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Abstract

The Michaelis-Menten equation, the rate equation for a one-substrate
enzyme—~catalyzed reaction, is an inverse polynomial, and may be fitted
using a generalized linear model with inverse link and normal error.

A GENSTAT program is given that performs this analysis for an arbitrary
number of sets each with a varying number of subsets which have a varying
number of observations. Output for one set is given, which includes a
graph of the data points on the measurement and reciprocal scales (on
which the relationship is linear), graphs of residuals and kinetic para-
meter estimates for the model for the set and each of its subsets, with

a test of homogeneity of the subsets.

1. Introduction

The Michaelis-Menten equation has proved to be a useful model in
enzyme kinetics, see for example Cleland [1970], and was developed by
Michaelis and Menten [1913] as the rate equation for a one-substrate
enzyme-catalyzed reaction. It relates the initial velocity of feaction,
Yb, the maximum velocity, Vmax’ and the initial substrate concentration,
S, through the Michaelis-Menten constant, Km, by

vV = Vmax S (1)

K + S
m
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Km’ which is the substrate concentration corresponding to an initial

velocity of L v , and V are the parameters of the model which
2 max max

characterise the reaction.

Figure 1: Michaelis-Menten equation
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The Michaelis-Menten equation is nonlinear on the measurement scale.
Methods of estimating the parameters have been by graphical techniques
applied to transformations of the data. One common transformation is de-
rived by taking the reciprocal of both sides of (1) giving the

Lineweaver-Burk ecquation,

1 max . 1 1 ' (2)

which is linear on the reciprocal scale, Lineweaver and Burk [1934] intro-
duced the double-reciprocal plot (figure 2 ), of plotting l/VO-against
1/S, to estimate the straight line that 'best' fits the data points. Ex-

. . . . 1 . . .
trapolating this line yields a v intercept, which estimates l/vmax'
o

and a é—- intercept, which estimates -1/Km.



Figure 2: Lineweaver-Burk equation
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A recent refinement of the double-plot technique, for estimating Km
and Vmax' is by using the method of least squares to fit the straight

line regression, as the 'best' straight line,

1
v - slope . é— + intercept + error, (3)
o

with parameter estimates, denoted by a " over the parameter,

= intercept
Vmax 1 / intercep (4)
Km = slope / intercept.

Assumptions implicit in this method include:

1A) The error structure is additive on the reciprocal scale.

B) The errors are Independently Identically Distributed
(IID) with mean 0 and constant variance over observations
within the 1 set of experiments.

C) The error is normally distributed for testing and Maximum
Likelihood Estimation (MLE) of the slope and intercept so

that K and V are also MLE.
m max

D) S and hence 1/S are measured without error.



2. Generalized Linear Model Approach

A more realistic assumption on the error structure, instead of 1A),
is :

2A) The error is additive on the measurement, V, scale,

Then with this assumption the model can be rewritten as

V6= reciprocal ( slope . %- + intercept) + error. (5)
This is a special case of generalized linear models, discussed by Nelder
[1968] and Nelder and Wedderburn [1972]. This class of models explains

the observations, y, as a combination of a systematic component, m, and

an error component, e, following a specified distribution, so that y = m + e,
Linear model theory with m = Xb, where X is a design matrix and b is the
parameter vector, is generalized to m = f (Xb), a function of the linear
predictor. The specification of the model is made in terms of the "link
function" which is the inverse of f, so that Xb = link(m). The algorithm
gives the maximum likelihood estimate of b, under the assumed probability
distribution, by iterative weighted least squares. We fit (1) in the
form (5) with an inverse link and normal error, obtaining the MLE of Vm

ax
and Km by (4).



3. GENSTAT Program

A GENSTAT program was written to fit (5) for an arbitrary number of
sets each with a varying number of subsets, which have a varying number
of observations. The analysis for each set is achieved by first regres-
sing Vo , with an inverse link, on 1/S so that a common slope and inter-
cept for each subset is specified. The model is then modified, so that
each subset has a separate slope and intercept,to give the parameter es-
timates for each subset.

GENSTAT is a very flexible statistical language and we exploit this
by setting up a MACRO, or subroutine, to perform the analysis for each
set, with the sizes of the structures changing dynamically for each set.
Results from one procedure may be communicated to another so that data
and residual plots are easily obtained.

The actual data set analysed had 84 sets with from 1 to 7 subsets
and was run without residual plots in 4 runs using GENSTAT 4,01, each
producing around 5,000 lines, requiring a maximum region of 184K and
taking 25 seconds CPU time on the Cornell IBM 370/168,

The enzyme studied was microsomal D-glucose-6-phosphate phosphohy-
drolase (E.C.3.1.3.9) obtained from rat liver. The rate of glucose-6-
phosphate hydrolysis was determined (in umoles inorganic phosphate formed
/min/mg microsomal protein) at 4 substrate concentrations in the presence
of a variety of buffers at 2 pH values, The rationale for the kinetic
analysis was that several of the buffers were suspected to be inhibitors
of the enzyme, and their effects should be reflected by changes in the
kinetic parameters, Vmax and/or Km . (Some of this work appeared in Walls
[1978] )

The program listing and sample output from one set with 7 subsets,
annotated where appropriate, follows. The subset number is used as the

plotting symbol on the graphs.
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*REFERENCE/LINE=5000% ENZYME_KINETICS
*PAGE?
*CAPTION®
e
THE INITIAL VELOCITY OF REACTIONs Vo
IS MEASURED FOR GIVEN SUBSTRATE CONCENTRATIONs Se
THE MICHAELIS-MENTEN PREDICTION EQUATION

V = VMAX + S / ( KM + S )

IS THE ASSUMED STRUCTURAL BASIS FOR ESTIMATING
VMAX AND KMs
WHICH CHARACTERIZE THE REACTION.

T0O DO THIS AN ERROR STRUCTURE MUST BE ASSUMED.

1) THE USUAL METHOD IS TO TRANSFORM THE
MICHAELIS AND MENTEN EQUATIONe BY TAKING RECIPRICALS TO GIVE

RV = ( KM /7 VMAX ) = RS + 1 / VMAX
WHICH IS LINEAR ON THE RECIPROCAL SCALE.

FURTHER ASSUMING

1A ) THE ERROR STRUCTURE IS ADDITIVE
‘ ON THE RECIPROCAL SCALE
B ) THE ERRORS ARE INDEPENDENTLY IDENTICALLY DISTIBUTED
(IID) WITH MEAN 0 AND CONSTANT VARIANCE
OVER OBSERVATIONS WITHIN THE 1 SET OF EXPERIMENTS
c) THE ERROR IS NORMALLY DISTRIBUTED
FOR TESTING AND MAXIMUM LIKELIHOOD ESTIMATION (MLE)
OF THE SLGPE AND INTERCEPT SO THAT KM AND VMAX
ARE ALSC MLE
D) S AND HENCE 1/S ARE MEASURED WITHOUT ERROR.

THEN A STRAIGHT LINE REGRESSION OF
RV = SLOPE » RS + INTERCEPT + ERROR
GIVES ESTIMATES

VMAX
KM

1 / INTERCEPT
SLOPE / INTERCEPT.

2 ) A MORE REALISTIC ASSUMPTICN ON THE
ERROR STRUCTUREs INSTEALD OF 1A)e IS

2A ) ThE ERROR IS ACDITIVE ON THE V SCALE.
WITH THIS ASSUMPTICN THE MODEL
. V = RECIPROCAL ( SLOPE *» RS + INTERCEPT ) + ERROR

IS FITTED USING THE GENERAL FRAMEWORK OF THE
GENERALISED LINEAR MODEL WITH NORMAL ERROR
AND RECIPROCAL LINK.



*PAGES®

@sciinre NSETS
*READ® NSETS
*CAPTION®
L
THE ANALYSIS IS DONE FOR EACH OF THE NSETS SETS
L J
*SCALAR® I =1
*MACRO® ANALYSIS $
"PAGE"
.0
THE MACRO "ANALYSIS"™ PERFORMS THE ESTIMATION OF VMAX AND KM

FOR EACH SET AND ITS SUBSETSe ACCEPTING A VARYING NUMBER OF SETS
AND OBSERVATIONS WITHIN EACH SUBSET.

THE MICHAELIS-MENTEN PREDICTION EQUATION IS FITTED USING AN
INVERSE LINK AND NORMAL ERROR IN THE GENERAL FRAMEWORK OF

THE GENERALISED LINEAR MODEL.

(K]

YSTART?*

*SCALAR?
*READ/P?

NSUBSETS,
SETe NSUBSETS

SLOPEs INTERCEPTe KMy VMAXIy SETe SUBSET

SUBSET S AND V VALUES ARE READ IN TURN FOR EACH SET
AND THEIR VARIABLE LENGTH IS DETERMINED BY THE

(A

*READ/P¢NUN=

*SCALAR?®
*RUN?
*START?
*CALC?*
*CALC?
YRUN?
*STARTY
*VARIATE?
*VARIATE?®
$FACTOR?®
*RUN?®
vCcaLC?®

*CAPTION®
L N ]
THE
L ]
YPRINT/P®
*PRINT/PY
* 5ROUPS®
PHEADING®

'GRAPH/ATY v AXISO

*PRINT/P?
*HEADING?®

’bRAPH/ ATY=RV_ AX189

*PRINT/P?
*PAGE"

NUMBER OF VALUES READ

V? SUB_SETe Se V § Fae 1e 3ele 4434 /
LENGTHy NCOEFS o¢uJ
LENGTH = NVAL(S)
NCOEFS = 2 » NSUBSFETS
RVe RS ¢ VHATs RESVe VHATSEP, RESVSEP $ LENGTH
SEPCOFFS $£ NCOEFS
SUBSETS $ NSUESETSse LENGTH
RV =1/ V
Rs =1/ S
DATA SET PLUS RS = 1/5 AND RV = 1/V FOR
SET ¢ 8§
SUB_SETe Se Ve RSe RV & 184 18.19 3(18.3)
SUBSETS = INTPT ( SUB_SET )
V_AXIS = **'y INITIAL VELOCITY OF REACTION®?
S_AXIS = *vS SUBSTRATE CONCENTRATION®®
ATX=S_AXIS<NRF=103"* Vi S $ 3 SUBSETS
SET ¢ ¢
RV_AXIS = **RV RECIPROCAL INITIAL VELOCITY REACTIONC®?®
RS_AXIS = **RS RECIPROCAL SUBSTRATE CONCENTRATICN®®
ATX=RS_AXISeNRF=10C"* RV § RS & § SUBSETS

SET ¢ 8



*CAPTION?®

V = RECIPROCAL ¢ SLOPE * RS + INTERCEPT ) + ERROR
e

*TERMS/DVSET=F?* V + RS + SUBSETS + SUBSETSeRS

*Y/LINK = INVERSEs ERROR = NORMAL® V

*FIT/ANDEV=INgPRINT=Z"

*ADD/ANDEV=T4PRINT=C®* RSS COEF=COEFS

¢« FVAL=VHATS RES=RESV

*LINES? 5
*CAPTION?®
(X

[ CALCULATE VMAX AND KM ESTIMATES FOR THE SET

YCALC? INTERCEPT = ELEMC COEFS 3 1 )
: SLOPE = ELEM( COEFS 3 2 )
: VMAXI = 1 / INTERCEPT
: KM = SLOPE / INTERCEPT
. *CAPTION®
(N ]
SUMMARY
¢
"PRINT/P? SET ¢ 8
: VMAXIy KM $ 1849
*CAPTION®
(]
te
*HEADING® V_HAT = ®%VHAT  PRED FROM V WITH INVERSE LINK ON RS®®
: RES_V = $*RESV  RESIDUAL FOR V INVERSE LINK ON RS*®
*GRAPH/ATY=RES_VesATX=V_HAT¢NRF=100" RESV § VHAT $ 3 SUBSETS
*PRINT/P? SET ¢ 8
YPAGE®
YJUMPY NEXT * (NSUBSETS +EGe 1 )
*CAPTIONS®

| ANALYSIS FOR EACH SUBSET]

*PRINT/P? SET ¢ 8
*ADD/INT=NgPRINT=Z4ANDEV=TI"* SUBSETS
YSWITCH/ANDEV=T4PRINT=C?®* RS + SUBSETS«.RSS COFEF=SEPCOEFS
¢« FVAL=VHATSEPS RES=RESVSEP

*PAGE?
*CAPTION?®

te

SUMMARY

ve

YPRINT/P? SET % &

VMAXIys KM ¥ 18.9

*CAPTION?
(X ]

VMAX AND KM ESTIMATES FGR EACH SUBSET



*CALC?

. YLABEL®

*CALC? INTERCEPT

J =1
NEXT_SUBSET

ELEM ( SEPCOEFS § J )
ELEM ( SEPCOEFS 3

1 /7 INTERCEPT

SLOPE 7/ INTERCEPT

NSUBSETS + J )

$ 10y 2(1843)

NSUBSETS )

*CALC?® SLOPE =
: VMAXI =
. KM =
: SUBSET = J
*PRINT/PY SUBSETse VMAXI,
*CALC? J = Jd + 1
*JUMPY NEXT_SUBSET * ( J «LE.
*CAPTION?®
.0
T

'HEADING' V_HATSEP = ®*VHATSEP
RES VSEP = ¢®°*RESVSEP

PRED SEPARATE LINES FOR SUBSETS**
FROM LINES FOR EACH SUBSET®**

'GRAPh/ATY RES VSEPqATY V_HATSEP¢NRF=100*RESVSEP § VRATSEP & § SUBSE
*PRINT/P? SET $ 8

*LABEL Y NEXT
('ENDMACRO"

*PRINT®
*LABEL®
YUSE/R?
*DEVALUE?
CALC?
JUMP®
'RUN?
1
57

15 137
15 144
20 169
20 169
20 166
28 192
28 193
28 194
50 244

O T S e

DATA SET

ANALYSIS
NEXT_SET
ANALYSIS 8

I =1 +1
NEXT_SET * ¢ I oLE. NSETS )

Number of sets
Set number and number of subsets

with data SUBSET S V
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2.8
2.8
2.8
Se0
E.o
5.0
1.5
1.5
1.5
2.0
2.0
2.0
2.8
2.8

Se0
S5e0
5.0
1.5
1-5
1.5
2.0
240
240
248
248
2.8
el
50
5.0
1.5
1.5
1.5
2.0
240
240
28
28
2.8
Se0
50
5.0
1.5
1.5
1.5
2.0
20
240
2.8
2.8
2.8
€40
Se0
5.0

v
0137
0.144
0,169
0.169
0.1€¢
0.192
04193
0.198
0.244
0.249
0.247
0.138
0+14%
0.146
0.166
C.167
Cel67
0.195
0.186
C.192
0.230
f.228
0.226
0137
0.138
Cel36
0.158
0.1€1
0e166
0.180
0.187
0.184
Ce229
Ne232
0e.22°
06123
Cel136
Celd1l
GelE6
Celf1
0169
0«187
0,190
0.192
0e221
Ce227
0,232
0.121
fel24
0.129
0e150
0.145
0e.15¢C
0e.17C
0e171
Cel174
0.202
c.203
0.210
Ne180
0¢1E3
C.153
0.176
0.182
0104
0.210
0.203
0,209
0.281
0.255
253
Ne137
0e.14°
N.147
0.171
D174
0e174
0.198
0.150
0.19¢
0228
De243
0,231
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1/V FOR

RS
D.€£67
0.667
0.£00
0.500
0.500
0.257
0.357
0.357
0.200
0.200
0.200
0.667
0.667
0.667
0.500
0.500
0.500
0.257
0257
0.257
G.200
0.200
0ez00
Ce€67
C.657
Ce.€67
0.E00
0.510
0.590
04257
0.357
0.257
0.200
0.200

200
0,667
0.€67
0667
6.500
N.,529
0.5080
0.257

357
G.257
g.2ne
0.200
0.220
f.E67
Ce¢E7
CJ.E67
c.500
0.590
0.500
0?27
0.257
0.257
t.200
0.200
0.290
Ce€67
0667
Ceb87
0.50C
0.510
0.€90
00357
0.357
0.257

200
t.200
9.200
B.EET
0667
06667
0.500
N.501
0.500
04257
04357
0,357
6.200
0.20¢C
0.290

SET
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0.2520
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0+2475
0.2460
0.2445
0.2430
0.2415
0.2400
0.2385
0.2370
02355
0.2340
0.2325
0.2310
02295
0.2280
0.2265
02250
02235
0.2220
0.2205
0.2190
042175
0.2160
0.2145
0.2130
0.2115
0.2100
0.2085
0.2070
0.2055
0.2040
0.2025
0.2010
041995
0.1980
0.1965
0.1950
01935
0.1920
0.190S
0.1890
01275
0.1860
0.1845
0.1830
0.1815
0.1800
0.1785
01770
041755
0.1740
0.1725
0.1710
041695
0.1680
041665
0.1650
0+1635
0.1620
0.1605
0.15930
0.1575
0.1560
01548
0.1530
0.1515
0.1500
0.1485
0.1470
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0.1410
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DATA PLOT : [IWITIAL VELGCITY OF REACTION V
AGALST SUBSTRATE COLCZUTRATIRN S FOR SET 5
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V = RECIPROCAL ( SLOPE * RS + INTERCEPT ) + ERROR

285........0........0..............O......'...Q.......0.0......‘;...l....‘........|

#xwxx REGRESSION ANALYSIS #*##xx

ERROR DISTRIBUTION: NORMAL  LINK FUNCTION: INVERSE

*x%* REGRESSION COEFFICIENTS #*xx*

Y-VARIATE: V

ESTIMATE SeE. T

CONSTANT 3.0951 00799 38,74

RS 5.9900 0.2322 25420

xxsx ANALYSIS OF DEVIANCE s+

Y-VARIATE: V

TERMS RESIDUAL CHANGE MEAN  MN DEV.

DF  DEVIANCE DF  DEVIANCE CHANGE  RATIO

@:r:aL wmovEL |

CONSTANT 82 *  x *

MODIFICATIONS TO MODEL
: 82 0.1070135 0 *

+RS 81 0.0103412 1 0.0966723 040966723 757421

x« DENOMINATOR OF RATIO IS (RESe DEVe/RES. DF) FROM LINE AECVFy = 0.0001277

CALCULATE VMAX ANC KM ESTIMATES FCR THE SET

SUMMARY

SET 5

VMAXI 0.323086080 KM 1.9352¢0112
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ANALYSIS FOR EACH SUBSET

’ SET 5

285 0000 0000000000 000000000000000000000000000000000e0000sestiossssessssossessctociossssssssnessessseetocesssssososssssse

*xxxx REGRESSION ANALYSIS x#x#ws

ERROR DISTRIBUTION: NORMAL LINK FUNCTION: INVERSE

*x% REGRESSION COEFFICIENTS wax

Y=-VARIATE: V

ESTIMATE SeEe T
SUBSETS 1 2.7617 0.0660 41.86
SUBSETS 2 342793 0.0651 47.46
SUBSETS 3 3.1049 0.0708 43485
SUBSETS 4 3.1100 0.0692 44,97
SUBSETS S 3.£565 0.0G861 41432 .
SUBSETS 6 2.8509 0.0574 49.62
SUBSETS 7 30903 0.0646 47.84
RS+SUBSETS 1 645417 0.2046 31.97
RSSUBSETS 2 55032 0.1948 28424
RS+SUBSETS 3 6.3081 0.2066 20,52
RS<SUBSETS 4 60908 0.2004 20.39
RSeSUBSETS 5 644971 0e2464 2637
RS.SUBSETS 6 5.4947 0.16€C 33.10
RS+SUBSETS 7 55973 0.1846 30.31
##% ANALYSIS OF DEVIANCE #*w»
Y-VARIATE: V
TERMS RESICUAL CHANGE MEAN MN DEV.
DF DEVIANCE DF DEVIANCE CHANGE RATIO
INITIAL MODEL
CONSTANT
RS 81 1.034E -2 * *
MODIFICATIONS TO MODEL
-CONSTANT
+SUBSETS 75 1.363E -3 6 8.978E -2 1.49€E -3 112.29
-RS
+RS.SUBSETS 69 9¢194E -4 6 44437TE -4 T4395E -5 E.58
x* DENOMINATOR CF RATIO IS (RESe. CEVe/RES. DF) FROM LINE ABOVEs = 1.222f -5
SUMMARY
SET 5
VMAXI 0.323086080 KM 10535290112
VMAX ANC KM ESTIMATES FOR EACF SUESET
SUBSET 1 VMAX1 0362093568 KM 24368716032
SUBSET 2 VMAXI 0.304544128 KM 1.678170112
SUBSET 3 VMAXI 0322074€24 KM 2031672426
SUBSET 4 VMAXI 0.32154572¢ KM 1.95R476032
SUBSET 3 VMAXI 0.281176064 3. 1.826829824
SUBSET 6 VMAXI 0350762520 KM 1.927339520

SUBSET 7 VMAXI 0.323590912 K™ 1.8112258€%¢

e cr e cnan .- ,—mm-——- N kPP A Uy P
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