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An F(4t;2t,2t)-square is an n row by n column square in which two distinct 

element~, say a1 and a2, appear 2t times in each row and in each column. A pair 

of orthogonal F(4t;2t,2t)-squaxes is one in which the two symbols of the second 

F-square each appear t times with a1 and also t times with a2 of the first F-square . 

.A set of s such F-squares forms an orthogonal set if each pair forms an orthogonal 

pair. It is shown how to construct a complete set of' (4t-1)2 F(4t;2t,2t)-squares 

from orthogonal single degree of freedom contrasts from the (4t-1)2 row by column 

interaction degrees of freedom. The particular row and column contrasts selected 

were those from a normalized Hadamard 4t x 4t matrix. A normalized Hadamard matrix 

is one in which the first row and firstjcolumn contains all plus ones. Previously, 

complete sets of orthogonal F-squares were available for prime numbers which 

represent a small fraction of the set of positive integers. The present work 

proves the existence (by construction) of one-fourth of all positive integers, 

presuming that Hadamard matrices exist tor all 4t. The use of orthogonality of 

contrasts in the analysis of variance and in factorial theory represents a new tool 

for constructing orthogonal F-squares. 
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ON THE EXISTENCE AND CONSTRUCTION OF A COMPLETE SET 
OF ORTHOGGr:!>L F(l~t; 2t, ?.t)-SQUARES 

by 

Walter T. Federer 

1. Introduction and Definitions 

July, 19'"(5 

Hedayat [1969] and Hedayat and Seiden [1970] have defined an F-square as 

follows: 

Definition 1.1. Let A= [aij] be ann X n matrix and let~= (c1, c2, ···, em) be 

the ordered set of m distinct elements or symbols of A. In addition, suppose that 

for each k = 1, 2, • • •, m, ck appears exactly \ times (A.k :2: 1) in each rm1 and in 

each column of A. Then A will be called a frequency square or, more concisely, an 

F-square on L: of order n and frequency vector (1.1 , 1.2 , • • ·, I.) and will be denoted 

by F(n; t..1 , 1-. 2, • • ·, !..m). Note that A. 1 + 1\2 + • • • + A. m = n and that when A.k = 1 and 

m = n, a. latin square results. 

As with latin squares, one may consider orthogonality of a pair or a set of 

F-squares of the same order. The above cited authors give the following t>vo 

definitions covering these cases: 

Definition 1.2. Given an F-square F1 (n;A.1 , t.. 2, ···, A.k) on a set~= (a1, a2,···,~) 

and an F~square F2(n;u1 , u2, ···, ut) on a set 0 = (b1 , b2, ···, bt), we say F2 is 

an orthogonal mate for F1 (and write F2 1 F1 ) if upon superposition of F2 on F1 , 

al. appears A.. u. times with b .. 
l J J 

Definition 1. 3. LetS. be an n.-set, i = 1, 2, ···, t, and let F. be an F-square 
l l J. 

of order n on the set Si '1-Tith frequency vector A. 1 = (A.11, f..i2, • • ·, /1. 1111 ). Then 

Ft} is a set oft mutually (pairwise) orthogonal F-squares if F. I F., 
l ....... J 
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i I= j; i,j = 1, 2, • • ·, t. If eYery ni = n and. e·1ery A.i~ = 1, ~ = 1, 2, · • •, n, 

a set of t mutually orthogonal latin squares results and is denoted as OL(n,t). 

If a complete set of orthogonal latin squares exists, then t = n - 1 and the 

set is denoted as OL(n,n-1). If a complete set of orthogonal F-squares of order n 

exists, the number will depend upon the values of the n. in definition 1.3. This 
~ 

leads to the following definition: 

Definition 1.4. A complete set of orthogonal F-squares of order n is denoted as 

CSOFS(·,·,·), and the number ofF-squares with i distinct elements is given by the 
n i n 

terms in the summation ~ N.F(n;X.1 , ;-.2 , ···,A..) ·Hhere ~ X.h = n, ~ N.(i- 1) = 
i=2 ~ ~ h=l i=2 ~ 

(n - 1)2 , and Ni is the number of squares with i distinct elements. 

n 
The fact that ~ Ni(i- 1) = (n- 1)2 in order to have a CSOFS follows directly 

i=2 
from analysis of variance theory and from factorial theory in that the interaction 

of two n-level factors has (n - 1)2 degrees of freedom and from the fact that only ~ 

interaction degrees of freedom are available to construct F-squares. For each 

F. (n;1.1 , X.2, • • •, A.. )-square, there are (i - l) degree~ of freedom associated with 
~ - . ~ 

the 1 distinct symbols of an F-square, there are N. F-squares containing i symbols, 
~. 

n 
and hence (n- 1)2 = ~ N.(i- 1). 

i=2 ~ 

Hedayat, Raghavarao, and Seiden [1975] have given CSOFS when n = sp and for 

i = s a prime number. In extending their results, Y..andeli [ 1975] has shown how to 

obtain a CSOFS for i a maximum and equal to sk 1 , k. ;;; p. In this paper we show how 
~ 

to construct F(n;2t,2t)-squares of order n = 4t and hence prove thei~ existence. 

The proof assumes that all Hadamard matrices of order 4t exist. (The;:,r are known to 

exist for all 1 ~ t ~50.) Thus we show that a CSOFS exists for n = 4t and for 

i = 2 distinct symbols. This is a fourth of all numbers, a considerable extension 

over the set of prime numbers with s distinct symbols. The results have application 1lt 
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in zero-one graph theory, in orthogonal arrays, in coding theory, and other areas. 

~t illustrates how analysis of variance and factorial theory can be used to con-

struct the CSOFS and thus provides a nell tool for construction purposes. 

2. Construction of a Complete Set of F(4t;2t,2t)-Squares 

The use of orthogonal contrasts in the analysis of variance for factorial 

e:h."Periments to construct latin squares ·Has indicated by Fecl.erer et al. [ lg-(1]. 

Mandeli [19f5] also used this procedure. It would appear that there is considerable 

potential in using the orthogonality of single degree of freedom contrasts from the 

interaction "to construct F-squares and latin squares. The following theorem repre-

sents one such example: 

Theorem 2. l. T11ere exists a complete set of (4t-l) 2 mutually orthogonal F(4t;2t,2t)-

squares. 

'11-10 proofs are given for the theorem because the more mathematically in-

clined reader may not understand the second proof which is for the more statisti-

cally oriented individual. The second proof is considered important in that 

linear model theory for factorial eJ~eriments and for the analysis of variance is 

being utilized for a statistical clesign construction problem. 

Proof: The first proof utilizes Hadamard matrix theory (e. g., see Hall [1967], 

Raghavarao [ 19 (l], etc. ) • A normalized Hadamard matrix is one in ¥7hich there are 

all plus ones in the first rm1 and in the first colunm. The remaining elements 

are plus and minus ones. Haclamarcl matrices of side 4t are knmm to exist for all 

l ~ t ~ 50 £md are presumed to exist for all 4t. In the last l.l.t-1 rows of a. 

normalized 4-t X 4t Hadamard matrix, the number of plus ones is equal to the number 

of minus ones. The Kronecker product of two normalized Hadamard matrices, i.e., 
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H1~t ® H4t' is a normalized Hadamard matrix of side l6t2 • Delete the first 4t rows 

of the resulting H16t 2 and then delete the 4t +1st, the 8t +1st, ···, l6t2 - 4t 

+ ls t row of the H16t 2 matrix. 8t - l rm1s are thus deleted, leaving (l6t2 - 8t 

+ l) = (4t-l)2 rm1s having 2t plus ones and 2t minus ones. Let the plus one be 

symbol a1 and the minus one be symbol a2 in these remaining (4t-l) 2 rows. Thus, 

an F(4t;2t,2t)-sq_ua.re v1ill be formed from each rou resulting in (4t-l) 2 F(4t;2t,2t)-

squares. The resulting F-squares will be mutually orthogonal from the properties 

of Hadamard. matrices. Hence, the CSOFS is constructed in this manner. 

Proof: The second proof of the existence is by construction through single degree 

of freedom contrasts in the analysis of variance procedure. The n2 observations 

from an n-rmv by n-column square may be partitioned in such a manner as to have n2 

orthogonal single degree of freedom contrasts. The resulting sums of squares are 

also orthogonal. For n = 4t, the particular sets of row and column contrasts we 

shall use are those from a normalized Hadamard matrix of side 4t. There will be 

2t plus ones and 2t minus ones in all rows and columns of a normalized Hadamard 

matrix, say H4t' except the first rm-1 and column. The complete set of .n2 orthogonal 

single degree of freedom contrasts is obtained as H4t 0 H4t' 11here ® denotes 

Kronecker product. Designate the 4t row contrasts as H~_1_t = (R0 , R1 , • • ·, R4t_1 ) 1 

and the 4t column contrasts as H4t = (c0 , c1 , • • ·, CLJ-t-l) 1 • Let the elements of 

the rm1 vector R. be r. , g = 1, 2, • • •, !1-t, and let the elements of the column 
~ ~g 

vector C. be c.h' h = 1, 2, •••, 4t. Then a single degree of freedom contrast of 
J J 

the n2 observations is obtained as the Kronecker product of R. and C., that is 
~ J 

R. 0 C . , 11i th the igjh t h element in this 16t2 X l rmJ vector being r. c "h. Note 
~ J ~g J 

that this element will be either a plus one or a minus one and that there are 2t 

of each since this is a contrast. The one exception is R0 0 c0 which has l6t2 

plus ones and corresponds to the correction for the mean in the analysis of 

variance table. 



From ·tfie· abbve we may nov co11.struct th~ follmling analysis of ·val-iance table 

for the n2 = 16t2 observations: 

- ·- . ..... -······· ---· .. ...... . '" .. _ .. _ ... - ........ . .. 

Source of Variation Degr~es .ot. Freedom Sum of Squares 

Correction for the Iilean 1 (R0c0 )2 /16t2 

ROllS 4t-l sum of following 

Rl . .. l (R1 c0 )2 /16t2 

R2 l (R2c0 )2/ 16t2 
. . . . . 

R4t-l 1 (R4t-l CO )2/ 16t2 

Columns 4t-l sum of following· 

I cl 1 '(R C )2/16t2 
0 1 

I c2 l . (R0c2 )2/16t2 
. . 

I . . 
c4t-l 1 (ROC4t-l )2/16t2 

l 

(1' J.. 1)2 
-

Rm1 x. Colunm interaction .,. L.>- sum of fo:(..lp:·:ing 
"· 

RlCl 1 (Rl?l)2(,.:_6t2 

RlC2 l (R1c~)2/16t2 
. . . . . . . . 

RlC, .,_ l 
Lj. v-

l (R C · }2/ 16t2 
1 4t-l 

R2Cl l (R2c1 )2/16t2 

. . . . . . . . . 
R4t-lc4t-l 1 (R4t-l CL~t-1 )2/16t2 

In computing sums of squares in the above ta.bleJ the sign for r. c . is applied to 
l.g Jh 

the igJhth observation and a single suo is obtained; it is denoted as n1cj. Tnis 

sum. is squared and divided by 16t2 to obtain a. sum of squares >vith one degree of 

freed.om. From factorial and analysis of variance theory i·7e know that these a.re 

orthogonal sums of squares. 
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In order to construct an F(4t;2t,2t)-square, we proceed by noting that any 

R1cj contrast may be censtructed as follows: 

.. 
column number 

row 1 I 2 I I 4t ... 
contrast column contrast coefficient 

number coefficient c: jl cj2 ... I cj4t 

1 ril r:ilcjl rilcj2 rilcj4t 

2 ri2 ri2cjl ri2cj2 ri2cj4t . -. . 
4t-l ri4t r)-4tcjl ri4tcj2 ri4tcj4t I 

In each row and in each column of the above 4t X 4t square, there will be 2t plus 

ones and 2t minus ones. let the symbol a1 replace the minus ones and the symbol a2 

replace the plus ones to produce the F(4t;2t,2t)-square. Since there a.re (4t-1)2 e 
single degree of freedom contrasts in the row X column interaction, since each one 

may be used to construct an F(4t;2t,2t)-square, and since each contrast is or-

thogonal to the remaining (4t-1)2 - 1 contrasts, (4t-1) 2 orthogonal F(4t;2t,2t)-

squares are thus formed, and the theorem is proved. 
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