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The structure of solvent-free oligomer-grafted nanoparticles has been investigated using molecular dynamics simulations and density-functional theory. At low temperatures and moderate to high
oligomer lengths, the qualitative features of the core particle pair probability, structure factor, and the
oligomer brush configuration obtained from the simulations can be explained by a density-functional
theory that incorporates the configurational entropy of the space-filling oligomers. In particular, the
structure factor at small wave numbers attains a value much smaller than the corresponding hardsphere suspension, the first peak of the pair distribution function is enhanced due to entropic attractions among the particles, and the oligomer brush expands with decreasing particle volume fraction
to fill the interstitial space. At higher temperatures, the simulations reveal effects that differ from the
theory and are likely caused by steric repulsions of the expanded corona chains. © 2011 American
Institute of Physics. [doi:10.1063/1.3638179]
I. INTRODUCTION

Our understanding of statistical mechanics of simple liquids has seen a remarkable growth over the last decades,1 and
a considerable shift of focus towards understanding systems
with higher complexity is currently taking place. An important line of research in soft matter is the study of nanoparticle
suspensions.2, 3 There is already a significant body of literature describing their structural and transport properties,4–9 and
offering new ways for controlling their self-assembly.10–12
Of particular interest for the present study are nanoparticle
organic hybrid materials (NOHMs),13–18 novel hybrid systems consisting of a hard (inorganic) core and a soft (organic) oligomer corona. Experiments have showed that by
varying the molecular weight and grafting density of the arms
and core particle size, systems can be designed with properties that span glasses, stiff waxes and gels (at high volume
fractions), to simple liquids (at low volume fractions). The
oligomer chains grafted to the nanoparticles not only prevent
nanoparticle aggregation due to van der Waals attractions or
depletion interactions, but also provide sufficient fluidity for
the system to relax to a disordered equilibrium state even in
the absence of an added solvent.
An oligomer grafted nanoparticle may begin to resemble a star polymer when the size of the core is much smaller
than the radius of gyration of the oligomers; such an equivalence has been demonstrated for isolated particles.19 The
Daoud-Cotton model20 provides a scaling theory for the properties of polymer brushes on curved surfaces21–23 and in star
polymer solutions.21, 24, 25 Star polymer solutions interacting
through pairwise steric-repulsive potentials have been shown
a) Author to whom correspondence should be addressed. Electronic mail:

azp@princeton.edu.
0021-9606/2011/135(11)/114901/12/$30.00

to exhibit increased structure with increasing temperature26, 27
as a result of the expansion of the polymer chains with
temperature.
Oligomer-grafted nanoparticles have been considered in
previous theoretical studies in a phantom solvent to determine the effects of a single28 and multiple grafted chains29
on their structure. Particular emphasis has been placed recently in computational studies on self-assembly of grafted
nanoparticles into shapes such as disks,11 cubes,30 rods,31, 32
and spheres.33, 34
While theoretical studies of sterically stabilized particles
have usually considered high molecular weight grafted polymers in the presence of a solvent, a recent study by Yu and
Koch35 has addressed the equilibrium structure of solventfree oligomer-grafted nanoparticles using a coarse-grained
density-functional theory. In Ref. 35, the tethered oligomers
were treated as an incompressible fluid. Lagrange undetermined multipliers were used to enforce the constraint that the
monomer number density remains constant within the fluid
volume. Since all the surrounding nanoparticles contribute to
this number density, the minimization of the oligomer free energy subject to this constraint leads to non-pairwise-additive
potentials. Analytical results could be obtained nonetheless
using a “weak field” approximation valid in the limit where
the radius of gyration of the oligomers is large compared with
the core radius, so that the contribution of each nanoparticle
to the local monomer concentration is small. The incompressibility assumption is expected to hold when the attractive energy among the monomers is strong relative to the thermal
energy.
In this paper, we focus on the effect of NOHMs architecture, including oligomer molecular weight and core radius,
on the equilibrium structure of NOHMs, using coarse-grained
molecular dynamics simulations (MD) and density-functional
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theory. In the MD simulations, each tethered oligomer is
composed of 5 to 15 monomer beads connected with stiff
springs which approximate freely jointed chains, with a cutand-shifted Lennard-Jones (LJ) potential between their beads.
We examine the structure factor and pair probability of the
cores, the core-oligomer-bead correlation, and the structure of
the oligomer brush. Computations at modest temperatures are
used to explore the behavior of solvent-free NOHMs systems,
whereas higher temperature simulations yield void spaces between the oligomers which may be interpreted in terms of the
effects of an implicit solvent.
To obtain a density-functional theory appropriate for
comparison with the molecular dynamics simulations, the incompressibility constraint invoked in Ref. 35 must be relaxed.
In the modified theory, the free energy of the fluid of tethered
oligomers includes a spring energy modeling the configurational free energy of the chains and the free energy density
of a liquid of Lennard-Jones monomers. The local monomer
number density results from the contributions of oligomers
from all the neighboring particles. We will see that this formulation leads to results that agree with the incompressible
NOHMs theory of Ref. 35 when the temperature is small such
that kB T ≤ ε, where ε is the potential well depth of the LJ pair
potential. The theory captures the qualitative changes in the
pair probability, structure factor, and oligomer brush height
observed in the MD with increasing temperature.
The paper is organized as follows. Section II contains
details of the coarse-grained MD model, and the simulation
methods. Section III describes the theoretical methodology.
Results for the structure of oligomer grafted nanoparticles are
presented in Sec. IV. Section V summarizes the conclusions.

fication taking into account the difference in the particle
sizes,37
⎧ 
12 
6
⎨
σ
σ
4ε r−
− r−
+ 0.25
r ≤ rmin
ij
ij
VWCA (r) =
,
⎩
0
r > rmin
(3)
where rmin = 21/6 (ac + ac ) and cc = 2(ac − ab ) for core–
core interaction, and rmin = 21/6 (ac + ab ) and cb = (ac
− ab ) for core–monomer interaction. The energy and interaction range parameters are chosen to be the same for these
interactions such that εcc = εcb = ε and σcc = σcb = σ . The
choice of a purely repulsive interaction was based on the
fact that typical inorganic nanoparticles and organic polymers
have strongly unfavorable mutual interactions.
Simulations were performed in a cubic box of length L;
periodic boundary conditions and the minimum-image convention were applied in all three directions. The simulations
were performed by the large-scale atomic/molecular massively parallel simulator (LAMMPS) package38 which takes
advantage of a neighbor-list construction and communication
algorithm, speeding up simulations when the ratio of sizes
of the particles becomes large.39 Figure 1(a) shows a typical configuration of a nanoparticle and Fig. 1(b) shows a
solvent-free oligomer-grafted nanoparticle system with chain

II. SIMULATION METHODS

The system consists of N oligomer-grafted nanoparticles.
Each nanoparticle is represented as a spherical core with f
attached chains. Each chain is composed of Nm beads (or
monomers). The core and monomers have radii ac and ab , respectively. We set the diameter of the monomers σ = 2ab as
the unit of length; the core radius is ac = 2.5σ . The oligomer
grafting density is fixed as ρs = f/(4π ac2 ) = 0.32σ −2 unless stated otherwise. Interactions between monomers are described by the cut-and-shifted Lennard-Jones potential with
ε and σ as the energy and range parameters, and the cutoff
distance rc = 2.5σ ,
⎧ 
 12  6  12  6
⎨
4ε σr − σr − rσc + rσc
r ≤ rc
V (r) =
.
⎩
0
r > rc
(1)
The initial bead of each chain is rigidly attached to the core
surface; other monomers along a chain are connected with
their neighbors via a stiff harmonic spring,
VH (r) = k(r − l0 )2 ,

(2)

where l0 = σ is the equilibrium length of the spring, and
k = 10 000ε/σ 2 is the spring constant. The core–core and
core–monomer interactions are modelled as purely repulsive
Weeks-Chandler-Andersen (WCA) potentials36 with modi-

FIG. 1. (a) A nanoparticle with Nm = 10; (b) a system of 350 nanoparticles
with Nm = 5 at volume fraction φc = 0.181, and T ∗ = 2.5. The oligomer
beads are transparent for visualization purposes in (a) and (b).
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length Nm = 5. The mass of a particle scales linearly with
volume, so that mb = m and mc = mac3 /ab3 for the mass of
the oligomer bead and core, respectively.
Simulations were performed in the N V E ensemble after equilibration in the N V T ensemble at the desired temperature. The equations of motion were integrated by the
velocity-Verlet algorithm. Time averaging was conducted for
O(107 ) time steps after equilibration. The time step was
set to δt = 0.004τ , where τ = σ ( mε )1/2 is the unit of time.
The reduced simulation units for the thermodynamic variables are: T ∗ = kB T /ε and P ∗ = P σ 3 /ε. All simulations
were performed at atmospheric pressure, which closely corresponds in reduced units to P ∗ = 0. This is achieved in
the following way: for a given density, the temperature was
chosen so that in the N V E ensemble the average reduced
pressure was close to zero. The concentration of the cores
a 3 /L3
can be described using the volume fraction, φc = N 4π
3 c
3
and number density ρc = N/L , while the number density
and volume fraction of the beads in the interstitial space
a 3 ) and φb
between the cores are ρb = Nf Nm /(L3 − N 4π
3 c
4π 3
4π 3
3
= 3 ab Nf Nm /(L − N 3 ac ).
III. THEORY

In the finite-core NOHMs model of Ref. 35, a pure
NOHMs system was considered, consisting of hard cores and
bead-spring oligomers attached to the centers of the cores
with only one bead per chain at the free end of each spring.
The monomer beads were treated as an incompressible fluid
filling the interparticle space. In the MD simulations, the
tethered-oligomer fluid is not strictly incompressible. However, the Lennard-Jones attractions among the monomers resist variations in the monomer number density. To capture
this effect, we introduce the coarse-grained model shown in
Fig. 2(a). In place of the incompressibility constraint we will
incorporate a contribution to the free energy of the oligomers
associated with the LJ interactions among a locally homogeneous fluid of monomers coming from all the adjacent cores.
In the theory these LJ interactions correspond to the pair potential in Eq. (1) with no cutoff. To accurately mimic the LJ
interactions in the MD we use the same number of beads per
oligomer Nm as are used in the MD simulations. However, to
simplify the theory, we consider these beads to form a cluster localized at the end of the oligomer. We only consider the
translational free energy of each monomer group’s center of
mass and the oligomer configuration is described by linear
springs with a rest length of zero. Whereas the stiff springs in
the MD simulations connecting the neighboring monomers
only differ from hard rods for computational convenience,
the soft spring in the theory models the effect of the chain’s
configurational entropy. We parameterize the stiffness of the
oligomer springs with the radius of gyration Rg of an ideal,
unattached, linear chain such that the spring energy is defined
by Fspring = 14 kRB T2 rf2 with rf being the distance between the
g
spring free end and the core center. The normalization of the
configurational probability of each oligomer is
G(rf )drf = 1,
V

(4)

FIG. 2. (a) Schematic of the coarse-grained particle-scale model considered
in this work. The big central spheres are the hard cores and the smaller dashed
hollow beads represent the monomers. Each group of Nm monomers composes an oligomeric chain with the group’s center of mass (smallest solid
bead) being connected to the core with a linear spring. In this model the
number of oligomers per particle and the number of monomers per chain
are adjustable parameters f and Nm , and for clarity we only illustrate a few
oligomers and monomers here. (b) A cartoon illustrating a homogeneous LJ
monomers with a local volume fraction within the interparticle space. The
size of the monomers is smaller than the cores and the springs are not shown
for simplicity. In evaluating the local free energy density due to LJ interactions the connectivity of the beads is neglect; however, the spring energy in
the overall expression for the free energy models the entropic penalty due to
the beads’ connection to the core.

and the mean-square distance of the spring free end from the
core center in the absence of chain–chain interactions is
rf2 =

V

rf2 G(rf )drf = 6Rg2

(5)

with V being the suspension volume. For simplicity, we relate the value of Rg in the theory to Nm and σ from the MD
simulations using a model for unattached freely jointed chains
1
R
m +2
(FJC) and obtain σg = [ 16 ( N
)Nm ] 2 .40
Nm +1
The theory exploits a weak oligomeric-field approximation valid when Rg  ac , so that the monomers that fill any
region of space come from many different cores. In this
limit, we can use different approximations over two different
length scales. For separations of order ac hard-core interactions dominate, while the oligomeric interactions dominate at
separations of order Rg . In the latter region, we can neglect
the detailed packing configuration of the particles and assume that the particles simply fill a fraction φc of the space.
The condition ρc Rg3  1 also allows us to close the equations governing the oligomer concentration and the core radial distribution function by neglecting correlations smaller
than O(1/ρc Rg3 ) or O(ac3 /Rg3 ) as justified in Ref. 35.
We assume that the oligomers can relax quickly compared with the cores. Therefore we can first formulate
the fluid phase free energy at equilibrium for a given
particle configuration. The fluid phase free energy contains the oligomer-configurational entropy, spring energy,
and monomer–monomer interactions. Assuming that the
monomer radius is much smaller than the core radius, we can
identify a mesoscopic volume in the interstitial space containing a large number of monomers and consider this volume to
have the free energy density of a homogeneous LJ fluid with
the local monomer concentration. Betancourt-Cárdenas et al.
have proposed an equation of state for the LJ fluid based on
a second order perturbation scheme for the excess free energy of the system at the same temperature and density as
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the ideal gas.41 They then fit the free energy to a power series in the bulk volume fraction of the LJ fluid defined by
the temperature-dependent effective hard-core diameter. We
have used their results for the free energy of the LJ fluid including the first order perturbation. We neglect the second
order contributions, which are shown to be small in their
work. We neglect the temperature dependence of the effective
hard core diameter, approximating it as σ . Therefore the excess Helmholtz free energy per monomer accounting for the
monomer–monomer interactions is
 t
 t
 t
ε
HS

φ ,
(6)
LJ φb =
LJ φb +
kB T LJ b
where HS
LJ is the free energy of the reference hard sphere
monomer fluid, LJ is the first order perturbation to the
free energy due to the LJ interaction. This free energy
per monomer is a direct function of the local monomer
volume fraction in the fluid phase defined by φbt (rf )
3
Nm  N
= π6 σ1−φ
i=1 Ci (rf , ri ) at rf . Here 1 − φc in the denominac
tor takes into account that the cores occupy a fraction φc of
the volume and Ci (rf , ri ) is the concentration at a position rf
of oligomers that are attached to particle i at ri . For a system
of N particles, each of which has f tethered oligomers composed of Nm monomers, the fluid phase free energy is written
as
Ff
=
kB T

N

i=1

+


Ci (rf , ri ) ln Ci (rf , ri )
V

3
b


−1

Nm
−
kB T




 


∂
LJ
t


. (10)
LJ rf + φb (rf )
∂φ t 
b

(7)
where b is the thermal de Broglie wavelength of the beads.
Since each oligomer consists of Nm beads, Nm Ci (rf , ri ) is the
concentration of monomer beads from particle i. In this expression, the first term represents the ideal gas Helmholtz free
energy of each Nm -monomer group’s center of mass, the second term accounts for the spring energy, and the last term is
introduced for the LJ interactions among the monomers and
LJ is also a function of the oligomer concentration field. In a
liquid, the attractive interactions lead to very little variation of
the total volume fraction and so we may expect this last term
to approximate an incompressibility constraint especially at
small T ∗ .
The equilibrium concentration field of the oligomers can
be determined by minimizing the fluid phase free energy with
respect to variations in Ci subject to the constraint that the
probability of finding the oligomers attached to a given particle is normalized,
(8)

V

This constraint can be applied by defining the Lagrange function,

N

Ff
−
Lf [Ci (rf , ri )] =
λi
Ci (rf , ri )drf − f ,
kB T
V
i=1
(9)

rf

When Rg3  ac3 , many particles’ oligomers contribute to
the local fluid density at rf and each particle’s oligomers
only cause a small O(ac3 /Rg3 ) disturbance to the fluid density. Therefore we can linearize the monomer volume fraction and the LJ free energy per monomer by writing φbt (rf )
= φb + φb (rf ),
∂2

LJ |rf

=

0
LJ

+

∂ 0LJ 
φ (r ),
∂φb b f

and

0

∂ LJ
|
∂φbt rf

∂ 0LJ
∂φb

=

+ ∂φ 2LJ φb (rf ) with 0LJ being evaluated using the average
b
bead volume fraction φb . The deviation of the bead volume
fraction from its average φb (rf ) = O(ac3 /Rg3 ). Keeping terms
up to linear order in φb (rf ) for the LJ interactions and making
use of Eq. (6), we obtain
Ci (rf , ri ) = f

i B(rf )G(rf
−

− ri ),

(11)

(rf −ri )2
2

where G(rf − ri ) = (4π Rg2 )− 2 e 4Rg is the probability of
finding a monomer bead in the absence of particle interac
∂2 0
∂ 0
tions, B(rf ) = e −Nm φb (rf )fLJ with fLJ = kB1T [2 ∂φLJb + φb ∂φ 2LJ ]
b
accounts for the change in the monomer concentration due
to particle interactions, and i is a normalization constant.
When Rg3  ac3 , we can write B(rf ) = 1 + B  (rf ) and i

= 1 + i where the perturbations B  (rf ) and
i are

3
3

O(ac /Rg ). In particular, B (rf ) = −Nm φb (rf )fLJ .
The total concentration of oligomers obtained by
summing oligomers attached to all cores is C(rf )

φb (rf )
= N
i=1 Ci (rf , ri ) = ρc f [1 + φb ]. Following the procedure used in Ref. 35, we derive an equation for the
conditional average concentration C1 1 (rf |r1 ) with one core
particle fixed at r1 as
3

1
LJ
(rf − ri )2 Ci (rf , ri ) +
Nm Ci (rf , ri )drf ,
2
4Rg
kB T

Ci (rf , ri )drf = f.

where the Lagrange multipliers λi enforcing the normalization make up a discrete set with one multiplier for each particle. For a given particle configuration, the minimization
δLf /δCi (rf , ri ) yields

1
1
(rf − ri )2
Ci (rf , ri ) = 3 exp λi −
2
4R
g
b

C1 (rf |r1 ) = C1 1 (rf |r1 )
+ ρc

gcc (r2 − r1 )C2 2 (rf |r1 , r2 )dr2
V


φ  1 (rf |r1 )
,
= ρc f 1 + b
φb

(12)

where ρc = N
≈ N−1
, C1 1 (rf |r1 ) is the conditional average
V
V
of the concentration field of oligomers attached to particle 1
given that particle 1 is fixed at r1 , C2 2 (rf |r1 , r2 ) is the conditional average of the concentration field of oligomers attached
to particle 2 given that particles 1 and 2 are fixed at r1 and r2 ,
and gcc (r2 − r1 ) is the radial distribution function. Under the
weak-field approximation,
C1 1 (rf |r1 ) ≈f [1 + 


1 1 (r1 |r1 )

+ B  1 (rf |r1 )]G(rf − r1 ),
(13)
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2 1 (r2 |r2 )


2 2 (r2 |r1 , r2 )



+ B 1 (rf |r1 )

+ B  1 (rf |r2 )]G(rf − r2 ),
gcc (r2 − r1 ) = 1 + hHS (r2 − r1 ) + hf (r2 − r1 ),

(14)
(15)

where hHS is the total correlation function of the reference
hard sphere suspension without the oligomers and hf is the
perturbation to the hard sphere pair distribution function due
to the oligomers. The conditional average field variables and
hf are of O(ac3 /Rg3 ). Substituting Eqs. (13)–(15) into Eq. (12)
and retaining terms of order one yields
G(rf − r1 ) + ρc

[
V


2 1 (r2 |r2 )

contributed from the fluid phase oligomers. For a given core
configuration, the free energy of the oligomers is smeared
out as a “mediated interparticle potential” between the cores.
fluid
by conditionally averaging the fluid
Therefore we obtain Fex
phase free energy shown in Eq. (7) over the configuration of
N − 1 particles given that particle 1 is fixed at the origin,

 

fluid t
ρc (r)
Fex
Ff
=
kB T
kB T 1


2
r
f
C1 ln C1 3b 1 (rf |0) +
=
−1
4Rg2
V
× C1 1 (rf |0)drf


2 2 (r2 |r1 , r2 )

+

+
V



+ B  1 (rf |r1 ) + B  1 (rf |r2 ) + hHS (r2 − r1 )
φb 1 (rf |r1 )
. (16)
φb

+

Application of the normalization conditions for C1 1 and
C2 2 and Fourier transformation of Eq. (16) yield the
field variables required to obtain the oligomer concentration
field to O(ac3 /Rg3 ),

+

+ hf (r2 − r1 )]G(rf − r2 )dr2 = ρc

Bˆ  1 (q) = −Nm fLJ φˆb 1 (q)


ˆ (q) + ρc ĥf (q)
Ĝ(q) 1 + ρc hHS
=

 ,
ρc Ĝ(q)2 − 1 − Nm f1LJ φb
 ˆ2 2 (q) = −Bˆ  1 (q)Ĝ(q),



i 1 (ri |ri )

=−

1
(2π )3

Bˆ  1 (q)Ĝ(−q)dq

(17)

(18)
(19)

Vq

with Vq being an unbounded wave number space. As q
→ 0, Ĝ(0) = 1. The Fourier transform of F (x)
 and the inverse transform of F̂ (s) are defined by F̂ (s) = F (x)e −is·x dx
1
F̂ (s)e is·x ds.
and F (x) = (2π)
3
We apply a density-functional approach similar to Ref. 35
to solve for the radial distribution function. The grand potential  of the entire system given that a chosen particle labeled
1 is at the origin can be expressed as a functional of the onebody density profile of other non-chosen particles labeled 2
around particle 1, ρct (r) = ρc gcc (r), with r being r2 − r1 ,






HS t
fluid t
 ρct (r) = Fid ρct (r) + Fex
ρc (r) + Fex
[ρc (r)]
+
V

ρct (r) [V1 (r) − μ] dr,

(20)

where the ideal gas part of the free energy functional of the
cores is


 


Fid ρct (r)
ρct (r) ln ρct (r) 3p − 1 dr
(21)
=
kB T
V
with p being the thermal de Broglie wavelength of the particles, μ is the chemical potential of the particles, V1 is the
external potential due to the hard-sphere excluded volume of
HS
is the excess free energy contributed
the fixed particle 1, Fex
fluid
is the excess free energy
from the hard spheres, and Fex

ρct (r)

C2 ln C2
V

3
b 2 (rf |0, r)


(rf − r)2
− 1 C2 2 (rf |0, r)drf dr
4Rg2

Nm
kB T

C1

+

V

C2

×

LJ 1 (rf |0)drf

Nm
kB T

V

LJ 2 (rf |0, r)drf dr,

ρct (r)
(22)

V

where r is the position of neighboring core particles labeled 2
and rf is the position of beads.
At equilibrium, the minimization δ[ρct (r)]/δρct (r) = 0
and application of equal chemical potential of the neighboring
particles, μ = μbulk = μ|r→∞ , yield
 (1)
(1)
ρct (r) = ρc gcc (r) = ρc exp cHS
(r) − cHS,b
− V1 (r)/kB T

(1)
,
(23)
+ cf(1) (r) − cf,b
where the one-body direct correlation functions
δ(F HS [ρ t (r)]/k T )
(1)
(1)
are
defined
by
cHS
(r) = − ex δρct (r) B ,
cHS,b
HS t
δ(Fex
[ρc (r)]/kB T )
|r→∞ , cf(1) (r)
δρct (r)
δ(F fluid [ρ t (r)]/k T )
(1)
= − ex δρct (r) B |r→∞ . As
cf,b
c

=−

c

=−

fluid t
δ(Fex
[ρc (r)]/kB T )
,
δρct (r)

and

justified in Ref. 35, under
the weak-field approximation and the separation of length
scales, Rg /ac  1, we can obtain the core pair probability ex(1)
(1)
pressed in Eq. (15) with 1 + hHS (r) = e [cHS (r)−cHS,b −V1 (r)/kB T ]
(1)
(1)
and hf (r) ≈ [cf (r) − cf,b ]. Again, keeping dominant contributions from these variations of the free energy allows us
to neglect the coupling between hHS and hf and we have
δ(F fluid [ρ t (r)]/k T )
δ(F HS [ρ t (r)]/k T )
(1)
cf(1) (r) ≈ − ex ρc δhc f (r) B
and cHS
(r) ≈ − exρc δhc HS (r) B .
Therefore we can directly evaluate hHS by solving
the Ornstein–Zernike equation with the Percus–Yevick
approximation,1, 42 as done in Ref. 35. Substitution of the
fluid t
[ρc (r)]/kB T shown in
field variables i and B(rf ) into Fex
Eq. (22), truncation of the higher order correlations between
fluid t
δ(Fex
[ρc (r)]/kB T )
the particles, and functional differentiation
ρc δhf (r)
finally yield to O(ac3 /Rg3 ),


hf (r) ≈ 2f 1 −
− 2f

1
∂ 0LJ
fLJ kB T ∂φb


1−




V

1
∂ 0LJ
fLJ kB T ∂φb

δ


2 2 (r |0, r)


V

B  1 (rf |0)



2 2 (r |0, r)

δhf (r)

dr

δB  1 (rf |0) 
drf .
δhf (r)
(24)
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This integral is convergent since the changes in the field variables due to the pair probability is important only within a distance ∼Rg from the fixed particle 1. When particle 2 is deep
in the bulk δ 2 2 (r |0, r)/δhf (r) and δB  1 (rf |0)/δhf (r) are

essentially zero. After making use of the convolution theorem and the expressions for Bˆ  1 (q) and  ˆ2 2 (q), in Fourier
space we obtain

⎧
⎫

∂ 0LJ
1
⎪
⎪
2
2
ˆ
⎨
⎬
− 1 Ĝ(q) [1 − Ĝ(q) ][1 + ρc hHS (q)]
fLJ kB T ∂φb
2f
ĥf (q) =
.


2
ρc ⎪
∂ 0LJ
1
⎩ Ĝ(q)2 − 1 − 1
⎭
2 [1 − Ĝ(q)2 ] ⎪
−
2f
−
1
Ĝ(q)
Nm fLJ φb
fLJ kB T ∂φb

The static structure factor of the cores is defined by
ˆ (q) + ρc ĥf (q) and the core pair probability
S(q) = 1 + ρc hHS
gcc (r) can be obtained by taking the inverse Fourier transform
of ĥf in Eq. (25) and adding the hard sphere pair probability.
In statistical mechanics the value of S(0) quantifies the compressibility of a single-component fluid.1 We can see from
Eq. (17) that for a finite LJ attraction well fLJ is also finite
and the monomer density fluctuations due to a fixed particle
at very large length scales is determined by the compressibility of the system or the static structure factor when q → 0. In
fact, Eq. (25) shows that for a finite fLJ , ĥf (0) = 0 and S(0) retains the value of the reference hard sphere system at q = 0.
On the other hand, in the asymptotic limit as the attraction
well is deep such that fLJ → ∞, we obtain Nm f1LJ φb → 0 and
Eq. (25) can be reduced to Eq. (29) in Ref. 35 for incompressible single-component NOHMs systems.
Some results for the static structure factor at a fixed φc
and different T ∗ calculated from the current LJ theory are
compared with the results of the incompressible theory35 and
the reference hard sphere suspension in Fig. 3. We can see
that at each temperature S(q) shows hard-core correlations at
large q and as we decrease q the deficit of particles around a

Incompressible
Theory with T* = 2
Theory with T* = 3
Theory with T* = 4
Hard spheres

1.5

S(q)

1

0.2
0.5
0.1
0
0
0
0

5

q 2ac

0.2
10

0.4
15

FIG. 3. Theoretical predictions for the static structure factor S as a function
of the scaled wave number q · 2ac for NOHMs with φc = 0.169, f = 25,
and Rg /ac = 0.540 at different T ∗ . The monomer density as a function of T ∗
was taken to be equal to the MD simulation values: ρb = 0.576 for T ∗ = 2,
ρb = 0.395 for T ∗ = 3, and ρb = 0.228 for T ∗ = 4. The solid line indicates
the incompressible oligomeric fluid theory of Ref. 35 and the dashed-dotted
line a hard sphere suspension. The inset shows the rise in S(q) for the LJ
theory at extremely small q.

(25)

fixed particle corresponding to the length scale of Rg occurs.
This deficit is then followed by a plateau region at moderate to
large length scales (roughly between 0.5 < q · 2ac < 2.5 for
the temperatures investigated here) characterizing suppressed
density fluctuations. Eventually, as q approaches zero, S(q)
rises and yields S(0) for the reference hard sphere system.
The plateau region spans a larger range of q with decreasing T ∗ . For the incompressible case, the deficit of the particle
continues as q → 0 leading to S(0) = 0.
IV. RESULTS AND DISCUSSION

The core volume fraction in solvent-free NOHMs can
be altered by changing the oligomer grafting density, chain
length, or temperature at zero pressure. In this study, we fix
f but vary Nm and T ∗ . We have studied three different systems, with chain length Nm being equal to 5, 10, and 15. A
wide range of temperatures (T ∗ = 1.0 up to 4.5) and volume
fractions at zero pressure have been explored. Theoretical results are obtained based on the input parameters from the MD
simulations: T ∗ , ρb , φc , f , and Nm . The values of Rg /ac chosen in the theory are 0.394 for 5-mer chains, 0.540 for 10-mer
chains, and 0.652 for 15-mer chains based on the FJC model.
This indicates that the comparison of theory and MD simulation requires extending the theory beyond the weak field limit
Rg /ac  1 for which it was derived.
When the thermal energy is sufficiently weak, the limit of
high fLJ can be achieved and the system is nearly incompressible. In Fig. 4, the core radial distribution function, gcc (r), and
the static structure factor for a system with 25 10-mer chains
per particle at T ∗ = 1 obtained from simulations and theory
are plotted. The results obtained from the current LJ theory
and from Yu and Koch’s previous incompressible theory35 are
indistinguishable at the scale of the graph. Both theoretical
and simulation results for gcc (r) show enhanced peaks and a
smaller distance between the first and second peaks than the
reference hard sphere suspension. Specifically, the maximum
value of the first peak predicted by the theory is 2.16, which
is comparable with the value 2.24 obtained from the simulations and larger than the value 1.57 for hard spheres. These
observations are qualitatively different from Ref. 35 where
Rg /ac was greater than 1 and the oligomers generally produced a soft shell around the hard cores and reduced the contact value of gcc (r). Here we have fairly small Rg /ac and the
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FIG. 4. (a) The radial distribution function gcc as a function of the scaled interparticle distance r/2ac for the system with f = 25, Nm = 10, φc = 0.169,
and ρb = 0.774 at T ∗ = 1 predicted by the current LJ theory with Rg /ac
= 0.540 and the simulations. The results for the reference hard sphere suspension and for the incompressible system (Ref. 35) for the same f , φc , and
Rg /ac are also shown. (b) The corresponding comparison of the static structure factor S as a function of the scaled wave number q · 2ac . The lines are
defined as in (a). The inset shows the rise in S(q) for the LJ theory at extremely small q.

stiff space-filling oligomers yield a substantial attraction between the neighboring particles. The next nearest neighbors
experience a similar attraction leading to a more structured
core pair probability. While the theories predict the first peak
at r = 2ac = 5σ , the peaks are shifted to larger particle separations in the simulations. In the MD model, the first layer
of monomers are rigidly grafted to the nanoparticle and this
limits the ability of the cores to penetrate into separations between core-plus-grafted-monomer diameter 7σ and the core
diameter 5σ . As a result, the simulations yield a gradual rise
of gcc (r) over the range 5–7σ rather than the step change corresponding to hard sphere repulsion.
Figure 4 shows that the structure factor obtained by theory and simulation of NOHMs at T ∗ = 1 is greatly reduced
compared to the hard sphere result when q · 2ac < 2. This indicates that a core excludes almost exactly one neighboring
core from a neighborhood around its center. In the incompressible theory, S(0) = 0, whereas in the theory and simulations for LJ monomer interactions S reaches a plateau value
around 0.01. At very small q, the theory predicts that S(q) will
rise and reach the hard sphere value at q = 0. This rise is not
observed in the simulations. However, both theory and simulations indicate that density fluctuations are strongly damped
at large length scales. Both theoretical and simulation S(q)
exhibit peaks corresponding to nearest and next nearest neighbor interactions for q · 2ac ≥ 3. These peaks in the MD simulations are enhanced relative to the hard sphere peaks due to

J. Chem. Phys. 135, 114901 (2011)

FIG. 5. (a) The radial distribution function gcc as a function of the scaled
interparticle distance r/2ac predicted by the LJ theory for different systems
at T ∗ = 1 and f = 25: (1) the base system with ρb = 0.774, (2) the system
with increased Rg /ac but same φc and ρb as (1), and (3) the system with
increased Rg /ac and decreased φc ; ρb = 0.769. (b) Similar to (a) but T ∗ = 1
and Rg /ac = 0.540: (1) the same base system as (a), (2) the system with f
doubled but same φc and ρb as (1), and (3) the system with doubled f and
decreased φc ; ρb = 0.774. (c) Simulation results: (1) base system with T ∗
= 1 and ρb = 0.774, (2) with longer chain length, T ∗ = 1, and ρb = 0.769,
and (3) with higher grafting density, T ∗ = 1.25, and ρb = 0.775.

the enhancement of the core–core repulsion by the first layer
of grafted monomers as discussed above.
After justifying the incompressible nature of the system
at T ∗ = 1, it is of interest to investigate the effects of changing the chain length, grafting density, and the core volume
fraction on the core pair probability at T ∗ = 1 and ρb ≈ 0.77.
In Fig. 5, we choose the case of f = 25, Nm = 10, Rg /ac
= 0.540, and φc = 0.169 to be our base system and compare
gcc (r) for different cases obtained from the theory and simulations. While in the simulations at fixed T ∗ and ρb we cannot
vary the grafting density or the chain length without changing
φc , in the theory we can change the geometrical parameters
independently. In the following comparison, we retain the
same LJ attraction among the monomers under T ∗ = 1 and
atmospheric pressure. Therefore, when we change Rg or f but
not φc in the theory we vary the number of beads in the cluster
forming an oligomer. Figure 5(a) illustrates the theoretical
predictions when we maintain a constant grafting density.
If we first change the radius of gyration without changing
the core volume fraction (curve (2)), we find that increasing
the radius of gyration has a softening effect on the core
pair probability yielding damped peaks compared with the
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base case; the first peak is shifted outward slightly while the
outward shift of the second peak is more pronounced. If we
then decrease φc with increasing Rg , the softening effect progresses and the peaks are shifted further because the stretched
oligomers at lower core volume fraction increase the range
of the interparticle interactions. The simulation results in
Fig. 5(c), curve (2) for the corresponding 15-mer system
shows a similar lowering and outward shift of the peaks relative to the 10-mer system. Figure 5(b) shows the theoretical
predictions of the pair probability changes when the radius
of gyration is fixed. If we first double the grafting density
without varying the core volume fraction (curve (2)), the increased oligomer grafting density yields a stronger oligomer
mediated interaction and a more structured gcc (r). If we then
decrease φc with increasing f (curve (3)), the peaks in gcc (r)
are even more pronounced and the separation between the
first and second peaks is reduced relative to the base case.
Even though the core concentration is quite low (φc < 0.1),
high grafting density at small Rg /ac yields a stronger entropic
attraction among the particles. The simulation results in curve
(3) of Fig. 5(c) qualitatively agree with the theoretical
prediction of higher peaks and a smaller distance between
the first and second peak of the pair probability. Both the first
and second peaks in the simulation are shifted outward at
higher grafting density relative to the base case. This effect
is not captured by the theory. At such a high grafting density
there could be non-negligible packing/layering effects of the
monomer beads which yields even larger effective core size.
While the structural changes due to variations in the geometry of NOHMs at a fixed low temperature provide direct information about how the incompressible, space-filling
oligomers influence the distribution of nanoparticles in the absence of solvent, temperature plays a more complex role in
determining the equilibrium structure of the NOHMs system.
When temperature changes, the importance of the LJ attraction relative to the thermal energy also changes. As these variations occur at fixed chain length and surface grafting density,
the equilibrium core volume fraction and the monomer number density change to achieve the atmospheric pressure condition. As can be seen from Fig. 6, the core–core radial distribution function for systems with different chain lengths at
various temperatures generally exhibits typical liquid-like behavior. In all cases the core particles are well dispersed with a
single length scale of the core size shown in gcc . This implies
that the attached chains prevent the cores from aggregating.
From the simulation results as well as the representative theoretical results, we see that as temperature increases the positions of the peaks are shifted outward. Under the zero pressure condition, increasing T ∗ results in decreased φc . In the
theory, one can vary T ∗ and φc independently. When the system is more compressible at higher T ∗ , we expect to see less
structured gcc with more damped peaks for a given φc . However, lower core volume fraction leads to larger interparticle
spacing for oligomers to fill, which then produces a stronger
tendency for oligomers to stretch out and should yield more
enhanced and shifted peaks in gcc . The net effect of changing
both T ∗ and φc is to shift the first peak of gcc outward with
little change in its height as seen in the theoretical results of
Fig. 6(c) and the simulations in Fig. 6(b).

J. Chem. Phys. 135, 114901 (2011)

FIG. 6. Radial distribution function for nanoparticles at various temperatures: (a) simulation results for Nm = 5; (b) simulation results for Nm = 15;
and (c) theoretical results for Rg /a = 0.652 corresponding to Nm = 15.

While the theory and simulation in Figs. 6(c) and 6(b)
both predict an outward shift of the peak of the radial distribution function for Nm = 15, the shift is much more dramatic in
the simulations. We believe that this difference arises from an
enhancement of the steric repulsion between the NOHMs in
the simulations with increasing T ∗ due to changes in the chain
configuration. In the simulations, the increasing temperature
at a given pressure leads to significantly smaller monomer
number densities in the fluid phase. The small values of ρb
at large T ∗ imply a significant amount of free space among
the monomers which might be viewed as being filled with an
added “phantom solvent” that reduces the “net” monomer–
monomer attraction. As a result, increasing T ∗ is equivalent
to creating a better solvent condition for the hairs and making the monomer–monomer excluded volume more important. This enhanced excluded volume will make the oligomer
brushes expand providing steric repulsion between the cores
at increasing radial distances. This excluded volume effect is
not captured in the theory where we use an ideal freely jointed
chain to set the radius of gyration of the linear-spring-bead
oligomers.
The outward shift of the first peak in gcc in the simulations in Fig. 6(b) due to better solvent conditions at increasing temperature is consistent with previous studies of
star polymer solutions27 and sterically stablized colloidal
suspensions.43 In Ref. 27 a pairwise additive steric repulsive
potential was used to model the interactions of star polymers in solution. The range of this repulsion was set based
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on experimental observations of the hydrodynamic radius of
the polymers which was observed to increase with increasing temperature. The simulations then showed that the first
peak in the radial distribution function shifted outward with
increasing temperature. In a similar manner, Ref. 43 modelled
sterically stabilized colloids using an interparticle potential
with an effective hard-sphere diameter that included the brush
height. The brush height increased with increasing Kuhn step
and temperature.
The outward shift of the peak of the radial distribution
function for NOHMs with shorter oligomers, Nm = 5, illustrated in Fig. 6(a) is smaller than for NOHMs with longer
oligomers, Nm = 15, illustrated in Fig. 6(b). In the theory, the
shorter oligomers yield a stronger entropic attraction because
it is harder for the short, stiff oligomers to fill the interparticle space. The theory, therefore, also predicts a more modest
outward shift in the peak for shorter oligomers. At the lowest
temperature T ∗ = 2.25, the simulation results for Nm = 5 exhibit solid-like features such as a highly enhanced first peak
and a split in the second peak. As the temperature is decreased
further for this case, the dynamics of the system slow to the
point where an equilibrium state was not computationally accessible.
As one measure of the oligomeric-fluid structure, we considered the pair correlation function for an oligomer bead relative to a core center gcb (r), which is plotted along with gcc (r)
for T ∗ = 4.5 and 2.0 in Figs. 7(a) and 7(b). At T ∗ = 2.0,
gcb (r) has three peaks near the core particle (r < 5σ ) corresponding to the packing of the first layers of oligomer beads
in the brush. At larger distances, gcb (r) decays and reaches
a minimum, r ≈ 8.6σ . As seen in Fig. 7, this minimum is
correlated with the first peak observed in the gcc (r). This is
understandable, since the probability of finding an oligomer
bead at that distance is reduced due to the volume of the
nearest neighboring cores. These correlations, although not
as pronounced, extend to larger distances. As we increase
the temperature (decrease density) these correlations become
weaker and at T ∗ = 4.5 the minimum de-correlates and occurs at a position different than the position of the first peak

5

of gcc (r). If the oligomeric fluid were incompressible, as it
would be for small enough T ∗ , the oligomer bead density
in the available fluid space, ρbt (r) = ρb gcb (r)(1 − φc )/φf (r),
would be independent of radial position. In Fig. 7(b) we see
that the bead density has a weaker variation than gcb (r) indicating that oligomers are attempting to fill the space between the cores but not doing so uniformly. At T ∗ = 4.5,
the variations of the fluid density are as strong as the variations of gcb (r) suggesting that the oligomeric fluid is highly
compressible.
Temperature also affects the extent of density fluctuations at different length scales, as characterized by the static
structure factor at different wave numbers. From the theoretical predictions, we can see that the general behavior of the
static structure factor for the system of f = 25, Nm = 10,
and Rg /ac = 0.540 shown in Fig. 8(a) at three different temperatures remains the same as that illustrated in Fig. 3. In
particular, with decreasing q we see hard-core correlations
followed by a plateau region with suppressed density fluctuations and finally the curve rises to the value of the reference hard sphere suspension at q = 0. As T ∗ increases the
region of suppressed S corresponding to a deficit of neighboring particles occurs at smaller q and the value of S(q) in
the plateau region, q · 2ac ∼ 0.2 − 2, is larger. These observations indicate that the system is more compressible at higher
temperatures. The theoretical predictions agree qualitatively
with the simulation results in terms of the location and depth
of the particle deficit region. The simulations show enhanced
peaks in the hard-core correlation region due to the steric repulsion associated with the chain packing, an effect that is absent in the theory because of the neglect of the effect of chain

gcb(r)
gcc(r)
gcb(r) (1-φc) / φf(r)
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FIG. 7. Simulation results for core-core and core-bead correlation functions
for two different temperatures for systems with nanoparticles with chain
length Nm = 10. (top) T ∗ = 4.5; (bottom) T ∗ = 2.0.

FIG. 8. (a) The static structure factor S as a function of the scaled wave
number q · 2ac for the system with f = 25 and Nm = 10 at different T ∗
predicted by the theory and the simulations. (b) The value of S at q · 2ac
≈ 0.56, the smallest wave number accessible in the simulations for the same
system, as a function of T ∗ predicted by the simulations and the theory. At
each temperature φc and ρb for the theory are the same as the corresponding
simulation values. Error bars for the simulation data in part (b) are smaller
than the symbol size.
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FIG. 9. Root-mean-square distance between the chain center of mass and
the core center for the system of f = 25 and Nm = 10 as a function of T ∗
predicted by the simulations and the theory. At each temperature φc and ρb
for the theory are the same as the corresponding simulation values. The inset
shows simulation results of φc as a function of temperature. Error bars for the
simulation data are smaller than the symbol size.

FIG. 10. Simulation results for the degree of interpenetration between the
nanoparticles with Nm = 10 (diamonds), with the square-root of the meansquare of end-to-center distance (circles), and an estimate of the average distance between the core particles (squares). Error bars are smaller than the
symbol size.

packing on their conformations. The value of S(0) determines
the compressibility of the single-component NOHMs fluid. In
the simulations, we can estimate the compressibility from the
S(q) value at the smallest wave number qmin allowed by the
periodic boundary conditions. As can be seen from Fig. 8(b),
the compressibility of the system increases with temperature
and the theoretical values of S (qmin ) are reasonably close to
the simulation results at all temperatures.
We turn now to characterizing the structure of the
oligomer brushes attached to the cores. In our theory,
the chain configuration is captured by a linear spring with
all the monomers belonging to a chain being placed at the
same position, the free end of the tethered spring. Therefore,
the quantity that the theory can predict directly is the rootmean-square distance between the chain center of mass and
2 1/2
 . In Fig. 9, we compare theoretical
the core center, Rcc
and simulation results for this measure of the chain stretching for NOHMs with f = 25, Nm = 10, and Rg /ac = 0.54 at
different T ∗ . As shown in the inset of this figure, each temperature corresponds to a different core volume fraction from
the simulations and higher T ∗ leads to lower φc . The theory
indicates that chains must stretch to fill the interparticle space
2 1/2
 grows with decreasing φc corresponding to
so that Rcc
increasing T ∗ . The simulation shows a similar trend although
the chain stretches less at high T ∗ than predicted by the theory. The quantitative differences between the theory and simulation indicate limitations of the theory resulting from the assumption of ideal freely jointed chains. These differences are
likely to increase when chain packing effects become more
important, in particular for higher grafting densities than the
ones studied in this work.
A measure of the chain conformation that provides more
insight into the tendency of oligomer brushes on neighboring particles to interpenetrate is the root-mean-square distance
between the center of the core and the ends of its tethered
2 1/2
 . The average core–core separation
oligomer chains, Rce
−1/3
can be approximated using the core number density as ρc .
We can then define the degree of interpenetration as the differ−1/3
2 1/2
 and ρc /2. From the representative
ence between Rce

simulation results shown in Fig. 10 for Nm = 10, we find that
the mean-square end-to-center distance increases with tem2 1/2
 in Fig. 9. As
perature consistent with the results for Rcc
noted above, a part of this increase is caused by the tendency
of the chains to fill the interparticle space and is consistent
−1/3
with the increase in ρc . However, if we examine the interpenetration, we observe two temperature regimes. Below
a threshold of T ∗ ≈ 2.5, the interpenetration is constant suggesting that the chains cooperate to fill the interparticle space
as predicted by the theory. At higher temperatures, however,
the interpenetration decreases with increasing temperature. At
these high temperatures, the monomer–monomer attraction is
small and the chains are filled with void space which may
be viewed as a phantom solvent. The NOHMs then begin to
act like star polymers44 or sterically stabilized colloids43 in
a theta or good solvent where the strong excluded volume of
the star arms/brushes leads to entropic repulsion between the
stars/colloids. The brush then expands with increasing temperature as the solvent quality becomes better45 and the strong
steric repulsion of the brushes decreases the interpenetration
of the brushes of neighboring NOHMs.
Finally, it is of interest to see how much freedom the
core has to wander relative to its tethered oligomers. This
is quantified by the average distance between the center
of the core, rc , and the center-of-mass of the corona, rcm .
Figure 11 shows this distance normalized by the root2 1/2

as funcmean-square end to center distance Rce
tion of temperature. The results show that the core of
NOHMs with large chains can deviate significantly from
the corona center-of-mass particularly at lower temperatures. Under these conditions the chains strongly interpenetrate and the interstitial space is filled by a fluid of
oligomers tethered to many neighboring cores as envisioned by the theory. The chains and core then can sample many possible configurations while the chains still fill
the interstitial space. Smaller chains give less possible configurations and the core is closer to the center of its
tethered oligomers. At high temperatures, the chains stretch
because they are in a phantom solvent and again this reduces
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0.09
1/2
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( < | rcm - rc | >) / < Rec >

are then consistent with previous results for star polymers and
polymer-stabilized colloids in solvents. In particular, the increased brush height can be attributed to the increasingly good
solvent quality at higher temperatures. Likewise, the outward
shift of the peak in the pair distribution function can be attributed to an increasingly strong steric repulsion associated
with oligomer brushes in good or theta solvents.
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FIG. 11. Simulation results for the average distance of the core from the
center of mass of the oligomer corona for different chain lengths as function
of temperature. Error bars are smaller than the symbol size.

the freedom of the core to move relative to the center of mass
of its tethered oligomers.
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V. CONCLUSIONS

We have used coarse-grained molecular dynamics simulations and density-functional theory to explore the equilibrium structure of NOHMs, which consist of nanoparticles
with grafted oligomeric chains and no added explicit solvent.
The simulations and theory confirm the experimental observation that the geometry of NOHMs including nanoparticle
size and oligomer molecular weight can strongly influence the
properties of these fluids.
At low temperatures and for oligomers with 10 or
15 monomer beads, the qualitative trends in the simulated
NOHMs structure can be explained by a density-functional
theory that treats the tethered oligomers as a fluid that fills
the interparticle space. This tethered fluid experiences an entropic penalty when the chains must stretch to fill the interstices and an enthalpic penalty when the local fluid density
changes. In particular both theory and simulations show that
the structure factor at small wave numbers is greatly reduced
relative to the reference hard sphere value. The reduction in
the structure factor increases with decreasing temperature as
the oligomeric fluid becomes less compressible. The requirement that the oligomers fill the interstitial space leads to an
entropic attraction between the cores, which causes the peak
of the core–core pair distribution function to be larger than
that of a hard sphere suspension with the effect increasing
with decreasing chain length. At moderate temperatures, the
chains stretch in proportion to the increase in the interparticle
spacing as predicted by the theory.
At higher temperatures, the chains expand faster than the
interparticle spacing and the increase in the brush height is
larger than that predicted by the theory. The radial position of
the first peak of the core–core pair distribution also increases
at high temperature at a rate larger than that predicted by the
theory. At temperatures larger than T ∗ ≈ 2.5 the density of
oligomer beads within the interstitial fluid decreases and the
void spaces between the monomers may be viewed as being
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