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Su1111118ry 

Decision - theoretic procedures have often been criticized on the 

grounds that their conditional performance is undesirable. In particular, 

some Stein-type estimators, which have not been derived through proper 

Bayes arguments, have received such criticisms. Conditional performance 

can be formally evaluated through the theory of relevant betting pro

cedures. It is shown that a large class of Stein-type estimators (which 

includes the positive part James-Stein estimator, but excludes the 

ordinary James-Stein estimator) possess a very strong conditional property: 

the non-existence of relevant betting procedures. 



COIDITIOI'AL PROPERTIES OF .JAMES-STEIB ESTIMATOR. 
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1. Introduction. Classical statistical procedures have often been 

criticized on the grounds that, when evaluated conditionally, their 

performance is unreasonable. To a certain extent this criticism is 

justified but, on the other hand, it seems somewhat unreasonable to 

criticize a procedure for non-optimality against a criterion when the 

criterion played no role in the construction of the procedure. Classical 

procedures are constructed to be optimal against unconditional criteria; 

those that involve averaging over the sample space. In doing this, 

classical procedures guarantee a certain degree of repeatability, a 

guarantee which cannot be made by Bayesians or likelihoodists. 

In order to evaluate a procedure conditionally, there must be a 

subset of the sample space (a 'recognizable' subset, as named by Fisher, 

1956) in which an experimenter is interested, indeed, in which the 

observations are expected to lie. If there is no interest in a particular 

recognizable subset, then there is no sense in evaluating the procedure 

conditionally. Thus, it seems that if a conditional evaluation is 

expected, prior knowledge (in some sense) is indicated. If such prior 

knowledge is not taken into account when a procedure is constructed, this 

is a fault of the method, net of the procedure. 
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Many traditional classical procedures are constructed without any 

regard to prior information, for example, a classical estimator of 

location is usually translation invariant. Research beginning with the 

fundamental papers of Stein (1955) and James and Stein (1961) showed that 

the best translation invariant estimator of a multivariate normal mean can 

be beaten (unconditionally) by an estimator which is not translation 

invariant. If X is an observation from a p-variate distribution (p ~ 3) 

with mean vector 9 and covariance matrix the identity, then the best 

translation invariant estimator, X, is beaten by 

( 1.1) a(x) • e0 + (1- tx:;~ 12 )<x- e0> 

where a0 is any fixed constant. If 4(X) of (1.1) is to be used, a0 should 

represent the best prior guess at 9. If this is the case, then it is 

reasonable to require 4(X) to perform well on a recognizable subset of the 

form {X: IX- e0 1 S t}, for some fixed t. The fact that 6(X) performs 

poorly near e0 (4(X) has a singularity at X • a0 ), coupled with the fact 

that, unconditionally, 6(X) is superior to X, may be viewed as a deficien

cy of classical decision theory. However, it might also be argued that 

6(X) has not been thoroughly evaluated. The fundamental work of Buehler 

(1959), more recently formalized by Bondar (1977) and Robinson (1979a,b), 

provides a setting for conditional, decision-theoretic, evaluations of 

estimation procedures. Within this framework the undesirable properties 

of 6(X) can be explicitly demonstrated. 

It is, of course, well known (see, for example, Efron and Morris 

(1973)) that 4(X) is dominated in risk by its positive part version. 

Therefore, 6(X) can be eliminated by risk considerations alone. 
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Furthermore, Efron and Morris show that the positive-part estimator is 

close to being a Bayes rule in the sense of being "truncated Bayes" i.e., 

Bayes in a class of truncated rules. 

While these results are strong enough to eliminate the ordinary 

James-Stein estimator, in practice, in favor of the positive-part 

estimator, there is still a gap remaining in the theory. An estimator 

which is inadmissible may still have desirable properties (e.g., ease of 

computation), so it still may be a reasonable alternative. Indeed, the 

widely-accepted positive-part estimator is inadmissible, but is thought of 

as a reasonable alternative to both X (since it dominates in risk) and to 

admissible estimators (because of ease of computation). Even though this 

estimator is "truncated Bayes", and thus, in some sense, close to a Bayes 

rule, it is not clear that the positive-part estimator shares any 

desirable conditional properties of Bayes rules. 

The main purpose of this paper is to show, using the theory of 

relevant betting procedures (Buehler, 1959), that the positive-part 

James-Stein estimator does possess desirable conditional properties. 

In Section 2, a theorem is presented which characterizes the risk 

behavior of a class of Stein-type estimators. In Section 3 the theory of 

relevant betting procedures is reviewed briefly, and related to the 

criterion of minimaxity. Section 4 addresses the question of existence of 

relevant betting procedures for Stein-type estimators, and Section 5 

contains some comments. There is also an Appendix, containing two lemmas 

which may be of independent interest. 
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2. Shrinking Toward a Prior Mean. Let X be an observation from a 

p-variate (p ~ 3) normal distribution with mean 9 and identity covariance 

matrix. For any estimator &(X) of 6, the loss in estimating 9 by &(X) is 

1(6,&) • 16- &(X)I 2 , 

where I • I denotes Euclidean distance. The risk of &(X), R(9,6), is given 

by 

and &(X) is a minimax estimator of 9 if and only if R(9,6) S p for all 9. 

Stein-type estimators of a multivariate normal mean pull the maximum 

likelihood estimator, X, toward a particular point (which, without loss of 

generality, can be taken to be zero). This selected point should be 

interpreted as an experimenter's best (prior) guess at the true mean, and 

will locate the portion of the parameter space in which the greatest risk 

improvement will be attained. It should be expected then, that given X is 

close to the prior guess, there should be good risk improvement in that 

portion of the parameter space. Recent work of Berger (1982a), addresses 

the question of how to best take advantage of this fact. 

It is a curious phenomenon, however, that minimax estimators, whose 

risk is minimized at 9 • 0, may themselves be far from zero when X • 0 is 

observed. The following theorem characterizes a class of minimax 

estimators whose minimum risk is at 191 • 0. 

THEOREM ') 1 • 
4;, • .L • Let 6(X) • (1- r(IXI 2 )/!X! 2 )X. where r:[O,~) ~ [0,~) 

is concave. If 0 S r(t) S 2(p-z) then R(6,6) is a nondecreasing function 

of I 9 I· 

PROOF. Assume, for the moment, that r is twice differtiable. Using 

(A2) of the Appendix (the usual integration-by-parts) we have, 



-5-

The concavity of r, together with Lemma 1 of the Appendix, insure that the 

function inside the second expectation in (2.1) is nondecreasing in IXI 2 , 

hence the expectation is nondecreasing in 191 2 • Thus, we only need 

establish the E9 r'(IXI 2 ) is nonincreasing in 101 2 • Let X 2 denote a v 

non-central chi-squared random variable with v degrees of freedom and 

noncentrality parameter 191 2 /2. Using Lemma 1 of the Appendix, we have 

(2.2) 

by the fact that r is concave. Thus, the theorem is established if r is 

twice-differentiable. If r is not twice-differentiable, we can take a 

sequence {r } of twice-differentiable concave functions which uniformly 
n 

approach r. By carrying out the above calculations, and passing to the 

limit, the theorem is readily established. II 

From Lemma 1 of the Appendix, it also follows that 6 (X) of 

Theorem 2.1 is minimax. This can be seen from expression (2.1). The 

properties of r(IX1 2 ) insure that the first expectation is positive and 

the second is negative. 

Although the concavity condition on r seems rather strong, most 

familiar estimators satisfy the condition. These include not only the 

ordinary and positive-part James-Stein estimators, but also the proper 

Bayes minimax estimators of Strawderman (1971). We also note that Theorem 

2.1 generalizes a result of Efron and Morris (1973), who show that the 

risk function of the ordinary James-Stein estimator is nondecreasing in 
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Theorem 2.1 shows that a minimax estimator need not shrink toward its 

point of minimum risk, which seems to be somewhat disturbing behavior. 

The fact that the ordinary James-Stein estimator is guilty of this 

behavior is more evidence of its undesirable performance. The theorem 

also points out, however, that one cannot fully evaluate an estimator by 

only looking at its risk function, for undesirable properties can be 

masked. Thus, it seems required that an estimator perform well not only 

according to a risk evaluation, but also according to a conditional 

evaluation. 
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3. Relevant Betting Procedures The conditional performance of point 

estimators can be evaluated through the theory of relevant betting 

procedures. This theory has been studied by many authors, with the first 

step being taken by Buehler (1959). Many others have contributed to this 

theory (e.g., Stein, 1961; Brown, 1967; Olshen, 1973; Bondar, 1977), with 

the main focus being on conditional properties of interval estimators. 

More recently, Robinson (1979a,b) has shown how the theory of relevant 

betting procedures applies to the problem of point estimation, which is 

what we are concerned with here. 

In evaluating point estimators, Robinson gives details only for the 

case of one dimension, but indicates the obvious extensions to the 

multivariate problem. For completeness, we restate some of his 

definitions and theorems as they apply to the multivariate case. 

DEFINITION 3.1. A function s(X) is a betting procedure if it is 

bounded as a function of X. If s(X) is unbounded but Els(X)I is bounded, 

s(X) is called a wide-sense betting procedure. 

If s(X) is bounded 7 then without loss of generality the bound can be 

taken to be 1. The quantity ls(x)l can then be interpreted as the 

probability that a bet of unit size is made given that X • x is observed, 

hence the name 'betting procedure'. A betting procedure is called 

non-trivial if js(x)l ~ 0. We will only consider non-trivial betting 

procedures. 

DEFINITION 3.2. If 6(X) is a point estimator for the location vector 

a, the betting procedure s(X) is semirelevant if 

(3.1) Ea{[a- 6(X)]'s(X)} ~ o for all a ' 

with strict inequality for some 9, is relevant if, for some E>O, 
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(3.2) E9{[9- 6(X)]'s(X)} ~ eE{Is(X)I} for all 9 

with strict inequality for some 9, and is super-relevant if, for some £ > 0. 

(3. 3) E8{[9- 6(X)]'s(X)} ~ e for all 9 

The betting procedure s(X) defines a direction in the Euclidean space 

along which one can expect positive gain by betting that the inner product 

{8- 6(X)]'s(X) is greater than zero. In general, proper Bayes estimators 

possess the strongest conditional properties. If 6(X) • E(9jX) and s(X) is 

bounded, then integrating over the prior distribution of 9 shows 

f E8{[8- 6(X)]'s(X)}~(9)d9 • E {EOIX[9- 6(X)]'s(X)} • 0 , 

a 

so there are no semirelevant betting procedures for proper Bayes 

estimators. 

As Robinson notes, the existence of a super-relevant betting 

procedure is a severe criticism of an estimator, while the existence of a 

semirelevant betting procedure is a mild criticism. However, the 

existence of a relevant betting procedure is about at the level to cause 

concern, and is, in fact, a constructive criticism in the following sense: 

If s(X) is a relevant betting procedure for 6(X), then the estimator 

6*(X) • 6(X) + es(X) has uniformly smaller risk. The following theorem is 

from Robinson (1979a): 

THEOREM 3.1 (Robinson). For a point estimator 6(X), of a location 

vector 9, the absence of wide-sense semirelevant betting procedures implies 

admissibility with respect to squared error loss, and admissibility with 

respect to squared error loss implies the absence of relevant betting 

procedures. 
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Robinson's theorem shows that the classification of estimators 

according to existence or non-existence of betting procedures is a finer 

classification than that of admissibility vs. inadmissibility. The key 

property seems to be the nonexistence of relevant betting procedures. 

Estimators with this property are not necessarily admissible, however, 

these estimators should be relatively difficult to improve upon, and, 

since these estimators have desirable conditional properties, the fact 

that the estimator may be inadmissible is of lesser concern. 

The three types of betting procedures define a hierachy of 

conditions, and it may be inferred that a reasonable consistency principle 

is the following: If 81 allows a higher order betting procedure than 62 , 

then 62 should not be considered as an alternative to 6 2 • 

Before proceeding with the conditional evaluations of James-Stein 

estimators, we first examine our starting points: the class of minimax 

estimators and the estimator X. We begin with a simple theorem that shows 

that minimax estimators do not allow the most serious form of betting 

procedures, super-relevant betting procedures. 

THEOREM 3.2: If 6(X) is minimax, then there is no super-relevant 

betting procedure against 6(X). 

PROOF. Suppose 6(X) is a minimax estimator of e, and s(X) is a 

super-relevant betting procedure for 6(X). (Assume, without loss of 

generality, that ls(X)I ~ 1 for all X.) Let £>0 satisfy 

(3.4) E9[e - 6(X)]'s(X) ~ £ for all 9 

We then have 

E9 19- (6(X) + es(X)}I 2 • E9{19- 6(X)I 2 - 2£[9- 6(X)]'s(X) + t 2 1s(X)I 2 } 

(3.5) ~ E9 je- 6(X)I2 - 2t2 + £2 

< E9 1e - 6(X)I 2 for all 9 
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showing that the estimator 6(X) + es(X) has risk strictly less than the 

minimax risk, a contradiction. Note that the proof does not require the 

assumption of normality, but only a finite minimax risk. II 

Since we are considering alternatives to X, the maximum likelihood 

estimator (which is also minimax), it is natural to inquire about the 

conditional properties of X. These properties are mentioned in Robinson 

(1979b), for the univariate case. 

THEOREM 3.3: Let X N N(9,I). There does not exist a relevant 

betting procedure for X as a point estimator of 9. 

PROOF: Suppose there exists a betting procedure s(X) and E > 0 for 

which 

( 3. 6) 

be a prior distribution on -1 
a, 'll'b(a) • N(O,(b - 1)1), 

0 < b < 1. Multiply both sides of (3.6) by wb(e) and integrate over all 9 

to obtain 

(3.7) f E9(e- X)'s(X)wb(9)d9 ~ ef E9 1s(X)j'll'b(9)d9 for all b, 0 < b < 1. 

e e 

Now interchange the order of integration, and integrate out 9 according to 

'J1'(9jX) • N((1-b)X, (1- b)I]. Since E(&IX)) • (1- b)X, expression (3.7) 

becomes 

(3.8) for all b, 0 < b < 1, 

where Eb denotes expectation over the marginal distribution of X, 

-1 X ... N(O,b I). 

We will now show that, as b ~ 0, IEbbX's(X)I < eEbls(X)I, con

tradicting (3.8) and showing that (3.6) cannot hold for all~. Let c be 

constant, 1/2 < c < 1, and let K be a generic, positive constant. Then 



-11-

IEbbX's(X)f S b~IXI ls{X)II (fXI) + bEbiXI ls{X)II -c (lXI) 
(O,b-c) (b .~) 

( 3. 9) 

S b1-cEbls(X)I + KbEbiXII -c (lXI) 
(b .~) 

1-c As b ~ 0, b Ebls(X)f < £Ebls(X)I for all£, so we only need concentrate 

on the second term in (3.9). Recall that biXI 2 has a central x2 dis-

tribution with p degrees of freedom, so 

Kb~IXII -c (lXI) 
(b .~) 

Application of L' Hopital's rule will show that, fort < c < 1, 

lim 
b-+0 b (p+l) /2 .. 0 ' 

while, since s(X) is non-trivial, 

lim Ebls(X)I lim bp/ 2 J -tbfXI 2 

b-+0 /2 • b-+0 - 12 I s(X) Je dX > 0. 
bp (2wb)P 

Therefore, t 1-2c as b-+0, Kb P(x 2 > b ) < EEbls(X) 1, p+l completing the 

proof. II 

Even though X does not allow relevant betting procedures, there are 

semirelevant betting procedures for X (as must be the case with any 

inadmissible estimator). Although a semirelevant betting procedure does 

not immediately provide a dominating estimator, as does a relevant betting 

procedure, it does provide a direction in which to look for a better 

estimator. An interesting, though not surprising, semirelevant betting 

-x procedure for X is s(X) • jXT2 I(t,~)(JXI 2 ), t > 0. If p ~ 3, it is 

easy to establish (with the help of (A4) and (AS) of the Appendix) that 
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which is clearly non-negative if p ~ 3. This betting procedure suggests 

shrinking X toward zero, which, of course, leads to Stein-type estimators. 
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4. Conditional Evaluations of Jaaea-Stein Estiaatora. In this 

section we address the question of existence or non-existence of relevant 

betting procedures for James-Stein estimators. As may be expected, the 

ordinary James-Stein estimator displayedures for James-Stein estimators. 

As may be expected, the ordinary James-Stein estimator displays poor 

conditional performance in that there are relevant betting procedures 

against it. 

THEOREM 4.1: The betting procedure 

(4.1) s(X) • XI(O,a)(IXI 2 ) 

is relevant for the estimator 6a(X) • (1- l~lz) X 

PROOF: We will show the existence of an E > 0 that satisfies 

First note that 

(4.3) 

where x2 denotes a non-central chi-squared random variable with p 
p 

degrees of freedom and non-centrality parameter 191 2 /2 (the value of 9 

will be indicted in the subscripts on probabilities or expectations). Now 

E9[e- 6a(X)]'s(X) • E99'XI(O,a)(IXI 2 ) + E9(a- IXI 2 )I(O,a)(IXI 2 ) , 

(4.4) 

where the second equality follows from (A4) of the Appendix. 

For any M < Q' there exists E 1 (M) > 0 such that 

(4.5) 

so it follows from (4.3) and (4.4) that condition (4.2) is satisfied for 
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so there exists c and M* such that {P9 (x~+2 < a)/P(X~ < a)]> 1 - c for 

191 2 > M*. We then have, for 191 2 > M*, 

E9{e- &a(X)]'s(X) > tai 2 P9 <x~+2 < a) 

> M*(l-c)P9 (x~ < a) 

> E 2J;P9 (x~ < a) 

if £ 2 < M*(l-c)/J;. 

(4.2), showing s(X) 

Finally, choosing E • min(£ 1 (M*), £2 ) satisfies 

a 
is relevant for 6 (X). II 

The existence of relevant betting procedures eliminates the ordinary 

James-Stein estimator as an alternative to X, and we now focus on the 

positive-part version. The next result is somewhat surprising since, to 

paraphrase Robinson (1979a), some form of limiting Bayesianity seems to be 

required for the non-existence of the various types of betting procedures. 

Although the positive-part estimators are "truncated Bayes" (Efron and 

Morris, 1973), this does not mean that they are limiting Bayes in any 

sense. However, it seems that they are close enough to being Bayes 

procedures to possess desirable conditional properties. 

The next theorem shows that there are no relevant betting procedures 

for a wide class of Stein-type estimators, the key conditions being the 

boundedness of the shrinkage, and the behavior of the shrinkage factor for 

large lXI. The theorem covers estimators such as the positive-part Stein 

estimator, and also the "ridge regression" type minimax estimators 

considered in Casella (1980). 

THEOREM 4.2: Let X N N(a,I), and let &(X) • X- r(IXI 2 )X. If r(IXI 2 ) 

satisfies: 

i) 1XIr(IXI 2 ) is bounded, 

ii) there exist positive constants K0 , K1 , and r > 1 such that 

then there are no relevant betting procedures for &(X). 
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PROOF: Suppose s(X) is relevant for 6(X). We then have, for some e > 0, 

(4.6) for all 9. 

As in Theorem 3.3, we integrate both sides of (4.6) against ~b(9) 

1 • N[O,(b- 1)I], 0 < b < 1. Interchange the order of integration, 

integrating first over ~(9fX) • N[(1- b)X, (1- b)I]. We then have 

(4.7) f E9[9- 6(X)]'s(X)wb(9)d9 • Eb[(1- b)X- 6(X)]'s(X) 

9 

- - EbbX's(X) + Eby(fXf 2 )X's(X), 

~ e Ebfs(X)I 

where Eb denotes expectation over the marginal distribution of X, 

-1 X N N(O,b I). 

From the proof of Theorem 3.3, it is clear that, as b ~ 0, EbbX's(X) 

• O(b)Ebfs(X)f. 

(4.8) 

Thus, if (4.7) is true, it follows that 

0 < b < 1. 

1 Let c be a positive constant, 2 < c < 1. Then 

(4.9) 

+ Ebfy(fXf 2 )X's(X)II -c (lXI) 
[b .~> 

-c As b ~ 0, b ~ ~ so, for sufficiently small b, 

(4.10) 

S K1bc(r-l)~fs(X)J, 

since fy(JXf 2 )l < K1/JXfr, r > 1 for IXI 2 > K0 , and IXIl-r < bc(r-1). The 
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-c last term in (4.10) is clearly O(b)Ebls(X)I. For lXI < b , from the fact 

that 1Xr(IXI 2 )1 and ls(X)I are bounded, there exists a constant K such 

that 

(4.11) E I (lxi 2 )X' (X)II (lXI) ~ kE I (lXI) • K~xp2 < b1- 2c). b y s ~ b 
(O,b-c] (O,b-c] 

But as in the proof of Theorem 3.3, L'Hopitals rule will show, for 

1/2 < c < 1 

• 0 , 

and, hence, that the expectation in (4.11) is also O(b)Ebls(X)I. Thus, 

IEr( IXI 2 )X's(X)I • O(b)Ebls(X)I as b ~ 0, contradicting (4.8) and proving 

the theorem. II 

Since Theorem 4.2 applies to the positive part James-Stein estimator 

6a+(X) • (1 a )+x - "jXjT ' 

it can safely be said that this estimator suffers from no serious 

conditional deficiencies . However, there are semirelevant betting 

a+ procedures for 6 (x), and it is interesting to examine some of these in 

a+ order to quantify some of the less serious conditional flaws of 6 (X). 

A semirelevant betting procedure is not the constructive criticism 

that a relevant betting procedure is, in that if s(X) is semirelevant for 

6(X), it does not immediately follow that the estimator 6(X) + ts(X) 

dominates 6(X). However, a semirelevant betting procedure does givs a 

direction in which to look for a better estimator, and it may be the case 

that 6(X) + ts(X) is a better estimator. In the remainder of this section 

we examine a+ some semirelevant betting procedures for 6 (X). Although we 

have nothing constructive to offer in terms of estimators which dominate 

a+ 
6 (X), we hope to provide some insight into their performance. 
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A bothersome property of 6a+(X) is its sharp truncation for lXI near 

zero. This can be expressed more precisely by the fact that s(X) 

a+ 
• I(O,a](IXI 2 ) is semirelevant for 6 (X), since 

E8[e- 6a+(X)]'s(X) • E9e'XI[O,a](IXI 2 ) 

by (A4) of the Appendix. This suggests considering estimators of the form 

t a+ a+ 
while 6 (X) does not dominate 6 (X), it is incomparable to 6 (X) in that 

a+ 
the risk functions of the estimators cross (6 (X) dominates for small 

I e I' 6£(X) dominates for large 181). £ 
Since 6 (X) is minimax (for 

a~ 2(p-2)) and has no relevant betting procedures, it is a reasonable 

a+ 
alternative to 6 (X). 

As a final example of semirelevant betting procedures, we reconsider 

a result of Efron and Morris (1973). a+ 
They argue against the use of 6 (X) 

for a < p-2, showing that these estimators are dominated, in Bayes risk, 

by those with a ~ p-2. (They are not dominated in frequentist risk). In 

a+ 
terms of betting procedures, we can ask if 6 (X) is overshrinking or 

undershrinking for large lXI. The answer is that it is undershrinking 

(not shrinking enough) for large X. Consider the betting procedure 

X 
s(X) • - TXj2. We have, using (A4) and (AS) of the Appendix, 



-18-

which is non-negative for a < p - 2. Thus, for a < p - 2, we would 

consider 6a+(X) - £ IX~ 2 I(a,~){IXI 2 ) as an alternative estimator, 

i.e., positive-part estimators with a~ p- 2. One might suspect that, for 

a+ a+ 
a < p - 2, 6 (X) is not shrinking enough by comparing 6 (X) with the 

proper Bayes minimax estimators of Strawderman (1971). To a first order 

approximation, these estimators shrink more than positive-part estimators 

with a < p - 2. 

To draw a further parallel with Efron and Morris (1973), the betting 

procedure s(X) • {[min{a,IXI 2 )- min{b,IXI 2 )]/IXI 2 }X, b > p- 2, is 

semirelevant for 6a+(X) if a < p - 2. This betting procedure suggests the 

alternative estimator 6a+ + s(X) • 6b+(X). Efron and Morris show that 

b+ a+ 6 (X) dominates 6 (X) in Bayes risk. 
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5. co .. ents. The impact of the Stein effect has been far reaching, 

and in this paper one of its more subtle implications is explored. 

Estimators developed from purely decision-theoretic considerations have 

been criticized by Bayesians, mainly because of suspected poor conditional 

performance. When the concept of conditional performance is formalized 

through the theory of relevant betting procedures, however, a large class 

of non-Bayes shrinkage estimators emerge with acceptable conditional 

behavior. 

Proper Bayes estimators possess the strongest conditional property : 

the non-existence of semirelevant betting procedures, no estimator which 

is inadmissible can possess this property. As Robinson (1979a) says, the 

existence of a semirelevant betting procedure is only a mild criticism of 

an estimator. The non-existence of a relevant betting procedure, however, 

is a strong property for an estimator to have, and shows, in a formal 

sense, that such an estimator is close to being admissible. At the very 

least, it would be a difficult task to exhibit a dominating estimator. 

As shown by Efron and Morris (1973), positive-part Stein estimators 

may be viewed as truncated Bayes estimators. While this does not mean 

that they are, in any sense, limits of Bayes estimators, it seems that the 

property of truncated Bayesness is strong enough to insure that some of 

the more desirable conditional properties of Bayes estimators are pre

served. The same is true of the robust Bayes estimators considered by 

Berger (1982). These estimators are also covered by Theorem 4.2, and 

hence do not allow relevant betting procedures. 

In this paper we have dealt only with estimators which shrink toward 

a point eo, corresponding to a prior point guess at e. In practical 

applications, however, it is usually more advantageous to use an estimator 
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which is adaptively centered, say at the grand mean. In terms of prior 

input, this corresponds to specifying a linear subspace (of the parameter 

space) in which 9 is expected to lie. Such information can result in 

estimators of the form 

6(X) • AX+ (1- r(!X-AXI 2 ))(x- AX) 
IX-AXI 2 

where A is a p x p matrix of rank r < p. With only minor modifications, 

the results of this paper can be made to apply to such estimators. For 

example, in the proof of Theorem 4.2 one would employ a two-stage prior: 

e N[Za, (b- 1- 1)I] 8 - uniform in r-dimensional Euclidean space, Z a 

-1 
p x r matrix of rank r, and A • Z(Z'Z) Z'. 

Acknovledgeaent. I would like to thank Roger L. Berger for pointing out 

the existence of Lemma 1 of the Appendix. 
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Appendix 

LEMMA 1: Let r:[O,~) ~ [[0.~) be concave. Then 

i) r(t) is nondecreasing, 

ii) r(t)/t is nonincreasing. 

PROOF: Suppose there exists t 1 < t 2 such that r(t1) > r(t2). Since r is 

concave, it follows that 

for 0 < X < 1. Hence r is strictly decreasing throughout [t1 ,t2 ]. 

Furthermore, for every E, 0 < E < lt1 - t 21, we must have r(t2 +E) < r(t 2). 

Otherwise, 

which contradicts the concavity of r. Extending this argument shows that 

r must be strictly decreasing on {t1 , ~). 

Since r is concave, we have, for all t > t 1 , 

r(t tl + t t)- t r(t1) ~ t r(t) 

But, since r is strictly decreasing on [t1 , ~>. the LHS above is negative 

for sufficiently large t, a contradiction. Hence, r is nondecreasing. 

To establish part ii), let 0 < t 1 < t 2 and write 
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where the second inequality follows from the fact that r ~ 0. Thus, 

In the following, let x2 denote a non-central chi-squared random 
p 

variable with p degrees of freedom and non-centrality parameter 191 2 /2. 

The value of 9 is indicated by the subscript on the expectation operator. 

LEMMA 2: Let h:{O, ~) ~ (~, ~) be differentiable. Then, provided both 

sides exist, 

PROOF. The lemma is established by equating the results of the well-known 

integration-by-parts technique with the results of some lesser-known 

identities for expectations of noncentral chi-squared random variables. We 

will proceed by evaluating the risk of the estimator a(X) • 

{1 - [h( IXI 2 )/IXI 2 ]}X, where X~ N (9,I). The usual integration-by-parts 
p 

yields 

We can also write 

(A3) 

We now employ the following identities, which can be found either in Bock 

(1975) or Casella (1980). If h: [0,~) ~ (-~.~), then provided the 

expectations exist, 

(A4) 

(AS) I91 2 E {~x2 )tx2 } • E {~x2 )} - (p- 2) E {~x2 )/x2 } 9 ., p+2 p+2 9 ., p-2 9 ., p p 
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(A6) 

Now, using (A4) and (AS) on the first expectation in (A3), and rearranging 

terms, we obtain 

(A7) 

We note in passing that, using the fact that the noncentral chi-squared 

distribution has monotone likelihood ratio in its degrees of freedom, 

equation (A7) provides an immediate proof of the minimaxity of &(X) 

provided his nondecreasing and 0 ~ h ~ 2(p-2). 

Now, equating (A2) and (A7), cancelling common terms, and using (A6) 

establishes 

(A8) 

proving the lemma. II 
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