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This thesis focuses on problems in microhydrodynamics involving both rigid

and deformable particles. Two problems deal with the rotational behavior of

thin particles at low aspect ratio in linear flows. Two other problems focus on

studying the collision and aggregation dynamics of non-spherical particles. An-

other problem involves studying the motion of a deformable particle on a rigid

curved surface.

In chapter 2, the ideal collision rate of cylindrical particles of circular cross-

section in simple shear flow is studied. The work extends Smoluchowski’s re-

sults for spherical particles to cylindrical particles. Asymptotic solutions are

obtained for collision rate of particles of very large and very low aspect ratio.

Numerical simulations are performed to obtain collision rate of particles of fi-

nite aspect ratio.

In chapter 3, the rotational behavior of thin disks in linear flow at low

Reynolds number is studied. Using numerical simulations and asymptotic anal-

ysis, the work estimates the effective aspect ratio of thin particles.

In chapter 4, a class of rigid thin particles is identified which stops rotating

in simple shear flow. Numerical simulations and analytical results are used to

estimate the aspect ratio at which the particle stops tumbling and the angle at

which the particle will align.

In chapter 5, aggregation kinetics of red blood cells in the presence of macro-



molecules is studied. Experiments are performed to study red blood cell dimer

formation in microchannels to estimate the dependence of rate constant of ag-

gregation of deformable particles on shear rate and macromolecule concentra-

tion.

In chapter 6, dynamics of a deformable particle on a rigid curved surface is

studied. It is shown that the colloidal interaction energy of a deformable parti-

cle on a rigid surface can be tuned by tuning its curvature. Migration velocity

of the particle on the rigid surface due to its change in curvature is estimated

analytically in some asymptotic limits.
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CHAPTER 1

INTRODUCTION

Particles in fluid are ubiquitous in industrial, biological and natural systems.

Examples include: oil droplets and catalyst particles in fluidized beds, packed

beds, liquid crystals, polymer molecules in liquid solutions, gels, red blood cells

and blood platelets in blood, microorganisms in fluid, clouds containing small

water droplets, aerosols and colloidal suspensions [69, 126, 83, 29, 22, 91, 52,

141, 105] . A good understanding of the motion of particles is fundamental to

understand the behavior of these particle laden systems. Of particular inter-

est is the behavior of particles at low Reynolds number (Re) where tiny objects

(L) flow at low speeds (u) in a viscous fluid (ν) such that Re = uL
ν
<< 1. For

example, glaciers moving at very low speed, lava flow at high viscosity, and

microrganisms movement at small length scale. In low Reynolds number flows,

importance of inertial terms is negligible compared to the viscous terms in the

Navier-Stokes equations.

In this work, the role of shape and deformability of the particle in tuning its

response is studied. The first half of the thesis deals with the behavior of non-

spherical particles in linear flow. The particles here are assumed to be rigid,

the fluid is assumed to be Newtonian, and the Reynolds number to be small.

The motion of the particle is a response to the fluid motion. This study is most

relevant to understanding the behavior of dilute suspensions. The next three

chapters are devoted to this. In the other half of the thesis, the role of deforma-

bility of the particle on its motion on surfaces is studied in the context of self-

assembly. The particle motion is no longer in free fluid but on a surface with

which it can interact. In particular, migration of deformable particle on curved
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surfaces in the presence of colloidal interactions is studied. The driving force

for the motion of the particle is no longer external fluid flow but colloidal forces

on the surface. The deformability of the particle is used to direct its motion and

search for the most stable position. Aggregation of red blood cells is studied

experimentally as a particular example of assembly of soft particles.

The general solution approach adopted in all chapters (barring chapter 5) is

to use asymptotic and numerical methods. Asymptotic analysis is performed

to derive solutions in a limiting case. Numerical computations are performed

to aid analytical analysis and in conditions when analytical techniques cannot

be applied. The results from the numerical methods can determine under what

conditions results from the limiting case no longer hold. A question that one can

ask is, what is the benefit of performing asymptotic analysis in a limiting condi-

tion when the complete numerical solution can yield results in the non-limiting

conditions which is what one needs in most applications? Is asymptotic analy-

sis a useless mathematical exercise made popular in an age when computational

tools were not as easily available as today? Although, it is true that the results of

asymptotic analysis are valid in some extreme limiting conditions, the value of

the analysis lies in understanding the mechanism underlying the physical phe-

nomena in those limiting conditions. Even in the simplified form, the problem

has all the relevant elements responsible for the physical phenomena at study,

the problem solved via asymptotic analysis is simple but not simpler! Solutions

via numerical methods of the complete problem tend to hide the physical mech-

anism governing the phenomena. By understanding the physical mechanisms

through the analysis, the results can be extrapolated to other situations not be-

ing solved for. A more detailed discussion of the thesis follows now.
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1.1 Rigid non-spherical particles in simple shear flow at low Re

number

A number of diverse properties of suspension flows emerge from the dynamics

of particles in fluid. Particle size, shape [72, 9, 73], rigidity [29], diffusivity [97,

63], surface, electrical, and magnetic properties [69, 126, 26] can all influence

mechanical and transport properties of a suspension. Apart from the size, the

shape is another generic feature which can be used to influence fluid property

and is not a property of the material of the particle. For example, non-spherical

particles can affect the properties of a fluid by degrees of magnitudes compared

to spherical particles for the same volume concentration [49, 40] , non-spherical

particles can provide directional properties to the fluid [7, 93, 105] and due to the

periodic rotational motion, non-spherical particles can also influence properties

in a time dependent manner [92].

The central problem in particulate suspension flows is to determine the mo-

tion of a particle in fluid flow. Stokes [132] was the first to study the motion of

a particle in fluid. Stokes calculated the drag force acting on a spherical particle

when it is moving in a stationary fluid. At low Reynolds number, the balance

between the drag force and the external force acting on the particle determines

the translational velocity of the particle.

Einstein [43] used the motion of a spherical particle in simple shear flow to

calculate the viscosity of the suspension at small dilution. A spherical particle

in simple shear flow translates with the velocity of the flow at its center and

rotates with the angular velocity of the flow. Behavior of non-spherical shapes

at low Reynolds number was first studied by Jeffery [72, 41]. Jeffery showed
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that the center of the particle translates with the velocity of the fluid and the

axis of symmetry of the particle rotates with the angular velocity (figure 1.1):

ṗ = p.ω + λ(p.E − ppp : E), (1.1)

where p is the orientation of the axis of symmetry of the particle, ω is the vortic-

ity tensor, E is the strain tensor, and λ is a constant which depends on the shape

of the particle. In terms of velocity v, vorticity and strain tensors are given by:

ω = ∇v − ∇vT

E = ∇v + ∇vT. (1.2)

For the case of a spheroid, the constant λ = κ2−1
κ2+1 where κ = l

d is the aspect ra-

tio of the particle with a characteristic length l and a characteristic diameter d.

Bretherton [20] later showed that all axis-symmetric particles follow the same

equation of motion ((4.1)) as spheroids as long as effective aspect ratio (κe) is

used instead of aspect ratio (κ) in the definition of λ.

Understanding the motion of a particle in Jeffery orbit is essential to under-

standing a bulk of the work presented in this thesis. Here we discuss in some

details, behavior of a particle following Jeffery rotational motion (4.1). A single

particle rotating in a viscous, Newtonian fluid at low Reynolds number follows

one of the set of closed Jeffery orbits illustrated in 1.1. Here C is called the orbit

constant of the particle, for a non-Brownian particle without any hydrodynamic

interactions C depends on the initial orientation of the particle.

One obvious peculiarity in the trajectory of the particle is that although the

angular velocity of the undisturbed fluid is only in the z direction, the angular

velocity of the axis of the particle has all three components (except when the
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particle rotates in the flow gradient plane or is oriented in the vorticity direc-

tion). At small aspect ratio, particle move towards the gradient direction when

approaching the gradient-vorticity plane and at high aspect ratio particle move

towards the flow direction when approaching the flow-vorticity plane. One

might ask the question why does the axis of symmetry moves out of one x − y

plane to another or what imparts a z velocity to the axis of symmetry when the

flow is in the x direction and gradient is in the y direction. The answer to these

questions lies in understanding the interaction of the particle with the exten-

sional component of the flow. The rotational component of simple shear flow

does not make the particle move across the x − y planes as it does not produce

any strain. On the other hand, extensional flow has a non-zero strain compo-

nent which tries to deform the particle and the particle resists this deformation.

The movement across the x − y plane is then a resultant of the flow trying to

deform the particle and the particle trying to resist the deformation. The result

of this is the movement of the particle across the x − y planes. In (4.1), ppp : E

term, which clearly depends on the extensional flow, gives rise to a non-zero

velocity of the axis of symmetry in the z direction.

Another thing to note in the rotational motion of the particle, which is not

evident in figure 1.1, is the magnitude of the angular velocity at different points

in the trajectory of the particle. The long axis of the particle spends more time

aligned in the flow-vorticity plane i.e for a fiber the axis of symmetry spends

more time aligned in the flow direction and for a disk the axis of symmetry

spends more time aligned in the gradient direction. The particle spends mini-

mum amount of time with its long axis in the gradient direction. This change in

angular velocity with orientation could be understood by the torque or the an-

gular velocity induced by the extensional component of the flow on the particle
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since the angular velocity induced by the rotational component is constant. Ex-

tensional flow when acting alone tries to orient the particle along the principal

direction of the flow. When the particle is oriented along these principal direc-

tions, net torque due to extensional flow acting on the particle is zero. On the

other hand, when the particle is oriented at an angle ±π/4 (ex or ey) to the prin-

cipal direction of extensional flow, the torque acting on the particle due to the

extensional flow is maximum. The direction of the torque due to the extensional

flow is along the vorticity direction when the long axis is closer to the gradient

direction and the direction of the torque is opposite to the vorticity direction

when the long axis is closer to the flow direction. Since the angular velocity of

the particle is constant in an orbit due to the rotational component of the shear

flow and is always in the vorticity direction, the overall angular velocity of the

particle is minimum when the long axis of the particle is in the flow direction

where the torque acting on it due to the extensional component of the flow is

maximum and is in a direction opposite to the vorticity direction.

Since the work of Jeffery and Bretherton a lot of work has been done

to understand motion of non-spherical particles at low Reynolds number

[16, 19, 17, 64, 80, 54]. Apart from spheroidal shape particles, the other parti-

cle shapes that have been analytically rigorously studied are long slender shape

particles with different type of cross sections. Slender body theory used to study

these particles of large aspect ratio with variable cross section [6, 34]. Simula-

tion techniques like Stokesian dynamics [15] has been used extensively recently

to study non spherical particles [150, 32, 104]. In this work we use boundary

element method and perturbation methods to study low aspect ratio particle

motion.
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The next three chapters of the thesis are devoted to understanding different

aspects of rigid non-spherical particles at low Re number. In all these studies no

colloidal or hydrodynamic interactions are taken into account.

In chapter two, the ideal collision rate of cylindrical particles is studied. The

calculations shown here are along the lines of the work done by Smoluchowski

[146] for spherical particles about 100 years ago. The ideal collision rate for

cylindrical particles is calculated over a broad range of particle aspect ratios

κ defined as the ratio of length to diameter. Unlike spherical shape particles,

for cylindrical particles rotation motion plays an important role in determining

their collision rate. Monte Carlo simulations are performed with initial relative

positions and orientations that model the rate of approach of non-interacting

particles following Jeffery orbits with several choices of the orbit distribution.

A collision is detected when two particles overlap geometrically. Using asymp-

totic analysis, scaling of collision rate at high and low aspect ratio is derived and

verified with simulation results. In addition to deriving the total collision rate,

collisions are characterized as side-side, edge-side and face-edge based on the

initial point of contact.

In the third and fourth chapter, motion of axis-symmetric particles at low

aspect ratio in simple shear flow is studied. It is interesting that despite so much

work done in the field of single particle motion [95] in Stokes flow, the motion of

particles at low aspect ratio is still unknown. In Stokes flow, for any shape axis-

symmetric particle center with the fluid velocity and motion of axis of symmetry

depends on the exact shape of the particle. Bretherton [72, 20] showed that the

rotational motion of all axis-symmetric particles in linear flows can be described

based on its shape using only one constant called effective aspect ratio, κe. Here,
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the effective aspect ratio is defined as the aspect ratio of the spheroid having the

same period of rotation as the particle.

In chapter three, the motion of thin disks of shapes given by a family of

shapes is studied and the dependence of the effective aspect ratio, κe on the

actual aspect ratio of the particle is derived using asymptotic analysis aided by

boundary element simulations. For certain shapes, it is shown that the rotation

rate of the particle to the leading order is governed by the shape of the edge.

Cylindrical thin disk is one particular shape of interest for which effective aspect

ratio is determined.

In chapter four, a special case of motion of a particle at low aspect ratio is

studied. As mentioned above, most particles in simple shear flow undergo ro-

tation motion in the vorticity direction and the rate of this rotational motion

can be tuned by changing the shape of the particle. But surprisingly it is not

known if there are any particles which can stop rotating and align in simple

shear flow at finite aspect ratio. Though particle alignment can be achieved for

droplets [142], vesicles with fluid or with solid inclusions [39, 75, 88], for fibers

due to steric effects[114] or electrostatic interactions [27], and for organisms like

chlamydomonas [122] in simple shear flow. Alignment of particles can also be

achieved in flows where the magnitude of the extensional component of the

flow is more than the rotational component [53]. But there are no known rigid

particles which can align in simple shear flow without any interparticle or ex-

ternal interactions. In this chapter, a ring shape particle with some characteristic

family of shape of the cross-section which can stop rotating in simple shear flow

in presented.
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1.2 Assembly of soft particles

Self assembly is the process of organization of small building blocks into well-

defined larger structures without any external intervention. A typical self as-

sembly process has two characteristics : 1) presence of a sampling mechanism,

which helps in sampling of the entire configuration space of the system and 2)

presence of a binding mechanism, which determines the most favorable con-

figuration of assembly. The building blocks for self assembly may comprise

atoms, molecules, colloids and macroscopic objects. At sub micron scale strong

Brownian forces serve the purpose of a sampling mechanism and weak non

covalent interactions like van der Waal, electrostatic forces, hydrogen bonds,

hydrophobic forces etc act as a binding force. Inherent to this description is a

powerful bottom-up approach for assembling matter, which is driven at least in

part by non-covalent interactions and enables the synthesis of complex archi-

tectures with little to no waste. The reversible aspect of the synthesis is critical

because it allows the system to correct misassembled building blocks by essen-

tially reverting that portion back to the disassembled state and reassembling. To

keep the assembly reversible, it is necessary that the energy associated with the

binding mechanism and the sampling mechanism are of the same order. Tra-

ditionally self assembly has been very successful with building blocks smaller

than 1µm. At meso and macroscale (> 1µm), due to the absence of any nat-

ural sampling mechanism like Brownian motion, self assembly is much more

challenging. Only a very careful control of interactions and external sampling

mechanisms can lead to self assembly.

In chapter five and six of the thesis, example of using deformability as a

sampling mechanism for self assembly is studied. To deform a material from

9



its equilibrium shape some amount of work needs to be done which is stored

as potential energy for elastic materials. This increase in the potential energy is

compensated by the decrease in the colloidal surface energy where the surface

area is provided by the deformation of the material. This gives deformable par-

ticles a means to sample its environment (of the order of size of the particle) to

find the the minimum energy state.

In chapter five, assembly of red blood cells is discussed. Red blood cell (rbc)

aggregation is unique in the sense that rbcs form well defined linear stack coin

like structures upon aggregation where as other rigid particle systems undergo-

ing aggregation with a particle size of the range of rbcs form random structures.

The well defined structures formed during rbc aggregation are not expected for

particle size larger than few microns (meso scale) as they are too big to undergo

significant Brownian motion which is generally important to search for the min-

imum energy state in an aggregate. For the case of rbc aggregation though, the

high deformability [131] of the cells allow the particles to form minimum en-

ergy structures after aggregation. The objective of this work is to use rbc as

a model system to understand kinetics of assembly of soft particles in simple

shear flow. Experiments are done with horse red blood cells at different shear

rates to understand the role of hydrodynamics in aggregation. The scaling of

the aggregation rate constant of a rbc dimer formation with respect to shear

rate is determined for different binding forces by changing the concentration

of polymer solution. The dependence of the rate constant to shear rate is com-

pared with that of non-deformable particles. It is shown that the dependence of

collision efficiency of soft particles on the shear rate is weaker than that of hard

colloids with van der Waal interactions [38] or depletion interactions [1].
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In chapter six, an analogous problem on migration of a particle (vesicle)

aided by its deformability on a rigid curved surface is studied. A deformable

particle undergoing attractive colloidal interactions with a surface tries to max-

imize its area of contact. It is shown that the energy of interaction decreases

with increase in the curvature of the rigid surface. This change in energy of

the vesicle can be used to move the particle from low to high curvatures on the

rigid surface. Interesting asymptotic results are presented in the limit when the

colloidal interaction energy is large compared to the bending energy and cur-

vature of the rigid surface and the area of interaction between the particle and

surface are small. In particular, migration velocity of the particle on the surface

is estimated.
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Figure 1.1: Jeffery’s orbits for various orbit constants for a particle of κ =

10. In all orbits, the particle moves towards the flow direction
when approaching the flow vorticity plane.
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CHAPTER 2

IDEAL RATE OF COLLISION OF CYLINDERS IN SIMPLE SHEAR FLOW

The collision of particles influences the behavior of suspensions through the

formation of aggregates for adhesive particles or through the contributions of

solid-body contacts to the stress for non-adhesive particles. The simplest esti-

mate of the collision rate, termed the ideal collision rate, is obtained when par-

ticles translate and rotate with the flow but have no hydrodynamic or colloidal

interactions. Smoluchowski calculated the ideal collision frequency of spherical

particles in 1917. So far little work has been done to understand rate of colli-

sion for non-spherical particles. In this work, we calculate the ideal collision

rate for cylindrical particles over a broad range of particle aspect ratios r de-

fined as the ratio of length to diameter. Monte Carlo simulations are performed

with initial relative positions and orientations that model the rate of approach of

non-interacting particles following Jeffery orbits with several choices of the or-

bit distribution. The role of rotational motion of particles on collision frequency

is elucidated by comparing the ideal collision rate calculations with similar cal-

culations for non-rotating particles. It is shown that the ratio of the collision rate

of cylinders to that of spheres that circumscribe the cylinders is proportional to

1/rre for r >> 1 and re for r << 1. Here, re is the effective aspect ratio defined as

the aspect ratio of a spheroid having the same period of rotation as the cylinder.

The effective aspect ratio of the cylindrical particles was determined using finite

element calculations of the torque on non-rotating cylinders with their axes par-

allel to the velocity and velocity gradient directions. In addition to deriving the

total collision rate, we categorize collisions as side-side, edge-side and face-edge

based on the initial point of contact. Most collisions are found to be side-edge

for r � 1 and face-edge for r � 1, suggesting that nonlinear aggregates will
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develop if particles stick at the point of first contact.

2.1 Introduction

Particulate flows involving cylindrical particles are encountered in a variety of

contexts: clay particles in drilling mud, glass-fiber-filled thermoplastics, fibers

in paper manufacturing, fibers and disks in gelation applications, red blood

cells, and blood platelets [56, 91]. At small concentrations, well stabilized par-

ticles do not interact with one another and contribute to the properties of bulk

suspensions in proportion to their volume fraction [44, 18]. At higher concen-

tration, hydrodynamic interactions and collisions between particles start influ-

encing the behavior of the suspension [103, 9]. Collisions of two particles in a

suspension could either lead to a non-adhesive contact with contact forces that

influence the bulk stress or adhesive contacts leading to the formation of per-

manent aggregates. In this work we calculate the ideal rate of collision of cylin-

drical particles in simple shear flow using numerical simulations. This work

extends the classical result of Smoluchowski [146] for spheres in shear flow to

cylindrical particles in shear flow.

The rate of collisions per unit volume per unit time in a suspension of singlet

particles with number concentration, n, is given by:

J = kn2, (2.1)

where k is the collision rate constant that depends on the driving force push-

ing the particles together, the particle geometry, and the interparticle interac-

tions. A fundamental assumption leading to this equation is that collision is

a second-order rate process, in which the rate is proportional to the product

of the concentrations of two colliding species. This assumption breaks down
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for dense systems. Collisions can be driven by various mechanisms, such as

Brownian motion, shear flow, or differential settling. The most important dif-

ference in rate constants obtained from these different transport mechanisms

is the dependence on size. In the presence of all three mechanisms, size can

determine the dominant mechanism for collision of particles. For spherical par-

ticles, this dependence is well known, but for cylinders undergoing Brownian

motion[118, 144] , results are known only in the limiting case of low (disks)

and high (fibers) aspect ratio. The calculation of a collision rate for sediment-

ing cylinders would be complicated by the fact that a homogeneous suspension

of sedimenting non-spherical particles is known to be unstable to variations in

particle concentration [82, 62].

In sheared suspensions of cylinders, mechanical contacts between the par-

ticles can significantly increase the average stress of the suspension. While lu-

brication forces prevent contact between pairs of smooth particles in dilute sus-

pensions, the sharp edges of cylinders can allow interparticle contact to occur.

Simulations have explored the effects of mechanical contact in the limiting case

of cylinders of high aspect ratio [138, 102], but no general results have been

presented for cylindrical particles. An estimate of the stress contribution from

collisions can be obtained from a product of the rate of collision of particles and

the time integral of the stresslet over a single collision. A similar strategy can

also be used to estimate the stress contribution when there are hydrodynamic

and colloidal interactions between the particles without any mechanical contact

[9, 126]. Apart from the increase in interparticle interactions, the collision of

particles can also lead to aggregation. This aggregation can further affect the

properties of the suspension [26, 55] by changing the size distribution of the

particles.
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To describe the kinetics of aggregation processes, Smoluchowski developed

a generic second order rate equation assuming that only binary collisions lead

to aggregation:
dni

dt
=

1
2

i−1∑
k=1

∑
j=i−k

k jk p jkn jnk −

∞∑
j=1

ki j pi jnin j, (2.2)

where ni is the number of aggregates of size i per unit volume, ki j is the ideal

rate constant for collision of aggregates of size i and j, and pi j is the collision

efficiency of aggregates of size i and j. The ideal rate constant characterizes

collisions in the absence of particle interactions, while the collision efficiency

is the ratio of the collision rates in the presence and absence of hydrodynamic

and colloidal interactions. The primary contribution of the present paper is to

predict the rate constant k11 for collision of two singlet cylinders to form a dou-

blet facilitating the description of the initial stages of aggregation when particle

interactions are neglected . When the particle size is more than 1 µm and the

density difference between the fluid and the particle is small, shear is the dom-

inant mechanism driving collisions. For the case of shear induced collision of

spherical particles undergoing van der Waal attractions and hydrodynamic in-

teractions, the collision efficiency, p, for doublet formation is given by de Ven

and Mason[38].

The description of the later stages of aggregation is more complex. In prin-

ciple, the change in the aggregate size distribution can be predicted from the

Smoluchowski equation if pi j is known. In practice, as the size and shape of ag-

gregates evolves, values of the rate constant are not available except in the case

of liquid droplets, where coalescence leads to a change in size but preserves the

shape. When the shape of the aggregate is not preserved, a fractal dimension is

commonly used to describe the size of the aggregate as a function of number of

particles in the aggregate. A fractal dimension close to 1 means the aggregate
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is more like a cylinder and a fractal dimension of 3 corresponds to a spherical

geometry. For simplicity, the rate constant for the aggregation of fractals is gen-

erally estimated to be equal to that of the spheres that circumscribe the fractal

clusters. This approximation is made even for aggregates with low fractal di-

mension. For example, in the aggregation of red blood cells (RBCs), disks of

RBCs aggregate to form stacked coin like structures of different aspect ratio but

maintain the original cylindrical geometry. Even in this case, the rate constant

has been calculated using the results for a sphere [101]. Calculations of the ideal

collision rate presented here for cylindrical particles could be used in cases like

the aggregation of RBCs in which the fractal dimension remains close to one.

In the more general case, one might use the collision rates of circumscribing

spheres and of cylinders having lengths equal to the cluster diameters as upper

and lower bounds on the actual collision rate of two clusters.

Calculation of the ideal collision rate constant has been known for spherical

particles for about a century, but there are no analogous results for cylindrical

particles. The rotational motion of cylindrical particles in shear flow combined

with their relatively complex geometry makes it difficult to estimate collision

rates analytically. Spherical particles also undergo rotational motion in simple

shear flow, but due to their symmetric geometry about all axes passing through

their center, the rotational motion does not affect collision rate. In this paper, we

calculate the ideal collision rate of cylindrical particles undergoing rotational

motion in simple shear flow using numerical simulations (Figure 2.1). Jeffery’s

[72, 20] solution for the motion of force- and torque-free rigid axisymmetric par-

ticles in a uniform shear flow of a Newtonian fluid is used to describe the rota-

tional motion of cylindrical particles.
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a) 

Figure 1 

Figure 2.1: (a) Spherical coordinate system for a particle centered at the
origin and subjected to a simple shear flow in the x-y plane.
(b) Jeffery’s orbits for various orbit constants for aspect ratio
of 0.1. At small aspect ratios, the particle’s axis of symmetry
moves towards the gradient direction when approaching the
gradient-vorticity plane and at high aspect ratio the particle’s
axis tends to move towards the flow direction when approach-
ing the flow-vorticity plane.(c) Schematic diagram of the colli-
sion process between two cylindrical particles in simple shear
flow.
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Apart from calculating the collision frequency we have also characterized

collisions as side-side (Figure 2.2 (b)), side-edge (Figure 2.2 (c, e)), or face-edge

(Figure 2.2 (d, f)), depending on the point of contact of the particles at the time

of first contact. The point of contact could be of interest in problems involving

particles with asymmetric surface properties. For example, clay particles under

appropriate conditions have different surface charge densities on their flat and

lateral surfaces [141] and hence can form only side-face aggregates when surface

charge effects dominate over van der Waal forces. Thus, due to heterogeneous

surface properties, there could be a different collision efficiency for different

types of collisions. Particles having uniform surface properties can also have

different collision efficiencies depending on the point of contact. Certain types

of collisions will lead to stronger colloidal interaction at the time of collision;

the relative orientation during a collision along with the aspect ratio of the par-

ticles will influence the likelihood that aggregation will occur. For example, in

systems involving attractive colloidal forces, the collision efficiency will be high

for collisions of the flat faces of cylinders as the colloidal forces will be acting

over a larger surface area during collision. Badaire et al. [4] showed that for

cylindrical colloids experiencing polymer depletion mediated attractive forces

the energy reduction due to aggregation of cylindrical particles in different ori-

entations changed with changes in aspect ratio. In general, both aspect ratio and

the length scale associated with the attractive force determine whether face-face,

side-face or side-side aggregates are favored. Momentum transfer by contacts

could also be affected by the orientation of the particle at collision. For exam-

ple, high aspect ratio fibers undergo face-face collisions when they are aligned

and side-edge or side-side collisions when one fiber is flipping. The side-side

and side-edge collisions between flipping fibers have higher relative velocities
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leading to larger collisional stresses.

2.2 Problem Formulation

The force-free, torque-free particles are suspended in a simple shear flow whose

velocity components in a Cartesian coordinate system are given by -

vx = γy, vy = 0, vz = 0, (2.3)

where, vx, vy and vz are the velocity components of the fluid in the Cartesian

coordinate system defined in Figure 2.1 (a), and γ is the shear rate. In the ab-

sence particle interactions, simple shear flow can bring the particles together,

resulting in collisions. Smoluchowski derived the rate of collision of spherical

particles of diameter D in simple shear flow, assuming particles follow straight

fluid streamlines. The collision frequency in this case can be calculated by con-

sidering a stationary particle at the origin and calculating the flux of the particles

passing through a circle of diameter 2D which is the projection of the excluded

volume of the particle onto the yz plane. The area of this circle is called the col-

lision cross-section. The resulting rate constant for binary collisions of spheres

in simple shear flow is:

ks =
4
3
γD3. (2.4)

The rate constant of collision for cylindrical particles in theory can also be

calculated in a similar manner, i.e. calculating the flux of the particles crossing

the collision cross-section and then equating it to the second order rate law.

However, this calculation is difficult as cylindrical particles undergo rotational

motion in shear flow. An analytical expression is available for the rotational
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Figure 2.2: Schematic diagram of the type of collisions and the algorithm
used for detection of collision between cylinders. a) Distance
between the axes as the first step in determining collision. b)
Side-side collision when both cylinders are On. c) Side-edge
collision when one cylinder is On and other is Off. d) Face-
edge collision when one cylinder is On and other is Off. e)
Side-edge collision when both cylinders are Off. f) Face-edge
collision when both cylinders are Off.
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motion, but the analytical calculation would involve a five-dimensional integral

in the space of the relative position and orientations of the particles. We have

chosen instead to use Monte Carlo simulations to calculate the rate constant

for cylindrical particles. Since we already know the solution for a sphere, we

choose it as a comparison case for our simulations. We express the rate constant

of collision of cylindrical particles in terms of the rate constant of collision for

two spherical particles that circumscribe the cylindrical particles:

k = f ks = f
4
3
γD3, (2.5)

where f is a fractional collision frequency and D is the diameter of the circum-

scribing sphere which is given by (L2 + d2)
1
2 for a cylinder of diameter, d and

length, L. This fraction, f is a function of the aspect ratio of the particle and also

depends on the nature of the particles’ rotational motions.

The equations of rotational motion for spheroidal particles in simple shear

flow were first derived by Jeffery [72]. Although the original derivation was

for spheroidal particles, Bretherton [20] later showed that the same equations

are valid for all axisymmetric particles as long as the aspect ratio, r = L
d of the

spheroidal particles in the equation of motion is replaced by an effective aspect

ratio, re, of the axisymmetric particle. The general equations of motion for ax-

isymmetric particles in simple shear flow is then given by:

tan(θ) =
Cre

(r2
ecos2φ + sin2 φ)

1
2

, (2.6)

tan(φ) = re tan(
γt

re + r−1
e

+ κ), (2.7)

where θ is the angle of the particle orientation relative to the vorticity direction

and φ is the angle of the projection of the particle orientation into the flow-

gradient plane relative to the velocity gradient direction (see Figure 2.1 (a)).
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Here, κ is the phase angle, and C the orbit constant. For a spheroidal parti-

cle re in the above equations is equal to r. In general the effective aspect ra-

tio, re depends on the shape of the particle and can be determined by solving

the flow problem around the particle. Effective aspect ratio values used in the

simulations performed here are obtained by simulating fluid flow around sta-

tionary cylindrical particles in simple shear flow using Comsol 3.5 software as

explained in the simulation section of the paper.

In Jeffery’s rotational motion, a particle’s center translates with the velocity

of the fluid and the axis of symmetry rotates in a periodic motion in one of an

infinite set of possible orbits (Figure 2.1 (b)). The location of the particle’s orien-

tation along the orbit at t = 0 can be characterized by a phase angle. According

to Jeffery’s equation of rotational motion, particles remain in the same orbit with

the same phase angle indefinitely. Therefore, the orbit that a particle is going to

follow is purely determined by the initial orientation of the particle and hence

depends on how the particles were initially suspended. Jeffery’s analysis ne-

glects Brownian motion and hydrodynamic interactions among the particles. If

the particle size is small, Brownian diffusion can lead to changes in a particle’s

orbit and eventually gives an orbit distribution that is completely independent

of initial conditions. Leal and Hinch [97] have analytically determined the orbit

distributions for particles undergoing weak Brownian motion. Jeffery postu-

lated an orbit distribution that would result from an initially isotropic orienta-

tion distribution. Such an initial condition would lead to a non-uniformly dis-

tributed phase angle and a time-dependent orientation distribution. However,

phase mixing due to a small polydispersity of aspect ratio can quickly remove

this time dependence. In the experiment on dilute sheared fiber suspensions

by Ankzuorowski and Mason[2], this initial phase mixing occurs within about 3
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Jeffery periods and is followed by a much slower change in the orbit distribution

due to hydrodynamic interactions. In the present work, we consider the follow-

ing steady orientation distributions while calculating the collision frequency: 1)

Jeffery orbit distribution with a uniform phase angle. and 2) Leal and Hinch

orbit distribution for weakly Brownian particles. When we do not specify the

orbit distribution explicitly we will use the Jeffery orbit distribution. To fur-

ther illustrate the effect of orbit distribution on collision rate, two other extreme

cases have been studied: 3) All particles in C = 0 orbit which corresponds to

the alignment of the symmetry axis in the vorticity direction (log rolling) and 4)

All particles in C = ∞ orbit which corresponds to the motion of the symmetry

axis in the flow-gradient plane. The latter cases are of interest because particles

have been observed to migrate into these extreme orbits when weak viscoelastic

or inertial effects are important. In the presence of weak viscoelastic or inertial

effects, particles still undergo approximate Jeffery orbits, but they drift slowly

across orbits of different orbit constant. For the case of slender bodies, orbital

drift towards the vorticity direction is observed due to elastic effects [50, 94, 60]

and towards the shear gradient plane due to inertial effects [77, 136]. For oblate

spheroids, orbit drift towards the vorticity direction is observed due to inertial

effects [77] and towards the shear gradient plane is reported due to elastic ef-

fects [50]. Only the motion of individual particles is taken into account in these

simulations without considering hydrodynamic and colloidal interactions.

Apart from obtaining f , we have also characterized the collisions based on

the first point of contact between the colliding cylinders. We have broadly iden-

tified three types of points on a cylinder: points on the lateral surface (side

points), points on the flat face (face points), and points on the rim joining the

flat surface and the curved surface (edge points). Based on this classification of
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points on the cylinder, all collisions have been categorized into three types:

1) Side-side (Figure 2.2 (b)): The lateral surfaces of the two cylinders come into

contact. This type of collision is more prominent for high aspect ratio particles

with large lateral surface area.

2) Side-edge (Figure 2.2 (c, e)): This includes collisions in which the lateral sur-

face area of one cylinder comes into contact with the edge of the other cylinder.

This type of collision is also more prominent at large aspect ratio. At large as-

pect ratio, as shown later, rotational motion of the particle determines whether

side-side or side-edge collisions will dominate.

3) Face-edge (Figure 2.2 (d, f)): This group includes collisions in which the flat

surface of one cylinder comes into contact with edge points on the other cylin-

der. This type of collision is more prominent for particles of low aspect ratio for

which a large flat surface area is available for collision.

We note that there are no face-face collisions tracked here because for a face-

face collision to occur, both cylinders need to be exactly parallel to each other.

There are also no face-side collisions because these require the cylinders to be ex-

actly perpendicular to each other. The probability of two cylinders to be exactly

parallel or perpendicular is infinitesimally small. The classification of collisions

presented above is valid only when cylinders have sharp edges. For particles

with rounded edges, there is no distinct edge. In the limiting case of very high

aspect ratio, edge points might be considered part of the face or end of the fiber.

At low aspect ratio, edge point might be considered a part of the lateral surface

area.
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2.3 Simulation

This section is divided into two parts: in the first we explain how the effective

aspect ratio of cylindrical particles is obtained using finite element simulations

(Comsol 3.5), and in the second we explain the Monte Carlo simulation proce-

dure for calculating the fractional collision frequency.

(I) Effective aspect ratio calculations

Jeffery’s equations of rotational motion (2.6, 2.7) for cylinders are valid as long

as an effective aspect ratio, re, for cylinders is used in place of the actual aspect

ratio. Cox [34] showed using Jeffery’s solutions that the effective aspect ratio

for any axisymmetric body can be obtained in terms of the torques, Tx and Ty,

acting on a non-rotating particle when the particle’s axis is oriented in the flow

(or x) and velocity gradient (or y) direction, respectively:

re = (
Tx

Ty
)

1
2 (2.8)

We used this result to determine the effective aspect ratio of cylinders with a

range of aspect ratios. The torques were computed by solving Stokes equations

in the geometries illustrated in Figure 2.3 using the finite element commercial

software Comsol 3.5. We used the symmetry of the problem under reflection

through the plane z = 0 to reduce the size of the domain by half. The outer

boundaries of the domain enclosing the particle were at least five times the

largest dimension of the cylinder. We found that further increasing the size

of the domain changed the torque insignificantly. For all simulations the largest

mesh size used on the surface of the particle was smaller than the size of the

smallest dimension of the cylinder. The boundary conditions used for the prob-

lem are as follows: The inlet and outlet boundaries (planes 1 and 6) were speci-

fied with a constant pressure, P = 0 which ensures that pressure is not a driving
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force. The top and bottom walls (planes 2 and 5) were moved with velocity +Y

and −Y to create a simple shear flow with shear rate, γ = 1 where Y is the half

side length of the domain in y direction. Symmetry boundary conditions were

applied on the planes 3 and 4, specifying that there is no velocity component

perpendicular to the planes and no shear stress acting on the planes. These con-

ditions are satisfied exactly on the plane of symmetry (3) of the problem and

approximately on the far-field planar boundary (4) that is parallel to the flow-

gradient plane.

(II) Collision frequency calculations

Monte carlo simulations were used to determine the fractional collision fre-

quency, f of cylindrical particles. In each computation a pair of cylindrical par-

ticles was initialized. Assuming that the center of mass of the particle follows

fluid streamlines, 2.3 was used for the translation motion and 2.6 and 2.7 were

used for the rotational motion of the axis of symmetry of the particle. A check

was performed at each time step to determine if there was a collision. A large

number of such computations were performed from which f was determined

by calculating the ratio of the total number of collisions to the total number of

trajectories calculated.

The basic strategy behind initialization (Figure 2.1 (c)) was that all the possi-

ble base cases were included that model the rate of approach of non-interacting

particles following Jeffery orbits with several choices of the orbit distribution.

The initialization process involved specifying the positions of the centers of

mass and the initial orientations of the particles. One particle was placed at the

origin, while the other particle position was chosen such that the spheres cir-

cumscribing the two particles would collide with a probability 1 in simple shear
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a) 

b) 

Figure 2.3: Geometry used for the calculation of the torque on a cylinder
in Comsol 3.5. Reflection symmetry around the z = 0 plane was
used. The total torque acting on the particle is twice the torque
obtained from these simulations. a) Cylinder with its axis in
the direction of flow. b) Cylinder with its axis in the velocity
gradient direction.
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flow. The initial position of the center of mass of the second particle (xo, yo, zo)

was chosen with xo = −D. The position of the second particle within the collision

cross-section was chosen from a region z2
o + y2

o < D2 with a probability weighted

by y0 to account for the variation of the flux of particles due to the simple shear

translational motion. Equivalent results would have been obtained by choosing

any position further upstream, xo ≤ −D. No collision can occur between parti-

cles separated by a distance larger than D and the orientation distributions of

the particles before collision are time independent.

The initial orientation was picked independently for each particle by fol-

lowing the following procedure. The orientation was chosen by picking the

orbit constant C and the phase angle κ in the Jeffery rotational motion equations

(2.6,2.7). The phase angle was chosen at random from 0 to 2π, a requirement for

obtaining a time independent orientation distribution. Leal and Hinch’s orbit

distribution [97] was specified by the probability distribution derived in their

paper. For the Jeffery orbit distribution, we generated an orientation at random

on the unit sphere and specified the particle orbit constant C corresponding to

this initial orientation from 2.6. We also considered cases where all particles

were chosen to have C = 0 or C = ∞ with randomly chosen phase angle. In

addition, to highlight the role of Jeffery rotation in influencing the collision effi-

ciency, we have computed the collision efficiency of particles that translate with

a simple shear flow but have an isotropic orientation distribution and do not

rotate with the flow.

Once the initialization was complete the motion of the particles was deter-

mined using the equations of motion. The centers of the particles were moved

based on the simple shear flow and the orientations were changed based on
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Jeffery’s solution using a short time step, dt. This process was continued un-

til either a collision was detected or the center of mass reached x0 = D beyond

which no collision would be possible. To obtain statistically accurate results, a

sufficient number of trials were performed so that at least 104 collisions were

detected; this sample size corresponds to a statistical error of about 1%. In all

the results presented here, dt < r
10 for aspect ratios smaller than 1 and dt < 1

10r

for aspect ratios larger than 1 was used. Decreasing dt further by a factor of 5

did not result in a significant change in collision frequency with the maximum

change being 2%.

Collision detection was carried out using the algorithm proposed by Ketchel

and Larochelle [79] which uses line geometry to determine whether two cylin-

drical particles have collided or not. The same algorithm [79] was also used

for determining the type of collisions, i.e. whether the collision was side-side,

side-edge or face-edge although in the paper they don’t explicitly say when a

collision is any of these types. A short summary of the algorithm is as follows.

The first step in detecting the collision between the cylinders was to determine

the shortest distance between the axes of the cylinders (Figure 2.2 (a)). If the

shortest distance between the two axes (S1,S2) was less than the sum of the

radii of the cylinders, the possibility of a collision was considered. If the point

of shortest distance (N1 or N2) lies within the line segment in the cylinder, the

cylinder was denoted as an On cylinder otherwise it was called an Off cylinder.

This distinction resulted in three possible cases: both cylinders On, one cylinder

On and the other cylinder Off, and both cylinders Off in which case they were

called Off1 and Off2. If both the cylinders were On, then a side-side collision

between the cylinders was detected (Figure 2.2 (b)). If only one cylinder was

On, then side-side contact of the cylinders was not possible and the distance
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between the axes of the cylinder was no longer sufficient to determine whether

a collision had occurred. Instead, the shortest distance between the edge of the

Off cylinder and axis of the On cylinder was calculated. If this distance was less

than the radius of the Off cylinder then a possibility of a collision was consid-

ered. If the point of shortest distance on the axis of the On cylinder lay inside

the cylinder then a side-edge (Figure 2.2 (c)) collision was detected. Otherwise

a check for the intersection of the edge of the Off cylinder with the face of the

On cylinder was made. If the edge intersects the face, a face-edge (Figure 2.2

(d)) collision was detected; otherwise the cylinders were not colliding. If both

cylinders were Off, then the minimum distance between the edge of Off1 cylin-

der and the axis of Off2 cylinder was calculated. If the point of shortest distance

on the axis of the Off2 cylinder lay inside the cylinder and the shortest distance

was less than the radius of the Off2 cylinder, then a side-edge (Figure 2.2 (e))

collision was detected. Otherwise a check was made to determine if the edge of

the Off1 cylinder intersected with the face of the Off2 cylinder. If the edge inter-

sected the face then a face-edge (Figure 2.2 (f)) collision was detected; otherwise

the same procedure was followed with roles of the two cylinders interchanged.

2.4 Results and Discussion

A. Effective aspect ratio of cylinders

The ratio of the effective aspect ratio obtained from our finite element simu-

lations to the actual aspect ratio of the cylinders is compared with experimental

results of Mason and coworkers [58, 57, 2] and Stokesian dynamic simulation

results from Meng and Higdon [104] in Figure 2.4 for r = 0.04 to 10. From the
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Figure 2.4: Ratio of the effective aspect ratio to the actual aspect ratio ob-
tained from FEM simulations (�) compared with various exper-
imental results: a) Goldsmith and Mason [58] (◦), b) Goldsmith
and Mason [57] (5), and c) Anczurowski and Mason [2] (right
triangle). Meng and Higdon [104] (2) results for disks approx-
imated by planar arrays of spheres are compared with FEM
simulations for disks with semi-circular edges (4).

experimental results reported by Anczurowski and Mason [2], re = 1 occurs for

disks of aspect ratio 0.86; our FEM simulations agree. The aspect ratio at which

re = r is obtained differs slightly in our simulations and previous experiments.

Our simulations show this to occur at r = 1.75 whereas experiments report the

aspect ratio to be r = 1.68 [2].

Meng and Higdon do not report effective aspect ratios directly, but they pro-
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vide results for the average stresslet in a dilute suspension of particles subject

to simple shear as a function of time. The average stresslet oscillates as the

particles rotate and the effective aspect ratio was determined from the period

of oscillation. Our simulation results are in fairly good agreement with ex-

perimental results and are larger than the effective aspect ratio obtained from

Meng and Higdon’s simulations. Meng and Higdon used a planar assembly

of spherical particles to approximate a cylindrical disk. We suspected that the

primary source of the difference in the effective aspect ratio might come from

the curved edges of the disks in the Stokesian dynamic simulations. We there-

fore performed finite element simulations for particles consisting of cylindrical

disks with semi-circular edges with the radius of curvature of the edge equal to

the half-height of the cylinder. These results represented by the symbol 4 in the

plot are closer to Meng and Higdon’s results although still slightly higher with

the difference increasing with increasing aspect ratio. The remaining difference

probably results from the roughness of the face of the disk of spheres and the

deviations from a perfectly circular shape of the disk. These effects become

larger for the higher aspect ratio assemblages which include smaller numbers

of spheres.

At high aspect ratios, r > 10, our simulation results agree with the theoretical

scaling predicted by Cox [34]:
re

r
=

A
ln(r)

. (2.9)

By comparing his results with experimental measurements, Cox found the

constant A to be 1.24. Figure 2.5 shows the agreement of our simulation

with this scaling and with the results of a number of experimental studies

[143, 112, 68, 117].
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Figure 5 

Figure 2.5: Effective aspect ratio of high aspect ratio particles from the sim-
ulations (2) compared with the analytical asymptotic scaling
of Cox [34] (dotted line) and experimental results of Trevelyan
and Mason [143] (5), Okagawa and Mason [112] (4), Petrich,
Koch and Cohen [117] (◦), and Iso, Koch and Cohen [68] (�).
The simulation results match well with the analytical results
for 15≤r ≤ 50.
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The effective aspect ratio values obtained from our simulations and used in

the study of collision rate are tabulated with the actual aspect ratio in Table 2.1.

In order to further check the limitations of our FEM simulations at high and

low aspect ratio, we performed simulations for spheroids with the same aspect

ratios as the cylinders considered in our study. For spheroids, we know that

re = r and we found this to be true of our calculations within an error of 2% for

0.1≤r≤50 and 5.3% for 0.04≤r≤0.1.

B. Asymptotic analysis of collision rate

The scaling of the fractional collision frequency, f , can be determined analyti-

cally for the cases of high (fibers) and low (disks) aspect ratio. To reason qualita-

tively about the collisions among high aspect ratio fibers, we should be aware of

the nature of Jeffery orbits in this limit. Rahnama et al. [123] used similar con-

siderations to describe the hydrodynamic interactions among fibers in simple

shear flows. At any given instant of time, an O(1) fraction of fibers undergoing

Jeffery rotation at steady state are within an O( 1
re

) angle of the direction of flow.

The cross-sectional area of these flow aligned fibers in the plane perpendicu-

lar to the flow direction (i.e., their collision cross-section) is O(d2). The relative

velocity of such fibers as they collide is O(dγ) since the distance between the cen-

ter of mass of these fibers in the velocity gradient direction is O(d). The collision

frequency of these aligned fibers with one another is then the product of a colli-

sion cross section of O(d2) and a relative speed of O(dγ) yielding k ∼ O(d3γ). The

collision frequency of the corresponding circumscribing sphere is O(L3γ). The

fractional collision frequency of the fibers is thus f = O( d3

L3 ) = O( 1
r3 ). Apart from

the particles aligned in the direction of flow there is another set of particles that

is flipping. At very high aspect ratio, using 2.7, it can be shown that a particle
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spends an O( re
γ

) time aligned in the flow-vorticity plane and an O( 1
γ
) time flip-

ping. Hence, the fraction of particles flipping at any instant at high aspect ratio

is O( 1
re

). The cross sectional area of these fibers in the direction of flow is O(Ld)

and the associated relative velocity is O(Lγ) since the distance between the cen-

ter of mass of the fibers is O(L). The scaling of the fractional collision frequency

for a pair of flipping fibers is the product of an O( 1
r2

e
) probability of finding such

a pair with the associated collision cross-section and relative velocity yielding

f ∼ O( 1
r2

e r ). When a flipping fiber collides with an aligned fiber, the collision

cross-section and relative velocity remain the same as for flipping-flipping colli-

sions whereas the probability of such collisions is O( 1
re

) rather than O( 1
r2

e
) so that

f = O( 1
rre

) and is larger than that for either aligned-aligned or flipping-flipping

collisions. This prediction that most collisions at high aspect ratio are between

an aligned and a flipping fiber is supported by the experimental observations

of Blakeney [14, 102]. At high aspect ratio, Lindstrom and Uesaka [102] have

proposed a collision scaling of O( ln(re)
rre

) for C = ∞ orbits which differs from our

scaling by a factor of ln(re). The results from our simulation for C = ∞ are better

fit by the scaling of O( 1
rre

) although the distinction is not certain because ln(re)

is a weak scaling and we have only explored aspect ratios as high as 50. Since

re ∼ O( r
ln(r) ) for high-aspect-ratio fibers, the scaling of the overall rate constant

for collision is given by:

k f iber ∼ O(γd2Lln(r)). (2.10)

Hence in simple shear flow, k is approximately proportional to the volume of

the fiber. For fibers undergoing Brownian motion, the rate constant of collision

is given by [118]:

kB, f iber =
8kT ln(r)

3µ
. (2.11)

In the derivation of the above relation the assumption of ideal collision was also

36



made. One interesting difference between the Brownian collision constant of

fibers and the shear induced collision constant is the dependence on the size of

the fiber. In Brownian diffusion, the rate constant is independent of the absolute

size, whereas in shear induced collisions, the rate constant is proportional to the

volume of the fiber. In both cases the rate constant has a lograthmic dependence

on aspect ratio.

Thin disks rotating in Jeffery orbits tend to align such that their axis of sym-

metry is in the velocity gradient direction. This alignment gives an available col-

lision cross section of O(Ld) and an associated relative velocity of O(Lγ). Thus,

f for aligned-aligned collisions is O(dL2

d3 ) = O(r2). For disks that are flipping, the

cross sectional area available for collision is O(d2) and the associated velocity

with collision is O(dγ). The fraction of flipping disks is O(re). Therefore, the frac-

tional collision frequency of a flipping disk with an aligned disk is O(re
d3

d3 )=O(re).

The fractional collision frequency of a pair of flipping disk, like that for a pair

of flipping fibers, is one order smaller than the frequency for flipping-aligned

collisions and is O(r2
e ). The overall rate constant of collision is then given by:

kdisk ∼ red3γ. (2.12)

Like fibers, the rate constant of collision for disks undergoing only Brownian

motion is also independent of the size of the particle [144], implying that for the

same collision efficiency bigger disks are easier to flocculate using shear flow.

The theoretical asymptotic scalings of f at high and low aspect ratios are

compared with the simulation results in Figure 2.6 and Figure 2.7, respectively.

Fibers follow the asymptotic scaling for r > 15. For disks, simulation results

agree with analytical results for r < 0.1. Although the scaling laws derived

above are for circular cross section cylindrical shape particles, we believe that
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Table. 1 

Actual 
aspect 
ratio, r 

Effective aspect ratio, r

(simulations) 

e  

0.04 0.096 
0.05 0.112 
0.06 0.129 
0.08 0.156 
0.1 0.191 
0.2 0.327 
0.3 0.444 
0.5 0.656 
0.75 0.900 
1 1.127 
1.25 1.339 
1.5 1.547 
1.75 1.751 
2 1.952 
3 2.719 
4 3.450 
5 4.160 
10 7.560 
20 13.923 
25 17.133 
30 20.176 
35 23.020 
40 25.963 
50 31.740 

 

 

 

 

 

Table 2.1: Effective aspect ratio, re as calculated from FEM simulations for
various aspect ratio used in the Monte Carlo simulations.
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Figure 6 

Figure 2.6: Fractional collision frequency of high aspect ratio particles
from the simulations (◦) compared with the analytical scaling
f = 1.42/(rre) (line).

the same scaling laws will hold for other axisymmetric particle shapes such as

spheroidal, double conical etc. as long as appropriate effective aspect ratio val-

ues are used. The predictions should hold true because the only quantities used

in deriving the scalings are the rotational rate and the two length scales associ-

ated with the axisymmetric particle’s shape.
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Figure 7 

Figure 2.7: Fractional collision frequency of low aspect ratio particles from
the simulations (�) compared with the analytical scaling f =

1.23r3 (line).

C. Fractional collision frequency for particles following Jeffery orbit distribution

The dependence of f on aspect ratio is shown in Figure 2.8 for particles un-

dergoing rotation motion with Jeffery orbit distribution. As the aspect ratio

increases at low aspect ratio, f also increases up to an aspect ratio of about 0.75.

This is because with an increase in aspect ratio a cylinder occupies a larger frac-

tion of a sphere’s volume and hence collides more often. The presence of a max-
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imum close to an aspect ratio of 0.75 is also interesting given that the maximum

fractional volume of the cylinder inscribed in a sphere is obtained at an aspect

ratio of 0.71. As the aspect ratio grows further, f starts decreasing because for

r > 0.71 the volume fraction of the cylinder circumscribed by a sphere also starts

decreasing . In the asymptotic case of high aspect ratio, we have already shown

that the fractional collision frequency follows a scaling of O( ln(r)
r2 ) whereas the

fractional volume follows a scaling of O( 1
r2 ).

The effect of the Jeffery rotational motion of cylinders on the fractional colli-

sion frequency is studied by comparing the collision frequency for particles un-

dergoing such motion with non-rotating particles undergoing only translational

motion (Figure 2.8). Although there is no physical situation where particles do

not rotate in simple shear flow, the non-rotating particle case is used as a refer-

ence to understand the effect of Jeffery type rotational motion on collisions. At

all aspect ratio, particles undergoing rotational motion have a smaller collision

frequency compared to non-rotating particles although both follow a similar

qualitative trend. The lower collision frequency for rotating particles can be ex-

plained based on the fact that in Jeffery orbits particles spend more time aligned

in the direction of the flow, i.e. fibers with their axis in the direction of the flow

and disks with their axis in the gradient direction. Both these orientation have

smaller cross-sectional area in the y − z plane available for collisions than orien-

tations in which particles are not aligned. In addition, it may be noted that the

motion of a slender fiber resembles that of a line of dye in the fluid except that

the length of the line of dye increases whereas the fiber length is fixed. Two lines

of dye will not cross because the fluid velocity has a single value at each point

in space. Thus, Jeffery motion induces less collisions than would be expected

in the case of uncoupled rotational and translational motion such as Brownian
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Figure 8 

Figure 2.8: Comparison of fractional collision frequency, f of cylindrical
particles undergoing Jeffery’s rotational motion (◦) and parti-
cles undergoing translational motion (2) without any rotation.

motion.

The ideal collision rate calculations performed in this work neglect hydro-

dynamic and colloidal interactions between the particles. However, in the case

of unstable colloidal spherical particles, it is known that the viscous resistance

to the approach of the particles is largely compensated by their van der Waals

attraction leading to collision efficiencies (ratios of actual to ideal collision rate)
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ranging from about 0.2 to 1 [24, 38]. The ideal collision rate may prove an even

better estimate of the true collision rate for cylindrical particles than for spheres.

Cylindrical particles have sharp corners and many of the collisions detected in

our study are edge-face or edge-side collisions. The sharp corner would mini-

mize the lubrication and colloidal forces acting as the particles approach and so

we may expect collision efficiencies closer to one for cylinders than for smooth

particles. High aspect ratio fibers are known to have weak hydrodynamic in-

teractions; their fluid velocity disturbance is small in proportion to 1/ln(r) and

experience indicates that the prefactor is also small [123].

Figure 2.9 shows the fraction of the collisions which are face-edge, side-edge

and side-side based on the first point of contact at the time of collision. At

low aspect ratio, most collisions are face-edge, the orientation favored by the

flipping-aligned pair of disks which was predicted to dominate the collision

rate. As the aspect ratio of the particle increases, side-side collisions increase

and face-edge collisions decrease. This could be explained on the basis that

increased aspect ratio results in more lateral surface area available for collisions.

As the aspect ratio is increased further, the effect of increased lateral surface

area is balanced by the increase in the tendency of the particles to spend more

time in the direction of flow with their lateral surface area perpendicular to the

flow direction thus decreasing side-side collisions. At higher aspect ratio, the

leading order contribution to the collision frequency comes from one rotating

and one aligned fiber as shown in the asymptotic analysis and these collisions

are predominantly side-edge. Non-rotating particles do not preferentially align

in the direction of flow and hence their fraction of side-side collisions continues

to increase with aspect ratio at all aspect ratios. We expect particles undergoing

uncoupled rotational and translational motion due to other mechanisms to also
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Figure 9 

Figure 2.9: Fraction of the collisions with different orientations based on
the first point of contact for rotating (5) and non- rotating par-
ticles (4).

show a similar behavior.

Collisions between particles influence the average stress in the suspension as

shown by Sundararajakumar and Koch [138] and Lindstrom and Uesaka [102]
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for the case of fibers. Because of the high aspect ratio of the particles and the

sharp edges of cylinders, lubrication forces do not prevent solid-body contacts

from forming. The increased frequency of side-edge collisions at high aspect ra-

tio suggests that the contribution of fiber-fiber contact to the stress will be large.

This is due to the fact that the relative velocity of the center of the cylinders is

substantial, O(γL), for side-edge collisions leading to large contact forces:

Fc ∼
µL(Lγ)

ln(r)
. (2.13)

The average stress resulting from these collisions is then given by :

σcollision = n2 f kspheretcFcrc, (2.14)

where tc = γ−1 is the characteristic time over which the shear flow drives the

particles together and rc is the size of the cluster which for the case of collision

of two fibers is L. Substituting the value of f and ksphere in the above expression

we obtain the following expression for collisional stress,

σcollision ∼
4µγ(nL2d)2

3ln(r)
1
2

(2.15)

The collisional stress will contribute to the shear and normal stresses in the sus-

pension. However, a suspension of purely hydrodynamically interacting fibers

has no normal stress difference, a consequence of the linearity of Stokes flow.

Thus, the effects of the collisional stress can be isolated by examining the first

normal stress difference. In the absence of interparticle friction Lindstrom and

Uesaka [102] found the normal stress difference to scale as (nL2d)2, cf. eqn

(53)[102]. This scaling agrees within a weak logarithmic factor with that ob-

tained above. Sundararajakumar and Koch’s results [138] also indicate that the

normal stress difference grows faster than linearly with nL2d.

For low aspect ratio particles collisions between one flipping and one aligned
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disk predominate, suggesting that again disk-disk contact will make a large con-

tribution to the stress. Using a scaling analysis similar to that discussed above

for fibers, we can estimate the collision stress for a suspension of disks as:

σcollision ∼ n2 f kspheretcFcrc

∼ n2 f
4
3
γd3µd3γ

γ

∼ µγn2red6. (2.16)

D. Effect of orbit distribution on the collision frequency

Before colliding, the cylindrical particles rotate according to Jeffery’s rotational

motion. However, since the orbit constant is not changed by this motion, we

must specify a probability distribution for the particles among the orbits. In

this section, we consider the effect of this distribution by examining cases cor-

responding to all particles with vorticity aligned axes of symmetry (C = 0 or-

bit), all particles with axis of symmetry tumbling in the flow-gradient plane

(C = ∞ orbit), the distribution corresponding to weak Brownian motion (Leal

and Hinch distribution), and that corresponding to isotropic initial orientation

(Jeffery distribution).

The fractional collision frequency, f for particles in the C = 0 orbit can be

calculated analytically using the same approach as Smoluchowski and has been

found to be fC=0 = 3r
2(r2+1)(3/2) . Our simulation results match very well with the

analytical results for C = 0 orbit. The effect of the orbit distribution on collision

frequency is illustrated in Figure 2.10 for particles following Leal and Hinch

orbit distribution, Jeffery orbit distribution and C = ∞ orbit. Here, the frac-

tional collision frequency is normalized using the analytical result for particles

in C = 0. The non-monotonic nature of the plot at moderate aspect ratio can be
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explained based on the fact that the collision frequency in C = 0 orbit depends

only on aspect ratio and is independent of effective aspect ratio whereas for the

other orbit distribution collision frequency depends on both the effective aspect

ratio and the geometric aspect ratio. At all aspect ratios, the fractional collision

frequency for Leal and Hinch orbit distribution and Jeffery orbit distribution are

very close to one another with a maximum difference of 2.5%; this difference is

close to the statistical error of 1% in our studies. This closeness could be due

to the fact that neither the Leal and Hinch nor the Jeffery orbit distribution is

strongly biased towards C = 0 or C = ∞ orbits. It can also be seen that all three

orbit distributions have a higher collision frequency than the C = 0 orbit for

the same aspect ratio, although the scaling at high aspect ratio is very similar

and the scaling at low aspect ratio differs only by a factor of r
re

. In the limit of

high and low aspect ratios, fC=0 reduces to 1.5
r2 and 1.5r respectively. Fibers in the

C = 0 orbit do not flip and we noted in the scaling analysis above that flipping

enhances the collision rate. However, the projection of fibers with C = 0 into the

flow-gradient plane is larger than an aligned fiber in an orbit with C > 0.

The corresponding scaling for orbit distributions dominated by orbits with

C ∼ O(1) is f = O(re) at low aspect ratio and O( 1
rre

) at high aspect ratio, as shown

earlier. Since at high aspect ratio re ∼ O( r
ln(r) ), we expect the collision frequency

for all orbit distributions to scale similarly at high aspect ratio with a maximum

variation of a factor of ln(r) seen between the two extreme orbits C = 0 and

C = ∞. Although the minimum collision frequency is obtained for C = 0 or-

bit distribution for the case of cylinders, it is not clear what orbit distribution

would maximize the collision rate of cylinders. However, it seems likely that

a distribution admitting both many vorticity aligned particles and many parti-

cles with axes in the flow-gradient plane would facilitate collision. In fact, we
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Figure 10 

Figure 2.10: Fractional collision frequency, f of cylindrical particles for dif-
ferent orbit distributions - a) Jeffery orbit distribution (◦), b)
Leal and Hinch orbit distribution (2), and c). C = ∞ (�). f
is normalized by the analytical fractional collision frequency
results for fibers in the C = 0 orbit.

have performed a few simulations with half the particles in C = 0 and half in

C = ∞ and obtained higher collision rates than for any of the four distributions

discussed above.
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2.5 Summary

In this paper, we have determined the ideal collision rate for cylindrical parti-

cles in simple shear flow. The ideal collision rate is the rate at which particles

intercept one another if they follow the motion associated with the imposed

simple shear flow without interacting with one another through hydrodynamic

or colloidal forces. While the calculation of the ideal collision rate for spheres

[146] requires only a simple analytical derivation based on translational motion,

the ideal collision rate of non-spherical particles depends on the way they rotate

in the shear flow in addition to their relative translational motion.

Effective aspect ratio: The rotational motion of a particle is governed by its

effective aspect ratio re, defined as the aspect ratio of a spheroid with the same

period of rotation. We used finite element calculations (COMSOL 3.5) to com-

pute the effective aspect ratio of cylinders with aspect ratios ranging from 0.04

to 50. This is the first computational determination of the effective aspect ratio

for cylinders over a broad range of aspect ratios.The results are in good agree-

ment with the available experimental and analytical results. The asymptotic

scaling of re with r at small aspect ratios is unknown and is an interesting open

question.

Fractional collision frequency for Jeffery orbit distribution: After determining the

nature of the particles’ rotational motion, we used Monte Carlo simulations to

evaluate the collision rate constant. Scaling analyses for low and high aspect ra-

tio particles indicated that the collision rate is dominated by collisions between

one flipping and one flow-aligned particle. The overall collision rate constant

scales as O(Ld2ln(r)γ) and O(red3γ) at high and low aspect ratio, respectively. The
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collision rate for particles of all aspect ratios was found to correlate reasonably

closely with the volume of the particle. The scaling of the collision rate differs

from the volumetric scaling by a logarithmic factor ln(r) at high aspect ratio and

by a factor of re/r at low aspect ratio. Although the simulations performed here

are for cylindrical particles, the scaling arguments at both high and low aspect

ratios would be expected to hold for any axisymmetric particle. The relatively

high relative velocity of flipping and aligned particles leads to a large collisional

stress which scales as (nL2d)2 for r >> 1 and n2red6 for r << 1.

Type of collisions: Collisions were also characterized as side-side, edge-side

and face-edge collisions based on the initial point of contact of the particles. For

high and low aspect ratio particles, most collisions were found to be side-edge

and face-edge, respectively, suggesting that if particles stick at the point of first

contact, the resulting aggregates will be non linear.

Effect of orbit distribution: The orbit distribution was found to have a relatively

weak effect on the collision rate. The Jeffery orbit distribution corresponding to

isotropic initial orientations of non-Brownian particles and the Leal and Hinch

orbit distribution corresponding to weak Brownian motion gave nearly iden-

tical results. Even the extreme distributions with all particles in C = 0 or all

particles in C = ∞ orbits yielded collision rates within 50% of that for the Jeffery

orbit distribution for r = 0.04 to 50.

Limitations: The ideal collision rate calculated here only serves as a reference

and the true rate of collision depends on the detailed hydrodynamic and col-

loidal interactions between the particles. For a more accurate estimate of the

collision rate these interactions should be taken into account. Another limita-

tion of the present work is that the outcome of collisions between particles can-
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not be determined based on it. Solid-body interactions between particles, that

could lead to only transfer of stress[138] or aggregation[26, 107] determine the

outcome of collisions, have not been been studied here.
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CHAPTER 3

ROTATIONAL MOTION OF A THIN AXISYMMETRIC DISK IN A LOW

REYNOLDS NUMBER LINEAR FLOW

Most rigid, torque-free, low-Reynolds number, axisymmetric particles undergo

a time periodic tumbling motion in a simple shear flow, with their axes of sym-

metry following a set of closed Jeffery orbits. We have identified a class of rigid,

ring-like particles whose axes of symmetry instead reach a permanent align-

ment near the velocity gradient direction with the plane of the particle aligning

near the flow-vorticity plane. An asymptotic analysis for small particle aspect

ratio (ratio of length parallel to the axis of symmetry to diameter perpendicular

to the axis) shows that an appropriate asymmetry of the ring cross-section with

a thinner outer edge and thicker inner edge leads to a tendency to rotate in a

direction opposite to the vorticity; this tendency can balance the usual rotation

rate associated with the finite thickness of the particle. Boundary integral com-

putations for finite particle aspect ratios are used to determine the conditions of

aspect ratio and degree of asymmetry that lead to the aligning behavior and the

final orientation of the axis of symmetry of the aligned particles. The aligning

particle follows an equation of motion similar to the Leslie-Erickson equation

for the director of a small molecule nematic liquid crystal. However, whereas

the alignment of the director arises from intermolecular interactions, the ring-

like particle aligns solely due to its intrinsic rotational motion in a low Reynolds

number flow.
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3.1 Introduction

The objective of this study is to understand the rotational motion of thin ax-

isymmetric rigid particles at low Reynolds number in linear flows. The motion

of axisymmetric particles in linear flows can be determined using a single scalar

parameter called the effective aspect ratio, κe. Bretherton [20] derived the fol-

lowing general equation of motion for axisymmetric particles in linear flows:

ṗ = p.Ω +
κ2

e − 1
κ2

e + 1
(p.E − ppp : E), (3.1)

where p is the orientation of the axis of symmetry of the particle and ṗ is the

rate of change of the orientation. Ω and E are the vorticity and the strain tensors

respectively, given by:

E =
1
2

(∇v + ∇vT ), (3.2)

Ω =
1
2

(∇v − ∇vT ), (3.3)

where v is the fluid velocity. For simple shear flow, the time period of rotation,

T , of the particle following the motion described in 3.1 is given by:

T =
2π
γ

(
κe +

1
κe

)
. (3.4)

Here γ is the shear rate. For a spheroid κe = κ where κ, is defined as a ratio of

the thickness (L) of the particle parallel to the axis of symmetry to its diame-

ter (d) perpendicular to the axis of symmetry, and the effective aspect ratio can

be defined as the aspect ratio of a spheroid having the same period of rotation

as that of the particle. Although the effective aspect ratio is independent of

the imposed flow and is only a property of the shape of the particle, to deter-

mine the effective aspect ratio generally two specific flow problems need to be

solved. We consider a single stationary particle of low aspect ratio in simple
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shear flow with its axis of symmetry aligned with the gradient axis (problem A)

and with the flow axis (problem B). The suspending fluid is Newtonian. The

simple shear flow applies a torque on the stationary particle to rotate it about

the vorticity axis. The torque in problem A is small in the limit of small aspect

ratio and controls the scaling of the effective aspect ratio with the aspect ratio.

We determine the scaling of this torque for a family of axisymmetric shapes.

Non-spherical particles of extreme aspect ratio are commonly used to change

the transport properties of fluids [8] and the mechanical and the mass trans-

fer [36] properties of composite materials. Particles with extreme aspect ratios

have a large influence on the properties of a suspension or composite relative

to those of moderate aspect ratio since these properties usually scale with ei-

ther the largest length or the surface area of the particle rather than the particle

volume. Therefore, a small volume fraction of high or low aspect ratio particles

can alter the properties of a suspension significantly. For dilute suspensions, the

change in the properties of the fluid depends on the concentration [43] and the

flow-induced rotational motion [72] of the particles.

The simplest non-spherical particles are axisymmetric particles. Jeffery was

the first to study the rotational motion of axisymmetric particles in simple shear

flow [72] . Jeffery showed that in the absence of inertial effects, a spheroidal par-

ticle’s axis of symmetry rotates in a simple shear flow in a periodic motion with

a period of rotation that depends on the aspect ratio of the particle. Bretherton

later showed that most [129] axisymmetric particles follow the same equation

of motion in simple shear flow as long as an effective aspect ratio, κe, is used in-

stead of the actual aspect ratio. Extensive work has been done since Bretherton

to understand the behavior of long particles [6, 33, 34, 120] , that is the limit of
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large κ. Cox [34] analytically derived the scaling of the effective aspect ratio of

long fibers of different shapes. Cox showed, via an analysis based on the vis-

cous slender-body theory, that the effective aspect ratio of long tapered fibers

is always proportional to the actual aspect ratio with logarithmically small cor-

rections at the second order. The radius of the cross-section of a tapered fiber

decreases to zero smoothly at either end over length scales on the order of the

fiber half-length . For blunt-ended objects, on the other hand, Cox showed that

the effective aspect ratio must be:

κe =
1.24κ

(lnκ)
1
2

, (3.5)

where the prefactor was determined by comparison with experimental results

[2] . For these particles (a finite cylinder being an example), the torque acting

on the particle, when it is aligned in the direction of the flow, is dominated by

forces of O(µγd2) acting over an area of O(d2) at the blunt ends, and is O(µγd2L).

We will see in this work that for thin disk shapes also with sufficiently blunt

edges, the force density at the edge of the particle again creates the leading order

torque on a particle with its long axis parallel to the velocity. Despite our good

understanding of particle motion at large aspect ratio, we have little knowledge

of the motion of thin particles in the limit κ → 0. In this paper, we aim to redress

this lack of knowledge.

Low aspect ratio disk-like particles are encountered in a number of systems

like red blood cells and platelets in blood [29], clay or mica particles in suspen-

sions [73, 105], and gas barrier materials [36] . In a number of previous exper-

imental studies [143, 58, 111] , the motion of a single thin particle was studied

to verify Jeffery and Bretherton’s results at low Reynolds number, and establish

the effective aspect ratio of the particle. Recently, experiments have been per-

formed to understand the rheology of suspensions of hard disks [73, 23] . Most
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of the experimental systems use clay particles as model hard disks. A route to

a fundamental understanding of the behavior of a dilute particle suspensions

is to understand the motion of a single particle which depends on the shape

of the particle. Meng and Higdon [104] used Stokesian dynamics to study the

motion of a planar assembly of spherical particles forming a disk-like shape.

This assembly of spherical particles was then used to understand the rheology

of a concentrated suspension of disk shaped particles (κ > 0.13). Recently, Singh

et al. [128] used finite element simulations to calculate the effective aspect ra-

tio at moderately small aspect ratio (κ > 0.1); these results were then used to

determine the collision rate cylindrical particles in the dilute suspension limit.

Previous experimental and numerical studies fail to predict the scaling of effec-

tive aspect ratio as κ → 0. These studies [2, 58, 57, 128, 104] do show that as the

aspect ratio of a cylinder decreases the ratio of effective aspect ratio to the aspect

ratio grows. This observation raises the question of whether κe/κ will eventually

approach a constant as κ → 0, exhibit a weak logarithmic dependence on κ as in

the case of a fiber, or grow as a stronger algebraic function of 1/κ.

Before embarking on the detailed analysis, it is interesting to consider what

one can say from simple scaling arguments about the period of rotation and the

effective aspect ratio of particles of large (κ >> 1) and small (κ << 1) aspect

ratio. Jeffery’s solution for spheroids indicates that the period of rotation (3.4) is

proportional to κ for κ >> 1 and proportional to κ−1 for κ << 1. This beautifully

symmetric result, where the particle rotation slows down in a similar way as the

particle becomes long and thin or flat and thin, might be thought to suggest that

the factors governing the rotation of the particle are similar at large and small

aspect ratio. We will find that while there are some analogies, the two cases are

very different.
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Cox[34] showed that one can estimate the effective aspect ratio of a particle

in terms of the torque acting on a stationary particle in simple shear flow in two

different orientations. We consider the following two orientations of the particle

(figure 3.1) for this work: (i) the axis of the particle is in the gradient direction

(orientation A) and (ii) the axis of the particle is in the flow direction (orientation

B). In both these orientations the torque acting on the stationary particle must

by symmetry be in the vorticity direction. Using Jeffery’s equation of motion,

Cox [34] obtained the following relationship for effective aspect ratio,

κe =

(
GA

GB

) 1
2

, (3.6)

where GA and GB are the torques acting on the particle in orientation A and B

respectively. When a particle’s long axis is parallel to the gradient direction,

it experiences variations of velocity on the order of the largest length, so that

we may expect its dimensional torque to scale with the large dimension: GA =

O(µγL3) for κ >> 1 and GB = O(µγd3) for κ << 1. We will see in section VA

that this scaling argument for the torque on a thin disk is correct and that GB =

−(32/3)µγd3 independent of the detailed variation of its thickness with radial

position. Cox showed that the aforementioned estimate for the torque on a high

aspect ratio particle in orientation A is correct to within a logarithmic factor

that might be expected to arise from matching the inner and outer solutions for

the fluid velocity in a slender-body theory. Thus, GA = O(µγL3/ ln κ) for κ � 1.

When the particle is aligned with its long axis in the flow direction, it makes a

relatively small disturbance to the fluid flow so that we might expect the stress

f to be predominantly in the x direction with fx = O(µγ). In a high aspect ratio

particle, this stress acts with an O(d) moment arm over an O(dL) area, so that we

might expect from this simple argument that GB = O(µγd2L). Cox again showed

that this estimate is correct to within a logarithmic factor so that κe = O(κ) for
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tapered and κe = O(κ/(ln κ)(1/2)) for blunt slender fibers. For a low aspect ratio

particle, for orientation A, the stress acts with an O(L) moment arm over an area

of O(d2), so that the simple argument yields GA = O(µγd2L) and an effective

aspect ratio of κe = κ
1
2 . Clearly this simple argument does not correctly predict

the effective aspect ratio of a disk-like spheroid for which κe = κ. Thus, the

naive argument that does not account for the shape of the particle in defining

the leading order scaling is not sufficient to give the right order of torque for thin

disks. We will see that the supposition that the leading order stress is fx = O(µγ)

is correct. However, the leading order y stress, fy = O(µγκ) will be seen to yield

a torque that exactly cancels that due to the leading order x stress. It is then

necessary to consider higher order corrections to the stresses in the outer region

covering most of the disk and/or the stresses in a boundary layer near the edge

of the particle to find the leading order torque and the effective aspect ratio for a

this disk. We will find that this leads to an effective aspect ratio that is sensitive

to the details of the particle shape.

The family of axisymmetric shapes with fore-aft symmetry considered in this

work is given by:

y(ρ) = κl(ρ) = κ(1 − ρ2)α. (3.7)

Here polar coordinates are used with ρ = (x2 + z2)
1
2 as the radial coordinate in

the x − z plane with the center of the coordinate axis coinciding with the center

of the particle, y(ρ) is half the thickness of the particle at ρ, κ is equal to half the

thickness of the particle at ρ = 0, and α is a non-negative parameter. By varying

α, a number of shapes are obtained as shown in figure 3.2. In particular, for α =

1
2 , 3.7 represents the shape of a spheroidal disk and for α → 0 it represents the

shape of a cylindrical disk. As α gets smaller, the particle becomes more blunt

around the edges. For α > 1 the slope of the particle over the entire surface in
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Figure 3.1: Schematic of forces acting on: a) An axisymmetric thin parti-
cle oriented with its axis of symmetry in the gradient direction
(Orientation A) and b) An axisymmetric thin particle oriented
with its axis of symmetry in the flow direction (Orientation B).
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the radial direction is O(κ). As will be shown later, the change in the slope of the

particle as ρ → 1 for different values of α, is an important factor in determining

the rotational motion of the particle.

In this work, we use the integral formulation of Stokes equation as a starting

point to calculate the stresses acting on the surface of a stationary particle. The

stresses are then used to calculate the torque acting on the particle. From the

torque, using 3.6, the effective aspect ratio as a function of aspect ratio of the

particle is calculated. In section II, to set the context for the problem, we present

some classical results describing the motion of axisymmetric particles and then

introduce the governing equations for the present problem. Section III describes

the general boundary element method and the details of the method pertinent

to the present problem. In section IV, we perform a matched asymptotic analy-

sis to obtain the stresses acting on the particle. The analytical description based

on the distance from the edge of the particle and its geometry calls for dividing

the surface into two regions, an outer region away from the edge and a bound-

ary layer region close to the edge of the particle. The torque contribution from

both these regions of interest is calculated separately. In section V, we present

our BEM simulation results along with a comparison with the analytical results

obtained in section IV. Finally in section VI, we summarize all our results along

with a discussion of the role of the effective aspect ratio in the rheology of thin

particles.
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α=2 
α=1/2 

α=1/4 
α=0.001 

Figure 3.2: Different shapes given by y = ±κ(1 − ρ2)α for α = 10−3 (red),
α = 1/4 (blue), α = 1/2 (green), and α = 2 (cyan) for α = 1/2.
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3.2 Problem Formulation

The simplest possible flow in fluid mechanics is a steady uniform flow. When

an axisymmetric particle is suspended in uniform flow, it undergoes translation

motion based on its shape and orientation without undergoing any rotational

[16] motion. In practice, most fluid flows are non-uniform in nature. A Taylor

series expansion of any non-uniform flow can be written as a sum of a uniform,

a linear, a quadratic and other higher order flows. When the particle size is

small, one can approximate the flow as a combination of uniform and linear

flows. The velocity gradient of a linear flow causes the particle to rotate about

its center. In theory, any linear flow can be used to calculate the effective aspect

ratio of an axisymmetric particle using Jeffery’s [72, 20] theory. We use simple

shear flow because in simple shear flow the torque in orientation A approaches

zero as κ → 0 while the torque in orientation B is still O(1), this isolates the

torque in orientation A which can be used to calculate the small non-zero κe.

For other flows κe will depend on a small difference between the torques in the

two orientations which will be harder to detect. The simple shear flow used in

this work in a Cartesian coordinate system is given by (figure 3.3 (a)):

vx = y, vy = 0, vz = 0, (3.8)

where all the length scales are non-dimensionalized using the radius (R = d/2)

of the particle and the time scales are non-dimensionalized using the shear rate,

γ of simple shear flow. In the rest of the paper, we non-dimensionalize all length

scales using R, time by 1/γ, velocities by γR, and stresses by µγ.

The motion of axisymmetric particles in simple shear flow has been studied

for over 100 years now. Einstein [43] was the first to use the motion of a sphere

in simple shear flow to predict the viscosity of a dilute suspension of spheres.
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Figure 3.3: (a) Spherical coordinate system for a particle centered at the
origin and subjected to a simple shear flow in the x-y plane.
(b) Jeffery’s orbits for various orbit constants for aspect ratio
of 0.1. At small aspect ratios, the particle’s axis of symmetry
moves towards the gradient direction when approaching the
gradient-vorticity plane and at high aspect ratio the particle’s
axis tends to move towards the flow direction when approach-
ing the flow-vorticity plane.
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The next level of complexity was added by changing the shape from spherical

to spheroidal (ellipsoid with two equal semi-diameters). Jeffery [72] studied

the motion of spheroidal particles in simple shear flow. Jeffery showed that in

simple shear flow a spheroid translates with the undisturbed fluid velocity at

its center and rotates in a periodic motion in closed orbits (Figure 3.3 (b)). The

equation of motion of the axis of symmetry of the particle is given by:

tan(θ) =
Cκ

(κ2 cos2 φ + sin2 φ)
1
2

, (3.9)

tan(φ) = κ tan(
t

κ + κ−1 + k), (3.10)

where θ is the angle of the particle orientation relative to the vorticity direction

and φ is the angle of the projection of the particle orientation into the flow-

gradient plane relative to the velocity gradient direction. Here, k is the phase

angle and C the orbit constant, both of which depend only on the initial orienta-

tion of the particle for non-Brownian particles in Newtonian fluid. Figure 3.2 (b)

shows the trajectory of a particle’s axis of symmetry with aspect ratio, κ = 0.1.

As noted in the introduction, Bretherton [20] later showed that most axisym-

metric particles follow the same equation of rotational motion (3.1) as spheroids

as long as the effective aspect ratio (κe) of the particles is used instead of the

actual aspect ratio. In 3.1, the vorticity component of the flow causes solid body

rotation of the particle and is independent of the shape of the particle. On the

other hand, the extensional component of the flow tries to align the axis of sym-

metry of the particle along the extensional axis for fibers and along the compres-

sional axis for thin disks. Unlike the rotational component of flow, the response

of a particle to extensional component of flow depends on the shape (or effective

aspect ratio) of the particle.

The general equation of rotational motion (3.1) can be used to determine the
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motion of an axisymmetric particle as long as the effective aspect ratio of the

particle is known. For a given external flow if one solves for the instantaneous

angular velocity of the particle in a given orientation, using 3.1, the effective

aspect ratio of the particle can be determined. Alternatively, Cox [34] showed

using Jeffery’s solution that the effective aspect ratio for any axisymmetric body

can be determined based on the torques acting on the particle when it is held

stationary in two different orientations in simple shear flow (3.6). We chose

the alternate approach proposed by Cox [34] for this work since it depends on

the torque acting on the particle which can be directly deduced from the force

densities acting on the particle. As noted earlier, the nondimensional torque

(GB = −32/3) acting on the particle when it is oriented with its axis in the direc-

tion of flow is O(1). Thus, 3.6 reduces to:

κe =

(
−3GA

32

) 1
2

, (3.11)

where GA now is the non-dimensional torque. Thus to determine the effective

aspect ratio of a particle with κ � 1, one needs to solve only for the stresses on

the surface of the particle when it is stationary with its axis in gradient direction

and then deduce the torque trying to rotate the particle.

Stokes equations can be used to solve for the disturbance velocity field

around a particle in an external flow at low Reynolds number. The disturbance

field can then be used to calculate the stresses on the surface of the particle. Al-

ternatively, one can use the integral equation formulation of Stokes equation to

directly solve for the stresses acting on the surface of the particle. These integral

equations are used as the starting point for both the boundary element method

and the asymptotic analysis performed in this work. The general integral rep-

resentation of the creeping-flow problem was obtained by Ladyzhenskaya [89].

For the case of flow around rigid boundaries, the simplified integral equations
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[81] of the creeping-flow problem can be written as:

v(r) = u(r) +

∫
S
J(r− r′).f(r′)dS ′ (3.12)

where r and r′ are the position vectors in space, S represents the boundary of

the flow domain, dS ′ indicates integration over S with respect to the point r′,

v is the velocity on the boundary, u is the undisturbed fluid velocity (simple

shear here) in the absence of the boundary, f is the unknown surface stress

and J is the Green’s function. Here the integral term on the right hand side

represents the velocity disturbance field at r created by the stresses acting on

the fluid due to the surface of the particle at r′. The surface stresses acting

on the particle are equal and opposite in direction to the stresses acting on the

fluid. The integration is performed on the surface of the particle. Using the

integral equation approach, one can directly calculate stresses acting on the two

dimensional boundary without solving for the entire disturbance field in the

infinite three dimensional domain. Here the surface stress is given by:

fi = σi jn j (3.13)

where σi j is the total stress tensor and n j is the inward normal vector to the

particle. For the Stokes problem, J is given by:

Ji j =
1

8π

(
δi j

r
+

rir j

r3

)
. (3.14)

Using the symmetry of the shape and orientation (A) of the particle and the anti-

symmetry of the flow about the polar plane (ρ− θ), one can write the stresses on

the surface of the particle as:

fx(ρ,+y(ρ)) = − fx(ρ,−y(ρ))

fy(ρ,+y(ρ)) = fy(ρ,−y(ρ))

fz(ρ,+y(ρ)) = − fz(ρ,−y(ρ)) (3.15)
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For both the analysis and the numerical simulation, fz is considered to be zero

as the contribution of the leading order fz to the disturbance field and hence the

stresses in the x and y direction is less than O(κ2) (shown in appendix A.1.). We

will see later that the stresses responsible for the leading order torque, GA are

greater or equal to O(κ2) thus justifying the neglect of fz. Using the above results

and neglecting fz, the integral equation on the surface of a stationary disk can

then be written in polar coordinates as:

0 = δixκl(ρ)

+

∫
S

dS ′[Jix(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) − Jix(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fx(ρ′)

+

∫
S

dS ′[Jiy(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) + Jiy(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fy(ρ′)

= δixκl(ρ) + Iix + Iiy (3.16)

where ρ and ρ′ are radial position vectors in the x − z plane, S now only repre-

sents the top (+y) surface of the particle, and ey is a unit vector in the y direction.

The integral terms in the above equation now represent the disturbance field

due to a pair of forces per unit area separated by the thickness of the particle

at ρ′ with the first term being a force dipole per unit area due to the x stresses

and the second being y forces of the same sign. In the next section, boundary

element method simulations as applied to the present problem are described.

3.3 Numerical Simulations

In order to exactly determine the forces and hence torques acting on the parti-

cle, we use boundary element method simulations (BEM)[151] for particles at

low aspect ratio. We use 3.16 as the starting point for the simulations to be per-

formed in this work. The unknowns in the equation are the stresses, fx(ρ) and
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fy(ρ) acting on the surface. The surface of the particle in BEM is discretized into

small elements and the integral equation is then reduced to a system of linear al-

gebraic equations with the unknown stress on each element of the surface being

a constant over the entire element. The system of linear algebraic equations can

then be solved by using any of the traditional schemes like Gauss elimination

or matrix inversion. In this section, we now show how the numerical scheme

was set up.

In BEM, integral equations are solved over the surface (two-dimensional) of

the particle. For our case, the computational efforts can be greatly reduced if one

can determine the dependence of the stress on the azimuthal (θ) angle. In that

case, the integral involved in 3.16 can be analytically integrated in the azimuthal

direction. Given the axisymmetry and the fore-aft symmetry of the particles we

are studying, anti-symmetry of the external flow about the x − z plane and the

orientation (figure 3.1 (a)) of the particle with respect to the external flow, one

can determine that the dependence of the stress on the θ direction should be the

same for all shapes considered here. Using the finite element software package

Comsol, we have determined the following functional dependence of stresses

on θ:

fx(ρ) = f1(ρ)

fy(ρ) = f2(ρ) cos θ (3.17)

We performed the finite element Comsol simulations in a manner similar to

the ones described in Singh et al [128] for determining effective aspect ratio of

cylindrical disks. In addition to cylindrical disks, we have also performed finite

element Comsol simulations for the case of spheroidal, and symmetrical double

cone (two cones of same dimensions joined at their circular bases) shaped par-
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ticles to verify the dependence of stress on θ. Asymptotic analysis is carried out

later in this work where we show that fx(ρ) to O(κ) and fy(ρ) to O(κ2) also agree

with the above functional dependence of stresses on θ.

Using the above dependence of stresses on θ, the governing integral equation

(3.16) can be reduced to the following equations with f1(ρ) and f2(ρ) from 3.17

being the unknowns now:

−y =

∫ 1

0
ρ′ds′dθ′( f1(ρ′))

[ 1

(ρ′′2 + (y(ρ) − y′(ρ′))2)
1
2

+
(ρ cos θ − ρ′ cos θ′)2

(ρ′′2 + (y(ρ) − y′(ρ′))2)
3
2

−
1

(ρ′′2 + (y(ρ) + y′(ρ′))2)
1
2

−
(ρ cos θ − ρ′ cos θ′)2

(ρ′′2 + (y(ρ) + y′(ρ′))2)
3
2

]
+

∫ 1

0
ρ′ds′dθ′ f2(ρ′) cos(θ′)

[ (ρ cos θ − ρ′ cos θ′)(y(ρ) − y′(ρ′))

(ρ′′2 + (y(ρ) − y′(ρ′))2)
3
2

+
(ρ cos θ − ρ′ cos θ′)(y(ρ) + y′(ρ′))

(ρ′′2 + (y(ρ) + y′(ρ′))2)
3
2

]
(3.18)

0 =

∫ 1

0
ρ′ds′dθ′ f1(ρ′)

[ (ρ cos θ − ρ′ cos θ′)(y(ρ) − y′(ρ′))

(ρ′′2 + (y(ρ) − y′(ρ′))2)
3
2

−
(ρ cos θ − ρ′ cos θ′)(y(ρ) + y′(ρ′))

(ρ′′2 + (y(ρ) + y′(ρ′))2)
3
2

]
+

∫ 1

0
ρ′ds′dθ′ f2(ρ′) cos(θ′)

[ 1

(ρ′′2 + (y(ρ) − y′(ρ′))2)
1
2

+
(y(ρ) − y′(ρ′))2

(ρ′′2 + (y(ρ) − y′(ρ′))2)
3
2

+
1

(ρ′′2 + (y(ρ) − y′(ρ′))2)
1
2

+
(y(ρ) + y′(ρ′))2

(ρ′′2 + (y(ρ) + y′(ρ′))2)
3
2

]
(3.19)

where ρ′′ = (ρ2 + ρ′2 − 2ρρ′ cos θ′′)
1
2 is the distance between the two points ρ and

ρ′ in the x − z plane, θ′′ = θ − θ′, and ds′ = dρ′
[
1 +

(
κ dl(ρ′)

dρ′

)2
]1/2

is the arc-length

of a small element on the surface. Since the unknowns stresses ( f1(ρ′), f2(ρ′)) in

the above 4.51 and 4.52 are now independent of θ′, these equations can be inte-

grated analytically along the azimuthal direction, resulting in complete elliptic

integrals. The resulting integrals are shown in the appendix A.2. The remaining
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problem is then reduced to integration over any of the cross-sectional curves of

the surface in y − ρ planes with constant θ. We use the curve at θ = 0 for our

simulations.

For the one dimensional integration performed over the curve on the surface

of the particle, the curve is divided into N elements. For α < 1, the stresses on

the surface of the particle vary rapidly close to the edge of the particle over a

region of O(κ
1

1−α ) and slowly away from the edge of the particle over an O(1)

region. The rapid variation of the stress close to the edge and the length scale

involved with it was determined from the asymptotic analysis and is discussed

in detail in section IV. For the purpose of numerics, it is important to understand

that there are two different length scales involved and the size of the boundary

elements also need to have two length scales to perform numerical integration

appropriately. Since the boundary layer thickness is small (∼O(κ1/(1−α))), the size

of the elements in the boundary layer (closed to the edge) needs to be very small

compared to the size of the elements in the outer region (away from the edge).

The size of the largest element was maintained as dsl = 0.001 while the smallest

element within the boundary layer was dss = 0.001κ
1

1−α . The transition from the

very small length scale in the boundary region to the larger element size in the

outer region is achieved by increasing the size of the element at each step using

a geometric progression. Since close to the edge, the variation along the radial

direction is much smaller compared to variation in the y direction for α < 1, arc

length is discretized instead of the radial coordinate. At each step the size of the

element is then given by:

dsi+1 =
1

1
dsl

+ 1
(dssβi)

(3.20)

where β is a number slightly larger than 1. For the simulation results that we

present β = 1.02 is used. Tests of accuracy showed that changing the value
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of β from 1.02 to 1.01 and β = 1.03 changes the torque by less than 0.1% for a

spheroid with κ = 0.01. Since the integral equations to be solved are based on

the coordinates of the element in the cylindrical coordinate system (4.51,4.52),

we need to determine the coordinates (ρ, y) of each element on the curve. To

determine the coordinates of the element, at each step we calculate dρ and dy

corresponding to the size (ds) of the element and the slope:

dρi = dsi/(1 + m2
i−1)

1
2 (3.21)

dyi = dsi/(1 + 1/m2
i−1)

1
2

where mi is the slope of the ith element given by:

mi =
dyi

dρi
=


2ακ

1
α

y
1−α
α

i

if mi−1 > 10

2ακρi
l(ρi)1−α if mi−1 < 10

(3.22)

Here, two different relations for the slope are used to avoid round-off error as

ρ→ 1. In figure 3.4, we present the variation of the size of the boundary element

as a function of radial position for α = 1/2 and κ = 0.001. The size of the element

at ρ = 0 is adjusted to make sure that one end of the last element lies at ρ = 0.

For α > 1, since the slope at the edge is O(κ), the surface can be discretized in

radial coordinates with a constant element size of dρl = 0.001.

For α = 0, there is a sharp corner at y = κ and ρ = 1. The sharp corner leads to

a singular velocity gradient, pressure and stress near the edge but this singular

stress does not contribute to the net torque. To properly resolve the corner of the

particle a range of discretizations of elements near the corner is used. At ρ = 1,

element size of κ/h (h = 20, 50, 100, 200, and 500) is used and on the flat surface

(y = κ) element size given by 3.20 is used with the smallest element being κ/h.

For the range of h used, the torque is found to change by less than 0.3%.
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Figure 3.4: (a) Size of the ith element as given by 3.20 and (b) size of the
elements as a function of the radial coordinate for ρ = 1/2 and
κ = 0.001. The size of the last element is adjusted to make sure
that one of its ends lies at ρ = 1.
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4.51 and 4.52 are evaluated for ρ at the center of each of the N elements.

Since the stress is considered constant within each element, these can be written

as summation equations after carrying out the analytical integration in the θ

direction as shown in appendix A.2. Each element is locally divided into Nsmall

subelements. Nsmall = 20 is used when the element being integrated does not

include the point ρ. When the element includes ρ, Nsmall = 200 is used for α < 1.

For α > 1, to resolve the influence of the element containing ρ, the numerical

integration needs to be performed more carefully. This is because the size of

the element ( O(κ)) is much larger compared to the thickness of the particle as

ρ → 1. The element dρ is divided into subelements (dξ) of using a geometric

progression in the following manner:

dξk+1 = βkdξ1 (3.23)

where dξ1 =
κl(ρ)
1000 and is the first subelement adjacent to ρ. The size of the last

node is adjusted to make sure its end lies at ρ + dρ/2. It should be noted here

that in the limit ρ → ρ′, the integrands in 4.51 and 4.52 are singular for all α.

Analytical integration is performed to remove the singularities in this limit. The

details of the analytical integration are given in the appendix A.2.

For N elements, the total number of unknown stress variables is 2N, two

unknown stress variables for each element. The number of equations is also 2N.

The 2N linear equations are then solved for the 2N stress variables by matrix

inversion. The resultant torque acting on the particle is calculated from the f1

and f2 stress variables using the following equation:

GA =

∫
S

dS (y f1 − ρ cos2 θ f2) (3.24)

= 2
N∑

i=1

ρidsi(2πyi f1i − πρi f2i)
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where f1i and f2i are the stresses in 3.17 acting over the element i. The factor

of 2 in the above equation accounts for the torque acting on the −y half of the

particle which by the antisymmetry of the flow about the x−z plane and the fore-

aft symmetry of the particle is equal in magnitude and direction to the torque

acting in the +y half of the particle.

3.4 Asymptotic Analysis for small κ

In the introduction, we showed using a simple scaling argument that the non-

dimensionalized torque acting on a thin disk when its axis is parallel to the flow

direction is O(1). Using this argument, the scaling of the effective aspect ratio

reduces to 3.11. When the particle is oriented with its axis in the gradient di-

rection, we found that simple scaling arguments do not yield the correct order

of the torque. In this section, we analytically solve for the stresses acting on

the surface of the particle when its axis of symmetry is in the gradient direc-

tion (orientation A). Using these stresses, we determine the torque acting on the

particle.

The integral representation of Stokes flow is used as the starting point of the

analysis. In the limit κ → 0, the surface of the disk can be divided into two

regions: (i) The outer region where the surface is almost flat and the distance

from the edge is greater than the local thickness, that is 1 − ρ > O(κ(1 − ρ2)α) . In

this region, the problem can be treated as a regular perturbation problem. (ii)

The inner region (boundary layer) exists close to the edge of the surface where

the distance from the edge is of the same order as the thickness of the particle,

that is 1−ρ ∼ O(κ(1−ρ2)α). The thickness of the boundary layer is 1−ρ ∼ O(κ
1

1−α ).
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Based on the geometry of the particle, the inner region corresponds to the region

where the slope of the particle is O(1), which occurs only for shapes with α < 1.

The rest of the analysis is divided into three parts. In the first part, we present

analytical expressions for fx and fy stresses to the leading order and show that

the torque due to the leading order stresses is zero. Then we obtain an integral

equation for stresses in the outer region at the next order yielding the leading

order contribution of the outer region to the torque. In the second part, we de-

termine the size of the boundary layer and scaling of the leading order stresses

acting in the boundary layer. Finally, the torque due to the stresses acting in the

matching region between the inner and outer regions is calculated.

3.4.1 Torque from the outer region

In this sub-section, the leading order torque acting on the particle in the outer

region is determined by solving for the stress acting on the particle . The torque

from the leading order stresses (O(1) for fx and O(κ) for fy) turns out to be zero

for thin axisymmetric particles and so we retain stresses up to (O(κ) for fx and

O(κ2) for fy) that are responsible for the first non-zero torque on the particle.

In the limit κ → 0, the asymptotic expansion of the stresses acting on the

surface of the particle and the overall torque in the vorticity direction can be

represented by the following series:

fx(ρ) = f (0)
x (ρ) + f (1)

x (ρ)κ + . . . . . .

fy(ρ) = f (1)
y (ρ)κ + f (2)

y (ρ)κ2 + . . . . . .

GA = G(1)
A κ + G(2)

A κ
2 + . . . . . . , (3.25)
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where the superscripts represent the order of the force with respect to κ. We note

here that when the disk is infinitely thin, the disturbance flow is negligible and

with the original flow in the x− direction, a force-density in the x− direction is

sufficient to satisfy the no-slip boundary condition on the surface of the particle.

As a result, the leading order force in the y−direction can only be O(κ). Since the

moment arm for fx is O(κ) smaller than the moment arm for fy, the contributions

to the torque by fx and fy are of the same order. The stress in the z direction, fz to

the leading order is less than O(κ) (appendix A.1); fz at O(κ2) could drive a stress

in the x and y direction at O(κ3), since we will restrict ourselves to fx at O(κ) and

fy at O(κ2) hence we do not need to consider fz for our analysis.

Beginning with the velocity field in the x-direction (i = x) and the boundary

condition vx = 0 on the surface, 3.16 reduces to:

−κl(ρ) = Ixx + Ixy (3.26)

To obtain the leading order solution for the stress, the above equation needs

to be solved to O(κ) since the driving term on the left hand side is O(κ). The

integrals Ixx and Ixy are the disturbance velocity fields in the x direction due to fx

and fy stresses respectively. Here Ixx is the disturbance field due to a distribution

of force dipoles per unit area where each force dipole consists of two forces

of equal magnitude and opposite direction separated by the thickness of the

particle with one force acting on the +y half of the surface and the other acting

on the −y half of the surface. Ixx can be written as:

Ixx =

∫
S

dS ′[Jxx(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) − Jxx(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fx(ρ′)

(3.27)

The above integral has a singularity at ρ = ρ′. In the limit κ → 0, the integrals

can be divided into two parts: |ρ − ρ′| ∼ O(κ) and |ρ − ρ′| > O(κ). In the region
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where |ρ − ρ′| ∼ O(κ), the radial distance between the points ρ and ρ′ is of the

same order as the thickness of the particle. In the second region where |ρ−ρ′| >

O(κ), the thickness of the particle is smaller than the distance between the two

points on the particle in the x− z plane. In the region, where |ρ−ρ′| = ρ′′ ∼ O(κ),

one can write to the leading order l(ρ) = l(ρ′) and fx(ρ′) = fx(ρ). Rewriting Ixx as:

Ixx =

∫
S

dS ′{[Jxx(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) − Jxx(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fx(ρ′)

− [Jxx(ρ − ρ′) − Jxx(ρ − ρ′ + ey2κl(ρ))] fx(ρ)}

+

∫
S

dS ′[Jxx(ρ − ρ′) − Jxx(ρ − ρ′ + ey2κl(ρ))] fx(ρ)

= I∗xx + I∗∗xx (3.28)

yields an integral, I∗xx, whose dominant contribution comes from |ρ − ρ′| > O(κ)

and another integral, I∗∗xx, whose dominant contribution comes from |ρ − ρ′| ∼

O(κ). For |ρ−ρ′| = ρ′′ > O(κ), one can Taylor expand the Green function involved

in Ixx as:

Jxx(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) = Jxx(ρ − ρ′) + κ(l(ρ′) − l(ρ))
∂Jxx(ρ − ρ′)

∂y
+ O(κ2)

(3.29)

Using the Taylor series expansion of the Green’s function in I∗xx to O(κ), when

|ρ − ρ′| ∼ O(1), we get

I∗xx =

∫
S

dS ′
([
−2κl(ρ)

∂Jxx(ρ − ρ′)
∂y

]
( fx(ρ′) − fx(ρ))

)
+ O(κ2)

=

∫
S

dS ′
−2κl(ρ)

��
���

���
��:0(

−
y
ρ′′3
−

3x2y
ρ′′5

)
y=0

 ( fx(ρ′) − fx(ρ))

 + O(κ2)

= O(κ2) (3.30)

We now account for the ρ′′ ∼ O(κ) contribution in the integral I∗∗xx. When ρ′′ ∼

O(κ), we move the center of the coordinate system to the point of interest ρ. A

differential area, with ρ being the center of the coordinate system, can be written
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as dS ′ = ρ′′dρ′′dθ′′. Here we neglect the slope of the particle when defining

the arc length, ds′′ = dρ′′[1 + (κ dl(ρ′′)
dρ′′ )2]1/2 = dρ′′ + O(κ2), i.e. to O(κ), the arc

length is equal to the distance between the two points in the x− z plane. Scaling

the distance in this coordinate system with κ and defining another variable as

ρ∗ =
ρ′′

κ
, we can write I∗∗xx as:

I∗∗xx =
κ fx(ρ)

8π

∫ ∞

0
ρ∗dρ∗

∫ 2π

0

[ 1
ρ∗
−

1
(ρ∗2 + 4l2(ρ))1/2

+
ρ∗2 cos2 θ

′′

ρ∗3
−

ρ∗2 cos2 θ
′′

(ρ∗2 + 4l2(ρ))3/2

]
dθ′′ + O(κ2) (3.31)

In terms of the scaled variable ρ∗, the distance from the center of the coordinate

system to the edge of the disk is O( 1
κ
) → ∞, so that the upper limit of the above

integral in ρ∗ variable can be set to ∞. The integrand in 3.31 has an integrable

singularity. Angular integration of 3.31 gives:

I∗∗xx =
κ fx(ρ)

4

∫ ∞

0
ρ∗dρ∗

[
3

2ρ∗
−

1
(ρ∗2 + 4l2(ρ))1/2

−
ρ∗2

2(ρ∗2 + 4l2(ρ))3/2

]
+ O(κ2)

= fx(ρ)(κl(ρ) + O(κ2)) (3.32)

Adding contributions to Ixx from the two regions, ρ′′ > O(κ) and ρ′′ ∼ O(κ) ,

we get from 3.30 and 3.32:

Ixx = fx(ρ)(κl(ρ) + O(κ2)) (3.33)

It should be noted here that only the region ρ′′ ∼ O(κ) contributes to Ixx at O(κ).

Thus, the leading order disturbance field generated in the x direction due to fx

surface stress is a resultant of forces acting in a small region of O(κ) around the

point of interest, ρ.

Now, we do a similar analysis for the Ixy integral. Unlike Ixx, Ixy represents

a disturbance field due to two stresses of equal magnitude acting in the same
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direction, where one stress is acting on the +y half of the surface and the other

stress is acting on the −y half of the surface. Ixy can be written as:

Ixy =

∫
S

dS ′[Jxy(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) + Jxy(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fy(ρ′)

(3.34)

In the limit when κ → 0, it is once again useful to divide the integral into two

parts:

Ixy =

∫
S

dS ′([Jxy(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) + Jxy(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fy(ρ′)

− [Jxy(ρ − ρ′) + Jxy(ρ − ρ′ + ey2κ(l(ρ)))] fy(ρ))

+

∫
S

dS ′[Jxy(ρ − ρ′) + Jxy(ρ − ρ′ + ey2κ(l(ρ)))] fy(ρ)

= I∗xy + I∗∗xy (3.35)

where the dominant contribution to I∗xy comes from |ρ − ρ′| > O(κ) and the dom-

inant contribution to I∗∗xy comes from |ρ − ρ′| ∼ O(κ). For |ρ − ρ′| > O(κ), one can

Taylor expand the Green function involved in Ixy as:

Jxy(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) =���
���:

0
Jxy(ρ − ρ′) + κ(l(ρ) − l(ρ′))

∂Jxy(ρ − ρ′)
∂y

+ O(κ2)

(3.36)

where, Jxy(ρ − ρ′) =
ρ′ cos θ′y
ρ′′3
|y=0 = 0. Using the Taylor series expansion of the

Green’s function, Jxy, in I∗xy when |ρ − ρ′| = ρ′′ ∼ O(1), we get

I∗xy =

∫
S

dS ′[2κl(ρ)
∂Jxy(ρ − ρ′)

∂y
fy(ρ′) − 2κl(ρ)

∂Jxy(ρ − ρ′)
∂y

fy(ρ)]

=

∫
S

dS ′2κl(ρ) fy(ρ′)
[
cos θ′′

8πρ′′2
+ O(κ)

]
− fy(ρ)

∫
ρ′′dρ′′2κl(ρ)

∫ 2π

0
dθ′′

[
cos θ′′

8πρ′′2
+ O(κ)

]
=

∫
S

dS ′2κl(ρ) fy(ρ′)
[
cos θ′′

8πρ′′2

]
+ O(κ3) (3.37)
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Using |ρ − ρ′| = ρ′′ ∼ O(κ) in I∗∗xy , we get

I∗∗xy =

∫
S

dS ′2κl(ρ) fy(ρ)(
ρ′′ cos θ′′

ρ′′3
−
ρ′′ cos θ′′y2

ρ′′5
)|y=0

= 2κl(ρ) fy(ρ)
∫ ρ−1

ρ

ρ′′dρ′′
ρ′′

ρ′′3

∫ 2π

0
dθ′′ cos θ′′ + O(κ3)

= O(κ3) (3.38)

Combining results from 3.37 and 3.38, the complete Ixy is given by:

Ixy =

∫
S

dS ′2κl(ρ) fy(ρ′)
cos θ′′

8πρ′′2
+ O(κ3) (3.39)

Combining 3.26, 3.33, and 3.39, one can write the velocity field balance in the x

direction as:

−κl(ρ) = fx(ρ)(κl(ρ) + O(κ2)) +

∫
S

dS ′2κl(ρ) fy(ρ′)
cos θ′′

8πρ′′2
+ O(κ3) (3.40)

We now use the velocity boundary condition in the y direction. To solve for the

leading order force in the y direction, we again start with 3.16 for i = y with the

boundary condition vy = 0 on the surface of the particle. 3.16 can then be written

as:

vy = 0 = Iyx + Iyy (3.41)

The integrals Iyx and Iyy are the disturbance velocity fields in the y direction due

to fx and fy stresses respectively. Like Ixx, Iyx is a disturbance field induced by

a distribution of stress dipole terms whereas Iyy like Ixy is induced by a pair of

stress distributions acting in the same direction. The undisturbed external ve-

locity field in the y direction on the surface of the particle is zero, hence unlike

the integral equation in x direction there is no external driving term here to

drive a surface stress in the y direction. The driving term for the fy stress comes
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from the disturbance fields in the y direction, which are induced by the fx stress

(Iyx term). As we have seen earlier, fx stress is originally driven by the exter-

nally imposed simple shear flow. The disturbance field, Iyy, due to the stress fy

then cancels the disturbance field, Iyx, due to fx, to satisfy the no slip boundary

condition in the y direction.

The disturbance field due to the stress fx, Iyx is given by:

Iyx =

∫
S

dS ′[Jyx(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) − Jyx(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fx(ρ′)

(3.42)

Again we divide the integral into two parts dominated by |ρ − ρ′| ∼ O(κ) and

|ρ − ρ′| > O(κ). In the region, where |ρ − ρ′| = ρ′′ ∼ O(κ), one can write to the

leading order l(ρ) = l(ρ′) and fx(ρ′) = fx(ρ). Rewriting Iyx to take account of these

two regions, we have

Iyx =

∫
S

dS ′([Jyx(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) − Jyx(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fx(ρ′)

− [Jyx(ρ − ρ′) − Jyx(ρ − ρ′ + ey2κl(ρ))] fx(ρ))

+

∫
S

dS ′[Jyx(ρ − ρ′) − Jyx(ρ − ρ′ + ey2κl(ρ))] fx(ρ)

= I∗yx + I∗∗yx (3.43)

Here the integral I∗yx captures the behavior of the integral in the region ρ′′ > O(κ)

and the integral I∗∗yx captures the behavior in the region ρ′′ ∼ O(κ). When κ → 0

and |ρ−ρ′| > O(κ), the Taylor series expansion of the Green’s function Jyx is given

as:

Jyx(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) = 0 + κ(l(ρ) − l(ρ′))
∂Jyx(ρ − ρ′)

∂y
+ O(κ2) (3.44)
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Using the above Taylor series expanion for I∗yx, we get

I∗yx =

∫
S

dS ′(−2κl(ρ′)
∂Jyx(ρ − ρ′)

∂y
fx(ρ′) + 2κl(ρ)

∂Jyx(ρ − ρ′)
∂y

fx(ρ))

= −

∫
S

dS ′2κ(l(ρ′) fx(ρ′) − l(ρ) fx(ρ))
ρ′′ cos θ′′

ρ′′3

= −

∫
S

dS ′2κl(ρ′) fx(ρ′)
∂

∂x′
(

1
ρ′′

) (3.45)

The integral, I∗yx has a singularity of type 1
ρ−ρ′

, which is integrable in the Cauchy

principal value sense for generalized functions [100] . Here the Oseen tensor is

a Green’s function and is driven by the delta function and both are generalized

functions. Using integration by parts, we get:

I∗yx = 2κ
∫

S

dS ′

ρ′′
∂

∂x′
[l(ρ′) fx(ρ′)] (3.46)

When ρ′′ ∼ O(κ), the other integral I∗∗yx can be written as:

I∗∗yx = fx(ρ)
∫

S
dS ′

[(
ρ′′ cos θ′′κ(l(ρ) − l(ρ′))

(ρ′′2 + κ(l(ρ) − l(ρ′))2)
3
2

)
− (

ρ′′ cos θ′′κ(l(ρ) + l(ρ′))

(ρ′′2 + κ(l(ρ) + l(ρ′))2)
3
2

)
]

(3.47)

Substituting the Taylor series expansion of l(ρ) − l(ρ′) =
dl(ρ)
dρ ρ

′′.eρ to O(κ) where

eρ is a unit vector in the radial direction, the above expression becomes,

I∗∗yx =

∫ ∞

0

∫ 2π

0
κ2ρ∗dρ∗dθ′′

[κ2ρ∗ cos θ′′(dl/dρ)ρ′′.eρ

κ3ρ∗3

−
κ2ρ∗ cos θ′′[2l(ρ) + (dl/dρ)ρ′′.eρ]

κ3(ρ∗2 + 4l(ρ)2)
3
2

]
fx(ρ) (3.48)

Writing the above integral as a sum of two separate integrals:

I∗∗yx =

∫ ∞

0

∫ 2π

0
κρ∗dρ∗dθ′′

ρ∗ cos θ′′(dl/dρ)ρ′′.eρ[(ρ∗2 + 4l(ρ)2)
3
2 − ρ∗3] fx(ρ)

ρ∗3(ρ∗2 + 4l(ρ)2)
3
2

−

���
���

���
���

���
���

��:0∫ ∞

0

∫ 2π

0
κρ∗dρ∗dθ′′

ρ∗ cos θ′′2l(ρ) fx(ρ)

(ρ∗2 + 4l(ρ)2)
3
2

(3.49)

The second integral above goes to zero, because
∫ 2π

0
dθ′′ cos θ′′ = 0. Using ρ′′.eρ =
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κρ∗(cos θ′′ cos θ + sin θ′′ sin θ), the remaining integral can now be written as:

I∗∗yx = fx(ρ)κ2 dl
dρ

∫ ∞

0
ρ∗dρ∗

[(ρ∗2 + 4l(ρ)2)
3
2 − ρ∗3]

ρ∗[ρ∗2 + 4l(ρ)2]
3
2

∫ 2π

0
dθ′′(cos2 θ′′ cos θ +

sin 2θ′′

2
sin θ)

= 4πκ2 cos θl(ρ) fx(ρ)
dl(ρ)
dρ

(3.50)

Thus, combining the integrals from 3.46 and 3.50, the velocity disturbance

field in the y direction due to the fx stress can be written as:

Iyx = I∗yx|ρ′′>O(κ) + I∗yx|ρ′′∼O(κ) + I∗∗yx |ρ′′>O(κ) + I∗∗yx |ρ′′∼O(κ)

= 2κ
∫

S

dS ′

ρ′′
∂

∂x
[l(ρ′) fx(ρ′)] + 4πκ2 cos θl(ρ) fx(ρ)

dl(ρ)
dρ

(3.51)

Now writing the velocity disturbance field, Iyy in the y direction due to fy, we

get:

Iyy =

∫
S

dS ′[Jyy(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) + Jyy(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fy(ρ′)

=

∫
dS ′

2 fy(ρ′)
ρ′′

+ O(κ3) (3.52)

Combining 3.51 and 3.52 we get,∫
S

dS ′
1
ρ′′

2 fy(ρ′) + O(κ3) = −4πκ2 cos θl(ρ) fx(ρ)
dl(ρ)
dρ
− 2κ

∫
S

dS ′

ρ′′
∂

∂x′
[l(ρ′) fx(ρ′)]

(3.53)

The above equation suggests that for fx of O(1), the driving term for fy will be

O(κ). Hence the leading order fy must be O(κ) to satisfy the above equation, thus

validating the expansion shown in 3.25 in the beginning of this section.

We have so far solved the momentum balance equations in the x and y di-

rection to O(κ2). The obtained results are shown in 3.40 for the x momentum

balance and 3.53 for the y momentum balance. These are the governing equa-

tions which are analyzed to O(κ) in the next subsection. In subsection A2, using
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physical arguments we show why the torque is zero to O(κ) for thin disks ir-

respective of the shape of the particle. In subsection A3, we solve for the next

order stresses to calculate torque at O(κ2).

Leading order forces in the outer region:

To calculate the first approximation to the stresses in the outer region, we solve

3.40 and 3.53 to the leading order after inserting the stress expansion from 3.25.

Rewriting 3.40 to O(κ) using the expansions for fx and fy, we get:

−κl(ρ) = f (0)
x (ρ)κl(ρ)

f (0)
x (ρ) = −1 (3.54)

As expected the leading order force in the x direction is O(1). The magnitude of

the force is equal to what one would expect from the undisturbed simple shear

flow on a flat surface and is independent of the exact shape of the particle in the

outer region. It should be noted here that this is the force that a thin stationary

particle exerts on the fluid, the force exerted by the fluid on the particle is equal

in magnitude and opposite in sign.

Now to extract the leading order surface stress in the y direction, we rewrite

3.53 to O(κ) using the expansion for fy:

κ

∫
S

dS ′
1
ρ′′

2 f 1
y (ρ′) = −2κ

∫
S

dS ′

ρ′′
∂

∂x
[l(ρ′) f 0

x (ρ′)]

f 1
y (ρ) = − cos θ

∂

∂ρ
( f 0

x (ρ)l(ρ)) (3.55)

Although fx to the leading order is O(1) and fy is O(κ), the torques due to both

fx and fy are of the same order since the moment arm for fx is O(κ) and the
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moment arm for fy is O(1). The torque due to these leading order stresses can

then be given as:

G(1)
A =

∫
dS ( f (0)

x (ρ)l(ρ) − f (1)
y (ρ)x)

G(1)
A =

∫
dS

[
f (0)
x (ρ)l(ρ) +

dl(ρ) f (0)
x (ρ)

dρ
ρ cos2 θ

]
= π

∫ 1

0
ρdρ

[
2l(ρ) f (0)

x (ρ) + ρ
dl(ρ) f (0)

x (ρ)
dρ

]
where G(1)

A is the O(κ) contribution to the torque. Performing integration by

parts, the above integral gives:

G(1)
A = π

∫ 1

0
ρdρ

[
2l(ρ) f (0)

x (ρ) − 2l(ρ) f (0)
x (ρ)

]
+

[
πρ2l(ρ) f (0)

x (ρ)
]ρ=1

ρ=0

= 0 (3.56)

Thus, there is no torque originating from the leading order stresses in the outer

region for any axisymmetric shape with fore-aft symmetry and l(1) = 0. Clearly,

shapes described by 3.7 fall in this class and hence the torque acting on them

to O(κ) from the stresses on the outer region is zero. To get a non-zero torque,

we need to now solve for the next order stresses. But before we do that, let us

first examine why the torques in the vorticity direction due to the leading order

stresses in the x and y direction cancel each other.

Physical reason for no net torque due to the leading order stresses

It is interesting to note that the torque due to the leading order stresses turns out

to be zero (3.56) irrespective of the shape for thin particles. Here, we give a sim-

ple physical argument to explain why the torque due to f (0)
x cancels the torque

due to f (1)
y . When a thin particle with fore-aft symmetry is placed in simple
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shear flow with its axis of symmetry in the gradient direction, the most obvi-

ous surface stresses acting on a unit element of the stationary particle would be

equal and opposite stresses on the surface in the +y and −y half of the surface in

the x direction separated by the thickness of the particle. Such a distribution of

stress cancels the externally imposed simple shear flow and satisfies the no slip

boundary condition in the x direction.We note again that while f (0)
x acting on a

local region of O(κ) around a point creates a velocity disturbance that cancels

the mean shear flow at that point and satisfies the no slip boundary condition

(3.32), the velocity disturbance in the y direction to the leading order is caused

by f (0)
x acting over the entire disk, ρ−ρ′ > O(κ) (3.46). This f (0)

x stress acting on the

top and bottom surface of the disk can be decomposed into a stresslet (symmet-

ric force dipole) and a rotlet (antisymmetric force dipole). This decomposition

is illustrated in figure 3.5 along with the fluid velocity field produced by the

stresslet and rotlet. While the stresslet’s fluid velocity field is nearly zero at the

disk surface with a very small difference of velocity above and below the disk

to balance the simple shear velocity disturbance, the rotlet velocity disturbance

creates a large y-velocity at the disk surface that violates the no slip boundary

condition. In order to satisfy the no slip boundary condition at the particle sur-

face, the surface element must experience equal and opposite y forces on the

two edges as well as equal and opposite x forces on the two faces leading to no

net rotlet and but only a stresslet as illustrated in figure 3.5 (b). The y forces from

neighboring elements cancel exactly leading to no net y stress when the surface

is flat. When the thickness of the disk and the force per unit area varies with

position, the y-stresses of neighboring elements do not exactly cancel and there

is a net y-stress.

The form of the force fy needed to cancel the disturbance flow can be argued
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𝑓𝑥𝑑𝑥|𝑑𝑥  

−𝑓𝑥𝑑𝑥|𝑥 
2𝑓𝑥𝜅𝑙(𝜌)|𝑥 

2𝑓𝑥𝜅𝑙(𝜌)|𝑥+𝑑𝑥  −2𝑓𝑥𝜅𝑙(𝜌)|𝑥  
−2𝑓𝑥𝜅𝑙(𝜌)|𝑥+𝑑𝑥 

𝑓𝑥𝑑𝑥|𝑥+𝑑𝑥  

−𝑓𝑥𝑑𝑥|𝑥+𝑑𝑥 

Figure 3.5: a) The forces on a disk in the x-direction illustrated on the left
can be decomposed into a stresslet per unit area and a rotlet per
unit area. The figures on the right illustrate the streamlines due
to the stresslet, which cancels the simple shear velocity field at
the disk surface, and the rotlet which leads to a y-velocity at
the disk surface. B) Schematic of forces acting on two adjacent
elements of size dx on the disk. A force in the y-direction of
strength 2 fy(ρ)dx = −2 fxκl(ρ)|x+dx + 2 fxκl(ρ)|x balances the forces
on the edge of the element leading to a stresslet with no rotlet
and satisfies the no slip boundary condition in the y-direction.
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in the following manner. On a surface element of size dS , the x−force is fxdS

and the force dipole due to a pair of forces separated by 2κl(ρ) is 2 fxκl(ρ)dS .

To cancel the y disturbance field we need an equivalent fy force dipole. The

separation between the fy stress acting on a small unit element of size dS is

dx (where dx >> κ). The direction of fy is the same on the +y and −y half of

the particle surface, hence the strength of the force dipole due to the stress, fy

is given by 2 fydxdS . The balance between the two force dipoles can then be

written as:

dS [2 fx(ρ)κl(ρ)|x− dx
2
− 2 fx(ρ)κl(ρ)|x+ dx

2
] + 2 fy(ρ)dxdS = 0

−
d
dx

[ fx(ρ)κl(ρ)] = fy (3.57)

With the above distribution of stresses in the y direction, the boundary condition

vy = 0 is satisfied to O(κ). This distribution of stress along with leading order fx

stress results in no torque at O(κ).

The case of the torque on a thin disk aligned with its long axes in the flow-

vorticity plane described above can be compared with that of the torque on a

long slender fiber with its long axis aligned in the flow direction. As noted in

the introduction a naive estimate based on the assumption that stresses of O(µγ)

act on the particle and lead to a torque suggests that the torque in both cases

is O(µγd2L). We have just seen that this estimate is too large for a disk because

the nearly parallel flat surfaces of the disk yield a stresslet per unit area rather

than a rotlet per unit area. Similarly, for a fiber with pointed ends, the naive

estimate of O(µγd2L) torque when the fiber is aligned in the direction of flow is

too large. The leading order torque on a slender fiber is O(µγd2L/lnκ) [34]. For

a blunt slender fiber (for instance a cylindrical fiber), the leading order estimate

of O(µγd2L) is correct but in this case torque originates from a force of O(µγd2)
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at the end. We will see later that for sufficiently blunt disks the torque from the

end also dominates over that from the outer region.

Next order stresses in the outer region:

In order to obtain a non-zero torque, we now calculate the stresses to the next

order. The leading order f (0)
x as shown in the previous section is driven by the

undisturbed shear flow velocity. The leading order f (1)
y is then driven by the

disturbance field produced by f (0)
x . Now, at the next order, from 3.40 one can

conclude that is f (1)
x is driven by f (0)

x and f (1)
y . Similarly, f (2)

y is driven by O(κ2)

contribution of f (0)
x and f (1)

x in 3.53.

To get a non-zero torque at the next order, it turns out that one only needs

to solve for f (2)
y . As we will see later in this analysis, the contribution of the f (1)

x

term to f (2)
y is of the same form as the contribution of the f (0)

x term to f (1)
y which

did not result in any net torque and this result was found to be independent of

the actual form of f (0)
x (3.56). Thus, to calculate the torque at O(κ2), we do not

need to solve for the exact form of f (1)
x .

Inserting the force expansion from 3.25 in the y−momentum balance 3.53 to

O(κ2), one gets: ∫
S

dS ′
1
ρ′′

2 f (2)
y (ρ′) = −4π cos θl(ρ) f 0

x (ρ)
dl(ρ)
dρ

− 2
∫

S

dS ′

ρ′′
∂

∂x′
[l(ρ′) f 1

x (ρ′)] (3.58)

Rewriting the above equation by combining the integrals,

−4π cos θl(ρ) f (0)
x (ρ)

dl(ρ)
dρ

=

∫
dS ′

ρ′′
( f (2)

y (ρ′) + cos θ′
d

dρ′
[l(ρ′) f (1)

x (ρ′)]) (3.59)
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In 3.59, the first order stress in the x direction, f (1)
x drives a component of f (2)

y

in the same way as f 0
x drives f (1)

y . But in addition to f (1)
x driving a disturbance

field in the y− direction at O(κ2), f (0)
x also drives a term at O(κ2), the resultant

stress term, f (2)
y is then driven by a combination of these two disturbance fields

at O(κ2). The torque originating from the next order stresses, f (1)
x and f (2)

y in the

outer region at O(κ2) can be written as:

G(2)
A =

∫
S

dS ( f (1)
x (ρ)l(ρ) − f (2)

y (ρ)x)

=

∫
S

dS ( f (1)
x (ρ)l(ρ) + cos θ

d
dρ

[l(ρ) f (1)
x (ρ)]x − cos θ

d
dρ′

[l(ρ′) f (1)
x (ρ)]x − f (2)

y (ρ)x).

(3.60)

Integrating by parts, the first two terms in the above equation cancel and we are

left with,

G(2)
A =

∫
S

dS (− cos θ
d

dρ′
[l(ρ′) f (1)

x (ρ)]x − f (2)
y (ρ)x) =

∫
S

dS (− f ∗y (ρ)x), (3.61)

where we define a new stress variable, f ∗y (ρ) = f (2)
y (ρ) + cos θ d

dρ [l(ρ) f (1)
x (ρ)]. Thus,

from the outer region there is a torque at O(κ2) which can be expressed com-

pletely in terms of f ∗y (ρ) where f ∗y (ρ) is given by the solution of the following

equation,

−4π cos θl(ρ) f (0)
x (ρ)

dl(ρ)
dρ

=

∫
dS ′

ρ′′
f ∗y (ρ′). (3.62)

The only unknown in the above equation is f ∗y . The velocity disturbance field

created by f (0)
x is responsible for driving a net f ∗y . Using f (0)

x (ρ) = −1 in the outer

region from 3.54, the dependence of the driving force of 3.62 on ρ can be written

as l(ρ)dl(ρ)
dρ = −2αρ(1 − ρ2)2α−1. This term has a singularity when ρ → 1 for α < 1

2 .

Thus, the driving term for f ∗y in 3.62 is no longer O(1) close to the edge of the

particle for α < 1
2 . Due to this, for α < 1

2 in addition to the O(1) driving term for

f ∗y from the outer region there is another term in the matching region driving f ∗y .

90



To calculate f ∗y , one needs to solve 3.62 numerically. Being an integral equa-

tion, the procedure used to solve 3.62 is very similar to the procedure used to

implement the boundary element method. Again using the θ dependence of

f ∗y (ρ) from 3.17, one can write 3.62 as:∫ 1

0

∫ 2π

0

ρ′dρ′dθ′

(ρ2 + ρ′2 − 2ρρ′ cos θ′′)
1
2

cos θ′ f ∗2 (ρ′) = −4π cos θl(ρ) f (0)
x (ρ)

dl(ρ)
dρ

, (3.63)

where f ∗y = f ∗2 cos θ. Integrating in the azimuthal direction and expressing the

results in terms of complete elliptic integrals, the above equation can be written

as: ∫ 1

0
ρ′dρ′S 2(ρ, ρ′) f ∗2 = 4πl(ρ) f (0)

x (ρ)
dl(ρ)
dρ

, (3.64)

where S 2 is defined in the appendix A.2. As in the BEM simulations, the surface

of the particle is discretized and f ∗2 is assumed constant over each element on

the surface. For α ≥ 1
2 , when there is no singularity at the edge, the surface of the

particle is discretized in the radial coordinates with the size of all the elements

kept constant and equal to 0.001.

For α < 1
2 , the driving term for f ∗y in 3.62 diverges. To avoid the singu-

larity, for these shapes the driving term is regularized by re-parameterizing

the singular integrand. In this regularized form, the shape can be written as,

l(ρ) = (1 − ρ2 + ε)α. A small but finite value of ε removes the singularity from

3.62. Here, ε plays the role of a boundary layer thickness. By varying ε, the effect

of the qualitative effect of the singular driving force is captured by determining

the scaling of the torque on ε. The regularized 3.62 can then be written as:

−4πκ2 cos θl(ρ) f (0)
x (ρ)

[
−2αρ

(1 − ρ2 + ε)1−2α

]
=

∫
dS ′

ρ′′
f ∗2 (ρ′) (3.65)

The regularized equation can now be solved for calculating f ∗2 and the resultant

torques for α < 1
2 for different values of ε. The values of ε used in the sim-
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ulations, range from 10−3 − 10−7. The resultant torque obtained will then be a

function of ε. The following discretization is used along the radial coordinates:

dρi+1 =
1

1
ρl

+ 1
(ρsβi)

(3.66)

where ρi is the ith element on the surface, ρl = 10−3, ρs = 10−12, and β = 1.002. On

the discretized surface, 3.64 can then be written as a system of linear equations:

i=N∑
i=1

ρidρiS 2(ρi, ρ j) f ∗2 |i = 4πl(ρ j) f (0)
x (ρ j)

dl(ρ)
dρ
|ρ j ∀ j = 1 to N (3.67)

where f ∗2 |i is the unknown stress acting on element i. There are N variables and

N linear equations which are solved using matrix inversion to obtain f ∗2 . For

α > 1
2 , since there is no singular term at the edge, the obtained results for f ∗2 can

be used to calculate the torque at O(κ2) from the outer region. On the other hand,

for α < 1
2 , ε has a strong influence on the torque . The torque obtained from the

solution of regularized equation for f ∗2 has two terms, an O(κ2) term and a larger

term that has an inverse power law dependence on ε. In subsection C we will

analyze the full integral equations and determine the effect of singularity at the

edge on the scaling of the torque with respect to aspect ratio. We will then see

that the dependence of the torque on the boundary layer thickness in the full

integral equations is consistent with the dependence of the torque on ε obtained

from the regularized outer region analysis based on the solution of 3.62.

3.4.2 Boundary layer

The calculations in the outer region analysis presented in subsection A assumed

a flat surface with the distance from the edge greater than the thickness of the
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particle. Close to the edge of the particle, the thickness of the particles is of

the same order as the distance from the edge of the particle. In this region,

the integral equations can be made independent of κ by rescaling the distance

from the edge with a suitable function of κ. The O(1) fx stress no longer induces

an O(κ) stress in the y direction, but instead leads to an O(1) stress in the y−

direction. Using a scaling of the form κβ, where β is an unknown, a boundary

layer coordinate can be defined as ρ̂ =
1−ρ
κβ

, where 1 − ρ is the distance from the

edge. Now equating the distance from the edge to the thickness of the particle,

one gets,

1 − ρ ∼ κ(1 − ρ2)α

κβρ̂ ∼ κ1+βα2αρ̂α

β =
1

1 − α
(3.68)

The above scaling also corresponds to the condition when the slope of the par-

ticle becomes O(1). Using the above scaling for the boundary layer coordinate,

the shape of the particle close to the edge can be written as:

κl(ρ) = κ(ρ̂κβ)α(2 − ακβρ̂)α = κβρ̂α2α(1 + O(κβ)) (3.69)

The radial distance between the two points, ρ and ρ′ is given by:

ρ − ρ′ = κβ(ρ̂ − ρ̂′) (3.70)
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Using 3.69 and 3.70, the integral 3.16 can then be written in terms of the bound-

ary layer coordinate in the limit ρ→ 1:

0 = 2αρ̂αδix +

∫
dρ̂′(1 + (2αρ̂′)2)

1
2
[ δix

((ρ̂ − ρ̂′)2 + 2(ρ̂α − ρ̂′α)2)1/2

+
(ρ̂i − ρ̂

′
i)(ρ̂x − ρ̂

′
x)

((ρ̂ − ρ̂′)2 + 2(ρ̂α − ρ̂′α)2)3/2 −
δix

((ρ̂ − ρ̂′)2 + 2(ρ̂α + ρ̂′α)2)1/2

−
(ρ̂i − ρ̂

′
i)(ρ̂x − ρ̂

′
x)

((ρ̂ − ρ̂′)2 − 2(ρ̂α + ρ̂′α)2)3/2

]
fx(ρ̂′)

+

∫
dρ̂′(1 + (2αρ̂′)2)

1
2
[ δiy

((ρ̂ − ρ̂′)2 + 2(ρ̂α − ρ̂′α)2)1/2 +
(ρ̂i − ρ̂

′
i)(ρ̂y − ρ̂

′
y)

((ρ̂ − ρ̂′)2 + 2(ρ̂α − ρ̂′α)2)3/2

+
δiy

((ρ̂ − ρ̂′)2 + 2(ρ̂α + ρ̂′α)2)1/2 +
(ρ̂i − ρ̂

′
i)(ρ̂y − ρ̂

′
y)

((ρ̂ − ρ̂′)2 − 2(ρ̂α + ρ̂′α)2)3/2

]
fy(ρ̂′) + O(κ

1
1−α ) (3.71)

The leading order terms in 3.71 are O(1) and independent of κ. Hence, both fx

and fy stresses are O(1) in the boundary layer. One would then expect that the

resultant leading order torque due to the O(1) fy stress acting on a area of size

O(κ
1

1−α ) and moment arm of O(1) will be of the O(κ
1

1−α ). However, it should be

noted that any stresses in the boundary layer will create a fluid flow that will

impinge upon the large no slip surface of the face of the disk. To maintain the

no slip boundary condition, the flow will induce stresses opposite in sign to the

boundary layer stress on the flat surface. The stresses on the flat surface and

the boundary layer result in a force dipole per unit circumference as illustrated

in figure 3.6 (d). The net torque from the boundary layer will thus depend on

the force dipole rather than just the O(1) boundary layer stress. In the next

subsection, we discuss the stress in the flat region (matching region) due to the

boundary layer stress and the resulting scaling of the torque.
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3.4.3 Matching region solution driven by the outer region and

the boundary layer

The analysis in subsections A and B indicates the need for a matching region

analysis, where the matching region is defined as: ρ̂→ ∞ in the boundary layer

variable and ρ → 1 in the outer variable. The O(1) stress in the boundary layer

creates a velocity disturbance field in the matching region which is the flat re-

gion close to the boundary layer and extends to infinity in the boundary layer

coordinates. This velocity disturbance field induces stresses in the matching

region to satisfy the no slip boundary condition. The forces in the boundary

layer together with the forces in the matching region give rise to a force dipole

which contributes to the torque from the boundary layer forcing. Also, from

3.62, we find that for α < 1
2 (figure 3.3), the driving term in the outer region

for the f ∗y stress which is responsible for the leading order torque in the outer

region is singular as ρ → 1. As we be seen later in this section, this singular

driving force leads to a stress field in the matching region which gives a torque

contribution in addition to the torque at O(κ2) from the outer region. Thus, the

matching region of the particle has two contributions to the stress: the first due

to the O(1) forcing in the O(κ
1

1−α ) boundary layer thickness and the other due to

the singularity of the driving force term in 3.62 in the matching region . In this

section, we derive the scaling of the stress and the resultant torques from both

these contributions.

We will first write a single governing equation that accounts for both the

contributions from the matching region discussed above. As noted earlier, in

the boundary layer, stresses in both the x and y directions are of O(1). Since the

moment arm for the x− direction stress is O(κ) less than the moment arm for the
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y− direction stress, we expect the boundary layer forcing to modify the leading

order torque via the y component of the disturbance field. Now considering the

velocity field in the y-direction, in the limit when ρ → 1 the driving term for fy

in the matching region is the O(1) y-direction stress in the boundary layer. One

can then recast 3.62 to account for both the O(1) boundary layer driving force

and the singular outer region forcing at the edge:

g(ρ̂) − 4πκ2 cos θl(ρ) f (0)
x (ρ)

dl(ρ)
dρ

=
1

4π

∫
dρ′

|ρ′ − ρ|
fy(ρ′) (3.72)

Here, the first term on the left hand side, g(ρ̂) is an O(1) function in the boundary

layer which decays rapidly as ρ̂ → ∞. In particular, we will assume that g(ρ̂)

decays faster than 1/ρ̂ as ρ̂ → ∞. The second term is the outer region singular

term forcing in the matching region as ρ→ 1. The unknown in the 3.72 is fy.

3.72 can be interpreted as an integral representation of the Laplace equation

where the right hand side is the single layer potential term for the Green’s func-

tion in three dimensions. There is no double layer potential term in 3.72 as its

contribution is zero across the rigid interface. The Laplace equation for a poten-

tial, Ψ is given by,

∇2Ψ = 0 (3.73)

with boundary conditions

Ψ = g(ρ̂) − 4πκ2 cos θl(ρ) f (0)
x (ρ)

dl(ρ)
dρ

(3.74)

on the surface of a flat circular disk with the stress given by fy = ey · ∇Ψ.

In the matching region, 1 − ρ � 1 and ρ̂ � 1, we can approximate the flat

disk as a semi-infinite planar surface because the circumference of the disk is

very large compared with the distance from the end (see figure 3.6(b)). The
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boundary condition 3.74 in the matching region reduces to

Ψ =
Cκ2

ρh
1−2α at θh = ±π (3.75)

where ρh = 1−ρ and θh are polar coordinates in a plane perpendicular to the disk

with an origin at the edge of the disk and C is a constant that can be determined

from the outer solution. In addition to the driving term in 3.75, there is an O(1)

driving term that is localized in the boundary layer, a region much smaller than

the matching region (see figure 3.6(a)).

We will now use linear superposition to find two contributions to the stress

and torque from the O(1) forcing term in the boundary layer and the outer re-

gion singular term in the matching region. The force density that balances the

force on the edge of the disk satisfies a homogeneous boundary condition for

the potential:

Ψ = 0 at θ = ±π. (3.76)

The solution of the potential field in polar coordinates with the above boundary

conditions can then be used to calculate the force density in the matching region.

The general solution is [96]:

Ψ = a1
1

ρ
1
2
h

cos
θh

2
+ a2

1

ρ
3
2
h

cos
3θh

2
+ ..... (3.77)

For the leading order stress on the surface, one only needs to consider the slow-

est decaying term in the above solution. Thus, using the first term of the general

solution, the potential field is given by:

Ψ ∼ a1
1

ρ
1
2
h

cos
θh

2
(3.78)
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Figure 3.6: Schematic of the simplified boundary layer problem on the
disk. (a) An O(1) driving term on the edge of the disk (top
view). (b) In the limit when size of the boundary layer and
thickness of the disk are much smaller than the radius, close to
the end the disk can be assumed to be a semi-infinite plane. (c)
The semi-infinite plane could be further simplified to a semi-
infinite line. The polar coordinate system is defined in a plane
perpendicular to the disk. (d) The resulting force dipole due to
the boundary layer forcing.
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The force per unit area on the surface of the particle is then given by:

f2 =
1
ρh

∂Ψ

∂θh
|θh=π −

1
ρh

∂Ψ

∂θh
|θh=−π

∼
a1

2ρ
3
2
h

(3.79)

where f2cosθ = fy. The net force acting on the matching region should be equal

and opposite to the force −F2 = O(δ) = O(κ
1

1−α ) arising from the boundary layer

(by divergence theorem the net flux over the boundary is zero) itself so that

F2 = κ
1

1−α =

∫ ρout

ρm

f2dρh =
−2a1

3πρ
1
2
m

(3.80)

Here, ρm is a minimum radial distance for the matching region which is of the

order of the boundary layer thickness δ = O(κ
1

1−α ) and ρout = O(1) is an upper

limit to the radial extent of the matching region. We can solve 3.80 to find the

coefficient a1 of the potential field in the matching region,

a1 = κ
3

2(1−α) . (3.81)

The magnitude of the torque GBL due to the boundary layer force and the

counter balancing matching layer force is proportional to the first moment of

the force distribution in the matching region:

GBL =

∫ ρout

ρm

f2ρhdρh ∼ O(δ
3
2 ) ∼ O(κ

3
2(1−α) ) (3.82)

Now we consider the second torque arising in the matching region, the one

driven by the singular driving term in the matching region given by 3.75. The

slowest decaying form of the potential field that includes a homogeneous solu-

tion along with the particular solution due to O(κ2) driving term contribution

from the matching region is:

Ψ =
A cos(θ/2)

ρ
1
2
h

+ Cκ2
(
ρout

ρh

)1−2α cos[(1 − 2α)θ]
cos[(1 − 2α)π]

(3.83)
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Here, A and C are unknown constants. The above solution is not valid for the

case of α = 1
4 because at θh = ±π the second term is singular over the entire

space. We make use of the BEM numerics to solve for the special case of α = 1
4

and present the results in section V. The stress for a potential given by 3.83 is:

f2 =
A sin(π/2)

ρ
3
2
h

+
2C(1 − 2α)κ2ρ1−2α

out tan[(1 − 2α)π]
ρ2−2α

h

(3.84)

The net force obtained by integrating this second solution over the matching

region should be zero since the first term has already balanced the boundary

layer stress. Hence:

F2|match =

∫ ρout

ρm

fydρh = 0 (3.85)

Substituting 3.84 in the above equation, we get:

0 =
2A
3

(
1

ρ
1
2
m

−
1

r
1
2
out

) + 2Cκ2ρ1−2α
out tan[(1 − 2α)π]

(
1

ρ1−2α
m
−

1
ρ1−2α

out

)
A =
−3Cκ2ρ1−2α

out tan[(1 − 2α)π]

ρ
1
2−2α
m

(3.86)

Substituting the value of A from the above expression in 3.84, we get:

f2 = Cρ1−2α
out tan[(1 − 2α)π]κ2

 −3

ρ
3
2
h ρ
−2α+ 1

2
m

+
2(1 − 2α)
ρ2−2α

h


= Dκ2

 −3

ρ
3
2
h ρ
−2α+ 1

2
m

+
2(1 − 2α)
ρ2−2α

h

 (3.87)

where D = Cρ1−2α
out tan[(1 − 2α)π]. The torque Gsing due to the singular forcing in

the outer region is then given by:

Gsing =

∫ ρout

ρm

f2ρhdρh

= Dκ2

 −6

ρ
−2α+ 1

2
m

(ρ
1
2
out − ρ

1
2
m) +

2(1 − 2α)
2α

(ρ2α
out − ρ

2α
m )


(3.88)
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3.88 can also be used to understand the role of the small parameter ε used to

regularize the singular 3.62. The small parameter ε in the regularized equation

is equivalent to the boundary layer size, ρm in the above equation. Thus, one can

expect the torque dependence on ε to be O(ε2α− 1
2 ) for the regularized 3.65. We

verify this scaling in the results section using the solution of 3.62. Substituting

ρm = O(κ
1

1−α ) and ρout = O(1) in 3.88,

Gsing = O(κ
3

2(1−α) ) + O(κ2) (3.89)

Here, the O(κ
3

2(1−α) ) term is the contribution of the singular term in the matching

region and the O(κ2) torque is of the same order as the torque in the outer re-

gion. We have seen that the localized force density in the boundary layer and

the counterbalancing force density in the matching region leads to a torque of

O(κ
3

2(1−α) ) and that the singular driving term in the matching region leads to a

torque of the same order. It should be noted however that the contribution from

the singular term is only present for α < 1
2 whereas the contribution from the

boundary layer is for α < 1. Now, combining 3.82 and 3.89, the overall torque

scaling for α < 1 is :

Gnet = O(κ
3

2(1−α) ) + O(κ2) (3.90)

3.5 Results

In this section, we present results obtained from the numerical simulations and

compare them with the asymptotic analysis presented in the previous section.

The asymptotic analysis in section IV revealed the scaling of the stresses and

torques in the boundary layer and the matching region with respect to the par-

ticle aspect ratio κ. We also obtained the O(κ) and O(κ2) solutions for fx and fy
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as functions of ρ in the outer region and the corresponding predictions for the

torque contribution from the outer region. We divide this section into four parts

based on the distinct rotational behavior of the particle due to its shape. We be-

gin the discussion in subsection A by comparing our numerical simulation re-

sults and the analytical results with the known analytical results for a spheroid.

In subsection B, we discuss results for the case of α > 1
2 , which corresponds to

particles that have edges sharper than spheroidal particles. For α > 1, there is

no boundary layer and the outer solution applies for all radial positions. For

1
2 < α < 1, there is a boundary layer of size O(κ

1
1−α ) which is less than O(κ2) and

the resultant torque contribution from the boundary layer is always less than

O(κ3). For these shapes, since the driving term for f ∗y is not singular at the edge,

the first two contributions to the torque are O(κ2) and O(κ3) and both arise from

the outer region. Thus for all the cases with α > 1/2, treated in subsection B the

outer solution provides a good approximation for the torque on a thin disk.

From the analysis for α < 1
2 , the first two contributions to the torque come

from the outer region and the boundary layer. From the outer region, there is an

O(κ2) torque from the x and y stresses. There are two contributions to the torque

from the edge. One from the singular driving force for f ∗y (3.62) and the other

from the O(1) stress in the boundary layer of O(κ
1

1−α ) close to the edge of the par-

ticle. Both these contributions to the torque are at O(κ
3

2(1−α) ). For 1
4 < α < 1

2 , the

O(κ2) contribution from the outer region is greater than the contribution from

the singular driving force at the edge and the boundary layer stress contribu-

tion and is the leading order contribution. We discuss these shapes in subsec-

tion C, and as will be shown therein, the effective aspect ratio remains equal to

the actual aspect ratio at the leading order. In subsection D, we discuss shapes

represented by 0 < α ≤ 1
4 . For this range of α, the leading order torque is O(κ

3
2(1−α) )
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and comes from the boundary layer and matching regions, and as a result, the

effective aspect ratio becomes asymptotically large compared to the actual as-

pect ratio in the limit of small κ. For these shapes, the second order contribution

to the torque is O(κ2) and comes from the outer region . The special case of α = 1
4

for which we could not identify the scaling of torque from the boundary layer

analysis in section IV is also discussed in subsection D using BEM simulations.

3.5.1 Torque on spheroids

Before presenting the simulation results for arbitrary α, it is helpful to present

the results for the case of a spheroid, for which α = 1/2. Although a spheroid is

a special case where the effective aspect ratio is always equal to the aspect ratio

of the particle at all aspect ratios, it can still be used as a basis to understand

the behavior of the stresses in the outer and boundary layer regions as one can

calculate the stresses acting on a spheroidal particle using the complete analyti-

cal results [37] in closed form. Dabade [37] analyzed the effects of inertia on the

orientational dynamics of both prolate and oblate spheroidal particles in simple

shear flow using the generalized reciprocal theorem and Stokes flow solutions

obtained using a vector spheroidal harmonics formalism. The work allowed an-

alytical results to be obtained for Stokes flow quantities over the entire range of

aspect ratios. For the purpose of this work, Dabade’s results are readily used to

obtain the stresses and the torque acting on a stationary oblate spheroid. We use

these exact analytical results to compare with the BEM results and the analyti-

cal results from the asymptotic analysis performed in section IV. Results for the

stresses from the asymptotic analysis and the numerical simulations are verified

with the complete analytical results for a stationary spheroid in both the outer
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and boundary layer regions. As another test of accuracy of our numerical sim-

ulations, we compare the overall torque acting on the particle as predicted from

the numerical simulations with the analytical results for the torque obtained by

Perrin [116] for spheroidal particles. Edwardes [41] used ellipsoidal harmonics

to solve for the general rotational motion of an ellipsoidal particle in an other-

wise quiescent fluid. Perrin used Edwardes’ results for ellipsoids to derive the

friction coefficients of rotation of a spheroidal particle about its major and mi-

nor axes. Here the friction coefficient of rotation is the proportionality constant

between the angular velocity of the particle and the external torque acting on

it. We use Perrin’s results along with Jeffery’s results for the angular velocity to

obtain the torque acting on a particle with fixed orientation A.

We first compare the surface stresses on the particle in both the boundary

layer and the outer region. We use the complete analytical results for the stresses

acting on the particle and expand them in terms of κ to obtain fx to O(κ) and fy

to O(κ2) in the outer region. The two stresses [37] to the second order are given

by:

fx = −1 −
3π
4
κ + O(κ2)

fy = −
κ cos θρ

(1 − ρ2)1/2 +

(
8
π
−

3π
4

)
κ2 cos θρ

(1 − ρ2)1/2 + O(κ3) (3.91)

The leading order stresses, f (0)
x and f (1)

y from Dabade’s complete analytical re-

sults are in agreement with the leading order stress obtained from our analysis

in 3.54 and 3.55 for α = 1
2 and follow the relationship f 1

y (ρ) = −κ cos θ ∂
∂ρ

( f 0
x (ρ)l(ρ)).

As shown in the analysis such a relation between the x and y direction stresses

results in zero net torque on the particle at O(κ). The leading order torque then

originates from the next order stresses, f (1)
x and f (2)

y . The torque originating

from these two stresses at O(κ2) can be represented in terms of a single stress,
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f ∗y (ρ) = f (2)
y (ρ) − cos θ d

dρ [l(ρ) f (1)
x (ρ)], as shown in 3.61. Using Dabade’s results we

can write f ∗y for a spheroid as:

f ∗y =

(
8
π
−

3π
4

)
cos θρ

(1 − ρ2)1/2 − cos θ
d

dρ
[l(ρ)

3π
4

]

f ∗y =
8 cos θρ

π(1 − ρ2)1/2 (3.92)

The above exact analytical result for f ∗y is compared with the regularized outer

solution for f ∗y from 3.63. The results are found to be in good agreement and are

shown in figure 3.7 for κ = 10−2.

We also compare our numerical results for f ∗y from BEM with Dabade’s ana-

lytical results. Since f ∗y is responsible for the leading order torque from the outer

region, we omit the comparison of the x− direction and the y− direction stresses

individually with the BEM results and compare f ∗y with Dabade’s complete an-

alytical results as an indicator of the correct implementation of BEM numerical

scheme. Since BEM simulations solve for the complete stresses fy and fx, f ∗y is

extracted from fy and fx by using the following relationship:

f ∗y (ρ) = ( fy(ρ) + κ cos θ
d

dρ
[ fx(ρ)l(ρ)])/κ2 (3.93)

In figure 3.7, f ∗y from the BEM simulations and the complete analytical results

at O(κ2) are also presented. We find that the numerical and the analytical results

are in good agreement.

Now we compare the stresses in the boundary layer from BEM simulations

with the exact analytical results. In section IV, we showed that when one moves

close to the edge of the particle and the thickness of the particle is of the same

order as the distance from the edge of the particle, the governing integral equa-

tions can be made independent of κ to the leading order by applying a suitable

scaling to the distance of the radial coordinate from the edge. This scaling is
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Figure 3.7: Comparison of f ∗2 ( f ∗y = f ∗2 cosθ) from Dabade’s analytical results
(-, red curve), analytical-numerical results (:, green curve) from
the present work, and BEM simulations (-., blue curve) from
the present work for κ = 10−2 in the outer region for a spheroid.
Jeffery’s analytical results and the analytical numerical results
from the present work are indistinguishable on this plot.
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identified to be κ
1

1−α and the rescaled boundary layer coordinate is defined as

ρ̂ =
1−ρ

κ
1

1−α
. The surface stresses when plotted as a function of the boundary layer

coordinate are then expected to be independent of κ and should collapse into a

single curve for all κ to the leading order. In figure 3.8, the two stress compo-

nents, fx and fy, obtained from the BEM simulations as a function of the bound-

ary layer coordinates are presented. The curves do not exactly collapse into a

single curve indicating the presence of higher order stresses which depend on κ.

Since the curves get closer to each other with decreasing κ, we conclude that, at

the leading order, the stresses are indeed independent of κ. We compare stresses

in the boundary layer from the BEM simulations with Dabade’s exact analytical

solutions in figure 3.9. The numerical results are in good agreement with the

complete analytical results for the values of κ (10−3 ≤ κ ≤ 8X10−2) used for the

numerical simulations.To the relevant order, the analytical results for fx and fy

in the boundary layer are given by [37] :

fx = −
(2ρ̂)1/2

(2ρ̂ + 1)1/2 − πκ
3ρ̂1/2

23/2(1 + 2ρ̂)1/2

fy =
−1

(1 + 2ρ̂)1/2 +
(32 − 3π2)κ

4π(1 + 2ρ̂)
1
2

+ κ2 (80 − 9π2 + 12ρ̂)

16(1 + 2ρ̂)
1
2

+ O(κ3ρ̂2/ρ̂3/2) (3.94)

In the matching region, i.e. ρ̂ → ∞ and ρ → 1, analytical results from the outer

region (3.91) match analytical boundary layer force densities (3.94) to O(κ).

We also compare the overall torques calculated from the BEM simulations

with the analytical results from Perrin [116, 84] . Perrin’s original results for

oblate spheroids contained some algebraic errors; we use the following cor-

rected results obtained by Koenig[84] :

C2 =
32π(1 − κ4)

3(2κ − S (2κ2 − 1))

S = 2(1 − κ2)−1/2tan−1
(
1 − κ2

κ2

)1/2

(3.95)
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Figure 3.8: Force densities, (a) fx and (b) f2 ( fy = f2 cos θ) for spheroids ob-
tained from BEM simulations in the boundary layer as a func-
tion of the boundary layer coordinates for κ = 0.001 (-, blue),
κ = 0.004 (:, green), κ = 0.02 (-., red), and κ = 0.08 (–, black).
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Figure 3.9: Comparison of force densities, (a) fx and (b) f2 ( fy = f2 cos θ)
in the boundary layer for spheroidal particles, obtained from
BEM simulations and Dabade’s analytical results. Comparison
is made for two extreme aspect ratios used in the simulations,
κ = 0.001(solid blue curve for BEM and dot green curve for
Dabade) and κ = 0.08 (dash-dot red curve for BEM and dash-
dash black curve for Dabade).
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where C2 is the friction coefficient of rotation around one of the major axis of the

particle and S is a constant. In the limit when κ → 0, we get C2 = 32
3 + O(κ2) from

3.95. Combining Perrin’s results for the friction coefficient with Jeffery’s results

for the angular velocity of a spheroid when the particle’s axis is in the gradient

direction, the torque acting on the particle is given by:

GA|Perrin = C2
κ2

1 + κ2 ∼
32κ2

3
+ O(κ4) (3.96)

This value is the same as that obtained from the complete analytical results [37]

calculated using the results for f ∗y from 3.92. Results from the BEM simulations

are compared with Perrin’s analytical results in figure 3.10. The numerical re-

sults are found to have errors smaller than 0.1% for 10−3 ≤ κ ≤ 8X10−2. The good

comparison of the torques is consistent with the coincidence of the forces from

the numerical simulations with the forces from the complete analytical results

[37].

Perrin’s results can also be used to determine the leading order torque acting

on a thin disk in orientation B. For a spheroid, the torque is given by:

GB|Perrin = C2
1

1 + κ2 ∼
32
3

+ O(κ2) (3.97)

where the leading order term corresponds to the torque on a plane surface and

is independent of the shape of the particle. For a thin particle in general, at

second order there will be two contributions to torque: an O(κ) torque from the

O(1) leading order force density acting at positions perturbed by O(κ) on the

surface of the particle and another O(κ) torque from an O(κ) correction to the

force density acting at O(1) positions. Thus, we can conclude that in the limit

κ → 0 for all thin disks,

GB = −
32
3

+ O(κ) (3.98)
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Figure 3.10: Comparison of the scaled analytical torque obtained from Per-
rin (curve) with the scaled torque obtained from the BEM sim-
ulations (circles) for spheroidal particles of different aspect ra-
tio.
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We will use the above result for the torque on a thin disk in orientation B, which

is independent of the shape of the particle to leading order, along with GA, to

determine the effective aspect ratio of particles with different α. We have inde-

pendently calculated the effective aspect ratio by solving for the angular veloc-

ity of torque-free particles (mobility problem) as was done by Singh et al. [129]

and verified that there are no corrections to GB that are larger than O(κ).

3.5.2 Effective aspect ratio for α > 1
2

For α > 1
2 , the slope of the particle close to the edge (ρ→ 1) is lower than that of a

spheroid i.e. the particles are less blunt than a spheroid at the edge. For 1
2 < α <

1, the slope is O(1) in a region 1 − ρ = O(κ
1

1−α ) whereas for α > 1, the slope over

the entire surface is O(κ) and hence there is no boundary layer. In the boundary

layer region for 1
2 < α < 1, the leading order stresses are O(1). The velocity

disturbance caused by these stresses induce stresses over the flatter portion of

the disk so that an overall force dipole leads to an O(κ
3

2(1−α) ) torque. This torque

contribution is less than the second torque contribution from the outer region,

which is O(κ3). Thus for these shapes we can ignore the torque contribution

from the boundary layer region. From BEM simulations we verified that the

stress distribution in the boundary layer to the leading order is O(1) (not shown)

and that the stress collapses into a single curve when plotted as a function of the

boundary layer coordinate.

For α > 1
2 , the driving term for f ∗y is not singular in the limit ρ → 1, so the

torque from the outer region can be calculated from stresses that are the solution

to 3.62. From the asymptotic analysis, f ∗y is predicted to drive the leading order
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torque in the outer region. Figure 3.11 shows a plot of f ∗y for different values of

κ from the full BEM calculations along with f ∗y obtained by solving the integral

3.62 for α = 2/3 and α = 2. The BEM numerical results are in good agreement

with the outer solution. For α = 2/3 (and in general for 1/2 < α < 1), f ∗y obtained

from the complete BEM solution and numerical solution of 3.63 diverges close

to the edge (not shown) due to the O(1) forcing from the boundary layer. The

numerical solution of 3.63 does not capture this divergence because it does not

include a boundary layer forcing. On the other hand, for α = 2 (and in general

for α > 1), there is no divergence of f ∗y from BEM solution or from the solution

of 3.63 as there is no boundary layer for α > 1 particles.

The torque obtained from the BEM simulations is compared with the torque

prediction from the numerical solution of 3.62 for α = 2
3 and α = 2 in figure 3.12.

The results are in good agreement, indicating that there is no contribution from

the boundary layer region to the leading order for these shapes. The regularized

outer results also help in predicting the coefficient of the torque scaling at O(κ2).

The values of κe/κ (1 for α = 1
2 , 0.81 for α = 2

3 , and 0.44 for α = 2 from figure 12)

indicate that the rotation rate slows down as α increases or the particle becomes

less blunt even though the rotation rate of the aligned disk remains proportional

to κ2.

3.5.3 Effective aspect ratio for 1
4 < α <

1
2

For the shapes with 1
4 < α < 1

2 , the leading order contribution to the torque

remains O(κ2) and comes from the outer region. This leading order contribution

can be calculated based on the stress, f ∗y . For α < 1
2 , the driving term for f ∗y in 3.62
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Figure 3.11: Comparison of f ∗2 ( f ∗y = f ∗2 cos θ) for α = 2/3 (a) and α = 2
(b) for different values of κ obtained from the complete BEM
simulations with f ∗2 obtained from the analytical-numerical
results of 3.63. (a) κ = 0.001 (solid blue curve), κ = 0.08 (dot-
ted green curve), and f ∗2 (dot-dashed black curve) from the
analytical-numerical results. (b) κ = 0.001 (solid blue curve),
κ = 0.08 (dotted green curve) and f ∗2 (dot-dashed black curve)
from the analytical-numerical results. Results for κ = 0.001
and analytical results are almost indistinguishable.
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Figure 3.12: Comparison of the torque obtained from the BEM simulations
(circles) with the torque from the numerical solution (straight
line) for f ∗y from 3.63 for α = 2/3 (a) and α = 2 (b). Using
GB = −32/3 , the corresponding effective aspect ratio from the
numerical solution of f ∗y is κe

κ
= 0.81 for α = 2/3 and κe

κ
= 0.44

for α = 2.
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is singular close to the edge of the particle; to remove the singularity the driving

term is regularized by using a small parameter ε. 3.65 represents the regularized

equation for the driving term where the small parameter ε plays the role of the

boundary layer thickness. In section IV C, the regularization is shown to lead

to an additional term, besides the leading order contribution of O(κ2) to f ∗y , that

scales as O(κ2ε2α− 1
2 ) (3.88). In figure 3.13, we present the dependence of torque

on ε from the solution for f ∗y for α = 3
8 and use a fitting curve given by:

GA = C1 + C2ε
1/4 (3.99)

Numerical results are found to agree with the analytical predictions. The con-

stant term in 3.99 corresponds to the O(κ2) torque contribution from the outer

region while the second term of O(ε1/4) corresponds to the next order contribu-

tion of O(κ3/2(1−α)).

As before, the stresses in the boundary layer region are predicted to be O(1)

with a boundary layer size of O(κ
1

1−α ) for α < 1. Figure 3.14 shows a plot of force

densities, fx and fy in the boundary layer region as a function of the boundary

layer coordinates for α = 3
8 . Again at the leading order, the stresses are O(1) and

independent of κ. These O(1) force densities in the boundary layer drive stresses

over the flat matching region resulting in a force dipole which again contributes

to a torque at O(κ
3

2(1−α) ). This boundary layer contribution is included in the BEM

simulations.

For 1
4 < α < 1

2 , the leading order torque contribution at O(κ2) comes from

the outer region. At the second order, the torque is caused by the force densi-

ties driven by the singular driving force at the edge and the O(1) stress in the

boundary layer at O(κ
3

2(1−α) ). The leading order scaling of κ2 and the next order

scaling of κ
3

2(1−α) are close to each other in magnitude for the range of the aspect
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Figure 3.13: Scaling of the torque with respect to the small parameter, ε
obtained from the numerical solution of the regularized 3.70
for α = 3/8. Equation of the fitting line is −19.21 + 22.73ε(1/4).
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Figure 3.14: Force densities, (a) fx and (b) f2 ( fy = f2 cos θ) for α = 3/8
obtained from BEM simulations in the boundary layer as a
function of the boundary layer coordinates for κ = 0.001(solid
blue), κ = 0.004 (dotted green), κ = 0.02 (dot-dashed red),
κ = 0.08 (dashed black).
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ratio used in this study. Thus, we present the net torque obtained from the BEM

simulations as a sum of an O(κ
3

2(1−α) ) term and an O(κ2) term. Writing the torque

to the second order as a linear sum of these two terms, we get:

GA = H1κ
3

2(1−α) + H2κ
2

GA

κ2 = H1κ
4α−1

2(1−α) + H2 (3.100)

where H1 and H2 depend on α.In figure 3.15, we present the torque obtained

from the BEM simulations for various values of α and fit 3.100 to the results to

obtain H1 and H2 and also report the corresponding effective aspect ratio. From

the regularized outer solution of 3.62, we already have the quantitative pre-

diction of torque contribution at O(κ2) from the outer region, and this matches

well with the result obtained from the the BEM simulations. For α = 3
8 , the

regularized integral equation predict a torque of −19.21κ2 (figure 3.13) and the

BEM simulations predict a torque of −19.05κ2 (figure 3.15). We note here that

the coefficient of the O(κ
12
5 ) contribution predicted from the regularized outer

solution is different from the BEM prediction because the regularized outer so-

lution of 3.62 does not account for the effect of the O(1) boundary layer force

density which also contributes at O(κ
12
5 ). For α = 3/8, the torque fit given by

GA/κ = −19.05 + 14.97κ2/5 can accurately predict the torque with less than 5%

error for κ ≤ 0.08 and the leading order term can estimate the torque to that

accuracy for κ ≤ 0.001.

Using the leading order toque on the particle in orientation B (3.98) and

3.100, the effective aspect ratio of the particle is given by:

κe

κ
=

[
3H2

32

] 1
2
1 +

H1κ
4α−1

2(1−α)

H2


1
2

(3.101)

For α = 3/8, the effective aspect ratio is given by, κe/κ = 1.34(1− 0.79κ2/5)1/2. As α

decreases from 1/2 to 1/4 and the particle becomes more blunt, the rotation rate
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Figure 3.15: Torque acting on the particle obtained from BEM simulations
for α = 3/8. Here the linear fit is obtained using the three
smallest aspect ratios used in the plot (κ = 0.001, 0.002, and
0.004). Equation of the fitting line is: GA/κ

2 = −19.045 +

14.973κ2/5. Using GB = −32/3, the corresponding effective as-
pect ratio is κe

κ
= 1.34(1 − 0.79κ2/5)1/2 for α = 3/8.
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continues to increase even though the rotation rate of the aligned disk remains

proportional to κ2.

3.5.4 Effective aspect ratio for 0 ≤ α ≤ 1
4

Particles with 0 ≤ α < 1
4 have edges that are sufficiently blunt so as to yield a

strong singularity of the driving term for the stresses that dominates the torque

on the particle. In this case the leading contributions to the torque are O(κ
3

2(1−α) )

and arise due to the influence of the singular forcing term on the stresses in

the matching region and the force dipole arising due to the large stresses in the

boundary layer. The next contribution to the torque is O(κ2) and comes from

the outer region. The torque is again expressed as a sum of these two torque

contributions using 3.100.

In the analysis for 0 ≤ α < 1
4 in section IV, we showed that the driving term

for f ∗y in 3.62 is singular close to the edge. The influence of this singular forcing

at the edge on the torque can be evaluated using the regularized numerical solu-

tion of 3.62. In figure 3.16, we show the dependence on ε, of the torque obtained

from the regularized numerical solution for α = 1
8 and α = 1

16 . For both values

of α, we find the torque to be proportional to ε−
1
2 +2α as predicted by the analysis.

The rapid increase in torque with decreasing ε indicates that the torque is now

dominated by the singularity in the boundary layer.

From the analysis, the stresses are predicted to be O(1) in a boundary layer of

O(κ
1

1−α ) thickness for α < 1. Figure 3.17 shows a plot of the force densities, fx and

fy in the boundary layer region as a function of the boundary layer coordinate

for α = 1
8 . Again, to the leading order, the stresses are O(1) and independent of
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Figure 3.16: Scaling of the torque with respect to the small parameter ε
obtained from the numerical solution of the regularized 3.70.
(a) Scaling of the torque for α = 1/16. Equation of the line is
5.45 − 3.62ε−3/8. (b) Scaling of torque for α = 1/8. Equation of
the line is 10.96 − 9.55ε−1/4 . The curves are obtained by fitting
a straight line for the three smallest values of ε.
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κ.

In figure 3.18, we present the torque obtained from the BEM simulations for

various values of α and fit the results with 3.100 to obtain H1 and H2 and report

the corresponding effective aspect ratios. For α < 1/4, the coefficients of the

leading order torque at O(κ
3

2(1−α) ) cannot be predicted from the dependence of

torque on ε obtained from the numerical results of 3.65. This is due to the fact

that we do not have any analytical or numerically aided analytical estimate of

the torque from the boundary layer region which also contributes to the torque

at O(κ
3

2(1−α) ). The results that we obtain from the full BEM are a combination of

both torques from the boundary layer region and torque from the singularity at

the edge to the leading order at O(κ
3

2(1−α) ). Fitting the data with 3.100, the torque

can be accurately predicted for α = 0 with less than 6% error for κ ≤ 0.08. The

leading order term alone can estimate the torque to within 6% for κ ≤ 0.04. For

α = 1/8, there is an error of less than 8% for κ ≤ 0.08 with both the leading order

terms and an error of ≤ 10% for κ ≤ 0.002 using the leading order term . For the

special case of a circular disk, α = 0, we find that κe/κ = 1.12κ−1/4(1++0.21κ1/2)1/2.

For α = 1/8, we find κe/κ = 1.31κ−1/7(1 − 0.55κ2/7)1/2. In figure 3.19, we compare

our prediction of effective aspect ratio with previous reported data for α = 0

disk [57, 104, 128]. For almost all the aspect ratios, the present study indicates a

larger effective aspect ratio than both the previous simulation studies [104, 128]

. Meng and Higdon [104] use a planar array of spheres to represent the disk,

due to this their disk has rounded edges which leads to lower effective aspect

ratios; the effect of rounding of the edges on the torque has been shown by

Singh et al. [128]. The difference between Singh et al. [128] predictions and the

present study is more modest. This difference could be due to the limited grid

resolution of Singh et al.’s finite element computations.
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Figure 3.17: Stresses in the inner region for κ = 0.001 (blue), 0.004 (green),
0.02 (red), and 0.08 (black) as a function of the boundary layer
coordinate for α = 1/8.
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Figure 3.18: Variation of the torque with respect to the aspect ratio for
α = 1/4 (a), 1/8 (b) and 0 (c). Here the linear fit is obtained
using the three smallest aspect ratios in the plot (κ = 0.001,
0.002, and 0.004). Equation of the fitting line is: GA/κ

2 =

−5.11 + 12.13 log κ for α = 1/4, GA/κ
2 = 10.12 − 18.36κ−2/7 for

α = 1/8, and : GA/κ
2 = −2.80 − 13.35κ−1/2 for κ = 0. Us-

ing GB = −32/3 , the corresponding effective aspect ratio is
κe
κ

= 1.07(log 1
κ
)1/2

(
1 − 0.42

log κ

)1/2
for α = 1/4, κe

κ
= 1.31κ−1/7(1 −

0.55κ2/7)1/2 for α = 1/8, and κe
κ

= 1.12κ−1/4(1 + 0.21κ1/2)1/2 for
α = 0.
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FEM simulations of Singh et al. (diamond), Meng and Higdon
(square) results for the disk approximated by planar arrays of
spheres, and the experimental results of Goldsmith and Ma-
son (circle).
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In the asymptotic analysis for force density in the matching region, we found

that α = 1
4 is a special case because the general solution for Laplace’s equation

used for the potential function failed to satisfy the boundary condition. Thus,

it was not possible to predict the scaling of the torque contribution from the

edge with κ for this case using the asymptotic analysis and we instead obtain

this scaling by using the regularized numerical solution of 3.62. We find that

the torque is proportional to ln ε (figure 3.20), indicating that the singularity in

the integral for the torque is logρm for α < 1
4 whereas it is ρ−

1
2 +2α

m for α < 1
4 . Since

ρm = O(κ
4
3 ), the leading order torque contribution from the matching region for

α = 1
4 is κ2logκ. There is still an O(κ

3
2(1−α) ) contribution to torque from the O(1)

force densities in the boundary layer of the particle. This torque contribution

for α = 1
4 is O(κ2) which is thus of the same order as the contribution to the

torque from the outer region. For α = 1
4 , a linear combination of O(κ2logκ) and

O(κ2) is used to fit the numerical results:

GA

κ2 = H1logκ + H2 (3.102)

Unlike α < 1/4 case, the value of H1 can be predicted using the regularized outer

solution for α = 1
4 since only the singular term at the edge contributes to it. H1

from the analytical numerical results is 9.21
1−α = 12.28 and H1 from the BEM results

is 12.13. With the torque fit of GA/κ
2 = −5.11 + 12.13 log κ, there is ≤ 4% error

in torque predictions for α = 1/4. The corresponding effective aspect ratio for

α = 1/4 is given by 1.07(log(1/κ))1/2(1 − 0.42/ log κ)1/2.
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obtained from the numerical solution of the regularized equa-
tion for α = 1/4. Equation of the line is 2 + 9.21 log ε, obtained
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3.6 Conclusion

We have studied the rotational motion of rigid thin axisymmetric particles in

simple shear flow at low Reynolds number. An axisymmetric particle under-

goes rotational motion in one of an infinite set of orbits in simple shear flow.

This rotational motion is completely determined by a single parameter called

the effective aspect ratio of the particle. One can tune the shape of the particle

to change its effective aspect ratio and thus its rotational motion in simple shear

flow. We have extended previously known results for the effective aspect ratio

to small aspect ratio for a one-parameter family of shapes whose thickness is

κ(1− ρ2)α. This family of shapes allows a full range of power law dependence of

the thickness of the particle on the radial distance 1 − ρ from the particle edge

as ρ→ 1 spanning the range from blunt objects α = 0 with a non-zero thickness

at the edge to α ≤ 1 for the thickness goes smoothly to zero but has an infinite

slope at the edge, to sharp particles with a finite non-zero slope (α = 1) or zero

slope α > 1 at the edge.

Here is a brief summary of our findings. The effective aspect ratio of a par-

ticle can be calculated from the torque acting on the particle when it is oriented

with its axis of symmetry in the gradient direction. Based on the order of mag-

nitude of surface stresses, the surface of the particle can be divided into two re-

gions, an outer region where the thickness of the particle is much smaller than

the distance from the edge and a boundary layer region (present when α < 1) of

O(κ
1

1−α ) width where the thickness is of the same order as the distance from the

edge. The order of magnitude of the torque contribution from the inner region

depends on the shape of the particle close to the edge whereas that from outer

region is independent of the shape of the particle. For a whole range of particle
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shapes (α ≤ 1/4), the motion of the particle is dictated by the edge contribution.

This is similar to the case of a slender fiber where, as shown originally by Cox

[34], blunt ends increase the effective aspect ratio by O((ln κ)1/2) in the limit of

large κ, so that a slender cylindrical fiber completes a single Jeffery orbit in a

time of O(κ(ln κ)1/2) in contrast to a fiber with pointed ends which takes a time of

O(κ). The sensitivity of effective aspect ratio to the shape of the edge is consider-

ably amplified for disk shaped particles compared to large aspect ratio particles.

The effective aspect ratio of sufficiently blunt-ended (α < 1/4) disk-shaped par-

ticles becomes algebraically larger by a factor of O(κ
1−4α

4(1−α) ).

For all particle shapes of small thickness, the leading order stresses in the x

and y direction contribute to no net torque at O(κ) (3.56). For α > 1
4 , the lead-

ing order torque contribution comes from the outer region at O(κ2). Thus, the

effective aspect ratio, κe for these particles scales as their aspect ratio, κ. For

1/4 < α < 1/2, the leading order effective aspect ratio still scales as O(κ) but the

first correction to this scaling is large (O(κ
3

4(1−α) )). For α < 1
4 , the leading order

torque contribution comes from the edge and is O(κ
3

2(1−α) ). The scaling of the ef-

fective aspect ratio for these particles is O(κ
3

4(1−α) ). For α = 1
4 , we find that the

torque contribution from the edge scales as κ2 log κ and thus the effective aspect

ratio scales as κ(log κ)
1
2 . Figure 3.21 shows the exponent, ζ of the leading order

term in the relation κe = aκζ for the whole range of 0 ≤ α < ∞. In table 3.1,

we summarize the dependence of the effective aspect ratio on aspect ratio for

different α considered in this work.

The rotational motion of non-spherical particles plays an important role in

determining the bulk properties of a suspension. In this work, we find that

blunt (small α) particles tend to rotate faster. This source of variation in rota-
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Figure 3.21: To leading order, κe = aκζ (α , 1/4) when the particle shape
is given by, y(ρ) = κ(1 − ρ2). The exponent ζ is plotted as a
function of α. The scaling of 1 extends to α → ∞. For α = 1/4,
the effective aspect ratio scales as κe = a(κ(log κ)1/2)
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α 𝜅𝑒/𝜅 

0 1.12𝜅
−1
4 �1 + 0.21𝜅

1
2�

1
2
 

1/8 1.31𝜅
−1
7 �1 − 0.55𝜅

2
7�

1
2
 

1/4 1.07 �log
1
κ�

1
2

�1 −
0.42
𝑙𝑜𝑔𝜅�

1
2
 

3/8 1.34 �1 − 0.79𝜅
2
5�

1
2
 

1/2 1 

2/3 0.81 

2 0.44 

 

 

Table 3.1: The effective aspect ratio with respect to the aspect ratio as a
function of different values of α considered in this work when
the particle shape is given by, y(ρ) = κ(1 − ρ2)α
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tional motion is purely due to the shape of the particles and can be useful in

different applications. For example, one can use a suspension of large α parti-

cles for preparing materials used as a gas barrier. For such materials, alignment

of particles is important, large α particles have a slow rotation rate when ori-

ented near the flow-gradient plane and thus a larger tendency to flow align.

On the other hand, for suspensions in which particles are added to increase the

viscosity of the suspension, blunt (small α) particles would be preferred. In an

imposed simple shearing motion of the ambient fluid, the increased rate of dis-

sipation which occurs due to the presence of a non-spherical particle is highly

dependent upon its orientation, so the viscosity of a dilute suspension depends

on the probability distribution of orientations among all the suspension parti-

cles. According to Jeffery’s analysis, each axisymmetric particle rotates in one

of an infinite set of orbits. In the absence of particle interactions and Brownian

motion, a particle will remain indefinitely in the same orbit. Hence, one might

conclude that the distribution of particle orbits is completely determined by the

initial distribution of orientations in the suspension. Such an initial condition

leads to a time-dependent orientation distribution of the suspension and hence

leads to an effective viscosity of the suspension which is periodic in time [45]

. Jeffery’s solution completely neglects such effects as fluid and particle inertia

[76, 136, 137], Brownian motion and particle-particle interactions [123, 134], all

of which will be present in a suspension. Hence, an alternative view might be

that these (presumably) small departures from undisturbed creeping flow will

lead to a slow change in the orbit of a particle so that eventually a steady-state

distribution of orbits may be established which is independent of the initial ori-

entations of the particles. For small particles, one can use Leal and Hinch’s

[97] analysis for the orbit distribution of weakly Brownian particles undergoing
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rotational motion in simple shear flow. Leal and Hinch used the following ex-

pression from Jeffery to calculate the effective viscosity of a dilute suspension

of spheroids

µeff − µ

µn
=

[
K1 < sin4 θ sin2 2φ > +K2 < cos2 θ > +K3 < sin2 θ >

]
(3.103)

where µeff is the effective viscosity of the suspension, n is the number of parti-

cles per unit volume and the angle brackets (<>) indicate an average over the

particle orientation distribution. For spheroids [72, 97], in the limit κ << 1,

K1 = 5d3/18, K2 = 4d3/9 and K3 = Vs, where Vs = πd3κ
6 is the volume of the

spheroid. From their solution for the distribution of particles among the Jeffery

orbits due to weak Brownian motion, Leal and Hinch determined the orienta-

tional moments to be < sin4 θ sin2 2φ >= 1.248κe and < cos2 θ >= 1.792κe in the

limit κe � 1. These orientational results are applicable to any small aspect ratio

axisymmetric tumbling particle. For a spheroid with κe = κ these results yield,

µeff − µ

µΦ
= 3.183 + O(κ) (3.104)

where, Φ = volume fraction of the solid particles.

For any particle shape, the constants K1, K2, and K3 can be determined by

considering the stresslet acting on the particle whose axis of symmetry is ori-

ented along the extensional axis of the extensional component of the shear flow

(orientation C: θ = π/2 and φ = π/4), in the vorticity direction (orientation D:

θ = 0) and in the gradient direction (orientation A: θ = π/2 and φ = π/2), respec-

tively. In orientations C and D, the imposed fluid velocity at the particle surface

is O(γd) and the resulting O(µγd3) stresslet is to leading order that of a planar

circular disk and is independent of the detailed particle shape for κ � 1. Thus,

for all thin disk particles, to the leading order, K1 = 5d3/18 and K2 = 4d3/9. The
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stresslet for particles in orientation A can be determined using the leading or-

der force distribution derived in section IV A. The leading order contributions

to the stresslet in orientation A are given by:

S xy = −
1
2

∫
S
( fyρ cos θ + fxκl(ρ))dS (3.105)

where − fx and − fy are the forces exerted by the fluid on the particle. Using the

leading order fx (3.54) and fy (3.55) forces we have,

S xy = −
2κ
2

∫ 1

0

∫ 2π

0
(ρ cos2 θ

∂l(ρ)
∂ρ
− l(ρ))ρdρdθ

=
2πκ

(1 + α)
µγd3

= 8Vµγ (3.106)

where V (= πd3κ
4(α+1) ) is the volume of the particle. It should be noted here that the

leading order forces lead to a stresslet at O(κ) although the torque at O(κ) is zero.

The contribution to the stresslet from the boundary layer is O(κ3/2(1−α)) which is

less than the leading order O(κ) contribution and hence can be neglected. The

contribution to the stress for a particle number density, n is then given by nS xy =

8nVµγ and the coefficient, K3 =
8nVµγ
2µγn = 4V . Using this result in 3.103, for a thin

disk effective viscosity is given by,

µe f f − µ

µn
=

5d3

18
< sin4 φ sin2 2φ > +

4d3

9
< cos2 θ > +4V < sin2 θ >)

= 1.15d3κe + 4V (3.107)

In the case of cylindrical disks (α = 0), using κe/κ = 1.12κ−1/4(1 + +0.21κ1/2)1/2

, the effective viscosity is given by,

µeff − µ

µΦ
= 1.64κ−1/4(1 + 0.21κ1/2)1/2 + 4. (3.108)

Thus, the intrinsic viscosity of cylindrical disks unlike that of spheroidal disks

will grow as κ−1/4 with decreasing aspect ratio. Previous experimental work by
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Jogun and Zukoski [73] and Kasperski et al. [78] has reported viscosity of sus-

pension containing kaolinite clay particles. Kasperski et al. has shown that for

volume fraction of Na-kaolinite particles between 4.510−3 to 0.035, the ratio µeff−µ

µΦd

varies between 4.2 to 7.6. Where φd is the volume fraction of particles calcu-

lated based on dry weight and for Na-kaolinite it is expected to be equal to the

actual volume fraction (φ) in the suspension due to its non-swelling behavior.

Unfortunately, Kasperski et al. did not report the aspect ratio of their particles.

Our prediction of viscosity of the suspension in 3.108 corresponds to µeff−µ

µΦd
= 7

for an aspect ratio of 0.1. Jogun and Zukoski [73] has reported the viscosity of

dispersions of kaolin clay particles of aspect ratio 1/10 − 1/12 for only one vol-

ume fraction in the dilute limit. For a volume fraction of 0.05, the viscosity of

the suspension of kaolin clay particles is found to be 1.9 mPa.s. Assuming the

continuous phase viscosity of their aqueous buffer solution as 1 mPa.s (which is

not reported by Jogun and Zukoski [73]), 3.108 predicts a suspension viscosity

of 1.35 mPa.s. Meng and Higdon [104] numerically calculated viscosity for their

disk particle suspension where the particles are formed by a planar assembly

of small spherical particles. For a volume fraction of 0.01 of aspect ratio 1/7

particles, they found the relative viscosity of the suspension to be 1.039. 3.108

predicts a relative viscosity of 1.068. It seems that a more controlled study of

rheological behavior of thin disk suspension in the dilute regime is needed to

verify the effective viscosity predictions here.

The family of shapes considered in this work, y = κ(1 − ρ2)α, allows for any

power law dependence (1 − ρ)α of the particle thickness with respect to the dis-

tance 1 − ρ from the edge of the particle in the limit as ρ→ 1. Since our analysis

shows that scaling of the thickness with respect to distance from the edge con-

trols the order of magnitude of the stresses, we can extrapolate our results to
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suggest the scaling of the effective aspect ratio for all low aspect ratio convex,

axisymmetric shapes with fore-aft symmetry whose surface is continuous and

differentiable. As noted earlier, the leading order torque at O(κ) is zero (3.56) for

all flat, thin particle irrespective of the exact shape as long as l(1) = 0. Particles

with a finite slope at the edge α > 1 have no singular stresses near the edge and

we can expect κe ∼ κ. Particles whose slope approaches infinity near the edge

exhibit a boundary layer wherein the stresses in the y direction are O(1). How-

ever, the torque from this boundary layer remains smaller than that from the

outer region when the thickness is less singular than (1 − ρ)1/4 and again κe ∼ κ.

For blunter shapes whose thickness scales as (1 − ρ)α with α < 1/4 as ρ → 1,

the boundary layer and matching region near the edge of the particle dominate

the torque and κe/κ ∼ κ
α− 1

4
1−α . Any particle shape in which the particle thickness

reaches an O(κ) value within an O(κ) distance from the edge can be expected to

yield an O(κ) boundary layer thickness and an effective aspect ratio κe ∼ κ simi-

lar to the cylindrical disk. In this work, we have not optimized the shape of the

particle to identify the slowest or the fastest rotating particle. Singh et al. [129]

have identified ring shape particles which stop rotating in simple shear flow but

shape of the fastest rotating thin particle remains unknown.

3.7 Appendix

This section is divided into two parts. In the first part, we show that the stress

in the z direction, fz does not influence the integral equations for the velocity

field in the x and y direction to O(κ2). In the second part, the elliptic integral

formulations of the integral equations used for the BEM simulations is shown.
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3.7.1 Contribution of fz to velocity disturbance fields in x and y

directions

The matched asymptotic analysis performed in section IV, assumed that the con-

tribution of the surface stress, fz to the velocity disturbance field in the x and y

direction is less than O(κ2). Here, we show that to be true by first determining

that the scaling of the leading order non-zero fz is O(κ2) and then showing that

the contribution of the leading order fz stress to the disturbance field in the x

and y direction is O(κ3). It should be noted here that by the symmetry of the

problem, fz by itself cannot induce a torque on the particle. The torque contri-

bution can only come from the velocity disturbance field caused by fz in the x

and y direction which in turn can drive fx and fy stresses.

We start with the integral equation 3.12 for the velocity field in the z direction

and using the boundary condition, vz = 0 on the surface of the particle, we get:

0 =

∫
S

dS ′[Jzx(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) − Jzx(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fx(ρ′)

+

∫
S

dS ′[Jzy(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) + Jzy(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fy(ρ′)

+

∫
S

dS ′[Jzz(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) − Jzz(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fz(ρ′)

= Izx + Izy + Izz (3.109)

Here Izx and Izy are the disturbance fields in the z direction due to fx and fy

stresses. Starting with the disturbance field due to fx stress, one can divide the

integral Izx into two parts that contribute in |ρ − ρ′| > O(κ) and |ρ − ρ′| ∼ O(κ).
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Rewriting Izx:

Izx =

∫
S

dS ′([Jzx(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) − Jzx(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fx(ρ′)

− [Jzx(ρ − ρ′) − Jzx(ρ − ρ′ + ey2κl(ρ))] fx(ρ))

+

∫
S

dS ′[Jzx(ρ − ρ′) − Jzx(ρ − ρ′ + ey2κl(ρ))] fx(ρ)

= I∗zx + I∗∗zx (3.110)

where the integral I∗zx is evaluated for |ρ − ρ′| > O(κ) with no contribution from

the singularity at ρ. Using the Taylor series expansion for Jzx for small κ, we get

I∗zx =

∫
dS ′([−2κ2l(ρ)l(ρ′)

∂2Jzx(ρ − ρ′)
∂y

|y=0] fx(ρ′)

− [−2κ2l2(ρ)
∂2Jzx(ρ − ρ′)

∂y
|y=0] fx(ρ)) + O(κ3)

= O(κ2) (3.111)

In determining the above scaling we use the already known result, fx(ρ) =

−1 + O(κ). We now account for the contribution of the singular part of Izx to

the disturbance field. When ρ′′ ∼ O(κ), we move the center of the coordinate

system to the point of interest ρ. A unit area, with ρ being the center of the

coordinate system, can be written as dS ′ = ρ′′dρ′′dθ′′. We can write I∗zx as:

I∗∗zx =

∫ 1−ρ

ρ

∫ 2π

0
ρ′′dρ′′dθ′′(

ρ′′ cos θ′′ρ′′ sin θ′′

ρ′′3
−
ρ′′ cos θ′′ρ′′ sin θ′′

(ρ′′2 + 4κ2l2(ρ))3 ) (3.112)

Integrating over θ′′ we get,

I∗∗zx = 0 + O(κ3) (3.113)

Thus, combining 3.111 and 3.113, we can write the contribution of the fx stress

dipole to the disturbance field in the z direction as:

Izx =

∫
S

dS ′(−2κ2l(ρ)
∂2Jzx(ρ − ρ′)

∂y2 |y=0)(l(ρ′) fx(ρ′) − l(ρ) fx(ρ)) + O(κ3) (3.114)
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We now calculate the disturbance field due to fy stresses. Writing the integral Izy

as a sum of terms contributing when ρ′′ > O(κ) and ρ′′ ∼ O(κ), we get

Izy =

∫
S

dS ′[Jzy(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) + Jzy(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fy(ρ′)

−

∫
S

dS ′[Jzy(ρ − ρ′) + Jzy(ρ − ρ′ + ey2κl(ρ))] fy(ρ)

+

∫
S

dS ′[Jzy(ρ − ρ′) + Jzy(ρ − ρ′ + ey2κl(ρ))] fy(ρ)

= I∗zy + I∗∗zy (3.115)

The integral I∗zy has a singularity of type 1
ρ′

and is evaluated as a Cauchy principal

value. Using the Taylor series expansion for Jzy, we get:

I∗zy =

∫
S

dS ′(2κl(ρ) fy(ρ′)
∂Jzy(ρ − ρ′)

∂y
− 2κl(ρ) fy(ρ)

∂Jzy(ρ − ρ′)
∂y

) + O(κ3)

=

∫
S

dS ′2κl(ρ) fy(ρ′)
∂Jzy(ρ − ρ′)

∂y
+ O(κ3) (3.116)

We now account for the singular (ρ→ ρ′) contribution to the integral Izy.

I∗∗zy =

∫
S

dS ′(
2κl(ρ)ρ′′ sin θ′′

(ρ′′2 + 4κ2l2(ρ))
) (3.117)

Substituting ρ′′ = κρ∗, we get

I∗∗zy = κ fy(ρ)
∫ ∞

0
ρ∗dρ∗

∫ 2π

0

ρ∗ sin θ′′dθ′′

(ρ∗2 + 4l2(ρ))
3
2

= 0 + O(κ3) (3.118)

Combining 3.116 and 3.118, we can write the contribution of fy stress to the

disturbance field in z direction as:

Izy =

∫
S

dS ′(2κl(ρ)
∂Jzy(ρ − ρ′)

∂y
) fy(ρ′) + O(κ3) (3.119)
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Now substituting 3.114 and 3.119 in 3.109, one can write:

−Izz =

∫
S

dS ′(−2κ2l(ρ)
∂2Jzx(ρ − ρ′)

∂y
|y=0)(l(ρ′) fx(ρ′) − l(ρ) fx(ρ))

+

∫
S

dS ′(2κl(ρ)
∂Jzy(ρ − ρ′)

∂y
)( fy(ρ′) − fy(ρ)) + O(κ3)

=

∫
S

dS ′2κl(ρ)
[
−κ(
−3x′z′

ρ′′5
)( fx(ρ′)l(ρ′) − fx(ρ)l(ρ)) +

z′

ρ′′3
fy(ρ′)

]
+ O(κ3)

=

∫
S

dS ′2κl(ρ)
[
−κ(

∂

∂x′
z′

ρ′′3
)( fx(ρ′)l(ρ′) − fx(ρ)l(ρ)) +

z′

ρ′′3
fy(ρ′)

]
+ O(κ3)

(3.120)

Using integration by parts now:

Izz =

∫
S

dS ′2κl(ρ)
[
−

z′

ρ′′3
(
∂

∂x′
κ fx(ρ′)l(ρ′))

+
z′

ρ′′3
fy(ρ′)

]
+ O(κ3)

=

∫
S

dS ′2κ2l(ρ)(
z′

ρ′′
)[ fy(ρ′) − fy(ρ′)]

+ O(κ3)

= O(κ3) (3.121)

Thus, leading order disturbance field in the z direction due to fx and fy stresses

is of O(κ3). Now we determine the leading order stress fz required to cancel

the O(κ3) disturbance field due to fx and fy to maintain the no slip boundary

condition. Dividing Izz into two parts:

Izz =

∫
S

dS ′[Jzz(ρ − ρ′ + eyκ(l(ρ) − l(ρ′))) − Jzz(ρ − ρ′ + eyκ(l(ρ) + l(ρ′)))] fz(ρ′)

−

∫
S

dS ′[Jzz(ρ − ρ′) − Jzz(ρ − ρ′ + ey2κl(ρ))] fz(ρ)

+

∫
S

dS ′[Jzz(ρ − ρ′) − Jzz(ρ − ρ′ + ey2κl(ρ))] fz(ρ)

= I∗zz + I∗∗zz (3.122)

Here the integral I∗zz captures the behavior for ρ′′ ∼ O(κ) and I∗∗zz takes into ac-

count the contribution of the singularity as ρ′ → ρ. In the region ρ′′ > O(κ),
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using a Taylor series expansion for Jzz, I∗zz can be written as:

I∗zz =

∫
S

dS ′
[
−2κl(ρ) fz(ρ′)

∂Jzz(ρ − ρ′)
∂y

− (−2κl(ρ) fz(ρ)
∂Jzz(ρ − ρ′)

∂y
) + O(κ2) fz(ρ)

]
= 0 − 0 + O(κ2) fz(ρ) (3.123)

Now we determine the contribution of the singular part of Izz to the disturbance

field:

I∗∗zz =

∫
S

dS ′
(

1
ρ′′

+
ρ′′2 sin2 θ′′

ρ′′3
−

1

(ρ′′2 + 4l(ρ))
1
2

−
ρ′′2 sin2 θ′′

(ρ′′2 + 4l2(ρ))
3
2

fz(ρ)
)

(3.124)

Moving the center of the coordinate system to ρ and defining a new variable

ρ∗ =
ρ′′

κ
, I∗∗zz reduces to:

I∗∗zz = κ fz(ρ)
∫ ∞

0
ρ∗dρ∗dθ′′

(
1
ρ∗

+
sin2 θ′′

ρ∗
−

1

(ρ∗2 + 4l2(ρ))
1
2

−
ρ∗2 sin2 θ′′

(ρ∗2 + 4l2(ρ))
3
2

)
= fz(ρ)O(κ) (3.125)

Combining the Izz disturbance field from 3.123 and 3.125, we get

Izz = fz(ρ)O(κ2) + fz(ρ)O(κ) (3.126)

We already know from 3.121 that the leading order disturbance field is O(κ3) in

the z direction. The leading order stress fz is then given by:

O(κ3) = fz(ρ)O(κ2) + fz(ρ)O(κ)

fz(ρ) = O(κ2) (3.127)

The leading order stress in the z direction is O(κ2). fz(ρ) is a stress dipole with

a pair of equal and opposite forces separated by a thickness of 2κl(ρ). The dis-

turbance field due to this pair of stresses to the leading order can then be given

by fz(ρ)κl(ρ) ∼ O(κ3). Thus, the contribution of the fz stress is always going to be

less than O(κ2) in the x and y direction.
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3.7.2 Elliptic integral formulations

Here, the integrals in 4.51 and 4.52 are integrated in the azimuthal direction (θ)

and expressed in terms of complete elliptic integrals. In this section, first we

express 4.51 and 4.52 in terms of elliptic integrals and then present the asymp-

totic expansions of the integral to deal with the singularity in the integrand.

Rewriting 4.51 and 4.52 we get,

(vx − γy)8π = Ixx + Ixy

vy8π = Iyx + Iyy (3.128)

where the integrals on the right hand side can be defined as:

Ixx =

∫
ρ′ds′ f1(ρ′)[I1 + ρ2 cos2 θI3 + ρ′2I5 − 2ρρ′ cos θI4

− I′1 − ρ
2 cos2 θI′3 − ρ

′2I′5 + 2ρρ′ cos θI′4]

Ixy =

∫
ρ′ds′ f2(ρ′)[ρ cos θ(y − y′)I4 + ρ cos θ(y + y′)

− ρ′(y − y′)I5 − ρ
′(y + y′)I′5]

Iyx =

∫
ρ′ds′ f1(ρ′)(ρ cos θ(y − y′)I3 − ρ

′(y − y′)I4 − ρ cos θ(y − y′)I′3 + ρ′(y − y′)I′4)

Iyy =

∫
ρ′ds′ f2(ρ′)(I2 + (y − y′)2I3 + I′2 + (y + y′)2I′3) (3.129)

where the integrals I1 − I5 can be defined as:

I1 = S 1, I2 = cos θS 2, I3 = S 3, I4 = cos θS 4, I5 = cos(2θ)S 5 + sin2 θS 3,

(3.130)
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Since the above expressions are valid for all values of θ, we use θ = 0 for our

simulations. The terms S 1 − S 5 are defined as:

S 1 =

∫ 2π

0

dψ

(A2
1 − B2 cosψ)

1
2

=
4

C1
K(D1)

S 2 =

∫ 2π

0

cosψdψ

(A2
1 − B2 cosψ)

1
2

=
4

C1B2 (A2
2K(D1) −C2

2E(D2))

S 3 =

∫ 2π

0

dψ

(A2
1 − B2 cosψ)

3
2

=
4

C3
1

E(D1)
1 − D2

1

S 4 =

∫ 2π

0

cosψdψ

(A2
1 − B2 cosψ)

3
2

=
4

C3
1B2

(A4
1

E(D1)
1 − D2

1

)

S 5 =

∫ 2π

0

cos2 ψdψ

(A2
1 − B2 cosψ)

3
2

=
4

C3
1

(
8(D2

1 − 2)(D2
1 − 1)K(D1) − 2(D4

1 − 8D2
1 + 8)E(D1)

2D4
1(D2

1 − 1)

)
(3.131)

Here A1 = (ρ2 + ρ′2 + (y − y′)2)
1
2 , B = (2ρρ′)

1
2 , and D1 =

(
2B2

A2
1+B2

) 1
2
. K and E are

complete elliptic integrals given by:

K =

∫ π
2

0

dψ

(1 − D2
1 sin2 ψ)

1
2

E =

∫ π
2

0
(1 − D2

1 sin2 ψ)
1
2 dψ (3.132)

In the limit D1 → 1, all the formulas in 4.59 become singular. Physically it is

equivalent to ρ′ approaching ρ, i.e. calculating the disturbance field very close

to a ring of forces. The singularity of the integrand is a weak log singularity and

hence integrable. To handle this singularity numerically, the integrals are ana-

lytically simplified first. For that purpose the following asymptotic expansions

of the elliptic functions are used [98]:

K(D1) = log
4

D′1
+

1
2

(
log

4
D′1
− 1

)
D′21 +

9
64

(
log

4
D′1
−

7
6

)
D′41

E(D1) = 1 +
1
2

(
log

4
D′1
−

1
2

)
D′21 +

3
16

(
log

4
D′1
−

13
12

)
D′41 (3.133)
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where D′1 = (1 − D2
1)

1
2 . In the simulations, for D′1 ≤ 10−6, the above analytical

formulaes were used for integration instead of the numerical results.

All the integrals from I′1− I′5 are evaluated in a manner similar to the integrals

I1 − I5 except A1 is replaced by A2 = (ρ2 + ρ′2 + (y + y′)2)
1
2 and D1 is replaced by

D2 =

(
B2

A2
2+B2

) 1
2
. The integral I′1 − I′5 are not expected to have a singularity because

even when ρ′ → ρ the distance between the two points is proportional to 2y.
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CHAPTER 4

RIGID RING SHAPED PARTICLES THAT ALIGN IN SIMPLE SHEAR

FLOW

Most rigid, torque-free, low-Reynolds number, axisymmetric particles undergo

a time periodic tumbling motion in a simple shear flow, with their axes of sym-

metry following a set of closed Jeffery orbits. We have identified a class of rigid,

ring-like particles whose axes of symmetry instead reach a permanent align-

ment near the velocity gradient direction with the plane of the particle aligning

near the flow-vorticity plane. An asymptotic analysis for small particle aspect

ratio (ratio of length parallel to the axis of symmetry to diameter perpendicular

to the axis) shows that an appropriate asymmetry of the ring cross-section with

a thinner outer edge and thicker inner edge leads to a tendency to rotate in a

direction opposite to the vorticity; this tendency can balance the usual rotation

rate associated with the finite thickness of the particle. Boundary integral com-

putations for finite particle aspect ratios are used to determine the conditions of

aspect ratio and degree of asymmetry that lead to the aligning behavior and the

final orientation of the axis of symmetry of the aligned particles. The aligning

particle follows an equation of motion similar to the Leslie-Erickson equation

for the director of a small molecule nematic liquid crystal. However, whereas

the alignment of the director arises from intermolecular interactions, the ring-

like particle aligns solely due to its intrinsic rotational motion in a low Reynolds

number flow.
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4.1 Introduction

It is well known that most rigid particles rotate continuously in simple shear

flow of a Newtonian fluid in the absence of inertial effects. A natural question

to ask is whether there are any exceptional particle shapes which can allow the

particle to stop rotating and reach a permanent alignment. This question was

first raised in Bretherton’s classical paper [20] on the rotation of axisymmetric

particles. Bretherton argued that a dumbbell consisting of asymmetrical beads

could stop rotating but he concluded that the aspect ratio of the connecting rod

required to achieve this behavior was unrealistically large so that a rigid particle

of this shape could not be created in practice. Inspired by Bretherton’s work,

we show that moderate aspect ratio ring-shaped particles with a local cross-

sectional shape that is thinner on the outer edge than on the inner edge can

align in a simple shear flow. The asymmetry of the shape leads to a force per

unit circumference that opposes the usual rotation of a finite aspect ratio particle

with the fluid vorticity.

Understanding the motion of a single particle in flow is a fundamental prob-

lem of fluid mechanics with implications in a wide variety of fields like engi-

neering, geophysics, and physiology [13, 42, 95, 51, 56, 29]. Stokes (1851) was

the first to analyze the translational motion of a rigid sphere in an unbounded

quiescent fluid at low Reynolds number. Einstein [43] later studied the behav-

ior of a single spherical particle in simple shear flow to estimate the effective

viscosity of a dilute suspension of spherical particles. The behavior of parti-

cles with non-spherical shapes in simple shear flow at low Reynolds number

was first studied by Jeffery [72]. Jeffery showed that in the absence of inertial

effects, a spheroidal (ellipsoid with two equal semi-diameters) particle’s center
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translates with the velocity of the fluid and the axis of symmetry rotates in a

periodic motion with a period that depends on the aspect ratio (κ) of the parti-

cle where κ is defined as the ratio of length (L) parallel to the axis of symmetry

to diameter (d) perpendicular to the axis. In this Jeffery rotational motion, the

time period of particle rotation increases as the aspect ratio becomes large or

small and the particle spends more time aligned with its longer axis in the flow

direction. However, to date, it has been thought that there is no shape for which

a rigid particle completely stops rotating in simple shear flow at finite aspect

ratio.

While no previous studies have revealed a rigid particle that stops rotating in

unbounded simple shear flow of a low Reynolds number Newtonian fluid, there

are a number of other conditions in which particles can align in simple shear

flow. Deformable particles like vesicles with fluid or solid inclusions [39, 75, 88],

droplets [142], and the swimming micro-organism chlamydomonas [122] can

align in simple shear flow. Particles can also align in simple shear flow due

to inertial effects as shown by Subramanian and Koch [136] . A fiber has also

been observed to align in a viscoelastic fluid [67]. Interactions with the wall can

also stop a particle from tumbling at separations smaller than a critical value as

revealed for oblate spheroidal particles by the simulations of Mody and King

[106].

Rigid particles in low Reynolds number flows can also align in linear flows

other than simple shear flow. In particular, a two-dimensional linear flow in

which the magnitude of the extension rate exceeds the magnitude of the rotation

rate by a sufficient (aspect ratio dependent) factor will cause a particle to stop

rotating [53]. In a pure extensional flow, a particle aligns with its long axis along
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the axis of extension. For the case of simple shear flow where the magnitudes

of the extensional and rotational flows are equal no such alignment has been

achieved. Linear flows are of particular interest because suspended particles are

often much smaller than the scale of the fluid flow. Under these circumstances,

one can Taylor expand the fluid velocity near the particle. The leading order

uniform flow causes only a translational motion of a neutrally buoyant particle,

while the linear flow is the first component to cause particle rotation. Simple

shear flow is the linear flow of greatest interest because it represents the local

linear flow for a unidirectional fluid flow. In a steady unidirectional fluid flow,

the velocity gradient is independent of time along the particle’s trajectory so that

the particle can experience the shear long enough to reach its final oscillatory or

aligning behavior. While one can observe a steady two-dimensional fluid flow

(for instance, extensional flow) in the particle frame by controlling its position to

remain at the stagnation point of a four-roll mill flow, the local linear flow in the

particle reference frame will generally be unsteady in other non-unidirectional

fluid flows.

The original work of Jeffery described the motion of spheroidal particles in

terms of the aspect ratio of the particle. Bretherton [20] later showed that all ax-

isymmetric particles follow Jeffery’s equation of motion for spheroidal particles

in simple shear flow as long as a tumbling parameter (λ) or an effective aspect

ratio (κe) is used in the equation for the rotation rate. At low Reynolds num-

ber, Bretherton [72, 20] showed that the rotational motion of an axisymmetric

particle in linear flow is given by:

ṗ = p.Ω + λ(p.E − ppp : E), (4.1)

where p is the orientation of the axis of symmetry of the particle, ṗ is the rate

of change of the orientation, and λ is a constant which depends on the shape of
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the particle. Motion of the normal director vector of a liquid crystal in a linear

flow can also be described using (4.1) when the deviation from equilibrium is

small as is most often the case for small molecule liquid crystals [90, 28]. In such

systems, molecular interactions lead to the alignment and either λ > 1 (flow

aligning liquid crystals) or λ < 1 (tumbling liquid crystals) can be achieved

depending on the intermolecular potentials. For the case of liquid crystals, λ is

called the tumbling parameter and p is the orientation of the normal director

vector of the liquid crystal. In this work also we will refer to λ as the tumbling

parameter where p will be the orientation of the particle’s axis of symmetry. For

a spheroid, λ = κ2−1
κ2+1 where κ is the actual aspect ratio of the particle. For the

other shapes that are known to date |λ| ≤ 1 and one can replace κ by an effective

aspect ratio, κe, which will in general be different from the actual particle aspect

ratio [20]. In (4.1), Ω is the vorticity tensor and E is the strain tensor, given by:

E =
1
2

(∇v + ∇vT ) (4.2)

Ω =
1
2

(∇v − ∇vT ) (4.3)

For simple shear flow, the time period of rotation, T of a particle with −1 ≤

λ ≤ 1 is given by:

T =
2π

γ(1 − λ2)
, (4.4)

where γ is the shear rate. For −1 < λ < 1, the period of rotation of the particle

is finite, and κ lies between 0 and ∞. In the asymptotic limit, the particle aligns

with its longer axis in the flow direction for λ = 1 or λ = −1, which corresponds

to an aspect ratio of κ = ∞ (infinitesimally thin rod) or κ = 0 (infinitesimally

thin disk) respectively for a spheroid. Both these shapes, a line and a plane, are

obviously only mathematical possibilities. It should be noted that in the micro-

hydrodynamics literature where particles encountered generally have |λ| < 1, κe
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is generally used to describe the behavior of a particle but for a value of |λ| ≥ 1,

κe corresponds to an imaginary value. Since in this work we encounter particle

shapes for which |λ| > 1, we use the tumbling parameter to describe the behav-

ior of the particles studied here.

The forces which act to rotate a typical particle such as a spheroid in simple

shear flow are shown in figure 1 (a). The net torque due to the combination of

these forces rotates the particle in the vorticity direction. Although the forces in

the y-direction retard the rotation of the particle they always lead to a smaller

torque than the forces in the x direction for spheroidal particles. Cox [34] and

Singh et al. [130] have performed asymptotic analyses to calculate the rotation

rates for a variety of shapes at high and low aspect ratio, respectively, in simple

shear flow and found that for the classes of shapes studied, the rotational motion

does not cease until the aspect ratio is∞ or 0.

Bretherton [20] in his classic paper describing the motion of axisymmetric

particles, presented one possible particle shape with λ ≥ 1, such that it would

stop rotating in simple shear flow. Bretherton’s shape (figure 1(b)) included two

almost spherical particles connected by a thin rod of length, L and diameter, d.

The shape of the almost spherical particles is given by:

h(β) = g(1 + αP3(cos β)). (4.5)

Here h is the distance of the surface from the center of the deformed sphere, g

is the radius of the undeformed sphere, β is the angle between the radial vector

on the surface and the rod connecting the two deformed spheres, P3 is the third

Legendre polynomial, and α is a small parameter. On this assembly of parti-

cles, there are three type of torques acting: (i) A torque acting in the vorticity

direction on the particle when the almost spherical particles at the end are not
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Figure 4.1: Schematic representation of forces acting on non-spherical
rigid particles in simple shear flow. (a) Typical forces acting
on a spheroid in simple shear flow causing it to rotate. (b)
Bretherton’s proposal for a particle shape that could align in
simple shear flow. The axis of symmetry of the particle aligns
near the flow direction. (c) Schematic of a lateral force acting
on a perturbed circle. (d) Schematic of forces acting on a ring.
Forces due to asymmetry in the shape generate a torque in the
direction opposite to the vorticity.
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allowed to rotate due to the connecting rod, (ii) another torque in the vorticity

direction on the thin connecting rod, and (iii) a torque in a direction opposite

to vorticity which originates from lateral forces (figure 1 (b)) acting on parti-

cles due to their lack of spherical symmetry. Here, the first two torques are the

typical torques that act on particles in simple shear flow. The opposing torque

acting on the fore-aft asymmetric particles is less familiar, although a number of

authors [110, 16] have noted the existence of lateral forces on non-for-aft sym-

metric particles in other contexts. Solving Stokes equation around the almost

spherical particles, Bretherton calculated that in the limit when the torque act-

ing on the rod connecting the particles is infinitesimal (i.e. neglecting torque

(ii)), a distance, L =
28g
3α between the two almost spherical particles will stop

the entire assembly of the particles from rotating. Bretherton estimated that the

torque on the thin rod can be neglected if 1
ln(L/d) << α. For a value of α = 0.1,

this would mean that the aspect ratio (κ = L
d ) of the rod should be much greater

than e10. Since the resistance of an elastic beam to bending decreases rapidly

with increasing aspect ratio, from a practical stand point a rigid particle with

such an aspect ratio would not be possible. [48] suggested that in order for a

fiber to avoid bending due to viscous stresses in shear flow, its elastic modu-

lus should be larger than 2µγκ4/(ln(2κ) − 1.75), and this, for a fluid of viscosity,

µ = 1 cp, shear rate, γ = 1 s−1, and κ = e10 turns out to be 5.3X104 GPa which is

about 50 times larger than the elastic modulus of diamond. Bretherton referred

to these shapes as extreme and concluded by saying that ”in the private guess of

the author the thickness of the thin rod must be too small to be consistent with

rigidity”.

Since Bretherton’s work, we know of no report of a particle shape that aligns

in simple shear flow, although the problem has been mentioned in some clas-
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sical texts [81, 91] . The particular challenge in determining the shape of the

particle for which |λ| ≥ 1 is that there is no explicit relation between the shape

of a particle and λ, even though λ depends only on the particle shape and is in-

dependent of the flow. For a general particle shape, an appropriate Stokes flow

problem needs to be solved to relate the angular velocity of the particle with

the strain rate (4.1) to determine the unknown parameter λ [6, 34] . We note

one attempt by Willis [148] to develop a model in which the rotational motion

of the particle can be described explicitly based on the shape of the body with-

out solving the full fluid mechanics problem. Willis’ model is based on the ad

hoc assumption that the torque on a particle is proportional to the integral over

the particle volume of the cross product of the position relative to the particle

center and the relative velocity between the particle and the undisturbed fluid

velocity. In Willis’ model, the three principal moments of inertia (without the

density factors) of the body could be used to calculate the value of λ. Despite the

non-rigorous assumptions in Willis’ model, it was very successful in describing

the rotation rate of a variety of shapes. This model predicted that there cannot

be any axisymmetric particle shape for which |λ| ≥ 1, so the model would be

qualitatively inaccurate for particles that can align in simple shear flow.

In this work, we present finite-aspect-ratio ring shaped rigid particles (fig-

ure 1(d)) which can stop tumbling in simple shear flow at low Reynolds number.

The non-tumbling ring shapes can be obtained by revolving a two dimensional

shape lacking fore-aft symmetry (figure 1 (c)) about an axis as shown in figure

1 (d). The asymmetric shape of the cross-section is a circular shape perturbed

with a third Fourier mode analogous to Bretherton’s nearly spherical shape.

Unlike Bretherton’s non-tumbling particle shape where the torque acting on the

connecting rod in the vorticity direction was large enough to rotate the parti-
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cle, the ring shapes introduced here do not require a connecting rod and hence

there is no additional torque in the vorticity direction due to it. Instead the ring

shape provides the necessary connectivity and the asymmetric shape creates a

lateral force per unit circumference at all angular positions opposing rotation

with vorticity. In the next section, we discuss the motion that a particle with

|λ| ≥ 1 follows before aligning as well as determining the final orientation as a

function of λ. In section 3, we present an asymptotic analysis for the rotation

of a thin ring-shaped particle with an asymmetric cross-section. We show how

certain types of asymmetry in cross-sectional shape can give rise to rotational

motion in a direction opposite to the direction of vorticity. We discuss some of

the basic characteristics of the shape that can lead to the non-tumbling behavior

of the particle. We show that lack of fore-aft symmetry in the local cross-section

of the ring is a necessary but not sufficient condition for the alignment of the

ring shaped particles. In section 4, we describe the boundary element method

and the details of the method pertinent to the present problem. We then present

boundary element simulation predictions at finite aspect ratio. We determine

the largest aspect ratio at which the asymmetric ring can remain aligned for

different degrees of asymmetry. We also estimate the angle with respect to the

flow at which the particle will align as a function of its shape. Finally, we dis-

cuss some of the implications of alignment on the properties of suspensions of

these particles.

4.2 Motion of a particle with |λ| ≥ 1

Bretherton [20] described the motion that a particle with |λ| ≥ 1 would undergo

before it stops rotating; we reproduce his results in this section using a slightly
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different notation that is closer to that of Jeffery. Unlike Jeffery’s rotating parti-

cles (|λ| ≤ 1), which rotate in a periodic motion in one of an infinite set of orbits,

particles with |λ| ≥ 1 align in one of the two stable equilibrium directions (figure

2). The equations for the rotational motion can be obtained by solving (4.1) and

are given by:

tan φ =


p′ tanh ξ for C1 < 0

p′

tanh ξ for C1 > 0
(4.6)

tan θ =


C((p′2 + 1) cosh 2ξ − p′2 + 1)

1
2 for C1 < 0

C((p′2 + 1) cosh 2ξ + p′2 − 1)
1
2 for C1 > 0

(4.7)

where p′ = (λ+1
λ−1 )

1
2 (= −iκe), ξ =

p′t
p′2−1 −

1
2 ln |C1|, φ0 and θ0 are the orientation angles

of the particle at t = 0, C1 =
tan φ0−p′

tan φ0+p′ is a constant that depends on the initial

orientation (φ0), and C is the orbit constant of the particle trajectory which is

also determined by the initial orientation of the particle (φ0, θ0). Here we have

followed Jeffery’s convention and adopted a spherical coordinate system with θ

as the angle of the particle orientation relative to the vorticity (z-axis) direction

and φ as the angle of the projection of the particle orientation into the flow-

gradient plane relative to the gradient (y-axis) direction. The orbit constant, C is

analogous to the orbit constant used to describe Jeffery’s rotational motion. The

other constant of integration, C1 depends only on the projection of the initial

orientation into the flow-gradient plane.

As γt → ∞, irrespective of the initial orientation (except for the four unstable

equilibrium points), the orientation of the particle approaches one of the two
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Figure 2. 
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Figure 4.2: Motion of particles that align in simple shear flow. (a) Trajecto-
ries of a particle with different initial conditions in simple shear
flow for λ = −1.1. b) Projections of the same trajectories in the
x − y plane. The trajectories represented here are for C = ∞

(red), C = 1 (magenta). C = 1
2 (green), and C = 1

8 (cyan). Here,
H and H’ correspond to stable equilibrium positions and B and
B’ to unstable equilibrium positions.
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stable orientations, given by θ = π/2 and

tan φ =


p′ for λ ≥ 1

−p′ for λ ≤ −1

For λ = 1, p′ = ∞ and for λ = −1, p′ = 0 so that in both these cases the long axis of

the particle is aligned in the flow direction. As the magnitude of λ increases, the

inclination of the long axis of the particle to the flow-vorticity plane approaches

a limiting value of π
4 which is the principle direction of the extensional compo-

nent of the flow. This maximum inclination of the long axis to the flow direction

is achieved when λ → ±∞. When |λ + 1| � 1, the angle of the stable orienta-

tion of the particle to the shear gradient direction is given by −
(

1+λ
−2

) 1
2 . Figure 2

(a) shows trajectories of the particle’s axis of symmetry for different values of

the orbit constant for λ = −1.1. Figure 2 (b) shows projections of the trajecto-

ries of the particle in the flow gradient plane. Points H and H’ are the points

of stable equilibrium where the typical torque due to the shear flow cancels the

torque due to the asymmetric shape. Apart from the two stable orientations in

the flow-gradient plane there are also two unstable orientations in this plane

given by points B and B’ in figure 2. A small perturbation from these two unsta-

ble equilibrium positions will move the particle towards one of the two stable

equilibrium positions. There are two additional unstable equilibrium positions

in which the particle can stay aligned, along the ±z (vorticity) direction. In these

orientations, in the absence of any perturbations, the particle could continue ro-

tating about its axis without ever aligning. Again, a small perturbation out of

the vorticity direction would cause the particle to drift towards the stable ori-

entations H or H’. In the case considered here where the particle has a mirror

symmetry about the plane perpendicular to the axis of symmetry (example- in

figure 1(d) ), the two stable equilibria H and H’ are indistinguishable. Simi-
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larly, there are two indistinguishable pairs of unstable equilibria (B and B’ and

±z). We note here that the aligning behavior of the particle is consistent with

Stokes flow reversibility. To see that this is true, we simply reverse the sign of

the undisturbed simple shear flow at infinity. If the particle is initially aligned

in the stable (H or H’) or unstable (B or B’) equilibrium directions, in the reverse

flow also it will stay aligned except now it will be in the unstable (B or B’) or

stable (H or H’) equilibrium directions. If the particle is initially flipping, in the

reverse flow its angular velocity will simply reverse its sign while the particle

will stay in the same orbit. Typically, a particle will approach a stable orienta-

tion during the forward shear flow. When the flow is reversed, this fixed point

becomes unstable and the particle will undergo a flip to align with the newly

stable fixed point which was the unstable fixed point of the forward shear flow.

In general, when a particle undergoes rotational motion in simple shear flow,

the minimum angular velocity acting on the particle is observed when the long

axis of the particle is aligned in the flow direction. In this case, the long axis

of the particle is along the axis of symmetry for λ > 0 and perpendicular to the

axis of symmetry for λ < 0. At the point of transition from tumbling to the non-

tumbling state (|λ| = 1), the angular velocity of the particle is 0 with the long

axis in the flow direction. A very simple test of the ability of a particle shape to

avoid tumbling is thus that the angular velocity of the particle when oriented

with its long axis along the flow direction is either 0 or in the direction opposite

to the vorticity. Based on this simple idea, in the next section we use asymptotic

analysis to introduce a particle shape which can stop rotating in simple shear

flow. We establish that the particle stops tumbling by showing that the angular

velocity of the particle with its long axis aligned in the flow direction becomes

0 which corresponds to λ = −1 for the shape considered here.
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4.3 Asymptotic analysis for a thin ring with a slightly asym-

metric cross-section

Like any incompressible linear flow, simple shear flow can be decomposed into

an extensional flow and a rotational flow. In simple shear flow, the tendency of a

particle to undergo rotational motion in the vorticity direction can be attributed

to the rotational component of the shear flow. The rotational component of the

flow tends to rotate the particle in the vorticity direction while the extensional

component tends to align the long axis of the particle along the extensional axis.

A rigid particle rotates with the rotational velocity of the fluid since the rota-

tional component of the flow does not try to deform the particle. On the other

hand, the response of a particle to the extensional flow component depends on

its shape; for an axisymmetric particle the response can be completely described

using λ, the tumbling parameter. In simple shear flow the strengths of the ro-

tational and extensional components of the flow are equal and the response of

the particle to the flow is dominated by the rotational component for |λ| < 1 and

by the extensional component for |λ| > 1. As a result, the particle continues to

rotate for |λ| < 1 and aligns for |λ| ≥ 1.

In a linear flow at low Reynolds number in the absence of external forces,

the center of a particle with fore-aft symmetry translates with the fluid velocity.

However, a particle without fore-aft symmetry can undergo a cross-stream mi-

gration due to the extensional component of the flow in the direction of shear.

This phenomena has been discussed in a number of studies [20, 16, 110] for three

dimensional asymmetric particles of different shapes. Since the velocity of the

particle must be a linear function of the rate of strain tensor and can also depend
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on the orientation vector, it must take the form

U = η1E · p + η2pp · E · p (4.8)

where η1 and η2 are constants that depend on the particle shape. For a particle

with fore-aft symmetry, the velocity of the particle when it is oriented in p and

−p should be same, i.e U(p) = U(−p). Hence, the coefficients η1 = η2 = 0 for

such a particle and the particle translates with the fluid velocity . For a particle

without fore-aft symmetry η1 and η2 can be non-zero. We will consider a particle

with p = ex in a simple shear flow with Exy = Eyx as the only non-zero compo-

nents of rate of strain tensor. Here ex is the unit vector in the x-direction. In this

case Ux = 0 and Uy = η1Exy and we will obtain a cross-stream drift velocity in

the y-direction.

In this work, we show that a two dimensional particle without fore-aft can

also undergo such a cross-stream migration in simple shear flow (figure 1 (c)).

To the best of our knowledge, cross-stream migration of two dimensional par-

ticles has not been discussed in the literature. Using such asymmetric shapes,

we postulate that a three dimensional axisymmetric shape (figure 1(d)) formed

by revolving the two dimensional cross-section (figure 1(c)) can align in simple

shear flow. Using asymptotic analysis, we calculate the angular velocity gen-

erated by the local cross-sectional shape of the ring in terms of the degree of

asymmetry (α) and aspect ratio of the particle. The condition of alignment is

then obtained by balancing the angular velocity due to asymmetry with the an-

gular velocity of the particle in the vorticity direction due to finite aspect ratio.

The cross-stream motion of the two-dimensional particle can be obtained

through one of two approaches. First, one may directly pose the mobility prob-

lem of determining the relative velocity of the particle and fluid when the par-
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ticle is force-free. Second, taking a resistivity approach, one may first compute

the force acting on a particle held stationary in a simple shear flow and then

compute the velocity of a particle relative to the fluid driven by this force. In

addition to being more direct, the first, force-free approach has the advantage of

avoiding Stokes paradox, which states a Stokes fluid velocity cannot be deter-

mined in an unbounded two-dimensional flow with a net force acting on a par-

ticle. For this reason we adopt the first approach in our quantitative treatment

of the cross-stream velocity of the two-dimensional particle and the resulting

rotational velocity of the three-dimensional ring-shaped particle in section 3.2.

However, the resistitivity formulation has the advantage that one can more eas-

ily visualize the stresses driving the particle motion and for this reason we use

this approach in section 3.1 to provide a physical understanding of the cross-

stream driving forces.

4.3.1 Physical origin of the cross-stream force on an asymmetric

two dimensional particle

In this subsection we adopt a resistivity formulation and consider the forces per

unit area acting on an axisymmetric ring-shaped particle that is held fixed in

the xz-plane and on a two-dimensional particle that constitutes the local cross-

section of this ring-shaped particle. We will be particularly interested in the

net torque that would tend to drive the axisymmetric particles to rotate with

or against the vorticity and the net force per unit area on the local cross-section

that contributes to this torque.

The forces acting on a typical particle such as a spheroid held stationary in
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simple shear flow are shown in figure 1(a). The surface forces per unit area fx

in the x-direction create a fluid velocity disturbance that cancels the externally

imposed simple shear flow at the particle surface. These x-forces also create a

disturbance velocity in the y direction which gives rise to a surface force in the y

direction on the surface of the particle to satisfy the no slip boundary condition.

The net torque due to the combination of these forces rotates the particle in the

direction of vorticity. For a particle with fore-aft symmetry the net force acting

is 0. But a particle without fore-aft symmetry in simple shear flow can have a

cross-stream force acting on it due to the extensional component of the flow. We

present one such shape (figure 1(c)) which, when force free, can undergo drift

in a direction perpendicular to the direction of flow.

Let us consider a ring (figure 1 (d)) of perturbed circular cross-section. If

the radius of the unperturbed circular cross-section is c and the radius of the

perturbed cross-section is scaled with c, the shape of the perturbed cross-section

is given by:

R(β) = 1 + α cos(3β), (4.9)

where R is the radius of the perturbed cross section as a function of β, α is again

the asymmetry parameter, and β is the angular coordinate in the local polar

coordinate system measured relative to the line connecting the center of the ring

to the center of the cross-section. Note here that the coordinate β is differently

defined from the β used by Bretherton in the local spherical coordinate system

of his aligning particle shape. Let the radius of the ring non-dimensionalized

with c be A, measured from the center of the global coordinate system whose

origin is at the center of the ring to the center of the cross section as shown in

figure 1 (d). We define the aspect ratio of the ring as the ratio of the radius of

the circular cross-section to the radius of the ring, i.e. κ = 1
A .
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For A � 1, one can locally approximate the ring as a straight infinite cylinder.

Thus, a small part of the ring of thickness (Adθ) can be modeled as an infinitely

long cylinder held at an angle θ to the simple shear flow (figure 3 (a)), where θ is

the azimuthal angle measured from the vorticity direction in the flow-vorticity

plane. Using linear superposition of Stokes flow solutions, the flow over an

infinitely long cylinder inclined at an angle (θ) can be divided into two parts:

(i) Flow parallel to a long cylinder (figure 3(b)) with a cos θ component of the

shear flow acting over it and (ii) flow perpendicular to a long cylinder with a

sin θ component of the flow acting (figure 3 (c)).

The problem is now reduced to the solution of the force acting on an infinite

cylinder aligned with its axis in the flow direction as shown in figure 3 (b) and an

infinite cylinder aligned with its axis in the vorticity direction as shown in figure

3 (c). The undisturbed flow fields for the two problems in the new coordinate

systems are now given by:

vx∗ = 0, vy = 0, vz∗ = −y cos θ (4.10)

vx∗ = y sin θ, vy = 0, vz∗ = 0; (4.11)

where all the length scales are non-dimensionalized using the radius (c)

of the undeformed ring cross-section, and the velocity gradients are non-

dimensionalized using the shear rate, γ of the simple shear flow. In the follow-

ing discussion stresses are non-dimensionalized with µγ. The above flows are

simple shear flows with cos θ and sin θ as the new non-dimensionalized shear

rates. z∗ is the local coordinate along the axis of the ring and r is the local radial

coordinate.

For case (i), in which the cylinder is aligned in the direction of flow, one can

neglect the end effects of the cylinder on the disturbance field in the limit when
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Figure 4.3: In the limit when A � 1, a small cross section of a ring (a) in-
clined at an angle θ to the flow gradient plane can be divided
into two parts: An infinitely long cylinder aligned parallel (b)
to the flow direction and an infinitely long cylinder perpendic-
ular (c) to the flow gradient plane.
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the cylinder is infinitely long. This assumption implies that the flow is every-

where parallel to the axis of the cylinder i.e., vx∗ , vy = 0 with vz∗(r, β) the only

non-zero component of the velocity. With flow parallel to the axis one can say

that the pressure, p = 0 since only variation in x∗ and y are allowed and the

velocity is perpendicular to these directions. The momentum balance equation

then reduces to ∇2vz∗ = 0. The flow applies a shear stress along the axis of parti-

cle but no forces in the x∗ − y plane. There is no net force per unit length in the z∗

direction but rather a torque per unit length acting in the vorticity direction due

to a force dipole as illustrated in figure 3 (b).

In case (ii) (figure 3 (c)), the imposed velocity in the x∗-direction induces

stresses and a pressure variation in the x∗y plane and a net force per unit length

in the y-direction. If we further decompose the shear in the x∗y-plane into an

extensional and rotational component, we may note that the rotational fluid

flow cannot induce a force. For a general three-dimensional particle, a fluid

rotation far from the particle characterized by the vorticity ω can induce a force

F = H.ω (4.12)

where the resistance tensor H must be a pseudo-tensor. Since H depends only

on the shape of the particle, this implies that the particle shape must be chiral.

However, one cannot have a chiral two-dimensional particle so we conclude

that the force due to fluid rotation in zero.

Thus, we will consider the fluid velocity and the force per unit length on

the particle cross-section due to the extensional component of the shear flow. A

complete treatment of this problem would require a slender body theory with

a quasi-two-dimensional inner solution matched to an outer solution in which

the particle is treated as a ring of forces. The matching condition on the inner
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solution can be written in terms of the force per unit length F that the particle

exerts on the fluid and a velocity of the fluid V relative to the ring produced

by the deviation of the velocity disturbance of the ring of forces from that of an

infinite line of forces as

vr = sin θ
[
r sin β cos β + V sin β +

F
2π

(sin β − sin β ln r)
]
,

vβ = sin θ
[ r
2

(cos2 β − sin2 β) + V cos β −
F cos β

2π
ln r

]
as r → ∞

(4.13)

The no slip boundary condition on the inner solution at the cylinder surface is

vr = 0, vβ = 0 at r = R (4.14)

The inner solution is obtained by applying these boundary conditions to the

general two-dimensional solution to Stokes equation written in terms of the

stream function in a manner similar to that outlined for the mobility problem

in section 3.2. In a full slender-body treatment, the relationship between V and

F which depends on the particle aspect ratio would be obtained by matching

the inner solution to an outer solution. However, for illustrative purposes we

will examine the qualitative variation of the force on the particle surface for the

inner solution in the case V = 0. In section 3.2, we will see that the quantita-

tive cross-stream migration rate can be obtained from the inner solution in a

mobility formulation without the need to match to an outer solution.

Before considering the forces acting on an infinitely long cylinder with the

asymmetric cross-section given by (4.9), let us first consider a cylinder with cir-

cular cross-section. The forces on the surface of the cylinder in pure extensional

flow are shown in figure 4 (a). Due to the symmetry of the shape, the forces

on the circle in opposite quadrants cancel each other. When the cross-sectional
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shape is not fore-aft symmetric, the forces on the particle in opposite quadrants

no longer cancel each other. Figure 4 (b) shows the forces acting on the rod when

the shape of the cross-section is given by (4.9). The net force in the x∗−direction

is still zero but there is a net force in the y−direction. This effect can be seen more

clearly in figure 4 (c) which represents the difference between the y-components

of the forces on the asymmetric and the circular cross-sections.

Now let us consider the physical mechanisms leading to a net positive y-

component of the force on the asymmetric particle. In figure 4 (c), we have

highlighted 3 regions of the first quadrant of the particle where the asymmetry

increases the force per unit area in the y-direction, fy. We will explain the origin

of the extra force in these regions; the mechanisms leading to extra fy in the

other quadrants are similar. We can write fy in terms of the components of the

stress tensor as:

fy = σyyny + σyx∗nx∗ , (4.15)

The primary contribution to the yy-stress, σyy, comes from the pressure, while

the primary contribution toσyx∗ is from the viscous stress. nx∗ and ny are the com-

ponents of the normal vector to the surface in the x∗ and y directions. In region

1, the asymmetric particle extends radially outward further into the flow than

the circle increasing the velocity gradient and the viscous stress contribution to

σyx∗ . The lift force in region 2 arises primarily from the first term in (4.15). How-

ever, we found that the pressure and σyy do not change substantially. Instead it

is the variation of the y-component of the unit normal with particle shape, given

to O(α) by

ny = cos(β) + 3α cos β sin 3β, (4.16)

that accounts for the increased pressure-induced y-force. Similarly, in region 3,

an increase in nx∗ , leads to a larger viscous stress contribution to the y-force. This

170



Figure 4 

 

                        

   

            

 

 

 

 

 

 

 

a) b) 

c) 

Region 3 

Region 2 

Region 1 

Figure 4.4: Comparison of forces on circular and non-circular cross-
sections in extensional flow. (a) Forces acting on a long cylin-
der with circular cross-section in extensional flow. The surface
of the cross-section and the forces are in blue color; the other
colored lines indicate streamlines. (b) Forces acting on a long
cylinder with non-circular cross-section (1 + 0.1 cos 3β) in ex-
tensional flow. The surface of the cross-section and the forces
are in blue; the other colored lines indicate streamlines. (c)
Difference of forces in the lateral direction between a circular
and a non-circular cross-section cylinder. The three regions in
a quadrant where net lateral forces are acting.

171



can be seen by noting that nx∗ is given by

nx∗ = cos(β) − 3α sin β sin 3β (4.17)

and region 3 corresponds to β > π
3 and sin 3β < 0 as well as being a region with a

high shear stress.

4.3.2 Derivation of the cross-stream velocity

In this subsection, we will perform a detailed asymptotic analysis to deter-

mine the drift velocity of an asymmetric two-dimensional particle and the re-

sulting rotation rate of a ring with an asymmetric cross-section. Particles are

known to migrate across streamlines in unidirectional flows due to asymmetry

[110, 16], deformability [113, 57], inertia [65, 145], and non-Newtonian behavior

of the fluid [66]. The migration of the particle due to inertia, deformability and

the non-Newtonian behavior of the fluid require a combination of linear and

quadratic flow or particle-wall hydrodynamic interactions in a bounded sim-

ple shear flow. However, an asymmetric particle can migrate in an unbounded

simple shear flow. This migration is dependent on the orientation of the particle

relative to the shear flow. Nir and Acrivos [110] considered a freely suspended

asymmetric particle and found that it underwent a time periodic cross-stream

migration with no net migration averaged over the particle’s period of rotation.

Brenner [16] considered a resistivity problem for an asymmetric particle and

showed that either rotation of the particle or an imposed extensional flow can

cause a cross-stream force. In our case, the two dimensional particle is the cross-

section of a ring and the connectedness of the ring can prevent its rotation. To

determine the rotation rate in a mobility formulation for the entire ring when
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the ring is aligned in the xz-plane, we will be interested in the cross-stream y

velocity on a two-dimensional particle aligned in the x∗-direction. If the stresses

created by the component of shear flow perpendicular to the local axis of the

ring (4.11) lead to a particle rotation rate (torque) that exceeds that created by

the component of the shear flow parallel to the local axis (4.10), the particle will

tend to rotate against the vorticity when it is in the xz-plane and will achieve a

fixed orientation upstream of the xz-plane.

Here, we first calculate the drift velocity of a particle lacking fore-aft symme-

try across streamlines in two-dimensional flow. We find that the drift velocity

of the two-dimensional fore-aft asymmetric cross-section is distributed over the

ring such that it creates a rigid body rotation in a direction opposite to the vor-

ticity direction. This rigid body rotation, in the asymptotic limits of A >> 1 and

α << 1, allows us to simply superimpose the angular velocity due to the fore-aft

symmetry on the Jeffery type angular velocity of the ring in simple shear. In

the next subsection, we use the balance between the two angular velocities to

obtain the condition for alignment of the particle.

The shape of the cross-section is represented using Fourier modes with the

coefficient of the mode (α) being small. We derive the leading order drift veloc-

ity of the cross-section by expanding in a regular perturbation expansion in α.

To keep the discussion general, let the shape of the cross-section be given by:

R(β) = 1 + α cos((2m + 1)β) for m ≥ 1, (4.18)

where α is a small parameter. Only odd Fourier modes are considered here as

even modes are fore-aft symmetric and cannot lead to a cross-stream drift. We

solve for the drift velocity of a force-free non-rotating particle in the undisturbed

flow field given by (4.11).
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Let the unknown drift velocity of the particle be v1 in +y direction. We use the

stream function approach to solve the Stokes flow problem in two dimensions.

The general solution for the stream function [96] is used along with the bound-

ary conditions that, far from the particle, the fluid velocity is given by simple

shear and, on the surface of the particle, the fluid velocity is equal to v1 in +y

direction. Writing the undisturbed velocity field at r → ∞ in polar coordinates:

vr = r sin θ sin β cos β, vβ = −r sin θ sin2 β (4.19)

In polar coordinates, the velocity field is related to the stream function as:

vr =
1
r

dψ
dβ
, vβ = −

dψ
dr

(4.20)

so the boundary condition (4.20) expressed in terms of the stream function is:

ψ|r→∞ = sin θ
r2(1 − cos(2β))

4
+ c1 (4.21)

Using the general solution [96] for the stream function in polar coordinates,

the stream function may be expressed as:

ψ = sin θ
r2(1 − cos(2β))

4
+ c1 + c2 ln(r) + d1

cos(β)
r

+ d2
cos(2β)

r2 + d̂2
cos(2β)

r0

+ d3
cos(3β)

r3 + d̂3
cos(3β)

r1 + d4
cos(4β)

r4 + d̂4
cos(4β)

r2

+ d5
cos(5β)

r5 + d̂5
cos(5β)

r3 + . . . dn
cos(nβ)

rn + d̂n
cos(nβ)

rn−2 + . . . . (4.22)

Here we have included only those terms in the stream function corresponding

to the imposed simple shear flow (4.21) and a velocity disturbance due to the

particle that is required to decay as r → ∞. In addition we have omitted terms

that involve sine functions owing to the symmetry of the particle and flow about

the x∗z∗ plane.
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To find the unknown constants in (4.22), the no-slip boundary condition at

the surface of the particle is used:

vr = v1 sin(β) =
1
r

dψ
dβ
,

vβ = v1 cos(β) = −
dψ
dr

at r = 1 + α cos((2m + 1)β). (4.23)

Using (4.22), these conditions can be written as:

v1 sin(β)|r=R =
sin θ

2
R sin(2β) + 0 + −

d1 sin(β)
R2 −

2d2 sin(2β)
R3

−
2d̂2 sin(2β)

R
+ . . . −

ndn sin(nβ)
Rn+1 −

nd̂n sin(nβ)
Rn−1 + . . . (4.24)

v1 cos(β)|r=R = −
sin θ

2
R(1 − cos(2β)) −

c2

R
+

d1 cos(β)
R2

2d2 cos(2β)
R3 + 0 + . . . +

ndn cos nβ
Rn+1 +

(n − 2)d̂n cos nβ
Rn−1 + . . . (4.25)

Using the above boundary conditions on the surface of the particle, we calculate

the drift velocity v1 as well as the unknown coefficients c2, d1, d2, d̂2 . . . used to

describe stream function in (4.22). The process involves expressing terms in

(4.24) and (4.25) in terms of sine and cosine Fourier modes respectively and

using orthogonality of Fourier series to solve for the unknown coefficients.

First, we consider a circular cylinder so that α = 0 and R = 1. Using the

surface boundary conditions (4.23) with α = 0, we get [21] :

ψ = sin θ
[
r2(1 − cos(2β))

4
−

ln(r)
2
−

cos(2β)
4r2 +

cos(2β)
2r0

]
(4.26)

The only non-zero Fourier mode is the second mode driven by the cos(2β) term

of the simple shear flow stream-function when the surface of the particle is cir-

cular. In this case, there is no drift velocity, i.e., v1 = 0. The solution for the

stream function around an infinitely long circular cylinder rotating in a simple

shear flow was first given by Bretherton [21]; the above relation (4.26) is a special

case of that solution when angular velocity of the cylinder is 0.
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Next we consider the first perturbation to the stream function due to finite

asymmetry. When α , 0, the O(α0) terms in the solution for the stream function

in the presence of a circle are the terms that drive other modes of the stream

function at O(α). In particular the perturbed flow is driven by the interaction of

the (2m + 1) mode of the perturbed surface and the O(1) cos(2β) terms and the

ln(r) term in the (4.26). To the leading order any term in (4.24) and (4.25) can be

written as:

Ra sin 2β = (1 + aα cos((2m + 1)β)) sin 2β = sin 2β + aα(sin((2m + 3)β) − sin((2m − 1)β))

Ra = 1 + aα cos((2m + 1)β)

Ra cos 2β = cos 2β + aα(cos((2m + 3)β) + cos((2m − 1)β)). (4.27)

where the first equality gives the type of term needed in (4.24) and the second

and third equality the types of terms needed in (4.25). It should be noted here

that in both (4.24) and (4.25), the same Fourier modes appear, except in one

case all terms are expressed in terms of sine functions and in the other in terms

of cosine functions. The other difference is the 1
r (from ln r term) term which

appears only in (4.25) and drives the 2m + 1 mode. Thus, to the leading order it

turns out that only 2m − 1, 2m + 1, and 2m + 3 Fourier modes terms are non-zero

in the general stream function solution (4.22). All other modes are higher order

in α.

Since we are interested in shapes for which v1 , 0, it is valuable to note that

the only term that can drive the v1 term to first order is the first Fourier mode,

which is non-zero for m = 1. Hence, amongst the family of shapes represented

by (4.18), the only shape with a non-zero drift velocity is that with the third

Fourier mode (4.9) perturbation. The solution of the stream function for such a
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shape is given by:

ψ = sin θ
[r2(1 − cos(2β))

4
−

ln(r)
2
−

cos(2β)
4r2 −

α cos(β)
2r

+
cos(2β)

2r0

+
α cos(3β)

2r3 −
α cos(3β)

2r1 −
α cos(5β)

2r5 +
α cos(5β)

2r3

]
, (4.28)

and the drift velocity in this case is:

v1 =
α sin θ

2
(4.29)

4.3.3 Condition for alignment

The drift velocity, v1 to the leading order is proportional to α, a measure of the

degree of asymmetry of the cross-section. When this cross-section becomes part

of the ring, one can calculate an angular velocity originating from this drift ve-

locity. The sin θ dependence of the drift velocity for a cross-section corresponds

to a solid-body rotation of the ring. The corresponding rigid body rotation rate

of the ring in the vorticity direction when its axis of symmetry is in the gradient

direction is given by:

−ωasAsinθ = v1

ωas = − α
2A (4.30)

The angular velocity of the ring in (4.30) arises from the asymmetry of the cross-

section and is opposite to the direction of vorticity. Apart from this angular

velocity, a finite aspect ratio ring will undergo rotation in the vorticity direction

due to the torque per unit length exerted by the shear flow. In the limit when

α � 1, the leading order angular velocity of the ring is the same as the angular

velocity of a ring with circular cross-section in simple shear flow. The torque
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per unit length arises from a local interaction of the flow with the ring cross-

section and is independent of A and this leads to a total torque proportional to

the circumference 2πA. The resistance to rotation is proportional to ln A/A3 so

the rotation rate induced by the torque is proportional to (ln A)/A2. Thus the

angular velocity in the vorticity direction is given by:

ωcc = 0.815
ln A
A2 + O(α

lnA
A2 ) (4.31)

where the prefactor of the leading order term in (4.31) was obtained using the

BEM simulations presented in section 5.

The net angular velocity of a ring in the vorticity direction, in the limits A � 1

and α � 1 can be calculated using linear superposition of angular velocities

calculated in (4.30) and (4.31), is then given by:

ω =
1 + λ

2
= 0.815

ln A
A2 −

α

2A
+ O(α

lnA
A2 ) (4.32)

Here, the tumbling parameter, λ is written in terms of the angular velocity of

the particle using (4.1) and the knowledge that the particle is oriented in the

gradient direction. It should be noted here that there are two O(α) terms in

(4.32), however the O(α lnA
A2 ) can be neglected compared to α

2A term when A � 1.

The particle will reach a steady alignment if the tumbling parameter is less

than or equal to −1. This occurs when the rotation rate of a particle in the flow-

gradient plane is less than or equal to zero which corresponds to the angular

velocity due to the asymmetry of the particle being greater than or equal to the

angular velocity of the particle with the circular cross-section. This condition is

given by:

α

2A
≥ 0.815

ln A
A2

α ≥ 1.63
ln A
A

(4.33)
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The equal to sign in the above equation corresponds to a critical radius of the

ring at which the particle first aligns and has a permanent orientation within

the flow-vorticity plane. A radius above this critical value leads to alignment

of the axis of symmetry of the particle as noted earlier at an angle φ to the gra-

dient direction given by tan φ = −
(
λ+1
λ−1

) 1
2 . It should be noted here that unlike

Bretherton’s [20] shape, the ring shape presented here can align at a moderate

aspect ratio. A challenge to achieve alignment with Bretherton’s shape is the

need for the asymmetric beads to overcome the torque on the connecting rod.

In our shape there is no need for a connector and the entire circumference of

the ring is providing a cross-stream force that contributes to the torque that is

opposite to the vorticity direction. Another distinction is that the non-tumbling

shapes studied in this work have λ ≤ −1 where as for Bretherton’s shape λ ≥ 1.

Both our particle shape and Bretherton’s are able to achieve alignment without

an external body force or torque.

Thus far, we have described the cross-stream migration of a two-dimensional

circular particle perturbed by the third Fourier mode and its role in creating a

flow-aligning ring-shaped particle. We now discuss other perturbed shapes.

Based on tensor symmetries discussed at the beginning of section 3, it is clear

that fore-aft asymmetry is required to create cross-stream migration. However,

it is interesting to note that not all fore-aft asymmetries could give rise to a

lateral migration. It will be shown in Appendix A.1 that any perturbed shape of

the form:

R = 1 + α cos((2m + 1)β) for m > 1, (4.34)

corresponding to modes higher than third order gives no migration velocity to

any order in α. Thus, a ring with the cross-sectional shapes represented by (4.34)

can align in simple shear flow only for m = 1.
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Although shapes represented by (4.34) do not drift in the gradient direction,

we find that combinations of perturbations involving higher order modes could

give rise to a lateral force at higher orders in α. For example, a combination of

Fourier modes of the form

R = 1 + α1 cos((2m1 + 1)β) + α2 cos((2m2 + 1)β) (4.35)

can give a drift velocity for m1 = 2 and m2 = 3 as shown in appendix A.1.

4.4 Boundary Element Method

The asymptotic solutions obtained above are valid only in the limits A � 1

and α � 1; at finite A and α the problem needs to be solved using a numerical

scheme. Both the resistivity and mobility problems discussed are ideally suited

to be solved using the boundary element method [151, 81, 121], which solves

an integral representation of the creeping-flow problem on the two dimensional

surface of the particle instead of solving the Stokes equations in the three di-

mensional domain. The starting point for the boundary element method is an

integral equation for the velocity field written in terms of the stresses acting on

the boundary convoluted with the Green’s function. The general integral rep-

resentation of the creeping-flow problem was obtained by Ladyzhenskaya [89].

For the case of flow around rigid boundaries, the simplified integral equations

[81] for the creeping-flow problem can be written as:

v(r) = u(r) +

∫
S

J(r − r′).f(r′)dS ′ (4.36)

where r and r′ are position vectors, v is the velocity on the boundary, u is the

undisturbed fluid velocity (simple shear flow here) in the absence of the bound-

ary, f is the unknown stress, S represents the boundary of the flow domain, dS ′
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indicates integration over S with respect to the point r′, and J is the Green’s

function. The integral term on the right hand side represents the disturbance

field created by the stresses at r′ on the velocity at r. For the Stokes problem, J

is given by:

Ji j =
1

8π

(
δi j

r
+

rir j

r3

)
. (4.37)

Based on the symmetry of the particle studied here about the x − z plane and

the anti-symmetry of the flow about the x − z plane, we can further simplify

the problem by identifying the following relationship between stresses acting

on the surface of the particle:

fx(ρ,+y) = − fx(ρ,−y), fy(ρ,+y) = fy(ρ,−y), fz(ρ,+y) = − fz(ρ,−y), (4.38)

where ρ is the radial vector in polar coordinates in the x − z plane. Using the

above relations, the boundary integral formulation for the problem is then re-

duced to:

vi(r) − Γi jr j =

∫
S

dS ′( fy(ρ′, y′)[Jiy(ρ− ρ′ + ey(y − y′)) + Jiy(ρ− ρ′ + ey(y + y′))]

+ fx(ρ′, y′)[Jix(ρ− ρ′ + ey(y − y′)) − Jix(ρ− ρ′ + ey(y + y′))]

+ fz(ρ′, y′)[Jiz(ρ− ρ′ + ey(y − y′)) − Jiz(ρ− ρ′ + ey(y + y′))]) (4.39)

where Γ is the non-dimensional imposed velocity gradient tensor. The integra-

tion is now performed on the surface of the particle in the +y direction.

Given the axisymmetry of the particle, the unidirectional nature of the im-

posed flow and the orientation of the particle with respect to the external flow,

one can expect a simple dependence of stresses on the θ direction. Using the fi-

nite element software package Comsol, we have determined the following func-
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tional dependence of the stresses on the azimuthal (θ) direction:

fx(ρ,+y) = f1(ρ,+y) cos(2θ) + f2(ρ,+y)

fy(ρ,+y) = f3(ρ,+y) cos θ

fz(ρ,+y) = f4(ρ,+y) sin(2θ) (4.40)

These finite element Comsol simulations have been performed in a manner sim-

ilar to the ones described in Singh et al. [128] for determining effective aspect

ratio of cylindrical disks. Using the above dependence of stresses on the az-

imuthal direction in 4.39, we analytically integrate along the azimuthal direc-

tion. These results are shown in Appendix A.2. The remaining problem is then

reduced to numerical integration along the radial direction and requires dis-

cretization only over the cross-section of the ring. It should be noted here that

in the limit ρ → ρ′, the Green’s functions in equation (4.39) are singular. An-

alytical integration is performed to remove the singularities in this limit. The

details of the analytical integration are also given in Appendix A.2.

For the simulations, the ring cross-section is discretized into N elements.

Each element subtends an equal angle dβ at the center of the ring cross-section

and the entire cross-section is at a constant value of θ from the vorticity direc-

tion. The stresses over the individual elements are considered to be constant.

Each element itself is locally divided into Nsmall elements to integrate the Green’s

function. For the results presented in this work, we have taken N = 500 and

Nsmall = 20.

In the present work, we solve two types of problems: 1) determine the an-

gular velocity of a torque-free particle (mobility problem); and 2) determine

the torque acting on a stationary particle (resistivity problem). For solving the

resistivity problem (type 2), the surface velocity of 0 is used in the integral equa-
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tion and the problem is solved for the stresses ( f1, f2, f3, f4) acting on the particle

which corresponds to 4N variables. Momentum balances in three directions

yield 3N linear equations for N elements for a single constant value of θ. An

additional N number of equations are obtained by applying the momentum bal-

ance in the x− direction (4.51) for another value of θ. The two constant values of

θ used in the simulations are: π/4 for momentum balances in all three directions

and 0 for momentum balance in x− direction. The resultant torque is calculated

from the stresses using the following equation:

Tz = 2
∫

S
dS (y fx − ρ cos θ fy)

= 2
∫

S
dS (y( f1 cos 2θ + f2) − ρ cos2 θ f3) (4.41)

The factor of 2 in the above equation accounts for the torque acting on the −y

half of the particle which by symmetry of the flow about x − z plane and fore-

aft symmetry of the particle is equal in magnitude and direction to the torque

acting in the +y half of the particle.

For the solution of the mobility problem (type 1), an unknown angular ve-

locity, ω, along the vorticity direction is assumed. The velocity boundary condi-

tions on the surface of the particle for this case are then given by:

vx = ωy

vy = −ωρ cos θ (4.42)

In the simulations for this case, there are 4N+1 unknowns, with angular velocity,

ω of the ring being an additional unknown. The condition of no net torque,

Tz = 0, is applied to (4.41) to solve for the additional unknown.
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4.5 Numerical and Analytical Predictions

In this section we present the results of the boundary element simulations and

compare these results with the analytical predictions derived in section 3. We

first validate our implementation of the boundary element method by compar-

ing with analytical predictions for the torque on a circular ring rotating in a

quiescent fluid. The analytical results are then compared with the simulation

results in the limit when α � 1 and A � 1. Finally, BEM results for finite aspect

ratios and finite α values for the ring particles with cross-section given by (4.9)

are presented. We determine the critical α-dependent radius of the ring, A at

which the ring will transition from rotating continuously to reaching a steady

alignment. The resistance formulation is used for the validation of the torque

results in sub-section 5.1, while all the other results involve calculation of the

angular velocity for a freely rotating ring using the mobility formulation.

4.5.1 Circular cross section ring

When α = 0, the particle’s cross-section is circular and the ring has the shape of

a circular torus. The torque and the rotation rate of such a ring with its axis of

symmetry in the gradient direction of a simple shear flow satisfy the relation-

ship:

Tz − 8πgz(A + 1)3
(
ω −

1 + λ

2

)
= 0. (4.43)

Here, two parameters, the tumbling parameter, λ and the torque coefficient, gz

allow one to calculate the torque on a particle rotating with any angular velocity

ω in simple shear flow. We calculated the tumbling parameter, λ of the particle

by solving for the angular velocity of the particle when the particle is torque
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free (Tz = 0) from the BEM simulations of the mobility problem. The torque

coefficient is then calculated based on the BEM simulations of the resistivity

problem (ω = 0). Our results for the torque coefficient can be compared with

previous theoretical work while we obtain new predictions for the tumbling

parameter of a circular torus.

Circular-torus shaped particles have been extensively studied in the past

[139, 115, 149, 74, 59, 140] particularly because of interest in ring polymers. We

will compare our simulation results with the complete solutions of Goren and

O’Neill [59] and the asymptotic solutions of Johnsont and Wu [74]. Goren and

O’ Neill [59] have determined the torque and force on rotating and translating

circular-torus particles in a fluid that is at rest at infinity. They obtained ana-

lytical results even for finite aspect ratio particles by solving the equations of

motion for the fluid in toroidal coordinates. In particular, we will consider their

analytical results for the torque coefficient calculated for a torus rotating about

one of its long axes.

The scaling of the torque coefficient at high aspect ratio is obtained from

the results of Johnson and Wu[74] who used the singularity solution for Stokes

flow to solve for the flow past a slender ring with circular cross-section. John-

son and Wu calculated the force per unit length and the torque per unit length

acting on the ring cross-section, we present two leading terms for the torque

coefficient of the particle at large A which are generated by the force per

unit length term. In the limit A � 1, the force per unit length is given by:

(= −8π
(

((1+λ)/2)A
2(ln 8A− 3

2 )

)
sin θ + O( 1

A2 )) for rings rotating about one of their longer axes

where θ is the angle relative to the axis of rotation. The torque acting on the
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particle due to this force can then be written as:

Tz =

∫ 2π

0
8π

 ((1 + λ)/2)A
2(ln 8A − 3

2 )

 sin2 θA2dθ

= 8π2

 ((1 + λ)/2)A3

2(ln 8A − 3
2 )

 (4.44)

Using (4.43) and (4.44), the torque coefficient is given by:

gz =
π

(2 ln 8A − 3)

(
1 −

3
A

)
+ O(

1
A2 ) (4.45)

Figure 5 presents a comparison of the complete analytical solution of torque co-

efficients obtained from table 1 of Goren and O’Neill [59], torque coefficients

obtained from Johnson and Wu [74] in (4.45) and results from the BEM simula-

tions. Our numerical predictions (�) are in very good agreement with the ana-

lytical predictions (�) of Goren and O’Neill [59] at all values of the ring radius.

Johnson and Wu ’s [74] predictions (continuous curve) at small aspect ratio are

in good agreement with the exact results when the non-dimensional radius of

the ring is larger than 20.

The angular velocity ωcc of a torque-free circular-torus in the xz-plane of a

simple shear flow is plotted in figure 6 for A ranging from 1.5 to 250. The scal-

ing analysis outlined in (4.31) indicating that the rotation rate is proportional to

ln(A)
A2 is quantitatively accurate at small aspect ratios and remains a good approx-

imation for A as small as 3. The tumbling parameter can be calculated from ωcc

using (4.43). The effective aspect ratio of the ring shaped particle to the leading

order is then given by:

κe =

(
1 + λ

2

) 1
2

=

(
0.815 ln A

A2

) 1
2

= 0.903κ(ln(1/κ))
1
2 (4.46)

It is interesting to note that slender circular rings like long cylindrical fibers

rotate logarithmically faster than spheroids of the same aspect ratio [34] (Singh
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Figure 5 
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Figure 4.5: Comparison of torque coefficient, gz between complete analyt-
ical results [59] (�), BEM simulations (�), and asymptotic anal-
ysis (continuous curve, (4.45)) [74] for a circular cross-section
ring (α = 0).
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et al. [128] incorrectly listed Cox’s asymptotic effective aspect ratio of cylinders

for κ >> 1 as 1.24κ
ln(κ) rather than 1.24κ

(ln(κ))1/2 in equation 9. However, the correct formula

was used in figure 5 of Singh et al. [128]). In contrast, the effective aspect ratio

of low aspect ratio circular disks [130] is larger than the particle aspect ratio by

an algebraic factor.

4.5.2 Comparison of asymptotic analysis with simulation for

large A and small α

Here, we compare our predictions from the asymptotic analysis of a thin ring in

the limit when A � 1 and α � 1 with the BEM simulations. A ring with a circu-

lar cross-section undergoes Jeffery’s rotational motion in the vorticity direction

in simple shear flow with an angular velocity, ωcc (4.31). When the shape of

the cross-section is slightly non-circular as given by (4.9), the angular velocity

of the particle is a combination of this Jeffery’s rotational velocity and an an-

gular velocity due to the asymmetry of the cross-section of the ring. From the

asymptotic analysis in section 3, we have shown that in the limit when α � 1

and A � 1, the angular velocity, ωas of the particle due to the asymmetric cross-

section is given by (4.30). As noted earlier, the net angular velocity, ω is given

by:

2ω = 1 + λ = 1.63
ln A
A2 −

α

A
+ O(α

lnA
A2 ) ((4.32))

It should be noted here that the angular velocity, ωcc also changes due to

the change in the cross-section but is a factor of A−1 less than ωas and can be

neglected in the leading order analysis. Figure 7 shows twice the angular ve-

locity of the particle as a function of α for A = 50, 100, and 200. The straight
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Figure 6 
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Figure 4.6: Angular velocity of a ring with circular cross-section for A ≥
1.5. The straight line fit is plotted using data for A ≥ 100 and is
given by ωcc = 0.815 ln A

A2 .
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lines are fits to the simulations for values of α < 0.02. The slope of these lines

for A = 200 and A = 100 are found to be within 1.5% of the predicted slope of

1
A from the analysis in (4.32). The slope of the line for A = 50 is about 3% less

than the predicted slope. The intercept of the lines on the y-axis corresponds

to twice the angular velocity of the particle with circular cross-section. The lin-

ear dependence of the rotation rate on α provides a good approximation to the

computational results up to α ≈ 0.08. At higher α, the rotation rate decreases

more slowly with α suggesting that backward rotation of the ring due to the

asymmetry saturates at finite α.

4.5.3 Finite aspect ratio calculations

As the non-dimensional radius, A of the ring becomes smaller and the deviation

of the cross-section from a circular shape becomes more significant, the asymp-

totic approximations used in section 3 are no longer accurate. To explore the

rotation rate of particles in this regime we perform a series of boundary element

simulations for a range of A and α. Using (4.32), the tumbling parameter is cal-

culated by solving for the torque free angular velocity of the ring in the BEM.

For practical purposes it is of interest to find the minimum radius (maximum

aspect ratio) of the the particle at which it will reach a steady alignment. Since

the transition from tumbling to aligning motion occurs when the tumbling pa-

rameter λ is equal to -1, we plot 1+λ as a function of the radius of the ring, A, for

α = 0, 0.1, 0.4 and 0.55 in figure 8. As A increases, 1 + λ decreases and crosses 0

which is the point of transition from tumbling to non tumbling. For the particles

that stop rotating, the value of 1 + λ after reaching a minimum starts increasing

with increasing A although it does not cross 0 again. This behavior is consistent
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Figure 7. 
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Figure 4.7: Angular velocity of the ring shaped particles with axis of sym-
metry oriented in the gradient direction as a function of α for
A = 50 (�), A = 100 (�), and A = 200 (◦) in the limit of
small α. Equations of the lines for the three cases are: 2ω =

2.58X10−3 − 1.94X10−2α for A = 50, 2ω = 7.51X10−4 − 9.86X10−3α
for A = 100, and 2ω = 2.14X10−4 − 4.93X10−3α for A = 200.
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with the asymptotic analysis (4.32) which indicates that 1 +λ scales like O(αA ) for

A � 1 and α � 1.

For λ + 1 < 0, a particle’s axis of symmetry reaches a fixed orientation in the

xy-plane. The angle between the particle’s axis of symmetry and the gradient

direction is given by − tan−1
(
λ+1
λ−1

) 1
2 (figure 2) which, for λ ∼ −1, can be simplified

to just −(1+λ
−2 )

1
2 . The maximum absolute value of the angle of inclination from

figure 8 is 0.032, obtained for α = 0.55 and A = 70. It should be noted here

that small values of the inclination angle imply that the stability of the particle

against perturbations is small. Any perturbation that is large enough to rotate

the particle by an angle of 2(1+λ
−2 )

1
2 will result in the particle rotating by an angle

of π, from one stable equilibrium orientation (near the +y axis) to the other stable

equilibrium orientation (near the -y axis).

Typical rigid particle shapes like cylinders, disks, spheroids, and rings with

circular cross-section undergoing Jeffery’s rotational motion have a period of

rotation that increases as the particle becomes thinner, i.e., λ → ±1 when the

particle aspect ratio approaches 0 or ∞. Like ring shapes with circular cross-

section, it is the natural tendency of the ring particles with cross-section given

by (4.9) to rotate slowly and have small absolute values of 1 + λ as the aspect

ratio is decreased. However, due to the presence of a non-circular cross-section

these particles actually stop rotating (λ = −1) at finite values of the aspect ra-

tio. The transition of the particle from Jeffery like periodic rotational motion to

the aligned state as a function of the particle radius and α is shown in figure 9.

Above the curve, particles tumble and below the curve particles do not tumble

in the simple shear flow. For the values of α shown in figure 9, the minimum

integral value of the radius for which a particle can align is A = 30 which occurs
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Figure 4.8: Change in the parameter, 1 + λ (4.32) as a function of non-
dimensionalized radius of the ring, A for α = 0 (�), α = 0.1
(4), α = 0.4 (◦), and α = 0.55 (5). Value of 1 + λ less than 0
denotes the region where particle aligns in simple shear flow.
The continuous curves for α = 0 and 0.1 represent the results
from the asymptotic analysis for small α and large A.
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for α ∼ 0.55. The dependence of the maximum flow aligning aspect ratio on

the asymmetry parameter is weak over a broad range α = 0.4 to 0.9 for which

the minimum A remains between 30 and 33. This minimum value of the flow

aligning radius is obtained for the cross-sectional shapes studied in this work

but likely does not represent the global minimum of the radius (or maximum of

the aspect ratio) for all the rigid particle shapes that can align in simple shear

flow. For more practical applications of suspensions of these particles, aspect ra-

tio closer to 1 (A ∼ 1) would be very useful. In this work, we have not attempted

to optimize the shape of the cross-section to increase the angular velocity of the

particle due to asymmetry. Some of the questions that remain to be answered

are: What is the optimum shape of the cross-section which induces maximum

angular velocity of the ring due to asymmetry? Are ring shaped particles the

only particles which could align in simple shear flow? If not, then what is the

global optimum shape that maximizes the aspect ratio of the non-tumbling par-

ticles?

4.6 Conclusion

In this work, we have presented particle shapes that can stop rotating in simple

shear flow. Particles in simple shear flow tumble due to the rotational compo-

nent of the simple shear flow. We have used an asymmetry between the inner

and outer portions of a ring’s cross-section to induce a lateral force per unit

length on the cross-section of the particle. The torque due to this force cancels

the torque trying to rotate the particle in the vorticity direction at appropriate

aspect ratios. The particular shape that we have studied is a ring with the cross-

section given by R = 1 + α cos 3β and the radius given by A. Unlike Bretherton’s
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Figure 9. 
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Figure 4.9: State diagram showing the non-dimensionalized radius of the
particle at which the particle transitions from a continuously
tumbling state to the non-tumbling state for various values of
α. The points here represent the smallest integer value of A for
which the particle stops tumbling. The cross-sectional shape
(α = 0.55) of the particle that aligns at a radius of 30 is shown
in the graph. The continuous curve represents the transition
predicted from the asymptotic analysis in (4.33). The shape of
the cross-section for α = 0.55 is shown.

195



proposed non-tumbling particle shape, the ring shaped non-tumbling particles

do not require a connector and can stop tumbling at finite aspect ratios while

maintaining rigidity. To leading order in α, the angular velocity of the particle

due to asymmetry is given by α
2A . We have shown that lack of fore-aft symme-

try of the cross-section is a necessary but not a sufficient condition to induce a

lateral force per unit circumference on the particle which is necessary for align-

ment.

The tumbling parameter for the non-tumbling particle shapes presented in

this work lie in the range λ ≤ −1 which corresponds to the alignment of axis

of symmetry close to the gradient direction whereas the tumbling parameter of

the shape presented by Bretherton [20] lies in the range λ ≥ 1 which corresponds

to the alignment of axis of symmetry close to the flow direction. Values of the

tumbling parameter for the shapes studied in this work are calculated for dif-

ferent values of A and α. The equilibrium orientation of the axis of symmetry of

the particle is found to be close to the gradient direction (figure 8) due to which

the stability of the particles to perturbations is not very high. We found that

the minimum radius of the ring for which the particle stops rotating is about 30

which is obtained for α ∼ 0.55.

In light of the small 1+λ values obtained for the non-rotating particle shapes

studied here, it is important to examine the practicality of our findings when ap-

plied to actual engineering systems. Since most engineering systems would in-

volve Poisseuille flows, it is of interest to determine the effect of quadratic flows

on the rotational behavior of the aligning particles. In unbounded quadratic

flows, it has been shown that the rotational motion of particles also follow the

equation of motion as given by Jeffery [31]. Thus even in pipe flow the parti-
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cles discussed in this work will not undergo rotational motion. In the case of

bounded quadratic flow, interactions with the wall also play a role in determin-

ing the motion of the particle. There is precedent from the fiber literature which

shows that interactions with the wall decreases the rate of rotation of the fibers

[133]. Mody and King [106] have shown that spheroidal disks with κ = 0.25

when placed beyond a critical distance (1.2 times radius) undergo a retarded

Jeffery’s rotational motion and at a distance of about 0.7 times the radius com-

pletely stop rotating. Thus, for the case of non-rotating rings, it seems likely that

wall interactions will not disturb the non-tumbling nature of the particles.

It is possible that hydrodynamic interactions among the particles could lead

to tumbling if the asymmetric rings were dispersed in a fluid at finite concen-

trations rather than as a single particle as considered here. It may be noted

however that at very high concentrations steric interactions among Brownian

fibers [27] or disks [73] can lead to highly aligned suspensions. It might be

expected that steric effects also inhibit rotation at high concentrations in non-

Brownian systems. Thus at high concentration and low concentrations, the

non-rotating particles studied here should continue to stay aligned in the flow-

vorticity plane. At moderate concentrations the hydrodynamic disturbance of

one particle may induce rotation of neighboring particles. However, even in

this case, it seems unlikely that a catastrophic deviation from flow aligning will

occur in moderately concentrated suspensions. The velocity disturbance caused

by the aligned particles is relatively modest. In addition, if one particle does be-

gin to rotate it is likely to align again after rotating through an angle of π rather

than flipping continuously.

Although we have been able to show that the ring shape particles can align at
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moderate aspects ratios of about 30, the physical manifestation of such particles

is still going to be challenging. For low Reynolds number and non-Brownian

conditions, there is only a small size range, for aspect ratio of 30, in which the

particle will continue to align for viscous fluids. The problem of fabrication is

further complicated by the kind of shapes (Figure 9) needed for alignment at

moderate aspect ratio. It seems that a technique like 3d printing can be used to

fabricate these particles. For an aspect ratio of 30, one can fabricate a ring with

a radius of 1 cm and a cross-section of mean radius 300µm. For α = −0.55, the

characteristic length of asymmetry of the cross-section will be 150µm. This criti-

cal dimension is achievable with emerging methods in 3-d printing [99]. For this

size range the particle would not undergo Brownian motion of sufficient ampli-

tude to flip the particle. To make low Re for this particle size, viscous fluids like

glycerine or polybutene ( 10 Poise) should be used. It should be further noted

that in this paper we study cross-sectional shapes with Fourier modes because

of the ease of mathematical analysis on such shapes, but cross-sectional shapes

like equilateral triangle and right angle triangle should also be able to align the

particle at appropriate aspect ratios. These triangular shapes can be fabricated

using more conventional fabrication technique such as lithographic patterning

of photosensitive polymers on rigid substrates [4] . A large number of particles

could be formed by replica molding based on one or a few master structures

[46]. Finally, we note that we have discovered only a class of shape which can

align, there are possibly other shapes of lower aspect ratio and simpler design

which could align and could be fabricated with greater ease.

We will now discuss some broad implications of an aligning particle sus-

pension. The non-rotating nature of the ring shaped particles discussed in this

work can have important rheological consequences on suspensions. In a sus-
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pension of rotating circular rings, an O(κ) fraction of the rings will be rotating at

any given time. These rotating rings experience a force per unit circumference

of order µγA∗ leading to a stresslet, the first moment of the force distribution,

of order µγA∗3. Here A∗ is the dimensional radius of the ring. The contribu-

tion of these rotating rings to the stress in the suspension is O(nκ), the number

density of flipping rings times their stresslet, yielding an enhancement of the

effective viscosity µeff given by (µeff −µ)/µ = O(nA∗2c) where c is the radius of the

ring’s cross-section. In a suspension of rotating rings, like a suspension of ro-

tating fibers, this contribution from tumbling particles dominates over the con-

tributions from the O(1) fraction of the particles that are near the flow-vorticity

plane. In a suspension of non-rotating rings, the particles’ contribution to the

viscosity is purely due to rings aligned near the flow-vorticity plane which ex-

ert an O(µγc2) stresslet per unit circumference on the fluid leading to a much

smaller enhancement of the effective viscosity (µeff − µ)/µ = O(nA∗c2) than that

(µeff −µ)/µ = O(nA∗2c) obtained for rotating rings. Due to this lower resistance to

shearing, a suspension of aligning particles could have benefits in terms of ease

of processing.

Like the viscosity, the collision rate of ring particles can also be shown to

change drastically if the particles do not tumble. For suspensions of tumbling

particles with low and high aspect ratio, the leading order contribution to the

collision rate comes from collisions of rotating particles with aligned particles.

Following the arguments of Singh et al. [128] for circular cylinders, the leading

order collision rate for a suspension of ring shaped particle with circular cross-

section is given by O(n2A∗2cγ). Like thin disks, the contribution to the collision

rate from the O(1) fraction of the particles that are near the flow-gradient plane

is lower. In a suspension of non-tumbling ring particles there are no particles
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undergoing rotation, thus the leading order collision rate arises from collisions

of pairs of aligned rings and is given by O(n2A∗c2γ). This rate is O(1/A) smaller

than the collision rate of the rotating ring suspension. A smaller rate of collision

would decrease the rate of cluster formation of particles thus improving the

processing properties of the suspension.

Materials made from non-tumbling particulate suspensions using methods

such as injection molding could have a high degree of anisotropy because par-

ticles will be aligned in a single plane at least when particle interactions are

negligible. As a result the properties of the material such as the elastic modu-

lus, thermal conductivity, magnetic and electric properties which depends on

the orientation distribution of the constituent material would also be expected

to have a high degree of anisotropy. For instance, a thin sheet of composite ma-

terial containing aligned particles in the flow-vorticity plane during injection

molding could have a high elastic modulus for extensional deformations in the

plane of the sheet and a low resistance to shear deformation across the thickness

of the part. Similarly, if the particles are highly conducting, the in-plane conduc-

tivity of the material could be high and the conductivity across the thickness

small. The possibility of tuning material properties in this way motivates fur-

ther work toward optimizing the shape leading to non-tumbling behavior and

the development of experimental methods to form such non-rotating particles.

We acknowledge support for a graduate fellowship from the Corning Foun-

dation (V.S.), the NYSTAR J.D. Watson Investigator Program, and the National

Science Foundation (CTS-0529042).
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4.7 Appendix

This appendix is divided into two parts. In the first, we solve Stokes flow

around the two dimensional cross-sections of the ring in simple shear flow us-

ing the stream-function approach at higher orders in α. We show that not all

cross-sectional shapes which lack fore-aft symmetries can lead to a drift veloc-

ity in the gradient direction even at higher order in α. Thus, while a lack of

fore-aft symmetry is a necessary condition to induce a cross-stream velocity, it

is not a sufficient condition. In the second part, we simplify the original in-

tegral equations by carrying out integrations in the azimuthal direction using

complete elliptic integrals, thus transforming the surface integrals into line in-

tegrals. Analytical results for the singular integrands encountered in the BEM

formulations are also presented.

4.7.1 Higher order drift velocity calculations for a two dimen-

sional particle lacking fore-aft symmetry

In section 3 we showed that at leading order in α the cross-stream motion of

a two-dimensional particle results only from the third Fourier mode perturba-

tion in shape. However, we might have expected that other odd modes lacking

fore-aft symmetry would yield drift at higher orders in α. It will be shown in

this appendix, however that even at higher orders in α a cross-section described

by (4.18) yields cross-stream drift only when m = 1. This implies that not all

shapes lacking fore-aft symmetry can lead to a non-zero drift velocity. Interest-

ingly, previous studies [16, 20] of asymmetric three-dimensional particles have
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only considered the third Legendre polynomial and have not commented on the

question of whether cross-stream drift occurs, even in the limit of small α, for

higher order mode perturbations in shape.

The general solution for the stream function in simple shear flow around

the particle is still given by (4.22) along with the velocity boundary conditions

(4.24) and (4.25) on the particle surface. The strategy is again to express the

right hand side terms in the first boundary condition equation (4.24) in terms of

sine Fourier modes and the second boundary condition equation (4.25) in terms

of cosine modes and then show that even at higher orders in α only certain

modes of stream function are non-zero. Specifically, we show that shear flow

acting on a particle given by (4.18), does not drive sin β or cos β terms in the

stream function solution which must be non-zero for a non-zero drift velocity

(v1), unless m = 1.

The driving terms for the stream function from the imposed flow in (4.24)

and (4.25) are: R sin 2β, R, and R cos 2β. Both the terms R sin 2β and R cos 2β drive

the same terms in the stream function solution. Thus we limit our discussion to

terms from (4.25) since it has an extra driving term of R from the simple shear

flow. Let us now consider a general term from the multipole expansion of the

velocity field in (4.25): cos(nβ)
rn+1 . On the surface of the particle, at higher orders in α

this term can be written as :

cos(nβ)
rn+1

∣∣∣∣∣
r=R

=

(
1 − α(n + 1) cos(bβ) + α2 (n + 1)n

2
cos2(bβ) − . . . . . .

)
cos(nβ) (4.47)

where, b = 2m + 1. To express the above equation in terms of Fourier modes, the
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product terms, cosa(bβ) cos(nβ) can be expressed as summations of cosine terms,

cos(bβ) cos(nβ) =
1
2

(cos((b + n)β) + cos((b − n)β))

cos2(bβ) cos(nβ) =
1
4

(cos(2b + n)β + 2 cos nβ + cos(2b − n)β)

cosa(bβ) cos(nβ)→ cos((ab + n)β), cos(((a − 2)b + n)β) . . . cos((2b + n)β), cos(nβ),

cos((2b − n)β), . . . cos((ab − n)β); ∀
a
2
∈ N

cosa bβ cos nβ→ cos((ab + n)β), cos(((a − 2)b + n)β) . . . cos((b + n)β), cos((b − n)β),

, . . . cos((ab − n)β); ∀
a + 1

2
∈ N (4.48)

In the last two results, terms on the left hand side of the symbol→ can be written

as the sum of the terms on the right hand side with some pre-factors. These two

results can be shown easily using induction. Since a, b, and n are non-negative

integers, the only terms that can give a cos β term (driving term for the drift

velocity) are cos((b− n)β), cos((2b− n)β), . . . cos((ab− n)β) for n = b− 1, b + 1, 2b−

1, 2b + 1, . . . ab − 1, ab + 1. The Fourier modes in the general solution of the

stream-function that could give rise to a drift velocity are shown in figure 10 (a).

Now in order to show that the drift velocity is 0 at higher orders in α, we

need to show that all of the terms in figure 10(a) that can give rise to a non-

zero drift velocity are zero themselves. This can be proven by showing that

all the modes in the stream function driven by the original driving modes of

the imposed flow (simple shear flow) are different from the Fourier modes

of the general stream function solution (figure 10(a)) that can give a non-zero

drift velocity. The original driving modes of simple shear flow in (4.25) are:

cos(2β), cos(bβ), cos((b − 2)β) and cos((b + 2)β). These original modes can drive
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the following modes in the stream function solution:

cosa(bβ) cos(2β)→ cos((ab ± 2)β), cos(((a − 2)b ± 2)β) . . . . . .

cosa(bβ) cos(bβ)→ cos((ab ± b)β), cos(((a − 2)b ± b)β), . . . . . .

cosa(bβ) cos((b ± 2)β)→ cos((ab ± (b ± 2))β), cos(((a − 2)b ± (b ± 2))β), . . . . . .

(4.49)

In these results again terms on the left hand side of the symbol→ can be written

as the sum of the terms on the right hand side with some pre-factors. The only

Fourier modes in the stream function solution driven by the original modes of

simple shear flow are ±2, b, b ± 2, 2b, 2b ± 2, . . . . . . ab, ab ± 2. These modes are

represented on the number line in figure 10 (b) alongside modes that can drive

the first fourier mode. It is clear that there is no overlap between the two sets of

modes for b > 3. Hence for the cross-sectional shapes given by (4.18), the only

shape which will drift in the gradient direction is m = 1.

Although within the family of shapes represented by (4.18), only a single

shape can undergo drift in the lateral direction, this does not mean that there

is only one two dimensional shape lacking fore-aft symmetry that undergoes

drift. Shapes could have a combination of perturbations like:

R(β) = 1 + α1 cos(b1β) + α2 cos(b2β) for b1, b2 > 3, (4.50)

For these shapes, it can be shown that for a general term ( cos(nβ)
rn+1 |R) to give a non

zero value of v1 (or drive the first Fourier mode in the stream function solution):

n = b1 ± 1, b2 ± 1, b1 ± b2 ± 1, 2b1 ± 1, 2b2 ± 1, 2b1 ± b2 ± 1, b1 ± 2b2 ± 1, . . . . . .. On

the other hand Fourier modes of stream function solution driven by the shear

flow are: 2, b1, b2, b1 ± 2, b2 ± 2, b1 ± b2 ± 2, 2b1, 2b2, . . .

For a non-zero v1, there should be a Fourier mode driven by the shear flow
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m 2m 3m0

m-1 m+11 2m-1 2m+1 3m+13m-1

These terms can give rise
to a non-zero lateral force.

a)

m 2m 3m0

3m+23m-22 m-2 m+2 2m-2 2m+2

The actual non-zero modes in the stream function
solution, all other modes are 0.

b)

Figure 10

Figure 4.10: (a) Fourier modes in the stream function solution that could
give rise to a non-zero drift. (b) Fourier modes in the stream
function solution that are driven by the original shear flow
including higher order terms in the expansion.
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that could also drive the first Fourier mode. For b1 = 5 and b2 = 7, one of the

Fourier modes of stream function driven by shear flow is b2+2 = 9 and one of the

Fourier modes which can drive the first Fourier modes is 2b1 − 1 = 9. Thus, this

shape can undergo drift in the gradient direction even without the third Fourier

mode perturbation in shape. The resultant contribution to the drift velocity is

O(α2
1α2). For this shape, similarly there is another contribution to drift velocity

at O(α2
2α1) and other higher order contributions.

4.7.2 Elliptic integral formulations

Using the azimuthal dependence of stresses from 4.40, the boundary integral

equation 4.39 can be written as:

vx − y =

∫ 1

0
ρ′ds′dθ′( f1(ρ′, y′) cos(2θ′) + f2(ρ′, y′))

[ 1

(ρ′′2 + (y − y′)2)
1
2

+
(ρ cos θ − ρ′ cos θ′)

1
2

(ρ′′2 + (y − y′)2)
3
2

−
1

(ρ′′2 + (y + y′)2)
1
2

−
(ρ cos θ − ρ′ cos θ′)

1
2

(ρ′′2 + (y + y′)2)
3
2

]
+

∫ 1

0
ρ′ds′dθ′ f3(ρ′, y′) cos(θ′)

[ (ρ cos θ − ρ′ cos θ′)(y − y′)

(ρ′′2 + (y − y′)2)
3
2

+
(ρ cos θ − ρ′ cos θ′)(y + y′)

(ρ′′2 + (y + y′)2)
3
2

]
+

∫ 1

0
ρ′ds′dθ′ f4(ρ′, y′) sin(2θ′)

[ (ρ cos θ − ρ′ cos θ′)(ρ sin θ − ρ′ sin θ′)

(ρ′′2 + (y − y′)2)
3
2

−
(ρ cos θ − ρ′ cos θ′)(ρ sin θ − ρ′ sin θ′)

(ρ′′2 + (y + y′)2)
3
2

]
(4.51)
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vy =

∫ 1

0
ρ′ds′dθ′( f1(ρ′, y′) cos(2θ′) + f2(ρ′, y′))

[ (ρ cos θ − ρ′ cos θ′)(y − y′)

(ρ′′2 + (y − y′)2)
3
2

−
(ρ cos θ − ρ′ cos θ′)(y + y′)

(ρ′′2 + (y + y′)2)
3
2

]
+

∫ 1

0
ρ′ds′dθ′ f3(ρ′, y′) cos(θ′)

[ 1

(ρ′′2 + (y − y′)2)
1
2

+
(y − y′)2

(ρ′′2 + (y − y′)2)
3
2

+
1

(ρ′′2 + (y + y′)2)
1
2

+
(y + y′)2

(ρ′′2 + (y + y′)2)
3
2

]
+

∫ 1

0
ρ′ds′dθ′ f4(ρ′, y′) sin(2θ′)

[ (ρ sin θ − ρ′ sin θ′)(y − y′)

(ρ′′2 + (y − y′)2)
3
2

−
(ρ sin θ − ρ′ sin θ′)(y + y′)

(ρ′′2 + (y + y′)2)
3
2

]
(4.52)

vz =

∫ 1

0
ρ′ds′dθ′( f1(ρ′, y′) cos(2θ′) + f2(ρ′, y′))

[ (ρ cos θ − ρ′ cos θ′)(ρ sin θ − ρ′ sin θ′)

(ρ′′2 + (y − y′)2)
3
2

−
(ρ cos θ − ρ′ cos θ′)(ρ sin θ − ρ′ sin θ′)

(ρ′′2 + (y + y′)2)
3
2

]
+

∫ 1

0
ρ′ds′dθ′ f3(ρ′, y′) cos(θ′)

[ (ρ sin θ − ρ′ sin θ′)(y − y′)

(ρ′′2 + (y − y′)2)
3
2

+
(ρ sin θ − ρ′ sin θ′)(y + y′)

(ρ′′2 + (y + y′)2)
3
2

]
+

∫ 1

0
ρ′ds′dθ′ f4(ρ′, y′) sin(2θ′)

[ 1

(ρ′′2 + (y − y′)2)
1
2

+
(ρ sin θ − ρ′ sin θ′)2

(ρ′′2 + (y − y′)2)
3
2

−
1

(ρ′′2 + (y + y′)2)
1
2

−
(ρ sin θ − ρ′ sin θ′)2

(ρ′′2 + (y + y′)2)
3
2

]
(4.53)

where ρ′′ = (ρ2 + ρ′2 − 2ρρ′ cos θ′′)
1
2 is the distance between the two points ρ and

ρ′ in the ρ − θ plane, θ′′ = θ − θ′, and ds′ = dρ′
(
1 +

(
dy′

dρ′

)2
) 1

2
is the arc-length. Since

the unknowns ( f1, f2, f3, f4) in the above equations 4.53, 4.51, and 4.52 are now

independent of θ, these equations can now be integrated analytically along the

azimuthal direction and expressed in terms of complete elliptic functions.

Applying the no slip boundary condition to the velocity field arising from
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the boundary element formulation led to equations 4.51, 4.52, and 4.53. Integra-

tion of these equations in the azimuthal direction (θ) direction can be expressed

in terms of complete elliptic integrals. In this subsection, first we express 4.51,

4.52, and 4.53 in terms of elliptic integrals and then present the asymptotic ex-

pansions of the integral to deal with the singularity in the integrand. Rewriting

equations 4.51, 4.52, and 4.53 we get,

(vx − y)8π = Ixx1 + Ixx2 + Ixy + Ixz

vy8π = Iyx1 + Iyx2 + Iyy + Iyz

vz8π = Izx1 + Izx2 + Izy + Izz, (4.54)

where the integrals on the right hand side can be defined as:

Ixx1 =

∫
ρ′ds′ f1(ρ′)(I6 + ρ2 cos2 θI5 + ρ′2I8 − 2ρρ′ cos θI7 − I′6 − ρ

2 cos2 θI′3 − ρ
′2I′5 + 2ρρ′ cos θI′7)

Ixx2 =

∫
ρ′ds′ f2(ρ′)(I1 + ρ2 cos2 θI3 + ρ′2I5 − 2ρρ′ cos θI4 − I′1 − ρ

2 cos2 θI′3 − ρ
′2I′5 + 2ρρ′ cos θI′4)

Ixy =

∫
ρ′ds′ f3(ρ′)(ρ cos θ(y − y′)I4 + ρ cos θ(y + y′) − ρ′(y − y′)I5 − ρ

′(y + y′)I′5)

Ixz =

∫
ρ′ds′ f4(ρ′)(2ρ2 sin θ cos θI9 − 2ρρ′ sin θI10 − 2ρ′ρ cos θ(I4 − I7) + 2ρ′2(I5 − I8)

− 2ρ2 sin θ cos θI′9 + 2ρρ′ sin θI′10 + 2ρ′ρ cos θ(I′4 − I′7) − 2ρ′2(I′5 − I′8))

Iyx1 =

∫
ρ′ds′ f1(ρ′)(ρ cos θ(y − y′)I5 − ρ

′(y − y′)I7 − ρ cos θ(y + y′)I′5 + ρ′(y + y′)I′7)

Iyx2 =

∫
ρ′ds′ f2(ρ′)(ρ cos θ(y − y′)I3 − ρ

′(y − y′)I4 − ρ cos θ(y − y′)I′3 + ρ′(y − y′)I′4)

Iyy =

∫
ρ′ds′ f3(ρ′)(I2 + (y − y′)2I3 + I′2 + (y + y′)2I′3)

Iyz =

∫
ρ′ds′ f4(ρ′)(2ρ sin θ(y − y′)I9 − 2ρ sin θ(y + y′)I′9 − 2ρ′(y − y′)(I4 − I7) + 2ρ′(y + y′)(I′4 − I′7))

Izx1 =

∫
ρ′ds′ f1(ρ′)(ρ2 sin θ cos θI5 − ρρ

′ cos θI10 − ρ
′ρ sin θI7 + ρ′2I11

− ρ2 sin θ cos θI′5 + ρρ′ cos θI′10 + ρ′ρ sin θI7 + ρ′2I′11)

(4.55)
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Izx2 =

∫
ρ′ds′ f2(ρ′)(ρ2 cos θ sin θI3 − ρρ

′ cos θI12 − ρ
′ρ sin θI4 + ρ′2I9

− ρ2 cos θ sin θI′3 + ρρ′ cos θI′12 + ρ′ρ sin θI′4 − ρ
′2I′9)

Izy =

∫
ρ′ds′ f3(ρ′)(ρ sin θ(y − y′)I4 − ρ

′(y − y′)I9 + ρ sin θ(y + y′)I′4 − ρ
′(y + y′)I′9)

Izz =

∫
ρ′ds′ f4(ρ′)(2I13 + 2ρ2 sin2 θI9 + 2ρ′2(I9 − I11) − 4ρρ′ sin θ(I4 − I7)

− 2I13 − 2ρ2 sin2 θI′9 − 2ρ′2(I′9 − I′11) + 4ρρ′ sin θ(I′4 − I′7))) (4.56)

where I1 − I13 are:

I1 = S 1,

I2 = cos θS 2,

I3 = S 3,

I4 = cos θS 4,

I5 = cos(2θ)S 5 + sin2 θS 3,

I6 = (2 cos2 θ − 1)S 6 + sin2 θS 1,

I7 =
3
4

(cos θ − cos(3θ))S 4 + cos(3θ)S 7,

I8 = (
3
8
−

cos(2θ)
2

+
cos(4θ)

8
)S 3 + (cos(2θ) − cos(4θ))S 5 + cos(4θ)S 8,

I9 = sin(2θ)S 5 −
sin(2θ)

2
S 3,

I10 = sin(3θ)S 7 + sin θ(1 − 3 cos2 θ)S 4,

I11 =
3
8

sin(2θ)(S 5 − S 3) +
sin θ

4
(4 cos(3θ)S 8 − 3 cos(3θ)S 5 + 3 cos θS 5),

I12 = sin θS 4,

I13 = sin(2θ)S 6 −
sin(2θ)

2
S 1 (4.57)
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and S 1 − S 8 are defined as:

S 1 =

∫ 2π

0

dθ′

(A2
1 − B2 cos θ′)

1
2

=
4

C1
K(D1)

S 2 =

∫ 2π

0

cos θ′dθ′

(A2
1 − B2 cos θ′)

1
2

=
4

C1B2 (A2
2K(D1) −C2

2E(D2))

S 3 =

∫ 2π

0

dθ′

(A2
1 − B2 cos θ′)

3
2

=
4

C3
1

E(D1)
1 − D2

1

S 4 =

∫ 2π

0

cos θ′dθ′

(A2
1 − B2 cos θ′)

3
2

=
4

C3
1B2

(A4
1

E(D1)
1 − D2

1

)

(4.58)

S 5 =

∫ 2π

0

cos2 θ′dθ′

(A2
1 − B2 cos θ′)

3
2

=
4

C3
1

(
8(D2

1 − 2)(D2
1 − 1)K(D1) − 2(D4

1 − 8D2
1 + 8)E(D1)

2D4
1(D2

1 − 1)

)
S 6 =

∫ 2π

0

cos2 θ′dθ′

(A2
1 − B2 cos θ′)

1
2

=
4

C1
(

1
3D4

1

(4(D2
1 − 2)E(D1) + (3D4

1 − 8D2
1 + 8)K(D1)))

S 7 =

∫ 2π

0

cos3 θ′dθ′

(A2
1 − B2 cos θ′)

3
2

= −
4

C3
1

(
4(9D6

1 − 41D4
1 + 64D2

1 − 32)K(D1) − 2(3D6
1 − 38D4

1 + 96D2
1 − 64)E(D1)

6D6
1(D2

1 − 1)

)
S 8 =

∫ 2π

0

cos4 θ′dθ′

(A2
1 − B2 cos θ′)

3
2

=
4

C3
1

(
−2(5D4

1 − 16D2
1 + 16)((D4

1 − 16D2
1 + 16)E(D1) − 8(D4

1 − 3D2
1 + 2)K(D1))

10D8
1(D2

1 − 1)

)
(4.59)

The first four integrals above are taken directly from Lee and Leal [98] and the

rest are evaluated using the following generic transformation:∫ 2π

0

cosa θ′dθ′

(A2
1 − B2 cos θ′)

m
2

=
(−1)a4

Cm
1

∫ π/2

0

cosa 2θ′dθ′

(1 − D2
1 sin2 θ′)

m
2

(4.60)
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The integral on the right hand side is then evaluated using Mathematica Inte-

grator to give the results in (4.59). Here A1 = (ρ2+ρ′2+(y−y′)2)
1
2 , B = (2ρρ′)

1
2 , C1 =

(A2
1 + B2)

1
2 and D1 =

(
2B2

A2
1+B2

) 1
2
. K and E are complete elliptic integrals given by:

K =

∫ π
2

0

dθ′

(1 − D2
1 sin2 θ′)

1
2

E =

∫ π
2

0
(1 − D2

1 sin2 θ′)
1
2 dθ′ (4.61)

In the limit D1 → 1, all the formulas in (4.59) become singular. This condition

arises when ρ′ approaches ρ and corresponds to calculating the velocity distur-

bance field very close to a ring of forces. This leads to a weak logarithmic sin-

gularity which is integrable. To handle this singularity in the simulations, the

integration is performed analytically when D1 → 1 using the following asymp-

totic expansions of the elliptic functions [98]:

K(D1) = ln
4

D′1
+

1
2

(
ln

4
D′1
− 1

)
D′21 +

9
64

(
ln

4
D′1
−

7
6

)
D′41

E(D1) = 1 +
1
2

(
ln

4
D′1
−

1
2

)
D′21 +

3
16

(
ln

4
D′1
−

13
12

)
D′41 (4.62)

where D′1 = (1 − D1)
1
2 . The analytical integration is used when D′1 ≤ 10−6. For

larger D′1 a numerical integration is performed using complete elliptic integrals.

All the integrals from I′1−I′13 are evaluated in a manner similar to the integrals

I1− I13 except A1 is replaced by A2 = (ρ2 +ρ′2 +(y+y′)2)
1
2 , C1 by C2 = (A2

2 + B2)
1
2 , and

D1 by D2 =

(
2B2

A2
2+B2

) 1
2
. The integrals I′1 − I′13 are not expected to have a singularity

because even when ρ′ → ρ the distance between the two points is proportional

to the thickness, 2y.
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CHAPTER 5

COLLISION EFFICIENCY OF RED BLOOD CELL AGGREGATION

Red blood cells make up 35 − 50% by volume of blood and their interactions

with the flow and with each other dictate the complex rheological properties of

blood. In the presence of macromolecules(proteins, polymers etc.), red blood

cells aggregate to form stacked coin like linear structures called rouleaux. The

lower energy face to face aggregation here is not governed by the Brownian mo-

tion of the monomer unit but instead is dictated by the deformability of the cells.

This non-Brownian type shape selective self assembly of red blood cells makes

it an interesting system to understand assembly phenomena at the microscale.

In this work we use red blood cell assembly as a model system to understand

kinetics of aggregation of soft colloidal particles in shear flow. In particular,

we determine the dependence of the collision efficiency of aggregation on the

average shear rate in the flow.

5.1 Introduction

Aggregation of red blood cells (rbcs) is an important physiological phenomenon

due to its effect on the viscosity of blood [30]. Red blood cell aggregation is

unique in the sense that rbcs form well defined linear stack coin like structures

(Figure 1) upon aggregation when rigid particle systems with size of the range

of rbcs form flocs. The thermodynamically driven structures formed during rbc

aggregation are not expected for particle size larger than few microns (meso

scale) as they are too big to undergo significant Brownian motion which is gen-

erally used to search for the minimum energy state in an aggregate. For the
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case of rbc aggregation, the high deformability [131] of the cells allow the cells

to form minimum energy structures after collisions. Due to the weak Brownian

motion of rbcs, the aggregation is thermodynamically irreversible and kineti-

cally limited and thus hydrodynamics is required to drive aggregation of the

cells. The objective of this paper is to understand kinetics of assembly of red

blood cells in simple shear flow. We do experiments with horse red blood cells

at different shear rate to understand the role of hydrodynamics in aggregation.

The scaling of rate constant of rbc dimer formation with respect to shear rate is

determined for different binding forces. Understanding of aggregation for de-

formable particle is also relevant in the context of self assembly. At sub-micron

scale, Brownian forces could be used to direct the building block towards min-

imum energy state. As for meso scale particles, in the absence of Brownian

forces it is always a challenge to form minimum energy structures. Thus at

meso length scale in the absence of Brownian forces, one strategy to self assem-

ble is using softness of the building blocks to direct them toward lower energy

states.

Aggregation occurs when two or more particles collide or adhere. Except for

a very dense suspension, simultaneous collisions between three or more parti-

cles can be assumed to be negligible. Using this assumption of binary particle

collision leading to aggregation, kinetics of aggregation can be described using

the following rate equation called Smoluchowski equation [146]:

dni

dt
=

1
2

∞∑
m=1

∑
j=k

k jm p jmn jnm −

j=∞∑
j=1

ki j pi jnin j. (5.1)

In the above expression, ki j is the ideal collision frequency of particles of i and

j number of monomers. pi j is the collision efficiency of aggregates of size i and

j. The overall rate constant of aggregation, K is given by the product of ideal

213



µm

µm8

2

a) b) c)

Figure 5.1: a) and b) schematic of a red blood cell and c) red blood cell
aggregate in stacked coin like structure called rouleaux
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collision rate and collision efficiency.

The ideal collision frequency, k is characteristic of the driving force that

brings the particles together and its calculation assumes that there are no hydro-

dynamic and colloidal interactions. Some common mechanism used to drive

aggregation are Brownian motion [118], shear flow [146], or differential set-

tling. For a dilute suspension of spherical particles of radius b, k11 calculated

by Smoluchowski [146] analytically is given by:

k =
32
3
γb3 (5.2)

For non-spherical particles though rotation motion of the particle also becomes

important and affect the collision rate. Singh et al. [128] have recently done

simulations to estimate the ideal collision rate of cylindrical shaped particles

taking into account the rotational motion of the particles.

Collision efficiency, p is the probability of aggregation of two particles that

are predicted to collide when no interactions are considered. It depends on

a number of factors like hydrodynamic interactions, surface interactions, local

shear stresses trying to pull the aggregate apart etc. Since in most systems more

than one of these factors is present and all these factors are dependent on the

position of the surface, it makes it complicated to model p and is generally de-

termined experimentally.

For the case of red blood cells, shear flow usually drives the collisions since

cells do not undergo strong Brownian motion and differential settling rates (∼

1µm) [25] of the cell are also very small. Individual motion of the cell in shear

flow could be used to determine the ideal collision frequency of cells [72, 128].

Once the cells are in close proximity, a combination of colloidal, hydrodynamic

and surface elastic forces determine whether the cells are going to aggregate or
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not. The colloidal forces typically depend on the attractive van der Waal forces

and repulsive electrostatic interactions which in turns depend on the charges

on the surface of the cells and can be tuned by the ionic strength [70] of the

solution. Additional attractive colloidal forces in the case of rbc aggregation

originate from the presence of macromolecules in the suspension. For the case

of rbc aggregation, the mechanism of the attractive potential generated by the

macromolecules is not completely established. Two mechanisms of aggregation

have been proposed to explain the aggregation of RBC in polymer solutions viz.

cross bridging [71] and depletion interactions [3, 109]. For the purpose of this

paper we are going to assume depletion attraction as the origin of the attractive

potential but none of the explanation of our results changes if the mechanism

was surface binding. In the presence of macromolecules, when the cells come

in contact in the absence of fluid flow, if the energy of cell adhesion due to

depletion interaction and van der Waal forces is greater than the electrostatic

repulsion then adhesion of cells is favored. After initial contact between the cells

the contact area between the cells increases leading to face to face aggregates

[131] at equilibrium which corresponds to the minimum energy state.

In the presence of the fluid flow, which is the primary mechanism to bring

the cells together, the mechanism of aggregation is more complicated. In a typ-

ical collision between a pair of cells in simple shear flow, the flow brings the

cells together in the compressional quadrant of the flow. The rate at which a

pair of cells collide is proportional to the shear rate of the flow (5.2). The cells

when they are close together start undergoing adhesion involving increase in

the surface area of interaction between the cells, at the same time due to the

shear flow the cells are also undergoing rotational motion [72]. Once the cell

pair is in extensional component of the flow there is hydrodynamic force try-
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ing to pull the cells apart. The schematic of this behavior is shown in figure

2. The dependence of fluid flow on the overall rate constant of aggregation is

not straightforward, the ideal collision rate increases linearly with increase in

the shear rate but collision efficiency decreases with increase in the shear rate.

Increase in the shear rate for the case of deformable particle aggregation not

only increases the hydrodynamic forces trying to pull the cells apart in simple

shear flow but at the same time increases the rate of rotation of cells when they

are in contact, thus giving cells less time to undergo rearrangement to increase

the contact area. Such behavior has been observed in the form of viscosity for

blood cell sample where at high shear rates, aggregates are rapidly broken and

cells are monodisperse. In the absence of shear, red cells collide only rarely, so

aggregation proceeds very slowly. Low shear rates induce red cell aggregation,

presumably by increasing the collision frequency without inducing sufficient

mechanical forces to disaggregate the cells.

Experimental measurement of pi j is complicated due to its dependence on

both the size and the shape of the aggregate. The number of unknown pi j in

5.1 is also large when aggregation is unrestricted. In this work, the simplest

possible case of aggregation is studied that is in the limit of low concentration

of mono dispersed cells colliding to form only dimers. The modified Smolu-

chowski equation in this limit is reduced to:

dn1

dt
= k11 p11n2

1 (5.3)

In this limit there are only two unknowns k11 and p11, out of which k11 can be

determined using Singh et al. [128] results. So the only unknown left to be

determined is p11, in this work we experimentally determine p11 for a range of

shear rate and polymer concentration. Understanding of collision efficiency in

the limiting case of dimer formation can be considered as the first step towards
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Figure 5.2: Schematic of a pair of red blood cell colliding in the compres-
sional quadrant and then undergoing rotation as well as adhe-
sion and rearrangement until it reaches the extensional quad-
rant where hydrodynamic and colloidal forces decide whether
the aggregate will break or continue to exist.
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understanding collision efficiency of deformable particles in shear flow. For the

rest of the paper symbol k is used to denote k11 and symbol p is used for p11.

5.2 Background

Smoluchowski ’s in his analysis assumes that particles travel in straight trajec-

tories along streamlines, i.e., streamlines are not disturbed by the presence of

particles. However, due to van der Waals forces, electric double-layer and hy-

drodynamic interactions, particle trajectories deviate from a straight line as par-

ticles approach each other. By calculating the resultant trajectories, the collision

efficiency can be calculated for doublet formation resulting from the collision

of two primary particles. One of the earliest such calculations of collision effi-

ciency was done by Van de ven and Mason [38, 35]. In this work, the following

dependence of p on shear rate for spherical particles was calculated in the limit

when only van der waal forces are acting,

p = f (λ̄)(
A

36πµγb3 )0.18 (5.4)

where, A = Hamaker constant, γ = shear rate, µ =viscosity, b =radius of the

particle, λ = wavelength of dispersion interactions, and λ̄ = λ
2πb . Typical values

of f (λ̄) for λ = 100nm are 0.79, 0.87, and 0.95 for particle radius of 2, 1, and 0.5

µm respectively.

Recently, Agarwal et al. [1] have studied collision efficiency for shear in-

duced aggregation of spherical glass beads involving polymer bridging forces.

The collision efficiency for bridging flocculation is expressed in terms of dimen-

sionless parameters which show the relative magnitudes of electric double-layer

repulsion, van der Waals attraction, steric interaction and hydrodynamic forces.
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They also obtained a power law dependence of collision efficiency on shear rate.

It was found that the power law scaling depends on the concentration of poly-

mer adsorbed on the surface of the glass beads. For the range of polymer con-

centration studied in their work, the power law scaling for dependence on shear

rate, γ was found to lie in between −0.69 to −0.81.

For the case of red blood cell aggregation, the authors are not aware of any

experimental collision efficiency calculations. Murata and Secomb [108] have

postulated a scaling of −1 for collision efficiency with respect to shear rate for

aggregation of rbcs. They proposed that molecular bridges take certain amount

of time to form when two rbcs collide and since two rbcs spend a time inversely

proportional to the shear rate hence sticking probability should vary as inverse

of shear rate. Rearrangement of cells upon collision to increase the surface area

of interaction is another event which is time dependent could be the limiting

time scale of aggregation. No work has been done so far that verifies the scaling

of Murata and Secomb [108] though. In this work we calculate the scaling of

collision efficiency with respect to shear rate without investigating whether it is

the rearrangement of cells or molecular driving forces which limit the collision

efficiency of cells.

Under physiological conditions i.e. high hematocrit conditions, rbc aggrega-

tion has been widely studied. Experimentally, Barshtein et al. [5] calculated the

overall rate constant of aggregation of rouleaux formation for different hema-

tocrit based on the model proposed by Samsel et al. [127]. The model pro-

posed by Samsel et al. [127] assumes that there are three kind of different col-

lisions that could lead to aggregation - single erythrocyte rouleaux collision,

rouleaux-rouleaux collision and rouleaux rouleaux collision leading to forma-
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tion of branches. Based on these three type of collisions, they assumed that

there are three types of rate constant. They failed to do any collision efficiency

calculations and its dependence on shear rate.

5.3 Materials and methods

Sample preparation: Fresh blood samples were drawn from horse blood and hep-

arinized. The blood sample was used for the experiments on the same day.

Erythrocytes were washed three times with a PBS solution with 0.5% BSA by

weight in it and suspended in the same solution. BSA was added to keep the

cells well suspended. Polymer solution was prepared separately in PBS solu-

tion with 0.5% BSA solution using PEG35000.

Experimental procedure: Erythrocytes and polymer solutions were filled in two

separate syringes. The syringe with cell suspension also contained a small mag-

netic bar which along with a magnetic stirrer was used to avoid the settling of

the cells in the syringe. Using a syringe pump, both cell solution and polymer

solutions were then pumped in a microchannel through two separate inlets at a

constant and equal flow rate. The microchannel itself was placed vertically on

an inverted microscope which was flipped by 90 degrees. The vertical arrange-

ment of the channel prevented the cells from settling in the microchannel along

the shorter dimensions of the channel. Sedimentation velocities in the direction

and opposite to the direction of flow were small compared to axial velocities and

hence can be neglected. Sedimentation of cells in the tubing upstream of the mi-

crochannel was avoided by using very high input flow rates. In retrospect, the

entire problem of sedimentation of rbcs in the buffer solution could have been

avoided by preparing a neutrally buoyant suspension of cells as done by Ro-
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man et al. [125]. The microchannel used for the experiments itself consisted of

a number of components whose purpose is as explained below (Figure 3):

I. Staggered herringbone mixer [135] - A mixer was used in the beginning of the

microfluidic channel to mix the polymer solution with the cell solution.

II. Narrow channel - The mixer was followed by a narrow channel which had

very high shear rate. This was used as a disaggregator to dissociate cell aggre-

gates formed during mixing.

III. Data collection channel - A rectangular channel of dimensions 500µm width

by 110µm height was used following the mixer to study kinetics of aggregation.

Due to the large width of the channel, gradients in velocity are assumed to be

small along the breadth of the channel. All the data collection measurements

were made in this part of the microfluidic device.

IV. Shunt- A shunt in parallel with the disaggregator and the data collection

channel was used to allow higher flow rates upstream of the channel to avoid

sedimentation.

Data collection: Images were taken at a magnification of 20X by stopping the

flow using a valve. Images were taken at two separate points- one somewhere

in the beginning of the data collection channel called point I and second image

at some distance down the length of the data collection channel called point II.

Data analysis: Manual counting of the cells was done using imageJ to quan-

tify the extent of dimerization. For each image, the number of monomers and

dimers were counted. Data was separately collected for both upstream and

downstream points. If a aggregate of size m larger than a dimer was observed

then it was counted as m−1 number of dimers since to form an aggregate of size

m, m − 1 aggregation steps must have taken place. The number of aggregates

larger than a dimer were very small (< 10%).
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Shear rate calculations: The average shear rate(γ) in a rectangular channel can be

calculated based on the flow rate in the channel. Though in this case, it should

be noted that due to the presence of the shunt parallel to the data collection mi-

crochannel, the flow rate in the channel is not equal to the flow rate set using

the syringe pump. In theory the flow rate in the microchannel can be deter-

mined based on the ratio of the resistance of the shunt and the series resistance

of the disaggregator and the data collection channel but since the resistance of

the shunt is small, a very small fluctuation in this resistance can change the flow

rate in the microchannel by a large magnitude. Hence to accurately measure

the average shear rate in the data collection channel, before each data collection

step, the speed (vmax) of the fastest moving cell in the channel was measured. The

speed of the fastest flowing cell was determined by focusing the microscope at

different heights in the data collection channel without disturbing the flow. The

speed of the cells was later calculated by measuring the distance cells traveled

and the number of frames it took to travel that distance. Data was taken for a

number of cells to make sure that multiple number of cells moving at the high-

est velocity were observed. This measurement is particularly aided by the fact

that velocity profile in a rectangular channel is parabolic with maximum veloc-

ity at the center of the channel and smaller gradients in that zone. Hence there

is comparatively bigger region at the center of the channel where most cells are

flowing at or close to the maximum velocity of the channel. Since in Poiseuille

flow, velocity at the center is maximum and is equal to half the average veloc-

ity in the channel. The average shear rate can then be determined using the

following equation:

γ =
vmax

2h
, (5.5)

where h is the height of the channel.
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Figure 5.3: Schematic of the microfluidic channel used in the experiments.
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5.4 Results and Discussion

In the limit when the concentration of monomers is low and collisions lead to

the formation of only dimers, the modified Smoluchowski equation (5.3) can be

integrated over the initial time, tinit to the final time, t to give:(
1
nt
−

1
ninit

)
= k11 p11(tinit − t) (5.6)

where ninit is the initial number of monomers per unit volume at time tinit and nt

is the number of monomers per unit volume at time t. The above equation gives

the extent of aggregation over a time t − tinit. The time t − tinit can be calculated

in the experiments based on the distance travelled by the cells and the average

velocity of the cells in the channel. Average velocity in the channel is given by

vavg = vmax
2 . Average shear rate is given by 5.5. Thus, if the distance between point

I and point II is l then time over which aggregation occurs is given by t−tinit = l
γh .

5.6 is then reduced to: (
1
nt
−

1
ninit

)
γ

kl̄
= p (5.7)

Here l̄ = l
h is the non-dimensionalized length travelled by the cells from the ini-

tial point of observation to the final point of observation. The quantity ninit and nt

are calculated from the image analysis of the data at upstream and downstream

of the channel. The only unknown in the above equation is p.

Dependence of p on shear rate is then calculated by running experiments

with different known shear rates and collecting nt and ninit for known values

of l̄. Figure 4. presents dependence of collision efficiency on shear rate for ex-

periments done with different polymer concentration. Inspired by the previous

work done in this field [38, 1], a power law dependence was assumed between
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collision efficiency and shear rate:

p = γx (5.8)

where x is the unknown scaling of collision efficiency dependence on shear rate.

The value of x for experiments conducted at different polymer concentrations

is found to be in the range −1 to −1.7. This dependence is much stronger than

the dependence of collision efficiency on shear rate for the case of van der Waal

interactions [38] and is stronger than the dependence of collision efficiency on

shear rate for the case brdging interactions for hard sphere[1] .

The dependence of the overall rate constant of collision on shear rate is thus

given by:

K = kp = O(γ1)O(γ−1∼−1.7) = O(γ0∼−0.7) (5.9)

The large negative scaling with respect to shear rate seems to concur with

Murata and Secomb’s [108] postulate about a specific time needed for bridging

molecules to start making bonds. At the same time it does not rule out that the

time scale associated with the rearrangement of the cells to form face to face ag-

gregate might be important too. According to this hypothesis, after collision of

two rbcs, cells may fail to stick together when they are unable to stay in contact

for some specific time required for them to rearrange to form face to face ag-

gregates. Since the amount of time cells spend together is of the order 1
γ
, hence

collision efficiency can vary as inverse of shear rate.

Shifting of the curves with increase in polymer concentration implies that

the collision efficiency increases with increase in colloidal forces. This is in ac-

cordance with both the bridging and the depletion interaction mechanism as

increasing polymer concentration increases the attractive colloidal energy thus
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increasing the probability that two cells when in contact will form a dimer. Ide-

ally, one should be able to get exact dependence on colloidal forces from the

intercept of the line. However, the data here is not clean enough to make any

quantitative statements about that.
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Figure 5.4: Variation of collision efficiency with shear rate at various poly-
mer concentration. (a) PEG conc. = 1.25g/l (diamond), equa-
tion of the line is y =-1.35x+0.017, (b) PEG conc. = 1.25g/l
(square), equation of the line is y =-1.42x - 0.28, (c) PEG conc.
= 0.75g/l (circle), equation of the line is y =-1.60x+0.31, (d) PEG
conc. = 1.5g/l (4), equation of the line is y =-1.346x+0.017198,
(e) PEG conc. = 1.25g/l (5), equation of the line is y =-
1.346x+0.017198.
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CHAPTER 6

MIGRATION OF A SOFT PARTICLE ON A CURVED RIGID SURFACE

Deformability of a particle is used to tune its motion on a curved surface. Mi-

gration of a vesicle on a curved surface is theoretically studied in the limit of

strong adhesion (β >> 1), where β is the ratio of colloidal energy to bending

energy. Interaction energy of the vesicle with the rigid surface is calculated as a

function of the colloidal energy, elastic stretching energy, size of the vesicle, and

curvature of the rigid surface. It is shown that the energy of the vesicle decreases

with increase in the curvature of the rigid surface. This change in energy of the

vesicle can be used to move it from low to high curvatures. For small angles of

contact and kRo << 1, the leading order migration rate of the vesicle is found to

be O( KcRoζo
ν

dk
dx ) over a surface with finite curvature (k) in one direction and zero

in the other, where Ro is the size of the vesicle, Kc is the colloidal energy per unit

area, ν is the viscosity of the surrounding fluid, and ζo is the colloidal length

scale, and dk/dx is the rate of change of curvature over the surface.

6.1 Introduction

Vesicle composed of lipids can bind to surfaces in the presence of attractive col-

loidal interactions. In biology, adhesion of membranes is essential to a number

of processes like red blood cell aggregation, phagocytosis, endocytosis, angio-

genesis etc. Studying vesicle adhesion is also important to understand the inter-

action of soft particles employed in applications like drug delivery. In this work,

we investigate the interaction of a vesicle with a rigid curved surface in the limit

of strong adhesive forces. At strong adhesion limit, vesicle can undergo stretch-
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ing to increase the area available for adhesion. We compare the contribution to

energy from the increase in area due to the elastic stretching and from the ex-

tra area available for a deflated vesicle. The resulting rate of migration of the

vesicle on the curved surface are estimated.

When certain amphiphilic molecules (for instance phospholipids) are intro-

duced in an aqueous environment, they aggregate to form bilayer structures

with the polar ends in contact with the aqueous phase and the hydrophobic

ends facing each other and shielded from the aqueous phase. In general, these

bilayer membranes form closed structures called vesicles to avoid the energy

cost associated with the interaction of the hydrophobic ends with the aqueous

phase. Most cellular membranes are made of such lipid bilayers with embedded

proteins. Due to this vesicles are sometimes used as a model system to under-

stand cell membranes. Vesicle suspensions are also employed in many impor-

tant applications and products such as fabric softeners, drug delivery, and hair

therapeutics. Although the building blocks (lipids) of a vesicle are few nanome-

ters in size, the size of a vesicle can be few hundred micrometer. It is this rel-

atively large size along with their mechanics that make vesicles an interesting

system to study in the context of self assembly.

Self-assembly is the autonomous organization of components into patterns

or structures without human intervention. A typical self assembly process has

two components: 1) a sampling mechanism, which helps in sampling of the en-

tire configuration space of the system and 2) presence of a binding mechanism,

which determines the most favorable configuration of assembly. The building

blocks for self assembly may comprise atoms, molecules, colloids and macro-

scopic objects. At sub micron scale strong Brownian forces serves the purpose
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of a sampling mechanism and weak non covalent interactions like van der waal,

electrostatic forces, hydrogen bonds act as binding mechanism. At meso and

macroscale(> 1µm), due to the absence of any natural sampling mechanism, self

assembly is much more challenging [147]. Only a very careful control of inter-

actions and external sampling mechanism can lead to self assembly. Directed

fluidic assembly has shown some promise in assembly at mesoscale [86] but

it requires highly controlled fluidic system to place building blocks at the de-

sired positions. Krishnan et al [85, 87] have used electrostatic energy of charged

particles along with device topography to trap particles and arrange them. In

the current work, we study an example of non-Brownian type assembly where

deformability of the particle is used to direct particles towards lower energy

states. We use vesicle as a model system to study soft particle assembly. Here,

the deformability of the particle acts as a sampling mechanism and colloidal

interactions between the particle and the surface acts as a binding mechanism.

The curvature driven assembly could be used to increase interfacial mass trans-

port to valleys (large curvature regions). Valleys are regions in a flow where

convective forces are weak and transport is limited. Using the curvature driven

migration of a soft particle one can transport material to high curvature regions,

not accessible otherwise.

For an isolated vesicle, shape is determined by the minimization of its bend-

ing energy along with a constraint on its area and volume. The area of a mem-

brane is typically constant as lipid molecules optimally arrange themselves in

a membrane and there is a large energy penalty for a lipid molecule to move

out of the membrane and exist freely in an aqueous solution. Also, although

the membrane of a vesicle is permeable to water, the volume of the vesicle is

typically constant. This arises from the fact that in the presence of any solutes of
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large ions, to which the membrane is impermeable, transfer of water can result

in building of osmotic pressure. Thus, the volume of the vesicle is controlled

by the osmotic pressure difference between the solution inside the vesicle and

outside. A difference in osmotic pressure can lead to large changes in vesicle

shape, for example, red blood cells bursting in hypertonic solutions.

Binding of two vesicles or a vesicle and a rigid substrate can involve spe-

cific and non-specific interactions. Specific adhesion interactions involve certain

type of molecules on the two surface which lead to binding of the two surfaces.

Nonspecific interactions on the other hand are general and not specific to the

molecules on the surface, for instance, depletion interactions and van der Waals.

In this work, we focus on non-specific forces acting between a vesicle and a non-

deformable surface. The energy and shape of an adhered vesicle, in addition to

the bending energy and the volume constraint, also depends on the adhesion

energy strength between the two surfaces. Depending on the strength of the

adhesion energy, the constant area constraint can be relaxed. When the adhe-

sion energy is high, the membrane can stretch to increase the contact area and

increase the attractive colloidal energy between the two surfaces. In this case,

the increase in the colloidal energy is balanced by the tension in the membrane

that limits the extent of the membrane stretch.

In the next section, we describe the model used to describe the vesicle ad-

hering to a rigid surface. We take into account the colloidal energy, the bending

energy, and the area extension energy to describe the energy of the vesicle. Then

in section 3, we analytically and numerically calculate the energy and shape of

the vesicle, first on a flat surface and then on a curved surface. We then use the

energy of the vesicle as a function of curvature to estimate the force acting on
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the vesicle due to the change in surface curvature and calculate its migration

rate under Stokes condition.

6.2 Model

We consider a vesicle of volume (V = 4πR3
o/3) equal to that of a sphere of radius

Ro. The area of the isolated vesicle is also fixed and is given by:

Ao = 4π(1 + ε)R2
o (6.1)

where ε is a non-dimensional parameter that denotes the excess area of the vesi-

cle compared to a sphere of radius, Ro. For ε = 0, the isolated vesicle shape is

that of a sphere of radius Ro.

The shape of the vesicle in the absence of any external forces (hydrodynamic,

colloidal etc) is primarily determined by the bending resistance of the vesicle.

In the model presented here, the vesicle is assumed to have a constant volume.

In the plane of the bilayer, the vesicles have fluid like properties with very high

resistance to elastic extension in area. But in the presence of strong adhesive

energy, the membrane can stretch its area to increase its colloidal interaction

energy. The area extension modulus of the membrane is assumed to be Ka. The

molecular fluctuations of the lipid molecules are ignored here.

The bending energy, Eb of the vesicle is given by [61]:

Eb =
Kb

2

∫
((2H + Co)2 + Kgκ)dS (6.2)

where, 2H is the mean curvature of an element, Co is the spontaneous curva-

ture, κ is the gaussian curvature, Kg = bending moduli for change in gaussian

curvature, and dS is a differential area.
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When the adhesive energy is large, the vesicle can also increase its area of

adhesive interaction at the cost of elastic energy. The increase in the energy of

the vesicle due to a dA increase in the area is given by:

Ea = Ka
dA2

Ao
(6.3)

A vesicle close to a surface can experience a number of colloidal forces like

van der Waals and depletion interactions. We here consider a simple form of

the surface energy given by:

Ec =


0 if ζ > ζo;

−KcAc if ζ < ζo;
(6.4)

where Kc is the colloidal energy per unit area, ζo is the length scale over which

the surface colloidal forces are active (typically of the O(nm)). We define two

non-dimensional parameters here, β = KcR2/Kb as the ratio of the colloidal and

the bending energy and α = Kc/Ka as the ratio of the colloidal energy per unit

area and the area extension modulus. In this work we consider the limit when

colloidal energy of interaction is much larger than the bending energy. In this

limit, the extent of the area which is in contact with the surface is determined by

the colloidal energy and the area extension modulus and the unattached part of

the vesicle is always spherical in shape as it allows the vesicle to have maximum

area of adhesive interactions for a given volume.

The entire problem of a vesicle moving over a curved surface can be divided

into two parts: 1) statics of a vesicle adhesion on a flat surface (Figure. 1 (a))

and 2) dynamics of a vesicle moving over a curved surface (Figure. 1(b)). In

the first part we solve for the equilibrium shape of a vesicle when its in contact

with a flat surface. The solution will determine the energy of the vesicle when
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it is in contact with a flat surface as a function of its bending modulus, area

extension modulus, and surface colloidal forces. In the second part, energy of

the vesicle over a curved surface as a function of curvature of the surface is

calculated. Using this energy, the driving force for the migration of vesicle from

low curvature to high curvature is estimated. This colloidal driving force is

balanced by the drag force acting on the vesicle due to its motion. The drag force

can be obtained by solving stokes equation using lubrication approximation in

the region close to the surface. This expression of force is then combined with

the lubrication problem of a vesicle sliding over a surface to estimate migration

velocities.In the analysis we will now deal with the individual parts separately.

6.3 Asymptotic and numerical analysis for large β

6.3.1 Statics of a vesicle binding to a surface

In the limit when the colloidal interaction energy is much larger than the bend-

ing energy, i.e. β >> 1, the influence of the bending energy on the shape of

the membrane can be ignored. In this case, the shape of the vesicle far away

from the surface is spherical to maximize the area in contact with the surface.

A balance between the elastic stretching forces and the colloidal forces deter-

mine the area in contact with the surface. The shape of the rim region joining

the flat attached part of the surface with the spherical cap is determined by a

balance between the adhesive energy and the bending energy. Since β >> 1, we

can ignore the contribution of the rim region to the overall energy of the vesicle
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Figure 6.1: (a) Vesicle undergoing attractive colloidal interactions with a
flat surface. (b) Vesicle moving on a surface due to its varying
curvature.
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which to the leading order is O(β
1
2 ) less than the colloidal energy. The energy of

the vesicle adhered to a surface can be described in terms of the contact angle,

θ (figure 1). To determine θ, we first determine the energy of the vesicle in the

adhered state as a function of θ and then minimize the energy with respect to θ

while satisfying the area and the volume constraint.

The volume of the vesicle when adhered to a surface can be written as a sum

of the volume of the spherical cap (Vcap) and the volume of the cone (Vcone) which

subtends an angle θ on the flat surface.

Vcap + Vcone =
πR3

3
(2(1 + cos θ) + sin2 θ cos θ)

=
πR3

3
(1 + cos θ)2(2 − cos θ) (6.5)

Applying the volume constraint and using V = 4πR3
o/3 as the original volume of

the vesicle, we have

R
Ro

=

(
4

(1 + cos θ)2(2 − cos θ)

) 1
3

(6.6)

In the adhered state, the area of the vesicle can be written as a sum of the area

of the spherical cap and the area of the surface in contact:

Acap + Ac = πR2(2(1 + cos θ) + sin2 θ)

= πR2(1 + cos θ)(3 − cos θ) (6.7)

Assuming that the vesicle in contact with the surface has its area stretched by

an amount dA. The stretched area is then given by:

dA = Acap + Ac − 4πR2
o(1 + ε)

dA
4πR2

o(1 + ε)
=

 (1 + cos θ)(3 − cos θ)
4(1 + ε)

(
R
Ro

)2

− 1
 (6.8)

Using 6.6, we have

dA
4πR2

o(1 + ε)
=

(
3 − cos θ

4
1
3 (1 + ε)(1 + cos θ)

1
3 (2 − cos θ)

2
3

− 1
)

(6.9)
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In the limit when the bending modulus of the vesicle is small, the energy of the

adhered vesicle has two contributions: from the colloidal energy of interaction

with the flat surface and from the elastic stretching energy. The colloidal energy

of interaction of the vesicle is given by:

Uc = −KcπR2 sin2 θ

= −KcπR2
o

4
2
3 (1 − cos θ)

(1 + cos θ)
1
3 (2 − cos θ)

2
3

(6.10)

The elastic stretching energy is given by:

Ua = Ka
dA2

Ao

= Ka4πR2
o(1 + ε)

(
3 − cos θ

4
1
3 (1 + ε)(1 + cos θ)

1
3 (2 − cos θ)

2
3

− 1
)2

(6.11)

The total energy of the vesicle is given by:

U = Ua + Uc (6.12)

The only unknown in the above equation is θ which can be determined by the

minimization of total energy. Using dU
dθ = 0, we get

α = 2(1 − cos θ)
(

3 − cos θ

4
1
3 (1 + ε)(1 + cos θ)

1
3 (2 − cos θ)

2
3

− 1
)

(6.13)

6.13 is numerically solved to determine θ as a function of α and ε. In the limit of

small contact angle, θ, the above expression can be simplified to,

α = (−1 + 1/(1 + ε))θ2 +
εθ4

12(1 + ε)
+

(45 − 2ε)θ6

720(1 + ε)
(6.14)

In the limit when α = 0, the contact angle can be completely determined from

the area and the volume constraint. The contact area has no contribution from

elastic stretching in this limit. 6.14 can be simplified to give,

θ = 2ε
1
4 (6.15)
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In the limit when the excess area ε = 0, all the contact area is available due to

the elastic stretching of the membrane. The contact angle is given by

θ = (16α)
1
6 (6.16)

In figure 2, the contact angle of the vesicle is shown as a function of ε for differ-

ent values of α. The values of α used are from a typical value of Ka = 100mJ/m2

[124] and a range of colloidal energy, Kc = 5X10−5 − 5X10−3mJ/m2. It should be

noted here that the contribution to interaction from the elastic stretching is small

even for very small values of ε > 10−4 − 10−3.

One can also re-scale 6.14, using θ∗ = θ

16α
1
6

and ε∗ = ε
α2/3 to obtain a relation

between θ∗ and ε∗ independent of α,

θ∗6 − 16ε∗θ∗2 = 16 (6.17)

Figure 3 shows the non-dimensionalized θ∗ as a function of ε∗.

The energy of the adhered vesicle using 6.12 and the numerical solution of

6.13 is shown in figure 4 as a function of ε. In the limit when, θ → 0, the energy of

the adhered vesicle is dictated by the colloidal interaction energy to the leading

order in θ:

U
4πR2

o(1 + ε)Ka
= −α

θ2

4(1 + ε)
(6.18)

6.3.2 Dynamics of a vesicle moving over a curved surface

The colloidal energy changes linearly with the area of interaction. We have seen

above how the area of interaction (or contact angle) changes with α and ε on a
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flat surface. One can also increase or decrease the area of interaction by chang-

ing the curvature of the surface. Compared to a flat surface, when the surface

is concave the area of interaction increases and when the surface is convex the

area decreases. In this subsection, we will show how the energy of interaction

over a curved surface changes for a vesicle for small curvatures. Changing the

spatial curvature of the surface can then be used to move the vesicle over it.

Let us place the center of the coordinate axis at the center of the contact area

between the vesicle and the rigid surface. One can use a paraboloid to represent

any curved surface locally, at the center of the coordinate axis the surface is

given by:

z = k1x2 + k2y2 (6.19)

where 2k1 and 2k2 are the local curvatures in the x and y directions. We will

here do the analysis for the special case of a cylindrical parabola k = k1 >>

k2 which has 0 curvature in one of the directions. Although not all surfaces

can be locally described as a cylindrical parabola, the surface can still be used

as a model system to show the effect of curvature on the area of interaction

compared to a flat surface.

Interaction with a cylindrical parabola for small curvatures

Consider a vesicle placed on a surface which can locally be described as:

z = kx2 (6.20)

with 2k being the local curvature of the surface. We assume that the curvature

of the surface is small, kRo << 1 and remains constant in the contact region. The
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part of the vesicle not in contact with the surface will still form a spherical cap

to maximize its adhesive area of interaction. The equation of the spherical cap

is given by:

x2 + y2 + (z − zo)2 = R2 (6.21)

where zo is the distance between the center of the spherical cap to the center of

the adhesive area (origin).

The curve of intersection of the cylindrical parabola with the spherical cap

(6.21) is the curve circumscribing the area of the vesicle interacting with the

surface. Using 6.20 and 6.21 to leading order in O(kRo), it is given by:

x2

R2−z2
o

1−2kzo

+
y2

R2 − z2
o

= 1 (6.22)

The above equation is that of an ellipse with major axis, a =

(
(R2−z2

o)
1−2kzo

)1/2
and minor

axis, b = (R2−z2
o)

1
2 . The curve of intersection is no longer axisymmetric and hence

the contact angle now is a function of the azimuthal angle (φ). We use θc(φ) to

denote the contact angle as a function of φ and θ for the contact angle in the x

direction (φ = 0) . Using 6.22, contact angle at any azimuthal angle, φ is given

by:

cos θc(φ) =

(
1 −

a2 cos2 φ + b2 sin2 φ

R2

) 1
2

(6.23)

The volume of the spherical cap to the leading order in O(kRo) is now given by,

Vcap =
R3

3

∫ 2π

0
(1 + cos θc(φ))dφ

=
πR3

3
(2 + 2 cos θ + kR sin2 θ) (6.24)

The volume of the cone is given by,

Vcone =
πabzo

3
(6.25)
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Applying the volume constraint we get,

V =Vcap + Vcone

R
Ro

=

[
4

(1 + cos θ)2(2 − cos θ)

] 1
3

 1

1 + 41/32kRo sin4 θ
3(2−cos θ)4/3(1+cos θ)8/3

 (6.26)

The area of the spherical cap is given by,

Acap = R2
∫ 2π

0
(1 + cos θc(φ))dφ

= πR2(2 + 2 cos θ + kR sin2 θ) (6.27)

Area of the elliptic base in contact with the curved surface is given by,

Ac = πab = πR2 sin2 θ − kπR3 cos θ sin2 θ (6.28)

Applying area conservation, the increase in the area due to the elastic stretching

is given by,

dA = πR2 sin2 θ − kπR3 cos θ sin2 θ + πR2(2 + 2 cos θ + kR sin2 θ) − 4πR2
o(1 + ε) (6.29)

The energy of the vesicle due to the colloidal energy of interaction and due to

elastic stretching is then given by,

U
AoKa

= dA2 −
α(sin2 θ − kR cos θ sin2 θ)

4(1 + ε)
(6.30)

The unknowns in the problem are θ, R, and dA which can be solved using 6.30,

6.29 and 6.26. We numerically solve for the equilibrium contact angle in the x di-

rection, using dU
dθ = 0. Figure 5 shows the change in contact angle in x−direction

as a function of ε for kRo = 0.1. In the limit when θ is small, the contact area and

the energy to leading order in θ are given by:

Ac = πR2
o(1 − kRo)θ2 (6.31)

U
AoKa

= −
α(1 − kRo)θ2

4(1 + ε)
(6.32)
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We analytically estimate the contact angle in the x−direction in two limits now:

in the limit when θ is small and α = 0 which corresponds to the case when the

elastic energy of stretching of the membrane is infinitely large compared to the

colloidal energy and the interaction of the vesicle is solely determined by the

extra area (ε) available to the vesicle to undergo adhesion and the limit when

α = 0 which corresponds to the contact angle being solely determined by the

competition between the elastic stretching and the colloidal interaction energy.

θ|α=0 = 2ε1/4(1 +
5kRo

6
) (6.33)

θ|ε=0 = (16α)1/6(1 +
17kRo

18
) (6.34)

In these two limits, the energy of the vesicle to the leading order in θ is given

by:

U |α=0 = −4πR2
oKcε

1/2(1 +
2
3

kRo) (6.35)

U |ε=0 = −πR2
oKa(2α)4/3(1 +

8
9

kRo) (6.36)

Velocity of migration

As seen in the previous section, the energy of interaction is a function of the local

curvature of the rigid surface. Thus, a force can act on the particle if its curvature

changes with position. The magnitude of the force (Fx) for a cylindrical parabola

is given by,

Fx = −
dU
dx

= −CRo
dk
dx

(6.37)
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where C is a constant for a given Ro, α, and ε and independent of k. When α = 0

and ε = 0, one can analytically determine the constant C. Using 6.36, we have

Fx|α=0 =
8πR2

oKcε
1/2

3
Rodk
dx

Fx|ε=0 =
8πR2

oKa(2α)4/3

9
Rodk
dx

(6.38)

At steady state the force acting on the vesicle to move it, will be balanced by

an equal and opposite viscous drag force. The largest contribution to this drag

force will come from the lubrication film between the vesicle and the surface

due to its very small thickness (∼ nm) (figure 1 (b)). The lubrication drag force

is given by

Fdrag =
νW
ζo

Ac (6.39)

where W = migration velocity of the vesicle and ν is the viscosity of the ambient

fluid. The above drag force expression is obtained by using a no slip boundary

condition at the fluid membrane interface which will be violated if the mem-

brane of the vesicle undergoes tank treading. Equating the drag force eq(6.39)

with the horizontal force (eq.(6.37), we get

W =
CRoζo

γAc

dk
dx

(6.40)

In the limiting case of ε = 0 and α = 0, the migration velocity is given by:

W |ε=0 =
2KcRoζo

3ν
dk
dx

(6.41)

Wα=0 =
8KcRoζo

9ν
dk
dx

(6.42)

It is interesting to note here that the migration velocities are independent of ε

and Ka, which are essential in determining the interaction area of the vesicle

and the rigid surface. This is because the drag force resisting the motion of the

vesicle is also proportional to the interaction area and cancels the interaction
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area term in the force balance. Substituting Kc = −5X10−4 J
m2 ([47]) ,ζo = 10−8m,

ν = 10−3 Js
m3 , Ro = 100µm and a change in curvature by a factor of 10 from kRo =

0.01 to kRo = 0.1 over a length scale of 1000µm in the above expression we get,

W ∼ 10−1µm/s (6.43)

6.4 Conclusion

In this work, we have determined the migration rate of a vesicle on a rigid sur-

face with changing curvature. In the strong adhesion limit, the vesicle tries to

maximize its area of interaction with the surface. The area available for the ad-

hesion has two components, elastic stretching of the membrane and free avail-

able area for a deflated vesicle. It is shown that for typical values of Kc and Ka,

the energy contribution even for a very small value of the free available area

(ε ∼ 10−3) dominates over the area available from elastic stretching. On a flat

surface, in the limit of small contact angle, the contact area scales as O(α1/3) for

ε = 0 and as O(ε1/2) for α = 0. It is shown that for a particular system, the area of

interaction can be increased by increasing the curvature of the surface leading

to lowering of energy. This lowering in energy at higher curvatures can displace

the vesicle from low to high curvatures on the surface. The migration velocity

is found to be of the O(2KcRoζo
3ν

dk
dx ) in the limit of small contact angle.

Curvature driven movement of a soft particle can be used to increase interfa-

cial mass transport to valleys (large curvature regions). Valleys are regions in a

flow where convective forces are generally weak and hence transport is limited.

Vesicles are also frequently used as carriers for drugs. The drug delivery effi-

ciency of a vesicle is dictated by its permeability which in turn can be modified
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by the adhesion characteristic of the vesicle to the substrate [12, 11] . The curved

surface driven migration studied here shows a change in the adhesion energy of

the vesicle as a function of the curvature. A drug delivery vesicle very sensitive

to the adhesion can be used to deliver drugs to more specific parts of the body.
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CHAPTER 7

CONCLUSIONS

In this thesis, the role of shape and deformability of the particle on its motion

are studied. The work leaves out a number of questions unanswered which

can be investigated in future research. A general criticism of the thesis is that

the problems studied here are idealized and are not completely representative

of the real systems. Nevertheless, the author thinks that the results obtained

are instructive and should help in understanding realistic systems. Here is a

brief summary of the work done and a discussion of some of the outstanding

questions.

The ideal collision rate of cylindrical particles presented in chapter 2 extends

the work done by Smoluchowski [146] for spherical particles to that of cylindri-

cal particles. Here, the particles are assumed to follow the motion associated

with simple shear flow without interacting with one another through hydro-

dynamic or colloidal interactions. Collision is detected when two particles ge-

ometrically overlap in their trajectories. For a more accurate estimation of the

collision rate, inter-particle interactions need to be taken into account. The inter-

particle interactions can significantly alter the trajectories of the particles, thus

influencing their collision rate. For instance, for the case of spherical particles,

Batchelor and Green [10] have shown that lubrication forces are strong enough

to prevent solid body contact in the absence of any colloidal interactions. For the

case of fibers, Sundararajakumar and Koch [138] have shown that the lubrica-

tion forces are not strong enough to prevent solid body contact between fibers.

It remains to be seen how cylindrical particles of finite aspect ratio behave when

one accounts for interparticle interactions. A particular case of interest is the col-
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lision of low aspect ratio particles. Do two colliding thin disks make solid body

contact? Boundary element method simulations can be used to simulate the

dynamics of suspensions of disks that interact via hydrodynamic disturbances.

These simulations can also determine the effect of particle-particle interactions

on the shear-induced structure and the effective shear viscosity of the suspen-

sion in the semi-dilute limit. Along similar lines, another problem of interest is

the collision behavior of deformable particles like red blood cells. In chapter 6,

in the presence of colloidal interactions, the effect of deformability of a particle

on its motion on a curved surface is studied. But the work did not consider the

pre-collision events which will involve the dynamics of the deformable particle

in flow and the subsequent hydrodynamic interactions with another red blood

cell or rigid surface. Inclusion of these interactions can set the stage for carrying

further investigation of flow involving red blood cells in blood.

In chapter 3, the rotational behavior of a family of shapes is explored. Based

on the effective aspect ratio of the particle, the effective viscosity of a dilute sus-

pension of cylindrical thin disk is predicted. The predicted results though do

not completely agree with the little experimental results available at dilute con-

centration. Further experimental work will be useful. The work shows that for

cylindrical disks, to the leading order, edge of the particle dictates the rotational

behavior and hence the rheological properties. Further experimental work with

a well controlled edge geometry will be useful to verify the predictions and ex-

plain the discrepancy with the experimental data.

In chapter 4, a class of rigid ring shaped particles has been identified which

can align at moderate aspect ratio of 1/30 in simple shear flow. Its been argued

that the aligning behavior of the particle can be useful in imparting anisotropic
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properties to a material or a suspension. However, even at the moderate as-

pect ratio of 1/30, physical manifestation of this class of particles is going to

be challenging and was not demonstrated in the work. As a next step, it will

be nice to fabricate these particles using techniques like 3d printing or lithog-

raphy and demonstrate their non-tumbling behavior experimentally. The work

also did not attempt to optimize the shape of the particle to further increase

the aspect ratio. Optimizing the present ring shape particle will involve finding

a two dimensional shape with larger lateral migration velocity than the shape

shown here in the presence of simple shear flow. This two dimensional shape

can then be rotated to form a ring shape particle which can stop rotating at as-

pect ratio larger than 1/30. One can use the BEM simulation framework used

in the current work to explore other two dimensional shapes by adding higher

legendre polynomial modes which can stop tumbling at higher aspect ratio. A

more rigorous approach will involve using variational calculus to find the two

dimensional shape with maximum lateral migration velocity in simple shear

flow. The variational calculus approach has been used in the past by Pironneau

[119] to calculate the shape of the particle which will experience minimum drag

when moving through a viscous fluid at low Reynolds number. Another aspect

of research that needs to be addressed in terms of the practical applications of

the aligning behavior of the particles is the effect of hydrodynamic interactions

between these non-tumbling particles. The work shows that individual parti-

cles can align in simple shear flow but in the presence of other particles its not

clear what degree of alignment, the suspension as a whole will achieve. To im-

part highly anisotropic properties to the suspension, a high degree of alignment

of particles is needed.

253



There are also some open ended questions that the theoretical work on non-

tumbling particle leaves unanswered, like: Are ring shaped particles the only

particles which could align in simple shear flow? If not, then what is the global

optimum shape that maximizes the aspect ratio of the non-tumbling particles?

Bretherton [20] showed an asymmetric particle shape which can also stop tum-

bling. However, a small perturbation out of the equilibrium will cause Brether-

ton’s asymmetric particles to rotate and move away from the equilibrium posi-

tion. The present work did not explore asymmetric particle shapes which also

have the potential to stop tumbling in flow. On a similar theme, another ques-

tion that one can ask is, what is the shape of the fastest rotating particle? The

family of shapes considered in chapter three showed a cylindrical disk to be the

fastest rotating particle. But the question about the shape of the fastest rotating

particle was not addressed.

In chapter 5, assembly of red blood cells (rbcs) is studied experimentally. Red

blood cells are too large (∼ 8µm) to undergo Brownian motion. In the absence of

Brownian motion, rigid particles are expected to form random structures. But

rbcs in the presence of attractive colloidal interactions form stacked coin like

linear structures called rouleaux. The work presents shear rate dependence of

collision efficiency of face-face type assembly of two red blood cells. In disease

like, hypertension, malaria and diabetes, the aggregation and disagreggation of

RBC play an important role in the pathophysiologic behavior of blood circula-

tion. The work however failed to investigate the dependence of collision effi-

ciency on the bending rigidity of red blood cells, the physical property that pri-

marily distinguishes red blood cell assembly from rigid particle assembly. The

work also did not identify rules based on hydrodynamic forces, colloidal forces,

and deformability of the particle which lead to aggregation or disaggregation.
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Such rules will be useful for understanding both soft particle self-assembly and

physiological reasons for red blood cell assembly.

In chapter 6, inspired by the face-face aggregation behavior of red blood

cells, effect of deformability of particles on migration over a curved surface is

studied. The work shows that one can tune the response of a deformable par-

ticle on a surface by tuning the geometry of the rigid surface. The study was

though done in a variety of limiting conditions. More comprehensive solutions

can be obtained for finite values of parameters using a numerical approach. In

future, experimental work showing a soft particle moving over a surface will

be useful. To be able to achieve motility for vesicle over long distances, the

rigid surface needs to have a continuously changing curvature at length scales

of O(µm), achieving that is going to be challenging.
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