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Three methods. of estimating variance components· are given in Henderson 

{1953). Their description therein·is largely in terms of summation notation, 

with ~ittle appeal to matrix terminology. Since the-methods vary great~ in 
) •' - ... 

the computationalr:ffort required for using them, and because of the current 
.· • • '· ' .. I ... \ : 

development of very'iafge.storage computers to which matrix algebra is often 

a means of easy computing access, it is instructive to reformulate Henderson's 

methods in terms of matrix notation. This is the purpose of this paper. The 

properties of l1ethod 2 are easily demonstrated in the process. 

The ganeral linear model 

All of Henderson's three methods involve 

{i) calculating mean squares of some kind1 

(ii) obtaining their expectations, 

and (iii) solving linear equations in the unknown variance components, derived 

from equating the calculated mean squares to their expected values. 

Description of the methods is spelled out for what is generally known as un

balanced data, namely data for which the numbers of observations in the smallest 

sub-classifications are not all the same including cases where some, maybe many1 

sub-classifications have no data at all. The methods do1 of course, apply to 

balanced data (equal subclass numbers) 1 , but probably their greatest use has been 

for unbalanced data. This is the context considered here. 

Because mean squares are simply multiples of sums o~ squares that are 

quadratic forms of observed data, we will make considerable use of a general 

expression for the expected value of a quadratic form. To derive this we first 

present some well-known.properties'of the general linear model, many of which 

can, of course, be found in a variety of places: for example, Graybill (1961) 1 

Rao (1962 and 1965) and Searle (1966). 
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The equation of the general linear model can be written as 

y=)$+e - .. - (1) 

\'There y is an N X 1 vector of responses, X is an N X p matrix of know;n co

efficients, ~ is a p X 1 vector of parameters and e is an N X 1 vector of 

randomly distributed error terms having zero mean and variance-covariance matrix 

o-2!. ('l!his variance-covariance matrix would be a2A in the general case situ-e e 
ations, but our discussion here is confined to a2I.) When the vector~ represents e 
fixed effects (Model I of Eisenhart, 1947) the normal equations resulting from 

the least squares procedure for estimating ~ are 

"' x·~ = X'y • - - - (2) 

If X'X is of full rank the solution to these is ~ = (X'X)-1X'y; and if X'X is 

not of full rank a solution is 

.... - (3) 

where (X'X)- is a generalized inverse matrix of X1X. The two cases (of X1 X 

being of full rank or not of full rank) need not be considered separately be-

cause (3) is always a solution to (2) 1 (X'X)- being identical to (X'X)-1 whenever ~ 
X'X has full rank. 

The concept of a generalized inverse is defined in many places (e.g. Pen

rose, 1955 1 Rao 1 1962 and Searle, 1966). Of its many definitions and properties 

we here define (X'X) .. as a generalized inverse of X'X when (X'X)- is such that 

- - - (4) 

From this it can be shown that 

I - X(X'X)-x• is unique - - - (5) 

for any matrix (X' X).. satisfying (4) 1 of which there are many, and that 

I - X(X'X)-X' is idempotent • 

Furthermore 

and 

r[X(X'X) .. X'] = r(X'X) .. = r(X'X) = r(X) , 

r(X) being the rank of X. 

- - - (6) 

- ... - (7) 

(B) 
'' 
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. Equipped with results (4) - (8) it is easily shown that in fitting the 

model (1) by the solution (3) the reduction in sum of squares is 

SSR(t3) = ~'X'y = y'X(X'X)-X'y • (9) 

Many aspects of. linear models can be considered in the light of these results, 

especially properties that relate to analysis of variance pro~edures and 

hypothesis testing. However, we shall not be concerned with these in focusing 

attention on variance component estimation, but shall be more interested in 

expected values (and subsequently in variances and covariances) of quadratic 

forms involving the response vector y. In this regard we have the following 

result. If tr(Q) represents the trace of the square matrix Q (the sum of its 

diagonal elements), then the quadratic form y'Qy can be expressed as 

y'Qy = tr(y'Qy) = tr(Qyy') • 

The first equality is true because y'Qy is a scalar and the second holds because 

of cyclic cowmutative properties of matrix products under the operation of 

taking a trace. Now if E denotes expectation over repeated random sampling 

from the model represented by (1), then 

E(y'Qy) = tr[QE(yy')] 

= tr[QE(Xt3 + e)(Xt3 +e)'] 

= tr[QE(Xt3t3'X' + ee' + Xt3e' + et3'X')] • 

Now E(e) = 0 1 and if V(e) denotes the variance-covariance matrix of the elements 

of e then V(e) = E(ee') = a2I. Now when~ is a vector of fixed effects 
e 

E(t3e') = t3E(e') = O; and when t3 is a vector some or all of whose elements are 

random effects we shall assume that those random effects have zero mean and 

zero covariance with the elements in e. Thus at all times E(t3e') = E(et3') = 0 

and so 

E(y'Qy) = tr[Q[XE(t3t3')X1 + d2I]} e 

= tr[QXE(t3t3')X'] + cr2 tr(Q) • ,. e .. - - (10) 

In passing, note two important applications of this result that lead to the 

well-known expression for unbiased estimation of cr2 in the fixed model. First, e 
the total sum of squares is y'y, for which Q in (10) is IN' and hence 
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E(y'y) = 'tr[XE((:3(:3 1 )X'] + cr2 N· • e 

Likewise, in (9) the Q for SSR((:3) is X(X1 X)-X1 

- E[SSR((:3)] = ·tr[X(X'X)-X1 XE((:3(:3 1 )X1 ] 

and so in (10) 

+ cr2tr[X(X1 X) .. X1 ] 
e 

- .. - (11) 

= tr[X1X(X1X)-X1XE((:3(:3 1 )] + a2 tr[X1X(X'X) .. ] • 
e 

Now because X1X(X'X)• is idempotent, its trace equals its rank1 which by (8) is 

r(X). With this and (4) we have 

E[SSR((:3)) = tr[XE((:3(:3 1 )X') + cr2 r(X) e 

a.nd so, by subtraction from (11) 

E[y1y- SSR((:3)) = [N .. r(X)]a2 1 e 

the familiar result for a residual sum of squares. 

- - .. (12) 

That portion of (10) which so largely determines the general form of 

E(y'Qy) is X1 E((:3(:3 1 )X'. To consider its meaning we must look at E((:3(:3 1 ) in the 

three models, those of (i) fixed effects, (ii) random effects and (iii) a mix

ture of both. 

In the fixed effects model (:3 is a vector of fixed effects and E((:3(:3 1 ) = (:3(:3' 

so that 

XE((:3(:3 1 )X' = X(:3(:3 1 X1 • .. - - (13) 

In the random model (:3 is a vector of random effects, and if we assume they 

have zero means and variance-covariance matrix V((:3) then E((:3(:3 1 ) = V((:3) and 

Then 

XE((:3(:3' )X' = XV((:3)X1 • 

Suppose now that (:3 is partitioned as 

E(i31(:32) 

E((:32t32) 

and on partitioning X conformably with (:3 as 



we get 

Now in the random model, with all elements of~ having zero expectation, E(~~·) 

is 

where Cov(~1~2) is the cov~riance matrix of elements of ~l with those of ~2 . In 

p~rticular 1 when this covariance is zero 

and (14) becomes 

XE(~~')X' = X1V(~1)Xi + X2V(~2 )X2 • 

Additionally, if V(~1 ) = crfi and V(~2 ) = cr~I, then 

XE(~~')X' = crfx1xi + cr~x2x2. 

- ... - (15) 

In general, if ~ is partitioned into k sub-vectors ~i' that are mutually un

correlated and for which V(~i) = crfi, then 

k 
XE(~~')X' = ~ cr~X.Xi' • 

0 1 J. J. l.= 
- - ... (16) 

The mixed model, where ~ consists of both fixed and random effects, is a 

simple application of the results just given. If in the partitioning of ~' ~l 

represents all the fixed effects and ~2 the random effects then in {14) 

E(~l~i) = ~l~i~ E(~1~2) = 0 and E(~2~2) = V(~2 ) so that in (15) 

XE(~~')X' = Xl~l~iXi + X2V(~2)X2' 

or, more generally, in (16) 

- - - (16a) 
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- .. - (17) 

Applications of these results usually involve a partitioning of ~ into sub

vectors each of which contain effects pertaining to all levels of one complete 

classification (or· interaction of classifications) involved in the linear model. 

In this way expressions (13), (16) and (17) represent the general results for 

the fixed, random and mixed models respectively. With their aid it is a rela

tively simple matter to investigate the expectations of quadratic forms in any 

one of the three models, just by substitution into (10). For example, in the 

2-way classification ~ might be partitioned as 

~· = c~ ~i ~2 ~3> 
where ~ is a scalar representing the general mean, ~l is the vector of row 

effects, ~2 is the vector of column effects and ~3 represents the interaction 

effects. The model, usually written as 

(18) 

where c., r. and (rc) .. represent row, column and interaction effects respec• 
l. J l.J 

tively1 would take the vector form 

- - - (19) 

where X has been partitioned as (~ x1 x2 x3) conformable with ~' ~ being 

a vector of N l's. In this way the results given in (13), (16) and (17) can be 

applied to finding expectations of any quadratic form y'Qy of the observations y. 

Method 1. 

Of Henderson's three methods his first is the easiest to compute and it is 

probably the method that has received greatest use. It involves calculating 

"sums of squares" analogous to analysis of variance sums of squares for balanced 

data. These are then equated to their expected values. The terms used are 

called "sums of squares" because in unbalanced data the expressions analogous to 

those of analysis of variance procedures are not always true sums of squares. In 

some cases negative values are obtained. For example, suppose in a 2-way classi

fication of 2 rows and 2 columns we had five observations as shown below. 
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5 Observations in a 2-Way Classification 

Row Column Row 

1 2 Total 

1 8 2 10 

2 12, 40 8 60 

Column Total 60 10 70 

The correction factor for the mean is then 980 and sums of squares analogous to 

those for balanced data are as follows. 

Term 

Rows 

Columns 

Interaction 

Residual 

Total 

d.f. 

1 

1 

1 

1 

4 

102 /2 + 602/3 - 980 

6o2/2 + 102/3 - 980 

Sums of Squares 

82 + 22 + 522/2 + 82 - 980 - 270 - 270 

= 270 

= 270 

= -36 

= 896 

The "sum of squares" for interaction is here negative; such a term is therefore 

not truly a sum of squares, merely the analogy in unbalanced data for that used 

with balanced data. 

The 2-way classification is now used to illustrate Method 1 1 based on the 

equivalent models (18) and (19). For example, if there are ni observations in 

the i'th row and their total is y. the uncorrected sum of squares for rows 
J. •• 

is L:(y~ /n. ) . By the definition of x1 in (19) 1 where (31 represents the row . ~. . ~. 

eff~cts, it will be found (as in Searle and Henderson, 1961) that 

- - - (20) 

where (X1X1 )"1 exists because XiX is a diagonal matrix whose diagonal elements 

are the n.•values. But, from (3) and (9) 1 (20) is the reduction in total sum of 
J.• 

squares due to fitting the model y = X1(31 +E. This is the case with all of the 
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analysis of variance "sums of squares" used in Hethod 1: they correspond to 

reductions in sums of squares due to fitting~ and each of the ~'sin turn, 

ignoring all else. 

Henderson's method for deriving expected values is based on substituting 

into the left-hamd side of (20) the expression for y. 'k given in (18). It is 
l.J 

instructive to obtain the same result by using (19) in the right-hand side of 

(20). On doing so, we get from (10) 

E[y•x1(x1x1 )-~1YJ = tr x1(x1x1 )-1X1XE(~~')X' + ~tr x1(xix1)-~i . 
Then, because E(~~') here has the form 

.. E(~~r) = ~2 

equation (17) can be used and so 

Simplification of this expression will be demonstrated for but two of its 

terms, Bearing in mind the form of Xi, whose i'th row contains ni. l's and 

N - ni zeros, it is clear that x1•~~ is a vector of elements n. . Hence 
'1 ~ J.. 

(XiX1 )- Xl~ = ua' a vector of a l's, a being the number of rows. Thus the term 

in ~2 is 

and the term in a~ is 

cr2 trX2X1 (xlx1 )-1xlx2 = cr~trxlx2 (xix2 )'(XiX1 )•l 
a 1 

= ~ .z1 n. (inner product of i 1th row of Xix2 with 
J.= J.. 

r.n~. 
= ~2 ~ j l.J 

. 1 n. J.= J.. 

itself) 
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These and the remaining two terms are exactly as given by Henderson's method, as 

one would expect. 

There is little to be gained by pursuing this development of Method 1 any 

further for it leads, naturally, to results identical to those of the original 

paper. Thus far, our matrix reformulation may therefore not appear particularly 

elucidating; it does, however, clearly relate Method 1 to standard procedures 

used in the general linear model; and it is particularly ill'Ulllinating in)4ethod 

21 to which attention now turns. 

i,fethod 2. 

Estimators of variance components derived by lV!ethod 1 are always unbiased 

in the case of the random model. But they may be biased in the mixed model if1 

for purposes of estimation, fixed effects are treated as if they were random. 

This bias can1 under certain conditions, be removed by first estimating the fixed 

effects and correcting the data in accord with these estimates. Method 1 is 

then used with respect to the random effects on the data so corrected. 

{'. ·'··' · 'Suppose the model is 

- - - (21) 

where ~l represents all the fixed effects in the model and ~2 represents all the 

random effects with E(~2 ) = O.* The procedure for estimating ~l in Method 2 is 

to estimate it simultaneously with ~2 just as if ~2 were a vector of fixed 

effects. This leads to normal equations 

- (22) 

The solution §1 obtained from these is now used to correct y to form 

*Note: The notation ~2 does ~ represent an estimator of ~2 ; neither is x2 an 

estimator. ~2 is simply a sub-vector of ~· = <~i ~2) and x2 is the 

corresponding sub-matrix of X. This notation is introduced in order that 

B2' may subsequently be partitioned into(~' ~·)so as to convenientlY 
2 3 

utilize earlier results. 
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.... - (23) 

and then I'Iethod 1 is applied to z. For exampie., if §2 = (132 133) with 

x2 ;,; (X2 x3) the reduction in sums of squares for the 132-effects in f!Iethod 1 is 

SSR(I32)1 = y1 X2 (X2X2)~~2Y 
just as in (9); and in Method 2 it is 

SSR(I32)2 = z•x2 (X2X2 )-~2z . 

.. - .. (24) 

.. ..... (25) 

Operationally all one does is to estimate the fixed effects from equations 

(22) 1 adjust the data as in (23) and use Method 1 on the adjusted data as in 

(25). Under one simple condition the expectation of (25) under the model (21) 

is the same as that of (24) ignoring the 131-effects., except for the coefficient 

of a2 which, as we shall see 1 can be suitably adjusted. The implication of this 
e 

is that in Method 2, once the data have been corrected for the (estimated) fixed 

effects, the corrected data are used in Method 1 ignoring the fixed effects 

altogether - and the expected values of the sums of squares are just exactly as 

they would be if there were no fixed effects in the model, with the exception of 

the coefficient of the residual variance, to which some adjustment is necessary. ~ 

Proof of this property, establishment of the condition under which it holds, and 

evaluation of the adjustment to the coefficient of a2 are now given. e 

First consider the expectation of SSR(I32)1, the uncorrected sum of squares 

due to 132 in Method 1. An expression for this sum of squares is shown in (24), 

the counterpart of equation (6) in Henderson (1951). From (24) its expectation 

is 

E SSR(I32)1 = tr x2(X2X2) .. 1X2E(yy')~ 

and in view of the model (21) in which E(131§2) = 0 1 

E SSR(I32)1 = tr x2 (X2X2 )'"'~2[X1 (13113l)Xl + x2V(I32)X2 - ..... (25a) 

analagous to (10) and (16a). If, for the moment, the fixed effects 131 are ig

nored .(i.e. t?l i~ assumed null), then 

E SSR(I32)1 = tr X2X2 (X2X2 )-~2X2V(I32 ) + a=r(x2) • - .. - (26) 

We shall now shovr that under the model (21), without ignoring 131, the ex

pectation of (25) is equal to (26) 1 save for adjustment in the coefficient o~ a~. ~ 

This is the basic property of Method 2. 
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To study SSR(p2)2 given in (25) consider the solution g1 obtained from (22). 

First note that it represents any solution to the (usually) indeterminate equa

tions (22). Let us suppose that 

P12 ] is a generalized 

p22 

inverse - - - (27) 

satisfying the properties of a generalized inverse given in (4) - (8) and such 

that P is symmetric, P12 = P21 . Then a solution to (22) is 

[ :: ] " p [ :~ ] ' 

- - - (28) 

so that 

" z = y - Xlpl 

~ [I- Xl(PllXi + pl2X2)Jy 

::: Fy say, 

so defining F. Then 

E SSR(p2)2 = E y'F'X2 (X2X2 )-~2Fy 
= tr F1X2 (X2X2).1X2FE(yy') 

= tr F'X2(X2X2)-1X2F[X1(p1pi)Xi + x2V(p2)X2 + cr~IN] . 

This will be shown identical to (26) 1 save for the term in cr2 • --- (29) e 

The matrix F is 

F =I- Xl(PllXl + pl2X2) ' 

P11 and P12 being defined in (27). The definition of P given there, the general

ized inverse of a partitioned matrix, is exactly the form considered by Rohde 

(1965). Using his results vre find on defining 

---(30) 

that 

- - - (31) 

and 
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P12 = -R-xlx2(X2X2)- • 

Substituting (30) and (31) in F gives 

F =I - XlR-Xi[I - X2(X2X2)-X2] 

resulting in 

FX1 = X1(I- R-R) 

by the definition of R given in (30), and 

Fx2 = x2 

- - - (32) 

- - - (33) 

because X2 satisfies (7). Making these substitutions in (29) leads to 

E SSR(~2 ) 2 = tr(I- R-R)'XiX2 (X2~2)-lX2X1(I- R-R)~l~l 

+ tr X2X2(X2X2)-~2X2V(~2) 
+ ~~tr(X2X2 ).1X2FF 1 X2 . - - - (34) 

Note that the second term here is the same as the first in (26). We therefore 

consider the first and third terms. 

In the first term of (34) use is made of (30) to give 

[XlX2(X2X2)-X2X1 ](I- R-R) = (XiXl- R)(I- R•R) 

= XiX1 (I- R"R) - R + RR-R 

= XiX1(I- R-R) 1 

and so the first term in (34) is 

tr(I- R-R)'XiX1 (I- R-R) . 
A 

Now consider ~l again. From (27) and (28) 

gl = (PllXl + pl2X2)y 

and because ~2 in the model (21) is random with zero mean 

E(gl) = (PllXi + pl2X2)Xl~l ' 

and on using (31) and (32) this is 

E(gl) = R-[xixl- xix2(x2x2)-x2xl]~l 

= R-R~l . 

- - - (35) 
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Suppose that the condition of unbiasedness now be·im~osed on §1 . Then for all 

~1,R-R~1 must equal ~l and so I = R-R. With this condition (35) vanishes; i.e. 

the first term of (34) vanishes. 

To simplify the third term of (34) write 

w2 ~ I - x2(x2x2)-x2 . 
Then W2 is ~etric and idempotent, R in (30).is R = XlW2X1 and Fin (33) is 

F = I - x1R-xlw2 • Thus we find that 

FF' ~ F(I - W2XlR-'X1) 

= F - w2x1R-'Xi + x1R-xlw2w2x1R-'Xi 

= F - W X R-'X' +X R-RR-'H' 2 1 1 1 1 . ( 36) 

Since R is symmetric it is no problem to find an R- that is symmetric also; and 

with I = R-R we also have R-RR- = R- • Furthermore, from (7) x2w2 = 0; and so 

x2w2 = 0. Hence on pre- and post- multiplying (36) by x2 and x2 respectively 

we have 

Now because x2 
-

= (X2 X3), it is clear that FX2 = x2 implies FX2 = x2 and so 

X2FF'X2 = X2X2 + X2X1R-XlX2 . 

The third term in (34) is therefore 

o!tr(X2X2)-1[X2X2 + X2X1R-XlX2] 

= a~[r(x2 ) + tr R-X1X2 (X2X2)-~2X1] 

Thus we have shown that provided the solution §1 is an unbiased estimator of ~l 

- -1 -E SSR(~2 ) 2 = tr X2X2(X2X2) X2X2V(~2 ) 

+ a~[r(X2 ) + tr R-XlX2(X2X2)-~2X1 ] (36a) 

which is the same as (26) save for adding tr R-XiX2(X2X2)-1X2X1 to the co

efficient of a2 • e 

That (36a) is equivalent to the corresponding expression given by Hender

son (1951) is easily demonstrated. His expression, in his notation,with 
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s s ij 
2:: 2:: C P •.• 

i=l j=l ~J 

This is clearly the trace of a p~oduct of two matrices. That having terms Cij 

corresponds to our R and by the definition of Henderson's P .. these terms 
L_ ~J 

correspond to our xfx2(X2X2)--x2x1 • 

iviethod 3· 

Method 1 is based on analysis of variance sums of squares, and Method 2 is 

largely a variant of Method 1. But Method 3 is basically different. It uses 

not analysis of variance sums of squares but reductions in sums of squares due 

to fitting constants (due to fitting different models). For example, in the 

2-way classification involving a general mean, rows, columns and interactions 

the following models might be fitted. 

Table 1. 

Models in a 2-way classification 

Terms in the Reduction in 

model sums of squares 

Mean R(~J.) 

Mean and rows R(IJ., r) 

Mean and columns R(~J., c) 

Mean, rows and columns R(~-t, r, c) 

Mean, rows, columns and interactions R(l-!, r, c, rc) 

A 

Whatever the model, the normal equations will be of the general form A~ = q where 

~ is a vector of parameters of the model, and the corresponding reduction 

in total sum of squares is q'A .. q. Method 3 uses these reductions to estimate 

variance components by equating computed reductions in sums of squares to their 

expected values. 

We will demonstrate the method by considering an earlier model 
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y = x~ + e = x1~1 + x2~2 + e • 
' ) ·: 
If only ~l is to be fitted the model is 

Y = xl~l + e 

and R(~1 ) = y'X1 (XiX1 )-Xiy 

so that 

E R(~1 ) = tr x1 (XiX1)-Xi[XE(~~')X 1 + E(ee1 )] • 

As usual we take E(ee 1 ) = cr~IN 1 and so 

E R(~1 ) = tr X1 X1(XiX1)-XlXE(~p 1 ) + cr~r(X1 ) , 

On substituting the partitioned form (X1 x2) for X this becomes 

E R(p1 ) = tr [ XiXl] (XiX1 )-1 (XiXl XlX2)E(~p 1 ) + cr~r(X1 ) 
X2Xl 

( 37) 

and in expanding the first term we find that equations (4) and (7) apply for x1 
so leading to the simplification 

Now suppose we fit the model (37) as it stands. Then 

and 

E R(~11 p2 ) = tr X(X'X)-X'E(yy') 

= tr X(X'X)-X 1 [XE(~p 1 )X 1 + E(ee')] 

+ a2r(X) • 
e 

Hence the expected value of the difference between these reductions in sums of 

squares, which we shall call R(~2 1~1 ) - reduction due to ~2 after accounting for 

~l - is 
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E R(~2~~1) = E[R(~1'~2) - R(~l)] 

0 

. . I 

] E(~~·) + ~[r(X)- r(X1)J 

= tr X2[I- x1 (XiX1 )-Xi]X2E(~2~2) + a:(r(X) - r(X1 )J -- -(38) 

Note that this result has been derived without any a.ssumption being made about 

the form of E(~~')• the expectation of R(~2 1~1 ) is a function of E(~2~2) and 

involves neither E(~1~i) nor E(~1~2)· Thus in situations when ~lis a vector 

of fixed effects E R(~2 1~1 ) contains no terms due to the fixed effects; and 

when ~l repre'sents random effects E R (~2 1 ~l) contains no terms due to any co

variance between the elements of ~l and ~2 • Hence, even if the model is such 

that ~l and ~2 are correlated the expectation in (38) does not involve this 

correlation- it depends on the second moments of only the ~2's. 

Since (37) is quite general as the description of a linear model then so 

does the result (38) apply generally. From it, for example, we can immediately 

write down 

E[R(~1,~2 ) - R(~2 )] = tr Xi[I- x2 (X2X2)-X2)X1E(~1~i) + O:Er(X) - r(X2)] . 

Likewise, if the model (37) is written as 

Y = xl~l + x2~2 + x3~3 + e ' 

E(R(~l'~2'~3) - R(~l'~2)] 

Results such as (38) and (39) are used to obtain expectations of reductions in 

sums of squares of the nature indicated in Table 1 above. Analytic simplifi

cation beyond these forms may be possible for certain special cases, but in 

general it is not, due to the occurrence of generalized inverses therein. Re

course to numerical evaluation must therefore be made for the particular data at 

hand. This of course, may be no brief task, although it is greatly facilitated 

with the aid of high speed computers. 
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Method 4. 

We have just seen that Hethod 3 yields estim.at.ors of variance components 

uncomplicated by fixed effects should these be part of the model. But the 

calculations involved may be lengthy. Method 2, on the other hand, draws on the 

relative simplicity of Metho~ 1 calculations, making corrections in the data for 
,. . :. -.:: :'.': )\ 

fixed effects. A fourth method, which is a variation on Method 2, has recently 

been proposed by Henderson (1965). Its philosophy is identical to that of 

Method 2, the difference being in the manner in which fixed effects are esti

mated for purposes of correcting the data. 

When the model is 

y = xl~l + x2~2 + e 

as in (21), with ~l representing fixed effects and ~2 being random effects, 

Method 2 assumes, temporarily, that ~2 is also a vector of fixed effects and 

the estimate of ~l is derived from normal equations involving both ~l and ~2 
(as in equations (22)). In Method 4 ~lis estimated using the temporary assump

tion of neglecting ~2 : thus g1 comes from the normal equations Xix1g1 = Xiy 1 

so that 

is 

= w1y, say, 

so defining w1 . Then, analogous to (25), 

SSR(~2 ) 4 = z 1 X2(X2X2)-lX2z 

= y'WlX2(X2X2)-~2Wly 
and, as in (25a), 

E SSR(~2 ) 4 = tr w1x2(x2x2 )-~2w1[x1~1~ixi + x2v(~2 )X2 + cr!IN] • 

Now w1 is idempotent, and from (7) w1x1 = 0 so that 

E SSR(~2 )4 = tr w1x2 (X2X2)-~2VJ1X2V(~2 )X2 + ~tr(X2X2 )-1X2H1x2 - - - (40) 

Immediately we see that by this method the fixed effects ~l drop out of 

E SSR(~2 )4 ; in Method 2 they drop out of E SSR(~2 ) 2 only if §I is an unbiased 
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estimator of 131 . But, whereas in Ivlethod 2 the terms of E SSR(t32)2 in V(t32) and e 
in cr: have a simple relationship to those of E SSR(t32)1 in Method 1, this is no 

longer the case in Method 4, for there appears to be little, if any, further 

simplification of (40) that is of advantage. About all that can be done is to 

note that the term in cr2 is e 

cr:tr(X2X2)-~2[I- x1(XiX1 )-Xi]X2 

= cr:{r(X2) - tr[X2 (X2X2)-~2][X1(XlXl)-Xi]} 
= cr:[r(X2) - tr(XiX1)-XlX2(X2X2)-1X2X1] 

and the term in V(t32) is 

tr X2w1x2(X2X2)-~2w1x2V(t32 ) . 

Thus compared toE SSR(t32)2 given in (36a), E SSR(t32_) 2 has x2w1x2 instead of 

x2x2 in the term in V(t32) and it has -(XiX1)- instead of +R- in the term in a:. 
It is interesting to note that in Methods 1 and 3 the c~efficient of a2 in 

e 
E SSR{t32) is r(x2); in Ivlethod 2 it is more than r(x2 ) and in Method 4 it is less 

than r(x2). 
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