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A-MINJMAX ESTIMATION OF A SCAIE PARAMETER 

Daniel L. Solomon 

The intent of this note is to illustrate the application of the t~minimax 

principle (see e.g., Zacks, [6, sec. 6.6]) to the estimation of a scale parameter. 

In particular, a A-minimax estimator of the variance of a Normal distribution is 

obtained when A is a subset of the class of natural conjugate prior distributions. 

Two cases considered are 1) the mean is known and 2) a fully specified prior 

distribution is available for the mean. Case 2) is reduced to case 1). 

1. INTRODUCTION 

One approach to the use of incomplete prior information is the application of 

the A~inimax principle. An earlier paper (4] lists some references to its use. 

It is assumed that although a prior distribution on the states of nature is not 

available, it is known to belong to some family, A of distributions. A A-minimax 

decision rule is then defined as one which minimizes the supremum over A of the 

Bayes risk. That is, if r(h,5) is the Bayes risk of 5 with respect to the prior 

distrubution ~€/~ then a fi:minimax rule 5 satisfies 
0 

sup r()., 5 ) 
0 

~€/t 
= inf sup r(~,5). 

5 '>.,€/1 

With a view towards determining a A-minimax estimate for the variance of a 

Normal distribution, suppose that x1, x2, •.. ,xn are independent, identically 

Normally distributed random variables with mean e and variance h-l = cr2 • Suppose 

that cr2 is to be estimated with "percentage error" loss function with 

[(a - a2 )/cr2 ] 2 = h2 (a - h-1)2 being the loss incurred when cr2 is estimated by a. 
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Thus mis·estim&tion of small values of a2 is more costly than equal mis-estimation 

of large values. 

2. MEAN KNOWN 

1 n 
Define W = - t ~i' with the convention that W = o t~~ n = 0 and suppose 

n i=l 

that it is known that e = 0 (the results extend easily to known but arbitrary e). 

Then W is a sufficient statistic and (nh)W has the x2 distribution with n degrees 

of freedom. It is convenient to perfor.m the calculation in terms of h, and if 
... 

values of h are viewed as realizationsof a random variable h, then the natural 

-conjugate prior distribution for h is the gamma-2 with probability density 

Suppose that the prior distribution is known except for v', and that the decision 

maker can specify 

v'eU = {v'fi 1: v' s: AA} 

where A :!! o, A :!! 1. Thus A "locates" u and A is a measure of its "size." Then A 

is the class of gamma-2 distributions, {fy2<·1v',n'), v'€UJ• 

Finally, as in Stone [5] and Griffin and Krutchkoff [1], we restrict the 

class of decision rules and consider only rules linear in the sufficient statistic. 

Thus, with w an observed value of W, we write 5(w) = bw +a as an estimator of 

a2 = h-l and seek a and b to minimize 

sup Eh2 (bW + a - ii-1)2 

v'EU 
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where the expectation is with respect to the joint distributieft o~ W and h. We 

set a= (1- b)c n'n~A2 ~o that the minimization is now over b aad c)and can 

show that 

1 This is a continuous convex function of v' and the set 

is convex and compact so the su:prenrurn over U occurs at an extreme point of U(See 

for example, Hadley [2, :p. 91] ). Thus 

_ -{" n'A l 
B(b,c) = sup Eh, bW + (1-b)cn, + 2...i 

v'€U L.. 

We seek b and c to minimize B(b,c). With some work it can be shown that the 

minimizing values are (details are available in [3]) 

c =2A/(A2 +1), 
0 

The A-minimax rule is thus 

2 + n 'G2 

n' + 2 b =-...;;;...-~-

0 2 2 + n 'G2 

n + n' + 2 
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which is the Bayes rule 

when A = 1. (The posterior distribution of h is gamma-2 with parameters 

n" = n' + n and v" 

w v' -+-= .... nw--=-+__.n,_'..;..v_' = n ' n 
n' +n 1 1 · +-n' n 

The posterior mean is ~~ and so the Bayes estimate of a2 for quadratic loss is 

v~. Recall that the loss function for this problem, [(8(w) - o2 )/o2 ] 2 is not 

quadratic, which accounts for the apparent discrepancy.) 

The /'!..-minimax value of 8 is 
0 

) -----=2~(2~+~n~·~~) ___ ___ B(b , c = - -
0 0 2(n' + 2) + n(2 + n'G2 ) 

(1) 

which does not depend on A· The Bayes risk (of the Bayes rule) is obtained by 

substituting A= 1 (and therefore G = 0) in B(b ,c ) giving 2/(n + n' + 2). The 
0 0 

efficiency of the /~minimax rule with respect to the Bayes rule is taken to be 

the ratio of these two risks. So 

2 
____ n;;-+---n ... '""'="""'+..r2~-- = 2 ( n 1 + 2) + n (2 + n 'G2 ) 

Eff. = 2(2 + n'G2) 
- - (n + n 1 + 2)(2 + n 'G2 ) 

2(n 1 + 2) + n(2 + n'G2 ) 
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Figures 1 and 2 give contours of the efficiency for sample sizes n = 2 and 

20. For given n, the label of the contour at the point (A,n') is the efficiency 

of the A-minimax rule with respect to the Bayes rule when the degrees of freedom 

parameter of the prior distribution is n', and the incompleteness specification U, 

is deter.mined by A. Recall that as A decreases toward 1, the }:minimax rule be-

comes the Bayes rule. Also note that on~ for large values of n', do increases 

in A significantly decrease the efficiency. Under the prior distribution, the 

variance of his a decreasing function of n'. Thus large values of n' correspond 

to tight prior distributions and in this case the importance of their being well 

specified (small A) is apparent from the contours. Finally observe by comparing 

figures l and 2, that the importance of small values of A, decreases as the sample 

size, n, increases since the weight (1-b ) attached to the prior information de-o 

creases. 

(Insert Figures l and 2) 

3. MEAN UNKNOWN 

- l n 
Suppose now that the mean 9 is not known, and let X = - E X and 

n i=l 1 

V = 11 ~ (X. - X)2 , where V = 0 if n ~ 1. 
n- i=l 1 

The joint density of X and V is then 

-where r = n - 1, and the natural conjugate prior for 9 (now viewed as a random 

variable with generic values e) and h is the Normal-gamma with density 



I 

fN (e,hl~,v',n*,n') 
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(2) 

= (CONST.) r e ~hn*( 9-[1)2 Jrre _;hn 'v'h~n '-i", 
-. ... L: ~ 

for -co~ e s: co, h ~ o, and v', n*, n' > o. 

-1 Suppose that h is to be est~ated by a function 5 of the sufficient 

statistic, V, with loss h2 (5(v) - h- 1 )2 as in the previous section and also as 

before that prior knowledge about v' is incomplete but that the decision maker 

can specify 

where 6 ~ o, A ~ 1. Here fi. is the set of Normal-gamma distributions (2), with 

Restricting, as before, the discussion to rules linear in V, we write 

n'A - --1)2 5(v) = bv + (1-b)c n' + 2 and seek band c to minimize sup Eh2 (5(V) - h • 
v'€U 

required computations are virtually identical to those of section 2, and the 

A-min~ax rule when e is unknown is 

where 
2 + n 'G2 

n' + 2 
bl = ------

2 2 + n 'G2 
r + ...;;..n-r-' -:+~2-

The 
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Furthermore, the A-minimax value is, by comparison with (l) 

2(n' + 2) + r(2 + n'G2 ) 

It follows that the contours given in figures l and 2, of the efficiency of 

the A-minimax rule with respect to the Bayes rule, can be used when e is unknown 

if n is replaced by r ; n - l. 
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Fig. 1.--Contours of: (risk of Bayes estimate)/(risk of partially 
hayes estimate) for estimation of a scale parameter. The degrees of 
freedom jn the prior distribution is n~, the incompleteness specification 
is determined by A, and the sample size is n = 2. 
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Fig. 2 .--Contours of: (risk of Bayes estimate)/(risk of partially 
Bayes estimate) for estimation of a scale parameter. The degrees of 
freedom in the prior distribution is n', the incompleteness specification 
is determined by A, and the sample size is n = 20. 


