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Photonic structures such as photonic bandgap fibers and high confinement

nanowaveguides have proven to be excellent platforms for studying nonlin-

ear optical interactions tailored towards applications in spectroscopy, quantum

communication, quantum computation protocols, optical clockwork and preci-

sion frequency metrology. This thesis discusses our approach towards exploit-

ing these high confinement media for demonstrating novel few photon nonlin-

ear optical interactions such as two-photon absorption and cross-phase modu-

lation in hot atomic vapors (Rubidium) confined inside hollow-core photonic

bandgap fibers (PBGF), generating ultra-broadband optical frequency combs

that utilize cascaded parametric four-wave mixing and mode-locked femtosec-

ond pulses in silicon nitride nanowaveguides.

We generate large optical depths in such a Rb-PBGF system, and the tight

light confinement, high vapor density and long interaction length allow us to

perform nonlinear optics at ultralow power. We observe 25% all-optical mod-

ulation with <20 photons, i.e., a few attojoules of energy, and large cross-phase

shifts of 0.3 mrad per photon with a response time <5 ns in Rb-filled PBGF. This

result takes us to within an order of magnitude of single-photon switching, and

improves upon previous experiments for freely propagating optical fields, in-

cluding those in cold-atoms.

Using high quality factor silicon nitride optical microcavities we show that

the gain from the four-wave mixing process can lead to optical parametric os-



cillation, allowing for the generation of multiple new wavelengths as wide as

an octave of wavelengths. Next we show that by dispersion engineering the

waveguide dimensions, we can generate combs by pumping at 1064 nm. The

advantage of this platform is that we can independently tune the free spectral

range (FSR) and the dispersion. We exploit this property of the silicon nitride

microresonator platform to generate microcombs with various FSRs such as 20-

, 40-, 80-,100-GHz. Next we go on to characterize the spectral and temporal

dynamics of the microresonator based combs and demonstrate that such para-

metric frequency combs can generate modelocked ultra-short pulses.
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CHAPTER 1

INTRODUCTION

1.1 Nonlinear optics in nanophotonic structures

Nonlinear optics (NLO) is the branch of optics that describes the behavior of

light in nonlinear media, that is, media in which the dielectric polarization P

responds nonlinearly to the electric field E of the light. This nonlinearity is typi-

cally only observed at very high light intensities (values of the electric field com-

parable to inter-atomic electric fields, typically 108 V/m) such as those provided

by lasers. Up until the invention of the laser in the 1960s, research in this field

was mostly theoretical. With the development of the pulsed laser technology,

most of the earlier experiments were conducted in crystals [1] and in strongly

resonant atomic vapours [2]. While silica optical fibers afforded the scientific

community a low-loss (< 0.2 dB/km) [3] medium and provided an effective

length of several kilometers for nonlinear optical interactions. Additionally, the

strong confinement of light in the core of the fiber led to high peak intensities

which, combined with the long interaction length, compensated for the weak

nonlinearity of the strongly non-resonant, centro-symmetric medium of fused

silica, and led to the suitability of optical fibers as a viable system to study non-

linear optical phenomena [4]. The strength of the nonlinearity in silica optical

fibers depends linearly on the inverse of the effective modal area, as well as

on the pump power launched [4]. The strong confinement of the electromag-

netic field in the core lowers the threshold for nonlinear optical interactions.

However, most of the nonlinear optical experiments were carried on using a

high peak-power pulsed pump source [6, 7, 8, 9], as the power requirements
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on continuous-wave (cw) lasers was unrealistic, namely in the tens to hundreds

of Watts. Advances in micro- and nano-fabrication technologies has opened

up the field of nonlinear optics to new and emerging device platforms com-

prised of micro- and nano-photonic structures such as photonic bandgap fibers,

silicon waveguides, silicon-nitrite microresonators, microstructured fibers, dia-

mond NV-centers etc. These structures allow for further confinement of light

than silica optical fibers, thus allowing high nonlinear efficiency at lower pow-

ers.

This thesis focuses on studying and demonstrating nonlinear optical phe-

nomena in micro-fabricated structures broadly classified into two genres. The

first set of studies employs photonic bandgap fibers (PBGFs), the hollow

core design of which facilitates confinement of atoms in addition to photons

[10, 11, 12, 13, 14, 15]. This unique attribute affords a window into understand-

ing atom-photon interactions in a controlled environment and demonstrate few-

photon level nonlinear optics in such a system for the first time. The second part

of this thesis focuses on various studies pertaining to optical frequency combs

generated using micro-resonators fabricated in silicon nitride. Leveraging the

degrees of freedom afforded by the choice of material platform and tailoring

the geometries of these devices to engineer the photon dispersion at multiple

wavelengths enables one to efficiently and reliably generate frequency combs.

This thesis focuses on utilizing the technology developed till date to investigate

the temporal dynamics associated with formation of these comb lines and onset

of mode-locking in the same. The following subsections throw more light and

serve as an introduction to subsequent chapters that describe these experiments

in great detail.
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1.1.1 Photonic bandgap fibers: Few-photon nonlinear optics

6 μm

(b)

Figure 1.1: Photonic bandgap fiber: (a) Transmission electron microscope
image of the cross section of the fiber (AIR-6-800 fiber from
NKT Photonics [35]) used in these experiments. The core di-
ameter is 6 µm and the fundamental mode area is ∼10 µm2 for
the guided optical field. (b) Schematic of how light is guided
in the fiber via optical interference [17].

Hollow-core PBGFs consist of a Bragg structure surrounding an empty core,

typically a few microns in diameter. The core supports guided mode propaga-

tion for many tens of meters. This architecture confines both the atoms and pho-

tons to a small transverse area, which permits weak fields to interact strongly

with the atoms over a length that is much larger than the Rayleigh diffraction

length for a focused beam of a similar spot size. The concept of a photonic
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bandgap is exactly analogous to the energy bandgap that arises for electron

transport in a periodic crystal. The atomic lattice for the electronic case is re-

placed by a periodic refractive index variation for the photonic case.

Using this principle, it was proposed [16] and demonstrated [17] that light

can be guided in a low-index region surrounded by a Bragg structure as show

in Fig. 1.1. Hollow-core PBGFs are made using the stack and draw technique

where hollow glass capillaries are stacked together, seven capillaries from the

center are removed and the remaining structure is fused and drawn into fibers.

The drawn fibers maintain the aspect ratio of the original structure and display

a bandgap determined by the spacing (pitch) of the air-holes and the refractive

index contrast. These fibers can also be dispersion-engineered and show very

low nonlinearities from the silica structure itself because most of the light (>

92%) is confined to the hollow core [18].

Such PBGFs find applications [19] such as supuercontinuum generation,

PBGF-based sensors, PBGFs for for mid-and far-infrared guidance, PBGF-based

laser and amplifiers, etc., and allow for the ability to control light with light at ul-

tralow powers. The geometry offers the prospect of exploring few-photon non-

linear interactions since both the atoms and the optical fields are transversely

confined to a region that is a few wavelengths in size. This has been a major av-

enue of research in optics with applications in communications, computation,

and signal processing. The building blocks for logic operations or single-photon

switches, where one photon controls the passage of another photon through a

medium, have useful applications in the development of quantum information

networks. For example, the presence of one photon may cause another pho-

ton to be absorbed in a medium, which is otherwise transparent to that photon.
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Such a system that absorbs two photons when they are simultaneously present

but not each one separately has been theoretically proposed in an atomic vapor

medium employing resonant nonlinearities and quantum interference [20]. For

all optical swtiches to compete with existing electronic switches, there is a need

for developing optical devices operating at the level below hundreds of photons

since the total energy per logic operation for current electronic transistors are at

the femtojoule level [21].

Further, such switches would have applications in the processing of

quantum-entangled states, such as the generation of three-fold entangled or

GHZ states [22]. A strongly two-photon absorbing medium that absorbs two

photons but not one can also be used to suppress failure events in a linear-

optics approach to quantum computing [23], due to the quantum Zeno effect

[24]. Such a medium would also allow the construction of deterministic univer-

sal logic gates for quantum computation, like the (SWAP) and controlled-NOT

(cNOT) gates, using simple elements like evanescently-coupled optical fibers

without the need for ancillary photons or high-efficiency detectors [24]. Fur-

ther, even heralded single photon sources can be built using such media with

large two-photon absorption [25]. Classical logic gates and all-optical switches

can also be implemented using these same concepts [26]. The ability to measure

properties of a light field without destroying it (non-demolition measurement)

is a key requirement of many quantum communication and computation proto-

cols. A medium with a large third-order nonlinearity can be employed for QND

measurement of the photon number via the optical Kerr effect [27]. A probe

wave propagating through the medium experiences a nonlinear optical phase

shift proportional to the intensity (i.e., the number of photons) of a signal wave.

By measuring the phase of the probe at the output through balanced homodyne
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detection, the signal photon number can be determined. It has been proposed

that a Kerr medium with an exceptionally strong nonlinearity such that a single

signal photon produces a π-radian phase shift of the probe wave, can be used to

build a quantum-optical Fredkin gate [28]. Such an optical Fredkin gate would

be a reversible logic gate that dissipates no energy, closely related to the uni-

versal cNOT gate in quantum computing. Although the feasibility of realizing

a single-photon π-phase shift remains an issue [29], weaker Kerr nonlinearities

that mediate interactions between photons through a strong coherent light field

may also have useful applications in quantum optical information processing.

A unified approach to quantum communication and computation has been re-

cently proposed employing QND measurements of photons and robust distri-

bution of quantum information through intense laser fields [30]. Such a protocol

may be more feasible in terms of practical resources and the potential for scala-

bility to many qubits.

All these approaches require the realization of systems that can achieve

appreciable nonlinearities at the single-photon level and the development of

schemes that can optimally exploit their nonlinear response, i.e. where the fre-

quencies of the interacting light modes and the energy levels of the medium

facilitate strong light-matter coupling [20, 43, 32, 33]. In view of this, resonant

nonlinearities in atomic vapors are natural choices for exploring optical inter-

actions at ultralow power. Alkali-metal vapors such as rubidium (Rb) enable

strong light-matter interactions due to the large cross section per atom and the

well-defined energy level structure [34]. Incorporation of such atomic vapors

with micro-fabricated optical fibers offers the advantage of possible integration

with modern optical communication systems.
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Exploiting the advantages of the photonic bandgap fiber material platform,

this thesis focuses on the first experimental demonstration of few-photon level

two-photon absorption in Rb-filled hollow-core PBGFs. Through these experi-

ments, the potential of this Rb-PBGF system for exploring quantum nonlinear

optics at ultralow powers has been demonstrated.

1.1.2 Silicon nitride microresonators: Frequency comb genera-

tion

The field of silicon photonics has progressed by leaps and bounds in the past

decade due to the constant advances in fabrication technologies, so much so

that integrated photonics has been suggested as a possible solution for high-

speed communication and energy efficient technology for replacing the existing

electronic switches and transistors [21]. Silicon photonics seeks to unify the

high bandwidth of optical communications with complimentary metal-oxide-

semiconductor (CMOS) microelectronic circuits. One of the limiting factors for

optical communications has been the high costs associated with both integra-

tion and exotic materials (III-V). Using CMOS-compatible materials, which are

abundant and cheap, we can leverage the mature processing technology of the

microelectronics industry to overall reduce the cost for the technology. CMOS

compatible materials such as silicon-based nonlinear devices have already en-

abled high-speed data processing [36], parametric amplification [37], signal re-

generation [38], demultiplexing [151], and utlra-fast signal detection [40].

Nano-fabricated devices such as silica microtoroids[41], silica microspheres

[42], and Silica microfiber [43], MgF2 and CaF2 microresonators [44, 45, 46], have
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100 μm

(a) (b)

Figure 1.2: Silicon nitride microresonator: (a) A scanning electron micro-
graph of a silicon-nitride microresonator resonator of radius
112-µm with a free spectral range (FSR) of 225 GHz. (b) Micro-
graph of the waveguide cross-section.
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Figure 1.3: Illustration of a frequency comb: Power spectrum of a fre-
quency comb.

recently found new footing in starkly different set of applications. One such

application is that of optical spectroscopy which attracted attention of gener-

ations of scientists, starting with Fraunhofer’s discovery of dark lines in the

sun spectrum in 1814 followed by work of Kirchho and Bunsen in 1859, who

explained these lines as absorption of light in atoms and molecules. Optical

spectroscopy necessitates the need of a precisely calibrated frequency ruler or a

frequency comb per say. An optical frequency comb consists of a discrete series
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of ”comb” lines which are equally spaced by the repetition frequency, frep. It is

characterized by the carrier envelope offset frequency and the comb spacing or

the repetition rate. Figure 1.3 shows an illustration of the power spectrum of

a generic frequency comb. Since the combs lines have a frequency in the op-

tical domain, but the repetition rate is in the microwave domain, it can act as

a link between microwave and optical frequencies [47, 89, 90]. The invention

of optical frequency combs using supercontinuum generation and fiber lasers

in the last decade has revolutionized the field of spectroscopy and paved the

way for ground-breaking measurements at previously unattainable accuracy,

which has been rewarded with the Nobel Prize in 2005 [47]. Frequency combs

have also spread into a variety of research fields and find application in preci-

sion spectroscopy, optical clocks, chemical sensing, distance measurements, as-

trophysical spectrometer calibration and many other applications [152]. While

supercontinuum based frequency comb technology is robust and mature, the

thrust for miniaturization and building bench top on-chip devices has led to

the discovery of microresonator based optical frequency combs utilizing ultra-

broadband cascaded four-wave mixing (FWM) [49]. While the full dynamics

of comb generation is highly complex and resonator specific, the fundamental

mechanism is shared by all geometries.

This thesis focuses on the studies pertaining to the spectral and tempo-

ral characterization of frequency combs generated in silicon nitride microres-

onators, as shown in Fig. 1.2, specifically tailoring the device geometry to in-

dependently control the free-spectral range of the frequency combs and disper-

sion engineer to generate combs pumping at different optical wavelengths and

investigating the temporal dynamics associated with formation of these comb

lines and onset of mode-locking.
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1.2 Thesis layout - chapter overview and collaborative work

The results of the author presented in this thesis were to a large extent per-

formed in collaborative work with her colleagues. This dissertation is divided

into four parts. In what follows the results of the individual chapters are given

and the relative contributions indicated.

Chapter 2 describes various experiments that demonstrate the potential of

the Rb-PBGF system for exploring quantum nonlinear optics at ultralow pow-

ers. In this chapter, the Rb-filled PBGF system is discussed in detail with ap-

plications to degenerate and non-degenerate two-photon absorption at a few

photon level. Following which the demonstration of cross-phase modulation in

the same setup has been discussed. In this chapter the author has designed and

implemented the experimental infrastructure jointly with her colleague Vivek

Venkataraman. The simulations for the degenerate and non-degenerate two-

photon absorption were performed by the author, while the experiments were

carried out jointly. The cross-phase modulation experiment was conceived and

designed by Vivek while the experiment and data analysis were jointly carried

out by Vivek and the author.

Chapter 3 describes the second class of material platform used for nonlinear

optics i.e. silicon nitride microresonators. This chapter includes detail discus-

sions of the comb generation process, first demonstration of an octave spanning

frequency comb using this platform, dispersion engineering and temporal dy-

namics including mode-locking. The work presented in this chapter has been in

collaboration with Prof. Michal Lipson’s group in the School of Electrical and

Computer Engineering at Cornell University. Jacob Levy from the Lipson group
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fabricated the silicon nitride microresonators which were used to characterize

the spectral and temporal dynamics of the frequency combs, demonstrate the

octave spanning comb and one-micron combs. The author implemented these

experiments jointly with her colleague Dr. Yoshitomo Okawachi.

Chapter 4 discusses a potential route for integrating Rb with the silicon mi-

croresonators and its potential applications. The experiment were conceived,

designed and implemented jointly with Dr. Pablo Londero. The microres-

onators were fabricated by Jacob Levy from the Lipson group.

Chapter 5 describes an application of nano-fabricated silicon waveguides for

building on-chip optical isolators using Bragg scattering four-wave mixing. The

experiment was conceived and experimentally demonstrated in highly nonlin-

ear fiber by Dr. Yoshitomo Okawachi and Dr. Onur Kuzucu. The work pre-

sented in this chapter has been carried out in silicon nanowaveguides which

were fabricated by Dr. Michal Menard from the Lipson group while the experi-

ments was performed by the author.

Chapter 6 provides a summary and discussion of possible future experi-

ments that may be investigated using both systems.
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CHAPTER 2

FEW-PHOTON NONLINEAR OPTICS IN RB-FILLED PHOTONIC

BANDGAP FIBER

2.1 Introduction

In this chapter, we show that two-photon absorption (TPA) in Rb atoms can be

greatly enhanced by the use of a hollow-core photonic bandgap fiber. We inves-

tigate off-resonant, degenerate Doppler-free TPA on the 5S 1/2 → 5D5/2 transition

and observe 1% absorption of a pump beam with a total power of only 1 mW

in the fiber. These results are verified by measuring the amount of emitted blue

fluorescence and are consistent with the theoretical predictions which indicate

that transit time effects play an important role in determining the two-photon

absorption cross-section in a confined geometry. Furthermore, by employing a

near-resonant, non-degenerate two-photon transition in Rb, we demonstrate all-

optical intensity modulation with just a few photons (<20) on average or only

a few attojoules of energy, at relatively large bandwidths (∼50 MHz). Finally,

we produce relatively large cross-phase shifts of a few milliradians on a meter

beam with < 20 signal photons by tuning slightly away from resonance on the

same non-degenerate two-photon transition. This corresponds to a phase shift

of 0.3 milliradian per photon, with a response time of < 5 ns.

12



Rb

�nger

10X

Vacuum Pump

PBGF
10X

objective

Glass

window

Glass

UHV 

Chamber

Figure 2.1: Schematic of vacuum chamber: Schematic of the vacuum
chamber used for TPA. The Rb-PBGF system consists of an
ultra-high vacuum (UHV) chamber with a Rb source attached,
inside of which one or more PBGFs are mounted. On one
side of the ultra high-vacuum (UHV) compatible stainless steel
chamber, a cylindrical glass tube is attached which provides
optical access to all sides of the fiber. Glass windows on either
side allow for coupling into and out of either end of the fiber(s).

2.2 The system

The Rb-PBGF system consists of an ultra-high vacuum (UHV) chamber with a

Rb source attached, inside of which one or more PBGFs are mounted as shown

in Fig. 2.1[50, 51]. We modified the design of the previously used Rb-PBGF sys-

tem [52, 53] to allow us to image the fibers from the top and collect the emitted

fluorescence. On one side of the ultra high-vacuum (UHV) compatible stainless

steel chamber, a cylindrical glass tube is attached which provides optical access

to all sides of the fiber. Glass windows on either side allow for coupling into and

out of either end of the fiber(s). To minimize the loss of Rb atoms to surfaces and
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to hasten the ripening process two things must be ensured: 1) the available sur-

face area is the bare minimum possible and 2) before introducing Rb, the UHV

chamber is thoroughly cleaned using ultrasonication and then baked out for

a few days to remove any residual oxygen and water molecules. After initial

bake-out of the chamber at 150-200◦C for 3-4 days to reach a background pres-

sure <108torr, an ampoule of Rb sitting inside a steel appendage (cold-finger) to

the chamber is broken. The chamber is then kept at 80-85◦C, and the Rb cold-

finger is kept at 50-55◦C for 1-2 weeks. During this time, the chamber ripens,

i.e., Rb atoms attach themselves to the inner surfaces of the chamber by chem-

ically reacting with every available adsorbed oxygen or water molecule and

any dangling OH-bonds [54]. Once every reactive site has been covered, only

then will a stable, ambient Rb vapor form in the chamber. The vapor density

slowly increases as the cell ripens and finally stabilizes to a value that depends

on the temperature of the cell and the Rb cold-finger. Once the vapor density

(monitored through a weak laser scanning across the absorption lines) reaches a

steady-state value, the temperature of the chamber and cold-finger are brought

down to ∼60◦C and ∼40◦C, respectively, for normal operation. Atoms from the

ambient Rb vapor then start diffusing down the hollow core of the PBGF, and

most of these atoms attach themselves to the inner silica walls such that there

is no Rb vapor inside the fiber core under steady-state conditions. Since the

surface area to volume ratio for the inside of the core of our fiber is very large,

and we expect that the issues of chemical and physical adsorption on to the

silica walls should be particularly severe. In the past, various methods for in-

jecting atoms into the core such as dipole force based funnel beams [55] and

light-induced drift based optical piston techniques [56, 57] have been consid-

ered. In the recent past, the phenomenon of light-induced atomic desorption
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Figure 2.2: Generation of Rubidium vapor: Under steady-state condi-
tions, the Rb atoms inside the PBGF core are all stuck to the
inside walls of the fiber forming nanoclusters (b). A strong
vapor-generation beam at ∼805 nm (far detuned from the
atomic transitions of Rb) coupled into the PBGF heats and
evaporates the adsorbed nanoclusters, creating a vapor of Rb
atoms in the core (c). The vapor density in the core is set by
the generation beam power and duration. After the interaction
is over the atoms collide with the walls of the fiber and coat it
uniformly (a,d), until they form nanoclusters again.

(LIAD) [54, 58, 59] has been discovered in which alkali atoms adsorbed onto

organic coatings are suddenly released on exposure to visible and near-infrared

light in a non-thermal desorption process. However, after similar attempts to

perform LIAD in Rb-filled organic material coated hollow-core photonic ban-

gap fiber have revealed that the wall collisional dephasing rate is quite high

and the coatings do not seem to help with generation of controlled, high optical
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depths. It was later reported that that alkali-atom desorption is possible from

uncoated porous glass surfaces and that it may even be larger than that from

hydrocarbon-coated glass [60]. This possibility was investigated in the Rb-filled

PBGF system and concluded that the Rb stick to the wall of the fiber and form

nanoclusters [61].

In the absence of any laser beams propagating through the fiber, the Rb

atoms inside the PBGF core are all stuck to the inside walls of the fiber form-

ing nanoclusters. In order to generate a Rb vapor inside the core, a strong

(few mWs) vapor generation beam at ∼805 nm (far detuned from the atomic

transitions of Rb) is coupled into the PBGF which heats and evaporates the ad-

sorbed nanoclusters [61]. The vapor density in the core is set by the generation

beam power and duration [58]. As more nanoclusters are heated, the Rb vapor

density inside the core increases. The vapor generation dynamics is shown in

Fig. 2.2. Large atomic densities (and optical depths) of Rb inside the hollow-core

of PBGFs can be generated all-optically without the need for any change in the

temperature of the cell. This approach represents a fast, on-demand, control-

lable and repeatable technique to produce specified vapor densities for various

light-matter interactions. Thus, the tight light confinement, high vapor density

and long interaction length allow us to perform nonlinear optics at ultralow

power [13, 50, 10, 52, 53, 61, 62, 63].

Using this system, several nonlinear interactions such as electromagnetically

induced transparency (EIT) [50] and four-wave mixing using Rb-filled PBGF

at ultra-low powers [53] have been demonstrated in the recent past. As men-

tioned earlier, TPA can provide a route towards building efficient single-photon

switches for applications in quantum computing. We thus investigate intensity
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modulation and cross phase modulation of one beam due to another in Rb-filled

photonic bandgap fiber.

2.3 Two-photon absorption: Intensity and phase modulation

TPA is the simultaneous absorption of two photons from two similar or different

light fields (i.e., one from each) which results in a resonant transition from the

ground state to an excited state. A key feature of TPA is that it allows access to

electronic states that are otherwise dipole-forbidden single-photon transitions.

It also represents one of the simplest nonlinear processes that allows one to char-

acterize the strength of the light-matter interaction and to generate novel non-

classical effects. Many interesting two-photon processes and their applications,

such as all-optical switching [64], generation of single photons [25], measure-

ment of coherence and photon statistics [65], and precision spectroscopy [66],

require a significant TPA at low power levels. For example, it has been shown

that the quantum Zeno effect can be used to implement optical logic gates for

classical and quantum computing, where the Zeno effect is produced using a

strong TPA medium [26]. Alkali atoms such as Rb have relatively large two-

photon cross-sections due to near-resonant enhancement and the large oscilla-

tor strengths of their transitions. Nevertheless, TPA experiments in bulk alkali

vapor cells require relatively high powers to generate measurable effects [74].

Waveguide geometries, such as hollow-core PBGFs filled with an alkali vapor

or tapered optical fibers with an ambient thermal vapor of alkali atoms, can en-

hance nonlinear interactions greatly and significantly reduce the threshold for

observing TPA. Recently, non-degenerate resonant TPA was observed at 100 nW

power levels in tapered optical fibers with ambient thermal Rubidium (Rb) va-
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Figure 2.3: Schematic of energy level: Energy level structure for TPA in
Rb. ∆ is the detuning from the intermediate level. We observe
degenerate TPA at 778.1 nm.

por, in which the light-matter interaction occurs via the evanescent wave of the

guided light in the fiber [68]. This section describes the experimental observa-

tion of TPA and cross-phase modulation in a RB-PBGF system, showing several

orders of magnitude improvement over previously demonstrated experiments.

2.3.1 Degenerate two-photon absorption

In this section we describe the experimental observation of efficient, Doppler-

free TPA in a Rb-PBGF system using the 5S 1/2 → 5D5/2 two-photon transition at

778.1 nm at milliwatt power levels [69]. We estimate theoretically the amount of

TPA for our system (both from direct absorption from the pump beam and from

the emitted blue fluorescence) and show that our experimental results are in

good agreement with the theoretical predictions. Further we obtain an estimate

of the transit-time of the Rb atoms in the PBGF.
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Theoretical Calculations:

An illustration of the two-photon level scheme is shown in Fig. 2.3. Once excited

to the 5D5/2 level, the Rb atoms decay with 35% probability to the intermediate

6P3/2 level, and then with 31% probability back to 5S 1/2 ground state emitting

blue photons at 420.3 nm (see Fig. 2.3)[70]. When the pump beam (at 778.1

nm) is far detuned from the intermediate level, or when ∆ ≫ Γ, where Γ is the

linewidth of the intermediate level, then the process is termed off-resonant two-

photon excitation. We characterize the nonlinearity of the Rb-PBGF system for

this process by calculating the imaginary part of the third-order susceptibility

χ(3)
Im [71] corresponding to the relevant two-photon transition using,

χ(3)
Im =

Nµ2
1µ

2
2

εo~3∆2γ
, (2.1)

where N is the atomic number density, µ1 and µ2 are the effective detuned dipole

moments for the 5S 1/2 → 5P3/2 and 5P3/2 → 5D5/2 transitions, respectively, ∆ is

the detuning from the 5P3/2 level, and γ is the homogeneous decay rate of the

5D5/2 level. In the Rb-PBGF system, γ is determined by the transit time of the

atoms across the micron-scale core of the fiber which is much smaller than the

excited state lifetime[63].

The two photon absorption coefficient is given by

β = 0.0282 × 108 ×
2πχ(3)

Im

λ

 , (2.2)

where λ is the wavelength of the pump. For our system, using an OD ∼ 100

(N ≈ 2 × 1013 atoms/cc), a beam waist area, A ∼ 10−7 cm2, γ = 50 MHz [63],

we estimate the value of χ(3)
Im to be 4 × 10−10 esu and β to be 1.3 × 10−6 cm/W.

Correspondingly, the two-photon scattering cross-section σ(2) is estimated to be

6.5 × 10−20 cm4/W.
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(a) (b)

Figure 2.4: Simulated TPA: (a) Expected two-photon absorption versus
pump power in a Rb-filled PBGF with an optical depth of
100.(b) Quadratic dependence of two-photon fluorescence on
pump power in hollow-core photonic bandgap fiber.

The transmission of the beam through a medium with a second-order absorp-

tion process can be expressed as [71],

T =
Iout

Iin
=

1
(1 + βLIin)

, (2.3)

where Iin and Iout are the input and output intensities of the pump beam respec-

tively and L is the interaction length (1 cm). For βLIin ≪ 1, the percentage of

absorption is given by [
Iout − Iin

Iin
= βLIin

]
× 100. (2.4)

To estimate the fluorescence power of the emitted blue light at λ2 = 420.3

nm, we take into account the branching ratios of the transitions involved dur-

ing the decay from the excited 5D5/2 level to the ground 5S 1/2 level, through

the intermediate 6P3/2 level as mentioned earlier. There are two possible de-

cay mechanisms involved in the process. The first is due to a radiative decay

from the 5D5/2 level, which has a lifetime τ2 of ∼240 ns, and the second is due

20



to a non-radiative decay resulting from collisions with the walls of the fiber

with a lifetime (transit-time,τ1) of 6 ns. Effectively, the fraction of atoms that

fluoresce is ∝ τ1/(τ2 + τ1) ≈ τ1/τ2 [72, 73]. In addition, the decay path from

5D5/2 → 5S 1/2 (wavelength, λ1 = 389.05 nm) involves the intermediate level

6P3/2. Hence we must also take into account the energy lost in the 5D5/2 → 6P3/2

transition. Therefore, the total power of the blue fluorescence can be calculated

from,

P = (Iin − Iout) × A × R1 × R2 ×
τ1

τ2
× λ1

λ2
, (2.5)

where R1(= 0.35) and R2(= 0.31) are the branching ratios of the 5D5/2 → 6P3/2

and 6P3/2 → 5S 1/2 transitions, respectively. Using Eqs. (2.4) and (2.5) we get,

P = Const × I2
in. (2.6)

Figure 2.4(a) shows the plot of absorption percentage due to TPA versus the

total pump power in a Rb-PBGF system. We observe that with 1 mW power

we expect to see 1% absorption, which is relatively significant for the degen-

erate off-resonant TPA process at such low pump powers. Further more, using

Eq. (2.6) we simulate a plot of blue fluorescence versus pump power [Fig. 2.4(b)]

which clearly illustrates the quadratic dependence of TPA on the pump power

(and, correspondingly on the intensity of incident light field).

We next consider TPA with counter-propagating beams at 778.1 nm such that

two-photon absorption occurs by the simultaneous absorption of one photon

from each of the beams. The advantage of using a counter-propagating scheme

is that the interaction is Doppler free[74, 75, 76]. Therefore, we expect to see

only homogeneously broadened lines due to transit-time effects. The following

section provides the details of the experimental setup that is used to measure

the blue fluorescence and direct two-photon absorption from the pump beam.
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Figure 2.5: Schematic of experimental setup for degenerate TPA: The
pump laser is split into two counter-propagating beams using
a 50/50 beamsplitter (BS). The polarizations are made identical
using polarization beam splitter (PBS) cubes, and the beams
are then coupled through the hollow-core photonic bandgap
fiber (PBGF). A blue colored glass is used to filter the fluores-
cence from the excited 6P3/2 state and then detected on a pho-
tomultiplier tube (PMT). An acousto-optic modulator (AOM-
1) is used modulate the pump beams as a triangular wave at a
1-kHz frequency to vary linearly the intensity from ’x’ to ’4x’
of the counter-propagating beams simultaneously. For lock-in
detection of the TPA through the PBGF, one of the two counter-
propagating beams is modulated using AOM-2 as a square
wave at 25-kHz. The signal is detected on a photodiode (PD)
using a pick-off beam at one end and sent to a lock-in amplifier,
the ouput of which is subsequently monitored using an oscil-
loscope.
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Experimental setup:

A schematic of the experimental setup is presented in Fig. 2.5. We use the Rb-

PBGF system as described before with 9-cm-long and 6-µm-diameter hollow

core photonic crystal fibers (Crystal Fiber, AIR-6-800) that guides light over the

range of 750-810 nm wavelengths. The temperatures of the chamber and the

cold-finger (Rb source) are maintained at 85◦C and 55◦C, respectively. The beam

from an external cavity diode laser at 778.1 nm, scanning mode-hop free across

5 GHz (over the two-photon resonances), is split into two counter-propagating

beams using a 50/50 beam splitter (BS) and are each coupled to opposite ends of

the fiber using 10x objectives. The two beams have equal powers and identical

polarizations.

To generate the desired OD (∼ 100), a highly off-resonant 20-mW desorp-

tion beam at 805 nm is also coupled into the fiber with a polarization orthogo-

nal with respect to the pump beams. The design of our chamber enables us to

collect a part of the emitted blue photons from the top. The blue photons are

filtered using a blue colored glass filter and detected by a photomultiplier tube

(PMT, Hamamatsu H7422P-40). The signal is then monitored and recorded for

1 second using an oscilloscope.

We measure the TPA as a function of the intensity of light field using an

acouto-optic modulator (AOM-1) (see Fig. 2.5) to vary the intensity of the two-

counter propagating beams simultaneously from ’x’ to ’4x’ using a triangular

wave at 1-kHz. The emitted blue photons are collected and detected from the

top of the fiber by the method described before. For direct measurement of

TPA from the 778.1 nm pump beams, we perform a lock-in detection by using

another acousto-optic modulator (AOM-2) to modulate one of the two counter-
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Figure 2.6: TPA measurement through fluorescence: Blue fluorescence
signal detected by the PMT. Fluorescence peaks correspond-
ing to each of the hyperfine ground states of 85Rb and 87Rb
are observed as the pump laser is scanned in frequency. Since
the two beams are perfectly counter-propagating in the fiber,
all the peaks are Doppler-free. The peaks are homogeneously
broadened due to the short transit time (∼5 ns) of the Rb atoms
across the 6 − µm core of the fiber.

propagating beams. A weak reflection of the foward propagating beam is col-

lected from one end using a photodiode, and it’s output is then sent to a lock-in

amplifier. The resultant output is then recorded using an oscilloscope.

Results and Discussion:

Measurement of Two-Photon Absorption using Fluorescence:

Figure 2.6 shows the blue fluorescence signal detected by the PMT due to

TPA. The four peaks correspond to each of the two hyperfine ground states of

85Rb and 87Rb. We recorded the wavelength of each of the lines using a waveme-

ter (Burleigh WA-1600) with an uncertainty of ±0.0001 nm in each reading. For

the states F = 3 and F = 2 of 85Rb, the wavelengths are 778.1055 nm and 778.1025
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Figure 2.7: Quadratic dependence of TPA: Blue fluorescence signal (black
dots) detected by the PMT as the pump laser power is varied
using AOM-1 when the laser is tuned to the 5S 1/2 → 5D5/2 (F =
3 to F′) two-photon transition of 85Rb. The solid red line shows
the expected square dependence of two-photon absorption on
intensity.

nm respectively, where as 778.1067 nm and 778.0997 nm correspond to the F

= 2 and F = 1 states of 87Rb, respectively. The signal is Doppler free, and the

line-broadening is due only to the transit-time effect. As discussed in Sec. 2.3.1,

the relatively short transit time of the Rb atoms in comparison to the lifetime

of the excited 5D5/2 level suppresses the number of blue photons emitted, and

we estimate the total amount blue fluorescence emitted from the fiber taking

into account the collection area of the PMT and assuming the fluorescence to

be isotropic over the 4π solid angle. We obtain 30 nW of blue light for 1 mW

of pump power, which corresponds to ∼ 1% absorption [using Eq. (2.5) and

Eq. (2.4)]. This agrees very well with the theoretically calculated value.

We also studied the dependence of TPA on pump intensity. Figure 2.7 shows

the measured blue fluorescence versus input pump power, in which the power

of the two counter-propagating pump beams are varied from 100 µW to 400 µW

using AOM-1. We observe that the blue fluorescence increases quadratically
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Figure 2.8: Direct measurement of TPA: The blue circles show the data
from the direct measurement of two-photon absorption from
one of the pump beams using a lock-in detector as the pump
laser was scanned across the 5S 1/2 → 5D5/2, Fg = 3 to Fe

(778.1055 nm) two-photon transition of 85Rb. The solid black
line shows a fit of a sum of five Lorentzians which correspond
to each of the hyperfine lines. The homogenous linewidth is
estimated to be 73 ±10 MHz.

with the intensity of the pump beams, which as expected for TPA. We have

observed that there are fluctuations in the optical coupling of the pump beams

while the vapor generation beam is coupled to the fiber. These fluctuations are

extremely random. This can also lead to deviations in the expected amount of

blue fluorescence for a given pump power from shot to shot. Further, there is

some nonlinear response of AOM such that a linear volatge ramp on the AOM

does not produce an exactly linear power response. This would why the data

does not exactly follow the fitted quadratic curve. We experimentally determine

the two-photon cross-section, σ(2), to be 5 × 10−20 cm4/W for the 85Rb 5S 1/2 →

5D5/2 transition, which agrees with the theoretically calculated value taking into

account the short transit-time of the Rb atoms as the dominant decay rate.

Direct Measurement of Two-Photon Absorption:
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Due to the enhanced TPA in Rb-PBGF system, we can directly measure and

quantify the amount of absorption from the pump beams. We use a lock-in

dection method since the signal to noise ratio in our system is low. AOM-2 is

driven by a square wave at 25 kHz to modulate one of the counter-propagating

beams. A pick-off beam from the other beam is detected using a photodiode

and the output is sent to a lock-in amplifier. Figure 2.8 shows the result of our

measurement, and with an input pump power of 1 mW and an OD ∼ 100, we

observe 1% absorption. This is in good agreement with our estimation of the

amount of TPA from the experimental data of blue fluorescence measurement

and with our theoretical estimation of TPA [see Fig. 2.4(a)].

The absorption lines can also be analysed to obtain a measurement of the ho-

mogeneous linewidth. We fitted a sum of five Lorentzians corresponding to the

hyperfine lines (Fg = 3 to Fe = 1, 2, 3, 4, 5) of the 5S 1/2 → 5D5/2 transition. The es-

timated linewidth is 73±10 MHz, and represents a direct measurement of the ho-

mogeneous linewidth of Rb confined to a hollow-core photonic bandgap fiber.

We also note that the homogeneous linewidth (which is determined by transit-

time broadening) is slightly different from system (Rb-HCPBF) to system[63].

This might be due to the fact that desorption (which is used to generate the Rb

vapor) occurs at a slightly different power levels and hence the corresponding

temperatures and therefore the thermal velocities of the Rb vapor are slightly

different. Nevertheless, the amount of off-resonance two-photon absorption is

substantially high for such low pump powers, which demonstrates the poten-

tial of the Rb-PBGF system for exploring novel classical and quantum nonlinear

effects at low powers.

If we perform an on-resonance non-degenerate TPA[68], with counter-
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propagating 780.2 nm and 776 nm beams, we theoretically expect to see a 108

enhancement over the off-resonance TPA. This is due to the fact that in Eq. 2.1,

∆ = 0; hence χ(3)
Im is given by

χ(3)
Im =

Nµ2
1µ

2
2

εo~3γ3 . (2.7)

For γ = 50 MHz, χ(3)
Im = 0.18 esu and σ(2) = 2.9 × 10−11 cm4/W. This implies that

one beam can experience 3 dB attenuation with 500 pW power in the other beam

which corresponds to 10 photons of switching energy assuming that the pulse

duration is equal to the inverse of the homogeneous linewidth. This suggests

that with higher ODs, the Rb-PBGF system can be applied to realizing single-

photon all-optical switching using TPA.

2.3.2 Non-denegerate two-photon absorption

The previous section provides a route towards demonstrating few photon

switching using the Rb-PBGF system. In this section we describe the experimen-

tal observation of efficient, Doppler-free non-degenerate TPA at the few photon

level in a Rb-PBGF system using the 5S 1/2 → 5D5/2 two-photon transition [86].

We estimate theoretically the amount of TPA for our system and show that our

experimental results are in good agreement with the theoretical predictions.

Theoretical Estimates:

Optimum detuning and dependence on optical depth:

The level scheme for non-degenerate TPA is shown in Fig. 2.9. Once excited

to the 5D5/2 level via TPA, the Rb atoms decays to the 5S 1/2 ground state via the
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Figure 2.9: Schematic of energy level for non-degenerate TPA: TPA level
scheme in 85Rb used for performing all-optical modulation. An
atom in the ground 5S 1/2 state can simultaneously absorb a
photon each from the 780-nm control and 776-nm signal beams
to make a resonant transition to the excited 5D5/2 state. The sig-
nal photon can only be absorbed if the control photon is also
present. A small fraction of the excited atoms decay through
the 6P3/2 level emitting blue fluorescence.
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Figure 2.10: Calculation of optimum detuning: Optimum detuning for
non-degenerate TPA. Absorption of the signal beam at two-
photon resonance with varying detuning of the control beam
from the intermediate 5P3/2 level.
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intermediate 6P3/2 level emitting blue photons at 420.3 nm.To maximize TPA,

naively one might reduce the detuning from the intermediate level ∆ as much as

possible to resonantly enhance the interaction. However, since the 780-nm con-

trol beam experiences ordinary linear absorption in addition to TPA, the optimal

detuning for maximal TPA is non-trivial. We numerically solve the following

coupled nonlinear propagation equations for the intensities IC and IS of the con-

trol and signal beams respectively to theoretically model non-degenerate reso-

nant TPA in a counter-propagating geometry. We take into account the Gaussian

velocity distribution of thermal atoms in the fiber,

dIC

dz
= −αIC − βICIS , (2.8a)

dIS

dz
= βICIS , (2.8b)

for 0 < z < L, where L ∼1 cm is the sample length, α is the linear absorption

coefficient and β is the TPA coefficient. We assume α is given by a Doppler

broadened Gaussian absorption profile as

α(∆) = ODexp
(
− ∆

2

w2
D

)
, (2.9)

where OD is the optical depth on resonance for the 5S 1/2 → 5P3/2(D2) transition,

∆ is the detuning of the control beam from line center, and wD is the Doppler

width, which is a function of the temperature of the atoms. For the Rb atoms

generated in the hollow core of the PBGF, wD ∼ 325 MHz [62]. We compute an

average β for a particular detuning ∆ by integrating over the Gaussian velocity

distribution of thermal atoms in the fiber. For an atom moving at velocity v, the

two-photon cross-section [71] at detuning ∆ is
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Figure 2.11: TPA dependence on optical depth: Absorption of the signal
beam at two-photon resonance with varying atomic density.

σ(2)(∆, v) =
µ2

1µ
2
2

ϵ0~3γ((∆ − kv)2 + γ2)
, (2.10)

where k = 2π/λ is the wavenumber. The average β is computed by integrating

over the thermal velocity profile as

β(∆) = N
∫ +∞

−∞
σ(2)(∆, v) f (v)dv, (2.11)

where

f (v) =
1

√
2πvD

exp
(
− v2

v2
D

)
(2.12)

is the thermal velocity distribution, vD = wD/k and N is the atomic density. We

thus compute both the linear [α(∆)] and two-photon [β(∆)] absorption coeffi-

cients for a particular detuning ∆ and then numerically simulate the nonlinear

propagation equations 2.12 to calculate the amount of TPA expected at that de-

tuning. Figure 2.10 shows the calculated TPA as a function of the detuning from

31



10X 10XLaser diode

Vacuum Pump

PMT

805 nm

PBSPBS

M

PBS
PBGF

PD M

Control

780 nm

Signal

Scanning 

diode laser

776 nm

Oscilloscope

805 nm

795 nm
M

M

PMT

EOM

Optical depth monitor

BS

BS

Vapor generation beam

AOM

Figure 2.12: Schematic of experimental setup: Experimental setup for
few-photon all-optical modulation. The polarizations of
the signal and control beams are made identical (circular)
using polarization beam splitter (PBS) cubes and quarter
(λ/4) waveplates, and the beams are then coupled counter-
propagating into the fiber. A pick-off is used to monitor the
transmission of the signal beam using a sensitive photodetec-
tor (PD). A strong (3 mW) off-resonant vapor generation beam
is also coupled into the fiber to generate the desired atomic
density and optical depth. The optical depth is monitored
during the experiment using a weak 795-nm beam scanning
across the D1 resonance of Rb. An electro-optic modulator
(EOM) driven by a function/waveform generator is used to
make square pulses from the signal beam for the pulsed mea-
surement. An acousto-optic modulator (AOM) driven by an-
other function generator is used to ramp the power of the con-
trol beam as a sawtooth wave for the measurement.

the intermediate 5P3/2 level for an OD = 100. It is evident that maximum TPA

is expected at ∆ ∼600 MHz and going closer to resonance is deleterious because

of the dominance of the linear absorption of the 780-nm control beam over the

TPA process. Our experimental observation is consistent with this theoretical

prediction.
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Figure 2.13: Nondegenerate TPA Transmission (red dots) versus detuning
of the pump beam at 776 nm showing ∼25 % absorption with
1.4 nW total power in the fiber. The 780 nm pump beam was
tuned close to the 5S 1/2 → 5P3/2 (F = 3 → F′ = 4) transition.
The solid black line shows a fit of sum of three exponentials
corresponding to the accessible hyperfine states of 5D5/2 level,
from which the transit time τwas extracted to be 5.3 ns.

Experimental setup:

The experimental setup is shown in Fig. 2.12. We use a 9-cm PBGF (Crystal Fiber

AIR-6-800) inside a vacuum chamber with a Rb source attached. The pump

lasers (at 776 nm and 780.2 nm) have identical polarizations and are coupled

counter-propagating into the core of the fiber using 10X objectives. The 776-

nm laser is scanned across the TPA resonances while the 780 nm beam is tuned

to the D2 line of 85Rb. Every Rb atom can simultaneously absorb one photon

from each of the two counter-propagating beams, which minimizes Doppler

broadening. A 3-mW highly non-resonant desorption beam at 805 nm is also

coupled into the fiber to generate a high OD (∼100). A pick-off is used to directly

measure the absorption from the 776 nm pump beam.

Figure 2.13 shows the transmission signal of the 776 nm pump as its fre-
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Figure 2.14: Pulsed TPA measurement: Absorption (red dots) of the
pulsed signal beam at two-photon resonance versus pulse
width. Error bars indicate measurement noise (one standard
deviation). An amplitude modulator is used to create square
pulses of varying duration (from 5 - 200 ns) from the signal
beam, and the TPA is measured for each pulse width. The
peak power in the signal pulses is kept the same (5 nW) for
each measurement run. The control beam is kept CW and at
the same power (5 nW) for all the measurements. The exper-
imental data agree very well with the theoretically predicted
curve (dotted black line) for a transit time τ = 5 ns of the Rb
atoms across the fiber core and corroborates that the response
time of the system is determined by the transit time.

quency was scanned across the 5P3/2 → 5D5/2 line of Rb-85. The frequency

of the 780 nm pump beam was detuned to 600 MHz from the 5S 1/2 → 5P3/2

(F = 3→ F′ = 4) transition. We observe 25% absorption with just 1.4 nm of total

power in the fiber. The powers of the 776 nm and 780 nm beams were 600 pW

and 825 pW, respectively. The Doppler-free absorption line is homogeneously

broadened due to the extremely short transit-time of the atoms (∼5 ns) across

the 6 µm core of the fiber in comparison to the lifetime of the excited 5D5/2 level

(∼ 240ns). A transit-time limited transmission profile[77] is of the form,

T (∆) = 1 − Ae−τ|∆| (2.13)

where, ∆ is the detuning and τ is the transit-time. We fit the data in Fig. 2.13
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to a sum of the three exponential functions corresponding to the three acces-

sible hyperfine states (F′ = 3, 4, 5) of the 5D5/2 level in Rb-85 and extract the

transit-time to be 5.3 ns, which agrees well with out previous measurement of

the transit-time in the Rb-PBGF system. We calculate the effective number of

photons interacting within the response time τ of the system for a particular

power P as

N =
Pτ

hc/λ
(2.14)

where,hc/λ is the energy of one photon. For the 25% modulation shown in

Fig. 2.13, the signal (λ = 776 nm) and control (λ = 780 nm) powers P = 600 pW

and 825 pW correspond to only 12 and 16 photons, respectively, interacting with

the atoms within the transit time. The switching energy is Nhc/λ, which for the

780-nm control beam corresponds to ∼5 aJ. We also extract the two-photon ab-

sorption cross-section σ(2) to be 5×10−12 cm4/W, which agrees with the theoreti-

cally calculated value taking into account the transit time of the Rb atoms as the

dominant decay rate.

In order to confirm that the response time of our system is comparable to

the transit time, we perform a pulsed measurement. An electro-optic modula-

tor (EOM) is used to amplitude modulate the signal beam and produce square

pulses of varying duration (from 5 - 200 ns), and the TPA is measured for each

pulse width. The powers in the two beams were kept 5-10 times higher than in

the previous CW measurement to improve the signal-to-noise ratio. The TPA is

found to decrease as pulse width is reduced, as shown in Fig. 2.14.
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2.3.3 Cross-phase modulation

As mentioned earlier, a new paradigm for quantum computation has recently

been proposed based on weak-nonlinearities, where a strong coherent light field

mediates interactions between photons [30, 78]. Weak-nonlinearities can be ex-

ploited to build photon-number resolving QND detectors [27, 79], and when

coupled with homodyne measurements and classical feed-forward elements,

can be used to construct nearly deterministic controlled-NOT (cNOT) gates[80]

and nondestructive Bell state detectors [81]. A cross-phase shift (XPS) of 10−5

to 10−2 radians per photon is typically desired to make these schemes feasible

[30, 78, 79, 80, 81]. For comparison, a XPS of 10−7 radians per photon was mea-

sured recently using a nonlinear photonic crystal fiber[82]. Previous experi-

ments exploring large XPM in atomic vapors have mainly employed EIT-based

schemes [33, 83, 84, 85], where the signal field spectrum has to fit within the

narrow EIT transmission window, resulting in timescales > 1µs. Although these

schemes provide large values of the nonlinear susceptibility, relatively large op-

tical mode areas have limited the measured XPSs to ∼10−6 radians per photon.

By detuning slightly away from the two-photon transition, we can produce

large XPM with very weak fields. Figure 2.15 shows the level scheme used in

the XPM experiment. A nonlinear phase shift ϕ is induced by a weak circularly-

polarized signal field, tuned close to the transition 5S 1/2 → 5P3/2 of Rb-85 with

a detuning of ∆1, on a linearly-polarized meter field, tuned to the 5P3/2 → 5D5/2

with a detuning of ∆2, while passing through a medium of Rb atoms confined to

a PBGF. Due to the selection rules of the two-photon transition used, the meter

field acquires a slight polarization rotation proportional to the intensity of the

signal beam. Since the entire atomic population is in the ground 5S 1/2 state, the
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meter beam (tuned to the upper transition) does not experience any self-phase

modulation. The real part of the third-order susceptibility,χ(3) corresponding to

XPM [71] is given by

χ(3) =
Nµ2

1µ
2
2

εo~3∆2
1∆2
. (2.15)

The XPS is related to the second-order nonlinear refractive index as

n2 = (2.82 × 106)χ(3)(cm2/W). (2.16)

Knowing the second-order nonlinear refractive index, we estimate the XPS in-

duced on the meter beam, ϕ, for a given signal beam power, PS , using

ϕ = 2kMn2PS
Le f f

A
, (2.17)

where n2 is the second-order index of refraction, kM = 2π/λM is the wave-number

of the meter, λM = 776 nm is the wavelength of the meter, Le f f is the effective

interaction length and A ∼ 107 cm2 is the optical mode area. The XPS thus scales

linearly with signal power. The effective interaction length is given by

Le f f =
1 − eαL

α
(2.18)

where L ∼ 1cm is the sample length and α is the absorption coefficient of the

signal. We use a Doppler broadened profile for α as mentioned in eq. 2.9. To

maximize XPM, naively one might reduce the detunings ∆1 and ∆2 as much

as possible to resonantly enhance the interaction. However, it is necessary to

have ∆2 >> γ to minimize loss due to two-photon absorption (TPA), where

γ ∼ 50 MHz is the TPA linewidth previously measured in our system [69, 86].

Moreover, since the 780-nm signal beam experiences ordinary linear absorption,

the optimal detuning ∆1 is non-trivial. We thus compute n2(∆), α(∆) and Le f f for

a particular detuning ∆, and then calculate the XPS induced at that detuning.

For the Rb-PBGF system, using an atomic density N = 2×1013 atoms/cm3 which
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corresponds to an OD ∼100, we estimate an effective n2 = 3 × 106 cm2/W. We

estimate that the meter beam must have a fixed frequency such that ∆1 = ∆2 and

the maximum XPS is obtained at ∆ = 700 MHz.
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Figure 2.15: XPS level scheme and experimental setup(a) (b)The linearly
polarized meter and circularly polarized signal beams are
coupled counter-propagating into the fiber. The meter beam
undergoes slight polarization rotation due to crossphase mod-
ulation from the weak signal beam. A polarizer is used
at the output to select the meter polarization orthogonal to
that at the input, and measured with a photomultiplier tube
(PMT). An acousto-optic modulator (AOM) is used to am-
plitude modulate the signal at 25 kHz, and a lock-in ampli-
fier detects the cross-phase shift imparted on the meter at the
same frequency. A strong (3 mW) off-resonant vapor genera-
tion beam is also coupled into the fiber to generate the desired
atomic density and optical depth. The optical depth is moni-
tored during the experiment using a weak 795-nm beam scan-
ning across the D1 resonance of Rb. An electro-optic modula-
tor (EOM) is used to make square pulses of varying duration
from the meter beam for pulsed measurements.

The experimental setup is shown in Fig. 2.15. The meter and signal lasers (at

776nm and 780.2 nm) are coupled counter-propagating (to eliminate Doppler

broadening) into the core of the fiber using 10X objectives. A 3-mW highly non-

resonant vapor generation beam at 805 nm is also coupled into the fiber to gen-

erate a high OD ( 100). The signal is circularly polarized (σ+) and the meter is

linearly polarized (x = σ+ + σ−) at the input. Due to the selection rules of the
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5S 1/2 → 5D5/2 two-photon transition [87], only the σ+ component of the meter

experiences XPS. As a result, the polarization of the meter at the output of the

fiber is x = σ++eiϕσ− ≈ x+ (ϕ)y (for ϕ << 1), where ϕ is the XPS in radians. A po-

larizer selects only the y-component of the meter polarization for detection. The

power in the meter beam is kept between 1 and 10 µW for all measurements.
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Figure 2.16: XPS Measurement: (a) Cross-phase shift (XPS) imparted on
the meter beam (red dots) versus detuning from two-photon
resonance. The data are shown for one continuous scan of the
laser. Tens of milliradians of phase shift are observed even for
detunings greater than 1 GHz from line center. The signal ab-
sorption at these detunings is < 1%. The signal power is 50
nW, and the OD in the fiber is ∼50. The power in the meter
beam is 2 µW. The solid black line shows the theoretical cal-
culation taking into account the Doppler absorption profile of
the atoms in the fiber core. The deviation of the experimental
data from theory is due to slow drifts in the coupling and po-
larization maintenance of the PBGF as the laser is scanned in
frequency at a rate of ∼10 Hz.

The meter beam has a fixed frequency such that ∆1 = ∆2 to maximize XPS.

The XPS increases closer to resonance as expected from theory, and the maxi-

mum XPS was observed at a detuning of ∼700 MHz. Further tuning closer to
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resonance resulted in significant absorption of the signal. Figure 2.16 shows

the measurement of XPS imparted on the meter as the signal is scanned in fre-

quency to the blue of the 5S 1/2 → 5P3/2(F = 3 → F′ = 4) transition. The data are

shown for one continuous scan. Tens of milliradians of phase shift are observed

even for detunings greater than 1 GHz from line center. The signal absorption

at these detunings is < 1%, so this is truly a non-demolition measurement of

the signal intensity. The deviation of the experimental data from theory is due

to slow drifts in the coupling and polarization maintenance of the PBGF as the

laser is scanned in frequency at a rate of ∼10 Hz. The signal power was 50 nW,

while the meter power was 2 µW, and the OD in the fiber was 50.

We verified that the response time of our system by measuring the XPS im-

parted on square pulses of the meter beam of varying duration. XPS remains

close to the CW value for pulse widths down to 5 ns as expected. Finally, we

performed XPS measurements at the few photon level. The XPS induced on

the meter as a function of signal power for an OD∼100 in the fiber is shown

in Fig. 2.17. We calculate the average number of signal photons present in

a 5-ns pulse from the corresponding signal power, and a 5 milliradian phase

shift is measured with only ∼16 signal photons. The number of photons per

atomic cross-section is calculated as (N/A)(3λ2/2π) (where A∼10−7 cm2 is the op-

tical mode area). Thus P∼0.8 nW corresponds to an energy density much less

than one photon per atomic cross-section. From the slope of the solid black

line in Fig. 2.17, we infer an XPS of 0.3 milliradian per signal photon, which to

our knowledge, represents the largest such nonlinear phase shift induced in a

single-pass through a room-temperature medium [88].

Validity of the semi-classical approximation: It is to be noted that through-
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Figure 2.17: XPS Measurement: Large cross-phase modulation at the few-
photon level. Cross phase shift (XPS) imparted on the meter
(red dots) as a function of average signal power (and average
number of signal photons in a 5-ns pulse). Error bars indicate
measurement noise (one standard deviation). An OD∼100 is
produced in the fiber for each measurement. The power in
the meter beam was 10 µW for each measurement. A ∼5 mrad
phase shift is measured for ∼16 signal photons, correspond-
ing to ∼5 aJ of energy. The solid black line shows the theoret-
ical prediction, and the slope corresponds to an XPS of ∼0.3
mrad per signal photon, which to our knowledge, represents
the largest such nonlinear phase shift induced in a single-pass
through a room temperature medium.

out this chapter we have used coherent state light fields for all experiments

and the expectation value of the annihilation operator for a coherent state

is the square root of the average number of photons. Therefore all calcu-

lations/estimation of photon numbers are on-average and validates the use

of semi-classical expressions for estimating two-photon absorption and cross-

phase modulation. The use of purely quantum mechanical expressions via

quantization of the light field are required to estimate the cross-phase modu-
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lation for non-classical states eg. a single photon Fock state. The experiments

demonstrated in this chapter are still an order of magnitude away from the true

single photon regime. This type of modelling is consistent with XMP measure-

ments reported in the literature [82] where they also measured XPM in fibers

caused by light fields at the single photon level and use the semi-classical ex-

pression for XPM scaling linearly with average number of photons. However

there have been full-blown quantum mechanical theoretical investigations into

the phase shifts caused by true single photon Fock states [29], but there still is

no consensus amongst the research community as to what really happens in the

single photon regime. Thus experiments that enable to probe that regime can

provide insight and answer fundamental questions. These TPA experiments are

a small step towards that direction.

2.4 Summary and Conclusion

In summary, the strong optical confinement along with long interaction lengths

in a hollow-core photonic bandgap along with the ability to confine atoms, pro-

vides a suitable platform for exploring extremely strong light-matter interac-

tions. Leveraging on these, we demonstrate few-photon all-optical modulation

using non-degenerate TPA in thermal Rb atoms confined to a hollow core PBGF.

We show 25% attenuation of a signal beam with a switching energy of only 5 at-

tojoules, corresponding to about 16 photons. The switching energy density is

less than one photon per atomic cross-section. We also characterize the time re-

sponse of the system to be 5 ns, which enables large modulation bandwidths up

to 50 MHz for a highly sensitive atomic vapor-based scheme. In addition, we ob-

serve cross-phase modulation with less than 20 photons using TPA resonances
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in Rb vapor confined to a PBGF. A XPS of 0.3 milliradian per signal photon is

induced on a meter beam with a fast response time of less than 5 ns. We infer

a nonlinear refractive index value n2 = 3 × 106 cm2/W. This system enables us

to explore a wide space of atomic densities and optical intensities in a control-

lable manner and holds promise for integration with fiber-optic communication

networks. These results show the potential of a Rb-PBGF system for exploring

quantum nonlinear effects at ultralow powers such as single-photon all opti-

cal switching, generation and measurement of non-classical states of light, and

accessing higher-order nonlinear susceptibilities.
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CHAPTER 3

SILICON NITRIDE MICRORESONATOR BASED OPTICAL FREQUENCY

COMBS

3.1 Introduction

In this chapter we show that nanofabricated silicon nitride microresonators can

be used to demonstrate extreme nonlinear optics. This silicon nitride platform

is complementary-metal-oxide-semiconductor (CMOS) process compatible, and

the devices are monolithic and sealed, such that pump coupling to the resonator

and system operation are insensitive to the environment. Additionally this plat-

form allows for dispersion engineering the waveguides to efficiently generate

optical frequency combs via cascaded four-wave mixing. We demonstrate the

generation of an octave spanning comb with 226 GHz repetition rate pumping

at 1560 nm. Next we show that by dispersion engineering the waveguide di-

mensions, we can generate combs by pumping at 1064 nm. The advantage of

this platform is that we can independently tune the free spectral range (FSR) and

the dispersion. We exploit this property of the silicon nitride microresonator

platform to generate microcombs with various FSRs such as 20-, 40-, 80-, 100-

GHz. Next we go on to characterize the spectral and temporal dynamics of the

microresonator based combs and demonstrate that such parametric frequency

combs can generate modelocked ultra-short pulses.
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Figure 3.1: Illustration of a frequency comb: Power spectrum of a fre-
quency comb.

3.2 Generation of frequency comb

An optical frequency comb consists of a discrete series of ”comb” lines which

are equally spaced by the repetition frequency, frep. It is characterized by the

carrier envelope offset frequency and the comb spacing or the repetition rate

as shown in Figure 3.1. Additionally, a series of discrete lines in the frequency

domain leads to short pulses in the time domain. Figure 3.2 shows a schematic

of a train of pulses with a shift in phase between the carrier sinusoid and the

envelope. This shift in phase is given by ∆ϕ = ϕ1 − ϕ2. The separation between

pulses is simply the round trip time for the cavity or the inverse of the repetition

frequency. The difference in phase ∆ϕ between the envelope and carrier for

successive pulses is a result of dispersion in the gain medium and nonlinear

phase that the pulse picks up as it makes a round trip. Since the properties

of the cavity are not time dependent, the phase difference between successive

pulses stays the same at ∆ϕ the result of this carrier envelope phase offset is

that the comb shifts by a fixed constant frequency i.e. the carrier envelope offset

frequency fo given by fo =
1

2π∆ϕ frep. Thus an optical frequency comb is not only
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Figure 3.2: Pulses: Power spectrum of pulses generated from an optical
frequency comb.

a source of multiple optical frequencies but also ultrashort mode-locked pulses.

The most common source of frequency combs has been modelocked Ti Sap-

phire lasers. A femtosecond laser based on a mode locked Ti:Sapphire laser

was first reported in [91] with 60 fs pulses at a repetition rate of 75-100 MHz

with a tunable cavity. While Ti:Sapphire-based frequency combs have be-

come a mature technology and repetition rates as high as 10-GHz has been re-

ported, there has been significant recent interest in comb generation using ultra-

broadband parametric oscillation based on four-wave mixing (FWM) pumped

by a continuous-wave (cw) pump field in high-Q cavities such as silica micro-

toroids, CaF2, MgF2 and quartz resonators, silica microspheres, and high-index

silica-glass microrings[92, 41, 93, 42, 94, 95, 96, 97, 98]. Thus, microresonator-

based frequency comb generation has been an area of intense research in the

past few years, particularly because of its potential as a platform for the realiza-

tion of compact, integrated stabilized comb sources. This chapter discuses the

46



advancement of the microresonator-based technology to generate optical fre-

quency combs in a CMOS-compatible silicon-nitride platform. Using this plat-

form we demonstrate the generation of optical frequency combs with pumps at

different wavelengths and characterize the spectral and temporal dynamics of

the same.

3.2.1 Silicon based microresonator

The emerging field of silicon photonics allows us to develop more efficient net-

works that go beyond the capabilities and limitations of existing systems. Inte-

grated photonics may provide a route towards keeping pace with Moore’s Law

[99, 100]. Expertise in silicon fabrication has advanced by leaps and bounds due

to its applications in the semiconductor electronics industry. This expertise can

be applied directly to fabricating photonic devices using silicon as a medium

of propagation for light. Silicon has high nonlinear optical response with mod-

erate intensities. The research in the area of nanofabricated silicon devices has

been directed towards more efficient and low-power nonlinear optics. The high

intensities required to see non linearity can be achieved by using waveguides

which confine light to a small mode volume thus increasing spatial overlap.

The interaction length, another important factor in determining the strength of

nonlinear processes, is traditionally determined by the diffraction limit of the

focused beam. Since beams with a smaller focal area have a shorter diffrac-

tion length, there is an intractable trade-off between intensity and length. By

using an optical waveguide, we can increase the interaction length beyond the

diffraction limit. Much work has been done exploiting the low-loss of optical

fibers to show a rich array of potential nonlinear processes. More recently, work
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Figure 3.3: Schematic of ring resonator: Illustration of ring resonator cou-
pled to a bus waveguide. The ring resonator has radius, r, and a
coupling gap, g, from ring to waveguide. The diagram shows
the coupling,κ, and transmission, t, coefficients for the input
and output fields of the device along with the round-trip loss
factor, α.

has been done on integrated photonic devices, which confine light to an even

smaller scale. Silicon-based nonlinear devices have already enabled [36], para-

metric amplification [37], signal regeneration [38], demultiplexing [151], and

utlra-fast signal detection [40]. However, nonlinear loss mechanisms limit the

efficiency of many processes in silicon. One can overcome the effect of nonlinear

losses by using silicon nitride devices instead of silicon devices and use silicon

nitride based microresonators for the development of on-chip optical frequency

combs. The next section provides a summary of the working principles of a ring

resonator. Following which we demonstrate how this microresonator is applied

to generate optical frequency combs.

48



The ring resonator system

Figure 3.3 shows the basic configuration [101], which consists of unidirectional

coupling between a ring resonator with radius r and a waveguide. We assume

that a single unidirectional mode of the resonator is excited with a single po-

larization, and the coupling is lossless, none of the waveguide segments and

coupler elements couple waves of different polarization, the various kinds of

losses occurring along the propagation of light in the ring resonator filter are in-

corporated in the attenuation constant, the interaction can be described by the

matrix relation:

At1

At2

 =
 t κ

−κ∗ t∗


Ai1

Ai2

 . (3.1)

The complex mode amplitudes A are normalized, and the squared magnitude

corresponds to the modal power. The coupler parameters t and κ depend on the

specific coupling mechanism used. The ∗ denotes the conjugated complex value

of t and κ, respectively.

| κ2 | + | t2 |= 1. (3.2)

We assume that the field inside the cavity undergoes a roundtrip loss and the

relate incoming and outgoing field in the cavity as

Ai2 = αe jθAt2. (3.3)

where α is the loss coefficient of the ring (zero loss: α = 1) and θ = ωL/c, L being

the circumference of the ring which is given by L = 2πr, r being the radius of the

ring measured from the center of the ring to the center of the waveguide, c the

phase velocity of the ring mode (c = c0/ne f f ) and the fixed angular frequency
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ω = kc0, c0 refers to the vacuum speed of light. The vacuum wavenumber k is

related to the wavelength λ through:k = 2π/λ. Using the vacuum wavenumber,

the effective refractive index ne f f can be introduced easily into the ring coupling

relations by

β = kne f f =
2πne f f

λ
, (3.4)

where β is the propagation constant. This leads to

θ =
ωL
c
=

kc0L
c
= kne f f 2πr = 4π2ne f f

r
λ
. (3.5)

Using these we derive the transmitted power Pt1 in the output waveguide as

Pt1 =| At1 |2=
α2+ | t |2 −2α | t | cos(θ + ϕ)

1 + α2 | t |2 −2α | t | cos(θ + ϕ)
(3.6)

where t =| t | exp( jϕ), | t | is the coupling losses and ϕ is the phase of the coupler.

The power circulating in the ring is given by

Pi2 =| Ai2 |2=
α2(1− | t |2)

1 + α2 | t |2 −2α | t | cos(θ + ϕ)
. (3.7)

On resonance θ + ϕ = 2πm, where m is an integer. Thus we obtain,

Pt1 =| At1 |2=
(α2− | t |2)2

1 − 2α | t |)2 , (3.8)

and

Pcirc = Pi2 =| Ai2 |2=
α2(1− | t |2)
(1 − α2 | t |)2 . (3.9)

Now there could be three possible coupling situations:

Undercoupled: In this regime the cavity coupling rate is smaller than the intrin-

sic cavity loss rate. Thus the field transmitted through the external waveguide

is higher than the field coupled from the resonator to the waveguide. The phase

shift of the field leaking out of the cavity is less than 180◦. This regime can ex-

perimentally be reached by increasing the coupling gap between the waveguide

and the resonator.
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Crtically coupled: In this regime the cavity coupling rate is equal to the intrinsic

cavity loss rate. On resonance, the field that leaks out of the cavity and the field

in the waveguide are 180◦ out of phase, leading to destructive interference.

Overcoupled: In this case, the cavity coupling rate is larger than the intrinsic

cavity loss rate. Most of the power couples directly into the cavity, leading to a

cavity leakage field that is higher than the field transmitted through the waveg-

uide. The phase shift of the cavity leakage field is more than 180◦. This regime

can be experimentally reached by reducing the coupling gap between waveg-

uide and resonator.

To estimate the amount of power built up inside a cavity we can measure

the quality factor, Q. The Q of an optical resonator, which is a dimensionless pa-

rameter, is the ratio of the stored energy to the energy dissipated per oscillation

cycle, or equivalently the ratio of the stored energy to the energy dissipated per

radian of the oscillation and can be expressed as

Q = ω0
U

−dU/dt
, (3.10a)

Q =
ω0

∆ωFWHM
≈ λ0

∆λFWHM
(3.10b)

where U is the stored energy in the cavity and FWHM is the full bandwidth at

half maximum of the transmitted power from equation and is referred to as the

cavity linewidth. The Q is related to the photon lifetime τp as

Q = ω0τp, (3.11)

where τp arises from absorption, scattering, bending and coupling losses. The Q

defined in eq. 3.10 takes into account all the losses of the system: from the ring

and from the coupling. This is defined as the loaded Q, QL, and can be directly

measured from the transmission spectrum.
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Figure 3.4: SEM of silicon nitride microresontor: A scanning electron mi-
crograph of a silicon-nitride microresonator resonator with a
zoomed-in viewgraph of the waveguide cross-section.

In a microcavity, the power circulating inside the cavity on resonance can be

related to the Q as,
Pcirc

Pin
=
λ

2πnL
Q (3.12)

and it can be written in terms of the finesse as

Pcirc

Pin
=

F
2π
. (3.13)

The silicon nitride ring resonators (fig. 3.4) are fabricated on a silicon wafer,

and a 4-µm thermal oxide layer is initially grown for the undercladding. Next,

a nitride film is deposited, and both the microring and the coupling waveguide

are patterned and etched monolithically in the silicon nitride layer. Finally, an

oxide layer is deposited to form the top cladding [96]. The relatively high index

contrast between the nitride core and the oxide cladding allows for dispersion

engineering through modification of the waveguide cross-section [102, 103],

and, since the dispersion is dependent on the cross-sectional size and shape,

such engineering can be accomplished without changing resonator parameters

such as the cavity free spectral range (FSR).
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Figure 3.5: Illustration of a microresontor based frequency comb: Fig-
ure shows the general scheme for generating optical frequency
combs and ultra-short pulses using cascaded parametric os-
cillation in a high-Q silicon-nitride microresonator. Pumping
with a single frequency continuous-wave laser, a wide-band
frequency comb is generated.

3.2.2 Parametric oscillation

In a silicon nitride microresonator an optical frequency comb is generated via

cascaded four-wave mixing (FWM). FWM is a third order nonlinear process in-

volving four waves, two pump waves, a signal and an idler wave. The process

is parametric when the two pump photons are annihilated, strict energy conser-

vation dictates the frequencies of the converted signal and idler waves. Degen-

erate FWM occurs when the pump photons are the same frequency and provide

both photons for the nonlinear interaction. FWM arises from the nonlinear po-

larization induced by χ(3) in the material when the interactions between the four

waves are considered. The nonlinear polarization can be expressed in terms of
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the interacting fields as [71, 4]

PNL
n =

∑
i, j,k

ϵ0χ
(3)

(
ωn = ωi + ω j + ωk : ωi, ω j, ωk

)
EiE jEk, (3.14)

where PNL is the nonlinear polarization, χ(3) is the third-order nonlinearity, ωi, j,k

are the frequencies of the interacting fields and Ei, j,k are the amplitudes of the

interacting fields. The coupled field equations then have a general form:

dEn

dz
=

j2πωn

nc
PNL

n . (3.15)

where En is th field amplitude at frequency ωn. In the limit of a strong pump the

field amplitudes for degenerate FWM can then be expressed as

dEp

dz
= −
αp

2
Ep + jγ | Ep |2 Ep, (3.16a)

dEs

dz
= −αs

2
Es + jγ | Ep |2 Es + jγ | Ep |2 E∗i e− j∆kz, (3.16b)

dEi

dz
= −αs

2
Ei + jγ | Ep |2 Ei + jγ | Ep |2 E∗se

− j∆kz, (3.16c)

where γ is the nonlinear coefficient, Ep,s,i are field amplitudes of the pump, sig-

nal and idler respectively and ∆k is the phase mismatch and is expressed as

∆k = 2γPp + 2kp − ki − ks, (3.17)

where kp,s,i are the wavevectors of the pump, signal and idler respectively and

2γPp is the nonlinear phase shift arising from self phase modulation (SPM)

and cross phase modulation (XPM). For efficient FWM, it is necessary to sat-

isfy the phase-matching condition as well as the energy conservation condition

2~ωp = ~ωi + ~ωs must also be satisfied. Since the phase-matching condition is

dependent both on pump power and the propagation constants at each wave,

in order for it to be zero, we must achieve anomalous group velocity dispersion.

Since the material dispersion is normal, we must use the waveguide dispersion

(or modal dispersion) as counterbalance this effect.
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Figure 3.6: Schematic of comb generation dynamics: Illustration of how
a frequency comb is generated via cascaded four-wave mix-
ing(FWM) in a silicon nitride microresonator. As we tune
into resonance of the cavity, a single frequency pump is cou-
pled into the microresonator and the power builds up propor-
tional to its quality factor. When the phase matching condi-
tion is satisfied, two pump photons are converted into a sig-
nal and idler via degenerate FWM. When more power is cou-
pled into the resonator, the signal and idler act as pumps them-
selves and generate minicombs via several degenerate and
non-degenerate FWM processes.

In the parametric FWM process in a microresonator, as the pump is tuned

into the cavity resonance, two pump photons are initially converted to a signal

and idler photon pair [96, 49, 104, 105]. As more power is coupled into the res-

onator, and the FWM gain is enhanced by the cavity geometry and transverse

confinement, leading to cascaded parametric oscillation, enabling the genera-

tion of a broadband comb. Figure 3.5 shows an illustration of the general scheme

for generating optical frequency combs using a silicon nitride microresonator.

Recently a lot of research has been focussed on theoretical understanding

of the comb generation dynamics [106, 107]. The focus has been on simulating
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the comb dynamics via modal-expansion as this allows the electric field to be

defined not as a function of frequency but as a summation of the modes of the

resonator [108, 109, 110]. This is because the frequency comb is composed of

very narrow, discrete frequency lines spanning a broad frequency range, but it

is difficult to simulate all frequencies at a resolution fine enough to accurately

define each comb line. However, as shown in eq. 3.15 the nonlinear Kerr term

involves a triple-summation over the interacting modes, resulting in a com-

putational time with a cubic dependence on the number of modes being con-

sidered. A new approach involves applying the Lugiato-Lefever(LL) equation

for simulating full temporal and spectral dynamics of a microresonator based

comb [104]. The advantage of this technique is that, in this model the fields

are treated both in time and in frequency and includes higher-order dispersion

and self-steepening to enable simulations of comb spectra that span an octave

with 4 orders of magnitude increase in computational speed. The experimental

demonstrations of comb generation dynamics in the spectral and temporal do-

main, as described in this chapter, closely agree with the theoretical predictions

of the LL model.

3.2.3 Octave spanning comb

The generation of broadband optical frequency combs is of great interest for

numerous applications including spectroscopy, precision frequency metrology

and optical clocks [89]. Many of the previous comb generation techniques rely

on supercontinuum generation spanning 100’s of THz in optical fibers using

high-power mode-locked lasers [113]. The generation of comb spectra span-

ning an octave is highly desirable for full stabilization of the frequency comb
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Figure 3.7: Dispersion engineering for generating octave spanning
comb: Dispersion simulations for the fundamental TE mode
of a silicon-nitride waveguide with the height fixed at 730 nm
and widths of 1200, 1650, and 2000 nm. The dashed curve in-
dicates the dispersion for bulk silicon nitride.

through the well-established self-referencing technique [111]. An octave span-

ning comb allows for full calibration of the comb, i.e. know the frep and the fo.

If a comb is octave spanning, i.e. it has a bandwidth such that there are comb

lines at frequencies fn and f2n, then we can determine the offset frequency by fre-

quency doubling the lower comb line (using a SHG crystal) and looking at the

beat frequency with the higher frequency comb line. If fn = fo + n frep, then the

doubled frequency is: 2 fn = 2 fo+2n frep and if we have a comb line f2n = fo+2n frep

at the other end of the octave, the beat frequency is simply the offset frequency.

This can be used as a feedback to stabilise the cavity and maintain the offset

frequency at a specific value.

In this section, we report the first demonstration of an octave-spanning para-

metric frequency comb in a silicon-based microring resonator [112]. As men-

57



tioned before, this silicon nitride platform is CMOS process compatible, and the

devices are monolithic and sealed, such that pump coupling to the resonator

and system operation are insensitive to the environment. Additionally, high-Q

silicon nitride resonators can be fabricated with Q-factors as high as 3×106 [114].

This demonstration represents a significant step towards a stabilized, integrated

frequency comb source that is robust and can be scaled to other wavelengths.

Recently, high Q-factor optical microcavities have shown enormous poten-

tial as a platform for efficient nonlinear optical processes. To achieve efficient

phase matching, the pump laser is operated in the anomalous-GVD regime to

compensate for the nonlinear phase mismatch [42, 104]. The cavity geometry re-

sults in an additional restriction, such that the pump, signal, and idler must each

overlap with a cavity resonance. As mentioned in section 3.2.2 to achieve overall

anomalour-GVD the waveguide dispersion has to be controlled since the mate-

rial dispersion can’t be controlled. The advantage of the silicon-nitride platform

is that it the dispersion can be controlled by changing the width and the height

of the waveguide [102]. To understand the waveguide conditions necessary to

achieve broadband parametric comb generation, we theoretically calculate the

GVD using a finite-element mode solver. Figure 3.7 shows the simulated dis-

persion for silicon nitride waveguides with a height of 730 nm, and widths of

1200, 1650, and 2000 nm. The curves indicate that large anomalous-GVD band-

widths spanning nearly an octave are possible with appropriate cross-section

engineering. The signal/idler pair that oscillate at threshold are those that sat-

isfy the energy conservation and phase matching conditions required for FWM.

The resonator is pumped at 1562 nm using a single-frequency pump laser, and

we generate a parametric comb spanning from 1170 nm to 2350 nm, correspond-

ing to a 128-THz span.
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Figure 3.8: Experimental setup for generating octave spanning comb:
The experimental setup used for generating an octave span-
ning microresonator based comb. A single-frequency diode
laser centered at 1562 nm is amplified with a erbium-doped
fiber amplifier (EDFA) and inject it into a nanowaveguide us-
ing a lensed fiber. The input polarization is adjusted to quasi-
TE using a fiber polarization controller. The output is collected
with a free-space objective, fiber coupled (using FC) and sent to
an optical spectrum analyser (OSA) for measuring the output
spectrum. A small portion of the transmitted beam is initially
also used for monitoring the optical resonance while tuning in
to generate the comb.

Experiment and discussion

Figure 3.8 shows the experimental setup used for generating an octave spanning

microresonator based comb. In our experiment, we amplify a single-frequency

diode laser centered at 1562 nm with a erbium-doped fiber amplifier (EDFA)

and inject it into a nanowaveguide using a lensed fiber. The input polarization

is adjusted to quasi-TE using a fiber polarization controller. The nanowaveguide

acts as the coupling waveguide for the microring resonator. Both the coupling

waveguide and the microring have cross-sections of 725 nm by 1650 nm, and the

microring has a 200-µm diameter. The power inside the coupling waveguide

is 400 mW when the pump wavelength is detuned from a cavity resonance.
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Figure 3.9: Octave spanning comb at 1550 nm: Optical spectrum of
octave-spanning parametric frequency comb generated in a sil-
icon nitride ring resonator.

The output is collected using an aspheric lens and sent to an optical spectrum

analyzer (OSA).

The pump wavelength is tuned into a cavity resonance, such that a stable

“thermal lock” is achieved [115]. As the power in the microring is increased

above threshold, the oscillation of a signal/idler pair occurs. Further increases

in power lead to cascaded FWM, resulting in the generation of comb lines, and

higher-order degenerate and nondegenerate FWM processes filling in adjacent

cavity modes and increasing the comb line density. The parametric frequency

comb spectrum from the microring resonator is shown in Fig. 3.9. The total

spectrum is acquired using two OSA’s, with spectral ranges of 600-1700 nm and

1200-2400 nm. The comb lines are generated over a wavelength span of 1180 nm,

from 1170 nm to 2350 nm, which corresponds to an octave of optical bandwidth.

Next, we investigate the tuning performance of the parametric comb by

monitoring a 5-nm section of the comb centered at 1650 nm using an optical

spectrum analyzer. Figure 3.10 shows that the three comb lines are red-shifted

as the incident power is varied from 1.3 W to 2.1 W. As the pump power is

increased, the resonance experiences a red-shift, which is primarily due to ther-
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Figure 3.10: Tuning: Demonstration of tuning performance of the para-
metric comb. A 5-nm segment of parametric comb is moni-
tored at various incident powers from 1.3 to 2.1 W. The fre-
quency tuning range for this range of powers is 29 GHz, and
we estimate the change in the comb spacing to be 36 MHz..

mal effects. We observe a frequency tuning range of 29 GHz and estimate that

the comb spacing undergoes a 36-MHz shift over the range of incident powers

used. This tuning range can be further increased with higher pump powers and

higher Q-factor resonators.

Lastly, we characterize the RF noise of the parametric comb. The experi-

mental setup is shown in fig. 3.11. We use a wavelength division multiplexer

to filter a 9-nm section of the comb spectrum that does not include the pump

wavelength. The filtered portion is detected by a fast photodiode, and the elec-

trical signal is sent to an RF spectrum analyzer. We simultaneously monitor the

remaining spectrum using an optical spectrum analyzer, and Fig. 3.12 shows the

RF and optical spectra. As the pump wavelength is red-shifted into resonance,

the RF noise decreases by 30 dB (red curve to yellow curve), and we observe

modulations in the optical spectrum [Fig. 3.12(c) and (d)]. We observe a peak
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Figure 3.11: RF characterization setup: The experimental setup used for
generating an octave spanning microresonator based comb
and characterizing the radio-frequency (RF) spectrum as the
comb is generated. A single-frequency diode laser centered
at 1562 nm is amplified with a erbium-doped fiber amplifier
(EDFA) and inject it into a nanowaveguide using a lensed
fiber. The input polarization is adjusted to quasi-TE using a
fiber polarization controller. The output is collected with a
free-space objective, fiber coupled (using FC) and sent to a
wavelength division multiplexer (WDM) to filter a 9-nm sec-
tion of the comb spectrum that does not include the pump
wavelength. The filtered portion is detected by a fast photo-
diode, and the electrical signal is sent to an RF spectrum an-
alyzer. We simultaneously monitor the remaining spectrum
using an optical spectrum analyzer (OSA).

near 11 MHz, which we attribute to relaxation oscillations of the pump laser

and we are currently investigating this issue further. As the pump is further

red-shifted into the resonance, the the power in adjacent comb lines equalizes

[Fig. 3.12(e)], while maintaining the low-noise state. The cause of this drop in

noise is an indication of the comb transitioning into a phase-locked state as is

described later in this chapter.

In conclusion, we demonstrate octave-spanning parametric frequency comb

generation in a monolithically integrated silicon nitride microring resonator

from a single-frequency cw laser. We achieve a 128-THz comb bandwidth with

a comb spacing of 226 GHz. Although, we have been able to successfully gener-

ate an octave spanning comb, it is not possible to do an f-2f measurement with
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Figure 3.12: RF dynamics: (a) RF noise spectral of parametric frequency
comb. A 9-nm portion of the optical spectrum is filtered from
the comb for RF measurement. The noise is measured at four
different pump detunings over 10 GHz as the pump is tuned
into the cavity resonance. (b)-(e) show the corresponding op-
tical spectra after the 9-nm section is filtered.

this comb. As we have reported, the comb lines at the far end have significantly

lower optical power than the lines in the center. This implies that external ampli-

fiers will have to used for increasing the power in the corresponding lines such

that frequency doubling is possible. The addition of external amplifiers also

mean there is addition of extra noise that might lead to loss of coherence and

low-noise properties of the comb. Theoretical simulations using the LL equa-

tion model (as mentioned in section 3.2.2 of this octave spanning comb system

reveals that a comb wider than an octave is necessary for f − 2 f locking [104]
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and that the far ends of the comb are not necessarily coherent due to dispersive

wave generation.

For a microresonator based comb to be applied to applications in spec-

troscopy and metrology, the comb must first be fully stabilized and the noise

properties characterized. Though, the results described in this section provide

a proof of principle demonstration that broadband comb generation on-chip of-

fers potential for a fully integrated, stabilized, compact optical frequency comb

source with applications in spectroscopy, metrology, high-speed communica-

tions, and on-chip optical clocks. While the combs generated here were in the

near IR, dispersion engineering of the silicon nitride ring resonator should en-

able generation of frequency combs at visible and at mid-IR wavelengths, al-

lowing for unmatched flexibility in selecting the operating pump wavelength.

3.2.4 One micron comb

It has been established that dispersion engineering of microresonator geome-

tries allow for using a pump at a different wavelength for generating a fre-

quency comb [116, 117], but it still remains a challenge to design a device us-

ing the same device platform with the flexibility of pumping at different wave-

lengths and generating an ultra-broadband frequency comb in the visible or

near-IR wavelength range with a desired comb spacing. For example, para-

metric comb generation was demonstrated in a CaF2 cylindrical and spheroid

resonators with a 794-nm pump but with a relatively narrow ∼2 THz [116] band-

width. In a microtoroid [117] or microsphere [42] geometry, the dispersion is de-

pendent on the size and shape of the cavity. Since the free spectral range (FSR) is
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determined by the cavity size, it is difficult to design a structure where the pump

wavelength and FSR can be freely determined. In contrast, in a silicon-nitride

microring resonator, the dispersion and FSR can be controlled separately. In

the previous section we have shown ultra-broadband(octave-spanning) comb

generation with pump at 1550 nm [112]. In this section, we report the multi-

wavelength pumping functionality of the silicon-nitride microresonator plat-

form and report the first demonstration of optical parametric oscillation and

generation of an ultra-broadband frequency comb at 1-µm in a silicon nitride

ring resonator by dispersion engineering FWM gain in the 0.8-1.5 µm wave-

length range [118].

Dispersion engineering for comb generation
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Figure 3.13: Dispersion engineering for 1-µm comb: Simulated disper-
sion curves for the fundamental TE-mode of a silicon-nitride
waveguide with 600-nm height and with widths of 900, 1000,
1100, and 1200 nm.

The dispersion is determined by the material and the waveguide cross-

sectionional geometry, and the FSR is determined by the circumference of the

microring. Figure 3.13 shows the simulated dispersion curves for silicon-nitride

waveguide with varying cross-sections for the fundamental TE mode. The
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curves show that decreasing the width of the waveguides, shifts the anoma-

lous dispersion region to lower wavelengths. The peak of the anomalous GVD

occurs for a width of 1100 nm and then decreases with further reduction in

waveguide widths, which is detrimental for wide bandwidth phase-matching

and FWM.
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Figure 3.14: Comb dynamics:(a-e) Comb generation dynamics (from top
to bottom). As the power oscillating inside the microring
increases and threshold is reached, cavity modes which are
maximally phase-matched experience gain and grow. When
the pump is tuned deeper into resonance and power in the
side modes increase further, cascaded four-wave mixing takes
place, leading to multiple cascaded oscillations and develop-
ment of a wide bandwidth comb. (f) Optical spectrum of
frequency comb generated pumping at 1064-nm. The comb
spans 97.3 THz with a spacing of 230 GHz. (g) A zoomed
in spectrum of the higher wavelength end. Comb teeth do not
appear at every FSR due to lack of proper phase-matching and
power buildup.

66



Experiment and discussion

In our experiment, we use a single-frequency continuous wave laser centered

at 1064 nm and amplified to 2 W using an Ytterbium doped fiber amplifier

(YDFA). The polarization of the laser is adjusted to quasi-TE and sent into a bus-

waveguide for coupling into the microring resonator. Both the coupling waveg-

uide and the microring are monolithically fabricated. The coupling waveguide

and the ring have a cross-section of 600 nm by 1150 nm, which gives a broad re-

gion of anomalous GVD, centered at the pump wavelength of 1064 nm. The ring

has a 115-µm radius which corresponds to a 230-GHz FSR. The loaded-quality

factorQ of the resonator is 200,000. The output light is collected using an objec-

tive and sent to an optical spectrum analyzer. Figure 3.14(a-e) shows the optical

spectrum of the comb generation dynamics as the pump wavelength is tuned

into a cavity resonance. As the power oscillating in the microring increases,

the cavity modes that are multiple FSRs away from the pump, experience the

maximum FWM gain and oscillate at a threshold power of 80 mW. With fur-

ther increase in power cascaded FWM occurs resulting in multiple oscillations

and minicomb formation [Fig. 3.14(d)]. The density of comb lines increases as

the pump frequency is tuned deep in the cavity resonance and adjacent cavity

modes are filled through multiple higher-order degenerate and non-degenerate

FWM processes [Fig. 3.14(e)].

The optical spectrum of the fully formed comb is shown in Fig. 3.14(f). The

230-Ghz-spaced comb lines are generated over a wavelength span of 406 nm

which corresponds to 97.3 THz. Figure 3.14(g) shows the zoomed in optical

spectrum of the higher wavelength side of the frequency comb. We observe that

the comb teeth are not formed at every FSR. This can be explained by analysing
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the relation between the threshold power for oscillation and the intrinsic-Q of

the resonator, which is given by

Pth =
2π2n2

gRAe f f

λn2Q2
i

, (3.18)

where, Pth is the threshold power, ng is the group index, R is the radius of the

resonator, Ae f f is the effective area of the mode, λ is the pump wavelength, n2

is the nonlinear refractive index, and Qi is the intrinsic quality factor of the res-

onator. We have previously observed that successive resonances of a ring res-

onator neither have the same Q or extinction [119]. Therefore, the relatively

low Q-factor of the resonances lead to less power build-up in the corresponding

side modes as the power inside the ring is directly proportional to the Q. This

prevents the modes from reaching threshold and acting as pump modes for

further frequency conversion which leads to missing comb lines. Further, the

low anomalous dispersion leads to improper phase-matching in the side modes

which causes insufficient FWM mixing gain and preventing further comb line

formation. To investigate this issue further, we dispersion engineer and fabri-

cate devices with larger anomalous dispersion.

Figure 3.15(a) shows the dispersion curves for a silicon-nitride waveguide

with a cross-section of 725 nm by 1000 nm with TE and TM modes. With the

pump at 1064 nm, the generated frequency comb is shown Fig. 3.15(b). The

polarization of the pump was set to quasi-TM in this case due to the lower cou-

pling and waveguide losses as compared to the quasi-TE polarization input for

the microring resonator. The loaded-Q is 250,000 which is higher than the pre-

vious case and as expected, we observe a lower threshold power of ∼40 mW for

oscillation. The frequency comb spans 55 THz with an FSR of 230 GHz. In com-
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Figure 3.15: Dispersion engineering for fully-filled 1-µm comb:(a) Simu-
lated dispersion curves for the fundamental TE-mode (dashed
yellow) and TM-mode (solid red) of a silicon-nitride waveg-
uide with 725-nm height and 1000-nm width. (b) Broadband
frequency comb at 1 micron spanning 55 THz and 230-GHz
comb spacing. (c-d) Zoomed in of low wavelength and high
wavelength region of the frequency comb showing fully de-
veloped comb lines at every cavity mode.

parison to the previous case, the obtained comb bandwidth is smaller. Due to

the higher anomalous dispersion, cavity modes require more power for phase-

matching and FWM gain. The zoomed in viewgraphs [Fig. 3.15(c-d)] show that

comb lines are formed at every FSR due to proper phase-matching and power

buildup at the lower and higher wavelength ends of the frequency comb.

In conclusion, we demonstrate broadband frequency comb generation in
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a monolithically integrated silicon-nitride microring resonator using a single-

frequency laser at 1064 nm. We achieve a 55-THz comb bandwidth with a FSR

of 230 GHz. Dispersion engineering a wider anomalous region around 1064-

nm, in a microresonator with higher Q-factor will allow for generation of an

octave spanning comb for comb stabilization using existing frequency stabiliza-

tion equipment and techniques. Our results illustrate how the microring geom-

etry in silicon nitride can be readily extended to broadband frequency combs

pumped at near-IR wavelengths centered at 1 µm that can offer several advan-

tages such as the existence of commercially available technology for f-2f sta-

bilization, the potential spectral overlap with optical frequency standards and

to generate frequency-doubled comb in the visible spectrum for astronomical

applications [?].

3.2.5 Low repetition rate comb

Optical frequency combs find application in direct frequency synthesis. As men-

tioned in section 3.2, microresonator-based frequency combs can form a direct

link between microwave and optical frequency. Generation of microwave sig-

nals ≥10 GHz is challenge using standard microwave technology. Optical fre-

quency combs provide an easy route towards low-noise, ultrastable microwave

sources. The silicon nitride platform for generating microwave signals via opti-

cal frequency combs is advantageous since the dispersion and FSR are indepen-

dently tunable parameters. Although, in order to directly link the optical regime

and the microwave regime, the repetition rate of the comb must be within the

detection range of fast photo-diodes (generally a maximum of 50 GHz). To

achieve FSRs 100-GHz and below, we redesigned the microresonators, as shown
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Figure 3.16: Microresonators designs for low-repetition rate combs:(a, c,
e)Figure shows micrographs of spiral resonators and the cor-
responding optical frequency combs. (b, d, f) Optical spec-
trum of frequency combs with FSRs of 20-, 40-, 80-GHz are
shown.

in fig. 3.16(a, c, e), from the traditional ring geometry to a spiral geometry [119].

To ensure that the dispersion is not influenced by the curved sections compared

o the straight portions of the resonator, the minimum bend radius was kept to

be more than 100 µm. Additionally, keeping a semi-ring at the coupling region

ensures precise control over the coupling parameter to enable critically coupled

devices. Further, the enclosed spiral loop reduces device footprint and helps

avoid waveguide losses due to stitching errors. The spiral microresonators were

then used to generate frequency combs as shown in fig. 3.16(b, d, f).
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3.3 Frequency and time dynamics of frequency comb

In this section, we report the simultaneous investigation of the temporal and

optical and radio-frequency spectral properties of a parametric frequency combs

generated in an integrated silicon-nitride microresonators and observe that the

system undergoes a transition to a mode-locked state and that ultrashort pulse

generation is occurring [120]. From a 25-nm filtered section of the 300-nm comb

spectrum, we observe sub-200-fs pulses at a 99-GHz repetition rate. To illustrate

the flexibility of this platform in terms of controlling the pulse repetition rate, we

show that by operating with a shorter microresonator, similar duration pulses

can be produced at a 225-GHz repetition rate. Simulations using the LL model

and calculations indicate that the pulse generation process is consistent with

soliton modelocking, which is consistent with very recent work involving comb

generation in MgF2 microresonators [105]. These results demonstrate that such

parametric frequency combs can serve as a source of ultrashort laser pulses that,

depending on the pump laser and material system, could produce ultrashort

pulses from the visible to the mid-infrared at repetition rates in the GHz to THz

regimes.

3.3.1 Temporal measurement technique:

Intensity autocorrelation

For measuring a periodic signal, such as the temporal response of an optical fre-

quency comb, or an optical pulse, the detector should have a resolution far bet-

ter than the width of the pulse. The accuracy of our measurement is then limited
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Figure 3.17: Intensity autocorrelator: Schematic of an intensity autocorre-
lator.

to the width of the detector window. Ultra-short pulses that are generated from

modelocked lasers and supercontinuum-based frequency combs are among the

shortest ever temporal signals that have been generated [121]. Measuring such

pulses are a challenge. A lot of research has been devoted to developing tech-

niques and methods for such temporal measurement [121, 122]. At the heart

of each measurement technique is simply the measurement of the correlation

between two pulses[123, 122]. The correlation function provides a measure of

how similar two functions are for different values of an independent variable.

Mathematically a correlation of two functions is given by:

(a ⋆ b)(t) =
∫ ∞

−∞
a ∗ (τ)b(t + τ)dτ (3.19)

where a∗ is the complex conjugate of the function a. From eq. 3.19, if a(t) = b(t)

the integral is a measure of the similarity of a function with a time delayed copy

of itself. This is the “autocorrelation” function for a(t). An optical autocorre-

lation is a measure of the similarity of a pulse with itself. Optical autocorrela-

tions as a method for characterising optical pulses was first reported in 1966-67
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[124, 125]. Typical detectors have rise and fall time ∼1 ns due to limitations

in the associated electronics. Any pulse shorter than ∼1 ns needs a specialised

detection scheme [121].

In an intensity autocorrelator as shown in fig. 3.17, a beam splitter splits an

incoming pulse into two pulses, which are then focused and sent into a crystal

with a χ(2) nonlinearity. The arm length difference and thus the relative timing

of the pulses can be mechanically adjusted via the variable delay line. Different

kinds of delay lines can be used, e.g. using rotating glass blocks or mirrors

mounted on loudspeakers. If the arm length difference is made small, so that the

pulses meet in the nonlinear crystal, the process of sum frequency generation

occurs, leading to an output with a shorter wavelength. If the relative time delay

is increased, so that the overlap of the two pulses in the crystal is reduced, the

mixing product becomes weaker. For measuring the pulse duration, the power

of the mixing product is recorded as a function of the arm length difference.

The second harmonic generation (SHG) crystal will produce light that is at a

frequency twice that of the input light with a field given by. [71]

ES HG ∝ E(t)E(t − τ), (3.20)

where τ is the delay. Since the intensity is given simply by 2cnε0|E|2 the intensity

of the second harmonic signal is proportional to the intensities of each of the

pulses.

IS HG ∝ I(t)I(t − τ) (3.21)

Note here that only the cross term for the two pulses appears because we selec-

tively measure the second harmonic light that is emitted along the optical axis.

This is a non-collinear autocorrelation measurement and generates pulses with

zero background. In a collinear autocorrelation measurement, the pulses have
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background with a peak to background ratio of 3:1. The background level of

the intensity autocorrelation provides important information about the coher-

ence of the pulse. A collinear autocorrelation is similar to the autocorrelation

of the sum of two uncorrelated functions but with an extra background term.

Therefore, the measurement of the phase of the pulse is as important as the

width of the pulse with an intensity autocorrelation to determine the properties

of a temporal signal. Determining the pulse width from the intensity autocor-

relation, IS HG, requires some previous knowledge of the pulse shape. If a pulse

shape is assumed, the autocorrelation width, τac, is related to the pulse width,

τpulse, by some deconvolution factor [126], k,

τac = kτpulse (3.22)

The deconvolution factor can be calculated for analytical pulse shapes or com-

puted numerically for complicated pulses.The deconvolution factor is given in

table 3.3.1 [126]. Typically a soliton modelocked laser generates pulses with a

sech2 pulse shape.

Pulse Shape I(t) A(2)(τ) τAC/τp

Square Pulse
1; |t| ≤ τp/2

0; |t| ≥ τp/2

1 − | τ
τAC
|; |t| ≤ τAC

0; |t| ≥ τAC

1

Gaussian e−[2
√

ln2t
τp ]2

e−[2
√

ln2t
τAC

]2
1.41

sech2 sech2[ 1.7627t
τp

] 3
sinh[ 2.7196τ

τAC
]
[ 2.7196τ
τAC

coth[ 2.7196τ
τAC

] − 1] 1.54

Table 3.1: Pulse shapes, pulse widths, autocorrelation trace widths for dif-
ferent pulse shapes
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Figure 3.18: Experimental setup for spectral and temporal characteriza-
tion: Figure shows the experimental setup for simultaneous
spectral and temporal characterization of a microresonator-
based optical frequency comb. The pump wave is derived by
amplifying a single-frequency tunable diode laser at 1560 nm
to 2.5 W using an erbium-doped fiber amplifier (EDFA) and
coupling it into the bus waveguide using a lensed fiber. A 4-f
shaper is used to filter a 25-nm section of the comb. The opti-
cal spectrum of this 25-nm section is measured using an OSA.
This signal is then sent to an intensity autocorrelator for tem-
poral characterization. An electronic spectrum analyser (ESA)
was used to measure the RF spectrum.

Experiment and discussion

Development of ultrashort pulse sources has had an immense impact on

condensed-matter physics, biomedical imaging, high-field physics, frequency

metrology, telecommunications, nonlinear optics, and molecular spectroscopy

[127, 128, 129, 126]. Numerous advancements of such sources have been

made[130, 131, 132, 133, 134, 135], and in recent years there has been devel-

opment of compact solid-state [136, 137] and semiconductor-based systems that
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enable high-repetition-rate pulse generation [138, 139, 140, 141, 142]. However it

remains a challenge to create a highly compact, robust platform capable of pro-

ducing femtosecond pulses over a wide range of wavelengths, durations, and

repetition rates. This section describes the experimental observation of mode-

locked pulses generated from silicon nitride microresonator-based combs.

The experimental schematic is shown in Fig.3.18. The pump wave is de-

rived by amplifying a single-frequency tunable diode laser at 1560 nm to 2.5

W using an erbium-doped fiber amplifier (EDFA) and coupling it into the bus

waveguide using a lensed fiber. Both the microresonator and the bus waveg-

uide are fabricated monolithically in a single silicon-nitride layer, allowing for

robust and environmentally stable operation. We use a resonator with a cavity

length of 1.44 mm, which corresponds to a 99-GHz FSR. A micrograph image

of this resonator is shown in Fig. 3.19(a). The input polarization is adjusted to

quasi-TE using a fiber polarization controller. As the coupled power in the res-

onator is increased the threshold for parametric oscillation of a signal/idler pair

is reached. Further increases in the power coupled into the microresonator lead

to cascaded FWM and higher-order FWM processes, resulting in the generation

of numerous comb lines. The output is collected using an aspheric lens and sent

to a 4- f shaper, which is used as an adjustable wavelength filter. The zero-order

signal of the 4- f shaper is sent to an optical spectrum analyzer (OSA) to monitor

the entire comb spectrum. The generated frequency comb spanning >300 nm is

shown in Fig. 3.19(b).

To characterize the pulse dynamics, we filter a 25-nm section (32 comb lines)

of the comb centered at 1546 nm and amplify it with an EDFA to sufficiently

high power levels to allow for autocorrelation measurements. Our choice of

77



100 μm

(a) (b)

100 μm

(c)

-80
-60

-40

-20

0

 P
o

w
e

r 
(d

B
)

1700165016001550150014501400

 Wavelength (nm)

Comb spacing = 225 GHz

(d)

-60

-40

-20

0

 P
o

w
e

r 
(d

B
)

170016501600155015001450

 Wavelength (nm)

Comb spacing = 99 GHz

1750

Figure 3.19: SEM of microresonator and spectrum of generated comb: (a)
A scanning electron micrograph of a silicon-nitride resonator
of length 1.44 mm coupled to a bus waveguide. The free-
spectral range (FSR) is 99 GHz. (b) Optical spectrum of 99-
GHz FSR frequency comb. (c) Micrograph of a silicon-nitride
microresonator resonator of radius 112-µm with an FSR of 225
GHz. (d) Optical spectrum of a 225-GHz FSR frequency comb.

the 25-nm bandwidth corresponds to the bandwidth over which we could am-

plify the signal for characterization. An OSA trace of the filtered spectrum of

the frequency comb is shown in Fig. 3.20(a). If the generated comb lines have

a definite phase relationship, then a periodic pulse train in the time domain

with a repetition rate given by the comb spacing should be observed. We in-

vestigate the temporal properties of the generated comb using an intensity au-

tocorrelator, and Fig. 3.20(b) shows the normalized autocorrelation trace of the

observed pulse train for the filtered comb shown in Fig. 3.20(a). The amplified

output propagates through a length of single-mode fiber (SMF-28) for group-

velocity dispersion compensation and is sent to the autocorrelator. The back-

ground noise due to amplified spontaneous emission due to optical amplifiers

has been subtracted out. The pulse train has a 10.1-ps pulse period, which corre-
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Figure 3.20: Autocorrelation of 99-GHz-FSR comb:(a) Filtered optical
spectrum of a 99-GHz FSR frequency comb. The filter band-
width is 25 nm. (b) Normalized autocorrelation trace of the
pulse train obtained from the filtered comb. The pulse sepa-
ration is 10.1 ps. (c) Zoomed-in view of a single pulse with
a 147-fs FWHM pulse width. (d) Autocorrelation traces of
pulses undergoing additional dispersive propagation through
additional lengths of SMF. The observed broadening is consis-
tent with that associated with coherent pulses.

sponds to the microresonator FSR of 99 GHz. Figure 3.20(c) shows a zoomed-in

viewgraph of a single pulse. We measure pulse-widths as short as 147-fs (full-

width half maximum, FWHM), which is close to the transform limit of 129 fs

for the filtered bandwidth, assuming temporal sech2 pulses. Using the entire

comb bandwidth offers potential for generating single-cycle pulses with even

shorter pulse-widths (i.e. 12 fs). We estimate the peak power of the pulses to

be 1.2 W, and the temporal output is stable as long as the pump wavelength is

on-resonance and there is no variation in coupling to the resonator. These re-

sults confirm our previous observation that the frequency comb transitions to

a low-noise, phase-locked state [112], and we address this issue in greater de-
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Figure 3.21: Autocorrelation of a 225-GHz-FSR comb:(a) Filtered optical
spectrum of a frequency comb with 225-GHz free spectral
range. (b) Normalized autocorrelation trace of pulse train ob-
tained from the filtered comb. The pulse separation is 4.44 ps
and the FWHM pulsewidth is 205 fs.

tail below. Passive modelocking and sub-200-fs pulse generation has since been

observed in MgF2 crystalline resonators [105].

To confirm that we are indeed generating pulses and not incoherent spikes

from the microresonator-based frequency combs, we utilize temporal broaden-

ing in a dispersive media. We send the amplified 25-nm filtered section of the

frequency comb output from the 1.44-mm-long microresonator cavity (corre-

sponding to a 99-GHz FSR) through a few meters of single mode fiber (SMF)

and temporally characterize the generated pulses using an intensity autocorre-

lator. Figure 3.20(d) shows the result of this measurement. We clearly observe

temporal broadening of the pulses from 147 fs to 305 fs due to dispersive prop-

agation through the additional lengths of SMF.

The silicon-nitride platform allows for unmatched flexibility in terms of con-

trolling FSR, without changing the cavity dispersion. This allows for design and

fabrication of multiple high-repetition-rate pulse sources with a specified pulse

repetition rate all on a single chip. As an example, we use a 112-µm-radius

ring-resonator, which corresponds to a 225-GHz FSR [see Fig. 3.19(c)-(d)]. The
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optical spectrum of the corresponding comb is shown in Fig. 3.19(d) for the case

in which we pump at 1559 nm. After filtering out a 25-nm section of the comb

(14 lines) centered at 1543 nm [Fig. 3.21(a)], we amplify and measure the pulse

train with the autocorrelator. We observe uncompressed 205-fs pulses at the

expected 4.44-ps time interval [Fig. 3.21(b)], which corresponds to a 225-GHz

repetition rate.

Next, we investigate the pulse formation dynamics in the parametric comb.

Similar to our previous measurements, we filter a 25-nm section of the 225-GHz

FSR comb. After splitting the filtered output, we monitor simultaneously the

autocorrelation trace, the RF amplitude noise, and the optical spectrum of the

generated comb. The results of the measurement are shown in Fig. 3.22. The

leftmost column shows the autocorrelation traces of generated temporal wave-

forms [Fig. 3.22(a)], the middle column [Fig. 3.22(b)] shows the RF amplitude

noise spectrum measured with an RF spectrum analyzer, and the rightmost

column shows the optical spectrum [Fig. 3.22(c)] of the generated frequency

comb corresponding to each stage of pulse formation as the pump wavelength

is tuned into the microcavity resonance (top to bottom). The 25-nm filtered sec-

tion of the frequency comb that is used for temporal characterization is repre-

sented in red color in each optical spectrum trace. As we tune the pump wave-

length into resonance and more power is coupled into the microresonator, cas-

caded FWM takes place and comb lines are generated several FSRs away from

the pump where the cavity modes experience the maximum FWM gain due to

the interplay between the group velocity dispersion and nonlinearity. Similar

comb generation dynamics in other platforms have also been observed [105].

Gradually, small clusters of comb lines (mini-combs) begin to appear centered

at each of the cascaded FWM peaks. Simultaneously, a sinusoidal pulse train
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Figure 3.22: Spectral and temporal dynamics: (a) From top to bottom,
pulse formation dynamics as the laser is tuned into resonance
of the microresonator, thereby increasing the power coupled
into the microresonator. (b) RF amplitude noise correspond-
ing to each stage of pulse formation shown in column a to its
left. (c) Optical spectrum of comb generation dynamics. Full
comb is represented in blue, the filtered section of the comb
used for pulse generation is shown in red.
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appears, and several low-frequency peaks are observed in the RF domain. Fur-

ther tuning into resonance leads to gradual equalization of the amplitude of the

comb lines and reduction of pulse duration. However, at the same time, the

number of peaks in the RF domain increases, and the linewidth of each peak

broadens until it becomes a broad plateau. We attribute these peaks to beating

between adjacent mini-combs due to the fact that, at this point in the generation

process, the mini-combs are uncorrelated and could have different comb spac-

ings and/or dc offsets [105]. As the comb lines equalize, the spectral overlap

between the mini-combs becomes more extensive, resulting in a significant in-

crease in the RF noise. However as we tune deeper into the resonance, the comb

reaches a sudden transition stage where the RF noise suddenly decreases by >20

dB, which is a signature of phase-locking of the comb akin to modelocking in a

femtosecond laser. The temporal waveform at this point is very sensitive to the

amplitude of the individual comb lines, and we observe modulations in both

the autocorrelation and the optical spectrum. Finally, as the pump is tuned fur-

ther into resonance, we again observe equalization of the comb line amplitudes,

and pulses with the shortest durations are generated.

To support the claim that this system exhibits soliton modelocking behavior

similar to that in laser systems, we calculate the nonlinear length LNL = 1/γP and

dispersion length LD = τ
2
p/|β2|within the resonator for the pulses generated from

a 100-nm bandwidth of the 99-GHz-FSR comb, where λ = 1560 nm is the center

wavelength, γ =1.09 W−1m−1 is the nonlinear parameter, τp = 14.5 fs is the pulse

duration, and β2 = −0.064 ps2/m is the group-velocity dispersion. The peak

power P = 633 W for determining LNL of the 100-nm section for this calculation

is estimated based on the peak power of the filtered 25-nm section of the comb

and by taking into account the spectral shape of the comb excluding the pump.
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The estimated average power circulating in the ring is consistent with the the-

oretically calculated value including all possible losses. The calculated soliton

number N =
√

LD/LNL is 1.5, which strongly suggests that the system is operat-

ing under soliton modelocking conditions. Although there have been previous

investigations for modelocking in microresonator-based combs [107, 143], the

underlying mechanism in our system remains unknown. One possible mech-

anism could be that the relatively high optical intensities circulating inside the

cavity lead to local changes in the nonlinear refractive index resulting in greater

spatial confinement of the pulse and reduced losses since there is less absorption

at the core-cladding interface. Alternatively, the pulse train may be produced

due to the formation of temporal cavity solitons [144], where contributions from

dispersion and loss are compensated by nonlinearity and a coherent driving

beam [144], and recent experiments using MgF2 microresonators support this

conclusion [105]. Theoretical simulations using the LL equation model for this

system further confirm that modelocking indeed occurs in this system [104].

3.3.2 Time-lens technique

We further confirm that the temporal waveforms obtained from the intensity

autocorrelation using the 99-GHz FSR comb are indeed coherent, mode-locked

pulses and not coherence spikes utilizing a temporal magnifier. This is an

independent measurement technique based on time-lens technology that al-

lows for single-shot characterization of ultrafast temporal waveforms using a

GHz-bandwidth real-time oscilloscope through temporal stretching of the input

waveform [145, 146]. We send a 7-nm filtered section of a 99-GHz-FSR frequency

comb to the time-magnifier. The temporal magnifier system outputs tempo-
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Figure 3.23: Time dynamics using time magnification technique: (a)
Single-shot characterization of temporal evolution (top to bot-
tom) of pulses generated in a microresonator with 99-GHz
FSR measured with an ultrafast temporal magnifier and a
real-time oscilloscope. (b) Spectral evolution of the generated
frequency comb as the pump is tuned into resonance and the
power inside the microresonator increases.
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rally stretched snap-shots of the input waveform, which are recorded using a

real-time oscilloscope. The system is further detailed in Okawachi, et al. [146].

Figures 3.23(a) and 3.23(b) (from top to bottom), respectively, show the tempo-

ral and spectral evolution of a frequency comb generated using a 99-GHz-FSR

microresonator. We observe that, as the pump wavelength is tuned into reso-

nance and a single comb line is generated, there is a cw temporal output. When

the pump is tuned further into resonance, we observe three comb lines in the

spectral domain, corresponding to a pulse repetition rate that is twice the FSR

of the microresonator. As the pump is further tuned in, we see that every ad-

jacent comb line is filled in. However, at this point, in the time domain, we

observe a distorted pulse train with a significant background, indicating that

the pulse train is not phase-locked. Finally, as we tune into the deepest point of

the resonance, we observe narrow pulse-width with no background, indicating

the onset of modelocking. These results clearly validate the existence of coher-

ent and mode-locked pulses generated from microresonators pumped with a

single-frequency cw pump.

In conclusion, we have investigated the temporal and spectral properties

of parametric combs generated in silicon-nitride microresonators and observe

a transition to passive modelocking of the comb consistent with soliton-pulse

formation, resulting in the generation of 160-fs pulses at a 99-GHz repetition

rate. This platform offers the prospect of producing pulses from 10 fs to a few

ps at repetition rates from 10 GHz to > 1 THz and over a wavelength range of

0.8 6 µm.
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3.4 Summary and Conclusion

In summary, by utilizing the strong confinement of light in nanofabricated sili-

con nitride microresontors along with the enhancement due to the high-optical-

Q, we report the first demonstration of an octave spanning optical frequency

comb via cascaded four-wave mixing. Next, we show the unparalleled flex-

ibility of this platform to independently tune the dispersion and the FSR to

generate combs with pumps at different wavelengths and have different FSRs.

Finally, we demonstrate the first observation of sub-200-fs pulses from an on-

chip, silicon-based frequency comb source. We observe that as the frequency

comb develops, a transition occurs into a stable, low-noise phase-locked state

similar to that in a mode-locked femtosecond source. This demonstration rep-

resents a significant advancement towards the development of integrated, sta-

bilized, and compact ultra-high repetition-rate femtosecond sources. Further-

more, since the FSR and the cavity dispersion can be independently controlled,

this system allows for building numerous ultrafast sources on the same chip

with unparalleled flexibility in repetition rates and operating wavelengths from

the near visible to the mid-infrared.
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CHAPTER 4

INTEGRATING RUBIDIUM WITH MICRORESONATORS

4.1 Introduction

The previous chapters describe the applications of two different kind of mate-

rial platforms for performing nonlinear optics at low and high power levels.

This chapter describes an effort towards integrating the silicon nitride microres-

onator platform with rubidium vapor to exploit the resonant enhancement due

to the high-Q of the resonators and the high nonlinearity of Rb [147]. We design

microresonators suitable for integration with Rb and report the first evanescent

interaction of Rb with silicon nitride nanowaveguides.

4.2 Experimental setup
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Figure 4.1: Silicon nitride waveguide for evanescent interaction with ru-
bidium: (a) Illustration of waveguide design. The silicon ni-
tride waveguide is 400 nm in width and 200 nm in height. (b)
Optical mode profile of the of waveguide showing 13.2% light
outside such that interaction with Rb is possible.
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Figure 4.2: Schematic of Rb-chip experimental setup: Photograph of the
cell-chip unit. A small glass dome is bonded to a chip with
waveguides fabricated on it. The cell-chip is then evacuated by
a turbo pump through the small glass stem. Rubidium is then
loaded via the same stem, and the cell-chip is sealed by heating
and pinching off the stem. The coupling ends of the waveguide
lie outside the dome, enabling simple coupling to the waveg-
uides via an objective or a fiber lens. The vapor density inside
the cell is regulated using a small oven that does not interfere
with external objectives or fiber lenses.

The design and field mode of the silicon nitride nanowire is shown in

fig. 4.1(a, b). The nanowaveguide has a 200 nm thick silicon nitride layer as

shown in fig. 4.1(a). The waveguide is 400 nm in width at the top with 650-nm

width at the bottom. This difference is due to the etching process which leads

to angled waveguide sides. A 240-nm thick oxide layer is used to isolate the

high-index guiding region from the silicon chip surface. Integrating the simula-

tion of the guided mode shows that 13.2% of the guided intensity is outside of

the waveguide and capable of interacting with ambient vapor. This interaction

is observed using the cell-chip design shown in fig. 4.2. A small glass dome is

bonded to a chip with waveguides fabricated on it. The cell-chip is then evac-

89



uated by a turbo pump through the small glass stem. Rubidium is then loaded

via the same stem, and the cell-chip is sealed by heating and pinching off the

stem. The coupling ends of the waveguide lie outside the dome, enabling simple

coupling to the waveguides via an objective or a fiber lens. The vapor density

inside the cell is regulated using a small oven that does not interfere with exter-

nal objectives or fiber lenses. The oven typically operates between 100-150◦C.

We have found that optical depths >100 cm−1 can be generated. Spectroscopy

is performed using an external cavity diode laser (ECDL) that is scanned across

the D1 line of the Rb vapor, and we monitor the transmission of the collected

output with a photodiode. A pick-off of the ECDL beam is directed into the

cell, above the chip, and also monitored on a photodiode. In this manner spec-

troscopy of the vapor in free space and from the guided mode can be performed

simultaneously.

4.3 Results

A spectroscopic measurement of the D2 lines of Rubidium is shown in fig. 4.3.

Absorption from the Rb lines is considerably greater for the free-space beam due

to the fact that most of the guided light is inside of the silicon nitride waveguide.

The waveguide-measured resonances also exhibit noticeable broadening and

shifting with respect to their free-space counterparts. These features are consis-

tent with the homogeneous broadening due to transit-time effects, inhomoge-

neous broadening, and shifting due to Van der Waals interactions between the

atoms and the surface of the waveguide.The maximum observed on-resonance

absorption for light passing through the nano-waveguides corresponds to an

optical depth of 2. Further optimization of the cell should allow for larger op-
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Figure 4.3: Waveguide transmission: Transmission spectrum of the
waveguide showing evanescent optical interaction with Rb.

tical depths. We have also excited ring resonators that are coupled to these

waveguides. The effective interaction length and the intensity of light would

increase by the factor of the finesse the resonators and this would allow for

demonstrating nonlinear optics at very low powers in this on-chip.

One problem that we have encountered thus far with this system is that Rb

very strongly interacts chemically with the waveguides. This leads to extremely

high increase of losses in the waveguides. The transmission through the waveg-

uides is seen to progressively deteriorate over a period of several days until the

waveguides completely degrade. We are currently working to figure out this

issue and build a more sustainable system.
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4.4 Summary

In summary, we realized a compact system for evanescent coupling between Rb

vapor and light guided in sub-micron silicon nitride nanowires. Spectroscopy

of the vapor from the guided mode exhibits broadened resonances which are

consistent with the transit-time and Van der Waals effects expected from such a

system. Such a system leverages the recently developed photonic capabilities to

greatly expand the potential interactions of atoms with light.
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CHAPTER 5

OPTICAL ISOLATION VIA BRAGG SCATTERING FOUR WAVE MIXING

5.1 Introduction

This chapter focuses on the utilization of nanophotonic structures for optical

isolation via Bragg scattering four wave-mixing. Optical isolators are critical

components of photonic infrastructure that allow light to travel only in one di-

rection while blocking light reflected from or scattered by interactions in other

parts downstream in the system. The thrust towards miniaturization of pho-

tonic devices has necessitated the integration of chip-scale, cost-effective optical

isolators into existing photonics platforms, which is challenging since the time-

reversal symmetry of light must be broken while maintaining material compat-

ibility with existing platforms. The conventional route to optical isolation uti-

lizes the magneto-optic effect using Faraday rotation in bulk materials. While

there has been a recent demonstration of an on-chip magneto-optic device [153],

there continues to be a push towards creating other types of optical devices

that can be easily integrated with the existing complimentary metal-oxide semi-

conductor (CMOS) platform [154]. Recently, researchers have demonstrated

(both theoretically and experimentally) chip-scale optical isolators using indi-

rect interband photonic transitions[155], the opto-acoustic effect[156], stimu-

lated Brillouin-scattering[157], optomechanical cavities [158, 159], and ring res-

onators [160]. To date, most studies have focused on demonstrating a large iso-

lation ratio (i.e., ratio of the powers of the attenuated and unattenuated signal

waves) along with material compatibility. Although broadband optical isolation

has been recently demonstrated in a bulk material platform [161], the reported
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bandwidths in chip-scale device platforms are typically a few GHz with the best

reported being 200 GHz [158].

5.2 Experiment and discussion

We report the first demonstration of broadband silicon-chip optical isolation

of a beam by using Bragg scattering four-wave mixing (BS-FWM). Isolation is

achieved over a bandwidth of 8 nm (1 THz), and the measured isolation ratio is

9-dB. In principle, this device can be dispersion engineered to offer greater than

20 dB isolation over 30 nm limited by the pump tuning range and amplifier

bandwidth, and competing processes such as modulation instability.

The BS-FWM process involves two pump beams detuned in frequency by

∆ω that interfere with a weak signal leading to the generation of an idler de-

tuned by ∆ω from the signal [162, 163]. The Bragg scattering process can occur

over a widebandwidth range [162, 165, 166] and can translate frequencies with-

out adding noise [164]. The signal and idler field amplitudes evolve along the

propagation direction z according to the equations,

As(z) = As,0

[
cos(gz) − iκ

2g
sin(gz)

]
, (5.1a)

Ai(z) = As,0

2iγAP1,0A∗P2,0

g
sin(gz), (5.1b)

where g2 = (κ/2)2 + (γP0)2, κ = ∆β + γ(P1 − P2) is the phase mismatch parameter,

As, Ai, AP1 and, AP2 are the amplitudes of the signal, idler, and pump 1 and 2, re-

spectively, ∆β = βP1+βs−βP2−βi is the phase mismatch, and γ = 2πn2/λAe f f is the

effective nonlinear coefficient. The motivation for employing BS-FWM for op-

tical isolation is that, unlike other FWM interactions, the signal can completely
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Figure 5.1: Schematic for optical isolation via Bragg scattering four-
wave mixing (BS-FWM) in a silicon-on-insulator platform:
In the BS-FWM process, the two pumps form a grating from
which the signal can scatter off depending on its propagation
direction. (a) When the signal is counter-propagating with re-
spect to the pump waves (P1 and P2), the BS-FWM process is
not phase matched, and the signal passes unattenuated. (b)
When the signal co-propagates with the two pumps, the phase
matching condition is satisfied and the signal is extinguished
generating an idler. With appropriate filters, the two pumps
and the generated idler can be removed for the system to work
as an isolator.

exchange energy with the idler and consequently be extinguished as the idler is

generated. Efficient BS-FWM occurs only when the phase matching κ = 0 and

the energy conservation conditions are satisfied (ωP1 − ωs = 2ωc, ωP2 − ωi = 2ωc)

where ωP1 , ωP2 , ωs, and ωi correspond to the frequencies of pump 1, pump 2,
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Figure 5.2: Schematic of the experimental setup: WDM-wavelength di-
vision multiplexer, PC-polarization controller, EDFA-erbium
doped fiber amplifer, TBPF-tunable bandpass filter, OSA-
optical spectrum analyzer.

signal, and idler, respectively, and the center frequency ωc coincides with the

zero group-velocity dispersion (GVD) point. Maximum conversion efficiency

occurs for gL = π/2 where L is the effective path length. For a silicon waveguide

with height of 300 nm and width of 720 nm, L = 1 cm, γ = 75 W−1m−1 assuming

n2 = 4×10−18 m2/W, the power required for 100 % conversion is 2.3 W assuming

a propagation loss of 1 dB/cm. The power requirement for efficient optical iso-

lation can be further reduced to a few hundred mW by increasing the effective

path length using longer waveguides (∼ 10 cm). Through proper dispersion en-

gineering of Si waveguides, the fabrication of dynamically controlled on-chip

tunable and wide bandwidth optical isolators is possible.

Figure 5.1(a-b) shows the schematic for optical isolation via BS-FWM in a

Si nanowaveguide. In this scheme, the two pump waves form a Bragg grating

from which the signal wave can scatter depending on the direction in which

it travels. When the pump and the signal waves are counter-propagating, as

shown in Fig. 1 (a), the BS-FWM is not phase matched and no frequency

conversion occurs, thereby allowing the signal to pass through the device un-
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Figure 5.3: Optical spectrum of Bragg scattering in a Si waveguide:
(a) Measured optical spectra showing Bragg scattering in a Si
nanowaveguide with 720-nm width and 300-nm height with
pump waves centered at 1555.7 nm and 1535.5 nm and signal
at 1567.5 nm. The idler is generated at 1587.9 nm. (b) Optical
spectra of the signal (for which the background from the SPM
of the two pumps has been removed along with the ASE of the
EDFA) showing 9 dB isolation ratio.
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attenuated. In contrast, when the two pump waves and the signal co-propagate

in the Si-waveguide Fig. 1 (b), efficient phase-matching ensures energy transfer

of the signal to an idler, which under ideal conditions (i.e. gL = π/2) results

in complete extinction of the signal, and the bandwidth of the device is deter-

mined by the phase matching conditions. The pump and idler can be removed

using a fixed bandpass filter. This scheme is analogous to the optical isolation

techniques utilizing indirect interband photonic transitions[155], opto-acoustic

effect[156] and stimulated Brillouin-scattering[157] since all these schemes also

exploit the interaction of the signal wave with a dynamically created refractive

index profile to create non-reciprocity in the waveguide. However, the BS-FWM

interaction can operate over an inherently much broader bandwidth than via

any of these other mechanisms. We experimentally realize a BS-FWM isola-

tor using a silicon-on-insulator (SOI) nanowaveguide with a 720-nm width and

300-nm height and a 30-nm Si slab surrounding it. The nanowaveguide has a

zero-GVD point near 1565 nm. The insertion loss per facet is ∼7 dB. Suitable

design of the nanotaper coupling region can reduce this loss below 1 dB [167].

Figure 5.2 shows an illustration of the experimental setup. We spectrally filter

out three separate sections from a broadband modelocked fiber laser operating

at 38-MHz. The two pump waves are generated by using 0.5-nm bandpass fil-

ters centered at 1535.5 nm and 1555.75 nm. The signal is produced from the

fiber laser using a separate tunable 1-nm bandpass filter as shown in Fig. 5.2.

The filtered regions of the fiber laser spectrum yield 3.5-ps signal pulses and

7-ps pump pulses. The pump pulses are then amplified and temporally over-

lapped with each other and the signal in the Si nanowaveguide.

In the forward direction, the signal travels unattenuated as BS-FWM does

not occur due to lack of phase matching. In addition, any potential generation
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Figure 5.4: Tuning: (a) Measured optical spectra showing Bragg scattering
in a Si nanowaveguide with pump waves centered at 1554.1 nm
and 1536 nm and the signal at 1582.3 nm. The idler is generated
at 1601.7 nm. The red curve is the spectra in the absence of
pump 1 whereas the orange curve corresponds to the case of
both pump waves. (b) Optical spectra of the signal showing
a 4 dB isolation ratio. (c) As the signal is tuned, the idler is
simultaneous tuned while maintaining the isolation ratio. The
isolation bandwidth is 8 nm corresponding to ∼1 THz.

of an idler is decreased due to the reduced temporal overlap between the signal

and pump waves in the counter-propagating geometry. In the backward direc-

tion, the signal would also pass unaltered in the absence of BS-FWM if only

one pump is present in a co-propagating geometry. Assuming similar insertion

losses at both facets, the difference in signal power in the presence or absence

of a pump pulse quantifies the isolation ratio. Figure 5.3(a) shows the full spec-

trum along with the generated idler in the presence and absence of a pump (or-

ange and red, respectively). We observe cascaded FWM between the two strong
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pump fields as well as spectral broadening due to self-phase modulation (SPM)

of each pump. Figure 5.3(b) shows the zoomed-in spectrum of the signal in

the presence and absence of BS-FWM, which was obtained after subtracting out

the background from the SPM and the amplified spontaneous emission (ASE)

from the EDFA. We measure an isolation ratio >9 dB. With suitable optical fil-

ters, the cascaded FWM peaks and the generated idler can be removed for the

device to work as an isolator as shown in Fig. 5.1(a-b). The peak power of the

combined pump waves is estimated to be 1.8 W inside the waveguide. As men-

tioned earlier, higher pump power is required for 100 % conversion efficiency.

The presence of SPM and ASE noise at higher pump powers limits the experi-

mental demonstration of maximal optical isolation in the present system. The

experimental setup was modified to determine the bandwidth of isolation. We

shifted pump 1 to a lower wavelength (1554.1 nm), and the signal was tuned to

1582.3 nm to reduce the background due to SPM and the ASE from the EDFA.

We use 1-nm bandpass filters to create the pump waves from the fiber laser. Fig-

ure 5.4(a) shows the complete spectrum due to cascaded FWM and the gener-

ated idler in the presence and absence of a pump (orange and red, respectively).

The zoomed-in spectrum of the signal in the presence and absence of the pump

is shown in Fig. 5.4(b). Figure 5.4(c) shows the spectrum of the signal and the

idler as the signal is tuned. The signal can be tuned by 8 nm (i.e. ∼1 THz) while

maintaining the extinction ratio. Although the demonstrated isolation ratio is

lower in comparison to other chip-scale isolators [153, 156, 157], the isolation

bandwidth is an order of magnitude larger than previously demonstrated.

Finally, we test the true forward and backward isolation of this isolator. Fig-

ure ??(a-b) shows the experimental setup to measure the forward and backward

propagation of the signal through the isolator. In the forward direction for isola-

100



EDFA

PC

Tunable Delay

 Silicon 

  Chip

WDM

TBPF

1

2

3 4

 Fiber Laser

Pump 1

Pump 2

Signal

1 2

3

2

3

1

(b)

EDFA

PC

Tunable Delay

 Silicon 

  Chip

WDM

TBPF

1

2

3
4

 Fiber Laser

1 2

3

2

3

1

Signal

(a) Forward Direction

Backward Direction

Pump 1

Pump 2

Figure 5.5: Experimental setup: Schematic of the experimental setup for
measuring the forward and backward direction of the isolator
simultaneously. (a) Forward direction for isolator: The pump
and the signal travel counter-propagating to each other. A cir-
culator on either side was added to the setup to simultaneously
couple the signal and pumps from each side of the silicon chip.
The signal is sent through port 2 via port 1 of the circulator on
the right side of the chip. It is measured on port 3 of the circu-
lator on the left side of the chip. (b) Backward direction for iso-
lator: The pump and the signal travel co-propagating to each
other. The signal and pumps were temporally overlapped and
sent into the chip through port 2 via port 1 on the left side of
the chip. The output was measured on port 3 of the circulator
on the right side of the chip.
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Figure 5.6: BS-FWM based isolator: Measured optical spectrum of the
signal travelling in the forward and backward through the
BS-FWM-based isolator. In the forward direction, the trans-
mission of the signal through the waveguide is shown in
red in the absence of pumps. In the presence of counter-
propagating pumps, the signal(shown in yellow) travels unat-
tenuated, while in the backward direction the signal (shown
in blue) gets converted to an idler via BS-FWM, hence is ex-
tinguished by ∼7 dB. The signal shown in green is measured
when the pumps are turned off in co-propagating scheme such
that no BS-FWM can occur. The difference of ∼3 dB between
the signals shown in green and red is due to the difference in
coupling loss on either side of the chip.

tor (shown in fig. 5.5(a)), the pump and the signal travel counter-propagating to

each other. A circulator was added on either side of the chip to simultaneously

couple the signal and pumps in a counter-propagating fashion. The signal is

sent into the chip through port 2 via port 1 of the circulator on the right side of

the chip. It is measured on port 3 of the circulator on the left side of the chip.

Figure 5.5(b) shows the backward propagation of the signal through the isola-

tor. The pump and the signal travel co-propagating to each other. The signal

and pumps were temporally overlapped and sent into the chip through port 2

via port 1 on the left side of the chip. The output was measured on port 3 of

the circulator on the right side of the chip. The measured optical spectrum of

102



the signal travelling in the forward and backward through the BS-FWM-based

isolator is shown in fig. 5.6. In the forward direction, the transmission of the

signal through the waveguide is shown in red in the absence of pumps. In the

presence of the pumps travelling counter-propagating, the signal (shown in yel-

low) travels unattenuated, while in the backward direction the signal (shown in

blue) gets converted to an idler via BS-FWM, hence is extinguished by ∼7 dB.

The signal shown in green is measured when the pumps are turned off in co-

propagating scheme such that no BS-FWM can occur. The difference of ∼3 dB

between the signals shown in green and red is due to the difference in coupling

loss on either side of the chip. Thus, these results constitute a proof of prin-

ciple demonstration for optical isolation via Bragg-scattering for scalable and

integrated nanophotonics and prove that with lower insertion losses and bet-

ter dispersion engineering of the nanowaveguides, efficient dynamic on-chip

optical isolation is a realistic goal.

5.3 Conclusion

In conclusion, we demonstrate optical isolation via Bragg-scattering FWM in

a Si-nanowaveguide. We observe 4-dB isolation with an isolation bandwidth

of 8-nm. The maximum isolation ratio observed was 9 dB. These results offer

a promising approach towards creating a dynamically controlled, broadband

chip-scale optical isolators for nanophotonic platforms.
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CHAPTER 6

SUMMARY AND FUTURE DIRECTIONS

6.1 Summary

The work in this thesis has focused on demonstrating nonlinear optics in two

starkly different class of material systems, namely photonic bandgap fibers and

silicon nitride microresonators. Leveraging the technology developed in the

past, a plethora of experiments have been explored in the Rb-PBGF system,

demonstrating nonlinear optics at the few photon level [69, 86, 88]. This sys-

tem enables us to explore a wide space of atomic densities and optical inten-

sities in a controlled manner and promises integration with fiber-optic com-

munication networks. These experimental results show the potential of a Rb-

PBGF system for exploring quantum nonlinear effects at ultralow powers such

as single-photon all optical switching, generation and measurement of non-

classical states of light, and accessing higher-order nonlinear susceptibilities.

On the other hand, the silicon nitride microresonator platform allows for ex-

ploring extreme nonlinear optics on chip scale. The work in this thesis has fo-

cused on utilizing this CMOS compatible material medium for generating ultra-

wide bandwidth frequency combs and characterizing the spectral and temporal

properties thereof. While the microresonator based frequency comb technol-

ogy has progressed by leaps and bounds in the past couple of years, there is

vast unexplored territory that needs to be experimentally verified and accom-

plished before it can be directly applied to spectroscopy, astronomical applica-

tions and precision metrology. Nevertheless the set of experiments discussed

in this thesis has shown promise for the microresonator based frequency combs
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to become a robust and chip-scale device and has advanced the state-of-the-art

towards making future applications a reality [112, 118, 119, 120]. Additionally,

a route towards potentially integrating Rb with microresonators has been dis-

cussed and demonstrated [147]. The following sections shed light on some of

the possible future experiments that can be carried out in either systems and in

a more integrated Rb-chip platform.

6.2 Experiments related to photonic bandgap fiber

Currently, the experiments in Rb-PBGF system show that only the first few mm

of the fiber contributes towards desorption. Direct measurement is necessary to

confirm this observation and monitor the longitudinal distribution of adsorbed

Rb atoms. Desorption currently occurs due to the interaction of the wings of the

Gaussian light mode with the adsorbed atoms. Instead if the entire beam can

illuminate the fiber walls, significantly lower optical powers will be required.

This indicates that desorbing the fiber with a Lagguere beam might be helpful.

The next logical steps would involve investigating techniques for pushing the

atoms further down the length of the fiber to further enhance the interaction

length.

As discussed in this thesis, the Rb-PBGF system allows for demonstration of

few-photon nonlinear optics. The ultimate limit is single-photon nonlinear op-

tics - the limit where individual photons strongly interact with each other. Real-

ization of such nonlinear processes would not only facilitate peak performance

of classical nonlinear devices, but also create a unique resource for implemen-

tation of quantum networks and other applications that rely on the generation
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and manipulation of non-classical light. Building a cavity around the current

Rb-PBGF system with a finesse ∼20 should be enough to improve the inten-

sity and cross-phase modulation via TPA such that it may be measurable at the

single-photon level since the effective interaction length and in the intensity of

light would increase by the factor of the finesse.

A new direction being pursued in the Rb-PGBF system is coherent photon

conversion (CPC). This scheme has been recently proposed for realizing effi-

cient quantum computing [148]. CPC combines a third-order nonlinearity χ(3)

with an intense coherent field (pump) leading to a large effective second-order

nonlinearity χ(2)
e f f . Using this large engineered χ(2)

e f f , photons can be coherently

converted from one mode into two new modes. This directly translates to new

effective ways of generating and processing states for photonic quantum com-

puting. The extremely high nonlinearity of the Rb-PBGF systems allows for ex-

ploring yet another new direction, namely Bragg-scattering four-wave mixing,

wherein two non-degenerate pump photons interact with a weak signal photon

to create an idler photon [149]. In this wavelength exchange process, the total

power in the signal and idler beams is conserved, vacuum fluctuations are not

amplified and quantum states of single-photons can noiselessly be translated

from one frequency mode to another.
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Figure 6.1: Optical switching using silicon nitride microresonator: Illus-
tration of bistable behavior for an s-shaped intensity response
function.

6.3 Experiments related to silicon nitride platform

6.3.1 Integrated Rb-SiN platform

The interactions observed between Rubidium vapor and the guided light mode

in a silicon nitride waveguide could be exploited by optimizing these structures

for all-optical switching. Specifically, this entails optimizing the geometry of

the ring resonators in order to switch a bright, many-photon laser field with a

weak control beam containing as little as one photon. One of the disadvantages

of using tapered fibers or fabricated ring resonator structures is that hot atoms

enter and leave the spatial evanescent field at a fast rate, giving rise to very

107



large transit-time decoherence. The typical switching procedure is illustrated

using the bistability curve in Figure 6.1. Initially the switch is in the off position.

The resonator absorbs light with a photon number below the critical threshold

value, and the resultant intra-cavity field does not build up power in the cav-

ity nor couple out of it. A small number of photons could then be added, for

example via a weak control pulse. This will cause the input field to exceed the

input intensity threshold, thus coupling the signal beam to a drop port. Once

the pulse has transmitted, the remaining intensity build-up is sufficient to self-

sustain the on position. The switch can then be turned off in a deterministic

manner by removing the same small number of photons in a pulsed fashion.

The system then remains in the off-state until the procedure is repeated. Assem-

bling a cold-atom cloud near the ring resonator to reduce the decoherence could

lead to a silicon-compatible on-chip device for performing low-light-level non-

linear interactions. Additionally, designing and fabricating suspended struc-

tures in silicon nitride would increase the interaction between the Rb atoms and

the resonator.

6.3.2 Microresonator based frequency combs

Stabilization and phase noise characterization

Microresonator-based frequency comb generation has been an area of in-

tense research in the past few years, particularly because of its potential as

a platform for the realization of compact, integrated stabilized comb sources.

However, unlike frequency comb generation via supercontinuum using fem-

tosecond lasers, microresonator-based frequency comb generation is not a ma-
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ture technology and requires extensive theoretical and experimental studies in

order to understand the dynamics and the underlying physics that determine

the properties of the comb such as the overall bandwidth of the comb and

linewidth of individual comb lines.

One of the major factors that limits the stability of microresonator-based

combs is the frequency jitter of the pump laser due to mechanical perturbations.

This instability can be removed through active stabilization of the laser fre-

quency by locking it to a stable frequency reference via a RF feedback loop. This

will enable probing the intrinsic stability dynamics of microresonator-based fre-

quency combs and generation of optical combs with comb linewidth on the or-

der of the pump laser linewidth. Additionally, the pump power fluctuations

lead to significant thermal fluctuations in the chip. This effect causes the reso-

nance wavelength to shift due to change in refractive index, thereby making the

microresonator-based combs significantly unstable. Therefore, active stabiliza-

tion of the laser power in addition to wavelength is required with the help of a

laser noise eater.

The next step would then be to characterize the phase noise properties of

frequency combs. Low phase noise is characteristic of an oscillator with min-

imal random and rapid fluctuations in the frequency domain and low jitter in

the time domain. Therefore, the ability to generate optical frequency combs with

low phase noise will allow for the generation of waveforms of the purest quality

in the optical and temporal domain. Further, since the optical frequency comb

forms a direct link between the optical and microwave domain, and the phase

noise of the microwave signal is inversely proportional to the square of the

optical-to-microwave-frequency division ratio, this allows for generation of ex-
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tremely stable microwave signals as well. Therefore, low-phase-noise frequency

combs are relevant for a number of scientific and signal processing applications

such as high speed analog-to digital conversion, remote synchronization, local

oscillators for fountain clocks, coherent control over quantum mechanical pro-

cesses, and photonically enabled generation and processing of ultra-broadband

radio frequency (RF) electrical signals.

Si3N4

microresonator
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Fast Photo

Detector
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Downconverter
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Phase Noise Measurement

RF Power
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Optical
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Optical LO to generate detectable signal 

Reference

Frequency Comb

Figure 6.2: Phase noise measurement: Schematic of experimental setup
for measurement of phase noise.

Although the generation of mode-locked pulses is an indicator of phase co-

herence and spectral purity of the frequency comb lines, phase noise charac-

terization provides the necessary piece of information to estimate the overall

frequency stability and timing jitter of the frequency comb. Characterizing the

comb with respect to both a stabilized electrical and optical reference will also

provide quantitative evidence for whether such optical frequency combs can
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improve upon existing technology for applications in metrology, signal process-

ing, and spectroscopy.

Figure 6.2 shows the experimental setup for phase noise characterization us-

ing a stabilized RF reference. A single-frequency cw pump is amplified and

used to generate a comb in a silicon-nitride microresonator. A section of the

comb is then filtered using a tunable bandpass filter, and the RF beatnote is

detected using a fast photodetector. The resulting electrical signal corresponds

to the FSR of the comb. Depending on the frequency of the beatnote and the

phase-noise detection bandwidth of the phase-noise detector, the electrical sig-

nal is then amplified and either routed directly or down converted using har-

monic mixers and then sent to the phase noise detector. This key measurement

will allow for characterizing the stability and phase noise of the microwave sig-

nal generated from the microresonator-based frequency comb derived from the

comb line spacing. Further, to understand the overall dynamics and funda-

mental physics and the short and long term stability of frequency combs, it is

not only essential to measure the phase noise from the RF tone generated by

beating two adjacent comb lines but also to characterize the absolute stability

of individual comb lines. For this measurement, the filtered comb lines are in-

terfered with an ultra stable external reference frequency comb generated using

the Menlo systems optical frequency stabilizer. The beatnote is detected, fil-

tered, and routed directly to the phase-noise detector.

This thesis shows the first demonstration of an octave spanning frequency

comb pumped at 1550 nm. However, due to the very small power in the comb

lines at the edges and possibly incoherent lines, this comb cannot be utilized

for self-referencing or f-2f locking. This self-referencing technique is not only
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critical for the full characterization of the comb’s fCEO and frep, but also for the

microresonator-based frequency combs to become a viable technology. This ne-

cessitates the generation of frequency combs with bandwidths larger than an

octave such that there is sufficient power in the wings. Additionally, although

modestly wide-bandwidth combs have been demonstrated pumping at 1 µm

as discussed in chapter 3, the microresonator dispersion can be carefully re-

engineered to generate ultra-wide bandwidth combs starting from the visible

part of the optical spectrum to the near-IR region. This will allow for f − 2 f

locking with the help of readily available optical components.

Frequency combs applied to astronomical spectroscopy

Astro-combs are optical frequency combs with typical repetition rate of >10

GHz, referenced to atomic clocks and have recently been optimized for wave-

length calibration of ground based astrophysical spectrographs [150, 151]. These

astro-combs are expected to increase the accuracy and long-term stability of as-

trophysical spectrographs, with applications including the detection and char-

acterization of extra-solar planets (exoplanets), direct measurement of the ac-

celeration of the universe, and red-shift of galaxies. In particular, searches for

Earth-like exoplanets around Sun-like stars using precision stellar radial veloc-

ity measurements require <5 cm/s radial velocity accuaracy and long-term sta-

bility, which is equivalent to 100 kHz and 50 kHz accuracy of Doppler shift

measurement of stellar light at 500 nm and 1 µm, respectively, over several-year

observation periods. Currently, these astro-combs are built to have the requi-

site repetition rate by filtering out comb lines from a densely spaced optical

frequency comb generated via supercontinuum. To calibrate the spectrograph
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with an accuracy of 100 kHz with an astrocomb, the intensity of the side modes

must be suppressed or controlled to <10−4 of the astro-comb’s peak intensity

[151]. Therefore significant effort has to be spent to generate the desired astro-

combs. Alternatively, microresonator-based frequency combs can provide an

easy route towards generating chip-scale astro-combs with the desired comb

spacing.

Others

There is a growing demand for visible and mid-infrared frequency combs

that find direct application in precision spectroscopy of molecules [152]. Ma-

terial platforms such as silicon and silicon carbide can be explored to develop

such frequency combs. These platforms might provide intriguing prospects for

molecular spectroscopy and gas trace sensing on a chip-scale. Additionally, ex-

tension of precision spectroscopy in the extreme ultraviolet regions may be en-

visioned. As sources of phase-stabilized femtosecond pulses, microresonator-

based frequency combs might provide an easier route towards production

of high repetition rate attosecond pulses along with intense few-cycle long-

wavelength laser systems.

Ultimately, one can build upon the work in presented in this thesis to ex-

plore development of numerous exciting technologies based on the material

platforms discussed and find solutions to multiple fundamental physical prob-

lems.
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APPENDIX A

GROUP VELOCITY DISPERSION

Throughout chapter 3, dispersion engineering has been crucial for the gener-

ation of optical frequency combs in silicon nitride microresonators. This ap-

pendix provides a simple description of the concept of dispersion.

When an electromagnetic wave interacts with the bound electrons of a di-

electric, the medium response, in general, depends on the optical frequency

ω. This property, referred to as chromatic dispersion, manifests through the

frequency dependence of the refractive index n(ω). Chromatic dispersion is re-

lated to the characteristic resonance frequencies at which the medium absorbs

the electromagnetic radiation through oscillations of bound electrons. Far from

the medium resonances, the refractive index is well approximated by the Sell-

meier equation [4],

n2(ω) = 1 +
m∑

j=1

B jω
2
j

ω2
j − ω2

, (A.1)

where ω j is the resonance frequency and B j is the strength of jth resonance.

Thus the light travels with a speed slower than c by a factor of the index

of refraction of the medium, or the speed is v = c/n(ω). The phase velocity

of the plane wave is defined as the speed at which the phase of a single fre-

quency component travels. The phase velocity defined in terms of the angular

frequency and wavevector is given by:

vp =
ω

k
, (A.2)

where k = 2π/λ. In a waveguide the light is confined and propagates in a specific

direction defined by the waveguide geometry. In this case, the phase velocity is
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defined as,

vp =
ω

β
(A.3)

where the wavevector is substituted by the mode-propagation constant β. This

mode-propagation constant can be expanded in a Taylor series about a central

frequency ω0 as

β(ω) = n(ω)
ω

c
= β0 + β1(ω − ω0) +

1
2
β2(ω − ω0)2 + ..., (A.4)

where

βm =

(
dmβ

dω

)
ω=ω0

(m = 0, 1, 2, ..). (A.5)

Thus the phase velocity must also change for different wavelengths. If we

consider an optical pulse composed of multiple frequencies, we can define the

group velocity vg as the speed at which the envelope travels:

vp =
dβ
dω
. (A.6)

Thus, β1 and β2 can be written as

β1 =
1
vg
=

ng

c
=

1
c

(
n + ω

dn
dω

)
, (A.7a)

β2 =
1
c

(
2

dn
dω
+ ω

d2n
dω2

)
. (A.7b)

where ng is the group index and β2 is known as the group-velocity dispersion

parameter. Physically, the group velocity is the speed at which information is

carried. In a waveguide,ne f f is effective index that changes with wavelength. β1

is also related to the parameter D called the dispersion parameter as

D =
dβ1

dλ
= −2πc
λ2 β2 = −

λ

c
d2n
dλ2 . (A.8)

Due to the phase-matching requirements for many of the nonlinear processes

involving waves at non-degenerate frequencies, these parameters become very
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important for a waveguide. ng and D are very sensitive to waveguide geometry

and this is the property that is exploited to engineer the dispersion for generat-

ing broadband frequency combs.
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