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The search for a linear /~minimax estimate of a multivariate location para-

meter (with quadratic loss) is reduced to a problem of maximizing a continuous 

function on a compact, convex set - a problem which can be solved numerically 

with little difficulty. This reduction is accomplished by showing that a 

minimax theorem applies, thus changing a difficult minimax calculation to a 

simpler maximin problem. The technique is observed to be applicable to other, 

related problems. Also considered is the choice of experiment under the assump-

tion that the decision maker can, at some cost, improve the specification of his 

prior distribution. 

1. INTRODUCTION 

Numerous authors have considered techniques for the use of incomplete prior 

information in statistical decision making. One such technique, that based on 

the /;.-minimax principle, assumes that although the decision maker cannot completely 

specify a prior distribution, his prior knowledge is reflected in his ability to 

* specify a subset A of the class of all prior distributions, A • The decision 

maker is then recommended to select a decision rule which minimizes the maximum 

over distributions in A of the Bayes risk. Such a rule is called A-minimax and 

reduces to a Bayes rule with respect to \ if 1~ = {XJ and a minimax rule if 

A= ft:. After conducting an experiment, the decision maker revises his prior 

information by using Bayes theorem to combine the likelihood function for the 

experiment with each distribution in ~ This generates a class of posterior 
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distributions which, in turn, serves as a new class of prior distributions to be 

used in accord with the /~minimax principle in future experimentation. Some 

applications of the principle would be to use as the class A, the natural con

jugate family or the class of all distributions with certain specified moments 

or fractiles. IntervievTing techniques such as those described by Winkler [16] 

might be used to aid in the specification of i~-, particularly if the prior 

information is subjective. 

The principle was perhaps first used by Hodges and Lehmann [ 5 ], and then 

by Skibinsky and Cote [12 ], Robbins [lo] (in relation to his empirical Bayes 

approach), and Schneeweiss [11]. Menges [ 7] was the first to propose A

minimax as an optimality principle per ~ although he called decision pro

cedures satisfying the principle "extended Bayes." The name A-minimax, now in 

common use was first applied by Blum and Rosenblatt [ 1 ]. Much of the general 

theory of A-minimax decision rules is given by George [ 2 ] who discusses the 

concepts of A-admissibility and ~-equivalence and gives A-minimax analogues of 

some fundamental minimax theorems. He also gives some applications of the 

theory to particular problems as do the authors mentioned above and more recently, 

Randles [ 8 ], Randles and Hollander [ 9], Jackson, et.al. [ 6], and Zacks [17]. 

The intent of this paper is to apply the ~:minimax principle to the estima

tion of a multivariate location parameter. We shall also, in the spirit of 

Stone [15] and Griffin and Krutchkoff [ 3] restrict the class of decision rules 

in such a way that only approximate prior information is required. In particular, 

with quadratic loss structure, restricting consideration to linear estimators 

allows the analysis to be carried out in terms of the first two moments of the 

likelihood and prior. We now proceed to formalize the model. 
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2. THE gsT TI1ATOR 

2.1 The Model 

Suppose that X and e are real (pxl) vector random variables (not necessarily 

T T 
Normal), that~= (~1,~2, ••• ,~P) and~= (~1,~, ••• ,~) are vectors of real 

constants, M = (m1,m2, ••• ,mp)T is a vector of non-negative real constants, and 

that ~O =(a?.), ~l = (a~.) and K = (k .. ) are symmetric positive definite matrices 
~J ~J ~J 

of real constants. Assume further that E (xle) = e and Cov (xle) = ~1 (~). 
xl ~ 

Suppose that the decision maker's prior knowledge is such that his prior 

distribution for a has 

E <e) 
~~~-

(1) 

where ~0,E1 and A are known, (and do not depend on ~) but it is only known that 

Here EP is p-dimensional Euclidean space and l~l ~ M means 1~.1 ~ m., 
~ ~ 

i = 1,2, ••• ,p. We now take for P~ that class of distributions which satisfY (1) 

with ~€U. It is noted at the end of section 2.2 that the results obtained apply 

for a more general formulation of U. In particular, the results hold whenever 

U is the convex hull of a finite number of points. We choose to work with the 

"box" for simplicity of presentation. Also note that a special case of the 

moment assumptions above has ~1 (9) = ~1, known. 

Let n* be the class of all (nonrandomized) decision functions from EP into 

F?. Then for 5€D*, 5(X) is an "estimator" of the location '':Parameter" §. 

Suppose that if X is observed to have the value x and ~ is estimated by 5(x) 

when 9 = 9, then the loss incurred is t(5(x),e) s (5(x) - e)TK(5(x) - e). For 
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r(ll,o) - E {E (o(X) - e)TK(o(X) - e)} 
~11-1 xl~ - -

And if D c n*, the !-minimax value (in Q) is defined by 

r(U) = inf sup r(ll,o). 
5€D ll€U 

(2) 

A decision rule o0ED which attains this infimum is then said to be A-minimax 

(in Q). Interchangeably, o0 will be temed U-mini.max (.!.!!. Q). 

As noted, with the loss structure as above, restriction to linear rules 

allows the analysis to be carried out in tems of the specified moments. Thus 

our intent is to find a A-minimax rule in n1, defined by n1 = {o€D*Io(x) = Bx + c} 

where B(:pxp) and C(pXl) are matrices of real constants (which depend on 1:::. and M ). 

As a hypothetical application of the model just described, suppose that 

observations of a particular individual's serum cholesterol at a given time are 

X~ N(e,a~). The parameter 9 varies from person to person and suppose that 

~ ~ N(ll,a~), where ll is the mean cholesterol level for the population at large. 

Now an individual's age, weight, diet, medical history, etc., can be determined 

(at perhaps some cost) and thus the individual can be placed in a sub-population. 

If it is now supposed that for this sub-population it is known that the mean 

cholesterol level ll is in some set U, then to estimate e, the class of prior 

distributions is N(ll,a~), ll€U. 
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2. 2 Reduction to a ~~heme.tj cal Prorr,rrumning Problem. 

Lemma 1: For p-vectors G f o, ~~ and M ~ 0, pXp matrix B and positive definite 

pXp matrix K, 

A proof is given in [13]. 

Notation: In what follows, if B is a pXp matrix, then B = Ip - B. 

Theorem 1: For a1 (x) = Bx + C and 5(x) = Bx + BA in D1 

sup r(~,51 ) > sup r(~,5) 
~eU ~€U 

for all B, C and A with C f BA· 

Proof: Without lbss of generality, write a1 (x) = Bx + B~ + G = 5(x) + G where 

) T -T -r(~,5l = trB KBE1 + trB KBE0 
~ 

G = C - B6ft BY direct computation, 

+ [:B~ + G]T{B~ + GJ and 

( ) T -T - (.. T .. r IJ,1 5 = trB KBI:1 + trB KBL:0 + . B~) K(BJ::t) (3) 

The result is an immediate consequence of lemma 1. 

In view of Theorem 1, we may thus restrict our search for a U-minimax rule 

(in n1) to rules of the form 5(x) = Bx + B6. Now, for given 6, 5 is detennined 

by B and so in what follows we shall write: 

Notation: r(~,5) = r(~1 B) when 5(x) = Bx + BA· 
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From (2), (3) and the comment above, a u-minimax rule in (D1) is determined 

by a pXp matrix B which minimizes 

sup r(~-L,B) =sup [trBTKBL:1 + trBTKBI:0 + 1-LTBTKB~-L} 
~-L€U ~-L€U 

(4) 

It is tempting at this point to proceed directly, noting that for each B, 

r(·,B) is convex and continuous on U, that U is compact and convex and so (see, 

for example, Hadley [ 4 ], page 91) the supremum in (4) is attained at an ex

treme point, e(B) of U (of which there are finitely many). Unfortunate~, the 

relation between B and e(B) is not a simple one, and we thus cannot proceed 

analytically to the minimization. To solve the problem, we show that a minimax 

theorem holds.This permits us to perform the minimization first (which can be 

done ana~ically), and leaving the maximization to be done numerically. An 

outline of the argument follows. Details are available in [13]. 

Let & c U be the collection of extreme points of U. That is 

e = { e1, e2, •.• , eJ = {~€#11~-LI = r-q. (Note that the number of elements of e. 

is u ~~~with equality if all m. > 0.) Let~ be the convex set of all 
J 

probability distributions on ~: 

and extend the definition of r(·,·) to l by 

u 
Notation: r(TI,B) = !: r( e., B),. .• 

. 1 J. J. J.= 

u 
1, 2, • • • 1 Uj !: TT. = 

i=l J. 

(5) 

The following lemma, a proof of which is given in [13] is an application 

of a minimax theorem due to Stein [14]. 
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Lemma 2: The U-minimax value (in D1) satisfies 

inf sup r(~,B) = sup inf r(TI,B) 
B ~EU TI~ B 

where the infimum extends over the space of all Peal pX~ matrices. 

The next theorem accomplishes the reduction of the problem to that of the 

-maximization of a continuous function on the compact~ convex set e. 

Theorem 2: The U-minimax value (in D1 ) satisfies 

where 

inf sup r(~,B) 
B ~EU 

u 

= ~ rr.e.e.T 
I.... ~ ~ ~ 

Further.more, there is a n0 € e such that 

00 defined by oo(x) = Bn X + Bn A is the 
o --o 

A proof is given in the appendix. 

i=l 

r(TI0,BTI ) = sup r(TI,BTI) and the 
·o TIE~ 

unique U-minimax rule (in D1). 

rule 

It is of interest to compare the linear U-minimax rule with the linear 

Bayes rule (with respect to any prior distribution with mean vector A and co

variance matrix t 0 ) which is o1(x) = B1x + B1A where B1 = E0(~+ E0)-l. This 

is, of course, the linear U-minimax rule with M = (o,o, ••. ,o, )T • 

It can be shown in the special case in which E0 = diag.(cr~1 ), t 1 = diag.(a~i) 

and K = diag.(k.) are all diagonal, that the coefficient matrix of the U-minimax 
~ 

rule (in D1) is also diagonal and that the rule is o0(x) = B0x + B0A, where 

'"'2 + '"'2 + m2 vli uQi i 
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and the U-minimax value is 

- -1 

(6) 

Thus in the univariate case, the U-minimax rule is 

i.e., the linear B~es rule corresponding to a prior distribution with mean A 

but inflated variance a~ + m2 • A proof of these results is given in [13]. 

Although the admissibility (among all rules) of the U-min~ rule of 

Theorem 2 is still in question, the following theorem shows that it is admissible 

among rule s in D L · 

Theorem 3: If 80 is the U-minimax (in n1) rule given in Theorem 2, then there 

does not exist another rule oeD1 such that 

R(e,o) ~ R(e,80 ) for all 9 

where R(9,8) is the risk function: 

R(9,8) = E 1_ [ (8(~) - 2)TK(8(X) - a) I e] 
x e 
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Proof: 

Suppose a o€DL exists which satisfies (7), then r(~,o) = E_1 R(~,o) 
~·~ 

~ E R(e,o0) 
~'J.l -

= r(~,o0 ) for all ~€U and so sup r(J..L,o) ~ sup r(,.t,o0 ). 
J..LEU J..LEU 

It follows that 5 is also U-minimax (in n1 ), which contradicts the uniquene3s 

of o0 proven in Theorem 2. 

The key step in the determination of the U-minimax rule was the application 

of the Stein [14) minimax theorem to prove lemma 2. This allowed the minimiza-

tion to be performed first, a calculation which could be done analytical~. A 

crucial assumption of the minimax theorem is the finiteness of the number of 

extreme points of the convex set U. In fact,Theorem 2 also holds if U is an 

arbitrary closed convex polyhedron with extreme points {e.l. It should be noted 
l. 

however that, appropriately modified, the technique of appealing to a minimax 

theorem is applicable to compact, convex sets other than convex polyhedra. For 

example, suppose that U = {J.l€EP1J..LTQJ.l ~ m} is an ellipsoid. Then the set of 

extreme points e = {J.l€EPIJ..LTQJ.l = m} is not finite, and the minimax theorem does 

not apply. However, a more general version of the theorem on~ requires the 

set of extreme points to be compact in the Wald topology. For a precise 

statement see Stein [ 14 ,p. I.3.7]. 

2.3 Example: Estimation of a Bivariate Location Parameter 

This section presents numerical examples for the case p = 2. With 

m1,m2 > O, the notation becomes: 

... 
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Also, 

and 
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D = ~11.e.e~ = q i ~ ~ ~ 
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0 
0'12 

m2 
1 

qmlm2 

0 
0'12 

qmfl2 

m2 
2 

2:1 = 

J 

1 
0 12 

where q = (111 + 114 ) - (n2 + 113) and q E [-1,1]. Note that the maximizing TI 

depends on~ on the difference, q, in weights placed on the diagonals of the 

box. The computations are based on theorem 2 which becomes: 

Corollary 2.1: If p = 2, the U-minimax value (in DL) is given by 

and if the supremum is attained at q = qo, then the rule defined by oo(x) 

+ 2: + D f 1 is U-minimax (in DL). 
0 ~ 

For various choices of K, 2:0, L:1,and M, Table 1 gives the U-minimax rule, 

the U-minimax value, and the maximizing ~' together with the corresponding 

(linear) Bayes rule and its risk. 
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In what follows, B1 is the coefficient matrix of x in the (linear) Bayes rule 

The Bayes risk of the (linear) Bayes rule is 

The first two examples illustrate the effect of changing K. There is no 

effect on the Bayes rule (only on its risk), but the U-minimax rule does change. 

Note that if K is not diagonal, even if E0 and E1 are (as in 2), B0 need not be 

diagonal. Examples 3 and 4 show that B0 can be diagonal when B1 is not. Ex

amples 3, 5 and 6 show the effect of changing M. Examples 3 and 7 have different 

t 1, while 3 and 8 differ in E0. Notice that the examples show many values ofq0• 

(Insert Table 1) 

3. A DESIGN PROBW-1 

Although modern decision theory requires that the experimenter specify a 

cost associated with the consequences of taking a terminal action and another 

associated with the conducting of an experiment, it typically does not require 

that a cost be associated with the acquisition or assessment of prior information. 

It is proposed that such costs be included in the analysis. 

Furthermore, in some cases of incomplete specification of a prior distribu-

tion it may be possible to improve that specification at some cost. In the f...-

minimax model, for example, we improve our prior specification if we reduce the 

"size" (in some suitable sense) of the class }. Prior information may be sub-

jective or based on relative frequencies. In either case, it may be improved by, 



-12-

for example, introspection, consultation, consideration of previous related 

experiments, or an interviewing technique such as that due to Winkler [1@. 

(Also see the example in section 2.1). 

If prior information can be improved at some cost, then the experimenter's 

objective of minimizing total expected loss must extend not only to his choice 

of an experiment and a terminal action, but also to the degree of specification 

of his prior distribution. For the fi:minimax model, if we assume that the 

various costs are additive, then the loss function for the decision problem is 

L(Jt,e,o,x,e) = c (A) + c (e) + .t(o(x),e) 
p s 

where C (A) is the cost associated with obtaining the prior specification J\ 
p 

C (e) is the cost of performing experiment e (the subscript s, denotes "sampling"), s 

and .t(o(x),e)is the loss associated with observing the datum x, and taking 

terminal action o(x) when e is the state of nature. The design problem consists 

of selecting A and e to minimize 

c (A) + c (e) + inf sup Ke ( o (X), e). 
p s o€D 'A.€1~ -

(The expectation is with respect to the joint distribution of X and ~). 

We shall here, by a simple example, illustrate the type of analysis such 

a model requires and the nature of results so obtained. In particular, we con-

sider a univariate special case of the /~minimax estimation problem discussed 

in section 2. 

Thus let X and 9 be univariate random variables with E(X!~) = ~' and 
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var(xl2) = n-1af, where crf > 0 is known. (It is convenient to view X as the 

sample mean of n independent observations on a random variable with conditional 

variance crf. ) 
Suppose that the decision maker's prior knowledge is such that his 

prior distribution for e has E (j')= ~O and var(e) = ~O where a20 is known. - -, -
~ llo 

Further suppose that although he cannot specifY llo' he can learn at cost 

Cp(m) = Cp2 /m2 , Cp ~ O, m ~ O, that ~0eU = {J.lot ~~ - !-!ol ~ m}, so that 1: is the 

class of all distributions with variance a~ and mean J.l0eu. We have selected 

this particular fo~ for Cp(·) because it leads to simple calculations but still 

serves to illustrate the ana~sis. Now if the cost of observing X is 

proportional to n (i.e., sampling cost is proportional to sample size), then 

Cs (e) = C8 n, C 8 ~ o. Finally assuming that the loss associated with a te~nal 

action is ~uadratic so that t(o(x),e) = (o(x) - e)2 , and that the various costs 

are additive, the overall loss function for the problem is 

c2 
L(m,n,o,x,e) = ~ + c n + (o(x) - 9)2 • 

m2 s 

Thus the decision maker selects m and n, pays (C~m2 ) + Csn' receives ~and x, 

takes action o(x) and incurs the loss (o(x) - e)2 if e is the state of nature. 

Again considering rules in n1 = {olo(x) = bx + c}, the design problem is to select 

m and n to minimize (see (6)) 

* L (m,n) _ inf sup E L(m,n,o,X,e) 
oeD1 J.lo€U X,~ -

l -1 
+ J . 

0 2-+m2 
0 
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Since ~2L*(m,n) > 0 for n ~ 0, n may be treated as a continuous 
?ln2 

variable in seeking the minimum. If the minimizing value, n0, is not an integer, 

* the optimal size is whichever of [n0 ] and [n0 J + 1 makes L smaller. Let 

and {sl, s2, s3} be the partition of s defined by 

s = {(a0,a1,e ,c )lp ~ 0} . 
3 s p 

Theorem 4: With notation as above 

L* = inf L*(m,n) = 
m,n 

and the infimum is attained at 

a 1 (1 - p)j~ 

no = 0 

a;/.tc; 

2a1;e: 

a/p on S 1 

m2 = c on s2 0 p 

():) on s3 

' 
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The /_-minimax rule in D1 is then 

(1 - p)x + pb. 

A 

X 

The proof, although tedious, is straightforward. 

A few remarks about the regions s2 and s3 are in order. First note 

that p can be viewed as a 'prior preference" parameter. That is, p is an in-

creasing function of the sampling variance a~, and the sample size cost para

meter e , and a decreasing function of the prior specification cost parameter 
s 

Cp and the prior variance a~. Thus in s2, with p large, sampling is imprecise 

or costly, or it is inexpensive to improve the specification of the prior 

distribution or the prior distribution is precise. Thus it is appropriate not 

to sample (n0 = 0) and to rely entirely on the prior distribution. In s3 with 

p small, the converse is true, and it is appropriate to ignore the prior 

(m~ = ~). The corresponding decision rules are as one would expect. 

We note that the sample size required for the A-minimax procedure 

does not exceed that required for the procedure based on the rule B1(x) = x. 

That this is true follows from the fact that the total risk for 81 is 

Csn + ai'n which is minimized at n1 = ajrc;: But from theorem 4, the optimal 

sample size for the /~minimax procedure is 

al [ c J 
n0 = JC; 1- ~ 

It is also easily shown that t*, the minimum total risk for the A-minimax 

procedure does not exceed the minimum total risk, c8 n1 + aifn1 = 2a/c;, 

for the procedure based on B1(x) = x. 
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APPENDIX 

Proof of Theorem 2: The existence of a U-minimax rule is demonstrated in 

[ 13]. Now by lemma. 2, 

and from (3) and (5) 

r(TI,B) 

u 

= L r(e1,B)TT1 
i=l 

inf sup r(~1 B) = 
B ~€U 

sup inf r(U,B) 
n~ B 

) [ T -T - )] vf" T - -Tl r(U,B = tr B Km:1 + B KB(E0 + DTI = tr.LBZ:1B + Bt B J (8) 

where E = E0 + n11• To obtain B to minimize r{TI,B), write B = E(r1 + E)-1 + G 

and then from (8) it can be shown that r(TI,B) = tr{r - L:(E1 + E)-1 }. 

+ trKG(E1 + E)GT. Since K is positive definite and G(E1 + E)GT is non-negative 

definite~ince n11 is non-negative d.efinite,E1 + .E is posttive definite) it follows 

(see [l~ for details) that all the characteristic roots of KG(E1 + E)GT are 

non-negative. Furthermore, at least one root is positive if and only if G f 0. 

Thus trKG(L:1 + E)GT ~ 0 with equality if ~ ~ if G = 0. It follows that for 

each TIEe, B11 = E(E1 + E)-1 = (r0 + Dn)(r1 + r0 + n11)-l uniquely minimizes 

r(TI,B). Finally, substituting Bn in (8) and with some manipulation we obtain 
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Table l. Selected results for the case P = 2 -J. 

--· .... ·---·-~-·--··-· --- --- --- - ---- .. T -- ----- --- ~ 

Example K . zo. s M I Clo Bo Bl R(Bl) 
' 

R(B0) 

La ~ [~ ~ La ~ [i] 
I 

[~67 .~67] l. 333 1 [600 .~oo] l o.oo l.OOO 

2 [i ~] La ~] [~ ~ [i] o.8o ["64l 
.096 

·.o96J 
.64l 2.756 [600 .~oo] 2.000 

I 

La ~] [~ ~] [~ ~] [i] [~00 .~5o] 3:ooo / [382 . o88"1 ,_. 

3 -l.OO . . 059 ·706j 2.559 
' 

·' 

4 La ~]- [i ~] [~ ~] [~] I -o.25 [650 0 l 
·750...J 3-750 [6l3 

. 065 .oru .484 2.806 

La ~] [i ~] [~ ~] [i] [~67 . ~5o] 3. 500 I r. 382 .o88J • 
5 ! -0.50 2.559 . ~-

I L.o59 .706 \0> 
' I 

• 

6 Lo ~] [i ~] .[~ ~] [:i J -l.OO [384 .08[] 2. 565 . ['382 .o88] 2.559 .058 . 707 .059 . 706 

7 La ~] [i ~] [~ ~] [i] l.OO [ . 500 0 1 2.750 [ .423 -.03~ 2.269 I -.250 .875J -.308 .846 ! 

8 La~ La ~] [~ ~] [i] I 0.00 ['500 -~l4] 2. 929 1 
[4oo .~67] 2.533 

I ·o 0 . 


