoff between computational resources used and accuracy.

5.3 The Role of Sparsity

As we have shown, solving MAP inference queries subject to parity constraints

is hard in general. However, adding parity constraints can sometimes make the op-

timization easier. For example, when A is the identity matrix, enforcing Aσ = b

mod 2 corresponds to fixing the values of all variables and leads to a trivial op-

timization problem. Empirically, sparse constraints, such as the ones used in

low density parity check (LDPC) codes from Gallager [40], tend to be much

easier to solve. For example, in Figure 5.3 we show the median integrality

gap2 (over 500 runs) for the ILP formulation of the MAP inference instances,

for i ∈ {10, 15, 20, 25, 30} random parity constraints generated at various den-

2At the root node of the ILP solver search tree.

72



0 0.1 0.2 0.3 0.4 0.5
10

20

30

40

50

60

70

80

90

Density f

M
ed

ia
n 

In
te

gr
al

ity
 G

ap

 

 

10 constraints
15 constraints
20 constraints
25 constraints
30 constraints

Figure 5.3: Integrality gap at the root node of the search tree of an Integer Lin-
ear Programming solver when solving MAP inference queries subject to parity
constraints, as a function of the density f (equivalently, average length) of the
parity constraints used (random Ising model with parameters w = 2.5, M = 10).
Empirically, problems subject to short parity constraints (small f ) are easier to
solve (smaller integrality gap on the y axis).

sity levels. Specifically, we consider Ising grids as in section 3.4.2 and con-

struct parity constraints by adding each variable independently with probabil-

ity 0 ≤ f ≤ 1/2 (f = 1/2 corresponds to the standard constructions in Chap-

ter 2 for strongly universal hash functions). We see that problems with short

XORs (generated with small f ) typically have smaller integrality gaps, which

confirms the fact that short XORs are easier to reason about. This is not sur-

prising, because the optimizations involved are analogous to max likelihood

decoding problems, and sparse codes are known to be easier to decode empiri-

cally [70].

Long parity constraints are difficult to reason about not only for Integer Pro-

gramming solvers but also for SAT solvers [51]. This is because in the context

of backtrack search, short parity constraint naturally lead to a more effective

pruning of the search space. In fact, before any conclusion can be drawn based
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on a parity constraint, all the variables but one need to be set (then the value

of the last one can be set to match the desired parity). When using shorter par-

ity constraints, it is sufficient to guess a smaller number of variables before an

inference can be made and some propagation can be triggered. Of course, the

earlier in the search these inferences can be made, the faster the search will be

because this will reduce unnecessary branching.

Unfortunately, constructions in both Propositions 1 and 2 to create pairwise

independent hash functions (see Chapter 2) add each variable with probability

f = 1/2 and therefore require parity constraints that are of average length n/2

for a problem with n variables, i.e., the corresponding matrix A is not sparse.

Motivated by the empirical results in this section, in the next section we con-

sider several techniques based on linear algebra to sparsify the constraints, i.e.

produce a new set of constraints that are mathematically equivalent but sparser

(shorter).

5.4 Inducing Sparsity

A set of parity constraints specified through matrices A, b defines a set of so-

lutions S = {x ∈ {0, 1}n : Ax = b mod 2}, which is the translated nullspace

of the matrix A. The nullspace is a vector space, defined with operations over

the finite field F(2), i.e. modular arithmetic. Exploiting basic linear algebraic

properties, it can be shown that applying elementary row operations (namely row

switching, row multiplication and row addition) [92] to [A|b] does not change

the solution set S and thus the optimization problem. On the other hand, the

parity polytope we described in section 5.2.1 is not a function of the solution set

74



S but depends explicitly on the form of the matrices A and b. This fact was also

noted by Feldman et al. [38], who showed that a new matrix [A′|b′] constructed

from [A|b] by adding new rows that are linear combinations of the rows of [A|b]

can lead to a tighter LP relaxation, although Ax = b and A′x = b′ define the

same solution set S (because the constraints added are all implied).

We propose to exploit these facts and rewrite the constraints in a form

that is equivalent, i.e., defines the same set of solutions, but is easier to solve.

Specifically, given a a set of parity constraints specified through matrices A, b

we look for matrices A′, b′ that define the same set of solutions, namely {x ∈

{0, 1}n : Ax = b} = {x ∈ {0, 1}n : A′x = b′} but are much sparser, namely

||[A′|b′]||1 � ||[A|b]||1. Unfortunately, even finding a sparse linear combination

of the rows is computationally intractable, as it can be seen as an instance of

MAXIMUM-LIKELIHOOD DECODING, where the code is given in terms of

the generators (the rows of A) rather than the check matrix. We therefore pro-

pose to use two approaches:

• Perform Gauss-Jordan elimination on [A|b] to convert [A|b] to reduced row

echelon form;

• Try all combinations of up to C rows r1, · · · , rC of [A|b], and if their sum

r1 ⊕ · · · ⊕ rC is sparser than any of the ri, substitute ri with r1 ⊕ · · · ⊕ rC .

Both techniques are based on elementary row operations and therefore are guar-

anteed to maintain the solution set S and to improve sparsity.

In Figure 5.4 we show the median upper and lower bounds found by CPLEX

for several randomly generated constraints on a random 10×10 Ising grid model

with mixed interactions. Starting with a matrix A generated using the Toeplitz
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Figure 5.4: Upper and lower bounds with and without sparsification. Using our
preprocessing techniques we can rewrite the parity constraints into an equiva-
lent but much sparser form. This empirically leads to easier optimization prob-
lems for which we can obtain better bounds from Linear Programming relax-
ations.

matrix construction in Proposition 2, we run CPLEX for 10 minutes with and

without sparsification, reporting the best upper and lower bounds found. We

see that without any preprocessing (NoPre) CPLEX fails at finding any integer

solution when there are more than 15 parity constraints. Performing Gauss-

Jordan elimination (Diag) significantly improves both the upper bound and the

lower bound. The effect is particularly significant for a large number of con-

straints, when the reduced row echelon form of A is close to the identity matrix.

Adding the additional greedy substitution step (DiagGreedy, looking at all com-

binations of up toC = 4 rows) slightly improves the quality of the upper bound,

but the lower bound significantly degrades.
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5.5 Message Passing Decoding

Iterative Message Passing (MP) methods are among the most widely used tech-

niques for decoding error correcting codes. Although the decoding problem is

computationally intractable, they usually have very good performance in prac-

tice [65, 38]. Since we can represent parity constraints as additional factors in

our original factor graph model, Message Passing techniques can also be ap-

plied to the more general MAP inference queries with parity constraints gener-

ated by WISH. While these techniques have been previously applied to graphi-

cal models structured as the ones in the left panel of Figure 5.1 (max-likelihood

decoding), we can attempt to use them for the similar but more complex graph-

ical models in the right panel of Figure 5.1 (optimization queries generated by

WISH). Specifically, although a parity constraint over k variables would require

a conditional probability table (CPT) of size 2k to be specified, efficient Dynamic-

Programming-based updates for parity constraints are known [65]. These up-

dates have complexity which is linear in k.

As briefly alluded to earlier, we will use short XORs (involving up to k vari-

ables) in order to make MAP inference more efficient in practice and put our-

selves in the regime where Message Passing techniques are known to work well

for decoding tasks. Empirically, smaller values of k lead to faster execution of

the combinatorial optimization problems subject to parity constraints we need

to solve. We will discuss the validity of using shorter parity constraints within

our probabilistic inference schemes in depth in Chapter 6, both in terms of the

accuracy and statistical guarantees that can be achieved.

Figure 5.5 compares several approaches to solve the MAP inference prob-
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lems constrained by random parity constraints of length k = 4 for a 10 × 10

Ising grid model with attractive and mixed interactions (external field f = 1.0

and weight w = 3.0; see section 3.4.2 for a formal description of the probabilistic

model). We compare three message passing approaches, namely Belief Propaga-

tion (BP), Max-Product (MP), and MPLP [42], and two combinatorial optimiza-

tion solvers, namely Toulbar [1] and CPLEX 12.3 [60] based on our ILP formula-

tion, both with a 1 minute time limit. We show the median value of the solution

found over 50 realizations, for each number of parity constraints added. We run

the Message Passing methods until they find a feasible solution satisfying the

parity constraints or up to 10000 iterations. If no feasible solution is found, we

round the final beliefs to an integer solution and project it on the feasible set

by solving the linear equations with Gaussian Elimination, thus changing the

value of some of the variables. For this problem, using “long” parity constraints

of length 50, Message Passing methods can only find feasible solutions for up to

10 constraints (consistent with CPLEX performance in Figure 5.4). In contrast,

as shown in Figure 5.5, using short XORs of length 4 (typical values encountered

for low density parity check codes), Message Passing methods can find feasible

solutions for up to about 40 − 50 constraints, at which point there is a signif-

icant performance drop caused by the need for a projection step. We see that

for the attractive case, Message Passing methods are competitive with combina-

torial optimization approaches but only for a moderate number of constraints.

In the more challenging mixed interactions case, CPLEX and Toulbar appear to

be clearly superior. We think the the unsatisfactory performance of message

passing techniques (compared to when used for LDPC decoding) is caused by

the more complicated probabilistic dependencies imposed by the Ising model,

which is much more intricate than a typical transmission error model.
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5.6 Discussion

Using a connection with max-likelihood decoding problems, we showed that

the MAP inference queries generated by WISH and PAWS are in general not

polynomial time solvable or even approximable. On the positive side, this led

to the use of an ILP formulation for the problem, inspired by iterative message

passing decoding. An advantage of the ILP based approach is that it provides

upper bounds (in polynomial time from LP relaxations) on the value of the op-

timization instances generated by WISH, and these can be used to obtain upper

bounds on the partition function using Theorem 3. This approach of leverag-

ing Theorem 3 in conjunction with standard relaxations for the combinatorial

optimization problems generated by WISH provides an entirely new strategy

for obtaining provable bounds on probabilistic inference queries. For example,

semi-definite programming based relaxations could potentially be used to ob-

tain another family of upper bounds on the partition function. To increase the

practicality of the ILP approach, we introduced sparsification techniques based

on linear algebra to obtain sparser parity constraints while preserving their de-

sirable properties. The next chapter will explore the use of other families of

universal hash functions that can be implemented directly using sparse, short

constraints, which can then be further sparsified using the algebraic techniques

described in this chapter. The theory developed in the next chapter will again

highlight interesting and useful connections with ideas from the coding and in-

formation theory literature.
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Figure 5.5: Optimization with short parity constraints: we compare combina-
torial optimization techniques (branch and bound and integer linear program-
ming) with message-passing techniques for the MAP inference problems sub-
ject to parity constraints (which generalize standard maximum-likelihood de-
coding) generated by WISH. Although message-passing techniques are very
effective for standard decoding problems, they are empirically outperformed
by combinatorial optimization techniques for these more complex probabilistic
models.
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CHAPTER 6

UNIVERSAL HASHING WITH SPARSE PARITY CONSTRAINTS

In the previous chapter, we have seen how the MAP inference queries generated

by the WISH and PAWS algorithms (Chapters 3 and 4) are intimately connected

to the max-likelihood decoding problem from information theory. As we have

seen in Chapter 5, MAP queries generated by WISH and PAWS are empirically

harder than traditional decoding problems because they involve more complex

probabilistic models (see Figure 5.1), and because known constructions for uni-

versal hash functions (see Chapter 2) naturally give rise to “dense” parity con-

straints (affecting half of the variables on average) as opposed to typical sparse,

low-density codes used in information theory. To address this issue, in this

chapter we introduce a more general version of WISH that relies on sparse par-

ity constraints, thus giving rise to easier to solve MAP queries. We show that

arbitrarily sparse parity constraints can be used and still provide one-sided guar-

antees on the approximation error for the partition function. Leveraging ideas

from low-density parity check codes, we also show that if the constraints used

are not too sparse, then they still provide the same theoretical guarantees on the

approximation error as “dense” parity constraints implementing strongly uni-

versal hash functions. This approach leverages a new class of hash functions,

termed Average Universal, that are statistically weaker than strongly universal

ones, but strong enough to be used within the WISH scheme, and they can be

implemented with sparser parity constraints. Specifically, we provide an ana-

lytic condition that relates the average length of the constraint with the statisti-

cal efficiency of the corresponding hash function. This condition can be used to

generate constraints that are as sparse as possible, while still implementing hash

functions that are statistically good enough to be used in the WISH scheme.
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6.1 Probabilistic Inference by Hashing

A range of recent probabilistic inference methods, such as the WISH and PAWS

algorithms presented in Chapters 3 and 4 and other related techniques including

ApproxMC [18], MBound and Hybrid-MBound [51], and XORSample [50] rely

heavily on theoretical properties of universal hash functions.

The key idea is that one can reliably estimate properties of a very large, high-

dimensional set S (such as the integral of a function, or a partition function) by

randomly dividing it into cells using a hash function h sampled at random from

a family H and looking at properties of a randomly chosen, lower-dimensional

cell h−1(y) ∩ S (i.e., the subset of points that are hashed to the same, randomly

chosen value y). Remarkably, although h−1(y) is in general exponentially large,

using certain classes of hash functions it is possible to specify and represent this

set in a compact way, without having to enumerate each individual element.

For example, we have seen in the previous Chapters that it is possible to apply

a pairwise independent hash function to all the exponentially many variable

assignments of a discrete graphical model by augmenting it with a set of ran-

domly generated parity constraints (i.e., extra factors which can be specified in

a compact way).

To work with high probability, this family of inference algorithms relies on

good statistical properties of the hash functions used. Intuitively, the division

into cells needs to be “sufficiently random”. Specifically, the hash functions

used need to behave in a uniform and concentrated way, so that it is possible

to predict |h−1(y) ∩ S| (as a function of unknown |S|) with high probability, no

matter what the structure of S is. Full independence (i.e., a function h that acts
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on each element of S independently at random) would be ideal, as it would

make the structure of S irrelevant. However, fully independent hash functions

are computational intractable. If there is high correlation between {h(x)}x∈S ,

things might not work. In the extreme case , if the hash function h does not act in

a sufficiently random way, it is possible that all the random variables h(x), x ∈ S

are identical, i.e., the division into cells does not break up S in a nice way and

S is contained in a single cell. Fortunately, as we have seen in Chapters 3 and 4,

pairwise independence often suffices and is also computationally tractable.

6.1.1 Concentration and Counting

Formally, let S ⊆ {0, 1}n and H = {h : {0, 1}n → {0, 1}m} be a family of hash

functions. Let h be a hash function chosen uniformly from H. Then, for y ∈

{0, 1}m, define the following random variable:

X(h, S, y) = |h−1(y) ∩ S| (6.1)

Let µ(h, S, y) = E[X(h, S, y)] denote its expected value and σ(h,X, y) the stan-

dard deviation. Note that if H is uniform (property 1 in Definitions 1 and 2

in Section 2.3), then µ(h, S, y) = |S|/2m. For brevity, we will sometimes use X

and µ when h, S, and y are implicit in the context. Our main interest is in un-

derstanding how concentrated X is around µ, under various choices of H. We

introduce a general notion of concentration that will come handy:

Definition 7. Let k ≥ 0 and δ > 2. Let X be a random variable with µ = E[X].

Then X is strongly (k, δ)-concentrated if Pr[|X −µ| ≥
√
k] ≤ 1/δ and weakly (k, δ)-

concentrated if both Pr[X ≤ µ−
√
k] ≤ 1/δ and Pr[X ≥ µ+

√
k] ≤ 1/δ.
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For a given δ, smaller k corresponds to higher concentration. Clearly, strong

(k, δ)-concentration implies weak (k, δ)-concentration and, for k′ > k, (k, δ)-

concentration implies (k′, δ)-concentration. Further, by union bound, weak

(k, δ)-concentration implies strong (k, δ/2)-concentration.

As an illustrative example of how (k, δ)-concentration can be used for esti-

mating sizes of high-dimensional sets, consider the following simple random-

ized algorithm A for approximately computing |S| with high probability (for

example, in a model counting application S could be the set of solutions of a

SAT problem, see Section 2.2). Let Hi = {h : {0, 1}n → {0, 1}i} for i = 1, 2, . . . , n

be families of pairwise independent hash functions. For i increasing from 1 to

m, compute “is the set h−1
t (0)∩S empty” T times, each time with a different hash

function ht chosen uniformly from Hi. If the answer is “yes” for a majority of

the T times, stop increasing i and return 2i−1 as the estimate of |S|.

Proposition 4. Let S ⊆ {0, 1}n. IfHi = {h : {0, 1}n → {0, 1}i}, i ∈ {1, 2, . . . , n} are

universal families of hash functions such thatX(h, S, y) is weakly (µ2, 4)-concentrated,

then A using Hi and T ≥ 8 ln(8n) correctly computes |S| within a factor of 4 with

probability at least 3/4.

The proof can be found in the Appendix, and is similar to the one of Theo-

rem 1 which proves the main properties of the WISH algorithm. Intuitively, it

follows form the concentration properties that |h−1
t (0)∩S|will be close to |S|/2i

with high probability, and therefore the set h−1
t (0) ∩ S will become empty for

i ≈ log(|S|).
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6.2 Concentration and Hash Families

We discuss how the statistical properties of various hash families H influence

the strength of (k, δ)-concentration of X = |h−1(y) ∩ S|. Proofs may be found

in the appendix. Without any assumptions on the nature of H, Chebychev’s

inequality and Cantelli’s one-sided inequalities yield the following general ob-

servation for strong and weak concentration, respectively:

Proposition 5. Let δ > 2 and H = {h : {0, 1}n → {0, 1}m} be a family of hash

functions. For any S ⊆ {0, 1}n and y ∈ {0, 1}m, and for h ∈R H, X(h, S, y) is

strongly (δσ2, δ)-concentrated and weakly ((δ − 1)σ2, δ)-concentrated.

Ideally, one would like to choose a family of fully independent hash func-

tions, which results in very strong concentration guarantees from Chernoff’s

bounds:

Proposition 6. Let δ > 2, c > 3 and H = {h : {0, 1}n → {0, 1}m} be a family

of fully independent hash functions. For any S ⊆ {0, 1}n and y ∈ {0, 1}m, and for

h ∈R H, X(h, S, y) is strongly ((c ln δ)µ, δ)-concentrated and weakly ((3 ln δ)µ, δ)-

concentrated.

However, as discussed earlier, it is often impossible to construct such a fam-

ily. One commonly uses a family of only pairwise independent hash functions,

which have compact constructions involving objects such as parity or XOR con-

straints (see constructions in Section 2.3). The concentration guarantees we get

are much weaker but still very powerful:

Proposition 7. Let δ > 2 and H = {h : {0, 1}n → {0, 1}m} be a family of pairwise

independent hash functions. For any S ⊆ {0, 1}n and y ∈ {0, 1}m, and for h ∈R H,

X(h, S, y) is strongly (δµ, δ)-concentrated and weakly ((δ − 1)µ, δ)-concentrated.
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Proof. This follows from observing that pairwise independence implies σ2 =

|S|/2m(1− 1/2m) < µ and then applying Proposition 5.

Although one can compactly represent pairwise independent hash functions

H = {h : {0, 1}n → {0, 1}m} using m parity constraints (cf. Proposition 1), these

constraints have average length n/2. As we have seen in Section 5.3, such long

parity constraints are often particularly hard to reason about using standard

inference methods. To start addressing this issue, we observe that in many ap-

plications, O(µ)-concentration is unnecessary and it suffices to have only O(µ2)-

concentration. An example of this is Proposition 4. We next discuss how one

can exploit ε-SU hash functions (see definition 1 in Section 2.3) to explore this

wide spectrum of possible concentrations by varying ε.

Theorem 6. Let δ > 2, ε ≥ 1/2m, and H = {h : {0, 1}n → {0, 1}m} be a family of ε-

SU hash functions. For any S ⊆ {0, 1}n and y ∈ {0, 1}m, and for h ∈R H, X(h, S, y)

is strongly (δµ(1 + ε(|S| − 1)− µ), δ)-concentrated and weakly ((δ − 1)µ(1 + ε(|S| −

1)− µ), δ)-concentrated.

Proof. The variance of X can be computed as follows.

E[X(h, S, y)2] =
∑
s,s′∈S

E[1h(s)=y,h(s′)=y] =
∑
s∈S

E[1h(s)=y] +
∑
s6=s′

E[1h(s)=y,h(s′)=y]

≤ µ+ |S|(|S| − 1)ε/2m (from SU)

= µ(1 + ε(|S| − 1))

Therefore, σ2 = E[X2]− µ2 ≤ µ(1 + ε(|S| − 1)− µ). The result now follows from

Proposition 5.

Corollary 2. Let δ > 2, ε ≥ 1/2m, and H = {h : {0, 1}n → {0, 1}m} be a family

of ε-SU hash functions. For any S ⊆ {0, 1}n and y ∈ {0, 1}m, and for h ∈R H,
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X(h, S, y) is strongly (µ2, δ)-concentrated whenever ε ≤ (µ
δ

+ µ − 1)/(|S| − 1) and

weakly (µ2, δ)-concentrated whenever ε ≤ ( µ
δ−1

+ µ− 1)/(|S| − 1).

Thus, by increasing ε, we can achieve lower (but still acceptable) levels of

concentration ofX . In practice, however, it is not easy to construct ε-SU families

that allow efficient inference. Simply using sparser parity constraints (i.e., with

fewer than n/2 variables on average), for instance, does not lead to SU hash

functions because if s, s′ ∈ S are close in Hamming distance, sparser parity-

based hash functions will act on them in a very correlated way. The next section

provides a way around this.

6.3 Average Universal Hashing

We now define a new family of hash functions that have the same statistical

concentration properties as ε-SU (namely, the guarantees in Theorem 6) but are

computationally much more tractable for inference methods.

Definition 8. A family of functions H = {h : {0, 1}n → {0, 1}m} is (ε, i)-AU

(Average Universal) if the following two conditions hold when H is a function

chosen uniformly at random fromH.

• ∀x ∈ {0, 1}n, the random variable H(x) is uniformly distributed in {0, 1}m.

• ∀S ⊆ {0, 1}n, |S| = i, ∀y1, y2 ∈ {0, 1}m, the following property holds∑
x1,x2∈S;x1 6=x2 Pr[H(x1) = y1, H(x2) = y2] ≤ |S|(|S| − 1)ε/2m .

In other words, we allow pairs of random variables H(x1), H(x2) to be po-

tentially heavily correlated, for instance Pr[H(x1) = y1, H(x2) = y2] could be
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much larger than ε/2m. However, it needs to balance out so that the average

correlation among configuration pairs on (large enough sets) S is smaller than

ε/2m. This is a strict generalization of strongly independent hash functions:

Proposition 8. Let H be a family of hash functions. (a) If H is (ε, 2)-AU, then H is

also ε-SU. (b) If H is ε-SU, then H is also (ε, i)-AU for all i ≥ 2. (c) If H is (ε, i)-AU,

thenH is also (ε, i+ 1)-AU.

Theorem 7. Let δ > 2 and H be a family of (ε, i)-AU hash functions. For any S ⊆

{0, 1}n, |S| ≥ i and y ∈ {0, 1}m, and for h ∈R H,X(h, S, y) is strongly (δµ(1+ε(|S|−

1)− µ), δ)-concentrated and weakly ((δ − 1)µ(1 + ε(|S| − 1)− µ), δ)-concentrated.

Proof. The proof is close to that of Theorem 6. The key observation is that when-

ever |S| ≥ i, under an (ε, i)-AU hash family we obtain the same bound on the

variance, σ2, as in the ε-SU hash family case.

Corollary 3. Let δ > 2 and H be a family of (ε, i)-AU hash functions. For any S ⊆

{0, 1}n, |S| ≥ i and y ∈ {0, 1}m, and for h ∈R H, X(h, S, y) is strongly (µ2, δ)-

concentrated whenever ε ≤ (µ
δ

+ µ − 1)/(|S| − 1) and weakly (µ2, δ)-concentrated

whenever ε ≤ ( µ
δ−1

+ µ− 1)/(|S| − 1).

6.4 Hashing with Low-Density (Sparse) Parity Constraints

Our main technical contribution is the following construction for AU hash func-

tions based on sparse parity constraints:

Theorem 8. Let A ∈ {0, 1}m×n be a random matrix whose entries are Bernoulli i.i.d.

random variables of parameter f ≤ 1/2, i.e., Pr[Aij = 1] = f . Let b ∈ {0, 1}m be cho-

sen uniformly at random, independently from A. Let w∗ = min
{
w |
∑w

j=1

(
n
j

)
≥ q
}
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and

ε(n,m, q, f) =
1

|S| − 1

w∗∑
w=1

(
n

w

)(
1

2
+

1

2
(1− 2f)w

)m
Then the family Hf = {hA,b(x) : {0, 1}n → {0, 1}m}, where hA,b(x) = Ax + b

mod 2 and H ∈ Hf is chosen randomly according to this process, is a family of

(ε(n,m, q, f), q)-AU hash functions.

Proof. Let S ⊆ {0, 1}n and y1, y2 ∈ {0, 1}m. Then,

∑
x1,x2∈S
x1 6=x2

Pr[H(x1) = y1, H(x2) = y2]

=
∑

x1,x2∈S
x1 6=x2

∑
v∈{0,1}m

Pr [Ax1 + v = y1, Ax2 + v = y2] Pr[b = v]

= 2−m
∑

x1,x2∈S
x1 6=x2

∑
v∈{0,1}m

Pr [Ax1 + v = y1, Ax2 + v = y2]

= 2−m
∑

x1,x2∈S
x1 6=x2

Pr [A(x1 − x2) = y1 − y2]

For brevity, let ∆ = y1 − y2 mod 2. The probability Pr [A(x1 − x2) = ∆] de-

pends on the Hamming weight w of x1−x2, and is precisely the probability that

the w columns of the (sparse) matrix A corresponding to the bits in which x1

and x2 differ sum to ∆ (mod 2).

In order to compute this probability, we use an analysis similar to MacKay

[70], based on treating the m random entries in each of the w columns of A as

defining w steps of a biased random walk in each of the m dimensions of the m-

dimensional Boolean hypercube. The probability thatA(x1−x2) equals ∆, when

viewed this way, is nothing but the probability that starting from the origin and

taking these w steps brings us to ∆. Note that this is a function of only w, f , and

89



∆; the exact columns in which x1 and x2 differ do not matter. Let us denote this

probability r(w,f)(0,∆).

Unlike MacKay [70], each row of our matrix A is sampled independently. So

we can model the random walk with m independent Markov Chains (one for

each of the m dimensions) with two states {0, 1} and with transition probabili-

ties

p0→0 = 1− α, p0→1 = α, p1→1 = 1− β, p1→0 = β.

Let Xt denote the state of the Markov Chain after t steps. Observing that the

eigenvalues for the transition matrix are 1 and 1− α− β, it is easy to verify that

Pr[Xt = 0 | X0 = 0] =
β

α + β
+

α

α + β
(1− α− β)t (6.2)

and Pr[Xt = 1 | X0 = 0] = 1 − Pr[Xt = 0 | X0 = 0]. Setting α = β = f and

∆ = y1 − y2 we get

r(w,f)(0, δ) =
m∏
j=1

(
1

2
+ (1− 2∆j)

1

2
(1− 2f)w

)
≤
(

1

2
+

1

2
(1− 2f)w

)m
= r(w,f)(0, 0)

because f ≤ 1/2. Plugging into the previous expression we get

∑
x1,x2∈S
x1 6=x2

Pr[H(x1) = y1, H(x2) = y2] = 2−m
∑

x1,x2∈S
x1 6=x2

Pr [A(x1 − x2) = y1 − y2]

≤ 2−m
∑
x1∈S

n∑
w=1

h(w|x1)r(w,f)(0, 0)

where h(w|x) is defined as the number of vectors in S that are at Hamming

distance w from x. Clearly, h(w|x) ≤
(
n
w

)
. Since r(w,f)(0, 0) is monotonically

decreasing in w, we can derive a worst case bound on the above expression

by assuming all
(
n
w

)
vectors at distance w from x are actually present in S for
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small w. Recalling the definition of w∗ from the statement of the theorem, for all

|S| ≤ q this gives:

∑
x1,x2∈S
x1 6=x2

Pr[H(x1) = y1, H(x2) = y2] ≤ 2−m
∑
x1∈S

w∗∑
w=1

(
n

w

)
r(w,f)(0, 0)

= 2−m|S|
w∗∑
w=1

(
n

w

)
r(w,f)(0, 0) = |S|(|S| − 1)

ε(n,m, q, f)

2m

which proves thatH is (ε(n,m, q, f), q)-AU.

The significance of this result is that given n,m, and q, we have a fam-

ily of hash functions parameterized by f for which we can control the “aver-

age correlation” across all pairs of points in any set of size at least q. These

range from rather dense but fully pairwise independent families when f = 0.5,

to statistically useful but much sparser and hence much more tractable fam-

ilies when f < 0.5. Algorithms for probabilistic inference that use univer-

sal hashing often do not need full or even pairwise independence but only

(µ2, δ)-concentration for success with high probability. The results in Section 6.3

(Theorem 7 and Corollary 3) thus prescribes a value of ε > 1
2m

that suffices to

achieve the desired concentration. Using the above theorem, we can therefore

look for the smallest value of f such that the resulting ε(n,m, q, f) is compat-

ible with the concentration requirement. For example, using Theorem 8 and

Corollary 3, we can look for the smallest value f ∗ such that the resulting family

Hf = {hA,b(x) : {0, 1}n → {0, 1}m} guarantees (µ2, δ)-concentration for sets S of

size at least 2m+2 and for δ = 9/4.

In the top panel of Figure 6.1 we plot the corresponding f ∗(n) as a function of

the number of variables n, for m = n/2 constraints. In the bottom panel, we plot

f ∗(m) as a function of m, for n = 100. We see that for m = n/2 constraints we
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can obtain hash functions with provable concentration guarantees using con-

straints with average length scaling empirically as log(n) as opposed to n/2 for

the pairwise independent construction. We also plot the smallest value of f that

guarantees concentration when the set S in Definition 8 is not an arbitrary set of

size q = 2m+2 but is instead restricted to be an (m + 2)-dimensional hypercube,

for which we have an exact expression for h(w|x). This is clearly a lower-bound

for f ∗ (which is guaranteed to work for any set, hypercube included). The hy-

percube is intuitively close to a worst-case distribution for h(w|x) because points

have small average distance and hence high correlation. The comparison with

the hypercube case highlights that our bounds are fairly tight.

6.5 WISH With Sparse Parity Constraints

Our technique and analysis based on Average Universal hash functions ap-

plies to a range of probabilistic inference and counting techniques such as

WISH [35, 34], ApproxMC [18], and MBound [51]. While preserving all their

theoretical properties in terms of approximation guarantees, by substituting

pairwise independent hash functions with sparse Average Universal ones we ob-

tain significant improvements in terms of runtime. For concreteness and brevity,

we discuss its application to the WISH algorithm introduced in Chapter 3.

The original WISH [35] is based on pairwise independent hash functions,

constructed using random parity constraints of average length n/2 for a prob-

lem with n binary variables. Our previous analysis allows us replace them with

sparser constraints as in Theorem 8, obtaining an extension that we call SPARSE-

WISH of which we provide the pseudocode as Algorithm 3.
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Algorithm 3 SPARSE-WISH (w, n = log2 |X |,∆, α)

T ←
⌈

ln(1/∆)
α

lnn
⌉

for i = 0, · · · , n do
for t = 1, · · · , T do

f ∗ = min{f |ε(n, i, 2i+2, f) < 31
5(2i+2−1)

}
Sample hash function hiA,b fromHf∗

i.e. sample sparse A ∈ {0, 1}i×n, b ∈ {0, 1}i
wti ← maxσ w(σ) subject to hiA,b(σ) = 0

end for
Mi ← Median(w1

i , · · · , wTi )
end for
Return M0 +

∑n−1
i=0 Mi+12i

The key property is that the key Lemma used to prove the correctness of the

WISH scheme (Lemma 1 from Chapter 3) still holds:

Lemma 7. Fix an ordering σi, 1 ≤ i ≤ 2n, of the configurations in {0, 1}n such that

for 1 ≤ j < 2n, w(σj) ≥ w(σj+1). For i ∈ {0, 1, · · · , n}, define bi , w(σ2i). Let

Mi = Median(w1
i , · · · , wTi ) be defined as in Algorithm 3. Then, for 0 < α ≤ 0.0042,

Pr
[
Mi ∈ [bmin{i+2,n}, bmax{i−2,0}]

]
≥ 1− exp(−αT )

The proof is based on a variance argument. Intuitively, the hash functions

used at iteration i are by Theorem 8 (ε, 2i+2)-AU with ε chosen such that by

Corollary 2 and Theorem 7 they guarantee weak (µ2, 9/4)-concentration for sets

of size at least 2i+2. In particular, this guarantees that the hash functions will

behave nicely on the set formed by the 2i+2 heaviest configurations (no matter

what is the structure of the set), and Mi will not underestimate bi by too much.

See Appendix for a formal proof. We then have the following result analogous

to Theorem 1 in Section 3.3:

Theorem 9. For any ∆ > 0, positive constant α ≤ 0.0042, and the hash families Hf

given by Proposition 8, SPARSE-WISH makes Θ(n lnn ln 1/δ) MAP queries and, with
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probability at least (1−∆), outputs a 16-approximation of Z =
∑

σ∈{0,1}n w(σ).

This means that if we carefully choose the density f ∗ as in the pseudocode

(which is a function of the number of constraints i, and in general much smaller

than 0.5; see the bottom panel of Figure 6.1), we maintain the same accuracy

guarantees but using much sparser constraints.

6.6 Lower Bounds Using Arbitrarily Sparse Parity Constraints

As we have shown in the previous section, we can use Average Universal (AU)

hash functions in place of pairwise independent ones within the SPARSE-WISH

probabilistic inference algorithm while preserving all its nice theoretical prop-

erties (Theorem 9). The main advantage of AU hash functions is that they can

be implemented with parity constraints that are sparser than the ones used to

implement fully pairwise independent hash functions. In particular, we pro-

vided provable conditions on their average length (controlled by the parameter

f , which is the probability that each variable is added to a randomly generated

parity constraint) such that if f ≥ f ∗ (the constraints are not too sparse), then

the random parity constraints provide enough concentration and they can be

safely used within the SPARSE-WISH scheme. A natural question that remains

open is what happens if we try to use even sparser constraints. Does WISH

compute something useful if we use an arbitrarily small f < f ∗? We provide

an answer to this question in the following section. We show that these (po-

tentially extremely sparse) constraints implement a family of uniform hash func-

tions, which are generally weaker than AU. When uniform hash functions are used

in the WISH scheme in place of pairwise independent ones, it is not guaranteed
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Algorithm 4 LB-WISH (w, n = log2 |X |,∆, α, f)

T ←
⌈

ln(1/∆)
α

lnn
⌉

for i = 0, · · · , n do
for t = 1, · · · , T do

Sample hash function hiA,b fromHf

i.e. sample sparse A ∈ {0, 1}i×n, b ∈ {0, 1}i
wti ← maxσ w(σ) subject to hiA,b(σ) = 0

end for
Mi ← Median(w1

i , · · · , wTi )
end for
Return M0 +

∑n−1
i=0 Mi+12i

to provide a constant factor approximation of the partition function anymore.

However, we will show that uniform hash functions can still be used to provide

approximate lower bounds with high probability.

6.6.1 WISH with Uniform Hashing

Let us consider a variation of the WISH algorithm, which takes an additional pa-

rameter f ∈ (0, 1/2] controlling the sparsity of the parity constraints used. We

call this algorithm LB-WISH and for completeness we report the pseudocode as

Algorithm 4. Notice that LB-WISH (w, n = log2 |X |,∆, α, 1/2), where each vari-

able is added with probability 1/2, is identical to the original WISH algorithm.

As we have seen before, for f < 1/2 the family of hash functions Hf defined

as in Theorem 8 is not pairwise independent. However we have the following

result:

Proposition 9. Let A ∈ {0, 1}m×n be a random matrix whose entries are Bernoulli

i.i.d. random variables of parameter f ≤ 1/2, i.e., Pr[Aij = 1] = f . Let b ∈ {0, 1}m be

chosen uniformly at random, independently from A. Then for any value of f ∈ (0, 1/2],

the family Hf = {hA,b(x) : {0, 1}n → {0, 1}m}, where hA,b(x) = Ax + b mod 2

95



and H ∈ Hf is chosen randomly according to this process, is a family of uniform hash

functions.

Proof. Let x ∈ {0, 1}n, A ∈R Am×n, b ∈R {0, 1}m, and ai denote the i-th row of A.

Then, for all i:

Pr[aix⊕ bi = 0] =
∑

v∈{0,1}n
Pr[ai = v] Pr[vx⊕ bi = 0]

=
∑

v∈{0,1}n
Pr[ai = v] Pr[bi = vx mod 2]

=
∑

v∈{0,1}n
Pr[ai = v]

1

2
=

1

2

Hence, Pr[Ax+b = 0 mod 2] =
∏

i Pr[aix+bi = 0 mod 2] = 1
2m

for any x, proving

uniformity.

With such a family of hash functions, Theorem 1 as such does not hold, but

the following weaker, one-directional version still does:

Theorem 10. For any δ > 0, positive constant α ≤ 0.0042 with probability at least

(1−δ), LB-WISH (w, n = log2 |X |,∆, α, f) outputs an estimate no larger than 16Z =

16
∑

σ∈X w(σ).

In other words, even without pairwise independence, the output divided by

16 is a lower bound with high probability. To prove this result, we employ a

proof strategy similar to the one used to prove Theorem 1.

Specifically, we prove a new bound on Mi that holds regardless of pairwise

independence:

Lemma 8. Suppose hiA,b is chosen from a family Hn,i of universal (but not necessarily

pairwise independent) hash functions. Let Mi = Median(w1
i , · · · , wTi ) be defined as in
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Algorithm 4 and bi as in Definition 3. Then, for all c ≥ 2, there exists an α∗(c) > 0

such that for 0 < α ≤ α∗(c),

Pr
[
Mi ≤ bmax{i−c,0}

]
≥ 1− exp(−αT )

Proof. The statement trivially holds when i − c ≤ 0. Otherwise, let us define

the set of the 2j heaviest configurations as in Definition 3, Xj = {σ1, σ2, · · · , σ2j}.

Define the following random variable Sj(hiA,b) ,
∑

σ∈Xj
1{Aσ=b mod 2}which gives

the number of elements of Xj satisfying the random parity constraints Aσ =

b mod 2. The randomness is over the choice of A and b when hiA,b is sampled

from Hn,i. Since Hn,i is a family of uniform hash functions, by definition for

any σ the random variable 1{Aσ=b mod 2} is Bernoulli distributed with probability

1/2i. Then it follows that E[Sj(h
i
A,b)] =

∑
σ∈Xj

1/2i =
|Xj |
2i

= 2j−i.

The random variable wi is defined as wi = maxσ w(σ) subject to Aσ = b

mod 2. Then we have:

Pr[wi ≤ bj] = Pr[wi ≤ w(σ2j)] ≥ Pr[Sj(h
i
A,b) < 1]

which is the probability that no configuration from Xj satisfies i randomly

chosen parity constraints. Notice that Sj(hiA,b) is non-negative, hence from

Markov’s Inequality, Pr[Sj(h
i
A,b) ≥ 1] ≤ E[Sj(h

i
A,b)] = 2j−i. Thus for j = i − c

and c ≥ 2, we have:

Pr[wi ≤ bi−c] ≥ Pr[Si−c(h
i
A,b) < 1] ≥ 1− 2−c ≥ 3/4

Finally, since w1
i , · · · , wTi are i.i.d. realizations of wi, we can apply Chernoff’s

Inequality to the corresponding indicator variables It = I(wti ≤ bi−c) each with

mean ≥ 3/4 and obtain:

Pr [Mi ≤ bi−c] = Pr

[∑
t

It ≥ T/2

]
≥ 1− exp(−α∗(c)T )

where α∗(2) = 2(3/4− 1/2)2 = 1/8.
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With this new lemma, we have all we need to prove Theorem 10. The proof

is identical to the one of Theorem 1.

6.7 Experimental Evaluation

We evaluate SPARSE-WISH using the Integer Linear Programming (ILP) formu-

lation from Section 5.2 to solve the MAP inference instances in the inner loop of

the algorithm. We use the Integer Programming solver CPLEX with a timeout

of 10 minutes on Intel Xeon 5670 3GHz machines with 48GB RAM, obtaining at

the end a lower bound and, by solving a sequence of LP relaxations, an upper

bound on the optimization instances. These translate into bounds for the gen-

erally intractable partition function Z 1. We evaluate these bounds on M ×M

grid Ising models for M ∈ {10, 15}. In an Ising model, there are M2 binary vari-

ables, with unary potentials ψi(xi) = exp(fixi) and (mixed) binary interactions

ψij(xi, xj) = exp(wijxixj), where wij ∈R [−w,w] and fi ∈R [−F, F ]. The external

field is F ∈ {0.1, 1.0}.

We compare SPARSE-WISH with WISH (based on the same ILP formulation,

but with denser f = 0.5 constraints which on average involve half of the vari-

ables), with Loopy BP [74] which estimates Z without providing any accuracy

guarantee, Tree Reweighted BP [98] which gives a provable upper bound, and

Mean Field [99] which gives a provable lower bound. We use the implementa-

tions in the LibDAI library [73], allowing 1000 random restarts for Mean Field.

Figure 6.2 shows the error in the resulting estimates, where ground truth is from

Junction Trees [66].
1When all the ILPs are solved to optimality, upper and lower bounds match and the value is

guaranteed to be a constant factor approximation for Z.
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We see that SPARSE-WISH provides significantly better bounds compared

to the original WISH algorithm. Since they are both run for the same amount

of time using the same combinatorial optimization suite, the improvement is

to be attributed entirely to the sparser constraints employed by SPARSE-WISH,

which are easier to reason about. Intuitively, as seen in Figure 5.3 the LP relax-

ation obtained using shorter XORs is much tighter, hence improving the quality

of the bounds, and yielding overall the best provable upper and lower bounds

among all algorithms we considered. Notice the improvement in terms of lower

bound is smaller because in both cases the bounds are quite tight (with an error

close to 0). Remarkably, SPARSE-WISH is the only method that does not deterio-

rate as the coupling strength is increased. We emphasize that the improvement

over WISH comes at no cost, because thanks to our carefully chosen density

thresholds f ∗, we maintain the same theoretical properties without trading off

accuracy for speed.

6.7.1 Model Counting for SAT

Long parity constraints are difficult to reason about not only for Integer Pro-

gramming solvers but also for SAT solvers. In fact, SAT solvers can be substan-

tially faster on sparser parity constraints than those of length n/2 [51].

The use of short parity constraints for model counting (i.e., count the num-

ber of solutions of a SAT instance) was investigated by Gomes et al. [52], where

it was empirically shown that short XORs perform well on a wide variety of

instances a number of problem domains. Our analysis provides the first the-

oretical basis for this observed empirical phenomenon, while also providing a

99



principled way to estimate a priori a suitable length of parity constraints to use.

Table 6.1 reports the bounds obtained with our analysis on the benchmark

used by Gomes et al. [52]. The best previously known theoretical bound on

the length was n/2, based on the pairwise independent construction (Proposi-

tion 1). The best previously known empirical bound was computed by find-

ing the smallest XOR length such that the variance of the resulting model

count estimate is the same as what one would obtain with pairwise indepen-

dent functions, which can be easily computed analytically. The new provable

bound is computed by looking for the shortest XOR length that gives (µ2, δ)-

concentration and therefore provides a “correct” answer more than half the

time (as in Proposition 4). Specifically, by Theorem 7, we look for the min-

imum XOR length satisfying the weak (µ2, 9/4)-concentration condition given

by Corollary 2, where the number of variables (n), the log of the set size (log2 |S|),

and the number of XORs (m) are taken from Gomes et al. [52] and reported in

the first three columns of Table 6.1. The new empirical bound is also based on

the shortest XOR length yielding weak (µ2, 9/4)-concentration, but using Propo-

sition 5 for general hash families and taking the sample variance as a proxy for

the true variance, σ2.

On this diverse benchmark spanning a variety of domains (Latin square

completion, logistic planning, hardware verification, random, and synthetic),

the new theoretical bound on the minimum XOR length is significantly smaller

than n/2. The empirical bound we achieve (last column, often in single dig-

its and thus extremely efficient for SAT solvers) is also much smaller than the

previously reported empirical bound. The gap between our new provable and

empirical bounds is due to the intricate structure of the set S of solutions. If the
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Instance Provable Empirical
Num log2 Num Bounds Bounds

Name Vars Solns XORs Old New Old New
ls7R34med 119 10 7 59 46 6 3
ls7R35med 136 12 9 68 53 7 3
ls7R36med 149 14 11 74 56 7 3

log.c.red 352 19 10 176 112 98 28
2bitmax 6 252 97 87 126 26 – 8

wff-3-100-330 100 32 25 50 21 17 7
wff-3-100-380 100 22 15 50 27 26 8
wff-3-100-396 100 18 11 50 29 38 10
string-50-30 50 30 20 25 8 11 4
string-50-40 50 40 30 25 5 >10 4
string-50-49 50 49 39 25 3 6 3

blk-50-3-10-20 50 23 13 25 10 >15 5
blk-50-6-5-20 50 26 16 25 9 15 4

blk-50-10-3-20 50 30 20 25 8 15 3

Table 6.1: Provable and empirical minimum length of random XOR constraints
to be suitable for model counting for SAT on benchmark instances.

solutions in S are far away on average (hence less correlated when using sparse

parity constraints), we obtain an empirical variance that is much tighter than

our provable worst-case bound. Overall, our new bounds significantly improve

upon the previous best known bounds in all cases considered.

6.8 Discussion

We explored the use of sparse low density parity check constraints inside the re-

cent family of probabilistic inference techniques based on universal hash func-

tions, providing a new set of guarantees on the results obtained. We showed

how we can utilize arbitrarily sparse constraints (corresponding to uniform

hash functions, without any other guarantee on the independence of the action),
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while still providing probabilistic lower bound guarantees for the problem of

computing the partition function. We introduced a new class of hash functions,

called Average Universal, that can be constructed using low-density (but suffi-

ciently dense, based on a provable analytic condition) parity constraints. While

statistically weaker than traditional strongly universal hash functions, these are

still powerful enough to be used in hashing-based randomized probabilistic in-

ference schemes such as WISH. Sparse parity constraints are empirically much

easier to do inference with, a well-known fact in the context of low-density par-

ity check codes. By substituting dense parity constraints with sparser ones, we

obtain variations of inference and counting techniques that have the same prov-

able guarantees but are empirically much more tractable. Finally, we showed

empirically that by solving a sequence of LP relaxations we can obtain not only

very accurate lower bounds but also upper bounds that are much tighter than

the ones provided by TRWBP, which is based on tree decomposition and con-

vexity. We also showed that using average universal hash function in place of

strongly universal ones (and hence sparser parity constraints) leads to signifi-

cant improvements in the bounds obtained by the recent WISH algorithm and

in model counting applications for SAT.
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Figure 6.1: Evaluation of the bound on the density of the parity constraints re-
quired to achieve sufficiently good statistical properties of the corresponding
family of hash functions, as a function of the dimensionality n and the number
of constraints m. Top: m = n/2, varying n. Bottom: n = 100, varying m.
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Figure 6.2: Bounds on the partition function of Ising grids with mixed interac-
tions. The bounds are obtained from LP relaxations using both dense and sparse
parity constraints implementing respectively Strongly Universal and Average-
Universal hash functions. Top: 10× 10 grid. Bottom: 15× 15 grid.
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CHAPTER 7

PROBABILISTIC INFERENCE WITH COMPLEX BACKGROUND

KNOWLEDGE FOR THE DISCOVERY OF NEW MATERIALS

In recent years, we have witnessed an unprecedented growth in data genera-

tion rates in many fields of science [57]. For instance, in combinatorial materials

discovery, one searches for materials with new desirable properties by obtain-

ing measurements on hundreds of samples in a single batch experiment [41, 75].

These are referred to as ‘high-throughput’ experiments, and are common to

many other fields such as molecular biology or astronomy, where there is a need

to optimize the data throughput of high-cost equipment [2]. As manual data

analysis is becoming more and more impractical, there is a growing need to de-

velop new techniques to automatically analyze and interpret such vast amount

of data for important trends and results. Modern statistical machine learning

and data-mining approaches have been quite effective in extracting relevant in-

formation from the ever increasing streams of raw digital data. However, in sci-

entific data analysis, there is a large amount of rather complex domain-specific

background knowledge that needs to be taken into account, such as the physical

and chemical properties of the materials in the combinatorial materials discov-

ery domain.

In this Chapter, we describe a novel approach to the phase map identifica-

tion problem, a key step towards understanding the properties of new materials

created and examined using the combinatorial materials discovery method. The

process of identifying a phase map has been traditionally carried out manually

by domain-experts, but a completely automatic solution for the phase map iden-

tification problem would open the way for even more automation in the combi-
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natorial approach pipeline. Further, a scalable and reliable automatic data inter-

pretation procedure would allow us to analyze larger datasets that go beyond

the capabilities of human experts.

In our approach, we integrate domain-specific scientific background knowl-

edge about the physical and chemical properties of the materials into an SMT

reasoning framework based on linear arithmetic. The problem has a hybrid na-

ture, with continuous measurement data, discrete decision variables and com-

binatorial constraints at the same time. We show that using our novel encoding,

state-of-the-art SMT solvers can automatically analyze large synthetic datasets,

and generate interpretations that are physically meaningful and very accurate,

even in the presence of artificially added noise. Moreover, our approach scales

to realistic-sized problem instances, outperforming a previous approach based

on Constraint Programming and a set-variables encoding [67]. Finally, we can

leverage the reasoning power of SMT solvers to jointly reason about the data

and the background knowledge in a fully probabilistic way using the PAWS and

WISH schemes presented in this thesis. For example, using the PAWS scheme

presented in Chapter 4, we can sample interpretations of the data which are

consistent with the background knowledge using a state-of-the-art SMT solver

as a black box. We think this approach will open a range of new possibilities

for combining deductive reasoning based on prior knowledge (e.g., the physics

of the system) and inductive reasoning based on experimental data, providing

an elegant way to leverage the reasoning power of a state of the art constraint

optimizer like an SMT solver in a machine learning setting where we want to

extract knowledge from data. We see this work as a first step towards using

automated reasoning technology to aid the scientific discovery process. While

several aspects of our method are specific to the materials discovery application,
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the approach we take to scientific data analysis is general. Given the flexibility

and reasoning power of modern day SMT solvers, we expect to see more appli-

cations of this technology to other fields of science.

7.1 Combinatorial Materials Discovery

The combinatorial method is a general experimentation setting where many

simultaneous experiments are performed and analyzed in batch at each step.

This experimental methodology is intended to speed up the scientific discov-

ery process, and is becoming common in a number of areas, including catalyst

discovery, drug discovery, polymer optimization, and chemical synthesis. For

example, new catalysts have been discovered 10 to 30 times faster using the

combinatorial approach rather than conventional methodology [41, 75]. This is

an important research direction in the field of Computational Sustainability, for

instance because new materials with improved catalytic activity can be used for

fuel cell applications [55].

In this paper, we consider a combinatorial materials discovery approach

called composition-spread, that has been recently applied with success to speed

up the discovery of new catalysts [96]. In the composition spread approach,

three metals (or oxides) are sputtered onto a silicon wafer using guns pointed at

three distinct locations, resulting in a so-called thin film. Different locations on

the silicon wafer correspond to different concentrations of the sputtered materi-

als, depending on their distance from the gunpoints. During experimentation,

a number of locations (samples) on the thin film are examined using an x-ray

diffraction technique, obtaining a diffraction pattern for each sampled point that

gives the intensity of the electromagnetic waves as a function of the scattering
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angle of radiation. The observed diffraction pattern is closely related to the un-

derlying crystal structure, which provides important insights into chemical and

physical properties of the corresponding composite material.

A key step towards understanding the chemical and physical properties of

the composite materials on a thin film is to obtain a so-called phase map, that

is used to identify regions of the silicon wafer that share the same underlying

crystal structure (see Figure 7.2 for an example). Intuitively, the idea is that the

different diffraction patterns observed across the thin film can all be explained

as combinations of a small number (typically, less than 6) of diffraction patterns

called basis patterns or phases. Finding the phase map corresponds to identifying

these basis patterns and their location on the silicon wafer. This is a challeng-

ing task because we only observe combinations of the basis patterns, and the

measurements are affected by noise. Furthermore, due to a fairly complicated

physical process dealing with the expansion of crystals on the lattice, basis pat-

terns can appear scaled (contracted to a smaller or larger frequency range), and

they must satisfy a number of physical constraints (for instance, basis patterns

must appear in contiguous locations on the thin film and there is a maximum

number of basis patterns that can appear in each sample diffraction pattern).

7.1.1 Phase Map Identification

Formally, we are given P diffraction patterns D0, · · · ,DP−1, one for each of the

P points sampled on the thin film, where each vector Di = (d0,i, · · · , dB−1,i) ∈

(R≥0)B represents the intensity of the electromagnetic waves for a fixed set of B

scattering angles of radiation. The sample points are embedded into a graph G,
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such that there is a vertex for every point and edges connect points that are close

on the thin film (for instance, based on Delaunay triangulation). Given a norm

|| · || (for instance, an L∞ norm), we want to find K basis patterns B0, · · · ,BK−1

where Bi ∈ (R≥0)B, coefficients ai,j ∈ R and scaling factors si,j ∈ R for i =

0, · · · , P − 1, j = 0, · · · , K − 1 that minimize
P−1∑
i=0

||Di −
∑

ai,jS (Bj, si,j) || (7.1)

where S(·) is an operator modeling the scaling phenomena (see below), and the

coefficients ai,j must satisfy

ai,j ≥ 0 i = 0, · · · , P − 1, j = 0, · · · , K − 1

|{j|ai,j > 0}| ≤M i = 0, · · · , P − 1

that is, they are non-negative and no more than M basis patterns can be used

to explain a point i. Furthermore, the subgraph induced by {i|ai,j > 0}must be

connected for j = 0, · · · , K − 1 (so that the basis patterns appear in contiguous

locations on the thin film). The scaling operator S(·) models the potential ex-

pansion of the crystals on the lattice. Specifically, a peak appearing at scattering

angle a in the k-th basis pattern might appear respectively at scattering angles

sp,k · a and sp′,k · a at points p, p′ of the silicon wafer because of the scaling effect.

For each basis pattern k, the corresponding scaling coefficients si,k must be con-

tinuous and monotonic as a function of the corresponding location i on the thin

film. Further, the presence of 3 or more basis patterns in the same point prevents

any significant expansion of the crystals, and therefore scalings do not occur.

Notice that this formulation is closely related to a principal component anal-

ysis (PCA) of the data, but includes additional constraints needed to ensure

that the solution is physically meaningful, such as the non-negativity of eigen-

vectors, connectivity, and phase usage limitations.

109



Figure 7.1: Left: Pictorial depiction of the phase map identification problem,
showing a set of sampled points on a thin film. Each sample corresponds to a
different composition, and has an associated measured X-ray diffraction pat-
tern. Colors correspond to different combinations of the basis patterns α, β, γ, δ.
On the right: Scaling (shifting) of the diffraction patterns as one moves from one
point to a neighboring one.

7.2 Prior Work

There have been several attempts to automate the phase map identification pro-

cess. Most of the solutions in the literature are based on unsupervised ma-

chine learning techniques, such as clustering and non-negative matrix factor-

ization [68, 69]. While these approaches are quite effective at extracting infor-

mation from large amounts of noisy data, their major limitation is that it is hard

to enforce the physical constraints of the problem at the same time. As a re-

sult, the interpretations obtained with these techniques are often not physically

meaningful, for instance because regions corresponding to some basis patterns

are not connected [67].

To address these limitations, in [67] they used a Constraint Programming

approach to enforce the constraints on the phase maps, defining a new problem

called Pattern Decomposition with Scaling. They propose an encoding based on

set variables, but the main limitation of their work is that current state-of-the-
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art CP solvers cannot scale to realistic size instances (e.g., with at least 40 sample

points). To overcome this limitation, the authors used a heuristic preprocessing

step based on clustering to fix the value of certain variables before attempting to

solve the problem. While the solutions they found are empirically shown to be

accurate, their strategy cannot provide any guarantee because it only explores

part of the search space.

Our approach is similar to the one proposed in [67], but in this work we

introduce a novel SMT encoding based on arithmetic to formulate the phase

map identification problem. The SMT formalism nicely captures the hybrid na-

ture of the problem, which involves discrete decision variables and continuous

measurement data at the same time. Furthermore, we show that the ability to

reason at the level of arithmetic operations of SMT solvers allows our approach

to scale to instances of realistic size without need for Machine Learning-based

heuristics.

7.3 SMT-Aided Phase Map Identification

In our first attempt to model the phase map identification problem, we con-

structed an SMT-based model where we described the entire spectrum of all

the unknown basis patterns B0, · · · ,BK−1. However, this approach requires too

many variables to obtain a sufficiently fine-grained description of the diffraction

patterns, and ultimately leads to instances that cannot be solved using current

state-of-the art solvers. We therefore use the same approach presented in [67],

and we preprocess the diffraction patterns D0, · · · ,DP−1 using a peak detec-

tion algorithm, extracting the locations of the peaks Q(p) in the x-ray diffraction
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pattern of each point p (see Figure 7.1). This is justified by the nature of the

diffraction patterns, as constructive interference of the scattered x-rays occurs

at specific angles (thus creating peaks of intensities) that characterize the under-

lying crystal. Furthermore, matching the locations of the peaks is what human

experts do when they try to manually solve these problems.

Given the sets of observed peaks {Q(p)}P−1
p=0 extracted from the measured

diffraction patterns D0, · · · ,DP−1, our goal is to find a set of peaks {Ek}K−1
k=0 for

the K basis patterns that can explain the observed sets of peaks {Q(p)}P−1
p=0 . The

new variables {Ek}K−1
k=0 therefore replace the original variables B0, · · · ,BK−1 in

the problem described earlier in Section 2. For each peak c ∈ Q(p) we want to

have at least one peak e ∈ Ek that can explain it, i.e.

∀c ∈ Q(p)∃e ∈ Ek s.t. (ap,k > 0 ∧ |c− sp,k · e| ≤ ε)

where ε is a parameter that depends on how accurate the peak-detection algo-

rithm is. Notice that we match the location of the peak, which can be measured

accurately, but not its intensity, which can be very noisy. At the same time, we

want to limit the number of missing peaks, i.e. peaks that should appear be-

cause they belong to some basis pattern but have not actually been measured.

Therefore, instead of optimizing the objective in equation (7.1), we consider an

approximation given by

P−1∑
p=0

K−1∑
k=0

1[ap,k>0]

∑
e∈Ek

1[∀c∈Q(p),|c−sp,k·e|>ε]

that gives the total number of missing peaks. All the other constraints of the

problem previously introduced are not affected and still need to be satisfied.

Note that we can avoid the use of expensive non-linear arithmetic by using a

logarithmic scale for the x-ray data, so that multiplicative scalings become lin-

ear operations. We refer to these effects (corresponding to the scalings in the

112



original problem formulation) as shifts. For each point, we therefore define a set

A(p) = {log q, q ∈ Q(p)} of peak positions in log-scale and similarly we repre-

sent the positions of the peaks of the basis patterns using the same logarithmic

scale.

After a preliminary investigation where we evaluated the performance of

real-valued arithmetic, we decided to discretize the problem and use Integer

variables to represent peak locations (with a user-defined discretization step).

Since the diffraction data is measured using digital sensors, there is no actual

loss of information if we use a small enough discretization step, and it signif-

icantly improves the efficiency of the solvers. In the resulting SMT model we

therefore use a quantifier-free linear integer arithmetic theory.

7.3.1 Model Parameters

Let P be the number of sampled points on the thin film. We define L as the max-

imum number of peaks per point, i.e. L = maxp |Ap|. Based on the observed

patterns, we precompute an upper and lower bound emax and emin for the posi-

tions of the peaks: emax = maxp maxa∈A(p) a, emin = minp mina∈A(p) a. There are

also a number of user-defined parameters. K is the total maximum number of

basis patterns used to explain the observed diffraction patterns, while M is the

maximum number of basis patterns that can appear in any point p. ε is a tol-

erance level such that two peaks within an interval of size 2ε are considered to

be overlapping. εS is a bound on the maximum allowed difference in the shifts

of neighboring locations on the thin film, while Smax is a bound on the maxi-

mum possible shift. Furthermore, the user specifies a parameter T which gives
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a bound on the total number of peaks that should appear because they belong to

some basis pattern but have not actually been measured (we will refer to them

as missing peaks).

7.3.2 Variables

We use a set of Boolean variables

rp,k, p = 0, · · · , P − 1, k = 0, · · · , K − 1

where rp,k = TRUE means that phase (basis pattern) k appears in point p (i.e.,

ap,k > 0). We also have the following Integer variables:

ek,`, k = 0, · · · , K − 1, ` = 0, · · · , L− 1

Sp,k, p = 0, · · · , P − 1, k = 0, · · · , K − 1

Ip,k, p = 0, · · · , P − 1, k = 0, · · · , K − 1

tp, p = 0, · · · , P − 1

where ek,` represents the position of the `-th peak of the k-th basis pattern. Sp,k

represents the shift of the k-th basis pattern at point p. The variables Ip,k are

redundant and used to count the number of phases used at point p. The vari-

ables tp represent the number of unexplained peaks at point p, i.e. the number

of missing peaks at point p. These are peaks that should appear according to the

values of {rp,k}K−1
k=0 , {ek,`}

L−1
`=0 , and {Sp,k}K−1

k=0 , but are not present, i.e. they do not

belong to Q(p).
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7.3.3 Constraints Encoding Prior Knowledge

The variables Ip,k are Integer indicators for the Boolean variables rp,k that must

satisfy

0 ≤ Ip,k ≤ 1 k = 0, · · · , K − 1, p = 0, · · · , P − 1

rp,k ⇔ (Ip,k = 1) k = 0, · · · , K − 1, p = 0, · · · , P − 1

Peak locations ek,` in the basis patterns are bounded by what we observe in the

x-ray diffraction pattern:

emin ≤ ek,` ≤ emax, k = 0, · · · , K − 1, ` = 0, · · · , L− 1

Shifts are bounded by the maximum allowed shift, and can be assumed to be

non-negative without loss of generality:

0 ≤ Sp,k ≤ Smax, k = 0, · · · , K − 1, p = 0, · · · , P − 1

Every peak a ∈ A(p) appearing at point pmust be explained by at least one peak

belonging to one phase k, which can appear shifted by Sp,k:

K−1∨
k=0

L−1∨
`=0

(
rp,k ∧ (|ek,` + Sp,k − a| ≤ ε)

)
∀p,∀a ∈ A(p)

Inequalities involving the absolute value of an expression of the form |e| < c

where c is a positive constant are encoded as (e < c) ∧ (e > −c).

If a phase k is chosen for point p (i.e., rp,k = TRUE), then most of the peaks

ek,0, · · · , ek,L−1 should belong toQ(p). We count the number of missing peaks as

follows:

tp =
K−1∑
k=0

L−1∑
`=0

ITE(rp,k ∧ ¬

 ∨
a∈A(p)

(|ek,` + Sp,k − a| ≤ ε)

 , 1, 0),∀p
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where ITE is an if-then-else expression. Here we assume that each phase con-

tains at least one peak, but since peaks can be overlapping (e.g., ek,` = ek,`+1) a

basis pattern is allowed to contain less than L distinct peaks.

Missing Peaks Bound

We limit the number of total missing peaks (across all points p) with the user-

defined parameter T
P−1∑
p=0

tp ≤ T

Intuitively, the smaller T is, the better an interpretation of the data.

Phase Usage

There is a bound M on the total number of phases that can be used to explain

the peaks observed at any location p:
K−1∑
k=0

Ip,k ≤M, p = 0, · · · , P − 1

For instance, when three metals or oxides are used to obtain the thin film, we

have a ternary system, where no more than three phases can appear in each point

p, that is M = 3.

Shift Continuity

Phase shifting is a continuous process over the thin film. We therefore have the

following constraint:

|Sp,k − Sp′,k| < εS,∀p,∀p′ ∈ N (p)
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where N (p) is the set of neighbors of p according to the connectivity graph G

(i.e., points that lie close to p on the thin film).

Shift Monotonicity

Let D = (d0, · · · , dt) where di ∈ {0, · · · , P − 1} be a sequence of points that lie

in a straight line on the thin film. Shifting is a monotonic process, i.e. it must

satisfy the following constraint(
t−1∧
i=0

(
Sdi,k ≥ Sdi+1,k

))
∨

(
t−1∧
i=0

(
Sdi,k ≤ Sdi+1,k

))
, k = 0, · · · , K − 1

Since points are usually collected on a grid lattice on the silicon wafer, we en-

force ?hift monotonicity?on the lines forming the grid.

Ternary Phases Shift

Ternary phases (where 3 basis patterns are used) are not affected by shifting:((
K−1∑
k=0

Ip,k = 3

)
∧
K−1∧
k=0

(rp,k ⇔ rp′,k)

)
⇒ (Sp,k = Sp′,k) , ∀p, ∀p′ ∈ N (p)

where N (p) is the set of neighbors of p.

Connectivity Constraint

Each of the basis patterns must be connected. Formally, for every pair of points

p, p′ such that rp,k ∧ rp′,k, there must exist a path P from p to p′ such that rj,k =

TRUE for all j ∈ P. Since it would require too many constraints, we use a lazy

approach to enforce connectivity. If we find a solution where a basis pattern k

117



is not connected, i.e. there exists p, p′ such that rp,k ∧ rp′,k but there is no path P

with p, p′ as endpoints such that rj,k = TRUE for all j ∈ P, then we consider the

smallest cut C between p and p′ such that rj,k = FALSE for all j ∈ C and we

add a new constraint

(rp,k ∧ rp′,k)⇒
∨
c∈C

rc,k

Symmetry Breaking

Without loss of generality, we can impose an ordering on the peak locations

within every phase k:

ek,` ≤ ek,`+1, ` = 0, · · · , L− 2, k = 0, · · · , K − 1

Furthermore, notice that the problem is symmetric with respect to permutations

of the phase indexes k = 0, · · · , K − 1. We therefore enforce an ordering on the

way phases are assigned to points

∧K−1
k=1 (r0,k ⇒ r0,k−1)

· · ·∧K−1
j=1

((∧Y
i=0 ¬ri,j

)
⇒
∧K−1
k=j (rY+1,k ⇒ rY+1,k−1)

)
where we set Y = 4.

7.4 Experimental Results

We evaluate the performance of our approach on a benchmark set of synthetic

instances for which the ground truth is known (namely, what the true basis pat-

terns are and how they are combined to form the observed diffraction patterns).
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All the systems we consider are ternary, where three metals are combined, so

that M is set to 3 in the entire experimental section. For all experiments, two

peaks are considered to be overlapping if they are within 1% of each other, and

the maximum allowed shift is 15%.

We compare our SMT-based approach with the Constraint Programming

based solution presented in [67]. Since their CP-based formulation does not

scale to realistic-sized instances, they integrate a Machine Learning based com-

ponent to simplify the problem that the CP solver needs to solve to improve

scalability. Note that by doing this they lose the completeness of the search,

because they only explore a subtree (suggested by the ML part) of the original

search space. In contrast, our approach scales to instances of realistic size (with

over 40 points) without need for the ML component. Note however that if de-

sired, the ML heuristic component could be easily integrated with our method.

Synthetic Data

We consider the known Al-Li-Fe system previously used in [67], represented

with a ternary diagram in Figure 7.2. A ternary diagram is a simplex where each

point corresponds to a different concentration of the three constituent elements,

in this case Al, Li, and Fe. The composition of a point depends on its distance

from the corners. For a fixed value of the parameter P , synthetic instances are

generated by sampling P points in the ternary diagram, each corresponding to

different concentrations of the three constituent elements. For each point, syn-

thetic x-ray diffraction patters are generated starting from known diffraction

patterns of the constituent phases, that are combined according to the concen-

trations of the elements in that point. A peak detection algorithm is then used
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to generate a discrete set of peaks.

We first consider a set of instances without any noise, for which we have the

exact location of all the peaks for every sample (the maximum number of peaks

per sample is L = 12), without any outlier or missing peak. Starting from the

diffraction patterns and the corresponding peaks, we generate the correspond-

ing instance using the formulation described in the previous section, encoded

in the SMTLibV2 language. In this case, we set K = 6, the true number of un-

derlying unknown basis patterns, and we try to recover a solution with T = 0

missing peaks. We also consider a set of simplified instances, where we fix some

of the six unknown basis patterns to their true values. We solved these instances

on a 3 Ghz Intel Core2Duo machine running Windows, using the SMT solvers

Z3 [20] and MathSAT5 [56]. However, MathSAT is significantly slower (for in-

stance, it takes over 50 minutes to solve a small instance with P = 10 points

that Z3 solves in about 15 seconds) and it does not scale to larger problems. We

therefore report only times obtained with Z3.

Running time

We compare our method with previous CP-based approach presented in [67] on

the same set of benchmark instances. The runtime for the CP solver are taken

from [67], and were obtained on a comparable 3.8 GHz Intel Xeon machine. In

Table 7.1 we show runtime as a function of the instance size P and the number

of basis patterns left unknown K ′ (e.g., K ′ = 3 when the instance has been

simplified by fixing three out of the six unknown basis patterns).

As we can see from the runtimes reported in Table 7.1, our approach based
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on SMT and Z3 is always considerably faster, except for the smallest simplified

problems where the difference is in the order of a few seconds. More impor-

tantly, our SMT-based approach shows a significantly improved scaling behav-

ior, and can solve problems of realistic size with 6 unknown phases and over

40 points within an hour. In contrast, the previous CP-based approach can only

solve simplified problems and cannot solve any problem with 6 unknown basis

patterns [67].

Dataset Z3 (s) ILOG Solver (s)
P=10 K’=3 8 0.5

K’=6 12 timeout at 1200
P=15 K’=3 13 0.5

K’=6 20 timeout at 1200
P=18 K’=3 29 384.8

K’=6 125 timeout at 1200
P=29 K’=3 78 276

K’=6 186 timeout at 1200
P=45 K’=6 1110 timeout at 1200

Table 7.1: Runtime for analyzing X-Ray diffraction data with a Satisfiability
Modulo Theory solver. P is the number of sampled points. K ′ is the number of
unknown basis patterns. e is the number of peaks missing due to measurement
errors.

Dataset Precision (%) Recall (%)
P=10, e=0 95.8 100
P=15, e=0 96.6 100
P=18, e=0 97.2 96.6
P=28, e=0 96.1 92.8
P=45, e=0 95.8 91.6
P=15, e=1 96.1 99.6
P=15, e=2 96.3 99.3
P=15, e=3 96.7 99.5
P=15, e=4 95.3 98.9
P=15, e=4 94.8 99.7

Table 7.2: Accuracy of the phase map (crystal structure) obtained with our au-
tomatic analysis. P is the number of sampled points. K ′ is the number of un-
known basis patterns. e is the number of peaks missing due to measurement
errors.
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Solving Strategy

In order to understand whether the improvement comes from the new problem

encoding (based on integer arithmetic and not on set variables as the one in [67])

or from the SMT solving strategy, we translated our arithmetic-based encoding

as a Constraint Satisfaction Problem and as a Mixed Integer Program. As our

SMT model combines logical constraints and linear inequalities exclusively, a

Mixed Integer Programming (MIP) approach is particularly appealing. Indeed,

one can fairly naturally translate the logical constraints of our model, namely

‘Or’, ‘And’, ‘Not’, ‘IfThenElse’, into a system of linear inequalities by using ad-

ditional binary variables, and be left with a MIP formulation. The ability of the

MIP to handle continuous variables for both the peak locations and the shifts,

as well as to reason in terms of an objective function (e.g., the total number of

missing peaks) makes it an attractive option. Nevertheless, the translation of

the logical constraints yields a high number of binary variables (e.g., over 23K

binary variables for a synthetic instance with P = 10), which contrasts with a

low total number of continuous variables (about 120 for the same instance) and

thus, weakens the potential of the MIP formulation. Empirically, none of the

instances could be solved by the MIP formulation within the time limit of one

hour. Similarly, we were not able to solve any of the instances (not even when

simplified) obtained from translating our SMT formulation (symmetry breaking

constraints included) to a CSP using the state-of-the-art IBM ILOG Cplex Solver

within one hour. This suggests that the improvement over CP based solutions

is not achieved thanks to the different problem encoding, but is due to the SMT

solving procedure itself, which is stronger in the reasoning part and can handle

well the intricate combinatorial constraints of the problem.
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Accuracy

We evaluate the accuracy of our method by comparing the solutions we find

(i.e., the phase map given by the values of rp,k for p = 0, · · · , P − 1, k =

0, · · · , K− 1) with the ground truth in terms of precision/recall scores, reported

in Table 7.2. Precision is defined as the fraction of the number of points cor-

rectly identified as belonging to phase k (true positives), over the total number

of points identified as belonging to phase k (true positives + false positives).

Recall is defined as the fraction of points correctly identified as belonging to

phase k (true positives) over the true number of points belonging to phase k

(true positives + false negatives). These values are obtained by comparing with

ground truth all K! permutations of the phases we obtain, and taking the one

with the smallest number of errors (recall that the problem is symmetric with

respect to permutations of the phase indexes k). Further, the values in Table 7.2

are the precision/recall scores obtained for each single phase k averaged over

the K = 6 phases. The results show that the phase maps we identify are always

very accurate, with precision and recall values always larger than 90%.

Robustness

To evaluate the robustness of our method to experimental noise, we also con-

sider another dataset from [67] where peaks are removed from the observed

diffraction patterns with probability proportional to the square of the inverse

peak height, in order to simulate the fact that low-intensity peaks might not be

detected or they can be discarded by the peak detection algorithm. This situa-

tion is common for real-world instances, where measurements are affected by

noise. We consider instances generated by removing exactly e peaks from the
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Figure 7.2: Phase map for the synthetic Al-Li-Fe system with 45 sampled points.
Each of the six colored areas represents one of the basis patterns (α, β, ..., ζ) of
the ground truth, while the colored dots correspond to the solution of our SMT
model. The SMT results closely delimit each phase of the ground truth, which is
quantitatively validated by the high precision and recall scores of our approach.

observed diffraction patterns, and we solve them by setting the upper bound T

on the number of missing peaks equal to e. In figure 7.3 we see the median run-

ning time as a function of the number of missing peaks T . This is averaged over

10 instances with P = 15 points, and 20 runs per instance, with a timeout set at

1 hour. As shown in figure 7.3, the problem becomes significantly harder as we

introduce missing peaks, because the constraint on the total number of missing

peaks allowed T becomes less and less effective at pruning the search space as

T grows. However, the median running time appears to increase linearly, and

we are still able to recover a phase map efficiently even for instances affected by

noise.

In table 7.2 we show precision recall values for these instances affected by

noise. We see that the phase maps we identify are still very accurate even in

presence of noise, with precision/recall scores over 95%.
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Figure 7.3: Median running time as a function of the bound on the total number
of missing peaks T .

7.4.1 Sampling Phase Maps Using PAWS

In general there is not a unique solution (i.e., an assignment to all the variables,

corresponding to a set of basis patterns and a phase map) to the constraint pro-

gram formulated in the previous section. Given some measurement data, there

are generally several competing interpretations, and we can score each candi-

date phase map based on the number of “missing peaks” (that is, peaks that

are measured but not accounted for by the chosen basis patterns). So far we

looked at the problem of finding a single phase map that achieves the the small-

est number of missing peaks. However, to get a more precise idea of what is

the unknown, underlying phase map, scientists would like to know if there are

other competitive interpretations of the data and how they look like. In order

to achieve this goal, we use the PAWS sampling algorithm described in Chap-

ter 4 to uniformly sample from the set of phase maps achieving the the smallest

number of missing peaks. This approach is very appealing because using PAWS
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we can leverage a state-of-the-art SMT solver such as Z3, without having to in-

troduce any modification. At a high level, we simply need to use Z3 to solve the

constraint program augmented with randomly generated parity constraints.

In Table 7.3 we report the runtime required to find an optimal solution using

Z3 (an interpretation with the smallest number of missing peaks) versus the

time required to sample one (approximately) uniformly at random using the

PAWS scheme. The samples obtained have the theoretical guarantees proved in

Section 4. We see that although sampling is computationally harder than finding

a single solution, the overhead introduced by the PAWS scheme is very limited.

Qualitatively, the samples we obtain for the Al-Li-Fe system are consistent with

each other and they all reflect an underlying phase map close to ground truth.

The differences between the samples are at the borders of the phase regions,

where phases overlap and intuitively there is usually the highest uncertainty

because peaks get smaller and smaller and they overlap with each other. By

using a set of samples instead of a single solution we can therefore get a precise

sense of where the uncertainty lies in the phase map.

Dataset Finding a solution (s) Sampling with PAWS (s)
P=10 K’=6 8 9
P=15 K’=6 17 19
P=18 K’=6 40 99
P=29 K’=6 184 578
P=45 K’=6 1265 2587

Table 7.3: Comparison between the time needed to find a phase map using Z3
and sampling from the model using PAWS and Z3 as a black-box. P is the
number of sampled points. K ′ is the number of unknown basis patterns.
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7.5 Conclusions

We described a novel approach to the phase map identification problem, a key

step towards automatically understanding the properties of new materials cre-

ated and examined using the combinatorial method. In our approach, we inte-

grate domain-specific scientific background knowledge about the physical and

chemical properties of the materials into an SMT reasoning framework. Using

state-of-the-art SMT solvers, we are able to automatically analyze large syn-

thetic datasets, generating interpretations that are physically meaningful and

very accurate, even in the presence of measurement noise. Our experiments

show a novel application area for SMT technology, where we can exploit its

reasoning power in a hybrid setting with continuous measurement data and

rather intricate combinatorial constraints. Further, we demonstrated that by us-

ing our PAWS sampling scheme we can directly leverage SMT technology to

reason probabilistically about complex models which incorporate structured a

priori background knowledge.

As there is an ever-growing amount of data in many fields of science, a key

challenge is how to provide efficient methods for interpreting such data, a pro-

cess that often requires integration with domain-specific scientific background

knowledge. As a first step towards this goal, we demonstrated the use of au-

tomated reasoning technology to support the scientific data analysis process in

materials discovery. While several aspects of our method are specific to the

phase map identification problem, the data analysis approach is quite general.

Given the flexibility and ever-growing reasoning power of modern day SMT

solvers, we expect to see more applications to other areas of scientific explo-

ration that require sophisticated reasoning to interpret experimental data.
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CHAPTER 8

CONCLUSIONS AND RESEARCH DIRECTIONS

8.1 Summary of Contributions

Developing automated reasoning technology that will allow computer systems

to interact in an intelligent way with the real world is one of the long-standing

goals of AI. In this thesis we investigated computational aspects of dealing with

three of the major challenges that arise, namely high-dimensionality, uncertainty,

and the need to consider utility functions. Our research, which is partially in-

cluded in this thesis, makes contributions at two levels: 1) developing founda-

tional methods and algorithmic techniques to address these challenges and 2)

demonstrating the potential for applying probabilistic reasoning and decision

making technology to help solve some of the most challenging sustainability

problems of our times.

The first part of the thesis focused on developing new algorithmic tech-

niques for making inferences about complex, high-dimensional statistical mod-

els. This is a fundamental reasoning problem in AI and it is at the core of sta-

tistical machine learning methods and statistical applications in general. We in-

troduced a new approach based on hashing and combinatorial optimization to

tackle fundamental probabilistic inference problems, like computing marginal

probabilities or sampling from complex, high-dimensional statistical models.

Our techniques complement previous approaches such as MCMC and varia-

tional techniques, as it provides strong accuracy guarantees on the quality of

the results. Further, it allows us to leverage directly fast, off-the-shelf combi-

natorial optimization techniques. We believe this strategy is very promising
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because it allows us to directly leverage and take full advantage of the latest

developments in combinatorial optimization.

We investigated the hardness of the combinatorial optimization problems

subject to randomly generated parity constraints that arise in our scheme, both

from a theoretical and empirical perspective. We showed some deep connec-

tions with the max-likelihood decoding problem in information theory, and

demonstrated how to leverage techniques and ideas originally developed in

that context to make our combinatorial optimization problems more tractable in

practice. Exploiting a connection with information and coding theory, we also

introduced techniques to obtain provable bounds in polynomial time by con-

sidering tractable relaxations. These bounds can be further improved using a

new, more tractable class of random hash functions that we introduced and can

be implemented using low-density parity check codes (LDPC). These bounds

are empirically much tighter (often, by several orders of magnitude) than those

obtained using competing techniques.

We demonstrated the effectiveness of the new method on a variety of chal-

lenging application domains. Among several others, we looked at a scientific

data analysis problem arising in materials science, where we constructed a com-

plex statistical model to automatically analyze high-energy X-ray diffraction

data and determine the underlying crystal structure. The model is particu-

larly complex because it has to include information about the laws of physics to

achieve physically meaningful interpretations of the data and high levels of ac-

curacy. We think that our new probabilistic reasoning framework is particularly

well suited to deal with models that incorporate complex, causal relationships

among the variables (such as the ones imposed by the laws of physics, which
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rule out certain possibilities by assigning them a zero probability) because it can

leverage the reasoning power of state-of-the-art constraint optimization tech-

nology such as Satisfiability Modulo Theory solvers.

8.2 Future Work

Our long-term plan is to continue developing the formal foundations of probabilistic

reasoning, inference, and decision-making under uncertainty. Addressing these chal-

lenges will require a constant flow of ideas between foundational and applied

research, and successful solutions will likely lead to a whole new range of com-

putational techniques and applications. In particular, we will continue to ex-

plore applications in computational sustainability. Given the importance and

relevance of sustainability issues, these new insights and technological devel-

opments will benefit not only the scientific community but also society at large.

Some of the research directions we plan to explore are the following:

Probabilistic programming Probabilistic programs provide a very general

and powerful probabilistic modeling framework. Unfortunately, because of

the complex dependencies created by control-flow statements, probabilistic pro-

grams are also very difficult to reason about. These intricate deterministic de-

pendencies are particularly difficult to analyze using standard MCMC and vari-

ational methods. On the other hand, combinatorial reasoning tools such as Sat-

isfiability Modulo Theory (SAT/SMT) solvers are quite effective at reasoning

about deterministic programs, and are used widely in industry to analyze code

in software verification. Since we have already demonstrated the use of SMT

tools in the PAWS sampling scheme for the materials discovery application, the

130



idea of using SMT within our new probabilistic reasoning framework to make

inferences about probabilistic programs appears quite promising.

Combining deductive and inductive reasoning with applications to language

We believe that building the next generation of AI systems capable of dealing

with complex real-world processes will require a tighter integration between

deductive reasoning (where a conclusion is reached by reasoning from general

statements) and inductive reasoning (where a conclusion is reached from large

number of examples, as in machine learning). Specifically, we are interested in

pushing forward the idea of including structured prior human knowledge into

statistical models of data. Our physics-guided data-mining application in com-

binatorial materials discovery is a first step in this direction, but the same ideas

can be applied in numerous other fields. We are particularly excited about text

analysis, specifically extracting knowledge from text, where combining structured

knowledge with large amounts of noisy data presents great opportunities and

challenges [5, 13].

Combinatorial materials science Applying computer science and machine

learning techniques to materials science is a largely uncharted territory with

lots of opportunities, just as biology was in the early days of computational

biology. We plan to continue our collaboration with materials scientists, devel-

oping more sophisticated models and better data analysis tools. For example,

our current analysis of diffraction data is much faster than human interpretation

(hours vs. weeks or months). However, it’s not fast enough to provide on-the-

fly interpretations of the data. Faster solution techniques would allow us to use

active/online learning approaches to guide the exploration towards the most

promising samples.
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In conclusion, we believe that this long-term research program focused on

developing techniques for robust and effective data-rich reasoning and decision-making

under uncertainty poses great opportunities for long-lasting contributions to the field

as well as for having an impact on society at large by finding new solutions to alleviate

key environmental and sustainability challenges facing our planet today.
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APPENDIX A

PROOFS

Lemma 9 (pairwise independent hash functions construction). Let a ∈ {0, 1}n,

b ∈ {0, 1}. Then the familyH = {ha,b(x) : {0, 1}n → {0, 1}} where ha,b(x) = a ·x+ b

mod 2 is a family of pairwise independent hash functions. The function ha,b(x) can be

alternatively rewritten in terms of XORs operations ⊕, i.e. ha,b(x) = a1x1 ⊕ a2x2 ⊕

· · · ⊕ anxn ⊕ b.

Proof. Uniformity is clear because it is the sum of uniform Bernoulli random

variables over the field F(2) (arithmetic modulo 2). For pairwise independence,

given any two configurations x1, x2 ∈ {0, 1}n, consider the sets of indexes S1 =

{i : x1(i) = 1}, S2 = {i : x2(i) = 1}. Then

H(x1) =
∑

i∈S1∩S2

ai ⊕
∑

i∈S1\S2

ai ⊕ b

= R(S1 ∩ S2)⊕R(S1 \ S2)⊕ b

H(x2) = R(S1 ∩ S2)⊕R(S2 \ S1)⊕ b

where R(S) ,
∑

i∈S ai. Note that R(S1 ∩ S2), R(S1 \ S2), R(S2 \ S1) and b are in-

dependent as they depend on disjoint subsets of independent variables. When

x1 6= x2, this implies that (H(x1), H(x2)) takes each value in {0, 1}2 with proba-

bility 1/4.

As pairwise independent random variables are fundamental tools for de-

randomization of algorithms, more complicated constructions based larger fi-

nite fields generated by a prime power F(qk) where q is a prime number are

known [93]. These constructions require a smaller number of random bits as
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input, and would therefore reduce the variance of our algorithm (which is de-

terministic except for the randomized hash function use).

Proof of Proposition 1. Follows immediately from Lemma 9.

Proof of Lemma 1. The cases where i + c > n or i − c < 0 are obvious. For the

other cases, let’s define the set of the 2j heaviest configurations as in Definition

3:

Xj = {σ1, σ2, · · · , σ2j}

Define the following random variable

Sj(h
i
A,b) ,

∑
σ∈Xj

1{Aσ=b mod 2}

which gives the number of elements ofXj satisfying i random parity constraints.

The randomness is over the choice of A and b, which are uniformly sampled in

{0, 1}i×n and {0, 1}i respectively. By Proposition 1, hiA,b : Σ→ {0, 1}i is sampled

from a family of pairwise independent hash functions. Therefore, from the uni-

formity property in Definition 2, for any σ the random variable 1{Aσ=b mod 2} is

Bernoulli with probability 1/2i. By linearity of expectation,

E[Sj(h
i
A,b)] =

|Xj|
2i

=
2j

2i

Further, from the pairwise independence property in Definition 2,

V ar[Sj(h
i
A,b)] =

∑
σ∈Xj

V ar
[
1{Aσ=b mod 2}

]
=

2j

2i

(
1− 1

2i

)
Applying Chebychev Inequality, we get that for any k > 0,

Pr

[∣∣∣∣Sj(hiA,b)− 2j

2i

∣∣∣∣ > k

√
2j

2i

(
1− 1

2i

)]
≤ 1

k2

134



Recall the definition of the random variable wi = maxσ w(σ) subject to Aσ = b

mod 2 (the randomness is over the choice of A and b). Then

Pr[wi ≥ bj] = Pr[wi ≥ w(σ2j)] ≥ Pr[Sj(h
i
A,b) ≥ 1]

which is the probability that at least one configuration from Xj “survives” after

adding i parity constraints.

To ensure that the probability bound 1/k2 provided by Chebychev Inequality

is smaller than a 1/2, we need k >
√

2. We use k = 3/2 for the rest of this proof,

exploiting the following simple observations which hold for k = 3/2 and any

c ≥ 2:

k
√

2c ≤ 2c − 1

k
√

2−c ≤ 1− 2−c

For j = i+ c and k and c as above, we have that

Pr[wi ≥ bi+c] ≥ Pr[Si+c(h
i
A,b) ≥ 1] ≥

Pr
[
|Si+c(hi)− 2c| ≤ 2c − 1

]
≥

Pr
[
|Si+c(hi)− 2c| ≤ k

√
2c
]
≥

Pr

[∣∣Si+c(hiA,b)− 2c
∣∣ ≤ k

√
2c
(

1− 1

2i

)]
≥

1− 1

k2
= 5/9 > 1/2

Similarly, for j = i − c and k and c as above, we have Pr[wi ≤ bi−c] ≥ 5/9 >

1/2.

Finally, using Chernoff inequality (since w1
i , · · · , wTi are i.i.d. realizations of
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wi)

Pr [Mi ≤ bi−c] ≥ 1− exp(−α′(c)T ) (A.1)

Pr [Mi ≥ bi+c] ≥ 1− exp(−α′(c)T ) (A.2)

where α′(2) = 2(5/9− 1/2)2, which gives the desired result

Pr [bi+c ≤Mi ≤ bi−c] ≥ 1− 2 exp(α′(c)T )

= 1− exp(−α∗(c)T )

where α∗(2) = ln 2α′(2) = 2(5/9− 1/2)2 ln 2 > 0.0042

Proof of Lemma 2. Observe that we may rewrite L′ as follows:

L′ = b0 +
n−1∑

i=n−c−1

bn2i +
n−c−2∑
i=0

bi+c+12i =

b0 +
n−1∑

i=n−c−1

bn2i +
n−1∑
j=c+1

bj2
j−c−1

Similarly,

U ′ = b0 +
c−1∑
i=0

b02i +
n−1∑
i=c

bi+1−c2
i =

b0 +
c−1∑
i=0

b02i +
n−c∑
j=1

bj2
j+c−1 = 2cb0 + 2c

n−c∑
j=1

bj2
j−1 =

2cb0 + 2c

(
c∑
j=1

bj2
j−1 +

n−c∑
j=c+1

bj2
j−1

)
≤

2cb0 + 2c

(
c∑
j=1

b02j−1 +
n−c∑
j=c+1

bj2
j−1

)
=

22cb0 + 22c

n−c∑
j=c+1

bj2
j−1−c ≤

22c

(
b0 +

n−1∑
i=n−c−1

bn2i +
n−1∑
j=c+1

bj2
j−c−1

)
= 22cL′

This finishes the proof.
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Proof of Theorem 1. It is clear from the pseudocode of Algorithm 1 that it makes

Θ(n lnn/δ) MAP queries. For accuracy analysis, we can write W as:

W ,
2n∑
j=1

w(σj) = w(σ1) +
n−1∑
i=0

∑
σ∈Bi

w(σ)

∈

[
b0 +

n−1∑
i=0

bi+12i, b0 +
n−1∑
i=0

bi2
i

]
, [L,U ]

Note that U ≤ 2L because 2L = 2b0 +
∑n−1

i=0 bi+12i+1 = 2b0 +
∑n

`=1 b`2
` = b0 +∑n

`=0 b`2
` ≥ U . Hence, if we had access to the true values of all bi, we could

obtain a 2-approximation to W .

We do not know true bi values, but Lemma 1 shows that the Mi values com-

puted by Algorithm 1 are sufficiently close to bi with high probability. Recall

that Mi is the median of MAP values computed by adding i random parity con-

straints and repeating the process T times. Specifically, for c ≥ 2, it follows from

Lemma 1 that for 0 < α ≤ α∗(c),

Pr

[
n⋂
i=0

(
Mi ∈ [bmin{i+c,n}, bmax{i−c,0}]

)]

≥ 1− n exp(−αT ) ≥ (1− δ)

for T ≥ ln(n/δ)
α

, and M0 = b0. Thus, with probability at least (1− δ) the output of

Algorithm 1, M0 +
∑n−1

i=0 Mi+12i, lies in the range:[
b0 +

n−1∑
i=0

bmin{i+c+1,n}2
i, b0 +

n−1∑
i=0

bmax{i+1−c,0}2
i

]

Let us denote this range [L′, U ′]. By monotonicity of bi, L′ ≤ L ≤ U ≤ U ′. Hence,

W ∈ [L′, U ′].

Applying Lemma 2, we have U ′ ≤ 22cL′, which implies that with probabil-

ity at least 1 − δ the output of Algorithm 1 is a 22c approximation of W . For
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c = 2, observing that α∗(2) ≥ 0.0042 (see proof of Lemma 1), we obtain a 16-

approximation for 0 < α ≤ 0.0042.

Proof of Theorem 2. As in the proof of Lemma 1, define the random variable

Su(h
i
A,b) ,

∑
σ∈{σ|w(σ)≥u}

1{Aσ=b mod 2}

that gives the number of configurations with weight at least u satisfying i ran-

dom parity constraints. Then for i ≤ blogG(u)c − c ≤ logG(u)− c using Cheby-

chev and Chernoff inequalities as in Lemma 1

Pr [Mi ≥ u] ≥ 1− exp(−α′T )

For i ≥ dlogG(u)e+c ≥ logG(u)+c, using Chebychev and Chernoff inequalities

as in Lemma 1

Pr[Mi < u] ≥ 1− exp(−α′T )

Therefore,

Pr

[
1

2c+1
2q(u) ≤ G(u) ≤ 2c+12q(u)

]
≥

Pr

blog2G(u)c−c⋂
i=0

(Mi ≥ u)
⋂(

Mdlog2G(u)e+c < u
) ≥

1− n exp(−α′T ) ≥ 1− δ

This finishes the proof.

Proof of Theorem 3. If w̃ti ≤ wti , from Theorem 1 with probability at least 1− δ we

have W̃ ≤ M0 +
∑n−1

i=0 Mi+12i ≤ UB′. Since UB′

22c
≤ LB′ ≤ W ≤ UB′, it follows

that with probability at least 1− δ, W̃
22c
≤ W .

If wti ≥ w̃ti ≥ 1
L
wti , then from Theorem 1 with probability at least 1 − δ the

output is 1
L
LB′ ≤ W̃ ≤ UB′, and LB′ ≤ W ≤ UB′.
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Proof of Lemma 5. Let T ← 24 dln (n′/δ)e as in Algorithm 1. For t ∈ {1, . . . , T},

let Sti = |{(x, y) ∈ S : hiA,c(x, y) = 0}| be the number of elements of S that

satisfy hiA,c(x, y) = 0, i.e., “survive” after adding i random parity constraints.

The output of COMPUTEK is nothing but

k = min
{

min
{
i |Median(S1

i , · · · , STi ) < P
}
, n′

}
where default value n′ is taken if the inner “min” is over an empty set. It follows

from from pairwise independence of the chosen hash functions that:

µi , E[Sti ] =
Z

2i
, σ2

i , V ar[Sti ] =
Z

2i

(
1− 1

2i

)
For i ≤ k∗P , Chebychev inequality yields:

P[Sti < P ] ≤ P[|Sti − µi| > (µi − P )] ≤ σ2
i

(µi − P )2
≤

Z
2i

( Z
2i
− P )2

The RHS is an increasing function of i, so for i ≤ k∗P − γ, which implies Z/2i ≤

P2γ , we have P[Sti < P ] ≤ 2γ/((2γ − 1)2P ) , 1 − q. For P ≥ 2γ+2/(2γ − 1)2, we

thus have P[Sti < P ] ≤ 1/4 and q ≥ 3/4. In other words, more than half the Sti

are expected to be at least P . Using Chernoff inequality,

P
[
Median(S1

i , · · · , STi ) ≥ P
]

= 1− P
[
|{t | Sti < P}| < T/2

]
≥ 1− exp

(
− 1

2q
T

(
q − 1

2

)2
)

Similarly, for i ≥ k∗P + γ, we have µi < P and from Chebychev Inequality

P[Sti ≥ P ] ≤ P[|Sti−µi| ≥ (P−µi)] ≤
σ2
i

(µi − P )2
≤

Z
2i

( Z
2i
− P )2

≤ 2γ/((2γ−1)2P ) ≤ 1

4

Using Chernoff inequality for i ≥ k∗P + γ,

P
[
Median(S1

i , · · · , STi ) < P
]
≥ 1− exp

(
− 1

2q
T

(
q − 1

2

)2
)
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Combining we get that

P
[
k∗P − γ ≤ min

{
i |Median(S1

i , · · · , STi ) < P
}
≤ dk∗P + γe

]
≥

P

bk∗P−γc⋂
i=1

(
Median(S1

i , · · · , STi ) ≥ P
)⋂(

Median(S1
dk∗P +γe, · · · , STdk∗P +γe) < P

) ≥
1− n′ exp

(
−4

6
T

(
3

4
− 1

2

)2
)

= 1− n′ exp (−βT ) ≥ 1− δ

for T ≥ 1
β

ln (n′/δ) where β = 1
24

. It holds trivially that

k∗P = logZ − logP ≤ n′ − logP

so from dk∗P + γe ≤ 1 + k∗P + γ we also get

P [k∗P − γ ≤ k ≤ 1 + k∗P + γ] ≥ 1− δ

This finishes the proof.

Proof of Lemma 6. It can be verified that γ = log
(
(P + 2

√
P + 1 + 2)/P

)
is the be

the unique positive solution to P = 2γ+2/(2γ − 1)2. Therefore, γ, P satisfy the

conditions of Lemma 5. Let k be the output of procedure COMPUTEK(n′, δ, P,S).

Then from Lemma 5, we have that P[k∗P − γ ≤ k ≤ k∗P + 1 + γ] ≥ 1 − δ. All

probabilities below are implicitly conditioned on this event. Let

Si = |{(x, y) ∈ S(w, `, b), hiA,c(x, y) = 0}| = |S(w, `, b)i| = |S i|

be the number of solutions surviving after adding i random parity constraints.

It follows from from pairwise independence of the hash functions (Definition 2)

that

µi , E[Si] =
Z

2i
, σ2

i , V ar[Si] =
Z

2i

(
1− 1

2i

)
Let α ≥ γ and i = k + α. Then

µk+α =
Z

2k+α
≤ P

2α−γ
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that is, on average we are left with less than P elements after adding i random

parity constraints. Let σ = (x, y) ∈ S(w, `, b) be an element of the set we want to

sample from. The probability ps(σ) that σ is output is

ps(σ) , P
[
Si < P, σ ∈ S(w, `, b)i

] 1

P − 1

= P
[
Si < P | σ ∈ S(w, `, b)i

]
P
[
σ ∈ S(w, `, b)i

] 1

P − 1

where for any σ, P[σ ∈ S(w, `, b)i] = 2−i. Thus we have

ps(σ) = P[Si < P | σ ∈ S(w, `, b)i]
2−i

P − 1
(A.3)

Now the expected value of the size of the set (and its variance) conditioned

on σ ∈ S(w, `, b)i are independent of σ because of three-wise independence [50].

So we have

E[Si | σ ∈ S(w, `, b)i] = 1 +
(Z − 1)

2i
= µi(σ)

V ar[Si | σ ∈ S(w, `, b)i] =
(Z − 1)

2i

(
1− 1

2i

)
< E[Si | σ ∈ S(w, `, b)i]

We first note that (Z − 1)/2i < Z/2i = Z/2k+α ≤ Z/2k
∗
P−γ+α = P2γ−α. Using

Chebychev’s inequality

P[Si ≥ P | σ ∈ S(w, `, b)i] ≤ P[|Si − µi(σ)| ≥ (P − µi(σ)) | σ ∈ S(w, `, b)i]

≤
(Z−1)

2i

(
1− 1

2i

)
(P − (1 + (Z−1)

2i
))2
≤

P2γ−α
(
1− 1

2i

)
(P − 1− P2γ−α)2

≤ 2γ−α

(1− 1
P
− 2γ−α)2

, 1− c(α, P )

Plugging into (A.3) we get

c(α, P )
2−i

P − 1
=

(
1− 2γ−α

(1− 1
P
− 2γ−α)2

)
2−i

P − 1
≤ ps(σ) ≤ 2−i

P − 1
(A.4)

where c(α, P ) → 1 as α → ∞. This shows that the sampling probabilities

ps(σ), ps(σ
′) of σ, σ′ must be within a constant factor c(α, P ) of each other.
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From k ≤ k∗P + 1 + γ it follows that

ps(σ) ≥ c(α, P )
2−(1+γ+α)

Z

P

P − 1

This shows that the probability that the algorithm does not output ⊥ is at least

P[output 6= ⊥] = Q =
∑

σ∈S(w,`,b)

ps(σ) ≥ c(α, P )2−(1+γ+α) P

P − 1

The probability p′s(σ) that σ is sampled given that the algorithm does not output

⊥ is

P [Si < P, σ ∈ S(w, `, b)i, output 6= ⊥]

Q
=

P [Si < P, σ ∈ S(w, `, b)i]

Q

=
ps(σ)

Q
= p′s(σ)

Plugging in (A.4)

c(α, P )
2−i

P − 1

1

Q
≤ p′s(σ) ≤ 2−i

P − 1

1

Q

From
∑

σ p
′
s(σ) = 1 we get

c(α, P )
2−i

P − 1

1

Q
Z ≤ 1 ≤ 2−i

P − 1

1

Q
Z

which implies

c(α, P )
1

Z
≤ c(α, P )

2−i

P − 1

1

Q
≤ p′s(σ) ≤ 2−i

P − 1

1

Q
≤ 1

c(α, P )

1

Z

This finishes the proof.

Proof of Corollary 1. Suppose we want to compute an expectation of φ : {0, 1}n →

R

Ep[φ] =
∑

x∈{0,1}n
p(x)φ(x) =

∑
x∈{0,1}n\B`

p(x)φ(x) +
∑
x∈B`

p(x)φ(x)

∑
x∈{0,1}n\B`

p(x)φ(x)− εηφ ≤ Ep[φ] ≤
∑

x∈{0,1}n\B`

p(x)φ(x) + εηφ

142



From Theorem 4∑
x∈{0,1}n\B`

1

ρκ
p(x)φ(x) ≤ Ep′s [φ] =

∑
x∈{0,1}n\B`

p′s(x)φ(x) ≤
∑

x∈{0,1}n\B`

ρκp(x)φ(x)

It follows that
1

ρκ
Ep′s [φ]− εηφ ≤ Ep[φ] ≤ ρκEp′s [φ] + εηφ

as desired.

Proof of Proposition 4. Let i∗ = log2 |S| and 2î−1 be the output of A. We will show

that î is within [bi∗c, bi∗c+ 2] with probability at least 3/4.

Fix any i ≤ i∗. Then E[|h−1
t (0) ∩ S|] = |S|/2i ≥ 1. Weak (µ2, 4)-concentration

implies that Pr[|h−1
t (0) ∩ S| = 0] ≤ 1/4. Chernoff bound applied to the T under-

lying independent 0-1 indicator random variables then implies that a majority

of the T sets will be empty with probability at most exp(−T/8). It follows that

with probability at least (1−exp(−T/8))i
∗ ≥ (1−exp(−T/8))n ≥ 1−n exp(−T/8),

the majority of the T sets for all i ≤ i∗ will simultaneously be non-empty. Thus,

for T ≥ 8 ln(8n), we have that with probability at least 7/8, all i ≤ i∗ will behave

correctly.

Fix any i ≥ i∗ + 2. Here we can simply use Markov’s inequality to infer that

Pr[|h−1
t (0) ∩ S| ≥ 1] ≤ 1/4. From the same Chernoff bound based argument as

above, it follows that for T ≥ 8 ln(8n), with probability at least 7/8, all i ≥ i∗ + 2

will behave correctly.

By union bound, it follows that the output 2î−1 of A will be in the range

[2bi
∗c−1, 2bi

∗c+1] with probability at least 1− 1/8− 1/8 = 3/4.

Proof of Proposition 5. From Chebychev’s inequality, Pr[|X − µ| ≥
√
δσ] ≤ δ,

which implies the claimed strong correlation. For showing the desired weak
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correlation, we use Cantelli’s one-sided inequalities. For the first case, Pr[X ≤

µ−
√
δ − 1σ] ≤ 1/(1 + (δ − 1)) = 1/δ. The second case works similarly.

Proof of Proposition 6. From Chernoff’s bound, Pr[X ≤ µ +
√
k] = Pr[X ≤ (1 +

√
k
µ

)µ] ≤ exp(− k
3µ

). Thus, k ≥ (3 ln δ)µ suffices to bound this probability by 1/δ.

The other side, Pr[X ≤ µ−
√
k], similarly leads to k ≥ (2 ln δ)µ as the condition

to bound the probability by 1/δ. Combining the two, we get the desired result

for weak concentration. The result for strong concentration follows by using the

union bound to obtain exp(− k
3µ

) + exp(− k
2µ

), which is less than exp(− k
cµ

) for any

c > 3.

Proof of Proposition 7. This follows from observing that pairwise independence

implies σ2 = |S|/2m(1− 1/2m) < µ and then applying Prop. 5.

Proof of Proposition 8. The first two observations are straightforward. For the

third, let S and T be sets with |T | = |S| + 1. Given y1, y2 ∈ {0, 1}m, let f(x1, x2)

denote P [H(x1) = y1, H(x2) = y2]. Then

∑
x,y∈T,x6=y

f(x, y) =
1

|T | − 2

∑
z∈T

∑
x,y∈T\{z},x 6=y

f(x, y)

≤ 1

|T | − 2

∑
z∈T

|S|(|S| − 1)
ε

2m

=
|T |
|T | − 2

|S|(|S| − 1)
ε

2m
≤ |T |(|T | − 1)

ε

2m

This finishes the proof.

Proof of Lemma 1. By Theorem 8, the hash functions hiA,b from Hf∗ in the inner

loop at iteration i are (ε, 2i+2)-AU, with ε < 31
5(2i+2−1)

by construction.
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Let S = {σ1, σ2, · · · , σ2i+2}, X = |
(
hiA,b

)−1
(0) ∩ S|. Notice |S| = 2i+2 and

E[X] = 2i+2/2i = 4.

By by Corollary 2 and Theorem 7, X is weakly (µ2, 9/4)-concentrated.

Then by weak concentration

Pr[wi ≥ bi+2] = Pr[wi ≥ w(σ2i+2)] ≥ Pr[X ≥ 1]

= 1− Pr[X ≤ 0] ≥ 1− 4/9 = 5/9

Similarly, we have from Markov’s inequality

Pr[wi ≤ bi−2] ≥ 3/4 ≥ 5/9.

Finally, using Chernoff inequality (since w1
i , · · · , wTi are i.i.d. realizations of

wi)

Pr [Mi ≤ bi−2] ≥ 1− exp(−α′T ) (A.5)

Pr [Mi ≥ bi+2] ≥ 1− exp(−α′T ) (A.6)

where α′ = 2(5/9− 1/2)2, which gives the desired result

Pr [bi+2 ≤Mi ≤ bi−2] ≥ 1− 2 exp(α′T )

= 1− exp(−α∗T )

where α∗ = ln 2α′ = 2(5/9− 1/2)2 ln 2 > 0.0042
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