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ABSTRACT 

Estimating the true slope of a line in the presence of errors in both 

variables is an old problem. An estimator due to Wald involves dividing the 

iata into two sets and estimating the slope of the underlying line as the 

slope between the centroids of these two parts. The natural appeal of this 

scheme is preserved in the present work where two centroiis are obtained with

out jivijing the data into two sets. 
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Many physical laws postulate a linear relationship be~Neen mathematical 

variables. They are particularly simple to work ~ith and use for prediction. 

If measurement error is involved in both variables~ estimation of the slope 

becomes a statistical problem. The likelihood principle is known to have 

unacceptable performance for estimation of the slo~e, unless assumptions can 

be made about the variances of the error distributio~s. If no assumptions are 

made Solari (1969) showed by a geometrical ar5QCe~~ ~hat the likelihood sur

face is saddle shaped in the neighborhood of its cr~tical ~oints. Kendall 

and Stuart (1967, C!lapter 29) devote a good ieal o:~ ::!isc-....ssion to the problems 

associated with estimation of the slope. The =ai~ ::!i:::..culty is that each new 

sample point brings with it a new parameter; these are called incidental para

meters~ and must be estimated or eliminated. Wald (1940) gave an appealing 

method for estimating the slope. His approach is to divide the data into two 

sets, compute the centroid of each set, and esti=ate the slope of the line as 

the slope of a line segment between these centroids. A modification of this 

procedure, due to Bartlett (1949) is recommended by Draper and Smith (1981, 

p. 124). This entails dividing the data into three parts and discarding the 

middle group before computing the centroids. 

In this article another alternative is explored, one that determines two 

centroids without splitting the data into subsets. This overcomes a major prob

lem with Wald's procedure, namely that error-free partitioning of the data can

not be guaranteed on the basis of the observed points. It also alleviates con

cern about using less than the whole data set as in Bartlett's modification. 
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2. MC~ELS ANL THEIR CONSEQl.JENCES 

In this section the main models associated with the problem are reviewed. 

These include the usual regression model and the error in variables model. 

In the case of linear regression, the data consist of n points, (xl,Yl), 

··• ,(Xn,Yn), with Yi =a+ ~xi+ ei, ~here ei- N(O,~) is assumed. The 

likelihood function is 

n 

( 2;02 )
2 

exp { - 2!2 L (y i -a-sxi )2 } (1) 

and is !!laximized T..Jhen ~ is estimated oy 

E(x. -x)(y. -y) 
1 1 

b = --~----~--
E{x. -x)2 

1 

(2) 

If errors of measurement occur in both variables this model is inadequate. 

It may be replaced by 

X. = ~i + eil ' 1 

and 

yi = a+ t3s1 + e12 , 

where eij- N(O,~), (i = l,···,n; j = 1,2), to express the relationship be

tween, and errors in, true variables ~ and ~ = a+ ~s. Implicit in the above 

is the assumption that eil and ei2 are uncorrelated. The likelihood function 

replacing (1) is 

(3) 
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An attempt to maximize (3) leads to saddle points on the surface; there 

are no overall maxima. Thus, no progress can be made without further assump-

tions, the usual one being that the error variances have a known ratio, A. 

7his restriction leads to an estimate of ~ by taking the positive square root 

in the solution of 

b2 ~ u. v. + b ( A E u~- E ~) - A E u. v. = 0 
1 1 1 1 1 1 

, (4) 

-Nhere u. = x. - x, y~ - y. 
1 1 ... 

Wald's (1940) approach to the estimation of p ~til~zed a iivision of the 

iata into two sets, according to the values of s. Centroids are comp1..~ted !or 

e~c~ group, and the slope between centroids is used as ~n esti~ate of p. In 

practice the values of x must be used for partitioning and the ordering of the 

Xi may not agree with that of the Si· Since an error-free division cannot be 

assured, Bartlett's (1949) procedure discards some points in the middle of the 

observed range and uses the outer groups in the manner of Wald. 

3. A NEW CENTROID ESTIMATOR 

In this section, a procedure is developed to avoid the problem of data 

splitting. The entire set is used to determine two points, c1 and C2_, that 

may be thought of as centroids. The estimation of ~ will be the slope be-

tween these points as usual. 

Let (x+h1,y+k1 )(x+h2 ,y+~) be rectangular representations of c1 and c2 

and (~,Yi) an observed point. Define dil and di2 as the respective distances 

from {xi,Yi) to c1 and c2• This yields a configuration as shown in Figure 1. 
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The "DOin ts c1 a::d c2 a!'e to be determined by va!'ia tion in hv kv ~ and 

~ to m.ini!:!ize 

(5) 

Their coordinates will be used in 

b = (6) 

as ~n esti=ator of e. 

The choice of S at (5) reay appear unusual, ~~d ieserves some co~ent. 

Strong ::::otivation for this form con:es from tee s~~:::..i~ity of the resulting 

ierivatives. A natural alternative would be to work with ~(dil+di2 ), as if 

each point was on an ellipse with c1 and C2 as foci. On the other hand, an 

ellipse superimposed on the structure is artificial; there are, instead, n 

small ellipses, with centers at (si,~~si). The use of the square of the pro-

duct of distances dces have a geometrical basis~ however; such functions occur 

in the locus definition of a family of curves called the ovals of Cassini. 

These curves are defined, in the present notation, by (dildi2)2 = constant, 

and can have forms as shown in Figure 2. If the constant is small relative 

to the distance between c1 and C2, the case of two separated ovals is obtained 

(see Beyer, 1981, p. 271). Since S is to be minimized, this case may be 

visualized, though it is only the points c1 and c2 that are of interest. 

A variety of constraints might be imposed on the quantity in (5). It 

would not be unreasonable to require that the segment from C1 to c2 also con

tain (x,y). In addition, c1 and c2 could be constrained to lie equidistant 

from (i,y). If both these conditions are met an interesting result obtains, 

namely, that minimizing (5) leads to (4) with A= 1. This is also then equi-

valent to the use of normal deviations and to extracting principal components. 
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A more general result can be expected if no restrictions are placed on 

the coordinates. This gives, working with deviations from the observed means, 

u. = ~ - x and v. = Y· - y-J. -]. ]. ]. , 

(7) 

as the objective function to be minimized. Equating the partial derivatives 

of S to zero and straightforward algebra yields, writing E ( 'J.2+v2) = l: r 2 and 

dropping indices of summation, 

2 + nh h2 + hl!:: r2 + 2k2 ~ 'J.V nhlk2 l 2 + 2h2!:: ..... 2 - ~ ur2 = 0 

2 2 + h2 L. r2 + 2kl L. uv + 2h1 L. u2 - L. ur2 0 nh2kl + nh2hl = 
(8) 

~~ + nklh~ + k1 Ex-2 +2k2 Ev2 + 2h2 E uv - ~ vr2 = 0 

~~ + ~h~ + ~Ex-2 + 2~Ev2 + 2h1 Euv- E~ = 0 

Each equation in (8) defines a circle in either (h1 ,k1 ) or (h2,k2) space, with 

center and radius determined by one of the other variables. Common chords and 

the like are easy to find, but an explicit solution for hl, ~' k1 , and k2 does 

not seem feasible. The system can easily be solved numerically, due to the 

structure of the equations (each involves only three variables) and since good 

starting values can be based on the solution of (4) with A= lor even on (2). 

Remarkably, it is not necessary to solve (8) in order to evaluate the slope in 

(6). It is possible to derive, from (8) and (6), the following quadratic equa-

tion in b: 

(9) 
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For estimating a slope then, it is only necessary to compute the roots of (9) 

rather than solving (8). Notice that the roots of (9), like (4) with A= 1, 

are negative reciprocals. This is appropriate in any procedure that treats 

x and y symmetrically. To obtain a single solution the positive square root 

is used in solving (9), just as it is in (4). 

Consider now the coefficient of b in (9); it can be expressed as 

n2:ur2 Evr2 
4(u-2)2 

(10) 
+ Euv 

In this form the relationship to (4) is apparent, with the usual least squares 

quantities of Eu2 , Ev2, and Euv being augmented or adjusted by higher moments 

of the data. 

4. THE CASE OF NO ERRORS 

If no errors are present the points (xi,Yi) are actually (~i,ni). The 

quantities estimated by (8) and (9) may then be determined. In this case 

~i - ~ = ~(~i - ~) and ui and vi are replaced accordingly. The solution to 

(9) is easily found to be ~' so the quadratic equation in (9) will identify the 

slope of a line from points along that line. 

MOre can be learned, however, for in this case (8) may be solved explicitly. 

The solution is 

' 
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·.o~here 11'1f! = i:(si-s)2 /n and m3 = i:(Si-s?/n. If the points are symmetrically 

placed along the line m3 = 0, and so hl = /~. The centroids then are 

(- /~,-~~) and (/~,~~), a particularly appealing form. If symmetry is 

not present, simple manipulation shows h1 can be expressed as 

/~ m ( m2 ) -{~-I :J+4} 
2 ~,-a V ~ 

The lack of symmetry, as measured by the =oment rstio, adjusts the centroids to 

either t~e right or left. 

5. NUMERICAL CONSTIERATIONS 

Brown (1957) gives a set of simulated data consisting of 9 points. These 

'observed' points are 

~: 1.8 4.1 5.8 7-5 9-3 10.6 13.4 14.7 18.9 

Yi: 6.9 12.5 20.0 15.7 24.9 23.4 30.2 35.6 39.1 

'Ihese were generated from a linear equation with 13 = 2, ai = ~ = l. Comput-

ing the necessary functions of the deviations gives 

r.~ = 237.96 I:uv = 4 51. 28 

~ = 862.45 if = ll43.10 , 

and substituting in (9), b = 1.98. Working with the form at (10) the coef-

ficient o:f b becomes 

-. 026 - 667.18 
1.267 + 451.28 , 

showing that quite a minor adjustment is being made to the solution to (4). 
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Other estimates that might be advanced for this data are listed below: 

a. Regression slope, y on x 

b. Regression slope, x on y 

c. Solution of (4) with A. = 1 

d. Wald's estimates 

(i) 4-5 grouping 

(ii) 5-4 grouping 

e. Jiscarding ~ddle sets 

( i) 3-3-3 

(ii) 4-1-4 

1.90, 

2. 00 1 

1.96, 

1.85 1 

1.86 

1.91 

'lhe system in (8) may also be solved numerically to give 

~ = -4.67 

h2 = 5.41 

kl = -9.60 

~ = 10.35 • 

Adding these to the observed means gives centroids of (4.90,13.54) and (14.98,33-50). 

'Ihese are shown, along with the data, in Figure 3. One might compare these to the 

centroids in the last case above; they are (4.80,13.78), (14.40,32.08). 

Some simu1ation has been done to evaluate the performance of the new esti

mator. In a typical run n = 5 points were drawn with values of ~ equally spaced 

along a range of 15 units. Error variances were set at di = ~ = .25. Repeat

ing the sampling 10,000 times with f3 = 2. 5 gave b = 2. 503 ~ = .0202. Approxi

mate normality was suggested by moment ratios of .0018 and 3.094 in comparison 

to 0 and 3 for a normal. 
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6. CONCLUSION 

The technique of determining two centroids without splitting the data 

seems to work nicely in cases where both variables involve error. Estimating 

the slope of a line by the slope between these centroids will almost certainly 

give biased results. In simulation work though, the bias of the new estimator 

has been found consistently to be smaller than if the regression slope for y 

on x is used. 

While simulation has suggeste1 that the centroi1 esti=ator is approximately 

normally distribute1, it seems unlikely that an exact distribution can be found. 

It is also not known whether the centroid estimator is consistent; chances are 

that conditions on the range of the independent variable will have to be in

cluded to establish consistency. 
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LEGENDS 

Figure 1. Centroids and Distances. 

The relationship of an observed data point to the 

centroids is shown. 

Figure 2. Ovals of Cassini. 

Different shapes are possible depending on the dis

tance between fixed points and the constant in 

(d1d2 )2 = constant. 

Figure 3. The Data of Brown (1957) with Centroids Determined. 



Figure 1. Centroids and Distances. 

The relationship of an observed data point to the centroids 

is shown. 
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Figure 2. Ovals of Cassini. 

Different shapes are possible depending on the distance between 

fixed points and the constant in (d1d2)2 = constant. 
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Figure 3. 'The Data of Brown (1957) with Centroids Determined. 


