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Rotor track and balance is an essential part of maintenance for the rotorcraft 

industry.  Methods for solving rotor track and balance problems to minimize 

undesirable vibrations in the cockpit and cabin of rotorcraft are analyzed. 

Additionally, different approaches to system identification for airframe response are 

discussed with emphasis on real-life practical applications.   

Rotor track and balance vibration optimization methods using least squares, 

weighted least squares, linear quadratic regulator, two-sensors only in the fundamental 

frequency, all sensors in the fundamental frequency, and all sensors in all frequencies 

up to N-1 of the fundamental frequency are formulated within this study and used to 

calculate control adjustments quickly.  The resulting vibration reduction is simulated 

by approximating the effects of rotor adjustments utilizing a sensitivity matrix that 

maps the rotor track and balance controls to the response of the rotor.  Finally, 

experimental data involving the use of the proposed method on actual experimental 

flights are shown. 

System identification of a helicopter airframe is conducted by capturing flight 

data from sensors throughout the cockpit and cabin as a result of a rotor track and 

balance control changes.  A conventional approach, which plots data acquired from 

single control type adjustments on polar charts to aid in the proper identification of 

sensitivity coefficients, is discussed.   The proposed recursive least squares algorithm 



 

is developed and implemented against a database containing hundreds of flights and 

has flexibility in accepting input data.  Results show that modeling airframe responses 

from sensitivity coefficients using large data sets compared to the few gathered during 

flight test on a test aircraft are more accurate in terms of predicting the vibration level 

after control adjustment changes.  This proposed methodology allows sensitivity 

coefficient development to continue as the aircraft is being produced.  The method 

converges quickly and produces accurate results while successive measurements fine 

tune the sensitivity coefficients.  This leads to the ability to better model airframe 

response and ultimately translates to lower flight counts.  As a result, time and money 

can be saved during business operations. 
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CHAPTER 1 

 

ROTOR TRACK AND BALANCE 

 

Rotor Track and Balance Background 

 

Rotor track and balance (RTB) smoothing or tuning is an essential part of 

helicopter maintenance because it reduces the vibration levels in the cockpit, the 

cabin, and throughout the airframe.  The benefits include better crew performance due 

to lower fatigue and improved reliability of aircraft components from a lower 

vibration environment.  Main rotor vibration can be characterized as vibration that is 

inherent due to the asymmetric nature of rotor dynamics in forward flight and is 

present even with identical blades.  In addition, vibration can be caused by differences 

between the blades. The non-uniformity can be due to variations in manufacturing the 

blades or because of uneven wearing of the blades as a result of usage.  Consequently, 

aerodynamic loading caused by non-uniformity of blades introduces vibrations into 

the fixed frame, which necessitates ongoing maintenance and inspection by ground 

crews.  The development of improved RTB algorithms is focused on alleviating these 

vibrations. 

Johnson (2004) states that periodic forces at the root of the blade are 

transmitted to the fixed frame, which produces a periodic vibratory response.  

Although vibrations may result from other contributing sources such as the engine and 

the transmission, the primary focus for this dissertation is on vibration that results 
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from the main rotor in a conventional helicopter configuration.  Rotor tuning consists 

of balancing and tracking the blades of the main rotor.  Balance is performed to reduce 

the magnitude of vibration, while blade track split minimization is performed mainly 

to improve pilot confidence as reported by Taitel et al. (1995).  A blurry field of view 

caused by blades flying at sufficiently different heights is a phenomenon that is 

distracting to pilots so the two procedures of track and balance are conducted 

simultaneously.  There exists a relationship between the adjustment conducted on a 

blade and the change in phase of the resulting vibration.  Benefits for rotor tuning 

include improved crew comfort and reduced airframe stress for better component life 

and wear (Rosen, 1997; Wang, 2005). 

 

 

Figure 1: Rotorcraft with RTB controls highlighted 
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Vibratory forces are generated at the primary rotational frequency commonly 

called one per rev (1P) and transmitted through the hub, transmission, and into the 

fuselage in a typical, fully articulated rotor system. In a four-bladed rotorcraft, 

accelerometers mounted in the fixed system, shown in Figure 1, in either the cockpit 

or the cabin can measure the local vibrations where 1P, as well as higher harmonic 

vibration frequencies, such as two per rev (2P) and three per rev (3P), and up to N-1 

per rev (N-1P) frequencies are detected where N is the number of blades in the rotor 

system.  It can be shown that adjustments to RTB controls, namely, PCRs, TTs, and 

HWs, can influence 1P through N-1P vibration levels with varying effect (Ventres, 

2000).   

During the RTB tuning process, vibration measurements are taken from 

accelerometers installed throughout the airframe.  Physical sensors and derived 

measurements representing vector combinations of two physical sensors, form a 

vibration sensing platform.  In order for the tuning to be successful, an understanding 

of the airframe response to RTB control input is required.  This transfer matrix, or 𝐓 

matrix, is comprised of sensitivity coefficients relating control input to airframe 

measured response for different sensors, regimes, and harmonic combinations. Figure 

2 shows the iterative RTB process in reducing airframe vibration.   
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Figure 2: Flowchart of rotor track and balance tuning strategy. 

 

 

The man-in-the-loop represents crew adjustments in the form of Pitch Control 

Rods (PCRs), Trim Tabs (TTs), and Hub Weights (HWs) that cannot be implemented 

until the end of the flight.  During each loop, the intervention of maintenance crew 

members is required and the process can be an expensive proposition as costs for each 

flight are trending upwards.  The goal is to reduce the number of times the loop runs 

until satisfactory vibrations that are within limits are achieved.  

 

 

 

 

Rotor Track and Balance Sensors, Regimes, and Harmonics 

 

 

A typical measurement suite after a flight is characterized by a set of 

magnitude and phase values, which is a result of multiple time history measurements 

that are windowed and then transformed into the frequency domain through the use of 

a fast Fourier transform technique.  The magnitude and phase reported are the 

 

Airframe 
Sensors 

Desired 
Airframe 
Vibration 

Adjustment 
Solution RTB 

Algorithm 
   - 

Measured 
Airframe 
Vibration 

Airframe 
Response 
in Flight 

Airframe 
Vibration Error 

   
  

Noise  and 
Disturbance 

Man-in-the-
loop 

Figure 1: Flowchart of current tuning strategy 
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maximum values at the expected forcing function frequencies (i.e. 1P through N-1P).  

The combinations of sensor names and directions, regimes, and harmonics of interest 

are listed in Table 1, Table 2, and Table 3.   

Conventionally, solutions for reducing 1P magnitudes are calculated only 

based on two sensors, namely, the derived vertical and roll sensors.  These derived 

sensors are calculated by adding and subtracting the vectors of the pilot and copilot 

physical sensors respectively.  In addition, only 1P are used to calculate solutions.  

While 1P magnitudes are typically reduced for the derived vertical and roll sensors, 

other physical sensors and higher harmonic magnitudes are neglected.  Results from 

flight acceptance data frequently show optimal 1P values for the derived vertical and 

roll sensors but vibration levels for the rest of the sensors are at times above the good 

category.  Table 4 defines the guidelines for the range of vibration levels.   

 

 

Sensor Name and Direction 

Derived Vertical 

Derived Roll 

Pilot Vertical 

Copilot Vertical 

Pilot Heel Vertical 

Pilot Lateral 

Table 1: Examples of sensor names and direction of sensitivity used in rotor 

track and balance. 
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Regimes 

Ground 

Hover 

125 kts 

145 kts 

155 kts 

Table 2: Example of flight regimes used in rotor track and balance. 

 

 

 

Harmonics 

1/rev (1P) 

2/rev (2P) 

3/rev (3P) 

Table 3: Example of harmonics used in rotor track and balance. 

 

 

Category 
Vertical Magnitude 

(ips) 

Roll Magnitudes 

(ips) 

Lateral Magnitudes 

(ips) 

Good 0 – 0.15 0 – 0.15 0 – 0.20 

Elevated 0.15 – 0.20 0.15 – 0.20 0.20 – 0.25 

Above Limit >0.20 >0.20 >0.25 

Table 4:  Vibration measurements guidelines for 1/rev, 2/rev, and 3/rev 

harmonics where ips is inches per second.  

 

 

Rotor Track and Balance Controls 

 

RTB controls include PCRs, TTs, and HWs listed in Table 5.  Each control has 

a unique effect on the rotor system.  Some of the control authority overlaps for 
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sensors, harmonics, and regimes; however, all three are required to minimize vibration 

for the entire flight envelope. 

 

 

RTB Control Description 

Pitch Control Rods 

(PCR) 

Lengthens and shortens to change the blade’s nominal 

angle of attack also known as pitch. 

Trim Tabs (TT) 

Bending tabs upwards causes a pitch up change in 

aerodynamic force which causes the blade to track 

higher.  The opposite is true for a tab bend downwards. 

Hub Weights (HW) Static balance weights to offset in-plane imbalance. 

Table 5: Table of common rotor track and balance controls on rotorcraft 

  

Figure 3 shows a graphical representation of the different degrees of freedom 

for a fully articulated rotor system.  Each of the RTB controls is shown.  Of course, 

the actual locations on an individual aircraft may be slightly different between aircraft 

types. 
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Figure 3: RTB tuning controls for a fully articulated rotor system. 

 

 

Some common RTB control adjustment values for four-bladed rotorcraft are 

listed in Table 6.  These maximum and minimum values represent a full range of 

values required to return an aircraft’s vibration levels back to operational limits for 

each control.  Rarely do adjustments exceed these values, if at all.  Also, these values 

represent the integer values that are available for maintenance crew to implement.  

Since minimum resolution for each control is rounded to the nearest integer, any RTB 

algorithm must use integer values when predicting the next state of vibration 

measurements.   
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 Minimum Adjustment Maximum Adjustment 

Pitch Control Rods -40 notches 40 notches 

Inboard Trim Tabs -0.120 inches 0.120 inches 

Outboard Trim Tabs -0.100 inches 0.100 inches 

Hub Weights -80 ounces 80 ounces 

Table 6: Range of adjustment values for each RTB control 

 

 

Conventional Methods to Reduce Vibration 

 

Conventionally, adjustments to the controls are calculated based on two 

sensors in the cockpit to reduce 1P vibration magnitudes.  To calculate an adjustment, 

one technique is to use a weighted least squares method based on the relationship 

between control adjustments and vibration response (Wang, 2005).  Although 1P 

levels are typically reduced, other physical sensors, as well as vibrations at higher 

harmonics, are neglected.  Additionally, Wang (2005) notes that large RTB control 

adjustment changes do not necessarily show a linear relationship.  The assumption of 

linearity was questioned. 

In order to develop better solutions, researchers such as Liu et al. (2009) and 

Wroblewski et al. (2000) developed neural networks to address perceived non-

linearities in the relationship between control adjustments and vibration response. It 

was thought that the least squares methods did not account for the possibility of non-

linear relationships between the RTB controls and resulting vibrations.  The inherent 

noise in data measurement can easily be misunderstood as non-linearity.  However, 
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Miller and Kunz (2008) reported that the RTB process was largely a linear process 

since the adjustments typically used to adjust the steady-state trim condition of the 

aircraft were small and thus the benefits of neural networks were minimal.  Given that 

neural networks are more costly and time-consuming to implement, a more 

parsimonious method based on feed-forward tools, such as weighted least squares 

regression, may be preferable.   

It is proposed here to calculate the RTB solution while simultaneously using 

all available physical sensors and higher order harmonics.  This approach has the 

added benefits of reducing vibration across all locations and frequencies throughout 

the airframe to accomplish vibration reduction from a holistic standpoint.  In this way, 

no sensor or higher order harmonic will be left over the threshold of human 

perception.  The use of a linear optimization process can achieve satisfactory results, 

allowing designers to balance control effort with dynamic response.   

Another method to improve RTB solutions is to ensure sufficient number of 

sensor measurements for each regime and harmonic.  The larger the number of sensor 

measurements for a given regime and harmonic, the less impact noise will have on the 

uncertainty of the sensor readings.  With the use of Health Usage and Monitoring 

Systems (HUMS) on modern aircraft, RTB measurements can be automated whenever 

the aircraft is in a capture window.  This effectively allows for more vibration samples 

to be acquired in a given flight.  The resulting increase in number of measurements 

opens the door to reducing noise and leads to better solutions (Bechhoefer et al., 

2013).   
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Airframe Response from RTB Control Changes 

 

RTB control sensitivities are typically gathered during test flights by acquiring 

a baseline vibration measurement for all sensors, regimes, and harmonics of interest, 

then introducing an adjustment, called a seeded fault, and finally measuring the effect 

on vibration due to that adjustment.  Finally, the seeded fault is removed for a return to 

baseline measurement.  These seeded fault tests are introduced through single blade 

and single control adjustments for all the available RTB controls.  The magnitudes of 

the adjustments are chosen carefully to ensure that measurable changes are achieved 

and can be verified on subsequent flights.  By plotting the initial and seeded fault 

measurements on a polar chart, one can see the effect of, for example, a five notch 

PCR adjustment.   

In the seeded fault example shown in Figure 4, there are three groups of data 

representing vibration measurements gathered all forward flight regimes for each 

flight.  The first is the baseline group, followed by a group denoting results after the 

seeded fault RTB adjustment, and finally a return to baseline group by removing the 

seeded fault.  These groupings validate the airframe response to RTB control inputs as 

measurable changes can be shown in the plots.  Figure 4 overlays arrows to show 

approximate average change in vibration for each grouping of forward flight regimes 

on the polar chart resulting from an RTB adjustment. 
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Figure 4: Sensitivity to a five notch pitch control rod change for the one per rev 

frequency.  There are three groups of data: baseline (green), seeded fault (red), 

and a return to baseline (yellow).  Each grouping contains measurements at 

different flight regimes.  Diamond = Hover, Square = 125 kts, Circle = 145 kts, 

Triangle = 155 kts. 
 

 

 

The magnitude of the change in vibration is the polar distance between the 

initial and seeded fault points, while the phase is the polar direction measured in 

degrees.  Quantitatively, the magnitude of cockpit-derived vertical vibration changes 

by approximately 0.50 ips when the five notch PCR adjustment is implemented.  The 

phasing of the vibration changes from approximately 30 degrees to approximately 190 

degrees.  This result can be expected to repeat each time the same RTB control 

adjustment is made on the same blade.   

The airframe responses are normalized by the magnitude and specific blade of 

the RTB control input.  The sensitivity of the RTB control can be calculated by 

dividing the magnitude between the seeded fault and initial measurements by the 

amount of adjustment in control units.  In this case, the sensitivity for the PCR is 
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approximately 0.10 ips/notch for the derived vertical sensor.  The assumption of 

linearity implies that twice the amount of control adjustment yields an expectation for 

twice the response.  To normalize phase, the empirically established procedure relates 

the RTB adjustment blade and resulting phase change.  This difference in phasing is 

normalized by mapping the blade to the phase on a polar plot.  For changes on 

adjacent blades in a four-bladed rotor system, tests confirm that the phasing shifts 

approximately 90 degrees.  Furthermore, changes made on opposite blades in a four-

bladed rotor system show shifts that are 180 degrees apart.  Consequently, phasing can 

be normalized by subtracting the necessary phase shift and normalized to a reference 

blade for the specific helicopter model.   

This seeded fault process is repeated for each control available on the 

rotorcraft.  After all the flights are flown, the sensitivities for each of the sensors, 

regimes, and harmonic combinations are calculated and the results collected into a 

matrix called the airframe response matrix. 

 

 

 

Human Physiology 

 

 

An important question to ask is how much vibration reduction is required so 

the occupants are comfortable.  For this dissertation, the International Standard ISO 

2631-1 was used as a guide for understanding the sensitivity of the human body to 

various vibration directions and frequencies.   
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Figure 5: Vibration direction and human sensitivity with respect to frequency from 

“Mechanical Vibration and Shock: Evaluation of Human Exposure to Whole Body 

Vibration,” International Standard ISO 2631-1: 1997(E).  Note: 1P ~ 4Hz, 2P ~ 8 Hz, 3P 

~ 12 Hz. 

 

 

Figure 5 shows a diagram of the physiological sensitivities to vibration 

direction and frequency.   If vibrations are minimized at only one frequency, the 

effects will still be noticed at other frequencies.  Likewise, if vibrations are minimized 

without consulting the standard, an occupant may perceive one direction as having 

worse vibration than another due to the different response curves.  The dissertation 

introduces the new idea of reducing vibrations below human perception through the 

weightings reported in ISO 2631-1. 

 

 

 

1P in Vertical Direction
2P in Vertical Direction

3P in Vertical Direction

1P in Lateral Direction
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Current Literature in RTB Development 

 

 

 RTB tends to be a fairly niche field in the rotorcraft industry.  Dynamics 

engineers tend to consider it a specialty discipline for the maintenance crew and it is 

taken for granted that the work to lower vibrations can be easily accomplished.  It is 

not a particularly glamorous task and is usually conducted by inexperienced personnel 

who follow long established procedures that are either outdated or blatantly incorrect.  

Further complicating the process is the inherent noise in vibration measurements 

(Wang, 2004).  Because the data are taken during flight when environmental and 

human piloting factors affect the measurement noise, data integrity is harder to 

preserve.  As a result, there are few papers about RTB in rotorcraft journals and 

conference proceedings that tackle the problem in a holistic manner.  Very few papers 

include details of how the proposed solution will make rotorcraft operations more 

efficient by marginalizing the effect of noise on data observed, improving the methods 

to optimize for a solution, and how to apply that solution practically.  Instead, research 

has largely focused on theoretical exercises (Rosen & Ben-Ari, 1997; Ben-Ari & 

Rosen, 1997).  The solutions that are generated from theoretical analyses tend to be 

unnecessarily complicated and do not factor in the threshold of vibration perception 

for pilots and crew at different sensor locations, flight regimes, and frequencies of 

vibration. 

Since 1995, RTB development saw successful implementation of models using 

feed-forward neural networks with back-propagation training in order to compensate 

for non-linear dynamics. It has been argued that the relationship between high 
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amplitude vibration and RTB controls is non-linear.  Taitel et al. (1995) published a 

paper with the goal of reducing the number of iterations required to accepting aircraft, 

which is a common goal some 20 years later.  Wrolewski et al. (2000) also 

implemented a neural network system as part of the Vibration Management 

Enhancement Program (VMEP) belonging to the U.S. Army.  In both papers, actual 

implementation on aircraft shows promising results.  The neural networks are trained 

and generally show slightly better performance compared to least squares approaches.  

However, one of the issues with using neural networks is the large amount of training 

data needed to accurately map the multiple inputs and multiple outputs.  Adding to the 

problem is the inherent noise present when acquiring vibration measurements with 

identical nominal flight parameters.  The randomness makes mappings difficult 

without additional data.  One of the concerns cited is that it may not be feasible to 

spend a disproportionate amount of the time training a neural network with noise 

exacerbating the training (Taitel et al., 1995).  The benefits for performance gains just 

do not outweigh the increased complexity in setting up the neural networks.  Finally, 

Miller and Kunz (2008) reports that their study of multiple flights on multiple 

airframes over a broad range of vibration and adjustment magnitudes show a largely 

linear relationship.  As a result, many neural networks are treated as paper studies and 

none are implemented in any mainstream RTB algorithm. 

Another area of development with RTB algorithms has been the use of 

probability and stochastic analyses to reduce the effect that noise plays in vibration 

measurements.  Wang et al. (2005) utilizes probabilistic models to maximize the 

likelihood of success of the selected blade adjustments.  The work combines a known 
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linear quantity of the airframe response sensitivity coefficients with a stochastic 

portion that reflects the probability densities of the vibration components.  In this way, 

the paper is novel in exploring the effects of noise on measured vibrations from 

sensors and different flight regimes.  Along the same lines, another paper by 

Bechhoefer et al. (2011) uses Bayesian classifiers and multiple hypothesis testing to 

relate a set of observations to a decision space.  In the paper, the decision space 

includes Ho as the default decision space and H1 through H6 as the alternate decision 

spaces.  While the default decision space, Ho corresponds to all RTB controls being 

implemented, the alternate decision spaces, H1 through H6, are developed from 

different subsets of the available RTB controls.  The decision spaces are set up using 

expert preferences for inclusion of RTB controls based on measurement data.  For 

example, if the vibrations in the vertical direction are high while the roll directions 

remained low, the expert usually chooses to use TTs only to reduce the vibrations.  

Using the Bayesian classifier for a normal distribution, the expert system compares the 

normalized distance between the observable vibrations and each of the decision 

spaces.  The minimal distance is the chosen decision space and thus results in the best 

selection of RTB controls.  The two papers attempt to use probabilistic approaches in 

quantifying the measured vibration data.  This is because there is information hidden 

within the measured vibration data that may help an RTB algorithm reduce errors in 

predicting the next vibration state. 
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Summary and Thesis Outline 

 

 

 This chapter describes all of the factors that an RTB algorithm must use when 

calculating a solution.  Previous developments in RTB algorithms only reduce a subset 

of available data after a flight.  This subset only includes two sensors in the first 

fundamental frequency.  Additionally, the typical solution is only optimized for 

control magnitude, not the number of separate RTB controls required to make the 

necessary changes after a flight.  To clarify, the solution should not differentiate 

between magnitudes of the adjustment (i.e., the difference between 10 notches of PCR 

on a blade or 20 notches of PCR on a blade).  Once the safety wires are cut, the 

maintenance crew can just as easily make 20 notches of adjustment on the PCRs.  

Rather, if the solution calls for PCR adjustments on two different blades or two 

different types of controls, then the adjustment becomes expensive in terms of time 

because maintenance personnel have to complete an adjustment on each RTB control.  

This poses a new constraint on the solution space and one that is not easily achieved. 

The proposed RTB algorithm in Chapter 2 allows the flexibility to implement 

both linear and non-linear airframe response sensitivity coefficients with the ability to 

vary the weightings on measured vibration.  This weighting can be calculated based on 

human physiological perception to vibration.  The proposed RTB algorithm also 

attempts to include expert knowledge in the proper RTB control types to implement.  

Finally, the proposed RTB algorithm accounts for limits set by the maintenance 

manual and operating procedures.  A modern RTB algorithm, such as one proposed in 
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this dissertation, should try to find the least expensive way to reduce vibration under 

limits set by the user.  

A second part of this dissertation aims to improve the aircraft response 

calculations based on data gathered during normal day-to-day flight operations.  The 

current method to extract these airframe sensitivity coefficients uses expensive, 

dedicated flight tests and on non-production representative aircraft.  In addition, 

airframe response for only one RTB control type is calculated at a time.  The proposed 

sensitivity coefficients extraction methodology calculates airframe responses from 

multiple RTB control types simultaneously.  As a result, more flight data can be used 

in sensitivity coefficients extraction analyses leading to better airframe response 

values which ultimately reduce prediction errors in an RTB algorithm. 
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CHAPTER 2 

 

ROTOR TRACK AND BALANCE MODELING AND SOLVING TECHNIQUES 

 

 

Introduction 

 

 

 The purpose of this study is to determine which method of optimization yields 

the best result for reducing vibration across multiple sensors, flight regimes, and 

vibration frequencies using the least number of adjustments.  Generally speaking, in a 

practical setting, an aircraft that is out of Rotor Track and Balance (RTB) limits, either 

field limits or factory limits, needs to be fixed in the shortest amount of time possible 

with a good degree of confidence in the adjustment.  An optimization study is 

conducted, which uses a discrete, linear model for RTB.  Four methods for minimizing 

cost functions to calculate a control solution are evaluated.  

 

 

 

RTB Discrete Model 

 

A discrete model shown in Equation (1) is used to represent the RTB process.   

 

 𝐳 ̂𝒌+𝟏  = �⃑� 𝑘 + 𝐓�⃑⃑� 𝒌 (1) 

 

where 
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1) 𝐳  is the complex vector of Fast Fourier Transform (FFT) vibration velocity 

magnitudes 

2) T is the airframe response matrix (“T matrix”) 

3) �⃑⃑�  is the RTB control input complex vector 

4) k  is the flight iteration 

The complex vector, 𝐳 ̂𝒌+𝟏 , represents the estimated vibration velocity magnitude 

resulting from the control adjustment 𝛉  when right-multiplied by the airframe 

response matrix, 𝐓 and added to the initial vibration measurement.  Therefore, the 

unconstrained optimization problem can be set up as: 

 

 min‖�⃑� 𝒌 + 𝑻�⃑⃑� 𝒌‖ (2) 

 

 

Equation (2) shows the minimizing of the sum of square errors between the current 

measured vibration, �⃑� 𝒌 and the vibration after adjustment, 𝑻�⃑⃑� 𝒌. 

 

 

Derivation of Least Squares 

 

 A Least Squares (LS) approach has been widely used in the rotorcraft industry 

due to the simplicity of calculation and the ability for a solution to be generated 

quickly on hand-held electronic devices.  The approach utilized sensor measurements 

and approximations of the airframe response sensitivity coefficients in order to 
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calculate a solution.  Scientific Atlanta developed the commercial tool named Rotor 

Analysis and Diagnostics System (RADS) as an outboard system to tune rotorcraft in 

the field.  The primitive Control And Display Units (CADUs) only had so much 

available memory to run programs and had to compromise on the number of sensors, 

regimes, and harmonics it could evaluate concurrently.   

A LS solution is able to get a valid adjustment most of the time provided the 

sensitivity coefficients used in the T matrix are sufficiently accurate to characterize 

the airframe response.  To solve for 𝛉, a scalar cost functional can be established as: 

 

 𝑱(𝒛) = 
𝟏

𝟐
𝐳 ̂𝒌+𝟏

𝑻
𝐳 ̂𝒌+𝟏 + 

𝟏

𝟐
�⃑⃑� 𝒌

𝑻
�⃑⃑� 𝒌 (3) 

 

 

The scalar cost function, 𝑱(𝒛), is the sum of the squares of the vibration measurements 

and the control adjustments.  The decision variables are the estimated vibration levels 

after adjustment, 𝐳 ̂𝒌+𝟏, and �⃑⃑� 𝒌, the normalized RTB control input vector.   

 

 𝑱(𝒛) =
𝟏

𝟐
(𝐳 𝒌 + 𝐓�⃑⃑� 𝒌)

𝑻(𝐳 𝒌 + 𝐓�⃑⃑� 𝒌) +
𝟏

𝟐
�⃑⃑� 𝒌

𝑻
�⃑⃑� 𝒌 (4) 

 

 
  

 
       =

𝟏

𝟐
(�⃑� 𝒌

𝑻
+ �⃑⃑� 𝒌

𝑻
𝑻𝑻)(�⃑� 𝒌 + 𝑻�⃑⃑� 𝒌) +

𝟏

𝟐
�⃑⃑� 𝒌

𝑻
�⃑⃑� 𝒌 

(5) 

 

 
                        =

𝟏

𝟐
�⃑� 𝒌

𝑻
�⃑� 𝒌 +

𝟏

𝟐
�⃑� 𝒌

𝑻
𝑻�⃑⃑� 𝒌 +

𝟏

𝟐
�⃑⃑� 𝒌

𝑻
𝑻𝑻�⃑� 𝒌 +  

        
𝟏

𝟐
�⃑⃑� 𝒌

𝑻
𝑻𝑻𝑻�⃑⃑� 𝒌 + 

𝟏

𝟐
�⃑⃑� 𝒌

𝑻
�⃑⃑� 𝒌 

(6) 
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Equation (6) is a LS formulation for vibration measurements. One can minimize it to 

derive �⃑⃑� 𝒌 from �⃑� 𝒌.  To accomplish this, the partial derivative with respect to �⃑⃑� 𝒌 is 

calculated in Equation (7).   

 

 

 𝝏𝑱(𝒛)

𝝏𝜽
= 𝑻𝑻�⃑� 𝒌 + 𝑻𝑻𝑻�⃑⃑� 𝒌 + �⃑⃑� 𝒌 = 𝟎 

 

(7) 

   

 �⃑⃑� 𝒌 = −{𝑻𝑻𝑻}−𝟏 ∙  {𝑻𝑻𝐳 𝒌} (8) 

 

 

Solving for �⃑⃑� 𝒌 yields Equation (8).  This is the minimizing choice for �⃑⃑� 𝒌. 

 

 

 

Derivation of Weighted Least Squares 

 

A Weighted Least Squares (WLS) approach seeks to minimize a scalar cost 

function according to varying weights on measurement data or available controls.  In 

the case of RTB tuning, it is more desirable to weight certain sensor, regime, and 

harmonic combinations that will be discussed in detail below.  Additionally, the 

capability to weight one control over another exists.  This modulation of the 

importance of each measurement and/or control becomes very important in order to 

tailor the solution to constraints imposed by the user. 

  To solve for �⃑⃑� 𝒌 , a scalar cost function can be established with weighting 

matrices for the measurements and control adjustment vectors. 
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 𝑱(𝒛) = 𝐳 ̂𝒌+𝟏

𝑻
𝐖𝒛𝐳 ̂𝒌+𝟏 + �⃑⃑� 𝒌

𝑻
𝐖𝜽�⃑⃑� 𝒌 (9) 

 

 

𝑱(𝒛), represents a sum of the weighted squares of the vibration measurements and the 

control adjustments.  Our decision variables are the estimated vibration levels after 

adjustment, 𝐳 ̂𝒌+𝟏, and �⃑⃑� 𝒌, the normalized RTB control input vector.   

By taking the partial derivative of 𝑱 with respect to �⃑⃑� 𝒌 and setting the result to 

zero, the minimum vibration solution by solving for �⃑⃑� 𝒌, shown in Equation (14). 

 

 𝑱 = (𝐳 𝒌 + 𝐓�⃑⃑� 𝒌)
𝑻𝐖𝒛(𝐳 𝒌 + 𝐓�⃑⃑� 𝒌) + �⃑⃑� 𝒌

𝑻
𝐖𝜽�⃑⃑� 𝒌 

 
(10) 

   

 = (�⃑� 𝒌
𝑻
+ �⃑⃑� 𝒌

𝑻
𝑻𝑻)𝑾𝒛(�⃑� 𝒌 + 𝑻�⃑⃑� 𝒌) + �⃑⃑� 𝒌

𝑻
𝑾𝜽�⃑⃑� 𝒌 (11) 

 

 
= �⃑� 𝒌

𝑻
𝑾𝒛�⃑� 𝒌 + �⃑� 𝒌

𝑻
𝑾𝒛𝑻�⃑⃑� 𝒌 + �⃑⃑� 𝒌

𝑻
𝑻𝑻𝑾𝒛�⃑� 𝒌 +  

        �⃑⃑� 𝒌
𝑻
𝑻𝑻𝑾𝒛𝑻�⃑⃑� 𝒌 + �⃑⃑� 𝒌

𝑻
𝑾𝜽�⃑⃑� 𝒌 

(12) 

 

 

𝝏𝑱

𝝏𝜽
= 𝑻𝑻𝑾𝒛�⃑� 𝒌 + 𝑻𝑻𝑾𝒛𝑻�⃑⃑� 𝒌 + 𝑾𝜽�⃑⃑� 𝒌 = 𝟎 

 
(13) 

   

 �⃑⃑� 𝒌 = −{𝐓𝑻𝐖𝒛𝐓 + 𝐖𝜽}
−𝟏 ∙  {𝐓𝑻𝐖𝒛𝐳 𝒌} (14) 

 

 

Equation (14) is a WLS formulation with 𝐖𝒛  weightings matrix for vibration 

measurements and 𝐖𝜽 as a weightings matrix for RTB adjustment controls.  Having 

the ability to change the 𝐖𝒛  weightings allows the design engineer to emphasize 

different sensor locations and directions, flight regimes, and vibration frequencies.  
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Furthermore, changing the 𝐖𝜽 weightings allows the optimized controller to penalize 

the use of a control to the extent that it is avoided altogether in generating the solution. 

 

 

Derivation of Linear Quadratic Regulator 

 

Another method to solve for RTB solutions can be the use of a finite horizon 

discrete Linear Quadratic Regulator (LQR).  Like the WLS approach, the algorithm 

attempts to minimize a cost function with user supplied weightings.  The problem is 

similar to the WLS approach in that the weightings have to be known to the user a 

priori.  No empirical papers have proposed the use of the LQR model. The RTB 

community in rotorcraft has not researched different methods of optimization, most 

likely because the LS methods have been sufficient up to now.  The  

LQR model is now evaluated for completeness. 

For a discrete time linear system described by Equation (1), a cost function is 

created as: 

 

 
𝑱 =  ∑  (�⃑� ̂𝒌+𝟏

𝑻
𝑾𝒛�⃑� ̂𝒌+𝟏 +  �⃑⃑� 𝒌

𝑻
𝑾𝜽�⃑⃑� 𝒌)

𝑵

𝒌=𝟎

 

 

(15) 

 

The feedback control law that minimizes the cost function is: 

 

 �⃑⃑� 𝒌 = −𝑭𝒌�⃑�  𝒌−𝟏 (16) 



 

28 

 

 

Where 

 

 𝑭𝒌 =  (𝑾𝜽 + 𝑻𝑻𝑷𝒌𝑻 )−𝟏𝑻𝑻𝑷𝒌 (17) 

 

 

And 𝑷𝒌is found iteratively backwards using the Dynamic Riccati Equation: 

 

 

 
𝑷𝒌−𝟏 = 𝑾𝒛 +  (𝑷𝒌 − 𝑷𝒌𝑻(𝑾𝜽 + 𝑻𝑻𝑷𝒌𝑻 )

−𝟏
𝑻𝑻𝑷𝒌)  

 
(18) 

 

With initial conditions: 𝐏
𝑁

= 𝐖
𝒛
. 

 

 

 

 

 

Hybrid Simulated Annealing Method 

 

The proposed RTB algorithm uses the WLS derivation but utilizes a heuristic 

approach for a good approximation of the global optimum. There are two loops: an 

outer and an inner loop shown in Figure 6.  The outer loop uses the 𝐖𝛉 weighting 

matrix to set available RTB control types constant for the inner loop.  This is desirable 

because one can attempt to optimize with fewer RTB control types thus saving 

maintenance time and effort with less complex adjustments.  In addition, maintainers 

may have reasons to exclude certain adjustment types and the setting of the 𝐖𝛉 

weighting matrix allows that flexibility.  For example, a case may exist if HWs are not 

available for installation when out on an oil rig and HWs are just not on hand.  The 

RTB algorithm loops through each combination of control types during the search and 

more desirable, less expensive, adjustment solutions can be attempted first.  Second, 
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the inner loop uses the 𝐖𝐳 weighting matrix to vary the weight given to certain sensor, 

regime, and harmonic combinations up until the maximum number of iterations is 

reached. 

Using the published tables in ISO 2631-1, the weighting elements for each 

direction and frequency can be taken and applied to as a default 𝐖𝐳 weighting matrix.  

The resulting 𝐖𝐳 weighting matrix allows emphasis of certain vibration frequencies 

and directions according to the physiological sensitivities.    

 Figure 6 is a schematic of the proposed hybrid Simulated Annealing (hSA) 

RTB algorithm.  Upon setting the 𝐖𝛉 weighting matrix, the algorithm calculates the 

control adjustment using Equation (14) and predicts the resulting vibration from the 

adjustment using the 𝐓  matrix of Equation (1).  However, the default weighting 

matrices for the least squares method may not be able to reduce vibration magnitudes 

at all sensor, regime, and harmonic combinations to limit levels defined in Table 4.   

 

Figure 6: Proposed hybrid Simulated Annealing (hSA) RTB flowchart. 



 

30 

 

 

Better solutions are sought by dynamically varying elements of the 𝐖𝐳 

weighting matrix to determine the most significant portions of the fuselage’s predicted 

structural response.  Weighting values within 𝐖𝐳 are updated with values proportional 

to the constraints, or difference in measured vibration and vibration limits, according 

to Equation (19).   

 

 ∆̂ = 
‖�⃑⃑� 𝒊‖−𝑧𝑖𝑙𝑖𝑚𝑖𝑡

𝑧𝑖𝑙𝑖𝑚𝑖𝑡

 (19) 

 

 

where 

1) 𝐳 𝒊 is the i
th

 element of a complex array corresponding to a specific sensor, 

regime, and harmonic 

2) 𝑧𝑖𝑙𝑖𝑚𝑖𝑡
 is the scalar vibration limit corresponding to the specific sensor, 

regime, and harmonic  

 

In effect, the RTB algorithm penalizes the measurements that are predicted to be 

above the limits and setting less weighting for measurements that are predicted to be 

well under the limits.  The new 𝐖𝐳 weighting element is set according to Equation 

(20) and the results multiplied to the default 𝐖𝐳 weighting matrix.   
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 𝑊𝑧𝑖
= 1 + ∆̂ (20) 

 

 

For initial vibration levels that are above the limit, the difference calculated in 

Equation (19) is greater than zero.  Conversely, for any initial vibration levels already 

below the limit, the calculated result is a negative value.  This difference value is the 

metric used for any change applied to 𝐖𝐳 .  The updated weighting value is 

proportional to the amount of margin or excess over the predetermined limit. 

Two additional features are implemented.  If predicted vibrations are below the 

limits, a minimum difference is required in order to update and reduce the 𝐖𝐳𝐢
 

diagonal elements within the 𝐖𝐳 weighting matrix.  This technique safeguards against 

worsening vibration magnitudes that just fall within the limits.  Also, an upper 

weighting bound based on the number of iterations within the 𝐖𝐳 loop is also defined.  

By lowering the maximum amount the weightings can increase and decrease, the RTB 

algorithm explores the solution space by slowly decreasing the probability of 

accepting worse solutions.  The term for this approach was named hybrid Simulated 

Annealing (hSA).  At the end of each loop, the predicted vibration measurements are 

analyzed to determine the best solution given the 𝐖𝛉 and 𝐖𝐳 weighting matrices.  The 

𝐖𝐳 loop is repeated for each RTB control combination.  At the completion of the outer 

loop, there is an optimized answer for each RTB control combination.  The second 

part of the algorithm deals with selecting the best solution containing the correct RTB 

control combination. 
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Selection of the RTB Solution 

 

 Upon completion of the inner and outer loops, the best solutions for each RTB 

control combination are stored and the selection of the best RTB solution is 

accomplished through a cost-benefit analysis of predicted vibration measurements 

compared with the amount of effort to implement the adjustment.  A vibration score 

along with an adjustment score can be derived to analytically assess the value 

proposition for each RTB control combination.  Below is an example of a table that 

summarizes possible RTB control combination along with the adjustment required to 

minimize vibration. 

 

Control 

Combinations 
Required Adjustment 

Adjustment Number 

HWs Only 
Blue Blade +36 oz., Red Blade 

-10 oz. 
2 

PCRs Only 
Blue Blade +3 notches, Red 

Blade -1 notches 
2 

TTs Only 
Blue Blade +0.008 inches, Red 

Blade -0.005 inches 
2 

HWs and PCRs 

Blue Blade +13 oz., Red Blade 

-6 oz., Blue Blade +1 N, Red 

Blade -1 N 

4 

PCRs and TTs 

Blue Blade +5 notches, Red 

Blade –4 notches, Blue Blade -

0.012”, Red Blade +0.016” 

4 

HWs, PCRs, and TTs 

Blue Blade +18 oz., Red Blade 

-3 oz., Blue Blade +3 notches, 

Red Blade -2 notches, Blue 

Blade +0.010”, Red Blade –

0.008” 

6 

 

Table 7: An example of the different control adjustment combinations that may 

optimize vibrations below limits and the number of adjustments required on 

different blades. 
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The cost benefit analysis is highly configurable for the end user.  The 

relationship between weighting the number of adjustment compared to the extra 

reduction in overall vibration is an exercise left up to the reader.  If it is the Original 

Equipment Manufacturer (OEM), the limits set for vibration tuning may be stricter, 

requiring the user to reduce vibration more thereby increasing the number of 

adjustments.  Since field limits may differ than limits set by the manufacturer, this 

important feature allows the flexibility to choose what type of adjustments the 

algorithm can output.  One can emphasize reducing vibrations as much as possible at 

the expense of a large number of adjustments or the user can choose to reduce the 

number of controls and display a solution that requires minimal adjustments. 

To compare the different predicted vibration measurement vectors,  𝐳 ̂ , ISO 

2631-1 is referenced.  The standard offers ways to quantify the effect of vibration due 

to multiple frequencies and directions on the human body.  The weighted acceleration 

value method combines vibrations in more than one direction in order to calculate a 

total vibration value, as shown in Equation (21). 

 

 𝒂𝒘 = [∑ (𝒘𝒊𝒂𝒊)
𝟐

𝒊
]
𝟏

𝟐 (21) 

 

where 𝐰𝐢 values are the same normalized weighting values used as diagonal entries for 

the baseline 𝐖𝐳  weighting matrix and 𝒂𝒊  values are the individual vibration 

magnitudes that make up 𝐳 ̂.  The purpose of using the same 𝐰𝐢 values is so each run 
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can be analyzed with consistency.  The weighted acceleration value can be viewed as a 

rolled up score quantifying all the combinations of sensors, regimes, and harmonics.     

 Referring back to the goal of reducing vibration magnitudes below certain 

limits and not necessarily reducing them any lower than the limits, substitution of 𝒂𝒊 

in Equation (22) is shown below: 

 

 𝒂𝒊 = ‖𝐳 ̂‖-zlimit (22) 

 

where 

1) if 𝒂𝒊 < 0, 𝒂𝒊 is set to zero 

2) if 𝒂𝒊 ≥ 0, 𝒂𝒊 is ‖𝐳 ̂‖-zlimit 

 

In summary, the vibration score is only composed of sensor, regime, and 

harmonic combinations that exceed the vibration limits.  If a vibration measurement 

vector satisfies the limits, the score is zero.  If there are any combinations with 

magnitudes above the limit, the score is a non-zero positive number.   This vibration 

score value, not the cost function 𝑱(𝒛) from Equation (9), is used to determine the best 

solution.  
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Figure 7: 𝑱(𝒛) cost function by control adjustment types and 𝐖𝐳 iteration.  This 

graph shows that the lowest 𝑱(𝒛) value is not necessarily a result of all the 

available RTB control types turned on. 

 

 

 

Figure 7 shows an example of a 𝑱(𝒛) cost function iterating through the inner 

loop of the RTB algorithm.  The outer loops correspond with each combination of 

control types.  When 𝐖𝛉 was set for PCR and TT, the cost function, 𝑱(𝒛),  reached a 

minimum.  Note that the lowest value for 𝑱(𝒛) occurred when using fewer control 

adjustment types rather than all of the controls available.  This can be explained by the 

rounding of control adjustment values prior to predicting 𝐳 ̂ .  The limitation of 

implementing the RTB controls as integer values was discussed previously and shown 

in Table 6.   

 

HWs 

Only 

PCRs 

Only TTs 

Only 

PCR 

and 

HWs 

PCR 

and 

TTs 

TTs and 

HWs 
PCRs, 

TTs, 

and 

HWs 
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Figure 8: Vibration scores for each control adjustment type.  RTB goal was 

reached when score was zero with PCRs and Tabs turned on. 
 

 

Figure 8 shows a graph of the scores using Equations (21) and (22).  The score 

reached zero during the PCRs and TTs loop.  The simultaneous use of PCRs and TTs 

is able to reduce vibration levels within limits.  This is counter to the notion that by 

increasing the number of vibration control types used, the better one can decrease 

levels since more degrees of freedom are available for control.  In this case, the 

proposed RTB algorithm found a solution that satisfied all existing limits using a 

control combination of PCRs and TTs prior to the control adjustment combination for 

PCRs, TTs, and HWs. The addition of the HWs was not necessary.  If chosen to be 

included, the maintainer would expend unnecessary time and effort putting on HWs.  

HubWts

Only

PCRs 

Only

Tabs 

Only

PCR and 

HubWts

PCR and Tabs

Tabs and 

HubWts

PCRs, 

Tabs, 

and 

HubWts
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This case study illustrates the ability for the algorithm to reduce the number of 

adjustments in order to achieve the required vibration limits.  Once all vibration 

predictions satisfy the limits, the vibration score will necessarily be equal to zero.  The 

process takes into account rounding of the actual implementation of RTB control 

adjustments for the most representative predictions.    

 

 

Optimization Study 

 

 An optimization study was performed to evaluate the predicted RTB solutions 

resulting from various methods.  LS, WLS, LQR, and hSA approaches were 

conducted on the same flight test vibration datasets from 43 individual aircraft.  The 

different methods have been summarized in Table 8. 

 

Optimization Approach Description 

Conventional Two sensors (derived cockpit vertical) and only 1P 

frequency.  LS implementation but with only two sensors 

and only 1P frequency. 

AS_1P All sensors, 1P only.  LS implementation but with all 

sensors and only 1P 

LQR Linear Quadratic Regulator with all sensors and all 

frequencies up to (N-1)P.  Default weightings from ISO-

2631-1. 

WLS Weighted Least Squares with all sensors and all 

frequencies up to (N-1)P.  Default weightings from ISO-

2631-1. 

Has Hybrid Simulated Annealing approach with inner and 

outer loops.  The weightings are dynamically varied 

according to predetermined rules. 

Table 8: Various optimization methods and descriptions 
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Figure 9 shows the vibration score for each optimization method along with 

the average initial vibration score for the first flight on 43 aircraft.  The conventional 

and AS_1P methods focused only on one frequency using the LS minimization 

method.  While the 1P levels decreased, the higher harmonics did not get any attention 

and as a result, 2P increased on the subsequent flights.  With LQR, initial attempts at 

tuning the weighting matrices showed promise at reducing all sensors and all 

harmonics.  The same is true with the WLS approach.  The vibration reductions are 

more dramatic; however, it was surmised that outcomes were highly dependent on the 

weightings.  The hSA method allows the 𝐖𝐳 diagonal values to dynamically change 

according to Equation (20).  This heuristic method found solutions that were closer to 

the global optimum.  The resulting vibration score shows a marked improvement over 

the previously discussed optimization attempts.  The variability between each 

harmonic also decreases with the hSA method, which suggests better precision.   
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Figure 9: Resulting vibration scores for each optimization method 

 

 

The optimization methods yielded higher vibration scores when compared to 

the hSA approaches.  The dynamic weighting component of the hSA works to change 

the default 𝐖𝐳 weighting for the sensor, regime, and harmonic combination to a value 

that helps reduce the predictions within vibration limits. 
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Number of Adjustments 

 

 

 An RTB user can also affect the number of adjustments required to reduce 

vibrations below acceptable limits.  This necessitates an adjustment score that is 

applied to each of the adjustment solutions.  By penalizing solutions containing more 

RTB controls to change and comparing it to the amount of vibration reduction, a cost-

benefit analysis can be conducted.  This flexibility is significant since operators’ 

mission vary quite a bit.  An operator may try to keep the aircraft in flight status 

longer at the expense of being tougher on the aircraft.  Conversely, a different operator 

may choose to reduce vibrations whenever they are elevated and opt for easier 

maintenance in the long run.  The right balance for maintenance actions versus 

vibration reduction is left up to the individual operators. 

 While the importance of number of flights has been illustrated in the previous 

paragraph, one of the features of the proposed RTB algorithm is to find a satisfactory 

answer meeting the limits constraints.  Figure 13 shows a chart of the average number 

of adjustments for predictions that fell within limits.  The hSA approach searched the 

solution space and found, on average, solutions requiring approximately 3.63 

adjustments to meet the limits compared to 4.51 using the conventional method.  This 

is a 19.5% decrease in adjustment effort and directly translates to reduced maintenance 

costs. 
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Summary 

 

The optimization study used the same initial datasets from 43 aircraft.  Each 

optimization technique reported varying degrees of success as determined by the 

combined score of 1P, 2P, and 3P.  The conventional method, defined as using two 

sensors and the fundamental frequency 1P, and the AS_1P method, both neglected 2P 

in the subsequent flight prediction.  The LQR and WLS optimizations suffered from a 

lack of knowledge of the ideal weighting matrices a priori.  For hSA optimization, the 

approach utilized the same number of available sensors and harmonics as LQR and 

WLS but varied weightings dynamically.  This occurred while decreasing the bounds 

of the problem with each successive iteration and the results further reduced vibration 

scores.    
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The optimization study also reviewed the amount of RTB controls that were 

required for each solution.  The number of separate adjustments is a different metric 

compared to the usual magnitude of adjustment because each separate adjustment 

requires the maintainer to go to a different part of the aircraft and physically input the 

adjustment.  To the maintainer, the magnitude of the adjustment does not matter; what 

does matter is the number of RTB controls he or she needs to touch.  The average 

number of adjustments that hSA required were less than the other optimization 

methods.   

 

  



 

43 

CHAPTER 3 

 

SENSITIVITY COEFFICIENT DEVELOPMENT STUDY 

 

 

Introduction 

 

 

 The purpose of this study is to understand the extent to which noise contributes 

to errors in airframe response of an aircraft.  Analysis of current sensitivity 

coefficients extraction techniques provides insight to developing a methodology that 

reduces the effect of noisy measurements.  A proposed approach uses a discrete, linear 

model for RTB and simultaneously extracts contributions from each RTB control to 

the airframe response using a recursive least squares (RLS) algorithm.  The RLS can 

use different input data to extract the sensitivity coefficients.  Calculated sensitivity 

coefficients were achieved through the use of single RTB control type adjustments 

(i.e., PCRs only) and multiple RTB control type adjustments (i.e. simultaneous PCRs 

and TTs).  The resulting prediction errors these updated sensitivity coefficients 

provided are discussed. 

 

 

Conventional Method of Sensitivity Coefficients Extraction 

 

Sensitivity coefficients are typically gathered during test flights by acquiring a 

baseline vibration measurement for all sensors, regimes, and harmonics of interest.  A 
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seeded fault is subsequently introduced through a single blade and single control 

adjustment.  The magnitude of the adjustment is chosen carefully to ensure that a 

measureable change can be achieved and verified on a following flight.  Typically, a 

third flight is conducted after removing the seeded fault adjustment to confirm that 

measurements returned to baseline.  Unfortunately, the return to baseline may not 

overlay exactly on original baseline values due to the stochastic nature of the vibration 

measurements.  Noise associated with instrumentation, variations caused by pilot input 

consistency, and differences due to environmental factors contribute to randomness.  

This conventional process to identify control authority and control sensitivity uses 

single control type adjustments to conduct system identification of the airframe.  It is 

assumed that the airframe response is linear and that the effect from multiple controls 

can be summed together. 

 

 

 

 



 

45 

 

 

 

By plotting the initial and subsequent flight measurements of a seeded fault test on a 

polar chart, one can see the effect of a five notch PCR adjustment.  For the two sensors 

shown, there are three groups of data with vibration measurements plotted at each 

flight regime.  The first is a baseline group, followed by a grouping that represents the 

results after an adjustment, and finally a grouping that shows a return to the baseline.  

These groups prove the validity of the 𝐓 matrix.  The overlaying arrows show the 

approximate average movement for each grouping on the polar chart due to an RTB 

adjustment.    

 

 |�⃑� |  = √|�⃑� 𝑘|2 + |�⃑� 𝑘+1|2 − 2 ∙ |�⃑� 𝑘| ∙ |�⃑� 𝑘+1|cos (𝛾) (23) 

   

   

Figure 11: Sensitivity to a five notch pitch control rod change for the one per rev 

frequency.  There are three groups of data: baseline, seeded fault, and a return 

to baseline.  Each grouping contains measurements at different flight regimes.  

Diamond = Hover, Square = 125 kts, Circle = 145 kts, Triangle = 155 kts. 
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 (24) 

 

 

 

The magnitude of the move line �⃑�  is the polar distance between the initial and seeded 

fault points.  Using equation (23), the magnitude of cockpit derived vertical vibration 

changes by approximately 0.50 ips when the five notch PCR adjustment is 

implemented.   
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Figure 12: Finding the distance between vibration measurements acquired 

during initial flight and subsequent flight.  This distance can be called the “move 

line”. 

 

The phase of the vibration change from approximately 30 degrees to approximately 

190 degrees determines the direction of the move line (Figure 12 dashed line).  Using 

the atan2 function in equation (24), the angle 𝜑 formed from the initial and seeded 

fault points can be determined.  The angle 𝜑 represents the phase that can be repeated 

each time the same RTB control adjustment is made on the same blade.   

The results are normalized by calculating the sensitivity coefficient of the RTB 

control as the magnitude change per unit of adjustment.  In this case, the coefficient 
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for the PCR is approximately 0.10 ips/notch for the derived vertical sensor.  The 

assumption of linearity applies. Thus, twice the amount of control adjustment yields 

an expectation for twice the response. 

A similar normalization effort is conducted for phase where the adjustment 

blade is mapped onto the polar chart.  A magnetic interrupter determines the zero 

degree phase for a reference blade and it is observed that adjacent blade adjustments 

of the same value on a four bladed rotor result in magnitudes that are 90 degrees apart.  

Therefore, if the adjustments occur on a different blade, one can shift the phasing so 

that the sensitivity coefficients can be blade agnostic and based solely on the reference 

blade.  

The sensitivity coefficients for each of the sensor, regime, and harmonic 

combinations are calculated through the above processes and collected into a matrix 

called the transfer matrix, or the 𝐓 matrix.  This 𝐓  matrix relates change in RTB 

control adjustment to the measured change in vibration magnitude and phase.  

Equation (25) shows the discrete linear RTB model used:  

 

 �⃑� 𝑘+1  = �⃑� 𝑘 + 𝐓�⃑⃑� + 𝑛𝑘 (25) 

 

Where 𝐓�⃑⃑�   can be expanded in index form below: 

 

 

�⃑� 𝑘+1  =  �⃑� 𝑘 + ∑
𝜕𝑇

𝜕𝜃𝑗
�⃑⃑� 𝑗

𝑁

𝑗=1

+ 𝑛𝑘 (26) 
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The complex vector, �⃑� 𝒌+𝟏, represents the vibration velocity resulting from summation 

of the j
th

 airframe response sensitivity coefficient, 
𝜕𝑇

𝜕𝜃𝑗
 , right-multiplied by the j

th
 

control adjustment 𝛉𝑗  and added to the initial vibration measurement with system 

noise.   

 

 

Data Showing Errors in Airframe Response from Control Changes 

 

All available flight data were inserted into normalized tables with the ability to 

query a flight, the single control RTB adjustment, and the subsequent flight.  The 

complementary pairs of flights with RTB adjustments in between were used to plot the 

effect of the control.  Figure 13 shows the result of plotting 202 complementary pairs 

of flights after normalizing the magnitude of adjustments and normalizing the phase 

based on the reference blade.  

The tight grouping at 0.05 ips/notch at 343.19 degrees suggests a good 

sensitivity coefficient of the control.  In this case, the PCR control is analyzed in the 

hover regime for the cockpit roll sensor at 1/rev.  The sensitivity coefficient shows an 

average distance to the centroid of the grouping of only 0.0146 ips/notch.  There is a 

high degree of confidence that the control yields predictable results.  Thus, the error 

associated with airframe response is considered to be low. 
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Figure 13: Example of a good sensitivity coefficient of a pitch control rod control 

for the cockpit roll sensor, in hover regime, at 1/rev frequency 

PCR, Cockpit Roll Sensor, Hover Regime, 1/rev Harmonic for 

the PCR Control 
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Figure 14:  Weak sensitivity coefficient based on scatter of points in magnitude 

and phase for the hub weight control for the cockpit vertical sensor, in ground 

regime, at 1/rev frequency. 

 

By contrast, Figure 14 shows an example of a weak sensitivity coefficient.  The 

cockpit vertical sensor shows points at different amplitudes and phases spanning the 

entire polar chart.  This example of a weak sensitivity coefficient shows that there is 

no clear repeatability for this sensor, regime, and harmonic combination, which is 

ground, derived vertical, and 1/rev.  This result shows that this sensitivity coefficient 

cannot be used within a given RTB algorithm successfully.   

 Statistical tools are used when analyzing a large number of data points.  For 

example, calculating the standard deviation and centroid of the data points allows the 

user to determine the mean sensitivity coefficient and understand the spread.  The 

PCR, Cockpit Vertical Sensor, Ground Regime, 1/rev 

Harmonic for the Hub Weight Control 
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process described above only allows calculations based on single control type 

adjustments.  With the majority of post-flight maintenance actions requiring multiple 

control type adjustments, there is an entire set of data that cannot be analyzed using 

these conventional methods. 

 

 

Recursive Least Squares Sensitivity Coefficients Extraction 

 

A RLS estimation algorithm allows the combined use of single (e.g. PCR 

adjustments only) and multiple control type input (e.g. PCR and TT adjustments 

combined) RTB data to be used in the calculation of sensitivity coefficients. The 

benefit of this algorithm over the typical single control type input process discussed 

earlier is its ability to utilize the full range of input data to generate sensitivity 

coefficients.  Data captured during regular aircraft acceptance test procedures can be 

leveraged for better sensitivity coefficients definition.  Since the adjustments at the 

end of a flight typically involve more than one control type during normal RTB 

procedures, the number of datasets for multiple control type adjustments exceeds 

single control only adjustments.  Using production vibration acceptance data on a four 

bladed rotor aircraft, a comprehensive set of test cases is performed using the 

algorithm. The goal is to update the estimate of the vector of airframe response 

sensitivity coefficients, �̂�𝑖 , with each newly measured test case, 𝑧𝑖 .  The general 

problem formulation for the RLS estimator is as follows: 
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 𝑧𝑖 = 𝐻𝑖
𝑇𝑥 + 𝑛𝑖 (27) 

   

 �̂�𝑖 = �̂�𝑖−1 + 𝐾𝑖(𝑧𝑖 − 𝐻𝑖
𝑇�̂�𝑖−1) (28) 

 

 

where after i-1 measurements, there is an estimate, �̂�𝑖−1.  As Equation (28) shows, the 

update to �̂�𝑖 can be obtained from the previous estimate by using a correction factor 

along with a gain.   

The current estimation error is defined as: 

 𝐸(𝜖𝑖) = 𝐸(𝑥 − �̂�𝑖) (29) 

   

  = 𝐸(𝑥 − �̂�𝑖−1 − 𝐾𝑖(𝑧𝑖 − 𝐻𝑖
𝑇�̂�𝑖−1)) (30) 

   

  = 𝐸(𝜖𝑖−1 − 𝐾𝑖(𝐻𝑖
𝑇𝑥 + 𝑛𝑖 − 𝐻𝑖

𝑇�̂�𝑖−1)) (31) 

   

  = 𝐸(𝜖𝑖−1 − 𝐾𝑖𝐻𝑖
𝑇(𝑥 − �̂�𝑖−1) − 𝐾𝑖𝑛𝑖) (32) 

   

  = (𝐼 − 𝐾𝑖𝐻𝑖
𝑇)𝐸(𝜖𝑖−1) − 𝐾𝑖𝐸(𝑛𝑖) (33) 

 

Assuming Equation (28) is unbiased, the measurement noise 𝑛𝑖 is zero mean for all i, 

and the initial estimate of 𝑥 is equal to its expected value.  As a result, �̂�𝑖 = 𝑥𝑖 for all i.   

Since the goal is to minimize the variance of estimation errors, the cost 

function J can be defined as: 

 𝐽𝑖 = 𝐸(‖𝒙𝑖 − �̂�𝑖‖
𝟐) (34) 

   

  = 𝐸(𝝐𝒊
𝑻𝝐𝑖) (35) 

   

  = 𝑡𝑟(𝐸(𝝐𝑖𝝐𝒊
𝑻)) (36) 

   

  = 𝑡𝑟(𝑃𝑖) (37) 
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Where 𝑃𝑖 is the estimation error covariance.  𝑃𝑖  is defined using a substitution from 

(33): 

 
𝑃𝑖 = 𝐸((𝐼 − 𝐾𝑖𝐻𝑖

𝑇)𝐸(𝜖𝑖) − 𝐾𝑖𝐸(𝑛𝑖))(𝐼 − 𝐾𝑖𝐻𝑖
𝑇)𝐸(𝜖𝑖) − 𝐾𝑖𝐸(𝑛𝑖))

𝑇) (38) 

 
𝑃𝑖 = (𝐼 − 𝐾𝑖𝐻𝑖

𝑇)𝐸(𝜖𝑖−1𝜖𝑖−1
𝑇 )(𝐼 − 𝐾𝑖𝐻𝑖

𝑇)𝑇 − 𝐾𝑖𝐸(𝑛𝑖𝜖𝑖−1
𝑇 )(𝐼 − 𝐾𝑖𝐻𝑖

𝑇)𝑇 
  −(𝐼 − 𝐾𝑖𝐻𝑖

𝑇)𝐸(𝜖𝑖−1𝑛𝑖
𝑇)𝐾𝑖

𝑇 + 𝐾𝑖𝐸(𝑛𝑖
2)𝐾𝑖

𝑇) 
(39) 

 

If the estimation error 𝜖𝑖−1 at time i-1 is independent of the measurement noise at time 

i then: 

 

 𝐸(𝑛𝑖𝜖𝑖−1
𝑇 ) = 𝐸(𝑛𝑖)𝐸(𝜖𝑖−1

𝑇 ) = 0 (40) 

So 𝑃𝑖 is : 

 
𝑃𝑖 = (𝐼 − 𝐾𝑖𝐻𝑖

𝑇)𝑃𝑖−1(𝐼 − 𝐾𝑖𝐻𝑖
𝑇)𝑇 + 𝐾𝑖𝑅𝑖𝐾𝑖

𝑇 (41) 

 

where 𝑅𝑖 = 𝐸(𝑛𝑖
2).  Next, the best value of 𝐾𝑖  to minimize the cost function 𝐽𝑖  is 

determined.  By taking the partial derivative with respect to 𝐾𝑖, and setting the result 

to zero: 

 

(
𝜕𝐽𝑖
𝜕𝐾𝑖

)
𝑇

= 2(𝐼 − 𝐾𝑖𝐻𝑖
𝑇)𝑃𝑖−1(−𝐻𝑖) + 2𝐾𝑖𝑅𝑖 = 0 (42) 

 
  

 
𝐾𝑖 = 𝑃𝑖−1𝐻𝑖(𝐻𝑖

𝑇𝑃𝑖−1𝐻𝑖 + 𝑅𝑖)
−1 (43) 

 

where substitution of:  

 
𝑆𝑖 = 𝐻𝑖

𝑇𝑃𝑖−1𝐻𝑖 + 𝑅𝑖 (44) 
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so 

 
𝐾𝑖 = 𝑃𝑖−1𝐻𝑖𝑆𝑖

−1 (45) 

 

Finally, substitution of the gain value 𝐾𝑖, into equation (41) is completed to obtain the 

recursive algorithm. 

 
𝑃𝑖 = (𝐼 − (𝑃𝑖−1𝐻𝑖𝑆𝑖

−1)𝐻𝑖
𝑇)𝑃𝑖−1(𝐼 − (𝑃𝑖−1𝐻𝑖𝑆𝑖

−1)𝐻𝑖
𝑇)𝑇

+ (𝑃𝑖−1𝐻𝑖𝑆𝑖
−1)𝑅𝑖(𝑃𝑖−1𝐻𝑖𝑆𝑖

−1)𝑇) 

(46) 

 
  

 
𝑃𝑖 = 𝑃𝑖−1 − 𝑃𝑖−1𝐻𝑖𝑆𝑖

−1𝐻𝑖
𝑇𝑃𝑖−1 − 𝑃𝑖−1𝐻𝑖𝑆𝑖

−1𝐻𝑖
𝑇𝑃𝑖−1

+ 𝑃𝑖−1𝐻𝑖𝑆𝑖
−1𝐻𝑖

𝑇𝑃𝑖−1𝐻𝑖𝑆𝑖
−1𝐻𝑖

𝑇𝑃𝑖−1

+ 𝑃𝑖−1𝐻𝑖𝑆𝑖
−1𝑅𝑖𝑆𝑖

−1𝐻𝑖
𝑇𝑃𝑖−1 

(47) 

 

Referring to Equation (44), simplification of the estimation error covariance: 

 
𝑃𝑖 = 𝑃𝑖−1 − 𝑃𝑖−1𝐻𝑖𝑆𝑖

−1𝐻𝑖
𝑇𝑃𝑖−1 − 𝑃𝑖−1𝐻𝑖𝑆𝑖

−1𝐻𝑖
𝑇𝑃𝑖−1

+ 𝑃𝑖−1𝐻𝑖𝑆𝑖
−1𝑆𝑖𝑆𝑖

−1𝐻𝑖
𝑇𝑃𝑖−1 

(48) 

 
𝑃𝑖 = 𝑃𝑖−1 − 2𝑃𝑖−1𝐻𝑖𝑆𝑖

−1𝐻𝑖
𝑇𝑃𝑖−1 + 𝑃𝑖−1𝐻𝑖𝑆𝑖

−1𝐻𝑖
𝑇𝑃𝑖−1 (49) 

 
𝑃𝑖 = 𝑃𝑖−1 − 𝑃𝑖−1𝐻𝑖𝑆𝑖

−1𝐻𝑖
𝑇𝑃𝑖−1 (50) 

 
𝑃𝑖 = 𝑃𝑖−1 − 𝐾𝑖𝐻𝑖

𝑇𝑃𝑖−1 (51) 

 
𝑃𝑖 = (𝐼 − 𝐾𝑖𝐻𝑖

𝑇)𝑃𝑖−1 (52) 

 

To implement the RLS estimation algorithm, initialization of �̂�0 and 𝑧0 is performed. 

 
𝐾𝑖 = 𝑃𝑖−1𝐻𝑖(𝐻𝑖

𝑇𝑃𝑖−1𝐻𝑖 + 𝑅𝑖)
−1 (53) 

   

 �̂�𝑖 = �̂�𝑖−1 + 𝐾𝑖(𝑧𝑖 − 𝐻𝑖
𝑇�̂�𝑖−1) (54) 
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 𝑃𝑖 = (𝐼 − 𝐾𝑖𝐻𝑖
𝑇)𝑃𝑖−1 (55) 

 

By updating Equations (53) through (55), an estimate of the sensitivity coefficients 

will be calculated with each iteration of i.  If no input data are provided for a particular 

type of adjustment, the algorithm will not modify that input’s sensitivities.  Also, 

having more data samples increases the accuracy of the estimates and makes them less 

susceptible to outlying data points.   

By keeping measurement noise, 𝑅𝑖, constant, the estimation error covariance 

decreases at each step.  The estimator gain, 𝑲𝒊 , invariably goes to zero so newer 

measurement samples have a smaller effect on the average than the previous 

measurement.  One can change this behavior by modifying the measurement noise 

matrix, 𝑹𝒊. 

The sensitivity coefficients can be estimated using only single control type 

inputs, only multiple control type inputs, or a combination of single and multiple 

control type inputs.  

 

 

Single Control Type Input Results 

 

Data from single control type inputs, for example, PCR only adjustments, are 

queried from the MS SQL database containing 124 aircraft.  The adjustment blade and 

magnitudes are entered into the system matrix, 𝑯𝒊
𝑻 .  The sensitivity coefficients 

gathered using the RLS estimator with single control type inputs should be 
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comparable to ones extracted using the conventional methods because both use the 

same data sets.  The analysis can be completed using any regime.   Additionally, only 

the vertical and roll sensors are shown.  The sensitivity coefficients are shown for both 

the RLS estimator and conventional method in Table 9.  The results show that the 

sensitivity coefficients for the two different methods are in the same quadrant but 

contain differences in magnitude and phase.     

 

 

Table 9: Sensitivity Coefficients for Vertical and Roll Sensors in Hover Using 

Single Control Type Adjustment Data. 

 

Sensitivity Coefficient RLS Estimator Conventional 

ΔVert/ΔPCR 0.0153∠170
o
 0.0160∠180

o
 

ΔVert/ΔIBTT 0.0020∠169
o
 0.0024∠171

o
 

ΔVert/ΔOBTT 0.0061∠164
o
 0.0055∠176

o
 

ΔVert/ΔHW 0.0015∠284
o
 0.0015∠276

o
 

ΔRoll/ΔPCR 0.0562∠70
o
 0.0518∠70

o
 

ΔRoll/ΔIBTT 0.0025∠85
o
 0.0025∠82

o
 

ΔRoll/ΔOBTT 0.0088∠77
o
 0.0084∠84

o
 

ΔRoll/ΔHW 0.0030∠178
o
 0.0033∠173

o
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Figure 15: Results from single control type input data sensitivity evolutions for 

the hover regime. 
  
 

 

 

Figure 15: Results from single control type input data sensitivity evolutions for 

the hover regime. 

 shows the results of the RLS estimator graphically.  The red square indicates the start 

of the recursion and the blue square shows the final sensitivity coefficient value.  It is 

observed that the initial iterations of the RLS estimator produce results that can vary 

significantly.  After several iterations, the coefficient values converge to stable values. 
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Combined Multiple and Single Control Type Input Results 

 

Extraction of the sensitivity coefficients were conducted with combined 

multiple and single control type inputs to explore the ability for concurrent 

adjustments of PCRs, TTs, and HWs.  It is hypothesized that combined adjustments 

may affect vibration changes differently due to some coupling phenomenon between 

different control types.  The RLS estimator exploits the impact of a control on a 

response.  By examining the difference in a least squares solution, an appropriate 

balance for each RTB control type to minimize the vibration in the system can be 

found.  Table 10 shows the results of the RLS estimator with combined multiple and 

single control type adjustment data as inputs.  

 

 

 

 

Sensitivity Coefficient RLS Estimator Conventional 

ΔVert/ΔPCR 0.0143∠180
o
 0.0160∠180

o
 

ΔVert/ΔIBTT 0.0016∠162
o
 0.0024∠171

o
 

ΔVert/ΔOBTT 0.0049∠172
o
 0.0055∠176

o
 

ΔVert/ΔHW 0.0012∠284
o
 0.0015∠276

o
 

ΔRoll/ΔPCR 0.0526∠72
o
 0.0518∠70

o
 

ΔRoll/ΔIBTT 0.0022∠77
o
 0.0025∠82

o
 

ΔRoll/ΔOBTT 0.0065∠81
o
 0.0084∠84

o
 

ΔRoll/ΔHW 0.0030∠178
o
 0.0033∠173

o
 

Table 10: Sensitivity Coefficients for Vertical and Roll Sensors in Hover Using 

Single and Multiple Control Type Adjustment Data. 
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Figure 16: Results from combined multiple and single control type input data 

sensitivity evolutions for the hover regime. 
 

 

Vibration Prediction Error Results 

  

To evaluate the effectiveness of each method, the sensitivity coefficients 

calculated were used in predicting the subsequent flight given the post-flight RTB 

adjustments.  The predictions were compared to the measurements obtained during the 

actual subsequent flight.  An accurate sensitivity coefficient within the 𝐓 Matrix used 

in Equation (25) will yield results with lower errors.  From Figure 17, it is clear that 

the sensitivity coefficients calculated from the combined single and multiple control 

type RLS estimator yield predictions that are much closer to actual flight 
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measurements than the single control type RLS estimator and the baseline method of 

using flight test data. 

 

 
Figure 17: Vertical vibration error comparison between the different methods of 

sensitivity coefficients extraction.   

 

 

Figure 18 shows the number of flights used to calculate the sensitivity coefficients for 

the single control type RLS estimator, the combined single and multiple control type 

RLS estimator, and the baseline flight test data.  As expected, the combined single and 

multiple control type (empty bar) show a much higher number in every instance.  This 

is because there are more flights that require post-flight RTB adjustments using 

multiple RTB controls instead of only one RTB control. 
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Figure 18: Number of flights for the vertical sensor used in each regime for 

different methods during sensitivity coefficient extraction. 

 

 

 

 
Figure 19: Roll vibration error comparison between the different methods of 

sensitivity coefficients extraction.   
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For the roll sensor, Figure 19 shows the comparison between the different types of 

sensitivity extraction methods.  The roll numbers show the same trend as the vertical 

sensor.  The conventional methods of sensitivity extraction using flight test data yield 

less accurate predictions compared to the single control type input and combined 

multiple and single control type inputs for most regimes.  Additionally, the increase in 

number of flights available for analysis helps reduce the noise in the study as shown in 

Figure 20.   

 

 

 
Figure 20: Number of flights for the roll sensor used in each regime for different 

methods during sensitivity coefficient extraction 
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Summary 

  

Conventional methods to characterize an airframe response included the use of 

a flight test aircraft that is not representative of production aircraft due to 

instrumentation, different ballast configurations, and general differences in 

manufacturing a prototype versus production airframes.  The consequence was 

frequently poor RTB solutions generated due to prediction errors generated by using 

an outdated T matrix and increasingly different sensitivities as the production line 

continued forward.  Updates to the airframe response sensitivity coefficients have 

been made during production although the process was frequently done by hand and 

over the course of limited production airframes.  The updates also were completed by 

taking an initial and subsequent flight complement and applying a simple algebraic 

equation to back out the single control type sensitivity.  For example, if the adjustment 

between the first and second flight consisted of PCR only, then an updated sensitivity 

coefficient can be calculated for PCR only.   

The RLS algorithm attempts to take advantage of the more common RTB 

solutions which require more than one control type.  The proposed sensitivity 

coefficients extraction handles inputs from multiple RTB control types in order to try 

and capture the notion that combined adjustments may affect vibrations differently due 

to possible coupling phenomenon between different control types.   
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CHAPTER 4 

 

FLIGHT TEST VERIFICATION  

 

 

Introduction 

 

 

 This chapter presents real-world flight test results from implementation of the 

proposed hSA RTB algorithm and the RLS sensitivity coefficients extraction method.  

The metric used to compare the different states is the number of flights required in 

order to reduce vibrations within acceptable limits.   

 

 

Reduction of Flights Due to Better Solutions 

 

The combination of the proposed RTB algorithm and the sensitivity extraction 

method has been tested on many aircraft with the goal of reducing the number of 

flights before the aircraft has reached acceptable vibration limits.  In the past, the 

conventional method of only two sensors and one harmonic in the RTB algorithm 

frequently resulted in sub-optimal adjustments.  This was because the solution failed 

to address all the limits for all the sensor, regime, and harmonic combinations.  In 

frequent cases, the subsequent flights showed that the vibrations were still outside the 

acceptable levels.  The average number of flights using the conventional method for 

56 aircraft was 5.268.  In contrast, the use of the proposed RTB algorithm and better 
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sensitivities allowed 53 aircraft so far to average 3.245 flights until acceptance.  This 

38.4% reduction in flights translates to time and money saved for the operator.  At 

approximately $4,000 per flight, this is a significant savings of roughly $429,000 over 

the course of the 53 aircraft.  Figure 21 and Figure 22 illustrate the number of flights 

required to reach acceptable limits for vibrations using the different RTB algorithms. 

 

 

Figure 21: Number of flights until acceptance using the conventional method. 
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Figure 22: Number of flights until acceptance for the proposed RTB algorithm 

with improved sensitivities. 

 

 

Figure 21 and Figure 22 also show much less volatility with respect to number of 

flights required to accept the vibrations as shown by the significant reduction in 

standard deviation from 1.668 flights down to 0.585 flights.  This suggests that the 

RTB algorithm and T matrix used produced RTB adjustments that reduced vibrations 

to acceptable levels a lot more consistently than previous techniques.  
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CHAPTER 5 

 

CONCLUSION AND DISCUSSION FOR FUTURE WORK  

 

Conclusion 

 

The dissertation presents a new RTB tuning approach termed hybrid Simulated 

Annealing (hSA) with an emphasis on real world application.  One of the greatest 

benefits is that the hSA approach allows more flexibility and stability than the current 

state of the art algorithms.  The current algorithms do not take into account truncated 

control adjustments and instead, rely on rounding when applying adjustments to real 

controls.  Additionally, the current state of the art algorithms are a compromise 

between the OEM operators and field operators since there is no means to tailor a 

tuning strategy for all existing types of users.  An outer loop sets the weightings for 

the different control types while an inner loop allows dynamic weightings based on the 

differences in current weightings and a limit constraint.  As the algorithm runs, new 

predictions are made based on actual RTB solutions generated.  Finally, configurable 

weightings for different user types affect the cost-benefit analysis for selecting which 

RTB control type combination to implement.  In this way, the hSA approach searches 

the solution space so that users do not need to know a priori which RTB controls to 

enable. 

Instead of solving for a subset of vibration, the new hSA RTB tuning approach 

takes into account higher harmonics (1P, 2P, and 3P), as well as all physical sensors 
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present in the cockpit and cabin.  Additionally, the solution accounts for vibrations in 

ground, hover, and forward flight regimes.  Emphasis on which sensor, harmonic and 

regime can be tailored as required.  The notion of RTB tuning to human physiological 

response was presented and the new hSA RTB tuning approach supports the concept 

through algorithm weightings.  It is the first time in industry where the overall 

vibration effect on human physiology can be taken into account by using the new RTB 

tuning approach.   Prior efforts were unable to incorporate constraints for sensors, 

harmonics, and regimes, to simultaneously solve for an optimal solution. 

This dissertation also introduced a methodology to extract sensitivity 

coefficients using normal day-to-day flight data.  Instead of using non-representative 

aircraft to determine airframe response, sensitivity coefficients can be continuously 

honed during normal business operations to take into account changes in airframes 

during production.  One study showed that the number of available datasets used to 

calculate sensitivity coefficients improved from 43 to 123 datasets out of 150 total 

datasets.  This percentage increase from 28.7% to 82.0% useable datasets means an 

ability to calculate updates to the T matrix using fewer flights.  The sensitivity 

coefficients extraction methodologies are general enough that they can be easily 

expanded to account for larger vibration changes and nonlinear dynamics.  The T 

matrix used in calculating the predictions of the next state can be different while the 

algorithm runs.  Separate T matrices can be calculated based on the magnitudes of 

initial vibration changes. 

The experiments validate the newly developed hSA tuning strategy as well as 

the newly formed sensitivity coefficient extraction method to a level of maturity where 
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it is being used in industry.  The metric used to determine success is the number of 

flights for each aircraft before reaching acceptable vibration magnitudes.  The 

verification portion of the research shows that the average number of flights required 

for production acceptance of aircraft drops from 5.268 flights over 56 aircraft to 3.245 

flights over 53 aircraft.  This represents a 38.4% reduction.  Additionally, the standard 

deviation decreases from 1.668 flights to 0.585 flights.  This reflects a 64.9% 

reduction.  At a conservative estimate of $4,000 dollars per flight, using the newly 

developed methods, a total of approximately $429,000 in savings is achieved. 

 

 

Contributions 

 

1. Introduced the use of international standard, ISO 2631-1, in RTB tuning to 

reduce vibration below human physiological response thresholds. 

2. Developed a new RTB tuning approach called hybrid Simulated Annealing 

(hSA) with emphasis on real world application which:  

a. Optimizes 1P to (N-1)P vibration frequencies concurrently. 

b. Optimizes multiple physical sensor locations (6) and directions (3) 

concurrently. 

c. Accounts for truncated control adjustments in predicting future 

vibration states. 
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d. Uses configurable weightings in 𝐖𝛉 and 𝐖𝒛 to allow different user types 

to trade adjustment complexity with vibration reduction in the tuning 

strategy. 

e. Chooses the RTB controls required to reduce vibrations within user 

specified limits subject to the configured weightings. 

3. Used a recursive least squares (RLS) methodology to extract airframe response 

sensitivity coefficients using inexpensive day-to-day flight data gathered from 

normal business operations. 

a. The results of RLS sensitivity extraction showed the number datasets 

used for analysis was increased, on average over each of the regimes, 

from 43 to 123 datasets out of 150 possible datasets.  This 

improvement reflects more utilization of available adjustment data and 

an increase from 28.7% to 82.0%. 

b. Christopher Quiding took the Austin Fang’s idea of airframe response 

sensitivity coefficients extraction using multiple RTB control input 

types and implemented the RLS algorithm against production 

acceptance data.  He generated the plots showing the updated 

sensitivity coefficients. 

4. The sensitivity coefficients using RLS methodology allowed continuous 

updates to the airframe response, T, matrix for future aircraft by taking into 

account changes in airframe stiffness and mass distribution during the 

production run. 
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5. The newly developed RTB methodologies, hSA RTB tuning approach and 

RLS sensitivity extraction were matured to a level where it was adopted by 

industry and validated on 53 individual aircraft. 

6. Validation testing with the use of hSA RTB tuning approach and RLS 

sensitivity extraction showed that the number of flights to production 

acceptance of aircraft dropped from 5.268 flights over 56 aircraft to 3.245 

flights over 53 aircraft (38.4% reduction) while the standard deviation was 

reduced from 1.668 flights to 0.585 flights (64.9% reduction). 

7. The newly developed RTB methodologies are general enough that they can be 

easily expanded to account for larger vibration changes and nonlinear 

dynamics by replacing a different T matrix with each iteration of 𝐖𝒛. 

8. Developed an MS SQL database that stores all measured vibration data, 

adjustment data, sensitivity coefficients, and sensitivity coefficient errors for 

the purpose of data mining and trending analyses. 

a. The database is used to continuously update the fleet T matrix from 

previous adjustments. 

b. The database is used to identify weak airframe response coefficients for 

any given sensor, regime, and harmonic combination. 

c. The database is used to keep track of all flights and calculate the 

number of flights before production acceptance. 

d. The database can be used to gather different T matrices depending on 

the initial vibration measurement conditions to calculate airframe 

response from large RTB control inputs vs. smaller RTB control inputs. 
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e. Marlene Drost designed the schema for the MS SQL database while 

working with Austin Fang to determine the data relationships.  She is 

also responsible for the tools coded in C#, the graphical user interface 

of the RTB tools. 

 

 

Future Work 

 

 

 The work presented is has been the focus of RTB development and research 

over past six years.  The holistic approach when attempting to calculate a solution is 

showing a significant change for the better.  As this new state is achieved, there are 

ways to expand the applicability of the new hSA RTB algorithm and new sensitivity 

extraction methods.  For example, the subject of linearity keeps coming up in 

literature.  To satisfy the methods to model large RTB adjustment changes and the 

non-linear relationship between the adjustment and airframe response, one can start to 

analyze the differences in vibration magnitudes and phase shifts that result from large 

adjustment changes.  Upon successful characterization, aircraft that present with large 

vibration magnitudes on initial flight can be tuned.   

This work has started already the approach attempts to quantify how 

adjustments are calculated with a large vibration magnitudes on initial flight.  Using 

the sensitivity tool created in the .NET framework, a new T matrix is created from 

flight data satisfying an initial vibration score that is higher than a certain 
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predetermined level.  Thus, when running the proposed hSA RTB algorithm, a new T 

matrix can be substituted each time Equation (14) is calculated. 

 Another area of future work is the cost-benefit analysis required to narrow 

down the selection of possible control type adjustments.  This process is more 

empirical since users all have different values for weighing cost and the benefit for 

including more RTB controls.  Currently, the methods used to select one solution over 

another uses a simple ratio to compare each successively complex RTB control 

combination to the previous one.  There is a non-linear relationship between the 

complexities of adjustments to the most improvement in vibration score.  In other 

words, the cost-benefit curve when plotting the adjustment score and vibration score is 

not a straight line.  For different users, obviously, the curves will differ but it is 

hypothesized that the line is not straight either. 

Finally, with continued research, the newly formed RTB tuning strategy and 

sensitivity coefficients extraction methods can be applied to automated RTB systems.  

Work has begun already to develop an automated system RTB system with automated 

PCRs, TTs, and HWs.  The paradigm shift associated with automated trim opens up 

the tuning strategy to all flight regimes.  Tuning can occur in real-time and allow crew 

to enjoy reduced vibration throughout multiple phases of flight. 
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APPENDIX 

 

 

MS SQL Server and Database Schema 

 

Prior to commencement of the research contained in this dissertation, standard 

work to gather adjustment fixes and record flight data needed to be changed.  The 

inefficiencies and inaccuracies associated with manual recording were substituted with 

computer aided processes such as databases and ground station flight data downloads.  

When it came time to mine the data for analysis, less error was introduced into the 

entire RTB iteration process.  

To this end, an MS SQL Server relational database was designed from the 

ground up over the course of two years.  The database schema included multiple tables 

linked by relationships that served as the backbone to organize data.  The design was 

such that data captured from any RTB system can be stored in a logical way.  This 

included data from no less than five different systems used in industry.  Ultimately, 

any front end that utilizes the database will have no specific requirements that are 

unique to the recording system.  It is the first time in the industry where a “catch-all” 

system was designed to organize data from onboard systems.  In addition to RTB, the 

database was designed to capture information from no less than five other functional 

systems. 

Key steps were taken to ensure a robust and stable database based on best 

practices for database development.  Normalization of data structure was conducted to 
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reduce the amount of repeated information and to aid in the object-oriented coding of 

applications later on.  The benefits of normalization are listed below: 

1. The database does not contain redundant data therefore it is smaller in size 

and saves on storage requirements. 

2. Data integrity is preserved because of a lack of data duplication. 

3. Queries do not contain inconsistent data due to data integrity. 

4. Changes can be instantly cascaded across any related records. 

The data was reduced to third normal form (3NF) whenever possible.  That is, the data 

attributes as fields of the table are directly dependent on the primary key.  As an 

example, a table called “Flight” may contain a “FlightDescription” field.  Usually a 

comment such as the type of flight can be written in by the user, but to further 

normalize the data, one can create a new table called “FlightTypes” with a primary 

key called “FlightType” and a field called “Description”.  Finally, a foreign key 

relationship from “Flight” to “FlightTypes” table results in standardization of 

descriptions for each flight.  An example of a subset of tables within the database is 

shown in Figure 23. 
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However, this high degree of normalization comes at a cost.  Performance 

suffers due to increased number of data tables and relations to sort through.  From a 

practical point of view, de-normalization can help improve query times with reduced 

number of tables and rows searched.  It was quickly determined that a balance had to 

be struck in order to retain performance while establishing data integrity. 

Figure 23: Database tables with the primary and foreign key relationships.  The 

field names are missing due to Sikorsky proprietary assertions. 
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 The database schema finished development in 2008 and has been modified on 

occasion to allow for increased flexibility with new data.  To date, aircraft flights from 

2003 up to the present day have been processed in to the database and there are over 

63 tables with 23 of them as static definition tables. 

 

 

.NET Framework Tool – Sensitivity Coefficients Tool 

 

During this research effort, a number of tools were developed using the .NET 

Framework from Microsoft.  The tools were coded in C# and were designed to run on 

the ubiquitous Windows XP as well as future Window’s operating systems.  The 

power of data mining is readily shown in the ability to query the database to retrieve 

datasets.  Once the schema was implemented, RTB flight test data was persisted in to 

the database backend.  The front end user interface tools were developed to offer users 

an easy and interactive way to retrieve sensible data.  One of the tools developed was 

the sensitivity coefficients tool which automated tedious tasks of pairing up initial and 

subsequent flights as well as the RTB adjustments that occurred in between.  By 

setting up stored procedure queries within the database, an efficient way to retrieve 

and calculate sensitivities can be accomplished from the front end. 
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Figure 24: Microsoft .NET platform automated sensitivity tool coded in C#. 
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