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Abst.rnd 

Cell differentiation is the process by which ,·\'lb in their embryonic development be
come functionally and structurally specializt''l. One of the most accepted mechanisms 
for cell differentiation involves chemical sign:\ling between cells. That is, molecules se
creted by one cell can stimulate differential itHl in another. We modeled a system with 
two morphogens in which each chemical indul't'~ n different cell phenotype. We devel
oped a non-spatial deterministic model in whil'h we use ordinary differential equations 
to analyze the limiting behavior of our cellp<'l'llbtions. We also generated a stochastic 
spatial model that accounts for the diffen'nt ,\itfu::;ion rates of the morphogens and the 
susceptibility of a cell in each stage of its ce\l,·n·k. We found a global stable equilibrium 
for our system of cells. Further, we determint'<l t ht' expected phenotype of a particular 
cell given different parameters. 

1 Introduction 

Cellular differentiation is the process by which cmkyonic cells sharing the same genetic mate
rial become functionally and structurally diffen~r~r ~·:\)Ill one another. The difference between a 



liver cell and a skin cell, for example, is the outcome of cellular differentiation. Differentiation 
occurs during the early stages of embryonic development. Cellular differentiation is one of the 
most important fields in modern biology, because problems in the differentiation process can 
lead to miscarriages or congenital malformations. Knowing how cells commit themselves to a 
certain fate is extremely important in areas of medical research such as cancer. 

To understand cell differentiation we must briefly outline some of the general principles of 
embryology. When an egg is fertilized, the resulting zygote starts to divide rapidly into smaller 
cells called blastomeres. The contents inside every one of these blastomeres, however, is not 
identical. Different distributions of enzymes, mRNA's and other molecules- from the original 
zygote- provide distinct identities to the blastomeres (Gilbert 1994). After successive divisions 
and movement of the cells. three distinct regions are formed: the mesoderm, the endoderm, 
and the ectoderm. These three sections are the raw precursors of the epidermis, the inside 
gut, and the connective tissue and muscles in between these two. Further differentiation and 
organization result in very specialized cells and, ultimately, in the formation of tissues and 
organs. In a process that remains somewhat obscure, cells that commit themselves to one fate 
will hm·e a lineage of daughter cells of that same type. Diseases like cancer arise when cells 
"forget" their commitment and start to act in unexpected ways. 

Although scientists haw theorized about different mechanisms that influence cellular dif
ferentiation, much is largel:: unknO\vn. One theory already highlighted presupposes that the 
different distribution of substances such as proteins, mRNA, and small molecules from the 
original zygote elicits different actiYation of genes amongst the cells. These substances are then 
said to be cytoplasmic determinants, a term denoting the origin of these molecules (Campbell, 
1989). A cell can also acquire a distinct identity randomly without the control of cytoplasmic 
determinants. The sudden actiYation of a gene, the overproduction of a protein and other 
factors can arise from the instability of molecules. Hence, the kinetic theory of molecules can 
also explain some cases of differentiation through randomness. 

Cell to cell interactions are also a main cause of differentiation. Chemical signals released 
from one cell can affect the differentiation of other cells. One category of such chemical signals 
are morphogens. );lorphogens include proteins of the family of growth factors as well as steroids 
such as glucocorticoids. \Yhen released, morphogens can penetrate inside cells and attach to 
DNA-binding proteins. Other morphogens may only attach to protein receptors on the cell 
membrane, triggering biochemical reactions inside the cell. In either case, the morphogens 
can induce the activation of certain genes in the cell which determine its "personality". 

Some morphogens act at a wry short distance and are called paracrine factors. Others can 
travel longer distances and are called endocrine factors. The mere presence of a morphogen, 
however, is not sufficient to commit a cell to a specific fate. Every cell has a specific threshold 
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value for a morphogen. That is, some cells may require relatively larger amounts of morphogen 
to commit themselves to a specific function than other cells. The concentration at which the 
cell reacts to the morphogen is the threshold value. Thus, if the concentration in a given 
location is equal to or exceeds the threshold value of the undifferentiated cells, the cells are 
very likely to become committed. 

When a morphogen reaches a target cell, this cell may differentiate into a morphogen
producing cell. The newly differentiated cell is then able to release morphogens to nearby 
undifferentiated cells. This type of chain reaction in which a morphogen-producing cell acti
vates another is demonstrated in the studies of the formation of retinal cells in the fruit flies 
Drosophila melanogaster (Duvdevani-Bar 1994). Most of these morphogens are short-range 
reactions. 

In another case, the target cell just becomes a differentiated cell but does not need to 
produce any morphogen. Morphogens that have a greater radius of action generally do not 
behave in a chain reaction way. They can influence the differentiation of many cells if their 
concentration in a region is above the cells' morphogen threshold. More than one morphogen 
can "compete" to transform a cell. A well documented line of stem cells that may have a 
"competition" aspect are those called neural crest cells. Neural crest cells have been found 
to differentiate into two specialized types of cells when subjected to different chemical signals 
in vitro. When the neural crest cells are given a growth factor called (bFGF) followed by 
another called nerve growth factor (NGF), the cells become sympathetic neurons. However, 
when the same neural crest cells are given a morphogen (a glucocorticoid), the cells transform 
into adrenal medullary (chromaffin) cells (Vogel, K.S. and J.A. Weston, 1989). Because these 
neural crest cells have the potential to transform into two separate differentiated cells, the 
crest cells are said to be uipotential. In general, any stem cell that has multiple potentials of 
differentiation is called pluripotential. 

Recent investigations have shown that the cell cycle stage of the target cell is a determining 
factor in differentiation. In the mitotic cycle, there are four stages: G1, S, G2, and M. G1 
corresponds to the first growth stage; S corresponds to the DNA replication phase; G2 is the 
second growth stage; and M corresponds to the mitotic stage where the cell splits into two 
daughter cells. In a study done on murine erythroleukemia cells, differentiation occurred with 
more frequency at the end of the G1 phase or beginning of the S phase (Richon et al, 1992). 
However, a generalization of such susceptibility for all species does not exist. 

Our objective is to model the differentiation of a population of stem cells similar to neural 
crest cell differentiation but with one added feature: the two morphogen releasing cells are close 
to each other so that there exists some competition between the morphogens in transforming 
undifferentiated cells. We will take into account the threshold values for the morphogens as 
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,wn as the suHeeptibility of commitment :of a cell in different stages of it~ cycle. We will 
3-.'Sume that the morphogens will not induce the development of other morphogen-producing 
~~lis. We will analyze the system first with a nonspatial approach and then with a spatial 
::rodel. For the first model, we use a deterministic analysis with ordinary differential equations 
:l) obtain the rn.tes of change of the different populations of cells. 

Vve ~onsidered that a spatial approach was essential for the study of differentiation. Al
:iough a deterministic model can be generated using partial differential equations, we are 
::ot developinp; a. spatial deterministic analysis in this research. We recommend the interested 
:c'ader to look in Murray (1989) and Hunding (1995) for a treatment of reaction-diffusion sys
:,'ms and pa.t.t.<>rns. Our stochastic analysis is ba.Sed on the current probabilistic theories for 
:dl differ0nt.iat.ion (Kupiec 1984). Duvdevani and Segel (1994) simulations of t.he development 
,·:the Drosophila eye served as a primary motivation, as well as Kitano's theory on complexity 
::: cell diffcrcllt.iation (1995). We consider morphogen-producing cells that arise randomly in 
:c homogrnon:-; population and influence the midifferentiated cells in the population depending 
_-:1 a yarkty of parameters, including the cell cycle of the target. 

2 Methodology 

:.:? .1 Detcnninistic Model 

·.\-e are goin~ It) model the differentiation of cells under the influence of two morphogens. 
:::~1ch morph~)~t'll will induce cells to differentiate into either one of two distinct types of cells. 
Xe stcu·t with a population of undifferentiated cells. We will call all these cells type S. At 
:·~mdom. ~·t'll:-: iu this population will begin to secrete a distinct morphogen. Let's denote 
:dls th<tt :-:t'Cl't'te a m~rphogen "1" as l1 and cells that secrete morphogen "2" as 12 . The 
:::orphogt'n:-: fnHn these cells will, in turn, make other undifferentiated cells differentiate into 
:-.,-0 other ditkn'nt. types of cells. Morphogen "1" will induce other cells to differentiate into 
:dl type ··G". while morphogen "2" will induce cells to differentiate into cell type "B". Figure 
: descrilw:-: t lw interactions among the cell populations. 

Fir~t. Wt' ;U"t' going to consider a non-spatial model in which time is continuous. For this, 
we gener;ttt' :l :-:~·stem of ordinary differential equations (ODE's) that describe the rates of 
:hange in tlw number of each type of cells. 

dS 

dt 

4 
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dil 
11s- J.LI1 (2) -

dt 
di2 

12s- J.LI2 (3) -
dt 
dG 

f31I1S- J.LG (4) 
dt 
dB 

f32I2S - J.LB (5) -
dt 

where: 

N is the total population of cells, which we assume to be constant, i.e., N = S + G + B + 
h + h = constant 
-~ 

A is the birth rate of N 

J.L is the death rate of each cell in the system 

/I is the probability that a cell type ! 1 appears from S 

12 is the probability that a cell type ! 2 appears from S 

/31 is the probability of rnorphogen "1" being absorbed by an undifferentiated cell 

/32 is the probability of morphogen "2" being absorbed by an undifferentiated cell. 

We assume that the birth rate is equal to the death rate of the population. That is, 
A = 1-''· In equation (1), we describe the rate of change of the population of undifferenti
ated cells as the difference of the number of new cells and the sum of the cells that become 
morphogen-producing cells, the cells that die, and those that differentiate into types "G" and 
"B", respectively. 

Equation (2) describes the rate of change of cells of type ! 1 as the difference of the cells 
h that arise from Sand the death of type h cells. Equation (3) is similar to (2) but for type 
! 2 cells. 

Equations (4) and (5) describe the rate of change of differentiated cells G and B induced 
after contact with morphogen "1" or "2", respectively. The parameter f3 is the rate at which 
morphogen molecules are released by one morphogen-producing cell and are absorbed by one 
undifferentiated cell. Hence, f3khS is the total number of morphogen molecules emitted from 
all cells h and absorbed by cells S fork= 1, 2. From each number we subtract the number 
of dead cells of type G or B respectively. 
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2.2 Stochastic Model 

Since the arrangement of differentiated cells in a tissue influences the function of a tissue, we 
also develop a spatial model. Typically, the Turing equation for reaction diffusion mechanisms 
is used to model formation of patterns. The general form is: 

8c 82c 
~ = f(c) + D~ ut ut (6) 

where c is a vector representing the morphogen concentration; the first order partial derivative 
refers to the rate of secretion of morphogen; the second order partial deriYatiYe represents the 
diffusion of the morphogen; D is a coefficient of diffusion, and f is related to the reaction 
kinetics (Murray 1989, 375). Rather than conducting deterministic analysis using equation 
(6), we derive a stochastic model from it. 

A stochastic model is appropiate to model the differentiation of a cell because the process in 
which a cell become committed is probabilistic. The presence of a giwn amount of morphogen 
can induce differentiation but not impose it. The intrinsic randomness of gene activation, and 
the affinity of the morphogens to its receptors inside the cell are the determining factors to 
consider the process as stochastic. These arguments are among those used by Kupiec (1983, 
1984) to favor a probabilistic theory for cell differentiation. 

In our model, the time is distributed exponentially to account for a nonconstant secretion 
rate. Therefore, we calculate the number of morphogens in an interYal (0. f) by a Poisson 
distribution. We assume that the distance traveled by a morphogen before being absorbed 
by a cell is given by a normal distribution centered around the morphogen producing cell. 
The diffusion rate of the morphogens is represented by the standard de\·iation of the curve. 
The differentiation of a cell given that it has absorbed certain amount of morphogens can be 
viewed as the probability of the number of trials until the first success, \\·here a trial is the cell'~ 
absorption of a unit of morphogen, and success is the cell's differentiation into a type. Hence, 
differentiation can be modeled by a cumulative geometric distribution function with mean 
equal to the threshold value for differentiation. We look at the cumulative distribution because 
the probability of becoming differentiated increases with t{1e concentration of morphogen. 

Our analysis assumes the presence of just two morphog\n-producing cells. The concentra
tion of morphogens that arrives at an undifferentiated cell is modeled by a random variable 
with a normal distribution. This distribution is obtained by considering the steady state in 
the reaction diffusion equations. We generate simulations of the differentiation process. Even 
though we assumed time to be continuous in the stochastic analysis, the capacity of our com
puters require us to treat the time in the simulations as discrete. We are neglecting the birth 
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and death rate of cells for simplicity's sake. We also assume that the cell population remains 
constant. Ultimately, we make the model more realistic by including the different stages of 
the cell cycle of the undifferentiated population. We use computer simulations to study the 
differences in disposition to development among the cells in the various stages. We consider 
that the stages are discrete and that the probability of cell commitment varies among stages. 

3 Results 

3.1 Deterministic Model 

The deterministic model established by the system of ODE's given in the introduction can be 
reduced to a two-dimensional system by means of the substitution: 

In this case, the system now becomes 

x' (/3111 + fJ2'Y2) S - p,x, 
S' p,N - b1 + 'Y2)S - p,S - xS, 

(7) 
(8) 

which is the reduced system. We set (7) and (8) to zero and solve for x and S, to find the 
equilibria. There are three equilibrium points but only one is of interest. The irrelevant 
equilibria are (0, 0) and the one in which x < 0 and S < 0. In the first case, there are no 
morphogen producing ct-lls, and the second one is biologically impossible. The equilibrium 
point of interest (x*, s*) is given by 

X * 

S* 

-('Yl + 'Y2 + p,) + Jh1 + 'Y2 + !1)2 + 4N(f31l1 + f32'Y2) 
2 

2p,N 

Notice that both quantities are positive. 

To analyze the stability of this point we need to compute the Jacobian Matrix of the 
reduced system and evaluate at (x*, S* ). The Jacobian is given by A, where 

( -/1 /31 'Y1 + f32"t2 ) 
Alcx*,S*) = -S* -("11 + 'Y2)- /1- x* . 
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Since x* and S* are positive, the trace and the determinant of Alcx•,s•) are 

tr(A) 

det(A) 

-2J-L- b1 + 12)- x* < 0, 

J-L(Jl, + 11 + /2 + x*) + S(/31/1 + fJ212) > 0. 

This means that the point in question is locally stable. Since the substitution x = f31h + f32h is 
a linear transformation, the stability analysis of (x*, s*) is equivalent to that of the equilibrium 
point expressed in terms of the original variables, in the initial 5-dimensional system. The 
equilibrium values for these variables are: 

I * 1 -

I* 2 

B* 

/1 + /2 + Jl' + Vbl + /2 + J-L) 2 + 4N(f31/1 + !32!2) 

212N 

11 + 12 + Jl, + V b1 + 12 + J-l )2 + 4N (fJ1 11 + fJ212) 

fJ2 11 (S*? 
f.L 

Furthermore, the stability analysis indicates that this point is not only locally, but globally 
stable. The remarkable conclusion about this fact is that no matter what the inital conditions 
are, the system will invariable tend to this point in which S* is different from zero; that is, 
there will always exist non-differentiated cells as t tends to infinity, as well as differentiated 
cells G and B. 

3.2 Stochastic Model 

In order to accomplish a more accurate understanding of the construction of our stochastic 
model, there is a series of considerations we must analyze in certain detail. Let us take, for 
instance, the situation in which a particular cell C0 receives a number X of morphogen 1 
secretions in a specific interval of time T from a morphogen producing cell, 11 , located at a 
fixed distance r 1 from C0 . Suppose, in addition, that the number of morphogen 1 secretions 
Y, released by 11 is a random variable with a Poisson distribution with parameter >.1 . Then, 
what is the probability distribution function of X? Notice that the probability that X is equal 
to k, P(X = k), can be expressed as 

00 

P(X = k) = L P(X = kiY = n)P(Y = n). (9) 
n=k 
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But we also know that P(X = kJY = n) = ( ~ ) pk(1- p)n-k where pis the probability that 

a morphogen reaches Co. In our case r 1 is generated by a Normal distributed random variable 
and P(Y = n) = (>-~;r e->-1T; so, (8) becomes 

After simplifications, the equation becomes 

that is, X rv Poisson (A. 1Tp). 

Now, let N1 be a random variable which denotes the event the cell differentiates into type 
G before timeT and let P(N1 < T) denote the probability that this event takes place. Then, 
P(N1 < T) is given by 

00 

'L P(X = m, before time t)P(N1 < TIX = m) 
m=l 

(10) 

where 1/q is the mean threshold value for differentiation. Then, 1- (1- q)m is the probability 
that the cell differentiates into type G given that it receives m units of morphogen 1. After 
simplifying (10), we obtain 

(11) 

Analogously, 
(12) 

Hence the probability that a cell differentiates into type G when morphogen 2 is present 
is P(N1 < N2 ), that means, that it differentiates into type G and not into type B, is 

- roo P(Nl < N2IN2 = t)dP(N2 ~ t) 
.fo 

fooo P(N1 < t)dP(N2 ~ t). (13) 
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Now, setting !11 = )1Jq1p1 and p,2 = ).2q2p2 we can rewrite (11) and (12) as 

P(fh < t) 
P(N2 < t) 

from which we can d<:duu: that 

dP(N2 < t) = p,2e-JI-2tdt. 

So. using expressions (14) and (16) in (13), we obtain: 

P(.V1 < N2 ) = /oo (1- e-JI-1t)f12e-JI-2tdt 
.lo 

Khich yields P(Nl < N'L) = _i!:_J . A similar argument yields P(N2 < N1) = , 1f.L+2" 2 • 
l~l cfl.~ r r 

3.3 Simulations 

(14) 
(15) 

(16) 

\Ye used computers t(J sirrmlat.<: the secretion of morphogens from two cells within an initial 
population of undiffen:nti~J.tnd cdls varying in their stages of life. We simulated the secretion 
of Two types of morprH>gr:ns and n:c:orded the concentration of these chemicals in the selected 
ti:;;:;;ue. Ftom the ::;irrlllbJJi(Jns, w<: examined the resulting concentrations levels of the two 
morphogens and the !IIJJIJlJ(T (Jf cdls that differentiated in a given stage. We used a n x n 
square grid to repres<mt ;), cc!ll pr>rmlation where each 1 x 1 square denotes an undifferentiated 
cell. Outside of the hoJJndariPs (Jf the grid we assumed the presence of other types of cells 
irrele\·ant to our mode!!. \AJf! assnrn(!d that the two morphogen producing cells arise randomly 
wit~in the population. 

Recall that the tirrH! it. tah!s for a morphogen-producing cell to emi~ a secretion is dis
tributed exponentially wiU1 rat<! .A; thus, the rates of morphogen secretion are denoted by AI 
anc .\2 for the each rnorph(Jg;c!n-producing cell, h and h, respectively. We assume that the 
nur-'lber of morphogens r<df!H.S(!d rwr secretion is fixed, k. In a given interval of time (0, T) the 
nur:J.ber of secretions by a rnorphogen-producing cell Ii has a Poisson distribution with pa
raTI:eter T.Ai. Thus, thc!n! a.n! k:T.Ai morphogens secreted from k We generated the distances 
tha-:: the morphogens tmv<!hl from a normal distribution. The molecules move randomly, but 
they have an average difi'IJsion rate represented by the standard deviation. We selected only 
the rnorphogens that h!ll intc> the grid. From a biological perspective the morphogens outside 
the grid travel to other tiss1ws with which we are not concerned. Figure 4 shows the diffusion 
pattern of the rnorphogc!ns through a gradient of their concentration. 
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Another stochastic factor is how a cell differentiates after absorbing a certain amount 
of morphogen. Recall that the presence of morphogen influences but does not impose the 
differentiation. To model this process, we generated matrices (for each morphogen type) in 
which the elements were determined by a cumulative geometric distribution with means equal 
to the average number of each morphogen that a cell requires to differentiate in each stage. 
We also used a separate matrix to maintain and update the amounts of each morphogen 
absorbed by each cell. The concentrations of morphogens in a cell were compared with their 
respective entry in the comparison matrices. In our program, a cell differentiates when the 
concentration of one of the morphogens equals the concentration in the respective element 
in the proper comparison matrix and when the concentration of the other morphogen is less 
than the value established in the other comparison matrix. 

In our model, differentiation depends on the amount of morphogen in a cell, as well as the 
different stages of the life cycle of the cell. We assume that a cell has a different probability of 
diffentiating depending upon its stage. Initially, the cell population is distributed according 
to the ratio of the stage lengths. These stages change over time. We do not consider birth 
or death: we assume that undifferentiated cells are essentially immortal passing through the 
stages cyclically. In Figure 5, we can observe the amount of cells that differentiated in each 
stage, assuming that the susceptibility of cells in the Gl stage is higher. 

We generated various simulations varying some of the parameters and interpreted them 
accordingly. After running several simulations, v,·e observed that the system behaved as we 
predicted in the stochastic analysis. Our model successfully portrayed the different suscepti
bilities of the cells to differentiation depending on the stages of their life cycle. 

4 Discussion 

Our model is an attempt to mathematically understand a mechanism of morphogen-induced 
cell differentiation from which we can establish the foundations for a more holistic model. We 
developed nonspatial and spatial models of the differentiation process. The nonspatial one 
was described with ordinary differential equations in which we accounted for the changes in 
the cells populations but not the diffusion of the morphogens. In this model, we found that 
when the time tends to infinity, the cell populations will tend to a point in which the number 
of undifferentiated cells is nonzero. 

We used stochastic processes to model the spatial distribution of differentiated cells and 
the diffusion of the morphogens. This system had just two morphogen secreting cells, and, 
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given certain parameters, we calculated the probability that a given cell will be of a certain 
type when the time tends to infinity. In contrast to the results obtained from the deterministic 
model, the stochastic analysis told us that the probability that a cell will stay undifferentiated 
is zero. We also considered in our stochastic model the different stages of the life cycle of the 
cells, assuming that cells have different probabilities of becoming differentiated in each stage. 
In this part, we generated simulations of the process. Through these simulations we observed 
that our stochastic model agreed with our biological assumptions. 

5 Projections 

We plan to include the cell stage factor in the analysis of the stochastic process. We also want 
to include other factors such as multiple foci (morphogen-secreting cells), and restriction of 
their appearance depending on the presence of differentiated or nondifferentiated cells around 
them. Another factor to consider is the location of the tissue. The tissue can be placed in a 
region with a large concentration of foci producing a specific morphogen. We can also expand 
the model to the three spatial dimensions and to consider a more realistic birth and death 
process. The spatial model can also be analyzed deterministically, using partial differential 
equations. And, finally, as more is learned about the mechanisms in which morphogens induce 
differentiation, we can also include intracellular factors in our model. 
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Figure 1 

Figure 1: Interactions among the cell populations. 
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Figure 2: Probability that a cell will become type 1 vs the distance of the cell to the morphogen 
1 secreting cell (rt) and the morphogen 2 secreting cell (r2). Here A.1 = A.2 = 1, cr1 = 19,. 
0"2 = 11, ql = Q2 = 4. 
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Figure 3: Probability that a cell will become type 1 vs the diffusion rate of morphogen 1 ( a-r) 
and the diffusion rate of morphogen2 ( a-2). 
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Figure 4: Gradients of concentrations of morphogens 1 and 2. Dark blue means high concen
trations. 
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Figure 5: Differentiated cells type G (yellow) and B (blue) after exposure to morpho gens 1 
and 2. 
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Figure 6: Number of differentiated cells vs time. 
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Figure 7: Number of cells in each phase vs time. 
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Figure 8: Number of cells that differentiated in certain stage vs time. 
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